JIa6.6. Ouinka o6acTi NpUTATaHHSA HeJliHIiTHOT TMHAMIYHOI cucTeMH

£, Estimate the region of attraction by using Lyapunov function.

Mote that a classical problem of Lyvapunov theory 1s the deternunation of a demain of attraction [3].
The functon F{x) =x' Pr can be used to estimate the region of attraction. Suppese Fix) <0,
0= "1-" <y. Leting ¢= ﬁ'ﬁxrﬁ = Eml:P':Ir: we obftaln 'rFrPtr i c'}I: ‘gl.r" < r} This means that all

frajectones beginming in the set {IIPI < .:} approach the ongin as 1 — ®. Hence, the set {,\'fPEr < .:}

15 a subset of the region of atiraction.

Example 4 Consider the autonomons pendulum with fncton

X = —X3
(21)

where a, & = 0. The Jacobian matnx A at the equilibrium pomnt x =0 15 given by

A o -1
_4=iﬁ< =[1 1] (22)
ox Tl -

Then the eigenvalues of 4 are (11 j-.l"f'T} /2. Hence, the origin is asymptotically stable. Taking

0 = I the Lyapunov equation becomes

PA+ ATpP=-] (23)
Solvmmg (23) we obtain
15 -0.5
P=l_0s 1 } 24

and A (F)=0.691. Thus, the system (17} has a candidate Lyapunov function
Fix)=x' Px

. . (25)
=1.5x —xxy +x3
We obtain the denvative of F(x) as
F(x)= (3x; —xa H—x3 )+ (—x; + 25 }[(x; + I::!:[‘: —1)x, )]
=—-I:xf + x%}— {.1'131': - E.tl}:xé}
= —"xlz +|x1|:r;|1': X — E.rgl (26)
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= 2] b — 2| = |- T, we abtaim
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Fix)<0, 0<[ <

-c_E

where [x| <[} [xox




