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Sums and Products

This constructs the sum 7| f :

W= SumxAili, i, 1, 7Y

You can leave out the lower limit if it is equal to 1:

7= Sum[xAifi, {i, T}

This makes i increase in steps of 2, so that only odd-numbered values are included:

3= SumxAili, i, 1, 5, 2)]

+—+ =

3 5

outiz ® o
X

Products work just like sums:
n4= Product[x +i, {i, 1, 4}]

Outld]= (L+xp2+x) {3+ x)}{4+x)

sum(f, {i,i__.,i }] the sum T
sum(f, {i,i _,i . di}] the sum with 7 increasing in steps of di
sum(f, {7, jmm’ I-.ism:z:::}" U’Jmm’jm}] the nested sum fi:r-n Ej:j:m

Product[f, {i,7_.,i_}] the product I

L0 =T,
PRI M et

3107 Beb-caiiT ucnonb3ayeT dainel cookie ANA ONTUMW3ALMKM BaLLEro B3aWMOAEACTBUA € HALLWMK YCYramy Ha caiTe, Kak onucaHo B Hawwed MonuTtike KoHpWAEHUWANEHOCTH . MpUHATE W 3aKPLITE




WOLFRAM Products & Services

Technologies + Solutions

Learning & Support +

Company ~ Q) Search

SumConvergence [f, n]

gives conditions for the sum % f to be convergent.

SumConvergence [f, {ny, m2, ...} ]

gives conditions for the multiple sum 25, X5, --- f to be convergent.

» Details and Options

v Examples

vBasic Examples::
Test for convergence of the sum Zy %:
n1l= SumConvergence[l/n, n]
Outl1]= False
Test the convergence of 7 % :
nZl= SumConvergence[3*nn*2/n!, n]

Outl2]= True
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SumConvergence See Also ¥  Related Guides ~
vMethod

n1l= SumConvergence[a*n/n!, n, Method = "RatioTest"]

Outl1l= True

n1l= SumConvergence[(2 n+ 1)!/((5n)! n), n, Method = "RatioTest"]

Ot 1= True

In this case the ratio test is inconclusive:

n1l= SumConvergence[l/n, n, Method = "RatioTest"]

Cutl1l= 1 .
Out[1} SumConvergence[—. n, Method - RatmTest]
n

n1l= SumConvergence[x*n/n, n, Method -+ "RootTest"]

Outll= Abs[x] <1

n[1]:= 2n+3
o SumConvergence[(

n
,» N, Method = "FiautTest"l
5n=-4

Outl1l= True

In this case the root test is inconclusive:

n1l= SumConvergence[(1-1/n)"n, n, Method = "RootTest"]
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The Raabe test works well for rational functions:

n1l= SumConvergence[n/(n*3+2n +1), n, Method =+ "RaabeTest"]
Ot 1= True

nZl= SumConvergence[l/Sgrt[n], n, Method =+ "RaabeTest"]

OutlZ]= False
n3):= My (2k=1)
SumConvergence| ———, n, Method =+ “RaabeTest"]
HEII. 2
Outl3l= False

In this case the Raabe test is inconclusive:

n4l= SumConvergence[x*n, n, Method = "RaabeTest"]

Outil= SumConvergence[x", n, Method - RaabeTest)

n1l= SumConvergence[l/Log[n]*2, n, Method =+ "IntegralTest"]

Outll= False

n1l= SumConvergence[l/(n Log[n] - Log[Log[n]]*2), n, Method = "IntegralTest"]

Outl1]= True

In this case the integral test is inconclusive:

n1l= SumConvergence[l/Prime[n], n, Method = "IntegralTest"]
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SumConvergence See Also ¥  Related Guides ~

Find the radius of convergence of a power series:
n1l= SumConvergence[x™n, n]
Out[1]= Abs[x]<1
n1= Sum[x®n, {n, 0, Infinity}, GenerateConditions - True]

Cut[1]= 1
— if Abs[x]=1
l-x

Find the interval of convergence for a real power series:

n1l= SumConvergence[(x*n)/(n3*n), n]
Cut[1]= Abs[}d]-:E ”K:: -3

As a real power series, this converges on the interval [-3, 3):

nZl= SumConvergence[(x*n)/(n3"n), n, Assumptions = x € Reals]

OutlZl= -3sx<3

- 1
Prove convergence of Ramanujan's formula for :

n1l= SumConvergence[Sqrt[8]/9801 {4 n)! (1103 +26390 n)/(n!)*4/396"(4 n), n]
Outl1l= True

Sum it:

I~ Sqrt[8]/9801 - Sum[(4 n)! (1103 + 26390 n)/(n!)*4/396*(4 n), {n, 0, Infinity}]

-

n|

Out2]=

>Properties & Relations
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FOWer Series

The mathematical operations we have discussed so far are exact. Given precise input, their results are exact formulas.

In many situations, however, you do not need an exact result. It may be quite sufficient, for example, to find an approximate formula that is
valid, say, when the quantity x is small.
This gives a power series approximation to (1 + x)" for x close to 0, up to terms of order »*:

Series[(1 +x)*n, {x, 0, 3}]

1 2 1 3 el
1+nx+§[—1+n}nx +E{—2+nJ(—1+anx +0[x]

The Wolfram Language knows the power series expansions for many mathematical functions:

Series[Exp[-at] (1 +Sin[2 t]), {t, 0, 4}]

at), (4 4 a'), 1 T4y s
l+(2-ajt+|-2a+ —|t'+|-=+a"-—|U+—(32a-8a +a")t" + 0[]
2 3 & 24

If you give it a function that it does not know, Series writes out the power series in terms of derivatives:

Series[1 +f[t], {t, 0, 3}]

+ +f +1 " 2+i Bhop e + *
(1+flop + o] 2f[CI']l 6f 01t +Q[t]

Power series are approximate formulas that play much the same role with respect to algebraic expressions as approximate numbers play
with respect to numerical expressions. The Wolfram Language allows you to perform operations on power series, in all cases maintaining the

appropriate order or "degree of precision” for the resulting power series.

Here is a simple power series, accurate to order x°:
Series[Exp[x], {x, 0, 5}]
O I S

14X+ —+ —+ —+ — + Ox]°
2 B 24 120

When you do operations on a power series, the result is computed only to the appropriate order in x:

%A2 (1 +%)



WOLFRAM Products & Services +  Technologies Solutions + Learning & Support ¥  Company ~ (), Search

Series, Limits, and Residues
Series[Exp[x], {x, 0, 5}]

o o W G
T4+ —+ —+ —+ — +0[x]
2 6 24 120

When you do operations on a power series, the result is computed only to the appropriate order in x:
%A2 (1 +%)

13xf 35k o7xt 55%°
o—

2455+ +
6 24 24

+ 0"

This turns the power series back into an ordinary expression:
Normal[%]

13xf 35k o7kt 55%°

6 24 24

2+5K+

Now the square is computed exactly:
%n2

13x? 35% g7x' 55x°\?
24504 — 4 —— 4 —— 4
2 ] 24 24

Applying Expand gives a result with 11 terms:

Expand[%]
o 265x* 467x* 1505x° 7883x% 1385 24809x® 5335x% 3025x°
4+ 20%+51%" + + + + + + + +
4 12 72 18 576 288 576
Series|expr, {xrxD, n}] find the power series expansion of expr about the pOiﬂtx:xD to at most nth order
Normal[series] truncate a power series to give an ordinary expression

Power series operations.
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Making Power Series Expansions

Series| expr, {x'xn‘ n}] find the power series expansion of expr about the pointx:xn to order at most XX, )

series[expr, {x, ), m}, (1, 7)]

find series expansions with respect toy, thenx

Functions for creating power series.

Here is the power series expansion for exp(x) about the point x = 0 to orders*:

n|

I= Series[Exp[x], {x, 0, 4}]

out[1]= P

1+::+—+—+—+O[::]5
2 6 24

Here is the series expansion of exp(x) about the point x = 1:
n2l= Series[Exp[x], {x, 1, 4}]

e+ex—1)+ EE[!—1}2+19(;(—1J1+ ie(;t—:LJ"H:l[;t—l]s
2 6 24

Qut[2]=

If the Wolfram Language does not know the series expansion of a particular function, it writes the result symbolically in terms of derivatives:

3= Series[f[x], {x, 0, 3}]

P 1 1
DUIEE fo) + o]+ ~F[0) P - 0] + O

In mathematical terms, Series can be viewed as a way of constructing Taylor series for functions.

tr—xn)*

The standard formula for the Taylor series expansion about the point x = xy of a function g(x) with & th derivative £¥(x) 1S g(x) = T30 2™(x0) =

. Whenever this formula applies, it gives the same results as Series. (For common functions, Series nevertheless internally uses somewhat
more efficient algorithms.)

Series can also generate some power series that involve fractional and negative powers, not directly covered by the standard Taylor series
formula.
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vExamples
vBasic Examples
Find the coefficient for a term in a series:
Series[Exp[Sin[x]], {x, 0, 10}]
4

x* Wwoox T 31 W 205110
lex+—- —

A + -
2 8 15 24D+9I:I 5760 5670 3628800

X

+ 0"

SeriesCoefficient[%, 8]

3l

5760

Find the coefficient of the general term in a series:

SeriesCoefficient[Exp[-x], {x, 0, n}]

{ c_nii'" nzl
0 True
Table[%, {n, 0, 5}]

1 11 1
{L-13-2 -1

2 6 24 120
Series[Exp[-x], {x, 0, 5}]

wi oy x-l w3

1-X+———+—-—+0[°
2 6 24 120

Find the coefficient for a term in a multivariate series:

Series[Exp[x +y], {x, 0, 3}, {v, 0, 3}]

2 2
¥y . vy .
1 —+—+0 l+y+=+—+0 X
[ +5|'+2+6 l.‘r’])+[ y =% vl %+
1y ¥y y ¥ ¥

1
Seta e sopt e o+ 2 e s sop [P ot
[2+2+4+12+ M] [s 6712 3% M o
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vBasic Examples
Find the 3"-order Fourier series of 3 :

FourierSeries[t/2, t, 3]

1 1 1 1 1
St et it gty D ettt D jedit
2 4 4 ] 6

Compute an order {2, 2} Fourier series:

FourierSeries[xA2y, {x, y}, {2, 2}]

1 1 1
__,-g«'[-ix—iwﬂ-eﬁ-x-m +i9’°°'2 ¥l _ E ,-gff!x-i ¥y _l-.eld-h-w gt

1

260N 4 2@ _ 2N L9l 4 gt _ L gl , Lygltanean
2 2 4

1 1 1 1 1
T A I LS el PUEL e B ol S Sl L Pt P i Ll
4 3 3 6 6

Plot3D[%, {x, -Pi, Pi}, {y, -Pi, Pi}]

Solutions +

Learning & Support

Company +

Q) Search
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vExamples
vBasic Examples
Find the coefficient for a term in a series:
Series[Exp[Sin[x]], {x, 0, 10}]
4

x* Wwoox T 31 W 205110
lex+—- —

A + -
2 8 15 24D+9I:I 5760 5670 3628800

X

+ 0"

SeriesCoefficient[%, 8]

3l

5760

Find the coefficient of the general term in a series:

SeriesCoefficient[Exp[-x], {x, 0, n}]

{ c_nii'" nzl
0 True
Table[%, {n, 0, 5}]

1 11 1
{L-13-2 -1

2 6 24 120
Series[Exp[-x], {x, 0, 5}]

wi oy x-l w3

1-X+———+—-—+0[°
2 6 24 120

Find the coefficient for a term in a multivariate series:

Series[Exp[x +y], {x, 0, 3}, {v, 0, 3}]

2 2
¥y . vy .
1 —+—+0 l+y+=+—+0 X
[ +5|'+2+6 l.‘r’])+[ y =% vl %+
1y ¥y y ¥ ¥

1
Seta e sopt e o+ 2 e s sop [P ot
[2+2+4+12+ M] [s 6712 3% M o
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FourierTrigSeries [ expr, t, 1]
gives the n"-order Fourier trigonometric series expansion of exprin ¢

FourierTrigSeries [ expr, {11, t2, ...}, {m1, n2, ...}]
gives the multidimensional Fourier trigonometric series of expr.

» Details and Options

v Examples
vBasic Examples

Find the 5"-order Fourier trigonometric series of :

FourierTrigSeries[t, t, 5]
. . 2 1 . 2 .
25in[t] - Sin[21] + 5 Sin[3t]- E Sin[4t]+ E Sin[5t]

Plot[%, {t, =3 m, 3 n}]

g a - =wedld . 0 Lt a P == g == e e g
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FourierCosSeries [ expr, t, 1]

gives the nt"-order Fourier cosine series expansion of exprin ¢.

FourierCosSeries [ expr, {t1, t2, ...}, {11, 72, ...}]
gives the multidimensional Fourier cosine series of expr.

» Details and Options

v Examples
vBasic Examples
Find the 5%-order Fourier cosine series of 2:

FourierCosSeries[t"2, t, 5]

m 1 1 1 1
— +4|-Cos[t] + — Cos[21] - — Cos[3t]+ — Cos[4t]- — Cos[51]
3 4 9 16 25

Plot[%, {t, =3 Pi, 3 Pi}]

Technologies +

Solutions +

Learning & Support
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Q) Search




WOLFRAM Products & Services +  Technologies Solutions + Learning & Support ¥  Company ~ (), Search

FourierSinSeries [ expr, t, 1)
gives the n"-order Fourier sine series expansion of expr in .

FourierSinSeries [ expr, {11, t3, ...}, {n1, 12, ...}]
gives the multidimensional Fourier sine series of expr.

» Details and Options

v Examples
vBasic Examples

Find the 5™-order Fourier sine series approximation to &

FourierSinSeries[t, t, 5]
2| -Sin[t] ! Sin[2t] ! Sin[3t]+ ! Sin[41t] ! Sin[51t]
7= el _Z - _z
2 3 4 5

Plot[%, {t, =3 m, 3 m}]




