Karactpodu «3roptku» Ta «301pKu» B ITMHAMIYHUX CUCTEMax

I'pasumayuonnas mawuna kamacmpodgh Iocmona (1978 r.).

OnpenenuM MHOXECTBO TIOJIOKCHHWA PaBHOBECHs]  MapabOIMYECKOTO
CErMEHTa HAa TOPU30HTAJIBHOW OIOPHOM MOBEPXHOCTH B 3aBUCUMOCTH OT
pacrioyiokeHust ero neHtpa macc M(a,b). IIpu paBHOBecwH Tena IEHTP Macc
JNOJDKEH JIeKaThb Ha BEPTUKAIM, NPOXOASAIIEN 4Yepe3 TOYKY KacaHus Tella C
OTMOPHOM TOBEPXHOCTHIO, IMOATOMY YHCIO TMOJIOKEHUH paBHOBecHUs OyneT
ONPENEIIATHCA KOJIMYECTBOM CUTYyalluid, MPH KOTOPBIX OTPE30K, COOEIUHSIOLINIA
[IEHTP Macc Tejla ¢ HEKOTOPOMl TOYKOM Ha IrpaHulle MapaboIMdyecKoro CEerMeHTa,
IIEPIICHINKYJIAPEH KaCaTeJIbHOW B 3TOM TOUYKE.
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Puc.1.4.1

Omnpenenum ypaBHEHHE MPSIMOK, TIPOXOIAIICH Yyepe3 BO3MOXKHYIO TOUKY KOHTaKTa
O(t, t*) u mentp macc cermenta  M(a,b). Tak Kak apaMeTPUUYECKOE ypaBHEHUE
napabonsr  X=t, y:tz, TO BEKTOpP HOpMajau B TOYKE KAaCaHUs N, ={2t,-1}, ¢

o N 2
npyroii croponsl, Bektop OM ={a—t,b—t"}. U3 ycroBus ux KommHeapHOCTH
TIOJIy4HMM KyOUUECKOE YPaBHEHHE OTHOCHTENLHO mapameTpa t :

2t° —t(2b-1)—a =0. (1.4.1)



[locnennee mmeeT nMOO TpPH ACHCTBUTENBHBIX KOpHS, JUOO OAMH. MHOXECTBO
Touek (a,b), pazOuBarommx miockocTs (Xy)  Ha 00JIACTH C Pa3IMYHBIM YHCIIOM
pereHnil (AMCKPUMUHAHTHOE MHOKECTBO), B MapaMeTpudeckoil popme 3amaercs
CHUCTEMOU

a=—4t*;

) (1.4.2)

b=1/2+3t".
Opnako, cucrema  (1.4.2) ompenensier U reOMETPUYECKOE MECTO LIEHTPOB
KPUBU3HBI Mapalboyibl, WIK €€ 3BOJIOTY. JeHCTBUTENBbHO, KOOPAMHATHI LIEHTpPA
kpuBu3HbI C (Ha pacctossHuM p oT Touku O Bross npsimoit OC):

X, =t— psing = —4t°;
y, =t? + pcosd =3t* +1/2,

rac

tgo = f,; sinez#;cosez L

J1+(f))? J1+(f)? ;

1 A p=112(1+4t%)*%.

po @+
Taxum 06pa3oM, NOJOKEHUIO LIEHTPAa MAaCC CETMEHTA Ha 3BOJIIOTE COOTBETCTBYET
KPAaTHOE COCTOSIHUE PAaBHOBECHS; IIPU MEPEXOAE ITON KPUBOW YMJIO CTALMOHAPHBIX
COCTOSIHUI TMOO yBEIMYMBAETCS, JIMOO YyMEeHbIaeTca Ha ABa. O0nactu nox
MOJIyKyOM4eCcKOil mapaboJioil COOTBETCTBYET €AMHCTBEHHOE MOJIOKEHUE
paBHOBECHS — YCTOMYMBOE (BCTIOMHHUTE KYKITY «HEBAJISIIKY»), @ 00JaCTH BbILIE
JUCKPUMUHAHTHOW KPUBOM — TPH, OJHO U3 KOTOPBIX HeycTonunoe. Hanpumep,
BEPTUKAIILHOE TOJI0KEHHE paHOBeCHs (BEpIIMHA MapadoJibl SIBISETCS TOUKOU
ONOpPBI) HEYCTOWYMBO, €CJIM LIEHTP MAacC HaXOAUTCS BBIIIE TOYKH BO3BpATA
NoJyKyOudeckoi mapa0oJibl (B 3TOM CIy4yae BBICOTA LIEHTPa Macc HaJl OTIOPHOM
HNOBEPXHOCTBIO MPEBBIIIAECT PAANYC KPUBU3HBI, COOTBETCTBYIINI BEPILIUHE
napaboJibl). Jlaxke mpu ManbIX OTKIOHEHUSX LIEHTPAa MacC OT BEPTUKAIH CETMEHT
onpokuHercs (puc.1.4.2), cuctema nepensieT B 0JIHO U3 IByX CUMMETPUYHBIX
YCTOMYUBBIX MOJIOKEHUN paBHOBECUS (MIPUHLUIN TOPUYEIIIN: TEJIO CTPEMUTCS
3aHATH MOJIOKEHUE, TIPYU KOTOPOM LIEHTP Macc UMEET HanboJiee HU3KOE
MOJIOKEHHE). DTa CUTyalusl, KOT/1a MaJlbiIM U3MEHEHHUSAM [MapaMeTPOB CUCTEMbI
COOTBETCTBYIOT CKAUYKOOOpa3HbIE EPEXO/Abl CUCTEMBI U3 OJTHOTO COCTOSIHUE B
JIpYroe Kak yIOMHHAJIOCh BBIIIIE€ HAa3bIBAIOTCS KaTacTpohaMu.




Puc.1.4.2
O0ocHoBaHMeM MpUHIMNA TOpUYEITIM MOXKET CIYKUTh TEopeMma, JTOKa3aHHas
Jlarpanxem (1788 r.):

Pasnosecue koncepsamuenol mexawuueckou cucmemvl YCMouyugo 8
Kadcool mouke, 20e NOMeHYUanIbHas QyHKYus umeem J10KanIbHbIL MUHUMYM.

Ecnn neHTp mMacc mapabOojM4ecKoro cerMeHTa HaXOAWTCS BbIIIE IEHTpa
KPUBHU3HBI, TO B BEPTUKAJIbHOM IIOJIOXKEHUU PAaBHOBECUS HE JOCTHUIaeTCs
MUHUMYM MOTEHUUAIbHOW 3HEPIHH, KOrJa LEHTP MAacC HAXOAMUTCS HHXKE TOUYKU
BO3BpaTa JBOJIIOTHl — B BEPTUKAJIBHOM IIOJIOKEHUM PABHOBECUS MOTEHIMAJIbHAS
SHEPrUs CUCTEMbI UMEET MUHUMYM. [TokaxeM 3T0 ¢ MOMOUIbIO BCIIOMOTATEIbHBIX
r€OMETPUYECKHUX MMOCTPOCHUM.

Puc.1.4.3

B masiolt okpecTHOCTH BEepIIMHBI apadoIbl €€ MOKHO alllPOKCUMUPOBATh
okpyxHOCThIO paaunyca p =CO. Eciau nepeBecTy CEerMeHT B MPOU3BOJIBHOE
0JIM3KOE MOJIOXKEHHE, HAalPUMED, KOHTAKT C OMIOPHOM MOBEPXHOCTHIO OY/ET B



touke O; (puc.1.4.3), To NOTEHIMAIbHAS SHEPTUS CETMEHTa YMEHBIIUTCS, TaK KaK
OM>0;M (0O,C+CM>0;M).

Ecnu LeHTp Macc JIeKUT HUKE LIEHTpa KpuBU3HEI (puc.1.4.4), To npu
MepeKaThIBAHUN CETMEHTA B TIPOM3BOJIBHOE OJIM3KOE TIOJIOKEHHE, OH 3aiiMeT OoJiee
«BBICOKOE» nojioxkenue: O, M+MC> O,C — O;M> OM.

Puc. 1.4.4

Po3rnsHyTHii HWXK4Ye NPUKIAX  PO3KPUBAE  IPOCTY TE€OMETPUYHY KapTUHY
JUBEPTreHTHOI BTpPaTH CTIMKOCTI MPH 3MiHI XapaKTEpHOIO MapaMmeTpa CUCTEMH, B
pe3yNbTaTi 4oro 3'SIBISETHCS KpaTHA 0cOOIMBa TOUKa (fiiicHa O6idypkarris).

VY upoMy BHUNAJAKy BUCHOBOK MPO CTIHKICTh CTAI[IOHAPHOTO CTaHy MOXE
OyTH OTpUMaHUW JHILIE 13 3AIyYCHHSIM HEJIHIMHUX YIEHIB CUCTEMH B Baplalisx
(Mae Miclle KPUTHYHUNM BUINAJOK OJHOTO HYJIbOBOTO KopeHs). Ha pwuc.l
UTIOCTpY€EThCA OlpypKallis «BUIICIKWY) - BAHUKHEHHS TPUKPATHOTO CTaIlIOHAPHOTO
pexuMy npu Oe3nepepBHii 3MiHI TapaMeTpa yIpaBIIiHHS.

Puc.1



PeanizoBani 175 BUMAAKy «BUICIKH» OipypKallii 3TUTTS 1 HAPOIKEHHS MOXKYTh
OyTH TIpEICTABJICH]I B CHMBOJIIYHOMY BHTJISIII

02,0 + (Oll,l , 02 1,1) — Ol,l; OZ,O — Ol,l + (012,0 , 02 2,0).

Tyt nepma nudpa BepXHHOTO 1HIEKCY OCOOIMBOI TOUKHU JOPIBHIOE YUCITY KopeHiB
XapaKTePUCTUYHOTO PIBHSHHS 3 BIJ'€MHUMH JIACHUMHU YacTUHAMH, ApPYyra -
nonatHuMu. Tofi 1HIEKC HyaHKape j(0?%=1, a j(O Y= -1. Mae micue «3axoH
36epe>1<eHHﬂ» CyMH 1HJEKCIB HyaHKape JiBOi 1 npaBm YaCTUH CHMBOJIYHOT
piBHOCTI (mo 1 micIs O1dypxkarrii).
JUist KpuBOi CTallOHApHUX CTAaHIB 3 TOYKOK MOBOPOTY Oipypkamii 37IUTTS 1
HAPOJKEHHS MOXKYTh OYTH MPEACTaBICHI B CAMBOJIIYHOMY BUTJISA I (pHC. 2)

(012'0 + 02 1'1) = @, = (012'0"' Ozl'l).

Puc.2

Touwi mnoBopoTy (Toulll 3IUTTA ab0 HAPOKEHHS) BIAMNOBIAAE JBOKpPATHUMN
CTAIllOHAPHUM PEXKUM «ClAJI0-By30i». [losiBa TOYOK MOBOPOTY JUIsl CHUCTEM 3
OJIHUM KEPYIOUMM MapaMeTpoM, Ha BIAMIHY BiJl PO3TJISIHYTOI BUIIE «BHUICIKHI, €
BUITAJIKOM 3arajbHOTO TOJOXKEHHS (CTIMKMM UYHUHOM PEaNi3ye€ThCA MPU MaJHX
CTPYKTYpPHMX 3MIHAaX CHCTeMH). Y pa3i 3araJbHOr0 TOJIOKEHHS, TOOTO IpHU
CTPYKTYPHUX 30ypEHHSX, «BUJCITKA» PO3MAAA€ThCS HA Bl KPUBI, Y OJHIN 3 SKHUX €
TOYKa MOBOPOTY (puc.3).
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Puc.3. V¥ pas3i 3aranbHOTO TIOJIOKESHHS 1 JIWIIE OJTHOTO KEPYIOYOTro mapaMeTpa
01(ypKallis BUJEIKH CTPYKTYPHO HECTiHKa.

IcHye mneBHuil Hallp CTPYKTYpHO CTIMKMX OCOOJMBOCTEW, HANPUKIA,
sroptka (fold); 36ipka (casp); mactiBuuH xBicT (swallowtail); merenuk (butterfly),
[0 HE 3HUKAIOTh Y pa3l MaJIUX CTPYKTYPHHUX 3MIH cucTeMHu. Tak, 3ropTka (Touka
MOBOPOTY) CTIKUM YMHOM peaji3y€eThCsl B OJTHOBUMIPHOMY MIPOCTOP1 MapameTpiB;
30ipKa - B IBOMIpHOMY MpocTOpi. JIaCTIBUMH XBICT 1 METEIMKAa MOXKHA «3JTOBUTHY
B mpoctopi ympasimiHHS R3 1 R4 BianmoBigHOo (mpu HasSBHOCTI BIIACTUBOCTEH
CUMETpPIi METEJIMK MOXKE peali3oByBaTHCS 1 B TPUBUMIPHOMY MPOCTOPI
napamMeTpiB). 3aCTOCYBaHHS TE€OPil OCOOIMBOCTEN B 3ajauax aHai3y JUHAMIYHUX
cucTteM oTpumainu Ha3By Teopii karactpod (P. Tom) - KiHIIEBI CKauku B CTaHi
CUCTEMH IIPU HECKIHYEHHO MaJIuX (IyKTYyalii ii mapaMeTpis.

e
fﬁ{ﬂ*fj&f' e
e

Puc.4 3roptka (fold), 36ipka (casp), mactiBuun xBict (Swallowtail), merenux
(butterfly)



[lepBbie yetbipe KatacTpodbl (puc. 4) U3 3HAMEHUTOW «BEIMKOJCITHOU
cemepkn» P.Toma: Ckiazaka (fold), coopka (casp), tactoukun xBocT (Swallowtail),
6abouka (butterfly).

Ha puc.5 npencrasnen rpaduueckuii 00pa3 mpocTteitmieit oudypkauu -
CKJIQJIKH: CIUSHUE IBYX OCOOBIX TOUEK C pa3iIndyHbIMU MHAeKcaMmH [lyankape (y3mna
U celyia) 1100 poKIEHUS Mapbl 0COOBIX TOYEK C MPOTUBOIIOJIOKHBIMU UHAECKCAMH .

[Tepi yotupu katactpodu (puc. 4) 31 3HAMEHUTOT «UyAOBOT CIMKH)
P.Toma: Cxkmanka (fold), 36ipka (casp), mactiBuuH XBicT (swallowtail), meTenuk
(butterfly).

Ha puc.5 npeacrasneno rpadiuauii o6pa3 HalumpocTimioi OigypKarlii - CKIaIKH:
3JIUTTS ABOX OCOOJIMBUX TOUOK 3 pi3HUMHM 1HAekcamu [lyankape (By3:ia 1 cijja)
a00 HapOJKEHHS Mapyu 0COOJIMBUX TOYOK 3 IPOTHICKHUMU 1HJIEKCAMU
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Puc.5

PaccMOTprM KOHKPETHBINM MPUMEp peau3aiuu 3Toi oudypkamnuu (cemio-
y3ei) ISl AByMEPHON JUHAMUYECKON CUCTEMBI C OJTHUM YIPaBJISIONIUM
I1apaMeTPOM o

x=x"+a, (x,y)eR’, acRk;

y==y

12 12
[Mpu a<0 cuctema umeer ase ocoodbie Touku (-|o“,0) u (|o|"“,0). [TepBas —
yCTOMYMBBIN y3ei, BTopas — ceaiio. [Ipu o>0 cuctema He uMeeT 0COOBIX TOUEK

(monoxenuii papHoBecus). [Ipu a=0 B Hayane cucTEMbl KOOPAUHAT PeATU3YETCS
JBYKpaTHasi 0co0ast Touka CeJo-y3ell.



Saddle-Mode bifurcation,alpha<0
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Saddle-Node bifurcation,alpha=0
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Puc. 6. ®azosie moptpeTsl: a)dazoBblii mopTpet cuctembl o<0; 6)dpazoBbIit

nopTpet cuctemsl o.>0

OTmeTuM, 4TO TIapa paccCMaTpUBaeMbIX 0COOBIX TOUYEK B CHUITY «3aKOHA

COXPaHCHUA» CYMMAPHOTO MHACKCA NOJIZKHA UMCTh NHACKCHI

j=+tlu j=-1.



AHani3 AUBEPreHTHOI BTPATH CTIHKOCTI CTAlllOHAPHUX CTaHIB MOJEIbHOT

cUCTEeMH
x'= _L” = P(x,y);
1+ (kx) 1)
y'=ax—by=Q(x,y).
Cuctema pissup P(X,y)=0; Q(X,y) =0, mo BusHavac MHOXMHY
CTAal[iOHAPHUX CTaHiB, Ma€ OJHMH OYEBUIHUI PpO3B’A30K — HYIBLOBHIA.

CramioHapHUM CTaHaM BIJIMOBIJAIOTh TOYKU NEPETHHY KPUBHUX, SIKI 33al0ThCA
pisasaaam P(X,Y) =0; Q(X,y) =0. B mamomy Bumazky Ii KpHBi 3a1al0ThCS

cuctemoro (2):

(2)

IMpu k >a/b maemo tpu po3s’s3ku, npu K < a/b — ogun (HyIHOBHIA).



30.54

Puc.4.

Ha pwuc.4. mpencraBieHa TreoMeTpudHa I1HTEpHpeTallis BU3HAUYCHHS

CTalioOHapHUX CTaHiB cucteMu (mpu K > a/b  cuctema Mae Tpu 0COOIMBI TOYKH);



npu 30utbmeHi Haxuty npsmoi (K < a/b) — omny.
Hactynuuii rpadik UIFOCTpYE MHOXKHHY CTalllOHApPHUX CTaHIB CUCTeMH (X )

IIpU 3MiHI TapaMeTpa KepyBaHHS D'

BicbypkauiiHe
b — 3HAUYeHHSA
napameTpa



CTiHKICTh MOYATKy KOOPAMHAT BU3HAYAETHCS 32 JIIHIMHUM HAOIMKEHHAM

X'=—kx+y;
y' =ax—Dby.

AcumnrornyHa cridikicte npu K > a/b  (j=+1 ) i Hecritikicte nipu K < a/b
(j=-1). CrilikicTh (aCHMOTOTHYHA) MA€ MICIIC TOJi, KOJM HAXWI MEPINoi 130KJIiHU
MEePEBUIIYE€ HAXWJI JIPYToi (Ha 1€ BKa3ylOTh YMOBHU CTIHKOCTI CUCTEMH JIIHIHHOTO
HaOmwKeHHs). B 1npoMy BuUMNaAKy BHXIJHA HEJIHIAHA CHCTEMa, KpIM
ACUMIITOTUYHO CTIMKOI OCOOMMBOI TOYKM Ha MOYATKy KOOPAUHAT Mae€ IIe Mapy
0co0MMBUX TOUYOK (puc. 4). SIKo X HaxwiI APYroi 130KJIHU NEPEBUILIUTh HAXHII
MIepIoi, TO Y BUX1THOI HEJIIHINHOT CUCTEMU JIUIIAETHCS JIMIIE CIJJIoBa 0coba Touka
(j = -1) Ha moyaTky KoopauHAT (Ha30BOI ILIOUIHHHU, TTapa 0COOTMBUX TOYOK 3HHUKAE.
Ile cBiguWTH OpO Te, MIO 3HUKIL OCOONMMBI TOUYKM Oynu cimioBumu. JliiicHo,
cymapuuii iHaekc IlyaHkape ocoOJMBUX TOUOK HE MOXKE 3MIHHUTHCS TIPH 3MiHI
napameTpiB, a y €IMHOI OCOOJIMBOI TOYKH, IIO 3aJIMIIWIACh, BIH JOPIBHIOE
j = -1. OTxe, cyma IHAEKCIB TPHOX OCOOJMBHX TOYOK, OJHA 3 AKHUX (HA MOYATKY

KOOpAWHAT) Maja iHjekc +1, mopiBHIOE -1, TOOTO ABI 1HII Majy iHIEKC -1.
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Puc.5 Puc.6



Ha puc.5 - 6 mpexacrasieni (a3oBi MOPTPETH CUCTEMU: CIUIOBI OCOOJIMBI
TOYKM IpH 3MeHbliecHHI mapameTrpa b (k > a/b) HabmmwkaroTbes 10 MOYATKY
KoopauHaT (cTilikoro By3sa); nmpu K = a/b Ha moyaTky KOOpAMHAT 3'SIBISETHCS
TPUKpaTHa o0coOJMBa ToYka (KPUTHYHHK 3a JISIOyHOBMM BHITaZOK OJHOTO
Hya0Boro kopens); npu (K < a/b ) Ha moyaTrky KOOPAHMHAT JIHIIAETHCSA MPOCTA
0co0JIMBa TOYKA - C111J10.

Ilumanns 018 camokoumpoio.
1.Busnauntu OidypkariliHe 3HaUeHHS mapamerpa b .

2. 'eoMeTpryHa IHTEpIIPETALlisl YMOB CTIMKOCTI HYJIbOBOTO pO3B’sI3KY cucteMu (1).

3. be3neuna un HeOe3neyHa BiI0YBAETHCS BTpaTa CTIMKOCTI HYJIbOBOTO PO3B’SI3KY
cuctemu (1).

4. SIk BUBHAYUTHU CUCTEMY JIHIMHOTO HAOIMKEHHS SISl HEHYJIHOBUX CTAI[lOHAPHUX
CTaHIB.

5. Sxuit ingexc [lyankape MaroTh HEHYJIHOBI CTAIllOHAPHI CTAHHU.
6. Slkuii TMIT 0COOIMBOT TOYKU HA TIOYATKY KOOpaAuHAT mpu K*b>a.

/. Yn MOXke pealli3oByBaTUCh HA MOYATKy KOOPAUHAT 0COOJIMBA TOUKA TUITY
«hokyc».

8. Komu innekc [lyankape 0co0IMBOT TOUKH HE MOXKe OyTH BU3HAUYCHUH 32
CHUCTEMOIO JTIHIHHOTO HaOJIMKEHHS.

9. SIxa 03HaKa MUBEPTrEeHTHOI BTPATH CTIUKOCTI (anredpaidyHa Ta reOMETpUYHA)
CTAl[lOHAPHOTO CTaHy HENHIMHOT AMHAMIYHOI CUCTEMHU.

10. Ski cTpykTypHI1 30ypeHHs IPUBEAYTH 10 «pYHHYBaHH:» O01dypKallii BUIEIKH.



[TponoBxuTH aHalTi3 MOAEIBbHOT TuHaMidHOI cuctemu B Maple V (J1a0. 6)

&b Maple V Release 4 - [Lab_6_1.mws]
W7 File Edit View Style Axes Projection Animstion Window Help

EEE) Elro] EE] E] [[x[*
[Esmeza | p [0 Q] ]

[> restart:
[> #bifurcation of fork
> el:=-k*x/sqrt(1+(k*x)"2)+y;

> e2:=a*x-b*y;

e=ax—by

[>
> plot([subs ({k=1,a=1,b=2} ,k*x/sqrt (1+(k*x)*2)) ,subs({k=1,a=1,b=2},a*x/b)],x=-2..2);
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Time: 34.5s | Bytes: 9BE2K |Free: 1421963K
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& Maple V Release 4 - [Lab_6_1.mws]

B File Edit View Insert Format Options Windew Help -8 %
| 5l Gl

‘ [piotsubslik=T.a=1.6=0.8) s sarf1 (W] "2 subslfk=T =1 b=0 8 ")l =2, 29=1.. 1) I

r =

> plot([subs ({k=1,a=1,b=1.3} k¥*x/sqrt(1+(k*x)“2)),subs({k=1,a=1,b=1.3} ,a*x/b)] ,x=—2..2 ,y=—1..1);

i

[> plot([subs ({k=1,a=1,b=0.8} ,k*x/sqrt(1+(k*x)*2)) ,subs({k=1,a=1,b=0.8},a*x/b) ] ,x=—2..2, y=—1.

.1 4]

Time: 34.5¢

Bytes: 9BE2K. | Free: 1409931K
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&b Maple V Release 4 - [Lab_6_1.mws] — X
i File Edit View Insert Format Options Window Help R

O[=[RS] [ [oE ETo] [F[5] [E] [[=]¥

[PlotTsubsfik=T.a=T12" 24k 26" 2) (172 ok subsllk=1 =] "2k

21121 (K]0 b=0..3): | ‘

1 d
0.5
EY -1 o 1 2
x
0.5 J
-1
> solve (k*x/sqgrt (1+(k*x) *2) =a*x/b,x} ;
2,.,2.2 2,.2.2
0 —-a +k b —a  +k b
: ak ’ ak
> plot([subs ({k=1,a=1}, (-a*2+k*2+%b*2) * (1/2} / (a*k) ) ,subs ({k=1,a=1},— (—a*2+k*2*b"2) * (1/2) / (a*k) } ,0] ,b=0..3) ;|
Time Touch keyboard JE2K |Free: 1406798K
X _ 339PM
at & NS 21972020
& Maple V Release 4 - [Lab_6_1.mws] — b3
W7 File Edit View Inset Format Options Window Help & x

[L[E (] [=[T]e] El[==[x

= |
JL
o
AL
U‘E 1I 1:5- 2' ZIE é
b
[>
> ssl:={x =0, y = 0};
ss]l={x=0.y=0}
[> with(linalg, jaceobian) : |
Time: d 2 new notifications (Quiet hours on)

£ A ENG

339PM
3/19/2020



&b Maple V Release 4 - [Lab_6_1.mws] — X
i File Edit View Insert Format Options Window Help R

OeRE] o 5] [=[Te] [E[5] [E] [[=]x

‘ [plotTsubslik=1.a=111s"2¢k 25" 2) 1201k subsiik=1 5=1) -8 ™24k "26"2)"(1/2)/(ak]) 01 b=0. 3] ”

> Jool:=subs (ssl,jacobian([el,e2], [x,y¥])) d

|
Jool = [ a —J

[>

> chpl:=linalg[charpoly] (Jool,lambda) ;

5
chpl =h"+hb+ki+kb—a

[

> collect (chpl,lambda) ;

5
L +(b+k)A—a+kb
[> #j1:=sign(ql);
[> #3j2:=sign(g2);
[> #33:=sign(qg3);
[>
_

Time: 3 2 new netifications (Quiet hours on)
340 PM
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Bipypkaniiinuii miaxig 103BoJiss€e OTpUMATH IHTETPAIbHY XapaKTEPUCTHKY CTIMKOCTI YCI€l
MHOXHMHHM CTalllOHApHUX CTaHIB AMHAMIYHOI CHUCTEeMM 0e3 MONepeHbOr0 3HAXO/HKEHHS CaMoi
MHOXXHUHU CTalllOHAPHUX CTaHIB Mojedi. Takuii BUCHOBOK MOKE 3JIaTUCS JIEIIO0 HECIO/IIBAaHUM,
IpoTe BIJAMNOBIAb JEKUTh B cCaMiii NPUPOAl JUBEPreHTHOI BTPATH CTIMKOCTI CTalliOHApHUX
PEXHUMIB, a came, BiH MOB'I3aHUN 3 (PAaKTOM BUHUKHEHHSI-3HUKHEHHS! KPaTHUX OCOOJIMBUX TOUYOK
(crarioHapHUX CTaHIB) JUHAMIYHOI CUCTEMH INPH 3MiHI JESIKUX XapaKTepHUX Hapamerpis. Tomy
MpU aHaTi31 JUBEPTeHTHUX OidypKaliii CHCTEMU BU3HAYAIILHUMHU € JIMIIE CITIBBITHOIICHHS M1X
KPUTHUYHUMH 3HAYEHHSMHU [apaMeTpiB, A SKUX Ppeasli3yloThCsl KpaTHI OCOOJIMBI TOYKH
(moxi6HO 110 3a/1a4l BU3HAUYEHHS AMCKPUMIHAHTA MOJIHOMA, a He Horo kopeHiB). [lns peamizamii
LBOTO MiAXOMy HEOOXi1HO MaTH (YHKIIO, 110 BH3HAYa€E MHOXKMHY CTalllOHApHUX CTaHiB
CUCTEMH, HANPHUKIAA, Ui TOTEHIAIBHOI CHCTEMH TaKOK Hamepes BiIOMOI (YHKINEI €
noTteHian, abo cunosa QyHKIii. s JOBIIBHOI JUHAMIYHOI CUCTEMHU TaKy (YHKII0O HEOOX1THO
BI/IIIYKATH, 10 HE 3aBXIU MOXJIUBO. Ajie B poOOTi Oyne BKa3aHO Ha OJUH 3 MIiJIXOJIB, IO
JI03BOJISIE 3HAWTH MOJIiHOMiaIbHE HAOMMKEeHHS Iii€l QYHKUIT IS CUCTEMH JIOCUTh 3arajllbHOTo
BUTIISIY.

1. IMocTranoBka nmpo6JeMu. Po3rissHeMO TUHAMIYHY CHCTEMY, 1[0 Ma€ MEBHY CUMETPIIO

dx/dt= f(x,u), xeR?*, f:R*xR_xR—>R?,
u={v,6},veR, , 6eR, f(—xv,—-0)=-1(xv,0), f(0,v,0)=0. )



[ToxibHa cumeTpist XapakTepHa ISl MOJEJICH TPaHCIIOPTHUX 3aco0iB, IS SKUX BJIACTHBA
€KBIBAJCHTHICTh MPABOTO-TIBOIO IOBOPOTIB. TpuBiadbHUN pO3B’A30K MJISI TaKUX CHUCTEM

Bi/INIOBI/IA€ CTAIliOHAPHOMY MPAMONiHiHHOMY pexumy. bynemo BBaxaru, mo npu V=v" =0
Bi1I0YBa€THCS TUBEPIeHTHA BTPATa CTIMKOCTI TPUBIAIBHOTO PO3B’sI3Ky cuctemu (1).

CTi#iKicTh HYJBOBOTO PO3B’SI3KY TP V=V  (KPUTHYHHUH BHIAJ0K OJHOTO HYJIHOBOI'O
KOpEHS1) BU3HAYAETHCS IEPIIMM HEHYJIbOBUM JIAIMYHOBCHKMM KoedimieHToM (,. Skmo

0, <0, cumerpuunnii posp’s3ok cucremu (1) acCUMNTOTHYHO CTilikuil, a Mexa obacti

CTIHKOCTI B MPOCTOpPi MapamMeTpiB € OE3MeYHO — Maji Bapiamii MmapaMeTpiB CHUCTEMH, IO
NPU3BOIATH 10 TEpeTHHY Oe3reyHoi Mexi CTIHKOCTI, MOPOJUKYIOTh JIMIIE  OOMEXeHe
3poctaHHs (Pa30BUX 3MIHHHUX B OKOJI CHMETPUYHOTO PO3B’SI3KY. Y BHIIAIKY g, >0

CUMETPUYHHMI pO3B’A30K HECTIMKWH, a Meka 00JlacTi CTIHKOCTI B IPOCTOPI MmapaMeTpiB
HeOe3rnmeyHa — HaBiTh Maji Bapiamii mapameTpiB CUCTEMH, IO MOPYUIYIOTh HECTIHKY MExXy
CTIMKOCTi B MPOCTOPI MapaMeTpiB, MPU3BOIATH 10 HEOOMEKEHOTO 3pOCTaHHs 30ypeHb (pa3oBHX
3MIHHHX B OKOJIi CUMETPUYHOTO PO3B’si3Ky. [IpuumHM 1OTO MeXaHi3My OyAyTh MOSICHEHI Ha
OCHOBI aHaJli3y CTalliOHAPHUX CTaHIB CHUCTEMH B OKOJi CHMETPHYHOTO PO3B’S3Ky (AificHHX
0idypkamniii cTaioHapHUX CTaHIB).

2. OcHOBHA yacTHHA. byneMo BBaxkaT, IO HYJb € PETyJISIpPHUM 3HAYCHHSIM IPaBUX YaCTHUH
cuctemu (1) Ta, KpiM TOTO, 1110 BOHU MOXKYTh OyTH HAOJIMKEHO MPEICTABIICH] Y BUIJISAII

N

dx, / dt = ax, +bx, +a5, X’ +a,,X*X, +a,,%,X

3 3 5

) +85X, a5 X+,
3

1

2

)

. 2 2 3 5
dx, [ dt =X, +dX, + Dy X + 0y XX, +0y, X, X7 + DX +0go X5+

Tak sx mnpu V=V' @=0 BinOyBaeTbcs NMBEPreHTHAa BTpaTa CTIHKOCTI TPUBiaIbHOIO
PO3B’sI3Ky (cucTema JIHIHHOrO HaOJIMKEHHS Ma€ OJIHE HYJIbOBE BJIACHE 3HAYEHHS), IPUHANMHI
TIEBHI KOEDIlLli€HTH CUCTEMHU JTIHIHHOTO HAOIMIKEHHS 3aJI€XKaTh Bijl NapaMeTpiB V 0.
Jlema 1. Ilpu KpUTHYHHX 3HAYCHHAX IapamerpiB kepyBanHi {V=V ,0=60} «HyIbOBI»
13okmiHN cuctemMu (1) y BiamoBimHii Toulll (a3oBoi miIOmMHU (0COONMBIN TOUIll, B SAKIH
BiIOYBa€ThCsl AMBEPI€HTHA BTpaTa CTIMKOCTI) MarOTh TOUKY JOTHKY MOPSAKY HE MEHIIE JIBOX
(mopsimoxk 1oTWKY | — BIANOBIAA€ MPOCTOMY MEPETUHY KpUBUX). T0OTO, B 1IbOMY BHIAJIKY
pearizyeThesi KpaTHa 0CO0JIMBa TOYKA.
JloBeaenns. 3 yMOBHU JMBEPreHTHOI BTPATH CTIMKOCTI CTAllIOHAPHOTO PEXUMY X, =X, ,X, =X,
V=V ,0=60 - Ha0op KpUTHYHHX MapaMeTpiB) BUIUIMBAE, 10 BUIBHHUHA YJICH BiAMOBIIHOTO
XapaKTEepUCTUYHOTO PIBHSHHS JIOPIBHIOE HYIIO

of lox,|, . of 1%, .
of, lox,|, . of,10x,

X=X

det =0.

x=x"

3 yoro BHUILIMBAcE jiema 1, 60



g rad{aflaxl‘ X=xX" ’aflaxz‘ x:x*}{

grad{of,ox,

L OF0%,| .}

X=X

[Topsimok MOTHKY MOKe OyTH BHU3HAUCHHM HA OCHOBI aHaJi3y KUIBKOCTI CTalliOHApPHHUX
PEKUMIB CHCTEMH B OKOJIi KpUTUYHOTO HAOOPy MapaMeTpiB KepyBaHHSI.

IMpukaan. Peamizaris 10TUKY TOPSIKY TPH.

Ha pucynky | mnpoumocTpoBaHO TMpOIEC B3JMTTS CTAIllOHAPDHUX CTaHIB CHUCTEMH: HpHU
JOKPUTHUYHOMY 3HAYCHHI MapaMeTpa KepyBaHHS iCHYBAJIO TPU MPOCTHX MEPETHHHU (TPU MPOCTI
0COOJIMBI TOYKH); NMPH 3aKpPUTHYHOMY 3HAUCHHI IapaMeTpa KepyBaHHS ICHYE OIHMH IMPOCTUH
nepeTuH (OAHa mMpocTa OcoOJIMBa TOYKA); KPUTUYHOMY 3HAYCHHIO Tapamerpa BiAMOBigae
TpUKpaTHa 0co0IMBa TOUKA.

Puc.1. Imoctpanis 6ipypxarii 30ipku (3IUTTSI OCOOTUBUX TOYOK)

Ha pucynky 2 npounocTpaHo Mpoliec HapOJUKEHHs MapH CTallilOHApHUX CTAaHIB CHUCTEMH: IPH
JOKPUTUYHOMY 3HAU€HHI ITapaMeTpa KepyBaHHS ICHYBaB OJUH MPOCTHUH MepeTHH (0JHa MpocTa
oco0MBa TOYKA); MPHU 3aKpPUTHUHOMY 3HAUEHHI NapameTpa KepyBaHHSA ICHye TPH HPOCTUX
NnepeTuHu (Tpu TPOCTI OCOOIMBI TOYKM); KPUTHUHOMY 3HAUYEHHIO IapaMeTpa BIANOBIAA€
TpPUKpaTHa 0COOJIMBA TOUKA.



Puc.2. Imoctparis 6idypxarii 30ipku (HapoaKeHHS 0COOIUBUX TOUOK)
Bidypkamii 3muTTs 1 HApOHKEHHS MOXKYTh OyTH MPEICTaBICHI B CHMBOJIIYHOMY BHTJISII
0% + (0,0, =0 02%= oM+ (0:2°, 0,29).

Tyr nmepma mmdpa BEpXHBOTO IHAEKCY OCOOIMBOI TOYKM JOPIBHIOE YHCITY KOPEHIB
XapaKTEePUCTHYHOTO PIBHSHHS 3 BiJl’€MHUMH JIIHCHHUMHU YaCTHHAMM, Jpyra - 3 AoAaTHUMH. Toi
imnexc Ilyankape  j(O 2%)=1, a j(O *)= -1. Mae wmiciie «3aKkoH 3GepeKEHHS» CyMH {HICKCIB
[Tyankape niBoi 1 mpaBoi YacTUH CHMBOJIYHOI PIBHOCTI (M0 1 micist nikicHol Oidypkarii).
bipypkamii 3ropTkm -  3AMTTA 1 HAPOPKEHHS JBOX OCOOJIMBHX TOYOK MOXKYTh OYTH
MIpPEJICTaBJICHI B CHMBOJIIYHOMY BUTJISAI1

02 +0,"Y =@, T= (02°+0,Mh.

Sxmo mpu 3MiHI MapaMeTpiB KepyBaHHS 30epiraerbcs 130JbOBAHICTh CTalllOHAPHOTO
pexuMy (peanizyeThCsi JHUIIE TMPOCTUN TepeTuH 130KiiH) iHAekc IlyaHkape 3anmuiaeThbes
HE3MIHHUM, IO JIO3BOJISIE OIOCEPENIKOBAHO BH3HAYATH IHIEKC OCOOJNMBOI TOYKH;  IPH

JONATKOBI  yMOBi, IO  CTOCY€THCS JMBEpreHmii BEKTOPHOTO  MONA  —
div(f (X, X,), f,(X,X,)) <0, rapanToBaHo 30epiraeTbcs i CTaH CTIHKOCTI CTaliOHAPHOTO
pexuMy.

Teopema 1. Bidpypkauiiina MHOXHHa AUHaMI4HOI cucteMu (1) B MamoMy OKOJII KPUTUYHOTO
Habopy mapameTpiB KepyBanHs V=V ,0=0 3amaeTbcs IUCKPHUMIHAHTOM BH3HAYAIHLHOIO
MIOJIIHOMAa TPEThOI'O CTENEHs, a OCTaHHIM BH3HAYa€ MHOXKHMHY CTAl[lOHAPHUX CTaHIB B OKOJI

noyatky koopauHaT. CTaH CTIMKOCTI TPUBIQJIBHOTO CHUMETPUYHOTO pO3B’s3Ky cuctemu (1) B
KPUTUYHOMY BHUIQJKy Ta YMOBH Oe€3ledHOi-HeOe3NeyHoi BTpaTH CTIMKOCTI BU3HAYA€ 3HAK

KoedilieHTa Py CTapIIoMy MOHOMI 11b0ro mostiHoma (3) ¥ =y(v*,0")
3
Wot Po+a=0, y=y\.0), B= ), a=ald). ©)
JoBenennsi. Posrisiaemo cucrtemy (4), mo BU3HAYa€ MHOXKHUHY CTaIllOHAPHHUX CTaHIB CHCTEMH
(1) 3 TOUHICTIO IO TPETHOTO MOPSAAKY MATOCTI B OKOJII MOYATKy KOOPIUHAT
3 2 2 3 .
ax, +bX, +85X] + 8y X X, +8,X,X; +85X, =0;

3
1

2 2 3
CXy +dX, + 0y X™ +0,, XX, + by, X X +byX” =0,

(4)
Po3B’sxxemo niepiiie piBHSHHS BITHOCHO X1 Ta MJICTAaBUMO B JIpyTre PIBHSHHS, BPaXOBYIOUH YICHH
JIMIIE IO TPETHOTO NOPAAKY



X, =-b/ax, +(a,h’ —a,ab* +a,a’h-aza’)/a’ x* +..;

p=(c—da/b);

y =[b*(aby, —cay,) +ab*(ca,, —ab,,) +a’h(ab,, —ca,,) +a’(ca, —aby)]/a".
Koedimient y(vV',#") 3 TOUHICTIO 10 MHOXHHMKA CIIBHAJA€ 3 MEPIIAM JISIYHOBCHKAM
KoedilienToM J,.

[Ipu KpUTHYHOMY 3HAYEHHI MapamerpiB kepyBanus V=V ,0=6":p(v")=0, a=0. Ilpu
JOKPUTHYHOMY 3HAYECHHI ITapaMeTpiB V=V' —¢g,60 = 0" piBusanns (3) Mae BUTIISL
YV =&)X+ BV~ ), =0,
IPY 3aKPUTHYHOMY 3Ha4eHHi V=V' +¢&, 0=6"
y(V )X + BV +&)x, =0.
[pu ymoBi, mo y(v*,0")#0 i qocratHbo Manux ¢ Oyaemo Matu y(V' —&) (V' +¢) >0,
a PNV +¢g)- PV +g)<0. lle mae MOKIMBICTD CTBEPUKYBaTH, MO0 mpu V=V ,0=6"
BiOyBaeThcss  Oidypkaris 30ipku (peani3yeTbCsi TPUKPATHUN CTAIlllOHAPHUN PEXKHUM) — B
3aJIeXKHOCTI Bijl CliBBigHOIIEHHS 3HaKIB Koediuientis y(v') ta LSV —¢&):

- y(v)-B(vi—€)<0 - mae micue 37MTTS OCOOIMBUX TOYOK y I[OYATKY KOOPIHHAT
(puc.1);
- (V) PNV -)>0 = y(vVT)- BV +e)<0 - Mae Micue HapOMKEHHS ~IApH

CTalliOHAPHMX CTaHIB y MOYaTKy KOoOpauHat (puc.2).
BukopucroByroun iH(GopMAIliO PO CTaH CTIHKOCTI CUMETPUIHOTO PO3B’si3Ky (V<V',0=0
- criiikicts (By3om) ; V>V',60=0 - HecrilikicTh (CiZn0)) MOKHA CTBEpIKYBATH: Yy BHIAIKY
oipypkanii smurts (y(V')- SV —€)<0) B movyaToK KOOPAMHAT MPUXOAMTH Mapa CiTOBHX
0COONMBUX TOYOK - BIJIMOBIJIHA CUMBOJIIYHA PEAKIIis 0*0 + (011’1 , Oy 1’1) = Ol’l; y
Bunaaky Oidypkanii Hapomkenns (y(V)- (v —&) >0) 3 cumerpuunoro po3s’s3ky (Io4aTox
KOOp/IMHAT) BUXOAUTH Mapa 0COOIMBUX TOUOK 3 iHJeKkcoM Ilyankape +1 - cuUMBOJIIYHA peakiis
0% = O+ (0,2°,0,%9).
bidypxkanii 31uTTsS BIANOBIIA€ HECTIMKICTh B KpUTHUHOMY BUIIAJIKy 1 HeOe3MeuHa BTpaTa
critikocti B cenci M.M. Bayrina (npu JOKPUTHYHINA IIBHAKOCTI V=V’ —& mapa cijuyoBux
OCOOJIMBHX TOYOK 3BYKYIOTh 0aceliH NMPUTATaHHSA CHMETPHYHOTO PO3B’SI3KY, a mpu V=V’ +¢&
CUMETPUYHOMY PO3B’SI3KY BIJMOBIZA€ 130JbOBAHE «CIATI0», TOMY 30ypeHHs (a30BUX 3MIHHHX
3pocTaloTh HeoOMexxkeHo). bidypkarii HapoKeHHS  BIANOBITAE CTIMKICTh B KPUTUYHOMY
BUMNAJKY 1 Oe3meyHa BTpaTa cTiiikocTi B ceHci M.M. BayriHa (mpu HOKpPUTHYHINA HIBHJIKOCTI
V=V'—¢& CHMETpHYHOMY pO3B’A3Ky  BiANOBizae i30/b0BaHMil CTIMKUiT «BY301», a OpH

3aKPUTUYHIN MIBUAKOCTI V=V’ +& - B MaJIOMY OKOJI «Ci/Iay 3HaXOMAThCS JIBi CTiHKI 0COOIMBI
TOYKH, SIKI OOMEXYIOTh 3pOCTaHHs 30ypeHb (a30BUX 3MIHHHX).
JlokanpHO OidypkariiiHa MHOXMHA € HamiBKyOI4YHOIO Tapabosioro (JUCKpUMIHAHT

KyOiuHOI0 piBHSAHHS) 3 TOYKOIO 3arOCTPEHHs (KacrmoM) B Touni  V=V',0 =0, npu HebGe3neuniii
BTpati criifikocti (6idypkamisa 3muTTs) rpadik JUCKPUMIHAHTHOI MHOXKMHU PO3TAIllOBaHUN
HIDKYEe 11 BEepUIMHU (JOJATKOBI Ci/UIOBI CTAI[iOHAPHI PEXHUMH ICHYIOTh HpU V<V'); TIpH
Oe3neuHii BTpati criiikocTi (Oidypkaiiss Hapo/KeHHs) rpadik JUCKPUMIHAHTHOI MHOXUHU



po3TamoBaHuil Bumie ii BepmIMHM (B LbOMY BHUMAJIKy KpPUTHYHA IIBUAKICTH KPYrOBUX
CTaIllOHAPHUX PEXKHUMIB OiIbIIa HIXK KPUTHYHA IIBUIKICTH MPSIMOJIIHIHHOTO PEXUMY).

Benocuneonas mooenv skunaosica ¢ ynpyeumu no U. Poxapy rxonecamu.
ITycte M — macca u J — HeHTpalbHBIA MOMEHT UHEPIIMU CUCTEMBI OTHOCUTEIHHO
BEePTUKAIBHONH OCH, a,0 — paccTosHHS IIEHTpa Macc 3KUINaka 0 IepeaHeH u
3aJTHEN KOJICCHBIX OCEH.

Puc. 1. PacueTtHast cxema aBTOMOOUIIS C «OKECTKUMY YIIPABJICHUEM KOJIECHBIM MOIYJIEM

VpaBHEHUSI TUIOCKOMAPAJICTBHOTO JIBUKCHUS BEJIOCUIIEAHOM  CXEMBI
AKUIIAXKa B MPEANOJIOKEHUU MOCTOSTHCTBA MPOJOIBHON COCTABIISIIONIEH CKOPOCTH V
HWMEIOT BU/T

m(u+av) =Y, cosé+Y,;
Jo =aY, cosd-Y,b; (1)
5, =0—arctg 22 5. :arctgﬂ,

v v

3l€Ch - TOTEPEYHAss COCTAaBJIAIOIIAs CKOPOCTH IEHTPa MACC JKMIIAKa; -
YIJI0Bass CKOPOCTH OTHOCUTENBHO BEPTHKAIBHOM OCH; V - MPOAOJIbHAS
COCTaBIISIONIAs CKOPOCTH IIEHTPA MAcC; 5,5, - YIJIbl YBOJAA Ha MEPEIHEH W 3aaHel
ocsax. Cunbl yBoza Y ONPENETAIOTCS SMIIMPHYECKA U MOTYT OBITh TIPUOIMKEHHO
TIPEICTABIEHBl  PAa3IMYHBIMU  AHAIMTHYECKMMHM  3aBHCHMOCTSMM, HAIpHMED,
MMEIOIMX XapakTep (yHKuuM  HachimeHus Y,(5,) =k0,(1+k’6% /p?) ™. B



JUHEHHOM MPUOIMKEHUH CUJia yBOJA MPOMOpILHOHANbHA KOA(G(UIIMEHTY YyBOJAA
Y, =k;6,,i=12, mycTth nanee k, =k,/N,- 6e3pa3mepHble KOAPPUITUEHTHI OOKOBOTO

00
yBona (N, - BepTUKalbHble peakuuu Ha ocH), Y, =Y,/N; - Ge3pasMepHble CHIIbI
yBOJaA.

Pagnyc TpaekTopuu TOYKM Ha MPOJOJIBHONH OCH aBTOMOOHIISL, CKOPOCTbH
KOTOPO#l JIEKUT BIOJb TMPOJOJIBHONM OCH, MOXKET OBITh IPEICTaBICH B BUJC
(cmemyer W3 ompeeNeHHs YIJIOB YBOJA M OIpPENENCHUS YIJIOBOH CKOPOCTH
paauyca-BekTopa R)

|
R 0+65,-6, 2)

3nech (0+65,—05,) — yroia Axkkepmana. ['eoMeTprUecKuii CMBICH yrila AKKEpMaHa —

YIoJd MEXAy paadycaMu-BEKTOPaMH, COCIUHSAIONIMMHU LEHTP MOBOPOTa C
CepeaHaMH MEPEIHEN U 3aHEN OCEN DKUIaXKa.

CrnenoBaTenbHO, NPU ABMKEHUH dKUNaxa (|- paccTosHUe MeXAy NepenHen
M 3aJHEd OCAMM) O OKPYKHOCTM paguyca R C pa3auuyHbIMH 3HAYEHUAMH
napaMeTrpa CKOPOCTH V (IIPOJOJIbHAS COCTABIIAIONIAs CKOPOCTH LIEHTPA MaccC) yroJl
AKKepMaHa J0JKEH 0CTaBaThCsl MOCTOSHHBIM

I/IR=60+0,-9,.

Torma 3HaueHue yrija ImoBOpOTa NCPCIAHUX YIIPABISICMBIX KOJICC OIPCACIACTCA
COOTHOIICHHUEM

0=1/R-(5,-5).
(3)

1.Pazeumue epagho-ananumuuecko2o memooa amaiuza CmMayuoOHAPHLIX PEHCUMO8
osudicenus. Huxke mpejuiaraercs rpado-aHaTUTHYECKUN TOAXO0M K OMpPEIeTICHUI0
BTOPOTO CJIAaraeéMoro B BeIpaxkeHuu (3).

CucreMa ypaBHEHHH, OMNpPEAENSIONIas MHOXKECTBO CTAllMOHAPHBIX PEXKUMOB

BEJIOCUNIETHON MOJEIIN aBTOMOOWIIA
ACH IR ACALINN

| | (@)
Y,(5)-Y,(5,) =0,

v
——o+

MOJKET OBITh CBEJIeHa K OJHOMY ompeestomemMy ypasaeHuo [10]



2

— v
Y (5, -9,) :a(0+52 —-0,),

(5)
rne Y =Y (5, —35,) KpuBasd, onpeeisemMas 0e3pasMEPHbIME 3aBUCHMOCTAMU CHII

yBOJa Ha ocsx (puc.3)

Y :Y_1(51) :Y_z(52) .
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Puc.2. TlocTpoeHue HeNOABMXKHON KpuBoW Y =Y (5, —6,); a) — rpaduKu CHI
YBOZIa Ha IEPEIHEN U 3a1Hel 0CaX, Kak QYHKLUH YIIOB YBOAA; 6) — CTAllMOHAPHBIE
PEKUMBI, OTBEYAIOIIHE JBIKEHHIO XapaKTEPHON TOYKH DKUIIAkKa [0 TPAEKTOPHH C

(UKCHUPOBAHBIM PAJINYCOM KPHUBHU3HHI R.



TaHreHc yria HakJIOHA TOJBWXKHOM MNPSIMOW IMPONMOPLMOHAIICH KBaJApaTy

o o 2
IMPOJOJIBHOU COCTABJIAIOIICH CKOPOCTH HCHTpAa MaACC aBToMoOmiIs V /gl , yrol

OBOpPOTa YIpPaBJISIEMBIX KOJEC @ OINpeAesseT MapaUieabHbId CIBUT MPSIMOU.
ToukaM mepeceyeHrss TOABWKHOW IPAMOM W HENOABWUKHOM  KPUBOM
COOTBETCTBYIOT CTAallHOHAPHBIC PEKUMBI MOJICIIA: OPJAMHATA TOYKH TEPECCUCHUS
Y ompexaenseT yaeabHoe OOKOBOE YCKOpPEHHE IIEHTPa MacC B COOTBETCTBYIOIIEM
CTAIlMOHAPHOM PEXHUME; €€ a0cCIrcca — pa3HOCTh YIJIOB YBOJA Ha ocax (5, —6,).
JIByM CTallMOHApHBIM pEXUMaM  C pa3IMYHBIMH 3HAYCHHUSIMH TIapaMeTpa
CKOPOCTH V M OJMHAKOBBIM 3HaueHueM yria AkkepmaHa (puc. 4, 6) oTBeyaer
TPAEKTOPHSI C OJJTHUM PAJINyCOM KPUBU3HBI R, TOTJa OpAMHATHI COOTBETCTBYIOLIUX
TOYEK MepeceveHUs] 3a/Ial0TCsl COOTHOIIeHUeM Y =Vv°/gR, a 3HaueHUs mapaMmeTpa
@ TOIy4YUM Kak pasHOCTh Mexay yriaom Axkepmana |/R u abcrmccoit atnx
TOYEK nepeceueHus (3, —9,)
O=1/R—-(0,-0,).

[lpy 3amaHHOM 3HAYCHHHM TMapaMeTpa Y COOTBETCTBYIOIIEE 3HAYCHUE

pasHoctu (S5, —6,) ompenmensercs  ¢yukmumeir G(Y ), obparHOM K (GYHKIHH
Y(s,-5,) [13] .

Beigenum atambl moctpoenuss  GyHkiuu (5, —6,) =G(Y ): ucxomHbBIMU
SBISTIOTCS 3aBUCUMOCTH Y 1=Y 1(51), Y 2 =Y »(&); pa3penuB ux OTHOCHTEIBHO
0 i, HaxomuMm O0=F((Y), & = Fy(Y) , a wuckomas (QyHKIMS HAXOOUTCS Kak
pasHocTh (&, - 1) = Fo(Y ) - Fi(Y ) = G(Y).

OmnpenenuB QyHKIHIO G(Y ), MOIyYUM «KPUBYIO ITOBOPAYHMBAEMOCTHY

O=11R—(5,-6,)=1/R-G(Y), (6)



KOTOpasi B paMKax JIMHENHOM runoTessl yBoaa ( 5, — & = (—==-=)-Y ) IpUBOIMT K

HN3BECTHOU «HpﬂMOﬁ IIOBOPAYUBACMOCTHU

c K
O=1/R+(—%==")a,/g.
kik,
Bce ﬂaaneﬁmHe paCUdCThl BBIMMOJHSAINCH IIPHW YUCIIOBBIX 3HAYCHUAX ITAPaAMCTPOB
k, =33; k,=2527; 1=5 m; v, =2298Mm/c; ¢ =¢,=08; R=305 M ecim nux
3HA4YCHUA HC OIOBApPUBAIOTCS CIICIIUAJIBHO.

Ha pucynke 3 mnpeacraBieHsl rpadukd NpSIMONM MOBOPAYMBAEMOCTH U
KPHUBOM IOBOPAYNBAEMOCTH, ITOKA3aBAIOIINE BIUSHNAE HEIMHEMHOCTH CHJI YBOJA.
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Puc.3. KpuBas moBopaunBaemoctr: l-muneiinas rumoresa yBoaa (Y, =k.5,,i=12,);

P =@, =08).

2- nenuHeitnas runoresa ypoaa (Y, (5,) = k.8, A+ k252 1 )™/

Hlanee Oyner yaoOHO mepelTH OT ypaBHEHHS (5) K DKBUBAJECHTHOMY
ypaBHeHUIO (7), BBINOJHUB NEpexoa K oOpaTHbIM (YHKUUAM B JIEBOM U MpPaBOU
4acTu ypaBHEHHUS (5)

G(Y)=gl/v*-Y -@. (7)

Haxoxaenue KpyroBbIX CTaIllMOHApHBIX PEXKUMOB Ha OCHOBe Trpado-
AHAJIMTUYECKOTO MOJIX0/1a, UCIOJIb3YIONIEro ypaBHeHue (7), mpeanosiaracT 3HaHue
ABYX mapamMeTpoB 0, V, nanee HeOOXOAUMO BBIYUCIMTH HAKIOH IOJBHIKHOM
psIMOit , a TIOCIe Onpee/ICHHs TOYEK MepecedeHus ¢ HEeMoABMKHOM KpuBoi G(Y



), HalTH COOTBETCTBYIOIIME TOYKAM IIEPECEYEHUST 3HAYEHUS YIEILHOIO OOKOBOIO
yCKOpeHus Y U &, — 4.

B cioysae  KpYroBBIX  CTAallMOHAPHBIX  PEXHMOB,  OTBEYAIOIINX
(MKCHPOBAaHHOMY paJMyCy KpPUBU3HBI R, MPOIEAYPY IIOCTPOEHHHA MOXKHO

YOPOCTHUTh, JCHCTBUTEIHHO, BHIOpAB TEKyIllee 3HAYCHHE YAETHLHOTO OOKOBOTO
2

a4
YCKOPCHHUA Y =ﬁ, MbI OJHO3HAYHO OIIPpCACIIACM OAHY TOYKY IICPCCCUCHUA

MOJBIKHOM TpssMoii ¢ HemoaBmwkHON kpuBoir G(Y ) (Touka 1 Ha pucyHke 4),
Jajee OompeaessieTcs COOTBETCTBYIOIIEE BEJIMYMHE Y 3HAYCHHE Yriia MOBOPOTa
ympaBisieMbIx konec 6 (mo rpaduky KpHBOH MOBOpAYMBAEMOCTH — TOYKa 2 Ha
pucyHKe 4); TOCIeIHUN mar onpejeieHne ToUuku «3» ¢ koopaunaramu (0, -6 ),
4yepe3 KOTOPYIO JOJKHA IPOXOIUTh MOABMKHAS TIpsIMast.

— 0,2 1
52 51, g o

| I/R-G(Y) O
| .

0,1
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Puc.4. Wnmoctpanuss k rpado-aHAIUTUYECKOMY NPHUEMY HaXO0XJIEHUS
CTallMOHAPHBIX PEKUMOB, OTBEUAIOIINX 33JAHHOMY 3HAUEHHIO yria AKKepMaHa.

2

-~ V
33MCTI/IM, YTO CCJIK IIPUHATH B KAaUCCTBC HC3aBUCHUMOI'O aprymMcHTa Y = _R
g

(npu (UKCUPOBAHHOM 3HaueHUU R ), TOo ypaBHeHue (7) OyneT 3ajaBaTh KPUBYIO
MMOBOPAuYNBaeMOCTH (6)



2

GY)=gl/v*-~——g=1/R-6.
gR

K awnanuzy cmenvl ceoticmeé nosopauusaemocmu HeIUHEUHoU Mooelu
08yxocHoeo skunadica. W3 rpadrka KpuBoi IMOBOpauynBaeMocTH (puc.3) cieayer,
YTO JJIsi CMEHBI XapakTepa MOBOPAYMBAEMOCTH DKHUIAXa C HW30BITOYHOM Ha
HefocTatounyto, y ¢yskmmu  |/R—G(Y) [omKeH TIOSBIATBCS B TEpPBOId
yerBepTH MiockocT (Y, O, —0,) JIOKAIbHBIH MHHHUMYM, IOCJICIHEE CBS3aHO C
peanu3anyel JTOMOJHUTEIBHBIX TOUEK Mepernda; o CyIMEeCTBEHHOW POJM TOYEK
neperuba kpuBoit G(Y ) OymeT uaTH peub B CleAyIoIIeM naparpade.

B crmydae anmpokcumanuu CHI yBOJA B BHAC MOHOTOHHBIX 3aBHCHMOCTEH,
MMCIOIINX XapakTep KPUBBIX HACHIMICHHS, I MOJCIH C HEIOCTaTOYHOM
IIOBOPAYMBAEMOCTBIO 110 JIMHENHHOMY npubmmkenuto (k, >k,) HeoO0XOAUMBIM
YCIIOBHEM TIEpex0/1a K N30BITOYHON TTOBOPAYNBAEMOCTH SBISICTCS YCIIOBUE ¢, > ¢, ;
IS MOZENW C U30BITOYHOM MOBOPaYMBAEMOCTHIO (K, <k,) HEOOXOAMMBIM
yCIIOBUEM TIepexoJa K HEIOCTATOYHON IMOBOPAUYMBAEMOCTh SIBIISIETCSI YCJIOBHE
@, <@,; I8 TOPUHATHIX B pabote 3aBucumocted Y, (5) =k (L+k*5 /1 p?) ™2,
Nepexo/ peaanu3yeTcs: IpU 3HAUCHUH YIEIbHOT0 OOKOBOTO YCKOPEHHUS

(k)”* —(k,)”

VZ/Rg =00,

(pzz (Rl)% _§012 (Rz)% .

B, pax




Puc.5. KpuBble moBopauynBaeMOCTH MPH BapHaluu KO3PPUIIMEHTa CLEIJICHUS B
IIOIIEPEYHOM HAIIPABJICHUH HA MEPEIHEN OCH.

2. Ananus OusepeenmHOU nomepu YCMOUYUBOCMU MHO2000pA3USL  KPY2OBbIX
CMAYUOHAPHBIX — PENCUMO8  OBUIICeHUsl;,  NOoCmpoeHue  OUu@ypKayuoHHO20
MHOJICECm8a 8 NIOCKOCMU NApAMempo8 YNpasieHusi Kak 08OUCMEEHHOU KPUBOU K
kpusou G(Y).

CraunoHapHbIM peXKUMaM CUCTEMBI (1) COOTBETCTBYIOT TOUKH MEPECECUEHUS
HETOIBIKHON KpUBOM &, —6,= G(Y) ¥ NOABWKHON MPAMOU &, -8, = gl/v?-Y —6.
OctaBuM 0e€3 HCUEpIBIBAIOMIETO OOOCHOBAHMS  KPUTEPHH  OMpeesIeHuUs
YCTOMYMBOCTA HAWJEHHBIX CTAlMOHAPHBIX PEXKHUMOB, IMPEACTABUB  JIHIIb
COOTBETCTBYIOIIIEE MPAKTHIECKOE pyKoBoACTBO [12,14,15]:

1) Jns yCTOHYMBOCTH CTAIIMOHAPHOTO PEKMMA HAKIIOH TIOBIIKHOM MPSIMOA
JIOJDKEH  ObITh  OOJIbLIIE  HAaKJIIOHAa  HENOJBWKHOM  KpUBOM B
COOTBETCTBYIOILIEH TOYKE MEpPECeUeHus (3aMETHM, YTO 3TOT KpUTEpU
U3MEHUTCSI ¢ TOUHOCTBIO 70, HA0OOPOT IpHU Mepexoe K rpaduueckomy
IpECTaBICHUIO Ha OCHOBE ypaBHEHU (5) (CM. pUCYHOK 2).

2) JluBepreHTHass TOTEpS  yYCTOMYMBOCTU  CTAllMOHAPHOTO  pEXHUMa
MIPOUCXOJMT JIUIIb MPU PeATU3alUU KPATHOTO CTAIMOHAPHOTO PeXUMA —
B MOMEHT KacaHusl MOJABMKHON KPUBOU C HEMOABUKHOM (puc.6).

Ilocnennuii KpuTepuid TapaHTUPYET COXPAaHEHUWE CBOWCTB YCTOMYMBOCTH
CTAallMOHAPHOTO PEKHUMA MPHU €r0 IBOJIIOLMH, BCIECICTBUE U3MEHEHUS apaMeTpPOB
YIOPABJIEHUS, BIUIOTH 0 MOMEHTA peali3allii KpaTHOTO CTALIMOHAPHOIO peXKUMa.

Hexomopas apeymenmayusi npugedennoco «kpumepus. JlUBepreHTHas
noTepsl YCTOMYMBOCTH CTAMOHAPHBIX PEKUMOB, CBSI3aHA C MOSIBJIEHUEM HYJIEBOTO
coOcTBeHHOro 3HayeHHus. CreaoBaTeiabHO, ONPEAEIUTENh MATPHULIBI CHUCTEMBI
JUHEMHOrOo  MPUOMMKEHHS,  YUCJIEHHO  pPaBHBIH  CBOOOAHOMY  YJICHY
XapaKTepUCTHUUECKOTO YpaBHEHMs,  oOpamjaercs B Hyjdb. [locmegnuit ¢akr
OPUBOJUT K BBIBOJY O KACAHUM KPHUBBIX, ONPEIEISIOIMUX MHOKECTBO
CTallMOHAPHBIX PEKUMOB, B COOTBETCTBYIOILIEH TOUKE.

Takum oOpazoM, OupypKaMOHHBIM 3HaYEHUSIM MapaMeTpoB V U O oTBeyaeT
KacaHu€ TMOJIB>KHOM MpsIMOM K KpPHUBOM G(Y), a Bce OudpypKauHOHHOE
MHOKECTBO I1aPAMETPOB IOPOXKIAET KPUBYIO  aBoiicTBeHHyro k G(Y). Ee

napamerpuueckoe npeacrasiaenue 6 =60(Y), v =v(Y) umeer Buj

0=Y -G'(Y)-G(Y);
_ |4 (8)

G'(Y)




Touku Bo3Bpara («Kacmbl») JBONCTBEHHON KPUBOM COOTBETCTBYIOT TOUYKAM
nepernda ucxomuoi kpusoin G(Y).

[Toxaxkem, 4TO B Cilydasx OOILIEro IMOJIOKEHUS TOUKE Ieperuda QpyHKuuu

G(Y) B Hayaje KOOPAMHAT COOTBETCTBYET TPEXKPATHBIM CTAMOHAPHBIA PEXKUM

pu 0=0,v=V,, (moreps yCTOMYMBOCTH MPSIMOIUHCHHOTO PEKHUMA
0=0. V= _ kl'kz |1/2
IBW)KEHUS TIPOMCXOIUT BCIEACTBUE mpuxonaa npu ¢ =U, V=V, = (—IZ K al)
1 "2

napsl  HEYCTOMYMBBIX CTAallMOHAPHBIX PEXKHUMOB, JHMOO PpOXKIEHUS Iapbl
YCTONYMBBIX).

a—a8 %7

01 B=0,v, <v, <v,

0.—-"
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Puc.6. JluBeprenTHas mnoreps yCTOMYHMBOCTH NPSIMOJMHENHOIO PEXUMA
IBUOKEHUS - CIydail oqHOM Touku meperuba kpusoi G(Y): a) Mmmoctpanus
MEXaHHW3Ma IMOTEPU YCTOWYMBOCTH MPSAMOJHUHEHHOTO CTallMOHAPHOIO PEXUMA
JBMDKCHUS MOJEIM OSKHIaxa C HW30BITOYHOHM IMOBOpPAuyMBaeMoOCThiO; D)
CooTBeTCTBYIOIIIEE KPUTHUECKOE MHOXKECTBO MapaMeTpoB (OudypKarmoHHOE
MHOKECTBO) MPEJCTABIISIET COOON XapaKTepHOE CEYEHUE 0COOCHHOCTH «COOPKay.

B ciiydae anmnpokcumaiivy Cuil yBoAa B BUJI€ MOHOTOHHOM 3aBUCUMOCTH (9)
Y,(6) =kiS, A+ k87 1 97) 2, (9)
HepBBIE JIBa YiIEHA pa3jioKeHust QYHKIUU (5, —J,) = G(Y) MMEIOT BHT

GY) =k, "~k Y + 5k, 0, —k o) +..., (10)



a ypaBHeHue (7) OyaeT MNPEACTaBICHO IMOJUHOMOM TpeThei crtenenu (11)
(ompenensieT MHOXECTBO  CTAIlMOHAPHBIX PEKHMOB B MaJIOH OKPECTHOCTH
MPSMOJIMHEHHOTO PEXUMAa JTBHKCHHS )

(k' =k )Y + 7k, 0" —k ")V =gl/v? Y 0. (11)

IIpoBenem ananu3 uwucina pemieHud ypaBHeHus (11) B Manmol OKpecTHOCTH
KPUTHYECKOII ckopocTi V =V, (mpexmonaraercs, uto k, >k,, @ =0). Ypasuenue
(11) npu 3TUX NPEANOTOKEHUIX MOKHO MIPUBECTU K BUILY
L, 2
K, (01 K, 95 \73 _
P 44 (ﬁ)v =0

k, o; <K, 9,

Vkp

gl/Vzkp (1—

Torga mpu V<V, u k ¢’>k,p UMeeM TpH CTAallMOHAPHBIX PEXHMa (OXHUH
YCTOWYMBBIH M JjBa HEYCTOWUMBBIX), a mpu V>V, u k ¢ >k,@; - omuH

(ueycroitumBblit). Eciu k, ¢ <k,@, To npp V>V, HMeeM TPH CTAlMOHAPHBIX
pexxuMa (OQMH HEYCTONMYMBBIA M Iapa yCTOMYMBBIX) — CIIy4ail pOXAECHUS Haphbl
YCTOMYMBBIX CTAallMOHAPHBIX pEXHUMOB. TakuMm o00pa3oM, B ciydasx oOIIero
nonoxennss  (k, ¢! #k,07), mpu 6@=0,V=V,  peamusyercsi TpeXKpaTHbIA
CTAallMOHAPHBINA pPEXUM B Hauyaje KOOPAMHAT;, €CJIM BBIIOIHIETCS COOTHOILUEHUE
k, o> =k, @2, TO JUIA JaubHEHINIEro aHajau3a HEOOXOIMMO IPUBIEKATH UJIECHBI
paznoxxeHus:  QyHKUUHU G(Y) 1[0 nATOro MOpSAKa  BKIKOYHTENIBLHO.
budypkalimoHHOoe MHOXECTBO (BEpHEe, €ro 4YacTb B JOCTAaTOYHO Majou
okpectHocTu Toukn € =0, V=V, ) nonydum B BHJIE MOIyKyOUYECKOil mapaboibl

— T€OMETPHUYECKOE MECTO TOYEK, YAOBIETBOPAIOIIUX ypaBHenuro Discrim3(6, Vv
)=0, tne  Discrim3(&, V) — muckpumuuant ypaBHenusi (11). Touke BO3Bpara

(kacmy) moJiyKyOMuYeckoil mnapalosibl COOTBETCTBYIOT IapaMETphl YIpaBJICHUS,
OTBEUAIOIIME TPEXKPATHOMY TPSIMOJIMHEHHOMY CTallMOHAPHOMY pexumy  (

0= 01 V= Vkp ), OCTAJIBHBIM TOYKaAM JUCKPHUMHUHAHTHOI'O MHOXCCTBA OTBCYAIOT

IBYKpaTHbIE KPYTOBbIE CTAl[MOHAPHBIE PEXHUMBI € JOCTaTOYHO OOJIBIIUM
3HaYeHUEM pajanyca KpuBU3HBI. [IOBEpXHOCTh PaBHOBECHBIX COCTOSHUI CHCTEMBI
(1) B aTOM cCiydae WMEET OCOOEHHOCTh «COOPKM» - KJIMHOBHJIHOW YacTh
IJIOCKOCTH TIapaMeTpoB, 0Opa30BaHHOM MOJyKyOMdeckoi mapabosol, OTBedaroT
TPU CTAIlMOHAPHBIX pEXHMa HAa PABHOBECHOM MOBEPXHOCTH, OCTaJbHBIM TOUYKAM
IUIOCKOCTH TMapaMeTpoB - OAMH CTaUMOHApHBIM pexuMm. s peanuszauuud B



CUMMETPUYHONW Mojenmn skunaxa (1) ocobeHHocTH 0o0yiee BBICOKOTO paHTa -
«0aboukm»  (COOTBETCTBYET CTAIlMOHAPHOMY PEXKHMY KPAaTHOCTH  IIATh)
moTpeOyeTcsl paciupeHrue MPOCTPAHCTBA MApaMeTPOB, B KOTOPOM BO3MOXKHBI

JIOTIOTHUTENIbHBIE KPUTHYECKHE HAOOpHl mapamerpoB (Hapamy ¢ 0=0,V =V,

HOTPeOYETCs BHITIOJIHEHHE €Ille YCIoBHs K, ¢ =K, p2).
Pucynok 7, b) wiumrocTpupyer n3MeHeHUsT OM(pYPKAIIMOHHOTO MHOKECTBA
IpH BapHalllk «BHYTPEHHEr0» MapaMerpa ¢,, 9TO OOBICHSETCS IOSBICHUEM

JIOTIOJIHMTENBHBIX TOUEK neperuba Ha kpuso G(Y) (puc.7, a)).

01+

0.05+

a)v=18,20,23; fi1:=0.785;
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b) fi1:=0.785;

Puc.7. JluBepreHtHass mnoreps YCTOMYMBOCTH NPSIMOJMHENHOIO peKUMa
IBUOKEHUS - CIydall Tpex Touek mneperuba kpusoii G(Y): a) WMmoctpanus
MEXaHU3Ma IOTEPU YCTOWYMBOCTH MNPSAMOJUHEHHOTO CTAlMOHAPHOIO PpPEKHUMa
JABWOKCHHST MOJICNIM  DJKHITaXa ¢  HW30BITOYHOH  IMOBOPAYMBAEMOCTBIO; D)
CooTBeTCTByIOLIEE  KPUTUYECKOE MHOMXECTBO IMapaMeTpoB (OM(ypKalMOHHOE
MHO>KECTBO) MpeACTalIsieT COO0M XapaKTepHOE CeUeHHEe 0COOCHHOCTH «0a0ouKay.

IlepenneM Kk aHAIU3Yy OUBEPIEHTHOW MOTEPU YCTOMYMUBOCTH CTALIMOHAPHBIX
KPYIOBBIX PEXUMOB, YIOBJIETBOPSIOIMIMX KPUBOW IOBOPAYMBAEMOCTU. Tak Kak
paccMaTpUBaeMblil Cily4ad SIBJISIETCS YACTHBIM CIIy4aeM IIOTEPU YCTOWYHUBOCTHU
KpPYroBOI0 CTal[MOHAPHOI'O0 PEXUMa, 3TO HAET BO3MOXKHOCTH IIPU COBMEIIECHUU
auarpaMmbl  yCTOMYMBOCTH — (OM(YpPKAaMOHHOTO  MHOXKECTBA) M KPHUBOMU
MOBOPAYMBAEMOCTH Ha OJIHOM KOOPAMHATHOM MJIOCKOCTU ONpPEAENIUTh MX OO0IIHe



TOYKH (€CIIM TaKh€ MMEIOTCS), B MPOTUBHOM CIIy4ae, CTAllMOHAPHBIM PEXUMAM,
OTBEYAIOIIUM KPUBOW IMOBOPAYMBAEMOCTH, IUBEPIr€HTHAS MOTEPS YCTOMYUBOCTH
HECBOWCTBEHHA.
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Puc.8. Onpenenenue mapaMeTpoB ynpaBieHUS NMPU JUBEPTEHTHOMN TIOTEpe
YCTOMYHUBOCTHU CTALMOHAPHBIX PEKUMOB, OTBEUAIOLINX KPUBOU
MOBOPAYMBAEMOCTH, C HCTIOJIb30BaHUEM OU(]YypKaIMOHHOMN AUarpaMMBI.

[Ipu  mocTmxeHuum  W300paKaroIied  TOYKH  MApaMeTpoB  yNPaBIICHUSA,
COOTBETCTBYIOIIEH KPHUBOM MOBOPAYMBAEMOCTH, OH(YpPKALIMOHHOTO MHO>KECTBA
(Touka KacaHWsl JABYX KPUBBIX HAa PUCYHKE &), YCTOHYMBBIM 10 3TOrO MOMEHTA
KPYIrOBOM CTallMOHAPHBIM PEXKUM, CIMBACTCA C OJHUM M3 JABYX HEYCTOMYHBBIX
CTAallMOHAPHBIX PEKUMOB, MPU 3TOM MPOUCXOJUT OOMEH CBOMCTB YCTOMUYMBOCTH
MexAy HUMU. HanmoMHuM, Kax a0l TOUYKEe mapaMeTpoB U3 KIMHOBUIHOW 00sacTu
COOTBETCTBYIOT TPH CTAIMOHAPHBIX PEKHUMA (B JAHHOM CIy4yae OAUH YCTOWYMBBIN
U JIBa HEYCTOMYMBBIX, JBYXKPATHBIA PEKUM MOXKET PEaTnu30BaThbCs JIUIb MPU
CIIMSIHUU YCTOMYMBOTO U HEYCTOMYMBOIO PEXKUMOB). DTO MOATBEPKIAETCS rpado-
AHAJIMTUYECKUM aHAJIN30M YCTOWYMBOCTH CTallMOHAPHBIX PEXKUMOB (puc.9) mo



COOTHOIICHHWIO HAKJIOHOB MOJIBUKHOW MPAMOM M KAacaTeJIbHOM K HENOJBUKHOU
KPHUBOM B MHTEPECYIOLIEN HAC TOUKE NIEPECECUEHUS.
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Puc.9. Mnmoctpanus AMBEpreHTHON OTEpU YCTOMYUBOCTH CTAIMOHAPHOTO
pEeXrMa, OTBEYAOLIErO0 KPUBOM OBOPAYMBAEMOCTH, YEPES PEATU3ALUIO 2-X

KpaTHOT'O CTAMOHAPHOI'0 PCXKUMa.

IIpu peanusalliy CTALIMOHAPHOTO KpyroBoro pexkmma apmxenus (R=305 y) ¢
BO3PaCTalOLIMMH 3HAYEHUSIMU NPOJI0JIBbHON ckopoctu LI.M., moTeps ycTtoMunBocTH



MPOUCXOANT MPHU CKOPOCTHU Veesos *13 /e (puc.9); MyHKTUPHON YacTH KPUBOU
MTOBOPAYMBACMOCTH COOTBETCTBYIOT HEYCTOMUMBEIE KPYTOBBIE pexUMBI (prc.8.).
3ameuanue x pucyuky 9. llpu Bo3pacTaHuUM MapaMeTpa CKOPOCTH pPaCTET U
yIeabHOEe OOKOBOE YCKOpPEHHE CTAIlMOHAPHOTO PEKHMMa, OTBEYAIONIETO KPHUBOM
MIOBOPAYMBAaEMOCTH, TpH ckopoctu 13,837 m/c HaOmOMaeMOMy CTallMOHAPHOMY
PEXKHUMY COOTBETCTBYET YJIEIbHOE OOKOBOE YCKOPEHHE HECKOJIBbKO Oodbie 0,6).

VYcaoBue Hamuuus OOIIMX TOYEK KPUBOW TOBOPAYMBAEMOCTH U
OndypKaImOHHOTO MHOXKECTBa (IIPEIoiaraéMoe yCIOBUE NUBEPTCHTHOUW MOTEpH
YCTOMYMBOCTHA) MOXKHO BBIMHCATh B AHATUTUYCCKOM BHUJE, TaK M3 CHUCTEMBI
cootHotenuit (8) u (6) cnexyet (12)

0=G'(Y)-Y -G(Y),
= G'(Y)-Y=I/R
0=1/R-G(Y), (12)

Takum 00pa3oM, BOIPOC O JUBEPIE€HTHON MOTEPU YCTOMYMBOCTH KPYTOBBIX
CTAalMOHAPHBIX PEKHUMOB, OTBEYAIOIIMX KPHUBOW IMOBOPAYMBAEMOCTH, CBSI3aH C

i
paspemmmoctsio ypasaenus G'(Y)-Y =1/R. Paspemas nocnennee ypaBHeHue
OTHOCUTEJIBPHO TMapaMerpa V, IMOJIYyYUM 3HAUYCHHE KPUTUYECKOW  CKOPOCTH

Vraos =1317 w™/c mpum ABWKEHMH TIO KPYroBOH TpPAeKTOPHH C pagdyCoM

kpuBu3HBI R=30,5 M.

Cuutas CKOpPOCTb W3BECTHBIM mapamerpoMm, u3 (12) MOJy4YUM
MUHUMAJBHYIO BEJIMYUHY paJnyca  KPUBHU3HBI, OTBEYAIOUIYID YCTOMUYUBOMY
CTallUOHAPHOMY KPYTrOBOMY PEeXUMY Ipu 3amaHHou ckopoctu (puc.10). I'paduk
9TOM  3aBUCUMOCTM  HWMEET  BEPTUKAJIbHYIO  aCHUMIOTOTY B  TOYKE

k, - k.
v=y, = (Z—-2-gh)"*
" Tk, -k '

1 2
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Puc.10. I'paduk MUHUMAJIBHOTO pajuyca KpPUBH3HBI R B 3aBUCHMOCTH OT
po0JbHON ckopocTu L[.M. sxumnaxa.

Takum oOpasoM, B ciydae k, >k, 0, >0, IV BO3pacTarolei
MOCJIEIOBATEIbHOCTH ~ 3HAYEHW mMapamerpa R TOJydnMM CeMEWCTBO KPHUBBIX
MOBOPAYMBAEMOCTH, JJIsI KOTOPBIX OM(YpKAITMOHHOE MHOXKECTBO OYAET CIIYKHUTh
orubaromeit; cootHomeHue (12) maer BO3MOXXHOCTh ONMPENEITUTh CKOPOCTh, MPHU
KOTOPOW TMPOUCXOAUT JUBEPIEHTHAs IOTEPS] YCTOMYMBOCTH HA KPUBOWU
ITOBOPAaYMBAEMOCTHU. Peanu3anust yCTOMYMBOro KPyroBoro CTallMOHapHOTO PeKUMa

k1 ) kz 1/2 o
npu V>V, = (ﬁ gl)"“B pamkax paccmaTpuBaeMOil MOJENM H HPHHSATBIX
1 2

MNPEANOJI0KECHUA HEBO3MOXKHA.



Kak moka3piBaeT crueAyromuii MpUMED (puc.11-12) mnepeceuenue
OnGypKaITMOHHOTO MHOKECTBA M KPUBOW MOBOPAYMBAEMOCTH HE BCETJa CBSI3aHO C
JVBEPr€HTHOM TIOTEPENM YCTOMYMBOCTH CTAallMOHAPHBIX KPYTOBBIX PEKHUMOB,
OTBEUYAIOIINX KPUBOW MOBOPAYMBAEMOCTH. JIEMCTBUTEIBHO, IPU BBINOJIHEHUN
yenoBuid  k, > k,, Kk ¢! <k,p? OH]pypKAIMOHHOE MHOKECTBO, 3alaeT 00JIacTh
MapaMeTpoB - KJIMHOOOpa3Hasi 00JlacTh, KaXJAOW TOUKE KOTOPOH OTBEUAET TpH
CTAllMOHAPHBIX pPEXMMa, 34 €€ IMpeaellaMd - OJHWH CTalMOHAPHBIA PEXKAM
(ycroitumBeiii). Ilpu mepecedeHny rpaHuIpl 00JacTH (paccMaTpwBaeM BXOJ B
KJIMHOBUHYIO 00JIaCTh), €CJIM TOYKOW MEePECEUCHUs HE SIBIISIETCS Kacll, KpOME yiKe
AMEIOIIETOCs]  YCTOMYMBOIO  CTAallMOHAPHOTO  PEXUMA, poXxIaercs mapa
CTallUOHAPHBIX PEKUMOB (YCTOWUYMBBIM M HEYCTOWUYHMBBIM). TO €CTh, B JaHHOM
Cly4ae KpPaTHOCTb PAacCMaTpUBAEMOr0 CTALlMOHAPHOTO PEXHUMa HE H3MEHSETCH,
CJIEIOBATENBHO, MOTEps  JUBEPr€HTHOW  YCTOMYMBOCTH HA  KPUBOWU
II0BOPAYNBAEMOCTH HE IMPOUCXOJIUT.
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Puc.11. AHamn3 BO3MOXHOW  JAMBEPre€HTHOM IIOTEPH YCTOMYHMBOCTH
CTAlMOHAPHBIX PEXUMOB, OTBEYAIOIIMX KPHUBOW IMOBOPAYMBAEMOCTH, Ha OCHOBE
OudypKaIMOHHON JUarpaMMBbl.

DTOT  BBIBOJ MOXKHO TPOMJUTIOCTPUPOBATh HAa OCHOBE rpado-
AHAJTUTHYECKOTO aHAJIN3a CTAllMOHAPHBIX PEKUMOB (puc.12, a)- d))
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d) v=28

Puc.12. Nnmoctpanus COXPaHEHHUS YCTOMYUBOCTH KPYT'OBBIX
CTAallMOHAPHBIX PEKUMOB, OTBEYAIOIIUX KPUBOU MOBOPAYMBAEMOCTHHA, HA OCHOBE
rpao-aHaIMTUYECKOI0 METO/A.

MaxkcumanbHass BeIMYHUHA MPOAOIbHON ckopoctd LI.M. skunaxa (k, > k,,
k, 2 <k,p?), TIpH KOTOPOH BO3MOXKHA PpEaNM3alys YCTOWYMBOIO KPYyrOBOTO

CTAallUOHAPHOTO pPEXKMMa C 33J]aHHBIM PaJUyCcoOM KpHUBHU3HBI R, ompenensercs
COOTBETCTBYIOIIUM MaKCHMAaJbHBIM 3HAYEHUEM YJIETLHOTO OOKOBOTO YCKOPEHUS
Y (puc.11), mpu KOTOPOM OIpeaeiacHa KpPHBas IMOBOPAYMBACMOCTH, TO €CThb

2
Yo :é <min{p, @}, Vi* <\ p0R.

Jlamee mnpuBeAEM pe3yibTaThl AHAJIN3a JUMBEPreHTHOM IMOTEpHU
YCTOMYMBOCTA MOJENM JKHUIIaKa C MOAPYIMBAIOLIEN 33aJHEU OChbIO. YTON YyBOAA
3aIHEN OCU KOPPEKTUPYETCS B CTOPOHY YBEJIMUEHHUS HA BenuuHy K, o



5, =K o+ arctgﬂ.

Ha pucynke 13, a) mpeacraBieHbl AuarpaMMbl JTUBEPIEHTHOM TMOTEpPU
YCTOMYMBOCTA  MHOJKECTBA  CTAllMOHAPHBIX  PEKUMOB  IIPU  3HAYCHUAX
kod(pdunmenta ynpasiaenus K, =0;015;0,25. COOTHOIIEHHUS, 3aJaloIIke B

napaMeTpuueckoi ¢popme auarpaMMmy YCTOMYUBOCTH, Tpu K, =0 oTBeuaroT (8).
Ha pucynke 13, a) nmpeacrtaBiieHbl Takke Kpubbie moBopadnBaemoctr (R=30,5 m) -

[V +
TOYKAM KaCaHMs OTBEYAIOT 3HAYEHUS KPUTHUECKHX CKOPOCTEi: Vg_gos =1317 M/C;
+ _ + _

M/C.
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Puc. 13, a), 0). XapakTepucTUKU YCTONYMBOCTH M TOBOPAYNBAEMOCTHU
MOJIENIA KOJIECHOTO DKHUIIaXKa MPH JOMOTHUTEIILHOM YIIPABICHUH KOJecaMu 3aHen
ocu (K, =0;015 0,25) a) Juarpammbl JUBEPTCHTHOW MOTEPU YCTOMUYUBOCTH; 6)
MuyHUMaNIBHBIA  PAaJdyC KPUBU3HBI TPACKTOPUHM IIPUM PA3JIMYHBIX 3HAYCHUAX IapameTpa
MpOAOJIBHOU CKOPOCTHU IBUKCHUA

AHanu3 pe3yNbTaToB, MOJYYEHHBIX HA OCHOBE TMpEIaraeMoro MOoJIX0Ja
MCCJICIOBAHNS YCTOMYMBOCTH U TTOBOPAYNBAEMOCTH MOJICIIH JIBYXOCHOTO DKUITAXKa,
yKa3bplBaeT Ha 3HAYUTEIBHYIO J()PEKTUBHOCTH BBEICHHUS B KOHCTPYKITUIO
nof00HOM CXEMBI YIpaBJICHUsI KOJECaMH 3aHETO psifa, a UMEHHO: CYIIECTBEHHO
MOBBINIACTCS KPUTHYECKAsh CKOPOCTh MPSIMOJIMHEWHOTO JBIDKCHHS MOJEIU C
M30BITOYHON TOBOPAYMBAEMOCTBIO;  YMEHBIAIOTCS MHUHUMAJIBHO BO3MOKHBIC
pPaanyChl KPUBU3HBI YCTOMYUBBIX KPYTOBBIX PEKUMOB JIBIJKCHUSI; YBEIINYHUBACTCS



MaKCHUMaJbHO BO3MOXKHasi CKOPOCTh B KPYTOBBIX TPAeKTOPHUAX C JAOCTATOYHO
OOJBIIMMU  pajuycaMd KpUBM3HBI, 3(QPeKkTuBHOE 3Ha4YeHHE KOIPPUIEHTA
yHOpaBJICHUS JEXKUT B uHTEpBajae K, =015-0,2.
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A MATHEMATICAL MODEL FOR TRAILER-TRUCK JACKKNIFING*
TIMOTHY V. FOSSUM* AND GILBERT N. LEWISt

Abstract. We present a differential equation which is a model for the position of a trailer relative to the
cab which is pulling it. The solution is given for two examples, and the results are generalized in a theorem.

Suppose that a cab is pulling a trailer which is d units long. With suitable scaling, d
can be taken to be 1. We can represent the positions of the cab and trailer by two
vectors. Let X be a position vector whose terminal point is at the trailer hitch on the cab,
and let Y be a position vector whose terminal point is at the midpoint between the
wheels of the trailer. We represent the truck—trailer combination as shown in Fig. 1. X
will be a given, “‘smooth” function of time f. We would like to be able to predict Y. That
is, for a given path X=X(r), we want to know if the truck—trailer will jackknife.
Alternatively, we want to determine what conditions we must impose on X(¢) to prevent
jackknifing.

¥

FiG. 1

We model the motion of Y as follows. First, the trailer length X-Y|=1 is
constant, which shows that

(1) X-Y)-(X-Y)=1.

where - is the vector dot product. Also, the wheels of the trailer constrain the vector Y so
that its velocity vector is directed along the trailer’s lateral axis X —Y. That is,

(2) Y=A(X-Y)

for some A, where Y=dY/dr.
Differentiating (1) yields 2(X-Y) - (X-Y)=0 and so

(3) X X-Y)=Y - (X-Y).

* Received by the editors April 9, 1979, and in revised form August 25, 1979.
T Department of Mathematics, University of Wisconsin—Parkside, Kenosha, Wisconsin 53141.
1 Department of Mathematical and Computer Sciences, Michigan Technological University, Houghton,

Michigan 49931.
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Taking the dot product of (2) on b_oth sides by X-Y vyields Y- (X-Y)=
AX-Y) - (X-Y)=A,andso by (3), A =X+ (X-Y). Therefore, (2) becomes
(4) Y=[X X-Y)]X-Y).

We introduce Cartesian coordinates to describe X and Y. Let X =(x, x;) and
Y =(y1, y2). Equation (4) can be written as the system

(5) Y1= X% = 2X141y1 + XiXoda — X1Xay2 + X1Y1 — Xado Y1+ X2YaYi,
Y2 = X1¥1X2 — ¥1X2y1 + ¥2X5 — 2X2%2y2 — X1H1¥2 + F1y1V2 + K2y 2.
For convenience, let Z=X-Y, so that (4) can be rewritten as
(4 Y=(X-Z)Z

If the cab is moving forward, we say the cab and trailer are jackknifed if X+ Z<0;
otherwise, we say they are unjackknifed. These two configurations are illustrated in Fig.
2. If the cab is backing up, the above situation is reversed. That is, the cab and trailer are
jackknifed if X - Z>0 and unjackknifed otherwise; see Fig. 3.

N

Jackknifed Unjackknifed
X+ Z <0 FORWARD X « 2>0
FIG. 2
N 4
z X
C_—_: C X
Unjackknifed BACKWARD Jackknifed
X « 2 <0 X« 2 >0
FiG. 3

Example 1. Consider the cab moving forward in a straight line. We may assume the
cab travels along the positive x-axis, with X(z) = (1, 0). Since |Z| =1, the point Z(0) =
X(0) — Y(0) = —Y(0) must lie on the unit circle, so we may assume Y (0) = (cos a, sin a)
for some real a. Then the system (5) becomes

)}121‘2—20’1‘*‘)’%:(1“}’1)2, y2= =ty2+ty1¥2,

whose solution is

T

y2(t) = Cr exp {L (yi(s)—s) ds].
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Applying the initial conditions, y;(0) = cos e, y»(0) =sin «, we obtain

cosa—1
1= T -
cosa+1’

(Note: If a =2n7, C1=0.If a =2n + 1), C; =), Thus,

r+1 if o =2nm,

Cy=sina.

yi(ty=¢t—1 ifa=02n+1)m,
t—1+o(D)if @ #nw
and

(Cl-—l)sina_{o if o =nm,

yz(t)=‘a;r__??‘“ 0+o(l) ifa#nm

This solution shows that unless the cab and trailer start in the (rather unrealistic)
completely jackknifed position with a =2n, the trailer will approach the position
following the cab. That is, « =2n% is an unstable initial condition with solution
Y()=(t+1,0), while a #2n7 as an initial condition leads to the stable limiting
solution Y(#) =(r—1, 0).

Alternatively, we can consider the similar example in which the cab is backing up.
In this situation, the solution shows that, except for the unstable initial condition
a =2nm, which corresponds to the trailer directly behind the cab, all solutions
ultimately approach the jackknifed position. Anyone who has attempted to back up a
vehicle with a trailer can attest to this fact.

Example 2. Consider the cab traveling along a circle of radius r. For the moment,
assume r>1. We may assume X(r) = (rcos ¢, r sin t). Again, since Z(0)=X(0)-Y(0)
has length 1, we may assume Y(0) = X(0) +(cos &, sin ). Intuition, aided by computer
graphics, tells us that the trailer should approach an asymptotically stable state. It seems
reasonable that the cab-trailer combination should approach the configuration shown
in Fig. 4. In fact, direct substitution into (4) or (5) shows that the function

Y.(t)=c(cos (+—8), sin (t — @)
(6)
= (Y11, ¥21)
is a solution, where
¢ =~/r§—1, sinf@=1/r, cos@=c/r.

In the usual terminology of phase plane analysis, Y(¢) represents a periodic
solution, and the path of Y;(¢) represents a stable limit cycle. We verify this in the
following way.

The differential equations (5) become

y1=r(y,sint—y,cos £){r cos r—y),
7 ya = r(yy sin £~y cos £)(r sin t — y).
We introduce new variables by letting
(8) 1 =y;Sint—ysCost, v=y;CO8t+y,sint
The differential equations for  and v are

(9) i=-ru’+u, v=("—r-1u
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This system has three critical points; (0, 0), (c/r, c*/r) and (~¢/r, c?/r), all of which
correspond to actual solutions.

The first can be eliminated from consideration, since (u, v)=(0,0) implies
(y1, y2) = (0, 0). If this were the case, then 1 =|X — ¥|=|X|=r>1, a contradiction. It
should be noted that (0, 0) is a saddle point for (9).

The second critical point corresponds to the solution Y;. The linearized version of
(9) about this solution is

W=2z-2cw, Z=-cz,

where w =u —¢/r, z = v — ¢/ r. Both characteristic values (—¢ and —2¢) of this system

are negative. Therefore, by standard theorems of phase plane analysis (see, for

example, [1, Chapt. 11]), the solution (¢/r, ¢*/r) of (9) is stable, and all other solution

paths which start close to it will approach it. The point (¢/r, ¢?/r) is a stable node for (9).
The third critical point corresponds to another solution

Y,(t) =c(cos (1 + &), sin (r + 8))

of (7). Analysis similar to that given above shows that this is an unstable (node) solution.
In fact, it represents the same orbit as that for Y;. In this case, the cab-trailer
combination is in a jackknifed position initially and will remain in that position.
However, any deviation from that initial position will cause the cab-trailer to wander
farther away from the initial configuration.

Now, any solution of (4) must satisfy r —1 =|Y|=r+ 1 since | X—Y|=1and |X|=r.
Hence, any physically meaningful solution of (9) other than (—c¢/r, ¢%/r)and (0, 0), must
approach (c/#, ¢?/r). Any bounded solution cannot approach (—¢/r, ¢?/ryor (0, 0), and
there cannot be another periodic solution (limit cycle). If there were, there would have
to be one enclosing none of the previously mentioned critical points, and thus there
would have to be more critical points. Thus, all bounded solutions of (7) approach the
stable periodic solution Y;, with the exception of (—c/r, ¢®/ryand (0, 0). In terms of our
original model, the trailer approaches the periodic solution of an unjackknifed trailer
shown in Fig. 4. We assume, of course, that the trailer is free to rotate 360° around the
hitch without the cab getting in the way. In general, as long as Y(0)# Y,(0), then
Y(t)—>Yi(t) as t > 00,

As before, if the cab is backing up, then the jackknifed solution Y,(z) is stable, and
all others, except Y,(¢), approach it. The solution Y;(#) is the only solution in which the
cab-trailer combination remains unjackknifed, yet it is unstable.
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In the above example, we assumed that r>1. If r=1, then Y(r) = (0, 0). If r <1,
then the cab-trailer will enter a jackknifed position, even if it started in an unjackknifed
position. This will hold whether the cab is going forward or backing up.

We gain some insight into the general situation from the above example. In
particular, if 7 is too small in Example 2, the cab-trailer jackknifes. From this, we
postulate the following theorem.

THEOREM. Assume X is twice continuously differentiable. If the length of the trailer is
1, if 1<r(t), where r(t) is the radius of curvature of X, and if X(0) - Z(0)> 0, then
X(r) - Z(1)> 0 for all t > 0.

In other words, if the cab is moving forward and the cab—trailer combination is not
originally jackknifed, then it will remain unjackknifed. On the other hand, if the cab is
moving backward and the cab-trailer is originally jackknifed, then it will remain
jackknifed.

Proof. Let f(t)=X - Z. Then f(0) > 0, and f is continuously differentiable. Suppose
the conclusion of the theorem is false. Then there exists ¢; > 0 such that f(r;) =0 and
f(t)=0. Assuming that |Z| =X — Y| =1 (trailer has length 1) and |X|# 0 (cab doesn’t
stop), we have X(#;) - Z(#;) = 0 so that X(¢;) L Z(z,). Also,

fi=X-Z+X-Z
_X - (X-V)+X-Z
=X -X-Y+X-Z
=X’-X-Z2)Z - X+X-Z
=X’-(X 2°+X-Z
=XP-fin+X-2
and
fny =X +X(n) - Z(ny).
We now use a familiar formula for acceleration (see, for example, [2, p. 423]):
)"(=£%)t£|t+x|X|2n (KZ;),

where t and n are unit tangent and normal vectors respectively. Then t(#,) is parallel to
X(#1), and Z(t,) is parallel to n(t,). Therefore, X(t,) - Z{t,) = £« (t,)|X(#,)|%, and

f1(8) =X (e[ £ () X(e2)
= (1= k()X ()
We conclude that f'(r;) >0, since «(#;) = 1/r(#1) < 1. This contradicts our assumption
that f'(#;) =0, and the theorem is proved.

Acknowledgment. The authors would like to express their thanks to Professor
Otto Ruehr for his valuable assistance.
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HANDLING ANALYSES ARTICULATED VEHICLES

Abstract

The handling properties of a two-section road train nonlinear model and
conditions of steady movement states divergent stability loss are researched. The
analytical correspondences defining road train configuration in circular paths and
conditions of divergent stability loss during constant movement with Ackermann
angle are received; the analytical results precision evaluation is considered based
on comparing with results received with the numerical analytic parameter
continuation method.

Keywords: two-section road train, handling, steady mode, divergent
instability

Road train handling properties can differ from the corresponding properties
of a separately taken tractor truck to a great extent because of vertical reactions
redistribution on the tractor truck centre shafts and transverse reaction appearing in
the point of coupling with a semitrailer. Special attention from the point of view of
traffic security should be paid to analyzing conditions which may cause abrupt
changes (folding bifurcation corresponding to the divergent circular steady mode
stability loss) semitrailer orientation (internal-external) in the circular mode with
varying movement traveling speed. The multitude of parameters when the kind of
abrupt transferrings of steady states occur is a critical multitude or a bifurcation
multitude with cuspidal points playing significant role in its structure. Typical and
the simplest bifurcation set implementation is semicubical parabola though the
algorithms of building bifurcation sets in an analytical form even for a case of
single vehicle have been missing. The results of H.Troger and Fabio Della Rossaa
were based on a numeric two parameter continuation method, this complicates
defining safe conditions of linear movement mode stability loss in a space of
parameters according to N.N. Bautin. In the works of L.G. Lobas V.G. Verbitskii
the questions of qualitative analyses of wheel vehicles non-linear models have
been reviewed involving bifurcation theory elements. A similar approach is
implemented in the present work allowing to receive a more complete bolster —
type road train model bifurcation multitude representation in an analytical form.
The work is inspired by J.P. Pauwelussen results and is aimed at further
development of graph-analytical approach to analyzing two-section road train
nonlinear model steady states multitude using the idea of bifurcation analyses.

Task setting. A critical controlling parameters multitude should be found

o,v responsible for two-section road train steady states multitude divergent



stability loss. Conditions for steady circular states divergent stability loss
should be defined which correspond to movement with varying traveling
speed along a curve of a set bend radius (with a fixed Ackermann angle).

Task solving method. A geometric method of analyzing a road train
nonlinear model steady states multitude combined with dynamic systems
bifurcations theory approaches give a possibility to get divergent stability loss
conditions on a handling curve in a general form (a condition of divisible steady
states implementation).

A number of simplifying suggestions are accepted in the work traditional to
tasks of graph-analytical analyses of steady states variety for bolster-type road
train bicycle mode. A scheme of an articulate vehicle is given on Figure 1, here v
— tractor truck centre line of mass direct-axis component; ¢ — controlled module
turning angle; a, b — a distance from tractor truck centre line of mass to tractor
truck front (controlled) axle and rear axle centres; ¢ — a distance from tractor track
centre line of mass to coupling with the second link; d; — a distance from the
second link centre line of mass to the point of coupling with a tractor truck; Y; —
vehicle drift force on axles, resistance coefficients to vehicle drift on axles (ky; ko;
ks); m- tractor truck mass; u — transverse tractor truck centre line of mass velocity
vector projection; « — tractor truck rotational speed in correspondence to vertical
axis; m, — the second link mass; v;, u; — lengthwise and transverse semitrailer
centre line of mass velocity vector projection; ¢ — folding angle (the angle
between the tractor truck and semitrailer rolling axis).



Figure 1. A two-section road train structural scheme

Analytical representation of a handling curve (a nonlinear approach). The
source system defining two-section road train nonlinear model steady states
multitude has the looks of

—(M+m)av +Y, +Y, +Y,cosp+m,dw’sing =0,
cm,av +aY, —bY, —cY, cosg —cm,d,w’sing =0; 1)
LY, —m,d,av cosg+m,d,ausing—cm,d,w’sing =0;

Uu+aw

0, =60- ;
Vv

—U+bw

0, = ;
Vv

-Uu, +bw .

Oy=——"—}
Vl

u, =(u—-cw)cosp+vsing—d,w,

V, =vVCos¢p—(U—Ccm)sing.



A simplified (partially linear) equations system defining road train movement
steady mode

—(M+m)av+Y,+Y,+Y,=0;
cm,av +aY, —bY, —cY, =0; (2
—dm,aov+LY,=0,

can be solved in relation to drift forces implemented on axles:

V2

Y,(8,) =Y,(5,) =Y,(J,) = R e Yi =Yi/Ni - a dimensionless drift force on i-n
axle [10]; linear drift angles 5, = g 1rae ) 5, :# L S, =—p+ —ut ('\-/1 oo :

vertical reactions on axles

N, = bLm—(c—b)bm, N, = (a+c)hm, +aLm N = m,d,

L L UL

v
With a set movement along the circle with a set radius the ® = z correlation

IS present where v — direct-axis tractor truck centre line of mass (CLM)
component, R — dot locus radius on a tractor truck rolling axis the speed of which
Is directed along the tractor truck rolling axis.

Taking into account that the difference of drift angles on the first and second

6-86,=0-1/R on the third and the second axes
tractor truck axes

J,—d,= —gp+(+c-b)/R, and drift angles values corresponding to movement
steady states ¢, : &=Y"@) , 5=Y,"@), 6=Y,'(@,), two correlations are

received defining handling curve and folding curve in case of an articulated
vehicle

o=1/R+Y,'(@)-Y,"@,) (3)

—p=—(L+c-b)/R+Y,"(@,)-Y,'@,) ,

where &= Vv¥/(Rg) - transverse tractor truck CLM acceleration component.
The system (3) can be presented in a more general form



o=1IR+Y, " (a)-Y,'(a)=1-9-a,/v’+G,(a,)-G,(a,)=1-9-a, /v +G,(a,) -
—p=—(L,+c-h)/ R+\73‘1(ay )—\72‘1(§y )=—(L,+c-b)-g-a, V2 +G,(a, ), 4)

allowing to define phase variables values corresponding to a steady mode with set
controlling parameters values €-V.

Thus, from the first system equation (4) it can be concluded that steady
states parameters of which are going to depend on corresponding

ay =V*/(R-g)=Vv-0/g argument values correspond to the cross points of
“movable” right line '"9-3,/V°'- €  and “fixed” curve G2(@)=-G.(@,) The
corresponding folding angle value is received from the second equation (4).
This way the simplified equation system (2) leads to splitting the source
system (1). In this case the first system equation (4) is defining from the point
of view of divergent stability loss conditions (has the same form as in case of a
separately taken tractor track).

A criterion of steady states stability found from the first defining system
equation (4) based on a geometric interpretation can be summarized as
follows: a steady mode is stable if the inclination of movable right line is
larger than the inclination of fixed curve in the corresponding crossing point
(Figure 1). A divisible steady mode is going to correspond to divergent

= 2
stability loss, i.e. the contact of movable right line !"9°3/V"_ € and fixed

curve (321(ay)’ which leads to the following correlation for controlling
parameters:

9 = ay Gél(ay) _GZl(ay);

v=(1-g/G}(@,))"
(5)

The conditions when systems (1) and (2) have quantitative discrepancies only
should be analyzed. The numerical analytical parameter continuation method
should be used for building balanced curves corresponding to the source system
(1). Balanced curves corresponding to system (2) can be set analytically in a
parameters form (according to rotational speed):



and (according to folding angle)

0=1-g-a,/v:+G,(@a,);
—p=—(L,+c—b)-g -ay/v2+632(§y).

Balanced system (1) and (2) curves are represented on Figure 2 received for
the following parameters numeric values g = 9,81 w/c?; a=4,217 m; b=3,376
M, by =293 m; di= 8,075 m; ¢ = 3,376 m; m = 6417 «e; m, = 41846«ke;
k;=100000 H; k,=300000 H; ks=300000 H; k;=0.8; x,=0.8; k3=0.8; axial forces in
the contact area of wheels with bearing surface haven’t been taken into account;
rotational drift forces were take approximate as an arctangensoid:

Y. =2« -arctan(;lzi S, rlKx)/x =

G =Y, '=2x tan(;ﬂ-Y_i/Ki)/(ﬂ-lzi), i=1,2.

w,1/s; . rad
0.7 4




Figure 2. Balanced curves at a speed of 10 m/s: (6)- the navy colour, the solid
curve for system (1), the dashed one for (2); ¢ (0)- the maroon colour, the solid
curve for system (1), the dashed one for system (2)

It should be noted that steady mode divergent stability loss corresponds to the
turning points on the balanced curves with a corresponding controlling angle value
0.Thus, the source system (1) critical parameters multitude is a bit different from
the system (2) critical multitude, besides with sufficiently small movement
traveling speed (in comparison with the critical linear motion speed) there are
quality difference there — there is a traveling speed interval there for the source
system for which divergent stability loss is not implemented as opposed to the
simplified system (2). Nevertheless, the analyses of system (2) divergent stability
loss can be quite useful at the first stage of researching the results of which can be
made more specific as required base on the complete system (1).

Divergent stability loss criterion. Analyzing steady circular states divergent
stability loss satisfying the handling curve (the first system (3) equation). As the
reviewed case is a particular case of losing steady circular mode stability, this
gives a possibility to define common points (if they exist) when combining
stability diagram (bifurcation multitude) and handling curve on the same
coordinate plane.

The condition of common points presence between a handling curve and
a bifurcation multitude can be written down in an analytical form:

G, (a,)-a,=1/R. (6)

It can be concluded from the “geometric” stability criterion that the
steady circular states divergent stability loss corresponding to the handling
curve is related to breaking the inequation:

G,(a,)-a, <I/R. (7)

Let the handling curve be equal to the R=30,5 m parameter solving equation (6) in

relation to &Y, the following is received ay =0, 52717, putting this value of
scaled transverse acceleration into the handling equation gives a critical parameter
value 6=0,1081 rad, a critical parameter value v= 12.559 m/s can be found from

= 2
the correlation & =V /(R-g)_
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Figure 3. Defining controlling parameters critical values corresponding to
divergent stability loss on handling curve using bifurcation diagram (solid curves
correspond to system (1), dashed curves to system (2))

Divergent instability on handling curve for the source system (1) implements
with the speed of v = 11.5 m/s - it’s received based on the numerical analytical two
parameter continuation method.

In case of the simplified system (2) geometric rendering of the corresponding
steady mode divergent stability loss conditions is possible — divisible mode

implementation (Figure 4) which is useful when analyzing the results of numerical
complete system (1) integration.



044

8|

0.4 0.6

Figure 4. An illustration to a graph-analytical technique for finding steady states
corresponding to the set Ackermann angle value; a case of divergent stability loss

A comparison is available further on for approximate analytical expressions
defining handling curve and folding curve with the results of building these curves
base on numerical analytical parameter continuation method. The diagrams of the
handling curve (the navy colour) and the “folding” curve (the maroon colour)
correspond to the flection radius of R = 30,5 m (Figure 4).



Figure 5. Combining of handling curve and folding curve of a source two-section
road train nonlinear model (solid curves) with their approximate variants (dashed
curves)

This way, handling curves and the folding ones (which are received when
putting &, =Vv*/(R-9)) into (4) can serve as a nonlinear generalization of

handling and folding right lines (the later ones correspond to the case of drift
forces linear approximation) [5]: the speed of angle folding is defined by the

N3 N2 NI N2

k3 ~ k2 expression (similar to the %; ~ %2 understeering gradient), the folding
Ll+c—b

angle value at a considerably low speed v is set with ™ R correlation

l
similar to the Ackermann angle g . And the divergent stability loss (7) condition
received when working corrects the stability boarder obtained based on a linear
model in a parameters space to a large extent.

Conditions of safe two-section road train linear movement mode stability
loss. The conditions for rebuilding bifurcation multitude structure in small
neighbourhood of linear movement critical speed should be defined. To solve the
task the source system (1) with the precision up to the third term is going to be



brought together to a defining equation (the third extent polynom) in relation to
one phase variable.
Let’s represent system (1) in an approximate form:

—mav +Y,N, +Y,N, +Y, =0;
aY;N, —bY,N, —cY, =0;

v = meoldpl-u+ (L +c)o-vol-by}
: L

7 _olcurcalprvi-¢'12)]

3 g ’

where Y, - transverse reaction in the joint point influencing a tractor track ( v, and
Y, are defined with the precision to the third term smallness values). Solving this
system in relation to non-dimesional drift forces:

:—bma)+Y0(b—c) ) V:—ama)+Yo(a+c)
IN, ’ 2 IN, ’
switching to inverse functions &, =Y,*(x,), J,=Y,'(,), &,=Y,'(x;). Then
arguments are put into x; dependences:
u= —_a)vz +bo;
k.9

=<

_(L-b+c)e A/ k, —1/k,)av

v g ’
correct in linear approximation (after this procedure x; arguments are still
going to be set with the precision up to the third term of smallness). Taking
into account that in a curve of flection fixed radius @=V/R, and the
difference of drift angles on the first and second tractor truck axels
6,-6,=0-1IR g the third and second axels 0, —0,= —¢@+(L,+c—b)/R,
specified to the third term of smallness equations of handling and folding are

received similar to equations (3):

o=1/ R+Y_1_1(X1) _Y_z_l(xz) )
(8)



—@=—~(L+C-b)/R+Y, () =Y, (%)
where x =x(v), X, = X,(V).
Figure 6, a, b represents handling and folding curves for comparison

corresponding to approximate dependences (3), (8) and curves received based on
numerical parameter continuation method for a complete system (1).

B, rad
0254
020+
0.15

0.10

0.03

Figure 6. a) handling curve; b) folding curves (the solid curve corresponds to
system (1), system (8) — the dash-dotted one, system (3) — the dashed one).

The first system (8) equation without a suggestion of circular locus flection
permanence

o=1 'a)/V"'Y_lil(Xl) _Y_zil(xz)a X, =X (@), X, = X,()

Is a defining equation (received with the precision of up to the third term of
smallness) from one phase variable — rotational speed. With fixed controlling

parameters ©- Vit defines steady states multitude. If limiting only with its linear
and cubic terms in Taylor series expansion of « grades a required polynomial is



received. A formalized approach to analyzing safe linear movement mode stability
loss is given below. Let’s introduce a new generalized K, parameter which value is
going to depend on drift forces approximation kind:

S, =Y, )=x 1k, +x>/K;, i=12 . Further result is going to be received for a
particular case of c=b, b;=0, in this case coefficients of the defining polynomial
can be represented in a visible form:

0=—0+ a-v? V2o +~= 2T K, =1/ K,) +d, - g - (m, /m)- (L+b/a)- L—v2 IV2)I(K, - k) .
v g

From analyzing coefficients signs for linear and cubic terms in small
neighbourhood of critical velocity v<V; and v>V; it can be concluded that safe
linear movement mode stability loss (¢=0) implements for a positive coefficient
value with the highest term of the defining polynomial (v=V; should be considered
in the later one) — in this case with the supercritical velocity a pair of steady
circular movement states appears limiting the unstable linear mode destabilization
growth. Then at least within the small neighbourhood of linear movement mode
critical velocity, the boarder of bifurcation multitude should be higher that the
cuspidal point (cusp) indicating the implementation of threefold movement mode
with v=V;, #=0. The mentioned condition is equivalent to the condition of linear
movement mode stability in a critical case of zero root (in the A.M. Lyapunov
stability theory), though this approach leads to considerable simplification of
concurrent calculations.

In other words, bifurcation multitude in a small neighbourhood of linear
movement critical velocity co-insides with a defining polynomial discriminant
curve. Earlier in the work analytical correlations were received corresponding to
the conditions of safe linear movement mode stability loss for parameters which
considerably influence rebuilding of bifurcation mode relating to d;, by, m,, ka.
Though it’s necessary to remember that results strongly depend on a particular
approximation kind of drift forces dependences. Thus in the present work drift
forces have been approximated as an arctangensoid, in the work fractional surdic
approximation was used which with other equal conditions led to discrepancy of
the received critical d; parameter value at about 5 m. Above is the condition of safe
two section road train linear movement mode stability loss which in a certain sense
doesn’t depend on a particular drift forces approximation kind - the chosen drift
forces approximation type should allow transferring to inverse functions or at last
allow the possibility of defining their Taylor series expansion first nonlinear

(cubic) terms &, =Y, (X, )=x, [k, +x* /K., i=12).

VAWK, -1/K)+d,-g-(m /m)-(L+b/a)-1-V,2IV2)I(k, -k;) >0, (9)



where V2 =k, -k,1-g/(k, —k,), V2 =k, -k, d, - g/(k, —k,),

1/ K, =(7?112)/(k, - %),i =1,2 in case of drift forces approximation as an
arctangensoid.

The addend in inequation (9) is generated by linear approximation terms
and this makes it stable with various kinds of wheel slipping forces
approximation. V; value defines critical velocity of an articulate vehicle linear
movement mode, V, — is a value possessing dimension of velocity.s

Figure 7, a,c depicts the influence of peculiar d; parameter variation in its
critical value neighbourhood (d;” =14.435 m) on bifurcation multitude type,
bifurcation curves are build for undercritical (d;=14 m) and supercritical (d;=15 m)
parameter values, bifurcation curves fragments in small neighbourhood of linear
movement mode critical velocity are represented on Figure 7, b,d. Qualitative
changes in bifurcation diagram structure (the later are received numerically based
on the two parameter continuation method) correlate with the analytical result (9).
With numerical building the following set of parameters was used g = 9,81 m/s*;
a=192m; b=0,82nm; c=0,82m m=5310 x2; m, = 6481ke; k;=305091 H;
k,=103496 H, k3=154079 H; k;=0.8; k,=0.8; 13=0.8.
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Figure 7 Controlling parameters bifurcation multitude corresponding to system (1):
a) bifurcation multitude with undercritical d, parameter value; b)- bifurcation
multitude fragment with undercritical d, parameter value in central cusp
neighbourhood; c) bifurcation multitude with supercritical d; parameter value; d)
bifurcation multitude fragment with supercritical d, parameter value in central cusp
neighbourhood

Bifurcation multitude of complete system (1) and simplified system (2) can
have considerable differences — this comes out of the safe linear movement mode
stability loss conditions received analytically. Thus Figure 8 represents bifurcation
multitude corresponding to approximate system (2) to compare it to its exact
equivalent on Figure 7, c.



—t—————— 0, rad
-0.10 -0.05 0 0.03 0.10

Figure 8. Bifurcation multitude of controlling parameters with supercritical d,
parameter value corresponding to system (2)

For system (2) conditions of safe stability loss can be easily obtained from the
corresponding defining equation (the first (4) equation) represented with the
precision of up to cubic terms of scaled transverse acceleration power expansion

0=1-g-a,/v*+G,(@,) => —0+(gl/v’+1/k —1/k,)a, + 1/ K, -1/K,)a,’ =0. (10)
UK, =(7?112)/(k, -x7),i =1,2.

Analyzing solutions number of the latest equation in small critical velocity
neighbourhood V=V, (it’s supposed that k, >k,, €=0) is performed.
Equation (10) with these suggestions can be presented in the following form:

2 k 2
V2 -(l—Y g 47 (s
o1V 0=, + A CE

‘K K

o2
_kl' 1
o 2
LR

then with v <V, and k -x” >k, -« there are three steady states there (one stable and
two unstable) and with v >V, and k,-«?>k,-«? - there is one there (unstable). If



k,x? <k,x?, then with v >V, there are three steady states there (one unstable and a

pair of stable ones) — the case of stable steady states pair appearing (i.e. with
k,x? >k,x? bifurcation multitude branches in critical velocity small neighbourhood

v =V, are located below returning point and with kx? <k,«x? above it).

This way, in system (2) semitrailer parameters only implicitly influence
conditions of safe linear movement mode stability loss (included into
dimensionless drift coefficients on tractor truck axels), as opposed to conditions
(9). Elimination of such qualitative differences between systems (1) and (2)
required nonlinear connection restoring (with precision of up to third smallness
term) for sub systems tractor truck-semitrailer which appears as a transverse force
in the joint point. In case of the suggested approximate system (2) correction, an
analytical means of building handling and folding curves reveals broadening of
their usage area according to the normal acceleration parameter.

[puiimemo psi pUNyIIeHb, TPAJUIIHHUX B 3a[ja4aX aHajli3y MHOXKHHH CTaI[lOHApHUX CTaHIB
BEIIOCUIICHOI MOJIEIi CiZIeIbHOTO aBTomoi3a [5].

Cxema 34JICeHOBAaHOTO eKilaka MpUBeIeHa Ha MATIOHKY 1, TYT V - O3I0BXHS CKJIaZ0Ba LEHTPY
Mac Tsraya; ¢ - KyT IoBOpOTy KEpOBaHOTO MOJyJisi; &, b - BincTaHb Bijl HEHTPY Mac TAraya Jio LCHTPIB
nepenHboi (kepoBaHo1) OCi 1 33 JHBOI OCI TsAraya; C - BiJICTaHb BiJl IEHTPY MAac TsArava JI0 TOUKH 3YilKHU 3
JPYToFo JaHKot; d; - BiICTaHb BiJ IIEHTPY Mac APYroi JAHKU 10 TOYKHU 3YINKH 3 TAradeM; Yi — CHIH
BiJIBEICHHS Ha OCSX, KoedilienTr omopy BiaseaeHuro Ha ocsx (Ki; Ky; Kz); KoedillieHTH 3uerieHHst KOJTic
3 OIOPHOIO MOBEPXHEIO B monepeynomy Hanpsimi (K, K, K3) ; M- Maca Tsraya; U - MONepeyHa

MPOEKIIisl BEKTOpa MBHUJIKOCTI IIEHTPY Mac TsAraya; « - KyToBa IIBUAKICTh Trayda, 00 BEpTHKAIbHOT
oci; M, - Maca APYroi JIAHKH; Vi, Up - TIO3J0BXKHS 1 IONepeyHa MPOeKIil BEKTOpa IBUIKOCTI HEHTPY Mac
HaIlBIIpHYENa; ¢ - KyT CKIQAaHHA (KyT MiXk ITO3/JOBKHBOO BICCIO TATAa4Ya i HAIMIBIIPUYETIA).

Puc.1. KoHcTpyKTHBHA cXeMa MOJIeli CiIeNbHOrO aBTONOI3/a.



BuxinHa cuctema, sika BU3Ha4Ya€ MHOKHHY CTAIllOHAPHUX PEKUMIB HETIHIHHOT MOJEN CiIeITEHOTO
ABTOIIO13/1a MA€ BUTJIS;

—(M+m,)av +Y, +Y, +Y, cosp + m,d,w* sing = 0;
cm,aV + aY, —bY, —cY, cosg — cm,d,w” sing = 0; (1)
LY, — m,d,av cose + m,d,mu sing — cm,d,@’ sing = 0,

5, =0-—"=: (@)

v

—u+b
&= 3)

v

5= b, @

Vl
U, =(u—cw)cos@+Vvsing —d,w; (5)
Vv, =VC0osSep — (U —Cw)Ssing. (6)

CrpoinieHa (4acTKOBO JiHEapU30BaHa) CUCTEMa PiBHSHB, 1110 BU3HAYAE CTAIlIOHAPHHUN PEXKUM PyXY
aBTOIIOI3/1a

—(Mm+m,)aov+Y,+Y, +Y; =0;
cm,av +aY, —bY, —cY, =0; (7
—d,m,ev + LY, =0,

MOJKe OyTH pO3B’si3aHa sIK JIiHIHHA cUCTeMa PIiBHSHB BIIHOCHO CHJI BiZIBEIEHHS, III0 PEalli3yIOThCs
Ha 0CAX:

VA V2 A v
Yl(51)2Y2(§2):Y3(53):E, (8)
ze Yi=Yi/Ni_ 0e3po3MipHa cuia BiIBEJCHHS Ha i-i oci;
JiHeapu30BaHi KyTH BiJBEICHHS
u+a
5 =0-—22 9)
Vv
—u+b



53=_¢+—u+(l\_/1+c)a)’ (11)

BEPTUKAIbHI peakii Ha 0csIx

N, - bl = (c-bym,

; 12
¥ (12)
a+c)pm, +aLm
N2 _ ( )bl 2 L1 : (13)
L
N, = Mo (14)
L
BpaxoBytoun, 110 pi3HHIIS KYTIiB BiIBEJICHHS HA MIEPILiH 1 ApyTii ocsX TArada
0, — 0, =0—|wlV, natperiii i npyruii ocaix 0, -0, = —@+(L, +Cc—b)w/V ,asennunnu xyris
BiZIBEJICHHS, 1110 BiJNOBIZAIOTH CTALliOHAPHAM PEKUMAM pyxy o, O; = Y_l_l(ﬁy ), 0, = Y_Z_l(ﬁy ),
0, = Y_;l(ﬁy ), OTPUMAEMO TPH CIIBBiAHOIIEHHS, IKi BU3HAYAIOTh MHOYKHHY CTalliOHApHUX CTaHiB
MOJIeJIi aBTOMOI3a
6=lga, /V?+Y,"(a,)-Y,"(@,), (15)
u/V=bga, /V*-Y,'(@,) . (16)
p=( +c-b)ga, V' -(Y,*(@,)-Y,"@,)) . (17)
ne a, = N Giuna ckJaioBa puckopenHs L[.M. tsraqa.
g

Kpim Toro cnig nam’statu, mo piBHsAHHS (16, 17) MOXyTh MaTu 001aCTi MOKIMBUX 3HAYE€Hb
MeHII HDK piBHAHHA (15), ToMy He OOOB’A3KOBO KUIBKICTh CTalllOHAPHHUX PEKUMIB BCi€i
CUCTEMHU CITIBMAJaTUME 3 KUTBKICTIO PO3B’sA3KIB BU3ZHAUAILHOTO PiBHAHHS (15).

AHaJIi3 yMOB CTAaTH4HOI (IMBEPreHTHOI) BTPAaTH CTifiKOCTI eKkimaka B KpHBiii cTajoro
paniycy KpUBHM3HH.

SIk BxKe 3rajyBalioch, JMBEPreHTHA BTpara CTIMKOCTI CTallilOHAPHOTO PEXHUMY IOB’s3aHa 3
MOSIBOI0 HYJBOBOTO BJIACHOTO 3HAYCHHSI BIAMOBIIHOT CHCTEMHU JIHIMHOTO HAOMIDKEHHS, 1€
O3Hayae, 110 BU3HAUYHUK MATpPUI[l CHUCTEMH JIHIMHOro HAONMKEHHS B LBOMY BHIIAIKy Mae

,Z[OpiBHIOBaTI/I HYJIIO, TaK K BU3Ha4Ya€ BUILHHH 4JIEH BiI[l'IOBi)IHOl"O XapaKTCpUCTUIHOI'O piBHHHHH.



3 iumoro Ooky 1ei (akT BKa3zye Ha KPaTHICTh JOCHIIKYBAaHOTO CTalllOHAPHOTO CTaHy, IO
BUILIUBAE 3 SKICHOI Teopii AMHaMivyHUX cucteM [AHapoHoB, Butrt, Xaiikun |.  be3nocepennbo
JOBE/IEHHS OO (aKTy MPH JOCIIIKEHHI JUBEPIeHTHOI BTPATH CTIHKOCTI MPSIMOJIIHIMHOTO pyXy
HENIHIHHUX MOJIENICH JBOXOCHOTO EKilaXy Ta JBOJAHKOBOTO aBTOIOi3/1a OyJIO MPOBEICHO B
pobdorax [JI.I. Jlob6ac, B.I'. BepOumpkwuii|, ne pe3yiapTatd OidypKaIiifHOrO aHAII3y
MOPIBHIOBAIKCH 3 pe3y/bTaTaMU, OTPUMAHUMU Ha OCHOBI KjacuuHoro migxoxy O.M. JlanmyHoBa
(MOpIiBHSHHS 3 TMEPIIOID JIAIMYHOBCHKOI BEIWYMHOK, IO BH3HAYA€ YMOBH CTIHKOCTI B
KPUTUYHOMY BHITAJIKy OJTHOTO HYJILOBOTO KOPEHS).

Tak 3 miHiIMHOI Teopii BiZIOMO BHpPa3d  KPUTUYHOI IIBHUIKOCTI MPSIMOJIHIHHOTO PYyXy
JIBOXOCHOTO €Kilaka Ta JIBOJIAHKOBOT'O aBTOMOi3/la 3 HAUIMIIKOBOI MOBOPOTKICTIO (B LIbOMY

Bunaaky K,>K,, siki B 0e3po3MipHOMY BHIIIsIII (BIIHOCHO 0€3p0o3MipHHX KOCDILliEHTIB OMOpy

_ [_Ig
Vkpl_ 1/k,—1/k, *

Jami nieid camuii Bupa3 OyJe OTpUMaHO Ha OCHOBI Tpado-aHATITHYHOTO IiAXOIY Ta SIIEMEHTIB

BIJIBE/ICHHS ) CITIBIIAAI0Th

0idypkaiiifHOro aHaizy, 10 I[IKaBUTh HAC OUIbIIE, 3 TOYKU 30pYy LIIOCTpaIil 3alpOnOHOBAHOTO
MiAXOMYy 1 WiAKPECIIOe 3arajibHy TEOMETPUYHY KapTUHY, LI0  TOB’s3aHAa 3 MEXaHi3MOM
JMBEPIeHTHOI BTPATH CTIHKOCTI.

AHaJi3 MoYHEeMO 3 OJIHOTO He3aJIeXKHOTo piBHAHHS (15)
I*g=*a,/V?-0=G,@a,)-G,@a,),

sIK€ 1 BU3HAYa€ CTPYKTYPY PIBHOBAXHOI MOBEPXHI CTAllIOHAPHUX CTaHIB. SIK BUSBISETHCS IS

MOBEPXHS Ma€ MEeBHI 0COOIMBOCTI MPU NMPOEKTYBAHHI Ha IUIOIIMHY MapaMeTpiB KepyBaHHS V 4,

NoB’s13aHy 3 ii 0araTo3Ha4YHICTIO, 3 KJIACUYHUX PE3yNabTaTiB YiTHI [ | BUIUIMBAE, IO y BHIMAAKAX
3arajJbpHOTrO MOJIOKeHHs e Moxke Oytu fold - 3roptka Ta casp - 30ipka, 10 i TiATBEPAUTH HAII
MOJIaJIbIINN aHaTI3.

PiBusnus (15) € ananorom piBHsAHHS . M. IleB3Hepa, #oro oueBujgHa mnepeBara (y

BHMAJIKaX ICHyBaHHS BIAMOBIIHUX OOEpHEHWX (PYHKITIH G (gy)) — Y MOXJIMBOCTI TOYHOTO



AQHATITUYHOTO TPEJCTABICHHS BH3HAYAJIBHOTO piBHSAHHA (15) Ta HACTYMHHMX JBOX pPIBHSHB
(16,17), mo BU3HAYAIOTH MapaMETPH CTAI[IOHAPHUX CTaHIB.

PosrimsiHemMo  HEOOXimHI MepeayMOBH JIs peami3ailii 3amporoOHOBAHOTO MiAXOAYy —
3aJIeKHOCTI CHJI BiIBEACHHS K (YHKIIIT KyTiB Bi/IBEICHHS IOBUHHI MaTH aHAJITHYHO BU3HAYEHI

oOepHeHI 3aleXHOCTI. Tak, I BHITQJIKy anpoKcHMmarlii Oe3pOo3MIpHHMX CHJI BIJIBEICHHS Y

BUIJISL Ipo6OBO-ippatioHanbHol GyHKii Y; = , 00epHeHa (PyHKIIisI BU3HAYAETHCS

CHIBBIIHOLIEHHIMU

(rpacdiky BHXIZHHMX 3aJIE)KHOCTEH CHJI BIJBEJCHHS 1 BIAMOBITHUX OOCpHEHHX (QYHKIIN

npeJcTaBicHi Ha puc. 1, a), 0) )

06+
04

024 e

Puc. 2. I'pagixu neninitinux cun 8iosedents a) ma 8ionogioHux obepHeHux 3anexciocmeiti 0)



CraiioHapHUM CTaHaM CHCTEMH BiJIOBIJAIOTh TOYKU MTEPETUHY MPSIMOL _Izgy — @ Tarpadika

g
\
HeNiHIHHOT (QyHKIIT GZl(gy) =G, (gy)_Gl(gy) (pucynok 3). JluBepreHTHa BTpara CTIHKOCTI
(KpUTHYHUIT ~ BUIAJIOK O. M. JlsmyHOoBa OJHOTO HYJIBOBOTO KOPEHS  BiJIMOBIIHOTO
XapaKTEepPUCTHYHOTO DIBHSIHHA) CYNPOBOJDKYETHCS TIOSBOIO KPAaTHUX CTalllOHAPHUX CTaHIB
HEeJHIWHHOI nuHaMivuHOi cucteMu. Ll oOcraBMHA Ja€ MOMKIMBICTH JOCHIIATH YMOBH IIOSIBH

KpaTHHX CTaHiB CHCTEMM Ha IIJCTaBi aHami3y BH3HAYaJIbHOro piBHsAHHA (15), a came ymoBH,

KOJIM TIpsiMa g_lzgy — @ cTae OTHYHOIO 10 Tpadika Heniniinoi hynkuii G, (a,) .
V

C-——'—-'O kel

1

Puc. 3. [lo suznauenus ymos peanizayii Kpamuux cmayioHapHux cmauie

YMOBH, 3a SIKHX IIpsAMa gl a,- @ IOTHYHA 10 KPUBOI1 GZl(ﬁy) (prcyHOK 3)

v?
, gl (18)
21_\7’
G, +0=Gya,.

BH3HAYalOTh B MapaMeTpuuHiil opmMi MHOXKHHY HapameTpiB V,0 (KpuTHuHY abo OidypKalliiiny)
3a SIKMX BiJOYBa€ThCSI AUBEPTCHTHA BTpaTa CTIMKOCTI CTAI[IOHAPHUX CTaHIB HEJIHIMHOI MOJemi
exinaxa. Toukam mneperuny ¢ynkuii G, (d,) BiANOBITAIOTH  TOYKM 3aroCTpeHHs — Ha
Gidypxauiiiniit kpusiit. ¥ sunanky dyukuii G, (d,), mpencrasneHoi Ha pucyHky 3, Touka

MEPEernHy 3HaXOAUTHCS Ha MOYaTKy KOOpAMHAT — il BiJmOBigae kac Ha OidypKamiiiHii KpuBiii



(puc.4, a) 3 opauHaToO Vip1 (3 HEOOXIOHICTIO BHHHKAE JUIS BUMAIKYy MOJENI 3 HAUTHIIKOBOO
noBOpOTKicTIO). [lnommHa mapameTpiB kepyBaHHS (V,0) B IbOMY BHIAJIKy PO30HMBAETHCS

OipypkamiiHOIO KpHBOK Ha JBi 00jacTi — 3 TpbOMa CTalliOHAPHUMU CTaHaMu (i
01 ypKaIriiiHOIO KPUBOIO) Ta 3 OJIHUM CTalliOHAPHUM CTaHOM (BuIle OipypKaIriiHoi KpuBoi), Ha
camiii OidypkaimiifHiii KpUBii BHHHMKAIOTH KpaTHI CTaliOHapHI CTaHU — BiIOYBa€ThCA
JTUBEPreHTHA BTpaTa CTIMKOCTI CTIMKUX CTallioHApHUX CTaHiB. Tak mpu ¢ikcoBaHii MO310BKHIN
MIBUAKOCTI (puc.3), 0 MEHIIE HDK KPUTUYHA IIBUIKICTH NpsAMOJiHilHOrO pyxy V< Vipi, 1
MOBUIbHIA 3MIHI KyTa MOBOpPOTY O BiI HyJsS  JI0 IEBHOIO KPUTHUYHOTO 3HAYEHHS  Ha
0idypkaniiiHiii KpuBId — CTIMKWI CTalliOHApHUI CTaH, IO BIiANOBiAAaB MPAMOIIHIHHOMY pPYyXY,
MEPEXOJNTh y CTIMKHA KPYrOBUH PEXHUM 1 JIMIIAETHCS CTIMKHM, TIOKH KyT MOBOPOTY HE CTa€e
kputnyHuM. [Ipy noganemomy 301IbIICHHI KyTa IOBOPOTY Iapa CTAl[lOHApHUX CTaHIB, OJWH 3
SKUX OyB CTIMKUM, a APYTMA HECTIMKUM (y3arajJibHEHE CiaJio), 3HUKAIOTh — JIMIIAETHCS JIUIIE
OJIMH HECTIWKWI cTamioHapHWW cTaH (y3araJibHeHe cimio). [lpu HylTbOBOMY KyTi MOBOPOTY
KEpOBaHMX KOJIC 1 MOBUILHOMY 3pPOCTaHHI MO3J0BXKHBOI IIBHAKOCTI PyXy MNPSAMOIIHIHHUN
CTalliOHAPHUIA CTaH OyJe JWIIATHCSA CTIHKUM (3 TOYKH 30pY JMBEPIeHTHOI BTPATH CTIMKOCTI),

MOKM HaXWJI MPsSMOi OUTBIIMK 32 HAXWJI JTOTHYHOI IO KPHUBOI GZl(ﬁy) Ha MOYaTKy CHUCTEMU
KOOpAMHAT, KOMM I Haxwiu chiBnagyTtb (Opu V=Vip1) Ha MOYAaTKy CUCTEMH KOOpAUHAT
peaizyeTbCsi TPUKPATHUM CTAlllOHAPHUM DPEKUM — 31 CTIMKUM MOPSIMOJIHIHHUM PEXUMOM
37MBA€ThCA N1apa HECTINKUX peXUMIB (y3arajlbHeHi cigia), a npu V>Vip1 JHUIIAEThCSA IPOCTUil
(omHOKpaTHUM) HECTIMKHI NpAMONiHIMHMNA pexum (y3araapHeHe —cimno). JlificHo 3 ymoB
. . = 2 o =
criiBmajianns Haxmity mpamoi I*g* @ /V ©- 6 ta xpusoi G,(d,) Ha mowaTKy KoopaMHAT
Ma€eMO CITiBBITHOIICHHS

1*g/V? =G},(@, ) 5,0 =1k, ~1/k,,

3 IKOTO BUILIMBAE BHPA3 Ul KPUTHYHOI INBUIKOCTI IPSAMONIHIAHOTO pyXy Vip1.
IIpoBenena Bumie mnpoueaypa MoOyAOBHM KpuUTHUHOI (OiypkamiifHOT) MHOXXKHMHH IapaMeTpiB
KepyBaHHs HE MOTpedyBajia 3HaHHS CaMMX PO3B’A3KIB piBHAHHSA (15).



V%

V=V,

3anrrs 1pLOX
CTALIOHAPHIN
CTOMIB

3718 180X
CTALONAPHIIX
CTaMiB

0, pao

Puc. 4, a. I'padik xapakTepHoi 61 ypKaniiiHOT MHOKMHH ITapaMeTpiB KepyBaHHS V @ Ta

3aKOHOMIPHICTh 3MiHU KUIBKOCTI CTAI[iOHAPHUX CTaHIB.

Puc. 4, 6. PiBHOBa)xHa OBEPXHA, 1110 BIAIIOBIAA€ PO3B’ sI3KkaM piBHIHHSA (15
b 2



0.05¢

0.044

0.024+

Puc. 4, a. Kputnuna (6idypxariiiina) MHOXKMHA MTapaMeTpiB BiAMOBiAae mpoekiii Oipypkaiiinol
MHOYXHHH CTalliOHAPHUX CTaHIB Ha IJIONIMHY MTapaMeTPiB KepyBaHHS V6 .

Posrnsinemo Ty camy 3aiauy 3 iHIIOro OOKY — MHOKHHA PO3B’s3KiB piBHsIHHS (15) yTBOpIOE

TaKk 3BaHy pIBHOBAXKHY IOBEPXHIO ay(\/,é’) (puc.4, 0), Ha sKii MHOXMHA KpPaTHUX

CTalllOHAPHUX PEKUMIB yTBOPIOE OidypKaliliHy MHOXKHHY PIBHOBa)KHOI MOBEPXHI (IIPOCTOPOBA
KpUBa BH/JIIJIEHA YEPBOHUM Ha PUCYHKY 4, 0), a ii MPOEKIIis Ha MJIOIIMHY ITapaMeTpiB KEpyBaHHS
3a/1a€ KpUTHUHY (01 ypKaliiiHy) MHOKHUHY NTapaMeTpiB KepyBaHHs (puc.4, g), aje Takui miaxia

noTpeOyBaB Ou 3HAHHS PO3B’sA3KiB piBHAHHA (15).

Ilepetioemo 0o ananizy Kymie cKIaoaHHs 6 Kpy2osux cmayioHapHUX pelcumax npu pisHux
SHAYEHHAX Napamempa no3008H#CHbOI WUBUOKOCHII.

Ha pucynky 5 npoimtocTpoBaHo rpadiuHuil MiIXi MOpH po3B’sI3aHHI CUCTEMHU JBOX
piBasiEb (15), (17).



Ga1(@) Gaal @) 5 o1

0.4t

Puc. 5.Imoctparis rpadigHoro MeToaa po3B’si3aHHS HENHIHHOI CHCTEMHU KIHIIEBUX PiBHSHB, 1110
BU3HAYal0Th MHOXHMHY CTAI[lOHAPHUX CTaHIB MOJIENI C1JIeIbHOTO aBTOIOI3/a.
[Tounemo 3 BU3HaAYanbHOTO piBHSAHHS (15): TpHM NMEBHMX 3HAYCHHSAX MapaMeTPiB

KepyBaHHs V@ KiIbKicTbh nepeTunis npsamoi I*g* a, /v 2.0 1a KpHUBO1 G21(§y) BIJINTOBI1a€

KUTBKOCTI CTalllOHApHUX CTaHIB MoJei (Ha PUCYHKY 5 BIJANOBIJIHI MpsiMa Ta KpHUBa IMOKa3aHi
b a -_— % b

HerepepBHuMu). [l BuOpaHoro poss’siska a, = a, * (puc.5), 3 piBHsHHS (17) BU3HAYUMO

BIJIMOBIHE 3HAUEHHS KyTa CKIAAaHHS Q*.
Toni piBHaHHA (17) mnpu 3amaHomy mapameTpi V'  Ta 3Hau€HHI KyTa CKJIaJaHHS @*

NIOBUHHE MaTH PO3B’S30K BIAHOCHO apryMeHTy &, , sKHil CriBnajae 3 po3s’siskom a, = a, >
**x 7 2 5 :
(mpsima Lbc*g* @, /V“- ¢ Taxpusa G, (a,), Ha pucyHKy 5 NoKa3aHi epepBHUMM).
ITpu nonanpoMy aHaini3i OyJie BaXXIMBOIO 1€ OJHA XapaKTepHa BEJIMYMHA MO3/10BXHBOT
IIBUJIKOCTi, BOHA TaKOXX MOXe OyTH BHU3HAUY€HAa 3 yYMOBH CHIBNAJaHHS HAXMIy MPSIMOT
=~ 2 . o . = . .
Lbc*g* a, IV - ¢ ta noruunoi no HeminiiHol dynkuii  G,, (ay) B Hym. He3anexHo Bix
KOHKPETHOTO BUTJISIY HENMIHIMHUX (PYHKIIH, 10 BU3HAYAIOTh OOKOBI CUIIU BiJBEACHHS Yi (5i ),
neil Bupaz Oyae MaTv BUIVIAJ (BU3HAYAJIbHOIO B LIbOMY BHUIQJKY € JIMIIE JIiHIHHA YacTHHA
3aIe)KHOCTEl CHIT BijBeieHHS, 1e K,> K;)

_ Lbc*g
Vkp2 A\ Ukg-1/k; °

[Mpunycrumo, mo Vipz < Vip1, BUOepemo napamerpu kepyBaHHs V: Vi <V< Vip1 1 10CTaTHBO
Maiie 3HadeHHs 0>0, Tak mo0 BIAMOBIIHA BEIWYMHA Ey* 3HAXOAUJIACh B 30HI «JIIHIHHOCTI)



ki G,.(a,) ta G, (a uc.6). SIkmo V> Vigp, To Haxui npsmoi Lbc*g* a, IV 2- ¢ |
YH 21\dy 2\dy) (P p p y ®
mo nepetunae kpuBy G, (a,) B 30Hi il «riniiinocTi», MeHme HiX Haxum B Hymi QyHKii
G,,(a,), 3Bigcu BUILIMBaE, MIO BiAINOBIIHE 3HAYEHHS KyTa CKJIAQJAHHS Bij'emMHe ( mpsma
32\dy yT p

NEPETUHAE BICh OPAMHAT BUILE HYJIA), a IpH V < Vipy Ta goctaTHbo MasioMy 0>0 — nonaTtHe (Take
CHIBBIAHOIIEHHS TapaMeTpiB KepyBaHHs BianoBigae pucyHky 5). Lleii anamiz cmiBmagae 3
pe3yibpTaTaMu JIHIMHOI Teopii — Opi€HTAIlil0 HAMMBIPHUYENa P JOCTaTHHO MajuX 3HAYEHHSX
KyTa MOBOPOTY MOKHA ITPOAHATI3yBaTH Ha OCHOBI B1JIOMOTO CITiBBIIHOIIICHHS

p=(L +c-b)ga, /V?-(1/k,-1k,)a,;
@ >0=V?® <(, +c-b)g/U/k, ~1k,).

Aute morniepeiHi pe3yiibTaTH MOXXYTh OYTH y3arajJbHEHI Ha BHUIAIOK HEJIHIMHUX 3aJIeKHOCTEH
CWJI BiJIBEICHHS, 110 BH3HAYAIOTHCSI MOHOTOHHUMHU (DYHKIIISIMH, TIPEJICTABICHUMH Ha PUCYHKY 2
(BiAMOBIIHI 3aJI€KHOCT1 CUJT BiJIBEACHHS IEPETUHAIOTHCS JIUIIE HA TTOYATKY KOOPJIUHAT).

Y Bumanky MOHOTOHHO 3poctaiouoi dynkuii  G;,(@,); (V > Vipz), mpn 36inbmeni

— . = 2 -
abcuuen @ *mepetuny mnpamoi  Lbc*g* @, /V “ — ¢ Ta dynxuii Gy, (d,), sHak kyra ¢
3aJIMIIAETHCS BiJl'EMHUM, a HOTO MOJYJb 3pOCTa€ TUM OuIblIe, YUM OIJBIIOI0 CTa€ KpPyTHU3HA
KpUBOi B TOYIl MEpeTuHy 3 mnpsmoro. [lificHo, B mbOMy BHMaaKy moxiaHa (yHKiii (mpaBoi
. - .,

4aCTHHHU PIBHSHHS (17), 0 BU3HAYAE KYT CKIIAJaHHsA) 10 apryMeHTy &, CTPOTO Bil €MHa.

OBEeIIHKA CHUCTEMH IIPHU ko2 OUIBIN CKJIAgHA, IIpW 30UIbLIEH] a,*- a0cuucu
IT V < Vi 6 , 0 a,*- a6
. I 2 — .
nepetuny npsmoi Lbc*g* @, /V “—¢ Ta dynkuii G,,(a,), 3HaK KyTa @ MOXKe 3MiHMTHCA Ha
IPOTHJIEKHUH (TOOTO Bil’€MHUH) NPH JIOCTATHBO BENMKUX 3HAYEHHAX &, , ajle 3 BIEBHEHICTIO
MOKHA CTBEp/DKYBAaTH JIMINC Te, WO ICHYye  3HAYEHHs aprymMeHty a,**, 1pH sKOMy
peaizyeThcs MaKCUMAJIbHE 3HAYEHHS KyTa cKiaganus ¢+ > 0. B oMy JIerko nepekoHaTucs,
. . . . - . I 2

IPOAHANi3yBaBIIM MOXi/IHY NpaBoi yacTuhu piBHsHHsA (17) mo aprymenty a,: Lbc*g*/V © —

G;,(@,). B nymni meit Bupa3s nojarHiii, a pH I0CTaTHLO BETMKUX 3HAYEHHAX aprymeHty a,*
BemmanHa Gy, (Q,) crane Ginbmroo 32 BemmunHy Lbc*g*/V 2

Z[J'ISI BUITAJIKY V < Vkp2 MO’KHa HaBE€CTU MOOCTATHIO YMOBY TOTI'O, IO KYT (¢ CTa€
max
y

JTUBEPreHTHIN BTpaTi CTIMKOCTI BIANOBITHOTO CTAl[lOHAPHOTO PEXHMY Ta BH3HAYAETHCA SK

BII’EMHUM TIpU MaKCUMaJIbHO MOXJMBOMY 3HA4€HHI apryMeHrty a (BimmoBimae

po3B’si30K piBnsHEA | *g/V? = G, (a,)). 3 pucynky 6 (BBaxkaemo, mo Lbc > ) summmBac, mo

* mpama  I*g* &, Vv 2.0 portMuHa IO KPHBOI G,(@,), a maxun npamoi

npu a,= a, ma
Lbc*g* a, /V 2 _ ( MeHIIHiT Hixk HaxwI mpsivoi  1*g* a, v 2.0, B cHITy HALIOTO TIPHITYIICHHS.
Tomy mpsma Lbc*g* a, /V 2_ ¢ TrapaHTOBaHO Oyje MepeTHHATH BiChb OPJMHAT BUIIE HYJS PU
BukoHauHi  ymoBu  G,,(d, maX)—GZl(éy "™Y)>0™, mo OpHBOAMT 10  HACTYITHOTO

CHIBBIIHOLICHHS



I*gamax
VZ y

G32 (Eymax )>

Jlanmi mpouTIOCTPYEMO MMIAXid, TOB’SI3aHUM 3 HEIOKAIBLHUM aHATi30M MaKCUMaIbHUN
3HaYeHb KYTiB CKIajaHHs (BUNAJOK MOHOTOHHO 3poctatounx Oymkuii G,(@,), G,(a,)

(puc.6)).

Gul@) Ga(a)

Ga(@) Gael @) 5.0

Puc. 6.ImocTparis rpadiuHoro MeToaa i BU3HAUE€HHS KOHDIrypaiii MoJeni Ci1e1bHOTo
aBTOIIOI3/1a B KPYTOBHX PEXMMAX IPU MBUIKOCTAX B OKOM Vigpy.

. — 2 . o . _

Tax sk Haxun npsmoi Lbe*g* @, /V “- ¢ dikcosanuit (V < Vipo), a dynxiis Gy,(a,) €
MOHOTOHHO 3POCTalY0l0, MaKCHMaJIbHE 3HAYEHHS KyTa ¢ Peaji3y€eThCs MPH YMOBI, 0 HAaXHII
npsiMoT Lbc*g* a, IV 2- @ chiBmajgae 3 JOTHYHOIO 10 KpuBoi G, (éy). Binmosigauii
aprymeHT d, ** He MOBMHEH NEPEBUIYBATH KPUTHUYHOTO 3HAYEHHS 4, M gxe BHM3HAUa€

JTUBEPreHTHY BTpaTy CTIHKOCTI BIJMOBIJHOTO CTAI[IOHAPHOTO PEXKUMY, JOPEYH, I yMOBa
3aB)KJIM BUKOHYETHCS I 00PaHOTO TUITY 3aJIeXKHOCTEH, MPeACTaBIEHUX HA PUCYHKY 2.

ToMy 3amada BH3HAYEHHS MAaKCUMAIbHO MOXKJIUBUX 3HA4eHb KyTa CKIAMaHHS O+tmax TpHU
MIBUJIKOCTSIX MO3JOBXHBOTO pyxy V < Vip» moB’s3aHa 3 moOynoBoio aBoictoi kpuBoi [ ] 10
kpuBoi Gaz(ay) Ta 3amaeThest mapaMeTPUYHO 331aHOK0 KpHBOIO (19)

(DZG:;z'gy - Gyy;
V =,g-Lbc/G; (19)



BiamoBigna nokampHa 3amada (mpu (iKCOBAaHOMY 3HAYEHHI TapaMmeTpy MO3JA0BXKHBOL
IIBUJIKOCTI) 3BOJIUTHCS JI0 BUSHAYCHHS EKCTpeMyMy (DYHKIIIT, 0 3a/1a€ paBy YaCTUHY PIBHSIHHS
@an).

Hani Bu3zHauumo OidypkamiiiHi KpuBi B IUIOMKHI (¢, V), SKUM BiANOBia€ TUBEPreHTHA
BTpaTa CTIHKOCTi, TOOTO cTpUOKOMOAIOHUII epexia HamiBIpryena B HOBE MOJIOKEHHS.

ITonepenHbo 3’sCyeMO OJUH (PaKT, OB’ A3aHUHN 3 MOSABOIO TAK 3BAHUX TOUOK IIOBOPOTY
IpU 3aCTOCYBaHHI METOJAY INPOJOBXKEHHs MO mapameTpy (B 3ajadi BU3HAYCHHs PO3B’S3KIB
CHUCTEMHU KIHIIEBUX HEIIHIWHUX PIBHSAHB IPH 3MiHI MEBHOTrO MapamMerpa). Touyka MOBOPOTY Ha
PIBHOODKHIN KpHBIH MpH 3MiHI apaMeTpa XapaKTEePU3YEThCS BEPTUKATBHOIO JOTHUYHOIO B ITii
TOYIi, & TPU TOAAJBIIIN 3MiHI MTapaMeTpa HaXWiI JOTHYHOI 0 KPUBOI 3MiHIOE 3HAK. B Takmx
TOYKAaX MOXYTh BiIOyBaTHCs KiHIIEBI CTpHOKM pPO3B’S3KiB NPU HECKIHUEHHO MalluX 3MiHAX
napameTtpa (Tak 3BaHi katactpodu B Tepminosorii P. Toma []).

Inero 3HaxXO/KEHHSI TaKUX TOYOK OyJe MOSCHEHO Ha MPHKJIAZl ABOX KIHIEBHX PiBHSIHb
(15) Ta (17). Ilo-nepiiie, TOYKH MOBOPOTY MOKYTh OyTH BHU3HAUYCHI IS OAHOTO HE3aJEIKHOTO
piBHsAHHSA (15), a mpUKIIagoM OJHIET 3 TAKUX TOUOK € KpaTHa (O110-4opHA) TOUKA HA PUCYHKY 3,
caMe 3 TaKMX TOYOK 1 CKJamaerbes kputuuHa (Oidypkarniiitna) MHOKHMHA TTapameTpiB. [lo-apyre,
3 nBox piBHsAHB (15), (17) BumnmBae nudepeHialbHUi HACHIOK, IO TOB’SI3y€ MiX COOOI0
mrQepeHIiaay ABOX BEIMYMH (@ Ta 0 Ipy HECKIHYEHHO MaJloMy 3MIIIeHHI B3JI0BX PiBHOODKHOI
KpHUBOI1

0=lga, IV +Y,*(@,)-Y,*(@,)=do=d(lga, IV +Y,*(,)-Y,*(@,))
p=(L, +c-b)ga, IV - (7, '@,)-V,'@,) ) = dp=d(L, +c-b)ga, IV - (7, '@, ) -V, @)

v
dp/do=d( (L, +c-b)ga, IV - (Y, '@, )-Y,'(@,) ))/d(lga, IV +Y, @, ) -V, @,)).

3 OCTaHHBOTO CITIBBIHOIICHHS BUILTHBAE, 1[0 TOYKH MIOBOPOTY PiBHOOKHOT KpHBOi ((6)
pealti3yloThCsl TIPH BUKOHAHHI YMOBH

d(lga, IV?+Y,*(@, )-Y,'@,) =0=>1*g/V? =G}, (a,).

ToOTo TOYKM MOBOPOTY piBHOODKHHMX KpuBHX ay(0) Ta @(0) MaroTh cHiBIagarOyu
abcrucH (CHHXpOHI30BaH1).
OcCKinbKM  BIJMOBIAHI 3HAYEHHS napamerpa V  BH3HAYAlOThCA 3 PIBHSIHHS

I*g/V? = G, (@)
dopwmi (20)

(muBuce (18)), OidypkariiiHa KpuBa MOXKE 337aBaTUCh B MapaMeTPUUHIN



p=Lbc-a, -G /1-G,,;
V=,9:1/G,. (20)

Y mpoMy BUNAAKY TEX MOMJIIMBO PO3TJISHYTH BIAMOBIIHMHA JOKAIBHHH MIIXiA — MPHU

1*g/V? =Gy} (a,)

¢bikcoBaHOMY 3Ha4YeHHI mapamerpa V, 3 piBHSHHSI 3HAXOJUMO KPUTHUYHE

3HAYCHHs [1apamerpa a, M&X micnist yoro Bu3HAYaeMo 3 piBHAHHA (17) BiANOBiIHE 3HAYEHHS .

HaBeneMo mpukiagy 4ucelbHUX PO3PaxyHKiB, SIKI BIAMOBINAIOTH BUPOOIEHIH cTparerii
MpU TOCHIPKEHHI YMOB JHMBEPreHTHOI BTPATH CTIMKOCTI BCi€l MHOXKHMHHU CTAI[lOHAPHHUX CTaHIB
MOJIENII  CiIETPHOTO AaBTOMOI3/la Ta OLIHKA MaKCHUMaJbHO MOXIIMBUX KYTIB CKJIaJaHHS B
3aJJaHOMY Jlialma30Hi TO3J0BXHBOI IIBUAKOCTI JJIsi HACTYITHOTO HAa0OpY KOHCTPYKTHBHHUX
napameTpis:

m=6417;m2=41846;a=4.217;b=3.376;I=a+b;d1=8.075;b1=2.93;c=3.376;L1=b1+d1;kapp

al=0.8; kappa2=0.8; kappa3=0.8;9=9.81;k1=100000;k2=300000;k3=300000;Lbc=L1+c-b;
V=10m/c,

PiBnsuus, mo Bianmosinae ymosi Haxwi npsamoi Lbc*g* a /V 2. ¢ crmiBnamae 3

noTHdHOI0 JI0 KpuBoi G, (&)
Lbc*g/V ? = Gl,(a,).
Woro po3s’s30k

a, =0.495111779;

Jinst mepeBipkm ymoBu @, ** < @, ™

y HEOOXIJTHO PO3B’S3aTH 11I€ OJHE HEeNiHINHHe

PIBHSIHHS
I*g/V? = Gx(@,).
Horo po3s’s30k

a, ™ =0.6105564852;

y

BiamoBigHe 3HaYeHHST MAaKCUMAJIBHOTO KyTa CKJIaIaHHS
@**= Lbc*g*a, / V? - Gy,(a;’) = 0.204733474;

Ile#t mMakcuManbHUN KyT CKJaJaHHsS pealizyerbess mpu mBuakocti V=10m/c Tta KyTi
TTOBOPOTY, SIKUW BU3HAYAETHCS 3 CITIBBITHOIICHHS



0**=I*g*a,"/ V? - G, (a,")=0.2421216629;

Paniyc KpuBU3HU TPAa€EKTOPIi, Ky OMHMCYE XapaKTepHA TOUKA Ha MO3/I0BXKHIN OCi TsAraya,
IIBUIKICTE SKOI JEKHUTH B3JI0BXK 1i€1 MO3I0BKHBOI 0Cl, BH3HAYAETHCS 3 CIIIBBIIHOIICHHS

R=V?/ (&, *g) = 20.58864352 w;
u=V(bga, /V?-G,(a;)) =-1.391246873u/c;

Ha ocHOBI He3aJIeKHOTO YMCETFHOTO aHaJIi3y BiIMOBIIHOT TUHAMIYHOI CHCTEMH OYyJIM OTpUMaHi
HACTYITHI XapaKTEPUCTHKH JTOCIIKYBaHOTO CTAlliOHAPHOTO CTaHY:
ss = {@=0.4857046548, ¢ = 0.2047334752, u = - 1.391246870}
Rd =20.58864353
BrnacHi 3Ha4yeHHsS JIiHEApU30BaHOI CHCTEMH BKa3ylOTh Ha CTIMKICTh JOCHIKYBAaHOTO
CTalliOHAPHOTO CTaHYy:

eigv:=-0.3671402871 + 0.64862688201, -0.3533060777, -3.489905257, -0.3671402871
—0.64862688201

Bidypkanilina MHO>KHHA ITapaMeTpiB KepyBaHHS (HEJIOKaJIbHA XapaKTepPUCTHKA YMOB
JTUBEPreHTHOI BTPaTH CTIHKOCTI MHOXXHHH KPYTOBUX CTalllOHAPHUX CTaHIB):

V.ule 207 .
: V. m/c 207
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Puc.7. BipypxkatiiiHi MHOXHHH, 1110 BU3HAYAIOTh JUBEPreHTHY BTPATy CTIMKOCTI CTalllOHAPHUX
CTaHIB MOJIEJTI aBTOTIOI3/1a 3 MOHOTOHHUMH XapaKTepucTHKaMu crut BigseaeHHs (k1=0.8; k=0.8;
k3=0.8):
a) Kpurnuna MHOXHMHa mapaMmerpiB kepyBaHHs V,0; 0) rpanuuHi Ta OidypkaiiiiHi 3HaUYeHHs
KyTa CKJIaJIaHHs IPH MOKJIMBUX MapaMeTpax KepyBaHHS.

! ! ! ! ! L
0.3 0.2 0.1 gp 0.1 0.z 03 0

Ha pucynky 7,0) mpeacTaBiieHi OLIHKM MaKCHMalbHUX 3HAY€Hb KyTa CKJIAJaHHS CiIeIbHOTO
aBTOMOI3/1a B KPYTOBUX CTAI[IOHAPHUX PEKUMaX: HETMEepepBHA KPHBA BIJMOBI/Ia€ MAaKCUMATHbHUM
3HAQYECHHSIM KyTa CKJIQJIaHHs TIPH  OPIE€HTAIlll HAIMBIPHUYENa Yy BHYTPIIIHIO CTOPOHY TTOBOPOTY



(oTprMaHa Ha OCHOBI IapaMeTPUUHO 3a1aHoi KpuBoi (19), Vip2 = 14.364 Mm/c BU3HaUae opauHATY
KacIy); 4YacTHHA MEepPepBHOI KPUBOi (OTpMMaHa Ha OCHOBI MapaMeTpuyHO 3amaHoi kpuBoi (20))
BU3Ha4yae OipypkamiiiHi  3HAYeHHA KyTa CKJIaJaHHS INpu Opi€eHTalli HamiBOpuUYena B
MIPOTUJICKHY CTOPOHY MOBOPOTY, a JIB1 1i TiJIKM MICIS TOYKH CAMOIIEPETHHY BiIOBIIAIOTh BKE

AO0JaTHHUM 3HAYCHHAM KyTa CKJIaJaHHs.

a) 0)
P poad
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Puc.8. CniBcraBieHHS KpUTHMYHHMX  [ApaMeTpiB KEepyBaHHS Ta BIJNOBIIHUX iM TOYOK
OidypxkariitHoi MHOKUHH PiBHOODKHOT KpuBoi ¢@(0) mpu V=13 M/c (BUIAgIOK MOHOTOHHHX
XapaKTepUCTHK cui BinBeaeHHs;k1=0.8; k,=0.8; k3=0.8):



a) KpPUTUYHA MHOXXHMHA TapameTpiB kepyBaHHs V,0; 0) rpanuuHi Ta OidypKamiiiHi 3HaUYCHHA
KyTa CKJIaJaHHsA IpH (iKCOBAHMX 3aUEHHSAX MMapaMeTpa MIBHAKOCTI; 6) rpadik piBHOBa)KHOI
kpuBoi ¢(0) mpu V =13 m/c,

3a3Ha4nMO, [0 Pe3yNIbTaTH HE3aJEKHOTO YHCEIBHOTO IHTETPyBaHHS BiANOBIAHOI AMHAMIYHOL
CHCTEMH aBTOIOi3/la MOBHICTIO CHIBHNAJAIOTh 3 pe3yibTaTaMH, IO 0a3yrOThCS Ha IMigX0/ax
OidypKarifHoro aHamizy:

DG3,=subs(V=13, Lbc*g/ VV ?); => a,=.2824221128;
(subs({V =13, ay=.2824221128}, I*a,*g/ V *- § - G,1)=0; => § =.06381601844;
o+™ =subs({V =13, a,=.2824221128}, -Lbc*a,*g/ V> + Gg,)= .022484771;

[Tpu mapamerpax kepyBanus V =13 m/c; 6 =.06381601844 pax; nuisxoM 4ucebHOTO
IHTErpyBaHHS IPUXOIUMO JI0 CTIHKOTO CTAalliOHAPHOTO PEXUMY =>
{0) =0.2131200713, ¢ = 0.02248477141, u = - 1.167456919}

DG,;=subs(V =13, I*g/ V %); => a,=.5107487518;
O=subs({v=13, ay=.5107487518}, I*g*a,/ VZ2-0-Gy); =>
0=.0917566757;
o "=subs({V =13, ay=.5107487518}, -Lbc*a,*g/ V?+ Gap)= -.0209130605;
[Tpu mapamerpax kepyBanus V =13 m/c; 6 =.0917566757 pan, missxoM YUCEIHHOTO
IHTErpyBaHHS IPUXOJUMO /10 CTIHKOTO CTAI[lOHAPHOTO PEXUMY =>
{03 =0.3854106531, ¢ = -0.02090752406, u = —2.846887457} .

Ha xapakrtep rpaHMili AMBEPreHTHOI BTpaTH CTIMKOCTI MOJIENi aBTOIOi3/1a, BIJIMBAIOThH
caMe «HENIHINHI» XapaKTepUCTUKU CHJ BifBeJCHHS (B JaHOMY BHIAIKy TakKUMH € Kj -
KOE(QII[IEHTH 3UEIUIEHHS IIMHU 3 OMOPHOIO MOBEPXHEI0 Y OOKOBOMY HAIPsIMi), a Ha MOJIOKEHHS

KacIIiB - XapaKTepHi MapaMeTpH, 0 BU3HAYAIOTh JiHiiHY Monenb: K., |, Lbc.
Jlanmi moka3zaHo 3MIHM B KapTuHI 0iQypKaliHHX MHOXHUH NpU Bapiamii XapaKTepHOIro

«HETHIHHOTO» mapaMeTpa - Koe]illieHTa 34elJIeHHs IIUHU 3 OMOPHOI0 TOBEPXHEI0 Y OOKOBOMY
Hanpsmi: K1=0.72; k2=0.8; k3=0.8;
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Puc. 9. BmnuB Ha OidypkamiiiHi MHOXHHU XapaKTEpHOTO «HENiHIHOro» mapamerpa -
KoedillieHTa 34YeNICHHS [IMHUA 3 OMOPHOIO MOBEPXHEI y O00okoBoMy HampsMmi (k1=0.72; k»=0.8;
K3:0.8)

a) Kpurnuyna MHoOXMHA mapameTpiB KepyBaHHS V,0; 0) rpaHuuHl (€KCTpUMaJIbHI) Ta
OidypkaniiiHi 3HaYeHHs KyTa CKJIaJaHHSA Npu (IKCOBAHMX 3aUEHHSX IMapaMeTpa IIBHUIKOCTI:
HemepepBHa KpHBa BIJMOBIJAa€ MaKCUMaJIbHUM 3HAUEHHSM KyTa CKJIaJaHHSA NpU  OpieHTalli
HamiBOpUYeNa Yy BHYTPILIHIO CTOPOHY IOBOPOTY; NEepepBHA KpuBa BHU3Hauae Oidypkariiiui
3HA4YCHHs KyTa CKJIAJIaHHS IIPU OpI€HTAIlil HAITIBITpUYeTia B IPOTHIISKHY CTOPOHY TIOBOPOTY.
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Puc.10.  ChiBcTaBneHHS KPUTHYHUX TapamMeTpiB KEpyBaHHS Ta BIAMOBIJHUX iM TOYOK
01 ypkaniiinoi MHOXUHH piBHOODKHOI KpuBoi ¢(0) mpu V =18 m/c; k1=0.72; 1=0.8; k3=0.8:

a) Kpurnuyna MHOXHHA apameTpiB kepyBanHs V,0; 0) OidypkamiiiHi 3HaueHHs KyTa CKIIaJaHHs
npu ¢GiKCOBaHUX 3a4YCHHSX IMapaMeTpa IIBUIAKOCTI

IIpoananizyeMo 3B’S30K MK KPUTHUYHMMHU TOYKaMHM NapameTpiB KepyBaHHS V, 0
(puc.10,a)) Ta Toukamu OidypkariiiHOi MHOXKMHU PIBHOOLKHOI KpuBOi ¢(0) mpu ¢ikcoBaHOMY
3Ha4YeHHI IapameTpa
kepyBanHs V =18 wm/c, siKi i € ToukamMH TOBOpPOTY piBHOODXKHOI KpuBoi ¢(0). Ha (pmc.11)
npeAcTaBleH] rpadiky piBHOBaXKHUX KpUBHX ay(0) , ¢(0) mpu V =18 m/c Ta 0>0, abcuucamu
TOYOK TTOBOPOTY Ha IIMX KPUBUX € KPUTHYHI 3HaYCHHS mapameTpa kepyBanHs 6 npu V =18 m/c
(0=.5727769020e-2 BianmoBigae nmoznauka pomo; 0= .7176565000e-3 BiamoBigae JUCKY).

ABTOKOJIMBaHHA ( ¢uiaTepHA BTpPaTa CTIHKOCTI).

OnuH 3 HaWOUIBII JOOpPe BHUBYCHUX BHITQJKIB BUHUKHEHHS TPaHUIHUX
IIMKJIIB TIOB'SI3aHHUM 31 3MIHOIO BJIACTUBOCTEW CTIMKOCTI OCOOIHMBOT TOYKH THITY
doxyc (mapa KOpPEHIB XapaKTEepPUCTUYHOTO PIBHAHHS NEPETHHAE YSBHY BIChH) -
Oibypkamis AnaponoBa-Xomda. I[ls Oidbypxkamis TumoBa mpu 3MiHI OJHOTO
KEpOBAaHOTO MapaMmeTrpa cucTeMu: M'ska (Oe3reyHa) BTpaTra  CTIMKOCTI

CTalllOHAPHOTO CTaHy CYIPOBOKYEThCS HAPOJIKEHHSIM  CTIMKOTO TPAHUYHOIO



IUKITY, 0 00MeXye 3pocTaHHs 30ypeHb Mal. 1, 6 (TpaekTopii, MO0 BUXOAATH 13
JOCUTh MAaJIOTO O-OKOJy HECTIHKOTO CTallilOHapHOrOo CTaHy, NparHyTh 0
IPAaHUYHOTO MUKy 3CEPEeIWHU, a TpPH BCIX JOCHTh BEIMKHX ITOYATKOBHX
30ypeHHSIX TPAEKTOPii HAOIMKAIOTHCS 10 TPAHUYHOTO ITUKITY 13 30BHI); JKOPCTKIN
(HeOe3neuHiit) BTpaTi CTIMKOCTI CTAIlIOHAPHOTO CTaHy BIJANOBIJAE CTATYBaHHS JI0
HBOTO HECTIMKOTO IpaHUYHOTO IHKITY, IO PyHHY€E HOTO CTIHKICTh, TPAEKTOPIi, IO
BUXOJSITh 13 SIK 3aBTOJHO Majoro 0-OKOJy HECTIHKOTO CTaI[iOHapHOTO CTaHy, Y
IbOMY BHUIAQJKy TOYaTKOBI JOBLIRHO Mayli 30ypeHHS 3 4YacoM HEOOMEKEHO

BIJITAJITIOTHCS BiJI CTaIlioOHapHOTO cTany (Mai. 1, a).

TGS @ @ ToLel)
~—L s
.
a o
Puc. 1. bipypkanis AnaponoBa — Xomnda: a)- )KOpcTKa BTpara CTIMKOCTI; 0) -
M’siKa BTpaTa CTIMKOCTI.

Takum YMHOM, IPU HAIBHOCTI CTIMKOTO TPAHUYHOTO 1KY B CUCTEMI
BCTAHOBITIOETHCS KOMBAILHUHN TIPOIIEC a00 asmoKoau8anHs, mapaMeTpH IKOTO HE
3aJIe’KaTh BiJl TOYATKOBUX 30ypeHb (BC1 TPAEKTOPIi MParHyTh A0 3a3HAYEHOI
3aMKHEHO1 TpaekTopii). [lepioguyHi 3MiHM y3araibHEHUX KOOPAUHAT, K1
BIJIMOBIJIAI0Th TPAHUYHOMY ITUKITY, MOXKYTb OyTH JTaJ€KMMH BiJ TApMOHIYHHUX
(cuHycoOinaabHMX), IPOTE, IXHE Neplie HAOIMKEHHS MOKe OyTH OTpUMaHEe Ha
OCHOBI TAKOT'0O MPUITYIICHHS.

Teopema (Auaponosa — Xomnda). Hexait cuctema

x=f(x,a), xeR", aecR'



Ma€ TOJIOKEHHS piBHOBarn x=0 TMpH OyAb-sIKUX 3HAUCHHAX Mapamerpa « . Jami,

Hexal MaTpHIll JIIHIHHOTO HAONMKEHHS MpPH 3HAYCHHSAX O Yy JEIKOMY OKOJl «,
Ma€ Tapy KOMIUIEKCHO CHPSDKCHUX BJACHUX 3HA4Y€Hb A, (a)=S(a)tin(a),

IIPUYOMY

dg

E(@y)=0, w(a,)=w,>0, —=
da

() #0.

Kpim Toro, mpumycTumo, 1o iHmi N-2  BIacHI 3HAaYEHHS MalOTh HEHYJIbOBI

TIHCH] YaCTUHH.

Toni nmpu a=«, Bl HYJILOBOTO IMOJIOKEHHS PIBHOBATU BIATANY>KYETHCS
OJlHOTIapaMeTpUyHa CHCTEMa 3aMKHEHUX TpaeKTOpid, 110 BIANOBIJAIOTH
MEepIOIUYHUM PO3B'A3KaM 3 NepiogoM T(«)~ 2z /w®,. 3aMKHEH1 TPAEKTOPIi MOXKYTh
BlJIraTy»yBaTHUCs abo Mpu « <, , 00 IIpH & > «, .

LmtocTparito mpoBenemMo Ha mnpukiaai cucremu (1), sika 3a70BOJIbHSIE
ymoBaM Teopemu Xorda. CrnodyaTky HpoBeIeMO MONEpe/iHii aHali3 CTIHKOCTI

HYJIbOBOT'O PO3B’s3KY cucTeMHu (1) mpu 3MiHI napameTpad :

— X :—\'{T2+‘l'2}+UT—T
(1)

-V == _1‘2 +1'2 )+ o v+

[Ipu Bcix 3HAUCHHSX MMapaMeTpa B CUCTEMI € €JMHA 0COOIMBA TOUKA - HA MOYATKY
koopauHat. CTIMKICTh MOYaTKy KOOPJAMHAT B HEKPUTHUYHUX  BHUIIAJIKaX
BU3HAYAETHCS CUCTEMOIO JiHIMHOrO HabmmxkeHHsA. KopeHi XxapakTepuCTHUYHOTO
PIBHSIHHS TIpH o < O KOMIUIEKCHO-CIIPSDKEHI 3 BiJ’€MHOIO  JIIHCHOIO
JaCTHHOIO - Ma€ Micie CTidkuit ¢okyc; nmpu & > O KOMIUIEKCHO- CIpsOKEHi
KOPEH1 3 IOJIATHOIO JIWCHOIO YaCTHHOIO - MAa€ MiCIle HECTIMKUI (hOKYC.

Kanonnueckast Qynkumst JlsmyHoBa  yka3plBaeT Ha  IVIOOAJIBbHYIO
YCTOMUYMBOCTh Hayajia KOOPAUHAT MIPU



Kanoniuna ¢ynkiis JIsmyHoBa Bka3ye Ha r100aIbHY CTIHKICTh MOYATKY
KoopauHaT npua <0

i (+1H)==2(*+1*) (¥ +1*-0a),
dr

a TAKOX HA HAasABHICTh CTIKOr0 IPaHUYHOTO MUKy (KOO pajiyca o ) mpu a>0.
[Ipn o =0 3 moYaTKy KOOpJAUHAT HAPOKYETHCS CTIMKUI TpaHUYHUHN UK, a Ha
MOYaTKy KOOPAMUHAT 3'ABISETHCS HECTINKHUM Pokyc. 30ypeHHs (B1AXUICHHS BiJ
MOYaTKy KOOPAWHAT) OOMEXKYIOTHCSI TPAHUYIHUM IHKIIOM x° +y° =

Puc. 1 — Bumamok M’siKOi BTpaTH CTIMKOCTI

Huwxde mpencraBiena  pearmizamiss — HaOMMIKEHOTO  METONYy  BH3HAYCHHS
XapaKTEPUCTHK aBTOKOJIMBAHb i cuctemH (1).



restart:
x:=a*sin(omega*t) ;
x:=asin(wi)
y:=b*sin(ocmega*t+phi) ;
y:=bsin(wt+0)
EQl:=diff (x,t)+x* (x*2+y"*2) —alpha*x+y;
EQI:=acos(wt) w+ asin(w1) (azsin[rm‘}l + blsin[rm‘+ O}l) — aasin(mt) + bsin(w? + o)
EQ2:=diff (y,t)+y* (x*2+y*2) —alpha*y—x;
EQ2:=bcos(wi+0) o+ bsin(wr+ ) (1225i11|[r13a‘}l + blsin[mr+ O}l) — obsin(wt+ ¢) — asin(w?)

# MNONYy4YeHMEe KOHSYHEX Y'pa.Bﬂeﬂdel, OTESYANIMY OEPHMOOMYESCKOMY pEISHID CHCTEME B XapaKTEpHEE MOMEHTE BRESMEHIM:

evalm(subs (t=0,EQ1)) ;

aw+ bsin(o)
#b*zin (phi)=bs;EregeHne SaMeHH NepeMEHHEX:
EQl0:=a*omegatbs;

EQI0:=awm+ bs
evalm(subs(omega*t=Pi/2,EQl));

a(02 + blcos[o}l) — oa+ beos(o)
#b*cos (phi) =bc;eEenenmne SaMeHH NDepEeMeHHEX :
EQll:=a*(a”2+bc”2) —alpha*atbc;
EQII :=a[az+ bcl] —oa+ be
evalm(subs (t=0,EQ2)) ;
beos(o) @+ 3 5in[0]3 — absin(0)
EQ20:=be*omega-alpha*bs+bs*3;
EQQG:=bch—otbs+553
evalm(subs(omega*t=Pi/2,EQ2));
-bsin(0) @ + beos(o) (024_ blcos[o}l) —obeos(0) —a
EQ21:=-bs*omegatbc* (a*2+bc”2) —alpha*bco-a;
EQQIZ=—55GJ+E)C(02+5C2]—0£5€—Q

#Pemenne CHMOTEeMa YPaBHEHMI OTHOCHTENBHC HEMSESCOTHHX: a,omega,bs, bo:
EQll:=a*omega+tbs;

EQI0:=awm+ bs
EQll:=a* (a"2+bc”2) —alpha*a+tbc;

EQII :=a[az+ bcl] —oa+ be
EQ20:=be*omega-alpha*bs+bs"3;
EQQG:=bch—otbs+553
EQ21:=-bs*omegatbc* (a*2+bc”2) —alpha*bco-a;
EQQIi=—bsm+bc[al+bcl]—abc—a

—absw— o — bt

#bo*2=-a*bs*omega-a*2 - onpegmenn bc®2 us nocnregHerc YpaBHeHMA:

EQL12:=subs (be*2=-a*bs*omega-a"2,EQ1l) ;

simplify (EQ21*a-EQll+*bec) ;

EQIZ2:= ~dbsw— oa+ be
#nocme nopgcoraHoBKM bo®2=—-a*bs*omega-a®2 B EQll, nocnegHee nepexommT B EQL2:
solve ({EQ10=0,EQ12=0}, {be,bs}) ;

{bc= Ao+ oa bs= —am}
# paspemasa cuoremy EQL0=0,EQ12=0 , mcrmmwuyaseM HemSBecTHHe bo, bs:
bao:=—-a*3*omega”2+alpha*a;bs:=—a*omega;

bo=-d o +oa
bs:=-aw

# us ypamenma EQ20 cnpepmendeM KpYTOBYE YacTOTV:



Habnuocene  6usnauenusi  a8mMoKOIUBANLHO2O — DEHCUMY  MOOENbHOL
OUHAMIYHOT cucmeMmu. PosrnsHemMo HemNiHIMHY AWHAMIYHY CHCTEMY, IO

BIJIMIOBIAa€ yMOBaM TeopeMu AHIpoHOBa-Xormda

y+oy+pM)y+ f.(y)=ny;

it w4 pV )+ Ty (y) =iy, 1)

e V eR' - XxapakTepHU TTapaMeTp.

Hexaii npu V' =V,, niniiine HaOmmwkeHHs cuctemu (1) BTpadae CTIMKICTL —

napa BJIACHUX 3HAYE€Hb MPOXOJUTh Yepe3 ysIBHY Bich. T0/1 BIAMOBIAHO 10 TEOPEMU

Xomnda B cucTeMi peanizyeTbcs 3aMKHEHa ¢a3oBa TpaekTopis abo mpu V<V, ,
abo mpu V>V, . YMOBH CTIMKOCTI «Majloro» rpaHM4HOrO LMKy MOXYTh OyTH

BU3HAUYEHI OIIOCEPEJKOBAHO — SKIIO BIH ICHYe IIpu V<V,

»» TO Mae OyTu

HECTIAKKMM 1 3HMKAe mpu V =V, , a AKIO BiH iCHy€ NpH V>V,, Toml L
CTIMKWI TPAaHUYHMI LMKIL, SKUH HAPOKYETHCS TP V =V, .
. 2 ~
BusHaunMo KpWTHYHE 3HAYEHHS mapamerpa V=V, . p (V, )=mn/zt,

BUTBHUMN YJICH XapaKTEPUCTUIHOTO PIBHSHHS HE 00€pTaeThCs B HYJIb, OTXKE, BTpaTa
CTIMKOCTI TOB'sI3aHa 13 MPOXOJPKCHHSIM IMapu KOMIUIEKCHO-CIPSIKEHUX KOPEHIB
yepe3 ySABHY BICh.

BBaxkatouu, 1o mpaBa 4acTWHA MEpIIOro piBHAHHS cucteMu (1) Bimirpae

POJIb IEPIOIUYHOTO 30YPEHHS 3 HEB1JOMOIO aMILIITYA00 W YaCTOTOIO

v = B, sin(ot + o),



NepioguYHUN BIATYK OyAeMO IIyKaTd y BHUITSAL )y = Asinet (BU3HAYCHHIO
MUIATal0Th BeTUYUHU Py, o, o, A). Y XapakTepHi MOMEHTH Yacy (a30Bi 3MiHHI 1

iXHI1 MOX1H1 MPUUMAIOTh 3HAYCHHS

2

ot =m/2: yv=A4;, y=0; y=—Aw";
w =P cosa; ¥ =-Pwsina; = —Pw’ cosa;
ot =0: y=0; y=Aw; y =0;

. Lo Lo 2 .
v = Rysina; v = Rwcosa; v =—-Fw”sina.

JI71s1 BU3HAYEHHS MapaMeTPiB aBTOKOJIUBAIBHOTO PEXKUMY MAEMO CUCTEMY

— Ao’ +7A-nP,cosa + f,(A)=0;
—P,w” cosa + P, cosa — pPwsina + MA+ f,(A) =0;

(@)

pAw =nP;sing;

~P,w’sina + P, sina + pP,wcosa = 0.

[Ticns BwiydeHHS HeBiAOMHX Py, o0 3 MEpHIMX JABOX pPIBHSIHL cucteMu (2),
OJIEP)KUMO CIIBBIIHOIICHHS, IO TOB'SI3y€ MDK COOOI0 YCEpeAHEHY 4YacTOTy
MEepIOIUYHOT0 PO3B'SA3KY 1 HOTO aMILIITy 1y

o’ =1+ f(A)I2A,

PIBHSIHHSI, 1110 BU3HAYAE aMIUIITYly aBTOKOJIUBaHb

(fin— p?r)A= f2(A)/4A+ p?f,(A)/2-nf,(A). (3)



AHAJII3 ABTOKOJIMBAHb PIBHAHHA AYO®IHI'A

> Diff(x, "$ (t,2))+2*gamma*Diff (x,t)+Omega”*2*x+3 =

pO*sin (omega*t+phi) ;

.2 '>
%x+2y[,(—x) + O =pOsin(wt + )
ot ot

> x:=a*sin (omega*t) ;
x:=asin(w¢?)
> EQ:=diff (x, $ (t,2))+2*gamma*diff (x,t)+Omega”*2*x*3 -
pO*sin (omega*t+phi)=0;
EQ:=-asin(o1) o + 2yacos(ot) o + Q4 sin(ol)t)3 —pOsin(ot+¢) =0
Cucrema JIBOX KIHIICBUX PIBHSHB, III0 BU3HAYAE MTAPAMETPH aBTOKOJIMBaHb (&,
phi):

> evalm(subs (t=0,EQ)) ;
2va® — pOsin(0) =0
> evalm(subs (omega*t=Pi/2,EQ)) ;
~aw +Q°d® — pOcos(9) =0
Bunyuaemo napamerp phi :
(p0*2= pO*sin(phi)*2+ pO*cos (phi) *2)

> (2*gamma*a*omega) *2+ (-a*omega”2+Omega”*2*a*3) *2-
p0+2=0;
4'y2a2c02 + (—aco2 + ch13)2 —p02=0
> 4*gamma“2*AA*omega”2+AA* (-omega”2+Omega”2*AA) *2-p0+2
= 0;
4P AA R+ Al (-0 + QP ad) —piP =0
> collect(%,AA);
QA - 20" Q42 + (0" + 477 07) 44 — p0P =0

OTpuManu anMIUTITYAHO-4YaCTOTHY XapaKTePUCTHUKY:

> Poly:=expand ( (Omega”4*AA"3-
2*omega”2*Omega”2*AA*2+ (omega*4+4*gamma*2*omega”*2) *AA-
p0+2) /Omega”4) ;
2 9 4 ) 5
20 fA 4_AA;» N 4AAE(D __pg
Q Q Q Q

JIMCKpUMIHAHT BiJIOBIIHOTO MOJIIHOMA

Poly := AL —




> DISC:=expand(discrim(Poly,AA)) ;
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[ToOynoBa rpadika aMILTITYJHO-4aCTOTHOI XapaKTEPUCTHUKHU TIPU 33JaHOMY
3HaYeHHI aMIUTITYI1 30BHIIITHIX 30ypeHb

>c:=1;m:=3;alpha:=0.8;C:=3/5;

> with (plots):

>

implicitplot (subs ({gamma=alpha/ (2*m) ,Omega=sqrt (C/m) ,p0

=3} ,Poly)=0,omega=0..6,AA=0..30,grid=[250,250]) ;
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[To6ynoBa aMIUTITY THO-4aCTOTHOI MOBEPXHI 1Jisi piBHAHHS [rodinra

>
implicitplot3d(subs ({gamma=alpha/ (2*m) ,Omega=sqgrt(C/m) }
,Poly)=0,omega=0..3.5,p0=0..3.5,AA=0..30,grid=[50,50,50
1)



bidypkaniiina MuoxxuHa nmapamerpis (0megda, p0)(BuzHauae o01acTi 3 TphOMa
I'PaHUYHUMH [TUKIIAMH Ta OJTHUM).
BuzHauaeThcst mpOEKINIEI0 aMILTITy IHO-4aCTOTHOT OBEPXH1 Ha TUIOLTUHY
napameTtpiB (0mega, p0):

>
implicitplot (subs ({gamma=alpha/ (2*m) ,Omega=sqrt(C/m)},D
ISC)=0,omega=0..3,p0=0..3.5,grid=[250,250]) ;



UYucenbHe iHTETpYBaHHS piBHSAHHA [{fodinra (mepeBipka HasIBHOCTI CTIMKUX
IPAHUYHUX ITUKJIIB):

> DEplot([D(z) (t)=y(t) ,D(y) (t)=-alpha* (y(t))/m-
C*(z(t))”*3/m+3*sin(1.7*t) ],

[z(t) ,y(t)],t=30..45,[[z(0)=0.5,y(0)=0],[z(0)=0,y(0)=1]
] ,stepsize=.005,

scene=[z (t) ,y(t)],z(t)=-5.5..5.5,y(t)=-
7...7.,1linecolour=sin(t*Pi/2)) ;
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Puc.11. TI'padixu piBHOBaXHHX KpuBHX ay(0) , ¢(0) mpu V =18 wm/c, Aki cBim4aTh IpoO
MOJKJTUBICTh CTPHOKOMOMIOHOTO TMEepPeXoay 3 OJHOTO CTIMKOTO0 KPYroBOTO pexumy (pom0O) 10
Ipyroro (MpSMOKYTHHUK):



a) piBHOBaXkHa KpuBa ay(0) Ta yepryBaHHsA CTiliKocTi; 6) piBHOBaxkHa KpuBa @(0) Ta
YepryBaHHS CTIMKOCTI;

PiBHoBaxH1 kpuBli ay(0) , @(0), sk 3raaxyBanoch BUIlE, MAIOTh «CUHXPOHI30BaH1» TOYKU
MIOBOPOTY, B IIUX TOYKAX BiJ0yBA€THCS YEPTyBaHHS 3MiH BIACTHBOCTEH CTIMKOCTI (BiIOyBa€eThCS
JMBEPreHTHA BTpaTa CTIMKOCTI, 00 MOHOBIIOETHCS CTIHKICTh). CTIHKICTh TOYOK Ha PIBHOBAXKHIH
KpPUBIH JIETKO BIJICNIJKOBYBAaTH IMOYMHAIOYM 31 CTAI[IOHAPHOTO CTaHy, BJIACTHUBICTH CTIMKOCTI
SIKOTO HaM BiJJoMa NpY NIEBHUX 3HAYCHHSIX MapaMeTpiB KEpyBaHHS, HAIPUKIIAJl, CTAI[IOHAPHOTO
cTaHy, 1O BiAnoBinae npsmoninidHomy pyxy (V =18 m/c, 6=0) — BiH cTilikuii, 1€ BUILIMBAE 3
niniHOi Teopii (Vip1>18m/c). Ilpu 6>0 Bke KpyroBuwil CTaliOHAPHUHM CTaH 3aJIMMIAETHCSA
CTIMKHM (CKOpillle He MOKE€ BiOYyTHCS TUBEPreHTHA BTpaTa CTIMKOCTi), MOKH HE peajli3yeThCs
KpaTHUH pPEXHM, IO SIKpa3 BiOYBa€ThCS B TOYKAX IMOBOPOTY. TakUM YHUHOM, OIOPSAKOBAHO
MOXKHa JIOCHIAWTH MAUISHKMA CTIMKMX CTaliOHApHUX CTaHIB Ta HECTIHKUX (MO3HAUYEHO
nyHkTHpoM). Tofi 3po3ymiio, 10 MpH Manux Bapiamisx mapamerpa O B okomi 0,006 pan
OyayTh BimOyBaTHCS KiHIIEBI CTPHOKH MapaMeTpiB CTalioHapHOro craHy. Ha mpakruii e Oyzae
OB ’s13aHE 3 BUKUJ/IaMU HaIliBIIpUyena Ha KyT nopsaky 10 rpaj mig gac npsMoIiHIHHOTO pyXy 3i
MIBUJKICTIO OJIM3bKOIO 10 KPUTHYHOI MIBUAKOCTI Vip1.



