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BCTYII

Oneparriiine (CMMBOJIIYHE) YHUCICHHS € PO3JIJIOM MaTeMaTHK{, IO BHBYAE
iHTerpanbHe MepeTBOpeHHs Jlaraca Ta Horo 3acTocyBaHHs. MOro 3acTOCOBYIOTb Y
pPalOTEXHiIll, €JIEeKTPOHIIl, Teopii aBTOMAaTHYHOTO YIPABIIHHS Ta PEryJIIOBaHHS, a
TaKOXX IHIIUX Tajgy3sX HAyKH Ta TEXHIKHM, JI€ BUHHUKAE MOTpeda y pO3B’s3aHHI
JTHIAHUX PIBHSIHb PI3HUX THIIB: 3BUYAWHUX AU(EpEHIlaIbHUX PIBHAHb, PIBHSIHD Y
YACTUHHUX TOXIJHMX, IHTETpaJbHUX Ta IHTErpo-Iu(epeHIiaIbHUX PIBHIHB,
PI3HUIIEBUX PIBHSIHb. BUKOpPHCTaHHS OMNEpallifHOTO METOAY JO3BOJISE 3BECTH
pPO3B’sI3aHHSI TakUX PIBHAHb 1O PO3B’SI3aHHS JIHIMHUX anreOpaidyHUX piBHSIHD.
[leperBopennst Jlammaca cTraBUTH y BIAMOBIAHICTG (YHKINT AiMCHOT 3MiHHOL ii
300pakeHHsS — JeAKy (YHKIII0 KOMIUIEKCHOiI 3MiHHOi. [Ipu mpomy omeparii Haj
300paK€HHSIMHU 371¢OUIBIIOr0 BUSBJISIOTHCS MPOCTIIMIMMH, HDK BIAMOBIIHI Oreparii
HaJl BUXITHUMU (QYHKIIAMH (opuriHasiamu). Po3B’s3aBIIM OTpUMaHE pIBHSHHS
B1JIHOCHO 300paX€HHS, 32 3HANIEHUM 300paKEeHHSIM BiIHOBIIOIOTH OPUTIHA.

EnemenTtu omnepariiiHoro 4yucieHHs 3ycrpidatorbes y npaisx [.B. Jleitbnimna
(1646 — 1716 pp.), JL.LEinepa (1707 — 1783 pp.), I1. Jlamnaca (1749 — 1827 pp.),
O. Komni (1789 — 1857 pp.). Bmepimie nns mnpakTHUHUX JOCHIKEHb Yy Talys3l
€JIEKTPOTEXHIKA ONEpaliiHUNA METOJl 3aCTOCYBAB AHIJIIMCHKUMN 1HXXEHEp-EIEeKTPUK
O. Xesicaiing (1850 — 1925 pp.). 3acTocyBaBlM oOIEpaliifHe YHUCICHHS [0
pO3B’s3aHHS AU(EPEHIIAIbHUX PIBHAHb, BIH OTPUMAB BAXKIIUBI PE3yJlbTaTH y TEOPii
CJICKTPOMArHITHUX KOJHMBaHb B CEICKTPUYHHX Mepexkax. YiTke MaTeMaTH4He
OOrpyHTYBaHHSI Ha OCHOBI TE€OpIi IHTETPAIbBHUX NEPETBOPEHb ONEpalliiiHE YUCIEHHS
oTpumano y aociipkeHHsx Kapcona, bpomsiua, JleBi, Ban nep Ilons Ta iHmmx
MaTeMaTHUKIB.

MeTor JaHOTO HABYAJIBHOTO TOCIOHHMKA € O3HAaWOMJICHHS CTYJICHTIB, IO
HABYAIOTHCS 32 HANPSIMOM IMIJITOTOBKU «MaTemMaTuka, 3 OCHOBHUMHU TEOPETUYHUMHU
MOJIO’KEHHSIMU OIEpAIiifHOTO YUCIIEHHS Ta OCOOJMBOCTAMU HOTO 3aCTOCYBaHHS MpHU
pO3B’s3aHH] pI3HOMAHITHUX 3a7a4. [I0CIOHUK CKIIAAEThCS 3 YOTHPHOX PO3ALTIB. Y
MIepIIIOMY PO3/1Ji BUCBITJICHO OCHOBHI IMOHSTTS ONEPAIlIfHOTO YHUCIICHHS, 30KpeMa,
neperBopeHHs Jlammaca Ta HOro BJIACTUBOCTI, IO JO3BOJIAIOTH MEPEXOIUTH BiJ
OpUTIHATIB 0 300pakeHb. Jlpyruil po3aia MICTHTh CTUCIWN BUKIJIAJ OCHOBHHX
METO/IIB 3HAXOJ/P)KCHHSI OPUTIHAJIB 3a BIJOMUM 300pa)K€HHSIM. Y TPEeTbOMY PO3AiNi
PO3IIIIHYTO OCOOJIMBOCTI 3aCTOCYBaHHS OMNEPAIifHOrO METOy [0 PO3B’SI3aHHS
PI3HOMAaHITHMX THITIB PIBHSIHb, Y TOMY YMCJI1 3BUYalHUX TU(EpEeHIIaTbHUX PIBHSHbD,
IHTErpajJbHUX PpIBHSHb, PIBHAHb Y YaCTMHHUX TMOXIAHUX, AudepeHIiaabHO-
PI3HMIIEBUX PIBHSIHb, 1HTErpo-Iu(depeHiaTbHuX PIBHAHb, 3ajad I1JCyMOBYBaHHS
psaaiB. JluckpetHe meperBopeHHs Jlamiaca Ta HWOTO 3acTOCYBaHHSI PO3TISHYTI Y
4eTBEPTOMY pO3AuLT. Y TOCIOHMKY HaBEACHO TAaKOXK BapiaHTH 3aBIaHb IS
IHUBITyaIbHOI POOOTH CTYJIEHTIB, IO OXOIUTIOIOTH BCli OCHOBHI TEMH KypCy
OTepaliiiHoro 4nciaeHHs. ABTOPH CIOMIBAIOThCS, 110 MOCIOHUK CTaHe CTYIACHTaM Y
HaroJll He JIMIIE TPH BUBYCHHI OMNEPAIIHHOTO YHUCJICHHS, ajieé W MpU BUKOHAHHI
KYPCOBHUX Ta JUIUIOMHHUX POOIT, a TAKOX MPH 311MCHEHH1 HAYKOBUX JOCIIIKECHb.
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3MICTOBHUI MOJYJIb 1. IEPETBOPEHHS JIATIJIACA
TA MOI'O BJACTUBOCTI

1. O3BHAYEHHS TA OCHOBHI BJIACTUBOCTI HEPETBOPEHHS
JAIIVTACA

1.1 IonsaTTs nepersopenns Jlanaca. OpurinaJ ta 300paxeHHs

Hexait dynkIio f(t) JMIACHOI 3MIHHOI t 3aJaHO Ha CKIHYEHHOMY abo
HecKiHdeHHOMY iHTepBaii (a;b).

O3unavenns 1.1. /umeepanohum nepemeopennsim GyHKuii AiiicHOT 3MIHHOT f (t)

HA3UBAIOTh (PYHKIIIIO
b
F(p)=[K(tp)f(t)dt,

ne K (t, p) — (pikcoBaHa ISl JAHOTO MEPETBOPEHHS (PYHKIIIS, SIKY Ha3UBAIOTh SJIPOM
MEPETBOPEHHS, P — JIMCHUI a00 KOMIUIEKCHHUI MapaMeTp NepEeTBOPEHHS.

VY 3a5eKHOCTI BiJl BUTIIALY S7pa PO3PI3HSAIOTh PI3HOMAHITHI TUIIH THTETPATbHUX
neperBopeHb. EQexkTuBHUM 3aco00M, II0 BHUKOPUCTOBYETHCS MPU PO3B’SA3aHHI
PI3HOMAaHITHHX 3aJ[a4 MaTEMaTUYHOTO aHATI3y Ta Y MPAKTUYHUX HAYKOBO-TEXHIYHHUX
JOCIIIKEHHSX, € IHTerpajibHe nepeTBopeHHs Jlamnaca.

Osnavennsi 1.2. Ilepemsopenusm Jlanraca QyHKIi f(t), t € R, Ha3uBaoTH

byHKII1I0 F( p) KOMILJIEKCHOI 3MIHHOI ], 1110 BUBHAYAETHCS PIBHICTIO:
+00
F(p):j f(t)e "dt. (1.1)
0

DyHKIIIIO F(p) HA3UBAIOTh 300padicentsam QyHKIIT f(t) MIpU TIEPETBOPEHHI
Jlarmaca, a iHTerpan y mpaBiii yactuni piBHOCTI (1.1) Ha3zuBaroTh inmezpaiom
Jlannaca.

Po3nin maremarnku, 1o BHBYaE ImepeTBopeHHs Jlammaca, HOro BIAaCTUBOCTI Ta
3aCTOCYBaHHS, HA3UBAIOTh ONEPayitiHUM YUCIEeHHAM, 3 METOJl PO3B’sI3aHHS PIBHSHD
PI3HOMAaHITHHX THITIB 3a JONOMOror0 mneperBopeHHs Jlammaca — omepayitinum
MemoOOM.

3’sCcyeMo, SIKMM BHUMOTaM IIOBUHHA 3aJ0BOJIBHATH (PYHKIIIS f(t), 100

HeBnacHui iHTerpai (1.1) OyB 301KHUM Ta BU3HAYAB 300paKEHHS F( p).

Osnauenns 1.3. Opueinanom ipu iepeTBopeHH1 Jlamnaca Ha3uBaOTh JOBUTHHY
dyukiio f (t) , IO 33JJ0BOJIbHSIE HACTYITHUM YMOBAM:

1) f(t)=0 npu t<O;

2) Ha JOBUTBHOMY OOMexeHOMY iHTepBani f (t) MO’K€ MaTd JIMIIe CKIHYCHHE

YHCJIO TOYOK PO3PHUBY MEPLIOTO POY;



3) ‘f(t)‘ 3pOoCTae HE IIBUJIIIE MOKA3HUKOBOI (YHKIII, TOOTO ICHYIOTH TakKi

gucia >0 ta M >0, mpo |f(t)|< M -e”. TIpu 1bOMy TOYHY HIDKHIO I'DaHb
3HaYCHb «, /Ui SKUX BUKOHAHO OCTaHHIO YMOBY, HA3HMBAIOTh HNOKA3HUKOM
spocmanns pyukmii f (t)

Haitnpocrtimmm npukiaagomM opuriHana € ¢yHkiisgs Xesicaiga abo oauHUYHA

byHKITIS:
1 t=0;
106, V=5

Mo>xHa mepeBIpUTH, 1110 BOHA 3aJ0BOJIbHSE BCIM yMOBaM (yHKIlli-opurinaia. [i
IIOKa3HUKOM 3POCTaHHSA € 4nucio o, =0.

Teopema 1.1. (Teopema mpo icnyBauust 300paxents). Slkio ¢pynxuis f(t) e
OpUIIHAJIOM 3  IIOKa3HUKOM  3pOCTaHHA  «,, To 1HTerpan Jlammaca

F(p)= I f (t)e ™dt e abcomorno 36ikHMM y miBrUOMWMHI Re P> ¢, KOMILIEKCHOT
0

IUIOIIMHU [ 1 BU3Hauae 300paxkeHHs F ( p), AK€ € (PYHKII€I0, aHANITHYHOIO Yy I
M1BIUJIONINHI.
JloBegeHHs1. OCKUIbKU f(t) € OPUTIHAJIOM 3 NOKa3HUKOM 3POCTAHHA ¢, TO

BUKOHYETbCS yMOBa |f(t)|<M .e™ . Hexaii p=o+is. Toxui ‘e_pt‘:e_01 1

‘ f (t)e_pt‘ <Me'® ™" 3gincu 3HAXO0IUMO:

+00 +00 (ap—o)t e
[l (e bt<m e dt=m" - M (1.2)
0 0 @ —0|, O0~&

(aO—O')t

OckisIbKH 32 YMOBOIO TeopeMu o, —o <0, To € — 0 npu t — +o0.

Otxe, 3 HepiBHOCTI (1.2) BummBae, mo iHterpan Jlammaca € abconrOTHO
301kHMM nIpu Re p > «,.

JloBegemo aHamTU4HICTE F ( p). Jlis 1oBUIBHOI TOUKM miBILUIOMHA Re p > ¢,

Ma€EMO:
AF F(p-i-Ap J'eptf (_Apt—l)dt—
Ap -
:je‘p‘f(t)i —Ap-t+(AIO ) —(Ap J) +.. dtz—je“"tf (t)dt+e,
d Ap 2! 3! )
Aol mz[ 1 Ap-t (Ap-t)
ne g—Ap_([ f(t)e ™t {E_ TR TR L8

3HaleMO OIIHKY ISl BEJIMYMHH & '



o 1 Ap-t (Ap-t)
€] <|Ap]- Ue IOtHf(t)‘t2 {5— g! +( 7 ) —...jdt<
oo 2
<\Ap” Me“taot2 1 Ap-t N (Ap -t) ~ At
. 21 3 41 )

~+00
—(o—ay—|Ap| )t e
abo ‘g‘<‘Ap‘M Je (oo P2y [HTETpYIOUM dYacTHHAMH TIpaBy YAaCTHHY III€]
0
HEPIBHOCTI, OTPUMAEMO:

<
(o - —[ap|)
Tomy npu Ap — 0 maemo |e| — 0. Bupas qus F'(p) nabysae Buriminy:

F(p)=—[e ™t f (1.

tf (t)‘ <Me“ e .t ne § — mocuth Maie

51Ap).

Lle#t iaTerpan € 301xHUM. [lilicHO,
guciao. OyHKIis Mte ™
s sxoro Mte™ <M, . Toni ‘tf (t)‘ <Mge

F( p) € (PyHKIII€10, aHAIITUYHOO y obsacTi Re p > ¢,. Teopemy noseneHo.

npu t>0 Mae mMakcuMyM, TOMy icHye Take uucio M, >0,

() Omxe, noxinxa F'(p) icuye i Tomy

3ayBaxxuMo, 1110, Xo4ya TeopemMa 1.1 cTBepaye 301KHICTh 1HTErpasia JIMIe Ipu
Re p > ¢,, Halfuacrime (QyHKIIsA F(p) € BU3HAUCHOIO Ta aHANITUYHOIO Ha BCIU
ILTOIIMHI, 32 BUHATKOM 130JIbOBAaHUX OCOOJIMBUX TOYOK.

Teopema 1.2. (HeoGxinna ymoBa 300paxenns). Slkmo ¢ynkuis F(p) e

s06paxennsm Qynkuii f (t) 3 moxasHukom spocranus ., To limF(p)=0.
p

—>0

Hosenennst. Ockinbkn F(p) e 3o0paxenssm dynkuii f(t) 3 moxasHukom
M

oO—a

+00

[ f(t)e™dt

0

3

3pOCTaHHI @, TO MpU P=0 +IS ‘F(p)‘: < J' Mel@ Xt —
0

uiei HepiBHoCTi BurumBae, wo lim F(p)=0. Ockinbku F(p) € ananitnunoro npu
Re p—o

Rep>a, 10 F ( p) — 0 npu p — o0 1O TOBITLHOMY HANpPsIMKY. TeopeMy JOBEICHO.
3 wmi€i TeopeMM BHIUIMBAE, IO Taki GyHKuii, sk, Hampukiax, F(p)=1,
F ( p) = P He MOXYTb OyTH 300pakeHHSIMU TIpHU TiepeTBopeHH1 Jlamaca.

3a ¢opmyinoro (1.1) KOXXKHOMY OpUTiHANTY CTaBUTHCSA Y BIAMOBIAHICTH (PYHKIIIS
F(p). Llro Bixnosinuicte Mix opurinanmom f(t) Ta iforo 3o00pakeHHsIM F(p)

Hazgai OymeMo 3anucyBaty y Burismi: f (t) + F( p).



Ockinpku opuriHan JopiBHIOE Hymo npu (<0, To y nomanpmiomy s
CIIPOIICHHS 3amuCiB OyAb-sAKy (PYHKIIIO — OpPUTIHAN, Ky MOXKHA MPEICTaBUTUH Yy
surisigi f(t)-7(t) (17(t) — dpyrkuis Xesicaiina), Gynemo koporko mosnadaru f (t).

PosrnssHemMo mpuKiIamu  3HAXO/UKCHHs 300paxkenHs F ( p) 3a  3aJ[aHUM
opurinanom f (t) npu neperBopenni Jamaca.

Mpuxaan 1.1. 3xaiitu 300paxeHHs QyHkiii Xesicaiiaa.

b—+00 5 b—+o0

+00 b —pt
Po3p’s3anmsi.  Maemo  F(p)= I e Pdt = lim [e "dt = lim (—E—J
0

1
TakuM yrHOM, oTpuMany, wo 1=7(t)+=.

P
Mpuxaanx 1.2. 3Haiity 300pakeHHs GyHkii f (t) —e" aeC.

Po3p’si3annmsi. 3a popmymnoro (1.1) s Re(p—a)>0 suaxomumo:
b

+00 b
F ( p) = J’eat 'e_ptdt = lim e_(p_a)tdt :L lim e—(p—a)t _
0

b—>+ooo a— pb—>+oo 0
lim (e_(p_a)b —1):i.
a— pb—>+oo p_a

t
Orxe, e° +

. I[Ipu a =0 maemo pe3ynbrar, oTpuManuil y npukiami 1.1.
p—a

Mpukaan 1.3. 3Haiitu 300pakeHHs GyHkii f (t) =t.

Po3B’si3anus. Cxopucraemocs popmyroro (1.1), 3TiIHO 3 KOO OTPUMYEMO:

s b u=t;dv=e"dt; P e\
— [te Pdt — 1i Pyt -t _ im| —
F(p)= _([te dt—bILrEOOte dt = du=dtv—_2 —bILrEOL J

p

2

P P

0

Takum ynHOM, oTpHMaH, 110 t +—-.

3HaXOKEeHHS 300pakeHHs 3a onomororo ¢opmynu (1.1) He 3aBXKAM € JIETKUM
Ta 3pydyHuM. EQEeKTHBHO BHPIIIMTH 110 3a7ady JOMOMAara€ BUKOPUCTAHHS
BJIACTUBOCTEN TiepeTBopeHHs Jlarmaca, ki MU pO3TIISTHEMO J1aji.

1.2 BaacruBocti nepersopenns Jlaniaca

Teopema 1.3. (Teopema ainiiinocti). Sxmo f(t)+F(p), g(t)+G(p), to
A-f(t)+B-g(t)+A-F(p)+B-G(p), ne A ra B — xiiichi a6o KoMILIeKCHi cTali.
JloBeneHHs 11i€1 TeOpEeMU BUIUIMBAE 3 BIACTUBOCTI JIHIMHOCTI JJISl 1HTErpaIiB.
BukopucToByI0UM BIACTHBICTh JIIHIMHOCTI Ta 3HaleHEe 300paXKeHHS MOKa3HUKOBOI

see t ) (X3
Gynkuii €, 3HaiigeMo 306paKeHHs TPUTOHOMETPHYHHUX Ta IOKA3HUKOBUX (DYHKIIIM.
8



: et —e™ 1( 1 1 w
sinot=——+— — — — | =— =
21 2l p—iow p+iw) p +ow
e +e™ 1 1 1 p
cosot =——+— — + — |T 2
2 2\ p-lw p+iw pP°+w
ot —ot
2 2\ p-lovo p+iw P°—w
ot —ot
chot=4*¢" .1 1 1 ) P
2 2\ p-lo p+iw p°—w

Teopema 1.4. (Teopema moaiénocri). Skmo f(t)+F(p), To mwist noBinbHOI

miticHoi ctanoi o >0 f (at) = 1 F (Bj .
a \a

JloBeaenns. f(at)+j f (at)e "dt. Bukonaemo y wpoMy iHTerpaii 3amiHy
0

. . dt
sminnOi at =t,. Toni dt =—L. Maewmo:
a

T —pt 17 _p?tl 1 P
fat)+ [ f(at)e ™dt=— f(t)e “d, ==F| = |.

: oy a \«a
Teopemy noBeAEHO.
Teopema 1.5. (Teopema 3mimenns). Sxkmo f(t)+F(p), to

e f(t)+F(p—a), ne a — nosinbHa crana.

JloBeaenHs. 3HaiinemMo 306paxenns pyukiii € f (t):
e f(t)+ [ef(t)e ™dt=[ f(t)e""dt=F(p-a).
0 0
TeopeMmy n10BEAECHO.
BukopucroByroun TeopeMy 3MIlIEHHS, 3HAWIeMO 300pakeHHs (PYHKIIIHI

e*sinbt, e* cosbt, e*sh bt, e*ch bt. Orpumyemo:

e” sinbt + bz e cosht+— P&

(p-a) +b* (p-a) +b°

e®sh bt + b2 ; e"ch bt + p-—;a .

(p-a) +b* (p-a) +b*

Mpukaan 1.4. 3uaiitn opurinan f(t) 3a iioro 3o6paxennsm F(p), skmo
3p-5

F(p)= .
(p) p? —4p+13

Po3p’si3annst. 3anumemo Bupas aist F ( p) y BUTJISAL:



3p-5 :3(p—2)+1:3- p-2 1 3
p’-4p+13 (p-2)°+9  (p-2)'+3 3 (p-2)°+3

F(p)=

Otpumyemo: F(p)+3e” cos3t + %e” sin3t = f (t).

Teopema 1.6. (Teopema 3amismenns). Slkmo f(t)+F(p), To
f(t—-7)+e ™ -F(p), ze >0 — noBinbHa crana.

Josenennsi. Ockinbku f (t — z') € opuriHaiom, To f (t — r) =0 npu t <7z, Tomy
OTPUMYEMO:

+00 +00

f(t—7)= [ f(t—r)e™dt=[ f(t—r)e ™dt.
0 T
Bukonaemo 3aminy t — 7 =t,. Toal 3Hax01UMO, 1110

+00 ~+00 ~+00

[ f(t—z)e™dt=[ f(t)-e™dt,=e™ [ f(t)e ™dt,.

T 0 0
3Bincu Bummsae, wo f (t—7)+e™™ - F(p). Teopemy nosexneHo.

[la TeopeMa nae MOKIMBICTh 3HAXOAMTH 300paKEHHSI KYCKOBO-HETIEPEPBHUX
(GyHKL1H, 30KpeMa, (PyHKIIIH, 110 ONUCYIOTh IMITYJICHI ITPOLIECH.

0,t<0;
Mpuxaan 1.5. 3HaiiTi 300paykKeHHS OJUHUIHOTO iMITyIbCy f (t) = {1, 0<t<r;
0,t>r.
Po3p’si3anmsi. 3ammuremo ¢ynkuito f(t) 3a gomomororo ¢ynkuii Xesicaiina:
1 e™
f(t)=n(t)—-n(t—7). Tomi f(t )_E_ =

BukopucroBytoun TeopeMy 3ami3HEHHS, 3HaAWAEeMO 300pakKeHHS NEepioJuYHOL
dynkuii — opwurinama, to6ro ¢ymkumii f(t)-7(t), me f(t) € mnepiommuHor

dyHKLI€TO.
Hexait ¢ynkiis f(t) Mae mepiog T . Po3risHeMo JOMOMIKHY (YHKIIIO

f(t).te[0;T],
(1) :{o, te[0T]

3aMycaTv y BUTIISIL

3 ponomorowo wiei dyskuii opurinan f(t)-77(t) moxua

iflt nT)-n(t—nT).
n=0

3HaiineMo 300pa’KeHHS f(t) n(t) JIng 1pOro BUKOPUCTAEMO TEOPEMY

saristenss. ko f,(t)+F(p), To orpumyemo:

00+ F(p)=F(p) e =148

=
n=0 1-e™®
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%
OcraHHs PiBHICTh BUKOHYeEThCS mipu Re p >0, komiu Ze_”pT € CyMOI YJICHIB
n=0
HECKIHYEHHO CIIaJHO1 r€OMETPUYHOL nporpecii. BpaxoByroun, 10
T
F(p) =J. f(t)e "dt, orpumyemo Qopmymy aus 300paKeHHS MEPIOAMIHOrO
0
OpUTIHAITY 3 TIepioIoM | 'y BUTJISIL:
.

F(1)-7(t) = F(P) = e | £ (1) ek,

0
Mpukaan 1.6. 3xaiitu 300paxkenss GyHkii f (t) = |COSt|.

Po3B’si3anusi. J[ns 3HaXOKEHHS TOTPIOHOTO 300pa)XE€HHS BUKOPUCTAEMO

oTpuMaHy (GOpMyIy ISl 300paKEeHHS MEePIOJUYHOr0 OPUTIHAY, e | =7 — Mepiof
T

byHKIil \cost\. CnoyaTky 3HaiiieMo iHTerpanl j f (t)e_ptdt = jcost e P'dt. JBiui
0 0
IHTErpyIOYu YaCTUHAMH, OTPUMYEMO:

p(e*”IO +1)
1+ p®>

[limcTaBUBIIM 3HA4Y€HHS LBOTO 1HTErpaga y Gopmyay sl 300pakeHHS
MEpI0IMYHOT0 OPUTIHATY, OCTATOYHO 3HAXOUMO:

p(e ™ +1)
(1-e7")(1+p?)
Teopema 1.7. (Teopema Bunepemkenns). Sxuo f(t)+F(p), To s

Icost e Pdt =
0

|cost|+

JOBUIBHOI cTasol Beauduau 7 > 0

£t +T)+epT[F(p)—.E f (t)eptdtj.

Josenennst. Maemo: f(t+7)+ J. f (t + r)e_ptdt. BuKOHABIIM 3aMiHy 3MiHHOI
0
t+7=t, orpumyemo:

f(t+z)+e™ | f(t)e ™dt, =e"’(j f(t)e ™dt— | f (tl)eptldtljz
0 0
0

f = ep’(F( p)—| f (tl)eptldtll.

Teopemy noBeAEHO.
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1.3 Teopemu npo audepeHnilOBAHHS TA iHTErPYBaHHA OPUTiHAJIIB
i 300paxeHn

Teopema 1.8. (Teopema audepenuiroBanHss 10 mnapaMerpy). ko
f(t,x)+F(p,x) i dyskuis f(t,x) mpu koxmOMy dikcoBaHOMy 3HAdYeHHI X €

OpUTIHAJIOM, a (YHKIISA F(p,x) Ma€ 4YacTUHHY TMOXITHY TI0 X, TO
of (t,x) oF(p.x)
x  x

Mpukaan 1.7. 3uaiitu 300paxenns pyHkiii f (t) =te™, e a — JIoBiNbHA cTaNA.

Po3p’si3aHns. € —L JudepenniroeMo mo napaMeTpy a oOuaBI YaCTHHU
. at 1
IbOTO CHIBBIAHOIICHHS: {8~ + >
(p-a)
Teopema 1.9. (Teopema mpo nn(])epenuimBaHHﬂ opurinama). Skuro
f(t)+ F( p) 1 QyHKIIT f’( ) '( ) ( ) € OpHUTiHATIAMH, TO
F(t ) pF(p)— £(0),

£'(t)+ p°F(p) - pf (0)— £'(0),

£ (t)+ p"F(p)-p"*f(0)-p"2f'(0)-...— £"7(0).
Hosenenns. [is nepuroi moxiguoi f '(t) Ma€EMO:

' ;+°° ’ —pt . u:e_pt,dV: f'(t)dt, .
f'(t)- !f (t)e ™dt= du=—pePdt,v= f (1)~

+p ] f(t)e"dt=—t(0)+ pF(p).

Orxe, f'(t)+pF(p)— f(0). Kopucryrouncs uiero opmyior, 3HaizeMO

306pakeHHs Apyroi noxigsoi f”(t)= ( f '(t))’ ;

£'(t)+ p(pF(p)- 7(0))- £'(0)=pF(p)- pf (0)- f'(0).
AHasoriuno 3HaxoauMmo 306paxenns f”(t). 3acrocoByroun ¢opmymy s

300pakeHHSI EePIIOi MOX1THOT (n —l) pa3iB, OTPUMYEMO:

£ (t)= p"F(p)—p"*f(0)— p"2f'(0)—...— "V (0).
TeopeMmy n0BEAEHO.
Skmo mns Gyl f (t) f(O): f’(O):...: f(”‘”(o)zo, TO OTPUMYEMO:

£ (t)+ p"F(p).

12



Mpuxnan 1.8. 3HaliTH 300pa)XeHHS BHUPA3y X”(t) +3X'(t)+ 2X(t) +5, sKIo
x(0)=1, x'(0)=2.
Po3p’sizanns. Hexaii X(t) + X ( p). Toni 3a Teopemoro mpo TUQEPEHITIFOBAHHS
OpHriHaIa OTPUMYEMO:
X'(t)+ pX(p)—x(0)=pX(p)-1,
X"(t)+ p*X(p)- px(0)-x'(0)=p*X (p)- p-2.

[TincraBuBmM 111 300paskeHHsT QYHKIIIT X(t) Ta 11 MOXIJHUX Y 3aJlaHUi BUpa3 Ta

BPaxOBYIOUH, 1110 5 + — , OTPUMYEMO:
X"(t)+3x'(t)+2x(t) +5+ p°X (p) - p—2+3(pX(p)—1)+2x(p)+%:

_(p? o542
_(p +3p+2)X(p) p-5+ >

3 Teopemu npo AUEpPEeHIIIOBaHHS OpUTiHATIa BUILIUBAIOTh HACTYIHI HACIIIKH.
Hacaigok 1. Sxmio f'(t) € opuriHajgoMm, a QyHKIIS F(p) aHATITUYHA TIPU
p—o0, 1o limpF(p)=f(0).
p—0
Hacainok 2. fkmo f'(t) € OpWTIHAJIOM 1 iCHye TpaHUIll (QYHKIIT f(t) npu
t — o0, TO Iplgg pF(p):!Ler(t).

Teopema 1.10. (Teopema mnpo audepeHuiroBaHHS 300paxkeHHs). K0
f(t)=F(p), 1o F'(p)+~tf(t), F"(p)=tf(t), ..., F”(p)+(-1)"t"f (t).
JoBenennsi. OCKITbKH  (QYHKITISA F(p) € AaHAITUYHOIO Yy MIBIUIOMIMHI

Rep>¢q,, To BoHa Mae MOXIJHI IOBUIBHUX HOpsAKiB. ToMy, AuQepeHLirondu
~+00
300paxenns F(p)= I f (t)e ™dt mo p, orpumaemo:

0

+00 ' +00

F'(p)=[(f(t)e™) dt= [ f(t)(~t)e ™dt+—tf (t).

0 0
Tomi F"(p)+(-t)(-t)f(t)=t*f(t). Orxe, xoxue nudepenuirosanns F(p)
Mo P BIJANOBiJIa€ MHOXKEHHIO OpWTiHAja TOMEpPEaHhOI IMOXITHOI Ha (—t) , TOMY
orpumyemo: F" (p)+(-1)"t"f (t). Teopemy noBencHo.
Mpuxaan 1.9. 3Haiitu 300pakerns GyHkii f (t) =t", neN.

!
. 1 . 1 2
Po3p’si3anHsi. PaHime My oTpuMad, IO t+—. Tom —t? —(—Zj =——,
P P
2 2 ) n Nl
Tomy t° +— . [IponoBxyroun qudepeniiroBaH s, 3HaX0IUMO, 1o T + pn+l :

13



Teopema 1.11. (Teopema mnpo iHTerpyBaHHsi opurinama). Sk

F(p)

p),To 't([f(r)dz'+—.

Josenennst. Hexait ot f(z)dz i ¢(t)+®(p). 3a Teopemoo mpo

po (p) (D(O) pdD(p) OCKIJIbKH (p(O):O,B
p) BUIUJIMBAE, 1110 (p)_ pcD(p), 3BinKH

nubepeHuioBanns opurinany ¢'(t

-]
)+
CHlBBlIIHOHIeHB ’ ( ) ( ) (

F(p)

p

t
D(p)= , TOOTO J f(r)dr =+ F (pp) Teopemy moBeneHO.
0

t
Mpukaan 1.10. 3naitTu 300paxenHs GyHKIIil (p(t) = I 7-cos2zrdr.
0
Po3B’si3anns. 3HaiiiemMo 300pakeHHs miaiHTerpaibHoi PyHKIi tCos2t. Maemo

P

COS2t + —;
p°-+4

. 3a Teopemoro mpo audepeHIliFoBaHHS 300paKEHHS 3HAX0IUMO

' 2 2
tcosZt+—( P j __4-p =P _42 .
p+4 (p2+4) (p2+4)
Toxi 3a TeOpeEMOIO IIPO IHTErPYBaHHS OPUTiHAILY OTPUMYEMO:
t 2
J.Z'-COSZTdT+p—42.
2
0 p( p°+ 4)

Teopema 1.12. (Teopema mnpo iHTerpyBaHHsi 300paxkeHHs1). Sk

f(t)+F(p) i inrerpan [F(q)dq sGixmnit, To jF(q)dq+@.
p

p

JoBenennsi. Bpaxoyroun criBBinHomenns F(p)= I f(t)e ™dt i sminroroun
0

MOPSIIOK IHTETPYBaHHS 10 t Ta (, OTPUMYEMO:

[F(a)e T(T qtdt]dq memqu ()dzf[_et_‘ﬁj (=
IOTe“’tdu@.

Teopemy noBeAEHO.
t

Hpukaan 1.11. 3naiitu 300paxenHs GyHKII1

: t 1 1
Po3B’si3anHst. Ockinbku € —1+————, 10 3a Teopemoro 1.12 oTpumyemo:

p-1
14



:—In IC)_1:In P_
p p  p-1

e
t qlq q

sin T
Hpuxaan 1.12. 3naiit 300paxxeHHs] IHTETPaILHOTO CUHYCA SI I

Po3B’si3anHsl. 3HaiineMo 300paKeHHS MiMIHTETpabHOI (DYHKIIT y BHpasi ais
iHTerpanpHoro cunyca. Ockinbku Sint +

>——, TO, 33 TEOPEMOIO IIPO IHTEIPYBAHHS
p°+1
300pa’keHHs] MAEMO:

sint;T dz =arctgz|, =2 _arctg p=arcctg p.
t 7%+l 2

. tsinz arcctg p
3a TeopeMOI0 PO IHTETPYBAHHS 300paXKCHHS MAEMO: I dr =+ :

o 7 P
TeopeMy mpo IHTErpyBaHHS 300paXeHHS Yy [JEIKUX BHIIAJKaX MOKHA
BUKOPUCTATH ISl OOUHMCIIEHHS HEBIIACHUX THTErPaIiB.

Hexait ¢(t)= @ 3ajoBoNbHsAE€ ymoBaM opurinama i f(t)+=F(p),

p(t)+D(p ) 3acTOCYBaBIIM TEOPEMY IPO IHTErPYBaHHS 300pPaKEHHS, OTPUMYEMO:
MO fr@ae. ton [ Wat-o
g t

o0
J F(z)dz. Takum d9MHOM, OTpHMAIIH
0 0

(bopMyJIy.

o'—.'é'

@dt:IF(z)dz,
ne f(t)+F(p).

Hpuxnanx 1.13. O6uucnutu j ﬂdt

Po3B’s13anHs. Sint +

p21+1 =F(p). Tomy maemo:

+o0 s

J'Slt—ntdtziF(z)dz=T dz _Z

~ =
0 5 0l+z 2

1.4 300pa:kenns 3roprku pynkuin. @opmyaa droamesns

Osnavennss 1.4. 3zopmroro HenepepBHUX (PYHKITIH f(t) Ta g(t), t>0,
t

HA3MBAIOThH iHTErpan f * ¢ =j f(r)g(t—7)dr.

0
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3ayBakuMo, IO omeparlis 3ropTku € komyratuBHow: f *g=g* f . Kpim Toro,
3ropTKa HEMepepBHUX (PYHKIIIH TaKOXK € HETIEPEPBHOIO.

Teopema 1.13. fxmo dyHKIii f(t) Ta g(t) € OpWTiHaJaMH, TO iX 3rOpTKa
TaKOX € OPUTIHAIIOM.

Josenenns. [Tokaxemo, mo ¢yHkiis f * ¢ 3a70BOJIbHSAE BCIM TPHOM yMOBaM
opurinana. 3 memepepsHocti f(t) Ta g(t) BuILIMBac HemepepBHICTH 3rOPTKH WX
(GyHKITIH.

Ockinbku f(t) Ta g(t) e opurinamamu, TO BOHH TOTOXKHO JOPIBHIOIOTH HYIIO

t

npu t<0 i migiaTerpanbHuii Bupas y dopmydi sroptku f * g = I f(r)g(t—7)dr
0

TOTOXXHO JopiBHIOE Hyto Tipu t <0, Ttomy f *g =0 mpu t <O0.

Josenemo, mo dyukiis ¢(t)=f *g 3ag0BonbHsE TpeTili yMOBI opHriHaa,
TOOTO |go(t)|£ K -e”. Ockinbkn f(t) Ta g(t) € OpHUTiHaJlaM{, TO ICHYIOTh AIMCHI
KOHCTaHTH ¢ Ta «,, TaKi, IO |f (t) |£ M, e, |g(t)|£ M.,e”. Hexaii

a=max(a,,a,). Tomi |f(7)- <MMe“T“(”) M, M. e” =Ke™, ne
(o, @) |f(z)-9(t- )\

K =M,M,. 3Biacu BUIUTHBAE, 110 ‘(o H f(r)-g(t- ‘dz' < _[ Ke”dr = Kte™.

(a+1)

Ockinbku VE>0 t<e', To ‘gp(t ‘S Ke =Ke”', ne f=a+1. Takum 4rHOM,

sroptka ¢(t)=f * g € opurinanom. Teopemy foBeaCHO.

Teopema 1.14. (Teopema npo Muo:keHHst 300pazkens). Skuo f(t)+F(p),a
t

9(t)+=G(p), o F(p)-G(p)+ f(t)*g(t), ne f(t)*g(t)z_[f(r)-g(t—r)dr —

0
sroprka (ynkuiii f(t) i g(t).
Josenenns. Oynkuis f *g e opuriHamom. 3a O3HAYEHHSIM TEPETBOPEHHS
Jlanmaca Maemo:

.t[ f(r)g(t-7)dr —TU f(z)g(t —T)dr]eptdt =+_fe_ptdtj; f(r)g(t-r7)dz.

0 0 \0
3MIHUMO TOPSAOK IHTErpyBaHHS y OTPUMAaHOMY IOBTOPHOMY IHTErpail i
BUKOHAEMO MIJCTAHOBKY {, =t — 7

—+00

] f(e "oe ] o(t)e o =F (p)-6(p)

TeopeMmy n0BEAEHO.
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Hpuxnag 1.14. 3naiitTu  opuriHan, 300pakeHHSIM SKOro €  (YyHKIIS

3p°

F ( p) - 2
(p*+1)

Po3p’si3aHHs. 3anuiieMo 3a1aHe 300pakeHHs F( p) y BUTJISAIL

3p P
F = : :
(p) p’+1 p*+1

3acTocyeMO TeopeMy MpPO MHOMXKEHHS 300pa’KeHHS, 3T1JHO 3 KO BUKOHYETHCS

CHIBBIIHOIIECHHS:

P _P +3jc08r-cos(t—r)dr:Ej(COS(Zr—t)+COSt)dr=
p+1 p°+1 _ 2
:§(%+%+tcost):§(sint+tcost).
2\ 2 2 2

3 teopemn 1.14 Bummsae, mo, xomu f*g=F(p)-G(p) i f'(t) e
OpUTIHAJIOM, TO BUKOHYEThCSI hopmyna /Jroamens.

pF(p)G(p)+jf’(r)g(t—r)dr+ f(0)g(t). (1.3)

HivicHo, Bupa3 pF ( p)G( p) MO>KHA 3aMMUCaTy y BUTIISIL

PF(p)G(p)=(PF(p)~f(0))G(p)+ f(0)G(p)=f'(t)*g(t)+ f(0)g(t).

3ayBaxxumo, 1o dhopmyny droamens (12.3) MokHa 3amucaT TAKOXK y BUTIISIL:

pF(p)G(p)+j;g’(r) f(t—7)dz+g(0)f(t).

®opmyny [roamens 3acTOCOBYIOTh MPHU PO3B’S3aHHI JIHIWHUX HEOAHOPITHUX
nudepeHIliaTbHUX PIBHSIHb.

1.5 300pa:kenHs1 creneHeBol PyHKIIL 3 TOBIJIbHUM MOKA3HUKOM CTEIEeHS

Panime (mpukian 1.9) Oyno 3HaiineHO 300pakeHHs CTENeHeBOi (yHKIIII
n!

t" =

— JUIA HaTypalbHMX NMOKa3HUKiB cTenens Nell . Orpumaemo dopmyny ams

300paxkeHHs opurinana t*, me K — moBimbHe momathe wmcmo (mpu K <0 t* mae
HecKiHYeHHHM po3puB mpu t =0). [ 11boT0 CrioyaTKy Mo3HaiOMUMOCH 3 BaXKJIUBOIO
crietiayibHOK (DyHKITIEI0 — raMMa-QyHKiiero Einepa. Bona Bu3HauaeThCsi HEBIACHUM
IHTErpajJoM:

I'(x)= .[tx‘le‘tdt.
0

MoskHa TiepeBipuTH, 10 1Iei HeBJIaCHUH iHTeTpal € 301kHUM Tipu X > 0.
Jlo HalBaXXIMBIIMX BJIACTUBOCTEH ramMma-(QyHKIII BIIHOCATh PEKYPEHTHY
bopmymy F(X) = (X —1)F(X —1), o BHUKOHYeTbcst mpu  X>1.  Ockiibku
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~+00

BHKOHYeThCst piBHicTh I'(1)= Ie_tdtzl, TO 3a PEKYPEHTHOI (OPMYIOI MOXKHA
0

OOYMCIIUTH 3HAYEHHS Tamma-(QyHKIIi IS JOBUIBHOTO HATypaJbHOTO apryMEHTY.
Maemo:

r(n)=(n-1)r(n-1)=(n-1)(n-2)I'(n-2)=
=(n-1)(n-2)..-2:1-T(1)=(n-1)!

OOuncnaMBIIM BIAMOBITHUN HEBIACHHUM 1HTETpal, MOXHA 3HAWTH 3HAYCHHS

1 . .
F(E , OO0 YacTO 3YCTpIYaeThCcs MpPU PO3B’SI3aHHI 3a/]ad, MOB’A3aHUX 3 raMMa-

. 1 :
byHKIII€1O: F(Ej:x/; . 3acrocyeMo ramMMma-(QyHKIIIO JUIsi  3HAXOJ/KECHHS

. v Lk
300pa)KeHHsI CTeNeHeBO1 PyHKIII T :

K .m —pt pt— k ot (k+1)

(k-+1)

Orxe, otpuMaiu popmyny: t* = . Hampukman, npu kK :E OTPUMYEMO:

Jie

k
1
, ipu K =—= maemo: — . Moxna nosectu, mo interpan Jlamnaca
ZpJ_ 2

s dyHkuii t 36iraethes mpu k>—1, Xoua s 3HadeHb —1<k<O0 t“ wmae
HEeCKiHYeHHHI po3puB mpu t =0.

1.6 3o00pa:keHHs AeIKUX creNiaJbHUX (PyHKII

Posrasiuemo neperBopenns Jlamnaca juist 1eIKuX criemiaibHUX (QyHKIIIH.

—_ 2 . -~ . ~
Oynkmito  erft :T'[e “du  HasuBawOTL  immezparom  UMOGIpHOCMEI.

0 2n

e U2 2 u . . . .
amamemo pan s ynkuii e e =D (-1)" +— Bin € piBHOMipHO 30iKHIM Ha
n=0 n!

BCI 4MCIIOBIM TpsiMid. Y pe3yabTaTi MOro 1HTErpyBaHHS Ha MPOMDKKY Big 0 mo t
OTPUMYEMO PIBHOMIPHO 301KHUH PSJT JUISI iHTerpana ﬁMOBipHOCTeP”I:
1:2n+1

2 [
erfft=—=|e " du= B ——
N ! Z (2n+1)
[Tpu BeMKKX 3HAYCHHS apTyYMEHTY 3I[G6IJ'H>IHOFO BUKOPUCTOBYIOThH (DYHKIIIFO

—+00 )
“du.

2k

Erft=1—-erft=
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3HalimeMo 300pajkeHHs IHTerpajga MHMOBIPHOCTEW, Ui YOTO CHOYATKy
_t2 .
BH3HAYMMO 300paxkeHHs dyHkiii f(t)=e" . 3rifHo 3 O3HAYCHHAM HEPETBOPCHHS
Jlanmaca OTpUMYy€EMO:

etze;Teﬁ-emdtzeef.Tb b+pfdt—

0 0

t+—:
dt—dr

p°
:—£e4-Eﬁ(£}
2 2

Toni, 3a TeOpeMOI0 IHTErpyBaHHS OPHUTiHAIY, JJIs iHTerpaia iMoBipHOcTel erf t

3HAXOIUMO:
» »
2 fevays 2L S .Erf(gjzg.e4 .Erf(gj_
Jr o Jr p 2 2
3HaiineMo 300paxkeHHA ¢yukyiu beccenss npu mneperBopeHHi Jlamaca.
Haranaemo, mo ¢ysxuis beccens J, (t) mepmoro poxy mopsiaky v BH3HAYa€ThCs

LOO
4J’ _
P
2

erft=

AK CTENIEHEBUI Psi/l, L0 € PO3B’SI3KOM Oughepenyianbrozo pienuanns beccens:

£ (1) + 0 (1) + (* =v* ) x(t) =0,

. 0 (_1)k (t j2k+v .
CX(t)=J,(t)= - . D J,(t
LICI/I PAad Ma€ BUTIAA X( ) y ( ) ; KL r(k N 1) 5 YHKIOIA J, ( )

€ HemepepBHOI (YHKIIEI, BU3HAYEHOIO HA BCIM YMCIIOBIM mpsaMii, sk veZ.
Sxmo veZ, 10 J, (t) BU3HaU€Ha JOAATHUX 3HaueHb aprymeHty t. [Ilpyu v=neN

- 1 k n+2k
OTPUMYEMO Jn(t):Zﬁ[%j . Jlng minux Big €MHUX 3HA4YCHb V
k=0 - + -

ukonyetbest pisnicts J , (t)=(-1)"J,(t). Hns obumcnenns dymnkuiit Beccens

nepuioro  poxy  J, (t) MOKHa BHUKOPHUCTOBYBATH PEKYPEHTHY (HOPMYIy:

3,4 (t)=3,4(1)=23/(t).
BuxopucroBytoun o3HadeHHS (QYHKITIT Jn(t), MOXHa JOBECTH, III0 BOHA €

opuriHajoM. 3HaiaemMo ii neperBopenHs Jlamnaca. CouaTky 3HaiigeMo 300pakeHHs
GyHkmii J, (t) . s ¢ynkiis 3agoBosbHsie piBHsHHS beccens nmpu v =0:

tdy(t)+ g (t)+13, (t)=0.

Hexait J,(t)+Ly(p). Ockimskn J,(0)=1, J;(0)=0, To, 3a Teopemoro 1po
nubepenuitosanns opurinana, maemo: Jg(t)+ ply(p)-1, J7(t)+ p°Ly(p)—p. 3a
TEOPEMOIO MPO AUPEPEHIIIIOBAHHS 300paXKEHHS MAEMO:

td (t) +-L5 (p), 135 (t) =—(P°Ly (P) — P) =-2pLo(P)— P7Ly(P) +1

3actocyBaBmin meperBopeHHst Jlammaca nmo piBHsHHS beccens mpu v =0
OTPUMYEMO:
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~2ply(p) = Py (P)+1+ ply(p)~1-Lg(p)=0,
Ile piBHSHHS MOXXHA 3amUCATH Yy BHIJISL L, =— edp . IaTerpyroun 1110

p°+1

C

PIBHICTB, OTpHUMY€EMO: L, (P )= :
D

Crany C y ocraHHIi pIBHOCTI 3HaXOAMMO, BUKOPUCTOBYIOUM HACIIIOK 3

Teopemu 1po audepenuitoBants opurinany: lim pF(p)= lim f (t). Maemo:
p—

t—0+0

lim—P2_ —C= lim J, (t)=J, (0)=1.

p— ’p2 +1 t—0+0

TakuM 9HHOM, OTpUMAaTH 300paxenns Jg () + !

JpP+1
Ockinbku Jg(t)=—J,(t), To 306paxenns J, (t) mae Burisi:
2
3 (t) P NP FI7P
Jp°+1 Jpi+l

BuxkopucroBytoun pekypeHTHy Gopmyny mia ¢yHkuiii beccens Jn(t), 3a

JIOTIOMOTO0 METOJTy MaTeMaTUYHOI 1HAYKIIII MOKHA JIOBECTH, 1110

J(t)*(\/m_p)n

Taxkum unHOM, Maemo 300paxkeHHs QyHkUiM beccensa J, (t) MIPYU TIEPETBOPEHHI

Jlamaca.

NoakowdPE

3anuTaHHA Ta 3aBJaHHS JJIS1 CaMOIlepPeBipKH

CdopmyiroiiTe 03HAUEHHS IHTETPAIbHOTO MEPETBOPEHHS.

HageniTe 03HaueHHs nepeTBOopeHHs Jlamnaca.

Sky QpyHKIIIO HA3UBAIOTh OPUTTHATIOM?

Hagenith npukiiagu GyHKUIIH-OpUT1HAIIB.

CdopmyimroiiTe TeopeMy iICHYBaHHS 300paKeHHS.

CdopmyiroiiTe HEOOX1THY YMOBY 300pakeHHS.

Hagenith npuxmany QyHKIIH, SKi 33J0BOJILHIIOTH HEOOX1THIA YMOBI 300pakeHHS
npu nepeTBopenHi Jlamnaca.

Yu moxe dynkuis F ( p) = Cosl OyTH 300paKEHHSIM JIEIKOTO OpuUriHana?
p
Ilepesipre, ski 3 Bkasannx QyHKuiii € opurinanamu: a) t°n(t); 6) b'n(t), b>0,

b=1;8) e*7(t);r) (),II)U?() ) () ; ) ctgtr(t).
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10.BukopucTtoByrour oO3HaueHHs1 mnepeTBopeHHs Jlarmuaca, 3HaWIITh 300paskeHHs
bynxuii f(t)=t", neN.
11.BukopHUCTOBYIOUM O3HaueHHs1 mepeTBopeHHs Jlamaca, 3HaWmITh 300paskeHHs
1-t,te[0:1],
byukmii f(t)=
(1) 0,t£[0;1].
12.CopmynroiiTe OCHOBHI BIaCTUBOCTI nepeTBopeHHs Jlamaca.

13.ChopmymroiiTe Teopemu mpo aud)epeHITiFOBaHHS OPUTIHATIB Ta 300paKEHb.
14.BUKOpPHUCTOBYIOUM BIIACTUBOCTI mepeTBopeHHs Jlamnaca, 3HaiAITh 300paskeHHS

HacTynHuX (yHKuii: 1) sin®aot; 2) %(cost+cht); 3) sinatcospt; 4) cos’wt;
5) e cos® fit; 6) sinat-ch St

15.3HaiiiTh 300pa)KeHHS HACTyNMHUX (YHKIINA: a) et_zn(t —2), 0) et_zn(t);
B) etn(t—Z); r) t277(t—1); 1) (t—l)zn(t—l).

0, t<0,
0, t<0,
16.3uaitzith 306 dymuiit: ) T (1) =4 o 7 6) £(t)=1t, 0<t<1
3HaiiniTh 300paXkeHHs GYHKIIIH; a = =Jt, 0<t<],
P Y 1,1<t<2,
Lt>1.
0t>2.

17.3naiiniTs 306paxenHs GyHkuii: a) f(t)=

(1) 21,
18.3HaiifiTh 300paskeHHs po3s 3Ky 3anaui Komi: X’ +3x =€, X(O) =0, X'(O) =-1.
19.3HaiiiTh 300pakeHHs QyHKIii: a) f (t) =t’cost; 6) f (t)=(t+2)sh4t.

t
20.3naiinite 306paxenns pyskmii f(t)= I % dr.
0

cost —cos 2t gl —et

21.3naiinite 300paxenns GyHkmiii: a) f(t)=

;0) f(t)=

o amat _
22.00uucnith interpaiu (a>0, b>0): a) j " dt ; 0) I cosat " cosbt dt.

23.3HaiiaiTe 300pakeHHs (yHKIIN: a) f( ) t3ft ; 0) f( ) \/_ :

24.3naiinite sroptky dynxuiit f * g, sxwo: a) f(t)=t*, g(t)=t>;6) f(t)=v1+t,
g(t)=1.

25.3HaiaiTh 300paXkeHHs 3rOpTOK (PYHKITIH 13 3aBHaHHs 22.

26.KopucTyrounucr TEOpEeMOI0 MHOKEHHS 300pa)Xe€Hb, 3HAWMITH OPUTIHAIHM IS
2

s _ P . _ P
HACTYINHUX (PyHKIIIH: a) F(p)_(p—l)(p2+4)’ 0) F(p)—(p2+9)( p2+16)'

27.3Hali11Th 300paKEHHS PO3B’SI3KY IHTErPAJILHOIO PIBHIHHSA:
y
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x(t)=sint+ Zicos(t —7)-x(r)dz.

2. 3HAXO/KEHHS OPUT'THAJIA 3A 3AJJAHUM 30BPAKEHHAM

2.1 EnemMeHTapHUii MeTO/1 3HAXO/I’>KEHHSI OPUTiHAJIA 32 3aJaHUM
300paKeHHAM

VY Garatbox BUMaaKax 300pakKeHHS BAAETHCS MEPETBOPUTH JI0 TAKOTO BUTIISAIY,
KOJHM BIJNOBIIHUK OpHTiHAJI JETKO 3HAXOAWUTHCA 3a JOMOMOTOIO BIIACTUBOCTEH
neperBopeHHs Jlammaca 1 Tabnuili 300pakeHb, HaBeAEHOI y H0AaTKy A. 30Kpema,
KO0 300pa’KeHHS F(p) € palioHaJIbHOK (YHKINE, TO JJIs IS 3HAXO/KCHHS

OpHFiHaJ'Ia BHKOPHUCTOBYIOTbH MCTOI PO3KIALY 306pa)KeHH5[ Ha GHGMGHTapHi I[p06I/I.
PozrasaemMo CYTHiCTI; ObOT0 MCTOJY HaA IIPHUKIIAAax.

5(p-9)
p(p—l)(p2 +9)'

Posp’si3anmsi. IlpencraBumo 3amaHe 3o6paxenHs F(p) y Burmigi cymn

Hpuxnan 2.1. 3naiitu opurinan 1 GyHkii F ( p) =

eJIeMEHTapHHUX APOOiB:
5(p-9) A, B Cp+D

=— + :
2 2
p(p-1)(p*+9) P P-1 p°+9
[IpuBoasiun cymy npoOiB y mpaBiid YacTHHI I[I€] PIBHOCTI [0 CHUIBHOIO
3HAMEHHUKAa Ta TMPUPIBHIOIOYM KOE(PIUIEHTH MNpU OJHAKOBUX CTENEHsAX [,

oTpuMy€eMO 3HadeHHs HeBimomux koedinientiB A, B, C ta D i 300paxkenHns F( p)

Y BUTJISAIL:

5(p-9) 5 4 p 4

=—— — + :
p(p-1)(p*+9) P P-1 p'+9 p°+9
BukopucraBmm TeopeMy JIHIMHOCTI Ta TaOJIMII0 300pa)k€Hb, 3HAXOIUMO
OpUTIHAN:

F(p)+ f(t)=5-4¢ —c033t+gsin3t.
1
(p*+2)

Po3B’si3anHsi. CKOpHCTaEMOCS TEOPEMOIO TPO MHOXKEHHS 300pa)KeHb.

IMpukaan 2.2. 3naiitu opurinan nis hyHkii F ( p) =

3anumemMo F( p) y BUTJISAL
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111
(pz+1)2_p2+1 p’+1

F(p)=

3rigHo 3 Teopemoro 1.14 maemo:
1 1 .
(p2+l)2 p’+1 p*+1

t
+sint *sint :jsin(t —7)sinzdr =

L L 1 1.
- E!)‘(cos(t —27)—cost)dr = —Zsm(t —~ 22')‘0 —Etcost = E(smt —tcost).
Otke, OpHUTiHal 331aHOTO 300paXkeHHs Ma€ BUTIAA: f (t) = %(t cost — Sint)

2.2 Teopema Pimana-MeJitina

VY 3aranbHOMY BHUIIAJIKy PO3B’SI3aHHS 3ajJayl 3HAXO/KEHHS OpUTriHAJIA 3a
3aJlaHUM 300paXEHHSM TIPYHTYEThCA Ha TeopeMi oOepHeHHs (Teopemi Pimana-
Memnnina).

Teopema 2.1. (Teopema Pimana-Meanina). Sxkmo ¢ynkuis f(t) e
OpUTIHAJIOM, a F( p) — i 300paxkeHHs, TO y KOXHIM TOYLl HEMEepepBHOCTI (HyHKIIII
f (t) cnpaBesiuBa gopmyna obepuenns Pinana-Mennina:

1 o +ioo

f(t)==—— | F(p)e"dp, (2.1)

27 7.
o—loo

J¢ IHTErpyBaHHS 3MIMCHIOETHCS IO HOBUIBHIA npsmii Rep=y, y>a (a -
MOKa3HUK 3pPOCTaHHS (PYHKIIT f(t)) 1 1HTETrpajd po3MNIANAEThCA y PO3YyMIiHHI

T'OJIOBHOI'O 3HAYCHHHA.
JoBenennsi. Sk Bimomo 3 Teopii iHTerpanie ®dyp’e, mIg aOCOIIOTHO
iHTerpoOBHOI KyCKOBO-InanKkoi GpyHkuil f(t) BUKOHY€ThCS PiBHICTS:

——je'“[fe *f(u du}ds (2.2)

Jie 30BHIIIHIN iHTErpal pO3IIIAAAETLCS K TOJOBHE 3HAYEHHS.
. ot .
Posrmsiemo  QyHkiito ¢(t)=e” f(t), o>a. Jns Hel BHKOHYETbCS

dbopmymna (2.2), TobTo ¢t :—J‘e'St s)ds, ne @(s je_'St(o t)dt. Ockinbku

f(t)=0 mpn t<0, To ®(s)= Je"“ (t)dt. Toxi oTpumyemo:
0

+00 +0

[ p(t)dt = je'S“ f(t)de=] £ ().

0 0
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+o0

ITosHaunMo p=o+is, F(p)= I f (t)e ™dt. Ockineku ®(s)=F(p), o

0

1 ¢ ist .
o(t) :Z_J;e F(o+is)ds.
Tomy f(t)= ZL e (o+is)ds. Ile o3Hayae, IO BUKOHYETHCS
T —00
piBHicTh f(t)= % F(p)e”dp. Teopemy noBeneHo.
7T —ioo

2.3 TeopeMu po3BUHEHHSI

besnocepenne 3actocyBanHs hopmynu (2.1) yacto mom’si3aHe 3 TEXHIYHUMHU
TPYAHOILIAMH, TOMY Ha TMPAKTUIN A 3HAXOMKCHHS OPUTIHATY KOPHCTYIOTHCS
TeopeMaMH pO3BUHEHHS, 1110 IPYHTYIOThCA Ha TeopeMi Pimana — MeniHa.

Teopema 2.2. (Ilepma Teopema posBumenns). Slkmo Qyskuis F(p) e

AHATITUYHOIO Y OKOJII HECKIHYEHHO B1JIJIaJICHOI TOYKKM [P =00 1 ii PO3BUHEHHS Y Psij
. n

t
TO QYHKIIS f ch — € OpUTIHAJIOM JJIsi
n!

o0
HopaHa Mae BI/IFJIHI[ Z
n=0

n+l ?

306paxenns F(p).

Mpuxaanx 2.3. 3uaiity opurinan f (t) s pyHkii F ( p) = —Sln1

p
Po3B’si3anHs. 3HalineMo pOSBHHeHHH 3o6pa>1<eHH;1 F( p) y psan Jlopana:

1 1 1& ( 0 n 0 (_1) 1:2n+1

F(p)==sin== — — - .

(°) p P p;(2n+l) o zo 2n+1 p™" nz=r;((2n+l)!)2
Teopema 2.3. ([pyra Tteopema posBuHenns). Slkmo Qynkuis F(p) e
OJHO3HAYHOIO Ta Ma€ CKIHYEHHE YHMCIIO OCOOIUBUX TOYOK P, P,,..., P, , TO QyHKIIA
=> Res (epktF(pk )) (2.3)

k=1

€ OPUTIHAJIOM, 1110 Ma€ 300paKeHHS F( p).

Josenennst. Hexait F(p) — yHKLis, WO € aHANITHYHO y BCiil KOMILICKCHIIT

TJIONIMHI 32 BUHATKOM CKIHYEHHOT'O YMCJia OCOOJMBHUX TOYOK Ta 3aJ0BOJIbHSIE YMOBI
lim F( p) =0. Bubepemo mpsmy, B3IOBXK SKOi 3MIHCHIOETHCS IHTEIPYyBaHHS Y

pP—>o0
dopmyui (2.1) (upsima Re p =o') Tak, mo6 Bei ocobuusi Touku Gpyrkuii F(p) Oynu

pO3TalloBaHi JIBOpYY B 1€l mpsiMoi. Y TakoMy BUMNAAKy iHTerpan (2.1) moxxHa
oOuucauT 3 ponomorow semu Kopdama, Bimomoi 3 Kypcy Teopii (QyHKIIM

24



KOMIUJIEKCHOI 3MIHHOI: SIKIIO (QYHKIIIS F( p) —>0 mpu p-—>oo, TO IiHTErpan:
I F(p)e™dp, 3saruii mo nysi C, xoma |p|=R, takuii, mo Ha wiit xy3si Rep<o,
Cr
npu t >0 npsimye 10 Hys, Ko R — +oo.

Bubepemo koHTYp, 0 ckiagaeThes 3 Biapizka AB mpsmoi Rep=o Tta ayru
Cg, paniyc sikoi R BI3BMEMO JOCTATHBO BEJIMKUM, 10O BCl OCOOJIMBI TOYKH P,
P,...., P, Gymkuii F(p) momamnm BcepenuHy IBOTO KOHTYPY. 3a OCHOBHOIO

TEOPEMOIO TPO JIMIIKH, BIAOMOIO 3 Kypcy Teopii (QPYHKII KOMILIEKCHOI 3MIHHO,
OTPUMYEMO:

[F(p)e™dp+ | F(p)eptdp:Zﬂian;Res(F(p)ept)

AB P=Px

IIpu t >0 3a nemoro XKopnana Lim I F(p)e™dp=0, Tomy 3 ocTanHbOi piBHOCT
Cr

npu R — +o0 oTpumMyeMo:

1 o +ioo

— F(p)e‘”dp=f(t)=kZillRes(F(p)em)

P=Px

o—iw

T00TO oTpuManu popmymy (2.3).

O

3 mepioi TEOpeMH PO3BUHEHHS BUILIMBAE, 10 Y BUIMAMAKY, Koiu F ( p) = ﬂ

R(p)

— TIPaBUJIBHUH pallioHaIBLHUHN APi0, TO OPUTIHATIOM JIJIsi HROTO Oye QyHKITIS

S 1 v Q(p) i |
”0‘§%m_4yﬂﬂvp‘p0 R(;e:] B

k=1

VY dopmym (2.4) p, — nomrocu nopsaky N, QyHKuii F(p). Axmo Bci i

nosrock (Hyai 3HaMeHHuKa R( p)) € npoctumu, To opurisanom ast F(p) e GpyHkuis

% Q(P)
f(t)=) ——=%e™. 2.5
=2 (25)
®opMmyiy (2.5) MOXKHA 3aMKMCcaTH TAKOXK y BUTJIAIL
Q(p,)-e” Q(p,)-e”
f(t)=
© (P = P,)(P = Ps)( P = ) +(|ozt— ACEECESN (2.6)
. Q(p,)-e”

(Py = P)(Py = P2)ee( Py = Pos)

IMpukaan 2.4. 3uaiity opuridan f (t) s pynakii F ( p) = ( -~ l)f(pp 2)2 :

Po3B’si3anus. DyHKITIA F(p) Mae nomocu P, =-1 Ta p,=2 napyroro

MOPSIIKY, TOMY 3acTocyemo popmyiy (2.4):
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1 . 3pe” , 1 . | 3pe” |
f(t):(Z—l)!Fl)Lml[(ppZ)zJ +(2—1)!m((pp+1)2} i

aim ept((1+ pt)(p—Z)—Zp) +3“mept ((1+ pt)(p+1)—2p) _

e (p-2) o (p+1)°
=%((6t ~1)e —(3t-1)e).

1
p' -1
Posp’sizanns. 3Hamennnk Qynkuii F(p) mae mume mpocti kopeni p, =-1,

Mpuxaan 2.5. 3uaittu opurinan f (t) wis dyskuii F(p)=

p, =1, p,=—i, p, =i. Tomy 3a popmyioro (2.6) maemo:
e ¢ &
(-1+i)(-1-i)(-1-1) (I+1)QA+i)(2-i) (i+1)(i-1)(i+i)
+— e: _ _=—e—+e—+£—i:1(sht—sint).
(-i+1)(—i-1)(-i i) 4 4 4 4 2

Sxmo cepea 0COOTMBUX TOYOK PaIlOHATBHOTO 300pakKeHHS F(p) € TPOCTI
HoJIfocH P=a * i, 10

oMt Pt — oMt
(F(p)-e )p=a+ﬁi+(F(p) e )p:a—ﬂi 2Re[Res(F(p) e )p=a+ﬁi:|. (2.7)
Hpuxnan 2.6. 3HalTH OpUTriHaI f (t) U1t 300pakeHHS
2p+3
F(p)= :
)= ) ve)

Posp’sizannst. OcoGmmBuMu TouKamu 3o0paxeHHs F(p) e mpocti momocu

] _(2i+3)e"  (2-3i)(cost+isint)

Res[[ (2p+3)e” ] ) )
(p?+1)(p*+9) ) 16i 16
] (6i+3)e™ (—2+i)(cos3t+isin3t)

Res“(p(ff&?f ),

p,, =i Ta p,, ==%3i.3a Gopmynamu (2.3) Ta (2.7) maemo:

_Rel Res (2p+3)e” + 2Rel Res (2p+3)e”
((1)=2R [R [( H R {R [(p2+l)(p2+9)J

p° +1)( p’ +9)

3HaX0IMMO JIMIIKHK Y TOUKax P=iTa p=3i:

—48i 16
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Re{(2—3i)(cost + isint)} _ 2cost +3sint

16 16
Re (—2+i)(cos3t +isin3t) |  2cos3t+sin3t
16 16 '

3a ¢popmyoro (2.7) 3HaXOAMMO OPUTIHAT JIJISl 33TAHOTO 300paKEHHS
f(t)= 2cost +3sint —2cos3t —sin 3t

8

3anuTaHHA Ta 3aBJAHHS JJIs1 CaMOIlepeBipKHn

|

. Y 4domy monfrae eieMEHTapHUIl METOJ 3HAaXO/KEHHS OpHUTiHala 3a 3aJaHuM
300paXeHHSIM?

2. Sk 3aCTOCOBYIOTH TEOPEMY MHOKECHHS 300payKeHb JUTsl 3HAXOKEHHS OpUTIHAJA 1X

n00yTKy?

Chopwmymoiite Teopemy Pimana-Meina.

Cdopmymroiite yMOBH, SKUM TOBUHEHHO 3a/JI0BOJILHATH 300pakKeHHS, MI00 [0

HBOTO MOXHa OyJIO 3aCTOCYBATH MEPIILY TEOPEMY PO3BHHEHHSI.

5. Cdopmymroiite Apyry Teopemy po3BUHEHHA. s sSKux 300pakeHb ii MOKHA
3aCTOCOBYBaTH?

6. HaBenith dopmyny N1 BU3HAUCHHS OpUTiHAJTA PAIllIOHATILHOTO 300pakeHHs, BCl
0COOJIMBI TOYKH SIKOTO € MPOCTUMHU TIOJFOCAMH.

/. SIx BW3HA4YalOTh OPHUTIHAJI PAIlOHAIBHOTO 300pa)KEHHS, OCOOIMBUMU TOYKAMU
SIKOTO € TOJIOCH PI3HUX TOPSIKIB?

8. Hagenits dopmymy 11 BUSHAUYEHHS OpUTIHANA PalliOHATIBLHOTO 300paXKeHHs, 110

Ma€ MPOCTI KOMITJIEKCHI MOTIOCH.

B w

_2p°+p
p>+p+1
10.PosknaBmm  3agane 3o0paxenns F(p) Ha enementapHi ApoOH, 3HAimiTH

9. Yu mosxe Gyrn 306paxentsm ¢pynkuis F(p)

OpUTIHAJH, SIKIIO:

2p+1 1 . 3p-2
1) F =——2)F =— 33 F =
) F(p) p>-5p+6 ) F(p) p>+4p+5 ) F(p) (p?+1)(p*-p+1)
1 p 2ef
4) F(p)=—75—7:5) F(p)=—"—7:6) F(p)= .
11.3Hali1iTh OpUTIHATH JJIs1 HACTYITHUX 300PaKEeHb:
pPP+p-1 pP°-p+2
1) F(p)= 2) F(p)= !
D a2 T g
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1 1
3) F(p)=———7:4) F(p)= -
) p*(p+1)° (p-1)’(p*+1)(p-2)
12.3naiiaiTe opurinai st 300paxkenns F ( p) , AKIIO:

1
1 1 ef
a) F(p)=—cos—;0) F(p)=—.
(p)=00s2:6) F(p)=

n!
p(p+1)(p+2)..(p+ n)'
e P 2% pedF
+

13.3naiinite opurinan f (t) mst so6pamenns F(p)=

14.3naiigite  opuriman  f(t) gt 306paxkeHHs F(p): ~+

P P P

[ToOynyiite rpadik f (t)
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3MICTOBHUI MOJYJIb 2. 3BACTOCYBAHHS ONEPAIIIMHOI'O
METOAY. IMCKPETHE IEPETBOPEHHA JIAIIJTACA

3.3ACTOCYBAHHS ONEPAIIITHOIO METOY
3.1 Po3p’si3anHs JdiHiHUX qU(epeHIIaIbHUX PIBHSIHb TA CHCTEM

3actocyBaHHA [0 AUQEpeHIiaIbHOro pIBHSAHHSA TNepeTBopeHHs Jlammaca
OPUBOIUTH 1O aureOpaidyHOro pIiBHAHHS BITHOCHO 300pa)keHHS. 3 OTPUMAHOIO
PIBHSIHHSI MOXHA 3HaWTH 300pa’KEHHS IIyKaHOTO OpHUTiHAJa, a Jaji 3a 300paKeHHIM
MO>KHA BIITBOPUTH OPHUTIHAI.

Hexait maemo mniHiliHe nudepeHIianbHe piBHSIHHSI N-TO MOPSAKY 3 CTalUMU

KoedirieHTaMi BIJHOCHO HEBIIOMOI (PYHKITIT X(t), 10 33J0BOJIbHSIE BHUMOTaM

OpUTIHANY:
X" +ax"™ . +ax=1f(t). (3.1)
Bynemo mykatu po3B’si30K [IbOTO PIBHSIHHS, 1110 33JI0BOJIBHSIE IOYATKOBI YMOBHU:
x(0) =%y, X'(0)=x, ..., X"V (0)=x"?. (3.2)

Hexaii X(t)+X(p), f(t)+F(p). 3acrocoByroun n0 060X YacCTUH piBHSHHS

(3.1) neperBopenHst Jlamnaca 1 BUKOPUCTOBYIOUH TEOPEMY JIHIMHOCTI Ta TEOpPEMY
npo audepeHiitoBaHHs oOpuriHaia, Bil audepenuianbHoro piBHsaHHA (3.1) 3
MOYAaTKOBUMHU yMOBaMH (3.2) mepexouMo 10 aredpaiuHoro piBHSHHS BUIY

-1
(P"+ap"™ +..+2,)X(P)+Q(p)=F(p),
ne Q(p) — JIeAKU MHOTOWICH, KOE(IIIEHTH SIKOTO BU3HAYAIOTHCS MOYATKOBUMHU

ymoBamu (3.2).
Po3B’s13aB1IM OTpUMaHe PiBHSHHS BITHOCHO 300pakeHHsT X ( p), OTPUMYEMO:

X(p)— F(p)—Q(p)

P +aptt..ta,

3HANIIOBIIN OpUTIHAI X(t) TUTSt X(p), MU OAEPKUMO IIYKAHUH PO3B’SA30K

mudepeniiaabHoro piBHsAHHSA (3.1) 3 moyaTkoBUMH ymMoBaMu (3.2), TOOTO po3B’S30K
3amaui Komri.

AHanoOriyHO poO3B’SA3YIOTh 1 CHUCTEMH JHIMHUX JUQEPEeHIIATIbHUX PIBHSAHB 31
ctanuMu koedimieHTaMu. Pi3HMIS TONsSITae JiMile y TOMY, IO 3aMICTh OJIHOTO
anreOpaidyHoOro pIBHSHHS OTPUMYEMO CHCTEMY KUIBKOX pIBHSHb  BIJTHOCHO
300pakeHb.

. —t
Hpuxnan 3.1. Po3s’a3atu 3agauy Komm: X'(t) + X(t) =e X(O) =1.
Po3p’sizannsi. Hexait x(t)+ X (p). Toxi 3a TeopeMoro 1po auepeHIioBaHHs

opurinana X'(t)+ pX(p)—1. 3acrocysaBmu neperBoperHs Jlammaca 10 3amaHoi
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: . 1
3agaui Komri, otpumyemo: pX ( p) -1+ X ( p) = ——. Po3B’s13aBmu 11e anrebpaiune

p+1
. ) 1 1
1BHSIHHS BigHOCHO X ( P) maemo: X = + .
OCKinbKu ! ~+te”, ——— <€, To mwykanuii po3s’s130k X(t) Mae BUIILL;
(p+1) p+1

x(t)=(t+1)e™".
Hpuxnan 3.2. Po3p’s3atu 3anauy Korri:
X 4 2x" + x =sint, x(0)=x'(0)=x"(0)=x"(0)=0.

Po3p’sizanns. Hexait X(t)+ X(p), TOM1, 3 YpaxyBaHHSIM IMOYATKOBUX YMOB,

X"(t)+ p*X(p), x4 (t)+p*X(p). Ockimbku sint+ , TO 300pa’keHHAM

2
p”+1
3aIaHOT0  JAM(EPEHILIaNbHOIrO PIBHAHHSA € aireOpaiyHe piBHSAHHSA BIJTHOCHO
306paxenHs X (p):
1

p>+1

p*X(p)+2p°X(p)+X(p)=
1
(p*+1)

BIJINOBIJIa€ JaHOMY 300paxeHHI0. DyHkuis X ( p) Mae JBa MOJIIOCH *i TPeThoro

3BiJICH 3HAXOAMMO, IO X(p)= 3HaliieMo Terep OpuTriHaj, IO

3"

nopsiaky. Tomy 3a popmyioro (2.4) oTpuMyeMO:

14

pt pt
x(t):llim_ ° + 2 iim| 8 - =§(sint—cost)—ltzsint.
21 po-i (p—i) 21 p—>-i (p—i) 8 8
Mpukaan 3.3. 3HaiiT po3B’SI30K cUCTEMHU TU(DepeHIiaTbHUX PIBHSIHb:

{x’+ y=¢,

"

X+y =e",
npu noyarkosux ymosax X(0)=y(0)=1.
Posp’sisanns. Hexait x(t)+X(p), y(t)+Y(p). Tom x(t)+pX(p)-1,
Ty : e, 1
y (t)f pY(p)—l. OcKiIbKH € TE’ e + o1
3aJlaHoi cucTeMH NU(EpeHIIAIbHUX PIBHSIHL TepeTBOpeHHs Jlammaca oTpumaemo
CUCTEMY JIHIWHUX anreOpaidyHuX PiBHSHB BITHOCHO 300pa)KeHb PO3B’s3KIB X ( p) Ta

Y(p):

, TO BHaCJ'IiJIOK 34aCTOCYBAaHHA 10
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pX —1+Y =
pY =1+ X =

Po3B’s13aB1IH 1110 CUCTEMY, OTPUMAEMO:
2
p 1 p°+1 p 2p
X(p): 2 4 2 AT, 2’Y(p): 2 a7, 2
p°-1 p°-1 (p -1) p*-1 (p —1)
BukopucroByroun TaOJIUII0 OPUTiHAIIB Ta 300pakKeHb, 3HAXOJIUMO OPHUTIHAIH
JUISL 300pakeHb X ( p) Ta'Y ( p) :
x(t)=cht-sht+tcht, y(t)=cht—tsht.
PosriissHemMo mpuKian  po3B’s3aHHS  AudepeHiianbHoro piBHSHHA  (3.1)
omepaliifHUM METOJIOM, KOJIM MpaBa YacTUHA PIBHSIHHS f(t) Ma€ TOYKH PO3PUBY

TIEPLIOTO POy, TOOTO € KYCOUHO HEMEPEPBHOIO (PYHKIIIEIO.
Mpuxnan 3.4. 3HaiiTi poss’s3ok audepenmiansHoro piBHsHs X'+ X = f (t)

IIPU NTOYaTKOBHX YMOBAX X(O) = X'(O) =0, axmo pynkiisa f (t) Ma€ BUTJISA:
0,t<1;
f(t)=111<t<3;
0,t>3.
Pos’sizannsi.  Ilpay  wacrmny  f(t)  sammmemo y  Burmiai:
f (t) = n(t —1) - 77(t — 3) , 1€ n(t) — oquHuYHa (QyHKIIis XeBicaiaa. 3acTOCyeEMO /10
3aJ]aHOTO JUQepeHINiaTbHOTO PiBHSAHHS TiepeTBopeHHs Jlarutaca. 3o0paxkenns f (t)

e? e’ e_p(l_e_zp)
3TIHO 3 TEOPEMOIO 3aIi3HECHHS, Ma€ BUIJIS: F(p): — =

P P P

Hexaii x(t)+ X (p). Toxi 300paxeHHs AupepeHLianbHOr0 PiBHAHHS 3 BpaXyBaHHSIM

IIOYaTKOBHUX YMOB Ma€ BUTTIAO:

e‘p(l—e‘zp)

> .
o P _alP
p(p2 +1)

opuriHana X(t) BUKOPHCTAEMO TEOPEMY 3alli3HEHHs. 3HaIeMO CIOYaTKy OpHTriHal

p*X(p)+X(p)=

3Bizcu 3HaxouMo 306paxenns X (p): X (p)= . Jlns 3HAXOMKEHHS

U1t QyHKITT —p ( pi " 1) . Maewmo:
1 p+l-p° 1 p .
p(p2+l)_ p(p2+1) = —p2+l°1 cost.

Toni 3a Teopemoro 3ari3HEHHST OTPUMYEMO:

31




e“’(l P j+(1-cost).n(t-1),e-Sp(l- P ]+(1—cost)-77(t—3).

p p’+1 p p°+1
Takum 9uHOM, pO3B’SI30K AAHOTO JHU(EpPEHIIaIbHOTO PIBHSIHHS MA€ BATIIS;
x(t)=(1-cost)-7(t—1)—(1—cost)-7(t—3).
Le#t po3B’s130K MOYKHA 3aMKMCATH Y BUTJISII:
0,t<7;
x(t)=11-cos(t-1),1<t<3;
—cos(t—1)+cos(t—3),t>3.

Omneparrifine 4YMCICHHS MOXKHA 3aCTOCYBaTH TaKOX 1O PO3B’S3aHHS JICSIKUX
JTHIMHUX AudepeHIiaIbHUX PIBHIHB 31 3SMIHHUMH Koe]illleHTaMu, 30Kpema, SKIIO I1i
koedimieHTn € MHorowieHamu. [Ipu mepexoai Biag IudepeHIiaTbHOTO PIBHSHHSA
BilHOCHO ~opurimama  X(t) g0 piBHsAHHS BigHOCHO 300paenHs X (Pp)

BUKOPUCTOBYIOTh TEOpeMy Npo Au(EepeHLiOBaHHS 300pa)Ke€Hb, 3TITHO 3 SKOIO

. dX :
noxijaHa d—+—t-x(t). ToMmy BHacmiIOK 3acTocyBaHHs mepeTBopeHHs Jlamiaca

P

oTpuMyeMO JudepeHiiaibHe PIBHSIHHS BITHOCHO 300pakeHHs X ( p), MOPSJIOK
SIKOTO JIOPIBHIOE MaKCUMAJIbBHOMY CTETIEHIO MHOTOYJIEHIB, 110 € Koe(llieHTaMu JJIs
OpUriHazia, a CTENeH1 Koe(ileHTIB OTPUMAHOTO PIBHSHHS HE MEPEBUIIYIOTh MOPSIKY
PIBHSIHHSL BIJHOCHO opwuriHana. OnepaiiiHuii MeToj Jisi PO3B’SI3aHHS PIBHSHB 3
Koe(dirieHTaMU-MHOTOWICHAMU JIOIUIBHO 3aCTOCOBYBATH, SIKIIO CTapIIMid CTEMiHb
Horo koe(ilieHTIB MEHIINN HIXK MOPSA0K TU(EepeHIiaIbHOTO PIBHSIHHSL.

Mpuxaax 3.5. Poss’ssatu piBHsHHA t- X"+ X' —t-X=0, sKmo X(O) =1,

x'(0)=0.
Po3p’ssannsi. Hexait Xx(t)+X(p). 3acrocyemo 10 3a1aHOrO piBHSHHS

nepeTBopeHHs Jlamnaca. Toal orpumyemo:

—t-x(t)+?j—>;, X' (t)= pX (p)—x(0)= pX (p)~1,

X"(t)+p*X(p)-px(0)-x'(0)=p°X(p)-p,

y dX
t-x"(t)+—(p°X (p)-p) =—2pX (p)- pzd—p+1.
Ormxe, piBHSHHS BiTHOCHO 300pakerns X (P) Mae BUITISAL:
dX dX dX
—2pX — pzd—p+1+ pX —1+d—p:o,:>(1— pz)ﬁ— pX =0.

3BiCH 3HAXOIUMO:

ax _ pdp2 ,:In\X\z—iln‘l— p2‘+ln\C\:In
X 1-p 2

C

J-p?|

32



C
1-p

BUKOPHUCTa€EMO HAcHiZoK 1 3 Teopemu npo audepeHiiroBaHHs OpHriHajia, 3TiTHO 3
skum lim pX ( p) = X(O). Maewmo:
p—>00

lim pX (p) = lim—2_ =lim— <2 _jim—“P__c —x(0)=1.

p—w p—w ’1_ p2 p—)ooi p2 _1 p—ow p2 _1
1

12 :
1—— . Jlmd  3HAXOMKEHHS  OpUTIHATY

OTtxe, X(p): Jnst  3HaxomkeHHs crtanoi iHTerpyBaHHs C

g

Orxe,

3aMuIIeMo 300pakKeHHS ) y BUTISIL pﬂz[y g 1boro 3acTocyeMy (Qopmyny

1)..(m-n+1)z" _
O1HOMIAJILHOTO PSAY: 1+ z)" Z o . [lizcTaBuBLIA CHOAU
1 1
Z:_?’ M = ——, OTPUMYEMO
1 1 1 n
L (P e § T
1 ‘”(2)(2](2“) <, (2n-1)!
X(p):B 1+Zl p2n +Z 2n+1

JIJist 3HAXOKEHHSI OpHUTiHANIa x(t) 3aCTOCYEMO TMEpIly TEOPEMY PO3BHUHEHHS,

3T1JIHO 3 SIKOKO OTPUMYEMO:
> 2n 1

Z

— nl2n

3.2 Po3p’sa3anHd quepeHnialbHUX PIBHIHb
3a 10noMoOrox gpopmy.au [roamess

Jlinitine nudepeHiiaibHe piBHAHHA 31 ctamuMu Koedimientamu (3.1) MoxkHa
3alMcaTd y  BHIJISIL: L(X): f(t), JI€ CHUMBOJI L(X) Oo3HA4Ya€ JHIUHUL

(n-1)

oughepenyianoruti  onepamop N-20 HNOPSAOKY: L(X) =x" 4 ax +..+ax. 3

O3HAYCHHS  JIHIAHOTO  audEpeHIllaJbHOTO  Omeparopa  BUIUIMBAE, IO
L(cx +CX%,)=cL(x)+C,L(x,), me x(t) ta X, (t) — nmosimbHi n pasis
audepeHniioBH1 QpyHKuIi, C, Ta C, — JOBUIbHI KOHCTaHTH.

Teopema 3.1. Skmo X (t) € po3s’s3kom nudepenuianbroro piBHsaas L(X)=1
Y HyIbOBHX II0YaTKOBHX YMOBAX, TO po3B’sskoM piBmsuHs L(X)=f(t) npu

TaKUX CaMHX HO‘-IaTKOBI/IX YMOBaX € (PyHKIIIS
t

J‘X1 dT:J‘f(r)X;(t—r)dr. (3.3)

0
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JoBenenHnsi. 3acToCyBaBIIM NepeTBOpeHHs Jlaruaca mpy HyThbOBUX MOYATKOBUX
: . : ~ 1
YMOBax A0 PIBHSHHS L(X) =1, oTpumaeMo anredpaiuHe piBHIHHS L( p) Xl( p) =—,

1
pX,(p)

300paKEeHHAM PiBHSIHHS L( )=f(t) npu HymbOBMX MOYAaTKOBHX YMOBAax €
P

f(t
pisusas L(p)X(p)=F(p), X(p)+x(t), F(p)=f(t). Mua 306paxeHus
o

X(p) OTPUMYEMO X(p) ——==p 1(p)F(p). Tom 3a dopmynor roamens

(p)

ae I:(p): p"+ap" +..+a,, X, (p)+x(t). 3Bincu sHaxomnmo: I:(p)z

I_z'l'l‘—’
©

(1.3) orpumaemo: t t
x(t)=x(0)f (t)+.([xl'(r) f(t —z')dz':_([xil(r) f(t—7)dr,

OCKIJTbKH X1(0)=0. Hpyruit Bupa3 y mpaBiidi yactudi piBHOCTI (3.3) BUIUIUBaE 3

KOMYTaTUBHOCTI 3rOpTKH. Teopemy JOBEACHO.

Jlana TeopeMa J03BOJISIE 3HAXOJIUTH PO3B’SI30K JU(DEpPEHIIaTbHOTO PIBHSIHHS
(3.1) Ge3 BHUKOpHCTaHHsS 300pa)KCHHS IMPaBOi YACTUHHU IbOTO DPIBHSIHHSA. 3HAIOUH
pPO3B’S30K 11 OJUHUYHOI TPaBOi YACTUHU PIBHSHHSA, MH 3a JOIMOMOIOIO
IHTErpyBaHHS 3HAXOJMMO PO3B’SI30K JJisi JIOBUIBHOI TMpaBoi yacTWHU. Bumora
HYJIbOBUX IMOYaTKOBUX YMOB € HECYTTEBOIO: 3aMIHOIO IITyKaHO1 (YHKINI 3a7ady 3
HEHYJIbOBUMH TIOYaTKOBUMH YMOBAaMH MOKHa 3BECTH [0 3a/Jadl 3 HYJIbOBUMU
YMOBaMH.

Hpuxnax 3.6. 3naiitu po3s’s30k  3amadi  Kommi: X1"+X1= :
2 + cost

x(0)=x'(0)=0.

Po3B’si3anHst. CriouaTKy po3B’sHKEMO JOTMIOMIDKHY 3a/layy BITHOCHO HEBITOMOL
GbyHKLIi Xl(t): X +%=1, Xl(O):XJ(O):O. 3acTocyBaBIM 10 LbOTO PIBHSIHHA
neperBopeHHs Jlammaca, OTpUMyeMO piBHsHHs BigHOCHO 300paxents X, (Pp)

byHKIIi Xl(t) : p2X1( p) + Xl( p) = %, 3BIAKH 3HAXOIUMO:

1 (PP+1)-p* 1 p
Xl( p) - 2 - 2 — T2 1
p(p +1) p(p +l) p p°+1
Opurinan  x(t) ams orpumanoro 3o0pakenHs  X,(p)mae  BHr:
X, (t)=1-cost.
JInst 3HAXOKEHHST PO3B’SI3Ky 3anmaHoi 3amadi Komni Bukopuctaemo (opmyiy
Jroamens (3.3), 3rigHO 3 KOO

esin(t—7)

=.:[X1'(t—2') f (Z’)dTZI—dT.

oy 2+C0ST
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OO6uuncanmo iHTerpan y npaBiﬁ YaCTHHI €1 PIBHOCTI:

Ism t r _Ismtcow Icostsmr

2+c037 2+COST 2+COST

t

ICOStﬂdr:—cost-J'M:—czost-In(2+cosr)‘t =
0 2+C0ST 2 +COST 0

0
=—cost(In(2+cost)-In3),

2

T —Z t
tsintcost z=lgoacosT=rg % (1-22)dz
.f—dr: :23|nt_[ ~ —.
) 24 c087 dr e 2d22. > (1+2°)(3+2°)
1+1z
OcCK1JIbKH 1-2° _ 1 — 2 TO
(1+22)(3+22) 7241 722+3°
coszdr ¢ t tg%
2sint = dz =2sint| arct 2%~ 2 arct
-[2+c051 !(z +1 22 +3j 97, Na) g\/_
= 2sint t_ 2 arctgtg =sint-| t— 4 arctgtg
NN EUE |

Takum yuHOM, pO3B’A30K 3aaH01 3a1aui Ko mae BUTIsi:

x(t)=sint-|t arctg—£ |+cost(In(2+cost)-In3).

tg—
N chia

3.3 Po3B’si3aHHs iHTerpajJbHUX PiBHAHb THILY 3rOPTKHU

Onepaniiinuii MeToJ MOKHAa €(QEKTMBHO 3aCTOCYBaTU [0 PO3B’SI3aHHS
iHmezpanvHux pieHAHb Boremeppa muny 3eopmku:

a- f(t)=¢(t)+)th(t—r)f(r)dr. (3.4)

t
Tyt inTerpan J. K(t—7)f(z)dz e sroprkoro K(t)* f(t) supa inrerpamsHoro

PIBHSIHHS K(t) Ta HEBIIOMOI (PYHKIII] f(t). Po3B’s130Kk 1IbOTO PIBHSIHHS MOJKHA

3HaI>’ITI/I, 3aCTOCyBaBIIM A0 HBOro ICPCTBOPCHHIA Jlannaca 3 ImogaJibIInuM
34CTOCYBAHHSM TCOPEMH MHOXKCHHSA 306pa>1<eHb.
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PosrnsHemMo  3acTocyBaHHS  ONEpalifHOTO  METOAYy A0  PO3B’sSI3aHHS
IHmezpanvHux pigHaHb Borbmeppa opy2o2o pody, TOOTO MpH 3HAYEHHIX cTayioi a # 0
y piBHsHHI (3.4).

SIkuo inrerpan J.e_ptK(t) * f (t)dt € abcomoTHO 301KHHM, TO IIEPETBOPEHHS

Jlammaca 3a TEOpeMOI0 MHOXXEHHS 300pakeHb BioOpa)kae 3TOpTKy y J00yTOK

so6paxens, T06T0 K (t)* f(t)+K(p)-F(p), me K(t)+K(p). Tomy pisHsuns

(3.4) micns nepexoay 10 300pakeHh HAOyBa€ BUTITISY:
a-F(p)=®(p)+4K(p)F(p),

ne f(t)+F(p), (t)+@(p), K(t)+=K(p).
p

3BIJICH OTPUMYEMO, IIIO F( p): . l{ro piBHICTP MOXHa 3alKCcaTH Y

a p
BULTISU F(p);é@(p)+§.%®(p) [To3HaunMo %:‘P(p) i
Hexau ‘P(p) l//(t) Ton1 piBHOCT F(p)zicb(p)ng-‘P( ) ( )BlI[HOBi,ZIaG Ha
MHOXXHH1 OPUT1HAIIB PO3B SI30K f( ) éw(t)-i-gl//(t)*w(t)

n
3okpema, skuto sapo K(t) € MHorowreHom, ToGTO K(t):Z:aktk , TO WOTO

> a, & a, -n! .
306pakeHHs HabyBae Burmsigy: K(p)= S +—+...+ ——— . Toxi orpumyemo:
p p
K(p "+ap" +..+nla
¥(p)= (P) _  ap'+ap

a_ﬂ“K( p) - a‘pn+1 _ﬂ(aopn n alpn—l _ann!) .
OyHKITIS ‘P( p) € JpoOOBO-paIliOHAIBHOIO 1 1i OpHUTiHAN MOXHAa 3HAUTH 3a

JIOTIOMOTO10 JIPYToi TeopeMu po3BuHEHHS (hopmyna (2.4)).
Ipukaan 3.7. Po3’si3atu onepariiitHuM METO/IOM 1HTErpajibHE PIBHSIHHS:

f (t)=sint +%j;(t —r)z f(r)dz.

Po3B’s13aHHs. 3aCTOCYEMO A0 TAHOTO piBHﬂHHﬂ neperBopeHHs Jlannaca. Hexai
t

dz' t? * f(t )—iF(p). PiBHSIHHS

f(t)=F(p). Tomi sint =
(©)F(p) 5 Jos :

BIJIHOCHO 300pa’KEeHHS F( p), IO BIAMOBIJAE 33IaHOMY IHTETPATIbHOMY PIBHSHHIO,

Mae€ BUTJIAL:

1

1
F(p)=— +E'

2
p’ +1 3

p

F(p).
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3BiJICH 3HAXOJIUMO BUPaA3 JJIsl 300pasKeHHS F( p):
3

F(p)- p

(p—l)(p2 +1)(p2 + p+1)'

Opurinan f(t) poss’si3ky 3agaHoro iHTerpanbHOro piBHsHHS Boubreppa

APYTOTO POAY THUIY 3TOPTKH 3HAXOJMMO, 3AIUCABIIHM BHpA3 IS F(p) y BUTISII
CyMH eJIEMEHTapHHX JpOOIB Ta 3aCTOCYBABIIM METOJI HEBHU3HAYCHUX KOe(DIIli€HTIB
(muB. miapo3min 2.1):
F(p)=2.-t ;1 P+l 1 2p+l
6 p-1 2 p°+1 3 p"+p+1
[Ticns eneMeHTapHUX MIEPETBOPEHD 3a TAOJIUIICIO 300pakeHb MIPH MEPETBOPEHHI

el 1 2 L+ 3

Jlammaca 3HaXOAMMO IIyKaHUW po3B 30K f (t) = r) + E(COSt + Sint) - gez cos 7t .

Iumeepanvhe pisnanns Borvmeppa nepuioeo pomy TUIY 3rOPTKH OTPUMYEMO 3
(3.4) npu a =0. BoHo mae BUTTIS;

(p(t):ﬁJt.K(t—z')f(r)dz'. (3.5)

VY pe3ynbTaTi 3acTOCYBaHHS JIO I[bOTO PIBHAHHS mepeTBOpeHHs Jlamiaca
orpumyemo orepartopre piBusaEs P (p)=AK(p)F(p), poss’sskom sKoro €

byHKIII
1 1
F(p):zK(p)cD(p) (3'6)

Sxuo Bupa3 y npasiii yactudi (3.6) € 300paxeHHsIM, TO PO3B’SI3KOM PIBHSHHS €

. . 1
OpuriHain (QyHKI1 F(p). Cmin 3a3HauMTH, IO Yy 3arajlbHOMY BHIIAJIKY w He €
300pa)kKeHHSIM, JIJIsl HEl HE BUKOHYETHCS HEOOX1JJHA YMOBA 1CHYBAaHHS 300paeHHs —

piBHicTh lim # =0.

p—>o0 K(p)

t
IMpuxnan 3.8. Po3p’s13aTu iHTErpaibHE PIBHSIHHAS SiNt = fcos(t - r) f (z')dz'.
0

Posp’szannsi. Tyr K(t)=cost, K(0)#0. 3acrocyemo IepeTBOpeHH:
Jlannaca:
t
PF(P)
f(t)+F(p), !cos(t—r)f(r)dr+ﬁ, smt+m.
PiBHSIHHS BIAHOCHO 300pa’KEHHS F(p) HIykaHoi (QyHKIii f(t) HaOyBae
1 pF(p)

2

p’+1 p°+1

BUTJISTY: . 3B1ICH 3HAXOIMMO, IO F( p) = % Orxe, f (t) =1.
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[aTerpanbHe piBHSHHS (3.4) Ha3UBAIOTh 0COOIUBUM, SIKIIIO HOTO SIPO K(t) y

OJIHIM a00 NEeKIIbKOX TOYKAaxX IMPOMIKKY IHTETPYBaHHsS Ma€ HECKIHUYEHHUU pPO3pUB,
abo x oHA 4M OOM/ABI MEX1 IHTETpyBaHHS € HecKiHueHHUMH. [Ipukmamom Takoro
PIBHSIHHSL € OKpEMHUI BHIAJOK pIBHAHHA BonbTeppa mepiioro poay — inmezpanvhe
piensannsa Abens. 1le piBHSIHHS Ma€ BUTIISI;

i%zw(t), O<a<l. (3.7)

Slapo uporo pirsHEs K (t)=t"", lim K(t)=+o0. 300paxenns supa K (t) mae

t—0+
INl-«o -
k().

Hexait sgpo K (t) iHTerpansHoro piBHsAHHA (3.4) npu t =0 mMae HECKIHUEHHUN

—-a
Burimam: t = =

pO3pUB 1 HE € TudepeHIIoBHUM Y 111 Toulll. Po3ristHeMO 3ropTKy QyHKITIH
t

f(t)*lzf f(r)dr=g(t).

F
3a Teopemolo mpo iHTerpyBamms opurinamy g(t)+G(p)=——= i 3a

dbopmyroro (3.6) m1s 300paxkeHHs Po3B 3Ky piBHSIHHSA (3.5) MaeMo:
1

G p :+® p .
(P)= 3k 2P
Jlnst piBHSHHST AGENst OTPUMYEMO:
1
G =——d(p).
(P) == ®P)

Opurinai 300pakeHHs G( p) Ma€ BUTJISAI:
t

9()= F(a)Fl(l— a)ta_l *olt)= Sinﬂﬂa lfa_lgo(t ~r)de

, O<a<l.

Tyt mMu BuUKOpHUCTaNM BiloMy GOpMyIy: F(a)-F(l—a): .
SIN T

BBaxatouun ¢yHkuio g (t) nudepeHIHOBHOI0, 3HAXOAMMO PO3B’ 30K 1IHTETPATILHOTO

piBHSIHHS AOess y BUTJISIL:

f(t)=g'(t)= Si”ﬂ”“ .Ufalgp'(t —7)dr + (p(o)tal}.

0

3.4 Po3B’si3anHs AudepeHliaibHO-Pi3HUIIEBUX PiBHSAHD

VY pi3HOMaHITHUX HAayKOBO-TE€XHIYHMX 3aJayax JOBOJUTHCA MaTW CIpaBy 3
nudepeHiaIbHUMU PIBHSHHSAMU, Y K1 HeBlAOMa (QYHKLIS BXOIWUTHh MPU PI3HUX
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3HaYeHHSX apryMeHTy. llpukianom Takux piBHSIHB € qudepeHiiagbHe piBHSIHHS N -
ro TOPSIIKY:

f{Ex(0)X(t =7 (6). X (1) X (= 2 () X (t =7, (1) X7 (=17, (1)) = 0.

Osnavenns 3.1. JludepeHuianbHi piBHSAHHS, 0 SKUX HEBiIoOMa (QYHKIIIS
BXOJUTh TPHU PI3HUX B3HAYCHHSIX apryMEHTY, Ha3WBaOTh OugepenyiaibHumu
pieHanHaAMU 3 GiOXUIeHHaAM. SIKIO y qudepeHIiiaIbHOMY PIBHSIHHI 3 BIIXUJICHHSM BCI
BIIXUJIEHHS T, (t), 1=12,..,N, € CTaIuMH BCIMYMHAMH, TO TaKe PIBHAHHSI

HA3UBAIOTh OugepeHyianbHo-pizHuyesum pisHaAuHAM. SKu0 y nudepeHIiaibHo-
pI3HUIIEBOMY DpIBHSHHI BCl BIIXMICHHA T, (t), i=12,..,N, € I0JAaTHUMH
KOHCTaHTaMH, a CcTapiia MoxijgHa HeB1IOMOI (YHKIIT BXOJUTh Y PIBHSHHS JIUIIE TIPU
OJIHOMY 3HAa4Y€HHI apryMEHTy, HE MEHIIOMY, HIXK BCl 1HII aprymMeHTH (yHKIii Ta ii
MOXIIHUX Yy JaHOMY DIBHSHHI, TO Take JU(epeHUIaTbHO-PI3HULIEBE PIBHAHHA
Ha3UBAIOTh QU epeHyianbHUM PIBHAHHAM 3 3ANI3HEHHSM.

[Ipuknagom nudepeHianbHOro PiBHAHHA 3 3all13HEHHSAM € PIBHSHHS

X"(t)=g(t,x(t),X'(t),x(t—7),X(t—7,)),

Posrnsaemo  nudepeHIiiaapHe  pIBHSHHSA 3 3aMi3HEHHSAM 31 CTAIMMH
KoedirieHTamu:

ne 7, >0, 7,>0.

n-1
X" (t):Zakx(k) (t—z)+ f(t), (3.8)

k=0
ne KoedilieHTH a, Ta BIAXWICHHS 7, € CTaIMMHM BenwmuuHamy, 7, >0, k=1,2, ..., n,
t>0. Mykana dyskiis X(t) MOBHHHA 330BOIBHSTH 3a1aHAM [IOYATKOBHM yMOBAM:
x(0)=x'(0)=..=x"?(0)=0. (3.9)
3actocyemo m0 o00ox wuactuH piBHsAHHS (3.8) meperBopenHs Jlamutaca,

BUKOPUCTABIIM TIpU IbOMY Teopemy 1.6 (Teopemy 3amizHeHHs). OtpumaeMo
anreOpaiuHe piBHSIHHS BITHOCHO 300pakeHHsT X ( p) IIyKaHoi PyHKITT X(t):

p”X(p)::Z:;ak p*X(p)e™" +F(p), (3.10)
ne f(t)+=F(p).

3 pieHocTi (3.10) Bu3Havaemo 300pakeHHsT X ( p) :
F(p
X(p) =L
p" - ape”
k=0
3HalmoBIK  (PYHKITIO X(t), 0 € OpUTIHAJIOM s X(p), OTPUMYEMO

po3B’s30k 3aauyi (3.8), (3.9).
Mpukaaza 3.8. Poss’saru piswsiaas X' (t) — x(t—1)=t, sxwo Xx(0)=x'(0)=0.
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Po3B’si3aHHs. 3acTOCYBaBIIM /0 3aJaHOTO PIBHSHHS nepeTrBopeHHs Jlamaca,

orpumaemo: p°X(p)-X(p)e’ = iz 3BijCH 3HAXOAMMO 300PAKEHHS PO3B’A3KY

1
2 -p 2"
p’—e’)p
HECKIHUEHHO CITAJHOI T€OMETPHUYHOI IpOrpecii, 3amuiieMo OTPHUMAaHUi BHUpa3 st
X(p) y HacTymHOMY BUIIISIAI:

X ()= —— =i42

Py

piBHSHHI: X ( p): ( BuxopucroBytoun Qopmyny ang  cymu

2

p
3 ypaxyBaHHSIM TEOpPEMHU 3alli3HEHHs, 3HAXOJUMO OpHUTIHAI x(t) y BUIJISIIL

pany:
)2k+3

Z n(t—k),
— 2k + 3
e n(t) — ¢dyukiia Xesicaiiaa.

Jist nudepeHiiaibHUX PIBHAHb 3 3ali3HEHHSIM, 10 OMHCYIOTh MPOIECH 3
MICTISIEI0, YaCTO 3yCTPIYAIOTHCS 3a/1aul Y HACTYMHIN moctaHoBIl. [loTpiOHO 3HaTH
PO3B’SI30K X(t) piBHsAHHA (3.8) nua t >t,, npudyomy i Beix t <t,, 3HaueHHs X(t) y

AKMX BIUIMBAalOTb HAa 3HAYEHHS PO3B’A3Ky mpu t=>t), (yHKuisa X(t) € BIIOMOIO.

Hamnpukiazn, moTpiOHO 3HANTH HETIEPEPBHUI PO3B’I30K X(t) npu t >t, piBHAHHS

X'(t)=f(t,x(t),x(t-7)),

Je 7 — 3aJaHa J0JaTHS KOHCTaHTa, SIKIO BIJIOMO, IO X(t) = go(t) , Ly —7<t<t,.
PosrnsiHemMo npukiian po3B’si3aHHs TaKol 3a1a4i.

Ipukaag 3.9. Posp’s3atu piBHSHHA X'(t) = X(t —1), SIKIO X(t) =t mnpmu
-1<t<0.

Posp’si3anmsi. Hexait x(t)+ X (p). Tomi X'(t)+ pX(p)—x(0)=pX(p). 3
3a1aHOTO piBHAHHA BuIumBae, mo pX(p)= I x(t—1)e "dt. Buxonaemo y

0

OCTaHHBOMY IHTEerpam 3aminy 3minHoi 7=t —1. Toxi dz=dt, npu t=0 7=-1, npu
t >+ 7 —+00. OTpumMyemo:

+00 +00 0 +o0

jx(t—l)e‘p‘dtz J'x(r)e_p(”l)dr:e‘pjx(r)e‘p’dr+e‘p j x(7)e "dr =

0 -1 -1 0
0

:e‘pjre‘pfdr+e‘px(p).
-1
3acTocyBaBIIM O OCTAaHHBOTO 1HTErpana (GopMmyily IHTETpYBaHHS YaCTHMHAMM,
3HAXOAUMO:
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_ _n P7
0 u=r,dv=e "dr, N e o N
ITe dl':d —d —[gv= =— +—|leV"dr=———
e u= Z',V—I V=— 0 p . p_1 p
er et 1 e
p*l, P p° P’
1-e” 1 : :
Otxe, pX(p): ;T ———*t¢€ X(p). 3 OTPUMAHOIO pPIBHAHHS BIJHOCHO
p Y

300pakeHHst X () 3HAXOAUMO:

(b
1 e’ _[(1_ 1 e’}
R PR CE e e

n=0 n=0

_w(t—”)m"?(t—”)_ "
Z (n+1)! Z (n+2)!
TakuM 4MHOM, OTPUMAITH PO3B’SI30K JIAHOT 3a/aui:
o0 (t—n)n+2 °77(t—n) i ('[—n)n+1 -n(t—n)
X(t)= - -
(t) nzzc; ( 2)! nZ;‘ (n+1)!

2 (t-n-1)"" -p(t-n-1)

Z (n+2)!

n=0

3.5 Po3B’si3aHHA iHTerpo-audepeHuiajbHNX PiBHAHb

PosrnsHemMo 3acTocyBaHHS ONEPAIiitHOTO METOY /10 PO3B’s3aHHS PIBHSHB, 10

MiCTsTB HeBizomy dyHkuito X(t) Ta ii moximmi X'(t), X"(t), ..., X" (t) i npu upoMy
MICTSTh IHTETPaJIH, JI0 SIKUX BXOJATh X(t), X'(t), X"(t), e x(" (t)
PiBHsiHHSA BUIY
not
a X" (1) +ax" (t)+...+ax(t)+ Y [k, (t-7)x"(r)dc=F (),  (3.11)
m=0 o

ne a,, a,,..., a, — 3aJaHl 4ucia, sapa km( ) Ta f( ) — 3a1aHl QyHKIIIT, X(t) —
mykaHa QyHKIs, € iHmeepo-ougepeHyianbHumM piHAHHAM.

[aTerpo-mudepentiansue piBHsHHS (3.11) MokHA pO3B’s3aTH, 3aCTOCYBABIIIH 10
Hboro mepersopenns Jlamaca. Hexait x(t)+X(p), k,(t)+K,(p). Ockinbku 3a

TeOpeMOIo Mpo AU EpPEHIIIFOBaHHS OPUTTHATY
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X" (t)+p"X (p)- p"x(0) - p" X' (0)—..—x"(0) =@ (p),

TO 3a TCOPECMOIO MHOKCHHS 306pa>KeHB Ma€EMO.
t
[ka(t=7)x™ (r)dr + K, (p)®(p).
0

Takum dHMHOM, 3acTOCyBaHHS TIepeTBOpeHHs Jlammaca m03BOJISIE 3BECTH
pO3B’si3aHHs 1HTErpo-audepeHuiansHoro piBHAHHA (3.11) BiTHOCHO OpuUTiHATY X(t)
710 PO3B’sI3aHHS anreOpaiuHOro PIBHSHHS BITHOCHO 300pakeHHs X ( p) .

Hpuxnanx 3.10. Po3p’sa3aTu iHTErpo-audepeHiiaibHe PIBHSIHHS:

x”(t)+':|:sin(t—r)-(x”(r)+x(r))dr=2cost,

SIKILIO X(O) = X'(O) =0.
P

2 L

Posp’sisannst. Hexait Xx(t)+X(p), tomi X'(t)+ pZX(p), cost + .
p +

sint +

>—. 32 TEOPEMOIO MHOKEHHS 300pak€Hb OTPUMYEMO:

p°+1

iSin(t —7)-(X"(7)+x(7))dr + e +1( PX(p)+ X ( p))

[licnss 3acTocyBaHHs TiepeTBOpeHHs Jlamjmaca OTpUMYeEMO PIBHSHHS BIJTHOCHO
300paxkents X (p):

2 2 2p
X+ : +1) X = :
P p*+1 ( P ) p?+1
Po3B’sa3aBmiu ioro, 3HaX0UMO:
2p
X(p)=——=
(P*+1)
3a TaOJIUIICIO MEePETBOPEHHS Jlannaca 3HaXO0JIUMO OpHUTIHAT

X (p)+x(t)=tsint.
3.6 Po3B’si3anHs AudepeHuiaJbHUX PIBHAHb Y YACTHHHHUX MOXiTHUX

PosrnsineMo niHiiiHe nu@epeHiialibHe PIBHSHHS 3 YACTUHHUMHU MOX1THUMH
JPYTOTo MOPSAKY BIAHOCHO HEB1IOMOT (PyHKITIT U (X,t) :

o’u . du o%u ou
a—+b—+cu+a,—+b—=0, 3.12
x> oOx % ot? by ot (3.12)

ne a, b, ¢, a, b, e HemepepBHUMYU (yHKITISIMH, 110 3a7eKaTh JMIIE BiJ 3MiHHOT X,
Xe [0; I]. bynemo BBaxaru, mo a>0. PosrmsHemo nBa Bumanku: 1) a <0 -
rinepOoiuHuii Bunanox; 2) a, =0, b, <0 — napa®oniunuil BUnamox.
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[ToTpiOHO 3HANTH PO3B’SI30K u(x,t) mudepeniianbHoro piBHAHHA (3.12) nms

t>0 Ta 0<x<I|, mo s3agoBombHsie modatkoBi ymoBH U(X,0)=¢(X) s

. ou(x,0) . .
napaGosigsoro Bumaaky ato u(x,0)=e(x), - =y/(X) ws rinepGomniaHoro
ou(l,t ou(l,t
BHIIA/IKY, a TaKOXK KpaifoBum ymosam U(0,t) = f (t), « (g ) + (1Y) =yu(l,t),
X
ne o, [, y —3amaHi cTail BEIHYUH.
au  ou . : o
Bynemo BBaxaTH, mo U, & o € (yHKIisMHU-OpHUTiHANTaMK 3MiHHOT t.
X

3actocyemo mo piBHsSHHS (3.12) meperBopenns Jlarmuaca 3a miero 3MiHHOIO. Hexai

U(px)= I u(x,t)e "dt. Toai orpumyemo:
0
+00 2 +00 A2 2
a—u+ 8—u(-)_ptdt:dU , 0 l: + I 0 LZje_ptdt:d LZJ )
oX g OX dx = ox® g o dx
3a Teopemoo 1po AuQepeHIiIoBaHHS OPUTiHAIY 3 ypaXyBaHHAM MOYATKOBHX YMOB
MaeMO:

N+ pU —u(x,0)= pU - p(x),

ot
o? ou(x,0
U 00 - pu(0) - 20— g () ().

Bynemo BBaxatu Takox, mo f(t) e opurinamom i npu mpomy f(t)+F(p).

Toni 3 KpailOBUX YMOB Ma€eMO:

Ul =F(p). (a2 + APV -0

3acTocyBaHHS  OMEpAlIMHOTO  METOAY  JIO3BOJISIE  3BECTH  PO3B’SI3aHHSA
HecTalioHapHoi 3amadi i piBHSHHSA (3.12) 3 YaCTMHHUMH TMOXITHUMH [0
PO3B’s13aHHS 3BUYAHOTO qU(EepPEHIIaTIbHOTO PIBHIHHS
d’U , du
>~ +b—+ AU +B=0, (3.14)
dx dx
e A=c+ aip2 +bp, B=—a pp—ay —be, npu kpaitoBux ymonax (3.13).
Mpuxnax 3.11. Temneparypa U(X,t) y TOHKOMY CTEpXHi 3aIOBOJBHSIE
: ou  L,ou y . : .
piBHSIHHI — =a P a® =const. 3HalTH PO3MOII TEeMIlepaTyp y MiBIPOCTOPI
X
X >0, SKII0 € BiJIOMUM 3aKOH 3MIHU TEMIIEpaTypH HOTro JIIBOTO KIiHII, a MOYaTKOBA
TEeMIIepaTypa CTeP>KHs TOPIBHIOE HYIIIO: u‘t:O =0, u|X:0 =f (t)

=yU| . (3.13)

x=I

a

Po3B’si3aHHs. 3acTOCYEMO 10 3aJaHOrO PIBHSIHHA IepeTBOpeHHs Jlamaca 3a
3MiHHOMO t. OTpuMaeMo 3BUYaitHe AuQepeHIlialbHe PIBHIHHS BIIHOCHO 300payKEHHS
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U(x,p): :

U|X=0 = F(p). 3aranbHUA  PO3B’SA30K  OTPUMAHOTO  JIHIKHOTO  OJHOPITHOTO

3HailieMO KOro poO3B’SI30K 3 YypaxyBaHHSM YMOBH

TudepeHIiaTbHOTO PIBHIHHS 31 CTAIMMU KOe(illIEHTaMU Ma€ BUTJIS/L;
_fpx Afpx
U=Ce * +Ce ?.
3rimHo 3 yMoBOIO 3amadi GyHkiii U Ta U moBuHHI OyTH OOMEXKEHHMH TIPH
X — -+, ToMy C, =0, a 3aranpHuii po3B’a30k U oTpuMaHOro piBHSHHsA HaOyBae
_fpx
Burnsany: U (X, p)=Cle 8 . Jna 3HaxomkeHHs cTtanoi C, BHKOPHCTAEMO yMOBY
U|_,=F(p). 3sincu 3naxommmo, mo C,=F(p). Omxe, 300paeHHs pO3B’s3KY
_px
BHXigHOTO piBHsiHHs Mae Burmsin: U (x,p)=F(p)e .
JIist 3HaXOJKEHHS OpUTIHAIY PO3B’A3KY PO3TJSTHEMO CIIOYaTKy OKpPEeMHA

A
a

punagok f (t)=1. Toxi F(p):%, U,(x,p)=

0 (xt)= Erf( af) }%jfe’zdr.

Jlts mosineroi  f(t)+F(p) Bukopucraemo ¢opmyny (3.3). Ockimbkn st

HAIIOro BUNAAKY Yy UK popmyii

X2

e 4%, x,(0)=0,

X, = Erf(2 \/_j X (t)= m

TO, MJICTAaBUBIIY 111 BUpa3u y (3.3), OTpUMyeMO pO3B’S30K 3a/1aul Y BUTIISIL:

XZ

x 1 f(7) ey,

2a\ 0 (t- Z_)g

Hpuxaaxg 3.12. OauH KiHEUb CTEP)KHS, OOBXKHHA SKOro JOpiBHIOE |,
sakpimuienuii, Ha iHmmii kinenp nie cuna f(t)= Asinwt, cnpsMoBana B310BX oci

u(x,t)=

CTEpKHS. 3HAWTH TepeMilieHHs U (X,t) IPH TTOB3JIOBXKHIX KOJMBaHHSIX IIHOTO
CTEPIKHSI.
Po3B’si3anHsi. MarematuuHa MOJeNb JaHOT 3a7a4i — 11e TinepOoidyHe PiBHSIHHS
BiIHOCHO IyKaHOi PyHKIii U(X,t):
2 2
ou _,0u
7 —4a 2
ot oX
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e a — KOoeQiieHT, 10 3aJeKUTh BiA Marepiany cTepxkHs. yis 1poro piBHAHHA

. ou(x,0) .
Ma€eMO 1o4atkosi ymosu: U(X,0)=——->==0. Kpaiiosi ymosu 11 ¢pyHxkuii u(X,t)
ou(l,it) A . :
marotb Burmsix: u(0,t)=0, P —sinwt, E — MOmyJIb IPY»KHOCTI CTEPKHS.
X

3actocyemo 10 nudepeHIiaabHOTO PIBHSHHSA, 0 OMMCY€E KOJMBAHHS CTEPXKHS,
nepersopenHs Jlamnaca. Hexaii u(x,t) =U (x, p). Tomi

2
8 l:a(t—)z(’t) +pU(xp)- DU(X’O)‘_auE;’O)
ou(xt) d*U(x,p)
o dxX
OtpuMyeMo 3BU4YaiiHe AudepeHIliaibHE PIBHAHHS BIJIHOCHO 300pakKeHHS

U(x,p):

=pU(x,p),

2 2
TOUP_ 24 (xp).
dx a
du(l,p) A o
dx E p’+ao®
[aTerpyroun ne onHopiaHe audepeHuiaabHE PIBHSAHHS JAPYroro MOpsAAKY 31
CTaauMu KoedilieHTaMu, OTPUMYEMO:

U(x, p):Clch%+Czsh%.

BukopucTOBYI0YM KpaiioBl YMOBH, 3HAXOJMMO 3HA4EHHS CTaluX IHTerpyBaHHs C, Ta

C,:

KpaiioBl YMOBH JIJIs SIKOTO MaroTh BUTIsiA: U (0, p)=0,

dU(I,p) p pl A )
U(0,p)=C =0 WP} _PeyPl_A |
(0.p)=C, dx a ' a E P’ + &’
Aaa)‘ 1

C,= .
E pl
p( p2 +C()2)Cha

Takum ynHOM, OTpUMAaNTH 300paKEHHS IITYKAHOTO PO3B’A3KY u(x,t) y BUTJIAIL

pX
Aaw sh a

E

U(x,p)= .
p(p2+a)2)ch|oI

a
[To3naummo Al(p):shgx, A2(p):p<p2+a)2)ch£|. Tomi 300pakeHHs

U (X, p) HaOyBa€ BUTIISTY:
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o(em)=22 208

3HaigeMo OCOOJIMBI TOYKHU IS U(X, p). J1s 1boro po3B’sHKEMO PIBHSHHS

A, (p)=0 abo p(p2+a)2)ch£I:0. 3gizcu p=0, p=tio, cn P _o.

a
BpaxoBytouwn, mo ch L COSﬂ , MAEMO:
a a
. pl .pl 7 i
cosi—=0=i—=—=+kr,keZ,= p, =ia,,
a 2 2 Pe =1y

ne o, :ﬁTa(k—%).

Oynakmis U (X, p) mae mpocti momocu p=0, p=tiw, p =iw (man
BBAXKATHMEMO, 10 @ # @, . Opurinan U(X,t) s 3HaiineHoro 306paxents U (X, p)
3HAXO0JIMMO 3a JIPYTOI0 TEOPEMOIO PO3BHHECHHS (TeopeMa 2.3):

u(xt)=282 {A‘(p)ep‘] _ +2Re(2 e i 'a)k '“‘Ktj .

E [{A(p)

OCKUIBKH
' Ip 2 Ip I 2 2 Ip
—(p°+w’)ch-=+2p°ch—+— o’ )sh—,
A (p) (p + )c a+ p°c a+ap(p + )s -

TO, MIJCTaBISAIOYM Yy BHpa3 ISl u(X,t) 3Ha4YeHHS (QYHKIIIH A(p) Ta A;(p),

OTPUMYEMO:
X k
Aaw ISlni ® isin— xe
U(x1) =222 2Re| ——2 e 3 2
20" COS— k 1—ia)k(a)2—0)k2)isin—a)k
a a a

3HaAMIIOBIIM MAIMCHY 4YacTUHY BHpa3y y JyXKKax, OCTaTOYHO OTPUMYEMO
IIyKaHUH pO3B’SI30K JAHOT 3a]a4l y BUTIISIAL:

iot

WX . . @ .
Adw sm?sma)t 9.2 ksm;xsma)kt
u(xt)=—2 al +TZ(—1) 7 2
@®" COS— k=1 a)k(a) — )

a
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3.7 llincymoByBaHHs psidiB

3HaiiieMo cyMy S YHCIOBOTO sy Z(il)n F (n) Hexaii icHye Taka QyHKITIS

f(t), wo f(t)—>F(p). Toxi F(n):j f (t)e "dt. Lllykany cymy psgy MoxHa

0

3amucaTu y BUrIsigi: S = i(il)n I f(t)e "dt= I f (t)i(il)n e "dt. OckinbKu psin
n=m 0 0 n=m

[ee}

n __nt . . .
Z(J_rl) e npu t>0 € CyMOI HECKIHYEHHO CIIagHOi F€OMETPUYHOI IPOrpecii,

n=m

. . n _—t
3HAMEHHHUK SKO1 TOPIBHIOE (irl) € ', TO OTPUMYEMO:

(e
s=(+1) ! EErsa (319
o n’+3n+3
0 3.13. 3uai |
pHKJIa] HauTHu Cymy psajy nz_l‘, n(n +1)(n + 2)(n + 3)
p’+3p+3

Po3p’si3anns. PosrsiHemo  gyskmito  F ( p) = Ii

p(p+1)(p+2)(p+3)
0ocOoONMBUMM TOYKaMHM € mpocti nomocu p, =0, p,=-1, p,=-2, p,=-3. 3a
JPYTOI0 TEOPEMOIO PO3BUHEHHS 3HAXOIUMO:

*+3p, +3)e™
f(t)=ZReS(F(pk)epkt)=z (pk i ) :
k “(p(p+1)(p+2)(p+3))
P=Px
[Ticyst BIAMOBIIHUX OOYMCIICHB Y MPaBiii YaCTHHI OCTAaHHBOI PIBHOCTI OTPUMYEMO:
1 —t —2t -3t
f (t)=§(1—e +e " —e )

JIist 3HaXOJKEHHSI CYyMU 33JIaHOro psiay 3actocyeMo dopmyny (3.17), 3rigHo 3
SKOIO 3HAXO/AUMO:

z(l-e" +e ™ —e)e"
sl i e Lo
29 1-e 2

Jroo_E

3

0

Posrnssaemo 301kHUI (YHKIIOHATBHUN Pl S(t) = Z f, (t), a<t<b. Hexaii
=1
dyuxuii f,(t) € opurinanamu i npu usomy f,(t)+F,(p). Byaemo BBaxarn, wo psi

S(p):iFn(p) € 30bkamM i mpu p—>oo S—0, a S(p) € aHaniTHyHOW
n=1

dyHKIi€er0 B OKONIi HecKiHYeHHO BignaneHoi Touku P=oo. Toai s(t)+S(p). Sxuo
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3HAXOJ[PKEHHS] CYMU S( p) € TIPOCTIIIOO 3a7]a4Y€I0 Y TTOPIBHIHHI 3 00UUCICHHSIM S(t),
TO S(t) MOKHa 3HAWTH 3a JOMOMOTOIO TEPINOi TEOPEMH PO3BUHEHHS SIK OPUTIHA

TUTS1 300paskeHHS S( p).

Hpuxnan 3.14. 3naiitu cymy psgy i:(—l)n+1 I, (t) .

Po3p’si3anns. Y mianyHkTi 1.6 6YJ'12)10TpI/IMaHO 300paxenHs (pyHkuii beccens
o b

m . Orxe, J,,(t)=+ a1 . 3HaliaemMo

CYMYy psy, IO € 300pasKeHHSIM 33JJaHOTO PSIY.

n-ro mopsiaky J, (t)+

Jp’+1 1+( p2+l—p) 2({p’+1 P HL
1 P
BpaxoByioun, o J,(t)+—==—=, Cost +——, oTpuMyeMO:
p*+1 p”+1

s(t):i(—l)MJZn(t):%(Jo(t)—cost).

n=1

Posrnsnemo 36iknmit y gesikomy intepsani te(a;b) dynxumionamsauit pan
s(t) =3 F(n)p,(t). Slkmo wremm mocrimomrocti g, (t) € KoedpimicnTamm
pOSBHHnezzIHH bynkuii  @(x,t) y 30bkmmii npu  |X|<1 cremeHeuit psin
d)(x,t):igon(t)xn, 10 ¢ynkuito  P(X,t) Ha3HBAIOTE MEIPHOIO  PYHKYIEN

"o

TIOCITi IOBHOCTI ¢, (t)

Hexaii f(t)+F(p), Toai mpu p=n maemo:

+00

F(n)= [ f(t)e"dt.

0
[lincraBnstoun 1neit Bupaz miusa  F (n) y 3aJaHuil  QYHKIIOHATBHUN PsiT
Y F(n)e,(t), orpumyemo Gpopmyity wist Cymu HBOTO psy:

n=0
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0
3 ypaxyBaHHSIM PO3BUHEHHS y CTENEHEBUU PSA AN TBIPHOI (PYHKIIIT d)(x,t) L0

PIBHICTH MO>KHA 3aMTUCATH Y BUTIISIIL:

s(t):To f (x)d)(e‘x,t)dx. (3.16)

[lro ¢dopmyny MoOXHA BUKOPUCTATH IS 3HAXO/KEHHS CYM TPHUTOHOMETPUYHUX

psaiB. s 1boro noTpiOHO BU3HAYUTH TBIpHY (DYHKIIIIO JIJIsS TOCHIIOBHOCTEN BUITY

(£1)"sin(nk +m)t, (1) cos(nk +m)t.
. rz & n_n ikt
BukoprcraeMo po3BUHEHHSI y CTCIICHEBUH Psil T Z(J_rl) Z',1e z=Xxe
n=1
0<x<1. Orpumyemo:

xe' ™t xcos(k +m)t F x*cosmt +i (xsin(k +m)t ¥ x*sin mt)

1F xe™ 1F 2xcoskt + x°
_ Z(il)ml Xnei(nk+m)t.

3B1ICH 3HAXOJIUMO IIyKaH1 TBIpHI (HyHKIIIT:

xcos(k + m)t F x’cosmt &

@, . (x,t)= 1(1 2xcc)>skt+x2 Z "cos(nk+m)t-x",  (3.17)
xsin(k+m)tFx“sinmt &

@, . (x,t)= T o xcos ki :Z +1)"sin(nk +m)t-x". (3.18)

= sin2nt

Ipukaan 3.15. 3naiitu cymy ps
puKIa yypz:y%:2n D(n+D)’
1 1 X
=~_gsh=
(2p-1)(2p+1) 2 2
TBipHY (yHK1i0 (3.18). s 3anaHoro psay BOHA Ma€ BUTIIS:

Xsin 2t
D, (X 1)= )
20 (% 1) 1—2xcos2t + x>

Po3p’sizannst. Maemo F(p)=

= f (x). Buxopucraemo

3a ¢opmyioro (3.16) 3HAX0AUMO:
1 f X e "sin2t
2y 2

dx.
1-2e *cos2t +e >

X X

Bukonaemo 3aminy 3MiHHOI € 2 =U . Toxi _Ee 2dx = du. Orpumyemo inTerpai:
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1
. 1 2 . 1 d(u-i‘j
s(t):—S'nZtI u:- -1 du:—S'nZtI u _
0

2 Ju*-2ucos2t+1 2

1 2cost
sint u+a— €03 _sint
= In 1 In ctg
4 u+—+ 2cost 2
u 0
: sint t
Takum 4MHOM, CYMOIO 33JIaHOTO PsIAy € QYHKITIS S(t) = T -In{ctg E :

3anuTaHHA Ta 3aBJAHHS JJIS1 CaMOIlepeBipKHn

1. Jlnsg po3B’si3aHHs SKUX JUdepeHiiadbHUX PIBHIHB JIOIIIBHO 3aCTOCOBYBATU
onepariiuuii Mmetoa?
2. Sk moxxkHa po3B’si3aTU AWQEpeHIliaibHe PIBHAHHSI 3a JIOMOMOIoK0 (QopMyin
Jlroamens?
Hanaiite o3HaueHHs qudepeHIliaabHOro PIBHSHHSA 3 3aI1I3HCHHSIM.
SIK1 1HTerpaibHI PIBHSHHS AOLUIBHO PO3B’SI3yBaTH ONEPALIITHUM METOI0M?
ki1 BracTHBOCTI TepeTBOpeHHs Jlamjmaca 3acTOCOBYIOTBCA NpH  PO3B’sI3aHHI
nugepeHiaTbHO-PI3HULIEBUX PIBHSIHB?
6. Po3B’soxiTh HacTymHi 3aaa4i Kori:
a) X —x"=1, x(0)=x(0)=x"(0) = x’”(O):O
6) X" +x=¢', x(0)=0, x'(0)=2, x"(0)=0

B) X'+x=n(t)-2n(t—-1)+n(t- 2) :
/. 3HalAITh pO3B’SI30K AU(GEPEHUIATbHOrO pIBHSAHHSA 3 MEPIOJAMYHOI0 MPaBOIO
t, 0<t<2,

2-t,2<t<4’

o s w

yacTuHOW: X' +2X' + X = f(t), f(t)z f(t+4)={

8. 3a momomororo Gopmynu Jroamens po3s’sokite 3amady Kormmi: X'+ X =

x(0)=x'(0)=0.
9. 3HaiiiTh 3aranbHuil po3s’si30K piBHAHHS X+ (2t —1)X +(t—1)x=0.

2 +cost

Xr+yr_y:et’

10.Po3B’sXiTh CUCTEMY, 3aCTOCOBYIOUH OTIEPAIIHUNA METO/; C
2X'+y'+ 2y =cost.

11.P03B’s1KITh IHTETpaIbH1 PIBHSHHS:
t t
a) x(t):sint+%j(t—r)2x(r)dr; 6) 1—cost = [sh(t—)x(r)dr.
0 0
12.Po3B’spKiTh 1HTErpo-audepeHIianbHI PIBHAHHS:
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a) x’(t)—J;'(t —7)x(r)dr =cost, x(0)=1,

6) x”(t)—4;[e_(t_f)(x’(r)+ x(z))dz, x(0)=0, x'(0)=12.

13.Po3B’sikiTh nuepeHiianbHi PIBHIHHS 3 3aM13HCHHSAM:
a) X"(t)—2x'(t-1)+x(t-2)=1, x(0)=x'(0)=0;
6) X"(t)—2x'(t-1)=t, x(0)=x'(0)=0.

14.Po3B’sikiTh AuQepeHIiaabHe pIBHIHHS 3 3aM13HEHHIM X'(t) + x(t — Ej =0, sKmo

o . T )
Ha [I0YaTKOB1A MHOXHHI t € [—E;O} 3a/1aHa TTOYaTKOBa (PYHKIIIS go(t) =cost .
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4. JIMCKPETHE ITIEPETBOPEHHSI JIAIIJIACA
4.1 IloHATTS JTUCKPETHOrO NMepeTBOpeHHs Jlamiaca

OsnauenHs 4.1. OyHKIIiO f(n):f ne NeZ, Ha3HuBaIOTh peuimyacmoio

n?

¢yuryicro. Oynkuii f, MoxyTh Bigmosinatu pizHi GyHkmii f (t), Taki, mo f = f (t)
npu t=n. Taky dyHKIIIO f(t) HA3WBAIOTh 02UHAIOYOI0 IS BIAMOBITHOI
pemntyacroi Qynkuii f . Jlo pemiTuacTux QyHKIOIM MOXHA 3aCTOCOBYBAaTU
ouckpemue nepemeopenis Jlannaca abo D -nepemeopenns.

Osznavenns 4.2. Pemityacty dynkuito f,, orunaroodoro sxoi € opurinan f (t)

nepeTBopeHHs Jlamnaca, Ha3uBarOTh opucinaiom D -nepemeopenns.
O3nauennsa_4.3. DyHkIi0 F*( p) KOMIUIEKCHOI 3MIHHOI P=S-+io, 1o

BHU3HAYA€CTHCA PAOAOM
Fi(p)=2 T, (4.0)
n=0

Ha3UBAIOTh 300paxcennsam opueinara f. D -nepemeopenns, a psao y npasiti uacmuni
(4.1) — ouckpemnum nepemesopennsim (D -nepemeopennsm) pewimuacmoi @yuxyii

f

BiamoBinHicTh MK OpuriHaIoOM Ta 300paxeHHsSM 1pu D -miepeTBOpeHHI

ne

*
nosnauatumemo: f, +F"(p).

Mae wmiclie HacTymHa Teopema.
Teopema 4.1. fxmo psn (4.1) € 30kHMM npu Rep=S;, To BiH 30iraerbcs

a0COJIIOTHO Ta pIBHOMIPHO Iipu Re p > s;.
JoBenennsi. 3 HEOOX1AHOI YMOBH 301KHOCTI PsiAy BUIUIMBAE, IO IJIsL BCIX P,
Takux, mo Rep=s, fe ™ —0 mpu n—>o.Toxi icuye Take M >0, mwo npu

JIOCTATHBO BEJHMKUX N fne_p”‘< Me *" TTpaga

fne_pn‘ <M. Toui mpu Rep>s

4acTUHA L€ HEPIBHOCTI Mpu S—S >0 € 3araJbHUM 4iIeHOM 301KHOTO psAfy Ui

HECKIHYEHHO CHajHOi reomeTpuyHoi mporpecii. OTxke, 3a BIIOMOIO 3 KypcCy
MaTeMaTUYHOTO aHami3y o3Hakow Belepmtpacca psng (4.1) € alGcomoTHO Ta
piBHOMIPHO 301kHUM ITpu Re p > S, . Teopemy noBeneHo.

AHaJOTIYHUM YMHOM MOXXHa JOBECTH, IO 13 po30ixkHOCTI psaxy (4.1) mpu
Re p =, BumumBae iforo po30ixHicTs Ipu Re P <s; .

O3navenns 4.4. Yucno s., nus axoro npu Re p>s, psan (4.1) 301xHMi, a npu

Re p <'s, € po30i>kHUM, Ha3UBAIOTb AOCYUCOIO 30IHCHOCHII LILOTO PSTY.

HaBenemo Teopemy, sika BH3Haua€e YMOBHU ICHYBaHHS 300pa)K€HHS MpHU
JTUCKpETHOMY IepeTBopeHHi Jlammnaca.
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Teopema 4.2. SAkmo ¢ynkuia f € opuriHanom 3 NOKa3HUKOM 3POCTaHHSA S,, TO
il 300pakeHHs F*(p) icHye y obmacti Rep>sS, 1 € y miii 001acTi aHaJITHYHOO

(yHKITI€IO.
JoBenennst. Maemo |f,|<Me™". AGcuuca 361KHOCTI S, € HHKHBOIO MEKEIO

3Ha4eHb S, TOOTO S, <S,, ToMy psf (4.1) € 30xHMM npu Re p > s,,.
Psin Ze_p” (—nf,), wo orpumanumii uusixom audepeHuiroBanns psigy (4.1), €
n=0

<nMe_(S_s°)n, a psan

piBHOMiIpHO 30DKHUM TIpu Rep>S,, OCKUIbKH ‘—nfne_Ion

Z:nMe_(H")n € 30bkHuM npu S—S,>0. ToMmy, 3a BIACTHBICTIO PIBHOMIpHO
n=0

0

s0bkHOrO pamy, pan F'(p)=> fe

n=0

" MoxHa nOWIEHHO AU(EPEHLIIoBATH i

dynxuis F(p) e ananitmunow y obnacti Re p > s,. Teopemy noBeaeHo.
3ayBaxkuMo, 10 (QYHKIIISA F*( p)3ane>1<HTL Bl TEPIOAUYHOI MOKa3HUKOBOI
dyHkuii kommiekcHoi 3minnoi e”, Tomy F'(p)=F"(p+27i), to6to F'(p) €
NEePIOUIHOIO 3 mepiogoM 271 . ToMy mai OyaemMo po3risaaTu F*( p) JuiIe y cMy3i
—r<Imp<r.
Y ¢opmyai (4.1) moznaunmo e” =z. Toxi F'(p)= F(ep): F(z). Koxnomy

opuriHamy f  MOXHa TOCTaBUTH Yy BIINOBIOHICTE 300pa’keHHA F(Z), 1o

BHU3HAYAECTHCA PAAOM:
F(z)=3f,z" (4.2)
n=0

Oznavenns 4.5. Bignosignicte f, +F(Z), e F(Z) BU3HAYAETHCS SIK Pl

(4.2), HazuBarOTh nepemeopenusm Jlopana abo Z-nepemeopenusm PENIITIACTOT
¢bynkuii f, .

®ynukuisn z=e’ B3aeMHO 0JHO3HAYHO BigoOpaskae cMyry —z < Im p <7 Ha BCIO
KOMIUJIEKCHY TUIOIIMHY Z 3 PO3Pi30M B3JOBXK BiJI’€MHOI YacTWHU NiMcHOI oci. [Tpu
npoMy obmacte Rep>s,, —7r<Imp<sx icHyBanHa ¢Qynkumi F (Z) B3a€EMHO
OJIHO3HAYHO B1JJ0OpakaeThCs B 00JIaCTh ‘Z‘ >e%,

3HailneMo 300paKeHHS IEIKUX PelriT4acThX QyHKIIii.
Hpuxnan 4.1. 3HaiiTy 300pakeHHs TIPU JTUCKpETHOMY TNepeTBopeHH1 Jlarmiaca

1, n>0,

(D -neperBopenni) oguamyHO1 QyHKLIT 77, =
0,n<0.
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0 p
Po3p’s3annsa. 3a ¢opmymnoo (4.1) maemo: 7, +Ze_”p =1 1_p = f T
n=0 —€ e" —

Rep>0. Tyt ans micyMOBYBaHHSI pAIy MU BHKOPUCTAIN (POPMYITy HECKIHYCHHO

CIaJIHOT TEOMETPUYHOI MPOrpecii.
9 . . cee n
Ipuxaan 4.2. 3naiitn D -nepetBopenns penritTyactoi ynkmii f, = (—1) .
Po3p’sizannsi. BukopucroByroun dopmyny (4.1) Ta dopmyny cymu
HECKIHYEHHO CIaJHOi F€OMETPUYHOT MPOrpecii, OTpPUMYEMO:
= 1 e’

(0 + () e == Rep>0

—ry 1+e? eP+1

IMpuknan 4.3. 3naiitu D -neperBopenHs pewityacroi Gpynkiii f, =e™.
Po3B’si3anHs1. 32 o3HaueHHAM D -miepeTBOpeHHS MaEMO:
f +ie“”e‘p” :ie(p“)” = 1 = ¢’ , Re(p—a)>0.
n=0 n=0 1- ei( p-a) ef —e”
BigoMo, 1m0 KOJIM HECKIHYEHHO BIJJalieHa TOYKa P=00 € MPaBUIHHOIO

0COOJIMBOIO TOYKOIO (PYHKITIT F(p), TO Yy OKOJII HECKIHYEHHO BIJIJIaJIEHOI TOYKHU

po3BuHeHHS F ( p) y psan Jlopana MICTHTh JWIIE TPaBWIBHY YacTUHY:
F ( p) = Zcfn P, KoeDIliEHTH LBOTO PSAY OOUUCIIOIOTECS 33 (POPMYIIOKO:
n=0

1 !
c,=—|F(p)p"dp,
" 27 d ( )
7€ ¥ — KOJIO OCTaTHhO BEJIMKOTO PaJiyCy 3 IIEHTPOM Y MTOYATKy KOOPJAHHAT.

Sxmo y ocranHii Qopmyni npuitHatu € = f, To oTpumaemo ¢opmyny
0OepHeHHsl 1 -nepemeopeHHsL.

1
f =—|F(z) 2"z, 4.3
7€ ¥ — KOHTYp IHTETPYBAaHHS y HANpPSMKY MPOTH TOJMHHUKOBOI CTPIJIKH, IO SBIISIE
co0010 JTOBUIBHE KOJIO 3 IIEHTPOM Y MOYATKy KOOPJMHAT, 1[0 pO3TaIlIOBaHEe y 00J1acTi
301KHOCTI QyHKIIT F (Z)

[MigcraBumo y (4.3) z=eP. Toxi koo ¥ 3 popmynu (4.3) BigoOpasuThCs Ha
B1/IPI30K [S —im; s+ i7z'], S >S,, maomuHu P . Otpumyemo gpopmyny obepuenns D —
nepemeopenHs:

1 S+ir
f,=—— [ F"(p)-e"dp. (4.4)
27[' s—iz

OOepHeHHS  Z-miepeTBOpPeHHsT Ta D -miepeTBOpEeHHS  3IIWCHIOETHCS 32

dhopmynamu (4.3) Ta (4.4) 0JTHO3HAYHO.
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4.2 Bi1acTHBOCTI JMCKPETHOr 0 nepersopenHs Jlanaca

BnactuBocti D -mepeTBOpeHHs aHANOTiuHI BJIACTHBOCTSIM  IEPETBOPEHHS
Jlanmaca yHKIIM-OpUTiHAIIIB HETIEPEPBHOTO apryMeHTy. [X noBeeHHS IPYHTYEThCA

Ha O3HAYEHHI JUCKPETHOTO IepeTBOPeHHS Jlamiaca Ta BIaCTHBOCTSX 301KHUX PSIIiB.
Hapeaemo TyT 111 B1aCTUBOCTI.

Teopema 4.3. (Teopema ainiiinocti). Sxmo f, +F"(p), f,, +F"(p).....

fo +F(P), &, @,...,a, —3a1aHi KOMILIEKCH YnCIa, TO

k k
Zam fmn - Zam Fk* ( p) )
m=1 m=1

PosrnsiHeMo npukIian 3aCTOCYBaHHS ITi€T TEOPEMH.
IIpuknan 4.4. 3uaiitn 300paxkenns pyHkuii f, =sinon.

Po3p’sizanna. 3amumemo f =Sinon y Bummaal iHIMHOI  KoMOiHaMii

. o 1, y . - e’
EKCIIOHEHI[AIbHUX (PYHKIIH: Sin@n :?(e"”” —e " ) Ockinbkn € +———,
i e’ —e
Cion e’ . 1 ef eP ePsinw
e + —————, 1o sinwn +— — — — |= .
e’ —e 2ile? - eP—e e? —2ePcosw +1

e’shw

AHaJOriYHO MOKHA 3HalTH HacTymHi 300pakeHHs: Shwn + 7 > :
e’ —2e’chow+1

ep(e"—cosa)) o ep(e"—cha))
all =+

coswn + , .
e’ —2efcosw +1 e?? —2ePchw+1

Teopema 4.4. (Teopema 3anizuenns). Sxmo f, +F"(p) i k>0 — mine uuco,
mpudomy k<n,ro f_, +e ™F"(p).

Ipuknan 4.5. 3naiitu 300paxenns pyHkuii f, = e,

N
e —e”
a(n-1) ;e_p ) ep _ 1
ef —e* el -e”

Teopema 4.5. (Teopema Bunepemxkennst). Sxmo f +F"(p) i k>0 — mine

k-1
uncno, To f +e™ (F( p)-> e ™ fm].
m=0

IMpuxaan 4.6. 3uaiitn 300paxkenns gynakuii f, =sin a(n + 1).

Posp’sizanns. Ockinpku € + , To 3a Teopemoro 4.4 mpu k=1

OTPUMYEMO: €

e’sina
e?? —2ePcosa +1
TeopeMoro BunepemkeHns npu K =1 orpumyemo:

Po3B’si3anns. Ockijgpku Sinan +

(npuknan 4.4), To 3riHO 3
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. e’sina o e’’sina
sing(n+1)+e’ | —e posm(O-o:) =— .
e? —2ePcosa +1 e? —2ePcosa +1

Teopema 4.6. (Teopema 3mimenns). Sxmo f +F° ( p) 1 p, — 3azaHe
KOMILTEKCHE uncio, o €' f +F"(pF p,).

Mpuxnan 4.7. 3uaiitn 306paxenns ¢ynxuii f =e"sinan.
Po3B’s3anns. Bukopucraemo 300paxkenHs GyHKIii Sinan:

: e’sina
Sinan +—; .
e’? —2ePcosa +1
3acrocyBaBiiu Teopemy 4.6 ipu P, =1, OTPUMAEMO:
y pemy pu P, p
e"sinan + e’ sina

eXP) _2ePicosq +1
efsina(cosl—isinl)
e’ (cos2 —isin2)—2eP (cosl—isinl)cosa +1
Oznavennss 4.6. Bupaz Af =f

f  Ha3WBAIOTH pi3HUYeEI0 (CKIHYEeHHOIO

ntl~ 'n

pisHuyero) nepuioco nopsaoky @yuxyii f . Pisnuya K-2o nopsoky BU3Ha4daeThCs 3a
dhopmyiioro:
A = A(AH ) = A - AN

Pizaumi A f. Moxna Bupasutu uepe3 3HawenHs f ., me m=0,1, .., K.

Maewmo:
A*f =Af  —Af :( f.,— fn+1) —( fo—T, ) =f ,—2f ,+ 1.
AHaIOT1YHUM CITOCOOOM 3HAXOJIUMO:
ANf =f ,-3f ,+3f —f.
Jlist pisHALi K -ro mopsiiKy BUKOHYETBCS PIBHICTB:

n+2

k
A =S(-D)"CM s (4.5)
m=0
cn k! 5 ) . ..
ne C, —m — O1HOMIAJIbHI KOE(DIIIEHTH.

VY cBoto uepry, f ., MoxHa BUpa3uTH 4depe3 CKIHYEHHI PI3HUII 33 JOIOMOIOI0
bopmymnu:

Kk
frp =D CoA™f,. (4.6)
m=0
Teopema 4.7. (Teopema npo pisuuuio opurinana). Sxuo f +F"(p), 10
k-1 i
A“f,+(e” ~1) F*(p)—e (e? -1) " " A", a.7)
m=0

L{s Teopema 3aCTOCOBYETHCS TIPH PO3B’SI3aHHI PI3HUIIEBUX PIBHSIHb.
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HaBenemo mie aesiki BIACTHBOCTI JMCKPETHOTO mepeTrBopeHHs Jlarumaca, 1o
BUKOPHUCTOBYIOTHCSI TIPH 3HAXOHKCHH1 300pak€Hb pelriTyacTux (DYHKIINA, a TaKoX
3HAXO/IPKEHH1 OPUTIHAJIB 32 BIJIOMUMH 300pKCHHSIMH.

Teopema 4.8. (Teopema mnpo audepeHHilOBAaHHA 300paxkeHHs). K10

. dF® d’F" d“F* k
f,+F"(p),to —+-n-f,, —=+n®-f , ., ——+(-1) n*-f
dp dp dp

Mpuxnan 4.8. 3uaiitn 306paxkenns pynxuii f =n°.

eP

n-

Po3p’si3anns. Ockuibku 1-+

R TO 3a TEOpeMOI0 Tpo AudepeHIIIOBaHHS
e —_

300paXE€HHS MOCII0BHO OTPUMYEMO:

n+"_( eplj,: e’(e”-1)-e® v

e’ —

leP-1

rﬁ*( y’j ~ eP _eP(e”+1)

: ( e’ j’" e(e”+1) | e"(e” +4eP +1)
n =—— = =
eP -1 (e 1) (er 1)’

Hpukaang 4.9. 3HaiiTu 300pakeHHS y3arajabHEHOI CTENEHEBOi (QYHKIIL

n™ =n(n-1)(n—2)..(n—-m+1).
: e’ :
Po3p’si3anHs1. OCKUIBKM N+ W, TO 33 TEOPEMOIO 3aMI3HEHHSA OTPUMYEMO:
ef -1

1 :
N—1+———. IToCa1I0BHO 3aCTOCOBYIOUH I[I0 TEOPEMY, a TAKOX TEOpPEMY MPO

e

nudepeHIitoBaHHS 300paKeHHsI, BIAMOBIIHO 3HAXOAUMO, IO n(n — 1) + 2! W :
ef -1
(n—1)(n—2)+2} ———— . Jlani 3Hax0oxuMo:
(e"-1)
e’ 1
n(n-1)(n-2)+3t———, (n-1)(n-2)(n-3)+3+ ———.
(e"-1) (e?-1)

BukopucroBylourn MeTOJ MaTreMaTH4YHOI I1HAYKIi, MOXHa JOBECTH, IO

BUKOHY€ETbHCS CITIBBIIHOIICHHS:

n(n—l)(n —2)...(n—m+1) —n™ . mle®
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Teopema 4.9. (Teopema mpo cymy opurinana). Skmo f +F*(p), To

S el

Mpuxnan 4.10. 3uaiitu cymy Zk3 .
k=1
Po3p’si3aHHsl. 3acTocyeMO pe3yabTar Npukiagy 4.8 Ta TeopeMy IMpo Cymy
. . . e°(e””+4ef +1)
opuriHana. OCKiIpkHu N° =+ Z
(e

o ooef(e’ +4e” +1)

Zk+

, TO 332 TeOpeMoIo 4.9 oTpUMyeEMO:

5
k=0 (e P_ 1)
3anuiiemMo BUpa3 y MpaBiil YaCTUHI JAHOTO CITIBBIIHOLIECHHS y BUTJISIL:
ep(ezp+4ep+1) ,, eP ePf ePf (n+2)(4)
=e’?P——— +4eP + + +

(1) (-1 (-1 (er-r)

(n+1)® n® n?(n-1)’

+4 + =

41 41 4

n-1 5 nZ(n_1)2 .
TakuM 4YMHOM, MM OTPUMAIH, IO Zk =———2 3aMmi"HuBIIM N Ha N+1,
k=0
2
n n*(n+1
3HAXOMMO, IO Zk3 = %
k=1

Teopema 4.10. (Teopema mnpo IiHTerpyBaHHsi 300paxeHHs1). Km0

f,+~F"(p), f,=0, IimL:O, TO J.F*(q)dq+%. Sxkio IimL:a, TO
p

a—0 ¢ a0 ¢
0 . fn
a+jF (q)dg+—=.
5 n
. sin An
Ipuxaan 4.11. 3naiitu 300paxenss g pynkmii f = :
n

Po3B’si3anHsi. Bukopucraemo TeopeMy TIpO I1HTErpyBaHHS 300pa’KeHHS.

e’sin .. f . sin(fa

> p i lim—==Iim (fa)
eP—2efcosf+1 a0 a0

Ockinbku Sin gn + = /[, TO 3a TEOPEMOIO

4.10 maemo:
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0

: o q q
smﬂn+ﬂ+I _ e'sin g dq:,B+arctge _cosﬂ _
n ) 6”1 —2e"cos 5 +1 sin g
P _
:ﬁ+£—arctge_ﬂ.
2 sin g

4.3 3acTrocyBanHsi GpopmyJi 00epPHEHHS
JJIs1 JUCKPETHOro neperBopenHs Jlamiaca

Pemritaacty ¢yskiito, mo € opurinagom f, w1 3o00paxenns F'(p),

n
3HaXOAATh 3a (popmynamu oOepHeHHs (4.3) abo (4.4). KoHTypHI IHTerpaid y IUX
dbopmynax MoOKHa OOYMCIMTH 32 JOMNOMOTOI0 TEOpii JIMIIKIB. AHAJIOTIYHO [0
dbopmynu Pimana-Mesutina st mepetBopeHHs Jlaruiaca HenepepBHUX (YHKIIN, AJis
o0epHeHOTo Z-nepeTBopeHHs abo D -mepeTBopeHHs MaeMo:

f,=> Res| F(z)z""] ,fn=ZRes[F*(p)e”p] Lz, =e™.
k =2 k

P="Dx
F(z _ ,
Hexaii F(z):% — NpaBWJIBHWH panioHaJbHHUM JpoOOBWI BHpa3 i mpH
z
2

oMy F (oo) = f, =0. Po3rissHeMo HacTymi BUMTAIKH.

1. 3o0paxkeHHs F(z) Ma€ MpOCTI NOMIOCH Z,, Toal (popMyna OOEpHEHHS
Ha0yBa€ BUTJISY:

f = ZM e (4.8)
k F, (Zk)
2. ®yuxuis F(z) mae monrocu z, kparsocti m, . Tozi Maemo:

3 Zﬁ!ﬂg |:F (Z)(Z 2, )mk Zn1:|(mkl)

k

(4.9)

Z=Zy

Opurinan  f, ~MoxHa 3HaAWTH TakoX Oe3lmocepeHbO, BHKOPHUCTOBYIOUH

pO3BUHEHHSI Apoly F (Z) Ha eJIeMEHTapH1 JpoOu, BIACTUBOCTI Z-TIEPETBOPEHHS Ta

300paK€HHSI OCHOBHUX eJeMeHTapHMX (QyHKIIH, HaBeneHi y npomatky b. Jlns
obepHenoro D -mepeTBopeHHs cIiiJi BpaXxOBYBaTH, 110 MPU PO3BUHEHHI 300paKEHHS

F*(p) MOXHa OTPUMATH HACTYMHI €JEeMEHTapHI JpoOu (HaBEAEMO TaKOX iX

OpUTIHAIH).
1. A + Ae” (Y
eP _ epk
(m-1)
2 L+ Aepk(n—m)&
(ep_epk )m (m—l)!

PosrnsisHemMo  mpuKIagM  3HAXO/KEHHS  OPUTIHANIB  TMPU  JTUCKPETHOMY
nepeTBopeHHi Jlamnaca 3a iX 3aaHUMU 300payKEHHSIMH.
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el
16
Posp’sizannsn. Hexait e€” =z. OrpumyemMo (QYHKINIO KOMIDIEKCHOI 3MiHHOT

Mpukaax 4.12. 3uaiity opurinan Gpyskuii F*(p)=

YA . .
F(Z): 7 , OCOOJIMBUMHM TOYKAMH $KOI € MpPOCTI NOJMKOCH Z, =—2, Z,=2,
2" -16

Z,, =*2i. 3a popmynoro (4.8) maemo:
4

f =)k —222”3

kl4z

[TincraBistoun 0coOMMBI TOYKU (PYHKITIT F( ) y OCTaHHIO CYMY, 3HaXOJIUMO:
fo= g (27 ()" (20)  (-20) ) =2 (1 () i (- (<)),

=\ N
. (. : i"— (i . Nnr
Ockinpku I(In —(—I)n) = 2-# = 25m7, To BHpa3 ana f MoxHa
|
3aIlMcaT y HaCTYITHOMY BUTJISI:

fn:2”1}+(—n —Zmnggj

ep

(ep——z)(ep-—l)zl

. YA
Posp’si3anmsi. IlosHaummo e =z. @ymknis F(z)= Mae

(z-2)(z-1)
NPOCTUH TONMOC Z=2 Ta TMOJIC Jpyroro mopsaky Z=1. BukopucroByroun
dbopmyiy (4.9), orpumyeMo:

Hpuxnan 4.13. 3Haiitn opurinan GyHKIT F*( p) =

ep
3e’? —6ae’ +4a*
Po3p’si3anns. [ 3HaxomkeHHs opuriHany f  BukopucTaemMo 300paxxeHHs

Mpuxaan 4.14. 3uaiitu opurinan pyHkiii F* ( p)

¢byHkii Sinwn Ta Teopemy 3MimieHHs (TeopeMa 4.6). 3amuiieMo 3a1aHe 300paKeHHS
Yy HACTYITHOMY BUTJISJII:
2,1
. 1 NEY
F'(p)= .
(p) adgew ZaF,J§+(2aT

.\/ge.z \/§

) 3 T T
OCKIIbKH 7 =COSw = COSE, TO, BUOpABIIN @ = E , OTPUMYEMO:
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4.4 Po3B’si3aHHSA PI3HULIEBUX PiBHSIHb

Ozunauenns 4.7. Pisnuyesum piensinusim K -2o nopsoxy Ha3uBarTh PIBHSIHHS
F (N, X0 X0 X ) =0, (4.10)

ae X, = x(n) — IIyKaHa penriTyacta QyHKIis.

PiznunieBe piBHsHHS (4.10) MOKHA 3amMcaTH TaKOX Y BUTJISIL:
F (%, AX,,..., A'X, ) =0. (4.11)

Tyt AX,,..., A*X — ckinuenni pisuuui Bia nepmroro mo K -ro nopsakis ¢pyHkmii

PiBusiaast (4.10) moxxkHa 3Bectu 10 BuUrisAny (4.11) 3a momomororo (opmymnu
(4.6), m0 BUpakae 3HaYeHHs (DYHKIT Yepe3 ii CKIHYEHHI Pi3HULIL. Y CBOIO Yepry,
piBHsiHHSA (4.11) MoxHa 3Bectu 110 (4.10), BuKOpucTapmu Gopmyny (4.5).

O3nauenns 4.8. Piznunese piBHsiHHS (4.10) HA3UBAIOTH JiHilIHUM, SIKIIIO BOHO €
JTiHIMHHAM BIJHOCHO 3Ha4€Hb X, X ., X, pemT4acToi QpyHKIii.

n+l> *°

JliHiliHe pi3HUIIEBE PIBHAHHSA K -0 MOPSAKY Ma€ BUTIIAI:

Xn+k + a1Xn+k71 + aZXn+k72 Tt ak Xn = fn ! (412)
ne &, a,,..., ., f, —Bigomi pemrityacti Qynkuii. Axmo y nsomy piBusaHl f, =0,
TO HOTO HAa3UBAOTh OOHOPIOHUM.

PiBusinnga (4.11) € AiHIAHUM PI3HUIIEBUM PIBHSHHSM, SKIIO BOHO € JIHIMHUM
BIJHOCHO pemiTyactoi (yHKumi X, Ta BCIX ii CKIHYEHHUX pI3HUIb. 3ajadl
pO3B’s3aHHS JIHIMHUX PI3HUIEBUX pIBHSAHb BHUHUKAIOTh IMPU  JOCIIIKEHHI
IMITYJIbCHUX CHUCTEM aBTOMAaTUYHOTO PETyJIFOBaHHS.

PisnurieBe piBHsHHS (4.10) € pi3HUIIEBUM PIBHAHHAM K -TO TOPSIKY, SKIIIO BOHO
MICTUTB X, Ta X, . llopsnok pi3HuLEBOrO piBHAHHA (4.11) MOXXe HE HOpPIBHIOBATH

MaKCUMAJIbHOMY TMOPSAJIKY CKIHUEHHOI PI3HHUIN, 110 BXOJWUTH JI0 LIOTO PIBHSHHS,
AKIIO 1I€ PIBHSAHHSA, 3anucaHe y BUTIAL (4.10), MICTUTB JMIlIe 3HAYEHHS PEIiTYacTol
¢ynkmii Bix X, 10 X, ., S<K.

AHanorom pi3HHUIIEBOTO pIBHSHHS € audepeHIialibHe PIBHSHHS BITHOCHO
HEeB1IOMO1 (DYHKIIIT HEMEepepBHOTO apryMeHTy. BiacTWBOCTI PO3B’S3KIB JIIHIMHUX
PI3HHIICBUX PIBHSHb € aHAJIOTIYHUMH JI0 BJIACTHBOCTEH pO3B’SA3KIB JIHIMHUX
nudepeHItiaTbHUX PIBHSIHb.

ko koediieHTH JIHIAHOTO pi3HMIIEBOrO piBHAHHSA (4.12) € cTanumu, s
WOro po3B’A3aHHS MOXHA 3aCTOCyBaTHM IUCKpeTHE mnepeTBopeHHs Jlammaca. [lng
3HAXOKEHHSI €JIMHOTO PO3B’SI3KYy TAHOTO PIBHSHHSA, JIJI1 HbOI'O TTOBUHHI OyTH 3aJ1aH1
IOYATKOBI 3HAYEHHS: X,, X, X, ,. 10Ai, 3acTocyBaBiiu D -neperBopeHHs Ta TeopeMy

BUTIEPE/DKEHHS [IJI1 HBbOTO (Teopema 4.5), MepexoauMo 10 PIBHAHHS BIJIHOCHO
300pakeHHsT X ( p). [Ipu boMy, 3riJTHO 3 TEOPEMOIO BUIIEPEKEHHS, OTPUMYEMO:
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k-1
xn+k+epk(x*(p)—2xme‘pmj. (4.13)
m=0

Hexail niHiliHe pi3HHLIEBE PIBHSHHSA 31 CTAIUMU Koe(iLieHTaMH &, a,,..., &
3aJIaHe y BUTJISII:
k k-1 _
AX, +aATX .+ X =1 .
JIAsl 1bOro piBHSHHA 33Jal0ThCS IIOYATKOBI 3HAUEHHA X,, AX,, AZXO,...,AHXO.
[Ipu mepexoni A0 PIBHSHHA BIHOCHO 300paKCHHSI X*( p) JUIA 3HAXOKEHHS

300pak€HHsI Pi3HUIb BUKOPHUCTOBYIOTh TEOPEMY PO PI3HMINIO OpUTiHANIA (Teopema
4.7), 3T1IHO 3 SIKOIO OTPUMYEMO:

A*x, + (e —1)k X" ( p)—e'“kz_ll(eIO —1)k+m A"X, . (4.14)
m=0

VY pesynbTaTi 3actocyBanHs D -miepeTBOpeHHsI OTpUMYEMO JliHIiHE anre0paiune
PiBHSHHS BiTHOCHO 300pakeHHst X (p)

SIKII0 MOYaTKOB1 3HAYEHHsI PO3B’A3KY PI3HULEBOTO PIBHSAHHS HE 33/aHl, TO iX
MO’KHAa BBaXKaTH JOBUIBHMMH CTAJMMHU 1 y UbOMY BHUIAJKYy OTPUMYEMO 3arajlbHUN
PO3B’SI30K PI3HUIIEBOTO DIBHAHHA. D -mepeTBOpeHHS MOXKHA 3aCTOCOBYBAaTH 1 [0
PO3B’s3aHHS JIHIHHUX CUCTEM PI3HUIIEBUX PIBHSAHB 31 CTATUMU KOE(DILIEHTAMH.

Po3risiHeMo npukiiagu BUKOPUCTaHHS AUCKPETHOIrO NepeTBopeHHs Jlammaca 1o
PO3B’sI3aHHS JIHIMHUX PI3HULIEBUX PIBHIHB 31 CTAJTUMU KOE(DILIEHTAMH.

Hpuxnan 4.15. 3HauTH PO3B’A30K PI3HUIIEBOTO PIBHSIHHS

A’X —3AX, +2x =0, axkmo X, =1, Ax, =—1.
Po3p’sizanmsi. Hexait X, + X"(p). Toxi 3a popmysoro (4.14) Maemo:
Ax, +(e? =1) X" (p)—e®, A’x, +(e” —1)2 X"(p)-e’ (e’ —1)+e".
[limcTaBUBIIM 11i 3HAYEHHS y 3aJaHE PI3HULIEBE PIBHSHHS Ta 3BIBIIM MOAIOHI
JOIaHKH, OTPHUMYEMO JTiHIHHE anreOpaiuHe piBHSIHHS BiTHOCHO 300pakeHHs X ( p) )
(€% —5e” +6) X" (p)=e"" —5e".
3BiJIcH 3HAXOIUMO 300paXKEHHSI PO3B’SI3KY:
2p p
X ( p) = 2p p '
e”" —-5e" +6
[lepenmoBun 10 Z -NIEPETBOPEHHS, OTPUMYEMO:
2> — 52 2 — 52
X(z)== = .
z°-5z+6 (z-2)(z-3)

[1s gyHkuig Mae qB1I 0COONMBI TOUKU — MPOCTI NoJtocu z, =2 1a Z, =3. Tomy

3a Gopmysioro (4.8) 3HAXOUMO OpPHUTIHAI, TOOTO PO3B’SI30K 3aJaHOTO PI3HUIIEBOTO
PIBHSIHHSL:

2 n-1 2 n-1
X:(z 52)2 +(z 52)2

" 272 -5 272 -5

7=2 7=3
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Ile#i BuUpa3 € 4YaCTUHHUM pO3B’S3KOM 3aJaHOTO PIBHSHHS, IO 3aJ0BOJBHSIE
3aJJaHUM [IOYaTKOBUM YMOBAM.

Ipuknan 4.16. 3HaliTh po3B’SI30K PIBHAHHA X, , —3X
Xy =% =X, =0.

Posp’sizanms. Hexait x, +X"(p). Toxi 3a dopmymnoro (4.13) 3 BpaxyBaHHIM

2
+3X,,, — X, =N, AKIIO

n+2

[OYAaTKOBHX yMOB OTpHMyeMO: X, +e’X"(p), X,,+e’’X"(p), X,,+e*X"(p).
e’ (e” +1)
(e -1)

JUCKPETHOTO TMepeTBOpeHHs Jlamaca, piBHSHHS BIAHOCHO 300pa)K€HHS X*(p)

3a ¢popmynoro 15 Jlomatky B, maemo: n° + . OTxe, miciIsS 3aCTOCYBaHHS
pMYy. y y

HaOyBae€ BUTIIANY:
eP (ep + 1)

e

e?X"(p)-3e*X"(p)+3e’X"(p)-X"(p)=
3 LbOTO PIBHSHHS 3HAXOJIUMO:
elef +1
c(p)= )
(e"-1)
[MepeiitoBu 10 Z-miepeTBopentst (e =2), oTpuMyeMO 300paXkeHHS Y
z(z+1)

purpini: X (z)= T 1)6 . X(z) mae onHy 0COOIMBY TOYKY — IONIOC LIOCTOTO

nopsaky z, =1. 3a popmynoro (4.9) 3Hax01uMO:

(5

6
X :ihm (ZZ+Z)(Z_1) 71 __(Zn+1+zn)(5) B
" Bl (2_1)6 T 5 . =
zﬁ((n+1)n(n—1)(n—2)(n_3)zn4+n(n—1)(n—2)(n_3)(n_4)zn5)2_1:
= %(an’ ~15n" +40n® - 45n° +18n).

TakuM 4YMHOM, PO3B’SI3KOM JIaHOTO PI3HULIEBOIO PIBHAHHS TMpU 337JaHUX
MOYATKOBUX YMOBAX € pelniTyacta QyHKIis

X = i(2n5 —15n* +40n° — 45n° +18n) .
120
Ipukaan 4.17. Po3B’s13aTu cucteMy JIIHIMHUX PI3HULIEBUX PIBHSIHB
Xn+2 + 2yn = O’
2Xn Yo = 0’

KO X, = Yo=Y, =0, x =1.
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Po3p’sizanns. Hexain X + X *( p) A +Y*( p) . 3 ypaxyBaHHSIM MOYaTKOBUX
YMOB 3HaXOLMMO 300PAXKCHHS X, Yn.o: Xup +€°X°(P)—e’, V.., +e*Y"(p).
OtpruMyeMo piBHSHHS BifHOCHO 300paxers X' (p), Y'(p):

e’?X"(p)+2Y"(p)=e”,
2X"(p)-e’’Y"(p)=0.
[TepeHIIoBIIM 10 Z -IIEPETBOPEHHS, OCTAHHIO CUCTEMY 3alMIIEMO Y BUTIIS/IL:
2°X(z2)+2Y(2)=
2X(z)-1z°Y(z)=0.

3BiICH 3HAXOJIUMO 300paKEHHS PO3B 3Ky CUCTEMHU:

3
z 27
X(Z): 4 ’Y(Z): 4 '
" +4 2" +4
3711
O6uzBI (YHKLIT MarOTh YOTUPH MPOCTI MOJIOCH: Z;, = x/_ 2e g Ta Z3, \/_ 2e 4.
4 23
Opurimamu X, Ta Yy, 3Haxogumo 3a (Qopmynoro (4.8): X = 4—2 :
k=1 4y

22
= Z k n = HI,Z[CTaBJBI}O‘lI/I CHOU 3HAYCHHA Zk, HlCJISI HepeTBOpeHL 3HAaXO0JI1UMO

HACTYTHI BI/IpaBI/I JUTSL OPUT1HAIIB:

-1 _ L_l
X, :Zzsinn—”cosm, y, =22 sinn—”cosM.
2 4 2 4

TakuM 4YMHOM, 3HANIEHO PO3B’SA30K 33aJaHOI CUCTEMHU JIHIMHUX PI3ZHULIEBUX
PIBHSIHbD.

3anuTaHHA TA 3aBAAHHA 1JIA CaMOIIepeBIPKHU

1. Sxi ¢yHkuii HazuBarOTh peuriTyacTuMu? HaBeniTh NMpUKIAOM peliTyacTUX
byHKITIH.

2. Chopmymroiite o3HaueHHs D -mepeTBopeHHs pennt4acTtoi PyHKIli, OpUriHamy
Ta 300pakeHHs npu D -mepeTBopeHH.

3. HaBenith o3HauenHs meperBopeHHsi Jlopana (Z-mepeTBOpEHHs) Ta TOSICHITH
3B’SI30K MK D -TIepeTBOPEHHSIM Ta Z -TIEPETBOPECHHSIM.

4. Hagenits hopmyau oOepHEHHS Il Z -TIEpETBOPEeHHS Ta D -miepeTBopeHHs.

5. CdopmymioliTe OCHOBHI BIACTUBOCTI IUCKPETHOTO MepeTBOpeHHs Jlaraca.

6. Lo Ha3uBalOTh CKIHYEHHOIO PI3HULICIO JIJIS1 PEeIITYacTOl PYHKIi?

/. HaBenith ¢dopmynu oOEpHEHHS ISl Z-TIEPETBOPEHHSA, KOJM 300paKeHHS €
panioHaNbHOIO (PYHKIIEI0 APIYMEHTY Z .

8. HapnaiiTe 0o3Ha4YeHHs PI3HUIIEBOTO PIBHAHHS K -TO MOpSIKY.

9. HaBeniTh 3arajibHUii BUTJIS] JIIHITHOTO P13HUIIEBOTO PIBHSHHS.

10.3naiiaiTh 300paxkeHHsT QYHKITIN: a) (n 1)sm an; 6) ncosan; B) n- n™ r) n*
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n
11.KopucTyrounch TEOPEMOIO MPO CyMy OpHUTIHANIB, 3HANAITH CyMHU: a) Zkz;
k=1

oo : ., e’ e’
12.3HaiiiTh OpUTiHAIKM HACTYMHUX QYHKUIA: a) ————; 0) — =
e’ +a e? +2ae” +2a

e’ 1
&1 @D e

13.Po3B’sKITh JiHIHHI PI3HUIIEB] PIBHSIHHS:

B)

a) X,,, +3X,,,+2X,=0, X, =1, X, =0;
0) X, +X,=0, X, =X =X%X,=0, X, =1;
B) 3X,,, —9X,,, +3X, =0, X, =0, x =1.
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9.

ITHAUBIAYAJIBHE 3ABJIAHHSA
BapianT Ne 1

BuxopuctoByroun o3HaueHHs MepeTBOpeHHs Jlamnaca, 3HailTH 300pakeHHS
dynkmii f(t)=sin2t.
3a JIOMOMOTOI0 BJIACTUBOCTEW TmepeTBopeHHs Jlammaca 3HalTH 300pa’keHHS
HACTYIHUX (QYHKIIIH:

_ t_1 ) [sin 2t|
f(t)=sint;6) f(t)=——";8) f(t)=e't;r) f(t)="cr.
) 1()=sin't;0) 1= 1()=e ) £(1)=L0
(e —e™)sin2t
OOYKMCITUTH IHTETpaJT: j " dt.
0
3HAWTH OPUTIHAIIN JIJIsl HACTYITHUX 300paKeHb:
1 p =
a) F(p)= ;0) F(p)= ez.
p(p+1)(p*+4) p°-1

Po3B’s13aTu onepaiiitHuM MeToI0M TU(epeHIliaibHe PIBHSIHHS
X"+ x'=4sin’t, x(0)=0,x'(0)=-1.

3HaiiTh po3B’s30k 3anaui Kormi:

X"+2x'+5x=1-n(t-1), x(0)=1, x'(0)=0.

Po3B’s13aTu onepaiiitHuM METOI0M cUCTeMY TudepeHIliaTbHUX PIBHIHb!

X+y —y=¢e,
2X'+y'+ 2y =cost,
x(0)=y(0)=0.

t
Po3B’s13aTu 1HTErpalibHE PIBHAHHS: X(t) =e' —t-1+ jx(r) dr.
0

10.3HaiiTn 306paxenHs pemitdactoi Gpynkuii f =n’e".

11.Po3B’s13aTH pi3HULIEBE PIBHSIHHS: X

+4%,, +4%,=(-2)", X, =% =0.

n+2
BapianaTt Ne 2

BuxopucroBytoun o3HaueHHs TmepeTBOpeHHs Jlammaca, 3HalTH 300pakeHHS
byHKIiT f(t):tz.
3a J0MOMOTOI0 BIACTUBOCTEH mepeTBopeHHs Jlammaca 3HalTH 300pakeHHS
HACTYIHUX (PYHKIIIH:

: int—t :
a) f(t)=¢'sin’t; 6) f(t)=> i) f(t)=t°chdt;r) f(t)=|sint.
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3. OOuucmuTH iHTETpal: wwdt :
0
4. 3HalTU OpUTIHATY JJI1 HACTYITHUX 300pakeHb:
P . _ p+2
R P [t R RS R )
5. Po3B’s3atu onepamiitHuM MeTo10M audepeHIiiaibHe PIBHIHHS:
X"+2x'+2x=2e"'sint, x(0)=x'(0)=1.
6. 3HaifTu po3B’s30K 3a1aul Komii:
X"+4X +4x=2e" (1-n(t-1)), x(0)=1, x'(0)=0.
7. Po3B’s3aTu onepamiitHuM METOIOM CUCTEMY MU (EepeHITaTbHUX PIBHSIHD:
X' +Xx—-y=¢,
{Y+yx:é,
X(0) = y(0) =1.

-p

. . t?
8. Po3B’si3atu iHTErpasibHE PIBHIHHS: X(t) = > + J.(t - T) X(T)d’[ :
0
< . . . Nz
9. 3maiftu 300pakeHHs penrityacroi ¢pynkuii f, =nsin -

10.Po3B’s13aTu pi3HULIEBE PIBHAHHS: X, ., — X, ., —4X , +4X =1, X, =X =X, =0.

n+1
Bapiant Ne 3

1. BuxkopucTOBYIOUM O3HaueHHs TMepeTBOpeHHs Jlamiaca, 3HaTH 300pa)KeHHs
byHKIiT f(t):COSSt.
2. 3a JOMOMOIOI0 BJIACTUBOCTEW TiepeTBopeHHs Jlamaca 3HalWTH 300paXkeHHs

HACTYMHUX (DYHKIIIH:
a) f(t)=cos’t; 6) f(t):j'(f’ +1)coswrdr ; ) f(t):e‘Z‘t;; r) f(t)=|cost|.
T e‘“o— "
3. O0uucIuTH IHTETpal: I fsm 3tdt.
4. 3HalTu OpUTiHATHU ILJ'ISIOHaCTyrIHI/IX 300pa’KEHb:

2 e?P
a) F(p) pz(p2+4p+5),6)F:(m (-1 (p-3)
5. Posw’s3atu onepartiiitHuM MeTonoM audepeHItiaabHe PIBHSIHHS:
X"+x=cost, x(0)=-1x'(0)=1.
6. 3HaiiTu po3B’s130k 3a1a4i Komii:
X"+4x=sint(1-n(t-)), x(0)=0, xX'(0)=1.
/. Po3B’s3atu onepanifHuM METOJ0OM CUCTeMY Au(depeHIliaTIbHUX PIBHSIHb:
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8.

9.
10.Po3B’s13aTu pi3HUIIEBE PIBHSIHHS: X

9

10.Po3B’s13aTH pi3HULIEBE PIBHSIHHS: X

X'+y=0,
y' =2X+2y,
x(0)=y(0)=1.

t
Po3B’s13aTu 1HTETrpabHEe PIBHIHHS: X(t) =te* — J ez(t_’)x(f)dr :
0

3Haiitu 300paxkenHs peurityacroi ¢pynkuii f, =sh2n-sinn.
+3X,,, +2X, =0, X, =1, x, =0.

n+2 n+1

Bapiant Ne 4

BukopuctoBytoun oO3HaueHHs1 MepeTBOpeHHs Jlamnmaca, 3HaWTH 300pakKeHHS

it 1) t0<t<l
HKII11 =
yHER 1t>1,

3a JIOMOMOTOI0 BJIACTUBOCTEW TmepeTBopeHHs Jlammaca 3HaATH 300pa’keHHS
HAaCTyMHUX (QYHKIIH:

a) f(t)=sin2tcos4t; 6) f(t):SiTZt;B) f(t)=e*sin’t; 1) f(t)={5t}.

0 e—4t _ e—6t
OO6uMCcIUTH 1HTErpa: J.f dt.

0
3HANTH OPUTIHAIIN JUISI HACTYITHUX 300paKeHb:

2p+3 pe "
a) F(p)= ;0) F(p)=——.
) (p) p3+3p2+3p+1 ) (p) (p2+1)2

Po3B’s13aTn onepamiitHumM METoI0M AU(EpeHIliaibHE PIBHIHHS:
X"—2x'+2x=1, x(0)=x'(0)=0.
3HaiiTi po3B’s30k 3anaui Kormi:

X"+ 6’ +8x =sint —cost -n(t —gj x(0)=x'(0)=1.

Po3B’si3ati  omepariiiHUM METOAOM CHUCTeMYy Ju(epeHIiaIbHUX  PIBHSHB:
Xﬂ _ y! — 0’
X —Yy" =sint,

x(0)=-1, X' (0)=y(0)=y'(0)=1.

t
Po3B’s13aTu iHTErpasibHE PIBHSIHHSL: X(t) =cost + jx(r) dr.
0

3HaiiTi 300paskeHHs pemityactoi ¢pyukmii . =(n+2n)(-2)".
y n

+3X,,, +X, =0, X, =1, x =1.

n+2 n+1
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8.

9

BapianT Ne 5

BukopucroBytoun o3HaueHHs TepeTBOpeHHs Jlamnaca, 3HalTH 300pakeHHS

it 1 (1) 10<t<3,
HKII11 =
yEER 0,t>3.

3a J0MOMOrol BIACTUBOCTEN mepeTBopeHHs Jlamnmaca 3HalTH 300pa)keHHS
HACTYIHUX (DYHKITIH:

_ cost—cos2t

a) f(t =Sin4t;6) f(t)=———%: ) f(t)=e't;r) f(t :|0085t|
O t t) (t)="rrr

cos5t
OOuucIuTH IHTETpA: j cos8t ;COS ai dt.
0
3HalTH OpUTIHAIM JJI1 HACTYIMHUX 300pa’KeHb:
1 e’

a) F(p)=—%,—-=:0) F(p)= :

p*(p-1) (p-1)(p-2)
Po3B’s13aTu onepamiitHumM MeToI0M AuQepeHIliaibHe pIBHIHHS:
X"—2x"+x =4, x(0)=1,x(0)=2,x"(0)=-2.
3HaiiTh po3B’s30k 3anaui Kori:
X" +4x'+20x =n(t—-27)-cost, x(0)=1, x'(0)=0.
Po3B’s3aTu onepauiiiHuM METOI0OM CUCTEMY Ju(epeHIIaJbHUX PIBHIHB!

Xr+y/_y:et’
2X'+Yy'+ 2y =cost,
x(0) =y(0) =0.

t
Po3e’s13atu iHTerpanbHe piBHsnHs: X(t)=sint+ J.COS(t —7)x(7)dz.
0

o . . -2
3HaiiTi 300paxkeHHs pemitdactoi pyHkmii f =n-sin®2n.

10.Po3B’s13aTH pisHULIEBE PIBHAHHA: X, —3X , —4X = (—1)”, X, =1, x, =-1.

Bapiant Ne 6

BuxopucroBytoun o3HaueHHs TepeTBOpeHHs Jlammaca, 3HalTH 300pakeHHS
dynkuii f(t)=2t.

3a JOMOMOTOI0 BJIACTUBOCTEWM TmepeTBopeHHs Jlammaca 3HaWTH 300pa’keHHS
HACTYNMHUX (DYHKIII:

a) f(t)=t(e' +cht); 6) f(t):l_:OSt;B) f (t)=sin’tcos’t; r) f(t)=[sin2t].

0

Isin4tsin 6t
0 t

dt.

OO6uKCcIUTH 1HTErpa:
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8.

9

3HaWTH OPUTIHATY AJIS1 HACTYITHUX 300paKeHb:
p+2 _ e

Y FP) (p+1)(p-2)(p-3) S T
Po3B’s3aTu onepariiitHum MeToaoM audepeHIiiagbHe pIBHIHHS
X"+4x=t, x(0)=1x'(0)=0.

3HaiTH po3B’A30K 3aaa4i Komi:

X"+ 7X +6x=e"sht+7(t-1), x(0)=1, x'(0)=0.
Po3B’s13aTu onepariiitHuM METOI0M CUCTEMY A epeHIiaIbHUX PIBHSHb:

X +Xx=y+e€',
y+y=x+e',
x(0)=y(0)=1.

t
Po3B’s13aTu 1HTErpasibHe PIBHAHHS: X(t) =e' + J.Sin (t - r) X(T)d’[ .
0

o . . 2
3Haiitu 300paxxkenHs peurityacroi ¢pynkuii f, =n"+2n.

H . : 2
10.Po3B’s13aTH pi3HULIEBE PIBHAHHA: X3 — X, — X,y — X, =N°, X, =X =X, =0.

Bapiant Ne 7

BukopuctoByroun o3HaueHHs1 MepeTBOpeHHs Jlamnmaca, 3HaWTH 300pakKeHHS
dynkuii f (t)=cost.
3a J0MOMOrol BIACTUBOCTEH mepeTBopeHHs Jlammaca 3HalTH 300pa)keHHS
HACTYMHUX (DYHKIIIH:
t
a) f(t)=sin3tcos5t;6) f(t)= M; B) f(t)= Ifze_fdr; r) f(t)={3t}.
0

o _ -2t
OOGUuCINTH 1HTErpaI: j (1 COi4t)e

0
3HANTH OPUTIHAIIN JUISI HACTYITHUX 300paKeHb:

1 _ B 2p+3
a) F(p)—m, 6) F(p)= 0%+ 4p? 1 5p
Po3B’s13aTu onepaiitHuM MeToI0M Au(epeHIliaibHe PIBHSIHHS:
X"—2x'+x=4t+1, x(0)=1, x'(0)=0.
3HaiiT po3B’s130K 3amaui Kori:
X" +4X" +5x +2x =2e* (1-n(t-3)), x(0)=x'(0)=x"(0)=0.
Po3B’s13aTu onepamiitHuM METOI0M cUCTeMY TudepeHIiaTbHUX PIBHSIHb:
X'—y' —=2x+2y=1-2t,
{x"+ 2y'+x=0,
x(0)=y(0)=x'(0)=0.

dt.

e P,
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t
8. Pos’s3atu inTerpanbhe piBHsnHs: X(t)=sint— Ish (t—7)x(r)dr.
0

9. 3Haiiti 306paxeHHs permitdactoi dyukuii f, =(n—1)sinn.

10.Po3B’s13aTH pi3HULIEBE PIBHAHHA: X,,, —9X,,, +6X =1, X, =% =0.

n+1
BapianT Ne 8

1. BukopucTOByrOUM O3Ha4YeHHsS TepeTBopeHHs Jlammaca, 3HAWTH 300paXKeHHS
. 2t
dynkmii f(t)=te”.
2. 3a JIOMOMOTOI0 BJIACTUBOCTEH TmepeTBOpeHHs Jlammaca 3HaWTH 300paKeHHS
HACTYMHUX (DYHKIII:

a) f(t)=(t+Dsin2t; 6) f (t)=22%

;8) f(t)=te'cost; ) f(t)=e".

Lot _ g3t
3. OGUUCIUTH IHTETpAaT: I fcos 2tdt .
0

4. 3HaliTH OpUTIHATY JJI1 HACTYITHUX 300pakeHb:
p

P_. e’

) FP) =330 Fp) =

5. Po3B’s3aru onepamitHuM MeTooM qudepeHiaabHe pIBHIHHSA
X"+3x'=¢€', x(0)=0,x'(0)=-1.

6. 3naiiTu po3B’s30k 3amayi Komri:
X"+x=t-n(t)-(t—-2)-n(t-2)—(t—4)-n(t—4)—n(t—4)+(t-5)-n(t-5),
x(0)=1, x'(0)=2.

7. Po3B’s3aTu  omepaniifHUM METOJOM CHUCTeMY JIU(EepeHIIaAIbHUX PIBHSHB:

)(H _ )/r:: et’
X'+y"—y=0,

x(0)=1, y(0)=-1, y'(0)=x'(0)=0.

2 t

8. Po3B’s3atH iHTErpasibHE PIBHIHHS: X(t) = 5 + > (t - 1)2
0

X(r)dr.
9. 3uaiitu 306paskenns pemrituactoi pynkuii f =2n*—n’.

10.Po3B’sa3atu pi3HMLIEBE PIBHAHHA: X, , +2X ., +4X =0, X, =2, X, =1.

n+2 n+1

Bapiant Ne 9

1. BukopucTOBYIOUM O3HA4YeHHS TEepeTBOpeHHs Jlamiaca, 3HaWTH 300pakeHHS

t?, 0<t<?2
kil f(t)=<" ’
by () {4,t>2.
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2. 3a J0MOMOrOI0 BJAcTUBOCTEN mepeTBopeHHs Jlammaca 3HaiTH 300paskeHHs
HACTYIHUX (DYHKITIH:

a) f(t)= J5t -e*; 6) f(t )=j.2'4 ch2zdz; B) f(t)=cos2tsin5t;r) f(t):({t})z.

3. OGYUCIUTH IHTETPAaT: J. sin4t —sin 2t dt.
0

t
4. 3HalTH OpUTIHATYU JJI1 HACTYITHUX 300paKeHb:

_ p — p+2 —2p
) PP =53 (p+1)(p-2)(p2+4)

5. Posp’s3atu onepaiiiitHuM MeTooM audepeHIiiaabHe pIBHSIHHS
X"+2X +2x=2e"'sint, x(0)=x'(0)=1.
6. 3naiiTu po3B’s30k 3amayi Komri:
X"+4x=n(t)-n(t—7x), x(0)=x'(0)=0.
/. Po3B’s3atu onepaniftHuM METOJI0OM CUCTeMY Au(dEpEHIIaTbHUX PIBHSIHB!
X' +Xx—-y=¢,
y+y-—x=¢,
x(0)=y(0)=1.

t

8. Po3B’s3aTh iHTErpangbHE PIBHAHHA: X(t) =e” + j(t - r)eHX(r)dz' .
0
(

9. 3naiiTn 300pakeHHs pemrityactoi ynkmii f =

10.Po3B’sa3atu pi3HMLEBE pIBHAHHA: X, —2X . +X =0, X, =1, X, =0.

Bapiant Ne 10

1. BuUKOpHUCTOBYIOUM O3HAa4Y€HHs MEpeTBOpeHHs Jlamnaca, 3HaWTH 300pakKeHHS
dynkmii f(t)=t-e".

2. 3a JOTIOMOTOIO BJIACTMBOCTEH TiepeTBopeHHs Jlammaca 3HaWTH 300payKeHHS
HAaCTyMHUX (QYHKIIH:

: -1- 2|sin 4t
a) f(t)=t’sin’t;0) f(t)=e L Lop) f(t)=e"t’;r) f(t):g.
sin 4t
0t =
3. O0YHuCIUTH IHTErpa I%tcos}[dt.
0
4. 3HailTH OpUTiHAIU U1 HACTYITHUX 300paKeHb:
1 e ”
a) F(p)=———= F(p)= :
) F(p) I 6) F(p) o 3pTi3p_1

d. PosB’;[rsaTH orepaliiHuM METOJ0M nudepeHIiagbHe PIBHIHHS
X"—2x'+x=4t+1, x(0)=1 x'(0)=0.
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6. 3naiitu po3B’a30k 3aaaul Komri:
1,0<t<],
X"+x="f(t), f(t)=1-11<t<2,
0,t&[0;2],
x(0)=x'(0)=0.
7. Po3B’s3atu ornepanifHuM METOJ0M CUCTeMY AudepeHIliaIbHUX PIBHIHb:
X'—y' —2x+2y=1-2t,
{x”+ 2y'+x=0,
x(0)=y(0)=x'(0)=0.

t
8. Po3B’si3atu iHTETrpasibHE PIBHIHHS: X(t) =1+ jcos(t — T)Sin (t — Z') X(T)dT :
0

9. 3uaiitu 306paskenns pemrituactoi pynkuii f =n*-3",

10.Po3B’sa3atu pi3HULEBE PIBHAHHA: X, ,, —6X , +5X =0, X, =0, x =1.

Bapiant Ne 11

1. BUKOpHUCTOBYIOUM O3HAay€HHs MEpeTBOpeHHs Jlamnaca, 3HaWTH 300pakKeHHS
byHKIiT f(t):4-sh2t.

2. 3a JOMIOMOIOI0 BJIACTUBOCTEW TiepeTBOopeHHs Jlamaca 3HalWTH 300pa)keHHs
HACTYMHUX (DYHKIII:

e -1

a) f(t)=sin’3t;6) f(t)= ;B) f(t)=5"t%1) f(t)=sin({t}).

% a2t _ bt
3. O0UHCITUTH IHTETpAI: If dt.
0

4. .3HaliTV OpUTIHAIM JJIs1 HACTYITHUX 300pakKeHb:

) F(P) =P ——16) F(p) = .
p*+3p°+3p+1 (p?+1)(p® +16)
5. PosB’s3atu onepaiiitHuM MeToaoM audepeHiiaabHe pIBHIHHS
X"—2x'+2x=1, x(0)=x'(0)=0.
6. 3maiiTu po3B’s30k 3amayi Komri:
2t,0<t <],
X"+4x=f(t), f(t)=4-2t+2,1<t<2,

0,t&[0;2],

x(0)=x'(0)=0.
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8.

9.

10.Po3B’s3atu pi3HULIEBE PIBHAHHA: X, —2X

Po3p’si3atn  omepamiiHuUM METOJOM CUCTeMy JAu(depeHIllaIbHUX  PIBHSHB!
X' +x—y=¢,

{y +y —-x=¢,

x(0)=y(0)=1.

t
Po3B’s13aTu 1HTErpabHEe PIBHIHHS: X(t) =t+2-2cost - I(t - r) X(z')dr :
0

3uaiiTi 300pakenHs penrityactoi Gpyukuii f =sin2n (1— ncos(n+ 1)) :
.+ X% =0, x,=1, x =0.

BapianaTt Neo 12

BukopucroByroun o3HaueHHsS TiepeTBOpeHHs Jlamaca, 3HalTH 300paskeHHS
byHKIiT f(t):t2+2t.

3a J0MOMOrol BIACTUBOCTEH mepeTBopeHHs Jlamnmaca 3HaWTH 300pa)kKeHHS
HACTYIHUX (DYHKITIN:

a) f(t)=e'sin’t;0) f(t):Si:M;B) f(t)=t%e"'sin2t;r) f(t)=e'lsin2y.

0 2t .
OOumnCIUTH IHTETpAI: %Mdt.
0

3HANTH OPUTIHAIIN JUIsl HACTYITHUX 300paKeHb:
p

1 . pe 2
p(p+3)(p*+9)’ O PP =T
Po3B’s13aTu onepamiitHumM METoI0M TU(EpeHIliaibHE PIBHIHHS:
X"+ x'=4sin’t, x(0)=0,x'(0)=-1.
3HaiiTi po3B’s30k 3anaui Kormi:

a) F(p)=

2,0<t<],
X"+x=f(t), f(t)=14,t>1
0, t<0,
x(0)=x'(0)=0.
Po3B’s3aTu onepanitHuM METOI0M cUCTeMY JudepeHIlaTbHUX PIBHIHB:
X+y —y=¢e,
{ZX' +Yy'+ 2y =cost,
x(0) =y(0)=0.

Po3B’s13aTu 1HTErpalibHE PIBHAHHS:

x(t)=1+tcost —sint +j(t —7)sin(t—7)x(z)dz.

0
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9.
10.Po3B’s3atu pi3HULIEBE PIBHAHHSA: X, — 95X

8.

9.

3Haiitu 300paxenHs pewitdacroi Gpynkuii f, =2"cos2n.
n+2 +8Xn+l_4xn =0, X0 =X =2, X, =1.

Bapiant Ne 13

BuxopucroByroun o3HaueHHsI TepeTBOpeHHs Jlamnaca, 3HalTH 300pakeHHS
byHKITI f(t):COS4t.
3a JIOMOMOTOI0 BJIACTUBOCTEW TmepeTBopeHHs Jlammaca 3HalTH 300pa’keHHS
HACTYIHUX (QYHKIIIH:

a) f(t)=e"cos2t;6) f(t)=|r’coswrdr;s) f(t)=t%";r) f(t)=|cosxt|.

Il
D oOt——

o -2t —t
OO6uKCcIUTH 1HTErpa: J‘fCOStdt :
0

3HANTH OpPUTIHAIIN ISl HACTYITHUX 300paKeHb:

1 e
a) F(p)—m, 6) F(p)—(p2+1)(p2+6p+10) :
Po3B’s3atu onepamiitHuM METOI0OM AU(EPEHIIaIbHE PIBHIHHS:
X"+3x'=¢€', x(0)=0,x'(0)=-1.
3HaiiT po3B’sa30k 3aaui Kori:
t-1,1<t<2,
X"+9x=f(t), f(t)=4-t+32<t<3,

0,te[12],

x(0)=0, x'(0)=1.

Po3p’si3ati  omepamiiiHUM METOAOM CHUCTeMy JU(EepeHIiaIbHUX PIBHSHb:
X' +y =5,

{Y—X=é,

x(0)=2, y(0)=3.

t
Po3B’s13aTu 1HTErpasibHE PIBHSAHHS: X(t) =t* + I X (z') dr.
0

3HaiiTi 300pakeHHs pemityactoi ¢pyHkmii f, =nsin2ncos3n.

: . nz
10.Po3B’a3aTn pi3HULEBE PIBHAHHA: X, —2X, =C0S—, X, =0.

1.

Bapianat Neo 14

BuxopucroByroun o3naueHHs iepeTBOpeHHs Jlamnaca, 3HalTH 300payKeHHS
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t+3, 0<t<],
dymxuii f(t)=14t, 1<t<2,
8, t>2.

2. 3a JOTIOMOTOI0 BJIACTMBOCTEW TiepeTBopeHHs Jlarmutaca 3HalWTH 300payKeHHS
HACTYIHUX (DYHKITIH:
: in4 :
a) f(t)=sin2t-ch4t;6) f(t):s t L) f(t)=e*cos’t;r) f(t)=e™|sin5t|.
2t -t -3t 4t
3. O0YuCANTH 1HTETpaI: I © © j;e ¢ dt.
0

4. 3HalTU OpUTIHATY JJI1 HACTYITHUX 300pakeHb:
-3p
2) F(p)=————:6) F(p)=———
(p*+p+1) (p+1)"p
5. Po3B’s3atu onepaiitHuM MeTo1oM audepeHIiiaabHe PIBHIHHS
X" +2x"+ X' =-2¢*, x(0)=2,x(0)=x"(0)=L1.
6. 3naiiTu po3B’s30k 3amaui Komii:

. [Lte[0:1]U[2:3]
X"—2X +x=f(t), f(t)_{o,tg[o;l]U[Z;?)],

0

x(0)=x'(0)=0.
/. Po3B’s3aTu  omepauiiiHUM METOAOM CHUCTEMY JHU(PEpEeHLIATIbHUX PIBHSHB:
X” _ y! — et
X'+y"—y=0,

x(0)=1, y(0) =-1, X'(0) = y(0) = y'(0) =1.

t
8. Po3B’s3atu iHTerpanbHe piBHsHAs: X(t)=1+ J.Ch (t—7)x(r)dz.
0

9. 3uaiitn 306paxenHs pemritaacroi pyukuii f, =(n+5)-2".
10.Po3B’s13aTu pi3HULIEBE PIBHAHHS: X o — X, ., — X, +X =N, X, =X =X, =0.

Bapianat Ne 15

1. BukopucTOBYIOUM O3HayeHHs MepeTBOpeHHs Jlammaca, 3HAWTH 300pa)keHHs
2, 0<t<3,

bynkuii f(t)=9-2, 3<t<4,
1 t>4.

2. 3a JOMOMOTOI0 BJIACTMBOCTEW TmiepeTBopeHHs Jlamaca 3HalTH 300paXkeHHS
HACTYIHUX (PYHKIIIH:
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8.

9.

Cos2t —cos4t

a) f(t)=sint-sh2t;6) f(t)= : ;B) f(t)=t;r) f(t)=2{t}.
O06uMCIUTY 1HTErpa: I cos2t ; cos4t dt.
0
3HaWTH OPUTIHAIY JJIs1 HACTYITHUX 300paKeHb:
2p+3 e P
a) F(p)= ;6) F(p)= :
(p?-4)(p-1) (p*+1)(p-2)

Po3B’s13aTu onepaiiiHumM MeToAoM AudepeHiiaabHe PIBHAHHSA '
X"—2x"+x'=4, x(0)=1x(0)=2 x"(0)=-2.
3HaiiTy po3B’sa30K 3aaa4i Kormri:
X"+16x=n(t-2)-n(t-1), x(0)=x'(0)=0.
Po3B’s13aTu onepaiiitHuM METOJIOM cUCTeMY TudepeHIliaTbHUX PIBHIHB:

X+y-y=¢,
2X'+Yy'+ 2y =cost,
x(0)=y(0)=0.

t
Po3B’s13aTu 1HTErpalibHE PIBHAHHS: X(t) =2+ %I(t - 1)3 X(r)dr .
0

3HaiiTn 300pakeHHs pemrityacroi pynkmii f =n-cos2n-cos4n.

10.Po3B’s3aTy pi3HULEBE PIBHAHHS: X, —2X, =N-2", X, =0.

Bapiant Ne 16

BukopucroByroun o3HaueHHsS TepeTBOpeHHs Jlamaca, 3HaWTH 300paskeHHS
byHKIIiT f(t)=5t.

3a JOMOMOTOK BJIACTUBOCTEW TmepeTBopeHHs Jlammaca 3HaTH 300pa’keHHS
HACTYMHUX (DYHKITIN:

a) f(t)=t*(e® +sh4t); 6) f(t)= Sin6t .

t 7

B) f(t)=sintcos7t;r) f(t)=|sin3t|.

OOYHCITUTH IHTETpAJT: j SmZttﬂdt.
0
3HalTH OPUTIHATIY JIJIS1 HACTYITHUX 300paKeHb:
1 e
a) F(p)=—:6) F(p)= :
(p2+9) (P-1)°(p-3)

Po3B’s3aTu onepamiitHumM METOI0M AU(EpeHIliaibHe PIBHIHHS:
X"+ x=cost, x(0)=-1, x'(0)=1.
3HaiiTi po3B’s30k 3anaui Kori:
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x”+4%+20x=n(t—gj-aw[t—%j,xﬂﬁzl,x(o):o.
7. Po3B’s3atu ornepanifHuM METOJI0OM CUCTeMY Au(depeHIiaTbHUX PIBHSIHb:
{xﬁ+y“—2x:—QL

X'—y=t+1],
x(0)=y(0) =1

t
8. Po3p’s3atu iHTerpaigbHe PIBHAHHA: X (t) =1+ J‘e_Z(H) X (r) dr.
0

o . .. i f Nz
9. 3HaiiTu 300paxkeHHs peurityactoi pyHkuii f o =n COS7 :

, . . . Nz
10.Po3B’sa3atu pi3HULIEBE PIBHAHHA: X, , —2X , + X, =SIN 3 X, =% =0.

n-+1

Bapiant No 17

1. BuxkopucTOBYIOUM O3HayeHHs MepeTBOpeHHs Jlammaca, 3HAUTH 300pa)keHHs
dynxuii f(t)=cost.

2. 3a J0HOMOrOI0 BJIAacTUBOCTEH meperBopeHHs Jlamnmaca 3HalWTH 300pa’keHHS
HACTYMHUX (DYHKIII:

a) f(t)=sh2t-cos5t;6) f(t) :%Zt; B) f(t) =j15e_47dr; r) f(t)= Sin%‘.
0
3. O0uHuCIUTH IHTETpaJ: j(l_ COf 2)e” dt.
4. 3HaliTH OpUTIHAIH J_IJ'I}IOHaCTYHHI/IX 300paxeHb:
e P
a)F(m:Xp+1XZZ+2®:6)F(m:wf+2p2+p'
5. Posp’s3atu onepaiiitHuM MeTooM audepeHiiaabHe pIBHIHHSA
X"+x=2sint, x(0)=1,x'(0)=-1.
6. 3maiiTu po3B’s30k 3amaui Komri:
t,0<t<]
X"+4x=f(t), f(t)=12-t,1<t<2,
0,t#[0;2],
x(0)=x'(0)=0.
7. Po3B’s13aTu onepariitHuM METOJIOM CUCTEMY U (epeHITIaIbHUX PIBHSIHD:
X' +X=y+e',
{y+y:x+€,
x(0) =y(0) =1.
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8.

9.

10.Po3B’s13aTH pi3HULIEBE PIBHAHHA: 2X,,, — X

9

t
Po3B’si3atu inTerpanbHe piBHsHHS: X(t) =2t + .[Sin (t—7)x(r)dz.
0

. . Nz
[V o . n

3HaiiT 300paxxeHHs pemiTyactoi pyHKmii f =2 cos?.
Nz

+2X, =C0S—,
3

X, =% =0.

n+1

Bapiant Ne 18

BuxopuctoByroun o3HaueHHsi MepeTBOpeHHs Jlamnmaca, 3HAWTH 300pa)keHHs
t?, 0<t <1,
bynkmii f(t)=411 1<t<4,
0, t>4.
3a JOMOMOTOI0 BJIACTUBOCTEW TmepeTBopeHHs Jlammaca 3HaTH 300pa’keHHS
HAaCTyIMHUX (QYHKIIH:

1—e™ 3

;B) f(t)=e"cos’2t;r) f(t)={t}".

a) f(t)=t’sin3t;6) f(t)=

: e —e
O06uMCcIUTH 1HTErpa: I fCOS 2tdt .
0

3HANTH OPUTIHAIIN IS 3aJaHUX 300PaKEHb:
-3p
Q) F(p)=——:6) F(p)=————.
p*-1 (p*+2p+5)
Po3B’s3atu onepamiitHumM METOI0M AU(EpEHIliaIbHE PIBHIHHS:
X"+3x'=¢€', x(0)=0,x'(0)=-1.
3HaiiTi po3B’A30k 3anayi Komri:
1,t|0;3|U[6;9],
e —ex=1 (1), f(1)-| " SLOSULE0]
0,t[0;3]U[6;9],
x(0)=0, x'(0)=1.

Po3B’s13aTu onepaiiitHuM METOIoM cUCTeMY TudepeHITiaTbHUX PIBHSIHb:
X'+y"=0,

{x” +y'=-2sint,

x(0)=1, x'(0)=2, y(0)=0, y'(0)=-1.

t
Po3B’s13aTH iHTErpaibHE PIBHAHHS: X(t) =sin2t - J‘eHX(T) dr.
0

3HaiiTi 300paxkeHHs pemiTaactoi pyHKii f = (—1)n n°.

10.Po3B’s3atu pi3HULIEBE PIBHAHHA: X, —2X ,+X =N, X, =X =0.

n+1
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9

Bapiant No 19

BukopucToByloun o3HauYeHHs IepeTBOpeHHs Jlamimaca, 3HAWTH 300paXkCHHS
2t+3, 0<t<2,
gkl f (t)=
by (t) {7, t>2.

3a J0MOMOrol BIACTUBOCTEH mepeTBopeHHs Jlamnmaca 3HalTH 300pa)keHHS
HACTYIHUX (DYHKITIH:

t .
a) f(t)=t'e™;0) f(t)= '([TZShZTdT; B) f(t)=e"sin5t;r) f(t) :%.
O06uMCcIUTH 1HTErpa: J. sint ;Sm 2t dt.

0
3HalTH OpUTIHAIM JJI1 HACTYIMHUX 300pa’KeHb:
p pe*"
a) F(p)= ;0) F(p)= :
(p+4)'(p-2) (P+1)(p-2)(p*+4)

Po3B’s3aTu onepamiitHuM METOIOM AU(EPEHIIaIbHE PIBHIHHS:
X" +2x'+2x=2e"sint, x(0)=x'(0)=1.
3HaiiTh po3B’s30K 3anaui Kori:
X"+4x=2(n(t)-n(t-5)), x(0)=x'(0)=0.
Po3B’s3atu onepauiitHuM METO0M cUCTeEMY JudepeHIladbHUX PIBHIHB!
X' +XxX—-y=¢,
{y+y—x:é,
x(0) =y(0) =1.
2 t

Po3B’s13atu 1HTErpalibHE PIBHAHHS: X(t) =—+ .[eHX(T) dr.
0

. : . . N
3HaiiTi 300paxkeHHs pemitaactoi pyHkii f = (—1)n -sin 7"

10.Po3B’s3aTH pi3HuLEBe piBHAHHS: X, —3X, =Nn-3", X, =1.

Bapiant Ne 20

BuxopucroBytoun o3HaueHHs TepeTBOpeHHs Jlamnmaca, 3HalTH 300pakeHHS
dyHKIii f(t):e”-sint.

3a JOMOMOTOI0 BJIACTUBOCTEWM TmepeTBopeHHs Jlammaca 3HaWTH 300pa’keHHS
HACTYIHUX (DYHKITIN:

a) f(t)=t’sh2t;6) f(t)= e’ -1

t

~ [sin zt|
Csinat

;B) f(t)=e"t’;1r) f(t)

80



8.

9

10.Po3B’s13aTH pi3HUIIEBE PIBHSIHHS: X

e 'sint
SINT gt

0
OOGuucaNTH 1HTErpaI: J
0
3HAUTH OPUTIHAIIN JUISI HACTYITHUX 300paKEHb:

) F(p)=(zp__2;3;6) F(p):(p+1e)2(pp_3).

Po3B’s13aTu onepaiiiHumM MeToAoM AuQepeHiiaabHe PIBHSIHHSA
X"+ x=cost, x(0)=-1, x'(0)=1.
3HaiTH po3B’ 130K 3aaa4i Korii:

x”+4x’+20x:n(t—2§j-cos(t—2§j, x(0)=1, x'(0)=0.

Po3B’s13aTu onepauiitHuM METOI0OM CUCTEMY Ju(epeHladbHUX PIBHIHB!
X'+y=0,
y'=2X+2y,

x(0)=y(0)=1.

t
Po3p’si3atu interpansHe piBHsHHS: X(t) =1+ j e*x(7)dr.
0

3naiiti 300paxkenHs pemritdactoi gpymkmii f =2"-cos’n.

+5X,,, + 6%, =(-1)", X, =% =0.

n+2
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JIOJIATOK A

TABJIMISA OPUT'THAJIIB TA 30BPA’KEHb
JJISA IEPETBOPEHHA JIATIJIACA

f(t) F(p) Ne f(t) F(p)
1 1 14| e ch wt p-a
p (p-a) -0
o™ 1 15 tsinat 20p
p-—a (p2 +a)2)2
t 1 16 t cos wt P’ —
p* (p2 +co2)2
t". nel n! 17 tsh wt 20p
pn+1 (p2 —0)2 )2
sin wt ) 18 tch ot p? + o’
p’ + @’ m
cos wt p 19 thed n!
p2 + C()Z ( p . a)n+1
sh wt @ 20 Jo(t) 1
p’ -’ M
ch ot 211 J (t), neN n
’ pszz (01 (Vo' +1-p)
p°+1
tok>-1| D+l 1220 1 o 1
(k +1)! It Jp
1 1 23] a & g VP
M \/E 2 7t? °
S X Ty
(p-a) +o 2 2
™ cos at p2 : 25 erf t 1 erf - (Bj
(P-a) +o p 2
e*'sh wt w 26 ( a j a2
Erf| —=
(p-a) -0 Vt p
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JIOJJATOK B

TABJINLIA OPUT'THAJIIB TA 30bPA’KEHDb

JJIA JUCKPETHOI'O IIEPETBOPEHHA JIAIIVIACA

(D -TMIEPETBOPEHHS)

Ne | Opurinadn, 300pakeHHsl, Ne | Opurinan, 3o0pakeHHs,
fy F'(p) E F(p)
1) n=1 e’ 9 | e™sinan eP* P sing
e” -1 e?” —2e""™ cosa +e*"
2 (-1)° e’ 10| e shan e’"Psha
e’ +1 e’P —2e" ™ cha +e°™
3 aon el 11| e™"chan ep(ep —ePch a)
e’ —e” e’P —2eP" P cha +e°P
4 e e’ 12 | e™"cosan e”(e” —e™cosa)
e’ —a“ e?P —2e"*P cosa + 2™
5 | sinan esing 13 n™ mle®
e’? —2ecosa +1 (ep _1)m+1
6 sh an e’sha 14 n e’
e?? —2e’cha +1 (ep_1)2
7 cosan ep(ep —COSa) 15 n? ep(ep +1)
e’? —2e’cosa +1 W
8 ch an ep(ep_cha) 16 n®

e’? —2e’cha +1

e”(e* +4e” +1)

(@)
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