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1.   

 

1.1.   

 

 G  –    xOy   -  . 

  ),( yxf       G .  G  

  n  „ ”  iσ    iσ∆ .  λ  – 

    ,    

.        ),( iii yxM .  

  ( ) i

n

i

ii

n

yxf σ

λ

∆∑
=

→
∞→ 1
0

,lim ,       

),( yxf    G    ∫∫
G

dGyxf ),( .  iσ  –  

,    : 

( ) ∫∫∫∫∑∑ ==∆∆
= =

→∆
→∆ GG

ji

n

i

m

j

ji

y
x

dxdyyxfdGyxfyxyxf

j

i

),(),(,
1 1

0max
0max

lim . 

    ,   ,    

,      ( .1.1): 

( ) ∫ ∫∑∑ =∆∆
= =→∆→∆

b

a

x

x

ji

n

i

m

j

ji

yx

dyyxfdxyxyxf
ji

)(

)(1 10max0max

2

1

),(,limlim
ϕ

ϕ

, 

( ) ∫ ∫∑∑ =∆∆
= =→∆→∆

d

c

y

y

ji

n

i

m

j

ji

xy

dxyxfdyyxyxf
ij

)(

)(1 10max0max

2

1

),(,limlim
ψ

ψ

. 

y  

x  

O  
a  b  

)(1 xy ϕ=  

)(2 xy ϕ=  

G  

y  

x  

O  

c  

d  

)(1 yx ψ=  )(2 yx ψ=  

G  

 
. 1.1.     

  : 

1. dxdyyxgdxdyyxfdxdyyxgyxf
GGG

∫∫∫∫∫∫ +=+ ),(),()),(),(( . 

2. dxdyyxfdxdyyxfdxdyyxf
GGGG

∫∫∫∫∫∫ +=
∪ 2121

),(),(),( ,  Ο/=∩ 21 GG . 

3. dxdyyxfAdxdyyxAf
GG

∫∫∫∫ = ),(),( . 

4. dxdyyxgdxdyyxf
GG

∫∫∫∫ ≤ ),(),( ,  ),(),( yxgyxf ≤    G . 

5. dxdyyxfdxdyyxf
GG

∫∫∫∫ ≤ ),(),( . 
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   ),( vuxx = , ),( vuyy =     G′   

 G .          G′ ,   

0
),(

),(
≠

∂

∂

∂

∂
∂

∂

∂

∂

==

v

y

u

y
v

x

u

x

vuD

yxD
J . 

  ),( yxf    G ,   : 

dudvvuJvuyvuxfdxdyyxf
GG

∫∫∫∫
′

= ),()),(),,((),( . 

        

: 

 : 




=

=

ϕρ

ϕρ

sin

cos

y

x
, ρ=J . 

  : 




=

=

ϕρ

ϕρ

sin

cos

by

ax
, ρabJ = . 

  : 

1.    : ∫∫=
G

G dxdyS . 

2.  ’    ( . 1.2): ∫∫=
G

dxdyyxfV ),( . 

),( yxfz =  

y  

x  

z  

O  

G  
 

. 1.2.   

3.   : ∫∫ 








∂

∂
+









∂

∂
+=

G

���
dxdy

y

f

x

f
S

22

1 . 

4.   .      G .  

     ( )yx,γ .   :  

 : ( )∫∫=
G

dxdyyxm ,γ , 

 : ( ) ( )∫∫∫∫ ==
G

y

G

x dxdyyxxMdxdyyxyM ,,, γγ , 

  : 
m

M
y

m

M
x x

�

y

�
== , , 

 : ( )∫∫=
G

x dxdyyxyI ,2γ , ( )∫∫=
G

y dxdyyxxI ,2γ , 

( ) ( )∫∫ +=
G

o dxdyyxyxI ,22 γ . 
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1.2.   

 

   3
RG ⊂ ,    ∑ .  

  G    ( )zyxfu ,,= . ’   G   

 .    sjiP ,,    

  sji ,,σ .  ( )
sjisji

m

s

k

j

n

i

T PuS ,,,,

111

σ∆= ∑∑∑
===

  

     .  TSlim
0→λ

,  λ  –  

 , ,        

G   ( )zyxf ,,    ( ) ( )∫∫∫ ∫∫∫=
G G

dxdydzzyxfdGPf ,, . 

  : 

1.  G    niGi ,1, =      ,   

  0 ,  ( ) ( )∫∫∫ ∫∫∫∑
=

=
G G

n

i
i

dGPfdGPf
1

. 

2. dxdydzzyxgdxdydzzyxfdxdydzzyxgzyxf
GGG

∫∫∫∫∫∫∫∫∫ +=+ ),,(),,()),,(),,(( . 

3. dxdydzzyxfAdxdydzzyxAf
GG

∫∫∫∫∫∫ = ),,(),,( . 

4.  ( ) ( )zyxgzyxf ,,,, ≤ ,   ( ) 0,, >zyxϕ ,  

( ) ( ) ( ) ( )∫∫∫∫∫∫ ≤
GG

dxdydzzyxzyxgdxdydzzyxzyxf ,,,,,,,, ϕϕ . 

5.  ( )zyxf ,,   ( )zyxf ,,  ,  ( ) ( )∫∫∫∫∫∫ ≤
DD

dxdydzzyxfdxdydzzyxf ,,,,   

    

     








≤≤

≤≤

≤≤

),(),(

)()(:

21

21

yxzyx

xyx

bxa

G

ψψ

ϕϕ .   

   I .  6    . 

      ,    

      . ,   

 : ( ) ( )∫ ∫∫∫∫∫ =
b

a

yx

yx

x

xG

dzzyxfdydxdxdydzzyxf

),(

),(

)(

)(

2

1

2

1

,,,,

ψ

ψ

ϕ

ϕ

. 

     

   G     ),,( zyx    G′   

  ( )wvu ,, ,   : 

( ) ( ) ( ) ( )( )∫∫∫∫∫∫
′

=
GG

dudvdwJwvuzwvuywvuxfdxdydzzyxf ,,,,,,,,,, ,  

w

z

v

z

u

z
w

y

v

y

u

y
w

x

v

x

u

x

J

∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂

= . 
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      , 

   . 

  









=

=

=

zz

ry

rx

ϕ

ϕ

sin

cos

   

[ ]
[ )
( )+∞∞−∈

+∞∈

∈

,

,0

2,0

z

r

πϕ

  ( ) ( ) drdzdrzrrfdxdydzzyxf
GG

ϕϕϕ∫∫∫∫∫∫
′

= ,sin,cos,,  

   









=

=

=

czz

bry

arx

ϕ

ϕ

sin

cos

  ( ) ( ) drdzdabrcczbrarfdxdydzzyxf
GG

ϕϕϕ∫∫∫∫∫∫
′

= ,sin,cos,,  

   









=

=

=

czz

bry

arx

ϕ

ϕ
λ

λ

sin

cos

  ϕϕλ λλ 11 cossin −−−= abrcJ  

  









=

=

=

θρ

θϕρ

θϕρ

cos

sinsin

sincos

z

y

x

 

[ ]

[ ]πθ

ρ

πϕ

,0

0

2,0

∈

≥

∈

 

( )

( ) θρϕθρθρθϕρθϕρ dddf

dxdydzzyxf

G

G

sincos,sinsin,sincos

,,

2

∫∫∫

∫∫∫

′

=

=

 

   









=

=

=

θρ

θϕρ

θϕρ

cos

sinsin

sincos

cz

by

ax

  abcJ ⋅= θρ sin2  

   









=

=

=

θρ

θϕρ

θϕρ

α

αλ

αλ

cos

sinsin

sincos

cz

by

ax

  θϕϕθλαρ αλλα 111122 cossincossin −−−−= abcJ . 

  : 

1.  ’  : ∫∫∫∫∫∫∫∫∫
′′′

===
GGG

ddddzddrrdxdydzV θϕρθρϕ sin2 . 

2.   .      G .   

    ( )zyx ,,γ .   : 

 : ( ) dzdxdyzyxm
G

∫∫∫= ,,γ , 

 : dzdxdyzM
G

xy ∫∫∫= γ , dzdxdyyM
G

xz ∫∫∫= γ , dzdxdyxM
G

yz ∫∫∫= γ , 

  : 
m

M
z

m

M
y

m

M
x

xy

�

xz
�

yz

�
=== ,, , 

 : dzdxdyzI
G

xy ∫∫∫= γ2 , dzdxdyyI
G

xz ∫∫∫= γ2 , dzdxdyxI
G

yz ∫∫∫= γ2 , 

yzxzz III += , xzxyx III += , xyyzy III += , yzxzxyO IIII ++= . 



 10 

1.3.      

 

         

    ( )yxf ,    G ,  

( )∫∫=
G

dxdyyxfI , , 

  G   : ( )xy ϕ= , ( )xy ψ= , ( ) ( )xx ψϕ ≤ , bxa ≤≤  ( . 1.3). 

      .     

 . 

 

y  

x  

O  
a  b  

)(xy ϕ=  

)(xy ψ=  

G  

 
. 1.3.   

       : 

( )∫∫ ∫ ==
b

a

b

a

x

x

dxxFdyyxfdxI

)(

)(

),(

ψ

ϕ

,   ( ) ∫=
)(

)(

),(

x

x

dyyxfxF

ψ

ϕ

. 

       : 

( ) ( )∑∫∫
=

≈=
m

i

ii

G

xFadxdyyxfI
1

, , 

 ia , ix  –      , . 

     ( )ixF        

 ,  

( ) ( )∑∫
=

≈=
n

j

ijiij

x

x

ii yxfbdyyxfxF
i

i
1

)(

)(

,),(

ψ

ϕ

. 

         

: 

( ) ( )∑∑∑∑
====

=≈
n

j

ijiij

m

i

n

j

ijiij

m

i

i yxfyxfbaI
1111

,, ω , 

 ijiij ba=ω  –  ,    . 

       

        

: 
( ) ( ) ( )∑∑

==

−−
≈

n

j

ijij

m

i

ii
i yxf

xxab
I

11

,
22

η
ϕψ

ξ , 

 
22

ab
u

ba
x ii

−
+

+
= , 

( ) ( ) ( ) ( )
22

ii
j

ii
ij

xx
v

xx
y

ϕψψϕ −
+

+
= , 
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iu   mi ,...,2,1=  –     ( )uPm , mξξξ ,...,, 21  – 

   , 

jv   nj ,...,2,1=  –     ( )vPn , nηηη ,...,, 21  – 

   . 

  iu , iξ , jv   jη      [ ]1;1−   

 [10]. 

         

   [9].        

   .     

        

    [10]. 

 ,    ,  ,  

      . 

     ∫∫
D

xydxdy ,   D : 10 ≤≤ x , 

240 xy −≤≤  ( . 1.4). 

 

y  

x  

O  1  2  

2  

D  

 
. 1.4.   

   : 

( ) 875,0
8

7
4

2

1

2

1

0

3

1

0

4

0

24

0

1

0

2
2

==−=







=== ∫∫∫∫∫∫

−
−

dxxxdx
xy

xydydxxydxdyI

x
x

D

. 

        

 (   x    ,   y  – ): 

( ) ( ) ( )∑∑∫∫
==

−−
≈=

3

1

2

1

,
22 j

ijij

i

ii
i

D

yxf
xxab

xydxdyI η
ϕψ

ξ . 

    x     ,   : 

577350,01 −=u , 577350,02 =u , 11 =ξ , 12 =ξ , 

( ) 211325,0
2

01
57735,0

2

10
1 =

−
⋅−+

+
=x , 

788675,0
2

01
57735,0

2

10
2 =

−
⋅+

+
=x . 

   y     ,   : 

77459,01 −=v , 0,02 =v , 77459,03 =v , 555556,01 =η , 888889,02 =η , 555556,03 =η , 

( ) 0=xϕ , ( ) 9888,1211325,0 =ψ , ( ) 8379,1788675,0 =ψ , 
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2241,0
2

9888,1
77459,0

2

9888,1
11 =⋅−=y , 

9944,0
2

9888,1
0

2

9888,1
12 =⋅+=y , 

76465,1
2

9888,1
77459,0

2

9888,1
13 =⋅+=y , 

2071,0
2

8379,1
77459,0

2

8379,1
21 =⋅−=y , 

9190,0
2

8379,1
0

2

8379,1
21 =⋅+=y , 

6308,1
2

8379,1
77459,0

2

8379,1
21 =⋅+=y . 

     : 

( +⋅⋅+⋅⋅



⋅

−
≈ 9944,0211325,0888889,02241,0211325,0555556,0

2

9888,1
1

2

01
I

) ( +⋅⋅⋅+⋅⋅+ 2071,0788675,0555556,0
2

8379,1
176465,1211325,0555556,0  

)) 874977,06308,1788675,0555556,09190,0788675,0888889,0 =⋅⋅+⋅⋅+ . 

       

: 

1.   ∫∫ +
D

dxdyxyyx )816( 32 ,   D : 21 ≤≤ x , 43 ≤≤ y . 

2.   ∫∫ +
D

dxdyyx )sin(cos 22 ,   D : 
4

0
π

≤≤ x , 
4

0
π

≤≤ y . 

3.   ∫∫
D

x
dxdyxye ,   D : 10 ≤≤ x , 32 ≤≤ y . 

4.   ( )∫∫ +
D

dxdyyx
22 ,   D   : xy = , 

0=x , 1=y , 2=y . 

5.   ∫∫
D

xdxdy ,   D :     : 

( )3;2A , ( )2;7B , ( )5;4C . 

 

1.4.   

 

1.   . 

2.    ∫∫
D

dxdyyxf ),(      

   x    y . 

3.  . 

4.  ,   . 

5.  ’  ,   (    

). 

6.   ,   ,   

. 

7.      ,  . 
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8.  . 

9.        . 

10.  ’  ,   (    

). 

 1 

1. ∫∫∫∫
−−−+−

−

−

+
00

1

0

2

1

2

),(),(

yy

dxyxfdydxyxfdy .  2. D : 24 xy −= , xy 3= , 0≥x . 

3. ∫∫ +
D

dxdyyx )( 2 , D : 2xy = , 2yx = .  4. ∫∫
−

++

−−
21

0

22

221

0
1

1
x

dy
yx

yx
dx . 

5. 22 yxz += , 1=+ yx , 0≥x , 0≥y , 0≥z . 6. ϕρ 2sin2a= . 

7. D : 24 xy −= , xy 3= , 0≥x . 

8. dxdydzzyx
D

∫∫∫ ++ )32( 2 , D : 32 ≤≤ x , 21 ≤≤− y , 40 ≤≤ z . 

9. dxdydzzyx
D

∫∫∫ ++ )( 222 , D : 4222 =++ zyx , 0≥x , 0≥y , 0≥z . 

10. xz −= 42 , xyx 422 =+ . 

 2 

1. ∫∫∫∫
−−−

+
0

2

2

1

01

0 2

),(),(

yy

dxyxfdydxyxfdy .  2. D : yx 22 = , 0625 =−− yx . 

3. ∫∫
D

dxdyxy
2 , D : 2xy = , xy 2= .   4. ∫∫

−

− ++

23

0
22

0

3 1

x

yx

dy
dx . 

5. ( )222 yxz +−= , 12 =+ yx , 0≥x , 0≥y , 0≥z .  6. ϕρ 2sina= . 

7. D : yx 22 = , 0625 =−− yx . 

8. dxdydzyzx
D

∫∫∫
2 , D : 21 ≤≤− x , 30 ≤≤ y , 32 ≤≤ z . 

9. dxdydzyxy
D

∫∫∫ + 22 , D : )(4 222 yxz += , xy ≥ , xy −≥ , 2=z , 0≥z . 

10. 24 yz −= , 422 =+ yx , 0≥z . 

 3 

1. ∫∫∫∫
−

+

22

0

2

10

1

0

),(),(

yy

dxyxfdydxyxfdy .  2. D : 28 yx −= , xy = , 0≥y . 

3. ∫∫ +
D

dxdyyx )( , D : xy =2 , 2yx = .  4. ∫∫
−

−− +−

+
22

22
22

22

0

xR

xR

R

dy
yx

yxtg
dx . 

5. xz = , 4=y , 225 yx −= , 0≥x , 0≥y , 0≥z .  6. ϕρ 2cosa= . 

7. D : 28 yx −= , xy = , 0≥y . 

8. dxdydzzyx
D

∫∫∫ ++ )4( 2 , D : 11 ≤≤− x , 20 ≤≤ y , 11 ≤≤− z . 

9. dxdydzz
D

∫∫∫
2 , D : 361 22 ≤+≤ yx , 0≥x , xy ≥ , 0≥z . 

10. yxz −−= 2 , 122 =+ yx , 0≥z . 
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 4 

1. ∫∫∫∫
−

+

yy

dxyxfdydxyxfdy

2

0

2

10

1

0

),(),( .   2. D : xy ln= , 10 ≤≤ y , 0≥x . 

3. ∫∫
D

ydxdyx
2 , D : xy −= 2 , yx = , 0≥x .  4. ∫∫

−

++

21

0

22

1

0

)1ln(

x

dyyxdx . 

5. 222 yxz += , 4=+ yx , 0≥x , 0≥y , 0≥z .  6. )sin1( 222 ϕρ += a . 

7. D : xy ln= , 10 ≤≤ y , 0≥x . 

8. dxdydzzyx
D

∫∫∫ ++ )( 222 , D : 30 ≤≤ x , 21 ≤≤− y , 20 ≤≤ z . 

9. dxdydzy
D

∫∫∫ , D : 32222 =++ zyx , 222 zxy += , 0≥y . 

10. 2yz = , 2=+ yx , 0≥x , 0≥z . 

 5 

1. ∫∫∫∫ +
yy

dxyxfdydxyxfdy

arccos

0

1

2

1

arcsin

0

2

1

0

),(),( .  2. D : yx −= 22 , 0=+ xy . 

3. ∫∫ −
D

dxdyyx )2( 3 , D : 12 −= xy , 0≥x , 0≤y .  4. ∫∫
−

−−−

−−

2

2

4

4

22

2

2

1

y

y

dxyxdy . 

5. 24 xz −= , 422 =+ yx , 0≥x , 0≥y , 0≥z .  6. ϕρ 2sina= . 

7. D : yx −= 22 , 0=+ xy . 

8. dxdydzzyx
D

∫∫∫
22 , D : 31 ≤≤− x , 20 ≤≤ y , 52 ≤≤− z . 

9. dxdydzx
D

∫∫∫ , D : 8222 =++ zyx , 222 zyx += , 0≥x . 

10. 29 yx −= , 225 yx −= , zx = , 0≥y , 0≥z . 

 6 

1. ∫∫∫∫
−

−

+−

−

+

yy

dxyxfdydxyxfdy
0

0

1

2

0

1

2

),(),( .   2. D : 22 xy −= , 2xy = . 

3. ∫∫ −
D

dxdyxy )( , D : xy = , yx =2 .   4. ∫∫
−−−

+

0

2

22

2

2 2
x

dy
yx

xy
dx . 

5. 01232 =−+ yx , 22 yz = , 0≥x , 0≥y , 0≥z .  6. ϕρ 5cosa= . 

7. D : 22 xy −= , 2xy = . 

8. dxdydzzyx
D

∫∫∫ ++ )( , D : 10 ≤≤ x , 01 ≤≤− y , 21 ≤≤ z . 

9. dxdydzy
D

∫∫∫ , D : 164 222 ≤++≤ zyx , xy 3≤ , 0≥y , 0≥z . 

10. yxz −−= 4 , 422 =+ yx , 0≥z . 

 7 

1. ∫∫∫∫
−

−−

+
ye

y

dxyxfdydxyxfdy

ln

11

01

0

),(),( .   2. D : 22 −= xy , xy = . 
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3. ∫∫ +
D

dxdyy)1( , D : xy =5 , 2yx = .   4. ∫∫
−

−

+

22

0

22

0

cos

xR

R

dyyxdx . 

5. 22 210 yxz ++= , yx = , 1=x , 0≥y , 0≥z .  6. )cos1(4 ϕρ += . 

7. D : 22 −= xy , xy = . 

8. dxdydzzyx
D

∫∫∫ −− )2( 2 , D : 51 ≤≤ x , 20 ≤≤ y , 01 ≤≤− z . 

9. dxdydzy
D

∫∫∫ , D : 228 yxz −−= , 22
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−+

+
4sinsin

1
3coscos

1 2 . 

4. ∫ +−
L

dyxyydxyx
22 )( , L :  2522 =+ yx ,     

 . 

5. ∫∫ −++
S

dSzyx )5232( , P : 363 =++ zyx . 

6. ∫∫ +
S

zdxdyyx )( 22 , S  –    9222 =++ zyx  

7. kzxjzyixA )(4)(3 −−++= , S : 33 −=++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )3()(2 −+++= , 33 =++ zyx , 0=x , 0=y , 0=z . 

9. kzjxyiyxA 22)32( −+−= . 

 6 

1. dyxyxydx
L

)( −+∫ , L :   xy =2   (0, 0)  (1, 1). 

2. ∫
L

dly2 , L :    




−=

−=

)cos1(2

)sin(2

ty

ttx
. 

3. dy
y

x
xdxxy

x

y








+++








++ 1ln2ln . 

4. ∫ +−
L

dyxyydxyx
22 )( , L :  122 =+ yx ,     

 . 

5. ∫∫ +++
S

dSzyx )22312( , P : 303 =++ zyx . 

6. ( )∫∫ +++
S

zdxdyydxdzdydzyx 43 , S  –    1222 =++ zyx , 

   . 

7. kzxjzyixA )3()(2 −+++= , S : 632 =++− zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )5()3(3 −+++= , 33 =++ zyx , 0=x , 0=y , 0=z . 

9. kzjyxiyzA 2)( +−+= . 

 7 

1. ydyxdxxy
L

2)1( +−∫ , L :   xy 442 −=   (1, 0)  (0, 2). 

2. ( )∫ +
L

dlyx
22 , L :  422 =+ yx . 

3. dyyedxxe yxyx )sin()cos( ++− ++ . 

4. ∫ +−
L

dyxyydxyx
22 )( , L :  14 22 =+ yx ,     

 . 

5. ∫∫ −+
S

dSzyx )252( , P : 102 =++ zyx . 

6. ∫∫ −+
S

zdxdyydxdzxdydz 24 , S  –    4222 =++ zyx . 
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7. kzxjzyixA )5()3(3 −+++= , S : 933 =++− zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(3 −+++−= , 33 =++ zyx , 0=x , 0=y , 0=z . 

9. kyxjzxizyA )()()( +++++= . 

 8 

1. dyxyxydx
L

)( −+∫ , L :   2xy =   (0, 0)  (1, 1). 

2. ∫ +
L

dl
yx

z
22

2

, L :     








=

=

=

tz

ty

tx

2

sin2

cos2

. 

3. dyy
yx

x
dxx

yx

y














+

−
+














+

−
6

1
2

1 2222
. 

4. ∫ +−
L

dyxydxyx
22 )( , L :  149 22 =+ yx ,     

 . 

5. ∫∫ −++
S

dSzyx )8232( , P : 33 =−+ zyx . 

6. ∫∫
S

dxdyz
2 , S  –    22 222 =++ zyx . 

7. kzxjzyixA )()(3 −+++−= , S : 55 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )6()(3 −+++= , 363 =−+ zyx , 0=x , 0=y , 0=z . 

9. kzxjzyiyxA )()(2)( −−+−+= . 

 9 

1. xdydxyxy
L

+−∫ )( 2 , L :   2xy =   (0, 0)  (1, 1). 

2. ∫
−−L yx

dl

228
, L :    (0, 0)  (2, 2). 

3. dyexdxxyee xyxyxy )1()2( 2 ++++ . 

4. ∫ +−
L

dyxyydxyx
22 3)2( , L :  14 22 =+ yx ,     

 . 

5. ∫∫ +−
S

dSzyx )292( , P : 77 =++ zyx . 

6. ∫∫
S

dxdyz
23 , S  –    42 222 =++ zyx . 

7. kzxjzyixA )6()(3 −+++= , S : 363 =−+ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(3 −++−= , 3=+− zyx , 0=x , 0=y , 0=z . 

9. kxyjzyxzixyzA +++−= )()2( . 

 10 

1. dyxdxxxy
L

2

2

1
)( +−∫ , L :   xy 42 =   (0, 0)  (1, 2). 

2. ∫ −
L

dlyx )34( 33 , L :    (-1, 0)  (0, 1). 

3. dyxyxedxyye xyxy )2()( 2 +++ . 
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4. ∫ +−
L

dyxyydxyx
22 4)( , L :  14 22 =+ yx ,     

 . 

5. ∫∫ +++
S

dSzyx )5232( , P : 1535 =++ zyx . 

6. ∫∫ ++
S

zdxdyydxdzxdydz 424 , S  –    25222 =++ zyx . 

7. kzxjzyixA )()(3 −++−= , S : 3=+− zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()2(3 −+++= , 93 =+− zyx , 0=x , 0=y , 0=z . 

9. kxyjxziyzA ++= . 

 11 

1. ydyxdxxy
L

2)1( +−∫ , L :    (1, 0)  (0, 2). 

2. ∫
L

dly
2 , L :    





−=

−=

ty

ttx

cos1

sin
. 

3. dyyxxyxdxyxxyy )43)cos(()32)cos(( +−+−+ . 

4. ∫ ++−
L

dyyxydxyx )()4( 22 , L :  1425 22 =+ yx ,     

 . 

5. ∫∫ ++
S

dSzyx )232( , P : 3053 =−+ zyx . 

6. ∫∫
S

ydxdz , S  –    22 222 =++ zyx . 

7. kzxjzyixA )()2(3 −+++= , S : 93 =+− zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(8 −+++= , 33 =−+ zyx , 0=x , 0=y , 0=z . 

9. kzjyxixyA +−+= )23(6 2 . 

 12 

1. xdydx
x

y

L

+∫ , L :   xy ln=   (1, 0)  (e , 1). 

2. ∫ +
L

dlyx
222 )( , L :    2=ρ . 

3. dyyyxxyyxxdxxyxxyyxy )2)cos()sin(()9)cos()sin(( 2 +++++−+++ . 

4. ∫ ++−
L

dyyxydxyx )()4( 22 , L :  1
49

22

=+
yx

,     

 . 

5. ∫∫ +−
S

dSzyx )232( , P : 93 =++ zyx . 

6. ∫∫ −+
S

zdxdyydxdzxdydz , S  –    44 222 =++ zyx . 

7. kzxjzyixA )()(8 −+++= , S : 33 =−+ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(23 ++++= , 333 =++ zyx , 0=x , 0=y , 0=z . 

9. kyzjxyxiyzxA +−+−= )2()2( . 

 13 

1. dyxxydx
L

22 −∫ , L :   225,0 xy =   (0, 0)  (2, 1). 
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2. ∫ ++
L

dlzyx )( 222 , L :     








=

=

=

tz

ty

tx

2

sin

cos

. 

3. dyyxxdxxyxy )65()6cos5( 22 ++++ . 

4. ∫ +++−
L

dyyxydxyx )5()4( 22 , L :  1
169

22

=+
yx

,     

 . 

5. ∫∫ ++
S

dSzyx )232( , P : 63 −=−+ zyx . 

6. ∫∫
S

zdxdy , S  –    422 222 =++ zyx . 

7. kzxjzyixA )()(23 ++++= , S : 333 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()2(3 −+−+= , 63 =++ zyx , 0=x , 0=y , 0=z . 

9. kzyjxziyxA )(32)( +−−+= . 

 14 

1. dyxyydxxyx
L

)2()2( 22 ++−∫ , L :   2xy =   (-1, 1)  (1, 1). 

2. 
( )∫ −L yx

dl

5
, L :    (0, 4)  (4, 0). 

3. dyxyedxey xyxy )1()3( 2 ++− . 

4. ∫ −++−
L

dyyxydxyx )()5( 22 , L :  1
425

22

=+
yx

,     

 . 

5. ∫∫ ++
S

dSzyx )2132( , P : 62 =+− zyx . 

6. ∫∫ ++
S

zdxdyydxdzxdydz 64 , S  –    9222 =++ zyx . 

7. kzxjzyixA )()2(3 −+−+= , S : 63 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()()13( −++++= , 333 =++ zyx , 0=x , 0=y , 0=z . 

9. kyxjyxzizA 22 )( +++= . 

 15 

1. xydydxxyx
L

+−∫ )2( 2 , L :   2xy =   (-1, 1)  (1, 1). 

2. ∫
L

ydl , L :   xy
3

22 =   (0, 0)  










3

35
,

6

35
. 

3. xdyxyydxxy ))cos(1())cos(1( +++ . 

4. ∫ −+−
L

xdyyxydxyx )6()4( 22 , L :  1
369

22

=+
yx

,     

 . 

5. ∫∫ −++
S

dSzyx )10232( , P : 1236 −=−+ zyx . 

6. ∫∫ +−
S

zdxdyydxdzxdydz 534 , S  –    16222 =++ zyx . 
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7. kzxjzyixA )()()13( −++++= , S : 333 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(3 −+++= , 33 =++ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 22 3)4()43( +−+−= . 

 16 

1. ( )dyxyydxxyx
L

2)2( 22 −+−∫ , L :  3xy =   (0, 0)  (1, 1). 

2. ∫
++L yx

dl

422
, L :    (0, 0)  (1, 2). 

3. ( ) ( )dyyyxdxxy 2cos2sin −+− . 

4. ∫ ++−
L

xdyyxydxyx )()4( 22 , L :  1
169

22

=+
yx

,     

 . 

5. ∫∫ +−+
S

dSzyx )1032( , P : 1232 −=−+ zyx . 

6. ( )∫∫ ++−
S

zdxdydxdzyxdydz 534 , S  –    164 222 =++ zyx . 

7. kzxjzyixA )()()13( +++++= , S : 77 =−+ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(3 −+−+= , 55 =++ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 22 3)4()43( ++++= . 

 17 

1. xydydxyx
L

3)( 23 ++∫ , L :  3xy =   (0, 0)  (1, 1). 

2. ∫
L

xydl , L :    (0, 3)  (3, 0). 

3. dy
xy

dx
yx

x
22

11
2sin −








− . 

4. ∫ ++
L

dyyydxyx
22 6)4( , L :  1

369

22

=+
yx

,     

 . 

5. ∫∫ −+−
S

dSzyx )10232( , P : 12236 −=++ zyx . 

6. ( )∫∫ −+−
S

dxdyzydxdzxdydz 534 , S  –    164 222 =++ zyx . 

7. kzxjzyixA )2()()14( −++++= , S : 55 =+− zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )2()(6 ++++= , 44 =++ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 332 3)4()43( +−+−= . 

 18 

1. xydydxyx
L

+−∫ )( 22 , L :    (0, 0)  (3, 4). 

2. ∫
L

zdl , L :      








=

=

=

tz

tty

ttx

sin

cos

. 
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3. dy
y

xy
dx

xy

yx
2

−
+

+
. 

4. ∫ −+
L

xdyyxydx )62( 2 , L :  1
364

22

=+
yx

,     

 . 

5. ∫∫ −++
S

dSzyx )13( , P : 2436 =−+ zyx . 

6. ( )∫∫ +−+
S

zdxdyydxdzdydzx 534 , S  –    164 222 =++ zyx . 

7. kzxjzyixA )()2()13( −++++= , S : 633 −=++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()2(3 −+++= , 55 =+− zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxA 23)4()43( +−+−= . 

 19 

1. xydydxxyx
L

4)2( 2 +−∫ , L :   2xy =   (-1, 1)  (2, 4). 

2. ( )∫ +
L

dlyx , L :  1622 =+ yx . 

3. ( ) ( )dyxxdxyyxx 323 72322120 −+++− . 

4. ∫ −+−
L

xdyyxydxyx )6()4( 22 , L :  122 =+ yx ,     

 . 

5. ∫∫ −+−
S

dSzyx )10252( , P : 1246 −=−− zyx . 

6. ( )∫∫ ++−
S

zdxdydxdzyxxdydz 5234 , S  –    9222 =++ zyx . 

7. kzxjzyixA )()2()13( −++++= , S : 1243 =−+ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()3(3 −+++= , 422 =++ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 22 4)3()33( +−+−= . 

 20 

1. xdyydx
L

cossin −∫ , L :    (0, 0)  (π , π ). 

2. ∫ +
L

dlyx
22 , L :  yyx 222 =+ . 

3. dyyxedxxye xyxy )cos()sin2( ++− . 

4. ∫ −+−
L

dyyxydxyx )64()4( 22 , L :  10022 =+ yx ,     

 . 

5. ∫∫ +−++
S

dSzyx )5232( , P : 6236 =++ zyx . 

6. ( )∫∫ ++−
S

dxdyzxydxdzxdydz 534 , S  –    164 222 =++ zyx . 

7. kzxjzyiyxA )()()3( −+−++= , S : 1243 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )32()32(3 −+++= , 623 −=++ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxyA 3)4()43( 2 +−+−= . 
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 21 

1. ( )dyxyxydx
L

−+∫ , L :   2xy =   (0, 0)  (1, 1). 

2. ∫
L

xydl , L :    (0, 5)  (5, 0). 

3. dyexdxey xyxy )5()5( +++ . 

4. ∫ −+−
L

xdyyxdxyx )6()4( 22 , L :  1
1009

22

=+
yx

,     

 . 

5. ∫∫ −++
S

dSzyx )10632( , P : 3636 =−+ zyx . 

6. ( )∫∫ ++−
S

dxdyzyydxdzxdydz 534 , S  –    2525 222 =++ zyx . 

7. kzxjzyixA )()3()13( −++++= , S : 442 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(5 −+++= , 55 =−+ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 42 3)4()3( +−++= . 

 22 

1. ( )dyyxxydx
L

++∫ , L :   xy =2   (0, 0)  (1, 1). 

2. ( )∫ +
L

dlyx
22 , L :  xyx 422 =+ . 

3. dyy
yx

x
dx

yx

y
x 








−

−
+









−
−

2222
. 

4. ∫ −+−
L

dyyxdxyx )6()4( 22 , L :  1622 =+ yx ,     

 . 

5. ∫∫ +++
S

dSzyx )2232( , P : 1246 =−+ zyx . 

6. ( )∫∫ +−+
S

zdxdyydxdzdydzyx 534 , S  –    1616 222 =++ zyx . 

7. kzxjzyixA )()2()13( −+−++= , S : 633 =−+ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )2()(3 −+++= , 77 =+− zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxyA 23)4()43( +−+−= . 

 23 

1. dyxydxxy
L

2)1( +−∫ , L :   xy 222 −=   (1, 0)  (-1, 2). 

2. ∫
L

dly3 , L :    




−=

−=

)cos1(3

)sin(3

ty

ttx
 

3. dy
y

xxy
dx

x

yyx +
+

+ lnln
. 

4. ∫ −++
L

dyyxdxyx )64()4( 22 , L :  2522 =+ yx ,     

 . 

5. ∫∫ +++
S

dSzyx )9233( , P : 632 =−+ zyx . 
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6. ( )∫∫ ++−
S

zdxdydxdzyxxdydz 534 , S  –    44 222 =++ zyx . 

7. kzxjzyixA )()()13( +++++= , S : 633 =++ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(5 −+++= , 55 =−+ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 22 5)5()45( +−+−= . 

 24 

1. ( )dyxyxydx
L

++∫ , L :   2xy =   (0, 0)  (2, 4). 

2. ∫ ++
L

dlzyx )( 22 , L :     








=

=

=

tz

ty

tx

3

sin

cos

 

3. ( ) ( )dyyxedxyxe yxyx −−+++ −− 11 . 

4. ∫ −+
L

dyyxxydx )6( 2 , L :  122 =+ yx ,     

 . 

5. ∫∫ −++
S

dSzyx )10262( , P : 12232 =−+ zyx . 

6. ∫∫ +−
S

zdxdyydxdzxdydz 5124 , S  –    16416 222 =++ zyx . 

7. kzxjzyixA )()()12( −++++= , S : 333 =+− zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(3 −+++= , 77 =++− zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 22 )4()4( +−+−= . 

 25 

1. dyxdxxyx
L

2)( ++∫ , L :   xy 42 =   (0, 0)  (1, -2). 

2. ∫ ++
L

dlzyx )5( 222 , L :     








=

=

=

tz

ty

tx

2

sin5

cos5

. 

3. ( ) ( )dyyyxxdxyxyx 4323 222 −−−++− . 

4. ∫ −+−
L

dyyxdxyx )63()9( 22 , L :  422 =+ yx ,     

 . 

5. ∫∫ ++
S

dSzyx )232( , P : 1236 =−+ zyx . 

6. ( )∫∫ +−+
S

zdxdyydxdzdydzyx 5324 , S  –    44 222 =++ zyx . 

7. kzxjzyixA )2()()13( −++++= , S : 333 =−+ zyx , 0=x , 0=y , 0=z . 

8. kzxjzyixA )()(4 −+++= , 1427 =−+ zyx , 0=x , 0=y , 0=z . 

9. kzjyxxiyxxyA 22 6)4(2)43(2 +−+−= . 
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2.5.     

 

 2.1. )  dyxyxydx
L

)( −+∫ , L :   2xy =    

(0, 0)   (1, 1). 

)  dyxyxydx
L

)( −+∫ , L :   xy =3    (0, 0)  

 (8, 2). 

)  zxdzyzdyxydx
L

++∫ , L : 








=

=

=

btz

tay

tax

sin

cos

, [ ]π2,0∈t . 

’ . )       

  (2.3).  : 

12

1
)23()2)(()(

1

0

23

1

0

23 =−=⋅−+=−+ ∫∫∫ dxxxdxxxxxdyxyxydx
L

. 

 )  x     y   dyydx 23= ,   

,    (2.3),  : 

( )( ) ( )
7

370
33)(

2

0

36

2

0

323 =+−=−+⋅=−+ ∫∫∫ dyyyydyyyyyydyxyxydx
L

. 

 )  : tdtadx sin−= , tdtady cos= , bdtdz = .   

   (2.4) : 

badtttabttbtattazxdzyzdyxydx
L

2

2

0

2223

2
)cossincoscossin(

π
π

−=++−=++ ∫∫ . 

 2.2. )  ∫
L

xdl , L :     (0, 0)  

 (1, 2). 

)  ∫
L

ydl , L :   xy =2    (0, 0)   (4, 2). 

)     L : 








=

=

=

3

2

2

3

3

tz

ty

tx

   (0, 0, 0)  

 (3, 3, 2). 

’ . )   ,     

 (0, 0)  (1, 2).   xy 2= .    (2.1)  

: dxdxxydl 5))((1 2 =′+= .  : 

2

5

2
55

1

0

21

0

=⋅== ∫∫
x

dxxxdl
L

. 

)  x     y   ,   

 (2.1),  : dyydyyxdl
22 41))((1 +=′+= .  : 

( )
12

11717

12

4141
41

2

0

222

0

2 −
=

++
=+= ∫∫

yy
dyyyydl

L

. 
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)   3=′x , ty 6=′ , 26tz =′ .     

 ∫=
L

dll     (2.2)  : 

5)21(336369)()()(

1

0

2

1

0

42

1

0

222 =+=++=′+′+′== ∫∫∫∫ dttdtttdtzyxdll
L

 ( .). 

2.3. ,   dyxxydxdu 22 +=     

 ),( yxu .   ),( yxu . 

’ .   : x
x

Q
x

y

P
2,2 =

∂

∂
=

∂

∂
,  

x

Q

y

P

∂

∂
=

∂

∂
       ),( yxu .    (2.6) 

     ),( yxu : 

constyxyyxydxdydxQdyPyxu
x

x

y

y

x

x

y

y

x

x

+=−+=+=+= ∫∫∫∫
2

0

22

0

2

00 )(2),(),(),(
0

0000

ξηξξηηξξ . 

 2.4.      xdyydx
L

∫ +5 ,  

 L :  122 =+ yx ,      . 

’ .   : 1,5 =
∂

∂
=

∂

∂

x

Q

y

P
.  

        ,  

     (    D    

122 ≤+ yx ): 

πρρϕ
π

444)51(

1

0

2

0

−=−=−=−=








∂

∂
−

∂

∂
=+ ∫∫∫∫∫∫ ∫∫∫ dddxdydxdydxdy

y

P

x

Q
QdyPdx

DD DL

. 

 2.5. )      

∫∫ +++
S

dSzyx )23( ,  S  –   P : 42 =++ zyx ,    

 . 

)      dSz
S

∫∫ ,  S :  

  222 yxz += ,    1=z , 2=z . 

’ . )    ( . 2.1). ,  
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