JIa6. 7. Control Lyapunov function (®ynkuis JIsimyHoBa KepyBaHHS).

Consider systems of the form # = f(x,u). We will not investizgate in-depth topics such as Input-to-
State-Stability (ISS) and Input-Output Stability (105). Instead we will study how control is used
to obtain desired stability as pertitent to applications in robotics.

At a basic level, our goal 18 to obtain ¢ in a feedback-form, i.e.

u = @(x),
a0 that the resulting closed-loop systems has the dynamics
T = f(z, ¢(z))
Example 7. I-d eramples. Consider the system
F=ar’ — 1" +u, for some a # 0
The simplest approach is to set
u=—ar +1° —T

which results in the closed-loop system
T =—T

which iz exponentially stable. This approach was to simply cancel all nonlinear terms. But actually,
it iz not really necessary to cancel the term —z? since it is already dissipative. A more economical
control law would have just been:
U = —EIE — T
The question of determining a proper u also comes down to finding a Lyapunov function. One
approach is to actually specify the Lyvapunov function ¥V and a negative definite ¥V and then find «
to match these choices. For instance, in the example above, let

Viz) = %1‘2
and let
V=az®— ' + ru< —Liz),
for some positive definite L{x). One choice is L(x) = 22 which results in
u=—ar +r —
Le. the same expensive control law. But another choice 15 to include higher-order terms, i.e.

Liz) = z* + z*. Then we have

U= —IIII2 — I,



Example: &1 =x2, do=—x1+x1u and V(z)= %(.‘L? + z3).

V =x120 — 3122 + T1720 u=—LoV(x) = —z172

=

Jurdjevie-Quinn (Nonlinear Damping) Control:  If V' is such that LV <0,
then u = — L,V globally asymptotically stabilizes the origin.

Viz) = %{:L? + x3).

Example: @7 =z, oo =—x1 +x1u and
V =xi20 — 3122 + T1T204 =
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V. Jurdjevic and I. P. Quinn, “Controllability and Stabihity™, J. Diff" Egs., 1978.
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X, ==X + X2¢(X1’ Xz)’

Example: .
SR %, = x)

2

V(X1’ Xz) :%(Xlz +X22)1 u=-X, _¢(X11X2)_‘//(X1’X2)X1 - V :_X14 — X,

3aBaaHHA 1 CAMOCTIHHOIO BUKOHAHHSA

u=u(x1,x2), mo 3abe3meuye

BuzHauutu (QYHKUiI0 KepyBaHHSA
cradurizanio HyJJbOBOI0 PO3B’A3Ka CHCTEMH

1. X=x2+u.
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X, ==X +X,,
2. .

X, =X, +U.



