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=
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   ,   .  

   -      , 

    ,   ,  

         

,   .  

4. ∫
++

−
.

)1(

41

25

5

dx
xx

x
    ,     

 ,  ,  10  .   , 

      ,    

 ),1( 5
xx ++     ,     

  ),( BAx +        

    5. ,     
51 xx

BAx

++

+ .  

  
25

5

5 )1(

41

1 xx

x

xx

BAx

++

−=

′










++

+   .41))(15()1( 545
xBAxxxxA −=++−++  

    x ,  ,1=A  .0=B   

 .
1)1(

)41(
525

5

C
xx

x

xx

dxx
+

++
=

++

−
∫  

 

1.5.    

      ,   

    .    , 

   ,      

     . 

 

 



 14 

1.5.1.   
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baxxR
nPP

∫ 
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
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
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++−−+−=
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−
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,        . 

  (1.6)      
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∫
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+
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+−

−

xxxx

xbax
xxa

xx

xx
,

λ+−+++−=− )1)(()52(32 22 xbaxxxaxx . 

 

Cxxxxxx

x

xd
xxxdx

xx

xx
++−+−−+−=

+−

−
−+−=

+−

−
∫ ∫ 521ln552

4)1(

)1(
552

52

32 22

2

2

2

2

. 

 (1.8)  
ax

t
−

=
1

    (1.7).   

 4,     (1.9). 
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1.5.3.   
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      : 

[ ],)sin()sin(
2

1
cossin β−α+β+α=β⋅α  

[ ],)cos()cos(
2

1
coscos β−α+β+α=β⋅α  

[ ].)cos()cos(
2

1
sinsin β+α−β−α=β⋅α  

10. ∫ ⋅⋅= xdxxxI 5cos2coscos . [ ] +⋅=+−=⋅ xxxxxxxx 5coscos
2

15cos3cos)cos(
2

15cos)2cos(cos  

[ ] [ ]=+−++−=⋅+ xxxxxx 8cos)2cos(
4

16cos)4cos(
4

15cos3cos
2

1 ).8cos6cos4cos2(cos
4

1 xxxx +++  

 =+





 +++= CxxxxI 8sin

8

16sin
6

14sin
4

12sin
2

1

4

1 .)8sin
4

16sin
3

14sin
2

12(sin
8

1 Cxxxx ++++  

 

1.6.5.   

∫ ⋅ ,)()( dxxfxPn      (1.27) 

 −)(xPn   ,n   −)(xf    : 

,,cos,arcsin,ln,cos,sin, xarctgxarxxxxe
x αααααα  ,R∈α     

   .      

       ( . . 1.2, 1.3). 



 21 

11. ∫∫ −=
+

+−
−=

==

+
==

= arctgx
x

dx
x

x
arctgx

x

x
vdxxdv

x

dx
duarctgxu

arctgxdxx
81

1)1(

8

1

8

8
,

,
1

, 8

2

88

8
7

2
7  

    =−+−−−=−
+

−++
− ∫∫ dxxxxarctgxxarctgxdx

x

xxx
)1(

8

1
)1(

8

1

8

1

1

)1)(1)(1(

8

1 2468

2

224

 

    .
3578

1
)1(

8

1 357
8

Cx
xxx

arctgxx +













−+−−−=  

12. ∫ ∫∫ ==
=

==
== dtetdtete

dtedx

extx
dxxxI

t
tt

t

t
2

5

222

3

22

3

)(
,,ln

)(ln .    

 , CettI
t

+







+−= 2

5

2

125

16

25

8

5

2
∫ ++−== .)8ln20ln25(

125

2
)(ln 2

5

222

3

Cexxdxxx  

,     : 

,
)()()(

)()(
32

C
k

xP

k

xP

k

xP
xP

k

edxexP nnn
n

kx
kx

n +













+

′′′
−

′′
+

′
−=∫ K  

        . 

13. ∫ +−

+
= dx

ee

ee
I

xx

xx

42

3

1
  dtdxete xx == , , ∫∫

++++

+
=

+−

+= .
)12)(13(

)1(

1

1
22

2

24

2

tttt

dtt
dt

tt

tI  

   ( . . 1.4)     x , 

 .)2( CshxarctgI +=    ,     

     ∫
+

.
14

2
2

xsh

chxdx  , 

.
112

)1(

)1(
1

1

11

1

41

2
24

3

242

2

2

22

2

22 +−

+=
+−+

+
=

−
+

+

=









−+

+

=
+ xx

xx

xxx

xx

x

x

x

x

x

x

x

x

ee

ee

eee

ee

e

e

e

e

e
e

e
e

xsh

chx  

14. [ ]dxxxxxeI x
∫ −+= − 2sin2cos)1( 2 .     : 

[ ] CxBxBxBxAxAxAeI x ++++++= − 2sin)(2cos)( 32
2

132
2

1  (    

 ,    −x2sin   ).  

 : 

( )=−+− xxxxe x 2sin2cos)1( 2 ( ){ +−++−++−− xAABxAABxABe x 2cos)2()22()2( 323212
2

11  

( ) }.2sin)2()22()2( 332221
2

11 xABBxABBxAB −−+−−+−−+  

 ,
5

1
1 −=A  ,

25

16
2 =A  ,

125

17
3 =A  ,

5

2
1 =B  ,

25

13
2 =B  ,

25

31
3 =B   

( )[ ] .2sin316550(2cos)178025
125

22
CxxxxxxeI

x
++++++−=

−
 



 22 

1.6.6.     

     .    

, , ,   : 

∫ ,sin dx
x

x   ,
2

1 2

2

dxe

x

∫
−

π
 ,Rx ∈    (1.27) 

,
ln
∫

x

dx   ).1;0(∈x      (1.28) 

 (1.27),   0=x    ,   

xSi  (  )  ( )x0  (  ).  (1.28),  

    ,0+→x   xli     

. 

15.     xSi      

∫
−= .cossin
2

dx
x

xxxI   ,  ∫ ∫−= .cossin
2

dx
x

xdx
x

xI . 

    : ,,cos
2

x

dx
dvxu ==  .1,sin

x
vxdxdu −=−=  

.cos2sincos1 C
x

xsixdx
x

xx
x

sixI ++=





 −−−= ∫  

16.     xli      

∫= ,
ln3

dx
x

dxI  .1<x   ,,,ln dtedxextx tt ===   ∫ ,
3

t

dte
t

  

   ,   .teu =  

∫ ∫ ∫ =







+−+−=+−= dt

t

e

t

e

t

e

t

dte

t

e

t

dte
tttttt

22222 2223
 

∫ +






 +
−=+−− C

x

xx
lix

x

dx

x

x

x

x
22 ln

)ln1(

2

1

ln2

1

ln2ln2
. 

17. ∫ dxx)(0 .  ,,
2

1)( 2
0

2

dxdvdxexu

x

=
π

== ∫
−

  .,
2

1 2

2

vxdxedu

x

=
π

=
−

 

∫ ∫
π

+=
π

−=
−

2

1
)(

2

1
)()( 0

2
00

2

xxdxexxxdxx

x

∫ +
π

+=







−

−−

.
2

1
)(

2
2

0

2

2

22

Cexx
x

de

xx

 

 

1.7.   

 : 

 1 

1 dx
x

xxx
∫

++ 322

   2 ∫ dxee xx )sin(   3 ∫
− x

dx

23
 

4 ∫ − xdxx 4cos)5( 2    5 ∫
++

−
dx

xx

x

86

1

2
  6 

( )
( ) ( )
∫

++

−
222

5

91

1

xx

dxx
 



 23 

7 

( )
∫

++

++++
dx

xxx

xxxx

222

234

404

1
  8 ∫ xdxe x 5cos   9 

( ) ( )
∫

+−5 46
21 xx

dx
 

10 ∫
++ 542

4

xx

dxx
   11 ( )∫

−− + dxxx
33132

1  12 ∫
+

+
dx

xtg

ctgxxctg

2

3

4
 

13 ∫
−

+
dx

chxshx

shxchx

2
   14 ∫ xdxx 35 4 cossin  15 dxe

x
∫

−
 

 2 

1 ∫ − dxxx )45(3    2 ∫ dxxx
32 sin   3 ∫

−1x
e

dx
 

4 ∫ xdxx 2sin4    5 dx
xx

xx
∫

−

+−
23

23

)2(

42
  6 

( )( )∫
+−++ 3454 22

xxxx

dx
 

7 ∫
++

−
dx

xx

x

32 )4(

53
   8 ∫ xdxe x 2sin2   9 dx

xx

xx
∫

−

+
5

4

 

10 ∫
+−− 23)1( 2

xxx

dx
, 2>x  11 ∫ ⋅

+ 3
5

1 x

dx

x

x
  12 ∫ xdxctg 4  

13 ∫
−

+
dx

chxshx

shxchx

32

4
   14 ∫ xdxx 83 sincos   15 ∫

+
dx

x

x

42

5

 

 3 

1 ∫
+

dx
x

x

2

21
    2 ∫

++

+

86

)124(

24

3

xx

dxxx
  3 ∫

+ x

xdx

cos31

sin
 

4 ∫ + xdxx cos)1( 2    5 ∫
−+ )1()2( 2

xx

dx
  6 ∫

++++

−+−

)6112)(294(

)1232(

22

23

xxxx

dxxxx
 

7 ∫
++

+
dx

xx

x

32 )4(

13
   8 ∫ xdxe x 2cos2   9 dx

xx

xx
∫

−

+
4

32
 

10 ∫ ++ dxxxx 652    11 ( )∫
−

+ dxxx
23121 21  12 ∫ xdx8cos  

13 ∫
+

−
dx

chxshx

shxchx

32

4
   14 ∫

3 4

3

sin

cos

x

xdx
   15 

( )
∫

−

dx

x

x

2321

arcsin
 

 4 

1 dx
x

x
∫

+ 2)3(
   2 ∫

+−

−
dx

xx

x

32 )54(

42
  3 ∫

+
dx

x

xln1
 

4 ∫ + dxxarctg )27(    5 ∫
−+

−
dx

xxx

x

6

57

23
  6 

( )
( ) ( )∫

++

++

41

123

22

23

xxx

dxxx
 

7 
( )

( )
∫

+

−
32 16

13

x

dxx
    8 ∫ xdxe x sin3   9 ∫

++−

+−−
dx

xx

xx

22

22
 



 24 

10 ∫
++

+
dx

xx

x

344

3

2
  11 ( )∫

−
+ dxxx

23121 1  12 ∫
+

−
dx

xx

xx

cos3sin2

sin3cos2
 

13 ∫
+

+
dx

chxshx

chx

32

2
   14 ∫ xdxx 2cos2sin 35 3  15 ∫ tgxdxx lnsin  

 5 

1 ∫ 







−

+
dx

x

x3
25

3

2
   2 ∫

−
dx

x

x

2

2

1

arcsin
  3 ∫

+1x

xdx
 

4 ∫ xdxx arcsin    5 ∫
++ 852 xx

xdx
  6 

( )( )( )∫
+++ 111 32

xxx

dx
 

7 
( )

( )
∫

++

−+
222

3

52

12

xxx

dxxx
   8 ∫ xdxe x cos3   9 ( )∫ + dxxx 3 22

1  

10 ∫
+−− 12

xxx

dx
   11 ( )∫

−
+ dxxx

23141
1  12 ∫

+ xx

xdx

44 cossin

2sin
 

13 ∫
+

+
dx

chxshx

shx

52

2
   14 ∫

3 2

3

sin

cos

x

xdx
   15 ∫

+ xx
ee

dx
 

 6 

1 dx
x

x
∫

−
2

2

sin

sin23
   2 ∫

−
dx

xx

x

arcsin1

arcsinln

2
 3 ∫

− xdxe x 53
2

 

4 ∫ dxex
x22     5 ∫

++ 1442
xx

dx
  6 ∫

++

+++
dx

xxx

xxx

234

23

2

432
 

7 
( )

( )
∫

+−

−
32 52

1

xx

dxx
   8 ∫ xdxe x 2sin   9 

( ) ( )
∫

−+4 35
12 xx

dx
 

10 
( )
∫

+−

+−

107

12

2

23

xx

dxxx
   11 ∫

+
3 21 x

xdx
  12 ∫

+

+
dx

xx

xx

cos2sin5

sin7cos3
 

13 ∫
+

−
dx

chxshx

shx

2

2
   14 ∫

3 4

3

cos

sin

x

xdx
   15 ∫ xdx7cos  

 7 

1 dx
x

x
∫ 2sin

2sin
    2 ∫ +−+ dxxe xx )12(122

2

 3 ∫
− 25

3

6

2

x

dxx
 

4 ∫
− xdxx2     5 ∫

+− 12 2 xx

xdx
  6 

( )
( )
∫

++

−+
22

2

294

143

xx

dxxx
 

7 
( )
( ) ( )∫

++−

++−

541

62

22

23

xxxx

dxxxx
  8 ∫ xdxe x 2cos   9 ∫

−− 432 xxx

dx
 



 25 

10 
( )
∫

++

+

1

4

2

2

xx

dxxx
   11 ∫ + dxxx

3 32   12 ∫
++ xx

xdx

2coscos41

sin
 

13 ∫
+

dx
chxshx

shx

2
   14 dx

x

x
∫ 4

2

cos

sin3
  15 ∫

+

+
dxe

x

x x

cos1

sin1
 

 8 

1 dx
xx

∫ 22 cossin

5
   2 ∫

+ dxe xx ln2
2

  3 dx
x

x
∫

+ 2sin3

2sin
 

4 ∫ xdxarctg2     5 ∫
++ 1966 2 xx

dx
  6 

( )

( ) ( )∫
+−

+

41

2

22
xxx

dxx
 

7 

( )
dx

xxx

xxxxx
∫

++

+++++
222

2345

102

1
 8 ∫ xdxe x 3cos2   9 dx

x

x
∫

++

+−
3 11

11
 

10 
( )
∫

++

−−

22

1

2

3

xx

dxxx
   11 ∫ − dxxx

3 3   12 ∫
+ xx

dx

22 cos7sin2
 

13 ∫
+

dx
chxshx

thx

2
   14 ∫ xdxx 45 cossin   15 ∫

−

+
dx

x

x

1

1
 

 9 

1 ∫
+

+
dx

xx

x

)1(

)1(

2

2

   2 ∫
+

dx
x

ctgxe
tgx

2cos
  3 ∫

+1xx

dx
 

4 ∫ xdxx ln2     5 ∫
+++

+

)32)(3(

)139(

2
xxx

dxx
 6 

( )
( )( )∫

++

−
232

4

9

1

xxx

dxx
 

7 
( )

( )
∫

+−

+
32 54

13

xx

dxx
   8 ∫ xdxe x 3sin2   9 ∫

+−+ 12144
3 2

xxx

dx
 

10 ∫ + dxxx 422    11 ∫
−

3 33 2 xx

dx
  12 

( )
∫

+

+

x

dxx

sin1

cos1
2

 

13 ∫
−

+
dx

chxshx

chx

52

1
   14 ∫

5 3

3

cos

sin

x

xdx
   15 ∫

−
dx

xa

a

x
x

22

arccos

 

 10 

1 ∫
+

dx
x

x

42

2

    2 ∫ xdxx 5cossin   3 ∫ −+ xx ee

dx
 

4 ∫ + xdxx 3cos)2(    5 ∫
+++ )204)(4(

20

2
xxx

dx
 6 

( )
( )( )∫

++++

−+−

346178

132

22

23

xxxx

dxxxx
 

7 

( )( )
∫

+++
222 521 xxx

dx
  8 ∫

+ xdxe x sin12   9 ∫
−

+
dx

xa

xa
 



 26 

10 
( )
∫

++

−+−

34

6116

2

23

xx

dxxxx
  11 ( )∫

−− + dxxx
104121

1  12 
( )

( )
∫

+
233

2

cossin

2sin

xx

dxx
 

13 ∫
−

−
dx

chxshx

chx

52

1
   14 ∫

x

dx

5sin
   15 ∫ − dxxx 123  

 11 

1 dx
x

xx
∫

+ )1(
3

   2 ∫
−188

3

x

dxx
   3 dx

x

x
∫

+

+

1

1
 

4 ∫ ++− dxxxx )1ln()32( 2   5 ∫
+−

+

13124

)43(

2
xx

dxx
  6 

( )

( ) ( )∫
−+

+

12

5

42
xx

dxx
 

7 

( )
∫

+
32 16x

dx
    8 ∫

+ xdxe x cos12   9 ∫
+

−
dx

x

x
x

1

1
 

10 
( )
∫

−+

+−

2

2

1

1

xx

dxxx
   11 ∫

+
6 6 1xx

dx
  12 ∫

+

−
dx

xx

xx

cos2sin7

cos3sin5
 

13 ∫
+

−
dx

chxshx

shx

52

1
   14 ∫

xx

dx

22 cossin
  15 ∫

−16
22

xx

dx
 

 12 

1 ∫
+

dx
x

x

2

6 1
    2 ∫

− x

x

e

dxe

24

   3 dx
x

x
∫

−

+

1

1
 

4 ∫ − dxx )23arccos(    5 ∫
+−

+

)6)(14(

)32(

22

3

xxx

dxx
 6 ∫

++

++++
dx

xx

xxxx

54

201234

2

234

 

7 
( )

( )
∫

+−

+
222

2

586

1

xxx

dxx
  8 ∫ xdxe x 4sin4   9 

( ) ( )
∫

−− 57
57 xx

dx
 

10 ∫ ++ dxxxx 222   11 ∫
+ 3

3

1 x

dxx
   12 ∫

+ xx

xdxx

cossin

2sinsin
 

13 ∫
+

dx
chxshx

shx

2

3
   14 ∫ xdxx

33 2
sin2cos  15 

( )
( )( )∫

−+−+

++

221

1322

232

2

xxxx

dxxx
 

 13 

1 dx
x

x
∫

+ 3)1(
    2 ∫

x

dxtgx

2

4

sin
   3 ∫

− dxxe x 3
4

 

4 ∫ arctgxdxx3    5 ∫
−

+
dx

xx

x

22

1
  6 

( )
( )( )∫

++−

−

954

5

22

2

xxx

dxx
 

7 

( ) ( )
∫

+−−
223

222 xxx

dx
  8 ∫ xdxe x 4cos4   9 ∫

− 922 xx

dx
 



 27 

10 ∫
+−

−
dx

xx

xx

52

32

2

2

   11 ( )∫
−− + dxxx

33132
1  12 ∫

+− xx

dx

2cos22sin43
 

13 ∫
+

dx
chxshx

chx

32

3
   14 ∫

5 3

3

sin

cos

x

xdx
   15 ∫ dx

xx

x

4ln

2ln
 

 14 

1 ∫ +− dx

x

x )1
2

(
3 2

3    2 ∫
+ x

x

e

dxe

4

2

1

   3 ∫ xdx
x 2

2  

4 ∫ xdxarctgx 42    5 ∫
+− 1482 xx

dx
  6 ∫

++

+

)86(

)1(

24
xxx

dxx
 

7 
( )

∫
++

−

86

6

24

3

xx

dxx
   8 ∫ xdxe x 5sin5   9 ∫

++−

+−−
dx

xx

xx

11

11
 

10 ∫
++ 12

3

xx

dxx
   11 ( )∫

−
+ dxxx

23121 1  12 ∫
++ ctgxtgx

dx

44
 

13 ∫
+

dx
chxshx 32

3
   14 ∫ xdxx 2cos2sin 42  15 ∫

x

tgxdx

2sin

ln
 

 15 

1 dx
x

xx
∫

+

5

)( 3

   2 ∫
− xx

xdx

arccos1

arccosln

2
  3 ∫

−
xdxe

x 22

 

4 ∫ xdxx 5sin3    5 ∫
+

−

xx

dxx

3

)1(
   6 

( )
∫

+
222 4xx

dx
 

7 

( )
∫

+−
32 22xx

dx
   8 ∫ xdxex x sin2   9 ∫

+++ xx

dx

11
 

10 
( )
∫

−+

−++

12

12

2

23

xx

dxxxx
  11 

( )
∫

−4 3 4xx

xdx
  12 ∫

−+ tgxctgx

dx

44
 

13 ∫
−

dx
chxshx 42

7
   14 ∫ xdxx 3cos3sin 42  15 ∫ dxe x  

 

2.   

 

2.1.      

 

2.1.1.   

  )(xf     [ ]ba;   

{ }−=<<<== bxxxa nK10      n  . 

 .max,1 iii xxx ∆=χ=∆ +       

[ ] )1,1,0(; 1 −=+ nixx ii K   [ ]1; +∈ζ iii xx    : 



 28 

∑
−

=

∆ζ=
1

0

,)(
n

i
iin xfS       (2.1) 

   .     ,lim
0

nSI
→λ

=   

       [ ]ba;     ,iζ    I  

    )(xf    [ ]ba;    

 

∫=
b

a

dxxfI ,)(       (2.1) 

  )(xf        . 

 

2.1.2.       

      )(xf    [ ]ba;   

   ,    

∑
−

=

∆=
1

0

,
n

i
iin xmS   ∑

−

=

∆=
1

0
,

n

i
iin xMS    (2.3) 

 
[ ]

{ },)(inf
1;

xfm
ii xxx

i
+∈

=  
[ ]

{ }.)(sup

1;

xfM

ii xxx
i

+∈

=  

 

 

2.1.3.   

 ,   )(xf      [ ],,ba   

 ,    

∑
−

=→λ→λ
=∆ω=−

1

100
,0lim)(lim

n

i
iinn xSS      (2.4) 

 −−=ω iii mM   )(xf    [ ]1; +ii xx .   

, -         

. 

1. ,   ,  ∫

π

2

0

.cos xdx  

’   



 π

2
;0   n     ,00 =x  ,

2
1

R
x π=  ,,

2

2
2 K

n
x π=  

.
22

π=π=
n

nxn       .
2

1
n

xxx iii
π

=−=∆ +  

 iζ     −i   .   

   iζ : ,,
2

coscos 0 K
n

π=ζ  ,,
2

)1(
coscos K

n

i
i

π+
=ζ  .0cos 1 =ζ −n   

  




 π−
++

π
+

ππ
=

π
⋅ζ=∆ζ= ∑∑

−

=

−

= n

n

nnnn
xfS

n

i
ii

n

i
in

2

)1(
cos

2

2
cos

2
cos

22
cos)(

1

0

1

0

K . 



 29 

    ,  

.

4
sin

4

)1(
sin

4
sin

2

)1(
cos

2

2cos
2

cos

n

n

n

n

n

nn π

π−
⋅π

=
π−

++π+π
K   ),()0( ∞→⇒→λ n   

.

4
sin2

4

)1(
sin

4
sin

lim
2

coslimcos
1

0

2

0

n
n

n

n

n
xdx

n
i

n

in π

−π
π

=
π

ζ=
∞→

−

=∞→

π

∑∫  ,
24

sin2lim π=π

∞→ n
n

n
 1

2

4
sin

cos

2
2

0

=
π

π
π

=∫

π

xdx . 

        . 

2. ,   ,  ∫
b

a

m
dxx ,  ,0 ba <<  .1−≠m  

 n

a

b
q =   ’   [ ]ba;     

,,,,, 210 bxxxax n == K   .i
i aqx =    [ ]1; +ii xx    .i

ii aqx ==ζ  

 ∑ ∑∑
−

=

−

=

+++
−

=
+ −=−=−ζ=

1

0

1

0

)1(11
1

0
1 .)1()()()(

n

i

n

i

mimiimi
n

i
ii

m
in qqaqqaaqxxS    

    : 

=
−












−








−

=
−

−−
=

+

+

+

+

++

1

1)1(

1

)1)(1(
1

1

1

1

)1(1

m

m

m

m

mnm

n
q

a

b
aa

q

qqa
S

11

))(1(
1

11

1

11

+++

−
=

−

−−
+

++

+

++

K
mm

mm

m

mm

qq

ab

q

abq
. 

 ,0→λ   , ,∞→n   .1→= n
b

aq  , 0max 1

10
→−+

−≤≤

ii

ni
qq .  

.
11

limlim
11

1

11

1 +
−=

+++

−==
++

−

++

→∞→
∫

m

ab

qq

abSdxx
mm

mm

mm

q
n

n

b

a

m

K

     1−≠m . 

 

2.1.4.   

1) .abdx
b

a

−=∫  

2)   )(xf     [ ],;ba      -

  [ ] [ ].;**; baba ⊂ . 

3)   ∫∫∫ +=
b

c

c

a

b

a

dxxfdxxfdxxf ,)()()(  .bca ≤≤  

4)   .)()(
11

∑ ∫∫ ∑
==

λ=









λ

n

k

b

a
kk

b

a
k

n

k
k dxxfdxxf . 

5)        . 



 30 

6)   )(xf     [ ]ba;   
[ ]

,0)(inf
;

>xf
ba

   
)(

1

xf
 

    . 

7)   )(xf  )(xg     [ ]ba;   [ ] ),()(; xgxfbax ≥∈∀   

.)()( ∫∫ ≥
b

a

b

a

dxxgdxxf  ,    [ ]ba;   ,0)( ≥xf   .0)( ≥∫
b

a

dxxf  

8)   )(xf     [ ]ba; ,      

)(xf     [ ]ba;   ,)()( ∫∫ ≤
b

a

b

a

dxxfdxxf  .ba ≤  

9)  .   )(xf     [ ]ba; ,  

 ∫=
x

a

dttfxF )()(   ∫=
b

x

dttfxG )()(     . 

3.   ∫

π

+

2

0

2
.

cos23 x

dx
 

 ,1cos0 2 ≤≤ x  
3

1

cos23

1

5

1
2

≤
+

≤
x

  .
6cos2310

2

0

2

π
≤

+
≤

π
∫

π

x

dx
 

4. ,    )(xp    ’    [ ]ba; ,  

 )(xf       ,)( Mxfm ≤≤   

)()( xpxf ⋅  ,  

∫∫∫ ≤⋅≤
b

a

b

a

b

a

dxxpMdxxpxfdxxpm .)()()()(     (2.5) 

  ,   bxa ≤≤    

).()()()( xMpxpxfxmp ≤⋅≤    ,   

 (2.5). 

 (2.5)    ∫
+

1

0

3
.

1 x

dxx   ,)( 9
xxp =  .

1

1)(
x

xf
+

=  

   10 ≤≤ x   ,1
1

1

2

1 ≤
+

≤
x

  .
12

1
1

0

9
1

0

91

0

9
∫∫∫ ≤

+
≤ dxxdx

x

xdxx  

,
10

1
1

0

9
∫ =dxx    .

10

1

1210

1 9
≤

+
≤ ∫ dx

x

x  

 

2.1.5.  -  

  )(xf     [ ],;ba    -   

 )(xF     -  



 31 

).()()()( aFbFxFdxxf
b

a

b
a −==∫      (2.6) 

5.  ∫
−−

3

2
2

.
82xx

dx  =
+
−=

+−

−−
=

−−

−
= ∫

3

2

3

2

3

2
2 2

4ln
6

1

3)1(

3)1(
ln

6

1

9)1(

)1(

x

x

x

x

x

xd
I  

.
5

2ln
6

1

2

1ln
5

1ln
6

1

22

42ln
23

43ln
6

1 =





 −=









+
−−

+
−=  

6.     -    ∫
−

=
5

0
2)4(x

dxI ? 

 .        (2.6), 

   : .
4

5

4

11
40

1

45

1

4

1

)4(

)4(5

0

5

0
2

−=−−=
−

+
−

−=
−

−=
−

−
= ∫

xx

xd
I  

   0
)4(

1)(
2

>
−

=
x

xf     7)    

 ’  .   -  , 

 
2)4(

1)(
−

=
x

xf       4=x ,   

 . 

 

2.2.    

  )(xf     [ ]ba; ,   ( )tx ϕ=  

     [ ]βα; , ,)( a=αϕ  ,)( b=βϕ   

∫∫
β

α

ϕ′ϕ= .)())(()( dtttfdxxf
b

a

     (2.7) 

1. 
2

4
)(2

1

1)1(
2

12ln

00

,2

,
1

2

,1

1

1

0

1

0
2

2

2

2
2ln

0

π−
=−=

+

−+
=

=⇔=
=⇔=

=

+
=

=−

=− ∫∫ arctgttdt
t

t

tx

tx

tdtdxe

t

tdt
dx

te

dxe

xx

x . 

2.   ∫
−

2

1

2
dxx     .2

tx =   ,2
tx =  

,2 dtxdx =  .tx =   ,1−=x  ,11 =t  ,2=x  .42 =t  , 

.
3

7
)18(

3

1

3

2

2

1

2

1 4

1

2

34

1

2

1

2 =−=⋅== ∫∫
−

tdttdxx   .3))1(8(
3

1

3

2

1

32

1

2 =−−==
−−

∫
x

dxx    

  ,   2xt =     : tx =   tx −= . 

  ,tx =   ,11)( 1 ==ϕ= ta    -1,   ;    

,tx −=   ,24)( 2 −=−=ϕ= tb    +2,    .   



 32 

 : =∫
−

2

1

2
dxx +∫

−

0

1

2
dxx ,

2

0

2
∫ dxx       ,tx −=   

  .tx =  ;
3

1

3

2

2

1

2

1 0

1

2

30

1

0

1

2

1 =⋅−=−==
−−−

∫∫ tdttdxxI  == ∫ dttI

4

0

2
2

1
.

3

8

3

2

2

1
4

0

2

3

=⋅= t  

 , .3
8

3

3

1
21 =+=+= III  

3. ,   )(xf    [ ]1;0 ,  ∫∫
ππ

π=⋅
00

.)(sin
2

)(sin dxxfdxxfx  

 ∫∫
ππ

−π⋅=⋅
00

))(sin()(sin dxxfxdxxfx    .xt −π=   

∫∫
ππ

=−π=⋅
00

)(sin)()(sin dttftdxxfx ∫∫
ππ

−π
00

.)(sin)(sin dtttfdttf   ∫∫ =
ππ π

00

)(sin
2

)(sin dxxfdxxxf . 

      .
cos1

sin

0
2∫

π

+
= dx

x

xxI  

 
2

)(cos
2cos1

)(cos

2sin2

sin

2

2
00

2
0

2

π=π=
+

π=
−

π=

ππ

π

∫∫ xarctg
x

xd

x

xdxI . 

 

2.3.    

  )(xuu =   )(xvv =        

[ ]ba; ,  

∫∫ −=
b

a

b

a

vdu
a

b
uvudv .)(       (2.8) 

      .   

   ,     u′   v′  

  . 

1.   .ln

1

dxx
e

e

∫   


−

=
x

x
x

,ln

,ln
ln

[ ]
[ ],;1

;1;/1

ex

ex

∈

∈
  

=
=

=
=+−= ∫∫∫

dxdv

xu
xdxdxxdxx

e

e

e

e

ln
ln)ln(ln

1

1

11

.
)1(2

)1(2)ln()ln( 1

1

1

1
e

e
exxxxxx

e

e

−
=−=−++− −  

2.   ∫
π

π−

= ,cosnxdxchxI  .Nn∈  

∫∫∫
π

π−

π

π−

π

π−

π

π−

==⋅−⋅== )(cos1sin1sin)(sin1
2

nxshxd
n

nxdxsh
nn

nxchxnxchxd
n

I  



 33 

.
12

)1(cos
1cos

2222
I

nn

sh
nxdxchx

nn

nxshx n −
π

−=−= ∫
π

π−

π

π−

    

  I ,  .
1

2)1(
2 +

π−=
n

shI
n  

3.  ∫

π

=
2

0

,sin xdxI n
n  .Nn∈      

,sin 1
xu

n−=  ,sin xdxdv =   ,)1()1( 2 nnn InInI −−−= −   .1
2−

−= nn I
n

nI   

       

  -   n . 

 ,2κ=n   ,
2!)!2(

!)!12(

24)22(2

13)32)(12(
02

π⋅
κ

−κ
=

⋅−κκ

⋅−κ−κ
=κ II

K

K
  .

2

2

0

0

π
== ∫

π

dxI  

 ,12 +κ=n   ,
!)!12(

!)!2(

13)12)(12(

2)22(2
112

+κ

κ
=

⋅−κ+κ

−κκ
=+κ II

K

K
  ∫

π

==
2

0

1 .1sin xdxI  

 ,   ∫

π










−

π
⋅

−

=
2

0 ,
!!

!)!1(

,
2!!

!)!1(

sin

n

n

n

n

xdx
n  

.

,

−

−
        (2.9) 

,     .cos
2

0

∫

π

xdx
n  

          

  . 

4.  ∫ +

3

0
1

arcsin dx
x

x
.   (2.8) ,

1
arcsin

x

xu
+

=  

dxdv = ,   .
)1(2

3

0

dx
x

x
∫

+
     ,2

tx =  

 ∫
+

3

0
2

2

1
dt

t

t .  : .3
3

4

1
arcsin

3

0

−π=
+

∫ dx
x

x  

 

2.4.    

 

  )(xyy =    

’    [ ]ba; .   

 ( . 2.1),    

),(xyy =  [ ]ba;   OX   

 

 x=a x=b 

y=y(x) 

a b 

X 

Y 

0 

. 2.1 



 34 

   ax =   bx =   

∫=
b

a

dxxyS )(                            (2.10) 

    . 

 )(xyy =       ),(txx =  ),(tyy =  

[ ]βα∈ ;t ,   )(tx    ’    [ ]βα; , ,)( ax =α  

,)( bx =β   )(ty    ’   [ ]βα; ,     

  : ∫ ′=
β

α

.)()( dttxtyS           (2.11) 

   ),(ϕρ=ρ  [ ]ba;∈ϕ ,  

,20 π<α−β<    ’   [ ]βα; . 

   ( . 2.2),   

 )(ϕρ      

   α=ϕ   β=ϕ , 

  : 

∫
β

α

ϕϕρ= .)(
2

1 2
dS                              (2.12) 

  ,  . 

1. ,tgxy =  ,cos
3

2 xy =  .0=x   ,     ( . 2.3). 

      : 







=

=

.cos
3

2

;

xy

tgxy

  

  .02sin3sin2 2 =−+ xx   

,1sin ≤x   .
2

1sin =x  ,  







 π∈

2
;0x ,  

6

π=Ax , 

=





 +=






 −=

ππ

∫
6

0

6

0

coslnsin
3

2cos
3

2 xxdxtgxxS

2

3
ln

3

1

2

3
ln

2

1

3

2 +=+⋅=  ( . .) 

2. ,122 += xy  .01=−− yx  

 ,     ( . 

2.4). ’    




=−−

+=

,01

;122

yx

xy
 

     :  (0;-

 

0 
. 2.2 

 

α  β  

A

0

X

Y

. 2.3

 

O X 

Y 

1 

-1 

-0,5 

-3 

3 

4 

1  

2  

. 2.4 



 35 

1)  (4;3). 21 ∪= . ,   1    ,  

   dxx∫
−

+
0

5,0

122 .   2    

( ) .)1(12
4

0

∫ −−+ dxxx   ,   ,    

  ,OY      ,1−= xy    –  

   ,122 += xy  .0>y  : 

( )∫∫ =−−+++=

−

4

0

0

2

1

)1(12122 dxxxdxxS  

=
−

−+++++⋅= ∫∫
−

4

0

24

0

2

10

2

1

2

1

2

)1(
)12()12(

2

1
)12()12(

2

1
2

x
xdxxdx  

=+−+++=
− 2

1

2

9
)12(

3

1
)12(

3

2 4

0

2

30

2

1
2

3

xx  
3

15
2

1

2

9

3

127
3

1

3

2 =+−−⋅+=  ( . .) 

3. ,22
atx −=  ,23

taty −=  .0>a  

  ,    ,   , 

,)( 2223 txatttaty =−=−=   .
x

y
t =   ,2

2

2
22 a

x

y
atx −=−=   

).( 222 axxy +=     (      ) 

   0=y .  ,2
1 ax −=  .03,2 =x  

,  ,02 ≥y  , .2ax −≥    

   (0;0),    )0;( 2a−  ,  

,    (0;0) –    

.  ,0)( ≥′ tx  ,0≥t     

(0;0) ,at =      0=t  ( .2.5) 

  (2.11): 

∫ =−=
0

23 2)(2

a

tdttatS

a
att

0

235

35
4 








−− .

15

8

35
4 5

55
aaa =








+−=  

4. .2)( 2222 xyayx =+  

    ρ   ϕ ,  ,cosϕρ=x  .sinϕρ=y  

     ϕϕρρ sincos2 224 a= ,  

0=ρ (       )  

.2sin22 ϕρ a=   ,02 ≥ρ   02 >a  (    0>a ), 

 ,02sin ≥ϕ   ,20 πϕ ≤≤  .
2

0
π

ϕ ≤≤    , 

O
X

Y

-a
2

. 2.5

O X

Y

4

π

. 2.6



 36 

 ,0≥xy ,            

,    .xy =  ,    ρ  

   .
4

π
ϕ =  ,    ( . 2.6).  

    (2.12): 

∫∫ ===
4

0

2
4

0

2 2sin2)(
2

1
4

ππ

ϕϕϕϕρ dadS
224

0

2 0cos
2

cos2cos
2

1
2 aaa =








−−=








−

π
ϕ

π
 

 

2.5.     

1.     ,arcsin1 2 xxy +−=  .
16

9
0 ≤≤ x   

  

∫ ′+=
b

a

dxxyl .)(1 2      (2.13) 

,
1

1

1

1

1

1

1 222 x

x

x

x

xx

x
y

+

−
=

−

−
=

−
−

−

−
=′   ,

1

2

1

1
1)(1 2

xx

x
xy

+
=

+

−
+=′+  , 

  
2

2
1

4

5
22122)1()1(2

1

2
16

9

0

16

9

0

2

116

9

0

=







−=+=++=

+
= ∫∫

−

xxdxdx
x

l . 

2.     ,cos3 tax =  ,sin 3 tay =  π20 ≤≤ t . ( . 2.7) 

  ,     

 ,   

       

: ,)()(
2

1

1212 dttytxl
t

t

∫ +=   1t   2t  – 

   t      

 .    

  , : 

=+= ∫

π

dtttattal
2

0

242242
cossin9sincos94  

.6sin6sinsin12cossin12 2

0

2

0

2
2

0

atattdatdtta ====
π

ππ

∫∫         (2.14) 

3.     .
3

sin3 ϕ
=ρ a     , 

    ,   : 

,)()( 22 ϕϕρ′+ϕρ= ∫
β

α

dl      (2.15) 

O X

Y

. 2.7



 37 

 ),(ϕρ=ρ  [ ]βα∈ϕ ; ,  )(ϕρ –    [ ]βα;  

.  ,0≥ρ   .0
3

sin ≥
ϕ

  

.30 π≤ϕ≤    ϕ   0  π
2

3
  

-  ρ    0  α ,   

-     ( . 2.8). 

   ϕ   π
2

3
  π3   

  α   0,    

 ,     

 .
2

π
±=ϕ     

 .
3

cos
3

sin)( 2 ϕϕ
=ϕρ′ a  

.
3

sin
3

cos
3

sin
3

sin)()( 22426222 ϕ
=

ϕϕ
+

ϕ
=ϕρ′+ϕρ aaa  

.
2

3

3

2
sin

2

3

23

2
cos1

23
sin

3

0

3

0

3

2 π
=




 ϕ
−ϕ=ϕ







 ϕ
−=ϕ

ϕ
=

πππ

∫∫
aa

d
a

dal
a

 

4.      ,3 23 yax =  ,2 2axz =  .9
3

ay
a

≤≤  

  ,    ),(txx =  

),(tyy =  ),(tzz =  [ ]bat ;∈ ,  ( )tx  ( )ty  ( )tz  –    [ ]ba;  

, : .222 dtzyxl
b

a

∫ ′+′+′=      y ,  

,33 2 yax =  ,yy =  ,

322 3 2

22

ya

a

x

a
z ==   .9

3
ay

a
≤≤  ;

3

1
3

3 2

3 2

y

axy ⋅=′  

.
3

1

32
33 2

2

yya

a
z y ⋅−=′     a

y

a
ydyy

a
l

a

a

a

a

9
1

3236
1

9

3
33

3

4
9

3

3

4

3

3

4

=
















⋅−=
















+= ∫
−

. 

 

2.6.  ’   

  )(xyy =    ’    [ ]ba; . ’  

     OX     ( . 2.1), 

   )(xy ,   ax =   bx =     

OX ,  

∫π=
b

a

dxxyV .)(2      (2.17) 

O X

Y
A

C

B

M

. 2.8



 38 

   )(xyy =     ),(txx =  ),(tyy =  

[ ]βα∈ ;t ,   )(tx    ’    [ ]βα;   ,)( ax =α  

,)( bx =β    )(ty    [ ]βα; ,  ’  V  ,  

       OX ,  

∫
β

α

′π= .)()(2 dttxtyV      (2.18) 

      OXYZ    0zz =  Hzz += 0  

   ,    OZ ,   )(zS ,  

)(zS  –   [ ]Hzz +00 ;  .     ’ ,   

: 

∫
+

=
Hz

z

dzzSV
0

0

.)(      (2.19) 

   ,    OZ    OX   OY . 

 ’  ,      OX  , 

  . 

1. ,2
axy =  ,0=y  ,ax =  ax 2=  ).0( >a    

       

  ( . 2.9).   

(2.17) =





−π=π=π= ∫∫

a

a

a

a

a

a
x

adx
x

adxxyV

2
4

2

2

42
2 1)(  

2

1

2

1 3
4 a

aa
a π=






 +−π= ( . .)  . 2.9 

  ,  

   OX . 

2. ,2 2
xpy =  ,2 2

yqx =  ,0>p  .0>q  

    . ’   




=

=

.2

2
2

2

yqx

xpy   

,
2

2

p

xy =   ,
4

2
2

4

p

xqx =  ,01 =x  .23 2
2 qpx =  ’  V    

  ’    ,    

 22 yqx =     22 xpy =  ( . 2.10): 

3 2

2

0

2

5
2

2

0
2

4

5

12

204
2

3 2
3 2

pqpq
p

x
qxdx

p

x
qxV

qp
qp

π=













−π=














−π= ∫  ( . .) 

3.  ’  ,    ,   
242 xy −=    02 =−+ yx ,   02 =−+ yx .    

 ( ),     ,uvO′   uO′     

O X

Y

a

2

a

a a2

. 2.9

O X

Y
22 xpy =

yqx =2

3 2
2 qp

. 2.10

O X

Y

A

2

u

v

2

O
|

. 2.11



 39 

   02 =−+ yx  ( .2.11).  ,     

 ,  .
4

π−     : ,
2

2+−
=

yx
u  

.
2

2−+
=

yx
v       242 xy −=    

  ,
2

2)(
)(

+−
==

xyx
xuu  ,

2

2)(
)(

−+
==

xyx
xvv   

).4(
2

1)( 2xxy −=   AO′     .20 ≤≤ x  ’   

 

=

′









+−π=′π= ∫ ∫ dxxxxxdxxuxvV

2
)2(

28
)()(

22

0

2

0

222 π
15

22  

   )(ϕρ=ρ    [ ]βα; ,  π≤β≤α≤ 20 .  , 

 ’  ,    ,β≤ϕ≤α  )(0 ϕρ≤ρ≤    

 : 

.sin)(
3

2 3
∫
β

α

ϕϕϕρπ= dV      (2.20) 

4.  ’  ,       

,     : 
ϕ

ϕ
≤ρ≤

cos

sin
20

2

a , 
3

0 π≤ϕ≤  

).0( >a    (2.20) ∫∫

ππ

ϕ
ϕ

ϕ−π−=ϕϕ
ϕ

ϕ
π=

3

0
3

323

0

3

3

6
3

).(cos
cos

)cos1(

3

16sin
cos

sin
8

3

2 dadaV  

 ,cos t=ϕ   ,sin dtd =ϕϕ−    t    1  
2

1 .  

=







−+−−π=

−π= ∫

1

2

1

4
2

2

31

2

1
3

323

42

3ln3
2

1

3

16)1(

3

16 ttt
t

adt
t

taV  

).2ln6451(
4

)2ln364:153(
3

16 33
−π=−π= aa  

5.  ’    .1
2

2

2

2

2

2
=++

c

z

b

y

a

x  

 ’     (2.19)    , 

 ,     a   b ,  .abπ    

 constz =    ,    –  

)(zS . ,  .Cz ≤      ,1
2

22

2

2

2

2

2

2

c

zc

c

z

b

y

a

x −=−=+  



 40 

 .1
)()(

2

222

2

2

222

2
=

−
−

−

c

zcb

y

c

zca

x   .
)()()(

)(
2

22

2

222

2

222

c

zcab

c

zcb

c

zca
zS

−π
=

−−
π=  

  (2.19) ’   

=







−π=−π=

−π
= ∫∫

−

c
cc

c

zzc
c

abdzzc
c

abdz
c

zcab
V

0

3
2

2
0

22

22

22

3

2)(2)(
 

.
3

4

3

4

3

2 3

2

3
3

2
abcc

c

abcc
c

ab π=π=







−π=  ,    Rcba ===   .

3

4 3RV π=  

 

2.7.    

  −= )(xyy      [ ]ba;  . 

 ,         OX , 

: 

.)(1)(2 2 dxxyxyP
b

a

′+π= ∫      (2.21) 

      ,     (   

)  .       

.)()()(2 22 dttytxtyP ∫
β

α

′+′π=     (2.22) 

    ,     

  ,OY   : 

,)(1)(2 2 dyyxyxP
d

c

′+π= ∫      (2.21’) 

dttytxtxP )()()(2 22 ′+′π= ∫
β

α

.    (2.22’) 

,   ,      

  ),(ϕρ=ρ  ,0 21 π≤ϕ≤ϕ≤ϕ≤  

,sin)()()(2
2

1

22 ϕϕϕρ′+ϕρϕρπ= ∫
ϕ

ϕ

dP     (2.23) 

 −ϕρ )(    [ ]21;ϕϕ  .     

 ,     
2

π=ϕ   ),(ϕρ=ρ  

,
22

21

π
≤ϕ≤ϕ≤ϕ≤

π
−  : 

.cos)()()(2 22

1

2

ϕϕϕρ′+ϕρϕρπ= ∫
ϕ

ϕ

dP     (2.24) 



 41 

1.   ,   

  364 22 =+ yx    

OY  ( . 2.12).  DAB    

    ,92
2

yx −=  

,33 ≤≤− y      

,cos6 tx =  ,sin3 ty =  



 ππ−∈

2
;

2
t .   

    (2.22): 

.cos9sin36cos62 22
2

2

dttttP +π= ∫

π

π−

   

ϕ= sht
3

1sin  : ( )( )∫
−

++π=ϕϕπ=
3

3

2 32ln3232432
arsh

arsh

dchP . 

2.   ,  

   ϕ=ρ 2cosa  

-   .   

,02cos ≥ϕ  
44

π≤ϕ≤π−  (   

),  
4

5

4

3 π≤ϕ≤π  (   

) ( . 2.13).   

     (2.23): 

=ϕ
ϕ

ϕϕ
π⋅= ∫

π

d
aa

P
4

0 2cos

sin2cos
22

( )∫

π

−π=ϕϕπ
4

0

22 222sin4 ada . 

 

 

 

2.8.      , , 

 

1.   m   (  1)( =γ x ),   xM   yM ,  

 xI   yI    OX   OY ,  cx   cy    , 

  3
xy = , 2=+ yx , 0=x . 

   ( . 2.14). ,  

O
X

Y

AC

D

B

. 2.12

O X

Y

a-a

4

π

. 2.13



 42 

;)())()(( 12 dxxxyxym
b

a

γ−= ∫    (2.25) 

( )∫ γ−=
b

a
x dxxxyxyM ;)()()(

2

1 2
1

2
2

    

∫ γ−=
b

a
y dxxxyxyxM ;)())()(( 12   (2.26) 

,
m

M
x

y
c =  ;

m

M
y x

c =    (2.27) 

( ) ,)()()(
3

1 3
1

3
2

dxxxyxyI
b

a
x γ−= ∫     

.)())()(( 12
2

dxxxyxyxI
b

a
y γ−= ∫   (2.28) 

: ∫ =







−−=−−=

1

0

1

0

42
3 ;

4

5

42
2)2( xxxdxxxm  

;
21

23

14

1

6

)2(

2

1)2()2(
2

1

1

0

1

0

1

0

7
3

62 =













−

−
−=−−−−= ∫ ∫ x

x
dxxxdxM x  ∫ =−−=

1

0

3

15

7)2( dxxxxM y . 

  (2.27)  ;
75

28=cx  
105

92=cy . 

( ) ;
60

73

104

)2(

3

1)2(
3

1

1

0

1041

0

93 =













−

−
−=−−= ∫

xx
dxxxI x  ∫ =−−=

1

0

23 .
4

1))2(( dxxxxI y  

2.  ,    ,    ,   

  R ,         

( .2.15).     γ . 

    

 x .    dx ,  

 l .     

 ,    

  ldxds = ,  ,
2

2
2

2
Rlx =






+  

 ,2 22 xRl −=  : .2 22
dxxRds −=  

      

.2 22 dxxRxxdsdP −γ=γ=    

( ) ( ) ( )∫∫ γ=











−γ−=−−γ−=−γ=

R
R

R

RxRxRdxRdxxRxP

0

3

0

2

3
22222

1
2222

0

.
2

3

3

2

2

12  

O X

Y
3

1 xyy ==

1

2

21

xyy −== 22

. 2.14

dx

l

x R

O

. 2.15



 43 

3.    ,     4 ,  

,     H1     1 ? 

     F ,     x , : 

kxF = .   k    :  01,0=x ,  HF 1= , 

 100
01,0

1 ==k   xF 100= .  08,050100
04,0

0

2
04,0

0

=== ∫ xxdxA  ( ). 

4.     0m        l  

   a ,      F .  

      u .      

l .      )(tm    

. .  

,)( pFF
dt

vdtm
rrr

+==       (2.29) 

 F
r

  ,   ; pF
r

  ,  

   

,
dt

dmuFp
rr

=       (2.30) 

 u
r

 –   ,      

 .    ,atv =    F ; ,   

u
r

  v
r

  ,  (2.29)  (2.30)  ;
dt

dmuFma −−=   

;
u

Fma

dt

dm +=  ;11

udt

dm

Fma
−=⋅

+
 ∫ −=

+

′t

a

tdt
Fma

m

0

,  ( ) ,ln1
0 u

tFma
a

t
−=+  .ln

0

t
u

a

Fam

Fma −=
+

+  

,  ,
2

2
eat =  ,2

a

lt =   u

ae

e
a

Fm
a

Fm

2

0

−







 ++−=    

: 
















−





 +=−

−
u

ae

e
a

Fmmm

2

00 1 . 

5.     R      L .  

     .      

,)( 0
T

tvtv ⋅=   .
R

LT =    )(tI      .  )(tI   

   
dt

dI  ’   

,)()(
dt

dILtvtRI −=       (2.31) 

  ,  .1 0 t
LT

v
I

Tdt

dI =+       

 T

t

e  ,    T

t

T

t

e
Tdt

dIe 1+     



 44 

),(tIeT

t

⋅   .)( 0 T

t

T

t

te
LT

v
tIe

dt

d =













⋅   ∫ ∫ ττ=τ














τ⋅

τ

ττt t
TT de

LT

v
dIe

d

d

0 0

0 .)(    

  ),(tIeT

t

  .0)0( =I    , 

    ,    : 














+−=

−
T

t

e
T

t

R

v
tI 1)( 0 . 

6.        h    

a . ,          ,  

   h : 

;2ghv µ=       (2.32) 

   .6,0=µ   { },jx  

nj ,...,1,0=  –    

(   [ ]h;0 ).   -

  ,1−−=∆ jjj xxx  nj ,...,1,0=   

 a  ( .2.16)   

 ,2 ij gv ξµ=  .1 jjj xx ≤ξ≤−  ’  

,        

, : 

.2 jijjj xagaxvQ ∆ξµ=∆=∆   ’  ,      

 ,   , : j

n

j
ij

n

j

xagQQ ∆ξµ=∆= ∑∑
== 11

2 .  

         ∫
h

dxx

0

.  

  : ∫ µ=µ=
h

ahgdxxagQ

0

2

3

.2
2

32   ,6,0=µ  

  .24,0 2

3

ahgQ ⋅=  

 

2.9.   

 

1.    ( )xf          [ ]ba, , 

   n         ∞→n . 

2.   . 

3.   ,   . 

4.     

O

X

Y

h

a

1−jx

jx
jx∆

. 2.16



 45 

5.  ’  ,     ( VxOx − , VyOy − ) 

,   . 

 

 

 1 

1. ( ) ( )( )xxxxf 21 +−= , 1−=a , 0=b . 

2. ) ( )∫
π

++
0

2 4cos17168 xdxxx   ) ∫

π

+

4

37

1
arcsin

2cos52sin3

6

xx

tgxdx
 ) ∫

−

9

2
3 1x

xdx
 

  ) ∫
π2

0

44 3cos3sin xdxx   ) dxxx∫ −
1

0

22 1  

3. xarctgy = , 02 =+ xy , 1=x . 

4. ) ( )tshtax −= , ( )1−= chtay , ay 70 ≤≤ , 0≥x      ) 

4
cos4 ϕ

=ρ
a

 (  ) 

5. 1
925

22

=+
yx

, 1
15

2
2 =−

y
x , 1≥x .  Vx . 

 

 2 

1. ( ) 123 +++= xxxxf , 0=a , 2=b . 

2. ) ( )∫
−

++
0

3

2 2sin96 xdxxx   ) ∫

π

−

−−4

0

2

4

22112
dx

tgx

tgxxtg
 ) ∫

−−

3

2
24 1xx

xdx
 

 ) ∫
π

0

624

2
cos

2
sin2 dx

xx
  ) 

( )
∫

+

3

0
2329 x

dx
 

3. 
4

10

2 +
=

x
y , 

4

45

2

2

+

++
=

x

xx
y . 

4. ) ∫ ϕϕ=
t

dx

0

2cos , ∫ ϕϕ=
t

dy

0

2sin , 00 tt ≤≤  ( ) ) 
4

sin 4 ϕ
=ρ a  

5. 
x

x
xy

−

+
=

3

33
, 20 ≤≤ x , 6=y , 0=x .  Vy . 

 

 3 

1. ( ) 32 xxf
x += , 1=a , 2=b . 



 46 

2. ) ( )∫

π

+
4

0

2 2sin5,17 xdxx    ) ∫
−

+−

+0

3

1 12cos52sin2

13

arctg

dx
xx

tgx
 ) ∫

+

+1

0
4

3

1
dx

x

xx
 

 ) ∫
π

−

0

2

628 cossin2 xdxx   ) ∫
−

2

5

0
32 )5( x

dx
 

3. x
exy

22= , x
exy

3−= . 

4. ) tx
4sin= , ty

2cos= , 
2

0
π

≤≤ t   ) 

3
sin 3 ϕ

=ρ
a

 (  ) 

5. ( ) ( ) 022 =++− axxaxy , 
2

0
a

x ≤≤ , 
2

a
x = .  Vx . 

 

 4 

1. ( ) 123 +−= xxxf , 2−=a , 1−=b . 

2. ) ( )∫
π

−
3

4

2 2sin3 xdxxx   ) 
( )

∫
π +

+3

4

2cos2sin

1arctg

dx
xx

ctgx
  ) ∫

π

π

+2

4

2)sin(

sincos
dx

xx

xxx
 

 ) dx
xx
















∫
π

2
cos

2
sin2 4

0

44   ) ∫
−2

1
4

2 1
dx

x

x
 

3. 432 442 xxxy −+−= , 0=y , 1xx = , 2xx = ,  1x   2x  –   . 

4. ) tax
3cos= , tay

3sin= , 
2

0 0
π

≤≤≤ tt , ba ≠  ) 
2

ϕ
=ρ ath , 00 ϕ≤ϕ≤  

5. 
32

3

ax

a
y

+
= , 

2

a
y = .  Vy . 

 

 5 

1. ( ) xexf
x += , 1=a , eb = . 

2. ) 
( )

∫
−

−2

1

0
2

3

1

1arccos
dx

x

x
   ) 

( )
∫

−

2

2

0
32

4

1 x

dxx
 ) ∫

π
−

0

2

428 cossin2 xdxx  

 )
( )
∫

π

+

+4

0
2

cos2sin

)37(

xx

dxtgx
  ) ∫

2

1

2lne

x

xdx
 



 47 

3. 222 =+ yx , 122 −= xy , 
2

1
≥x . 

4. ) ( ) ttttx cos2sin22 +−= , ( ) tttty sin2cos22 −−= , π≤≤ t0      ) 3ϕ=ρ a , 40 ≤ϕ≤  

5. xey
x π= α sin , nxn ≤≤−1 , 0=y , Nn∈ .  Vx . 

 

 6 

1. ( ) ( )( )11 2 ++= xxxf , 3=a , 4=b . 

2. ) ∫

π

4

0

cosln xdxtgx    )
( )

( )∫
−

+10

3
arcsin

5

2
arcsin

2sin5

52

xtgx

dxtgx
  ) ∫

π
−

0

2

848 cossin2 xdxx  

 ) ∫
e

x

xdx

1
3 2

2ln
   ) ∫

−

3

0
32 )4( x

dx
 

3. x
y

−= 4 , xy 4log−= , 0=y , 0=x . 

4. ) 







+=

2
lncos

t
tgtax , tay sin= , 

2
0 0

π
≤≤≤ tt  ( ). 

 ) ( )ϕ−=ρ sin1a , 
62

π
−≤ϕ≤

π
−  

5. xy = , xxy
2sin+= , π≤≤ x0 .  Vy . 

 

 7 

1. ( ) xxxf −++= 21 , 1=a , 2=b . 

2. ) ∫
+e

dx
x

xx

1

22 ln
   ) ∫

+

−0

10

1
arccos

2

72

503
dx

tgx

xtg
 ) ∫

π

0

624 2cos2sin2 xdxx  

 ) ∫
−

1

0
32 )5( x

dx
  ) ∫ ++

1

0

2 )1(ln)1( dxxx  

3. 2
xy = , 12 −+= xxy , 

2

5x
y = , 2

xy ≤ . 

4. ) tshtx 2
2

1
−= , chty 2= , 00 tt ≤≤  ) 4ϕ=ρ a , 30 ≤ϕ≤ . 

5. 
3

12

−

−
=

x

x
y , 11 ≤≤− x , 0=y .  Vx . 

 

 8 

1. ( ) ( )( )( )321 +−+= xxxxf , 0=a , 1=b . 



 48 

2. ) ( ) ( )∫ −−
3

2

23 1ln1 dxxx   ) ∫

π

+

+4

0
52sin2

25
dx

x

tgx
  ) ∫

+

−3

1 )1(

1
dx

xx

x
 

) ∫
π

0

628 cossin2 xdxx  ) ∫
+

4

0
32 )16( x

dx
 

3. xy arcsin= , xy arccos= , 0=y . 

4. ) 22tx = , 







−= 2

4

1
tty  (  ) 

 )     ( )ϕ−=ρ cos12 ,    

 1=ρ . 

5. 6+= x
ey , x

ey
2= , 0=x .  Vy . 

 

 9 

1. ( ) ( )( )2122 ++−= xxxxf , 1−=a , 1=b . 

2. ) ( ) ( )∫
−

++
0

1

23 2ln2 dxxx   ) ∫
π +−

−5

2
arcsin

4

2 12sincos4

54
dx

xx

tgx
 ) dx

x

x
∫

−

+1sin

0
2

2

1

1)(arcsin
 

) ∫
π

π

2

448 cossin2 xdxx  ) ∫
−

2

0
32

4

)4( x

dxx
 

3. x
y 3= , ( )

3

8
13

4

9
++= −x

y , 9=y . 

4. ) 2tx = , 







−= 2

3

1
tty  (  ) 

 )      ϕ=ρ a
e ,   

  1=ρ , ( 0>a ). 

5. 
x

x
y

39

9

−

+
= , 

2

3
0 ≤≤ x , 0=y .  Vx . 

 

 10 

1. ( ) 12 3 += xxf , 3−=a , 1−=b . 

2. ) ( ) ( )∫ ++
2

0

22 1ln1 dxxx   )
( )

∫
−

+

−0

5

1
arccos

3

311

tgx

dxtgx
 ) ∫

π−

0
268 cossin2 xdxx  

 ) ∫
+

−3

0
2

4

1

)(
dx

x

arctgxx
 ) ∫

−

22

0
32

4

)16( x

dxx
 



 49 

3. 1+= xy , yx π= sin , 0=y , 10 ≤≤ y . 

4. ) t
a

c
x 3

2

cos= , t
b

c
y 3

2

sin= , π≤≤ 20 t , 222
bac −=  (  ) 

 )      ϕ=ρ 5 ,   

  π=ρ 10 . 

5. xy arcsin= , 0=y , 1=x .  Vy . 

 

 11 

1. ( ) 123 ++= xxxf , 1−=a , 2=b . 

2. ) ∫
e

xdxx

1

2ln    ) ∫

π

+

−4

0
32

74
dx

tgx

tgx
  ) ∫

+

+8

3
2 1

1

dx

x

x
x

 

) ∫
π

0

444 cossin2 xdxx  ) ∫
−

2

0
32

4

)8( x

dxx
 

3. ( )12 −= yyx , 0=x . 

4. ) ( )23 12 ttx −= , 4 15ty =  (  ) ) 
5

cos5 ϕ
=ρ a  

5. ( ) ( ) 222
RRyRx =−+− , 0=x , 0=y , Rx ≤ , Ry ≤ .  Vx . 

 

 12 

1. ( ) ( ) ( )12
2 +−= xxxf , 2=a , 4=b . 

2. ) ∫
−

−1

1

22 dxex

x

   ) ∫

π

π +

2

3

2

2cos34 x

xdxtg
  ) ∫

+

+4

1
2)(

1
2

1

dx
xx

x  

) ∫
π

π

2

268 cossin2 xdxx  ) ∫
−

21

0
32 )1( x

dx
 

3. xy alog= , 0=y , 
a

x
1

= , ax = , 1>a . 

4. ) ( )ϕϕ+ϕ= sincosax , ( )ϕϕ−ϕ= cossinay , 00 ϕ≤ϕ≤  (  ) 

 ) 
ϕ+

=ρ
cos1

p
, 

2

π
≤ϕ , 0>p  

5. xy sin= , 0=y , π≤≤ x0 .  Vy . 

 

 13 

1. ( ) 23 +−= xxxf , 0=a , 5=b . 



 50 

2. ) ( )∫
−

+
0

2

22 2 dxex

x

   ) ∫
+

−6

1
arccos

0
2

2

5

13
dx

xtg

xtg
 ) dx

x

xarctgx
∫

+

−2

1

0
241

28
 

) ∫
π

0

264 cossin2 xdxx  ) ∫
−

2

3

0
32 )9( x

dx
 

3. xy
2sin= , xxy sin= , π≤≤ x0 . 

4. ) ( )12 −= tax , 







−=

43

2 3 t
t

a
y  (  ) ) 

3
cos3 ϕ

=ρ a  

5. 22 xpy = , ( )2
2 axgy −= , 0=y .  Vx . 

 

 14 

1. ( ) 13 +−= xxxf , 1=a , 3=b . 

2. ) ( )∫
−

+
0

2

32 3 dxex x    ) ∫
+

+6

1
arccos

0
2

2

4

13
dx

xtg

xtg
 ) ∫

π

π

2

222 cossin2 xdxx  

 ) ∫
−

2

8

0
32 )8( x

dx
  ) dx

x

xarctgx
∫

+

−3

1

0
291

312
 

3. xy 2sin= , xy 2= , π≤≤ x0 . 

4. ) tx
4cos= , ty 4sin=    ) 

3
sin3 ϕ

=ρ a  

5. 23 xxy −= , 0=y .  Vx . 

 

 15 

1. ( ) 43 +−= xxxf , 2=a , 5=b . 

2. ) ( )∫
−

+
0

2

3 2 dxex
x    ) ∫

+

6

1
arccos

0
2

2

5

3
dx

xtg

xtg
 ) ∫

π

π

2

668 cossin2 xdxx  

 ) ∫
−

2

6

0
32 )6( x

dx
  ) dx

x

arctgxx
∫

+

−1

0
21

4
 

3. xxy sin2= , xxy sin= , 20 π≤≤ x . 

4. ) tchx
3= , tshy

3=  ( Tt ≤≤0 )  ) 
5

sin5 ϕ
=ρ a  



 51 

5. 23 xxy −= , 0=y .  Vy . 

 

 

  

 

1.     . .I.   , 

,  / . . , . .   .– :  , 

1978. – 632 . 

2.  . .     . 

.1. – .: , 1970. 

3.   . .,  . .,  . .,  . . C   

  : . .:     / 

 . . . . – .: . . . .- . ., 1986. – 528 . 

4.  . .   . .1. – .: , 1973. – 

370 . 

5.  . .,  . .,  . .  . – .: 

, 1979. – 410 . 

6.  . .       . 

.:  , 1964. 

7.  . .       . 

– .: , 1990. – 624 . 

8.  . .      . .: , 

1985. – 383 . 

 

 



 52 

-   

 

 

   

 

   

 

 

 

   , 

  
 

 

-   

   

6.080202 „  ” 

6.080201 „ ” 

 

 

 

 

    . ., . . .,  

 

   . ., . .- . .,  

 

  

      . ., . . .,  

 

 

 


