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NMEPEAMOBA

B ocnoBy maBuasibHOrO KOoMILieKcy «MaremaTnka B TEXHIYHOMY yHiBep-
CUTETI» TOKJIAJIEHO HABYAJbHI MaTepiaju Kypcy BHINOI MaTEeMaTHUKH, HAKi
MPOMITIIN BXKe OAraTopivHy CepHO3HY ampolalliio BUKJIAJAYaMUA Ta CTYJIEHTa-
v KuiBCHKOTO MOJITEXHIYHOrO IHCTUTYTY, & CcaMe: KOHCIEKTH JIEKINi Ta
MPaKTUKYMU IS TIPOBEIEHH NTPAKTUYHUX 3aHATH Ta OPraHi3aliil caMOCTiiHOT
pobOTH CTYIEHTIB, MaTEpiaan MUCTAHIINHUX KYPCiB.

Teopernyna i mpakTU4YHA YaCTUHA KOMILIEKCY BiJIIIOBi/Ia€ HABYAJILHUM
mporpaMaM 3 BHINOI MaTeMaTHKH BCix TexHiyHuUX creriajgbuocteir KIII
im. Iropst Cikopcbkoro geHHoi Ta 3a04HOl dhopM HaBuyaHHsS. KoMmiiekc mMoxke
OyTH 3aCTOCOBAHUI JjIs MATPUMKHN dK JIeHHOT (pOpMU HABYAHHS, TakK i JuCTa-
HIITHOT UM 3MilTaHol.

Fapmonivyne 10€iHAHHS TEOPETUYHOI HYACTMHU (BJACHE MiApyYHUKA) i
OpaKTUYHOI 4acTuHu (IPAKTHKYMYy — 3aJa9HUKA 3 BEJUKOIO KIJIbKICTIO
PO3B’d3aHKUX 3a/1a4) Y2KE MOXKHA BBAXKATH TPAJUIIECI0 HAIMCAHHS HABIAJIbHUX
BUJIAHD /I MaiibyTHIX iH2KEHEepiB YU €KOHOMICTIB.

Hpyruit ToM miaApyIHUKA CKIATAETHC 3 4 PO3TiiB:

— dyuKIil oaHieT 3MiHHOT;

— Teopid I'PaHUIlb;

— nudepeHIiiagbHe IUCIeHHa QYHKINN OHIET 3MIHHOT,

— nudepeHItiagbHe YUCIeHH PYHKINH KiTbKOX 3MIHHUX.

Suauna dacTuHa Po3aiLy «DPyHKIT OJHIET 3MIHHOTY TpPU3HAYEHA JIJIsl 3a-
TIOBHEHHS MPOTAJMH y MIKIJTbHUX 3HAHHAX 3 MATEMATUKUA i MOYKE BUBYATHUCS
CTyJEeHTaMU caMOCTiiiHO abo B MeKax aJalTaIiifHOro KypCcy MaTeMaTHKH.

Tpeba 3a3HaINTH, 0 HABKOJIO IOPAIKY BUBYEHHS TEM, PIBHS CTPOrOCTi BH-
KJIQJIAHHS JJIg HEMATEMATUKIB (?KOJHUM HYMHOM HE IIPUMEHIILYIOYM BaKJIUBICTDH
I'PYHTOBHOI MaTEMATHUYIHOI TiJArOTOBKHU JIJI MAaiOyTHBLOTO iH2KeHepa, eKOHOMICTa
9K Ccomiosiora) Tpusae GesnepepBHa JuCKycis. OUaHyBaHHS CTYIEHTAME MATEMAa-
TUYHAX OCHOB JIa€ HAJIIO, IO HAJAJ BOHU 3MOXKYTh MTOTJIHOUTH CBOT MATEMATIIHI
SHAHHS 111/ BUBYEHHS CIEMaJbHUX JUCIUILIH ab0 caMOCTIiHO.

IleBHOT He3asIEKHOCTI TIOPSIJIKY BUBYEHHHA PO3JIJIIB y BUJIAHHI JIOCATHYTO
3aBJAKUA MOJYJIbHIN 1100ym0BI KOMIUIEKCY (Bech Marepiaj po3buTo Ha MOpiB-
HSIHO HeBeJiuKi posminu). st Bukazy Teopii cimomo Bubpano 6a306ull pi-

BEHb, «...IMI00 MaTeMaTWYHUN TiJIPYyYIHUK JJIs 1HXKeHepa He IMePeTBOPUBCS Ha
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MaJIeHbKY KOIIIO0 yHiBEpCHTETCHKOro Kypcy». IlorsmbiroBaTu cBOi 3HAHHS 3
OCHOBHOTO KYypCy MaTeMaTWKW ab0 BUBYATH Ti CHEIlaJbHI pO3Iian, AKi He
BBIMIIVIM 70 HaBYAJIHLHOTO KOMIIJIEKCY MOKHA 3a BHUJAHHSMH BKa3aHUMH Y
CIUCKY PEKOMEHJIOBAHOI JIITEepaTypH.

Kozxen posis moby10BaHO 338 TAKOIO CXEMOIO:

— Beryn (aHOTAIist PO3JILY, MiCIe pO3/Iy B KypCl BUIIOI MATEMATHKH,
nepetiK KJIIIOBUX MOHSATh, OCHOBHI 3HAHHS T4 BMIHHHA);

— OCHOBHA YacTHHA (BJIACHE, BUKJIAJ TEOPETUYHOIO Marepiay);

— BAIUTAHHS Ta 3aBJAHHH JJIsI CAMOKOHTPOJIIO;

— dopMyJin, TBEP/ZKEHHS, AJITOPUTMHU Ta CXEMU;

— HNPaKTUKYMU;

— OCHOBHI TIOHATTS Ta BMIiHHSI.

OCHOBY TEKCTy IMJPYYHUKA CKJIAJIAIOTH OINUC OCHOBHUX IOHSATbH, (hOPMY-
JIIOBAHHS O3HAYEHb Ta TeopeM, OOrOBOPEHHS YMOB TEODEM, JIOBEJIEHHS OCHOB-
HUX TeOpeM, LII0CTPaTHBHI NpUKJIagu (3MICTOBHI NMPUKJIAJU IIOJAHO y INIPAaK-
TuKyMi). ¥ TEKCTI TaKOXK YMIIMIEHO BEJIMKY KIJIbKICTh DUCYHKIB, IO YHAOY-
HIOIOTH 1 LJIIOCTPYIOTh MATEMATUYIHI TTOHATTS Ta TBEP2KCHHSI.

Hywepariisi o3Haenb, TeopeM Ta PUCYHKIB € HACKPI3HOIO B CepeinHi po3-
aiy. Posuin po3buro ma temu (ob6car HabGIMKeHO BiInoBinae obcary ogmiel
JIEKIIIT).

Kozken pozmisi MicTUTh OMOPHUIT KOHCIIEKT TEOPETHYHOrO0 MaTepiasy, JIo-
MIOBHEHMI CXeMaMH Ta AJTOPUTMAMU PO3B’d3aHHA 33724 1 Mae Ha3By «Dop-
MYAU, MEEPOHCENHA, ANLOPUMMUY .

BuBuenns teopil 3 KOXKHOI TeMU MiAKPITIIOETHCS OMAHyBaHHIM BimOBi-
IHOTO NPAKMUKYMY, FKE MOJIATAE B PO3OMPAHHI PO3B’SA3aHUX HAYAJBHUAX 3a-
a9 i po3B’s3aHHSA TMEBHOI KiJLKOCTI 3aJa4 I KEPiBHUIITBOM BHUK/IAIAYA UIU
camocrtiitro. /lo Bcix 3aja4 npakTuKymiB nogano Bimmnosini. Hymeparisa 3amaq
HackpizHa. OOCAr KOKHOTO MPAKTUKyMy HaOJIMXKEHO BiJIIOBiae o0CATy Ipak-
TUYIHOT'O 3aHATTI.

Sajadi BMIIIEHO TiJbKK ITOJIErIIEHOro i 6a30BUX piBHIB. 30IpHUKH 33129
Ta BIpPaB, SIKi MICTATH CKIAIHINI 3aJati, TOJAHO B CNUCKY PEKOMEHAOBAHUT

dorcepen.
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Y TeKCTi NpaKTUKyMiB BUKOPUCTAHO TaKi MO3HAYEHHS:

[X.Y.Z.] — nocunanss Ha OLOPHMI KOHCIIEKT, & caMe KJITUHKY Z, y Kiit
yMiteHo Teoperudnuii pakT abo dopmyity, Tabimumi X.Y. 3 pozmity X;

X.Y.Z. — nocunanus Ha HaBYajbHYy 3a7a4y X.Y.Z npaktukymy X.Y.

0,0,3,... — nocuianHs B HaBYAJIbHIA 3a/a4i Ha KOMEHTAp, AKANH yMi-
IIEHO TTiCJIs 11 PO3B’ A3aHHS.

OmopHi  KOHCIIEKTH Ta NPAKTUKYMH TAKOX JOMOMOXKYThH IIiJl d4ac
PO3B’sI3aHHs 1H/IUBIIyaJbHUX JOMAITHIX 3aBJlaHb, IMiJITOTOBIN 10 KOHTPOJBbHUX
pobIT Ta icnUTiB, 3AMMOBHEHHI MPOTAJUH y TMOMEPEIHIX 3HAHHIX.

[lepesik ocHOBHUT NOHAMD | BMIND, 3ANUMAHNA M 3480aHHA OAL CAMO-
KOHMPOAIO JTOTIOMOXKYTH y IMiITOTOBIIN /10 KOHTPOJIBLHUX PODOIT, KOJOKBiyMiB Ta
icriuTy.

Bupuaru Teopermunuii marepian Ha nideuwenomy piBui (30KpeMa O3HA-
HOMMTHUCH 3 BIJICYTHIMU B TEKCTi JOBEJIECHHAMM), & TAKOXK O3HAHOMUTHUCDH 3
MOTHUBAIII€I0 3alPOBA/PKEHHS MATEMATHYHUX IOHATH, IX ICTOPI€I0 Ta 3aCTOCy-
BAHHSMH MOYKHA 338 CRUCKOM DPEKOMEHI0BAHUT OHCEDEN.

st 3py9HOCTI KOPHCTYBaHHS MiAPYIHUKOM IOIAHO NPeoMemHuti ma
menrul noxastcwury. IIpeaMeTHuil MOKaKINK MICTATH MOCUJIAHHS Ha ITiIITy-
HKTHU T€OPETUYHOI YACTUHU PO3JLILY, Jie 3aIIPOBAJIZKEHO YU PO3TJIAHYTO MOHIT-
T 1 HOMEPH 33Ja9 BiIMOBIIHOTO MPAKTUKYMY. IMEHHUI MOKAaKIUK MiCTHUTD
IIOCUJIAHHA HA IiJIIIYHKTU TEOPETUYHOI YaCTHHU, Jie 3raJJaHO ITPI3BUINE BUIAT-
HOTO MaTeMaTHKa i KOPOTKy GiorpadidHy J0BiIKY PO HBOTO.

Y dodamry A momano iHdOpPMAILIO PO TTOXOMXKEHHS JeIKNX TEPMiHIB Ta
TTO3HAYEHbD.

ITocTanoBky Kypcy BHUIIOI MaTeMaTUKH B TEXHIYHOMY VHIBEPCUTETI Ta
PO3pO0JIeHHST BiIIIOBIIHOIO HABYAJBHO-METOJUYHOTO 3abe3ledeHHsT JIOIIJIbHO
OPIEHTYBaTH HA JIOCATHEHHS TPbOX OCHOBHUX IIiJI€ii:

— PO3BUTOK y CTYJEHTIB KyJbTypU MHCJIEHHs (0coGiuBO foro JoriaHoro
Ta aJIrOPUTMIYHOIO ACHEKTIB);

— OIlaHYBaHHS MaTEMATHKHU K YHIBEPCAJIHLHOI MOBH HAYKH, HEOOXiITHOT
JI7IsT BUBYEHHS BCIX MOJAJIBINNX JIACIIUATLITIH;

— IepPeTBOPEHHs MaTeMAaTUKKM Ha pOOOUMit IHCTPYMEHT aHAJI3y Ta JTOCJIi-
JPKeHHST MATEeMATUIHUX MOJIEJICH.

ITorpeba edekTUBHOTO KEpyBaHHSI CAMOCTIHHOIO pODOOTOIO CTYAEHTIB CITO-

HYKa€ J10 IIOJaJIbIIOI'0 PO3BUTKY 1 CTaBUTH 33aa49y CTBOPEHHA Ta JOIIOBHEHHA
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KOMILJTEKCY 30ipHUKAMU IHAWBIIyabHUX [AOMAITHIX 3aBJIaHb, KOHTPOJHHUX
pobiT, TecTiB pi3HUX POPM.

ABTOpU BHCJIOBJIIOIOTH BIAYHICTH PEIEH3EHTAaM, KOJEraM Ta CTYIEHTAM
3a KOPHUCHI 3ayBaKeHHs 1 TOpaJiv, ypaxyBaHHs AKUX JTO3BOJIAJIO TOKPAIIATH
CTHUJIb BUKJIQJIy OKPEMUX DPO3JIiJIiB.

SayBazkeHHsI ¥ TIOMiUeHi OrpiXu Ta HETOYHOCTI MOXKHA HAJICHJIATH HA aJPECH:

alexirl@ukr.net,
victor144169@gmail.com,
a.dyx@Qukr.net,
fedorova_1b@yahoo.com.ua

Aemopu
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M T Ta y y Touni M, 8.2.1

— uacrunHa noxigHa ¢yskuii z = f(z,y) 3a 3miHHOO

x y rouni M, 8.2.1

— yvacruaHa noximHa dyukuii z = f(z,y) 3a 3miaHOIO

x y Touni M, 8.2.1

— vacTuHHa noxigHa dyskuil u = f(z,,...,z,) 3a 3MiH-

noro z; 8.2.1

— noBHuit npupict dbywknii z = f(M) 8.2.2

— mnoeruit mudepenmian byrkmii z = f(M) y Toumi
M, 8.2.3

— vacruani gudepenniamu  byukuii z = f(M) 3a
aMimHEME T Ta y y Toumi M, 8.2.3

— wacrurH] noxigai dbysknil z = f(z,y) 2-ro nopsiaky
8.2.6

— mudepennian m-ro nopanky dyskmi u = f(M)
8.2.7

— noxiguaa BekTOp-pyHKIil 7 = T(t) y Toumi ¢,

— moximua dyuknil v = f(r,y,2) 33 HAIPIAMOM BEKTO-
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— rpagienr byuxuil v = f(z,y,2) y Touni M 8.4.2

— HalibisbIe Ta HaliMeHie 3HadYeHHA QYHKIIT f B 00-
nacri D 8.5.4



PO3/I 5.
OYHKUII
OHIEI 3MIHHOI

5.1. Yncnosi pyHKuji

5.2. XapaKTepucTMKun noBeaiHKU QpyHKLiT

5.3. MHorou/ieHu

5.4. CteneHeBi QyHKL;i

5.5. TpuroHomeTpuuHi QyHKL;i

5.6. Moka3HuKoBa Ta orapuPpmiuHa PyHKui

5.7. TeomeTpuuHi nepeTBopeHHs rpadikis PyHKLiN

Y posdini cucmemamu3osaro 6i00MOCME TPO HUCA06T PYHKUIL,

30KpEMA TPO OCHOBHI EAEMEHMAPHT PYHKUTL: MHO20UAEH, CMENEHESY,
NOKA3HUKOBY,  N02aPUPMIUHY, mpuzoHomempudni U obepHei
MPULOHOMEMPULHS. Poseasarnymo 0CHOBH?, TAPAKMEPUCTIUKU

nosodotcerns,  Pymruit.  Ilodamo  memodu  nobydosu  epaghixis
EAEMERMAPHUT PYHKUIT 36 QONOMO20N 2e0MEMPUNHUL NEPEMEOPEHD.



Karouwosi nonammas:
— YUCA06G PYHKULA;
— epagix ynruii;
— obeprena Pyrryis;
— ckaadena pynrying
— eAeMEHMAPHG PYHKUILA;

— 2eomempuuHe NEPEMBOPEHHA 2Padira GyHKyii.

Onanysaswu ueti po3din Bu 3amooceme:
— 3Harodumu 0bAGCMD 03HANEHHA OYHKUTT;
— BU3HAYAMU NOBOOHCENHA PYHKYIL 3a iT epagdirom;
— anarodumu obepreny PynKruio;
— BUBHAYAMU CMPYKMYPY CrAAdeHOT PYHKUIT;
— 3aCMOCO8YBAMU POPMYAU NEPEMBOPEHD YUCAOBUTL PYHKUTT;
— diaumu MHO20%AEHU;
— PO3KAAOANU MHOZOYAEHY HE MHOHCHUKU;
— 6ydysamu 2padiku eaeMeHMapHuT GYHKUIT 36 dONOM02010

2EOMEMPUHYHUL NEPEMBOPEHD.

Ilonepedni sHarHs ma MiHHA 3 PO30inia:
— FEaemenmapna aneebpa;

— Mmnootcunu G wucaa.

ITodanuti mamepias 8uKOPUCMOBYEMBHCSA 8 PO30INAL:
— Teopia epanuyn;
— Jugeperuyianvre wucaerns GyHrUit 00Hiel 3MIHHOT;

— Inmeepanvre wucaenms Gyrryit ooHiel 3minmoi.



5.1. YUCNIOBI ®YHKUIT

5.1.1. OcHoBHI TOHATTS
5.1.2. Crocobu 3aaBanns yHKIGT
5.1.3. O6epuena dyHKIIisg
5.1.4. Ckuanena dyHKIs
5.1.5. Knacudikaris dyskmii
OyHKIlisI € OCHOBHUM OO’ €KTOM JIOCJIJ/IZKEHHSI MATEeMaTUIHOIO aHaJi3y —

PO3/Iily MareMaTHK¥, Mo 00’¢aHye TudepeHiialbHe Ta iHTerpajbHe YHCICHHS
dyHKIIii.

5.1.1. OCHOBHi NOHATTH

1. Hexait 3amano gucnosi muoxknan X C R ta Y C R i ditichy dpynruiro
diticnozo apzymenmy (mificaol 3minuol) f: X — Y, gKa KOXKHOMY 3HAYECHHIO
z € X yBinnosinHioe enune 3uatdeHHd y € Y.

Mmuoxkumy X HA3WBAOTH 00.4acMI0 03naverta GYHKINT f 1 TO3HATAIOTH

D(f) = X;
qucso r — apeymernmom QGYHKI, YUCI0 Yy, dKe BiIIIOBimae 3HAYEHHIO
x, — aHnauenHam GyHKIIl i mo3navaoTs f().

MHuoxuny, Ky II03HAYAI0Th
E(f) = f(X) ={f(2) e Y [z € X},

HA3UBAIOTH MHONCUNHOI0 3HaYeHs DYHKIHT f.

Banasanuio dbyskuil Bianosinae samuc y = f(z),z € X.

Orxke, TOHATTS PYHKIT MICTUTh TPU CKJIAIOBI:

1) obnacrs osnauenns D(f) = X C R;

2) muoxxuny 3uavesb E(f) = f(X) C R;

3) npaBuwio f, ke yBiAuoBinHIOe KoKHOMY 3HadenHoo € D(f) enune
snavenns y = f(z) € E(f).

Oyukniio [ MOXKHA YABJIATH INE SIK
«IOPHY CKPHUHBKY», IO MEPETBOPIOE ap- f y = f(z)
rymMeHT & y 3HadeHHa Yy = f(z)
(puc. 5.1).

IIpumipom, gxmmo dyHKIiio y = x

Puc. 5.1. Oynkiis gx 9opHA CKPUHBKA

? zamano ma mmoxumi D(f) = [-1;2],

TO MHOXKUHOIO 3HaueHb GyHkuil € E(f) = [0;4] (puc. 5.2).
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2. Muoxwnny Touok miomuan Oxy 3 KOOPIUHA-
ramu (z; f(z)),z € X, masmBaiors 2pagirom I byn- y=1°
kuil y = f(z), osnayenoi na muoxkuui X C R.

SazBu4ait rpadikom OyHKIIT € geqaKa JiHisg; are, NS —

npumipom, gximo X = N, 1o rpadikom HKITI € -
P B = ’ pach by Puc. 5.2. T'padik dysxmii
Yy = $27I € [7172]

Habip i3ospoBanux TOUOK (puc. 5.3—5.5).

Bynp-sika BepTuKasbHA NpsiMa mepeTuHae rpadik GyHKINT He Oijbine SK

B OJIHI# TOYIII.
y T y
f(X) :EQ -----,
T e °
f) ] s 2
0l x O 12345 n 0 z
Puc. 5.3. I'padix dbynkmii Tgf------ N Puc. 5.5. Kpusa, wo ne €
y=J)weX Puc. 5.4. I'padik dymskmii rpacbixonm pynxui
y=/f(n)neN

3. Oynxuii y = fi(z),z € X}, Ta y = fo(x),z € X,, HABMBAIOTb PIGHUMU,

AKIIO BOHM MAlOTh OJHY # Ty camy objacTh osHadenmnsa X = X, = X, i qna

Bcix ¥ € X BUKOHAHO PiBHICTH

h(x) = L),
IIpumipom, dpyHkIil y = |:L‘|,!L‘ €R, ta y = Va?,z € R, pisni, a ynxmii

y=a2%r€R, ray=2z%rc|01], — ui
Orxke, He Tpeba OTOTOXKHIOBATH (DYHKIIO 3 (DOPMYJIO0, SIKOIO i 3aJIaHO.
4. Posrugabmo dyukuio y = f(z) 3 obnacrio osnavenus D(f) i byHk-

niro u = g(z) 3 obmacrio ozHauenust D(g).
OyuKIlil, 3HATCHHA IKUX ¥ KOXKHIN TOIIl TOPiBHIOIOTH
x
o)+ 0(a) () — o), So(@). 2 ) = )
HA3UBAIOTH BIAMOBIAHO cymoto, pishuyero, dobymrom i wacmroro GyHKIiin f Ta g.
ObutacTb O3HAYEHHA CyMHd, pisHUIi Ta K00yTKy dyHKIiE [ Ta ¢ € nepe-
tur D(f) N D(g), a obsacrio 03HAUEHHST YACTKU — MHOMKHMHA

(D(f) N D(g)) \{z € D(g) | g(z) = 0}.

IMpumipom, cyma dynkniit y = o,z € [0;1], Ta u = 1,33 € [-2;0) U (0;2],
T

osnavena Ha MHOXKuHI (0;1].
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5.1.2. CnocoOm 3apaBaHHA QyHKLi

1. AnagiTuynuii cnoci6, komm dysKIio 3am8100TH dhopmyston (dopmy-
Jiamu) abo CIIBBIIHOIIEHHAM.

Anamituano dysknio f: X — Y MoxkHa 3amaBaru:

1) acno — omamm amagitnanuM Bupasom y = f(z),z € X, abo kijmbkoma

(rycroso-zadana dynKIis)

2) nea6Ho — CHIBBIIHOMIEHHAM
F(z,y) =0,
axmo Vz € X : F(z, f(x)) = 0;

3) napamempuuro — pPIBHIHHAMU:

= kp(t)’t €T CR,

y = W),
e 3aJIEXKHICTh § Bim T 3a/JaHO He 0e3MOCEepPeHBO, & 33 JTOIOMOTOI0 NAPEMEN-
pa t.

ko GyHKI0 33/1aH0 AaHAJITUYIHO, ajie 00JIACTh O3HAYEHHS He BKA3aHO,
TO Wix HEI pO3yMiloTb obaacme ichnysarns GyHKUI (npupodny obaacmo
osnavens PyHKIIT) — MHOXKHUHY BCIX JIHCHUX 3HAYEHb apryMeHTY, JJIid AKUX
AHAJITUYHUN BUPA3 MAa€ 3MiCT.

2. 'padiunmii crioci6 3amgaBamns GyHKINI, KON (PYHKIHIO 33Ta0Th il
rpadikoM y NPSIMOKYTHI JIeKapTOBill cucrTeMi KOOPIAMHAT; abCIMCH TOYOK
rpadika HajIeKaTHL 00JACTI O3HAMEHHS (DYHKIII, & OpAUHATHA PIiBHI BiIAIOBiI-
HUM 3HAYEHHAM (DyHKIII.

3. Tabauunumii cmocid 3amaBanHsa (QYHKINI, KOaW (DYHKIHIO 33a10Th
TabJINIEI0 HU3KY 3HAYEHDb apryMEHTY il BiAMOBIIHUX 3HAYEHB (DyHKIIII.

4. Asropurmivanii (nporpamuumii) croci6, koau GyHKIIO 3a71a10Th
MIPOrpaMoI0 Ha OJHIl 3 MOB IIPOrPAMYBAaHHSI.

5. OnwucoBuii cnocib, Koy GYHKINO 33Ja0Th CJOBECHUM OIIMCOM BiJ-

noeigaOCTI f, M0 MO3BOJIsE 3a 3amaHuM ¥ € D(f) BusHauntu y € E(f).

[Ipumipon, byHKIO 33020y SBHO § = x2, MOXKHA 3a/aTH:
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— HEABHO CITiBBiIHOIITEHHIM Y
y—a* = 0;
— [apaMeTPUYHO PIBHAHHSIMMU:
T =1,
y = t%
— rpadiuno — 1i rpadik napabosa (puc. 5.6); S »

— T1abiu9HO (3 JesIKUM KPOKOM )
2. 10]05 [1] 15 2] 25
y | .. 10102512254 (625]9

Puc. 5.6. I'padik
byukuji y = 2

5.1.3. O0epHeHa PpyHKLis

1. Hexaii 3agano dbyukuiio y = f(z) 3 obuacrio o3uadenna X i MHOXKU-
Horo 3Havenb Y. Qymkiia f xoxkHoMy 3HadeHHIO T, € X yBimOBimHIOE €11-
He 3Havenus Y, = f(z,) € Y. Ilpu mpoMy MoKe BHSBUTHCDH, IO PIi3HUM 3Ha-
YEeHHAM apryMeHTy ¥, Ta T, BiAIOBimae oiHe # Te came 3HaueHHs DYHKINI y,.
HonarkoBo Bumaraemo, mob ¢yukuis y = f(z) pisHUM 3HAYEHHAM T yBiINO-
BinHIOBasIa pi3Hi 3HAavenHa y. Toxl KOXHOMY 3HaYeHHIO y € Y Binmosizarmme
enuue 3uadenHa x € X, 106TO MOxKHA o3HauMTH GyHKUO T = Y(y) 3 00-
JIacTIO O3HAYeHHd Y | MHOXKMHOIO 3HAYEHDb X.

Mo dyHKIiO HA3UBAIOTL 00ePHEHON (DYHKINEW 110 3ajaH0l QyHKIHT [ i
Ho3HAYAI0TH f L.

Orxe, dbynxmis z = f(y) e obeprenoio mo byukiii y = f(z), akmo:

1) obmacTio o3mauenus bynxmii z = f 1(y) € MHOKUHA 3HAYEHD DYHKIIT
y = f(z);

2) mMuOxuHA 3HAYenb Gynkmii 2 = f1(y) € obnacTio oznauenns GyHKii
y = f(2);

3) KOKHOMY 3HAYEHHIO 3MIHHOI ¥ € Y Bianosizae equHe 3HAYEHHS 3MiH-
Hol # € X, rake mpo, f(z)=y.

2. Bukonano cIiBBiTHOIIIEHHS:

W) = v
FH(f(@) = =
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3 HuX BUILIHBAE, MO KOXKHY i3 aBox dyukmiii f i f! Moxua mazsaru

IPsMOIO 9u 06epHEHOI0, TOOTO T DYHKIT 63aemto obepreni (puc. 5.7).

3. 1106 swatirn dymxnio 7 = f(y), Im

obepHeHy 110 cbyHJI:(uIl)l g z f(z), piBuanng pa——TH £

Puc. 5.7. Cxemu ji1s1 B3a€MHO

PO3B’A3YI0Th 1IOA0 3MIiHHOI % (AKIIO me obeprernx byHKfi
MOXKJIMBO).

pumipom, mas dbyskmii y = 23,2 € R, icuye obeprena g0 mei dyHKiisa

z:%,yER.

4. Ockinbku KoxKHa To4YKa (2;y) JiHI y = f(Z) € 0JHOIACHO TOYKOIO JIi-
wii 2 = f~(y), To rpadiku B3aeMuO obepHenux DYHKIIH 36irar0THCS.

I'pacdiku B3aemno obeprenux bynxuiit y = f(r) Ta y = f(z) cumerpuani
BisHOCHO TIpsimol y = x (BicekTpucu 1-1o i 3-ro KoopaMHATHUX KyTiB) (puc. 5.8).

5. @ynkIifo, 10 AKOi icHye obepHeHa (yH- Y ’
KIlisl, HA3UBAKOTH 000pomHot0. 3 O3HAYEHHS 0De- Yo
prenol ¢yHKUIl BuiLUMBaE, mo (yHKiis f o6o- 7,
poTHa TOAI i JuUIe TOMi, KOJu Iist (DYHKILiS 3a-
Ja€ B3a€EMHO OJHO3HAYHY BIINOBIAHICTL Mix

MHOXKmUHaMu X Ta Y. ! }
Puc. 5.8. I'pacdbikn B3aemuo

obepHeHuX QyHKIIH

5.1.4. CknapeHa pyHkuis

1. Hexait na muOoxkuHI D o3HaueHO "ncaoBy dyHKmio u = ¢g(z) i3 MHO-
KUHOIO 3Havenb E i ma muoxuni E 3amano dyskiio y = f(u) i3 MHOXKUHOIO
3nagensp F.

Koxuomy sHauenuwo z € D yBiamosigHeHO (3 JONOMOTO NpOMIHCHOT
aminnol u € E) ogue, miakoM 1esHe, 3uadenus y € F, 106710 330aH0 cKAade-
Yy Pynryito

Y= f(g(a:)),x €D

Taky ckimageny (yHKI[O I HA3UBAIOTH CYnepnosuyiclo MYHKIINR ¢ Ta

f 1 mumry o
y=(fog)(x),z€D.
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2. Ckiageny QyHKIiio ¥y =
(puc. 5.9) MOXKHA 3aIUCATH HAK JIAHIIOXKOK .4 f(g(z)
piBHOCTEH: Puc. 5.9. Cxema ckiaienol (byHKLul
y = f(u),u = g(z),

e bYHKIHI0 ¢ HA3UBAKOTH 6HYMPIUMHbLOI0, & [ — 308HIWHbBOM.
2

IIpumipom, dbyukiis y = sin“z € cymneprosuriieio GyHKI# v = sinx Ta

y = u’.

5.1.5. Knacndikauisa GpyHkuiv

1. Ochosrumu eaemermaprumy GYHKIISIME HA3UBAKOTH:
1) cmany dyusxuio f(z) = C,D(f) = R;
2) cmenenesy dyukiio y = 2% a € R,D(f) = (0;+00);
3) noxasnurosy dynknito y = a*,a > 0,a = 1,D(f) = R;
4) nozapudmivny bynxuio y = log, z,a > 0,a = 1,D(f) = (0;+00);
5) mpuzonomempuri HYHKIT;

) obepreni mpuzonomempuHi QYHKIGL.

Yeci dyukiii, ogepkani CKIHIEHHOIO KiTbKICTIO apudMeTUIHUX il HaJ
OCHOBHHUMU €JIeMEHTAPHUMU (PYHKINSIMA Ta JIUCHAMYM TUCTAMHI, 8 TAKOXK IXHI
CYTIEPIIO3UILil, YTBOPIOIOTH KAGC EACMEHMAPHUL PYHKUIT.

2. Harazaiimo, o mpuzoromempusiumy GyHKIIsAMA HA3UBAIOTH (1. 5.5.1):

1) cunyc y = sinz, D(f) = R;

2) rkocunyc y = cosz, D(f) = R;

3) maneenc y = tgx,D(f) = R\ {:1:|1: = g—k Tk, k € Z]»;

4) komanzenc y = ctgz,D(f) = R\ {x|x = nkk € Z}.

3. Obepnenumu mpuzonomempusiumu GyHKIigMu HazuBaoTh (1. 5.5.5):
1) aprcunyc y = arcsinz, D(f) = [-1;1];

2) aprrocunyc y = arccosz, D(f) = [—1;1];

3) apxmaneenc y = arctgz, D(f) = R;

4) aprromaneenc y = arcctgx, D(f) = R.

4. Muorounen

P (z) = ay" +ax" ' +ax"* +...+a, z+a,

n
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HA3UBAIOTh UiA010 PAUIOHAALHOI0 PYHKITIETO.
b, (z)
Q,(z)

CykynHICTh I[JIMX pAIllOHAJBPHUX 1 JIPOOOBO-pAIiOHAIBHAX (DYHKILIA

Dynkuio R(z) = HA3WBAIOTH 0P0O0GO-PALIOHANLHO0I0 DYHKITEIO.

YTBOPIOE KJIAC PAUIOHANLHUT PYHKUIT.

ODyHKII0, yTBOPEHY CKIHYEHHOK KiJIBKICTIO CYHepIO3UIiil i apudMeTuaHuX
Tt HAJI PAIiOHATHLHUMU (DYHKI[AME | HAJ[ CTeIeHeBUMU (PYHKINSIMU i3 1pobo-
BUMH ITOKA3HUKAMH, 1 K& He € PaIiOHAJIbHOIO, HA3UBAIOTE (PPAUIOHAABHOT.

IIpumipom, y = Vo — ippartionanbaa GyHKITIA.

Parmionanbui # ipparionanpai QYHKIHI YTBOPIOIOTH KJIAC A.42€0PUMHUT
Pyrryit.

Enemenrapray ¢yHKIi0O, sKa He € ajreOpPUYHOI0, HA3UBAIOTH 1MPAHCUEH-
denmmuoro.

o TpaHCIEeHIEHTHUX HAJEXKAThb yCi OCHOBHI ejeMeHTapHi QYHKIIT, KpiM
CTEMEHEBUX 3 PAIIOHAJHLHUME TTOKA3HUKAMM, & TAKOXK Timepboidmi it obepreni
rinep6osiuni Gyuknil (1. 5.5.5).

5.2. OCHOBHI XAPAKTEPUCTUKU
NOBOAYXEHHSA ®YHKLIT

5.2.1. Hyui i 3nak GyHKOil Ha MHOXKUHI
5.2.2. Tlapuicts i HemapHicTb QYHKIHT
5.2.3. Ilepionununicts dysKIil
5.2.4. MonoTonHicTb DyHKIIIT
5.2.5. Onykiicrs yHKIT
5.2.6. ObmexenicTs GyHKIIT
5.2.7. Jlesiki HeenemenTapui pyHKIHl
TloBomzkenust yHkuii Ta po3ramyBanHs 11 rpadika OMUCYIOTH 3a JIOIMOMO-
r'OI0 NIEBHUX XapaKTEePUCTUK.

5.2.1. Hyni i 3HaK QyHKLiT HA MHOXMHI

1. 3navenna aprymenry = € D(f), mua axoro suadenus dbyuxuil f mopi-

BHIOE HYJIIO, HA3UBAIOTh Hyaem PyHKINL. OTxke, Hy i DYHKIIT € KOpEHIMU Pi-

BHAHHA

flz)=0.
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ITpumipom, dyukItisa
fle) = (z=1)(z +2)
Mae aBa nya z; = 1 Ta 2, = —2.

2. dkmo miaa Beix 3uauenb = € (ajb), dyHKuis HaOyBae 3HAYEHb TOIO
caMoro 3Haky (yuine gosaTHUX abo Juiie Bif'eMHux), To inrepsas (a;b) Hazu-
BAIOTh HMmepsasom snakocmanrocmi Gyukuii (puc. 5.10).

B imTepsaJii, Ha gkoMy QyHKIA ITOTATHA, Y
rpadik T posramosanuii Haj Biccto Or, a B iH-

y = f(z)
TepBaJi, Ha AKOMY BOHA Bij'e€MHa, — T Biccio _m,,_, iy
T Ms r

Oz; y To4ukax TepeTusy 3 Biccio abcruc (dyHK- O‘ I

[l JOPIBHIOE HYJIIO. Puc. 5.10. HyJui Ta inrepsanu

3HAKOCTAJIOCTI (YyHKIIIT

5.2.2. MapHicTb i HenapHicTb QyHKUT

1. [EEPEEPER (naproi dymnii).

OyukIio [ HA3UBAIOTH NAPHON0, SKIIO:
1) obaacrs ii osnauennss D(f) cumerpudna BifgHOCHO TOukH = = 0;
2) musa koxkHOro 2 € D(f) BUKOHAHO DiBHICTH

f(=x) = f(2).

2

IIpumipom, dyuki y = |3:|,y = 2" Ta Yy = COSX € MapHUMU (DYHKIIAMHA,

O3HAYEHNMH Ha BCiil 4mcJIOBiit oci.
OEEER i (HerapHOi hyHKIIIT).

DyHKI[O f HABUBAIOTB HENAPHON, SKIIO:
1) obnacrs 1i osuavenns D(f) cumerpuuna Bigaocuo z = 0;
2) miig xkoxHoro z € D(f) BUKOHAHO piBHICTDH

f(=2) = = f(2).

3

. 1 .
[Ipumipom, bysKIil ¥y = 2,y = — Ta y = z° € HeHAPHUMEU (DYHKITISIMHU.
T

I'padix nmapuoi dyukuii cumerpuanuii Bigpocuo oci Oy (puc. 5.11), a ne-

napHol — BiHOCHO noYaTKy Koopauuat — touku O (puc. 5.12).
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Puc. 5.11. I'pacik napuol dyskiii Puc. 5.12. I'pacik Henapuol ¢yHKIl

2. [TapHi i HenapHi PyHKIIT MalOTh Taki BJACTUBOCTI:

1) 3mina 3naky nepes dyHkiieo He 3MiH0€ 1T mapHocTi (HemapHOCTi);

2) cyma mapuux GyHKIIH € napHO (DYHKIIEO;

3) cyma Henaphux QyHKUIA € HenapHo©O (BYHKIE;

4) no6yTok Gy ib-AK0I KlbKocTi napaux dyHKIi € napHooo byHKIE0;

5) no6yTok napHol (yHKHIT Ha HemapHy € HelmapHOK (yHKIIE;

6) n06yToK mapHOl KijmbKocTi Henapuux GyHKIN € napHoio (YHKIIEO, a
HEMapHOI KiJIbKOCTI — HemapHo (QyHKITIE.

5.2.3. NepiognyHicTb PyHKU;i

1. (Hepio,unqno'l' dyHKIIT).

OyHKI0 f HA3UBAIOTH NepiodutHor, Sk icHye uuciao 1 = 0, Take, 1mo:
1) ana koxkuoro z 3 obsacri osuadenHsa, T + T TakoxK Hajexkarb 06JaaCTi
O3HAYCHHH;

2) BUKOHAHO PiBHICTDH

fle+T) = f(z).

Yucno T wmasubatoTh nepiodom Gyskmil f. fxmio icnye maiimenimii mo-
JaTHUH mepios GyHKIII, TO HOTO HABUBAIOTH OCHOGHUM NEPIOIOM.

IIpumipom, ¢yukmias y = sinz mepioguIHA 3 OCHOBHUM IEPIOIOM
T =27, a dyukuig-crana f(z) = ¢ = const, D(f) = R, nepioguuna, ane oc-
HOBHOI'O IIEPIOJLy HE Mag€.

dAxmo T — ocuoBHUiT niepioy GyHK-
wi f, To rpadik Takol (PYHKIH «IOBTO-

proerbesty 3 nepiogmunicrio T (puc. 5.13).

a T a+T2T

x

-T O]
Puc. 5.13. I'padik nepioguunol GyHKil
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2. Ilepioguuni pyHKIil MalOTh TaKi BJACTHBOCTI:

1) sxkmo T — mnepiox ¢dyskuil f, To ii mepiomaMm TakoXK € GuCIa
mT,m € Z;

2) axkmo dyukuia y = f(z) nepiommuna 3 mepiogom T, To byHKIiA

. . T
y = f(wz) — nepioguana 3 nepiogom —.
w

5.2.4. MOHOTOHHICTb PyHKLi

1. (3poc'ra10qo'1' (cmagHO1) hyHKILIT).

@Oyukuio [ HazuBaloTb 3pocmaiowoio (cnadnoro) ua muoxuui X C D(f),

JAKIIO OIJIBIIOMY 3HAYEHHIO apryMEHTy 3 Ifi€]l MHOXKWHU BiamoBimae Oisibime
(menmie) suavenus byukuil (puc. 5.14—5.15) i mosmagarors f /' (f \),

T06TO 1714 Oy Ab-IKUX 3HAYEHb I;,Z, € X 3 HEpiBHOCTI
7, < 7,

BUILINBAE HEPIBHICTH

fle) < flwy)  (flzy) > f(x,)).

17 S Y
Yofom== , Yop-=--- FooeE ,
ol ) T, g ol 7, T,
Puc. 5.14. I'pacik 3pocratotol GyHKIiil Puc. 5.15. I'padik cnaanoi dpyHKIi

(O ER il (HecnagHol (He3pocTaouol) pyHKITIT).
@yukuio  f  HasuBaOTL  Hecnadnolo  (HE3pocmalowol)  Ha  MHOXKHHI
X C D(f), akumio 6iIpIIoMy 3HAYEHHIO apryMEHTY 3 1€l MHOXKUHU BIIIIOBi-

nae we Mmenine (He Ginbme) snavenua dyukuil (puc. 5.16—5.17), To6TO 1181
Oy Ib-AKHX 3HAYCHb 7,7, € X 3 HepiBHOCTI

T <ZL‘2

BUILINBAE HEPIBHICTH

f(w) < f(zy) (f(z)) = f(z,))-
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Y Y
() { (7R
7 S A B —
Ol x Ty g (6} [ T $I2 T
Puc. 5.16. I'pacdik necnaguol dynkiii Puc. 5.17. I'padik mezpocratogoi dynkmil

2. 3pocraroui, crajHi, Heca HI Ta He3pocTardi QyHKINI HA3UBAIOTH MO-
HOMOHHUMU; 3POCTAIOY] Ta CIATHI — CMPO20 MOHOTOHHUMAL.
Crasa QyHKISA y = ¢ € HeE3POCTAIOYOIO i HECIATHOI BOITHOYAC.

3. I ERNE(nocTaTHa yMOBA 000OPOTHOCTI).

Byap-ska crporo monoronna dyHKIig Mae obepueny dyukiio. [Ipu mpomy,
AKmo npaMa GyHKIs cTporo 3pocrae (cmagae), To obeprena i dyHKIis
TAKOXK CTPOro 3pocrae (cruagae).

BayBaxkM0, II0 MOHOTOHHICTH (DYHKINI € JIUIe JIOCTATHBOK yMOBOK 1T

060pPOTHOCTI, TOOTO iICHYIOTH HEMOHOTOHHI 0OOPOTHI DYHKITIT.

5.2.5. OnykaicTb PyHKUT

1. (onylcno'l' nouusy (moropu) pyHKIii).

@Oyukuio [ HazuBaioTh onykaoo donusy (dozopu) va muoxkuui X C D(f),
SKIIO JIIs Oy/b-sIKUX 3HAYEHb ;,%7, € X 3 HepiBHOCTI #; < Z, BUILIUBAE,
mo xopaa AB, axa 3’eauye Toukn A(zy; f(x,)) Ta B(z,;f(1,)), posramosana
He Hwkue (He Buiie) 3a rpadik dyrkni, i nosmagarors fU  (fN)
(puc. 5.18—5.19).

Onykiy noHu3y (QyHKIHO e HA3WBAIOTH Y2HYmolo, a OIyKJy ITOTOPU —

ONYKAO010.
Y

0] |a zll x2 b Ola
Puc. 5.18. T'padik dbyukuii onyxioi gounzy Puc. 5.19. I'padix dbynkuii onmyxioi moropu
(yrmyTol) (omyxJ107)

l’zbz
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2. Ipumipom, bynxmis y = z? omykmna monmsy ma R, dbymxmis y = 23

2

omyka JoHn3y Ha MHOXKUHI [0;400). @yHKIig y = 2 — z° OIyKJa JOropu Ha

R, a dbyskmis y = 2° — omyk/a goropu Ha MHOKHHI (—00;0].

5.2.6. O0OMexxeHiCTb PyHKLT

1. (06MemeH0'1' 3Bepxy (3uu3y) pyHkIii).

Oyuxuio f Ha3UBAIOTHL 00Mesicenoto seepry (3nusy) va muoxuni X C D(f)
(puc. 5.20—5.21), axuwo icaye rake uncio M € R (m € R), mo miusa Gyup-

AKUX 3HAYEHb aprymMenTy T € X BHUKOHAHO YMOBY

flz) <M (m < f(z)).
(06MemeH0'1' dyHKiT).
Dyukujio f HasuBalTh 0OMmedrcenoro Ha muoxkuui X C D(f), gkmo icuye rake
qucno C > 0, 1mo a1 GyIb-sKUX 3HAYEHb apryMeHTy ¢ € X BHKOHAHO yMOBY
|f(z)] < C.

Teomerpuuno obmexenictb (yukiil uucaom C o3mHadae, mo i rpadik

posrammoBanuit y cMys3i 3apmupinku 2C (puc. 5.22).
Obmexena QyHKIliS € 0OMEXKEHOIO 3BEPXY 1 3HU3Y.

Yy fz) < M Yy m < f(z) Yy ‘f(a:)‘ <c
M ] [ m T E E
X box | |
—— - o T
0 a b ox o a b T ' i
Puc. 5.20. I'padix dynxnii, Puc. 5.21. Tpadik dpyHKuji, _Col—= :

0OME?KEHOI 3BEpXy

Ha MHOXKHUHI X

2. Ipumipom, 1) dyukuis y = x

0OMEKEeHOT 3HU3Y

Ha MHOXKMHI X

2

Puc. 5.22. I'padik bynkil,
0OMezKeHOI Ha, MHOXKMHI X

€ 0OMEKEHOIO 3HU3Y Ha CBOIM MPUPOJ-

Hi#t obsacTi o3navyenus R i HeobMmerkeHOIO 3BepXy, OCKIIbKU 0 < z2;

2) dyukiig y = 2 — 2% obMeKena 3Bepxy i HeoOMexkema 3Hm3y Ha R,

ockimpku 2 — 2 < 2;

3) dynkuis y = sinz € obmexenow Ha R, ockinbku |sina;| <1

3. Oyukuito f HasuBawOTh HeoOMedcenoro seepry (3Hu3y) HA MHOKUHI

X C D(f), sxmo st 6yap-sikoro aucaa M icHye uncno z € X Take, 10

f@) > M (f(z) < M).
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. . 1 .
4. Ilpumipom, dyskuis y = — HeobmexkeHa 3Bepxy Ha muoxunui (0;1),
x

ocKinbKu i Oyap-skoro M > 0 icaye rake unciao z € (0;1)

=1+ M > M.

1
; 1O f[1+M

T =
M+1

(30KpeMa,

Adxmo M <0, To 38 9UCI0 T MOXKHA B3ATU Oy/Ib-AKE UHCIO 3 iHTEPBALY

(0;1).

5.2.7. [leski HeenemeHTapHi QpyHKuLii

Y mareMaTurli OKpiM eJeMeHTapHUX (DYHKINI PO3IJIAIaoTh 1 HeeJeMeH-

Tapui ¢yuxiii. [TogaiiMo mesaxi.
1. Oduruuna bynkuisa [ esicatioa (puc. 5.23)
0, =<0,
1, z>0.

2. Dynkuis snak wucaa (puc. 5.24)

n(z) =

-1, z <0,
sgnz =10, z =0,
1, z > 0.

D(f) = R, E(f) = {-1,0,1}. ®yukuis HenapHa.

3. Lina wacmuna wucaa (puc. 5.25)
[2] = [

D(f) = R, E(f) = Z. ®yuxuia necnagna.
4. /Ipobosa wacmuna wucaa (puc. 5.26)
{z} = 2 —[z]
D(f) =R, E(f) =10;1). ®yuxuig nepioguyna 3
nepiogom T = 1.

z, x=né€LZ,

n, n<z<n-+l,

5. Oyukiisa /ipixzae
1, ze€Q
D =
@ =10, zer
D(f) =R, E(f)={0;1}. ®ynkuis nepiogudna;

epiosioM € OyJib-siKe paIlioHaJbHE TUCTIO.

vy =)
1
ol 1 x

Puc. 5.23. I'pacdik ogummaHol
dyukii ['esicaiiza
Y Yy = sgnu

l«—

0 T

— {1

Puc. 5.24. I'pacdik dyskIil

3HaK 4YucCJIa

y ————————I—>I
=
Rl
O 1234 =z
—

Puc. 5.25. I'padik tmiiol

YJaCTUHHU IHCJIA

-1 Ol 1 2 3z
Puc. 5.26. I'padik apoboBol

YJaCTUHHN IHCJIA
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6. 3ayBaxxmo, Mo GYHKIIist |$|, AKYy TeX O3HAYYIOTh JIBOMA aHAJJIITHUYHU-

MU BUPa3aMU € €JIEMEHTAPHOIO, OCKIJIbKHU |$| =22

5.3. MHOTOYJIEHH

5.3.1. Crana dyukiis
5.3.2. Jlinilina dyHKIis
5.3.3. Ksagparnana dysaxmis
5.3.4. MHorouJieH M -ro cTereHst
5.3.5. Jlinenns MHOrO4YI€EHA HA MHOIOYJIEH
5.3.6. Kopeni MmHOrounena
5.3.7. ToroxkHa PiBHICTH MHOIOYJICHIB
5.3.9. Muorousnenn 3 gificamvu Koedimienramu
CucreMaTu3yiiMo BiZJOMOCTI PO MHOTOYJIEHH Ta 1X BJIACTHBOCTI #K ajreb-

puuHi Tak i QyHKIIOHATBHI.

5.3.1. Crana PpyHKuis

1. OyuxKIio
y =0,

e b — pgesike JiiicHe YUCIIO, HA3UBAIOTD CIMAA0M0.
O6aacrts oznauennsa D(f) = R, muoxkuHa 3nauens E(f) = {b}.
Crana GyHKIS € MTapHOI 1 MepioauTHOIO. y

Crana dyuxkiia y = 0 € BogHOYIAC 1 TAPHOIO, 1 HE-

b>0 ————
IIapPHOIO. b y=>0
2. I'pacbixom crasoi dpymknii y = b e npama, 0 =0 ol
napaJiesibHa oci abCuuc, o HPOXOLUTD Yepe3 ToY- <0

Ky (0;b) (puc. 5.27).
Bokpema, rpadikom dyskiil y = 0 € Bich ab-  Puc. 5.27. Tpadix dyukuii

ciuc Oz. y="=

5.3.2. JliniitHa QpyHKuin

1. OywukIio
y = azr + b,

ne a Tta b € jmeski 4mcia, HA3UBAIOTH ALHITHON0.



5.3. MHOro4neHun 31

dAxmo a = 0, To maemo craay dyskmiio y = b, a akmo b = 0, To micrae-
MO TIPSAMY TPOMOPIAHICTE ¥ = ax.

2. Hasi po3rasgubMO JIiHIHY (YHKIITO

y = azr + b, xomu a = 0,b = 0.

O6uacts o3nauvenns dyskuil D(f) = R, muoxkuna 3Hadedb yHKIil
B(f) = R

Hinst a > 0 dyukmig 3pocrae HA BCiit YUCTOBiN
upamiit, maiaa a < 0 — cnajae HA BCilt 4YMCJIOBIii
TpsAMiii.

3. DI'pacdikom miniitroi yHKUIT y = az + b, €

upsama (puc. 5.28), KyToBuil KoediIieHT gKOI a J0-

P (p )’ Y bin . Puc. 5.28. I'padik dyukIil
PIBHIOE TaHTEHCY KyTa «, IO YTBOPIOE MpAMa 3 JI0- y = az + b
JaTHUM HanpsiMmom oci 0.

4. Jliniitnwit maorouten y = az + b (a = 0) Mae enunuit KOpinb

b
r=—-.
a
5. OyHKIIIO
Yy = ax,

ne a = 0, HA3UBAIOTb NPAMON NPONOPULtHico. UUCIo a HA3UBAIOTH Koepi-
ULEHMOM NPONOPUITIHOCTNS.

IIpsma mpomopiiftHicTh € HemapHoO (QOyHKITIEO.

dxmo a > 0, To dysKig y = ar 3pocrae, a gkimo a < 0, To dyHKIisg
Y = aT cuaJia€ Ha BCill 4YMCcJIoBIii oci.

I'padikom mpsimol mpomnopIiifHOCTI ¢ = ax € npsiMa, 10 MPOXOJIUTDH Yepes3

IIOYIaTOK KOOpAWHAT.

5.3.3. KBagpatnuHa ¢pyHkuis

1. PosrasiabMo keadpamuuny dynruiio (keadpamuunud mpuyaen)
y = az’ + bz +c,
ne a,b,c — craJi, npudomy a = 0.
[pumipom, dyskiii y = —322 + 7z + Ly = V22 + 5,y = —2? — kBaj-

PaTHYHI.



32 Po3pin 5. PyHKUii OOHIEI 3MiIHHOI

2. IleperBopimo KBagparmdny yHKIiO y = az’ + b + ¢ Tak:
2 2
g b PP
20 44®> 4a® @

bV b2 — dac b Y D
=al|lz2+—| ————|=a|l2+—| ——,
2a 40,2 2a

ne Bemanny D = b — 4ac HABHBAIOTH QUCKPUMINAHITOM.

y=a

2 b C]
r+—-—rx+—-|=a
a a

IleperBOpeHHs KBIPATHYHOrO MHOIOYJICHS, § = AL’ + DT + ¢ 10 BHIJILLY

2
a[a: + 2—] . HA3UBAIOTH GUJIAEHHAM NOEH020 KEAIPANY.
a a

IIpumipowm,

2 +dr+ 7= +2-2-2+2%)+7-22
= (v +2)° + 3;
3124x+13[12§x+1}
2
=3 x2—2'x-2+é—|—l—é]:3[x 2] 1

393 9 3

3. Kopeni kBajipaTuvHOro MHOro4JjieHa. KiabKicTh i mpupoa Kope-

HIB KBaJPATHIHOTO MHOTOYJIEHA 3 JINCHUMH KOeIIIEHTaMM 3aJIeXKUTh Bif
3HAYEHHSI JUCKPUMIHAHTY.

KpaapaTwanmii Mmporowien y = az’® + bx + ¢ (a = 0) mus:

1) D > 0 mae nBa fificHUX KOpeHi

D 4D
mlz Lo =

2 7 2a
2) D = 0 mae gBoKpaTHUil AilicHUl KOPiHb
b .
N2 = 2a’
3) D < 0 He Mae JificCHUX KOPEHIB, Ma€ JIBa KOMIJIEKCHO CIIPSI?KEHUX KO-
peHi
—b—iv-D —b+iV—D
T, = Ty = .
2a 2a
4. fxmo z; Ta T, — KOpeHi MHOro4JeHa ax? + bz + ¢, TO UpaBIUBHIt

TaKuit p037ma6 KBa/IpaTUIHOI'O MHOT'OYJICHA Ha MHONCHUKU

az® +br + ¢ = a(z — z,)(z — z,).



5.3. MHOro4neHun 33

. . 2 _
5. g Kopenis z; Ta T, KBaJIpaTHOrO PiBHAHHA ar” + br + ¢ = 0 mpas-

uBa Teopema Biera:
T+ Ty = —2; Ty = <
a a
6. TI'padixom xsagparmuanol ¢yskimii y = az’ + bz +c¢ € mapabosa
(puc. 5.29) 3 Biccio cumerpil = = _b 1 BepIIMHOIO | ——;— —
2a 2a

7. Ksagparnasa dyskiis y = az® mac @D >0 Y y=az’ +br+c
BJIACTUBOCTI:

1) obnacrs o3navenna D(f) = R;

2) wmuoxuHa 3HaueHb FE(y) = [0;+00)

s a > 0 ra E(y) = (—o0;0] gyt a < 0;

3) € napHoI;

4) rpadikom € mapabosia, sika CUMETPUIHA

BizHOCHO oci Oy, 3 BepimHOKw B Tour O.
Puc. 5.29. I'padik dyuKIil
y=az?+br+c

5.3.4. MHOroujieH n-ro creneHs

1. Oyukmio
— n n—1 n—2
P (z) =apx" +a2" +ax" > +...+a, x+a,
Jle N — HaTypPaJbHe YHCIO, Ggy,dy,0y,...,q, 1,0, — JOBLIbHI CcTaJi, IpHIOMYy
a, = 0, HA3WBAIOTb MHO204AEHOM T -TO CTETIeHsl.

Jiticri 9m KoMIUTeKCHI €mena ay,ay,ay,...,a, 1,0, HA3UBAIOTL Koedivien-

MaMU MHOTOWIEHA; GyT" — CMapUUM “AeHoM MHOTOUICHa; @, — Koedimie-

HTOM IIpU CTapHaioMy t{JIeHi; G,n — BIALHUM IIEHOM MHOTOUJIEHA.

AprymenT MHOrO4IeHa  MOXKe OyTH NiMCHUM YU KOMIICKCHHM.

Byap-sike umciio posrignaors ax MHOorowreH. IIpu mpomMy wmciio, ke He
JIOPiBHIOE HYJIIO, yBayKalOTh MHOTOYJIEHOM HYJIbOBOIO CTeleHd, a 4uuciao 0 —
HYAb-MHO20UNeHOM. HyJIb-MHOTOUJIEH He Ma€ CTeleHs.

pumipom, Fy(z) = 72°% — 32° + 3z +2 — wmmorouwnren 6-ro cremens, y
axomy 7z% — crapumii unen, 7 — koedimient nmpu crapmomy wieni, 2 —

BIIbHUN YJIeH MHOIOYJICHA.
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2. Muorounen mysnboBoro crenens Fy(r) = a, Ha3UBAIOTH C1MALON0, MHO-
rowrer 1-ro crenens P (z) = ayx + a, HazuBaOTH AinitHum (iHIHHOWO QYyHK-
niero), muorowren 2-ro cremens By(z) = a2’ + @,z + a, HA3MBAIOTL %6adpa-

muurum (KBagpaTnaHo©O GYHKIIE).

5.3.5. [lineHHS MHOTOY/1eHA HA MHOT0Y/1eH

1. Cywma, pisaumg Ta jg100yTOK JIBOX MHOTOWIEHIB € mMHOoroduieHom. Cre-
MHL CyMW MHOTOYJIEHIB He TEPEBUIYyE HAMOIIBIIOro i3 CTemeHiB q0/IaHKIB.
Creninp 10OYTKY MHOTIOYJIEHIB, BiIMIHHMX BiJ HYJIb-MHOTOYJIEHA, JIOPIBHIOE
cyMi cTelleHiB MHOKHUKIB.

2. Pospinuru muorownen P(x) ma muOrowien @Q(x), dxuii He € HyJb-
MHOT'OWIEHOM, O3Ha4Yae 3HaiiTu Taki Muorouwrenu S(z) ta R(z), mob cupas-
J2KyBaJjach TOTOXKHICTb

P(z) = Q(z)S(x) + R(z),
Jie creminb R(z) menmmii Big crenens Q(z) abo R(x) € HyJib-MHOIOYJIEHOM,

Ba amasorielo 3 gurenuaMm uucesnn P(r) nasuBaorh dinenum, Q(z) —
dinvrurom, S(x) — wacmroro, R(x) — ocmauero.

Take gisends Moxksmse (i OJHO3HAYHE), FAKIO CTEIMIHb MHOIOYJICHA-
JIIJIEHOTO He HUMXKYa, BiJI CTeleHsl MHOTOYJIeHA- IITbHUKA.

Axkmo R(r) € myab-muorownenom, tooro axmo P(z) = Q(z)S(x), To ka-
KyTh, 1o P(z) dinumves na Q(z) 6e3 ocraudi.

3. Tlpumipom, micis gimenns P(r) = 2° +2 ma Q(z) = v + 1 gicraemo
? — 241 1iocraay R(z) = 1, ockinmbku,

P 42=@+1)(2* —r+1)+1.

4. Y 3araJlbHOMy BUIIaJIKy MHOI'OYJICH ,ZLiJ'IHTb Ha MHOI'O4JjieH CTOBIIYHU-

gactky S(z) =z

koM. Ilix gac mijeHHST MHOTOYIEHA
— n n—1
P (z)=ax" +a2" " +..+a, x+a,

Ha (z — ) JiCTaEMO MHOTOYJIEH
— n—1 n—2
Q, (x) =ba" " +ba" "+ .. +b, _x+0b,
3 ocradero T =0, .

IIpu nmpoMy KoedillieHTH OMEPKAHOTO MHOTOUICHA CIPABIKYIOTH PEKY-

PEHTHI CITiBBiTHOIIIEHHS
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by = ay;
by = a; + aby;
bn—l = a’n—l + OLbn—Q;

r=a, +ab, ,

Jinenns MOXKHA 3aIUCYyBATH ¥ TAOJIUINO, SIKY HA3UBAIOTDL cremoro I oprepa:

a a, a, a, a,

l + + o+ o+ +
lOLbO /ocbl L ab, ab,
o by b, b, . b, | r

5.3.6. KopeHi MHOrouneHa

1. Kopenem muorounena P (r) Ha3MBAIOTH Take 3HAYCHHS T, [JIS SKOTO

MHOTOYJIEH JIOPIBHIOE HYJIIO.
IMoginivmo Muorounen P (x) Ha MHOrOWIeH (T — a) 3 OCTAYeo:

P (z)=(z—a)S, | +R,

ne ocrada R € crajoro.
IlincraBisiodn B ofiepKany pPiBHICTb & = @, Ma€MO

P (a)=R.
e WA (Beay).
YHucsio @ € KopeHeM MHOIOYJIEHA Pn(fli’) TOi #1 Jiuite TOJIi, KOJIU Teif MHOTO-
WieH JiuThed Ha (T — a), ToOTO IpaBAuBa PIBHICTH
b (z) = (z — a)Q,_;(2).
2. dxmpo icaye aucio k € N,1 < k < n, i mporounen @, ,(z), Taxwuii, 1o
JUT BCIX T TIPaB/IUBa PiBHICTH
_ k
P(@) = (z - 0)'Q,_,(x),
e Q, (a) = 0, TO Y9UCIO @ HABUBAIOTH KOPEHEM KPAMHOCT K MHOIOUIEHA
P (z). fdxmo k = 1, To KOpiHb HABUBAIOTH OJHOKPATIHUM ABO NPOCTUM.
IS ERE] (ocHOBHA Teopema ajiredopm).
KoxHuii MHOrO4/IEH HEHYJILOBOI'O CTelleHsl Ma€ X04a O OJMH KOMILJIEKCHUM

KOpiHb.
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3. Axmo MHOro4YIeH n-ro crerneHs

_ n n—1 n—2
P (z) = apx" +az"" +ax" " +...+a, x+a,aq, =0,

Ma€ 7 KOPEHIB &;,%y,...,T, (JesKi 3 HAX MOXKYTh IOBTOPIOBATUCK), TO HOTO
MOYKHA 3AIMMCATH K JT00YTOK
P (z) = ay(z — 2)(z — 2y)....(x — 2,).
IIpumipom, sKIO
P(z) = 3(x + 2)*23(x — 1),

TO T = —2 € ABOKpaTHUM KopeHeM, T = 0 — TpukpaTHuMm, a £ = 1 — ojHO-
KpaTHUM (IIPOCTUM).

4. MHOrOYJIeH CTeTeHd 7 MOYKe MaTH He Oinblie gk 1 KopeHiB. MHorod-
JIEH CTelleHsl . Ma€ PIBHO 71 KOPEHIB, SIKIIO KOXKEeH KOPiHb paxyBaTH CTIJIbKU
pasiB, CKIJIbKU HOT0 KPaTHICTD.

5. Hexait 3a1aH0 MHOTOUJIEH

P (z) = agz" + ag" ' + ax" " + ...+ a, @ +a,a, =0,

1 uucna ,T,,...,T, — HOro KopeHi (3 ypaxyBaHHIM KPATHOCTI ).

(Biera).

Jlmst KopeniB MHOTOUYIeHA TTpaBauBi hopmyn BieTa:

Y
r+ T+t =——,

Ty + T, Ty +.otz, 4z, =—=,

IIpumipom, /Ui KOpeHiB MHOTO4JIEHA
Plz)=(z—-D(z+1)(z—2)=2° -2z — 2 +2
MIPaBJIUBI Taki CITiBBiIHOIIEHHS:
T+ T, tr =2,
)Ty + TyTy + T37; = —1,

T TyTy = —2.
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5.3.7. TOTOXHa PiBHICTb MHOTOY/IEHIB

1. Toroxna pisaicrs Muorownenis P (z) Ta @ (z) o3nadae, mo BOHE

HAOyBaIOTh PIBHUX 3HAYEHD JJId BCIX 3HAYEHb apryMEHTY, TOOTO
P(z)=Q,(r) & VzeR: P (z) =Q, ().

2. ko jBa MHOTOYJIEHW TOTOYXKHO PiBHI, TO BOHUA OJIHAKOBOI'O CTETEHs 1
MaloTh PiBHI KoedillieHTH MpU OJIHAKOBUX CTEIEHSIX.

IpumipoM, gxmo az’ + bz +c¢ =222 —3, 10 0 = 2,b = 0,¢c = —3.

3. fdkmo muorownen P (x) TOTOXKHO piBHUIT Hy/TIO, TO BCi #oro xoedirte-
HTHU JOPIBHIOIOTDH HYJIIO.

4. fxmo 3HauYeHHs JBOX MHorousenis P (r) Ta @ (r) 30irarorbcs s

(n + 1) pisHMX 3HAYEHDb APTYMEHTY &, TO Ii MHOTOYJIEHH TOTOXKHO PiBHI.

5.3.8. MHorouneHu 3 gificHumu koediuieHtamn

1. fdxmo muorounen P (z) i3 gificnuvu koedimienTamm Mae KOMILIEKC-
HU# KOPiHb T = « + i3, TO BiH Ma€ i CIpsizKeHnit KOpiab £ = o — 3.
Orxke, y PO3KJIAJ MHOIOUIEHA KOMILJIEKCHI KOPEeHI BXOJSITh CIIPAXKEHUMU
mapamu. [lepeMHOXKuUBIHM JTiHIHI MHOKHUKHI
(@ — (a4 1)) (z — (o —B)),
JiCTaEMO KBaIPATUIHUN TPUUJIEH 3 JINCHUME KoedillieHTamMu:
(z —(a+1B))(z — (=) = (z —a) =B)((z —a) + i) =
=@z—-a)P —@)? =2 -20x+> 4+ =2 +pr+q
TSR] (upo poskiag MHOrOYI€HA HA MHOMKHUKHM).
Byap-skuit muorousen 3 gificaumu KoedirieHTaMU PO3KIATAETHCS HA JIHIM-
HI Ta KBaJApaTUIHI MHOXKHUKHA 3 JificHUME KoedilieHTaMu, ToOTO

P (z) = ay(x — 2)"1(x — 2,)°(z — z,)" x

x(z? + T+ ql)“”l...(:z:2 + 0,0+ q,)".
Ilpu mpomy ky +ky + ...+ k. +2(s; + s, +...+5,) = n, yci kBagpaTsi Tpu-

YJICHU HE MalOTh JIIfICHUX KODEHIB.
IIpumipowm,
2t —16 = (v —2)(z + 2)(2* + 4).
2. MHoOrow/eH HENAPHOTO CTENeHs 3 JiicHUME KoedillieHTaMu Mae mpu-
HAWMHI OJTUH JIIMCHUN KOPiHb.
3. Liysi KopeHi MHOrOWIeHa 3 IIIUME KoedillieHTaMu € JiIbHUKaMA HOoro

BIJILHOI'O YJICHA..
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5.4. CTENEHEBI ®YHKL|IT

5.4.1. Creneni aiificHoro ducia
5.4.2. CreneneBa dyHKILs
5.4.3. IIpoboso-iniiina dyskKIis

Cucremarusyiimo Bijjomocti po cremnesnesi ¢GpyHKIil Ta ix#i rpadiku.

5.4.1. CteneHi pailicHOro ynuciaa

1. Hexait ¢ — giiicae 1mcyio, a n — HATYypaJbHE TUCTIO.
n-M cmenenem YUCTA ¢ HA3WBAIOTH JOOYTOK 7 MHOXKHUKIB, KOXKEH 3

AKUX JOPIBHIOE @, TOOTO

n

a =a-a-...-q
n pasis
I n =1 maemo
(11 = Q.
Yucjio @ HA3UBAIOTHL 0CHOGOM0 CTeneHd, N — NOKA3HUKOM.

3a 03HAYEHHSM IOKJIAIAITH: aKIo a = 0, To
a =1

1
a"=—mneN
an

2. Byip-sike oaTHE YHCJIO ¢ MOXKHA 3AIMCATH CMAHIAPMHUM TAHOM
a, - 10",
e 1 <a; <10,n — mise Uncio, AK€ HABUBAIOTH NOPAJKOM THCTA Q.
3. Kopenem m-ro cremens (n — HATypaJbHE UHCJIO) 3 UMCIA 0 HA3UBA-
IOThb TaKe YUCI0 b, n-it CTEmHDb IKOTO JIOPIBHIOE @, i TIO3HAYAIOTH
Ya =
3 o3HAuYEHHsI BUILJIMBAE, 10 KOJIN Yo = b, To b" = a.

Kopiub 2-ro crenenst (KBaJparTHuii KOpiHb) i3 4ucia ¢ NO3HAYAIOTH CHM-

Va.

4. dxmo a > 0, To ¥a Mae enuHe 107aTHE 3HAUCHHS.

BOJIOM

sIxkmo n — mapHe HaTypaJjbHe ducio i a > 0, To ¥a Mae piBHO ABa miii-

CHUX 3Ha4Y€HH, gKi € IIPOTUJIC2KHUMU YUCJIAMU.
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sIkmo n — mapHe HaTypajbHe "mcao i a < 0, To ¥a He Mae mificHEX
3HAYEHD.
SIkmo n — HemapHe HaTypaJbHe Tucio i a = 0, To ¥Na Mae eauHe miiic-

He 3Hauvennd (momarae g ¢ > 0 i Big'emue i a < 0).

Ilna nosimbHOrO HaTypasdbHoro n N0 Mae €auHe 3HAUCHHS, IO JOPiBHIOE

5. HeBix'emue 3Ha4YeHHS KOPEHs HA3UBAIOTH APUPMEMUYHUM SHAICHHAM.

dkmo a — giiicae wmcno, cumBosoM Va, 7€ N — TApHe HATypaJbHE
qucao i a > 0, mosHavyarmMeMo apudMeTHIHe 3HAYeHHS KOPEHd, a SKIIO
n — HellapHe HaTypaJbHe YUCJIO, TO €JUHe JilicHe 3HauYeHHsI KopeHst (apud-
Mmernane mig a > 0 1 mweapudmernane mig a < 0).

IIpumipom, yHACTITIOK TaKOl JOMOBIEHOCTI

V35— 5, s — 2.

6. 3a O3HAYEHHAM MOKJIAIAIOTh: aKmo a > 0 i m Ta m — HaTypasbHi
qUCa, TO
m/n n 9
/ =XNqgm-
akmo a > 0, To
—m/n 1
o = -
m/n
a
Herminuit creniup futst Bijg'€éMHOTO YnCIa HE O3HAYYIOTh.
IIpumipom,
/3 3 ~1/2 1 1
g —Yg—o oo L _ 1
V25 9

SayBazkMo, 110

a| n =2k

o lal :
a" = keN

a, n=2k+1

7. 3’acyiimo, axkwuit 3MicT Mae 3anuc a®, 1e a — JO0JATHE JifiCHe YnCIio, a
Q — ippaIioHaJIbHE YUCJIO.

dxmo a = 1, To nokmagaors 1% = 1.
Hexait a > 1. Bispmimo 6ynp-AKe parfioHanmpHe 9ucno 1; < o i Oyap-Ake

panjonajibHe 4uciao 7, > o. Toni

n<niadl <a®
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.« . . . "
Y npomy pasi mig a® po3yMifoTh Take YMCJIO, sIKe MICTUThCS MiXK a'! Ta

T .
a? 1uid OyAb-AKUX PAliOHAJbHUX YHCEI 7, Ta T,, TaKuX, mo 1 < o < 1, o-
BEJICHO, IO TaKe YUCIIO iCHy€ 1 eauHe 1y Oyab-gKoro a > 1 i Oymp-gaKoro ip-

PAIlOHAJIBHOTO Q.
Hexait 0 < a < 1. Bizpmimo Oyap-ake pamjoHambHe 9uciIo 13 < o i Oyn-

dAKe pallioHaJIbHe 9ucio 7, > o. Tomi
rn<mnial >a
V mpomy pasi mig ¢ po3yMmiloTh Take 4HCIIO, AKe MICTUThCA MiK a'l i
a” s Gyap-fIKNX PAIiOHAILHUX HHCEN 7} Ta Ty, TAKUX, WO 1, < & < 1. [o-
BEJIEHO, IO TaKe 4ucio icuye i eauue juis Oyap-saxoro a € (0;1) i Oyup-sakoro

ippaItioHaJIbHOTO (.
8. Ilpumipom, ockijibku

1<x/§<2; 1,4<x/§<1,5;
1,41 <2 <1,42: 1,414 <2 < 1,415....,

TO MaEMO,
3l < 3V2 < 32, 34 < 3V2 < g1,
gLl 3\/5 < gl42, glald _ 3\/5 < gL,

-
MozkHa moBecTH, IO iCHY€E €MHE YHUCJO, sIKe CIPABJIZKY€ BCi IIi HEpiBHOC-
1i. Ile yucsio it 6epyTh 3a 3HAYEHHS 3‘5.
9. Creneni Bix'eMHUX 4Ynces 3 ippamiOHAJBHUME ITOKA3HUKAMU HE O3HAa-
IYIOTh.
. J3 . .
ITpumipom, Bupasu (—2)V°,(—0,3)" He o3HaveH].
10. s 6yap-akux a > 0,0 > 0 1 z,y mifHEeceHHsA MO CTEIIeHS Mae
BJIACTUBOCTI:
T Yy _ ,Tty.
1) a* - a¥ = "7,
2) a® :a¥ = a"7Y;
3) (a") = a™;

4) a® - b" = (ab)";
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5.4.2. CteneHeBa QPyHKLUif

1. OyuKDIio
y =%,

Je o — MificHe YMCII0, BiIMIHHE BiJl HYJIsA, HA3UBAIOTH CMENeHesoro PyHKITETO.
O6usacrs oznavdenus D(f) = (0;+00), muoxuna s3uavens F(f) = (0;+00).
Has nesiknx o muoxunau D(f) ta E(f) moxyrs 6yTn muprmMuy.
CreneneBa ByHKIIis CIPaBIKYy€e PYHKIIOHAJIbHE DIBHAHHS

@) w) = fl)]
2. Hexait o = 2n —1L,n € Ny = 2*""1. Toxi D(f) = R, E(f) = R. ®yn-

Kiis Henapua, 3pocrae Ha R. Ipadix — napabosa nopaaky 2n — 1 (upsawma,

ko n = 1) (puc. 5.30).
3. Hexait o = 2n,n € N,y = 22", Toxi D(f) = R, E(f) = [0;+00).
Dyukuig napaa. [padik — mapabosa nopsaaky 2n (puc. 5.31).

0

Puc. 5.31. I'padixu byuxnii y = "
Puc. 5.30. I'padikn pynxmiit y = 22"}

4. Hexait o=-2n+1lneNy= Toni  D(f) = R\ {0},

E(f) = R\ {0}. ®yukuis Hemapua, cuagac na R\ {0}. Ipadik dyukuil mae Be-

1,271,71 '

prukasibHy acumuarory £ = 0 i ropusonTtasnbay acumirory y = 0 (puc. 5.32).
5. Hexait oa=-2nneNy= %ﬂ Toni D(f) = R\ {0},
T

E(f) = (0;400). ®yukuiz napua. I'padik QyHKIIT Mae BePTUKAJILHY aCHMII-

rory z = 0 Ta ropusonTasbuy acumnrory y = 0 (puc. 5.33).
6. Hexait o = %,n eNy= 2. D(f) = [0;+00), E(f)=[0;+0c0). ®y-
n

HKIIist 3pocrae Ha [0;+00) (puc. 5.34).
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7'1 0] 1 T
Puc. 5.33. I'padiku dyukiit y =

2n
Puc. 5.32. I'padikn byukuiit y = = z
T n—

7. Hexait o = ﬁ,n eNy= Yy, D(f) =R, E(f) = R. Oyukuia
n—

Henapua. 3pocrae Ha R (puc. 5.35).
y=

)=

o

1 z
Puc. 5.34. I'padikn dbyukmiit y = %/

Puc. 5.35. I'padik dyuxmiit y = Yz
8. Posrigabmo, mpumipom, cremenesi dyHKINT 3 ippalfioHaIbHIMI TTOKa-

3HUKAMHU = 2V (puc. 5.36) Ta y = 7Y (puc. 5.37).

Puc. 5.36. Tpacbix byrxuit y = o7 Puc. 5.37. Tpadpixu dysxiii y = /"

5.4.3. [1po0oBo-niHiitHa PyHKLiA

1. Oyuxnio
ar +b
o +d
ne a,b,c,d — meski uncia, ¢ = 0, HABUBAIOTL JPOOOBO-NIHITIHO0.

O6nacts oznauvennsa dyuxmii D(f) = R\ {—g}, MHOKHHA, 3Ha4eHb (pyH-
c

kuii B(f) = R\{%}.
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2. I'padikom apoboBo-miHiiHOT DyHKIHT €
rimepboJsia 3  BEPTHUKAJBHOIO  ACHMITOTOIO

. a
T = —— 1 TOPU3OHTAJIBHOIO ACUMIITOTOI Y = —
c c
(puc. 5.38).
3. OyukKIIio

a

Yy=—

T
Je a — YHUCJI0, BiIIMiHHE Bij| HyJd, HA3UBAIOTh

obepreroto nponopuitinicmio. Yucao a wHasuBa-
0Tb Koehiuichmonm obeprernoi nponopuitinocmi.

ObepHeHa TPONOPINAHICT € HenapHOo dy-
HKITIEIO.

a>0 Y
ar + b
cx +d

L By

Puc. 5.38. I'pacik apoboso-
axr +0b

JiHiitHO yHKINT Y =
by cx+d

. a .
Axkmo a >0, 1o dynruis y =— cuagac Ha npoMikkax (—o00;0) Ta
x

(0;4+00), a akmo a < 0, To byukuia y = 2 3pocTae Ha NpoMiKKax (—oo;0)
x

Ta (0;400).

5.5. TPUTOHOMETPUYHI ®YHKLIT

5.5.1. Tpuronomerpuysi QyHKIIT IUCIOBOIO apryMeHTy

5.5.2. OcHOBHI CIiBBi/IHOIIEHHS JIJIsi TPUTOHOMETPUYHUX (DYHKITIN

5.5.3. OcHoOBHI XapaKTepUCTUKN TPUTOHOMETPHYHUX (DYHKII

5.5.4. Obepueni Tpuronomerpudsi HOyHKIT

5.5.5. OcHOBHI XapaKTEpUCTUKU OOEPHEHUX TPUTOHOMETPUIHUX (DYHKIH

CucremMaTu3yiiMo BiZIOMOCTI TIPO TPUIOHOMETPUYHI Ta OOEPHEHI TPUTOHO-

mMerpryHi GyHKIHT Ta ixHI rpadikn.

5.5.1. TpuroHomeTpu4Hi PYHKLIi Y41CNOBOrO aprymeHTy

1. HaramaiiMo O3HAYEHHSI TPUTOHOMETPUIHUX (DYHK- B
it TOCTPOro KyTa 3a JOMOMOTOI0 MPSIMOKYTHOTO TPUKYT- c
Huka (puc. 5.39).
Kocunycom KyTa o Ha3UBAIOTh BiJIHOINEHHS JIOBXKUHU A b C
MIPUJIETJIOTO KAaTeTa J0 JIOBXKUHU TiTIOTEHY3U: Puc. 5.39.
AC b IIpamokyTauii
cosa = =-. TPUKYTHUK

AB ¢
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Cunycom KyTa o HA3WBAIOTH BiIHOIIEHHS JOBXKUHU MPOTHUIEKHOTO Ka-

TeTa 0 JOBXKUHU TiIOTEHY3MU:
. BC a
sino = — = —.
AB ¢
Tanezencom KyTa o HA3UBAIOTH BiIHOIIEHHS JOBXKWHKM IIPOTUJIEKHOIO
KaTeTa J0 JOBXKWHM [PUJIETJIOT0 KaTeTa:
BC a
tga = — = =,
AC b
Komanezerncom KyTa . HA3WBAIOTh BIIHOIIEHHS JIOBXKUHU IPUJIETJIONO Ka-
TeTa [0 JOBXKHUHU IIPOTUIECIKHOIO KATETA:
AC b
ctga = — = —.
BC a

2. Kytu it ayru maitgacrime BUMIpIOIOTH rpajycamu it pamianamu. Kyt B
o L B
€ 150 9acTKOI0 posropuyToro kyta. Kyt B 1 padian mopiBHioe meHTpasIbh-

HOMY KYTy, IKAM CIIHPAEThCS Ha YTy KoJia, JOBXKUHA SKOI JOPIBHIOE PaJiiycy
o

180

Hazani BumiproBaTrMeMo BCi KyTH pajiiaHaMu.

o T — .
KoJsia. Kyt B 1° Mmae 180 pamianis, a 1 pajiian =

3. PosrmgmbMo ko0 pagiycom 1 i3 IMEHTPOM y MOYATKY KOOPIUHAT.

VBiamoBigHiMo KOXKHOMY MIACHOMY YHCIY t TOYKY KOJA 32 TAKUM TPABUIOM

(puc. 5.40):

1) uncny ¢t = 0 Bigmosimae Touka A — TpaBUil KiHEIb NOPU30OHTAIBLHOTO
Jiamerpa;

2) skmo t >0, TO, MOYMHAOYM Big TOUKU A, ¥ M
MPOTU TOJIMHHUKOBOI CTPIJIKA OMUIIIMO Ha KOJIi JIyTy £>0

3aBJIOBXKKU B t (OCKIJIBKU KOJIO OJMHUYHE, TO 1€ BiJl-

noBiziae nmosepranuio npomenio OA wa t pajmian nporu

FOJIMHHUKOBOI CTPLIKH); OJepXKyeMo TOuKy M,, ska

BignoBinae auciy t; o
. Puc. 5.40. Bignosigxicrs
3) axkmo t < 0, To, mounnatoun Bix Toukm A, za . i THeaMT

TOJIMHHUKOBOIO CTPIJIKOIO ONWIINMO Ha KOJI Jyry 3a- i TOYKaMM YHCJIOBOrO

BIIOBXKKHU B |t| (ue BiNUOBiJIAE€ HOBEPTAHHIO IIPOMEHIO KOJI2
OA na |t| pajiiaH 3a IOJMHHUKOBOIO CTPIJIKOIO); Ojle-

pKyeMmo TouKy M,, sika Bifmosinae guciy t.
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Kozxxnomy gificHoMy 9uciTy BiOBimae €1nHa TOYKA IUCIOBOTO KOJIA.

fxmo rouka M, Bimosimae wmciy ¢, TO BOoHa Bij-
noBizae Oyab-gakoMmy uuciy t+ 2wk, me k — uije ducio,
dKe TOKa3y€ KUIbKICTh MOBHUX OOXOIB KOJA& B JOJATHO-
My abo BiJI €MHOMY HAIIPSIMI.

4. Pogragubmo uuciao ¢ i mo3HauMo BifmoOBimHYy #o-
My TouKy M, umcioBoro xosa (puc. 5.41).

Kocunycom aucna ¢ HasupaloTh abcuucy Todxku M,

OIMHUYHOrO KOJIa ¥ IO3HAYAIOTH COSt.

Cunycom “ucna ! HA3MBAIOTL OPAUHATY TOuku M,
OJIMHUYHOrO KOJIa ¥ MO3HAYAIOTh Sint.

Tanzencom vucya ! HA3MBAIOTh OPJUHATY TOYKHU
neperuny upamol x =1 (oci manzencis) i3 mpomenem
OM, it mosHa49aIOThL tgt.

Komaneerncom 4duciaa t HA3MBAIOTH aOCIUCYy TOYKA
neperuny npamol y = 1 (oci komaneencis) i3 nupomeHem
OM, # nosHavaroTh ctgt.

PyHKIT

Yy = cosz,y = sinz,y = tgx,y = ctgz

Ha3UBaOTb MpPu2oOHOMEMPUYHUMU (byHKL[lHMI/I

MK----% sin

Ut

Puc. 5.41.
Tpuronomerpuani

dyHKIIT dncia

Ockinbku Touka M, Bimmosimae Ak umcmy ¢ Tax i OyAb-AKOMY HHCIy

t + 27k, me k — mije dmciio, TO
cos(t + 2mk) = cost;
sin(t + 2wk) = sint.

5. 3Haku TpuroHoMeTpuUIHUX (DYHKII# MO3HAYUMO HA HACTYIHUX JIi-

arpaMax:

sinz cosT tgx

ctgx

—
—
—
<
—
—
—
<
—

—

—
<

—

Sl

III v III v III v
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6. 3HaYeHHS TPUTOHOMETPUIHUX (PYHKIilN JesIKMX KYTIiB MOXKHA
3pecTH 10 Tabmd. 5.1.

Tabauys 5.1
ol = || = || x |3 |2x
6 | 4 | 3 |2 2
sin [0 L[] 10
2 |1 2 | 2
cos |12 LTl 1|01
2 | 2 | 2
tg()%glx/g 0o(—1o0
1
ctg—\/§1§0—0—

IIpouepk y Tabmurti o3navae, MO BiAMOBigHe 3HAYEHHS (DYHKIIT He iCHYE.
7. Qopmysamu 36edenns HA3WBAIOTD CIIBBIIHOIIEHHS, 3a JOMOMOTOIO
fAKUX 3HAYEHHs] TPUTOHOMETPUYIHUX (DYHKIIIH apryMeHTiB

giI,T{ﬂ:I,?’?ﬁﬂ:I,Qﬂﬂ:z

BUpaKalOTh Yepe3 3HaYeHHs sin z,cosx,tgx Ta ctgx.

Vci dbopmyu 3BesIeHHA MOXKHA 3ibpaTu 10 Taba. 5.2.

Tabaruus 5.2
g—a: g—i—x T—z |tz %—x 37“4—3: o2n —x |27+
sin | cosz | cosz sinz | —sinz | —cosz | —cosz | —sinz | sinz
cos | sinz | —sinx | —cosx | —cosz | —sinz | sinz cos T coST
tg | ctgz | —ctgz | —tgz tgx ctgx | —ctgx | —tgx tgx
ctg | tgz | —tgz | —ctga | ctga tgx —tgz | —ctga | ctgx

TTomermmyroTs 3amaM’aTOByBaHHS X (GOPMYJT 3& JOTIOMOTOI0 TPaBWIT:

1) yBaxaioun z KyTom 3 1-0i uBepri, craBumo mnepen (byHKIIE Biio-
BiIHUIT 3HAK;

2) minx yac nepexojy Bij GyHKIIH aprymeHTis gj: ;1:,37“ + z 1o byHkIii

apryMeHTy & Ha3BU (DYHKIIH MiHIEMO: CHHYC — HA KOCHUHYC, KOCUHYC — HAa
CUHYC, TAHTE€HC — Ha KOTAHTEHC, KOTAHTE€HC — HAa TAHTEHC.

3) miz wac nepexomy Bij DyHKIIH apryMeHTiB T &+ z,27 + x 10 QyHKIii
apryMeHTy = Ha3By (QYHKIII 30epiraemo.
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5.5.2. OCHOBHi CNiBBiJHOLEHHSA A1 TPUTOHOMETPUUHUX
byHKLUV
1. Ockibku Mt(a:;y) HAJIE?)KUTh OJJUHUYHOMY KOJIY, TO
2yt =1,

TOOTO

|(30th +sin’t = 1.

11 piBHicTh mpaBauBa 11 OyIb-KUX 3HAYEHD t; 11 HA3UBAIOTH 0CHOGHOIO
MPULOHOMEMPULHONO MOTNONHCHICTNIO.
HijiTan OCHOBHY TPUTOHOMETPUYHY TOTOXKHICTH HA cos’ t (sin2 t), oJiep-

2KYEMO HACJIITKU:

1+ tg’t =

4=l 4k ke Z,
2
cos®t 2

ctg’t +1=

t =k k € Z.

sin“ ¢

2. Tanrenc Ta KOTareHc CIpaBIKYIOTH CITiBBiTHOIICHHS:

tgt = ﬂ,t = E—l—ﬁk,k e 7.
cost 2
ctgt = C?St,t = nk,k € Z.
sint

ITepemHOXKyTOUM 11i PIBHOCTI, MiCTAEMO CITiIBBiTHOIICHHSI:

tgt-ctgt =1, t = gkk c 7.

3. ®opmyau gomaBaHH4dg. lig Oyap-gKkux T Ta y TpaBauBi popmym:
sin(z + y) = sinz cosy =+ siny cos z;
cos(z £ y) = coszcosy F sinzsiny.
4. @opmyan moABiHUX KyTiB. 3 (GopMyJI J0JaBaHHsI CUHYyCa Ta KO-
CHHYyCa JJIs OyIb-sIKUX T MOXKHA OJep2KaTu (PopMyJIu:
sin2x = 2sin z cos x;

2 2

cos2z = cos” x — sin” z.
5. ®opMyJ1 IOJAHHS TPUTOHOMETPUYHUX (DYHKIIII Yepe3 TAHTeHC

MOJIOBUHHOTO KyTa. s O6yap-sikoro © = © + 2wk, k € 7, npaBausi dpopmy.im:

2tg£ l—tgZE
sinx = —2; cost = —— 2
tg? L 41 tg? L +1
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6. PopMyJI1 EPETBOPEHHS CYM TPUTOHOMETPUYHUX (PYHKILN Yy
pobyTku. /Ins Oyap-akux @ Ta Y mpaBrauBi popMyJin:
+
=Y c0st is y;
2 2

sinz + siny = 2sin

T —
cosT + cosy = 2cos

COST — COSY = QSiH%Smu
7. ®opMyJin MEepPEeTBOPEHHsI HOOYTKIB TPUTOHOMETPUIHNX PYHK-
mih y cymm. g Oyap-gkux x Ta Yy mpaBauBi popMyJIm:

singcosy = sin(z — y) + sin(z + y);

2
COSTCOSY = cos(z — y) '; cos(z + y);
sinwsiny = cos(z — y) ; cos(z +y)

8. ®opMyJia JOMOBHSAJIBHOrO KyTa. [lepeTBopimMo jaBOU/IEH
asinz + bcosz,

IPUMipOM, TaK:

asinz + beosz = Va? + b2 sinx-L—l—cosm-L] =
va? +b? va? +bv?
b

a
= Al si =4 =1,
[SIDZ‘ 1 COST I

e A =+a® + b

OckiIbKHI
2

:17

[ a 2+[ b
\/a2+b2 \/a2+b2

TO iCHY€ TaKWii JOMOBHSUIBHUN KyT @, IO

cosyp =

)

singp =

a>'|@;>|s:

Tomi
acosx + bsinz = A(sinaz - COS P + Ccosx - sinap) = Asin(z + ).
Orxke, paBauBa GopMYyslG DONOEBHANGHOZO KYMQ:
|acos:r + bsinz = Asin(z + ap)|
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5.5.3. OCHOBHi XapaKTepUCTUKN TPUTOHOMETPUUHUX PYHKLiI

1. BigsnaumMo OCHOBHI BIACTUBOCTI PYHKIII CHHYC ¥y = Sin .

O6macts  osmauenns  dynkuii  D(sin) = R, Muoxuna  3HaYeHb
E(sin) = [-1;1].

DyHKIs CHHYC: y = sinw y

1) obmexena, |sinx| <L e T 01 o 3?“ o~

2) menapua, DR 1.5 TN 2T @

3) nepiojuna 3 nepiosom 2. Puc. 5.42. I'padik dyskIil y = sinz
I'padikom dyukiii y = sinz €

cunycoida (puc. 5.42).
2. BigzHaumMo OCHOBHI BIaCTUBOCTI (DYHKINT KOCHHYC Y = COS .
O6sacts  osHavenHss  GyHknil  D(cos) = R, MHOXnHA  3HaYeHb

E(cos) = [-1;1].

QyHKIiA KOCHHYC: Y = COST y
1) obmeskena, |cosz| <1 s L3 %‘/.\
2) napHa; .---------.X..Z--ﬂ_ N 2 T

3) mepioyrana 3 nepiogom 2. Puc. 5.43. I'padik dyHukIil y = cosz
I'padikom dyukmii y = cosx €

rocunycoida (puc. 5.43).
3. Bingunaumo ocnoBHi BiacTuBOCTI (pyHKIIT TaHTeHC y = tgx.

4

O6usacts o3nHauenns ysukuil D(tg) — y=tga

MHOKHMHA, BCiX JMIACHUX YMUCEJI, OKPIM YHuCe
iy

T = 5 + wk,k € Z. Muoxuna  3HAYCHBb

E(tg) = R. -

QyHKITST TAHTEHC:

o 2
El
o
E)

w3

J/

1) menapmua;
2) mepioMuHA 3 TIEPIOJIOM T Puc. 5.44. I'padik dyuxuil y = tgz
I'padikom dbysKIl ¥y = tgx € maneen-

coida (puc. 5.44).
4. Bimgnaumo oCHOBHI BJacTHBOCTI (DYHKINT KOTAHTEHC Y = ctgx.
O6sacts oznauvenus byuxuil D(ctg) — MHOXKuHA BCIX JificHUX duCe,

okpim uucen z = wk,k € Z. Muoxuna 3uauens F(ctg) = R.
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DyHKIiA KOTAHT€HC:
1) menapwua;
2) nepiosuvna 3 nepiogoM T,

I'padikom dyHukIii y = ctgz € xoma-

y = ctgx

neencoida (puc. 5.45).

w3

[

Puc. 5.45. I'padik dyukii y = ctgz

5.5.4. 00epHeHi TpUroHomeTpuuHi PyHKLi
1. Apkcunycom 4mesia a HA3UBAOTH YUCJIO (KyT)

te

;—|, CHHYyC $KOrO JOPiBHIOE @, i IO3HAYAIOTH

arcsina (puc. 5.46).

Tobro, 3 piBHOCTI arcsina =1{¢ BumIMBae, IO
sint = a.

2. Apkrocunycom €GUCIA G HASUBAIOTH YHUCJIO
(xyT) t € {O;ﬂ, KOCHHYC sIKOTO JIODIBHIOE @ 1 TIO3HA-
qaloTh arccosa (puc. 5.47).

Tobro, 3 piBHOCTI arccosa =t BUILIHBAE, IO
cost = a.

3. Aprkmaneencom dUmMciia @ HAZUBAIOTH YHCJIO

(xym) t €=

, TAHTEHC {IKOT'O JOPIBHIOE @, 1 TO3-

Ha4aloTh arctga.
TobTo,
tgt = a.

3 piBHOCTI arctge =t BuIIHBa€, IO
4. Apxrxomamnzencom IUCTA @ HAZUBAIOTD YHCIIO

(xyr) t € (O;Tr), KOTAHIeHC $KOTO JIOPIBHIOE @, 1 T103-

Ha4alTh arcctga.
Tobro, 3 piBHOCTI arcctga =t BUILIHBAE, IO

ctgt = a.

Puc. 5.46. O3nauennsa

apKCHHYyCa

arccosa

T
I
I
I
1

e

0]l a 1z
Puc. 5.47. Osnauennsa

APKKOCHHYCa
Y

S

Puc. 5.48. O3nauennsa

apKTAHI'€HCA
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5. @opmynu 3HAYMEHD TPUTOHOMETPUIHUX (DYHK- Y v

it Bir 06EpHEHNX TPUTOHOMETPUIHUX (PYHKIHH MOXK-
Ha 3BecTH 10 Tabi. 5.3 (IX TakoXK MOYKHA 3HAXOJUTH

e

3a JOIIOMOI'0I0 IIPSAMOKYTHOI'O TpI/IKyTHI/IKa). 0 al z
Puc. 5.49. Osnauennsa

APKKOTaHI'€HCA

Tabauus 5.3

arcsin arccos arctgz arcctgz

T 1

V14 2?

sin T 1—x

o

M
-+
8

A

COos 1— $2 T 1 \/Hiz
T

+
Ht\:

tg

—|=
I
8 I8
V) [V
2
8
] |

ctg

8 |
8

T
1 1+ 22 1+ 22
Am A ‘ :
a a (o)

T

—
I
8
o
—
8

5.5.5. OCHOBHi XapaKTepuCTUKU 00epHeHUX
TPUrOHOMETPUYHUX PYHKLIN

1. Oyskiig y = sinz Ha BiIpi3Ky 3pocTtae i HabyBae BCi 3Ha-

N |

T
"2

0bo-

)

uyennsd 3 Biapisky [—1;1]. Tomy dyskuis y = sinz Ha Biapisky

porHa, To6TO Mae obepHeny (YHKINIO, SKY HA3UBAIOTH APKCUMYCOM 1 TTO3HA-
Yal0Th Y = arcsin .

Ob6sacTb 03HAYEHHS APKCUHYCA Ity = arcsina
. 2
D(arcsin) = [-1;1], [
. T T i
MHOKMHa 3HaveHb F(arcsin) = |——;—| (puc. 5.50). |
2°2 -1 0 :
DyHKI[IST ApKCUHYC: i 1 *
. 0 : x
1) obmerkena, |arcs1na:| <= "2
2 Puc. 5.50. I'pacdik dynkiii
2) menapua, y = arcsinz

3) 3pocrae Ha Biapisky [—1;1].
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2. Oyukiig y = cosz Ha Biapisky [0;7] Mae obepueny GyHKIIO, Ky Ha-

3UBAaXOTb APKKOCUHYCOM, i MMO3HAYAIOTH Y = arccos .
—

ObstacTh 03HAYEHHST APKKOCHHYCA
D(arccos) = [-1;1],

MHOXKUHa 3HaueHb E(arccos) = [0;w] (puc. 5.51).

T
Yy = arccosx

iy
2
DyHKIiA apPKKOCHHYC:

1) obmexena, |arccosa:| < T

Y

0 1 z
Puc. 5.51. I'pacix dynkmil
Y = arccosz

2) arccos(—z) = T — arccos ;

3) cnasHa.

Ma€ obepHeHy (QYHKINIO, AKY

3. Oyukiig y = tgr B iHTepBaJ [—g;g

HA3UBAIOTb APKMAH2EHCOM I IO3HAYAIOTh Y = arctg .

ObsracTh  O3HAYECHHST APKTAHTECHCA v
D(arctg) = R, MHOZKHHA, 3HaYEHD - y = arctgx
2
™ m| o TTTTTmmmmmmmmmmosfepesoooooooocoaes -
FE(arctg) = | ——;— uc. 5.52).
rcte) = [ 3:2] (oue. 5.5 . :
OyHKITiST apKTAHTEHC: JRSNE e
T2

T
1) obmerkena, |arctg1:| <=
2 Puc. 5.52. I'padik dyuxii y = arctgz
2) menapua,
3) 3pocratoua.
4. Oyukniga y = ctgxr Ha BIAPI3KY (0;11) Mae obepHeHY QYHKINIO, SKY
Ha3WBAIOTh APKKOMAHZEHCOM 1 TIO3HAYAIOTH Yy = arcctg .
ObuiacTb O3HAYEHHS APKKOTAHIEHCA y y = arcctgw
D(arcctg) = R,
MHOKMHa ~ 3HaueHb  F(arcctg) = (0;7w)

(puc. 5.53). ol >

DyHKIs APKKOTAHIEHC: Puc. 5.53. I'padik dynkuil y = arcctgz
1) obmezxena, |arcctgac| < T

2) arcctg(—z) = m — arcctg;

3) cuajua.
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5. Ilpami it obepueni Tpuronomerputsi GpyHKIT € B3a€MHO 0OEPHEHUMHU.
ITpmmipom:

sin(arcsinz) = z,2 € [—1;1], arcsin(sinz) = z,z €

3
2

e

5.6. NTOKA3HUKOBA TA TOTAPUDOMIYHA
OYHKUIT

5.6.1. TlokasnukoBa yHKIIisA
5.6.2. Jlorapudm
5.6.3. OcuosHi dopmysu st jorapudmis
5.6.4. Jlorapudmiuna dyskiis
5.6.5. I'inep6ouiuni dyHKIHT
CucremMaTu3yiiMo BiJIOMOCTI PO MOKA3HUKOBY Ta, JiorapudMidHy (DyHKIIT,
1x rpadikn.

5.6.1. Moka3HuKoBa PyHKLis

1. ®yukiito, Yy
_ T
y =a 9
e a — JedKe JoJlaTHE YHCJIO, BiJIMiHHE Bij
OJIMHUII, HA3UBAIOTH NOKA3HUK0G0I0 (DYHKITEIO

3a 0CHOBO10 . 1

O6sacrts osuavenus D(f) = R, obaacts _—
suauennsd E(f) = (0;+00) (puc. 5.54—>5.55). 0 ‘

Puc. 5.54. I'pacdik mokazankoBol

. .
Oyukiisa y = a”: dynkuii y = a”,a > 1

1) spocrac maa a>1 1 coagae g y

0<a<l
2) cupaBmkye QyHKIIOHAJBHE DIBHSHHS

f(z +y) = f@)f()]

3) a® = 1.

2. OcobaMBO BaKJIUBY POJIb Y MaTEMATHII ! \
Bifirpae moOKa3HUKOBa (DYHKIlisl, OCHOBOIO SIKOI € 0 z
TPAHCHEHJIEHTHE YHUCI0 € ~ 2,718..., mo Oyze Puc. 5.55. I'padix noxasuukosoi
osHaueHo B 1. 6.2.3. Oynkunio y = e” 4acto Ha- Pynxuii y = a”,0 <a <1

3UBAIOTHb CKCNOHEHIMON0.
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5.6.2. Jlorapuédm

1. PosrigabpMmo milicHe mogaTHe IUCTIO @, BimMminue Bifm 1, i mogaTHe mitic-
He uncso b (a > 0,a = 1,b > 0).

Jlozapugmom aucna b 3a 0cH06010 G, HA3UBAIOTHL IMOKA3HUK CTEIEHS, 10
AKOTro Tpeba MiJHecTn 9uciIo a, mob ofgepKaru 9ucio b, i mosHavaioTs log, b.

ITpmvipowm, log,9 — sorapudnm uuciaa 9 3a ocHoBoIO 3,

log, 9 = log, 32 =2

Jlito 3HAXO/KEHHsI JiorapudMa YUCjia HA3UBAKOTH A020PUPMYSUHHAM, a
obepHeHy 70 Hel Jif0 BU3HAYEHHS YUCJIa 33 HOTO JIOTapudMOM — NOMeEHUito-
BAHHAM.

2. 3 o3HavYeHH JIorapudMa BUILIUBAE OCHOGHG A02APUPMIHA TOMOIIC-

HICMDb

a*%" =b, b>0

IIpumipom,
398% = 5.
3. Jlorapudm 3a OCHOBOIO € HA3MBAIOTH HAMYPAALHUM 1 TO3HAYAIOTH

In z; norapudwm 3a ocHoBoo 10 HA3MBAIOTH decAmKo6uMm i TO3HAYAIOTH 1gT.

5.6.3. OcHoBHi popmynn ans norapudpmis

1. Jlorapudgpm 1o0yTKY ABOX JOJATHUX YUCEJ JOPIBHIOE CyMi JIOMApPH-

dMIB CIIBMHOKHUKIB:

|loga(bc) = log, b + log, c,|

ne a > 0,a = 1,b > 0,¢c > 0.
2. Jlorapudm gacTku J0JaTHAX 9UCE] JOPIBHIOE pisHuUI jorapudMis

JTIJIEHOTO it TIJTbHUKA:

log, b = log, b —log, c,
c

ne a > 0,a = 1,b > 0,¢c > 0.
3. Jlorapudm cremens nopiBHIOE H00yTKY NOKA3HUKA CTENEHA Ha JIO-

rapudm T OCHOBH:

log, b = clog, b,

ne a > 0,a = 1,0 > 0.
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3okpeMa,
loga% = log, b= —log, b.

4. @opmya mepexoay Bix Jorapudma 3a OCHOBOIO b 10 Jiorapudma
38 OCHOBOIO G Ma€ BUIJIST

e a > 0,06 = 1,b > 0,b = 1,¢ > 0.
5. dkmo a = ¢, To popmyia mepexoy HADyBae BUIJISLY

1 =—)
08 @ log, b

3BiKM
1=1log,b-log, a.
6. IIpumipom,
log, 14 = log,(2-7) = log; 2 + log, 7;

log2§ = log, 7 — log, 3;

log, 25 = log, 52 = 2log, 5; log3% = —log, 5;

log, 5
log, 5 = 983 ;
log, 2

1
log, 5 = ——.
& log, 2

5.6.4. lorapudmivna PyHKuin

1. Ockinbky mokasHukoBa PYyHKINA y = a®, ge a > 0,a = 1, € MOHOTOH-
HOIO (3pocradon ajug a > 1 i cnaguoo g 0 < a < 1), To 1o mel icaye obe-
pHeHa QyHKITIA.

[Io6 3maitTu 1m0 obepHeHy (MyHKII0, Tpeda 3 dhopMmyan y = a® BUpa3UTH
T 4epes y :

r = log, ¥,
a MOoTiM 3MIHUTHU TIO3HAYEHHS T HA 4 1 Y HA T:
y = log, .



56 Po3pin 5. PyHKLUii OOHIEI 3MiIHHOI

DyHKITTO
y = log, =,

me a > 0,0 = 1, HA3WBAIOTDH A02aPUPMINHOI0 38 0CHOBONO .

2. I'padiku morapudmiunoi dyuknii y = log, z Ta MOKa3HUKOBOI QyHK-
i y = a® cumerpuuni BigpocHo npgamoi y = = (puc. 5.56—5.57).

O6macrs osmauennss D(f) = (0;400), wmuoxmna 7
suavens E(f) = R.

Qynkunia y = log, 7:

y = log,

-
—
8

1) 3pocrae qyist a > 1 i cnagae aya 0 < a < 1;
2) cupapikye QyHKIIOHAJIBHE DIBHAHHS

[fay) = (@) + /()]

Puc. 5.56. I'padik

3) IOgal = 0. siorapudmivaol GyHKIHT
3. Jlorapudwmiuna it mokasunkoBa (PpyHKIIT € B3a- y = log, z,a > 1
€MHO OOEpHEHUMU: Yy

z . log
log,a” = z; a*®" = 2,2 > 0. y = log, z

4. Tlpasausa hopmysia 3B’SA3Ky MiXK CreneHe-

. . . . o 1 x
BOIO, JIOrapudMi9HOIO i TOKA3HUKOBOIO (DYHKITISIMU:
a alog,

v =4a 2 Puc. 5.57. Tpadix
e x> 0,a > 0,0 = 1. norapudMignol DyHKIIT
y =log, 2,0 <a <1

5.6.5. Finep6oniuHi pyHKui

1. 3a [10mOMOroI0 €KCIIOHEHTH Yy = € MOXKHA, O3HAYUTU HOBI (DyHKINI:
2INepPOONTUHUT CUHYC

T —T
e’ —e
y =shz = ;
2
Ta 2inepoosTUHUT KOCUHYC
T —T
e’ +e
y=chzx =
2

i dyHKIiT MaOTh BIACTUBOCTI:

1) D(sh) = D(ch) = R;

2) E(sh) = R, E(ch) = [1;4+00);

3) rinepGomiunauii cuHyc € Hemaprowo dyHKIiew (puc. 5.58), a rinep6oJi-
4HUil KocuHy¢ — napuoio (puc. 5.59);

4) sh0 = 0,ch0 = 1.
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2. 3 ozHaveHHd TinepOOTiIHUX CHHY- ¥
. Y

ca Ta KOCHHYyCa MOXKHA OJIEPYKATHU CIIiB- y = shz }
BiIHOIIIEHHs CXOXKi Ha CIIBBIIHOIIEHHS y = chz
JIJTsl TPUTOHOMETPUIHUX (DYHKITI: - Vv

1) ch?’z —sh?z = 1; o 7 Y

2) sh(z +y) =shz-chy £ chz-shy; 0

3) ch(z £ y) = chz-chy £ shz-shy;

. Puc. 5.59. I'pachix
4) sh2z = 2shz - chuz, Puc. 5.58. T'padix ) .
. o rinepboJIiIHOrO
Ch 2x — Ch2 T + Sh2 . T11epOOJIITHOIO KOCHHYCA
CHHYyCa

3. Hazsa «rinepbosiani dyHKITT» MOSICHIOETHCS TUM, IO PIBHIHHST

x:cht,t R
€K,
y = sht,

€ TapaMeTPUYHIME DiBHSHHAME mpaBoi Timku rimepbomm z2 — y? = 1, Tak ca-
MO, SK DIBHAHHS

T = cost,
{ .t €0;2x]
y = sint,

€ TApaMeTPUYHIME PIBHSAHHSME KOja o2 + yz = 1. Tomy # TpuroHoMeTpu<Hi

dyHKIT cHHYC 1 KOCHHYC 1HKOJIU HA3UBAIOTH «KOJIOBUMILY .
4. 3a aHAJOTIEI0 3 TPUTOHOMETPUIHUMU

GYHKIIAMI 2inepbosivunut marzenc Ta 2inep-

00N HULL KOMaH2eHe O3HATYIOTh (DOPMYJIAMHE:

shz
=thg =——, oo
v chz
chz
= cthe = —.
Y shz 1 r

—mr———ET e e b e e

ITi dyuKIiT MarOTH BJIACTUBOCTI:
1) D(th) = R, D(cth) = R\ {0};
2) E(th) = (-11),
E(cth) = (—o0;—1) U (1; +00);
3) rimepGosiuni TaHreHC 1 KOTAHIEHC € Puc. 5.60. I'pacdixu
nenapuumu dyukiisvu (puc. 5.60); rinepbosiaHIX TaHIeHEA
4) th0 = 0. 1 KOTaHT€eHCa
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5.7. TEOMETPUYHI NEPETBOPEHHA
IPA®IKIB ®YHKLIN

5.7.1. ITapasesbue nepenecenss rpadika B3J0BXK 0Ci abcIuc
5.7.2. IlapasespHe nepenecenHst rpadika B3JI0BXK OCI OpAUHAT
5.7.3. Cruckanusa (po3raryBanHs) B3LOBXK oci abeiuc

5.7.4. Cruckannsa (po3raryBaHHs) B3/0BXK OCI OpJUHAT

5.7.5. JI3epkaJibHe BiOMBaHHS BiJHOCHO OCi abcruc

5.7.6. IzepkasibHe BiOUBAHHS BiJHOCHO OCi OpJuHAT

5.7.7. Tpadix dynxuii y = f(|2])
5.7.8. Ppadik byukmii y = |f(x)|
5.7.9. 'pacik piBHsAHHA |y| = f(x)

5.7.10. I'padix rapmoHivHOI 3a/1€2KHOCTL
I'padik ememenrapHux QyHKIHH YacTO MOXKHA OJIEPKATH 32 JIOHOMOIOIO

BI/IIOBITHIX T€OMETPUYHUX [EPETBOPEHb IpadikiB BimoMux GYyHKILI.

5.7.1. MNapanenbHe nepeHeceHHs rpadika B3AoBXK oci abcumc

1. Buaoun rpadik dbyskiii y = f(z), 3'gcyiimo, gk Burisgae rpadik

dyHKIT
y=flz—a),
e a = const.

Axkmo a > 0, To dbyukuis y = f(z —a) nabyBae THX CaMHUX 3HAYEHD, 10
it dyukuia y = f(z), ane mug 3Havenbp z, Oiabmmx Ha a. Tomy rpadik
y = f(z —a) mae Ty camy dopmy, mpo i rpadik y = f(z), upore Bin 3cyHy-
tuil BingocHo rpadika y = f(z) y momarHomy Haupsmi oci Or HA a OJUHUD.

Axmo a < 0, To rpadik dbyukiil y = f(z —a) 3cynyro BimmocHo rpadi-
ka y = f(z) y Big'emuomy nanpsmi oci Oz Ha (—a) OJUHUIID.

2. Orxe, mob uObymyBaTH a<0 a>0
rpadik  y = f(z —a), rpadik y}( : 4 ?f( : f :

_ y=fa=a) y=f@) v=J@) y=fa-a
y = f(z) mapaJieJibHO NEPEeHOCATDH a\—[\ [a\

y3aoBk oci Or ma a (jgiBopyd |

A a <0, mpasopyd ama a >0) [0 | T ’ 0 [ T

(puc. 5.61). Puc. 5.61. Ilapasenbue mepenecenns rpadika
B3710BK oci Ox
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5.7.2. MNapanenbHe nepeHeceHHs rpadika B3JoBXK OCi opauHaT

1. Ilpu Tux camux 3HaveHHdAX x 3HadeHHs GyHkuil y = f(z) +b Bigpis-
HAIOTHCH Bif 3Havenb Gyukiil y = f(z) wa gucio b.

Akmo b > 0, To 3uavennsa f(z)+ b OGLbmi 3a 3mavenns f(r) ma b, a,
akmo b < 0, To — MeHi Bix 3uavens f(x) Ha (=b).

2. Orxke, o6 00y ryBaTU rpadik b<0 b>0
y = f(z) + b, rpadix y = f(x) napase- vy y = f(@) ypy=fa)+b
JILHO TIEPEHOCATH Y3108k oci Oy Ha b
(BuU3 s b < 0, Bropy muaga b > 0)
(puc. 5.62).

Puc. 5.62. IlapaJiesibHe epeHecen st
rpadika B370BK oci Oy

5.7.3. CTucKaHHA (po3TAryBaHHs) B3A0BX OCi abcumc

1. Vsaxkatoun, mo rpadik Gysriil y = f(x) Bigomwmii, 3’scyemo, gxuit
Burisy Mae rpadik oyukuii y = f(kx), ne k = const > 0.

Dyukuia y = f(kr) wabysae 1i cami 3Hauennsd, wo i byukuis y = f(z),
ajle Juid 3HaYeHb 7, mopitenux Ha k. Ilpumipom, mna o = 1z, sHadenns ¢dyn-

kiii y = f(z) nopismioe f(z,); dyukiia y = f(kr) Takox Habysae 3HAYCHHA

z,), aje s T = x_o.
). k

Tomy, mob i3 rpadika dyskmii y = f(z) gicraru rpadik dysKIil
y = f(kz), mocurb abcrucu Beix TOYOK 1poro rpadixka noximuru zHa k (3am-
[IMBINY HE3MIHHUMU ODJMHATH).

2. Orxe, mob nobyaysaru rpadik y = f(kz), rpadik y = f(z) posra-

1
IYIOTh ¥ P pasiB (0 < k < 1) um cruckators y k pazis (k > 1) B3mosxk oci Oz

(puc. 5.63).
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Y y=fz) y=flka),k>1

VAN ,
D NS

Puc. 5.63. Cruckanus (posrarysanus) rpadika dyskiii B3gosxk oci O

5.7.4. CTUCKaHHsA (po3TAryBaHHsA) B3J0BX OCi OpAUHAT

1. Hexaii 3agano rpadik dysxuil y = f(z). 3’acyemo, gxuii BUrIA] Mae
rpadik dysxuii y = ¢f(z), ne ¢ = const > 0.

[l KOXKHOrO JOIyCTUMOTO 3HAYEHHA apryMeHTy & = 7, 3Ha4YeHHsd DyH-
kil y = ¢f(z) nopisaioe 3navenno Gyuknil y = f(z), IOMHOKEHOMY Ha C.

Tomy, moeb i3 rpadika y = f(z) mic- y y=cf(z)e>1

raru rpadik y = ¢f(z), mocurb opauHaTH

. . = x
BCIX TOYOK IbOro rpadika MOMHOXKUTH Ha, v = 1(@)
¢ (3aJMIIMBIIY HE3MIHHUMU abCIUCH ). D Tom +

( ) ETC

2. Orxke, mob moOymayBaTu Trpadik 0 D<c<l \ -
y = ¢f(z), rpadik y = f(z) cruckaworb B

1 .
— paslB (0 <c< 1) YU PO3TAryIOTb Yy C
c

Puc. 5.64. Cruckanus (po3TaryBaHHs)

pasiB (¢ > 1) B3noBx oci Oy (puc. 5.64). rpadixa dymerii B3a08% oci Oy

5.7.5. [13epka/ibHe Bif0MBaHHSA BiZHOCHO OCi abcumc

1. Jna tux camux 3uadennb z dbyskuil y = f(z) ta y = —f(z) nabysa-
IOTH TIPOTHJIEIKHUX 3HAYEHD.

ToMmy [yIsi KOJKHOIO JIOIYCTHMOrO 3HadeHHsi 2 = x, Touka A (7, f(z,)),
mo Hagexkurb rpadiky y = f(z), cumerpuuna Bigmocro oci Oz Touni
Ay(zy;—f(x,)), mo vamexkurs rpadicy y = —f(x).

Ipadiku dynkuiit y = f(z) i y = —f(z) cumerpuuni Bigrocuo oci Oz.
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2. Omxe, mo6 mobymysaTu rpadik Yy =flz)
y = —f(x), rpadix y = f(z) cumerpmanO
BinbusaioTs BinmocHo oci Oz (puc. 5.65). 0 T
y=—f(z)

Puc. 5.65. /Izepkasbue BiaoUTTs
rpadika GyHKIUI BigHOCHO OCi abcmuc

5.7.6. [13epKanbHe BiaOMBaHHA BiJHOCHO OCi OpAMHAT

1. Oyukuis y = f(—z) nabyBae TMX caMuX 3HAYEHb, IO i yHKIisA
y = f(x), ane jus mpoTuiesKHUX 3HaYeHb r. IlpumipoM, mis & = x, 3HAYeH-
g bynknil y = f(r) nopismioe f(z,); dymkmia y = f(—z) Takox Habysae
sHavenHus f(z,), ane qud & = —,.

ToMmy Juisi KOXKHOTO [OIyCTHMOTO 3HAYEHHS AaPIyMeHTy & = &, TOYKa
A (; f(z,)), mo mamexkuTs rpadiky dyskmii y = f(r), cumerpudmna BigHOCHO
oci Oy rouri Ay(—xy; (7)), mo namexurs rpadiky bynxmii y = f(—z).

Ipadiku dynkuiit y = f(z) i y = f(—=x) cumerpuuni BigrocHO oci Oy.

2. IMo6  mnobymysaru  rpadik y=1[fx) vyt y=[()
y = f(—z), rpadik y = f(z) cumerpuyso
BigbuBaoTh BimHocHo oci Oy (puc. 5.66). 0 T

Puc. 5.66. /I3epkasbie BiaoUTTs
rpadika GyHKIUT BiJJHOCHO OCI OpJMHAT

5.7.7. Tpadix PpyHkuii y = f(|=])

1. 3’sacyiimo, sk Burisgae rpadik QyHKIT y = f(|:1:|)7 SIKINO  BiJIOMO
rpadik dyuknil y = f(z).

dxmo z >0, To |x| =z i f(|x|) = f(z), a akmo z <0, TO |a:| =—zi
f(z]) = f(=2).

Tomy, rpadik dyHKIHl y = f(|1:|) miist ¢ > 0 36iraeTbes i3 rpadikom

dyukuil y = f(z), a mia z < 0 — i3 rpadikom dyukuil y = f(—z).
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2. Orxke, mob mobymyBatu rpadik y
y = f(|z]), JaCTUHY rpadika
(=] . y = f(z)
y = f(z),z > 0, nomnoBHIOOTH iioro Bij-
Gutkom Bignocuo oci Oy (pwme. 5.67). .- Ay =T
(0] z

Puc. 5.67. I'pacdik dyukmii y = f(‘x‘)

5.7.8. Tpadik PpyHKuii y = |£(@)|

1. PosriigapMmo mobymoBy rpadika GyHKINT y = | f(as)| 3a BiJJOMHM Tpa-
dikom dyukuii y = f(z).

Jis Beix 3mavens z, g axux f(z) > 0, |f(:c)| = f(z), a s 3HAaUEHD
z, jia axux f(z) < 0, |f(a:)| = —f(z).

Tomy rpadik GpyHKIT § = | f(z)| 36iraerbed i3 rpadikom dyskuil y = f(x)

HA KOXKHOMY 3 1i IPOMIZKKIB obsiacti o3HadeHHs, Ha gkux f(z) > 0, a Ha BCX iH-

HIMX [IPOMizKKax obsiacTi o3HadeHHst — i3 rpadikom dyukuil y = —f(z).
2. Omrxke, mob mobymyBaTu Tpadik Yy

y = | f(z)|, JACTHHY rpadika

y = f(z),y >0, He MiHAIOTH, a YaCTUHY y= ‘f(z)‘

rpadika y = f(z),y < 0, BinbuBaroTh Bij-

mocuo oci Oz (puc. 5.68). .- lo z
=5 Z flw)
Puc. 5.68. I'padik dyskii y = ‘f(x)‘

5.7.9. Tpadik pisHaAHHA |y| = f(z)

1. I'padik piBugHHS |y| = f(x) 36iraerbcst 3 wacTurOW Tpadika GyHKIT
y = f(z) ma koxHOMY 3 il IpOMiKKiB 00JacTi o3HaveHHs, Ha akux f(x) > 0, i

MICTUTBL TAKOXK BIJIOUTOK Ili€l YacTuHH BigHOoCHO oci Of.
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2. Orxke, mob mobymyBatu Tpadik y
| N . y = f(z)
y| = f(xz), ©Gepyrb wacruhy rpadika
y = f(z),y >0, i monosHOOTHL i BigbOHUT- 0 T
koM Bignocuo oci Oz (puc. 5.69). PPt ‘?/‘ = f(z)

Puc. 5.69. I'padik dyskmii y = ‘f(x)‘

5.7.10. I'padik rapmoHiuHOi 3aN1eXHOCTi

BaxkjimBuM MpUKIIAI0M 3aCTOCYBaHHSI T€OMETPUYHUX I[I€PETBOPEHB € IIO-

OymoBa rpadika rapMOHITHOT 3aI€KHOCTI
y = Msin(wz + «),

ze craixy M > 0 HasuBaoTh amnaimydoro, cramyw > 0 — wacmomoro (Koao-
BOIO), cyMy Wz + o — (hasoro, cramy o — nowamrosolo $ason.

3’scy#iMo  BIUIMB mapaMeTpiB  Ha
rpadik cunycoinu y = M sin(wz + )
(puc. 5.70).

Awmmrityna M «36iibinye» po3max

cunycoimm y = sinz Bim —M no M; gac-

. . 27
TOTA W 3MIHIOE TEpios 3 2T HA —; Hasd-
W

BHICTH MOYATKOBOI (a3u 3MIIIy€E CHHYCO-

. . Q .
14y JIIBOpYY Ha —, OCKLJIbKU
w Puc. 5.70. I'pacdik rapmoniunol

wt—l—oa:w[t—kg

J 3ajekHocTi y = M sin(wz + o)
w
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5.1.1. Busnaure, uu € rpadikom GyHKIT 300parkeHa JriHisa?
y

Puc. 10 5.1.1.1) Puc. 710 5.1.1.2) Puc. 510 5.1.1.3)

Puc. 10 5.1.1.4) Puc. 10 5.1.1.5) Puc. 10 5.1.1.6)
5.1.2. 3a rpacdikom pyHKIIT f BU3HAUTE:

1) £(0);
2) sHavenns T aid gkux f(z) = 3 Ta f(r) = 0;

3) sHaueHHs T ayid gkux f(z) < 0 Ta f(z) > 0.

Puc. no 5.1.2

MHOXKHWHY 3HAYCHb.

Puc. 10 5.1.3.1) Puc. 10 5.1.3.2) Puc. 10 5.1.3.3)
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Puc. 10 5.1.3.4) Puc. 10 5.1.3.5) Puc. 10 5.1.3.6)

5.1.4. Oyukiio, SKy 3aJaH0 dBHO y = T° + 1 3azaiire: 1) mapamerpuy-
HO; 2) HesiBHO; 3) rpadidHo.

5.1.5. Bamaiire TabsmaHo BCi MOkKJuBi (DYHKIHT 3 00J1aCTIO O3HAYEHHS
{1,2} Ta MHOXKMHOIO 3HauUeHb {3,4}.

5.1.6. Hexait f(z) mae obsacTb o3HauUeHH#A [4;8] Ta MHOXKHHY 3HAYEHb
[2;6]. 3BHailniTe 00IACTH O3HAYEHHS] | MHOXKUHY 3HAa4YeHb (DYHKII:

1) g(z) = f(x) + 3; 2) g(z) = f(z +3), 3) g(z) = f(22); 4) g(z) = 2f(z).

5.1.7. Osnaure pyHKIHO f, AKa Mae:

1) obsracTb 03HAYEHHS [3;400); 2) 061aCTh O3HAUEHHS (3;400);

3) MHOXKUHY 3Ha4YeHb [3;+00); 4) MHOXKUHY 3HAYeHb (3;+00);

5) obnacrio osHauernHs (—2;2) \ {0}; 6) obmacts o3nauenns R\ {2, 3}.

5.1.8. SBamumirs oxniero dopmysioro npukian QyHKIHI, 00gacTb
O3HAYEHHS FKOI CKJIQJIAETHCH 3:

1) onHi€el ToUKH; 2) ABOX TOYOK; 3) MHOXKHHE BCIX IJIMX YHCEI.

5.1.9. SBanumite oxsielo GOPMYJIOK NPUKIA] (YHKIN], MHOXKIHA
3HAYCHD SKOI CKIIAJAETHCH 3:

1) omuiel Toukm; 2) ABOX TOYOK; 3) MHOMKUHE BCIX IIJIMX <HCEJL.

5.1.10. 3agano dyukuii f(z) = Vo-1 Ta g(z) = V2 = 2. Bnaiizite 06-
g
3

5.1.11. Yu icuytors taki dbynxuii fi Ta f,, mo E(f)) = E(f,) = R, aze:
1) B + ) = {1 2% B = (1}

5.1.12. VKaxiTh TPOMIiKKHU TOTOYXKHOCTI (DYHKITii:
2

1) f@) = 5 1 6l@) = 12) fla) = ofa) =

JacTb o3HaveHus GyHKG: 1) f + g; 2) fg; 3) i; 4)
g

3) f(2) = & 1a ol@) = Va% 4) (o) = o] ra (z) = V.
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5.1.13. Yu € dyukmiga, aky 3a7aH0 TpadivHO, B3AEMHO OJHO3HATHOIO!

Puc. no 5.1.13.1) Puc. 10 5.1.13.2) Puc. 1m0 5.1.13.3) Puc. no 5.1.13.4)
5.1.14. 3a rpadixkom dbynxuii f 306paszite rpadix dymkmii [
5.1.15. 3a rpadikom dyukmii f~! 306pasite rpadik GyHxmii f.

Puc. no 5.1.14.1) Puc. 710 5.1.14.2) Puc. 10 5.1.15.1) Puc. no 5.1.15.2)

5.1.16. Yu icuyorb ¢yHKIl, ski obepHeni cami 10 cebe? Bimmosimn
obrpynryiire. I1lo moxHa ckazaru npo rpadik Takoi QyHKIHI?

5.1.17. JloBenith, mo icuye jwire omHa (GyHKIiA f, O3HAUYEHA HA BCiit
quCcaoBiit oci, Taka, MO g Oyb-sikol (DYHKINI ¢, TAKOXK O3HAYEHOI Ha BCiit
ocCi, mpaBAUBa PiBHICTH:

fog=ygof.

SHaiigiTh 110 QYHKIIO.

5.2.1. /ToBeniTn, mro:

1) cyma, pisuung i 706yTok nBOX napuux GyHKIiH € nTapHo©O bYHKIIE0;

2) 106yToK nBOX HenapHux GYHKIINA € HapHO© OYHKILEIO;

3) cyma sBOX HemapHuX (DYHKIIN € HemapHO QyHKIHEH;

4) nobyTok mapHol i HemapHoi byHKIIT € HEenmapHOW (DYHKIIEH.

5.2.2. dxa ¢dyukiga, o3natena Ha BCiit gificuiit oci, € mapHoO i HEmApHOIO
omaovacHo? ITokaxKiTh, Mo Taka (PYHKITA €THHA.

5.2.3. loseaits, mo gxmo D(f) cumerpudna BigHocHo 0, TO:

1) ¢(z) = W — napHa QyHKITi;
2) U(z) = w — mHenapHa YHKI;

3) f € cymoro mapHOI Ta HemapHol (yHKIII.
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5.2.4. Bwusmaurte, gKy cumeTpito Mae Kpusa (BIJIHOCHO TOYATKY

Koop,uHHaT BIJIHOCHO Oci Oy7 obusi abo )KO;LHOI

el e

Puc. 10 5.2.4.1) Puc. 1o 5.2.4.2) Puc. 10 5.2.4.3) Puc. 70 5.2.4.4)

5.2.5. Tlobynyiite maprHe it HemapHe TPOJOBXKEHHT QYHKINI, 3aaHO1
rpadikom.

Puc. 10 5.2.5.2)
Puc. 10 5.2.5.1)

5.2.6. 3anoBHicTh TAOMUIO, e [ € MapHOIO (DYHKITIEO.

5.2.7. 3amoBHIiCTh TAOJIUINO, JI€ ¢ € HEMAPHOIO (DYHKIIEIO.

Puc. 10 5.2.6 Puc. 10 5.2.7
5.2.8. IIlo mokHa cKa3aTw TPO MAPHICTL YN HEMAPHICTb QYHKINI
hz) = f(g(x)), axmo E(g) C D(f) i:
1) f — mapma dynkmiza, a ¢ — Henapna;
2) f,g — nenapui byHKIIT;
3) f — nowinbHa, a g — napua?

5.2.9. Hexait dyuknis f(z) nepioguuna i mae nepion 7. dosenitsb, mio
. . . T
dyuknis f(kz +b), ne k = 0, Takox nepiogudHa 3 1nepiosomM m
5.2.10. Hexait dbynxuii f Ta f, mepiogmumi 3 nmepiomamm 1, ta T,

Biamosigno. [oseniTh, mo Oyap-ake momaTHe |mcno, kparae 1, Tta T, €

nepiogom dynkniit fi + f, Ta ff.
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5.2.11. HosemiTh, mo gaxmo uuciao T — mepiox f, To mas OyIb-sKOTO
HATYpaJbHOTO N 4ucao nT € TakoxkK mepiogoMm (QyHKILT f.

5.2.12. Hosexits, mo misa dyskiii dipixire

D(z) = {(1)” xmee(%

Oy/b-gKe JoJiaTHe pallioHaJbHe 4nucyio € tepiogom. 2Kosmme ippallioHaJbHE
qucio ne € nepiogom dbyukiii lipixie.

5.2.13. [osenith, mo, KO ¢ — Tmepiogmyuna, a f — JIOBiJIbHA
dyukuis, To h = f(g(z)) — nepioguuna GyHKIis.

5.2.14. IIlo wmoxKHa cKa3aTh PO KUIBKICTh PpO3B'SI3KIB pIBHAHHS
f(z) = ¢, axmo dyuxnis f mepiognuana?

5.2.15. Busnaure, ski i3 300paxkenux byHKIiH € nepiogumaanmu! Jlis

nepioguaHnX PYHKINH 3HAKIITE X OCHOBHUI 11epiof.

y Yy
—=0 ¢ = — ,
. R Lo
—41 —21 O] 21 4 6 x —2! /{ 12 4 6 T
) 6 5 5 3 o - b/
Puc. 10 5.2.15.2)
Puc. 10 5.2.15.1)
Puc. 5.2.15.3) Puc. 10 5.2.15.4)
Puc. 5.2.15.5) Puc. 5.2.15.6)

5.2.16. JloeemiTh, 1m0 TapHa (QYHKII HE MOXKe OyTH CTpPOTO
MOHOTOHHOIO.

5.2.17. na dyuknii f, 3amanoi rpadivao 3HAWTIT TPOMIKKA:

1) spocranus dyHKIIIT;

2) cnamarHsa QYHKIIIT

3) ouykJocTi goropu;

4) omyKJIOCTI TOHU3Y.
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Puc. 10 5.2.17.1) Puc. 50 5.2.17.2)

5.2.18. Hosexith, mo cyma nBox 3pocraouux (cuanuux) byHKUii €
3pocTarvoio (cragHow) OyHKILEO.

5.2.19. IlokaxiTh, 10 JI0OYTOK JBOX 3pOCTAIOUMX (DYHKIH MOXKe He
OyTH 3poCcTaotoi0 (hyHKIIIEH.

5.2.20. JloeeniTh, 1m0 CyNepHO3UIlisi MOHOTOHHUX  (YHKIUH €
MOHOTOHHOIO (pYHKIII€TO.

5.2.21. IIlo w™okHA CKa3aTH MpPO KIJbKICTh PO3B'A3KIB  piBHIHHS
f(z) = ¢, axmo dysKnis f crnajae um 3pocrae B yciit 06/acTi o3HaAYEeHHST !

5.2.22. Yu npaBwibHO, M0, FKIIO NPU KOXKHOMY 3HadeHHi ¢ € R pis-
HsHHS f(T) = ¢ Mae eauHuii posp’s30k, To: 1) E(f) = R; 2) byskuia f mo-
HOTOHHA.

5.2.23. Yu npaBubHe Take TBEPKEHHS: SKIO PYHKIA f O3HAYEHA HA
[a;b], To BoHa oOMerkeHa Ha [a;b]?

5.2.24. Hasezity npuxsaanm JBox HeoOMexkeHux Ha (0;400) byHKIIH,
JI00yTOK sIKUX € obMmerkenoio Ha (0;400) dyHKIi€rO.

5.2.25. JoBexdiTh, MmO cyma, Ppi3HUIE Ta JIOOYTOK JBOX OOMEXKEHUX
bYHKITH € 00MeKeHOI0 DYHKITIEIO.

5.2.26. IlokaxiTb, mo JacTka JBOX 0OMexKeHUX (DYHKIIH MOXKe He OyTu
00MeKeHOI0 (DYHKINEIO.

5.3.1. Posrasmmysmm Ha  Bigpisky [z;%,] dimiitsy  dymKmioo
f(xz) = ax + b,a = 0, HOKaXKITh, 1110

f[zl +x2] _ fe) + f(xy)
2 2

i BUTIIyMadTe 110 piBHiCTH reomeTpudHo 1y a > 0.
5.3.2. IlokaxiTp, mo akmo [ Ta ¢ JiHidHI QyHKIN, TO & f 4+ g TakoXK

JliHiHA QyHKIIsS. A 0 MOXKHA cKa3aTu Ipo fg?
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5.3.3. Ilokaxitb, mo gkmo [ Ta ¢ JidifEl GysKIl Taki, 1Mo

f(0) = 9(0) ma f(1) = g(1), 0 f(z) = g(z).
5.3.4. 3uaiiniTe KyToBi KoedilieHTn 300pakeHuX MPIMUX.

5.3.5. 3uaiiniTe piBHsIHHS 300paKEHOI IPAMOI.

Puc. 10 5.3.5.1) Puc. 10 5.3.5.2)

Puc. 10 5.3.4
5.3.6. Veimmosinmite dyukuil: a) f(z) = (z —2)% 6) f(z) = (z + 4)%
D=2 -2 1) f@=@+-% 1) f) =4 (-2
1) f(z) = —(z —4)* Ta ixni rpabiku.

Puc. 10 5.3.6.1) Puc. 10 5.3.6.2) Puc. 10 5.3.6.3)

Puc. 10 5.3.6.4) Puc. 110 5.3.6.5) Puc. 10 5.3.6.6)

5.3.7. BanumiTe kBagpaTrdHy (YHKIIIO, 300pakeHy Ha rpadiky.

Puc. 5.3.7.1) Puc. 5.3.7.3) Puc. 5.3.7.4)
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Puc. 5.3.7.2)
5.3.8. Bmuaiimire dopmysy Ky6idHOrO MHOrowieHa 3 JidCHUMU
KoedimienTamMu, 300parXKeHoro Ha rpadiky, SKIO BiOMO, MO OAUH i3 KOPEHIB

muorowiena € (1 + ).

.
Puc. 10 5.3.8.1) Puc. 20 5.3.8.2)

5.3.9. IlimbepiTh Take 3HAUEHHA MapaMeTpa k, mo0:

1) poskaan muorouena f(z) = x° — kr® + 2kr — 8 Ha MHOXKHUKH MicTUB
MHOXKHUK (2 — 4);

2) muorowren f(r) = x4+ 42° — 3z + k Hamijio gijuBCcs HAa MHOTOUIEH
(z —5).

5.4.1. VYBigmosimHitTh rTpadirkm  ApoOOBO-paIiOHANBHOI  DYHKILT
fl@) =a+

a) a>0,b>0,c<0;6) a>00b<0,c>0;
B) a <0,b>0,c>0;1) a<0b<0,c<0.

Ta YMOBU Ha IIapaMeTPHU:
T+ c

Puc. 1o 5.4.1.1) Puc. no 5.4.1.2) Puc. 10 5.4.1.3) Puc. y0 5.4.1.4)

5.5.1. 3uaiimiTe 3HaueHus sin 6, cos6,tgh, ctg 0.

Puc. 5.5.1.4
Puc. 10 5.5.1.1) Puc. 10 5.5.1.2) Puc. 10 5.5.1.3) uc. 10 5.5.1.4)
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5.5.2. s koxuol mapu dyHKIiA f Ta ¢ 3’dAcyiire, Yn TOTOXKHI BOHH,
qm Hi. KO Hi, YKaXKITh I 9KUX 3HAYEHb T Il (PYHKIIT TOTOXKHI:

1) fle) = tga0(e) =

2) flz) = sinm,gﬁv) = V1 — cos’ 1;

3) flz) = |sinx|,g(:ﬂ) = V1 — cos’z. 3/ i‘:

5.6.1. Busuaure, rpadik sikoi nokasuukosoi ¢yskiii f(z) = Cb” 306pa-

2KEHO.

Puc. 10 5.6.1.1) Puc. 10 5.6.1.2)
5.6.2. /Ina koxknol mapu PpyHKIH f Ta g 3’gdcyiiTe, Yu TOTOXKHI BOHH,
am Hi. KO Hi, yKaXKITh A1 9KUX 3HAYEHb T 1 (DPYHKITT TOTOXKHI:

1) f(z) = Inz?,g(z) = 2Inz; 2) f(z) = Ina? g(z) = 21n|:n|;

3) f(x) =297 g(2) = z; 4) f(z) = log,2",9(z) = x.

5.7.1. Hexait D(f) — obsacrs o3HaueHHs i F(r) — MHOXKHUHA 3HAYEHb
byukiil f. dkuvmm € 006sacTh O3HAYEHHHA 1 MHOXKWHA 3HAYEHDb QOYHKIIT
9(2) = —f(@).

5.7.2. BamumiiTh, rpadikn axkux GyHKIIH omepxkano i3 rpadika GyHKIl
y = 2° 3a JOIOMOTOI0 FeOMETPHYHUX HEPETBOPEHbD.

5.7.3. Banumite, rpadikn gskux GYHKIiH ofepxKaHo i3 rpadika GyHKIT

y = 2’ 3a JOMOMOTOI0 FeOMETPHYHIX HePETBOPEHbD.

Puc. 10 5.7.2.1) Puc. 10 5.7.2.2) Puc. 10 5.7.3.1) Puc. 10 5.7.3.2)


User
Карандаш

User
Карандаш
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5.7.4. 3anumiTe, rpadik sgkol GyHKIil gicTAEMO MiCIA T€OMETPUIHOrO
[IEPETBOPEHHS:

1) rpadik y = f(z) 3mimeno Ha 5 OMUHUIL Yropy Ta Ha 1 OJIMHUINO
IPaBoOPyY;

2) rpadik y = f(x) cruchuyro B3mOBK OCi Oy y 3 pasu i 3mimeno Ha 2
OJIMHUII TIPABOPYY;

3) rpadik y = f(z) azepkasnbHO Binburo BimHocHo oci Oz i 3mimeHo Ha 7
OJIMHUIII JIIBOPYY;

4) rpadik y = f(z) m3epranbHO Bimburo BimHOCHO oci Oy i CTUCHYTO
B3110BK oci Oz y 2 pasu.

5.7.5. Ykaxirs ammiryy, gacrory i nepiox dbyunkuii f(z) = 4sin 3z.

5.7.6. Samuuite Gopmyy KOCHHYCOImaabHOl (DYHKINT 3 aMILITYI00 3 i
nepiosloMm 8.

5.7.7. 3Bamumite @QyHKIO, 9Ky 3a7aH0 TpadidHO, Y  BUIIAI

y = Acoswiz.

P P
; \'-.I ,.-'! 4\ FI/“ : \". ,-'“( 4\ F.f’/“
S \ | HEN | \ /

F \ i g? 7/ ¥ % \ T =9 T f;' -
> A AN AV I BN

Puc. no 5.7.7.1) Puc. 10 5.7.7.2) Puc. 10 5.7.7.3) Puc. 5o 5.7.7.4)

5.7.8. Onumiite 38’5130k MixK rpadikamu dyskmniit [ ta g Posrisibre

aMILTITY/1y, 1IepioJ i 3MileHHs.

Puc. 10 5.7.8.1) Puc. 10 5.7.8.2) Puc. 10 5.7.8.3) Puc. 70 5.7.8.4)
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5.7.9. Veigmosigmite  bysknii:  a) y=ctgdr; 6) y= tgg;

;1) y = —tgx Ta ixui rpadiku.

4

.

Puc. 10 5.7.9.1) b 5.7.92)
uc. 10 5.7.9.

Puc. 710 5.7.9.3) Puc. 10 5.7.9.4)
5.7.10. Busuaure, rpadik saxol dyuxnii Burasyy y = D + Asinz un
y =D+ Acosz 306paxkeHO0 Ha NPOMIXKKY 3aBIOBXKKHM B nepioz (3HaiiirTo

3HAYECHHS [APAMETPIB).

Puc. no 5.7.10.2) Puc. 10 5.7.10.3)
Puc. mo 5.7.10.1)

Puc. 10 5.7.10.4)
Puc. 10 5.7.10.5) Puc. 1o 5.7.10.6)
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5.7.11. SHAWTITE 3HAYEHHS mapaMeTpiB byHKIT  BUTIALY

f(z) = Asin(wz — ¢) 3amanoi rpadiuno.

Puc.

710 5.7.11.1) Puc. Puc. Puc. Puc.

10 5.7.11.2) 70 5.7.11.3) 710 5.7.11.4) 50 5.7.11.5)
5.7.12. Vsimnosigmite dynknii: a) f(z) =2% 6) f(z)=2"+1
B) f(z) =27% 1) f(z) = 2°? Ta ixni rpadixn.

Puc. 10 5.7.12.1) Puc. 10 5.7.12.2) Puc. 1o 5.7.12.3) Puc. 10 5.7.12.4)
5.7.13. Veignosiguite dyukiii: a) y = In(z —2); 6) f(z) = —log,(—x);
B) f(z) = —log,(z + 2); r) f(z) = log,(1 —z); r) y = —In(2z);
1) f(z) = logy(z —1) ra ixni rpadikn.

Puc. no 5.7.13.1) Puc. 10 5.7.13.2) Puc. 10 5.7.13.3)

Puc. 1o 5.7.13.4) Puc. 10 5.7.13.5) Puc. 10 5.7.13.6)
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5.7.14. 3Bamuwmire dopmysolo  y = Af(kx +b)+ B reomerpuune
nepersopenns rpadika dyukiil y = f(z).

Puc. mo 5.7.14.1) Puc. 10 5.7.14.2)

Puc. 5o 5.7.14.4)
Puc. 10 5.7.14.3)

5.7.15. ®yukuio f 3amano rpadiuno Ha Biapisky [0;4].
1. 3o6pasbre Tpadiku dynxuiit f(z + 2) Ta f(z) + 2.

¥y
2. Bobpasbre rpadikn GynKIE f(2z), f[g},?f(m) 4
3
3. 3o6pasbre rpadiku byukuiit f(—z),—f(z). ?
1

4. TIpomosxkith rpadik dyukuil na sigpizok [—4;4] .

1 2 3 4
TIAPHIM THHOM. Puc. 50 5.7.15

5. Ipomosxkith rpadik dyskmil Ha Bigpizox [—4;4]
HelapHuM YHHOM.

6. IIpomoBxkiTs dyukmio 3 mepionom 1T = 4.

Bignosipi

5.1.1. 1) ui; 2) rax; 3) rak; 4) Tax; 5) Tak; 6) Hi.

5.1.2. 1) f(0) = —2 2) f(2) =3 1a f1) = 0; 3) X_ = (0:1), X, = (1;6).
5.1.3. 1) D(f) = (~15], B(f) = (13]; 2) D(f) = R, B(f) = (02

3) D(f) = R,E(f) = [=L+00); 4) D(f) = [-4;+00), B(f) = [=3;+00);

5) D(f) = (=00;=2) U (=2:2) U (2 +00), B(f) = (—o0;1] U (05 400);
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6) D(f) = [=L1], E(f) =

5.1.6. 1) D(g) = [4:8],E(g) = [5;9]; 2) D(g) = [1;5], E(g) = [2:6];
3) D(g) = [2;4], E(g) = [2:6]; 4) D(g) = [4;8], E(g) = [4;12].

! : 1
7 V@ =213 4 f@) =3+

1 1 1
+

5) f(z) =m% 6) f(z) = T3 -_3
5.1.8. 1) f(o)=v—z +u; 2) f(z) = J—a*(z — 1?; 3) f(z) = \[log,[cosmz].

5.1.9. 1) f(z) =1 2) f(z) = @, 3) flz) == +./—‘sin'm:‘.

5.1.7. 1) f(z) =~z —=3; 2) f(z) =

5.1.10. 1), 2) D(f + g) = D(fg) = [1;2]; 3) D[z] =[12); 4) D[?] = (1;2].
9

5.1.11. f(z) = =z,f(z) =1—=
5.1.12. 1), 2) toroxni na R\ {0}; 3) Toroxui Ha npomixkky [0;+00); 4) Toroxui na R.
5.1.13. 1) ui; 2) rak; 3) Tak; 4) Hi.

5.1.16. Tak. Ilpumipom, f(z) = z,f(z) = l,f(x) = ... Ixmiit rpadik cumerprrammit
x

BiJIHOCHO TIpsIMOl y = Z.
5.1.17. f(z) = =
5.2.2. f(z) = 0.
5.2.4. 1) o6uzsi; 2) xkoauol; 3) Biguocuo oci Oy; 4) BIZHOCHO IOYATKY KOODAHAT.
T 0 1 12|3] 4
fz) |[-1] 2 [10]8] 0
g(x) 2 |-3|0(1]|—4
fop@ 10| 8 [1]2]0

5.2.6.

(
5.2.8. 1) napua dbyukuis; 2) Henapaa GyHKIsd; 3) napHa QyHKI.
5.2.14. abo 0, abo oc.

5.2.15. 1) nenepioguuna; 2) nepioguuna, T = 4; 3) nepioguana, T = 2; 4) HemepioquIHa;

5) HenepioguuHa; 6) mepioguuna, T = 3.
5.2.17. 1) f(z) /" (1;3),(46),f N\ (0;1),(3;4), fU = (0:2), f = (24),(4;6);
2) flz) 7 (01),(37). f N\ (153), fU = (1;4),(5:7) N : (0:1),(45).
5.2.19. f(z) = f(2) =z, € R, abo f(z) = f(z) = —l,x € (0;400).
x

5.2.21. 0 abo 1.

z, =0z =1
5.2.22. 1) rak; 2) mi, npumipom, f(z) =11, z =0,
0,

z =1
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1
5.2.23. Hi. pumipom, f(z) =14’ @ € [-1,0) U (0:1],
0, z = 0.
1
5.2.24. f(z) =z, f(z) = e
5.2.26. f(z) =z, f(z) = ¢ — Lz € [-1;2].
1 1
534,k = ~2k = .k =8k = — .

53.5.1) y=4—u2; 2) y=2z+4.

5.3.6. 1-r, 2-B, 3-6, 4-1, 5-a, 6-T.

537. 1) y=4—-(+1%2) y=(2+2°-1,3) y=2-2x+2% 4) y =2z — 2>
5.3.8. 1) Py(z) = 2° — 32% + 4o — 2; 2) By(z) = —a® + 27 - 2.

5.3.9. 1) k=7; 2) k = —210.

5.4.1. 1-r, 2-B, 3-0, 4-a.

5.5.1. 1) sinf = E,cose = B,tge = i,ctge = B
13 13 12 5
2) sinf = E7cos6 = —é,tge = —g,ctge = —i;
17 17 8 15
3) sinf = 3,0059 = E,tge = E,ctge = B;
13 13 12 5

|4 =4
4) sinf = l—o,cose = fi,th = fl—o,ctge = ,i.
17 17 8 15

5.5.2. 1) Toroxkui Iy T = glak € Z; 2) ToroxHi i x € [27k; ™ + 2nk],k € Z; 3) ToTOXKHI.

5.6.1. 1) f(z) = 3-2% 2) f(z) :2[%]

5.6.2. 1) Toroxui gy > 0; 2) Toroxui; 3) ToroxHi gyt & > 0; 4) TOTOXKHI.
5.7.1. D(g) = D(f), E(9) = {~y |y = f(@)}.
57.2. 1) y=(x+3)%2) y=-3+(z+6)>

5.7.3.1) y==2% 2) y = —22°.

. 1 . .
5.74. 1) y=[flz-D)+5 2 y=_flz-2);3) y=—flz+7); 4) y = [(-20).
5.7.5. Ammiityna M = 4, wacrora w = 3, nepiog T = %ﬁ

g

5.7.7. 1) y = bcosbz; 2) y = 2cosbz; 3) y = Hcos2z; 4) y = 2cos2z.

5.7.6. y = 3cos




3anuTaHHA Ta 3aBOAHHA 014 CAMOKOHTPOJII0

79

5.7.8. 1) f(z) =29(z); 2) f(x)=g¢g :

3
5.7.9. 1-6, 2-a, 3-r, 4-B.

5.7.10. 1) y = —3sinz; 2) y = icosx; 3) y=1—3cosz; 4) y = —%—%sinx;
5) y = —1+2cosz; 6) y =—3 — cosz.

5.7.11. 1) y = —3sin2z; 2) y = 2sing; 3)y= ZSin[:E +£];

T T T 0w
4 =2¢in|—xz+—|; 5 = —2sin|———|.
)y [2 2]’ )y [2 4]

5.7.12. 1-8, 2-r, 3-6, 4-a.
5.7.13. 1-r, 2-a, 3-8, 4-6, 5, 6-11.
5.7.14. 1) y, = f(z) + Ly, = f(z) - 1;2) y; = f(z +2),y, = f(z — 2);

3) y, = f(22),y, = f[g]; 4) y, = f(=x),y, = 2f(2),y3 = —f(x),y, = %f(—x)-

f]; 3) (@) = gla + s 4) f(x) = gla) -2
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5.1. ®yHKLiA OAHIEI 3MiIHHOT

0 Pynxuia f(z),z € X CR

® I'pagix Pynwuii f(z),z € X.
I'={M(zy) |z € X,y = f(2)},
'c XxY

© Pisnicmv dyHKIN
fhre X if,reX,

0O Apudpmemuuni 0it
Had Pgynruiamu f ta g

® Cyma

@ Piznuus

® dobymox

@ Yacmxa

O Cxaadena pymnxuin [ 6id g

(cynepnosuuis g Ta f)

g— euympiwna QYHKILI,

[ — sosniwmnsa pyukiis

O Obeprena pynruia. Hexait bynknia = f(z)

f ycTaHOBIIIOE B3a€MHO OHO3HAYHY

BimoBigHicTh Mizk MHOKUHaMu D ta F.

Ob6eprenoro 1o [ dyHKIiE€0 HABUBAIOTH
dyskmio f~! raxy, mo
-1
z=["(y),y€E
DyuKIIi0, siKa Mae 06epHEHY, HA3UBAIOTh
060pOMHOM0.

I'pacdikn B3aeMHO 0bepHeHNX (DYHKIINA CHMETPUYHI BiJIHOCHO HPAMOI y = .
SAkmo dyskiis 3pocrae (cnagae) Ha iHTEpBaJ, To BOHA Mae 00epHeHYy (BYHKIIO
Ha [[POMY IHTEpBaJI, siKa TAKOXK 3pocrae (crajae).
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5.2. OCHOBHi XapaKTepncTukn GpyHKuii

O Mnootcuna Hyaie ta obaacmsi
3naxocmanocmi pyHkIii.

X ={z| f(z) <0}

Xy =A{z| f(z) = 0};

X, ={z| f(z) > 0}

@ ITapra dyukiis.
Ve € D(f): —z € D(f) i f(=2) = f(=z)

I'padik napuoi gysKil
CUMeTPUYHMHI BigHOCHO oci Oy.

© Henapra dyHKiis.
Ve e D(f): —xv € D(f) i f(—=z) = —f(z)

I'padik memapuoi dyHkiii
CUMETPUYHUN BiJHOCHO MTOYATKY

KOOp/JIUHAT.

O Baacmusocmi napHuT i HENAPHUT GYHKUIU

® Bwmina 3HaKY 1epes GyHKIE0

He 3MiHIO€ 1T mapHocTi (HemapHoCTi).

@ Cyma mapHux QyHKI € TapHOIO
dyHKITi€TO.

® Cyma nenapuux (yHKII € HETapHOIO

dyHKIi€rO.

@ J1o0yTOK Oymb-s1KOI KiJTbKOCTI mapHux
dyukIiil € mapaoo GYHKIHEIO.

® JobyTok napuoi ¢yHKnil HA HemapHy
€ HeNmapHOIO (PYHKITIEIO.

® [1o6yToK mapHol KiJIbKOCTI HemapHux
dyHKIII# € mapHOIO DYHKIIIEO, a
HeIapHol KIJIbKOCTI — HEeapHOoIO
PYHKITIETO.

O Ilepioduwra dyukiis 3 nepiodom T.
AT =0 Ve € D(f): 2+ T € D(f)

i flz+T)= f(z).
K10 icHye HaWMeHIHUH TOMATHITH
nepion (yHKIT, TO fOro Ha3UBAIOTH
0CHOBHUM Nepiodom.

Y

T o+ T2T 2

QF----

-7 0

I'padix T -nepioguanol dymkiil
CKJIAIAE€THCS 3 TOBTOPIOBAHUX
dparmentis rpadika dyHriil
ma npomixkky [0;7].

sIkmo dyuknia f(z) nepiomuauna 3 nepiogom T

T
to dynxuia Af(kr + b) Takox € nepiogmaHOIO 3 TEPIOIOM m,k = 0.
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O Moromonni GyHKILT

® 3pocmaroua dyukiis Ha MHOKUHT X

@ Cnadna dyukiia na maoxkuui X

Va,z, € X :
T, < Ty =

f(xl) < f(xz)

Y

Yy
%

0

Va,z, € X :
T < Ty =

f(z)) > f(a:2)

Yy .
I\
Yif---2
Yof----- roE T
(0] 7 Ty, oz

® Hecnadna dyuxiisa

Ha MHOXKUHI X

@ Hespocmarouwa OyHKITIsS

Ha MHOXKHMHI X

Vz,7, € X : Y Vz,7, € X : y
7 < Ty = Yolemommooe s : T < Ty = yl---\_\
f(x,) < f(a,) oz | @) > fey) bl =rim——

Ol *I”L Ly x 0! ;El ";'2 z
Oyuxnil 3pocraroti, craaHi, Hecma i Ta He3pocTalodi Ha MHOKWUHI X HA3WBAIOTH
MOHOMOHHUMY HA, TIIf MHOXKHUHI.
@ Onyxaa doHu3y O Onyxaa dozopu
dyukiig Ha MuoxkuHi X dyukiig na MaOKMHI X
Va5, € X : Y : Vo, z, € X : A 0 B ,
T, < Ty = :E T < Ty = ;
xopaa AB E E xopaa AB E
He HUXK4e ’ E i HE BHUIIE i
sa rpadix y = f(z) |5 a: 7, x; o sarpadik y = f(z) | gz 4%
O Obmesiceni pynruit
® Oyukiiis 0bmestcena 38epry @ Oyukiis obmedcena 3HU3Y
Ha MHOXKWHI X Ha MHOXKHHI X
dM e R: Yy f@)<M dm e R : Yy m < f(z)
Vz e X = M : Vz e X = m . .
fl) <M v N\ | m< @ |

P — S

0 a b = 0 a b x
@ Oyukuiss obmesrcera na MHOKUHI X y ‘ f(:z’)‘ <c
3C > 0:Vz € X = |f(z)| < C ) E i

0 ag/ \;bx
PR :
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5.3. CteneHeBa (pyHKujis

O Cmenine z°

T — 0OCHOB6G CMENEHA,

Q. — NOKA3HUK CIMENEHA

® naTypasbamit TOKa3HuK n € N

1

T = 0" =

n

x = Tr-Tr---x 17l:1

A —_
n pasis

@ HyJIbOBUH [TOKA3HUK

2 =1z=0

@ Bin’emuuit mokazuuk (—n) € Z 1
(=n) - " =— (z=0)
m/l
@ npobosuit nokazuuk (m,n € N) g/ = Yam (= 1)
8 Apudmemunnuti xopins Vx T — nidkopenesutl supas;
N — NOKA3HUK Cenens

3 HEeBiJI'€MHOIO YUCIa T

az%@a":x,xzo

3 BiJl'€MHOro 4mciaa T

Yy = —z,x <0

2n

z,x < 0 — He icHy€e

© Oxpemi sunadxu cmenenecoi dynruii

® Cmenenesa dbyuknis y = z2",n € N.
D(f) = R, E(f) = [0;400).

DyHKIisg TapHa.

I'padikom € mapabona mopsaKy 2n.

@ Cmenenesa dbyukuis y = 2",

D(f) =R, E(f) =R

DyHKIIiA HETAPHA;

3pocrae Ha R.

I'padix — mapabosta mopsiaky 2n — 1.
(st n =1 rpadikom € upsiMa).
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1
® Cmenenesa dyukIig y = -0
T n

D(f) = R\ {0}, E(f) = (0;+00).
DyHKIlA TapHa.
Beprukanpua acumnrora z = 0,

TOPU3OHTAJIbHAa aCUMITOTa Y = 0.

@ Cmenenesa dyukiia y = T
"

D(f) = R\{0}, E(f) = R\ {0}.
DyHKIIiA HETAPHA;
cnanae na R\ {0}.

Beprukanpua acumnrora z = 0,

TOPU3OHTAJIbHA aCUMIITOTa Y = 0.

® Cmenenesa dpyukuia y = ¥ z.

D(f) = [0;+00), E(f) = [0;+00).

@yukuis spocrae na [0;+00).

® Cmenenesa bynxiia y = 2. v y =¥z
D(f) =R, E(f)=R. 1l
DyHKIig HemapHa; L

[¢) 1 x
3pocrae Ha R.
O [Tionecenna do cmenens " n = 2k,
. " = keN;
i e3ammas Kopens r, n=2k-—1
€ 83AEMHO 0BEPHEHUMU, TISIMU.

Wy =

© Buacmusocmi cmenenis. O Baacmusocmi KopeHie
®xm—x+b (x >0,y > 0).

== gt Q/—

l‘ n|—

xa) — xab; \/_

zy)" = z%%; o (\/;)m = Y.
® I{L/; — n -T7Ly

®

© ®
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@ Ocroeni cmenenesi pienartsa ma nepienocmi (n € N)

a <0 a=20 a >0
z> %,
" <a %] %) v <%0 Yy y = o2
2 =aq %) 2=0 |z=+%a ' =
, z < -4, : :
7" >a R z=0 > 2l 72%0 T
x>0
Xy <a 6] %) z < a2
‘ Y — 2nf
2n$:a 1%} =0 I:a?n Yy \/;
Xz >a z>0 x>0 x> a?" ; y=a
O atln T
22 < g < Y y=a 1Y _/y _ 2n—1
$2n+1 —a — 2n+\1/g 271/7'] >
Pt > g 2> " Ya Yo
2n,+\1/; <a Tz < a2n+1 Y y = 271—\1/;
27L+\l/; —a T = a2n+1 a2n—1 /’_I
2n,+\1/; >a x> g2l /; 0 =
0 esaxi ippau,iona./zbni PIBHAHHA Ma HePieHOCMI
© ["(@) = ¢(x) & | f@)] = |o(x) o fw) <> ola) & f(o) < glo);
n n > 0
@ " (z) = 92 “(w) & flz) = g(w)% O A/ f(z) <X g(x {f ri > f(@)
g(z) > f(x);
f(z) = ¢*"(2),
% = &
" n % < & > 0,
@2 +1[f(x) _ ( ) o f( ) g2 +1( ) f(x) g( ) g(l‘) ( )27,
z) >0, f@) <(g(z)) " ;
® 2n, f T 2
W f(e) == g( { £(z) = gla): ‘g(x)>0,
" 2n
® 2+ f(z) < g(z) & flz) < (g(x))2 +l; DA f(z) > g(z) & f(z) > (9(37)) )
2n+1 g(z) <0,
@ 1) > g(a) & (@) > (o(0))""; { ()3 0
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5.4. Ctana, niHifiHa Ta Apo0oBo-NiHiiHa PyHKLi

O Cmana dbyskuis y = a.

D(f) = R, E(f) = {a}.

QyuKIisa TapHa.

I'padix — ropmzonTasbHA TPAMA.

@ Jlinitina dyskuist y = az + b (a = 0). a>0 Y / o
Yy = azx
D(f) = R,E(f) = R. b
I'padikom € npama jiHig 3 KyTOBUM s
. a
KoedimieaTom k£ = a = tga. v 0 o
© JTivitine pisnanns ma nepieHocmi
a<0 a >0 a<0 a>0
) Y
ar +b >0 T < == Tr>—-— \
a a
ar+b =0 z=-2 T N "
a o »_ | o x
b b “ “
ar+b<0 T >—— < —=
a a
O /Ipob6060o-ainitina QyHKILisa a>0 Y
ar +b _ar+b
cr+d cx +d
b—(ad)/c c
=% b-(ad)je (c = 0). 0 .
c cc+d | UMY TTTTTTTTTT

D(f) = R\{ff},E(f) = R\{j}.

I'padix — rimepboa.

Beprukanbna acumnrora ¥ = ——,

T'OPU30HTaJIbHa aCuUMITOTa Y =

Ol o |

T s bl SE Ty
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5.5. KBagpatnuHa QpyHkuis

O Keadpamuuna pyHKITiS a,D >0 Y y=az’ +br+c
y=az’> +bx+c (a=0).
D(f) =R.
['padikom € mapabosa. )
\ o
0 i z
| N
4a M
0 Tuckpuminarm D =1 —4dac
© Budinenns noerozo xeadpama b )
ar® +br+c=a|lz+—| ——
2a 4a
O Kopeni KBaIpaTHOrO PiBHIHHS b++D
) D>0=z,=—"—"
az”+br+c=0 ' 2a
© Po3xnaad Ha MHOHCHUKY az’ + bz + ¢ = a(z — z))(z — 7,)
O Teopema Biema b c
T+, = —;; TTy = .

@ Keadpammi pienanna ma Hepienocmi (z, < i)

a <0 a>0
D <0 D=0 D>0 D <0 D=0 D>0
ax’? +br+¢<0 r <z, T >z,
T = T,
R 1 ¢ > 1 %) %) r <1,
ar’ +bx+c=0 & T =2 {z,z,} & T = {z),2,}
ar? +br+c>0 T > T, z < @,
=
1%} %} ¢ <, R =13 v >
ITPOMIi>KKM
BHAKOCTAIOCTI I,
x
byHKITT

y=az’ + bz +c
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5.6. MHoOrouneumu

O Mnozounen n-20 cmenens
(a, = 0,n € N)

gy -eey @, — KOCPHITENMU MHOROUACHE;

a, cmapwutl Koediuienm;

_ n n—1
P (r)=ap2" +a2" " +..4+a, x+a,
ayT" — CMapWull MAeH MHO20MACHE;
a, — GIABHUTL UACH MHO20UACHA.

n

0O Tomooicra pieHicmsb MHO204AEHIE

P

n

(r)=Q, () &V eR: P(z)=Q,(z)

JlBa MHOTOWIEHN TOTOYKHO DPiBHI, AKIIO
BOHH OJHAKOBOT'O CTEIICHHA 1 MaroTh piBHI

KoedIiIieHTn Tpu OHAKOBUX CTEIEHSX.

Aximo 3sHaYeHHSA JBOX MHOIOYIEHIB
P (z) ra @, (x) sbiraorses mua (n + 1)
Pi3HHX 3HAYEHb apryMeEHTYy x, TO Iii

MHOTI'OYIEHH TOTOXKHO DiBHI.

© Kopeni (Hyai) mHoz2oureHa

P(z)

@ Iy — KOPIHb MHOrOYwI€Ha I

Pn(x) = (z - mo)Qn,q(x)

@ z, — Kopinb kparHOCTi K

P

n

(@) = (2 = 2))"Q,_(2), Q4 (xy) = 0

O Ocnosra meopema anzebpu.
Koxunit maorouien crenenss n > 1 3
KOMILJIEKCHUMY KoedillieHTaMn Mae Xo4a,

6 oWH KOpIiHb.

® Muoroujied creneHs n MO¥Ke MaTh He
OisIpIie IK 1 KOPEHiB.

@ Muoroujied HEAPHOIO CTENEHS

3 mificanMu KoedirtienTamu Mae

NIpUHAAMHI OIUH AifiCHUI KODIiHb.

O PauioraavHi Kopemni mHo204aeHa. PalioHalbHUMU KOPEHSAME MHOTOYJICHA

P

n

ne m € 7 JiTbHUK a,, p € Z

() 3 uinmmu KoedinieHTaMu MOXKYTH OyTH JIUIIE YUCTa —,

0 /linenHsa mMHO204AEHA

HA MHO204UNEH

p
pinmenuk ay,, HCI(m,p) = 1.
A (x) R, (z)
5,0 o g,@

ne @, (x) — wacrka (uima gactura npoby) (n > m); R, (z) — ocrada (k < m).

@ Teopema Besy. Ocraya Bij JiJIeHHST MHOTOUYJIEHA PL(I) Ha JBOYJIEH T — a

n

,ZLOpiBHIO€ SHAYCHHIO IIbOT'O MHOI'OYJICHA JIJIA T — G :

b,(z) = (z — a)Q, () + P, (a).
O Cxema I'oprepa
by = ag; b = a; +aby; % 4 ) @,y a,
l + + + o+ +
b, , =a, ; +ab, _,; LOb b ab b,
r=a, +ab, 0“ by b b, b, r
P (z) = aya" +..+a, +a,Q, (z)=b2"" +..+b ,a+b ,,r=Pla).




DOpMyNK, TBEPLKEHHS, ANTOPUTMM

89

5.7. TpUroHoMeTpuuHi GpyHKL;i

O ITpamorymHuli MpuKymHuK.
AB — zinomenysa;

AC — npuaezaut xamem;

BC — npomuaescnui xamem

® Cunyc. Cunycom aucia t HA3MBAIOTD
opauHaTy TouKu M, omMHHYHOro KoJa

#1 TO3HAYAIOTL Sint.

OcHoBHWUIT TIepio cuHyca 2T :

sin(t + 2nk) = sint,k € Z

© Kocunyc. Kocunycom aucia t
Ha3UBAIOTL abcrucy Toukm M,
OJIMHUYHOT'O KOJIa 1 TO3HAYAIOTh COS i.

OcHOBHHUIT TI€pioJT KOCHHYCA 2T :
cos(t + 2wk) = cost,k € Z

Costx =

‘:m
T Q
| o

O Taneenc. Taneerncom ancna i
HA3MBAIOTH OPJMHATY TOYKH IIEPETUHY
npamol z =1 (oci maneencie)

iz npomenem OM, ii nosnauaiors tgt.

OCHOBHWMIA TTepiOJT TAHTEHCA T :
tg(t + k) = tgt,k € Z

© Komaneenc. Komanzencom 1ucua t
HA3WBAIOTH abCIUCY TOYKU IIEPETHHY
npamol y = 1 (oci komaneencie)

i3 npomenem OM, it mosHaualoTh Cctgt.

OcHOBHHIT EPiOJ] KOTAHTEHCA T :
ctg(t + k) = ctgt,k € Z

ARERVARVERY

0O 38’a30%K MixK TPUTOHOMETPUYHUMU

byHKITIMUT

sinz

COsS T

ctgz

COST

sinz
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@ Dynruis y = sin .

D(f) = R, E(f) = [-11].
DyHKIIS HETAPHA;

nepioauyna 3 nepiogom 1 = 2T,
obMezKeHa: ‘sinx‘ <1.

I'padik — cunycoida.

O Dynxuyia y = cosz.

D(f) = R, E(f) = [-1;1].
DyHKIis TapHA;

nepionuuna 3 nepiogom T = 2
obMexxeHa: ‘cosx‘ <1

I'padik — xocunycoida.

xr

O Dynruin y = tgx.
D(f)—R\{g+wk|keZ}7
E(f)=R.

DyHKIIA HETAPHA;
nepioguvna 3 nepiogom 1 = T;
spocrae na D(f).

I'padix — maneencoida.

Beprukanbui acumnroTn

m:%—&—wl@kéZ.

y=tgx

WA

)=

=
wl;f

O Pynruin y = ctgx.

D(f) =R\ {nk |k € Z},E(f) = R.
DyHKIIig HETAPHA;

nepioguyna 3 nepiogom 1 = T;
cagae Ha D(f).

I'padik — xomanzencoida.

Beprukanpui acumnrorn x = wk,k € Z.

y = ctgzx

w3

[NJE
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5.8. O0epHeHi TpUroHOMeTpHUYHI QYHKLT

O Apkcunyc. Apkcunycom ducia a
T ow arcsina =t =
Ha3UBAIOTh YUCIO t € | ——;—]|, A
9 sint = a

CHUHYC {KOT'O JIOPIBHIOE @,
i mo3HaYaTH arcsin a.
0 Apxxocunyc. Apkrocunycom
YKMCIa @ HA3UBAKOTH YUCIO © € [O;TT], arccosa = ¢ = W arccosa

. cost =a :
KOCHHYC fAKOI'O JOPIBHIOE @, L
. O] a 1z
i MO3HAYAIOTH Arccos a.
© Apxmanzenc. Apxmanzencom

- [ L/

YUCIa ¢ HA3UBAIOTL YHUCIO ¢ € —7,5 s arctga = t =

TaHTEHC AKOTO JOPIBHIOE a, tgt =a

t
. 0 1z
1 IO3HAYAIOThL arctg a. J
Y
t
0

O Apxromarzenc. Apkromanzencom /
YHCIa @ HABHBAIOTH THCIO t € (();'K), arcctga =t = '
. ctgt = a i
KOTAHTEHC SIKOTO JIOPIBHIOE a, H
. T
1 IO3HAYAITh arcctg a. al
O Popmyau 3HAGUEHD MPULOHOMEMPUHHUT PYHKUIT
610 06ePHEHUT MPU2OHOMEMPUYHUL PYHKUIT
arcsin ¢ arccos & arctg arcctga
2 71’ !
sin V1 —
I v 1+ z? 1+ z?
1 T
S 1-2° z T s T
te T V1 — 22 1
—_ N-r . =
V1 —2? T z
V1 —z? z
ctg = —_— 2
T V1—2? T ’
1 14 22 14 z?
v 1 V11— 22 z 1
a . o o
.
1—a? z 1 z
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0O Pynruis y = arcsin z. Y ; y = arcsin z
D(f) = [-11], E(f) =|-Z:Z|. :
(=, 5 =|-3:3) :
DyHKIIiA HETAPHA; -1 0 i
spocrae Ha D(f). E ! o
_____ 3
0 DPynxuyia y = arccosz. - A

D(f) = [=51], E(f) = [0;].
Dynxknia cnagae va D(f).

Yy = arccosx

[ B ittty

- 0 1 T

O Dynruin y = arctg z. Y

. _ T T . y = arctgz
D) = k. 5 = |- 353 I
DyHKIIA HETAPHA; 0)
spocrae na D(f). v
lopuzonransai acumnrorn y = +I e
O dynxruia y = arcctg z. Yy - y = arcctg x
D(f)IR,E(f):<O;’K). ﬁz """"""""""
Dyuxkiia cnagae va D(f). 2¥
TopuzonTansui acummororn y = 0, 0 o

Yy =T

@ I[Ipsimi it obepHeri TpuronoMerpudHi HYHKIHT € 83aeMHO 0bepHEHUMU

@ sin(arcsinz) = z,z € [-1;1], o T

arcsin(sinz) = z,r € |——;—

2°2
@ cos(arccos z) = z,z € [—1;1] arccos(cos ) = z,z € [0;7]
® tg(arctgz) =z T
arctg(tgx) = z,z € —35

@ ctg(arcctgz) =

arcctg(ctg ) = z,z € (0;m)
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5.9. BNaCTMBOCTi TPUrOHOMETPUUHUX TPUTOHOMETPUUHNX PYHKLiN

O 3nakxu TpuroHOMeTpUIHUX PYHKILH

sinx CcoS T tgx ctgz
n Y I n Y I o Y I n Y I
@ % al Q @ Q /:%
0] i 0 1z (0] z [8) 1z
II1 v 111 1A 111 1\ 111 IV

@ IIapricms (HenapHicms) TpuroHoMeTpudHUX (DyHKIHT

@ sin(—z) = —sin z;
@ cos(—z) = cos x;
O tg(—z) = —tgg;

@ ctg(—z) = —ctgz;
® arcsin(—z) = —arcsin z;
® arctg(—z) = —arctgz

© DPopmyau 3eederra

T_ T g +r | mT—2 | T+
sin | cosz | cosz sinz | —sinx
cos | sinz | —sinz | —cosz | —cosx
tg | ctgr | —ctgzr | —tga tgx
ctg | tgr | —tgx | —ctgx | ctgx

0y .
® arccosz = 5 — arcsin r,

@ arcctgz = g — arctg z;

® arccos(—z) = T — arccos z;

@ arcctg(—z) = T — arcctgx

O «Cmandapmmiy 3HAUEHHS

ol === ]=], 3]s NEEREA RN
6 [ 4 [ 3 [2 2 2\/§22
. 1 [V2[+3 - J R
sin [0 = |—|—|1]0|-1]0 arcsin |0 =] % | = | = |2
\/2’\/252 6 413 ]2
cos | 1|2 1Y20 2 o210 |1 || larecos | B =] « | Z [T 0l -
%22 213 416
tg [0 —=[1|V3|-[0|-]0 arctg | 0% | 2 | % | « |Z| X
V3 - 8 6 413
cg|—| V3| 1 |=|0o|-]0]- arccte | Els | B s | « [B] X
Vi D) 3 41 6

e «—» — BIAIOBITHOTO 3HAYEHHS HE iCHYE; «*» — 3HAYEHHS KHECTAHJIAPTHEY.




94 Po3pin 5. PyHKLiT OOHIET 3MIHHOT

O OcrosHi MPu20HOMEMPULHT O DPopmyau dodasarHs.
IMOTNONCHOCTN. @ sin(z £ y) = sinz cosy + siny cos z;
O sin’z + cos?z = 1 @ cos(z £ y) = cosz cosy F sinzsin y;
@tgr-cigr =1 ©tg(1?iy):1t$gfgizf%§y;
®1l+tg’z = 5 ; ; 1
cos” x @ctg(miy):Cg"’c'ng:F

9 ctgzr + ctgy

@1 +ctgx =

sin’ z

0O Dopmyau KpamHux apeymermis. | @ Popmyau 3HUHCEHHA CMENEHA.

@ sin 2z = 2sin z cos ; .9 1—cos2z
) .y Osin“z = ——;
@ cos2x = cos” x — sin” x; 2
: _ 2 i3 1+ cos2x
® sin 3z = 3sinz — 4sin° z; @cos2x:#
@ cos3z = 4cos® . — 3cosz
O Dopmyau 0as YyrisepcasbHor @ si 2t 2u
i sinx = — = — ;
MPULOHOMEMPUYHOT NIOCTNAHOBKY 1442 w41

11— u?—1

1+ w41

T T
t:tgg abo u:ctgg @ cosz =

® Ilepemeopenns 0bYmMKY MPU20HOMEMPUYHUT PYHKUITL Y CYMY.
@ 2sinzsiny = cos(z — y) — cos(z + y);

@ 2coszcosy = cos(z —y) + cos(x + y);

® 2sinz cosy = sin(z — y) + sin(z + y)

@ llepemeoperns cymu mpuzorHomempuuHur GYHKUIT Yy dobymox.

®sinz +siny = QSinT:tyCOS@;

2
@ cosz + cosy = 2cos L= ycosx;—y;
® cosz —cosy = QSinmsiny —r
2 2
® DPopmyaa donosrarvHozo Kyma. M =A%+ B — amnaimyda;

Asinwt + Bceoswt = M sin(wt + ) o — donosnasvhul wym:

CoOstx =

SN ES

sina =
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5.10. OCHOBHi TPUTOHOMETPUNYHI PiBHAHHSA
O PigHAHHA Ma HEPIBHOCME 3 CUHYCOM
a<-—1 ‘a‘ <1 a>1
sinz < a %) —m —arcsina + 2nn < x < arcsina + 2nn R
sinz = a (%] z = (—1)"arcsina + tn,n € Z o
sinz > a R arcsina + 2tn < ¥ < ™ — arcsina + 2wn o]
sinz = —1 *E+2ﬂn,n€Z
2
sinz = 0 Tn,n € Z
sing =1 T tommneZ
2
Y Y 1
. 0/"'\& ‘-\ ol /\‘ y=a
T\ AN o/ ™ v
R Jl B ) arcsina g — arcsin @ y = sing
a = arcsina
_______________________________________ R .
@ PigHANHHA Ma HEPIBHOCMIE 3 KOCUHYCOM
a < —1 ‘a‘ <1 a>1
cosz < a %) arccosa + 2ntn < x < 2w — arccosa + 2wn R
COST = a %] r = tarccosa + 2mn,n € Z 1%}
cosT > a R —arccosa 4 2tn < z < arccosa + 2wn %)
cosz = —1 T =m7+421tn,n € Z
cosz = 0 x=g+ﬁn,n€Z
cosxz = 1 T =2tn,n €7ZL
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© PisHanHs ma HepieHocmi ' Yy l
' y = arctgx
3 MmaH2eHCcoM ' i
Yy | 1 y=a / |
tgz <a |-+ mn<z<arctga+mn E:,rctgla Lo
2 Vo o
tgr = a r = arctga + wn,n € Z > E—E 7 arctgaiﬂ >
tgx > a arctga+ﬂn<x<g+ﬂn E 52
tgz =0 z=mnmné€Z E E
O PisHanHA Ma HepisHocmMi Y y = arcctg i
3 KOmMaH2eHCOM ) y=a E
ctgr < a | arcctga +mn <z < w(n+1) T al | '
arcctga ! 1
ctgr = a r = arcctga + wn,n € Z | \ ! '
ctgr > a ©n < r < arcctga + wn 0 arlcctga E‘R T
ctgz =0 zngr'rm,nEZ E
sinz > a cost < a cosT > a

Q. = arccos a

Q. = arccosa

ctgr <a

ctgr > a

o = arctga

Y
1

Y
1

a = arcctga

o = arcctga

T
>
a
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5.11. Noka3HukoBa i norapudmiyHa

dyHKuji

O Jlozapugpm. Jlozapupmom 101aTHOTO

qucsa T 3a 0cno6oto a (a > 0,a = 1)

Ha3UBalOTh IIOKAa3HUK CTEICHD, 10 AKOI'O

OTPiOHO mijHEeCTH YHUCIO a, 1100

logax:b©ab:x,x>0

OJIep2KaTu YHUCIO0 , 1 I03HAYAIOTh ®log,1=0; @log,a =1
log, .

0 Iloxasnurosa dyukiis y = a”, 0<a<l1 a>1

a>0,a=1. Yy Yy b

D(f) = R, E(f) = (0;400).
ciagae Ha R, 0 < a <1,

-

3pocTtae Ha R,

y=a

y = a’

Topusonranbaa acumnrora y = 0. 3 1
© Jlozapupmivura dyHKIiA 0<axl1 a>1
y =log, z, a>0,a =1 Y Y y = log =
D(f) = (0;+00), E(f) = R. y =log, z -
) cnamae HaR, 0 <a <1,
Dymxnis {3POCTa€ Ha R, a>1. O‘ 1—\“’” 0 1 v

Beprukanpua acumnrora x = 0.

O Oxpemi sunadxu norapudmis i moKa;

3HUKOBOI (DYHKIIIT

® Jlecamxosudi norapudm

lgz = log,; z

@ Hamypasorut sorapudm”

Inz = log, z

® Excnonenyiasvra GyHKILSA

y=e

© Baacmusocmi aozapugpmie (x> 0,y > 0)

® ocrosHa no2apuPmivna MOMONHCHICTD

log, b

a =0

@ noeapupm dobymry

log,(zy) = log, = + log, y

® nozapudm wacmru

log, L log, » —log, y
Y

* OcHOBa HATYPAJILHOrO Jiorapudma

TPaHCHEHIEHTHE YuciIo e =~ 2,718 [6.2.6].




98

Po3pin 5. PyHKLiT OOHIET 3MIHHOT

@ pozapudm cmenens

log , ¥ = Bloga T
r

® nozapupm obeprerozo wucaa

1
log, " = —log, v
® gpopmyaa nepexody do iHWOT 0CHOBU log; x
popay p y log, z = &b log, b =
log, a log, a
_Inz
Ina
@ Jlorapudmiuna il MOKA3HUKOBA 1Oga a® = 7
il € 83aemHo obepHeHUMU .
bynxmii M D M o8 % — 2,7 > 0
@ 36’430% MiXK CTEIEHEBOIO, 2 = q®l8 "
IMOKA3HUKOBOIO i JIOrapudmMigHOIO (z > 0,a > 0,a = 1)
byHKITIMHT
0 OcHoBHI NOKASHUKOBT PIBHAHHSA TNA HEPIBHOCT
b >0 0<a<l a>1
b<0 Yy
0<a<l a>1 Yy
a® <b 1%} z>log, b | © <log,b
@ =D > x:logab y:b y:b
x> log b E y =a" _ oz E
et > b R x <log, b Sa i y\ y_:y !
log, b |0 T Ollog, b =z
O OcHosHi no2apuPmiuni PIBHAHHSI MaA HEPIBHOCTI
0<a<l a>1 0<a<l1 a>1
log, z <b z > a 0<z<ad 4
) y = log, b y="0
log, z =10 r=a , _74
log, & >b 0<z<d |:1:>ab Ia > 0 :b po
1 a
y==>b y = log, b

O eaxi noka3nurost ma A02aPUPBMINHE PIBHAHHS A HEPIBHOCTNE

0<a<l | a>1
10 a/(z) < ag(:c) N f(I) > g(IL’); ® a/(x) < ag(m) o f(z) < g(:E);
® log, f(z) < log, g(z) < ;Eg i (5)77(:1:), ® log, f(z) < log, g(z) < {;Eg i g($)7
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5.12. TinepOoniuHi PyHKui

O I'inepboaivnut cuHyc

e’ —e
=shz =
v 2

D(f) = RE(J) = R.

QyuKIis HellapHa.

—T

3pocrae na R.

0 INinepboaivunuti KocuHyc

xr —T
y:chng

D(f) = R, E(f) = [;+00).

DyHKIis TapHa.

© I'inepboaivunuti marzeHc
h
y =tha = 51T
chz

D(f) = R, B(f) = (=L1).
ODyHKIIiA HENAPHA;
3pocrae Ha R.

I'pacdix Mae ropusoHTaTBHI ACHMIITOTH

y = *1.
O I'inepboaivunuti KomaHaeHc
h
y = cthz = @ar
shz

D(f) = R\ {0}, E(f) = R\ [-1;1].

ODyHKIIiT HENAPHA;
cnamae na D(f).

Beprukanbua acumnrora x = 0;

TOPU30HTAJIBHI acCUMITOTH y = £1.
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O ITapricmo (Henapricms) Pymnruitc | @ « Cmandapmmiy 3HAUEHHIA.

@ sh(—z) = —shu; sh0 = 0;

@ ch(—z) = chz; ch0=1;

® th(—z) = —thuz; th0 =0

@ cth(—z) = —cthaz

@ OcrosHi MOMOdAHCHOCTNA. O Popmyau dodasarms.

®ch?z —sh?z = 1 @ sh(z + y) = shachy + shychuz;

@thz-cthz = 1; @ ch(z £ y) = chzchy + shyshua;

1 the £ thy

®17th21‘:@; @th(wiy):m;

@1 —cth’z = L @cth(xﬂ:y):M
sh? ¢ cthy + cthz

O DPopmyau kpamuux apeymermis. | ® Popmyau 3HUNCEHHA CMENEHI.

2 2. —

® ch2z = sh” z + ch® z; ®Sh2$:ch227 1;

@ sh2z = 2shzchu; 2

®sh3z = 4sh®z + 3sha; ®Ch2x:Ch2§+1

@ ch3z =4ch®z —3chx

@ Popmyau das ynieepcarvHot Dshe — 2t 2u

2inepboaiunoi nidcmanosxu 12 421
. 2 2

t:thlla6ou:cthE @chx:1+t :u—i—l

2 2 1—+¢ ul —1

® Popmyau nepemeoperns dobymry 2inepboaivHur YHKUIT Yy cymy.
@ 2shzshy = ch(z + y) — ch(z — y);

@2chzchy = ch(z +y) + ch(z — y);

®2shzchy = sh(z +y) +sh(z —y)

® DPopmyau nepemeoperHs cymu mpu2oHoMempuuHux GyHruit y dobymox.

@shw:tshy:2shm7:tychxq:y;
2 2

w—i—ychm—y;
2

erythfy
2

@chz+chy =2ch

@ chx —chy =2sh
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5.13. Knacuikauia ¢pyHkuin

O Ocroeni eaemenmapri QyHKIii:
@ f(z) = C;

@y =2z%ac€R;
®y=2a"a>0,a=1

@y =log, z,a > 0,a = 1;

® rpuronomerpudni GyHKILT:
y = sinz,y = cosz,
y = tgr,y = ctgw;
® obepueni TpuroHOMETPUUHI (DYHKIIIL:
y = arcsin®, y = arccosz,
y = arctgz; y = arcctgz

0 Eaemenmapra OyHKIist — QyHKIsA,

oJiepKaHa, CKIHYEHHOIO KiJIbKiCTIO

Cyreprosutiiii i apudMeTrnaHuX JIill HAJL OCHOBHUMU €JIEMEHTAPHUMU (DYHKITISIMU.

© Pauionanvri OyHKIGI:
@ yina pavionanrona Gynxuist P, (z);
@ dpoboso-payionanvra yHKIIs
P
R(z) = L)
Q, ()

O Ippauionasvra GyHKIIsST —
dyHKIIis, ofepKana CKIHIEHHOIO
KUTBKICTIO CyTIE€PIO3UITii

i apudMeTHIHIX it HAT
parioHaTPHUMU (PYHKITIAME Ta HAT,
crerieHeBUMA (DYHKIAME 13 1poOOBHMHA
IMOKA3HUKAMU, sIKa HE € PaIllOHAJILHOIO.

© Aneebpuyuni QyHKIII.
@ parionanbia yHKITi;
@ ippaiionanbia GyHKIis

O Tparcuendenmma PyHKIia —
ejieMeHTapHa (DYHKILisI, sIKA HE
€ aJITeOPUIHOIO.

0 Kycxoso-3adana Gynruisn f(x), ze€X,
fley=1 ..
f[(x), z€X,
O Oyukuia 3nak wucaa (cuenym) Y4y =senz
~1, <0, 1
3 =10, =0,
sgn T 5 .
L, x>0. )

D(f) = R, E(f) = {-1,0,1}.

QDyHKIis HelapHa.

O Ilina wacmumra aucia
z, T =né€Z,
[z] =
n, n<z<n+l.
D(f) =R, E(f) =L

ODyHKIIiA HECTAJIHA.

® Ipobosa vacmuna ducia
{z} =z —[x].
D(f) =R, E(f) = [0;1).

Oyuxnis nepioguana 3 nepiogom T' = 1.
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5.14. ®yHKuUia moaynb

O Oynkiis modyasb ducia.
r x>0
-z, <0
D(f) =R, E(f) = [0;400).

DyHKISA TapHa.

v=lsl =

0 Baacmusocmi mModyas.
@ ‘:1:‘ >0

@ ‘z‘ = ‘f:p
Br=y= ‘x‘ = ‘y

)

)

@f‘x‘gzg‘x

)

O |ay| =|z||y

)

?

|y

X

Y

®

@ ‘a: + y‘ < ‘CL“ + ‘y‘ (nepisnicmo

MPUKYMHUKQ);

® Je| ~[y] <o~y <[o] +]v

© I'eomempuuruti 3amicm MooYas.
Bigans mix Toukamm A(a) ta B(b)

YUCJIOBOI TIPSMOI JIOPiBHIOE ‘b - a‘.

b —qf

A——B

a

b

O OcHo6Hi PiBHAHHSA TMa HEPIBHOCTNI

3 modyaem

a<0 a=0 a>0
>_
7|=a | 5 r—0 |{-aa)
< —aq,
‘z‘>a R z=0 §>aa

|z| <a

O PisHanna ma wepisHocmi 3 mModyaem

® ‘f(:v)‘ _ ‘g(z)‘ N f(@) i i(‘r)» . © ‘f(»’lf)‘ > ‘g(w)‘ & f(2) > g°(2);
f(@) = —g(2); o f(z) < g(z),
1(@) = g(a). @) < gle) & {ﬂz) > —g(a);

@|f(z)| = g(x) & {| f(z) = —g(a), f@) > g(a),
o) 2 0 OV@N> o) & 1) <~y
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5.15. TeomeTpuuHi neperBopeHHs rpadikis GpyHKL

O IIapaseavre neperecerms
830dosaic oct Ox. 11106 nobynyBaTn
rpadix y = f(z —a), rpadix y = f(z)
apaseIbHO MEePEHOCATh y310BK oci O
Ha a (yiBopy4 miga a < 0,

mpasopy4 jyig a > 0).

a<0

<
I
h—
—
8
|
5
=
<
Il
~
—
8
=

Q

@ Ilapasenvhe nepenecerms
830dosaic oct Oy. 11106 nobynyBaru
rpadix y = f(z) + b, rpadix y = f(z)
HAPAJIENILHO [IEPEHOCATH Y310BK oci Oy
Ha b (BHU3 g b < 0,

Bropy s b > 0).

© Cmuckanns (posmszyears)
83006otc oct Ozx. 11106 nobyyBaTn

rpadix y = f(kz), rpadix y = f(z)
PO3TATYIOTH ¥ % pazis (0 < k < 1)

y31m0BxK oci Ox 4m cruckaioTh y k pasis
(k > 1) B3mosxk oci Ox

0 Cmuckanns (po3ms2yearts)
830dosotc oct Oy. 11106 nobynyBaru

rpacix y = ¢f(z), rpadik y = f(x)

1 .
CTUCKaIOTh B — Pa3lB (0 <c< 1)
c

B3/10BK oci Oy 49u PO3TATYIOTH y ¢

pasis (¢ > 1) B310BK OCi Oy.

O /[zepraavre 8106usaHHs 810HOCHO
oci Ozx. 11106 nobyayBatu rpadik

y = —f(z), rpadix y = f(z)
CUMETPUYHO Bi/IONBAIOTH

BimHOCHO oci Ox.
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0 /[zepraavre 8106u8aHHA 810HOCHO
oci Oy. 11106 nobyaysBaru rpadik

y = f(=z), rpadix y = f(z)
CHUMETPUYHO Bi/IONBAIOTh

Bigrocuo oci Oy.

@ I'pagpix pynxuii y = f (‘J,‘D
106 mobymyBaru rpadik y = f (‘x
gacruny rpadika y = f(z),z > 0,

),

JIOMIOBHIOIOTH HOT0 BiIGUTKOM BiHOCHO
oci Oy.

s

O I'pagpix Pynruii y = ‘ f(m)‘ .
[To6 mobymysaru rpadik y = ‘ flz)
wactuny rpadika y = f(z),y > 0,

)

He MIHAIOTD, a YacTUHy rpadika
y = f(z),y < 0, BigbuBaoTH

BigHOCHO oci Oz.

O I'papix pienarHAa ‘y‘ = f(x).
1106 nobymyBaTn rpadik ‘y‘ = f(z),
6epyThb uactuny rpadgika y = f(z),y > 0,
i JIOTTOBHIOOTH 11 BiIONTKOM

BigmocHo oci Oz.

® I'apmoniure KoAUBAHHA
y = Msin(wt + o),
ne t —yac, M > 0 — amnaimyda,
w > 0 — wacmoma (Kososa),
wt + o — dhasa,
a — nouwamxosa Pasa.
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HaBuanbHi 3apaui

51.1.  Hna dyskuil f(z) = i J_ri 3HAfTH: f(O),f(Q),‘f[l}‘,f(—x) Yu icaye

2
=07

Po3B’a3anua. [5.1.1.]

[[Tidcmasasiowu snavenna apeymenmy Ty dopmyay das dynxuii f, dicrmae-

MO 610n0610HI 3HavenHs PyrKyii.]

0—-2
0)=—==-2
f0) 0+1

2—-2
2)=""2=0,
/@) 241

1

e 75727|f1|71
2)| | -
§+1

—r—2 x42
. -

fi=) —r4+1 11—z

Buauenus f(—1) e icuye, ockineku —1 ¢ D(f) = R\ {—1}.
142z, <0,
2°, x> 0.

5.1.2.  3maiitu f(—2),f(0), f1), axmo f(z) = [

Po3zg’azanns.®

[Bustauaemo 6 aki npoMiscku NOMPANAAIOMS 3HAMEHHA apyMenmy U eubu-
paemo 6i0nosidni dopmyau das snavens Gynruid.]
—2¢€ (-0l = f(-2) = (z + )| __, =1
0 € (=000l = f(0) = (z+1)| _, =1

L€ (O+00) = f() =27| =2

KomenTap. ® Maemo KyckoBo-3azany dyHKIi0, T06TO 3a1aHy pizaumu dbop-

MyJIaMU Ha PI3HUX ITPOMIiXKKaX.

5.1.3.1. 3HaiiTu npupoHy 06JacTb O3HAUEHHST (DYHKIIIT
flx)y=~ax—T7+~10 — z.

Po3g’azanug. [5.1.4.]

[3razodumo npupodny obaacme o3navernns cymu Gynkyit ax nepemur 06aa-

cmeti 03navenns 0odarkis.
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f(z) = fi(2) + f(2) =V -7, f(z) = V10— 2.
D(f1)={:r6R|w—720}:{mem|xz7};
D(f,)={zr €R|10—z >0} ={z € R|z <10}.

D(f) = D(h) N D(f) ={z € R| 7 < = <10} = [7;10].

arcsin(z — 1)

5.1.3.2. 3maiiTu npuposHy 06acTh o3HaYeHHs QyHKI f(z) = )
0g, T

Po3B’a3aHHs.

[3razodumo npupodny obaacmo osnauernnsa wacmru PyYHKYIG A% PISHULIO Ne-
pemuny obaacmets 03HaMEHNHA 0INEHO20 MG IABHUKG | MHONCUHYU MUT 3HaA-
wens apeymenmy, de diavhuk dopieHioe Hyao.|

z hi) = arcsin(z 0g, T
f(z) = fQ()afl() (z = 1), h(z) = log, z.

D(f)={rcR|-1<z-1<1l}={zcR|0gz<2};
D(f,) ={z e R |z > 0};
X ={z € R |log,z = 0} = {1}.

D(f) = (D(H) N D(H)) \ X = (61 U (1;2]. XN=4
5.1.4. SHaiflTu MHOXKUHY 3HAYEHD (DYHKIIT: y -
1) f(z) = a* — 8z + 20; 2) f(z) = 3" 4= 7

Po3B’a3aHHA.

3) f(z) = 2sinz — 7. E:Ey"*d '1.v

1. [ITepemsopioemo supas dasn f(x), eudiasowu nosrud xeadpam.) Y
flz)=2 -8z +20= (v -4 +4 >4 Vz € R;

==X
B = [44%0). g7 ys
, =(D: 1
> E(_QjZ) N (_00;0] - E(371 ) - E(37'T) zE(—00;0] ?&-Lé'— IJS\

3. E(sinz) = [-1;1] = E(@2sinz) = [-2;2] = E@2sinz — 7) = [-9-5].

5.1.5.1. 3Bamwmcaru B siBHOMY BULJIsIi (DYHKIHIO ¥, SKy 3aaHO HESBHO PiB-

2 2 2
HAHHSIM %—%:wgo. <h‘ ’-'ix

Po3B’a3aHHs.

[Bupaoicaemo y 3 pisnanms ma 6parosyemo o6Mescents na apeymenm .|
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22
= 42— -1
72 y27 y2 22 Y 9 » 2
I 1 1 9,
4 3

T T T e s o fr=gle s
y <0 y <0 22 22 > 9.
5—120

2
y=-3 22 — 9,2 € (—o0;—3] U [3;+00).
5.1.5.2. 3ammcatu B SIBHOMY BUWIJISAAI (PYHKIHIO Y, Ky 3a87aHO HESIBHO PiB-

HAHHAM Ty = 8.
Po3B’A3aHHS.

y = §,x € (—00;0) U (0;400).
T

5.1.6.1. 3ammcatu B SIBHOMY BUTJIAAI (PYHKINIO, AKY 38aHO MAPaAMETPUIHO

) x = 3,
1IBHAHHAMM:
P y = 6t — 2.

Po3s’azanns.®

[Bupaotcaemo t 3 0dnozo i3 pienans (y yvomy npukaadi 3 1-20).]

t=—.
3

[[Tidemasamiowu snatidene snauenms napamempa y opyee Di6HANKA, BUKAIOUA-

emo napamemp.|
2
z
=2 - L.
Y 9

Komentap. ® Tpeba BUKIIIOUNTH TAPAMETD i3 TAPAMETPUIHUX DiBHSHB.

5.1.6.2. 3ammcaTtu B SIBHOMY BUWTJIAAI (PYHKINIO, AKY 3aaHO MAapaMeTPUIHO
. T = cost;
PIBHAHHAMN
Y = cos2t.
Po3B’a3aHHs.
[LIyraemo moorcaueuti 36°asox mioe supasamu x = x(t) ma y = y(t).]
y = cos2t = 2cos’t —1 = 22° — 1.

y=2z>—1.
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5.1.7. SHalTH 3HAYEHHS MapaMeTrpa t, dKe BiIMOBiTae KOOpAUHATAM TOIKH
Y o r=1 42,
0(3:2) ma mimii =t
Po3B’a3aHHs.
[[Tidemasaniowu Koopdunamu mouky 6 napamempuuni pisHArka AThil, dicma-

eMO cucmemy wodo aminhoi t.]

) t=1,
3=1t>+2,
N 2= +1

t=1.
5.1.8.1. 3maiitu obepueny dyukuiio g0 dyukuii f(z) = 2z + 5 i BusHAUMTH

T 00J1aCTh O3HAYEHHS.
Po3B’azanns. [5.1.6.]

[Kpox 1. 3naxodumo obaacmo 03nauerns i MHOMCUNRY 3HaeHD PyrKyil.]
D(f) = R,E(f) = R.

[Kpox 2. 3’acosyemo ichysarnsa obeprenot dyrruii.]

Ockinbku dyukIiss f 3pocrae mis Bcix 2 € R, To BoHa Mae obepHeHY (DYyHK-
miro Ha R.

[Kpox 3. Buazodumo supas das obeprenoi dynkuii, po3s’asyiowu pieHAHHA
y = f(z) wodo x.]

y:2m+5(:)x:yT_5.

[Kpox 4. 3anucyemo 6idnosios.|
O6eprenoio 1o f(z) dyukuieo € dynkia

. -5
=" eR

5.1.8.2. 3mnaiitu obepreny dyukuio g0 byukuii f(r) = v> + 2 i BusHauuTH il
06J1aCTh O3HAYEHHSI.
Po3B’a3aHHs.
D(f) =R, E(f) = [2+00).
Ockinbku g Gyap-akoro y € (2;400) piBHaHHA
2 +2=y

Ma€ JIBa PI3HUX PO3B’SI3KH
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T, = vy’ —2 Ta Ty = -2,

TO 3aj1aHa (PYHKINS He Ma€ 0OepHEHOT.

5.1.9.1. Jna dbynxuiit f(z) = 22, g(x) = Vo snaiitu cyneprosunii: a) fog
Ta 6) go f, ykazaru TxHi 06aCTi O3HAYEHHS.
Po3B’azanHa. [5.1.5.]
[3razodumo obaacmi osnauenna dynruyid, axi 6xodsms do cynepnoduii.]
D(f) = R, D(g) = [0;+00).
A. [Brazodumo mrooicuny snavens erympiwmvol dynkuii cynepnosuyii f o g.]
E(g) = [0;400) C D(f).
[3razodumo dopmyay das cynepnosuuii Gynruyii.]
(f o 9)(@) = flgla) = Vo) = w.
[Brazodumo obaacmy osnavenns cynepnosuuyii.]
D(f o g)=A{z € D(g)| g(x) € D(f)} = [0,+00).

[Banucyemo 6i0nosiov. |
(f o g)(z) = z,z € [0,400).
B. [Tax camo das (go f)(x).]
E(f) = [0;+00) C D(g).

(gof = |a|-

D(QOf)f{IGD()\f() D(g)} = R.

(40 @) =[os <

5.1.9.2. Jlna ynkniit  f(z) = In(z?),g(x) = sinz  sHafiTH  Ccymepno3mITii:
a) fog Ttab) go f, ykazaru ixni 06JaacTi O3HAUEHHI.

Po3B’a3anHa. [5.1.5.]
D(f) = R\ {0},D(g) = R.

A E(g) = [-11]. B(g) \ {0} € D(f).

(f o g)(z) = In(sinz)?.
D(f o) = {z € D(g) | o(x) € D)} =
={z € R|sinz = 0} = R\ {nn | n € Z}.
n(sinz)®,z € R\ {rn|n € Z}.

(fog)(z)=1
=R = D(g).

B. E(f)
(9o f)(z) = sinln(z?).
D(go f) ={z € D(f) | f(z) € D(g)} = R\ {0}.
(g o f)(z) = sinln(z?),z € R\ {0}.



10 Po3pin 5. PyHKLUIT OQHIET 3MIHHOI

5.1.10.1. Busmauurtn dyHKIi0 f, gKa CIPaBIXKY€E YMOBY

flz +1) = 2® — 32 + 2.
Po3B’a3aHHs.
[Bamirroemo smirny.]
Hexait z +1 =1, toni z =1t —1. Orxe,
ft)=fle+1) =2 =3z +2=1" -5t +6 =
= f(z) = 2* — 5z +6.

5.1.10.2. Busnauntn QyHKIHO f, dKa CIPABIXKYE yMOBY

f

1
—]—1:+ 1+2%,2>0.
x

Po3B’a3aHHs.

Hexaii 1 =t, TobTO T = %,t > 0. Orxe,

O e R

_1+N1+a? .
T )

g4>0=

= f(x) > 0.

5.1.11.1. Ilokazarn, mo ¢ynxmia f(z) = log, « cupapmKye byHKIioHATbHE
piBagana f(z,) + f(z,) = f(z,2,).

Po3B’A3aHHS.

Crpasgi, ais 6yap-akux x; > 0 Ta x, > 0 MaeMo

f(z)) + f(zy) = log, z; + log, z, = log, .z, = f(zz,).

5.1.11.2. Ilokazarm, mo byukuia f(z) = ¢” cupaBmxye byHKIOHAIbHE DiB-
nanna f(z))f(z,) = f(z, + z,).

Po3B’a3aHHS.

Crpapgi, ana Oy ib-aKuX @; Ta T, MaeMO
f@)f(z,) = a"a™ = a""% = f(z, + ).
3apadi ona ayAUTOPHOI Ta AOMALLHBOI po00TH

5.1.12.  3maiigite suavenns: f(0), f(1), f(—z),f

1] 1
—] ,—— IUist DYHKIIIT:
x

f(z)

1) fx) =2 +2 -2 2) f(z) = 2® — 2% + 3.
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5.1.13.

5.1.14.

5.1.15.

5.1.16.

5.1.17.

5.1.18.

Buaiigirs snavenus: f(—2), f(0), f(1), f(2) mia bysxuil:

223, 2 <0, -1, z<1,

1) f(z) = 2) fl@) =1

| 3z, x>0 z°, x> 1.

Suaiiite MHOXkuUHY Y, Ha gaky (yHKHOig f Bigobpaxkye MHOXKHHY

X, gKio:

1) f(z) = 2% X = [-1;2); 2) f(z) = 2°, X = [-21];

3) f(z) = 10g3 z, X = (3;27]; 4) f(z) = 10g1/2 7, X = [2;8);

5) f(a) == X = () 6) f(z) = 2, X = (~12].

SHaiigiTe npupoHy 00/1aCTh O3HAYEHHS (DYHKINT:

) @) =Ve—24+——; 2 f@) =3z -——;

-4 z° =27

_ oz _ logy(=z)

3) fla) = arccosz’ 4) fl@) = arctg(z + 1)

SHallTu MHOXKUHY 3HAYEHD (DYHKIIT:

1) f(z) = —a® + 6z — 10; 2) f(x) = 2® + 4z + 9;

3) flz)=2" -1 4) f(z) =3" +1;

5) f(z) =3 — Tcosz; 6) f(z) = Tsinz — 3.

SanuiiTh y sIBHOMY BUIJIsIl (DYHKIHIO ¥, 9Ky 3aJlaHO HESIBHO PiB-
HAHHAM:

1) 2 +4y° =1y > 0; 2) 2%y = 5;

3) 271V = 4; 4) logy(y —2) + log, z = 1.

SanuiiTh y SsBHOMY BUDJIsII (DYHKIIO Y, Ky 33JIaHO IapaMeTPUIHO

PiBHAHHAMU:
z=1t+3, z = 3cos’t;

2
y = t* + 6t + 10; ) y = 2sin®t.
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5.1.19.

5.1.20.

5.1.21.

5.1.22.

5.1.23.

5.1.24,

Suaiigite obepreny dyHKIi0 10 GyHKIIT f Ta il 06JacTb 03HAYEH-

HS1, SKIIO:
1) f(z) =3z — 4 2) fz) =22+ 3;
3) f(z) = sinz,z € —%,—g i 4) f(z) = cosz,z € [—m;0];

1 1

5) f() = = 6) ) = ——

7) fla) =34 8) f(z) = log,(z +2).

SualifiTe cyneprosutii f o g 1 g o f, yKaxKiTh IXHi 00JIACTI O3HAYEHHSI:

1) f(z) =1~ 2,9(z) = 2% 2) f(z) = 2",g(z) = log, z;
z, x €[0;+00), 0, =z €[0;4+00),

3) f(z) = 0, z € (—00;0), 9(x) = 7%, 7 € (—00;0).

Bagano ¢(z) = 2?,0(r) = 3% 3naiimire:

D e(p()),p((z)); 2) ((x)), b(p(x)).

Sagano GyHKIIT u:sina:,v:logQ:v,wzl—i—ac,y:i ta 2 = .
Bamuniits GopMyLy, 0 3a/a€ CYHEePIO3UILIO:

1) uovowoyoz 2) zoyowowou;

3) woyovozou 4) yovozouow.

SanuiiTh (GYHKIHO 3a JOIMOMOIOK CyIIEePIO3UIlll OCHOBHUX eJIeMEeH-
TapHUX PYHKILI:

1) f(z) = cos®2% 2) f(z) = sin2(10g2 T);
3) f(x) = 10g2 tg 183; ) f(l') 3ar(sm T

Busnaure, sxi 3 Toaok A Ta B Hasexarh JiHil, 331aH0T PIBHAHHIMU:

z =1t —1,
1 ; A(0;0), B(3;3);
){y:td_t’ (0;0), B(3;3)

A(0;—1), B(1,6;—0,2).

5 T =sint + 1,
y = cost — 1,



MpakTvkym 5.1. Yncnosi GyHKLT 13

5.1.25.

5.1.26.

T = cost,
g rpadika mapameTpudHo 3asaHOl DYHKITIT { ~ te0ym]
Yy = sint,

3HANIITD:

. . g
1) Koop/mHATH TOYKH, SIKa Bi/IIOBiJae 3HAUEHHIO IapaMeTpa t, = 5;
2) sHaueHHA mapameTpa I, ske Bimmosizae Touri M (1;0).

Busnaure dynkmnio f, mo copaBmKye yMOBY:

1
T +

1) flx —2) = 1,x¢—1; 2) f[a:—i—i]:xz—i—%,xzo;

T
3) f(z; —z,) = cosz, cosx, + sin g, sin x,;

4) f(z; + x,) = sinz, cosz, + cosz, sinz,.

5.1.27. Ilokaxitb, mo dyHKIisa f cupaBmkye DYHKIIOHATbBHE DIBHSIHHS:
1) flz +2)=2f(x + 1)+ f(z) = 0, f(z) = kz + b;
2) f(@)f(=2) = 1 f(z) = a”;
) o)+ o) = S| T ) =
5.1.28. IlobymyiiTe rpadik OyHKIIT:
1)y =2 -a 2) y = o] - (Vo)
3) y = sgncost; 4) y = sgnsinz;
5) y = V1 —sin’ z; 6) y = V1 —cos’ z;
7) y =2, 8) y=v2"",
9) y = sin(arcsinz); 10) y = arcsin(sinz);
11) y = arctg(tgx); 12) y = tg(arctgz).
Bignosigi

1 1 1 1

5112 1) f(0) = =2, f(1) = 0, f(—2) = 2* —z _27f[l] A,

2) f(0) =3,f(1) = 3,f(—z) = —2® —2” +3,f

2 ) P a2
1 1

PR f(I)_xsf:L’QJrB'
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5.1.13. 1) f(—=2) = —16,£(0) = 0,£(1) = 3,£(2) = 6;

2) f(=2) = 3,/(0) = =L f(1) = 0,/(2) = 8.

5104.1) Y = [0;4]; 2) [-8:1]; 3) Y = (1;3]; 4) ¥ = (=3;—1];
5) Y = [i;l 16) Y = [%4]

5.115. 1) D(f) = (2;+00); 2) D(f) = (=0033); 3) D(f) = (0;1);

4) D(f) = (—o0;—=1) U (=1;0).
5.1.16. 1) E(f) = (—o0;—1]; 2) E(f) = [5;+00); 3) E(f) = [0;+00); 4) E(f) = (1;+00);
5) E(f) = [-410]; 6) E(f) = [-10;4].

5117. 1) y =vV1—22z e [-1;1]; 2) y =

5
—=0,3)y=2-z2eR,
2

4) y=2422 ¢ (05400).

xT
5118. 1) y =2 +1; 2) yzg,%ﬂf,
-1 1 4 -1 —1 3 1 1

3) 1 y) = —m —aresing, D(f 1) = [-151]; 4) f~(y) = —arccosy, D( 1) = [-11];
5), 6) me icnye; 7) f7'(y) = logyy +4,D(f ") = (0;+00); 8) f'(y) =4 —2.D(f!) = R.
5.1.20. 1) (fog)(z)=1-2>z € R, (go f)(z) = 1 — ),z € R;
2) (fog)(@) = z,3 €[0;+00), (g0 f)(z) = z,7 € R;
0, z €[0;400),
3) (fog)(ﬁ)—{ > (9o ) =0,z R

%, z € (—oq;0),
5121 1) (@) = 2*,9(b(z)) = 35 2) Y(h(z) = 37, U(p(x)) = 37"
5.1.22. 1) sinlog, [1 + % 1 1 . 1

—— 3) 1+ 3 4) .
yJ1+log,sinx log, Vsinz log, \/sin(l + z)

5.1.23. 1) uovow,u = z°,v = cosz,w = 27; 2) uowow,u =

5 2)

,v = sinz,w = log, z;
3) uowvowu =log,z,v = tgz,w = 2 4) uovowu=3"v = 21", w = arcsinz.
51.24. 1) 4; 2) A ta B. 5.1.25. 1) M,(0;1); 2) #, = 0.

1

5.1.26. 1) f(z) = 357-%-3; 2) f(z) =2® —2; 3) f(z) = cosz; 4) f(z) = sinz.
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NpakTukym 5.2. OCHOBHi XapaKTepUCTUKU PYHKLiN

HaBuanbHi 3apaui

5.2.1.1.  3naiitn mMuoxkuny HyJiB X;, obmacte gojarnocti X Ta 0bacTh
Big'emnocri X gia dbyskuii f(z) =1+ z.
Po3p’azanus. [5.2.1.]
[Brazodumo snavenna x, de f(x) = 0.]
l42=0 2=—1= X, ={1}.

[3razodumo snavennsa x, de f(z) > 0.]

T+1>0; 2> -1= X = (-1+o0).
[Brazodumo snauenna x, de f(z) < 0.]

z+1<0z<-1=X = (—o0—1).

5.2.1.2. 3nafitu mMuoxkuHy HyJiB X;, obmacte gogarnocti X Ta 06acTh
Big'emuocri X ga dbyskuil f(z) = sinmz.
Po3B’a3aHHs.
sintz =0; nx =7k k€Z; x=keZlZ= X,="2
sintx > 0; 21k < mz < ®m+2nkk € Z; 2k <x <1+ 2kk € Z =

X, = U (2k2k +1).
k=—00
sintz < 0 —1n4+2nk <7z <2rnkkeZ =2k—-1<x<2kkeZ=
=X = |J (2k—12k)
k=—o00

5.2.2.1. Buswauwnrn, uu € dbynxiia f(z) = 327 —22° + sinz napnoo, nemap-

HOIO ab0 3araJIbHOTO BUTJISTY 7
Po3B’azanna. [5.2.2, 5.2.3.]

[Kpox 1. 3nazodumo obaacmo oznavenmns Pynruii i nepesipsemo il na cu-
mempuuricms eidnocno mouky 0. ]
D(f) = (—o0;400) € cumerpuunoio Bignocuo Touku 0.
[Kpox 2. Buazodumo f(—z).]
f(=z) = 3(—z)" — 2(~2) + sin(—z) = —32" + 22 — sinz.
[Kpox 3. Iopierwwemo f(—z) 3 f(z).]
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[Kpox 4. Buchosyemo npo dynruiio f.]
Oyukiiis f € HETAPHOIO.
. cos T
5.2.2.2. Busaauutu, un € ¢yukuis f(r) = ———— mnapHo0, HemapHoi abo

22 — 25

3arajbHOI0 BUTJISILY !
Po3B’a3aHHs.
D(f) = (—o0;—5) U (—5;5) U (5;400) € cumerpudnoio Biguocuo Touku 0.
cos(—z CoS T
Sy = L st
(—z)* =25 z”—25

f(=x) = f(2).

Oyukiiss f € mapHoo.

5.2.2.3. Busnauurn, un € pynxmia f(z) = L 1 IMApHOI0, HEelapHow abo 3a-
x

TaJILHOTO BUTJISITY 7
Po3B’a3aHHs.

D(f) = (—o0;1) U (1;400) He € cumerpudnoro BinHocHo Touxu 0.
Dyukiig f € HI HAPHOIO, Hi HENIAPHOIO (€ 3araJbHOIO BULJILALY ).

5.2.2.4. Busnauutu, yu € byskuig f(z) = 2" napnowo, nenaprowo abo 3ara-

JIHOT'O BUTJISITY !
Po3B’a3aHHs.

D(f) = (—o0;+00) € cumerpuano0 BimHOCHO Toukn 0.
flo) =2
f(=x) = f(z), f(=2) = —f(2).

Oyukiisg [ € 3araJbHOrO BUTJISIILY.

5.2.3.1. 3’acysaru, uu € dyskuia f(z) = 5cos7z mepioguuHO©0 | BUSHAYUTU

11 ocHopnwmii nepiox 7.
Po3B’a3anHa. [5.2.5,5.7.8.]

Ockinbku ocHopEUM Tiepiogom yHKIii cosz € wmcno T, = 2w, TO nepiogom ®

dyukuil f(z) = 5cosTz € uncio T = 2n

. . . 2m
Orxke, dyHsKiig f € nepiouIHO0 3 OCHOBHUM TiepiogoMm 1 = -
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Komenrap. ® MoxxHa nokasaru, o Iieil 1epioj € OCHOBHUM.
Cupaspi, axmo 1, > 0 — akunil-uebyap inmmii nepiox iiel ¢ynxmii, To s
Oy Ib-SIKOTO T BUKOHAHO

5cos7(a: + T1) = 5cos 7.

2
Tobro 71, — mepiom byHKIii cost, Ae t = 7w, i, otxke, 71} > 27 = 1} > 7“

5.2.3.2. 3’acysaru, uu € byskuia f(z) = cos® 2z epioIMIHOI0 1 BUSHAYUTHU
1l ocHoBHwMit iepiox 7.
Po3B’a3aHHs.
Ockinbku
1+ cosdz

cos? 2r = ————,
2

TO 1epios 3a1aH01 PYHKIIT 30iraeTbest 3 epiogoM (yHKIHT cos4z.
Ocnosamm nepiogom cosz € wmcio T = 2. Otike, ocHoBHUIt Tiepion byHKmil

2_7( 0

cosdx € uucio T = = —.
4 2

. . . oy
Oyukiiisg f € mepiogUIHOI0 3 OCHOBHUM Tiepiogom 1T = 5

5.2.3.3. 3’sacysarwm, un € bynkia f(z) = tgg — 2tg§ epioAMYHOIO | BU3HA-

yuTy 1 ocHOBHUI nepiox 1.
Po3B’azanHs. [5.7.9.]

x
OcuoBHnit mepiox QyHKITIT tgg Jopismioe 1, = 2w, a ocnoBHuil nepios GpyHK-
il tgg nopisaioe 1, = 3m.

OcuoBuum nepiogom dbyskiil f(z) = th — 2tg§ € HalMeHIIle CHiJbHE KpaT-

He unces 2T ta 3T — unciao I = 6.
Oyukiisg f € nepioguvHO0 3 OCHOBHUM mepiogom 1 = 6.

5.2.3.4. 3’acysaru, yu € yukuia f(zr) = rsinz nepioguvnoio i BusHauuTH il

ocuosHuii nepiox 7.
Po3B’a3aHHs.
Hosenimo, 1mo dyuKIisg [ Hemepiogwdna, Bin cynporusnoro. Hexait T > 0 —
nepion dyukii f. Todi,
fe+T)=(x+T)sin(z + T) = zsinz Vz € R.
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ITokmanimo B miit pisnocti £ = 0:

T =0,
TsinT =0=1|T =7kkeZ =T =nxkkeN.
T>0

Orxke, nepiof (sIKIMO BiH iCHy€), MOXKe JIOpiBHIOBaTH Juie TK.
dxmo z = 2wn,n € N, To
f(z + 2nn) = (z + 2wn)sin(z + 27n) = (z + 27n)sinz = zsinz.
Axmo x = (2n — )w,n € Z, 1o
flz+2n—1x) = (z+ 2n — Dx)sin(z + 2n — Dxr) =
= —(z+ (2n — )x)sinz = rsinz.
OpepKaHa CylnepevHicTb JOBOJIUTD, M0 (DYHKIsA [ HemepiomudHa.

5.2.4. Tlpogosxurn bynxmio f(r) = 2°, x € (0;4+00) ma (—oc;0] Tak, mo6

upojiosxkena dyHkiig Ha R Gysa: a) naproio, 6) HENAPHOIO.
Po3p’azanus. [5.2.2—5.2.4.1
A. Hexaii mapuum nponos:keHasM GYHKIID [ Ha BCIO YMCIOBY Bich € PYyHKIIiS

fl@), = >0,
f.(z) =1a, z =0,
g(z), x <O0.

st napuocti dysknil f 1moTpibHO, 1100

Ve € (—oci0) £,(@) = gl@) = f,(~2) = fl—2) = 2%
LO)=a=[0)=acR

Orxe,
2, x>0,
f(x)=1a, 2=0,a€R (puc. 1).
2%, z <O.

B. Hexaii HenapauM npoioBKeHHsIM (DYHKINT f Ha BCIO YUCJIOBY Bich € QyHKILs

fl@), &>0,
fH(I) =14 z =0,
g(z), = <O.

st wenapuocTi GyHKIl moTpidHO, 1106
Vi € (~o0) J, (1) = 9(e) = —f,(-2) = —f(~z) =~
[0)=a=—f(0)=—-a=a=0.



MpakTVKyM 5.2. OCHOBHI XapakTepucTuku GyHKLLA 119

Orxe,
22,
fi() =10,
Puc. 1 no 5.2.4 Puc. 2 no 5.2.4
. 1 .
5.2.5.  osecru, mo dbyuxnia f(z) = z + = 3pocrae na muoxuni (1;+00).
z

Po3B’a3anHs. [5.2.6.]
D(f) = R. PosrasmmbMo 2; Ta 2, (T, > ;).

[IIlo6  dosecmu  mepisnicmov  f(z,) > f(z;) poseaanvmo 3nax  pisnuyl

f(mz) - f(%)]

1 1 T, — T
fla)—flz) =2+ ——2, —— =z, — g, — 2—1
Lo Zy Ty Ty
T, — 1
= (z, — xl)% > 0= flzy) > flz).
122

5.2.6.1. Jlosectu, mo dbynxiis f(z) = 9 — 22 obmerxena 3sepxy Ha MHOKuHI R.
Po3B’azanHa. [5.2.9.]

Ockimpru 9 — 22 < 9 maa 6yab-gaxoro = € R, To dyHKNig f € obMexKeHO0
3Bepxy Ha R.

2

5.2.6.2. osecru, mo dyuxuisa f(z) = v 5 obmexkena Ha R.
1+
Po3B’a3aHHs.
2
Ockimmbkn ——— = 1 — L , TO
1+ 2? 1+ 2?
2 2
0< <1= <1 VzeR
1+ 27 1+ 27

Orxke, dynkiis f € obmexkeHow Ha R.
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3apadi 4na ayAUTOPHOI Ta AOMALLHLOI po00TH
5.2.7. Bnaiitu MuOWuUHY HyJIiB X, obmactb jgogarnocti X, i objacth

Bim'emuocti X _ s pyHKIN:

1) f(z) =24z — 2% 2) f(z) = 2° + bz + 4;
3 Ja) =3 -9, 0 s =(§] -2
5) f(z) = logl/2 z—1 6) f(z) =log,z —3;

7) f(z) = cos3x —i,x €

V2

5.2.8. 3’acysaru, yn dyHKIiA f € TAPHOIO, HEMAPHOIO YU 3arajbHOTO BU-

0| 8) fa) = sin2x—%,x € [0

JIAY, AKIIO:

1) f(z) = e” cos; 2) f(z) = 2° — 8z + 20;
23
3) f(x) = arcsin(z + 1); 1) fla) = -
2 +1
5) f(z) = Ini—2 6) f(2) = —— 2 € (—L;1);
14z’ 1— 4 V0
24
7) fla) = = 8) f(@) = |z + 3|~ |z — 3]
5T
9) f(z) = 2%,z € (—oo;1]; 10) f(z) = sinz,z € [0;x].
5.2.9. 3’sacyitre, un € DyHKIisA [ MepioAMIHOIO, 1 B pa3i mepioguvHocTi Bu-

3HaUTe OCHOBHMII niepion 1':

1) f(z) = 3sindz; 2) f(z) = sin® 3x;
3) flz) = sing — ctgm; 4) f(z) = 2%

1
5) f(z) = sinx + sin2x + gsin?)a:; 6) f(z) = 3sinz — 5cosm;

7) fz) =5 8) f(z) = {a} + 1



MpakTVKyM 5.2. OCHOBHi XapakTepucTuku GyHKLLA 121

5.2.10. 3maiigirs f(—4), f(10), ne f — T-uepioguuna HyHKILs, AKIIO:
1) fz) = |z — 1|,z €[0:3),T = 3; 2) f(z) = 2%z €[-13),T = 4.
5.2.11. IIpomosxkre dbyukuin f(z), z € (0;+00) na (—o0;0] Tak, mo6 mpo-
noexkeHa dyHKIis Ha R Gysa: a) napHowo, 6) HEMAPHOO:
1) f@) =+ 2) flz) = ¢ +1.

5.2.12. 3’acyiite, un € dyHKIig f 0OMEKEHOI0, OOMEKEHOI0 3BEPXY, 0OMe-

JKEHOIO 3HM3Y, HEOOMEKEHOIO Ha BKa3aHI MHOYKHUHI, SIKIIO:

1) f(z) = 2* + 2,7 € [-1;3]; 2) f(z) = T, ,x € R;
1 1
3) f(z) = x2747$€(_2;2); 4) f(w):xzle’xe[_l;l];
5) f(z)=3"4+1z € R; 6) f(z) =log,z — 1z € (0;2].
Bignosigi

5.2.7. 1) X, = {-12}, X, =(-12),X = (-00;—1)U (2Z+00);
2) X, ={-4-1},X, = (—o—4)U(-L+00), X = (—4-1);

3) X, = {2}7X+ = (2400), X_ = (—00;2);

1 1 1
4) X, = —5],X+ = [—oo;—é],X_ = [—5;4-00];
5) X, = 3 X, = 0,5 X = §,+oo ;6) Xy = {8}, X, = (8+00),X_ = (0;8);
™ ™ ™ T
)Xy =i X =0 | X =iz
) 12} * 12] [12 3
g) X, = | =0T x | TAT) v 0T U 2T
1212 12712 12) (12

5.2.8. 1) mapua; 2) 3araJbHOrO BUDNISALY; 3) 3arajibHOrO BULJIALy; 4) HenmapHa; 5) HemapHa,

6) napHa; 7) napHa; 8) HemapHa; 9) 3arajabHOrO BUIVIsLY; 10) 3arajbHOrO BUIJISLY.
5.2.9. 1) nmepioguuna, T = g; 2) uepiopnuna, g; 3) nepioguuna, 4w; 4) HenepiogudHa;
5) nepioguuna, T = 27 6) Henepioguuna; 7) mepioguduna 3 OyJb-9IKMM  I1€DPIOJIOM;

8) nepioguuna, T = 1.
5.2.10. 1) f(—4) = L, f(10) = 0; 2) f(—4) = 0,f(10) = 4.
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f(z), x>0, z+1, x>0, f(z), z >0, z+1 x>0,
521.1) f(z)={aeR, z=0=1q z=0,f(z) =10, z=0 =10, z=0,
f(=z), =<0 l—z, <0 —f(=z), <0 r—1 z<0;
e +1, x>0, e’ +1, z >0,
2) f(z)=1a, z=0a€cR, f(z)=10, x =0,
e’ +1 <0 —- -1 z<0.

5.2.12. 1) obmexena; 2) obmexena; 3) obMmexena 3sepxy; 4) obMexkena; 5) obMe:KeHa 3HU-
3y; 6) oOMexeHa 3BepXy.

lpakTnKkym 5.3. MHOrouneHu

HaBuasnbHi 3apaui

1
5.3.1. 3o6pasutn rpadik GyHKIT y = —Ea: + 1.

Pozg’azanus. [5.4.2.1°
[3razodumo mouru nepemuny npamoi 3 ocamu Ko-

opdunam i sanosmoemo mabauyo® 1

z |02
y|[1]0

[3o6pasicyerso npamy.] Puc. 50 5.3.1

Komenrap. ® Ockinbku rpadikom JiHifiHOl dyHKUil € npsma, TO, Jyisd TOro
o6 300pas3uTu i1, JOCTATHLO BHOpaTH OyIb-sKi ABI pi3Hi TOYKM HA il Tps-
mift. Ckazkimo, ToUkE meperury mpsiMol 3 ocamu koopmuuaT A(0;y),B(z,;0).
Jna nporo noxnanaiors cuepumy T =0 i 3Haxoudars y;, IOTIM IOKJ/IaJaIOTh
y = 0 1 3HaX0JAThb T, 3 JIHIAHOrO PIBHSAHHSI.

@Iloxmanaroun z = 0, Mmaemo y, = L.
1
Iloxnamatoun y = 0, maemo 0 = 75:52 +1& 2, =2

5.3.2.  Posp’asaru piBugnng 2x —4 = 0.
Po3g’azanns. [5.4.3.1

2m—4:0®2x:4©x:§:2.
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5.3.3.1. Pozp’a3aru mepiBHicTL 22 > 8.
Po3B’a3anHa. [5.4.3.1

2x>8®x>§©m>4.

z € (4;+00).
5.3.3.2. Posp’s3atu HepiBHicTb —3z > 15.
Po3B’a3aHH4.
15
73z215<ﬁ>z§—3<ﬁ>x§75.
z € (—o0;—5].

5.3.4.1. Posp’szaru piBuamns 1> — 3z — 4 = 0.
Po3B’azanns. [5.5.7.1

[Kpox 1. Bunucyemo woedivienmu pienanna az® + bz + ¢ = 0.]
a=1b=-3c=—4.
[Kpox 2. 3nazodumo duckpuminanm xeadpammnozo pienanns D = b* — dac ]
D=(-32?-4-1-(-4) =9 +16 = 25.
[Kpox 3. Ananizyemo nasenicmo dilichux xopenis. rxwo kopewi €, 3Hazo-
dumo iz 3a popmyaoio [5.5.4.]]

Ockinpku puckpuminanT D > 0, TO KBaJpaTHe DIBHSHHS Ma€ JBa PI3HUX KOPEHi:

345
L, _3%425 _3xs5 | =5 =4
12 2-1 2 3-5
7=t =1

z, = 4,1, = —L

5.3.4.2. Posp’azaru pisuanns 9z — 122 + 4 = 0.
Po3B’a3aHHs.
a=9b=—12c=4.
D= (-12*—4-9-4 =144 — 144 = 0.
Ksazgparse piBHgaHHs Mae 1Ba piBHi Kopeni [odun deoxpamnud xopine]:
12 12 2

T, =T, = = = —.
17" 9.9 18 3

Ty = —
1273
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5.3.4.3. Posp’si3aru piBusHu" 22 — 2 + 1 = 0.
Po3B’a3aHHs.
a=1b=-1c=1.
D=(-1P%—-4-1-1=1-4=-3<0.
Ksanparue piBHSIHHSA He Mae JAiNCHUX KOPEHIB.
KSR
5.3.5.1. Posp’azaru 3a momomoroio Teopemu Bieta kBagparTHe piBHAHHS
2? — 22 —3 = 0.
Po3B’a3anHs. [5.5.6.]
[Banucyemo cnissionowena meopemu Biema i nidbupaemo poss’sasku cucmemu.]
x + :2;¢>[x1 = -1,

T Ty = —3 Ty, = 3.

-2 -3=0¢& {
z, = -1z, = 3.
5.3.5.2. Pozp’a3aru 3a momomoroo Teopemu BieTa KBagpaTHe piBHAHHST

22 —2z—1=0.
Po3B’a3aHHs.

[inumo pisnarnsa na cmapwutl xoedivienm.]

1
1 z1—|—;p2:—; .TIZ—L
2 _ 2
" ——r—-=-=0%& < 1
2 2 T Ty = 1 Ty =73
1742 9 2
1
T, = -1z, =—.
1 275
5.3.6. Poskiacru Ha MHOXKHUKA Tpuaren 1622 4+ 15z — 1.

Po3B’a3anHsA. [5.5.5.]
[Kpox 1. 3nazodumo xopeni xeadpamnozo pienarns.|
a =16,b = 15¢c = —1.
D =15> —4-16-(—1) = 225 + 64 = 289 > 0.
1

= E’
T, = — 1.

15417

I
T2 T T gy

=

[Kpox 2. Poskaadaemo mrozouien Ha MHONCHUKY 34 BOPMYA0IO

az® + bz + ¢ = a(z — 2))(z — z,) |

1
162% 4+ 15z — 1 = 16[1; E](gz: +1) = (162 —1)(z +1).
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2 —
5.3.7. Ckoporuru api6 M
22 + bz + 4

Po3B’a3anns. [5.5.5.]
[Posraadacmo mrozouient 8 wuceabrury i 3HamenHury 0poby Ha MHOMCHUKL.]
22° + Tz —4 = 0.
a=2b="7c=—-4.
D=7 —4-2.(—4) =49 +32 =81 > 0.

748l 79 |g =1
_ _ - 5

Tig =
22 4 1, = —4.

T, = —4.

:1:2—|—5x—|—4=(:r+1)(1:+4).

[[Tidcmasanemo poskaadeni mrnozouaenu i ckopouyemo opib.]

1
2 —=
22% 4+ Tz — 4 [x 2]M 27 — 1

x2+5x+47 (z+1>£x/-}/4/j 41"

5.3.8.1. BunismTu noBHUI KBaJIpaT i3 MHOTOYJIEHA, 22 — 4z + 5.
Po3B’azanHa. [5.5.3.]
P —dr+5=(2"-220+2) -2 +5=(2 -2 +1.

5.3.8.2. Buuinury noBrUI KBagpat i3 MEHOrOUIeHA —21° — 92 + 5.
Po3B’a3anHa. [5.5.3.]

—2x2—9x+5=—2[x2+§x—g]:
9 92) 5 81 o) 121
=22 4+2- S+ = |- —=|==2lz+>| +=.
4 42 2 16 4 8
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5.3.9.1. Po3s’a3aru Hepisnicts 22 — 62 + 8 < 0.
Po3B’a3anHs. [5.5.7.]

[Kpox 1. 3nazodumo xopeni ksadpamnozo mpuusena.|

z; + 2y = 6, x =2,

7T, = 8 Ty = 4.
[Kpox 2. Hanocumo na wucaosy ice 3natident “ ﬂ,
KOpeHi ma 6uay4aemo ix.) I~ v

[Kpox 3. Bushauaemo 3HAK MHO204AEHA 6 Puc. 10 5.3.9.1

KOJHCHOMY 3 IHMEPBAAI8, Ha AKI PO30UBAIOMD
KODEMT PIGHAHHA HUCAOBY BiCb, NPOBOOAYU
«amitirys.]®

[Kpox 4. 3anucyemo sidnosion.|®

x € (2;4).

Komentap. ® «3Mmiiiky» 3allyCKaOThb TPABOPYY Bij HAHOLIBIIOTO KOPEHSI:

1) 3Bepxy, sKIO crapinuii KoedillieHT MHOrOWIeHa TOIaTHUH;

2) 3HUBY, FKIIO cTapumii KoediieHT MHOrOYIeHa Bl €MHUIA.

@ Ha Tux mpomizKKax, 1€ KpuBa IPOXOIATh:

1) Buime uucsioBol npsiMoi, BUKOHAHO HepiBHicTb f(z) > 0;

2) HM2KYe 4nCI0BOl IpsAMO], BUKOHAHO HepiBHicTs f(z) < 0.

Ockinbku HEpIBHOCTI cTpori, To Toukn = =2 Ta T = 4 He BKJIOYAEMO y Bii-

THOBiIb.

5.3.9.2. Posp’ssaru uepisuicrs 22 — 4z + 3 > 0.

Po3B’a3aHHs.

T + X, =4, 7, =1,

Tz, = 3 T, = 3.
[Ockinvru nepienocmi necmpoei, mo mouku +\A ﬁ-_
=1 ma x =3 exarouaemo y 6i0nogiov|. I~ 3 .
z € (—o0;1] U [3;400). Puc. 10 5.3.9.2

5.3.10. 3maiitu MHOXKHHY 3HauUeHb GyHKIIT y = 22 + 4z + 5.
Po3B’azanHs. [5.5.1]
[Budiasemo nosrudi xeadpam i3 x6adpamuurozo mmo2o4ienda.]

2’ +4r+5=(z+2)?%+ 1.
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st BCiX @ mpaBauBi HEPIBHOCTI:
(z+22>0& (z+2P2+1>1.
MmuoxwHa 3HaueHb GyHKIil E(y) = [1;+00).

5.3.11.  3mnaiinite xoedinientn Muorowrena P (z) = az® + ba? + cx + d, k-
mo P (z) = 22° — 3z + 1.
Po3p’a3auns. [5.6.2.]

[[Ipupienioemo xoediyienmu npu odnaxosur cmenensz MHOZO%/L@HiB.](D
3

z’| a =2
z?| b =0,
z|c=—3,
1]1d=1

Komentap. ® Bincyrricts y 3ammci MHOrodgeHa JOJAHKY II€BHOTO CTEIEHS
O3HaYAaE, IO KOeIIiEHT MpK IILOMY CTEIeHI JTOPIBHIOE HyJTIO.
2?4t —r—1

5.3.12. BupuinuTtu niny gacruny apoby 5
T —

Po3B’a3anHa. [5.6.6.]

[Zlinumo y cmosnuuk wuceavrur na 3namennux.] ©

4+t —r—1 -2 [Banucyemo eidnosidv. Hacmxa e yinoro wac-
g3 92 243745 MUHOM0 PAUIOHANHO20 JPObY, ocmaMa — “u-
2 CEABHUKOM, 0 DIADHUK — 3HAMEHHUKOM.|
327 —v—1 3 )
-, 42—z —1
3z° — 6z — =
-+ +1
ol 2 4 3045+ —
— =X a _—
5z —10 T —2
9

Komentap. ® [lismnTu MHOTOYIEHN NPUIMHAIOTH TOJI, KOJIM CTENiHb OCTadl

cTaHe MEHIINM Bill cTeleHs MiJbLHUKA.

5.3.13. Posp’azaru pisuanns z° + 222 — 5z — 6 = 0.

Po3p’a3anns. [5.6.8.]°

[Kpox 1. 3naxodumo dirbHUKY 6iAbHO20 YAEHA PIEHANHA.]

+1, 4 2, & 3, 46.

[Kpox 2. Hisnumo xybivnul mmnozousen ma T — o, de o — 0dun i3 3natide-

nux dinvrurie, 3a donomozoto cxemu Ioprepa® |
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1 2 -5 —6
1 1 3 -2 —8= 2 =1— He € KOpeHeM DiBHAHHH
—1|/1 1 —6 0 = 2= —1— KOpiHb PiBHAHHA
[Kpox 3. Poskaadaemo kybiunutli MHO20UACH HA MHONCHUKU. ]
(z+D(E@*+2-6)=0< r=h
>+ 2 —6=0.

[Kpox 4. Poss’asyemo ksadpammne pieharms.|

5 T =2
r +2r—-6=0<
=

[Kpox 5. 3anucyemo 6idnosiov.|

Orxe, z € {—1;2;-3}.

Komentap. © Moga iine He mpo PO3B’s3aHHS KyOIIHOrO DIBHSHHS 38 3arajbHOIO
dopMy 00, a PO BiMIIyKAHHS MOYKJIMBOTO IJIOIO KOPEHsI PIBHSIHHS, IO JI03BO-
JINTh 3BECTU PO3B’si3aHHsI KYOIYHOI'O PIBHSIHHSI JI0 PO3B’SI3aHHS KBAJIPATHOIO.

@ MozkHa JIIATH TAKOXK MHOTOUWIEH Ha (£ — ) y CTOBITYHK.

3apayi 4na ayAUTOPHOI Ta AOMALLHLOT Po00TH

5.3.14. TloGynyiiTe rpadik GyHKITIT:

1) y=z+1; 2) y =2z — 4

3) r=-2 1) z=2

5y =3 6) y = —3

) y=|z+2[; 8) y=|z—3;

9) y=1-|al; 10) y =|z|+2

1) y=|z+1|-|z-1]; 12) y =]z — 2|+ |z + 2|
5.3.15. Posp’sukirh piBHAHH::

1) 3z = 75; 2) 9z = 0

3)%28, 4) 3z —5 = 16;

51— 20 — 15 g 2o+l _z—4
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5.3.16.

5.3.17.

5.3.18.

5.3.19.

5.3.20.

5.3.21.

Posp’skiTh HepiBHOCTI:

1) 2z > 22
3) —3z > 15;

Posp’sikiTh piBHSIHHS:
) |22 +1] = 4

3) 20 +|z 3| =8

5) |z — 1|+ |z +2| =3

Posp’sxiTh HepiBHICTD:

1) [22 - 3| <2

3) |z +1]> —a

5) |z + |z —1| < 5
PO3B’sKiTh piBHAHHS:
1) 2?2 =9;

3) 2> — 6z +8 = 0;
5) 2 + 4z +5 = 0;
7) 2? —5|z[-24 = 0;

2) Tz < 21;

nE=ts o
|5a:+2|
5I+||
o] 1] =
|32 +2| > 3
|2m—5|<a:
o ~Jo 1] <2

PoskiiagiTs MHOrOYIEH HA MHOXKHUKHA:

1) 2% — 52 + 6;
3) 62° — 5r —6;
5) 522 4 23z — 10;

2) 2° + 8z + 15;
4) 102 — 17z + 3;

6) 72> — 8z + 1.

Buginnrs moBHMIT KBaapaT i3 MHOTOUIEHA:

1) 22 — day + 4%
3) 22 — 4z +9;
5) 42® — 3z + 6;

2) 22 + 27 — 10;
4) 22% 4+ 4z +9;
6) 22° + 3z — 1.

8 x2+|x+1|:172$.
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5.3.22. Po3B’sxiTh HEPIBHOCTI:

1) 2% < 4 2) 22 > 16;
3) (z =1 >0; 4) (z 42 <0;
5) (z —1)(z —4) > 0; 6) (x4 3)(5—z) > 0;
7 2’ —|z|-220; 8) 2 = 3|z|+2 < 0;
9) |2? — 32| < 2; 10) |22 120 +13| > 3.
5.3.23. Ckoporitb Api6:
2 2
3)74-66—02; 4 5a — a’ .
21 — 3¢ 5+ 34a — Ta®

5.3.24. Tlobyayiite rpadik i 3HaligiTh: a) MHOXKHMHY 3HAYeHb; 0) iHTEpBaJ
3POCTAHHS; B) IHTEPBAJ CHAIAHHS (DYHKILT:

1) y=2>-2z+2 2) y = -2 — 6z + 5;
3) y = —2% — 4 4) y = 2* — 4a.
5.3.25. Ilobynyiite rpadik dyHKIIL:
1 1
1)y :—1—1——1 2)y:2+$+3;
2—z, z<], |x|, z <2
8y = 2, z>1 Hy= =2, z>2
5.3.26. Po3B’stKiTh piBHAHHS:
1) 2% —262° +25 = 0; 2) 2t — 42 -5 =0,
3) 2® + 2% —10z + 8 = 0; 4) 2% + 2% — 81— 12 = (;
5) 32° —22° + 22 +1=0; 6) 423 — 13z +6 = 0.

5.3.27. PosB’saxiTh HEpiBHOCTI:
D (@+4°(z-D"z—-2)" <0 2) (z+ 7'z +6)°@x—9)7° <0
3) zt(z + 6)°(x — 9)* > 0; 4) (z 4+ 4)P°(x — 3) (z —2)" > 0.
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5.3.28. PozziziTe MHOrO4JIeH HA MHOI'OYJIEH Yy CTOBITYHK:

2x3—5:z:2—1433—|—8.

3 _ 2 _
x—2

z—3 '
x4—3az3—x2—|—8x—4_ 1) zt+ 2+ 322 + 20+ 2
22 — 4z +4 ’ 2 —z+1 .

1)

3)

Bignosiai
5.3.15. 1) {25}; 2) {0}; 3) {24}; 4) {7}; 5) {-7}; 6) {-3}.
5.3.16. 1) (11;+00); 2) (—00;3]; 3) (—00;=5); 4) (=3;+00).

5 3. Cay 1L e o 5y gl
5.3.17. 1) {—5,5}, 2) @; 3) {3 } 4) {~12}; 5) [-21]; 6) {1}.

5.3.18. 1) l,ﬁ 5 2) —<><>;—§
22 3

U

%;—Foo]; 3) [—%;—l—oo]; 4) [2;51; 5) [0;1]; 6) R.

5.3.19. 1) {-3:3}; 2) {0;-5}; 3) {24} 4) {2}; 5) &; 6) {—g%l}; 7) {-88}; 8) {~2;0}.
3 2 1 3
5.3.20. 1) (z —2)(z — 3); 2) (z + 3)(z + 5); 3) 6[:1775][I+§]; 4) 10 5 [xfi];

P

5) 5(z+5)[z—§]; 6) 7(:5—1)[3:—% :

53.21.1) (z—2y)% 2) (z+1)2 —11; 3) (v =2 +5 4) 2z +1)* +7; 5) 4[m—§] +%;

8
2
6) 2[$+§] ,H.

4] 8
5.3.22. 1) [-2:2]; 2) (—o0;—4) U (4+00); 3) R\ {1}; 4) {~2}; 5) (—0051) U (4;+00);
6) [-3;5]; 7) (—00;—2] U [Z+00); 8) (-2—1)U (1;2); 9) [?’Q\/E;qu 2;3+2*/ﬁ];

10) (—o0;1] U (2;4] U (5;4-00).

2'2)y77.3)c+1;4) a

y—2' 3 Ta+1

5.3.23. 1) 2=
7

5.3.24. 1) E(y) = [1;4+00), 3pocrae Ha (1;+00), cuagae Ha (—oo;l);

2) E(y) = (—o0;14], 3pocrae Ha (—oo;—3), cuauae Ha (—3;400);

3) E(y) = (—o0;4], 3pocrae Ha (—00;—2), cuagae Ha (—2;+00);

4) E(y) = [~4;+00), 3pocrae Ha (2;+00), cuamgae Ha (—00;2).

5.3.26. 1) nokmactu z2 = t, {—1;1;—5;5}; 2) {—\/g,\/g}; 3) {—4;1;2}; 4) {—2;3};
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24
T —
4xr —2
1327I+1-

5.3.28. 1) 227 —z —16 —

5 2) 222 +3x -2 3) 22 +z—1;

4) 2 427+ 4+

NpakTnkym 5.4. CreneHeBa QyHKuif

HaBuasnbHi 3apaui

5.4.1. Buxonaru mii:
5
INEARE & 2) =
z
3\? 0
3) (x ) ; 4) x
Po3B’a3anHa. [5.3.1, 5.3.5.]
1. 2% 2° = 277° = 28,
2 $—5 =23 =27

912 g12
5.4.2. O6uncimTn ————.
210 . 315
Po3B’a3aHHa. [5.3.5.]

212 . 312 B 212710 B 22 4

ol0 g5 gls-12 g3 9f
5.4.3. SBanucaru y Bursgagl crenens (i3 gpo6oBuM abo BiJ'€éMHUM IIOKA3HU-
KOM):
1 n
1) —; 2) Va;
3
a
3 2. —1
3) Na*; 4)
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Po3B’azanna. [5.3.1,5.3.5.]

1
1. —=a%
o3

2. % = a1/3.
3. ¥a? = a2/3.
4 1 75/4

o /4
5.4.4, Bukonaru mii:

1) 3 z5; 2) \/E.

Po3B’a3anHs. [5.3.6.]
1. z’/ﬁ = =z°.
2. Va8 = o = |af.

5.4.5. O6uucauru:

1) ¥4, 2) o
25
3 Y12
75
Po3B’a3anHs. [5.3.6.]
1340 = 42— g2 — g,
, [T_Ji_»
“Nos 25 5
322 g,
J3 3
5.4.6 Bunectn MHOXKHUK 3-111 1, KOpEeHs
1) o7, 2) V24;
3) 2500, 4) Yap?
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5.4.7. VHecTr MHOXKHUK ITiJ] KOPiHb:

1) 3¥6; 2) a2¥b.
Po3s’a3anHg. [5.3.6.]
1. 3%6 = Y35 . ¥6 = U35 .6 = Y162,
2. 245 - a5 - Yam,

5.4.8. Cuopocruru BUpa3:
1) 4.817* 4 20, 2) Y81 — V49%24;
) Y270 -3 3a%; 4) V192t

o

Po3B’a3anHa. [5.3.1, 5.3.5, 5.3.6.]

1481 420 — 4. 481 +1=4.341=13.

o, Y51 55431 = U5 3 77 3 = U7 45— 1Y 45 =
=3¥3-7.2¥3 = —11¥3.

3. 4274 - Y34 = Y274 343 :4/34 1 _ 3,

x/ 192t /192 32 2 _2
Yot 6t Yoo

5.4.9. Poss’ssaru piBHSIHHS V32— 6 = V9 —22.
Po3B’a3anHa. [5.3.8.]

I cnoci6 (3 nepeBipkoIo 3HAlIEHUX KOPEHIB).
2 2
V32 —6 =9 — 21, («/3x—6) = (Jg—zm) VN

S3r—6=9—-2r & 5r=15< 2= 3.

Ilepesipka.
Hna x =3: v3-3— :\/5;\19_2. —J3
¥ = 3 — KOpiHb pIBHSAHHSI.

IT cnoci6 (exBiBaJIeHTHUX MEPETBOPEHB ).

3x—62>0, T > 2,
x/3:v—6:\/9—2a:<:> & 3@3::3.
Tr =

3r—6=9—2zx
T = 3.

5.4.10. Posp’a3aru piBuguug vz + 11 =1 — .
Po3g’a3anns. [5.3.8.1
I cnoci6 (3 mepeBipkoIo 3HAIEHUX KOPEHIB).
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Nz +11 zl—x;(\/x—f—ll)Q =1-2?&

9 9 T, = =2,
r4+1l=1-22+2" ©2°-32-10=0 &
T, = 5.

IIepesipka.
TMas o =-2:J—2+11 =9 = 31— (-2) = 3.
T = —2 — KOpiHb PiBHAHHSI.
Hnsa x =5: \/5+11:\/1—6:4; 1-5=-4.
T = 5 He € KOpEeHeM DIBHSHHS.
Orxe, T = —2.
IT coocib (exBiBaJIeHTHHUX II€PETBOPEHD ).

1—2 >

Jor1l=1 5611_>070 tre=b
z+1ll=1-2 =2+ , =
— z+11=1-2z+2°
(Vz+11) = (1 -2
<
z <1 zsl
S Silr=5 & z=-2
z°—3x—-10=0
xr= -2

T =—2.

5.4.11.1. Posp’si3atu HepiBHicTb V2r —1 > 1.
Po3B’azanHa. [5.3.8.]

1 1

2z —1 >0, >z fut
\/2$—1>1@{\/—2 , & x—Q’ 17 27 > 1.

(V2z 1) >1 2m—1>1 |z>1

Y

z € (1;400).

5.4.11.2. Posp’a3aru HepiBHicTh V27 + 1 < 3.
Po3B’a3anns. [5.3.8.1

a+12 e N L
Jr+1<3 e ), e 2 & 2 &
(\/2x+1)§3 wH+1<9 |z<4
1
S ——<x <4
2
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5.4.11.3. Posp’a3aru HepiBHiCTh V2 + 6 < —2.
Po3B’azanH. [5.3.8.]

Ockinbku vz + 6 > 0, To moYaTKOBa HEPIBHICTH PO3B’SI3KIB HE MAE.

T ED

5.4.11.4. Poss’sa3aru HepiBHiCTE VI — 2 > —1.

Po3B’a3anns. [5.3.8.1

Ockimpku vz —2 > 0, TO MOYATKOBA HEPIBHICTH MpPaBIWBa I BCIX T 3 00-

sacri o3Hauenust Gyskuil f(r) = Vo — 2.
D(f)={z|lz-2>20}={a|z>2}

x € [2;400).

3apaui ang ayaMTOpPHOI Ta AOMALIHbLOT Po60TH

5.4.12. 3anwmmriTh y BUIJIAII CTEIEHS 3 OCHOBOIO I:

1) (a2 2) " (&)
233 -7
x z
3) [E] ; 4) F] ;
3 . 4)0 1)8
5) z° -z : 6) x
25 73
5.4.13. 3HaiijiTh 3HAYEHHS YUCJIOBUX BUPA3iB:
9 6 .43
)2 2)
13%.8° 274 . 2%
5 k7 9 12 10 6 o7
3) 3°.5° 227.3° 4) 34 72 ’

157.28 118.9%"° ol 179 " 148

5.4.14. 3Sanumirte y Bursaal crernedd (i3 apodoBum abo Bijg €MHUM HOKA3HU-
y bis AP "t

KOM):

1 1
1) ;7 2) 3(:11' _1)3
3) o 1) ——
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5.4.15.

5.4.16.

5.4.17.

5.4.18.

5.4.19.

3anuIiTe y BUIISII] CTEIEHs 3 OCHOBOIO I :

2)3 N
5 2) |—| s
x‘) .1:6

3 4)0 4 )8
r X X

3) | — ] ; 4) {—_3 ;
x X

5 o 47 A 6 N 45 47
4 3.3 .
7)—$ \/; 8)5564-3172-%.

% )

SHalIiTh 3HAYEHHS YUCJIOBOTO BUPA3Y:

1)\/%-\/3; 2)@3/%,
4) ¥32-3.8-27.

Y2712
% )
Cupocrits (yci 3MiHHI BBaxKaiiTe JOJATHAMA):

2) Vb5,

)

3)

1) Va2

3

4
3) Va2'; gy | 290
1695

IleperBopiTh 3a/auuil BUpa3 10 BUTJISILY e

1)\/5%, 2)@-@;
3)%#@; 4)%/?:\/5;

5) a2? . W; 6) \/%;

7) V2¥2m™n®; 8) V2¥/2v2.

Bunecite MHOXKHUK 3-T1i/1 3HAKY KOPEHS:
1) V125; 2) ¥54;

3) Va’b; 4y Yz,
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5.4.20.

5.4.21.

5.4.22.

5.4.23.

5.4.24,

5.4.25.

VHeciTh MHOYKHUK TIi/T 3HAK KOPEHST:

1) 2V5;

) 3¥4;
Cupocrits Bupas:
1) (—41)%;

Posp’sxiTh piBHAHHS:

1)@:2;
3) Yz =
5)2«/_+3\/__5
) Vo =2 -
9) Va2 —11 =1 g
11) Vo = —a;

13) (2> —9N2—z = 0;

15) Vo + ¥z -6 = 0;

Posp’sxiTh HepiBHiCTD:

) Vo >0
3)\/ﬁ>5
5) Vo —1< 3
7) (z — 6z > 0;
)\/;<x—6;
1) Ve >az—2

2) 532;
4) IQ{)/;.
2) (2 —5)2.
NNz =-2

)

1) ¥z =
6)4\/_+3\/_—7
8) V2r — 3 =z +3;
10) V3 — 2% = V52— 3;

)
12) Nz +3 =22+ 5;
)
)

14) (2*> = 16Nz +3 = 0;

16) ¥z + Yz —12 = 0.
2) V> —1;

DNz -3>2

6) Vo +3 < 4;

8) (z+1) \/?<0
10) V=32 + 4 < z;
12) Vo +6 > 2

SHaiiiTe 06J1aCTh O3HAYMEHHST (DYHKIIIT:

1) f(z) =z + 9 - 2%

306pasiTh rpadik GOyHKIIT:

1) y=~z+3-1

2) f(z) =a? + 2.

y=-—~Nr—-3+1
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Ny=@-2>+1 4)y=(z+1>+2
5) y = %; 6) y = \9’/?
Bignosigi

5.4.12. 1) 2% 2) 2%; 3) 272% 4) 2%, 5) 2712, 6) 27
5.4.13. 1) 13; 2) 2; 3) 198; 4) 833.

5.4.14.1) 27 2) %(fﬂ—l)’?’; 3) 1% 4y A

5.4.05.1) 22 2) % 3) 2712 4) 2 5) zz > 0; 6) 2% 7) 2% 8) &7

5.4.16. 1) 10; 2) 15; 3) 3; 4) 12.

7a?

e

5.4.18.1) ¥8; 2) Yor5; 3) Yaa®®; 4) Y, 5) o5, 6) Y 7) Y2mn?; 8) Vs,

5.4.19. 1) 5v5; 2) 3Y2; 3) o>Nab; 4) *¥2%. 5.8.20. 1) V20; 2) ¥250; 3) Y108; 4) Y.
5.4.21.1) 41, 2) V5 — 2.

5.4.22. 1) {5}; 2) @; 3) {8}; 4) {-243}; 5) {~51}; 6) {1}; 7) {1}; 8) {6}; 9) {—4};

10) {~1}; 11) {0}; 12) {=2}; 13) {=3;2}; 14) {-3;4}; 15) {16}; 16) {729}.

5.4.23. 1) [0;+00); 2) [0;400); 3) [21;400); 4) (7;+00); 5) [1;10); 6) [—3;13];

5.4.17. 1) Va; 2) b% 3) ab?; 4)

7) {0} U [6;+00); 8) {3}; 9) (%+00); 10) [1;%}; 11) [0;4); 12) [-6;3].

5.4.28. 1) D(f) = [0:3]; 2) D(f) = (~o0i~1]U [05+00).

NpakTukym 5.5. TpUroHomeTpuaHi PyHKLUi

HaBuanbHi 3apaui

5.5.1. Busnauntn 3HaKku sin 2, cos 2,tg2, ctg 2.
Po3s’azanHa. [5.7, 5.9.1.]

. i
Ockinbku 5 <2< m TO TO4Ka M, OAMHWIHOrO KOJa

JIEXKUTD y 2-1 YBEPTI.
sin2 > 0,cos2 < 0,

SN2 g ctg2 = S%2 <,

cos2 sin 2

tg2 =

Puc. no 5.5.1
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3
5.5.2. SHaiiTu cos,tga,ctgo, Ko sina = s T<a< ?ﬂ
Po3B’a3anHs. [5.9.]

Touka M OZMHMYIHOIO KOJa JIC2KUThb y 3-it uBepTi, oTke cosa < 0 i

cosa = —V1—sin’a ——4’1— ——

tu—sma— ——'Cta—
8 cosQ 5 5 3’ 8 tgoa 4
5.5.3. 3Bectu 10 PYHKIIT rOCTPOro Kyra:
1
1) sin%; 2) cos735%;
o 7w
3) tg(—1759°); 4) cth.
5) COS2—“; 6) sm5—ﬁ.
3 6

Po3B’azanna. [5.9.3, 5.7.1
1. [Bukopucmosyrouu 27 -nepioduunicms i Henaphicms cunyca, maemo|

n 3

. 17w . T . T .
sin— =sin|3-2n ——| =sin|——| = —sin— = ———.
-l )

3 2
2. cos735° = cos(2- 360° + 15°) = cos15°.
tg(—1759%) = tg(41° — 10 - 180°) = tg41°.
T T T T
4 ctg— =ctg|2 - m—=|=ctg| -~ | = —ctg~ = —1.
ctg— cg[ T 4} cg[ 4] ctg
5. [Bukopucmosyiouu opmyay 3eederms, maemol
2% T T 1
cos— =cos|m——|=—cos— = ——.
3 [ 3} 3 2

. om . T .m0 1
6. Sihn— =sin|® —— | =sin— = —.
6 6 6 2

tg(m — o) cos(m — oc)tg[;T -«

5.5.4. Cuopocrutu Bupas
sin

E—l—u ct E+0Lt E—i—a.
2 &2 %2
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Po3B’a3aHHa. [5.9.3.]

o — et cos(r - O‘)tg[z ) 0‘} _ (ctge)(zcosajetgar _

sin[;—l—oa]ctg[g—l-u]tg[g—koa] cosa(—tga)(—ctga)

5.5.5. Cupoctutn Bupas:

1) sin 32°cos28° + cos 32°sin 28° 5 cosasina

sin15°cos 15° ' cos? o — sin? o
Po3B’a3anHa. [5.9.6, 5.9.7.]
sin 32°cos28° + cos 32°sin28°  2sin(32° 4 28°)  2sin60°

1. = = =
sin15°cos15° 2s8in15°cos15° sin 30°
Bl .5
2 2
cos o sin o 2cosasino sin 2a. 1

2. = = = —tg2a.

cos® o — sin® o 2 cos 20 2cos2a 2
5.5.6. Ilomaru coszcoS3T sik CyMy TPUTOHOMETPUYHUX (DYHKILIMA.

Po3B’a3anHa. [5.9.10.]

1 1 1
coszcos3zr = E(cos(x + 32) + cos(z — 3z)) = 5 cos 4z + 5cos(—2m) =
= lcos 4 + lCOSQI.
2 2

5.5.7.1. IleperBopuTu BUpa3 sinz — 3cosz, y CHHYC Pi3HUII, YIPOBAIKYIOUH
JONOMI?KHIM KYT.

Po3B’azanHa. [5.9.12.]

[Kpox 1. Busnauacmo amnaimyoy.]

A= 12 + (=32 = J10.

[Kpox 2. Ilepemsoproemo 6upas.]
o _ . 1
sinz — 3cosx = \/TO[M] = \/E[sina:-— — COoST - 3

V10 V10 Jio)

[Kpox 3. Busnauaemo donomisicnut xkym i3 cucmemu.](D

cosp = ——,

10 P = arcsini.
. 3 V10
BT
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[Kpox 4. 3anucyemo nepemsopeny dopmyay.]

.3
x — arcsin— |.
\/10]

KomenTtap. ® Ockisbku cosp > 0 Ta sing > 0, To KyT ¢ JekuThb y 1-if uBepri.

sinx — cos3zx = \/Esin

5.5.7.2. lleperBopuTHu BuUpa3 sinx + €OSZ, YIPOBAIAKYIOTH JIOMOMIKHUN KYT.
Po3B’azanH. [5.9.12.]
I croci6 (nepeTBOpeHHs B CHHYC CYyMH).

. i S . 1
sing + cosz = V1% +12 w] = \/E[smx-——kcosmi] —

V2 V2 V2

= \/E[Sinx . cos% + coszx - sin%] = \/§sin T +E}

IT crocib (nepeTBOpeHHsI B KOCUHYC Di3HUIL).
sinx + cosx = \HQ + 12 w] = \/§[COSLI}~L—|— sinx-i] =

V2 V2 V2

=2 COSI-COSE—‘,-SiD.T-SiHE =2cos|z—Z|.
4 4 4
5.5.8.  O6uuciauru:
1
1) sin[arcsing]; 2) tg(arctg\/i);
3) arcsin sin = ; 4) arctg| tg I ;
8 5
5) arcsin(sin 3); 6) arccos(cos4).

Po3B’azanns. [5.8.10.]

. .1 1
1. sin|arcsin—| = —.
3 3

2. tg(arctg\/i) = 2.

3

N Y T . T T
3. arcsin|sin— | = —, OCKIJIbKU — € | ——;—|.
8 8 8 2

27

€

)

N |2
_

N T T
4. arctg|tg| —— || = ——, OCKiIbKH | ——

N |2



MpaKTUKyM 5.5. TPUTOHOMETPUYHI DYHKLT 143

5. arcsin(sin 3) = arcsin(sin(w — 3)) = ® — 3, ockiibkn ™ — 3 €

6. arccos(cos4) = arccos(cos(2m — 4)) = 2w — 4, ockinbru 27 — 4 € [0;7].

5.5.9.  3mnaiitu tg[arcsin%}.

Po3s’azanHns. [5.8.5.1
Hexait arcsin§ = o

PosrasgnaemMo mpaMOKYTHHIT TPUKYTHHUK 3 TINOTEHY30I0 ¢ = 5 1 KaTeToM
a = 3, KUl JIEXKUTh [IPOTU KyTa (.
3a Ilibaroposoro Teopemo0 MaeMo

bZ\/CQ—G,Q =\/52—32 =16 = 4.

Toni 3

a 3

tga = — = —.
b 4 4

Puc. 10 5.5.9

5.5.10.1. Pos3p’a3atu piBHdAHHSA SINT = ﬁ
Po3B’azanHa. [5.10.1.]

siny = 5 &= (-1)" arcsin73 +mn = (—1)"%—1— n,n € Z.

x = (—1)”3—1— Tn,n € 2.
3

5.5.10.2. PosB’s13aTu piBHAHHA Sinx = 3

Po3B’a3aHHs.

1 1 1
sinx = -3 sz =(-1)" arcsin[—gJ +Tn = (—1)"“arcsin§ + wn,n € Z.

, 1
= (=1)"*! arcsing + mn,n € Z.
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5.5.10.3. Posp’s13atu piBHAHHA Sin

2:1:—3]:0.
4

Po3B’a3aHHs.

sin| 2z — = =0<:>2$—E=ﬂn<:>2l‘zz+ﬂ’n<:>.Z'=3+M,TLEZ.
4 4 4 8 2

xZE—Q—ﬂ,nEZ.
8 2

V2

5.5.11.1. Pozp’s13aTu piBHSHHS COST = 5

Po3B’a3aHHa. [5.10.2.]

2 2
cosx = —? & r = farccos —7 + 21tn &

S ==+ —|—21TTL<:>I::|:[T(—£]+2’K’N,<:>

2
T — arccos —
2

@mz:&%‘—f—%m,nez.

T = :I:??T’K+27m,n €.

. 1
5.5.11.2. Posp’s3aTu; piBHAHHA COST = §
Po3B’a3aHHS.

1 1
CcosT = 5 S = :i:arccongr 2nn,n € Z.
1
T = :I:arccos§ + 27n,n € Z.
. r T
5.5.11.3. Posp’a3artu piBHAHHS COS[; - 5] =0.
Po3B’a3aHHS.

T W r ™ W r 5w
cs|———|=0& -——-—=—+mn& —=—+1n&
[2 3] 2 3 2 2 6

@mz%—i—QﬁnmEZ.

x:%ﬂ—i—Q‘nn,nEZ.
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5.5.12. PosB’asaru piBHAHHA tgT = 3.
Po3B’a3annd. [5.10.3.]

tgx = 3= arctg(—«/g) +1mn & = —arctg«/g + mn &

@xz—%—l—‘nn,nez.
:L’:fg+7m,nEZ.

5.5.13. Posp’sazaru piBHsAHHA ctgr = —1.
Po3B’a3anHs. [5.10.4.]
ctgr = —1 & z = arcctg(—1) + °n & z = © — arcctgl + wn &

T 3
<=>£1?:7T—Z+7T7’l<:>$:z+ﬂn7nez.

:L’:?:T“Jrﬂn,nEZ.

5.5.14. Pozp’a3aru HepiBHicTb sinz > >
Po3p’a3anus. [5.10.1.1°

o . . 1
[Pose’sasyemo  mepienicmon,  6ydyrouu  epadivuy y = sinz @ yZE]

. T
arcsin— = —.
2 6

Puc. no 5.5.14

HepiBuicts sinz > 2 IpaBJuBa JJjd T €

T 5w . .
E;E . YpaxoByoun HepiogudHicTb

CHHyCa, MAaEMO

S n € 7.

I + 21m;5—1T + 21n
6 6

KomeHrap. ® 3azauy moxHa po3s’s3aru K 3a JonoMorown rpadika y = sinr,

TaK i Ha OIMHUIHOMY KOJI.
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5.5.15. Posp’s3atu HepiBHICTD cOST < 7

Po3B’a3anHA. [5.10.2.]
[Pose’asyemo nepisricms 3a donomozo10 00uruwho20 x0aa.]
M1y

arccos—— — —.
2 4

. 2
HepiBuicts cosz < > npaBiuBa JJd T €

YpaxoByroUun MepionaHiCTh KOCHHYCa, MAEMO

Puc. 1o 5.5.15

S E—I—Z’NN;%—FQ‘KTL ,n € Z.

5.5.16. 3maiitu obsacrb o3navenns ynkuil f(z) = arcsin tg .
Po3B’a3anHA. [5.8.6, 5.10.3.]

. . T
Oyukiiis f o3HAYEHA, STKITO |tg:v| <lixz= 3 + mn,n € Z.

tgr <1, y
|tga:| <le&e T
tgx > —1. 1l 1
arctgl = E; arctg(—1) = —arctgl = —uy
4 4
—E-i-ﬁngxgz—f—ﬁn,neZ. i
4 4 N 1
D(f):z € —E—i—ﬁn;i—i—ﬁn ,n € Z.
4 4 Puc. 10 5.5.16

5.5.17. 3maiitu muoxuHy 3Havenb GyHKil f(z) = 11cosz.
Po3B’azanns. [5.7.8.]
st BCiX @ mpaBauBi HEPiBHOCTI

—1<cosz <1« —11<1lcosx <11.
Muoxkuna 3uavens dyuuii E(f) = [—11;11].

3apayi s ayAUTOPHOI Ta AOMALLHBLOI poO0TH
5.5.18. Bupa3sits y pagianax KyT:
1) 20% 2) 45%
3) 135% 4) 240°.
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5.5.19.

5.5.20.

5.5.21.

5.5.22,

5.5.23.

Bupazits y rpaaycax kyr:
T

1) —;
) 18
2w

-

3)3

Cupocrits BUpas:

1) sin[g—t];

2) sin[—m}
6

3) sin(w — t);
7 sln( t)cos(2m — t)
tg(m —t)cos(w —t)
O6uuncIiTh 33 JOMOMOro0 (hOPMYJI 3BEJICHHS:
1) COS5—1T;
1
3) sin(—7w) + 20053?7‘ - tg%;

CupocriTh:

1) sin(a 4+ B) — sin a cosB3;
3) sin 5—“—@ —lcosu;
6 2

5) cos(a — B3) — cosacos B3;
O6uncitiTh:

5t 3w . 5™ ., 3w
1) cos—cos— + sin—sin—;
8 8 8 8

3) sin77°cos17° — sin13°cos 73°;

4) sin75° - sin15°.

2) sinasin + cos(a + B);
J3 . 5T
4) 751n0¢+cos o=

6) sinacosB — sin(a — B).

T om T, W
2) cos—cos— — sin—sin—;
4 2 4’

12

tg25° + tg20°

1) .
1 — tg25°tg20°
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5.5.24. CupocriTh:

s 2 3
1) 2sin” o 1; 9 sin 2t _sint;
1—2cos’ cost
in 40°
3) cos®t — cos2t; 4) S%n ;
sin 20°
cos 80° 6) sint :

cos 40° + sin 40°’ ot
2 cos 2

t
7) L; 8) V1—0052z+\/§sinx,:p€[0;2ﬂ];

CosE + sinE
2 2

1—cosx T
9 1,——l—t —,z € (—m;W).
) 1+ cosz g2 ( )

5.5.25. O06uwnciTh:

1) 2sin15°cos15°%; 2) cos?15° — sin®15°;
10sin 40° si °
3) QSinEcosﬂ; 0sin 40” sin 50 .
8 8 cos10°
5.5.26. IleperBOpiTh y H0OYTOK:
1) sin3t —sint; 2) cos6t + cos4t.
5.5.27. IleperBopiTh y cymy:
. : a B a B
1) sin(a + @) sin(a — B); 2) cos| =+ —=|cos| ——=|;
) sin(a + )sin(o — B >[22][22]

3) sinfcos(a + B).

5.5.28. IlepersopiTh Bupas mo purssany Asin(wt + ¢),A > 0:
1) sin5z — cosbu; 2) J3sinz + cosz;
3) 12cosz — Hsing; 4) —sinz — cosz.

5.5.29. 3HaiiiiTh 3HAYEHHH IHIIMX TPUTOHOMETPUIHUX (PYHKIIH KyTa Q, SIKIIO:

1 1
1) sino<=—,0<0¢<3; 2) sinocz——,ﬂ<0c<3—ﬂ;
3 2 8 2
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2 4
3) cosa = ——,E<0c < T, 4) cosa :—,3—“< a < 2T
52 5 2

5) tgaz—\/T5,2<0<<‘n; 6) CthL:3,T(<OL<3§.

5.5.30. O6uuciirs:
1) arcsin 2cos2—TY ; 2) arccos ltgE ;
3 273
2
3) arctg[Zcos%K]; 4) arcctg[\/gctg?ﬁ].
5.5.31.  O6uuciirs:
. .2 1
1) sin|arcsin— |; 2) tg|arctg—|;
5 3
3) sin alrccos§ ; 4) cos| arcsin _5 ;
5 13
5) tg arccos[%]]; 6) tg arcsin§ .
5.5.32. O6uuciirTe:
1) arcsin(sinl,27); 2) arctg(tg3,37r);
3) arcsin(sin6); 4) arccos(cos1l).
5.5.33. Posp’sokiTh piBHAHHA:
1) sin3z = 0; 2) cosi =0
3) sin— =1, 4) cos2z = —1;
. 1
5) sinz = —; 6) tgz = 5;
2
7) cos 51:—5—“ :ﬁ- 8) ctg £+_ﬂ =_1
12 2 2 3
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5.5.34. Po3B’skKiTh HEPiBHICTH:

1) sin2z > 0;
3) tg3z < 0;
5) cosz < l;
2
7) ctg2z > 1;
9) cos[x—i_“] > L;
V2

2) cos3z > 0;

4) sinz > %;

6) tgdx > \/g;
8) ctg(3z) < —1;

< —.

5.5.35. 3maiigiTe 06nacTb 03HaAYEHHS DYHKIII:

1) y = arcsin(bz — 1);

3)y= tg[w —%J;

2)y= arccos[xg5];

4) y = ctg[a: —|—§]

5.5.36. 3HaliIiTL MHOXKXWHY 3HAYEHD (DYHKIII:

1) y =5 — sinbz;

3) y= arccos|:r|;
5) y = 55in,7:;
5.5.37. Tlobynyiite rpadik GyHKITIT:
1) y= sin[:v EJ + 1
3
T
3 =tglx +—|;
)y g[ 4]

Bignosiai
™ ™
5.5.18. 1) o 2) 7 3) 25, 4) =8

5.5.19. 1) 10°% 2) 45% 3) 120% 4) 210°.

2) y = 6+ 2cosz;
4) y = arcsin|x|;

6)y=[%] .

5.5.20. 1) cost; 2) cost; 3) sint; 4) —sint; 5) ctgt; 6) —ctgoy 7) cost.
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5.5.21. 1) =; 2) =; 3) 2 4)

l\j\»—\
l\?\»—l
%\»—\

5.5.22. 1) sinfcosa; 2) cosacosf; 3) gsinu; 4) %cosoa; 5) sinasinf; 6) sinfcosq;

5.5.23.1) g; 2) %; 3) ? 4) 1

5.5.24. 1) 1; 2) sint; 3) sin?¢; 4) 2c0s20% 5) cos40° — sin40°% 6) tg%; 7) cosé—sin%;

8) {Qﬁsina:, T € [O;ﬂ, 9) thg, z €[0;n),
0, T € ['ﬂ;2ﬂ; 0, z € (—m0).

R
2

5.525.1) L 2
2’

5.5.26. 1) 2cos2tsint; 2) 2 cost cos 5.
1

) 5tg40°.

5.5.27. 1) 2(00528 — cos2a); 2) ;(cosoc + cosP); 3) =(sin(a + 28) — sina).

3) L
)3

5.5.28. 1) V2sin

5x72]; 2) 28111[6 ] 13sin| —z + arctg— ] 4) \/Esin[fxfz].

5.5.29. 1) cosa = &,tg& = L,Ctg& = 2\/5;
3 22
2) cosa = —ﬂ,tga S ,ctga = 3\/7
8 W7

3) sina = @,tg(x = f£ ctga = ,L; 4) sina = —itga = —ictga = —é;

5 2 V21 5 4 3
5) cosa = _L sina = E ctga = L. 6) sina = L cosa = 3 tga = 1

4’ 47 V15’ V1o’ V1o’ 3
5.530. 1) —%; 2) T 3) _ T 4y 3T

2 6 3 4
5.531. 1) 2, 9) Logy dogy 125 12,43

5’ 3 5 13 5 4

5.5.32. 1) —0,2m; 2) 0,3m 3) 6 —2w; 4) 4w —11.

5.5.33. 1) z = %,n €7Z;2) z=2n+4rn,n € Z; 3) x = 4n + L,n € Z;

4) ¢ = ng wn,n € Z; 5) © = (71)”+1arcsin§ + wn,n € Z;

2 2
6) z = arctgh + wn,n € Z; 7) x, 20+ ‘gn7 zzg%jt%,neZ;

8) x:g+2’nn,nEZ.
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55.34.1) z € TYTL;E+TY’I"L nmEL 2) x € fEJr%—n;E %—n,nEZ;
2 6 3 6 3

3) r € TLn—E;TLn M EZL 4) x € E-i-2'rm;5ir—O—Q’rm n € Z;

3 6 3 6 6
5) z € E+27m;5—“+27m N EZ;6) T E 1—Fﬂ;ﬁ—ﬁ-H n € Z;

3 3 4 8
RS Ln;ﬁ—f—Ln ,nEZ ) € _ﬂ_,_ﬂ;ﬂl n € Z;

28 2 12 3 3

11w 7w

9) z € [—2ﬂ+87m;8¢m],n €Z; 10) xz € —?+4ﬂn;€+4ﬁn ,n € L.

2
5.5.35. 1) D(y) = O;g ;2) D(y) = [-1;11]; 3) z = 2%—&- wn,n € Z;

4) x:t—g—&—’rm,nez.

5.5.36. 1) E(y) = [4:6]; 2) E(y) = [48]; 3) E(y) = O;g i 4) E(y) = O;g ;

5) E(y) = E;s)]; 6) y :'%;3].

NpakTukym 5.6. MNoka3HukoBa Ta norapupmiuHa QyHKuii

HaBuanbHi 3apaui

5.6.1. O6yucauTu:

1
1) log, 8; 2) log, —;
3) logl/2 1; 4) logl/2 \/5;
5) 5log53; 6) 1010g10016;
7) log, 15 — log, 5; 8) log, 2 + log 3;
1
9) 78 7. 10) log, log, 34/3.

Po3g’azanns. [5.11.1, 5.11.5.]
1. log, 8 = log, 2% = 3log,2 = 3.

2. logQ% = log, 27l = 1.
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3. 10g1/2 1=0.

1/2 1 1
4. log1/2\/5 = 10g271 2/ = f§log22 = —5.

5. 593 — 3.

1
—log,, 1

1
6 -

6. 10800 = 102 =162 = V16 = 4.

7. log,15 —log, 5 = 1og3§ =log,3 = 1.

8. logs2 + log, 3 = log,(2- 3) = log, 6 = 1.
1
9. 78T = 7% = 5,

1
141 2 3 3
10. log, log, 33 = log,log,|3 2| = log,log,3% = logQZ =

= log, 3 — log, 4 = log, 3 — 2.

5.6.2.  3norapudmysaTn lgga—, ne a > 0,b > 0,¢c> 0.
c*a +b)
Po3B’azanHg. [5.11.5.]
3a2¥p

g—
c*a +b)
=lg3 +lga® + lgbl/3 —lge —1gla +0) =

= lg(3a2%) - lg(c4(a + b)) =

=lg3 +2lga —Q—élgb —4lge —1g(a + D).

1 2log, b—3log, ¢
5.6.3.  Crpocrury 208 ¢210g,b=3log,¢

Po3B’azanns. [5.11.5, 5.11.6.]

. = 2
2105!,2 a+2log, b—3log, c — 210g2 a+log, b2 —log, Pt _ 210g2 abz_log2 3 _ 2log2 & ab

5.6.4.1. Pozp’azaru piBaamua 77 = 5.
Po3B’azanHs. [5.11.8.]

7" =5 < v = log, 5.
z = log, 5.
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5.6.4.2. Posp’szaru piBusmns 6°72 = 67,

Po3B’a3aHHs.
) T, = —1
67?2 =6" ©or+2=1" > -1-2=0& " 2’
Ty = 4.
2

7, = —lz, =2

5.6.5.1. Posp’azaru piBnsnEs log, z = 2.
Po3p’azanus. [5.11.9.]

10g3x=2©x=32 =09.
z=09.
5.6.5.2. Posp’ssaru pisusnns log,(z® — 1) = log,(Tz — 7).
Po3B’a3aHHs.

log, (22 — 1) = log. (72 — 7) &
g5(@” — 1) = logy ) {7m—7>0 z>1

22 —1="Tx 7, 1x2—7x+6=0,
= =

T =1,

=606 < z=6.

z>1

=

x = 6.
5.6.6.1. Posp’azaru HepiBHicTb 27 < 5.
Po3B’azanHs. [5.11.8.]

2" <5 &z <log,b5.
z € (—o0;log, 5).

T

<A4.

5.6.6.2. Posp’szartu HEpiBHICTD [5

Po3B’a3aHHs.

[%J §4<:>x210g1/24(:)x > —2log,2 & x> 2.

x € [—2;400).

5.6.6.3. Posp’szaru Hepisaicth 37 < 0.
Po3B’a3aHHs.
Ockinpku 3% > 0 1y 6yIb-sIKOTO T, TO HEPIBHICTb HE Ma€ PO3B’A3KiB.

Orxe, z € Q.
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5.6.6.4. Posp’s3arum HepiBHicTh 27 > —2.
Po3B’a3aHHS.

Ockinbru 2° > 0 17151 Oyb-sIKOTO &, TO HEPIBHICTH MIPaBIUBA JJisi Oy Ib-SIKOTO .

Orxe, T € (—00;+00).

5.6.7.1. Posp’asatu HepisHicTs log, v > —2.
Po3B’azanHa. [5.11.9.]

1
log2x>—2<:>a:>2_2<:>w>z

1
T € —;+oo].
4
5.6.7.2. Posp’asatu mepismicts log, v < 2.
Po3B’A3aHHS.
x> 0,
10g3w§2<:> 2<:>O<z§9.
<3
z € (0;9].

5.6.7.3. Posp’gzaru HEPIBHICTDH logl/2 T > —2.

Po3B’a3aHHs.
x> 0,
log1/2x>—2<:> 1N2e0<z <4
T <|=
2
z € (0;4).
5.6.8.  3maiitu obsacrb oznavenns Gyskmil f(z) = In(3 — z).

Po3zg’a3anHg. [5.11.3.]

Oyukrisa f o3nHaveHa, akio 3 —x > 0 & < 3.
Ob6uacrb o3navenns GyHkigl D(f) = (—o0;3).
3apadi ona ayAUTOPHOI Ta AOMALLHBOI po0oTH

5.6.9. 3uaimiThb:

1) log, 2; 2) log, 1;
3) log, 4; 4) log, 64;
5) log2l; 6) log, 2.

8
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5.6.10. OGuuciTh:

1) log, & 2) 10g1/3 27;
5 log% 81; 5 g7,
log,, J3
5) 986 6) log, 2 + log, 8;
9
7) log,2 — log, 54; 8) log, 8 + 3log, 5;
9) log, 5 — log, 35 + log, 56; 10) log, log; %;
2 1
11) 655, 12) 643188,

13) log, (log2 5-log; 8).
5.6.11.  CopocriTs:

log; 14 + log, 14 - log, 7 — 2log; 7
log, 14 + 2log, 7 ’

1)

3log; 15 -log, 9 — 210g§ 15 — logg 9

i

2
) log, 9 — log, 15

log,,(27—10v2 log, (1146v/2
3)@&;( )_'_\/g 85(11+6v2)

)

1) log,(7 — 4v3) + log, (26 + 15v3);

logg 7 logg 7

5) log? 7 + :
) logg logs6  log,, 6

6) log,3-log,4-log,5-...-log, 19 - log 4 20 - log,, 21.

5.6.12. 3sorapudmyiire Bupas:

1) log,(16a%°); 2) log, [éa\/ﬁ ];

3) 10g2(48a\/; b, 4) log, —.
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5.6.13.

5.6.14.

5.6.15.

5.6.16.

5.6.17.

Posp’sxiTh piBHAHHS:
1) 2" =1
3) 2
5) 47 = 47
7)2.2% —3.2" —2 =0

PosB’skiTh piBHAHHS:

1) log, z = 5;
3) logy(z® —5) = log,(1 — z);
5) logsz — 2log, 7 — 3 = 0;

Posp’sxiTh HEpiBHICTD:

1) 577! < 25;

7) 4" —6-2" +8 <0
Posp’siKiTh HEpiBHICTH:

1) log,(3 — 8z) > 0;

3) logy(z —3) < 3;

5) log,(3z — 1) < log,(2z + 3);

7) lg?z —4lgz + 3 > 0

2) 5" =

)

4) 4777 = 0,5;

6) 2° + 27T° = 264;
)

8 72T+1 + 4. 21% — 321+1 = 0.

2) log,(2z — 1) = 4;

4) log, log, logl/g(a: -1) =0

8) 9" —10-3% +9 > 0.

) 10g1/2(7 —3z) > 0;
4) 10g1/5(3 —2z) > —1;
6) 10g1/7(4a: -3)> logl/7 (z + 3);

8) log?ix —3log,z +2 <0.

SHaiigiTe 06/1acTh O3HAYEHHS (DYHKIIT:

1) f(z) = In(z + 2);
1 .
3) f(z) = m,

2) () = logy (5 — )

1

4 Jlw) = log,(z +4)
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5.6.18. 3HaiijiTh MHOXKWHY 3HAYEHDb (DYHKIII:

1 1 (1)
1) o) = 451 2 1= 4]
5.6.19. TIloOynayiiTe rpadik GyHKITIT:

1) y = 3:E—1 + 1’ 2) y = 2:E+1 _ 17

1 r+1 1 z—1
3)y=|= -2 4) y=|= + 2

)y [2] )y [ 3]

5) y = logy(z — 2); 6) y = IOgl/Q(a: +2).

Bignosigi

5.6.9.1) 1; 2) 0; 3) 2 4) 6; 5) —3; 6) é
%; 2) —3; 3) 48, 4) 7; 5) 4; 6) 2; 7) —=3; 8) 6; 9) 3; 10) —3; 11) 25; 12) 9; 13) 1.
5.6.01. 1) 1; 2) 2, 3) 8 4) 0; 5) 0; 6) log, 21.

5.6.10. 1)

5.6.12. 1) 4 + 2log, a + 3log, b; 2) —3 + log,a + glog2 b; 3) 4+ log, 3+ glog2 a + 4log, b;
4) 3log, b —5log, a — 2.

5.6.13. 1) 0; 2) @; 3) log, 5; 4) g; 5) {=1:2}; 6) 3 7) 1; 8) —1.
17 0 . |1 1
5.6.14. 1) 32; 2) —; 3) —3; 4) —; 5) {—:;8¢; 6) 1—=;1;.
yoxa) Ty s 0 2 Lo 1)

5.6.15. 1) (—00;3); 2) (—o0;—1]; 3) [21400); 4) (6;+00); 5) (~1+00); 6) (—00;0]; 7) (1;2);
8) (—00;0]U [2;400).

! i 2) [2%]; 3) (3;12]; 4) [—1;§]; 5) [l;4]; 6) [§;2];

oo
7) (0;10) U (1000;+00); 8) [3;9].

5.6.17. 1) D(f) = (=2+00); 2) D(f) = (—0035); 3) D(f) = (6;7) U (7;+00);
4) D(f) = (=4=3) U (=3;+00).

5.6.17. 1) E(f) = (0;1) U (1;400); 2) E(f) = (0;400).

5.6.16.1)
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NpakTukym 5.7. MoGypoBa rpadikis 3a gonomoroto
reoMeTpU4YHUX NepeTBOpeHb

HaBuanbHi 3apaui

5.7.1. ITobyayBaru 3a OMOMOrO0 T€OMETPUYHUX IEPETBOPEHDb rpadik dy-
wkiii y = 22 4 4z + 5.
Po3B’azanna. [5.5.3, 5.15.1, 5.15.2.]
[lIepemsoproemo Keadpamuvwny dynkyito, sudiraowu nosrud keadpam.|
y=a2’4+4z+5=(z+27°+1
[[pagpiv: 3adanoi dyrmuii dicmaemo is epadina Pynwuii y = 2> nepenecenmnam
ateopyy na 2 odunuyi 63dosoic oci O i na 1 odunuuo ezopy 63doeoic oci Oy. |
y=12"—y=@@+2 —y=(@+2°+1
y=(z+27 y

Puc. no 5.7.1
5.7.2. Ilo6ynyBaTu 3a JOMOMOTOI0 T€OMETPUIHUX MEPETBOPEHL rpadik dy-
3z +1
HKIT y = .
x—1

Po3B’a3anHA. [5.4.4, 5.15.]
[[Iepemsoproemo dpoboso-ainitiny Pyrruyit, sudiasouu yiay wacmuny dpoby.)
~3z-1 3z-1)+2 2

=34+ —.
z—1 r—1 r—1
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1
[Cpadix sadanoi pynruii dicmaemo i3 epadira Pynkuii y = — posmsazysan-
T

HaM Y 2 pasdu 63dosoic oci Oy, nepenecennam wa 1 odunuuio 6 nanpami oci

Oz i na 3 odunuyi 6 nanpami oci Oy. |

Pwuc. 1o 5.7.2

5.7.3.1. IlobyryBaT; 3a JOTIOMOTOI0 T€OMETPUYIHHUX MEPETBOPEHb rpadik dyH-
Kmil y = 3sin2z.

Po3B’azanna. [5.7.7, 5.15.3, 5.15.4.]

[I'pagix sadanoi dynruii dicmaemo i3 epadixa Gynryii y = sinz cmuckan-

Ham Y 2 pasu 63006orc oci O i posmasazysannam y 3 pasu 63doeotc oci Oy.|

y =sinz — y = sin2z — y = 3sin2z.
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y = 3sin2z y = 3sin2z

V]

N | =

Puc. mo 5.7.3.1

5.7.3.2. TloOymyBaTu 3a JOTMOMOTOI0 T€OMETPUYIHUX MEPETBOPEHDL Tpadik dy-
HKITT ¢ = tg[E — E]
2 4
Po3B’azanHg. [5.7.9, 5.15.1, 5.15.3.]

[[Iepemsoproemo apeymenm dyrruyii, wob disnamucsy npo tozo 3cys.]

r W 1 iy
=tg|=——|=tg=|z— =]
s=taf-3) =gl 3]

[Cpagir sadanot dymxuii dicmaemo i3 epadixa Pynruii y = tgz posmazysarnam

, . T ,
y 2 pasu 63doesic oci O i nepenecernam ma 5 oduruyb yadoeorc oci O.

T 1 T
=tgr - y=tg——y=tg—|z——|.
Y g ) g2 Y gg[ 2}

Y

CRE|

Q

e
)

Q

|
E

=
[
8
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! . ! !
Y ;
L2 0 : :
T E oy E E T
| ://2 s a
A : :
e i i
_z i 31 5 m T
25//2 2 2}

Puc. 10 5.7.3.2

5.7.3.3. TloOymyBaTu 3a JOTOMOTOI0 TEOMETPUYIHUX MEPETBOPEHDb Tpadik dy-
HKIIT ¢ = —arcsin|a:|.

Po3B’a3anHa. [5.8.1, 5.15.5, 5.15.7.]

[[pagix pynruii y = arcsin|x| dicmaemo 13 epagiva Pynxuyii y = arcsinz

mak:

1) 6ydyemo wacmuny epadira y = arcsinz,z > 0;

2) donosmroemo nobydosany kpusy it dseprasvhum 6idbumrom sionocro oci 0.

I'pagix Pynruii y = —arcsin|a:| dicmaemo 13 epadira Pyrruii y = arcsin|:1:|

dzepranvhum 6idoummam eiornocro oci OZ.]

y = arcsinz,z > 0 — y = arcsin|a:| —y = —arcsin|a:|.

Y
L
2

OT 1 = —1 OT 1 T

y = arcsinz,z > 0 y = arcsin‘:z‘
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Y Y

""" =TT TR
N 2 i P2 :

—1 1 -1 1
| ' i LT
: 0 ' v : @) !
E T E E ™ E
_______ |2 (L2}
y:—arcsin‘x‘ y:—arcsin‘x‘

Puc. no 5.7.3.3
5.7.4. TlobyayBaTu 3a JOMOMOTOI0 MEOMETPUIHHUX MepPeTBOpeHb rpadik dy-

HKIT y = |log2 a:|
Po3B’azanns. [5.11.3, 5.15.8.]

[Cpadix  Pynxuii y = |log2 a:| dicmaemo i3 epagira Y
pynxuii y = log, * max:
1) 6ydyemo epagpix Gynxuii y = log, ;

2) He BMIHIEMO “aCTUKY 2padika, AKa PO3ZMAULOEAHA

nad eiccro Oz;

3) dzepraavro 6idbusaemo eidnocno oci Or wacmuny

epadpixa, axa pozmawosana nid eiccro O.]

y=log,z —y= |10g2x|.

Yy = ‘logQw‘

Puc. n0 5.7.4

3apadi 4na ayAUTOPHOI Ta AOMALLHBOI po00TH
5.7.5. 3a JI0I0MOr0I0 ej/IeMEHTAPHUX IIEPETBOPeHb 100y tyiire rpadik dyHKILI:

1) y = —22% 2) y = 1" — 4
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5.7.6.

5.7.7.

5.7.8.

3) y=—(z -1

5) y::z:2—4|:1:|—|—3;

4) y = 2% + 6m;

6) y:‘foQfo‘.

3a J0MOMOroro ejileMEeHTapPHAX IePeTBOPeHb o0y mydire rpadik dyHKIl:

1) y = 22%; 2) y = —a%;
3)y=(z—-13>+2 4) y=(z+27° -1,
5) y =z 6) y =—z;

7 y=2-u 8) y=—z+1;
9) y =Xz +1; 10) y = V1 —z;
11) y:‘azg‘, 12) y =[]

3a J0IOMOror ejIeMEHTAPHUX TIEPETBOPeHb o0y myiire rpadik dyHKIi:

1) yzQCos[x—g]; 2) y:cos[2x+£]+1;

AN
4) y=sin|—+—|—1
)y [2 4]

T T
o) y=tglx——|; 6) y=ctglz+—|;
)y g[ 6} )y g[ 3]

7 y:tg[Qx—g}; 8) y:sin|:c|;

9) y:|cos33|; 10) y:|sin;1:|.

3a JI0I0MOI0I0 e/IeMEHTAPHUX IIEPETBOPeHb 100y nyiire rpadik dyHKILI:

0

1) y = 2arcsin(z — 1) + 5 T

1
2 = —arccos(z + 2) — —;
) y = Jarccos(a +2) — ]

3) y = 3arctg(z — 1) + g; 4) y= %arcctg(z + 3);

5) y = sin(arcsin z); 6) y = tg(arctgz);

7) y = arccos(cos z); 8) y = arcctg(ctgx).
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5.7.9. 3a JI0I0MOr0I0 e/IeMEHTAPHUX IIEPETBOPeHb 100y tyiire rpadik dyHKILI:
1) y=2"-1, 2) y = log,(z +1);
1 z—1
3)y= 5} ; 4) y = logy ;s (22 — 3);
5) y = 2°l; 6) y=1—log,z
1 T
Dy=|z| 1 8) y = log,(|z| - 1);
9) y =3 10) y = [logy(z —1);
11) y = 31°g3‘z‘; 12) y = log2|x — 1|;
13) y =ch(z +1) -1 14) y = sh(z — 1) + 1.

5.7.10. VYkaxiTb aMILITydy, YacCTOTY, MEPIioJ i MOYaTKOBY a3y rapMOHIK
L), (1), £5(t) i moby nyiire ixmi rpadiku, axio:

1) £(t) = 3sin|2

-2 40 = 2020~ 2|0 = i) + 0

2) fl()—4sm[3t+ ]]‘2()—3005[375—1- ]fs() £@) + L(@).

Bignosigi
5710.1) 4 = 3,0, =27, = 79, = —2—“ A =20, =2T) =Tp, = —%“,AS =13,
2 2n 3m
w, =2, T, = m,p, = arcsin—— — — A =40 =3T =—,¢ =—,
3 3 P3 3 3’ 2) 1 31T
2 3m 2m 3 2r
=3,w, =31, =—,p, =—, A, = 5w, =371, = = arcsin— — —.
4, 2 2 3 P2 1 3 3 37T g »P3 5 3



OCHOBHI NOHATTA TA BMIHHA

OcHOBHI O3HaA4YeHHS

1. [TapHa it Henapua GyHKIII.

2. Ilepiopgnuna dyukiis.

3. MouoronHi ¢yHKIIT: crajHa, 3pocraroya,
HE3POCTAI0Ya, HECIaHA.

4. OyHKIis OIyKJIa J0ropu (JOHU3Y).

5. Obmexena dyukiig. Pyakiis obmexeHa

3BepXy (3HH3Y).

6. Esnemenrapua dyHkIis.

7. lNinep6osiuni dyskmil: rinepOotiaHmit
cuHyC, rinepboJiivHmii KOCUHYC, rinepboJri-
YHU TAHTEHC, TIepOOIYHINA KOTAHIEHC.

8. JlpoboBo-partionaabna OYHKITI.

Teopemnu

1. Jocrarusi ymoBa 060poTHOCTI (byHKIIT.
2. Teopema Besy.
3. OcuoBHa Teopema ajredpu.

4. Teopema Biera.
5. Teopema PO PO3KJIA] MHOI'OYJIEHA

Ha MHOXKHHUKH.

Metoau

1. Merox noby1oBu rpadika (yHKIHT 3a JOMOMOIOI0 €JIeMEHTAPHUX [IEPETBOPEHbD.

OcHoBHIi 3asa4i

1. 3raxomuTn 06/IACTD O3HAYMEHHS YUCIOBOL
byHKII.

2. Bnaxoautu obepreny QyHKILIO.

3. BusnauaTu CTpyKTypy CKJIIeHO! (DYHKIILI.
4. 3Hax0UTH HYJ Ta IHTEPBAIN 3HAKOCTA~
siocti pyHKII.

5. HocmimxyBarn DyHKII0 Ha MapHICTH

(nenapHicTn).

6. JlocripKyBaTi (OYHKILIO HA EPIOANIHICTD.
7. HocmimkyBarn (OYHKIHIO HA OOMEXKEHICTD.
8. Bynysaru rpadikn dyHKIiil 3a gomomo-
rOI0 PEOMETPUIHUX TEPETBOPEHbD.

9. JlisuTu OiMH MHOTOYJIEH HA iHIIWIL.

10. Poskiajgarn MHOrO4YIEH Ha MHOXKHUKI.




PO3/I1 6.
TEOPISl TPAHULLb

6.1.

6.2.

6.3.

6.4.

fpannus GyHkuii
[paHuus YNCNOBOI NOCNIJOBHOCTI
ExBiBa/IeHTHi HeCKiH4eHHO mani QyHKLi

HenepepBHicTb pyHKLii

Po3sdia npucssveno nowAmMmMI0O 2panuli GYHKYIL ma 4ucaosoi
nocaidosrocmi, wo € 6a306um s nobydosu JupeperyiarvHozo ma
THMEZPAALHO20 YUCAEHHA YHKYIT 00HIET Ma  KiALKOT BMIHHUL,
meopii padis.

Possunymo epexmusnut anapam OAA 3HATOOHCEHHA 2PAHULD
Pyrruit.  Busueno  64GCMUBOCTNE  HECKIHYEHHO — MAAUT TG
HECKIHUEHHO BEAUKUT GYHKUIG. 3anposadiceno 6adicAust KAaacu
PYHKYIT HENEPEPSHUT Y MOoYYyi T Ha 610PI3KY.

ITodanutli mamepiaa 8uUKOPUCTIOBYEMBCS 8 PO3CINGL:

— Jugeperuyianvre wucaenns Gynryit oonici 3mMinnoi;

— Inmeepasvhe wucaenna GYrKUit 00niel 3MiHHOT;

— Teopisa padie.



Karouwosi nonammas:

— epanuYa GyHKUi;

— 2PAHUUA YUCA080T NOCAII06HOCTI;

— WUCAO €;

— HeCKIHUeHHo Mana Pynryis (H. M. P.);
— HECKiHuenHo eeaura dynryis (n. 6. §.);
— exgisasenmnicms . M. . (1. 6. P.);
— HenepepsHicmb GYHKULE;

— MOoYKG PO3PUBY.

Onanysaswu ueti po3ddia Bu 3mooceme:

— 3Hazodumu 2panuyl 3a dONOMO2010 NePemeopers GyHKYil;
— 3HAT00UMU 2PAHUYL 30 QONOMO2010 EKBIBAAECHIMHUL PYNKYITL;
— nopiewosamu H. m. @. (n. 6. @p.);

— docaidocysamu PynKUio Ha HenepepeHicmy;

— KAaCuPiKY6aMU MOUKY PO3PUSY PYHKUIL.

ITonepedni 3HanHA Ma 8MIHHA 3 PO30ini6:
— Mmnootcunu G wucaa;

— Qynkuyii odniei 3minnod.



6.1. TPAHULIA ®YHKLIT

6.1.1. Ipannng GysKIil B TOUI|
6.1.2. Oxuobiuni rpanuii ¢yl
6.1.3. Heckinuenno maJli Ta HECKIHUEHHO BeIMKi QyHKIHT
6.1.4. Bnaxomzkenns rpanut Gyl
6.1.5. «Busnagenocri» i HeBU3HAYEHOCTI
Ionarrsa rpanuni € epeKTUBHUM iHCTPYMEHTOM K JIJIsl JIOCJI/IZKeHHsT (Dy-
HKIH, Tak 1 JiIs O3HAYEHHS] KJIIOYOBUX HOHSATH MATEeMATHYHOIO aHaJi3y: MOXiJ-

HOI, BU3HAYEHOI'O IHTerpajia, CyMHU Psy.

6.1.1. Tpannusa QyHKLIii B TOYLL

1. PosrngabMmo dymKIio f, dKa o3HaYeHa B JIEAKOMY OKOJI TOYKH I,
OKPIM, MOKJIMBO CaMOl TOUKHU L.

(rpasuni pyHKIil MOBOIO OKOJIiB, 3a Komri).
Touxky A maszmBaioTh eparuuero dynxuii [y mowyi x,, AKImMO g Oyab-
sxoro €-oxoiy U_(A) Touxku A icmye npokosenuit 6-oxin Ug(z,) \ {z,} Tou-
KH T, TaKUH, IO JyId BCixX

z € Ug(y) \ {zy}
BianoBiaHi 3HaYeHHa QYHKINT
f(z) € U.(4)
1 IO3HAYIAIOTH

lim f(z) = A

l‘*?l‘o

Posnumimo OerMi BUIIQ KA C(bOpMy.HbOBaHOI‘O O3HAYCHHI.

2. x,, A — pniiicui unca (puc. 6.1). Yu- A +€y

cio A masmBaroTh rpaHuneio Gysrmii f oy

ToUmi T, AKIO JyiA Oymp-axoro € > 0 ichye

. . A—efFy
Take O > 0, 1m0 3 HePIBHOCTI
0< |2: — :L’0| <& 0
BUILJINBAE HEPIBHICTH Puc. 6.1. Ckinuenna rpasuns
|f($) _ A| < e bynxnii f, ko z — 1, € R
Abo

lim f(z) = A Ve >038() > 0:0 < |z — 2| < d=|f(x) - 4] <=

IH‘TU
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3. x, — paiiicie wncno, A = oo (puc. 6.2). Y
]}LII;f($):OO<:>VE>036(8)>0:
0<|z—2,|<8=|f@)>= i
Axmo lim f(z) = oo, 1o rpadik byHKUil Mae B 0 i
Ty Puc. 6.2. Heckinyenna rpanuis
TOHI T, GEPMUKAALHY ACUMTIMOMY T = I,. dynkuii f, ko z — 7, € R

4. Po3sryisHbMO BasKJIMBHUI BUITAIOK CKiH- y

genHol rpanuri A Jyskmii f y  Touni
z, = 400 (puc. 6.3):
lim f(z)=A& Ve>030e)>0: .

T—+00 .
z>0=|f(z)— Al <e ol s z
dxkmo lim f(x) —_ A7 1o rpadik GyHK- Puc. 6.3. Ckinuenna rpanuiis
T— F00

bysruil f, kom r — 400
il Mae 2opusonmaivhy acumnmomy y = A.

5. A= f(z,). fdxumo dynkuis f, o3mavena B okoii Toukm z, € X i

lim f(z) = f(z,), To dyHKImiO f HaZUBAIOTE HenepepeHolo 6 MovYi .
.T**ﬁo

MozxKkHa J0BEeCTH, IO
Bynp-sika ememenTapua GYHKINS HeepepBHA B KOXKHIM TOYI cBOeT obacti
O3HAYECHHA.

6. A. Ilpumipom, goseaimo, mo s crasol Gyukuii f(z) = ¢,

lim ¢ = c.
.T,—?.TU

Cupasi, s 6yab-sgKOro x i jisi 0yab-gaKkoro € > 0 BUKOHAHO
|f(a:)—c|:|c—c|:0<e.
Orxke, 3a § MoOXKHA B3g4TH Oydb-sSIKE JOJATHE YUCIIO.

B. IlokaxkimMo TakoxXK, 1110

lim z = x,.
Z*’ZO
Crpasni, jus Oyab-gaxoro € > 0 HepiBHICTH |f(:c) - :c0| = |x — :1:0| <e

BUILIMBaE 3 HepiBHOCTI 0 < |m - x0| <& st § =«
7. Touxa z, MOXKe fK HaJieskaTu obsacri o3HaueHHs GyHKHii f Tax i me

nasexatu. OCKUIbKE, KON 3HAXOAATH I'DAHUINO, (DYHKINIO PO3IJIANAIOTH JIU-
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e B JIOCUTh MaJIOMy HPOKOJICHOMY OKOJII TOYKHU T, TO ICHyBaHHZ I'DAHUIL
GbYHKIT B TOUI € JIOKAJIBHOIO BIACTUBICTIO DYHKITIT.

dyHKLIN, [0 MAIOTHh CKIHYE€HHY IPaHUIIO.
1 (edumicmo epanuyi). Adxmo dyHKIis f Mae CKiHYEHHY TPAHUIO B TOYIL
Ty, TO g TPAHWILS €JIMHA.
2 (obmeoicenicmo). Axkmo dyskiis f Mae CKiHYeHHY I'DaHHUIO B TOYII I,
TO iCHy€ IPOKOJIeHnI OKiMl TOUKM Z,, ¥ AKoMy yHKHis f obMmerxeHa.

3 (sbepeorcenna snaky). dxmo icHye ckinuenHa lim f(z) = A i B jesxomy

T,

IIPOKOJIEHOMY OKOJII TOUKH I, BUKOHAHO HEPIBHICTDH f(z)>0, o A>0.

4 (sbepeoicenna  mepisnocmi). SIKmo  icHylOTH  CKiHUeHHI — TpaHuIl
TILII;O fi(z) = A Ta }LH;O () = A, i B medgKoMy IIPOKOJICHOMY OKOJIi TOYKH T,
npasiuBa HepiBHicTs f(7) < fi(2), To A < A,.

5 (meopema npo npomisicny dynkuito, npo «dsox sapmosury). Akmo ichye

ckimyenni rpamuni lim f(z) = lim fy(z) = A i B geakomy mupokoseHomy
JI—)ﬂ)U .’I)—>.’I,’0

okosi Touku z, npasausi mepisnocti f(7) < f(z) < fi(x), To lim f(z) = A

l'ﬂl'o

(puc. 6.4).

Zosedennsa. 2. 3 pipnocri lim f(z) = A Bunsusae, mo s 6yap-akoro € > 0, 30k-
T

pema it juist € = 1, 3Haiigerses Take §() > 0, mo
0<|z—=)| <8 =|fla) - A| < 1.
3a HepiBHICTIO TPUKYTHUKA
|f(@) = 4] 2 | f(@)] - |4].
Orxe,
|f(@)] < |A|+1=C.
A ne it osnavae obmexkenictb GyHKOil [y MpoKo-

JIEHOMY OKOJIi TOYKH ).

5. 3 pisuocreit }LIEI filz) = 111561 L(z) = A Bunm- 0]
0 0

Bae, WO JyIs JIOBIILHOTO € > 0 icHyioTh siBa npokoge-  Puc. 6.4. Teopema npo napox
HHX OKOJIM TOYKH I, B OJHOMY 3 fIKMX BUKOHAHO Hepib- BapTOBUX
mocri —e < fi(x) — A <€, a B apyromy — HepiBHOCTI
— < filz)—A<e

3 mepisnocri f(z) < f(z) < f,(z) Bummmsae, mo

h(@)— A < f@)~ A< fa)- A
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OTKe, y MEHIIIOMY 13 JBOX OKOJIiB BUKOHAHO HEPIBHOCTI
- < file)-AL flz) —A<L f(z2)—A<e=>
=> €< fz)-A<ee lim flz)=A R
.’I?—NI?O

6.1.2. OaHOGIuHI rpannL PyHKLi

1. B osnavenni rpanunmi GyHKIIT f yBaXKaoThb, MO TOYKA T TPIMYE 0
TOYKH 7, JOBIILHUM YHHOM: K 3J1iBa TakK i crpasa (TOOTO 3a/IMINAIOYHCH SK
MEHIIOI0 TaK i 6imbmoro, HixK 2,). OJHaK, 3HAYEHHS IPAHUIN MOXKe 3aJeXKaTn
BiJ{ TOrO, 3 AIKOTO GOKy (3J1iBa UM cIpaBa) T HPSAMYE JIO .

(rpaHnui dyHurnii 3aiea i cnpasa) (puc. 6.5).
Touxky A masumBaioTh epanuyero GyHKIil f y rourni z, 34ica (nisobiunono
epanuLelo B TOYUI &), AKIIO i Oy/b-sKOro ducia € > 0 MOXKHA BKa3aTH
rake dncio 0(g) > 0, wo Jyis BCIX Z, 9Kl CHpaBIKYIOTh HEPIBHICTH

-0 <z —15 <0,
BignoBiaHi 3HaTeHHa PYHKINT
fla) € U(A).
Touxy A masupaloThb epanuuero PyHKIi f y Toumi z, cnpasa (npasobiunoro
epanuelo B TOYUI ), AKIIO JJIA OyIb-AKOro uuciaa € > 0 MOoKHA BKa3aTH
rake dncio O(g) > 0, wo Jys BCIX z, sKi COPABIPKYIOTHb HEPIBHICTH
0<z—15<3,

BianoBiaHi 3HaUeHHa QYHKINT

f(z) € U(A).

I'panuigo 3i1iBa B TOYL] 7, HO3HAYAIOTDH 5K Y y = f(z)
. . flzy 4+ 0)p==-----
z,—0) = lim z) = lim f(x).

fly =0) = lim fz)= lim f(z) i - i\

<, 1

. ! f(@g = 0) --mnm :

I'pannuigo crpasa B TO4Ii I, HO3HAYAIOTH SIK :

flzy +0) = lim f(z) = lim f(z). 0 T, T

2 +0 T—=5) - .
>, Puc. 6.5. Onnobiuni rpanunmi

_ _ -
Ipanuigo 3miBa (cupaBa) HA3UBAIOTH 00H00i- bymuii fy rouni ,

YHON 2PAHUYEN.
I'panmmio, ko z — —o0o0, MOXKHA BBaXKATHW I'DAHUIEIO CIPaBa, & TDAHU-

10, KOJIU T — 00, — IPaHUIEIO 3J1iBa.
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2. I ENRN (kpuTepiil icHyBaHHSA CKiIHYEHHOI rpaHuILi).
Oyukiisg f Mae cKiHueHHy rpaHumio A B Toumi T, TOAI i JiuIe TOJI, KOJIK B

niit rouni icHyIoTh piBHi yucay A rpanuni asisa i cipasa:

lim f(z) =4 & lim f(z)= lim f(z)= A
r—1,—0 z—1y+0

I‘—)I‘O

3. Ipumipowm, 3HaligiMo ogHOGiuHI Tpanul GyHKIET f, e

fwy= {0 7ol
z, € (2+00),
y To4ni z, = 2.
f2—0)= lim f(z)=lim f(z) = lim 2 _ 1 ' y= f(x()/
—2-0 ;:22 1—2-0 4 Y A

z>2

f(2+0):£gri0f(:v):ilgf(x):zgﬂoxzz_ 1/
2

(0]
Puc. 6.6. I'padik dysxmil
3 pisHEMU OHOGIYHUMU
Touni ¥, = 2 dyukuia f rpamuni ne Mae (puc. 6.6).  rpanumsvu B Touni 7, = 2

OckinbKu OHOOIYHI rpaHuIl iCHYIOTH, ajie He PiBHI

MiK cODOIO, TO 33 KPHUTEPIEM iCHyBaHHS T'DAHUIN B

6.1.3. HeckiH4eHHO Mai Ta HeCKiHYeHHO BenKi PYHKLi

1. PosriigabmMo BasK/IWBI BUTTAIKY TPAHUIL (DYHKITII.

OEGER 06 (HeCKiIHYeHHO MaJiol Ta HECKIHYEHHO BeJIMKOI
dyHKLIT).
Dyukiio f HABUBAIOTH HECKIHYCHHO MAA010 (M. M. (f.), KO T — T, SKIIO

lim f(z) =0

_T*)l‘o
i neckinuenno seauroro (n. 6. .), AKIO
lim f(z) = oo (abo —oo, abo +00).

I*?ID

3 osHaueHb TpaHulll (QYHKII B TOYI BUILIMBAE, WO (QYHKINS «Q €
H. M. ., KO T — I, AKIIO
Ve > 0 3626(€)>O:O<|w—a|<6z>|0¢(a:)|<s~:.
Kopua 3i cranux, kpim o(z) = 0, He € HECKIHYEHHO MAJIOIO, AKOI O Ma-

JIOIO 3a MojyJieM BoHa He Oyja. TepMiH «HECKIHUEHHO Majia» OIUCYE XapakK-

Tep 3MiHIOBaHHS (DYHKIII, & He 1l 3HAUEHHS.
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2. BractuBicTts OyTH HECKIHYEHHO MAJIOIO YU HECKIHYEHHO BEJIMKOIO € JIO-
. . 1 . .
KaybHOW. [IpuMipoMm, dyHKIIA y = — € HECKIHYeHHO MaJIoI0, KOJM T — 00, 1
z
HECKIHYEHHO BeJuKow, Koy © — 0 (puc. 6.7).
Bynp-axa meckinyenno pesmka (DyHKITis B OKOJII TOYKH T, € HeoOMerKe-

HOO B OKoJIi 1ii€l Touku. ObepHeHe TBepXKEHHSI HE TIPaBJIUBE.
IIpumipom, dyHKIS y = rSINT € HEOOMEKEHOI0, ajie He € HECKiHIEeHHO

BEJIUKOIO, Kosiu £ — oo (puc. 6.8).

y
y = zsinzx
0] T
1 . .
Puc. 6.7. Tpadix byskmil y = — Puc. 6.8. I'padik dbynkunii y = rsinz
z

3.l lHeCKiHYUeHO MaIuX PYHKITIH.

1. Cyma (pisuur) ckindeHHOI KiJILKOCTI HECKIHYEHHO MaJsmx (DyHKUil, Kosiu

T — I, € HECKIHIEeHHO MaJIoio (byHKIIIE.
2. JlobyTox neckinuenno masoi QyHKII, Koo T — I,, Ha OOMeKeHy B OKO-
Ji Toukm Z, YHKIIIO € HECKIHIeHHO MaJolo (byHKIIE.

3. obyTok CKiHYeHHOI KiJIBKOCTI HECKiHYeHHO MajnxX QYHKINH, KoIu

T — I, € HEeCKIHICHHO MaJIot0 (byHKIIIE.
4. Yacrka Bif JijleHHsT HecKiHIeHHO MaJjol dbyHKIil, Ko T — T, Ha byHK-
i10, MO Ma€ BIAMIHHY BiJl HyJis IPAHUIIO B TOYII Z,;, € HECKIHYEHHO MaJIOIO

byHKITETO.
5. dxkmo ofr) € HeckimdeHHO Mao0 (YHKI{E, Kom T — I, i az) = 0,

1 . . . .
TO (— € HECKIH4Y€HHO BEJIMKOIO (byHKILlGIO B TO4YIIl ZL‘O, 1 4dKIIIO f(.T) € He-
Qlr

CKiHYEeHHO BeJMKOIO (DYHKIEIO, KOJMH T — I, TO — € HeCKiHIeHHO MaJIoi0

f(@)

dynxrieo B Toumni ;.
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Hosederns. 1. Hexait u(z) = o(z) + B(z) — (x), me o(z),8(z),~N(z) — B M. .,

Komu x — 1. OTxe, nng Oyap-axoro € > 0 MoxkHa 3HaifTH Taki 6, > 0,6, > 0,6, > 0, mo

0<‘z7$0‘<61 :>‘0L(l‘)‘<

0<|z—1z| <8, =8x) <

wWlm WM™ o |m

0< ‘xfz()‘ <by = "\{(I)‘ <
[osnaumo & = min{8,;,8,,6,}. Toxi 3a HepiBHicTIO TPUKYTHUKA
0< ‘x — IO‘ <bé=

= |u(z)| = |a(z) + B(z) — ()| < |a(z)| + |B@)] +|~(=)| < % +§+§ =

2. Hexait dbynkuig o € 0. M. d., Ko & — 1, 1 1 jgeskoro M > 0 snaitmersbes

OKLJI TOYKM I, y AKOMY BUKOHYETbCS HEDIBHICTDH ‘ f(cc)‘ < M. Hna 6yab-gaxoro € >0

v

. - €
3HAMIETHCA NPOKOJIEHHUIl OKIJI TOYKH T, Yy AKOMY BUKOHAHO HEPiBHICTDH ‘oa(x)‘ < u
HANMEHIIIOMY i3 JIBOX OKOJIIB BUKOHAHO HEPiBHICTH
€
(@) f(z)| < M=e [

SayBaxkMO0, IO 4YaCTKa HECKIHYEHHO MajuX QYHKIH y 3arajbHOMY
BUIQJIKY HE € HECKIHIEHHO MAaJIOI0 (DYHKIIIEIO.
5. 3 o3HAvYeHb CKIHYEHHOI IpaHuIll (DYHKIHI Ta HECKIHYEHHO MaJIOl (hyHK-
il B TOYIlI BUILINBAE
(npo 38’a30k pyHKIil, i1 rpauumni Ta H. m. §.).
Yucno A € rpanunero dyuknil f y Touni z, ToAi it amIne TOM, KOJIK
fz) = A+ afz),
Jle 0 — HeCKiHYeHHO MaJsa (DYHKINA, KOTH T — .

Josederna.|=|Hexait lim f(z) = A. Tosmammo o(z) = f(z) — A 3Ba osmauennay

I*}l'“
rpanuni GbyHKOil B Touni, mis Oyap-akoro € > 0 icaye Take §() > 0, mo
O<‘z—:c0 <6:>‘f(:c)—A‘ <8<:>‘0c(37) <e << lim a(z) =0.
Ty

Hexafx’l f(@) = A+ a(z) i lim a(z) = 0. 3a oznavennam H. M. ¢., i GyaAb-AKOro
T‘*.’I,'n
e > 0 icuye Take &(g) > 0, mo

0<‘x7x0‘<6:>‘u(1;)‘<€@‘f(z)fA‘<€@ lim f(z)=A. 1

6. 3 Teopemu 6.2 BUILIMBAE MOBEECHHSA €IMHOCTI rpanuri dywKIii. Copa-

BJi, Hexail icHytoTh pisHi rpanuni lim f(z) = A4 Ta lim f(z) = A,. Toxni
‘T*HL‘D Z*}IO
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f@) =4 + (@) = 4 + ay(2) & 4 — 4 = a,(z) — oy(2),

e o (z),0(z) — B M. ., Komu 2 — 1. Ocramns piBHICTH HEMOXKIIHBA,

OCKiJTbKM JIIBOPYY CTOITH BiIMiHHA BiJl HyJId cTaJa, y mpaBiit — H. M. .

6.1.4. 3HaxoM)KeHHSA rpaHnLi QyHKLT

OCHOBHMM IHCTPYMEHTOM 3HAXOJIKEHHSI I'PAHUIIl (DYHKIIT €
(po apudmernyHi il Hag rpaHUIAMA (QPYHKINT).
ko icuyiors ckimvenni lim f(z) = A Ta lim g(z) = B, To
Z*)Z‘O

I*?fl/‘ﬂ

1) lim (f(z) % g(a)) = A £ B;

I*?.’L'n

2) lim f(z)g(z) = AB, lim[f(z)]" = A",n € N;

3) lim Cf(z) = CA4;

ZHZO

4) lim f@) _ é,B = 0,
s—a, g(z) B

5) lim (f(z))?™@ = A%, A > 0.

Z*’IO

tosedennsa. Hosenivo, mo lim f(z)g(x) = AB. Ha nigcrasi Teopemu 6.5 3 ymoBu
T,
lim f(z) = 4, lim g(z) = B,
I—)Z‘O .’If—?.’I;O

BHILJIUBAE, IO
f(z) = A+ a(z), g(x) = B+ B(z),
Je o Ta (3 — Heckimyenno Maui GyHKII, Ko T — ;.

Posrasmemo
f@)g(z) = (A+ o(2))(B + B(z)) = AB + (4B(2) + o(2) B + o(2)B(z))
Ockinbru AB(z) + az)B + oz)B(z) € HeckinvyeHHO Maso0 (BYHKIIEH HOCIIIOBHO 32

TBEpKeHHAME 2, 3, 1 Teopemn 6.4, To Ha mijcrasi Teopemu 6.5 MaeMo
lim f(z)g(z) = AB. R
T,

6.1.5. «BU3HAYeHOCTi» h HeBU3HAUYECHOCTI

1. VY Teopemax 6.2 ta 6.3 iimeTbcda npo cuTyaril, y AKUX MOXKHA 0e3 Oy 1b-
AKHUX TIePETBOPEHDb, BiIpa3y, 3HANTH 3HAYEHHS TDAHUIIb.
TBepaKeHHS X TEOPEM MOXKHA, y3araJbHUTH, MOMOBHIOIOYHN TIEPEiK Bi-

JIOBITHUX CUTYyaIlill, KBU3SHAYEHOCTEN» .
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IMpumipom, sxmo lim f(z) = A€ R i lim g(z) = oo, TO

T T

lim (f(z) + g(2)) = o0y lim (f(z)g(x)) = o0 (4 = 0).

Ty Ty
2. Ane moxiuBi I «HeBU3HadYeHi» cuTyalil, aKi MOTPebyIOTh MEPETBO-
peHb QYHKITH i1 3HAKOM T'PAHMIIL.
IIpumipom, m06yTOK H. M. . Ha H. B. ¢. MoxKe: OyTH H. M. ., MATH Bim-
MiHHY Bif HyJs rpasumio, OyTu H. B. d.:

1) lim|2? l] =limz = 0;
r—0 €T z—0

. a .
2) lim|2? - —| = lima = g
z—0 xQ z—0

. 1 .1
3) lim|z-—| = lim—= = +og;
z—0 3;3
VY wiit curyariii roBopsaTh PO HEeBU3HAUEHICTH TUIy 0 - 00 .
3. Ycboro icuye 7 TUIIB nesusnavernocmet:
0 o0 )
—, =, 000, 00— 00, 0°, 1, cc".
0 oo
3BeniMo BCl BU3HAYeHi i HeBu3HaueHi curyarii g0 Tabj. 6.1 Ta 6.2.
Tabaruus 6.1

m f@) | Jmg@) | m(f@)+ | Im (@) | f@
.7,‘*?1‘0 .’I,‘*).T,‘U .1)*?.’1)0 l‘*)l'o -
(@) o)
A B A+ B AB A (B = 0)
B
A 50 50 oo (A=0) 0
B 00 0.9} (B = O) 00
0 0 0 0 0
0
0 00 00 0-00 0
o0 0 0 0-00 0
+00 +00 +00 +00 o0
o0
+00 —00 00 — 00 —00 o0
0




178

Po3gin 6. Teopisd rpaHunub

Tabaruys 6.2
lim f(z) lim g(z) lim f(z)?*)
P T—, T—1,
A>0 B AP
+0 —00 +00
+0 400 0
+0 0 0°
0<A<1 —00 +00
0<A<1 +o0 0
1 0 1%
A>1 —00 0
A>1 +00 +00
400 —o00 abo B < 0 0
+00 0 o0
400 B > 0 abo 400 400
4. Po3KpuTH HEBU3HAYEHICTh — O3HAYAE 3HAWTU I'DPAHUINO BiITOBiIHOIO

BUPA3y, AKIIO BOHA icHy€. PO3rIsSHBMO BarKIUBUM MPUKJIA] POZKPUTTS HEBU-

. OO
3HA4YCHOCT1 — !
0

lim

n n—1
Q)T +a1a: +...+an .

w0 ™ 4+ bl:L’"“1 +..+0b, T
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6.2. TPAHULA YNCJTIOBOI NOCNIA0OBHOCTI

6.2.1. YucoBa mMoC/IiJOBHICTD
6.2.2. I'panuns mocsioBHOCTI
6.2.3. I'panuiig oO6MeKeHOI MOHOTOHHO!I TTOC/Ti IOBHOCT1
BazksmBuMm oKkpeMuM BHITAJIKOM YHCJIOBOI (DYHKILT OJHIET 3MIHHOI € YuCiI0-
B& IIOCJIJIOBHICTD.

6.2.1. YucnoBa NocnifoBHICTb

1. QOEEC iz e AW N (I CIIOBOI IIOCIIIOBHOCTI).

Jucn06010 nocaidonicmio HASUBAIOTE YUCIOBY QyHKINO z, = f(n), o3Ha-
YeHy Ha MHOXKWHI HATypaJibHUX 4uces N, i M03HAYAIOTH

Ty, Loy @y = {3, },m € N

Yucna z,7,,...,7,,... HA3UBAIOTb “AECHAMU TUCIOBOI TOCTITOBHOCTI, a T, —

n-M abo 3a42aNbHUM HAEHOM HOCJ'Ii,ILOBHOCTi.

I'padix mocaimoBHOCTI AHMCKpPETHUH, TOOTO 7,

w

nocyiioHicTs {2, } 300pazkaloTh TOYKAME ILUIOIIHA
Ozy 3 xoopmumaramu (n;x,),n € N (puc. 6.9).

2. TlocmimoBHICTD MOYKHA 3aIATH:

H
] SN

1) dopmysolo 3arajbHOrO WieHa, MPUMIPOM,

8
N

Wh-=--------———--- 5

[t e S

=~

2COMEMPUYHA NPOZPECIA 0
z, =bg" ',neN&
< {z,} = bo,boq,b0q2,....,boq"’l,...;

55 n

é

Puc. 6.9. I'pacdik aucsiooi
TIOCJIi JJOBHOCTI

2) CIOBECHUM OIMCOM, HPHMIpOM, «{z,} — HOCIiZOBHICTH HMPOCTHX UM-
cem», 3BiIKM
{z,} =2,3,5,7,11,13,17,19,...;
3) pekypeHTHOI (POPMYJIOK, KOJIU 33/IaI0Th KiJIbKa YIEHIB MOCJIJI0BHOCTI
i BKa3yioTh MPaBWJIO, 32 SKUM MOKHA, 3HANTH HACTYNHI 11 YJIeHU, TPUMiIpOM
nocigoBHiCT wucen Pibonawyi {a,}:

a, = Llay,=La, =a, { +a,,.
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6.2.2. TpaHnLA NOCAiIBOBHOCTI

1. Posrianbmo uucioBy nociigosuicrs {z, },n € N.

[OEV:ER iz Q) (rpaluIli MOCIAiOBHOCTI).

Touky @ HA3UBAIOTH 2parULEl0 MOCHIOBHOCTI {1, }, AKIIO s Oy/b-SKOIrO
JIOJIATHOrO 4YHCIa € 3Haiijerscs HoMep N, = N(€) Takwuii, o BCi 4IeHH 110
CJIJOBHOCTI 3 HOMepamMu 1 > N_ HOTPaILIATL B €-OKLJI TOYKHU @, 1 HHUIIyTh

lim z, = a abo z, — a, Kom n — oo.
n—o0

I'panruisg mocaiIoBHOCTI He 3a/IeKUTH Bill BIAKUIAHHS CKIHYEHHOI KiJTbKO-
CTi 4IeHIB HOC/IIOBHOCTI abo X 3MIHIOBAHHS.

Jlig 1mocIiqOBHOCTEH 3a/IMINAIOTHCA TpaBIuBUME (Iic/ig mepedopMyJIio-
BaHH#) TeOpeMU PO (DYHKILT, sdKi MAIOTh CKIHYEHHI IDAHUI, Ta HECKIHYCHHO
MaJii Ta HeCKIHYEeHHO BeJUKi QPYHKIII.

2. YucnoBy MmOCTIIOBHICTD, IO MAa€ CKIHYEHHY TI'DAHUINO ¢, HA3UBAIOTDH
3010icH010 IO IUCHIa, a T po30ioicrol0, KO BOHA HE MAa€ CKIHYEHHOI I'DAHMII].

3. T'eomerpuunwmii 3MmicT 306i2KkKHOCTI z, !
a+Er

nocsigosrocTi. Iocinosuicrs {z,} 36iracTb-
a

¢ JI0 JUHCHOrO 4YHCIa @, SKINO 1033 MEKaMu

6y [b-5IKOI CHMETPUYHOI TOPU3OHTANIbHOT cmyrn &~ € F A
3ABIIMPIIKK 2 MICTUTBLCSI JIAIIE CKIHYEHHA Ki- '
JIBKICTB TOYOK 0T I0BHOCT (puc. 6.10): O 12345678 9n
limz, =a€R & Ve>03dN,_: N,
e Puc. 6.10. 'eomerpuanuii 3mict

Vn>N€:>|xn—a|<8. e h ;
30iKHOI TOCJTi IOBHOCTI

4. M EN M (Taline, kpuTepiil icHyBauHg rpaduni QyHKIHl
MOBOIO IIOCJIIZTOBHOCTEI).
Yucno A e rpamunero dynknii f y Touni z, € R Toxi it smme Tomi, Komn
g Oynp-saxoi  mocizosHocri  aprymentis  {z,},(z, = 7,), Taxoi, 1m0

7}1_{1010 r, = x,, BianosigHa nociizosHicrs 3navens byskuii {f(z,)} 36iraere-
cs 1o uncaa A:
lim f(z,) = A

n—0o0
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5. Hosemimo, npumipom, mo dyrkmis f(z) = sinxz xou i obmexena, ae
HE Ma€ TPaHUIl, KOIU T — 00. g 1boro JOCUTh yKa3aTH JBi MOCTiTOBHOCTI
!/ " . / " . . .
{z,} ma {2}, Taki, mo z — oo Ta z, — 00, KO N — 00, mEO BinMOBITHI
MIOCJTiIOBHOCTI 3HAYEHD (DYHKINT 30ira/inch 10 PI3HUX T'PaHUILb.
N
. I A 1
Copaszi, skmo {z,}={nmn} ra {z,}= {5 + 27m}, o {z,} — 00,
"
{z,} — oo, Ko n — oo, aje

{f(:r;)} = {sinmn} = {0} — O,n — oc;
{f=z} = {sin[g—l— 27‘(%]} ={1} - L,n — oo

6.2.3. [paHuUs 0OMeXeHOi MOHOTOHHOI NOCNiJ0BHOCTI

1. BamumiMo 03HAYEHHA MOHOMOMHUT TOCIITOBHOCTEIH.
Hocaigosuicrs {z,}:

1) spocmae (nosuavarors {z,} ), AKIIO

T <y <my <.<wm, <7T,. <...<:)|VnEan <:v"+1;|

2) ne cnadae, KO

:rlngstS...gananS...@|Vn€N:xn§:1:

n+1;|

3) cnadae (nosnadaore {z,} \,), SKIIO

:rl>z2>xs>...>xn>:1:n+1>...¢>|Vn€N:xn>:1;n+1;|

4) ne spocmae, AKIIO

B>y ey > >, >0, > e VneENg, >

n+1'|

Monoronnicte nocmigosrocri {a,} MOXHA BCTAHOBUTH, BUBYAIOYH 3HAK
pisauni A = a,,, — a,, abo, j1s nocyiosHoCTeil {b,} 3 JONATHUME HICHAMH,
: : bn+1
MOPIBHIOIOYM BiJHOIIEHHS ¢ = ——+= 3 1.
n

2. TlociioBHicTh Ha3UBAIOTHL 0OMmeorcenoto 36epxy (3nu3y), AKIIO iCHY€E
rake yucio M € R (m € R), mo

r, <M (m <uz,) nnascix n € N
Iocnigosuicts {z,} HA3MBAIOTL 00MesICENO010, AKIIO iCHYE TaKe HHCIIO
C >0, mwo
|a:n| < C png scix n € N.
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3pocraiova MOCTiIOBHICTh 3aBXK/IM OOMEKEHA 3HU3Yy MEPIIUM 9JICHOM, a
CIIaTHA TIOC/TiIOBHICTH 0OMEKEHa, 3BepXy MEPIITUM IJIEHOM.

3. HeobOxinnowo yMoBoro 30izkHOCTI mocJigoBHocTi € 11 obmexkenicrb. O-
HaK, 0OMEXKEHICTh MOC/IIIOBHOCTI HE rapaHTy€ il 30iKHOCTI.

ITpumipom, obmexena nocaigosricrs {(—1)"} € posbdixkuow. Bussisers-
Csl, O JJIsi MOHOTOHHHUX TIOCJIIOBHOCTEH IXHSI OOMEXKEHICTh € JIOCTATHBOIO
YMOBOIO 30i3KHOCTI.

BaxkmuBuM iHCTPYMEHTOM TOCITIIXKEHHS TTOC/III0BHOCT1 Ha 30i:KHICTD €

) SIENEY (o3Haka Baepmrpaca).

fkmo MoHOTOHHA HOCHIOBHICTL {7,} OOMexeHna, TO BOHa 30iraerbca. IIpu
HHOMY, SKIIO {7, } Hecma/Ha (He3pocTaroda) MOC/TiOBHICTD, TO
lim z, = sup{z } | lim 2z, = inf{z }
n—00 n—oo
loesedennsn. Hexait 11 BusHadeHoCTI {:Cn} — Hecnaj Ha obMeXKeHa, ITOCIiJIOBHICTD 1
a = Sup{ajn}. 3a 03HAYEHHSIM TOYHOI BEPXHBOI MeXKi MHOXKUHU {ajn}
Ve>03dzy €{z,}:a—c<zy <a,
a 3 TOro, IO IOCJIiJOBHICTH {In} HECIa/[HA, BUILJINBAE HEPIBHICTD
a—e<zy Sa;N+1§...§a<a+e<:>
@Vn>N:>|$n—a|<€.
Orxe,

lim z, = a = sup{z,}. 1A
n—0o0 neN

4. Yucjo e. Po3rasiHbMO HOCIIOBHICTD i3 3araJbHUM YJIEHOM

n

T = 1+l ,neN:
n

n

Buxkopucrosyioun dopmyiy 6inomy HbroTona, MokHA ITOKa3aTH, IO TOC-
migosaicTb {2, } MOHOTOHHO 3pocTae Ta OOMeKeHa 3BEpPXY:

1 n n+1
1+—| <[1+
n

n+1
n

1
1+=| <3n=12...
n
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3a ozrakoio Baepirpaca 1ie o3Hava€, M0 iCHY€ CKiHYEHHA TPAHUILS TOC-

n
. . 1
JUJOBHOCTI T, = [1 + = ,n € N, aKy mo3Havaiorb
' n

n

n—oo

e = lim [1—5—l
n

YHucno e TpaHCIEHIEHTHE,

e ~ 2,7182818....

I'panuriig, Mo 03HAYYE YUCTIO e, € TPUKJIAJI0M HEBU3HAYEHOCTI BUMJISIY 1°°.

Jlosedenms. Iloknanaoau y dpopmysti 6inomy Herorona

n

(a + b)n — Zcianfkbk

k=0
1 .
a = 1,b = —, nmicraemo
n
T R P (e BRI e Gl I
n 1! n 2! n? 3! n?
Jrn(nfl)(an.,.nf(nfl))i_
SIS TN Y (P8 SR o | )
2! n) 3! n n

1 1 2 n—1
et —=|1=—=||1—=]...]1— .
n! n n n
3 miel piBHOCTI BUIIMBAE, MI0 31 3POCTAHHSAM 7 KUIBKICTh JOJATHUX JOJAHKIB Y

. . . 1
npasiit gacram 36iapmyerscs. Kpim Toro, xoiam 3pocrae m, TO — chaja€, a BeJHIHHA

n
1 2 . 1)
1——|,|/1—==|,... spocraiorb. Otxe, nocmgopuicts {z,} = 1|1+ — — 3pOCTarda,
n n n
IIpA I[bOMY
1 n
1+—] >2.
n
ITokazkimo, mo Bona obMexKeHa. 3aMiHIMO KOXKHY JIyKKY Yy IpPaBiii 4acTUHi PiBHOCTI
ma 1, 3! ma 22, n! ma 2"
1) 1,1 1
I+ <l4|1+24+=+..+ .
n 2 22 271—1

Y myxXKKax CroiThb cyma TreoMeTpudHoi mnporpecii 3 mepmmum uigenom b =1 i

1
3HAMEHHUKOM ¢ = 52
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1
PINHE VIR IS MO L R
2 22 2n—1 1_1 on
2
Towmy,
17L
1+—| <1+2=3.
n

3a reopemoro 6.8 (Baepirpaca) oOMexkeHa 3BepxXy 3pOCTAIOUua IIOCJIJIOBHICTD MAag
rpanuio. ll

6.3. EKBIBAJJEHTHI HECKIHUEHHO MAJI
OYHKU|IT

6.3.1. IlopiBasHHS HEeCKIHYEHHO MaJUX DYHKIHN
6.3.2. Ilepina Bu3HAYHA I'DAHUILA
6.3.3. Ipyra Bu3HaYHA I'DAHUILT
6.3.4. Tabsmis eKBiBaJCHTHUX HECKIHYEHHO MaJjuX (DyHKIHI
3aMmiHa i 3HAKOM I'PAHUI] OJHIE€] HECKIHYEHHO MAJIOl Ha IHILY, eKBiBaIeH-
THY 1i, € 3py4IHUM Ta e(DEKTUBHUM IHCTPYMEHTOM PO3KPUTTS HEBHU3HAYEHOCTEH.

6.3.1. NOpiBHAHHA HECKIHYEHHO MANUX QYHKLN

1. Heckindenno mMaJji Ta HECKIHYEHHO BeJMKi (DYHKIINT MOPIBHIOIOTH MiXK

c00010, MOCTIIKYIOUN IXHIO YaCTKY.

Hexait o Ta (8 € Heckinuenno maui gysknii, kom z — z,. Toxni:

ofz)

1) akmo lim —— = 0, To @ HA3UBAOTH H. M. (. 6UUO20 NOPAIKY MANU-

a—, B(x)
nu, HizK 3, KoM ¥ — I, i TO3HAYAIOTH
OL(I) = O(B(iﬂ)),x — Ty,

(CMMBOJI 0 YUTAIOTH K KO-MaJies );

ofz)

2) sxkmo lim —~ = A€ R (4 =0), o o Ta 3 HA3UBAIOTE H. M. (. 00Ha-

o= ()
k06020 NOPAJKY MAAUHU, KO T — T, 1 IO3HAYAIOTH
afz) = B(z), 2 — z);

.oalz) . :
3) sxmo lim —~* He icHye, TO & Ta (3 HABMBAIOTEH HENOPIGHANHUMU H. M. (.
T— T €T
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(eIcBiBaJIeHTan H. M. }.).
ofz)

dkmo lim ——= =1, To o Ta 3 HA3UBAIOTH EKGIGANCHMHUMU H. M. (., KO-
T— T, €T

J T — T, 1 HO3HAYAIOThH
afz) ~ B(z),z — z);
2. PosrisgabMo TIpUKIIAIU MOPIBHAHHS (DYHKITIi:
1) m M. . ofz) = 2% Bumoro nopsaky Maamsnm, HixK H M. d. B(z) = z,
ko ¢ — 0. Cropaspi,
2
lim~ = limz = 0 & 2% = o(z),z — 0;
z—0 T z—0
2) 1 M. d. az) =2z ta B(z) =z € H M. . OJHOrO HOPSJIKY MAJIU3HH,
Ko ¢ — 0, OCKLIBKHU

. 2z
lim— =2 & 2z =xx,2 — 0
z—0

3) u M b afz) = 1:sin1 rta (3(z) = x, wenopisugui, ko x — 0, ocKi-
x

alz) .1 . .
—) = sin— He Mmae rpanuri B Toumni z = 0.
x x

3. (mopaaky MaJIn3HU).

Hexait o Ta (3 € neckingenno maui dbynkmii, komr z — 1, fxmo icaye Taxe

JIbKU 1XHE BiIHOIIIEHHS

k >0, mo

lim 2 _ A e R (4=0),

e (B8(z))
TO H. M. . O HA3UBAIOTH DYHKILEO k-20 nopAdky Maiu3ky MOAO H. M. (.
8, xomn z — 1z, i mAITYTH

o) ~ AB@) o —

Oynxnito AB(x))* masmBaroTh 201061010 wacmunoto byrKmii o momo B,
KO & — .

JIJ1si HECKIHYEHHO BeJIMKUX (DYHKIII TOBOPSATH TIPO NOPAJOK POCTIY.

4. TIpumipom, bysknia o(z) = 322 + 22°, mae:

1) nopsimok masmsuau k = 2 mogo 1. M. d. B(z) = x, koom  — 0, i

2) nopsinok pocry k = 5 mogo H. B. &. B(z) = 2, KoM T — 00, OCKIIbKH
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322 + 22°

lim 22 T2 lim(3+2x3) =3
x—0 :E2 z—0
& 322 +22° ~ 322,20 — 0
2 5
fim 3227 |2 el e
T—00 165 z—0 x3

& 322 4227 ~ 2201 — oo
OyuKITist 32% € TOJIOBHOIO YACTHHOMO bynril oz) = 322 + 22° momo
dbyukuil B(z) = z, komm  — 0.
Oyukiis 22° € ronoHono wacrurow byHKIil ofz) = 3z 4 22° momo

dyukuii f(z) = z, Ko T — o0.

5. BeETeinii:(fesul eKBiBAJIEHTHUX H. M. .

1. 'panunsg 9acTku IBOX HECKIHYEHHO MAaJMX (DYHKIIH HE 3MIHUTBCS, SAKIIO
KOXKHY 3 HUX 3aMIHUTH HA €KBiBaJeHTHY iif H. M. .

2. PisHulst 1BOX eKBiBaJIEHTHUX HECKIHYEHHO MAaJIMX (PYHKIIH € HECKIHYEHHO
MaJIoK (DYHKIIIE€I0 BUIIOTO MOPSIIKY MAaJIM3HU, Hi?K KOXKHA 3 HUX.

3. CyMa CKiHYeHHOT KiJIbKOCTI HECKIHYEHHO MaJjinX (DYHKINH PI3HUX MOPSJIKIB
eKBIBAJICHTHA JOJAHKY HARHUKYOrO HOPsAKY Maju3Hu (rosoBHIM dacTuni
BCi€T cymn).

4. Cyma ckiHueHHOI KiJIbKOCTI HECKiHUYeHHO BeJMKNX (YHKINH pIZHUX IIO-

PAIKIB €KBIBAJIEHTHA JIOJAHKY HANBUINOIO MOPSIKY POCTy (TOJIOBHIN dacTu-

Hi BCi€l cymn).
JZosederns. 1. Hexait f ra h — w. M. b. 1 f(x) ~ g(z), xom z — ;. Toai
lim ) = lim [MM = lim 9(z) lim f@) = lim g(:c)
S ha) o @) g(@) e h@) e oa) o ha)

2. Hexait f,g — m M. .1 f(z) ~ g(z), xomu = — z,. Toxi
f@) -~ o) [1 o)

—1-1=0 f(z) - g(x) = of(2)),a — g

lim —————~ — =

3. Hexait f,g — u. M. .1 f(z) = o(g(z)), xom & — z,. Toxi
tim 1@ @) _ [1 + 9@
Ty f(z) T f(z)

6. 3aminy cymu HECKiHUEHHO MaJux (QYHKIiH (HeCKiHYeHHO BemKux dy-

=1+0=1¢ f(z)+ g(z) ~ f(z),z — z,. A

HKIi#1) TI TOJIOBHOIO YACTUHOIO HA3WBAIOTH GIOKUJGHNAM H. M. (. 6UWUT NO-

paodkie maausnu (1. 6. . nudCuUT NOPAOKIE Pocmy).
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IMpumipom, qyist dyuknii f(z) = az™ + bz™,m < n.
f(z) ~ az™,x — 0,
flz) ~ bz z — oc.
Toni,
aO:L'" + alxnfl +..ta, aO:L'" a,

lim = lim = lim “z
s=oohp™ 4 bl p 4y, eocba™ by

n—m

6.3.2. lleplua BU3HAYHA rpaHMLA

1. drmo KyT 2 BUpayKeHWil y pajiaHax, TO MPABIUBA NEPULl GU3HAYHA

2PAHUUA
. sinzx
lim =1.
z—0
/Jlosederns. Cuepury J10Be/1iMO HEPIBHICTH
sinz T s
cosz < — < Lz e|——;0(U|0;—].
x 2 2
T )
IIpunycrimo, mo Kyt = € 0;5 . 3 pucysky 6.11 6aummo, C
o z |4
Sn048 < Seex.0a8 < Saoac 0 1 =z
OcCKiIbKU PO3IJIsHyTI 110 PiBHI BiOBI/IHO
.1
gsm I75$75tg Z, Puc. 6.11. Tlepma
o BU3HAYHA I'DAHUILA
. kN
sinez <z < tgz,z € 0;5].
Pozainusmm Bci wienn 1iel pisnocti Ha sinx > 0, micramemo
T 1 sinz
1< — < & cosr < —— < L.
sinz  cosx x

s mepiBuicrs Oyne mnpasauBoo i Jyisi T €

T . .
—5;0 3aBJIFKU MAPHOCTI (DYHKIIii

sinx
Y =COST Ta y = .
T

3 mepiBHOCTI ‘sinx‘ < ‘x‘ BUILJIUBAE, L0

limsinz = 0.

z—0

3Bigku
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lim cosz = lim[l —2sin2§] —1—2limsin?E =1-0=1.
z—0 —0 2 z—0 2

Ockinbku fj(z) = cosz — 1 1a f(zx)=1—1, ko = — 0, T0 3a Teopemoi0 1po

npoMizKHY (DYHKIHIO OJepKUMO
. sinz
lim

z—0

=101

2. Hacsimkamu mepiroi BUBHAYHOI TPAHUII € TaKi TPaHUII:

. tgx . l—cosz 1
1) lim 2% = 1; 2) lim —— = —;
1—0 T -0 g2 2
. arcsinz . arctgz
3) im ——— =1; 4) lim 287 _ 1.
z—0 €T r—0 €T
.t . i . si . 1
Jlosedenma. 1. lim 8% = lim 27— i 2B iy =1-1=1.1
=0 =02 CoST =0 T z—0CcoST

6.3.3. [pyra BU3HauyHa rpaHuus

1. Y3arajgbHEHHSM O3HAYEHHS YUCHA € € Jpyza 6U3HAYHG 2DAHUUA

xT
lim [1+1J =e
T

Tr—00

Hosements i1 6a3y€eThCsI Ha HEPIBHOCTI

1 n 1 T 1 n+1
[1+ g Bl L ] R IR
n x n
e n = [z] — mina yacrtuHa Ymcaa z, i reopemi 6.1.5 mpo 1BOX BapTOBHX.

1 . . .
Iloknanatoun y = — y apyriit Bu3Ha4Hiil rpanuiy, gicracmMo
T

lim(1 + y)l/y =e.
y—0

Jlosederrsa. 1. JTopeniMo TBEPIZKEHHS JJIsT L — 400

lim [l—i-l] =e
T——+00 T

Hexait © > 1 i [z] = n, Toxi

1
n<r<n+l& < =< =
n

n+1 xz
1]n+1

n T
n

<

<

1+

141
T

n+1

dxmo z — 400, To n — oco. Orxe,
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n+1

n lim |1+
1 ] _n~>oc TL+1 _6_6'
- -7 =6

n+l lim[l—‘r L ] 1
n—00 n+1

n—00

lim [1 +

n—00 n—00 n—00

1 n+1 1 n 1

lim[lJrf] :lim[lJrf] ~lim[1+f]:e~1:e.
n n n

3a reopemoro 6.1.5 mpo npomixKHY QYHKI[I0 MaEMO, 110

1 T
lim [1 + f] =e
T—+00
2. JloBenimo Termep, 110
1 T
lim [1 + f] =e
T——00 T

Saminmoooun ¢ ma (—y), MaeMo

: . [N R ETE y |
lim [1+—| = lim [1—-= = lim |=—— = lim |[—| =
T——00 T y—+o0 Yy y—+oo| Y y—+ooly —1
1) 1) 1
= lim |{1+——| = lim |14+ —— lim [1+——|=e-1=¢c. N
y—+oo y—1 y—+oo y—1 y—+oo y—1
2. HacninkaMu apyroi BU3HAYHOT IPAHUII € TaKi T'PAHMUIL:
. In(l+ =
lim —1Og“(1 +2) _ : 2) (lim In(l + ) =1
z—0 x Ina z—0 T
.oat—1 et —1
lim = Ina; 4) |lim =1
z—0 T z—0 €T
. I+ a)r =1
lim Atz -1 =
z—0 T

BayBaxkmo, o GopMyJid, v dKi BXOJATH MOKa3HWKOBa (MYyHKINA y = a”

um jorapudmiuna y = log,  MaoTh HAHNIPOCTIMHUE BHIJIA caMe I/ OCHOBU

a = €.

6.3.4. TabnnuA eKBiBaIEHTHNMX HECKIHYEHHO Mannx PyHKLil

1. 3 BU3HAYHMX IDaHMIb | HACTIAKIB 3 HUX BUILIABAE TaKa TAOIUIS €K-

BIBaJIEHTHOCTEI:

1.

2.

sing ~ 2,z — 0. 6. loga(1+z)wi,x—>0.

tgx ~ z,x — 0. 7. n(1+2z) ~ 2,2 — 0.
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2

- ~
3. l—cosxw%,xe 0. 8. a¢"—1~zlna,xz — 0.

4. arcsinz ~ r,x — 0. 9.¢" —1~uz,x— 0.
5. arctgzx ~ z,x — 0. 10. (1+ 2 =1 ~ pz,z — 0.
H. M. &., mo crogarb y npaBux YacTHHAX BUIMCAHUX €KBIBAJEHTHOCTEN, €
FOJIOBHUMU YaCTUHAMU (DYHKIII, 110 CTOSITh y JIiBUX YacTuHax, Kogu T — 0.
2. 3a JIOIOMOrOI0 eKBiBaJIEHTHOCTEH MOKHA ojiepzKarn (POPMyJIy pos-

KPUTTS OJIHIET 31 CTEIIEHEBO-TIOKA3HUKOBUX HEBU3HAUEHOCTE:

lim (u(z)—1)v(z)
tim (o)) = [1] =

.’L‘H(L‘O

Zlosederrs. TleperBopiMo BUpa3 mij 3HAKOM TDAHMUIL:

lim (u(z))u(x) = lim ev(z)]n u(z) _ lim eu(m)ln(lJr(u(z)—l)) _
o lim v('r) lni{;(u(z)—l)) lim (1(:(1)71)17(1,)
e = "% .
IIpumipom,
9 hmcosa:—l
. 1z —1/2
hm(cosm)/L = [100} = e =e 2,

z—0
3. 3 Tabswmii ekBiBajieHTHOCTEMH i 1. 2 Teopemu 6.9 BUILIMBAIOTH aCUMTL-
momuyni pienocmi. Tpumipom,
sinz = x4 o(z),z — 0,
2
T
1—cosz = 5 + o(z?),z — 0.
4. ®opmysin TabyUIll €KBIBAJEHTHOCTEH 3aJMINATHCH PABUILHUMU, K-
mo  3aminnTé Ha Oyab-gKy H. M. b. u(z), kKom & — x,. IIpumipom,
sin(5(z — 1)°) ~ 5(z — )%z — 1;

sinu ~u,u — 0, z —1

5. O6uuncioogn rpaHuli, y JA00yTKY Ta YaCTI I 3HAKOM TPAHUIN MO-
JKHA 3aMIHIOBATH H. M. ¢. HA €KBiBaJeHTHY it H. M. .

V pizauni (cymi) ekBiBaJIeHTHUX HECKIHYeHHO Majux (YHKIHA I 3HA-
KOM T'DaHUI[l HE MOXKHAa 3aMIiHIOBATU H. M. ¢ Ha eKBiBaJeHTHI. ¥ I[bOMYy pa3i
[EPETBOPIOIOTh Di3HUIO (CyMy) Ha 100yTOK (dacTky) abo BHKOPHUCTOBYIOTH

ACUMIITOTAYHI PiBHOCTI.
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6.4. HEMEPEPBHICTb ®YHKLU|IT

6.4.1. HenrepepsHicrs dyskiii B Toui
6.4.2. Toukn po3puBy QyHKILT
6.4.3. Bractusocti dbyHKIiit, HerlepepBHUX HA BiIpi3Ky

Hernepepsui ¢dyskiii € ocHOBHUM KiiacoM (DYHKIH, $Ki PO3LJISIATh Y
MaTeMaTHIHOMY aHaJsi3i. YsBJIEHHS NP0 HelmepepBHY (MYHKINIO K (QYyHKIHIO,
rpadik fKOI MOXKHA HAKPECJUTH HE BiJPUBAIOYM OJIBIE B/l Iamepy, € Juiie mo-

YaTKOBUM YABJICHHAM, IO HOTpe6y€ yYTO4YHEHHH.

6.4.1. HenepepBHicTb pyHKLii B TOuLi

1. Hexait bynkmnito f o3HadeHO B JIEAKOMY OKOJI TOYKH ).
(d)yHRui'l', HeIepepBHOI B TOYILi).
Dynknifo f Ha3HBAIOTL HENEPEPEHOI0 6 MOYYL Ty, AKIIO icHye TpaHund ¢y-
HKIiT f, Koou T — 7, 1 s TPaHUIE JIOPIBHIOE 3HAUEHHIO (DYHKIIII B TOII:

lim f(2) = (z,).

Orxe, Gynknia f € HelepepBHOIO B TOYII ), AKIIO BUKOHAHO YMOBH:

1) Bona o3HaveHA B JEAKOMY OKOJI TOUKHU I;;
2) icaye lim f(z);
Iﬂﬁo
3) lim f(z) = f(x,).
I"Z‘O

2. Ockinbku 7, = lim 2, TO OCTaHHIO PIBHICTb MOXKHA TIEPETTHCATH TaK:
I*’.TO

lim f(z) = f[ lim 1:],
Z—'IU Z'—M’L'O
IO JIO3BOJISIE JIJIsl HEePEePBHUX (DYHKITIH MepexouT 10 TPAHUIL Iij] 3HAKOM
byHKIII.
3. 3 osnauennsa menepepsHoi B Touni z, dbynknil y = f(r) Bunmsae, 1o
lim f(z) = f(z,) & lim [f(z)— f(z,)] = 0.
T, T—7,—0

Iosmarsmo npupicm apeymenmy B TOUIL T, AK

i BignoBigauit tomy npupicm gynruii f K

Af(zy) = @) — flzy) = fla, + Az) — f(z,)]
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Tomi yMOBY HEepepBHOCTI MOYKHA MEPEITUCATH TK

lim Af =0.
Aim Af =0

Qynkuig f e nenepepsroto B TOUIi T, AKIO HECKIHYEHHO MAJIOMy HPHPOC-
Ty apryMeHTy BiITOBi/Ta€ HECKIHIEHHO MAaJIHH MpUpPicT PyHKIII.

4.0 ETevii: el PyHKIi, HEIIepePBHUX y TOYIII.

1. Oyukiiig, HeIEpepBHA B TOUIl, OOMEKEHA B JEIKOMY OKOJI ITi€l TOUKH.

2. fxmo ¢ynxuig f HemepepBHa B TOWIl Z,, TO icHye OKil TOuKm =, y
gaxoMy bynknig f mae 3Hak uuncaa f(z,).

3. dxmo dbymkmii f Ta f, HemepepsHi B TOumi T, i BUKOHAHO HEpiBHICTDH
fi(zy) > fy(x,), To icHye okin Toukm ), y axomy fi(z) > f(z).

4. dxmo bynknii f Ta g HemepeppHi B Toumi ,, To it byskiii f+ g, fg Ta
! (y pasi, sikmo g(z,) = 0) HemepepsHi B TOUI ).

5 (nenepepsricmos cxaadenot dynwuii). Hexait dyHKIia ¢ HEmepepBHA B TO-

uni z,, a dysxmia f Hemepepsra B Touni Y, = ¢(,), Toai ckmagena (yHK-

uis f(g(z)) HemepepsHa B TOUIi .

Bnactusocti dyHKIIi, HemepepBHUX y TO4IN, BUILIUBAIOTH 3 O3HAYEHHS
HEMepepBHOCTI 1 BiAMOBIAHIX BAACTHBOCTEH rpaHuUIl GPyHKIHI B TOUIII.
Zosedenns. 4. Josemivo, npumipomM, HermepepsHicTs GyHKIiT fg B TOUI ).
3 menepepsHOCTi GyHKIiT f Ta g B TOUN I, BUIIMBAE, IO
lim f(z) = f(z,), lim g(z) = g(z,).
1‘4’10 .’(74‘1‘0

Tomi
lim f(z)g(z) = lim f(z)- lim g(z) = f(z,)g(z).

T, T, a1,

Omxe, dbynxmis fg memepepsna B TOUI| .

5. Ha migcrasi nenepepsrocti f y mouni y, = g(,)

Ve>03cr>0Vy:‘y—yU‘ <o= ‘f(y)—f(yo)‘ <e.
Yuacyifiox wenepepsrocti GyHKIHl ¢ B TOUI T, JJIF 3HANHEHOTO 0 MAaEMO
36 > OVIZ‘I—IO‘ <6:>‘g(x)—g(10)‘ <o.

3 1mux HepiBHOCTeHl BHILIMBA€, IO Ui BCIX &, $Ki CIPaBIKYIOTh HEPIBHICTH

‘:c — x[)‘ < 0, BUKOHAHO HEPiBHICTH
| F(9(x)) = f(g(x))| < &

ro6ro dbyskuis f(g) HemepepsHa B Touni z,. M
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5. Ha BmacTtuBocTi 5 I'DyHTYE€TbCA MeTOJ| 3aMiHM 3MIiHHOI I 3HAXO-
JKEHHSI TPAHUI HeIepepBHOIT (DYHKITIT:
axkmo dynkiig y = g(r) HemepepsHa B TOouli ), a dbynxuis f(y) neme-

pepBHa B TOuI ¥, = ¢(%,), TO
lim f(g(z)) = lim f(y), y = g(z).
s 0

Y=Yy

6. ML) ISV ERNN (PO HennepepPBHICTh eJIeMEeHTapPHUX (PYyHKIit).

Enemenrtapai dyukitii HemepepsBHi B yCixX TOUKAaX, /e BOHU O3HAYEH.

Jlosederms. JToBemiMO HEIEPEPBHICTD JedKUX (DYHKIL.
1. Crana dynkuia. @yukuis f(z) = ¢ = const,z € X, HenepeppHa B Oy1b-siKiil TOU]
7, € X, ocKinbKu

lim f(z) = lim ¢ = ¢ = f(z,).

oI, T,

2. Muorounenn Ta pamjonanbai GyHKIil. JloBegimMo HemepepBHICTH DyHKIT

f(z) = az"® B 6ynp-axiit Touni z. 3a GinomianbHo dopmysion Heorona
lim Af(z) = lim (a(z + Az)* — az®) =
Jim Af(z) = lim (af ) )
= aAlim (z% + Cla" Az + C}a"2A0® + .+ Adh — b)) =
z—0
= aAlim (Cla" Az + C2*2A” + ...+ Az¥) = 0.
z—0 " )

k

Orxe, dynkiis f(z) = az" menepepsna B Oynb-skiii Touni z. Toxi Muorowren

P(z)=a" +az" ' +..+a, z+a,
e a, € R,k = 0,n, nenepepsua dynkuia B Oyap-akiif Touli T AK cyma HenepepBHHUX Y-
HKI[H BUTJISTY ankak,k = 0,n.

Parionanbua dynkiis

P.(z)
fla) = =,
Q, ()
e P (z) Ta @ () — MHOrOWIEHH CTEIeHIB n Ta M BiJIOBIIHO, y BCIX TOUKAX, Je MHO-

rounes @ (z) BimMiHHWIT Bix HyIs, HemepepBHA SIK BiJHOIICHHS [BOX HEIEPEPBHUX (DyHK-

i,
3. Tpuronomerpuuni ¢yukuii y = sinz,y = cosz,y = tgx,y = ctgr. 3 HepiBHOCTI
(K& BUILIMBAE 3 JJOBEJCHHS MEPIIOl BU3HATHOI MDAHMULI )
‘sinx‘ < ‘x‘
BUILIUBAE, M0

0<
2

sin

Maemo s 6yp-sKoro )
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lim Asinz = Alim (sin(z, + Az) —sinz) =
z—0

Az—0
A A 2100y TOK H.M.bD.
= lim QSin—z-cos xo—l——x = Y ¢ =0
Az—0 2 2 Ha 0OMEKeHy
lim Acosz = li 3 Ax)— =
Jim Acosz A;ILIU(COB(IO + Az) — cosx,)
. Az . Az 106yTOK H.M.].
= lim | —2sin—-sin|z, + — || = =
Az—0 2 2 Ha 0DMeXKeHy

Tob6ro dbyuxuii f(z) =sinz ra f(z) = cosx — nenepepsHi B 6y1b-9Kiit Touni z € R.

. sinz T
Dynkuia f(z) = tgz = HEellepepBHA B TOYKAX, e T = 5 + wn,n € Z, 10610 B
cosT

i cosz
roukax ge cosz = 0; dynkuia f(z) =ctgr = —— HemepepBHa B TOYKax, Je
sinz

x = wn,n € Z (sx gacrka HenepepsHux Gyuxuiii). M

6.4.2. Toukn po3puBy PyHKuU;i

1. Touky, y gkiit dyuKiig f HermepepBHA, HABUBAIOTD MOYKOI0 HENEPEPE-
rnocmi GyHKIil f.
(kpuTepiii HerrepepBHOCTI QPyHKIIT B TOYIIi).
®yukiisg f, HemepepBHa B TOYN 7, TOM # JMIIe TOi, KOMM iCHYIOTH

lim f(z) ra lim f(z) 1
0 z—1,+0

lim f(z) = lim f(z) = f(x,)-

z—1,—0 r—1y+0
2. Posrnambpmo dynxmiio f, osHadeHy B JIeAKOMY OKOJi TOUKH T, KpiM,

MOZK/IMBO, CAMOI TOYKHU T,

[ETEETPAX) (roxcn pospusy).

Touky 2z, HazUBaIOTL Mmoukol0 pospucy PyHKmii f, akmo: yskuia f abo
He O3HAYEHA B TOYIi T, abo f o3HaveHa B Hili ToOuIi, aje He € B Hill Heme-
PEPBHOIO.
Pospus dynkmii B To4li 2, reoMeTpu¥HO O3HAa4a€ «Po3puB» rpadika
dbyHKIT B 11iii TOYII.
3. Hexait T, — TOYKa PO3PUBY dbyukuii f (T06To B Hilf TIOPYIIIEHO TPU-

HafiMHI OHY 3 yMOB O3Ha4eHHs 6.8).
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(OEER i NN(TUIIIB TOYOK PO3PUBY).

fxmo B Toumi pospuBy =, icHyIOTH 00uABI CKimdemHi omHOOiuHI rpammIi
dynknii f(z, —0) Ta f(x, + 0), To il HAZUBAIOTH MOuKOI0 Po3pUEY 1-20 Pody
(moukoro crinuernnozo poapusy), a BeJIUIUHY

6= flz, +0)— f(z, — 0)
Ha3UBAIOTH CMPUOKOM HyHKUii.
Y pasi, skmo B Touni pospuBy 1, dyHKUig f He Mae Xoua 6 onmiel omHOOI-

9HOI TpaHumi abo Ma€ HEeCKiHYeHHy TPAHHUIIO, TO TOUKY I, HaSHBAIOTL 110%-

K010 po3pusy 2-20 pody.
MoxkuBa geTasbHima Kiracudikallist po3puBiB.
A. flxmo crpubok ¢ynKIii B TOHUIi pospuBy 1-ro pomy I, JOpiBHIOE Hy-
JIO, TO TOUKY &, HABMBAIOTH MO“K0N0 ycyenozo pospusy (puc. 6.12).
YcyBHIIT PO3PUB MOXKHA YCYHYTH», 3MIHIOIOYM 3Ha4YeHH (QYHKIHI B TOYI
7, (nmoosHadyroun dbyHKIjo f y Touni ), TOGTO yTBOPIOOYN HOBY (DYHKIIIO
o) = f(z), T = 3,
flz, £0), ==,
mo 36iraeTbea 3 dynkmnieio f ckpisk, okpiM Toukn z,. Togi dbynkmis g Oyme
B2Ke HEeIePepBHOI0 B Iiii Touni (puc. 6.13).
B. flxmo crpubox dynxmii B Toumi pospuBy 1-To pomy z, He IJOPiBHIOE
HYJIIO, TO TOYKY Z, HA3UBAIOTB 1MOYKON Heycyenum pospusom (puc. 6.14).
B. fdxmo B TOumi pospusy 2-ro poay 1, icHyoTb 06mBi oxHOGIUHI rpa-
Humi, ajge xoda 6 ofHAa 3 HMX HECKiHYeHHA, TO TOUKY I, HA3UBAIOTL 1M04K010

neckinuennozo pozpusy (noarocom). Y takux Toukax rpadik yHKIIT Mae Be-
PTHKAJIBHY acCHMITOTY ¥ = %, (puc. 6.15).

I'. dxmo B Touni pospusy 2-To pofly T, He icHye Xo4ua 6 ofiHa 3 OJHOOITHIX

IPaHHUIIb, TO TOUKY &, HA3UBAIOTH 1MOUK010 icmommozo pospusy (puc. 6.16).

Yy y y
flay £ 0) [~ : g(xy)t------- ; f(ay +0)
) //.\ /\ en
| | f(zy ~0)
7] T — 7] I — I B—
Puc. 6.12. Touka pospusy Puc. 6.13. Ycynennsa Puc. 6.14. Touka pospusy

1-ro poxay (ycyBrOrO) pO3pUBY 1-ro pony (meycyBHOrO)
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Puc. 6.15. Touka po3puBy 2-r0 pomy

(HeCKiHUEHHOTO) Puc. 6.16. Touka po3pusy 2-ro poxy
(icrornoro)
4. Ipumipom, st ByHKIHT
-1, z<0
f(z) =sgnz =40, z=0,
L >0
TouKa T, = 0 € TOYKOIO PO3PHBY.
O6uncrivo oprobiuni rparuni B Touni z, = 0:
f(+0) = lim sgnz = lim 1 = 1;
z—+0 z—+0
f(=0) = lim sgnz = lim (—1) = —1.
z——0 z—+0
Ockimpkn B Touni 7, = 0 icHyroTh cKindenHi, He Yl y=senz

piBHI MixK c0DOIO, OHOOIUHI I'PAHMIT, TO II€ TOYKA PO3-
puBy 1-ro poxy, HeycysHoro (puc. 6.17), i3 crpubKoM ) e
0= f(+0) - f(=0)=1-(=1) =2

-1
Puc. 6.17. I'padik dpyHKIiT
Yy =sgnze

6.4.3. BractuBocTi QyHKLIiA, HenepepBHUX Ha Bipi3Ky

1. Oyskmiio f y Touni &, HA3UBAIOTE HENEPEPEHOND CNPAEA, AKIIO

f(xy +0) = f(z,), i nenepepsnoto znisa, axmo f(x, —0) = f(z,).
((byHRui'l' HelepepBHOI HA BiAPI3KYy).

Dyukiio [ HA3UBAIOTHL Henepepsroto B imrepBasi (a;b), sKIO BOHA Helepe-
PBHa B KOXKHIii TOYIl IIbOTO iHTEpBAJLY.
DyHKIO [ HABUBAIOTH HENEPepeHoto HA BIAPI3Ky [a;b], AKIO BOHA Hemepe-
pBHA B inrepBaJi (¢;b) i B To4li @ HemepepBHA CIpaBa, a B TOUll b Herepe-
pBHA 3JiBa.
MuoxKkuny BCix HenepepBHUX Ha Biapisky [a;b] dyukuiit nosuavarors Cla;b].
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2. BEEGTHSENGEN (Baepmrpaca, mpo ooMmeskeHicTs pyHKIIT,).

| DynukIia f, HemepepBHa Ha BIAPI3KY [a;b], oOMmexkena Ha HBOMY (puc. 6.18).
Axmo dyskuis f HenepeppHa B iHTepmasi (abo Ha uisiHTepBadi [a;b),

abo Ha misinTepsami (a;b]), To f He 0BoB’s3KOBO OOMeXKeHa Ha HbOMY. llpu-

. . 1 .. .
mipom, dyrkmisi f(z) = — HenepepsHa Ha misinTepBadi (0;1], ane He € oOme-
x

. 1
JKeHa Ha HbOMY, OCKIJIbKM — — +00, Ko x — +0.
T

3. Posrisabmo dynKIio f, 06MexkeHy Ha MHOXKWUHI X.

(Haf/’IMeHmoro i HAMOIIBIIOro 3HAYEHb (PYHKITIT).
Touny BepxHio Mexxy M 3HadYeHb HenepepBHOI Ha BiAPI3Ky [a;b] dyukuil f
HA3UBAIOTH HAUOIALWUM 3HavenHam DYHKIIT HAa IbOMY BiApPi3Ky 1 mo3Hava-

I0Th

max f(z) = sup f(z) = M.
[a:b] z€[azh]

TouHy HUXKHIO MEXKY M 3HadYeHb HelepepBHOI Ha BiapisKy [a;b] dyuxuil f na-

BUBAIOTH HAUMEHULUM 3HAYEHHAM PYHKIIT HA TIBOMY BiJIPI3KY 1 IO3HAYAIOTH

min f(z) = inf ]f(z) = m.

[asb] z€lasb

(Baepmrpaca, mpo HaliGinpme Y

Ta HaliMEHIIe 3HAYEeHHS).

Henepepsha Ha Biapisky [e;b] dyskuis f mocsrae Ha

:
K
IbOMY BiJIpI3Ky cBOro Haiibisbimoro smnaudennsa M Tta ola B o b%

HajiMeHIIOro 3HaveHHs m (aus. puc. 6.18). Puc. 6.18.

Teopemu
Baepmrrpaca

4. Sxkuo dyukuis f wenepepsHa B inrepBasi (a;b), TO BOHa MOXKe ii He
JOCATATU Ha HbOMY HAMOIIBINOrO Yu HaliMeHIoro 3uadeHHs. [Ipumipom, dy-
wkuig f(r) = 2%,z € (—1;1). Cnpaszi, sup z° =1, ajxe B kommiit Touni iH-

ze(—11)
repany (—1;1) dynkunia we gocsrae nporo suauenns. Otxke, byHKIisS
f(z) = 2,2 € (—1;1), He jocsrae B IHOMY iHTEpPBaJi CBOrO HAHGIIBIIOrO 3HA-

vennst. Hafimenme suavennst m = inf z? mocaraersest B Toum z = 0.
ze(—11)
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5. MG EN NN (Boasnano — Komri, mpo myti
dyHKLIT).
Akmo dyukuis f HenepepBHa Ha BiIpPisKy [a;b] i Haby-

Bae Ha ¥oro KiHusx sHavenb A = f(a) i B = f(b) pisHux

3HaKiB, TO BcepeauHi iHTepBasy (a;b) 3HAWIETHCS MPU-
Puc. 6.19. Teopema

1po =y GyHKIHT
Joeedennsa. Hexait nis susnauenoctri f(a) = A < 0,f(b) = B > 0. Iozisnimo Bijpi-

HafiMHI o1HA TOUKa ¢, juis aKol f(c) = 0 (puc. 6.19).

3ok [a;b] Toukowo z, mapmin. Skmo f(z,) = 0, To Teopemy AoBeseHO, a sKmO f(z,) = O,
1O Bi3bMiMO Ty mosoBuny [a);b] Bigpiska [a;b], mms axoi f(a,) < 0,f(b) > 0, T06TO
a = a,b, =z, abo a; = x,,b; = b,

3noBy nozimimo BuGpanumii Biapizox [a;b] Hamia Toukoo ;. Akmo f(z) =0, To
HIyKaHy TOYKy ¢ = %, 3Haiigeno. fxmo x f(z;) = 0, To BisbMiMO Ty monoBumy [dy;0,]
Binpiska [a,;b ], s axoi f(a,) < 0, f(b,) > 0.

IIponosxubmm 1i MipkyBaHHsI, a0 3HAXOJUMO dUepe3 CKiHYEHHY KIJIbKICTb KPOKIB
Touky ¢ € (a;b), mo f(c) =0, abo icHye NOCTIAOBHICTL cmadicnuz 6rAadenur BiAPI3KiB
la,;b,],n € N, To6rT0 BinpisKiB, fKi CHPAaBKYIOTH yMOBH:

[an+l;bn+1} - [an;bn] e a, S an+1 S bn+1 S bn; T}LH;(Z)" - an) = 07

st sikux f(a,) < 0, f(b,) > 0.
3i miapHOCTI MHOKMHM JificHux unces (Teopemu KanTopa) BUNIIMBae, IO 3HANIETHCA
enuHa TouKa ¢ € (¢;b), crminbHA 1UIs BCIX X BiAPI3KiB, IpAYIOMY

c= lima, = limb,.

n—0o0 n—oo
VpaxoByioun HenepepBHicTb  byHKIT f 1 copgMyBaBIIM B HEPIBHOCTAX
f(a,) <0,f(b,) >0 n mo 00, omepKUMO, IO
lim f(a,) = f(c) <0, lim f(b,) = f(c) > 0,
n—oo n—o0
to6ro f(c) = 0.1

Bumora nenepepsaocTi dyskuii f Ha Biapisky Y
[a;b] cyrreBa: dyHKIigA, M0 Mae po3puB xo4a 6 B O- 1—
Hi#f TOYIli, MOXKEe MepeiTH BiJ BiJl €éMHOINO 3HAYEHHS JI0 T 0 :1 -
JOJIATHOTO 1 He HAOYBAlOYNW HYJbOBOIO 3HAYMEHHI. E_, 1

ITpumipom, dyukuis (puc. 6.20)
-1, -1<z<(,

fla) =

Puc. 6.20. I'pacbix
dbyuKII, sKa Mae
L, 0<z<1. PO3PUB B OfHIl TOUI
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6. KT ERGREN (Boabiano — Komi, mpo

IIPOMIKHI 3HAYEHH).

Akmo dywknia f wHemepepBHa Ha BiApi3Ky [a;b],
fla) = A f(b) = B, i C — Oyup-sike 4HCJIO, IO JIEXKUTh

Mmixk A ta B, 1o B inTepBaii (a;b) 3HAIETbCA TOUKA ¢, Puc. 6.21. Teopema

y #Kiit (puc. 6.21) PO TIpOMiXKHi
f(c) =C. 3Ha4YeHHs DyHKIHT

Joeedennsa. Hexait s susnavenocri A < B. Toni nna byuxuii ¢(z) = f(z) — C
MAaeMo:

o0) = fla)~C = A-C <0
eb)=fb)—C=B-C>0.

Orxe, gyuknia ¢(z) Ha Kinngx Biapisky [e;b] mae pisni smaku. 3a Teopemoro Bosb-

nano — Komi npo nysi dyukiii icuye taka Touxa ¢ € (a;b), o
ple)=flc)=C=0= flc)=C. W

3 Toro mpo GyHKIiS O3HAUEHA HA Bigpisky I
i HabyBae BCiX CBOIX HPOMI2KHUX 3HAYEHb HA
HBOMY IIle HE BUILIMBAE 11 HENEPEPBHICTH HA
pOMy BiIpisky (puc. 6.22).

Ol 1 2T
Puc. 6.22. IIpukax po3puBHOL
byukuil, mo nabysae BCi
IIPOMIi>KHI 3HAYEHHS

8. ML ISIENNPA (1po HenrepepBHiCcTH 00epHEHO1 hyHKIIT).
ko dbyskuis f 3pocrae (cnazae) i HenepepsHa Ha BiIpi3Ky [a;b], To 0Be-
puena dyukmia f ' 3pocrae (cmamae) i memepepsHa Ha Bimpisky [A4;B], me

[4; B] — mHOXKuHA 3HauYeHb DyHKIIT f.

3 HemepepBHOCTI Ta CTPOroi MOHOTOHHOCTI hyHKIHT sinz Ha Binpisky

—g;g, cosz Ha [0;7],tgz B iHTepBai [—g,g] i ctgz B (0;m) BuIIMBaE

HEIIEPEPBHICTh OOEPHEHUX TPUTOHOMETPUYHMX (YHKINNA arcsinx, arccosz,

arctgxr Ta arcctgr y iXHIX 0OJIACTAX O3HAYEHHS.
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A1 CAMOKOHTPOJIIO

6.1.1. 3a rpadikom dyukuii f 3Haiigire ykasani suadenus (abo 3'scyiire,
o BoHu He icuytorb): lim f(z), lim f(z),lim f(z), f(1).
z—1-0 z—140 z—1

Puc. 10 6.1.1.3)
Puc. 10 6.1.1.1)  Puc. 20 6.1.1.2) Puc. 10 6.1.1.4)

6.1.2. 3a rpadikom GYHKIHT ¢ 3HAWTITH:
1) lim g¢(z), lim g(z),lim g(z),g(1);
r—1-0 r—14+0 rx—1

2) 1l li I 9.
) I};iog(m),wjggog(x),wgg(:c),g( ):
3) U li i 3.

) lim g(e), lim g(z) lim g(2),9(3)

Puc. 10 6.1.2
6.1.3. 3a rpacdikom byHKIil f 3HAWTITH:
1) lim f(z);
2) lim (@), lim fa).lim f(z),f(0);
) i (o). i /).l (012
4) Jim f(l’) hm f(l’)vlimf( ); f(3); Puc. 10 6.1.3
5) hm @), hm ,J (@), lim f(z), f(4);
§ m fa);

T——+00

7) acumnrorn rpadika dysxii y = f(x).
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6.1.4. 3a rpadikom GyHKIil [ 3HARIITH:
lim f(z), lim f(z),lim f(z),f(2), lim f(z), lim f(z).
r—2—0 r—24+0 r—2 T——00 T— 400

Puc. si0 6.1.4.1) Puc. 510 6.1.4.2) Puc. 10 6.1.4.3)
6.1.5. 3a rpacdikom pyHKIT f 3HAHTITD:
) lim f(z), lim f(z), lim f(z), f(=2);
2) tim f(z), lim f(z),lim f(z), f(0);
z——0 z—+0 z—0
3) lim f(z), lim f(z),lim f(z),f(2);
)

4) BepruKajbHI acuMnToTu rpadika GyHKIil f.

Puc. 10 6.1.5
6.1.6. 3a rpadikom GyHKIIT @ 3HANIITE:
1) Tim (e);
T——00

2) lim ¢(z);

) z—+00
3) lim ¢(2);
)

4) acmmrnroru rpadika GyHKIII. Puc. 10 6.1.6

6.1.7. 3a rpadikom byHKnil G 3HARIITS:
1) lim G(z);

2) lim G(z).

T——+00

Puc. 10 6.1.7
6.1.8. 3a rpadikom dbyukuii f (D(f) = [0;400)) sHaiimiTs:

) i f(2), /0

2) zli?lof(x)’zgrﬂo f(a:),iiinlf(x),f(l);

3 lim f@), lim f(@).lim f(z). F2):
z—2+0 T—2

z—2-0
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1) lim f@), lim f(2).
lim f(x). /(3):
5) zkglof(z)’zgﬂof(x)’
lim f(z). f(4):
6) lim f(2), lim f(@),
lim f(z). f(5);
Puc. 10 6.1.8

7) lim f(z).

T—+00
6.1.9. Yu npaBuiabHO, 110
1) axmio dysKkisa f Mae TpaHUINO B TOUI %, a DYHKIsS ¢ He Mae MPAHUIL

B Hiit Toumi, To byHKNig f + ¢ He Mae€ FPAHUINO B TOUI T);
2) sikimo ¢yskIii f Ta ¢ He MaOTL TPAHMUI B TOUIN Z,, TO dynKuis f 4 g

TAKOYK He MA€ IPAHMUIN B Iiif TOYIl?
6.1.10. HaBeniTs mpukia pyHKINT, SKa O3HAYEHA 1 He Ma€ TPAHUIN B yCixX
MIJIUX TOYKAaX, ajie Ma€ I'PAHUIl B PEIITi TOYOK.
6.1.11. ITokaxiTh HA TPUKJIAJAX, IIO:
1) yacTKa JBOX HECKIHYEHHO MAJIMX, KOJU T — 7, PyHKIiit MoXKe He OyTH
HECKIHYEHHO MAJIOI0 (DYyHKITIEIO:
2) gkmo o(r) — H. M. ., Ko T — 3, a B(z) — B M. ., Ko T — 1z,
To cyma a(z) + 3(z) moxe Hize He GyTH HECKIHIEHHO MAJIOK (DYHKIIEH;
3) cyma HecKiHYeHHO BeNUKHX (BYHKINH, KO & — Z,, MOXKe OyTu HaBiTH
HEeCKiH9CHHO MaJIoK (DYHKILEIO, KOIH T — .

6.1.12. HaemiTh npukiag, GyHKINI, HeCKIHUeHHO MaJIol, Koau © — 1 Ta

T — 2, aje sKa He € HeCKIHYeHHO MAJIOK B OKOJI IHIIUX TOYOK.
6.1.13. 306pasiTe MoxkjuBuil rpadik GyHKIT [ i3 3aJaHUMU BJIACTUBOC-

1) a) D(f) = [=1:1]; 6) f(=1) = f(0) = f(1);
5) x—1>i—1r11+0f(x) - hn})f(:::) - al_{rlriof(x) =5
2) a) D(f) = [=21]; 6) f(=2) = f(0) = f(1) = 0;
(z) =2, }T%)f(m) = O’ILHEOf(m) =1
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3

&

)
4) f(=1) =3,(0) = -1 f1) = 0, lim f(z) ne iCIHyGQ;
5) f(=2) =3, lim flz) =2, lim f(z)=-1f1)=—
6) S

)

7 f(=2) = 2, f(x) =1-1<z <1, lirlglf(x) =1f2) =

lim f(z) ue icuye;
—1

8) lim f(z) = —o0, lirln0 =—00,f(2) =0, lim f(z) =

z—140 z—1— T—+00

9) f(0)=1, lim =3, lim flz) = -2

T—+00

10) lir%f(w) = 400, lim = +oo, lim f(z) =1.
r— T——00 r—+00

6.1.14. ITlo o3uauvae, mo miga byukuii f(z),z € X:

1) Ve>030() >0V e X:0<|z—1| <= |f(w)] <z
—A|<€;
3)V8>036(€)>OV:EEX:0<|$—w0|<6:|f(:1:)|>8?

2)V€>036(8)>0V:L’€X:0<|x—x0|<6:>|f(:r)

) D(f) = (=00;2]; 6) f(=2) = f(0) = 1; ) lim f(z)=

+00;

0) =1, hm f( ) = 3,Igllriof(:1:) =3,f(3) =0, f(1) ue icuye;

6.1.15. Illo MoKHa BHCHYBATH PO TIOBOJKeHHA GyHKHil f y Toumi ),

AKImo  lim f( )= lim 0f(a:) =AeR
r— )+

J—>IU

6.1.16. dxmo lim f(z) = 4 ta lim g(z) = —2, 3nHaiixiTe:

r—a Tr—a

1) tim(f(e) + o(2): 2) lim fla)o(a); 3 im dg(e): 4) tim £

6.1.17. /19 BU3HAYEHOCTI 3HAWIITH IPAHUINO, a JIjIs HEBU3HAYEHOCTI BH-

3Ha4Te 11 THIIL:

. (z=D(@+1), =Dz +1)
R T L T I

6.1.18. /19 BU3HAYEHOCTI 3HAWIITH IPAHMUINO, a JIjIsi HEBU3HAYEHOCTI BH-

3Ha4Te 11 THIIL:

sin(z — 1) sin(z — 1)

i

1) limw; 2) lim ; 3) lim
-0 1z —1 z—1 x —1 z—o0 g —1
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4) lim| — L _ ; 5) lim(z — 1)sin
e=1lsin(z —1) z-1 z—1 z—1

6.1.19. /Ing BU3HAYEHOCTI 3HANIITH TPAHUINO, & JJis HEBU3HAYEHOCTI BU-

3Ha4Te 11 THIIL:

1 r—2 1 T—2 1 T—2
1) lim |1+ :2) lim|1+ ©3) lim |2+ :
T—+00 r—1 r—2 rx—1 T——00 r—1
sin(z—1)
4) i ;0 5) N i —1))* L
) .1:~1>III~1FO[:L‘ — 1] ) :EJIII-IFO(Sln(x ))
6.1.20. 3uaiigirs lim f(z), gakio limM = 3.
z—2 =2 T — 2
6.1.21. 3uaiigite lim f(z) Ta hmm, SKIIIO limm =-2.

6.1.22. 3naiigits lin})f(a:), axkmo N5 —22? < f(z) < V5 —2?  mua
z € [-1L1].

6.1.23. Hexaii |f(:c)| < g(z) mna Beix z. Mo moxua ckazaru upo lim f(z),

r—a

akmo: 1) lim g(z) = 0; 2) lim g(z) = 37

6.2.1. 3anumiTe MOXKJIMBY (POPMYJIYy 3arajbHOIO WIEHA ITOCIOBHOCTI:

1) -1,1,-1,1,-11,...; 2) L—1,1,—1,1,—1,..;

3) 1,0,1,0,1,0,...; 4) a,a®a’,a",....

6.2.2. {xi 3 mogaHUX TBEPXKEHDb MPABUIbHI, a IKi Hi?

1. dxmo moctigoBHICTL HeOOMEXKeHa, TO BOHA He Ma€ HaHbIIBIIOro djieHa.

2. dKmo mocaioBHICTL OOMEKEHA, TO BOHA Ma€ K HAWOIIbIUN, Tak i
HaUMEHINIUNA YJIeHU.

3. ko mocstioBHICTL HE Ma€ HaAMOIJIBIIOTO YJIeHa, TO BOHA HEOOMEXKEHaA.

4. dxmo mociigoBHICTE Mae HaliMeHIHil i HAHOLIBIIMI YIeHH, TO BOHA
obMerkeHa.

5. dxmo BCl wiaeHn MOC/IIIOBHOCTI Iy 4McIa 1 Ig IMOCIiZOBHICTE OOMe-
2KeHa, TO BOHA MA€ K HAWOIIbIUi, TaK i HARMEHIUN YJIeHU.

6. dkmo mocsioBHICTE HeOOMEXKeHa, TO JIUIe CKiHYeHHa KiJIbKICTh 11 die-
HIB MOKe JiexkaTn Ha npoMixky [0;1].

7. dxmo mocuinosrocri {a,} ma {b,} obmexeni, TO mOCIHiIOBHICTH

{a, +b,} Takoxk obmexena.
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8. fAxmo nocminosrocti {a,} Ta {b,} obmexeni, To mocmaigosHicTs {a,b, }

TaKOXK OOMezKeHa.

9. SIkmo mocsiJOBHICTH MOHOTOHHA, TO BOHA MAa€ HaMOLIbIINIA abo HaliMe-

HIIWNA YJICH.

10. Ao nocutimoBHiCTD {an} HeoOMeXKeHa, i XKOIHUI T 9JIeH He JTOPiBHIOE

. . 1
HYJIIO, TO IOC/IIJ0OBHICTDL | — obMerkeHa.

a/ﬂ,

6.2.3. dxi 3 mogaHuX TBEPKEHb MPABUJIbHI, a dKi Hi?

1. Cyma ABOX MOHOTOHHHUX ITOCJIIIOBHOCTEH € MOHOTOHHA IOCIiIOBHICTD.
2. CyMa JBOX CHAJHUX IIOCJIiIOBHOCTEN € CliajHa MOCIiJ0BHICTh.

3. JIobyTOK ABOX 3pOCTAIOYNX TIOC/IiIOBHOCTEN € 3POCTaIOYa MOC/iTOBHICTb.
4. JTobyTOK MBOX CHAIHUX TOCJIIIOBHOCTEH € CITaHOIO MOCTiTOBHICTIO.
6.2.4. Yu moke J00yTOK JIBOX HEMOHOTOHHUX TOCJIiOBHOCTEH Oy TH:

1) MOHOTOHHOIO, aJle HE CTPOr0 MOHOTOHHOIO MOCJIIOBHICTIO;

2) cTPOro MOHOTOHHOIO TIOCJIIOBHICTIO;

3) 106yTOK JBOX 3POCTAIYUX TOCHIIOBHOCTEH Gy T HEMOHOTOHHOMO TTOCTi-

JIOBHICTIO?

6.2.5. Hasexite npuksaau Takux nociigosuocreit {a,} Ta {b,}, mob:

1) mocsizosuicTs {a, } 3pocrana, a nocnigosrocri {b, } ra {a, +b,} cramamm;
2) nocaigosnicts {a,} cnagasna, a nocrigosrocri {b,} ta {a, + b, } 3pocram;
3) nocaigosricrs {a,} 3pocrasna, a nocaigosnocri {b, } Ta {a,b,} craramm;
4) nocrigosuicrs {a,} cnagama, a nocaigosrocti {b, } ta {ab } 3pocramm;

5) mocmimosnocri {a,} Ta {b,} Oyium HeOOMe:keHMMH, a NOCIIJIOBHICTD

{a, +0b,} obmexkenoo;

{ab

1 n

6) mocrimosnocti {a,} Ta {b,} Oymm HeoOMexkeHmMHM, a MOC/TiZOBHICTH

} obmekeHOI0;

. . . . a,
7) nocainosrocri {a,} Ta {b,} Oyim oOMexkeHHMH, & MOCIIIOBHICTE b—”

n

HEOOMEXKEHOIO.
6.2.6. I1lo o3nauae, TBEPKEHHS:
1) Ve>03N_Vn > N_: xnfa|<€;
2) Ve > 03dN_Vn>N_:|z,|>¢
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3) Ve>03N_Yn>N_:|z,|<e?

6.2.7. HaBesxiTy npukia:

1) yacTKu ABOX HECKIHYEHHO MaJIUX HOCJIIIOBHOCTEM, 1110 HE € HECKIHYEHHO
MaJIOIO IIOCJIiJIOBHICTIO;

2) HeCKIHYEHHO MaJIOT HOCJIIOBHOCTI, HEPII CTO WieHiB Kol Olibme 3a 1000;

3) HECKIHUEHHO MAaJIOl TOC/IOBHOCTI, KA MICTHTHh HECKIHYEHHO 6araro sk
JOJATHUX, TaK 1 BiJ'€MHUX YJIEHIB;

4) mocmizosuocti {z,}, fka posbiraerbcsd, ajge s fKOI MOC/TIZOBHICTH

{| T, |} 36iraeTnest.

6.2.8. Hexaii {z,} neckinuenno mama, a {y,} ta {z,} — HeckiHueHHO
BEJIUKI TOC/IiIOBHOCTI. U¥ MPaBUILHO, MO 3aBKJIN:

1) {z,y,} — HeckindyenHO BeJmMKa IOCIiIOBHICTD;

2) {z,y,} — HeckiHYeHHO MaJia MOCJIIOBHICTE;

3) {z,y,} — 30ixkmHa moci0BHICTE;

4) {y,2,} — HeCKiHYEHHO BeJIMKa MOCIIiIOBHICTS;

5) {y, + 2,} — posbixua mocyigosHicTs?

6.2.9. Hagenits npukas Takux 36ikHux nocmigzosrocteit {z, } Ta {y, }, mo:

1) z, > y,, are lim z, = lim y, ;
n—0o0

n—o0

2) z, > 100y, > 0, ane lim z, = lim y,.

n—oo n—oo
6.2.10. dxi 3 mogaHux TBEPXKEHDb MPABUIbHI, a sAKi Hi?
1. dxmo moctioBHICTE Mae TPAHUIO, TO BOHA OOMEKeHa.
. AKimo mociIoBHICTE HE Ma€ IpaHUIl, TO BOHA HEOOMEXKeHa.
. dxmo moctioBHICTE 0OMeXKeHa, TO BOHa MA€ TPAHUIIIO.
K10 mOCTiTOBHICTE MOHOTOHHA ¥ 0OMeXKeHa, TO BOHA Ma€ TPaHUITIO.

k1o moctiTIoBHICTh HE MOHOTOHHA, TO BOHA HE MAa€ T'PAHUIIL.

o U W N

. dkmo mocinoBHicTh HEOOMEXKEHA, TO BOHA PO30IKHA.

7. dKnI0 B KOXKHOMY OKOJII (€ — €;¢ + €) TOUKH ¢ JIeXKUTh Ge31id 9JIeHiB
nocaigosrocti {a, }, To 4ncio ¢ — rpaHuI miel moCIiI0BHOCTI.

8. fkmo B KoKHOMY OKOJI (¢ — €;¢ + €) TOUKH ¢ JIe’)KaTh BCl YIEHH IOC-
JILZIOBHOCT1I {an}, 3a BUHATKOM, MOKJIUBO, CKIHYEHHOI IX KIJIBKOCTi, TO ¢ —

rpaxuis mocigosHocri {a, }.
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9. dkmo ¢ = lim ¢,, To B KOKHOMY OKOJi (¢ — €;¢ + €) TOUKH ¢ JI€KAThH
n—o0

6e3J1iv 4IeHiB Ii€l MoCJIi J0BHOCTI.

10. fdxmo ¢ = lim a,, To gma Oymp-akoro & > ( 1033 HPOMIKKOM

n—oo

(¢ —e;¢ +€) TOYKM ¢ JIEXKUTH CKIHYEHHA KIIBKICTh WIEHIB I1i€l MOCIiJOBHOCTI.

6.2.11. ITTo osnavae jiist MOCTiIOBHOCTI {a, } KOXKHA 3 TAKUX BJIACTHBOCTEI:

1) y KOXKHOMY OKOJIi TOYKM € JIEXKATh yCi YWIEHU MOCIIOBHOCTI {an};

2) y meBHOMY OKOJIi TOUKH ¢ JIeXKaTh yci wienn nociigosrocti {a, };

3) JKOHUMIT OKIJI TOUKH ¢ He MiCTHTH JKOJHOIO |jleHa HOCaigoBHOCTI {a, };

4) KoHUIT OKiJT TOYKH ¢ He MICTHTH ycix wieHis nocsimosxocti {a, };

5) mosa MeBHUM OKOJIOM TOYKHU C JIEKUTH CKIHYEHHA KIJIbKICTh 9JIeHIB Imo-
crigosuocri {a, };

6) mo3a KOXKHMM OKOJIOM TOYKM C JIEXKUTh CKIHYEHHA KiJbKICTH 9JIeHIB
nocigosrocri {a, }.

6.2.12. ki 3 mojanmx TBEP/XKEHb MPABUIbHI, & AKi Hi?

1. dxmo y 36ixKHIl TOCTITOBHOCTI 3MIHUTH CKIHYEHHY KiJTbKICTH UJIEHIB,
TO HOBa IIOCJIJIOBHICTH MaTHMe Ty caMy I'DaHHUIIO.

2. 3MiHOK CKiHYEHHOT KiJIbKOCTI 4JIEHIB HE MOXKHA 3 PO30iKHOI MOCJIiIOB-
HOCTI JiicTaTu 3012KHY.

3. dkmo nocaigosrocri {a,} ra {b,} MaTH 0/jHAKOBY I'PAHHUILO, TO HOC-

JiIOBHICTE ay,0;,a5,by,...,a,,b, ,... MA€ Ty caMy I'DaHHIIIO.

4. dxmo nocrigosuicts {a,} 36iraerscs, TO HOCTIOBHICTH {|an |} TaKOXK

30iraeTbcs.

5. fdxmo mocrigosricTs {|a, |} 36iraeTbes, To mociinosricTs {a,} Takoxk

30iraeTbCsl.

6.2.13. Ilocrinosnicts {a,} s36iraerncs, a mociimosmicts {b,} posbdira-

erbest. Un Mmoxke:

1) nocnigosuicrs {a, + b,} 36irarucs;

2) mocimosuicrs {a,b,} s6irarucs?
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6.2.14. Hasexire npukiagu Takux pos36ixkuux mocriigosaocreii {a,} Ta
{b, }, m006:

1) nocaigosuicrs {a, + b,} 36iramacs;

2) nocaigosuicrs {a,b, } 36iranacs;

. . a .
3) nocJinoBHicTh {b—”} 3birasmacsa?

n

6.3.1. Hexait a(z) i B(z) — m. M. . B Touri z, i lim o(z) — ¢

T— X B({l})

BanumiTe 3a ZOHOMOron cuMBOJiKK nopiBHaAHHEA o(z) Ta B(z), AKmo:
1)e=22)c=03)c=004) ¢c=1

6.3.2. 3HaiiniTh 3HAYEHHS MapaMeTpa @, JJIs KOO0 BUKOHAHO PiBHICTD:

D) lim 222 — 1 9) 1im B — 1 3) lim(1— o) =
r—a I z—0 ax r—0
T log,(1 — 2
1) tim St 5y i 0820 1
z—0 T z—0 axr In3

6.4.1. ITo Bimomo mpo f(3), akmo dbyukia f HenepepBHA i liné flz) =17
r—

6.4.2. Hexait f(z) <0 mua ¢ > 0 1a f(z) > 1 msa ¢ < 0. Yn moxe

6yTu dyukuisi f HemepepBHOW B Touni z = 07

6.4.3. Oxapakrepusyiite nosopxenna GyHkii B rouni z, = 0.

y i
I— !
-1 | |
! 0 1 x 1oz
P | i

Puc. 10 6.1.8.1) Puc. 10 6.1.8.2)
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Y Y
1 1
-1 0 1 z -1 O 1z
Puc. 10 6.1.8.3) Puc. 10 6.1.8.4)

6.4.4. Yomy mopisaioe lim f(z), akmo dyuknia f(z) mae ycysuuit pos-
z—2+40
puBy rouni z =2 i lim f(z) =17
z—2—0

6.4.5. BukopucroByioun rpadik ¢yHKIil f, yKaxKirth 11 TOYKU po3puBy i

BU3HAYTE X TUII.

Puc. no 6.4.5.2
Puc. s10 6.4.5.1) e A )

6.4.6. Hapenito npuxnan OBOX pO3pHBHEX y Toumi 7, QyHKHil f Ta g,
JUIS SIKAX:

1) dyukuis h(z) = f(z) + g(z) € HemepepBHOO B I(iii TOMIL;

2) dyskuia h(z) = f(x)g(x) € HenepepBHOW B il TOUM.

6.4.7. HapexiTs npukia:

1) dyHukuii, HemepepBHOI 1 HeOOMeKeHOT B iHTepBasi (a;b);

2) dbyukmil, 3aman01 Ha BiAPI3Ky [a;b] 1 HEOOMEKEHOT HA HBOMY;

3) nenepepBHOI Ha JedKiil MuoxkuHi QyHKUil, ska HabyBae 3HadenHs 0 Ta
2, ane me HaOyBae 3HAYEHHA 1;

4) dyukuil, HenepepBHOI Ha KOxKHOMY 3 npoMizkkiB [0;1) Ta [1;2], aue ne €
HeIepepBHO Ha ix 06’¢xHaHH], To6TO Ha Biapisky [0;2];

5) dyukuil, HerepepsHoi B inTepBaii (a;b), MHOKHMHA 3HAYEHD SAKOI:

a) inrepsast; 6) Biupi30K; B) HiBiHTEpBAJ;

6) dynkuii f(z), pospuerOI Ha Binpisky [a;b], mms sixoi GyHKIT |f(x)|

HellepepPBHA Ha ITbOMY BiJIPi3KY.
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6.4.8. Hexaii &yskuis [  HemepepBHa  Ha

Biapisky [1;5] i

f(1) = 20, f(5) = 100. Busnaure #ki i3 TBep/PKEHb € 3aBXKJU LIPABUIBHUMH,

3aBK/IU XUOHUME a60 NPABUJILHAMY 33 HEBHUX yMOB:
1) piBastaEa f(c) = 3 mae poss’siz0K ¢ € [1;5];
2) piBugnng f(c¢) = 75 mae po3s’a3ok ¢ € [1;5];

3) piBugunga f(c¢) = 50 me mae poss’asky c¢ € [1;5];

4) piBusinrg f(c) = 30 Mae TouHO OJMH PO3B’sA30K ¢ € [1;5].

6.4.9. Yu nocarae byukuia f(z) = 2° cBoro HalbilbIIOro 3HAYEHHS B iH-

repasi (—1;1)7 cBoro nHaiimenmoro 3uavenns? I[1osicHITS.

Bignosigi

6.1.1. 1) lim f(z) =2, lim f(z) = —Llim f(z) ue icuye, f(1) = 1;
z—1-0 =140 z—1

2) lim f(a) =3, lm f(s) = 3lim f(z) = 3, £(1) = O

3) fLHlIiof(x) = 7171_1?11_}_0]((1") = *1£I_Igf($) =-Lf)=2
4) lim f(z) = -2, lim f(z) = 3,lim f(z) ue icuye, f(1) He icuye.
z—1-0 r—140 z—1

6.1.2. 1) lim g¢(z) =1, lim g(z) = 0,lim g(z) ue icuye, g(1) = 0;
z—1-0 =140 z—1

2) li = 1li z) =1l z)=92)=1

) lim g(z) = lim g(z) = limg(z) = ¢(2) = &

3) i =1 =1 =0,93) =1

) Jim g(z) = lim g(z) = lim g(z) = 0,4(3)

6.1.3. 1) lim f(z)=0;

6) lim f(z)=3;
T—+00

2) lim flz)= lim f(z)=limf(z) =1 f(1) me icnye;
3) Jlim f(z) =2 lim f(z)=1lim f() me icaye, f(2) = 1,
4) lim f(z)=2 lim f(z) =0 lim f(z) ne icnye, f(3) = 1;
5) lim flz) = lim flz)=lim f(z) = f(4) =1

)

)

6.1.4. 1) lignof(.r) =2, 1112110f(:17) = —o0, hn;f(?:) He icuye, f(2) = 2,
T—2— T—2+ T—

lim f(z) =0, im f(z) = 2;

T——00 T—+00

7) niBa ropusoHTAJIBHA acuMIToTa Yy = ( Ta mpaBa rOPU3OHTAIbHA ACHMITOTA Y = 3.
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2) lim fz) = —oo lim f() = ~Llim f(z) ne ienye,f(2) = 1
lim f(2) = o, lm_f) =0

3 Tim f(a) = —oc, lim f(z) = +oc,lim f(x) = oo, f2) e inye,

i f) = lm ) =1

6.1.5. 1) LJ{I?,O flz) = ,;i{rél+0f(z) = tlirr}Qf(:L’) = 400, f(—2) He icHyg;

2) lim f() = +oo, lim f(a) =2 lim f(2) ne icnye, /0) = 1

3) lim flz)=2, hm flz) = —o0, lim f(z) me icuye, f(2) = 3;

4) nBobiuna BepTHKaJIbHA ACUMITOTa T = —2, JiBa BepTHKasbHa acuMirTora z = 0, npasa

BePTHKAJIbHA ACHMIITOTa & = 2.
6.1.6. 1) lim ¢(z) =0; 2) lim ¢(z) = —1 3) lim ¢(z) = +o0; 4) yiBa acumnrora y = 0,
T——00 T—+00 z—4

paBa aCUMITOTa y = —1, BepTHKaJbHA acuMurora & = 4.
6.1.7. 1) lim G(z) me icuye; 2) lim G(z) = 0.
T——00 z—+00
6.1.8. 1) lim f(z) = f(0)=1;
z—+0
2) lim f(z) = lim f(z) = lim f(z) = +oo, f(1) =
z—1-0 =140 z—1
3) lim f(z) =2, lim f(z) =1lim f(z) ne icnye, f(2) = 1;
z—2-0 z—2+0 z—2
4) lim f(z) = —oo, lim f(z) = 4o0,lim f(z) = oo, f(3) =
z—3-0 z—34+0 z—3
5) lim f(z) =0, lim f(z) = 2,lim f(z) re icaye, f(4) = 0;
2—4—0 2440 w4
6) lim f(z)=-1 lim f(z) = 0,lim f(z) me icuye, f(5) = 0;
—5-0 2—5+0 z—5
7) lim f(z)=1

6.1.9. 1) rak; 2) mi.

6.1.10. f(z) = [z].

6.1.12. f(z) = (z —1)(z —2).

6.1.14. 1) Tlm} f(@) = 0,2y € R; 2) lim f(z) = A€ R, 7, € R;

=13,

3) lim f(z) = oo, z, € R;

T,

6.1.15. lim f(z) = A, obmexkena.
T,

6.1.16. 1) 2; 2) —8; 3) —§; 4) —2.

6.1.17. 1) 0: 2) 3: 3) oo 4) X,
0’ o9

6.1.18. 1) sinl; 2) %; 3) 0; 4) oo — o0 5) 0.
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6.1.19. 1) 1°; 2) 1; 3) 0; 4) o’; 5) 0%
6.1.20. lim f(z) = 5
—2

6.1.21. lim f(z) = lim@ =0.
z—0 z—0

6.1.22. lim /(z) = Js.

6.1.23. 1) lim f(z) = 0; 2) ue Bigomo.

_1\n+l
6.2.1. 1) (=1)"*%; 2) (=1)"; 3) 71”21) o 4) o™ L
6.2.2. 1) mi; 2) mi; 3) mi; 4) Tak; 5) rak; 6) ui; 7) rak; 8) rax; 9) rax; 10) Tak.
6.2.3. 1) ui; 2) Tak; 3) ui; 4) ui
n n (71)71 n,2
6.2.4. ) ( 1) yYp = (_1) ) 2) TaK, T, = —— Y, 7( 1) n-

3z, =y, =n—2.
6.2.6. 1) lim z, =a € R; 2) lim z, = o0; 3) lim z, = 0.

6.2.8. 1) ui; 2) ui; 3) ui; 4) rak; 5) =i
6.2.10. 1) Tak; 2) ui; 3) Hi; 4) Tak; 5) Hi; 6) Tak; 7) Hi; 8) Tak; 9) Tak; 10) Tak;
6.2.11. 1) a, = ¢ 2) mocmigoBricTh OGMerKeHa; 3) TAaKUX MOCTiZ0BHOCTEl He GyBae; 4) moc-

Ji1oBHICTH HeOOMezKeHa; 5) nocsijoBHicTb oOMexena; 6) lim a, = c

6.2.12. 1) rak; 2) Tak; 3) Tak; 4) rak; 5) Hi
6.2.13. 1) ui; 2) Tak.
6.3.1. 1) a(z) < B(z); 2) a(z)=o(B(x)); 3) Blz) = o(a(z)); 4) afz) ~ B(=).
6.32.1)a=02)a=m3)a=-14) a=¢5) a=-2.
6.4.1. f(3) =1
6.4.2. Hi.
6.4.3. 1) pospus 1-ro pojy, HeycyBHuil; 2) po3puB 2-ro pojy, HecKinuenumii; 3) dbyHKuis
HenepepeHa; 4) po3pus 1-ro poxy, yCyBHUIA.
6.4.4. lim f(z) =1
2—2+0

6.4.5. 1) dynkuia f(z) mae: B Touni £ = 2 po3pus 2-10 POJLy, HECKiHUeHHUH; y Touni & = 1
po3spus 1-ro poxy, ycyBuuii; y Touri = 4 po3pus 1-ro pojy, HEYCyBHHUIL;

2) dbyuxuis f(z) mae: B Touni £ = 0 po3pus 2-ro poy, icroTHuil; y Touni £ = 3 po3pus 2-
IO pOJly, HECKIHUEHHMII; y Toulli £ = 5 po3puB 1-ro pojy, HEyCyBHHIL.

6.4.6. 1) f(z) =z —sgnz,g(z) = z + sgnwz,z, = 0;

L, z>0, {—1, x>0,

- 0.
1, z<o0,”? L, z<0"

2) fla) =
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_ - se), e ULl
6.4.7. 1) f(T) - T 2) f(I) —1T—a 3) f(]?) =T e [071)U(172L
r—a 0, T =q
0, z €01), )
DI@=1) O @) = 0 € 015 6) fz) = sinza € (0:27);
L, >0
B) f(2) = [a].o € (<11 6) fl) =} | wel-Ll.

6.4.8. 1) npaBuibHe 3a [EBHUX YMOB; 2) 3aBXKIU IIPABUJIbHE; 3) HEIPABUJIbHE; 4) IpaBHIIbHE

3a I[I€BHUX YMOB.
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6.1. FpaHuusa pyHKui

O Oznavenns rpaurli MYHKIHT B TOYI
3a Kowi (m08010 0%k04i8)

lim f(z) = A & VYU_(A) 3Ug(z,) :

r— .’EU

z € Ug(zy) \ {z,} = f(z) € U.(4)

0 C'xinvwenna rpanuiigd OYHKINT B TOUI
(24,4 € R).
lim f(z) =A< Ve >038e) > 0:

T,

0<|z—zy|<8=|fle)—A|<e

© Hecxiruenna rpanuig QyHKIHT
B Toumi (z, € R,A = 00).

lim f(z) = 00 & Ve > 0 38(s) > 0:

O<|m7w0|<6§|f($)|>e

O Cxinvwenna rpanuis QYHKIT

Ha HecKiHdeHHocti (z, = +00,4 € R).
lim f(z) =A< Ve>035¢)>0:
T—+00

z>8=|f(z)— 4| <e

O ['panurg 3aisa
(ni606iwHa rpanuns).
lim 0f(a:) = f(z, = 0) = lim f(z)
Z*)],'Of

O I'panuig cnpasa
(npasobiuna rpannns).
lim f(z) = f(z, +0) = lim f(z)

T, z—1y+0 T,
17<.170 J7>J70
@ Kpumepiti icHy8arHsa CKIHYEHHOT
eparuuyi. Oyuxiis [ Mae CKIHIYEHHY lim f(z) = A &
rpanumo A B Toumi x, Toxi i ymime . ) .
DAttt % < lim f(zr)= lim f(z)=A4
TOl, KOJI B Iiif TOYIli iICHYIOTH PiBHI —2,=0 =1y +0

qucay A rpamwni 3iiBa i cnpasa:

0 Baacmusocmi pynkyiti, w0 MmMaoms CKIHYEHHY 2PaAHUUI0

O dxmro dyuKnis Mae ckiHdeHHY
TPAHUIIO B TOHI(l, TO I TPAHUILS €JIHA.

@ ko dyHKIis Mae CKIHYEHHY IDAHUIIIO

B TOYIIi, TO BOHA OOMEKEHA B JEAKOMY
IIPOKOJIEHOMY OKOJIi II€T TOUKH.

@ Ak icHyIOTH CKiHYeHHI rpaHuIi

lim f(z), lim f(z) i B gesxomy
T T

IIPOKOJIEHOMY OKOJII TOYKH 10 IIpaB/JuBa

mepismicTs f(z) < f(z), To
lim fi(z) < lim f,(z).

T—x) T—x
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® dkuio ichye ckinvenna lim f(z) = A i

.'E*).’En
B JIESIKOMY IIPOKOJIEHOMY OKOJIi TOUKH I,
BUKOHAHO HepiBHiCTL f(z) > 0, TO
A>0.

® (meopema npo «d60xT BapMOBUT ).
fAxmo lim f(z) = lim f(z) = A

a1, a1,
1 B JIeIKOMY TIDOKOJICHOMY OKOJIi TOUKH T,
npasusi HepigHocti f(z) < f(z) < f(z),
ro lim f(z) = A.

T,

O Teopema npo apupmemuumi dit
Had eparuuamu Gyrruid. dxino
lim f(z) = A,
I—)ZO
lim g(z) = B (4,B € R), To:
.’D*’.’L‘O
@ lim (f(z) + g(z)) = A £ B;
.'I,‘*HI)O

@ lim f(z)g(z) = AB,

T—

® lim Cf(z) = C4;

T— 1,
@hm@:é,B:tO;
T, g(z) B
® lim[f(@)]' = A",n € N;
.’I,‘*).Z'U

® lim (f(2))"™) = A%, A>0

.’E*HEO

6.2. HeckiH4eHHO Mani Ta HeCKiHYeHHO BenKi PyHKLi

O Hecxinuenrno mana Gynruisn

o B TOouri T, (.M. &b.)

lim a(z) = 0
T,

® Heckinuenno seauxa Gynruis
f y roani z; (u. B. d.)

lim f(z) = co (abo =+ o0)

T,

© Baacmusocmi H. m. P. (a(z) — 0,3(z) — 0, ko © — ;)

® cyma n. m. . o Ta B

o(z) + B(z) — 0, ko & —

@ dobymox 1. m. p. o Ta 3

a(z)B(z) — 0, ko T —

@ dobymox 1. m. . o Ha obmedrceny
6 oKoAi mowku x, Pynruyino f

a(z)f(z) — 0, xomu = —

@ yacmra H. M. . o § Pynryii f,

o(z)

——= — 0, Ko T — T,

AKG MAE HEHYADOBY 2PAHUUI0 f(z)
® 36’a30% mioc 1. M. P. A 1 H. 6. . 1
¢ ¢ f —— — o0 (az) = 0), Ko T —
o(z)
1

—— — 0, ko T — 1

flz
O Teopema npo 38°sa30x ynruit, it
eparuui ma 1. m. . Yucno A
€ rpanumeio Gysknii f y Touni z, Toi f(z) = A+ o(z),
# e o, Ko Je o — H. M. d., KO T — .
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oo —H.B. d., 0 —u. M. b., 1 — dynKniga, mo mae rparumnio 1

© Hesusnauwerocmsi

@0

,—, 0-00, 00— 00, 1%, 0°, 00
0

0

@ «Busnauenocmi» (a,b € R)

a + (+00) = +0o9;

a-(4+00) = +00,a > 0; (+00) - (+00) = 400;
L= 2=
0 0
0> =07 =0,b>0; 07" =07 = 400,b < 0
+00

at™ =0, 0<a<;

a

+o00, 1 <a < +4o0;

(+00)’ = 0,—00 < b < 0;

(+00)’ = 400, 0 < b < 400

6.3. [leaki BaXAuBi rpaHnLi pyHKuil

Olimz® =0,a>0

z—0

® lim 2% =00, a > 0
r—00

©lim--—0a>0

Olimi:oo,oa>0

T—00 & =0 &
0, n<m,
o 1 Gt az" '+ ta, g n—m
a=oob™ + b + L+ b, by
0o, m>m
0, O0<a<l 400, 0<a<l,
O lim ¢ =1 1, a =1, lim o =1 1, a =1,
T—+00 T——00
+00, a>1 0, a>1
lim log, = +o0, lim log, + = —o0;
ToHoo a>1 a0 0<a<l
lim log, x = —o0, lim log, ¥ = +o0,
T—+ z—+0
. T © lim arcctgzr = T
O lim arctge = —5; T——00 &
r——00 .
lim arcctgz =0
—+
lim arctgz = T .
T——+00 2
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6.4. Yncnosi nocnigoBHOCTI

0 Yucaoea nocaidosnicms.
Hucn06010 nocaidosHicmio

Ty Tgyees Ty = {2, },m €N,
Ha3UBAIOTD YUCJIOBY (DYHKIIO
z, = f(n), o3HAYeHy Ha MHOMKUHI
HaTypajapHux unces N.

Ty, Tgyeens T — “44€HU TIOCJIJIOBHOCTI;

z, = f(n),n S N:

Y NeH TIOCJITOBHOCTI.

n - (3azarvrull)

l\')——————————ot\/H
[ = |

o

'S
3

P
B
ot

@ [locninosHicTh wucena Piborawyi

{F}=1123538,1321,..

@ Osnauenns (pexypenmna dopmyJia) K =F =1,
F;L = anl + anQ?n >3
@ n -G waen (9 — 30a0muli nepepis) o 0 —(1— )" B J5+1
! R 5
© Obmesicena nocinosuicts {z, } 3C >0 Vn: ‘wn‘ <C
T
@ Mownomonni nocaidoenocmi (A =z, —7,; ¢= L“,xn > 0)
z’fl
® 3pocmarova nocrinosuicrs {z,} VvneN:z, <z, 4
{z,} / A>0 ‘ q>1
@ Hecnadna nocnigosuicrs {z,} VneN:z, <z
A>0 | g1
® Cnadna nocnimosuicts {z, } VneN:z, >z
{z,} A <0 ‘ g<1
@® Heapocmaroua nocsigosricts {z, } VvneN:iz, >z,
A<L0 | ¢g<1
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6.5. IpaHnLA NOCNiAOBHOCTI

O CxinvwenHa TPAHUIS IUCTOBOT

TIOCJIi JOBHOCTI

limz, =a € R &

n—00

& Ve>03IN, eN:Vn>N_ =
= |z, —a|<e

® HeckinveHHa TPAHUIS IHCIOBOL

TIOCJTi IOBHOCTI

lim z, = oo &

@VE>OEINE€N:Vn>NE:>
:>‘xn >F

© 36isicna nocaidosnicms.
TlocutiioBHICTE HABUBAIOTH 3021CH 010,

SKIIO BOHA Ma€ CKIHYEHHY I'DAHUILIO.

O PosbisicHa nocaidosHicms.
TlocaimoBHicTh HABUBAIOTE PO36IdHCHOIO,
SIKIIIO BOHA MAa€ HECKIHUYEHHY I'DAHUINIO
abo He Ma€ rpaHulli.

O I'eomempuuHul 3micm
306i2cHOCTNE NOCATI08HOCTI.
Hocainosuicts {2, } 36iraeTses 10
qUCIA @, SKIIO 1038 MeXKaM# Oy Ib-TKOT
CAMETPUYHOI TOPU30HTAJIBHOI CMYTH
3aBIIUPIIKU 2€ MiCTATHCS JIUIIE
CKIHYEHHA KiJIbKICTh TOYIOK

TIOCJIiTIOBHOCTI.

L [ AR

*
4

O Heobxidna o3nakra 36idcHocmsi

K10 mociToBHICTE 36ira€ThCst, TO BOHA
obMezKeHa.

@ /locmamnsa ymosa 36iatcHocmi
(osnaxa Baepwmpaca)

AKII0 MOHOTOHHA, TIOCIi JOBHICTH
obMezKeHa, TO BOHA 30iraeThCsl.

® Yucao e

lim 1—|—l =e
n—00 n

O Kpumepiti icHYysaHHA 2paHUUL
dynruii moeoro nocaidosrocmerti
(Tatine). Yucino A e rpanuneto GyHKIT
f y Toumi z, € R Togi it mmme Togj,
KOJTH JJIst Oy 1b-sIKOI TIOCJTi IOBHOCTI
aprymentis {z,},(z, = z,), Taxoi, mo

lim z, = z,, Bignosinma mocminosHicTs
n—o0

snauens Gyskiii {f(z,)} 36iraerbea mo

qucsaa A.

lim f(z) = A & Y{z, },2, =7, :
lim z, =z, = lim f(z,) = A

n—oo n




DOpMyNK, TBEPLKEHHS, ANTOPUTMM

219

6.6. MOpiBHAHHA HECKIHYEHHO ManuX QYHKLNA

O o — u. M. d. suwo20 nopadky

im &&) _ g a(z) = o(B(x)),

MaAu3HY, HIK B, KOTH 2 — a1, B(x) T — T,

@ 1a 3 — H. M. §. 00H020 NOPAIKY a(z) a(z) =< B(x),
lim == =A4=0

MAAUSHU, KO T — T, a1, B(z) T — T

© o ta 3 — exsisanenmui H. M. @., ﬂ _1 afz) ~ B(z),

KON & — 1 z—1, B(x) T — T,

O o ta B — HenopieHAHHE H. M. ., 3 i @) afz)

KOM T — I vy B()

@ u. M. b. o wmae nopador k wodo afz)

. M. §. B, ko T —

lim =0, afz) ~ C(B(z k7
tim (@) ~ C(3(z)
C=0,C =00

CB(x))F — 2010610 wacmuna byHxmii o

moyio 3,7 — 1,

@ Baacmusocmi exsisanenmuur dynkuit (oz) ~

()$_>x(])

@ I'panuilsg 9acTUKA TBOX HECKIHIEHHO
ManX (QYHKIiN He 3MIiHUTHCS, AKITO
KOXKHY 3 HAX 3aMiHUTU HA €KBiBaJCHTHY

it 1. M. .

tim 28 _ gy B
T '\((:E) T ’\((:’7)

@ Pisnnig 1BOX €KBiBaJE€HTHUX
HECKIHYIeHHO MaynX (DyHKIR
€ HEeCKiHYeHHO MaJIoi0 (DYHKINEIO BUIIOTO

HOPSJIKY, Hi?K KOXKHA 3 HUX.

() = B(z) = o(a(z)),

() — B(z) = o(8(x))

® Cyma ckiHYeHHOT KiJTbKOCTI
HeCKiHYeHHo Maymx yHKniit piznnx
HOPSIIKIB eKBIBAJICHTHA JIOJAHKY

HAWHUZKYIOr0 MOPAAKY MAJIM3HU.

f(z) = az™ + ba" ~ az™

m < n,x— 0

m

(az™ — ronosua yacruna H. M. {. f)

@ Cyma CKiHYeHHOI KiJIbKOCTI
HECKIHYEHHO BeJUKUX (PYHKINH pisHuX
HOPSJIKIB eKBIBaJICHTHA JIOJAHKY
HaWBUINOrO MOPAIKY POCTY.

f(z) = az™ + bz" ~ ba",
m < n,x — 00

(bx"™ — rosoBHa yacTuHa H. B. . f)
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6.7. BU3HauHi rpaHmu;

O Ilepwa 6u3HAYWHA TPAHUIIS lim sinz

(z y pagjanax) =0

® Hacaidku 3 nepwoi sudnawnoi epanuui

® limtg—x =1 ® lim 2EMT 1

z—0 T z—0 x
@liml—coszzl; @hmarctgaﬁ:1

z—0 IZ 2 z—0 €T
© /Ipyza 6u3navHa rpaHuiisd 1Y i/

lim [1+] =lim1+y)" =e
T—00 T y—0

O Hacaidxu 3 dpyz0i eusnauwnol epanuyi

. log 1+=z 1 T _ 1
®hmM=—; ® lim & = Ina;

z—0 T Ina =0 T
@ lim 2Dy, @lm< 1 -1,

z—0 x z—0 T

1 -1
® lim A+a) -1 =1
—0 x
Posxpummasa cmenenHeso-noka3HUKO8UT He8U3HaveHocmel
0 0 10 lim v(z)Inu(z)
9[0 , 00 ,1 ] lim u(x)v(z) — 0
Iﬂxn

(6] [1OC ] lim (u(z)—1)v(z)

lim u(z)"®) = e
.’I?*).’I;U

6.8. TaGanua ekBiBasieHTHOCTelH

u=u(r) — 0,2 — x,

Osinu ~u, u—0 u
®log,(14+u)~—, u—0
’ Ina

@tgu ~u u—0 @ln(l+u)~u u—0

2

91—cosu~%7u_>0 0¢" —1~ulna, u—20

@ arcsinu ~ u, u — 0 Oc 1w u—0
)

@ arctgu ~ u, u — 0 O1+uf—1~py u—0
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6.9. HenepepBHicTb QpYHKLi B TOUL

O Pynxruis nHenepepeHa 8 MowUL.
ODyHKIIII0, sIKa O3HAYEHA B OKOJIi TOYKH,
Ha3WBAIOTH HENEPepeHoIo 6 Moy,
SKIIO TPAHUIS (DYHKILT JOPiBHIOE
3HAYEHHIO (DYHKITI B IIiif TOUII.

f memepepsHa B TOUIi T, <

& lim f(@) = f(z,)

Oyuxiisg f HenepepeHa 3.4i6a

Oyukuisa [ menepepena cnpasa B TOUI

B TOYII T, AKIIO T, AKIIO
lim f(z) = f(z, — 0) = f(ay)- lim f(z) = f(a, +0) = f(z,).
T—Ty— T
O Kpumepiti HenepepsHocmsi
Pynruit 6 mowyi. Pynkiia f lim f(z)= lim f(z)= f(z,)-
—7,—0 r—15+0

HerepepBHa B TOMII T, TOJI i Jiuie

TOJIi, KOJN

© ITpupicm apaymenmy B Toulj 7,

Ar =1 — 1,

O ITpupicm dynxuyii f y Toumi z;

Af(xo) = f(xo + Az) — f(xo)

O Dynxruin HenepepeHa 8 MOYUL.
Oyuknio f, HA3UBAIOTH HeNnepepeHoIn

6 Moyt T, € X, gKio

lim A =0.
Arto £(z))

O Baacmusocmi pymnruiti
HeNePePSHUT Y MouU.

® Oyuknidg, siKa HeIepepBHa B TOUIL,
obMerkeHa B JIESIKOMY OKOJIi Ii€l TOUKH.
@ ko dyskuig f HemepepBHA B TOYII
T,, TO icHy€ OKi, y axomy yHKHisg f
Mae 3HaK uncnaa f(z,).

® fxmo dyuxuil f; Ta f, HemepepsHi

B TOYIl T, i BAKOHAHO HEPIBHICTH

fi(zy) > f(z,), TO icHye OKin TOUKH ),

@ dxmo dyukuil f Ta g HernepepsHi B
f

Touni z,, To it Gynkuil f £ g, fg Ta
g

(9(z,) = 0) menepepsHi B TOUN| ).

® dxuro dyuKIiz ¢ HemepepBHA B TOMIN
7y, a GyHKIig f HemepepsHa B TOUI

Yo = 9(z,), TO cKmameHa QyHKIiA
f(g(z)) memepepBHa B TOUI Z,.

® OcuoBHi ejiemenTapi QyHKIIiT
HeIlePEPBHi B yCiX TOYKAaXx, Jie BOHU

y axomy fi(z) > fy(z). O3HAYEHI.
@ Bamina 3MIHHOT Y 2paHUYL.
SIxkmo dyukuia y = g(r) HenepeppHa . y = g(z)
. , lim f(g(z)) = || = lim f(y)
B Toumi x,, a bynxuia f(y) HemepepsHa N y — g(z,) ¥y,

B Toumi ¥y, = g(z,), TO
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6.10. HenepepBHicTb PyHKLIi Ha Bigpi3Ky

O Pynruis nHenepepera wa 6i0pidky. PyHKIIO f HABUBAIOTH HENEPEPEHON HA
6idpisaxy [a;b], AKIO BOHA HelepepBHA B KOXKHIH Touni iHTepBasy (a;b), y Touui a
HelepepBHa CIpaBa, a B TOYIl b — HerepepBHa 3JiBa.

MHoxKuHY BCiX HemepepBHUX Ha BIIPI3Ky [a;b] dyukuiit nosnavaors Cla;b].

Baacmusocmi nenepepsHux Ha 68i0pi3ky PyHKuit

® Teopema npo obmestcenicms y
Pynruii (Baepwmpaca). Henepepera
Ha BiApi3ky byHKIigT oOMexena

Ha IIbOMY BiIpi3Ky.

© Teopema npo walibiavuwe
ma HAUMEHUWE 3HAYEHHS

(Baepwmpaca). Henepepsra

Ha BiIpisKy (byHKIIisT qocsrae

Ha [[LOMY BiJIpi3Ky CBOrO HaibIIBIIOrO

Ta HAUMEHIIIOrO 3HAYECHHS.

O Teopema npo Hyai GyHruii Y
(Boavuarno — Kows). dximo dynkiis ) I
f HemepepsHa Ha BiIpi3Ky [a;b] 1 HAOyBae :
Ha ioro kinmgx suadenb A = f(a) Ta E
B = f(b) pi3uux 3HaKiB, TO BCEpeIHHI ol @ /e b
imrepsay (a;b) 3naiimerncsa npuHaFiMHI Al
ofpa TouKa ¢, mst gkol f(c) = 0.
© Teopema NpPo NPOMIHCHI 3HAUEHHS Y
B

(Boavuarno — Kowi). Skuio dbyskiis
f wmemepepsHa Ha Bifpi3Ky [a;b], 1 HabyBae c
Ha I0ro KIHIFAX PI3HUX 3HaYEHb

fla) = A, f(b) = B, i C € [4;B], o

S fmmmmmmm— T

B inTepBast (a;b) 3HANIETHC TPUHARMEI 0 v
OJ[HA TOYKA ¢, y AKii A

fle)=C.
O Teopema npo nHenepepsHicmsv obeprena dyuximis f~! Hemepepsra Ha
obeprenot Pynruyii. Adxmo bynxuis [ [4;B], ne [4; B] — MHOXKuHA 3HAUEHD
CTPOrO MOHOTOHHA, i HElepepBHA Ha byukmii f.

Bizpi3Ky [a;b], TO
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6.11. Toukn po3puBy PyHKuUji

© Toura pospuey. Touxy x,
HA3UBAIOTH MOuK0 Po3pusy GyHKIT f,

AKIIO BOHA O3HaYeHa B OKOJII TOUKH I
(OKpiM, MOXKJIIBO CAMOI TOUKH ), aje

HE € HEIePEPBHOIO B IIi#l TOYIIi.

IIopyrreno piBHicTb

f(:EO—O):f(:L‘O—f—O):f(ﬁO)

Kaacupirauis mouwox po3pusy

® Pospus 1-20 pody
(exinuennuti pospus)

obuaBi oHOGIYHI TpaHUIL
f(g:() + 0)7f(370 - 0)
byuxuii f(z) y Touni

icHyroTh i ckiHuenHi

@ neycysruti (cmpuboxk) f(zy +0) =
= f(z, —0)
@ yeysnudi flzy +0) =

:f(xo_())if(zo)

© Pospus 2-20 pody

x04a 6 O7HA 3 OJHOOIYHUX TPAHUIIH
f(zy +0), f(z, —0)
dyrxnii f y Tounmi z;

HeCcKiHdYeHHa abo He icHye

@ mecrkinuennui (noaoc) If(zy — 0) = £oo0 Y /‘
abo Sl ;
3f(z, +0) = oo fla +%)_a£;
@ icmomHtuti E/f(zo = j
abo
Af(x, +0) -
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O Cxema docaidacernsa Gynruit
HA HENEPEPBHICMB Y TNOUUL.
®Bnaxogsars f(z, —0) ta f(z, + 0).
@ BucnoByiors:
1) Ko icHYIOTH CKiHvYeHH] 0HOGIYH]
TpaHuIl i

[y +0) = flay — 0) = flzy),
To dbynkmia f nenepepsra 6 mowyi x;
2) SKIIO iCHYIOTH CKiHUeHH] OgHOGIuHi
TpaHuIl i

@y +0) = f(z, —0) = f(z,)
abo byHKIliA He O3HAYEHA B TOYIL T,
To dynkiis f Mae B TOuni z, pospue I-

20 pody, ycysHui,

3) sIKIIO iCHYIOTH CKiHYeHHI 01HOGIuHI
rpamuni i f(z, + 0) = f(z, — 0),

to dynknig f mae B Touni z, pospue I1-
20 pody, HeycysHul;

4) Ko icHyoTh 0HOGIYHI rpanHuly i xoua
6 0/HA 3 HUX HECKIHYeHHA, TO QyHKIia f
Ma€ B TOUL T, po3pue 2-20 pody,
neckinuernnuti (noatoc), a rpadik GyHKI
Ma€ BEPTUKAJIbHY aCUMITOTY T = I;

5) gKmo xoua 6 OfHA i3 IpAHUIb

He icuye, To byskiis f y Toumi ¥, Mae

po3pus 2-20 pody, icmomHud.

6.12. MeTop, iHTepBanis

O Anzopumm memody iHmepeanis
3HATO00AHCEHHA NPOMINHCKIB
gnaxocmanocmi ynruii f.

@ BuaxosTh obsactb o3HadeHus D(f)
dbysxmil f.

@ Busnagarors fificai KopeHi piBHAHHA
flz)=0.

® Pos6usators obsacts o3Hadenss D(f)
KOPEHSIMU Ha MPOMIZKKH 3HAKOCTAJIOCTI
dbyuxmil f.

@ Busnauaorh 30aku GyHKIil f

Ha KOXKHOMY IIPDOMIKKY, OOUHCJIIOI0YMN
suavenns GyHKUii f(z) y BHyTpimHii
roulti (nNpasu.ao npobroi mouku)
KOKHOT'O TTPOMiKKY a0 3a npasuaom
DO3CMABAEHNA ZHAKIG.

® BanucyoTh TPOMIZKKH 3HAKOCTAJIOCTI.

® IIpasuso podcmasaeHHs 3HAKIG
(«3miticu» ).
© Oyukirist
_ k k,

flz)=(z — zl)kl (x—2)2 . (x—x,)n,

7 <@y <..<z,k €Ni=1n
€ JIOJATHOIO CIIPaBa BiJl TOYKU z,.
@Ilicas mepexoy Bijl OJHOIO MPOMIKKY
JI0 cycinaboro (cupasa HAIIBO) yepes
TOUKY Z;,% = 1,2,...,n, dynkmisa f:
1) sminioe 3HaK, sIKmO k; — HemapHe;
2) He 3MiHIOE 3HAK, SKINO k;, — IIapHe.

k, — napmue

. LT NT
l’,,anf T T

1 n
k

n—1 — HEllapHe




NpakTukym 6.1. FpaHnusa GpyHkuii

HaBuanbHi 3apaui

6.1.1.1. Kopucryrounucs o3HadeHHsM rpanuri dyskiil 3a Komri (Mosoro
e —0), JoBecry, 10 ilir%(élm +1)=09.

Po3p’a3anHs. [6.1.2.]

[Bubupaemo dosinvre dodamme wucao e.|

Hexait € > 0.

[I]o6 dosecrmu, wo lim f(z) = A € R, snaxodumo maxe 6(e) > 0, wo das

z— 1 €R
eciz x, Akl cnpasdocyroms wepienicms 0 < ‘LL'*ZL‘O‘ < 0, sukonano Hepis-

HiCTD ‘j(x) - A‘ <el]
|(4m+1)—9|<8;|x—2|<i.
Skmo § = % TO JJIS1 BCIX T :

O<|z—2/<b=-=|dz+1)-9|<e

£
4
Orxe, lim(4z +1) = 9.

T—2

6.1.1.2. Kopucryounch o3nadennsM rpanuni ¢ynaknoii 3a Komi (MoBoro

. 1
e —0), mosecru, mo lim =0
T—4o00 L + 2
Po3B’azanHs. [6.1.4.] Yy
Hexait € > 0.
[LIo6 dosecmu, wo lim f(z) = A € R, suazo- |
T——+00 !
dumo maxe () > 0, wo das 6cix T, AKi cnpac- 5_2
dorcyroms  HepisHicms T > 0, BUKOHAHO Hepi6- US(O)\‘ [0 NS T
niemo | f(z) — A| < e ; T (o)
1 :
—0|l<egz>0& :
z+2
Puc. 10 6.1.1.2

1 1
<gzx+2>->--2
€

T+ €

1 1 1 .
Armo § = =—2, kou ——2 > 0, abo & = 0, ko — —2 < 0, TO A1 BCIX =:
€ € €
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z>0=

1
<&
T+ 2
. 1
Orxke, lim =0
T—4o00 L + 2

6.1.1.3. Kopucryounch o3HadenHsiM rpanuni ¢ysknii 3a Komi (MoBoro

. 1
e —0), mosecry, mwo lim =00
t—=27x 4+ 2
Po3B’a3anHs. [6.1.3.]
Hexait € > 0.
[I]o6 dosecmu, wpo lim f(z) = oo, snaxo-

T—z,€R
dumo maxe () >0, wo daa ecir x, aKi

< b,

cnpasdoicyroms wepienicmsy 0 < ‘l —x

BUKOHAHO HEPIBHICTNG ‘f(r)‘ > el

R D S
T+ 2 _|:z:+2|

>8:>|:1:+2|<l.
€

1 .
dxmo & = =, To aug BCix x:
€

Puc. no 6.1.1.3

0<|1:+2|<6:>‘L > €.
T+ 2

Orxke, lim = Q.

1—>-27 + 2
6.1.2.1. 3mnaiitu lim(3:L‘2 —4).

T—2

Po3B’a3anHsA. [6.9.6.6, 6.9.1.1
[Ockinvru dynruin f(z) = 322 — 4 eaemenmapna @ 2 € D(f), mo nidcmae-
amowu T =2 y f(z), suazodumo eparuo.]®

}Eig(?,x? —4)=3.22-4=38.
Komentap. ® flkmo f — enemenrapua dbynknia i z, € D(f), To dynkuia f
HerepepBHa, TOOTO

lim f(z) = f(z,).

T
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6.1.2.2. Bmaiitn lim [5 _342

T—00 T T

Po3B’azanHns. [6.3.3, 6.1.9.]
[Bukopucmosyrowu meopemy npo apudpmemunni 06 [6.1.9], snazodumo eparuyo.]

lim [5—§+%J= [5—3-04+2-0]=5.
T—00 €T T
2 —
6.13.0. Bwaitrn lim 00—+
=2 x4 2
Po3B’azanHd. [6.9.1.]
[lo6  swatimu  lim @ (z, € R), snazodumo  epamuuyro  “uUCEALHUKG
m—>m0 g T
lim f(z) = A ma epanuyro snamennurae lim g(z) = B.]°®
1‘*?1‘0 _’L‘*)IO
3z —4  [3-22-4 8
im = =—|=2.
r—2 T + 2 2 —+ 2 4
Komenrap. ® ko B = 0, 1o MaeMo «BH3Ha4eHiCTbY lim M ==
-, g(x) B
2 —
6.1.3.2. 3maiitz lim 3z 4.
-2 I + 2
Po3B’a3aHHa. [6.9.1, 6.2.6.]
2 2 @
. 3at —4 3-(-2°—-4 8
lim = =—| =
t—=2 x + 2 —2+4+2 0
Komentap.® fdxmo A = 0,B = 0, 10 3a TeopeMo0 mpo 3B’S30K H. M. ¢. Ta
H. B. . MAEMO «BHU3HAYEHICTHY lim M = é =
Ty g(ZL’) 0
2 J—
6.1.3.3. Suaiirn lim > 4
r—2 I — 2
Po3B’a3anHs. [6.2.5.]
2 2 _ o o @
lim = 112400 _ mw:lim(zdr?):ll.
=2 x —2 2-2 0 |[1.18.5.3]z—2 T —2 T2

Komenrap.® ko A = 0,B =0, T0O MaeMO HEBU3HAYEHICTDH g, dKy Tpeba

PO3KpuUTH TIepeTBopenuaM Bupasis f(z) Ta g(z).
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Axkmo f Ta g € muorouwnenamu it f(z,) = g(z,) = 0, To HeBu3HAUEHiCTDH

f(z)

lim 1~ = |2

T— I, g(af) O
YHCEJILHUKY Ta 3HAMEHHUKY:
lim f(x) = lim
w=ay g(@) o (2 — 2p)" gy (2)
ne fi(z,) = 0,9,(z,) = 0.

@ OcKinbKE PO3IIAJAI0OYN I'PAHUII0 B TOUII T,, yBasKaloTh, IO T # T,, TO

PO3KDPUBAIOTH BUJIJICHHSAM MHOXKHHKIB BUrJsiy (T —xo)k B

(x — )" ()

)

v

z — 2, = 0. Cxopouyoun Ha HajiMeHmmii i3 cremenis (r — z,)" Ta (z — x,)"

«HEBU3HAYEHICTH» MEPETBOPIOEMO HA «BU3HAYEHICTHY .

6.1.4.1. 3maiitu lim 3*~ L

z—1
Po3B’azanns. [6.9.6.6.]

-1

[3razodumo epanuuto, nidcmasasmouwu y f(x) = 3*7" snavenna x = 1.]

lim3* ! = 3"l =30 = 1.

r—1

6.1.4.2. 3Bmaiitw lim 4%t

T——00
Po3B’a3anHs. [6.3.6.]

[3razodumo epanuuto, surxopucmosyrowu 6idome no-
sodorcenma dymnuii y = 4°.]°

lim 4" = [47°] = 0.

r——00

Komenrap. ® 3pyuno BBakarTu, 1[0 OCHOBHI eJjieMeHTa-
pHi dyHKII 387201 Takoxk i rpadidno. Puc. 10 6.1.4.2 Ta 6.1.4.3

6.1.4.3. 3maiitu lim 4°*L
T——+00

Po3B’a3aHHs. [6.3.6.]
lim 47! = [47°] = 4o0.

r—+00

2
6.1.5.1. Bnairn lim ~ o2 T2
1=-222% + 17— 6
Po3B’a3aHHA. [6.2.5.]
243z 42 lol[ﬁ‘m (w4 )@+1) . x4l
hm _—_— = m —— 7 — lim —— =
—-2222 + 2 — 6
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2 _
6.1.5.2. 3maiit lim w
=3 (z — 3)%(z + 1)
Po3B’a3aHHs.
@ —50+6  [0]%% (1 -3)@—2)
lim———— 2 || = lim—— T
=3 (z — 3P (z +1)  [0]B55)e=3 (1 — 3)%(z + 1)
[6.2.6]

6.1.5.3. SuaiiTu lim %16
a—drp +5—3

Po3B’a3aHHs.
[[Tos6ysaemocsy ippayionasvrocmi y sHamernuky 3a GopMYAOIO:
1 a+0b _a+b
a—b (a —b)(a+0) a2 —p?

dea =~z +50b=3]
2? —16 0‘[6'2‘5] @ -16)(r+5+3)

lim ———=|—| = lim =
—4

i=4g 45 -3 (Vo+5-3)(Ve+5+3)
— lim (z—4)(z+4)z+5+3)

r—4 r—4

x

[6.9.6.6]
= llini(x +4) Wz +5+3) = 48.

2 J—
6.1.6.1. 3naiitu lim W
r—oo g3 fp 41

Po3B’a3aHHs. [6.3.5.]
a, 5™ + ayx® + ...+ a,
8

[3razodavy lim , OIAUMO YUCEALHUK | 3HAMEHHUK

=0 blxﬁl + b2:c61 +..+0,

m

Opoby 1a T Y HATBUWOMY CMENENT 6Cb020 6UPaA3Y. |

i 22 -2z 45 oo || HaltBuIHiT cTeniHp ychOro BUpa3y ||: 23
im ———m =|— —| =
T—00 IB +z+1 0 rELO];)iBHIOG s=3 : .7;'3

1 2 )

) + 5 @

S [P R i )
T—00 1 1 1
x z

KomeHtap. ® 3ayBaxkMo, 10 CreliHb MHOIOYIEHA 3HAMEHHHMKA OLIbLIMA Bij

CTeNeHs YHCEeIbHUKA I IPAHUINIO0 MOYKHA TAKOXK 3HAWTH 3a mpasmwioM [6.3.5].
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2
6.1.6.2. 3naiitu lim M
1—00 5 — 42

Po3B’a3aHHs.

i 322+ 6 oo || HaltBUIIMiT CTEmiHb yChOTO BUPA3Y || : 42
im —=|— — | =
200 5 — 42 00 || mopiBHIOE 5§ = 2 2

6

3+ — ®
2
= Jim = _{14 :_2
T—00 9 4 —_

Komentap. ® 3ayBazkmo, IO CTEmiHb MHOTOUYICHA YHCEJBHUKA JTOPIBHIOE CTe-
MEHI0 MHOTOYJIEHA 3HAMEHHWKA 1 T'PAHUIII0 MOYKHA TAKOXK 3HAUTH 3a IPaBU-

JoM [6.3.5].

4
6.1.6.3. 3maiitu lim I; +1.
e—o0 g3 4 2
Po3B’a3aHHs.
i 2t 1 oo || HaliBUIIMIL cTEmiHb yChOTO BUPA3Y || : ¢4
im =|— — =
T—00 333 + 2 o0 ;LOpiBHIOG s=4 . T'l
1
1+ — 1 [6.2.3.5]
= lim—2L =|=| = oo
z—00 1 2 0] o
z x

Komentap. ® Creninp MHOTrO4IeHa YHCENTbHAKA BHIMI BiJl CTEIIEHS MHOTOIE-

Ha 3HAMEHHHKA | TPAHUII0 MOYKHA TAKOXK 3HAHTH 3a mpasusoM [6.3.5].

2 _
6.1.6.4. 3naiitu lim dz i

=yt —bp 43

Po3B’a3aHHs.
[3 ypazysannsm noxaswura xopens, OiAUMO “UCEALHUK © 3HAMEHHUK OpoOY
Ha IQ.]
1
. 422 — ¢ ooll: 22 . 4—-
hm—:——Z—hm L :4
v=00 a8 _5r +3 Rl | QHOO41 5 3
Y
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. 339/7 + \/5 32210 +1
6.1.6.5. 3mnaiitu lim
T (g4 \/— \/a;

1 1
o2

. xf + \/32:1:10 +1 oo l|: 22 .
lim —|—== lim = = 2.
T (g4 \/_ Y3 — iz

T—+400 1 1 1
I i/l i
[ 333/4] 23

3 (0 o\3
6.1.6.6. 3maittm lim (@ +2) (z—2) .
a—o0 962% 4 39z

[BUSHCL%&GMO HaUsuwWUl CMeniHy 8UPa3y, Nepemasopvl %ucem)mm.]
(x+2)° —(z—2)3 2% + 627 + 122 + 8 — (2% — 62° + 127 — 8)

lim = lim —
a—co 96z + 39z 200 96z% + 39z
16
1247 116 \oo a2 P 1
= lim ——~ — — ||| = lim —.
1-00962% + 39z |00 ||: 2? =g 39 96 8
T
2.3% —2¢

6.1.6.7. 3maiitm lim .
=400 5. 3T 4 27
Po3B’a3aHHs. [6.2.5, 6.3.6.]

[dinumo wuceavrur i snamenrur dpoby na dynryito, saxa 3pocmae natiwsudwe. ]

. 2.3 -2 oo |l: 3" .
lim —— =|—=||—| = lim -
z—+o00 5. 3% 4 9% oo ||: 37 z—+400 2)" 5
5+ [}
3
6.1.7. 3uaiiTu:
2 2
1) hmfﬂ_l. 2) lim — L -1 .
=027 — 3 —1 e—-1222% — g —1
2 2 _
3) hmx—l' 4) lim -1
=127 — g —1 1-002% — g —1
Po3p’sa3anHs. [6.9.6.6, 6.2.6, 6.2.5.]°
1. lim 2’ —1 [ 0-1 =1.
=022 —z—1 [2-0°—-0-1
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2 3
2 lim -l 4 — 0.
Tﬁ71/22m2 r—1 0
2 [5.5.5] i
3. lim— 1 :H ~ lim & 1)(“””“1) :hm;“l:%
r— — — z—1 Tz—1
12 r—1 2( 1)[:1:+] T +
1 1
2 _ L2 )
4 Tm F Tl i 22 1
—0027% — 1 —1 o0 22 t—>0c2_l_i 2
T xz

Komentap. ® Criocobu Bimmmykamssi rpaHuili (GyHKIT B TOUIN 3a/€XKaTh siK BiJ
camol dyHKIIT, Tak i BiJ TOYKH, JI0 AKOI MPSAMY€E apryMeHT (DYHKIIT.

6.1.8.1. 3naiitu lim (3ZE —N9z% + 3z + 1).

T—+00
Po3B’a3aHHa. [6.2.5.]

[Poskpusaronu nesusnauenicms

lim (4 f(z) — g(z)) = [0 — o0},

I*’IO

NePemeoPEMO 8UPaA3 Nid 3HAKOM 2PAHUYL 3G HOPMYA0I0:

ab— (a—b)(a" "t +a" 2 +..+0"") a" —b"
anfl —l—a”*Qb _|__|_bn71 anfl +an72b _|__|_bn71
lim (3:137\/912 +3z+1) = [00o — 0] =
r—+00
(3:1: —N92% + 3z + 1)
— lim (3$+\/9x2+3$+1):
v=+00 33 43922 + 33 +1
2 0.2 _
~ lim 927 — (92" + 3z +1) _ lim Bz +1) _
rot00 30 1022 £ 32 1 3z 4922 4 3z + 1
_ 3+1]
00 . T -3
(o Ol 1 T—+00 1
.
z x
6.1.8.2. 3maiitu lim (31‘ — V92?2 + 3z + 1).
Po3B’a3aHHs.

lim (3m—x/9:v2 +3a¢+1) =[-00 — 0] = —o0.

T——00
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6.1.8.3. 3maiitu lim LI 3 .
=222 g% -z -2

Po3B’a3aHHs.
[Poskpusarowu nesusnasenicms uzandy
= 91(33) 92(33)

3600uMm0 Opobu Jo cninvhoz0 3Hamennuka.

lim[ LI 3 ]:[oo—oo]:lim 0

(:c+1)—3 10
z—2|\ 1 — 2 ;1:27.%*2 I**Z(I*Q)(I*l‘].)
. T —2 .
= lim——— = lim ——
s-2(z—2)(z+1) s-o2z41

1
3
6.1.9.1. 3naiitu lim(x + 1)2%1.

T—2

Po3B’a3anHa. [6.1.9.6.]

[Io6 snatimu lim [f(;z:)]”(g”7 3narodumo eparuyio ocrosu lim f(z) = A ma
‘T*M’L‘O ZHZO

epanuyto nokasnukae lim g(z) = B.]®
Z*)ZO

lim(z 4 1) = 3° }® =27.

Komentap. ® fkmo A,B € R,A > 0, to 3a Teopemoio [6.1.9.6] Mmaemo «Bu3HA-

aenicTey lim [f(z)/") = AP,
T—T
T
2041
6.1.9.2. 3naiitu lim [i] o .
T—00 xQ
Po3B’a3anHs. [6.2.6.]
1 o= 1 1
2z+1 2 ’ ’ o
1im[i R el gyt 2 =[01/2} =0.
z—oo| T
T — 00

KomeHtap.® dxmo A =0 i B = 0, To maemo «BusHaueHocti» [6.2.6]:
lim [f(2)}"*) =[0%,B > 0| =0,
T— 1

lim [/(2)}"") =07, B < 0] = +o0.

.ZHZD
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6.1.9.3. 3mnaiitu lim[

T——+00

2z + 1] '
Po3B’azanna. [6.2.6.]

T 1 1 )
S Y B TN B 1R
z—+oo| 22 + 1 T 2
T — 400

Komentap. ® fkmpo 0 < A <11 B = 400, To MaeMo «Bu3HadeHicTbY [6.2.6]:
lim [f(z)") = |4**,0 < A <1|=0.
l‘*)l‘o

T

6.1.9.4. 3naiitu lim[ i

T——00 2:L'+1
Po3B’a3aHHs.
z 1 1
lim[ N [ EEE ’[l}eroo
z——oo| 20 +1 T 2
r — —0O0

Komentap.® fxmpo 0 < A <11 B = —o0, To MaeMo «BusHaueHicTby [6.2.6]:
lim [f(@)}/") = [A47%,0 < A < 1] = +oc.
r— o

)

T— +00 €T

6.1.9.5. 3naiitu lim [2—|—l] .

Po3B’a3anHs. [6.2.6.]

T 1
- 0}
B I R,
poteo T T — 400

Komentap.® fAxkmo A > 11 B = 400, To MaeMO «BU3HA4eHICTH [6.2.6]:
lim [f(@)}/") = [ A+, 4 > 1] = +o0.

T,

6.1.9.6. 3mnaiitu lim [2—1—1] .

T——00 T

Po3B’azanns. [6.2.6.]

lim [2+l] —|2t; 72 :[2*0]:0.

T——00
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Komentap.® SIxkmo A > 11 B = —o0, T0 MaeMoO «BH3HadeHICTLY [6.2.6]:
lim [f(z)") =[A™, 4> 1] =0,
[IJ—M’EU

34—

2 P

6.1.9.7. 3naiitu lim .
z—too| x — 1

Po3B’azanns. [6.2.6.]

2
1 1
2 3+% 371:1 1—>+oo,3+——>3, °
lim _|z-1 1_1 z = (00" = 4o
z—+4o00| x — 1 Tz 2
T — +00

Komentap. ® fIxmo A = 400, B = 0, To MaeMo «BusHaueHocTi» [6.2.6]:
lim [(2))"®) = [(+00)", B > 0] = +o0,
T,

lim [f()}"") = [(+00)”, B < 0] = 0.

J,‘—).T,‘U
Agkmo A= B =0, abo A= +00,B =0, abo A=1B = 00, To MaEMO HEBU-
smadvenicrs Bigmosimao Buraamy 0°, a6o oo, abo 1°°, sKy Tpeba pPO3KpHTH
(6yze posrysinyTO Jauti).

6.1.10. 3naiitu lim sin

T—2

oy
T —2

\/Z_x—Q].

Po3B’a3aHHA. [6.9.6.6.]

[Bukopucmosyemo dopmyay lim f(g(z)) = f[ lim g(w)].](D

=X, T—T,
L N2z —2 s N2z —2 0
limsin| T——2 | = sin| limm——2 | = | 2| =
T—2 T — z—2 T —2 0
=gin| limrt————— | = sin| lim ———— | = sin— = 1.
=2 (z-2)(V2z +2) 122 + 2 2

KomeHtap. ® 3ausaku nenepepsrocri dyukuii f(z) = sin .

6.1.11.1. 3naiiTu lim xsinl.
z—0 €T

Po3B’a3anna. [6.2.3.3.]

. 1
lim zsin— =
z—0 T

<1~ [H M. (1).-061\1.] =0.
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6.1.11.2. 3maiitu lim (cosvz + 1 — cos \/;),

T— 400

Po3B’a3aHHA. [6.2.3.3]

)911] I T
lim (cosvz l—cosx/_ i i x+1+\/;sin\/; 2$+1:

lim 2sin
r— 400 T —+00 2
. Nrt+1+Vr 1
= — lim 2sin sin =
=400 2 2 JE +z+1)
lim sin———— =sin| lim =sin0 = 0,
o=t 2z 1+ V) —+00 9 \/x+ oWz +1+2)

z+1

= [H. M. d.- O6M.] =0

6.1.12.1. 3Bmaittu f(1 —0) ra f(1+ 0) byskuii f(z) = |x_—1| (z=1).
I —

Po3B’a3anHs. [6.1.5, 6.1.6.]
[1.13.1]

— r<lez-1<0 .
F1=0) = lim £ tim =L~y
<1 <1
1. 151] B
-1 z>12-1>0 z—1
+0) = lim —— = =1
a ) Lﬂl|x71| |1:—1|:(x—1) LH1+0;L=*1
z>1
6.1.12.2. Bmaitrn f(2 — 0) Ta f(2 + 0) bynxuii f(z) = %
7z —
Po3B’a3aHHS.
(6.2.3.5)
2 2
2—-0)= lim =|—]| = —ox
R e ]
[6.2.3.5)
2 2
f2+0)= lim =|—| = +ox.
72401 — 2 —+0
6.1.12.3. 3maii 2—0 240 s+l =%
1.12.3. Bmaitru f(2 — 0) ta f(2 + 0) dyskuil f(z) = %42 22

Po3B’A3aHHS.
Bubupaemo 610no6idni dopmyau ors 3nauers Gyrryid.
[ Y y
f2-0) = lin% flz) = lirr21(1: +1)=3
T—2, T—2,

<2 r<2
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f2+0) = hII% flz) = ,llirr%(—Qz +2)=-2.

>2 >2

6.1.13.  Cxapaxrepusysatu nopojzkenns dynkiii f(z) = Va? + 1 — 2, xomm
a) £ — —o0o 1a b) T — +00.

Po3B’a3anHa. [6.2.1, 6.2.2.]

A. [Brazodumo epanuuro dynruii.]

lim (\/1:2—{—1—1,) :[oo+oo]=+oo.

T——00
[Bucrosyemo.]
f —u B. d., KOU T — —0Q.
2 2
1_
B. lim (\/x2 +1_x) = [0 —oo]= lim EELZT _
T—+00 T—+00 $2 +14¢
1
= lim ————=0.
ot g? 14

f —H M ., kKoM T — 4o00.

3apadi 4na ayAUTOPHOI Ta AOMALLHLOI Po00TH

6.1.14. Cdopmyroiite MOBOIO € — § TBEpI2KEHHSI:

1) lim1 flz) = -2 2) lirljlf(m) =2
3) lim f(z) = +oo; 4) lm f(z) = —oo;
5) lim flz)=0; 6) lirréf(x) = .

6.1.15. Kopucryouncs o3HavenusiM rpanuni ¢ysknii 3a Komi (MoBoro
e — ), moBexiTh, mo:

1) lim(3z — 8) = —5; 2) lim e+l E,
s—1 s—+o03r +9 3
. 1 1
3) lim = +o0; 4) lim — = —oo0.
r—1 (1 — 1;)2 -0
6.1.16. 3HaiiaiTo:
1) lim(22* — 1); 2) lim (32° + 1);

z—3 r——2
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2 3 3 5
3) lim |3—=4+—1; 4) lim |44+ —=——1|;
) EHOQ[ x ZBQ] ) ZHH}Q[ \/; £B3}
2 3 _
5) 1 T —|—57 6) lim 2 3:r—|—1;
r—2 l’Q — 3 z—0 xr — 4
2 _ 2 _
7) Tim =2, 8) lim — 2 —3 .
=2 ¢+ 3 z—»\/gx4+x2+1
22
9) lim ; 10) lim ;
z—1]1 — 1 1'"31’2*9
11) limsin(z — 1); 12) lim cos(z —1).
z—1 z—1
6.1.17.  3maiiniTo:
1) lim 3°°% 2) lim 3%
T—+00 T——00
z+1 z+1
3) lim 1 ; 4) lim 1 ;
T——00 2 r—+00 2
5) lim arctg(z — 3); 6) lim arctg(z — 3);
T——00 r—+00
7) lim arcctg(z + 2); 8) lim arcctg(z + 2);
r— 400 T——00
9) lim logy(z —1); 10) lim logl/Q(:v —1);
T—+00 T—+00
11) zEﬁOlOgl/Q(x —1). 12) IkﬂologQ(m —1).
6.1.18. 3HalimiTh:
2 _ 2 _
1) limx—4; 2) limw;
1=25% 4 3z — 10 1=1g% — 6z + 5
2 _ 2 _
3) lim L T2 =2, o tim —2 =L
=127 + 7 — 3 7=-132% + 2z — 1
3 9,2 3 _ 9,2 _
5) lim & 20" —z+ 2 6) lim & 3r° — 22+ 6
=1 g? — 4y 43 =3 g% — 5746
2 _ 3
7) hmw; 8) lim &
3 v—-2g% 4 4g + 4

=l g — g
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6.1.19.

6.1.20.

SHakIiTh:

. Nrx+1-1
1) lim ———;

z—0 xT

2
3) lim 22— %

=718 -z’
10—z -2

5) lim~——— =

z—2 r—2

) lim L1

a—lgt 1

3 .3

9) Jim EER =27,

h—0 h
SHaigiTh:

3 5.2

1) lim 3z 22 + 5

3 )
z=o0 2g° 4z +1

3) lim M;
v—oog? 4+ 3 + 6

4 2
5) lim r el +1;
v=o00 g% — 10

7) lim YL 1 FNT +J—

g=+00 \/4x —|—a:—3:
2

9) lim \/x +1

z~>+oo<1/x4+1

11) Tim (z + 1*(3 — 7x)? ;

rooo (20 — 1)

13) tim @00

—é/a:Q—&—l_
—{)/144-1’

. Nz +3-2
2) lim ———;

=1 r—1

4) hmﬁ-
=03z 416 -4
{5/; \/32—:1:

6) lim

z—1 x—l

I’fb_ n

8) lim——9%

) A

Jith-s
B

(n,m € N);

10) lim
h—0

5 3
2) lim—4m te 1;
a—oo 5zt 4 22 — 3
2_
4) lim 3x 2:v+7;
e—oo g2 — 1 42
i N
6) lim ———;
e—oo g3 4+ 222 + 1
8) lim \/:r +3 - é/:p3+4.
Tr— 00 \/$ +1

Yo' +3+ V25 -1

10) lim

o0 Q/mg +z'+1—2
(22% + 7z — 1)°

12) lim _;
—132% + 7)?

T—00 (2I6

+(z +2)"° + ...+ (z +100)"°

T—00 .1'10 +1010
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6.1.21.

6.1.22.

6.1.23.

6.1.24.

SHakIiTh:

1) lim —6'5v_7'4 :
r—+003 . 5% 42.27

2) lim 8.7 79
Totoo 4.7 4 97

3) lim (57— 47 —37 —27); 4) lim (57 —47 =37 —2°7);
z—+00 T——00
54 .4 .3 3, .2
5) lim In(z”> + 2* + 2° + 1); 6) lim In(z® +2° + 1) ’
r—too In(z? 4+ 2% + 2 + 1) r—+o0 In(zt + 22 + 2 + 1)
6z 1 4% 5
7) In(e™ +1), 8) lim 28’ 5
T —+00 1n(€21 _|_ 1) T— +00 10g2(2z + 3)
SHaKIITh:
2 _ 2 _
1) hmx—4; 2) th;
1—1322 — 22 — 16 ,.832% — 22— 16
3
2 2 _
3) lim — 2 —4 . &) lim—T =t
1=-23g% — 22 — 16 1= 337 — 22 — 16
SHAEIIT:
1) lim (\/x2+5:1:+47x); 2) lim (zfxlz?+2);
T—+00 r— +00
3) lim (Va? +120 — 922 + 180 — 5);
z—+00
4) lim (%/(x 1?2 — (2 — 1) );
T—+00
5) lim 2 1 6) lim 1 3 ;
z—6 x2_36 r—06 z—1|l1— 2 1_x3
3 2 3
7) lim | —— — % |, 8) lim |—— —
T—00 23:2_1 20 +1 2—00 .’172 41
SHaTITh:
> 2
Ccos™ 3 ,’I,‘+1
1) lim lr +8 ; 2) 1irnI+1
a—0( 127 + 1 =0\ 2% + 8

3) U 3z — 3)%;
)l (8=
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6.1.25.

6.1.26.

6.1.27.

6.1.28.

5) lim 3z +4 ; 6) lim 3z +4 ;
r——+00 €Tr — 1 r——00 €r — 1
7) lim | 2L 8) lim |-L1
z—+oo| dx — 1 z——oo| 4z — 1
2?41 1-5Vz
9) lim (14 2? o1 10) hm(1+JEyﬁG.
T—00 T—+00
SHaIITh:

1) 11H110g2(7x—1+\/33;+1); 2) limcos[qr—g—i_x_QJ_

r—1 z—1
SHaIiTh:
.9 1 . 1
1) lim z° cos—; 2) lim(z — 1)arctg ——;
z—0 T z—1 z—1
. 1 . .1
3) hH(l) 4cos3x + zarctg—; 4) hn%)ln 2 4 ,Jarctgx - sin— |;
5) lim (sin\/:l:2 +1 —sinVa? — 1).
BnaitniTs ognobiuni rpamuni: a) f(z, —0); 6) f(z, + 0), axmo:
z+1 |ZL’ — 2|
1) f(z) = r——,2, = —1; 2) flo) =1+ "——,2, =2
) @)= [ ) S =1+ L,
: 1
3) f(a) = 3720, = 2 0 f0) = =0
14277
5) f(z) = arct 1 z, = 0; 6) f(z) = arcct . z, = —1;
g.’]}" 0 ’ g.’L’ + 17 0 ?
2 —1, z<2 L L<o
7) f(l‘): 2 >9 1’0:2,8) f(I): xr—2 0:0-
s, T4 z, x>0,
2 J—
Cxapakrepusyiite nosopkenns Gyukuil f(z) = %, KOJI:
> —z

1) z—1 6) x — —1;

B) © — 0; r) T — 0.
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Bignosigi

6.1.16. 1) 17; 2) —23; 3) 3; 4) 4; 5) 9; 6) —i; 7) 0; 8) 0; 9) oo; 10) oo; 11) 0; 12) 1.

6.1.17. 1) +o0; 2) 0; 3) +oo; 4) 0; 5) —g; 6) g; 7) 0; 8) m 9) 4o0; 10) —oo;

11) 4o0; 12) —cc.

4 1 3 1
6.118. 1) —; 2) —; 3) —; 4) =; 5) 1;6) 7; 7) 0; 8) oc.
)7 )4 )5 )2 ) 1 6) ) )
1 1 1 2 5 n 1
6.1.19. 1) =; 2) =; 3) —28; 4) 4; 5) ——; 6) =; 7) =; 8) —a" ™ 9) 32%; 10) —.
)2)4) ) )12)3 )4 )ma ) 3z )2,—96

6.1.20. 1) g; 2) oc; 3) 0; 4) % 5) o0: 6) 0; 7) —1: 8) 0; 9) 1; 10) oc; 11) % 12) &

13) 100.
5 .3
6.1.21. 1) 2 2) =T; 3) +oo; 4) 05.5) 23 6) 5 7) 3 8) 2

1 2 1
6.1.22. 1) =; 2) oo; 3) =; 4) —.
) 532 ) 254 3

5 1 1
6.1.23. 1) —; 2) 0; 3) —oc; 4) 0; 5) ——; 6) —1; 7) —; 8) 0.
)22 03— ) 65 -1 6) 11 Ly
6.1.24. 1) & 2) 6i4; 3) 0; 4) 4o0; 5) +o0; 6) 0; 7) 0; 8) 4o00; 9) +o0; 10) 0.
6.1.25. 1) 3; 2) g

6.1.26. 1) 0; 2) 0; 3) 2; 4) In2; 5) 0.
6.1.27. 1) f(-1-0)= —Lf(—-1+0) =1 2) f(2—-0) = 0,f2+0) = 2;
3) f2—0)=0,f2+0) = +o0; 4) f(=0) = 1, f(+0) = 0;

™

5) f(-0) = = 5. J(+0) = 3 6) f(=1-0) = m [(-1+0) = 0;

7) f2-0)=3f(2+0) = 4; 8) f(—=0) = —2,f(4+0) = 0.
6.1.28. 1) u. M. d.; 2) H. B. d.; 3) H. B. d.; 4) H. M. .

MpakTukym 6.2. FpaHnusA NOCAiJOBHOCTI

HaBuanbHi 3apaui

6.2.1.1. Bamucaru nepui 5 wienis nocaigosnocri {z,}, axmo z, = 2"*L
Po3B’azanHs. [6.4.1]
[[Tidemasanemo snauenns n = 1,2,3,4,5 y dopmyay 0daa 3a2a4v1020 “waena

nocaidosrocmi.]
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g, =2 =40, = 2% = 8 7, = 16,2, = 32,7, = 64.

Omxe, {z,} = 4,8,16,32,64,....

6.2.1.2, 3Bammcatu mepmi 5 wrewis  mocmigosmocti {2},  sxmo:
T, =—Llz, = —nz,_,.
Po3B’a3aHHS.

[[Tocaidosro susnanaemo waenu 3 pexypenmmrol gopmyau.]
) =—-lr,=-2-(-1)=2 2, =-3-2=-6, z, = 24,2, = —120.
Orxe,

{‘Tn,} = _172: _67247_120,

6.2.1.3. Bammcaru mepmi 5 uienis mociigosrocti {z,}, gxmo z, — n-i
3HAK y JIECATKOBOMY 3aIlCi 4mcya .
Po3B’a3aHHS.
Ockimpkn ©™ = 3,141592654..., To
2z =32y = Loy =42, =11z, =5.
Orxe, {z,} = 3,1,4,1,5,....

6.2.2.1. Busnaunty OJHY 3 MOXKJUBUX (DOPMYJI JJIsT 3araJbHOTO UJIEHA ITOC-
miposrocti {z,} = 25101726

Po3p’azanus. [6.4.1]1°

YuceJbHUK KOXKHOTO i3 3aJaHUX YJIEHIB ITOCJIJOBHOCTI 3 HOMEPOM 7 JIOPIiB-

moe n? + 1.

3HaAMEHHUKM YTBOPIOIOTH apudMeTudHy Iporpecito 3,8,13,18,... 3 mepmum

4IeHoM a; = 3 i pizamnero d = 5. OTxe,
a, =a, +dn—1)=3+5(n—-1) =5n-2.

n

Tomy
n?+1

x, = .
" bn—2
Komentap. ® 3anaBanns KibKa NepIUX WIEHIB TOCHIOBHOCTI ITe HE 03HAUYE

IO TOCJiIOBHICTE. ToMy mocTaBieHy 3ajatdy Tpeba cupuitMaTé dK 3319y
BIJIIIIyKaHHS JIEIKOl MPOCTOI 1H/IyKTUBHOI 3aKOHOMIPHOCTI, IO y3TO/KYyEThCs

i3 3aJaHUMHI 9JIeHAMMU.
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6.2.2.2. Busnauutu OJHY 3 MOXKJMUBUX (DOPMYJI JJIsT 3araJbHOTO UJIEHA IMTOC-
. . 1.1 .1 1
miposrocti {z,} = 1,5,2,5,3,174,5,....
Po3B’a3aHHS.

3araJibHAN YJjleH IOCJIiIOBHOCTI MOXKHA 3alucaTd JBOMa (OPMyJIaMU: OIHi-

€10 — JIsl YJIEHIB, IO CTOSATH Ha HENAPHUX, JPYTOK — JUJIA YJIEHIB, IO CTO-
ATh HA [APHUX MICIEX:
k, n=2k-—1,
r, =1 1
" ——, n=2kkeN
k+1
SaraJbHuil 4IeH MOXKHA 3aIllHCATH TAKOXK OJHIE0, CKIIAAHINIO, (OpMyJIo,
IPUMipOM,
n+1 1
z = 1—(=1)")+ 14+ (="
b= () 5 A )
6.2.3.1. osectu, 1o nociigosuicrs {z, } = n 3pOCTaE.
" 2n +1
Po3p’a3anna. [6.4.4.1
[Banucyemo z,  ,.]
_n+1
[Zocridoicyemo A = x| — ]
n+1 n
A=z ,—x = — =
LT on 43 2n+1
2 1 1) —(2 1
_@nthnt)=Cnt3n >0VneN
(2n +3)(2n +1) 2n+3)2n +1)
Orxe, z, , >z, Yn € N, TobT0 mocnifosnicts {7, } 3pocrae.

n

6.2.3.2. Jlosectn, mo nocigosnicts {z,} = [—} 3poCTaE.
n

Po3B’a3anns. [6.4.4.]
2n +1

In+1:n__|_1>0'

T
[Hocaidocyemo q = —2+L ]

‘n
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g—1="2tl 1
xn

1= —1= 71>0Vn22.
n+1 n+1

n+1 n

2n+l 9n ] o n

Orxe, ¢ > 11z, >z, Vn € Nn > 2 106T0 nocminosuicts {z,} 3pocrae.
Komenrap. ® Hepisuicts ¢ > 1 piBrocuibua HepiBHocti ¢ —1 > 0.

n® +1
n® +4

6.2.4.1. JlosecTn, Imo 9HCI0BA HOCTIIOBHICT {7, } = { } oOMeKeHa.

Po3B’azanna. [6.4.3.]

3
1
oty 3
n® + 4 n® 4+ 4

nd+1

<1.
n® 4 4

Orxe, mocminosricts {z,} € o6MexkeH00.

-1 11
6.2.4.2. JlosecTu, o 4nCIOBA HOCIIIOBHICTD {7, } = [()L} obMezKeHa.
Vn? +1
Po3B’A3aHHS.
OckisbKn
[5.14.2]
(V11| < ||+ 11 =0 41,
Vn? +1>+n? =n,

TO

—1)"n +11

|wn|=‘( ) \Sn+11:1+2§12.
Vn? +1 n n

Orxe, nociigosnicts {z,} € obmexkenoo.

6.2.5.1. 3maiitu HaHOiTbIMI eseMeHT 0OMEXKEeHOI 3BepXy IOCJIIOBHOCTI

o} :{ 90n }

n?+9
Po3B’a3anus. [6.4.3, 6.4.4.]°
Maemo
7, = 200 20n 90 g,
n-—+9 n n

Orxe, mocrinosricTs {2, } oOMezkena 3Bepxy.

[Poseasndaemo pisruui.]
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e g = Ot  90n 90(n® +n—9)
i m+12+9 n2+9 (n+ 12 +9)(n® +9)
90n 90(n — 1) 90(—n? +n +9)
‘TH - $n71 = - =

249 m—-1°+9 ((n—12+9)®n>+9)

fAxmo z, — malibimpmmit enement, T0 7, — 1, <0iz, —z, , >0.

+1
Orxe,
a:"H—a:ngO, n2+n—920,
z —x >0 T <
n n—1 — n +n+920
3—1—2\/37’
> VST :>2,54%_1+T “?ﬂgngHT 3T 354,
- 2
1-+37 1++37

Ockimpru n € N, To n = 3, To6T0 73" = 15.
Komentap. ® Haiibinpmmii ejiement 2, HOC/IiIOBHOCTI MOXKHA CXapakTepu-

3yBaTH HEPIBHOCTSIMMU:

l,max xmax
max max n n
T, < x>, abo >1, >1(z, >0).
n—1 Tp+1

6.2.5.2. 3maiitu HaliMeHIIHI eJleMeHT OOMEeXKEeHOI 3HM3Y IIOCJIiIOBHOCTI

{z,} = {—2—”]

Po3g’azanHa. [6.4.3, 6.4.4.]°

[Poseandaemo eidnowernnsa.]
Tary _ (n+1>2.[ n2]_<n+1>2

1 2
z, 2"+ 2" 2n
Ty g (n — 1) ) _n_2 _ 2(n — 1)
In 27171 on 2712
o o : Tpt1 < Ty
Sfxmo z, — maiimenmmit eement i 1, <0 Vn €N, To —= <11 =<1
' T T

n n

Orxe,
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(n+1° _

=k (n+1?%<2n  [n2-2n—1>0,

2n & & &
2(n—1)2<1 n* > 2(n — 1) n*—4n+2<0
=<
ngl—\/g,

slln>1+42, =241~ 142 <n <242~ 341

2-V2<n<2+42

min 9

Orxe, n = 3, 23" = s

Komenrap. © Haiimenmmii esieMeHT

o TIOCITiIOBHOCTI MOYKHa CXapaKTepHu3y-

BaTU HEPIBHOCTSAMU:

) ) mmin xmin
min , min n n
z, >z o <z, abo <1, <1(z, >0).
z zn+1

n—1

6.2.6.1. JloBectu 3a o3HaYeHHHAM, MO lim =1 i usHauyuru HOMEp N,

n—oo n +

TaKui, 110

-1

<e=0,001Vn > N_.
n+1 N

Poss’azanna. [6.5.1.]
[Bubupaemo dosinvre wucao € > 0.]

Hexait € > 0.
[LITo6 dosecmu, wo lim z, = a € R, eusnauaemo marxuti nomep N_, wo Ons
n—00 -
6cix nomepie n > N_ byde 6uxonano wepisnicmo |x, — (L‘ < el
—ll<e e |— <e &
n+1 n+1
1 1
<eesntl>-n>--1
n+1 € €
1 1 1
Axmo N, = |=—1|, kom |- —1|> 0, abo N, =1, xomz |- —1| <0, To nna
N € € €
BCIX N :
n>N_= -1 <e.
n +
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Orxke, lim =1
n—oon + 1
Axmo € = ——, Tomi
i 000" "
N:liq = [999] = 999;
1000
V> 999 : | 1|« 1|
n+ 1000

(=1)"n
n+1

6.2.6.2. Jlosecrn, mo nocigosricTs {z,} = [

] HEe Ma€ T'PaHUILi.

Po3g’azanns. [6.5.4.1°
Poszrusggaemo mociioBHicTh z,
1 2 34 56
z =TTy Ty T Ty T T Ty T
{z.} 2°3 45 67

dAxmo Bubpatn € = 1, TO BCi mapHi WIeHU TOC-

JIIIOBHOCTI MOTPANJISIOTh ¥ CMYTY i3 IEHTPOM Yy

Touni z = 1 3aBIWpIIKA 2, & BCl HENapHI — ¥y
CMyTy i3 IIEHTPOM y TO4YI Z = —1 3aBIIUPIIKHU
. Puc. 10 6.2.6.2
2, IpUYOMy IIi CMyTH HE IIePETHHAIOTHC .
A 3a o3HaueHHsM, KO TOYKa & = 1 abo x = —1 GyJsia 6 IPaHUIEIO TTOCITi IO

BHOCTI {:rn}, TO BCi WJIEHM TOCJIiJIOBHOCTI, TIOYMHAIOYN 3 JIEAKOI0 HOMEpa, Ma-

Jin 6 TIOTPAIUTU y BUOPAHY CMyTy.

Komentap. ® He icmyBanns rpanmui mnocmigossocti {z,} Moxkma nosecrn,
3HalmoBIM Take 3HadeHHda € > 0 i raki 2 pisui Toukn a Ta b, mo U_(a) Ta

U_(b) micTars HecKiHYeHHY KiTbKiCTh WI€HIB MOCIIOBHOCT.

| |
6.2.7.1. 3maiitu lim w
n— 00 (n —|— 2)'

Po3s’azanng. [1.17.1.]
[Bukopucmosyrowu saacmusicms Barmopiara, UHOCUMO CRIAGHUT MHONHCHUEK
i CKOPOYYEMO Ha HBb020.|
nl+(m+1)! e+ D= (n+Dnl,
hm —_— = =
n—oo  (n +2)! m+2)!'=(n+2)(n+n!
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n!(l+(n+1) ‘m n+2 B
n—oonl(n +1)(n +2) n—oo(n+1)(n+2)
1,2
e 2 - 72
:[2%_1@ no
n n
11 1
T+ o+t —
6.2.7.2. Buaiitu lim 13 $1) -
Tl s —
VR TREIT

Posp’azanns. [1.16.2.4.1°
[[Tidcymosyemo zeomempunti npoepecii 6 “UCEABHUKY MaA 3HAMEHHUKY OpobYy

3a Popmyao10

, "1
S =b +bqg+..+bg" " =bL .
q—1
n+l _ n+1
NI S G-t 3[1—[1 ]
. sTotTa 1/3_1 L 2 3 9
lim N N .= lim — = lim e 7§'
n*?001+7+7+.”+7 nﬂool.(l/ﬁl) -1 ”Hooé 1 l
4 16 4 1/4-1 3 4

Komentap. @ g mocmiioBHICTD € 9ACTKOIO CYyM JIBOX T€OMETPHYHUX HPOrpeciit

31 BHAMEHHUKAMH (; = 3 Ta g, = —.

4

1
—+= 4+
n2 n2 TL2

Poszs’azanns. [1.16.1.4.1°

[[Iepemsoproemo sazarvrut waen nocaidosnocmi, 3600a4u dpobu o CniabLHOZ0

6.2.7.3. 3naiitu lim

n—0o0

2 n—l]

SHAMEHHUKA, | BUKOPUCTNOBYEMO HOPMYAY CYMU aPUPMeMUHOT npoepecii

S =a +a+..+a, = 4 ;a” n.
lim iJriJr...+n_1 :lim1+2+'"+(n_1):
n—0od n2 n2 n n—0o00 n2
. I+ m-1))n—-1) . nn-1) |ool|:n? 11 1
=1 ( =1 =|—|l—| =1 - — —.
nljrolo 2n2 ngrolo 2n2 o0 :nQ ng{olc 2 2n 2




250 Po3pin 6. Teopis rpaHunLb

Komentap.® TyT He MOXKHA CKOPHCTATUCH Ge3mocepenHbo Teopemoro [6.2.3.1],
OCKIJIbKM Ma€MO CyMy HECKIHYEHHOI KiJIbKOCTi H. M. TI.
6.2.8.  Jlosecrn, 110 HOCTiIOBHICTH {2, }, fIKy O3HAYEHO DEKypPEHTHHM CIIiB-
BIIHOMEHHAM T, | = /2 + T,,7; = \/5, 36ikKHa. 3HAUTH 1 TPAHMUIIO.
) ®
Po3B’a3aHHA. [6.4.3, 6.4.4, 6.5.7.]
[Losodumo obmesrcericmsb nocaidosrnocmi.

HosemiMo 3a METOIOM MaTeMATWIHOI iHIYKITT, IO J7IsT BCIX 7 TpaBIuBa, HE-
piBHICTD T, < 2.

[Mpumycrimo, mo 1mo HepiBHicT KoBeaeno npu n = k,z, < 2. Toxi maemo
Ty =241, <J2+2=2

Ockinbku z; < 2, To, Ha HiJgCTaBl NPHUHIMIY MaTeMaTW4HOI iHmykuil, Hepis-

Hicte 7, < 2 goseneno g Bceix n. Ockinbku, KpiMm Toro, 0 < z,, TO moci-
JoBHiCT {1, } oOMexeHa.

[dosodumo monomonmicmo nocaidosnocmi.|

xn+1: V2+$n >\/§n>\/;721,:$n

BUILINBa€, IO BOHa 3POCTaE.

3 HepiBHOCTI

[Bucrosyemo.]
Orxke, 3a o3nako0 Baepirpaca [6.5.7], 1 HOCTIIOBHICTD Mae MPAHUINO, AKY

Hos3HavaeMo s = lim z,.
n—0oQ

[Tepexomumo 10 rpanutli, Koo n — 00, B PIBHOCTI
2

T, =2+,
3a Teopemoro [6.1.9] Mmaemo
s =542,
sBigkm s, = —1,5, = 2. Ane, ockinbkn 2z, > 0 Vn € N, o s > 0.
Orxe, lim a, = 2.
n—s00

Komenrap. @ 36ikHicTh HOCIIIOBHOCTI MOYKHA JIOBECTH, HAKIIO IOKA3aTH, 10

BoHa: ab0 OOMeXKeHa 3BepXy i 3pocrae, abo OOMerkeHa 3HU3Y 1 CIaIac.
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i moby/yBaTn

. . . .1
6.2.9. 3Bmaiitu rpanuigo nocaigosHoctri f(z) = lim
n—ooQ 4 "
rpadik byskuil y = f(x).
Po3B’a3aHHs.
Ijist 6y 1b-sIKOTO 3HAYEHHSI T, MO CIIPABIXKYE HEPIBHICTH |:c| <1,

2" — 0,z — 0,n — oo

Orxe, f(z) = %

Hitst 6y1ib-KOTO 3HAYEHHS T, 10 CIIPAB/XKYE HEPIBHICTD |x| > 1,

22 — 400,z — +oo,n — 0.
Tomi
i 14 {132" . x4n ] x74n + x72n
lim =|—/|= lim —— = 0.
n—o0 9 4 .CIL'4" . :L,4n n—00 2.(13'_4" +1
st |:v| =1 i6yms-axomy n z°" = z*" = 1.
2 Y
Orxke, f(z) ==. ®ysxmio MOZKHA,
f(z) g f 2 y = (@)
3
3a/1aTU (POPMYJIOH0: L it Eetteee et °
1 = 1 i
) |IL'| < ]-a : 5 H
5 :
2 1 (0] 1 T
flo) = 5’ |:E| =1 Puc. 10 6.2.9
0, |£E| > 1.
3apavi Ana ayAUMTOPHOI Ta AOMALLHBOIT po0oTH
6.2.10. BamwmimiTh mepir 5 YIEHIB MOCIiI0BHOCTI {zn}, AKIIO:
—1)"
1) xn:( n) ; 2) o, =Lz, =c, | +2.

6.2.11. BusnaunTu onHy 3 MOXKJIUBUX (HDOPMYJI IJIf 3araJIbHOIO UJIeHa IOC-

migosrocti {z, }:

pliii1 p L 1 1 1 1 .
376’9’12°157" 3-4'5-6’7-8°8-9’9-10"""
plll 1 1 glit 11
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6.2.12. Jlosenirs, mo nocainosricTs {z,} 3pocrae, SKIIO:
)z, =’ ) i
1) z =n’+2n; 2) x = ;
" " on?410
3" 1-3:5-...-(2n—1)
3) z, = ——; 4) z = .
) n+1 ), n!
6.2.13.  JToBesiTh, 10 YMCIOBA MOCIIIOBHICTE {, } OOMexKeHa, SKIIO:
n+1
1) z, = (-1 2) z, = .
n
6.2.14. JlocaimiTh MOCTIAOBHICTH Ha, MOHOTOHHICTH i OOMEXKEHICTD:
1 T
1)z, =n - 2) z, = cos =
2
n* +1
3) x, = ———; 4) Jzn:f\/;.
n
6.2.15. 3HaiigiTh HAWOULIBIIKI eleMeHT OOMEXKEHOI 3Bepxy IOCJIiIOBHOCTI
{z,}, axmo:
1) z, = 6n —n® — 5 2) z, = elon—n*-24,
1077 1T2n
3) z, = ; 4) z, = ———.
n! (2n +1)!
6.2.16. osenito, mo lim z, = ¢ i BusHaure momep N_ € N, rakmii, 1mo
n—00
|:vn - a| <e=0,001 Yn > N_, akmo:
no__
1) lim 222 _ 3 2) lim >—L_1.
n—oo N + 1 n—oo 3"
6.2.17. 3muaiiaiTs:
1 3 _ 2 3 4 _ 4
1) lim (—&—371)—7n; 2) lim (n+1)" =n",
n—co (14 4n)? + 2n? n—oo  pt 43
—1)? —
3) lim (n—1) ; 4) lim (n+1)(n+2)(2n 1);
n—oo(n 4 1) — (n + 3)3 n—00 4n® 41
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_ Nn+2-%8n +3 0?4+ —on? +2m
5) lim 6) lim ;
e ny 54 =00 Y 41— Ysn® 42
2n + D4+ 2n + 2 ]
7) lim ( DI+ ( ) $) lim (n +4)! ;
n—»oc(2n+3)'f(2n+2) n—»oo(n—l—3)!+(n—‘r2)!
9) lim u; 10) lim &;
77—>0€35n +4TL n—00 371 _4n+1
11) 1im(3n2—n3+n); 12) lim (Va2 + 3 —n? — 3);
2 3 2 2
13) lim |2 n. 14) lim |25 A,
n—oo|lm + 1 n2-|-1 n—oo| 4n+1 2n+3
' 4 s on
15) lim ncosn! 16) lim \/;s1n2 :
71~>oon +1 n—00 n3+1
1 3 2n —1
17) lim | —+—+ ...+ ;
n—0o0 n2 n2 n2 ]
_1\n—1
18) lim TR S SN i
n—o00 3 9 27 gn-1

19) tim |+ 441 |,
2 2.3

1 1 1
)nﬂoo 1-3 35 (2n1)(2n+1)]

6.2.18. JloeexiTh icHyBaHHS TPAHUIN TOCIiIOBHOCTI
1 1 1
x

L =——+—+ ...+ .
241 2241 2" +1

6.2.19. JloBeniTh icHyBaHHS I'PAHMIN TOCTIOBHOCTI 1 3HAWTITH 1i:

) V2,V2V2, 4242V, 2) 0,2, 0,23, 0,233, 0,2333,...;
3) z,, ., = “u , 2 =a > 0.

n
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6.2.20. CxapakTepusyiiTe IIOBOJZKEHHsI TIOCTIIOBHOCTI (3012KHA, H. M. II., PO-

30i2KHa, H. B. IL.):

1)z =2V 2) x — (V'

3) x = nsin%; 4) xz = In(Inn),n > 2;

5) 1, =n+3Y2+n—n’;

6) z, =202 +4n +1—2n? +3n +2.
x?n
6.2.21. 3muaiitu rpanumo nociigosaocti f(z) = lim ———— i nobymysaTu
n—oo] 4 x?n

rpadik byskuil y = f(z).

Bignosigi
1 11 1
6.2.10. 1 S S ) —1,3,5,7,9,
){xn} 727 3747 57 ){In}
621 1) 0, =520 =L gy Loy, =1
3n o @2n+1D)(2n +2) 3" n? 41

6.2.14. 1) 3pocraiova, HeoOMexKeHa; 2) HEMOHOTOHHA, oOMexKeHa; 3) 3pocraioda, 0OMeXKeHa,;
4) cuajHa, 06MeKeHa 3BEPXY.

10°
6.2.15. 1) Irrxax:$3:4; 2) Thax = 15 = 6 3) "Emax:x{):zl():?;
2
I
Hx =x=—.
)mdx 1 6
3 1 1 2 1 1
6.2.17. 1) —; 2) 0; 3) ——=; 4) =; 5) —2; 6) 2, 7) 0; 8) o0; 9) =; 10) ——; 11) =; 12) O;
1 Zpes Lol aerneyee i -Ltmliy

13) —1; 14) g; 15) 0; 16) 0; 17) 1; 18) 2;19) 1; 20)

N | =

7
6.2.19.1) 2; 2) —; 3) 0.
)22) 25 9)

6.2.20. 1) 1. B. 11.; 2) posbixkua; 3) posbixkua; 4) H. B. 11.; 5) H. M. 1L.; 6) 36iKHa.

0, |z <1,
6.2.21. f(z) = % 2| =1,
1L fz]>1
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NpakTukym 6.3. EKBiBaNeHTHi HeCKiHUeHHO Mani PyHKui

HaBuanbHi 3apaui

6.3.1.0. Bmatitn lim S0
z—0 I

Po3B’azanns. [6.8.]

[Poskpusaemo nesushamenicmy, 3amiHO0OYU H. M. (. Ha eK6i8aNEHTIHY i'ﬁ.](D
[6.8.1]
sinu(z) ~ w(x),u(z) — 0 Y

0

. sinbdx
lim =

z—0 €T

0

sinbx ~ bz, bx — 0

Po3B’azanHd. © Taka 3aMina MOXKJIMBA TIJIbKU B JOOYTKY YU YaCTILi:

fa) = 0] [ fe) ~ (e,
tim ) 4(0) — 0, = |a(a) ~ ). = Jim 2000

hz)— 0| |h@)~h@) | = (@)
arcsin® 3z - tg\/;

6.3.1.2. 3naiitu lim .
s—0arctgx - (1 — cos2x)

Po3B’A3aHHS.
arcsin 3z ~ 3x,3z — 0

[6.8] tg\/; ~ \/;,\/; — 0,

= |arctgz ~ z, =

‘m arcsin® 3z - tg\/; _ 10
e—0arctgx - (1 —cos2z) |0

9 2
1 — cos2z ~ (L) = 2x272x — 0

2 .‘\'
= lim (3z) - 9 = +00.
=0 .27 =02V

2z _ _ 2
6.3.1.3. 3muaiiTu lim (e Din(l — 327)
=0 Iy +22 -1

Po3B’a3aHH3.

(¢ —1)In(1 — 32%) _ \gr‘f]

ol =

lim
z—0 Z/1+x2 -1
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e —1~ 22,28 — 0

s 2
In(l = 32%) ~ (=32%),(~32%) — 0,| = lim 2o (280 _ lim(~427) = 0.
T — = 2 xr—
(1+1:2)1/7—1~%:r2,x2 -0 !

. . sinz —sina
6.3.2.1. 3naiitu lim ———.
T—a T —a

Po3B’azanns. [6.8.]

[LIo6 cropucmamucsy exeisasenmmicmio, NepemeopoeEMo HUCeAbHUK. |

r4+a . TxT—a . rT—a r—a
. . [5.10.11] 2cos - sin sin ~
. sinz —sina 0 . 2
lim————— =|—| = lim = =
r—a T —a 0 T—a Tr—a r—a
— 0
2
r+a T—a
2 col . a
= lim 2 2 — lim cos = cosa.
r—a Tr—a r—a

. . e —e
6.3.2.2. 3muaiitu lim .
=1 —1

Po3B’a3aHHs.
[LIo6 cropucmamucy exsisasenmuicmio dan H. m. . a™ — a™, nepemeopio-

emo it ax a” —a™ = a"(a™ " —1).]
o [6.8.9]
LT = r—1 —
:hmu:e“ —1~x—1,:hmM:e.
rz—1 [13—1 (I—l)—>0 z—1 l’—l

3
6.3.2.3. 3naiitu lim1 \/;

%

.1,'*)11_‘)56

. ef—e
lim =
-1 —1

Po3B’a3aHHs.
[LIo6 cropucmamucs exsisasenmmuicmio oas n. m. . f(z),x — Ty, nepemeo-

proemo ii apeymenm ax = (x — x,) + 2y, (z — x,) — 0.]

T e P Lo @ =)
z—1] — {)/; 0 r—=11 _ (1 + (I o 1))1/5
1 1 1
= (1+(x_1))/3_1w§(x_1)’ R L -]
3

e o1~ Ll ey —o Tl
A+ @-1)" -1~ l@=1@-1)—0 =1
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6.3.2.4. 3maittm lim z(In(z +1) — Inz).

T—+00

Po3B’a3aHHs.

[LI[o6 cropucmamucy exsisarenmnicmio oaa . m. ¢p. log, x, —log, x, nepe-

meoproemo i ax log, ¥, —log, z; = log, x_2]
1
1 (6.8]
lim z(ln(z +1)—Inz) = lim mln[l +—] = {oo . 0] =
Z— =400 T—+00 €T

W)l
= T T = lim —=1.
T — +OO r—+00 T
6.3.3.1. 3Buaiitu lim M

e—-00n(1 4 27)
Po3B’a3aHHs.

lim == o= (1 +27) ~ 27,27 - 0] =

T——00 111(1 + 2:10) . o

= lim 3—: lim [§] =

z——o00 QT z——00| 2

ln(l + 3“‘) ~ 33" -0
ln(l + 33;) B [0}[6-8]

6.3.3.2. 3maiitu lim M
e=+ooIn(1 4 2%)
Po3B’a3aHHs.
ln(l 4 31:) 00 1n3“’(1 + 3,&5)[5‘11.5]
lim ——“2=|"|= lim —————~2 =

r—+o0In(1 4 2%) 00| w—tooIn2%(1 4 277)

In3 + 11n(1 +37)

. zln3+ (143" |z . z In3
= lim — === lim I =3
kA e NP S O e

T

3511151' _ 35111;1;
6.3.4.1. 3paiitm lim ——.

=0 o™ _ cosz
Po3B’a3aHH3.

35]11 5z _ 35111(1} _ 0 B 3511] Z(SS]II br—sinz _ 1)

lim = \—‘ = lim =
=0 " —cosz 0] @=0(e" —1)+ (1 — cosz)
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' . [6.8.8] [5.9.11]
gsinbr—sinz _ 1 (sin 5z — sin (L‘) In3 =

=|=2In3-sin2z-cos3z ~ 2In3-(2z)-1 = 421In3,| =

(sinbz —sinz) — 0,z — 0

3T 421n3 Lz
= m = |—| =
e=0(e" — 1)+ (1 — cosz) x
o 11674]
e e 1 fme L =
. asinz 10 1
= lim— 2873 22 — 4In3.
mﬂoez—l_kl—cosm 1 cosa =
m - lim =lim2 =0
z—0 €T z—0
™ — élzaa"ctgL
6.3.4.2. 3naiitu limﬁ
z—0 €T
Po3Bp’a3anna. [6.8.]
1
™ — 4arctg —— — — arctg w(z) ~ teuls
im— 1z |0 gy, 4 1+g _|uUe)~ teul),
2—0 z 20 T u(z) — 0,z — x,
1 1
[6.8.2] tg[ — arctg J tg— — [5.9.4]
41im LE2) i — 4 14z
o0 r mﬁo:z: 1+ th 1
4 1+=x
B 1 T
—4lim——2F T gim LT gl =2
z—0 1 z—0 T+ 2 =0 + 2
|1+ -
1+ 2 r+1

Komentap.® Yci exBiBaJeHTHOCTI MOYKHA BHKOPHCTOBYBATH B 00MIBa OOKH,

3aMIiHIOIOYH JIIBY YaCTUHY Ha MpaBy abo MpaBy YacTUHY HA JIBY.

6.3.5.1. Brafirn lim S

ro18in 21z
Po3B’a3anHA. [6.8, 6.9.7.]

[Arwo v — x;, = 0, mo wob cnpocmumu 3naro0HCerna panuyi, 3a.MiHI0EMO
apeymenm eparuyi 3a gopmyroto t = x — .

O(D

0

t=z—-1—-0,
z=1t+1

. sin7nx
lim =

z—18in 21X

sin 7r(t + 1)
=lim———=
t—0sin 2n(t 4 1)
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sm(71Tt + 7w )[Q 103] —sin7xt _ |sin7wt ~ Tt Tnt — 0

- t—>0 sin(2nt + 27) - z‘—»O sin2nt  |sin2mwt ~ 2wt 2wt — 0
— lim 7wt _Z.
t—0 27rt 2

Komentap. ® CkopucraTnch €KBiBAJIEHTHOCTSME Bifpa3y HE MOYKHA, OCKIIBKH
Tt — 7w Ta 21z — 27, Ko © — 1.

6.3.5.2. 3naiitu lim lg:l:_—l
z—10 £ — 10
Po3B’a3anHa. [6.8.]
_ t=12-10— 0, [5-11.5]
i gz —1 _|0|_ z — 0] 1mlg(lO—i—zf) 1g10
z—10 £ — 10 0 z=1t+10 t—0 t
t
lg[1+10] 1[1+tJ _t 686  ———— 1
- lim _ 10 10In10’ — Jjmp10Inl0 _ .
t—0 t t t—0 10In10
_— 0
10
6.3.5.3. 3maiitu lim — 2z tg:z:].
e—n/2| cos
lim —2rtgx :{oofoo]: lim |~ _ 2osinz =
e—m/2| cos T e—7/2| cos coS T
T
. m—2zsinz \0] t:x—§—>0,
= lim ———=|-| = =
-T2 COST 0 P +3
2
T T
— 2|t 4+ —|sin|t + —
. [ 2} [ 2} . m— (2t 4+ ™) cost
= lim =lim— =
t—0 i t—0 —sint
cos|t + —
3]
T (1 — cost? —2tcost _ lim (1 f.cos t) + lim 2t .cost _
t—0 —sint t—0 —sint t—0 sint
2 Lt?
_ 1—cost~57 — lm-2- 4 lim 2tcost:
it ot t—0 —t t—0 ¢

= ——hmt +211mcost =2.
2 t—0
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r— 00

6.3.6.1. 3maiitz lim :1: .
r+1

Po3B’a3anns. [6.7.3, 6.7.6.1

s ) - 1 6.7.6]
lim — | lim — lim 1| = 100} —

T—00 T T—00 0]

X
) lim (u(z)—1)v(z)
= | lim ’LL(LL')I(I) =g =
T,
. — lim 1
lim[ = 71]z lim —% Kt
= % z+1 B + 1 1

T —e ==

Komentap. @ Inakime 110 TpAHUIO MOXKHA 3HANTH IIE Tak:

T xT xT

lim | ——| = [1%]= lim [14+|—"——1|| = lim|1+]|- ! =
z—oo|lz + 1 T—00 z+1 z—00 z+1

1

—(z+1)- 7Ii —(z+1) {1] [6.7.3]
= lim |1+|— 1 [ +1] = lim 1+|— 1 Y e L.
T—00 x + 1 z— 00, T+ 1
—(z+1)—o00

6.3.6.2. 3maiit; lim (ln(e + x))Cth .
z—0

Po3B’A3aHHS.
. ctg hm ln(e + fl?) =1, . (6.7.6] lim(In(z+e)—1)ctgz
lim (ln(e + x)) = |20 B = [1 — eio0 —
7—0 lim ctgz = oo
z—0
111[1—0—5] T
hmln(m—ke)—lne[g’).llj] lim e v - (6.8.7] i 2 )
= o0 tgx = e tgr  —|n l1+=|~=—=—=0| = e _e/e
€ e €
6.3.7.

BusHauuTH IOPAI0K MAJU3HU Ta TOJOBHY YaCTUHY HECKIHUEHHO Ma-
g0l dynxnii ofz) = 2° +10002> momo . M. &. B(z) =z, Koum
z — 0.

Po3B’a3anHs. [6.6.5.]

[11106 snatimu nopadok w. m. . o(x) wodo w. m. ¢. B(x), Koru x — x,, doc-

Al0ocyemo lim _olz)

=1, [B(l)y\ .
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limw = limw = lim 2> *(z + 1000) =
z—0 :L»k z—0 xk r—0
0, 2—-k>0,
=11000, 2=k,
oo, 2—Fk<0.

Orxke, H. M. &. afz) mae nopsaaok k=2 mozpo H M. ¢. ((z) =z, Komm
z — 0; roJl0BHA YacTUHA 1000z2. TobTo

23 +1000z% ~ 100022,z — 0.

6.3.8. BusHaYNTH NOPATOK POCTY Ta TOJOBHY YaCTHHY HECKIHYEHHO BEJIU-
5
Kol dyHKIT az) = ————— mozo pynkuii B(z) = z,2 — oo
1+2+422

Po3B’azanns. [6.6.5.]

0 00, 3—k>0,
9 5—Fk 3—k
lim L2227 _ gy = lim —~ S Iy )
T—00 .CCk z—o00 ] _|_ T + 2:52 z—00 1 n 1 2 2
2 P 0, 3—k<0

Orxe, H. B. @. a(z) Mae mopauok pocry k = 3 mouo H. B. §. B(z) = z, Kouwm
1
T — 00; TOJIOBHA TaCTHUHA 51’3. Tobro

5 23
~—,T — 0.

v
1+ z + 222

3apavi Ang ayAMTOPHOI Ta AOMALLHbOI po0oTH

6.3.9. 3HaiimiTs:

1) lim tg3:17; 2) lim arctg?)x;

z—0 I T—00 x
cos x+5—ﬁ tgx

3) 1im—2‘ 4) hmw'

1=0  arcsin2z? NI
_ 2

5) lim | —— — ctgz |; 6) limw;

z—0( sinx 1-01tg? 7 — sin® x

7) lim COST — COS(I; 8) li

T—a r—a T—a T —a

m ctgr — ctga.
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6.3.10. 3naiimiTh:

1) lim lfsmz; 2) 1i QSIHLL’Z;
.'17~>’K/2(f _ Qj) ToOT Y — g
2
T arcsinz
. r+1 = .9
3) lim z|arctg—— — —|; 4) lim&4———.
)IHOO [ & —|—2 4] )Iﬂl N1 —2

6.3.11. 3mnaiimiTs:

_ 2
1) lim In(1 51:); 2) lim In(1+ 2z );
z—0 x z—0 1-2
3) limw; 4) lim x(ln(Z—Fx)—ln;z:);
z—0 X r—+00
1
5) lim xlogQM; 6) lim z°In COSE;
T—00 54z T—00 xT
7) lirri(l —x)log, 2; 8)
r—
_ 2
lim In(1—2) + In(1 + z) + tg3z .
0 22+ 2P
6.3.12. 3mnaiimiTo:
3z —2(z—-1) _
1) lim2 1; 2) lim & 1;
=0 =1 x—1
671 _ 621 ( l L)
3) lim —; 4) lim 2?\40 —42+1);
z—0 thE Z—00
7 2 2
5) lim A2~ 1. 6) lim ——t 1

z—0 332 ’ z—0 /1 + SiIlIQ . 17
3/ -1 27 _ 2
7) lim 871, L

8) lim .
“’*“/4251n233—17 ) e=2 T —2

6.3.13. 3HaiigiTs:

1) lim [1+2J ; 2) lim[l—é] ;
x

r—00
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r—1

3) lim

r— 00

T+ 3
T

e
5) lim [1 + 5} ;
X

r—00

7) lim (14 ctgz)®?;

Z*VK/Q

9) lim

z—0

ctg?
14+2-3° ¢ )
1+z-7° 7

1
11) lim (2 — e )ln(utgzL;) ;

z — 0

6.3.14.

T—00

2
4) lim[ ] ;
T+ 2

22 4+ 4 u

22 —4

8) lim eosz;

z—0

6) lim

Tr— 00

)

1
2 . oT E
10) Tim u] .

z—0

1+ 2257 ’

1

z — 0

dysxuii a(z) mozno byskuil 3(z) = z, komu z — 0, sAKIIE:

2) afz) = In(1 + 2%) — 2§ (e — 1)%;

1) afz) = Y2 - Ja;
3) afz) = 3l 1
6.3.15.

4) o(z) = tgz — sinz.

dyrkuii oa(r) mogo dbyskuii B(z) = z, Ko © — 00, gkmo:

5
1) az) = V162" + 2+ 1; 2) a(z)=———
2 + 41
Bignosigi
1 1 ) 1
6.3.9.1) 3, 2) 0, 3) —=; 4) 12; 5) 0, 6) —; 7) —sina; 8) — .
2 4 sin® a
1 1 1 1
6.3.10. 1) —; 2) —; 3) —=; 4) —.
) 27 ) 2’N) ) 2= ) \/5
1 5 2
6.3.11. 1) —5; 2) 2; 3) =; 4) 2; 5) —; 6) ——; 7) —In2; 8) 2.
a In2 2
6.3.12. 1) 3In2 2) —3: 3) 5 4) Ind; 5) %; 6) 2 7) %; ) 4102 — 4.

6.3.13. 1) ¢%; 2) e 3) &% 4) ¢4 5) ™

1) ¥, 12) 0.

L6) ¢ 7)€ 8) == 9) 2; 10) 2
7 5

12) lim (2 - 350 e

Buznaure NOPAJOK MaJIM3HU Ta I'OJIOBHY YaCTHUHY HECKIHYEHHO MaJIol

Buznaure TOPAAOK POCTY Ta T'OJIOBHY YaCTUHY HECKIHYEHHO BEJIUKOI
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1 2
6.3.14. 1) k:§7 TOJIOBHA 4YacCTUHA (—901/ )7 T —0; 2) k:§7 TOJIOBHA YaCTHUHA

o/ . 3
(foZ/d),z —0; 3) k= é, r0JIOBHA YaCTUHA, (ln3 . xl/d); 4) k = 3, rosoBHA YaCTUHA %

3
z
6.3.15. 1) k = 2, rosoBHa YacTHHA 222, 1 — o0; 2) k = 3, rosoBHA YacTHHA ?,1: — 0Q;

NpakTukym 6.4. HenepepBHicTb PyHKLUji. TOUukn po3puBy
dyHKuji
HaBuanbHi 3apaui

6.4.1.1. 3uaiitu it gocaimuTu Touku pospusy dbyukil f(z) = ST
z

Pozp’a3anHa. [6.11.]

[Kpox 1. Kaacugiryemo Pyrxyito i snaxodumo it obaacmo o3nauents.]
Dynukuis f — eseMenTapHa; obsacts o3navennst dbyakuil D(f) = R\ {0}.
[Kpox 2. Busnauaemo mouku nidospiai na po3pus.)

%, = 0 — TOYKa pO3pHBY.

[Kpox 3. Bnaxodumo 00nobiuni epanuiyi 6 nido3piaur mouwkar i, AKW0 mpe-
ba, snavenns Gynryii.]

Ockinbku
sing 7 sinx sinz
lim = 1< lim = lim =1, Z#(0)
z—0 x z—+0 I z——0 I
[Kpox 4. Bucnosyemo mpo xootcny ni- Y y = sinz
| v=
doapiny mouxy.] z
Touka z, =0 € TOYKOI pO3puBy 1-ro -t O 0 T
Puc. no 6.4.1.1
poay, yeysroro [6.11.2.2].¢ .
. sin x :
Dynkuio f(z) = MOKHA, JIOO3HAYMTH B TO4Ll T, = 0, NmoKIa1a1049mn
x
sinz
, =0,
gz) =1 =z
1, z = 0.

OyukIlis ¢ BXKe Oye HemepepBHOIO Ha R.
Komenrap. ® Ycysuuit po3pus MOXKHA «yCyHyTH», JOO3HAUyoun (yHKHi0 f

y TOUIi Z,, TOOTO yTBOPIOIOYM HOBY (DYHKITIFO
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f(z), T = X,
g(z) = _
flz, £0), ==z,
mo TOTOXKHa QYHKINI f CKpi3b, OKpiM TOUKH T, i OyJe BKe HelepepBHOIO B
i TOYII.
6.4.1.2. 3maiitu i nocxiguru Toukm pospuBy byskmil f(z) = el/ ‘
Po3B’azanH. [6.11.]
Dyukiis f — esemenrtapHa; obsacts o3nadenns D(f) = R\ {0}.
7, = 0 — TOYKa PO3pHBY.

lim el/m =0; lim el/m = +o00.

z——0 z—+0

Ockijibku 00UBI IpaHUIll iCHYIOTH 1 OHA

3 HMX HECKiH4eHHa, TO T, = 0 — ToYKa

po3puUBy  2-TO  POJY, HECKIHYEHHOIOQ =====22227777"""77]

[6.11.3.1]. z
I'padik dbynkmnii mae B Touni z, = 0 mpa- Puc. 10 6.4.1.2

BY BEPTHKAJbHY aCUMIITOTY.

6.4.1.3. 3HaiiTy il JOCIIUTH TOYKU PO3PUBY (DYHKILT

1— 22, x <0,
flz)=1(z—1? 0<z<2
4 —z, x> 2.
Po3B’azanna. [6.11.]
Oyukiig f — HeeJeMeHTApHA, O3HAYEHA DPI3HUMM AHAJITUIHUMHU BHPa3aMU

Ha PI3HUX TPOMIXKKAaX, SIKi € HemepepBHUMH (DYHKINAMH HA IUX MTPOMIiKKAX.
OTxe, equni mimospini Ha po3pms Toukm — 1e Toukm 7, = 0 Ta 7, = 2, 5e
3MIHIOIOTHCST aHAJITUYIHI Bupasu Jst GyHkiii f.

1. Hocmimxyemo Touky z; = 0.

lim f(z) = lim (1—2%) =1

z——0 z——0
lim f(z) = lim (z —1)? = 1.
240 240

[Ockinvru f(—0) = f(40), mo snazodumo snanvenns f(0).]

JO)=(0-17 =1,

Ockinbku icaytors ckinvenni rpanuni f(—0), f(40) i
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f(#0) = f(=0) = 1 = f(0),

TO 3a KpuTepieM HenepepBHOCTi [6.9.2]

f(zy = 0) = f(z, +0) = f(z,)
dbynxuia f e nenepepsnoro B Toumi z; = 0.
2. JocmiazKyeMo TOUKY T, = 2.

S f) =l (o -1 = 1

xkg}ro Jl@) = a:l—lg}ro(ll —7)=2
Ockinbku ICHYIOTb CKiHYeHH] rpaHuUILl
f2-0),f2+0) i

f2-0)=1=2= f(2+0),

TO TOUKA T, = 2 € TOYKOIO PO3PHBY 1-T0 poay,

neycysuoro [6.11.2.1], 3i crpubkom ®
§=f2+0)—f2-0)=2-1=1.

Puc. 10 6.4.1.3
Komentap. ® Ockimexu f(2 —0) = f(2) = (2—1)> =1, To dyuxmia f e mere-

PEPBHOIO 371iBa B TO4YII T, = 2.

. 1
6.4.1.4. 3maiity i nocaiguTu Touky po3puBy byHKIIT f(z) = sin—.
x

Po3p’azanus. [6.11.]
®ynknis f — esemenTapHa, obsacts o3navenns D(f) = R\ {0}.

Hosezimo, xopucryounch kpurepiem icuysands rpanuni (Iaiine) [6.3.2], mo
. .1
He icaye lim sin—.
z—0 €T
[Poseasdaemo dei nocaidosnocmi snauens apeymermy.]

Tyopn| 5T 9m w4+ 2mn oo

, 1 111 1 o
rt={i—t=——,—,...,—,..., limx =0.

te) {21m 27 4w 6% 2mn n—oo "

[Poseasndaemo nocaidosrocmi snavens dymnruii]

{f@)}=111..1.. lim f(z)) =1 o, sl
f(z) =0,0,0,...,0,..., lim f(z) = 0.

x
. o \/
OTtke, He icuye lim sin—.

r—0
! t Puc. 10 6.4.1.4
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Touka 7, = 0 € ToukoOIO PO3pHUBY 2-r0 POy, icrorHoro [6.11.3.2].

6.4.2.  3maiity 3 Tounicrio 0,1 xopinb piBmamns 2! + 23 —1 = 0 ua Bigpis-
y [0:1].
Poss’azanna. [6.10.4.]
Hexait f(z) = ' + 2° — 1. Ila dbynxuis wenepepsna Vr € R, a, oTxe, i na
[0;1]. Ockimpru f(0) = —-1<0,f(1) =1> 0, 1o 3a Teopemor Boabuaro —
Ko npo nyni dyukuii [6.10.4.]
Je e (0;]): f(c) =0,
To6ro piBHsHHEsA f(2) = 0 Mae xKopinb Ha [0;1].
ITokmamaemo a = 0,b = 1.
[Kpox 1. O6uucaroemo f(a), f(b).]
fla) = f(0) = =1,f(b) = f(1) = 1.
[Kpox 2. Ilepesipacmo snax f(a)f(b).]
fl@)fb)=-1-1=-1<0=c € (0;1).
[Kpox 3. Iopisnioemo dosorcuny 6idpiska [a;b] 3 mounicmio.]
|b—a|=1>0,1.

[Kpox 4. Obuucaremo o, = aT—i_b,f(xl).]

_ _0+1_ 1
NT Ty T T Ty
fuozﬂﬁz—g.

[Kpox 5. Ilepesipaemo snawu f(z,)f(a) ma f(z,)f(b) i eubupaemo sidpizox,

AKOMY HAALHCUND KOPIHD DISHANHA. |

fa)f@ = —12- (1) = 12> 0
Sty = -2 1= - oo e e )

1
IMoknamaemo a; = z; = §7b1 =b=1.
[Kpox 6. ITopienioemo dosorcuny sidpizxa [ay;b] 3 mounicmio.]

1
|%fm:§>QL
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b

IToxamaemo

|
+ B~ | =

Hapermri gicraemo: ¢ = 0,81 3 Tounictio € = 0,1.
KomeHrap. ® 3uaiitu kopiub 3 Tognicrio 0,1 o3nauae Bkaszaru Biupizok [a;d]
3aBnoBxkKu b —a < 0,1, gkwit mictuth Kopinb piBHsiHHs. 1106 3HaliTH Ha-
Gy KeHe 3HAYEHHST KOPEHsI, CKOPHCTAEMOCH MEMOJOM NOAOBUHH020 NOJINY.
2
6.4.3. Posp’a3aru HepiBHICTH w
(x 4+ 1)

Po3B’a3anHs. [6.12.]
[Kpox 1. 3nazodumo mouku, y AKUT MHOMCHUKU PYHKUTE
f(2) = alz — 2l (z — 2y).(z — 2,k € Z,
dopisnioromob Hya10.]
= 2,2y = 0,25 = —1.
[Kpox 2. Hanocumo ui 3HAUEHHA MG HUCAOGY BiCb, BUKOAIONONU MOYKU, Je

QoPIBHINIMb HYAI0 MHONCHUKY Y 610 °emmomy cmenend.|

[Kpox 8. Bushauwaemo 3nax MmHo2ousena . ,9 T

; ; ; -1\ — 2 z
6 KOJCHOMY 3 INMEPEANis, Ha AKi PO3OU-
6a10Mb  KOPEHT PIGHAMHA “UCAOSY 6ich, Puc. 10 6.4.3

nposodauu «amitiny».]®

[Kpox 4. Banucyemo 6idnosion.]®
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z € (—o0

;=) U (2+00).

Komentap. ® «3Mmiliky» 3amycKaloTh IPaBoOpyd Bij HAMOIIBIIOrO KOpEHS:

1) 3Bepxy, gkmo a > 0 ;

2) 3um3y, akmo a < 0.

@ Ha tux npomiKKax, J1e KpUBa IPOXOIUTh:

1) Buie 9ucs10B0l npsaMOl, BUKOHAHO HepiBHictb f(z) > 0;

2) HU2KYe YMCJIOBOI IPAMOI, BUKOHAHO HepiBHicTh f(2) < 0.

3apadi 4na ayAUTOPHOI Ta AOMALLHLOT po0OTH

6.4.4.

Buaiigite i gocaigiTe Touku pospuBy dyukuil f i nobymyiite (cxe-

MaTU4HO) 11 rpadik, AKIO :

2 _
1) ) = S
3) f(z) = %,n
5 sy - 222

7 flz)=(z+1) arctgi;

13) f(z) = W;

15) f(z) = €08 2 T

— T

W, 0<z<1,
17) f(z) =44 -2z, 1<z <25, 18) f(z)
20 —7 2,5 <z <4

R

z+1"’

2) f(=)

4) flz)=1- a:sinl;

x
T+ 2
6) f(z) = #;
arctg(z + 2)
377 — 1
-2
8) f(z) =—F];
32 +1
2
10) f(z) = my
12) f(@) = e
14) f(z) = 11T
r l1—=x
16) f(z) = sin L
(z +3)?
1
arctg2z, = < 2
- ™ 1
, T >
2z 4+ 3 2
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" 1 < =3, cos z, z <0,
19) f(z) ={10—2% |z|<3,  20) fl@)={ 2% O<z<l
1 . 1
9z, z>3 sin—, z > 1.
6.4.5. Bubepirtp 3HaueHHs mapameTpiB Tak, 1mob dyHKiig f Oyjga ckpizb
HEMEPEPBHOIO # OOy ayiiTe 11 rpadik:
_9sing, 1< —g,
1 v+l =<l p A B T
T) = T) = sinz + B, |z|< —,
JI@ =14 4o ) f@) o <3
COS T, T > E.
2
6.4.6. Po3B’skKiTh HEpiBHICTH:
2z — 1) (z — 2)° s
2z —1)(z—2) <0 2) (I+3)(x+2)(z+1)>0.
(@ + 1o + 27 oz — )z — 1)
6.4.7. JloBeiTh, 110 piBHAHHA Ma€ PO3B’sA30K HA BKA3aHOMY BiJpIi3Ky:
23 +324+1=02¢c[-1;0; 2)
2% — 627 + 37— 7 = 0,z € [0;2].
Bignosigi
fl@), z=1,
6.4.4. 1) dynkuia f mae B Touni £ = 1 pospus 1-ro poay, ycysuuii, g(z) =1 9 .
gv T =1
flx), == -1,
2) dbymkuist f mae B Touni ¢ = —1 pospus 1-ro poay, ycyeanmit, g(z) =1 1 )
57 r=—L
. . fl@), ==0,
3) dyukuis f mae B Touni z = 0 pospus 1-ro pomy, ycysnuii, g(z) = 0
n, =0
_ . f@), @ =0
4) dynkuisa f mae B Touni £ = 0 pospus 1-ro poxay, ycysuuit, g(z) = 1
el :l: = ;

. . 5
5) dyukuis f Mae B Touni z = 3 po3puB 1-ro pojy, HEyCyBHHUIA;

6) dyukuisa f mae B TOUIi

7) dyukuis f mae B TOUIni

2z = —2 po3puB 1-ro pojy, HeyCyBHHIA;
z = 0 pospus l-ro pony, HEyCyBHHIA;



MpakTnkym 6.4. HenepepaHicTb GyHKLi. Toukn po3pusy yHKL;i 271

8) dyukuiz f Mae B Touni £ = 2 po3pus 1-ro poxy, HeyCyBHHUI;

9) dyukuis f Mae B Toukax & = +3 pPO3pUB 2-T0 POJY, HECKIHICHHMII;
10) dyukuig f mae B Touni & = —3 pO3pHUB 2-I0 POJLY, HECKIHICHHMUIA;
11) dynkuia f mae B Toukax x = £2 pO3pHUB 2-T0 POJLY, HECKIHYECHHMUIA;

12) dynknis f mae B Toukax x = wk,k € Z, po3puB 2-ro pojly, HECKiHYEHHMUIT;

. . o f(‘T)a r = 717
13) dynkuis f mae B Touni £ = —1 pospus 1-ro poxy, ycysnuii, g(z) = 0 1
) r=—1
a B To4Kax T = —2,2 = 0 — po3puB 2-ro poJly, HECKIHYCHHNIL;
: : fx), =0,
14) dynkuia f mae B Touni & = 0 pospus 1-ro poay, ycysuuit, g(z) = 5 0
"y = )
a B TOUYKaX T = 1 — po3puB 2-ro poiy, HECKIHICHHMIA;
15) dbyukuia f mae B Touni @ = 2 po3pus 2-ro pojy, iCTOTHUIL;
16) dynknia f mae B Touni £ = —3 po3puUB 2-T0 POJLY, iCTOTHMIT;
17) dyukuia f mae B Touni z = 2,5 pospus 1-ro pojy, HeycyBHuii;
1
1 f(x)v T =,
18) dbyukuia f mae B Touni z = 5 pospuB 1-ro poxy, ycysunii, g(z) = %
ﬁa T = —;
4 2

19) dbyukuia f mae B Touni @ = 3 pospus 1-ro pojLy, HEYCYBHOTO;

20) dyukuis f mae B Toukax z = 0,2 = 1 pospus 1-ro posy, neycyBHuii,
a B TOUIl & = 3 — PO3PUB 2-TO POJY, iCTOTHUII.

6.45.1)a=12) A=-1,B=1.

6.4.6. 1)z € (—o0;—2) U (—2,—1) U

%;2]; 2) z € (—o0;—3) U (—2—1) U (0;3) U (4;400).



OCHOBHI NOHATTA TA BMIHHA

OcHOBHI O3HaA4YeHHS

1. Ppanuig Gyukii (3a Ko, MoBoio
OKOJIIB).

2. Tpannng dbyskuii 3uiBa (cnpasa).
3. Heckinuenno masa QyHKILisI.

4. Heckinuenno Besnka yHKILS.

5. HucmoBa mOCIiIOBHICTD.

6. I'panursg 9ucIoBOl MTOCJTi JOBHOCTI.

7. Yucno e.

8. ExsiBasnenrni u. M. . (1. B. d.).

9. Ilopsmok mamm3uu H. M. .

10. HenepepshicTb dyHKIIii B TOYII.

11. Tunu TO9OK poO3pHUBY.

12. Henepepsuicts dhyuKIil Ha BiapisKy.
13. Haiibisnbmie Ta HaiiMeHIe 3HaYeHHSA Y-

HKIII Ha BiJPI3KY.

Teopemn

1. BuracruBocti dyHKII, 10 MAlOTh CKiH-
YEHHY I'DAHUILO.

2. Kpurepiit icHyBaHHSI CKIHYECHHOI T'DAHUII.
3. Baacrusocrti 1. M. .

4. Teopema 1po 38’s130K H. M. &. 1 H. B. ].
5. Teopema 11po 38’s130K byHKIl i i rpasurij.
6. Teopema nipo apudmernyni il 3 hyHKIIi-
AMH, IO MAIOTh CKiHYeHHI I'DaHUII.

7. Kpurepiit icuyBanust rpanuni OyHKIT
(MOBOIO TIOCTIIZIOBHOCTEIA ).

8. Osnaka Baepurrpaca 36izkHOCTI 06MexKe-
HOI ITOCJIi IOBHOCT.

9. Bractusocri exBiBasieHTHIX (DYHKILIA.

10. ITepmia Bu3HAYHA TDAHUIIS.

11. /Ipyra Bu3HAYHA TPAHUTIIA.

12. Buiactusocti dbyHKIIii, HellepepBHUX

Y TOYII.

13. Teopema 1IpO HellEPEPBHICTH €JIEMEHTAa-
pHOI DyHKIIT.

14. Kpurepiii HerepepBHOCT] (DYHKILHT B TOUII.
15. Teopema Baepmrpaca mpo oOMekeHiCTh
dyHKII.

16. Teopema Baepmrrpaca mpo naitbissiire
Ta HafiMeHIIe 3HaYeHHs (DYHKIII.

17. Teopema Bosbiiano — Komii npo mpo-
MixkHI 3Ha9eHHS DyHKIIT.

18. Teopema Boabnano — Ko npo myuri
dbyHKII.

OcHoBHi 3agau4i

1. 3Hax0IUTH IPAHUILO €JIEMEHTAPHOL
dysKuil ycepeauti 001acTi O3HAYEHHS.

2. 3uaxoauTy rpasuiio GyHKuil (ocitos-
Hocri) 3a Teopemolo npo apudmernyani il
3. 3HaxouTH rPaHuUIto PYHKIIT 3a JI0IOMO-
TOI0 TAOJINI] €KBiBAJICHTHOCTEI.

4. Tlopiuosaru H. M. &. (1. B. .).

5. Busnagary mopsg0K MaJU3HU H. M. .
(mopsiok pocty H. B. d.).

6. docuimkyBaru QpyHKIO Ha Henepe-
PBHICTE.

7. Knacudikysaru Toukn po3puBy dyHKII.
8. CxeMaTH4YHO 300paKyBaTH OBO/KEHHSI

GbyYHKIUT B OKOJII TOYKH PO3PUBY.




PO3/1IN 7.
NU®OEPEHLIANBHE
YUCJIEHHSA ®YHKLLIA
OHIEI 3MIHHOI

7.1. NoxiaHa i andepeHuian GyHKuii

7.2. MoxiaHi i pudepeHuiann BULMX NOPAAKIB

7.3. OCHOBHi Teopemy audepeHLiaIbHOTo YNCAEHHSs
7.4. TeiinopoBa ¢popmyna

7.5. focnipxeHHs GyHKLiN

Hugepenyiarvne wucaenns — po3dia  mamemamury, Axul
susuae nosoddiceHHs GyHKUil, 3o0kpema weudkicms i 3minu, 3a
donomoz010 nowamms noxidnoi ma dugepeniana GyYHKULE.

V' posdiai posessnymo marosc 3acmocysarHs NOTiOHoT ma
Jdupepenuiana do 3sadavw zeomempii ma @izuxu. Ilodano cxemy
no6no20 docaidocenms nosodacenna Pyrnryit i nobydosu i epadixa.

ITodanutli mamepian 8UKOPUCTNOBYEMBCA 8 PO3ALAAL:

— Inmeepasvne vucaernms Gyrryit ooniei amMiHHOT;

— Jlugpepenyiarvre wucaenns GyrrUid KiabKOT 3MINHUL;

— Jlugeperyianvmi pisHAHHA;

— Teopisn padis;

— Teopia Gynxuit KoMNAEKCHOT 3MINHOT;

— Inmeepasvii nepemeopeHnta.



Karouwosi nonammas:

— noxidna Gymryii;

— Jupepenuian Gyrryii;

— Jupepenuitiosnicmo Gynryii;
— excmpemym GynKryii;

— Mmnozounen Tetinopa.

Onanyesaswu ueti po3din Bu 3mooceme:

— sHazodumU NoTIoH U dudeperuyiany GyHKUIT 3a AONOMO2010 NPABUN |
Ppopmya dugpepenyitosart;

— 3acmocosysamu noxioni U dupepenyiant 00 po3s’azanma 3a0ay
2eomempii G Pizuru;

— 3narodumu 2panull 3aco0bamu JUPEPEHUIAALHO20 YUCAEHHA;

— nabauscamu Gynryit mnozowaenamu (popmyaa Tetnopa);

— docaidocysamu GynKUIT Ha MOHOMOHHICTIL MaA ONYKAICMD 34
donomo2010 NOTIOHUL;

— 3HATO0UMU NOKANDHE Ma 2A00aAbHT eKCmpPeMymu GynKyit;

— 6ydysamu 2padixu GYHKUIT 36 PEYALTMAMAMY NOSHO20 JOCAIOHCEHHA
Pyrrui.

Ilonepedni sHarHs Mma 8MiHHA 3 PO30inia:
— Qynkuyii odniel 3mMinHoi;
— Teopia epanuyn;

— Anasimuuna 2eomempis.



7.1. NOXIAHA TA QU®EPEHLIAN OYHKLIT

7.1.1. Ioxinua ¢yl
7.1.2. dudepentiiioBuicTs OyHKIHT
7.1.3. IlpaButa gudepeHIioBaHHIT
7.1.4. Ocnosui dpopmysmn nudepennioBanms
7.1.5. Iudepenrian GyukIil
7.1.6. I'eomerpuvnnii i Mmexanivumii 3mict noxigaol Ta audepeHiiaia

Busuenus mBuakocTi mepebiry OyJib-sIKOro IPOILECY, 30KpeMa, IIBHJIKOCTI
3MiHu (DYHKILT, IPUBOJUTH JI0 TOHATTs 1OXiaHOT GyHKIHT. Po3min maremarukuy,
AKUI MPUCBSYEHUI HE TIIbKKM PO3B’SI3aHHIO M€l 3a/la4di B Hall3arasjbHIIIOMY BU-
maJiky, aje il BUCHOBKaM, siKi BUILIMBAIOTH 3 il PO3B’sA3aHHs, HA3UBAIOTHL Judhepe-

HUIANDHUM YUCAeHHAM DYHKIHHA.

7.1.1. NoxigHa pyHKuU;i

1. Posrasmemo dynkmio f, osnadeny B geskomy ool U(z,) TOUKE .
Hasaemo dikcoBanomy 3HaYeHHIO apryMeHTy 7, npupicr Az Takwii, 1o TOY-
Ka T = %, + Az nHanexurs oxoxy U(z,).

(OEVEN G C MM (toximaol pyHKIil B TOYIi).
Hoxidnoro dynwuyii f y movwyi ¥, HABMBAIOTH IPAHUIIO BiIHOMEHHS IIPUPOC-

Ty PYHKILT
Af(zy) = f(zy + Az) — f(z)
JIO TIPUPOCTY apryMedTy Az, KOJHM NPUPICT apryMEeHTy NpIMy€ 0 HyJd i

IIO3Ha4YaX0Th

oy o Aflzg) L flwg + Ax) — f(ag)
fay) = Jim =580 = lim == o

Jnsa noxinuoi dyskmii y = f(z) y Touni z, BEUKOPUCTOBYIOTH IIie MO3HA-

YCHHA:

df(zy) dy
dr dax .

yl(xo) ’

Ty
3 osHavenHa noxignol dynkuii f y Touni z, BunIMBaE, IO

f/(zo) = lim f(zy + Ax) = [(z,) = lim M

Az—0 Az Ty T — T
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SIxmo s mesKoro 3HaYeHHS I

. Af(xo) _
Al,qchEO A, = (abo —o0 um +00),

TO KaxKyTh, MO B TOUII I, iCHye neckinuernna noriona.
2. Bmaiigivo, npumipom, noxinay dbyskuil f(r) = ar y Touni r = x, :

ar —ar, a(r — x,)

/ . .
z,) = lim lim ——— =q.
f ( O) Az—0 x — Ty Az—0 1 — Ty

3. Tlokaximo, mo dyuknia f(z) = Jz y Touri 7, = 0 Mae HeckiHdeHHY

MOXiJIHY
ey 1 \/0—|—Am—\/6_ . NAz 1
f(0)= lim ——————— = lim = lim = +o0.
Az—+0 Az Az—+0 Ax Az—+0+/ Ax

4. fxmo 3HaUeHHIO apryMeHTy = (QYHKII f BiAOBiiae meBHe 3HAYCHHS
f(z), To ozmaueno dbyuxiio
froa e fia).
KaxyTb, mo dyuxnia f «nopodocye» dynkuio f', a dbymkmnis [ «no-
rodumvy Bin GyHKIIT f.
Hito BimmykanHas moxigHol GyHKIil [ Ha3suBaOTh JudepeHyitosaHHAM.

5. (OLIHOGi‘IHI/IX MOXiTHUX).

Jlieo0iunoro (npasobiunoio) noxionoro dynxuyii f y mowyi T, HASEBAIOTDH

lim f(zo + Azx) — f(ffo) lim f(xo + Az) — f(xo)
Az ——0 Ax Az—+0 Ax

)

i nosnavarors f'(z, — 0) (f'(z, +0)).
IIpaBy Ta aiBy moximmi (pyHKIT B TOYIl HA3UBAIOTH 00HOOIUHUMU NOTIOHUMU
byHKIil B 11iit TOUII.

Hexait pynknito f o3HadeHO B OKOJI TOUKH .

(IcpnTepiﬁ icHyBaHHA CKiHYE€HHOI MOXigHOTI).
@ynknig f, osHAYeHA B OKOJIi TOYKH ), Ma€ CKiHYEHHY ITOXiJHYy f’(zO) TOJ1
it Jiiiie TOJIi, KOJIM iCHYIOTh CKiHYeHHI i PiBHI MixK cOD0I0 OJHOOIYHI MOXiTHI
f(zy —0) ra f'(z, + 0), npuuomy:

f/(xo) = f/(zo —-0)= f,(xo +0).

6. Ilpumipom, 3HaiigiMo oxmobiuni noximmi dbyskmii f(z) = |£L‘| y TodI

z, = 0:
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Az +0|—-0 _
F(~0)= lim Az +0]-0_  As it
Az——0 | Az | Az——0 Azx
F+0) Azlinw Ax AJ;—nfl—o Az

Orxe, byukuia f(z) = |1:| He Mag€ moximHol B Touni x = 0.

7.1.2. indepeHuiitoBHICTb PyHKL;i
1. Posragubmo ¢yHKINO f, gKy O3HAYEHO B JEIKOMY OKOJII TOYKHU
7, € R.
(nn(})epenuif/’lOBHOCTi dpyurmii B TouIi).
®ynknito f HasWBaOTHL JudiepeniyiliosHoto B TOUIN T, AKIO il mpupict y mii
TOYII
Af(zy) = flzy + Az) = f(x,)
MOXKHA 3allMCATH K
Af(z,) = AAz + o(Ax)Az, Az — 0,
e A= Az,) crana mono Az, a(Az) — u M. d., ko Az — 0.
(RpI/ITepiﬁ nudgepenniiiosaocri).
Qynkiia f audepeniiiopHa B TO4Ni T, TOAl if MMIIe TOMi, KOIM B TOUI

icaye ckinvenna moximna f'(z,) = A

,Z[oeedeHHﬂ.Hexaf/i bynkuia f audepenniiiopna B Toum z,. Hoseaimo, mo B it
Tounj icHye ckinuenna moxigma f'(z,) = A 3 mudepennifionocri ymkuii f y Touni z,
BUILINBAE, 10 TPUPICT BDYHKIIT, BiAMOBIIHUIT TpUpOCTy apryMenTy Az, MOXKHA 3allucaTh siK

Af(z,) = AAz + o(Az)Ax,
3BiJIKHT
Af (:Uo)
Az

Jge A nys 3amamol Toukm 7z, crasa (e samexkuTsb Bix Az), a a(Az) — 0, kom Az — 0.

= A+ a(Ax),

I3 BiracTuBocTi byHKIIT, 0 Mae CKiHYeHHY IDAHUINO, BUILINBAE, 110

A
1= Jim S0 = )

Hexaﬁ y dysmii f y Touni 7, icHye cxinvenHa moxigHa f’(mo), TOOTO icHYy€E CKi-

HYCHHA I'DAHUILA

Ay
dm =g = )=

Af(xo) _

T = f(ay) +o(Aa),
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ne lim o(Az) = 0.
Az—0
Tomy
Af(z,) = f(zy)Az + o(Az)Az.
A ne i € ymosa gudepennjiiosrocri, npuaomy f'(z,) = A. W
2. M EN N (HeoOxiqHa ymoBa nudpepeHifiOBHOCTI).
dAxmo eyuKIisa audepeHIiioBHa B AedKiit TodIi, TO BOHA HelepepBHA B I
TOYII].

3BOpOTHE TBEp/IKEHHS HEIPABINBE: 3 HEIEePEPB- yly = ‘96‘

HocTi QYyHKINT f y medkiit Todrl He BUILIMBAE aude-

PEHIHOBHICTD 11 B IMiif TOYIII.

IIpumipom, QpyHKIg ¥y = |:1:| HeIpepepBHa B TOY- [ T
. . . L. L. Puc. 7.1. Ilpuxraz
mi z, = 0, Mae B Ii# Touri omHOGiYHI moXimHi, ame He

HeIlePepPBHOI
Ma€ ToXifaHol B Hiit, a, oT:XKe, He € MU(EpPEHIiiOBHOIO nemudepeHIiioBHoT
(puc. 7.1). dbysxuii 8 Touni z, = 0

Mmuoxuna mudepenmitoBunx QyHKITIH € ITiaMHO-

KWHOIO MHOYKUHU HEMIEPEPBHUX (DYHKITI.

7.1.3. Mpasuna audepeHLiloBaHHS

SuaxomuTn nOXigHY (GYHKIHI 6e3m0CepeHbO 3a O3HAYEHHSIM JOCUTH
ckaaaao it HeedekTuBHO. Ha mpakTuii dyHKINT 1udepeHIiooTs 3a J0MOMO-
TOI0 HU3KH MPABUI i (POPMY.I.

Hexait dyukuii v = u(z) ta v = v(z) mudepeHuiiioBHi B IedKoMy iHTEp-
Baii (a;b).

1. Cranmuii MHOSKHHUK MOKHA BUHECTH 34 3HAK NOXiTHOI:

(Cu) = Cu'.
2. Iloxigua cymu (pisHuni) nBox yHKIi nopiBHIOE cymi (pi3Hui)

TMOXiTHUX TMX PYHKITI:

|(u +o) =u' + v'.|

IIpaBusio nparitoe st Oy/ib-IKOT CKiHYE€HHOI KiJIbKOCTI JI0/TaHKIB.
3. Iloxigua no0yTky MBOX (PYHKII JOpIBHIOE CyMi JOOYTKY MOXif-
HOI TIEPIOro MHOXKHUKA HA JPYTHUil Ta JHOOYTKY TEPIIOro MHOYKHUKA HA TOXi-

JHY JIPyroro:

|(uv)/ = u'v + uv'.
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Jlosederns. 3 nudepenniiioprocTi YHKIIH © Ta v BUIIMBAE ICHYBAaHHS CKiHYEH-
Hux noxigaux v’ ta v’ i HenmepepsHicTh byHKHIT u Ta wv.
3a O3HAYEHHAM

;o w4+ Azu(z + Az) —u(z)v(z)
(u(z)v(z))" = Alglgm =

—0 Ax
— lim u(z + Az)v(z + Az) — u(@)v(z + Az) + w(z)v(z + Az) — u(z)v(z)
- Az—0 Ax -
w4+ Ar) —u(z) . oz + Az) —v(x)
TAmTT A AR Ime T S

= u'(z)v(z) + u(z)v(z).M
4. IToxigua yacTku qBOX (hyHKIINA J0piBHIOE APOOY, YUCEIBLHUK STKO-

ro € pisHuIeo J00yTKIB 3HaMEHHUKA Apo0y Ha MOXITHY YHCEJTHHUKA 1 IUCeThb-

HUKa JIpo0y Ha IOXiJAHYy 3HAMEHHUKA, & 3HAMEHHHUK € KBaJpaT JJIbHUKA:

w)  wv—w
- 2—2(v¢0).
v v

5. IudennioBanus ckJiajenol yukiiii. Posragubmo ckiageny by-
wkiiio y = f(@(z)) i3 npomioicnum apeymernmom uw = @(x) 1 ocnosnum apzy-
MEHMOM X.

Hexait dyrkuig v = ¢(z) Mae cKiHYeHHY IIOXiAHY u; y Toumni T, a QpyH-
kuist y = f(u) Mae ckinveHHy nOXigHy Yy, y Bimmosimmiit Touni u = ¢(z).

Ioximua ckiaamenoi (pyHKIII 3a OCHOBHUM APryMEHTOM JIOpPiB-
HIOE JOOYTKY TMOXigHOI 30BHIMHBOI (DYHKIII 38 MPOMIKHUM apryMeHTOM Ha
MOXiJIHY IBOI'O APIYMEHTY 38 OCHOBHHM apryMEHTOM:

Yy

CdopmyiiboBane MPaBUIIO MPAIOE TAKOXK, AKIIO IIPOMIKHUX apryMEHTIB

= Yty
JTTEeK1JIbKA.
Jlosedernns. Hajaemo Hezasiexknomy aprymenty 2z npupicr Az, Tom  dyskis
u = @(x) onepxye mpupict Au, a ue i Au = 0 Bukimkae npupicr Ay dyekuil y = f(u).
3 nudepenniitosrocti Gyrkuil y = f(u) B TOUNi U BUIUIUBAE, IO
Ay = y/Au+ o(Au)Auy,
e a(Au) — 0, ko Au — 0.
Veaxaemo, mo o(0) = 0. Toxi 3anucana pisuicrs 36epiraerses i g Au = 0 (Mmae-
Mo 0 = 0).
Hinguu piBaicTh mOwWIeHHO HAa A, IiCTAEMO
Ay _ ,Au Au

NI
Ax Y Az o U)A:E
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Axkmo Az — 0, To Au — 0 (3 memepepsrocti byHkuil « = @(z) y Toumi z) i
a(Au) — 0. Orxe, icHye rpannis
Ay ;o Au ’o

y, = lim — = lim =Y, U

= — | |
Az—0 Ax " Az—0 Az

6. JIudepenniroBanasa obepuHenoi dyHkiii. Posrngubmo nBi B3aem-
Ho obepueni dbynkmii y = f(z) Ta z = @(y) = f (y). Hexait bynxuis f mu-
depeHnIiiioBHa.

IToximua o6epHeHol (pyHKIIT H0piBHIOE OOEPHEHIH BeJMInHi OXiaHOoT
3a/1aH01 PYHKIIT:

1
z{/ = —,,y; = 0.

xT

BayBaxkMo, 1o micss JudepeHIiioBatHs Tpeba y IpaBy YaCTUHY PIBHOCTI
3amicTh 2 migcrasuru (y).

Josedenns. Hexait dynkuis y = f(x) crporo moHoronna B intepsaii (a;b) i mae
noxigry f/(z) = 0,z € (a;b). Posriambmo obepreny dymkmio x = ¢(y). Hamaemo apryme-
ury y mpupict Ay = 0. Momy simmosimae mpupicr Az obeprenol byHKI{, ITpmIOMy
Az = 0 Ha migcrasi crporoi Monoronnocti (ockimbku f'(z,) = 0) dynkuii y = f(z). To-

MYy MOZKHa 3alucaTh

Az 1
Ay Ay’
Az
dxmo Ay — 0, To 3aBAgKM HenepepBHOCTI ob6epHeHOl dyHkIii npupict Az — 0.
Ockisibku
Ay ’
Jim 2= 10 =0
TO 3BiJICM BUILIMBAIOTH PiBHOCTI
lim H— ! = ,1 ,
A=0Ay L Ay fi(2)
Ar—0 Ax
TOOTO
P =
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7.1.4. OcHoBHi ¢popmynu audepeHuiloBaHHS

1. Hexait u = u(z) — gudepenuiiiosna dyukuis, C — craja.

DyHKIis IToxigua DyuKIis IToxigua
C 0 u*, o0 € R au® "t
a",0<a=1 a"Ina - v e" e’ -
log 1 1
8q Us o Inu 2o
0<a=1 ulna w
sin u cosu - u COS U —sinwu - u
tgu 1 , ctgu 1 /
2 . u —_— X 2 . u
cos” u sin“ u
i 1 1
arcsin u o arccosu _ -
1—u? 1—u?
arctgu 1 , arcctgu 1 ,
p Y - 2 Y
14+ u 14+ u
shu chu - chu shu -
thu 1 / cthu 1 /
2 Y T, Y
ch”u sh”u

Jlosederms. Busenimo geski dbopmysnn Tabimil HOXiHUX, KOPUCTYIOUUCH BH3HAU-
HUMU TPAHUIEMA Ta HAC/LIKAMH 3 HUX.

1. Hexait f(z) = C = const,z € R. Toxi

fl(z)=C"= lim —f(x + A7) — /() = lim c-c =0.
Az—0 Az Az—0 Ag
2. Maa dyuxuii f(z) = a”,0 < a = L,z € R, maemo:
z+Az x Az
1) — (Y — Tim & —a I L0 dlna
fo=ty=n = g =i

3okpema,

(em)/ — 6:1;4

3. Ona bynkuii f(z) = log, #,0 < a = 1,z > 0. maewmo:

Az
1 1+ —
roy . log (x4 Az)—log,z Og“[ * x]_ 1
f'(z) = lim = lim =
Az—0 Az Az—0 Az

zlna
3okpema,

(Inz) = L
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P Inz

4. opmyiy audepeniioBanis st GyHKIil % = ,a € Rz > 0, moxua ozep-
2KaTHU 33 IPaBmUIoM AudepeHIlioBaH s CKIaIeHol (pyHKIII:

a

(Iu)/ _ eulnz(alnx)/ — 0= = ()Ll’(lil.
5. Jna dyuxuil f(z) = sinz,z € R, maemo:
25in 2% cos [« + Ar
. . sin(z + Az) —sinz . 2 E2
(sinz) = lim —~——~ " = lim =
Az—0 Ax Az—0 Az
. Az
2sin 22 A
. 2 . T
= lim —= lim cos(ach—) = COS Z.
Az—0 Az Az—0 2

Tak caMmo oepKyoTh 1 noxiany dbyukuil f(z) = cosz,z € R.

sin © T
6. Hua byskuil f(z) = tgz = & #= — + Tk,k € Z, CKOPHCTAaEMOCH ITPABUJIOM
cos T 2
JuEepeHIIOBaHHST YaCTKU:
. / . B P .9
(tez) sin z (sinz) cosz — sinz(cosz)’  cos®z + sin®x 1
gx) = = = = .
COs T cos? cos? cos?

Tak camo ofiepKy0Th i noxinny yukiil f(z) = ctgz,x = ©k,k € Z.
7. Hoxinuy dyskuii y = arcsinz,z € (—1;1) omepxky0Th 32 OIpaBWIOM udepeHIio-

BaHHsI 00epHEHO! (DYHKITI.

Maemo z = f~Y(y) = siny,y € ;

]. Orxe,

VR

T

2

(arcsinz) = _r # S ! _
(f' () (sin y)'  cosy \/1 —sin?y Ji— a2

Y roukax r = £1 dyHKiig y = arcsinz He € nudepeHIiHOBHOIO.

Tak camMo MOXKHa& ojep:KaTh moxigHi (YHKOi y = arccosz,y = arctgz  Ta
y = arcctgz.
8. Hna dbyukuil f(z) = shz,z € R, ckopucraeMoch npaBuwiaMu T epeHIiloBaHHSL:

(shaz) = =—(e" —e*(-1) = —— =chuz.

I
e’ —e " 1 e’ +e "
2 2

Tak camo mMoxkHa ofepxkaru noxinny ¢yskmii y = chz. Iloxinui dynkmiit y = tha
Ta y = cthz gicraioTh 3a npasuiom gudepenmioBannsa yacrku. B

2. Jlorapudmiune gudepeHniroBanus. PosrisabMo — DyHKIO
f(z) > 0 it yrBopimo ckuageny dbyskiio In f(z). O6uucaivo noximny Gyl
In f(z), axy HazuBaoTh Lozapudmivnoto noxidnoto Gysaruii f(z),

=L ).
(n 12)) = 2@
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3Bisicu BumIMBaE MPaBUJIO JorapudmMivaoro nudepeHIiloBaHHA:
/(@) = f(2)(In f(2))']

Jlorapudmiune nudepeHItiioBaHHS CIPOIILYE 3HAXOIXKEHHS TTOX1THOI:

1) cremeneo-nokasunkosux dymkmiii (u(z))");

2) dyHKIi, MO0 MAIOTh BEIWKY KLIBKICTH CIIBMHOYKHUKIB.

3. Ilpumipowm,
((sinz)”) = (sinz)*(In(sinz)")" = (sinz)”(zlnsinz) =
. /
= (sinz)” [1 ‘Insinz + - M] =
sinx
= (sinz)”|Insinz + x - w} = (sinz)" <lnsinx + xctgm).
sinz

4. udepennioBanusa HesBHOI dyHKIil. Hexait mudepenmiiioBuy
dyukuio y = y(r) 3a1aHO HESIBHO DIBHAHHIM
F(z,y) = 0.
Akwio B piBusanui F(z,y) = 0 mix y posymiru dbyskuio y(z),z € X, 10 1e
PIBHSIHHS IEPETBOPIOETHCS HA TOTOXKHICTH 38 apIyMEHTOM I :
F(z,y(z)) = 0.

Hudepenrtiiooyun M0 TOTOXKHICTb 33 3MIHHOIO I Ta BBaXKAIOYM, IO Y €
dbyuKIieo 7, gicTaeMo mimiiine Mmoo Yy’ PIBHAHHA, gKe TAKOXK MIiCTHTH 3MiHHI
T Ta .

Posp’ssytoun #ioro momo ¢, 3HAXOAMMO IOyKaHy MNOXigHY DyHKIII
y = f(z), 3amaH0l HesABHO:

Y, = 9(z,y).

5. Ilpumipom, 3uaiigimMo noxinuy Bix dyukuii y = f(z), 3amanol piBHAH-
HaMm x4 y2 =a’

ITpoaundepentiiroemMo piBHAHHS 38 3MIHHOIO & :

2z +2yy’ = 0.

Orxe,

6. JdudepenriroBandas QyHKIIiH, 3aJaHnx mapaMeTrpudHo. Hexaii
dynknio y(x) 3a1aH0 TAPAMETPUYIHO:
z = x(t),

teT.
y = y(t),
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IMpunyckaemo, mo dbysxuil z(t) Ta y(t) nudepenuiiioBui mis Gy ub-gKOro
teT it 2'(t) = 0. Hexait bynkuia r = 2(t) mae mudepentiiiopy obepHemny
dyukuio #(z). Oysxuio y = y(z), 3ajaHy nHapaMeTPUIHO, MOKHA PO3IJIAIA-

TH fK CKJIaJeHy OYHKIHIO

Je t — IPOMIKHUN apryMeHT.
Tomi
1y
/A Y A t
Yo = Uy = Y
Zy
Orxe, noxinna dyukuii y = y(z), 3a1aH0I HAPAMETPUYHO, TAKOXK 3374~

€ThCA ITapaMeTPUIHO:

z = z(t),

;L y_; teT.
T /7
'
. . T = cost, .
7. Ipumipom, aKImo 3amaH0 (YHKIHIO ing t €[0;n], ro 1 noxiany
y = sint,
3aJ1a10Th PIBHAHHS:
T = cost,

int) t t € |0;m].
;) _ (sin )/ _ co's ~ ctgt, [0; ]

(cost)” —sint

7.1.5. Andepenuian GyHKuii
1. Hexait bynkmia f mudepennifioBra B Toumi ), TOOTO Mae CKiHIeHHY
noxinny f'(z,) i
Af(zy) = f'(zy)Az + a(Az)Az, Az — 0.
(,un(bepenuiana dpyHKLII B TOUIi).
Luepenyianom dynxuii f y Touni ¥, HA3UBAIOTL IOJIOBHY, JIHIHY INIOTO
Az, gactuny npupocty 1iel GyHKIil [ i mo3HAYAITH
df(z,) = f'(z,)Ax.
2. 3uaiinimo, npumipom, mudepennian dyukuil f(z) = .

OckinbKu
fllz) =2 =1,
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TO
df(z) = dz = Az,

TOOTO mupepeHtiiag He3aIeKHOT 3MIHHOT JOPIBHIOE MPUPOCTY Iii€l 3MiHHOT 1

dopMyTy st 06UHMCIeHH ArpepeHItiaga MOXKHA e 3aIUCATH TaK:

if(x) = f (@)da.

3 wel BUILIMBAE PiBHICTD

df(z)

X

OTtxe, TTO3HATCHHST MOYKHA PO3TJISIATU K BiTHOIMEHHS gudepen-

maaie df(z) Ta de.

7.1.6. TeomeTpUYHMIA | MEXaHIYHMI 3MICT NOXiAHOI
Ta gudepeHuiana

1. Jotuuna go KpuBoi. Posrigabmo 3ajatdy TOOYIOBU JOTHIHOI 10
J0BiIBbHOI 110cKOl KpuBol. Hexait [ HemepepBHa (ByHKIsl, O3HAYEHA B JIe-
AKOMY OKOJII TOYKHU . Posriasgmaemo aBi Touku

Mo(xo;yo) Ta, M(Z’O + Azyyy + Ay)
rpadika uiel Gyuxiii (puc. 7.2).

Yepes HEX TPOXOJUTH €IUMHA IIPS- Yy

Ma — CIYHG Yy + Ay

Y iR Ak PN
0 Az Ay

Ay
= yzA—x(fU—%)‘Fyo,

Kyrouit xoedirienT cianol Y
_ Ay < !
Az ) 0 z,+ Az x

Puc. 7.2. Jlornuna no xpusol
fxmo Touka M pyxaeTbca B3MOBXK KpuUBOI 10 Touku M, To ciuna mo-
BEPTAETLCA HABKOJIO TOYKU M, 1 mpsAMye J0 JesdKOro rPaHUYHOIO HOJIOXKEeHHS
M,T, axe mazuBaroTh domuynoro do kpueoi B Toumi M.

Ciuna mpsiMyBaTHMe 0 TPAHAYHOTO IIOJIOXKEHHS, BiIMIHHOTO Bij BepTH-

KaJIbHO1 TIPsAMOT, TOJIi # JTuIle TO/Ii, KOJIM iCHY€ CKiHYEHHA T'DAHUIls
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A
i S0 = S

AaKa € Kymosum koedivicrmom domumnoi 1o rpadika byskiii f y Toumi .
Y pasi ckimuennoi moximuoi f(z,) mormuna go xkpusoi y = f(z) y Toumi

M(zyy,) Mae piBHAHHSI

by =y + (3@ — )]

Kymom mioc dsoma wpusumu y = fi(x) ta y = fy(x) y Touni ix mepern-

HY HA3UBAIOTh KyT MiXK JIOTHYHUMU JO KPUBUX, IIPOBEEHUMHU B ITiil TOUII].

3 piBHSHHS HOTUYHOI, ITO3HAYAIOYN OPIUHATY IOTHIHOI Yepes3 Ysors mic-

TaEMO PiBHOCTI:
Yoor — Y = f/(l’[))A:E = dy(zo)-

2. Tloxinma # mudepenniaa PYHKINT B TOUYIl MAlOTh TaKdii TEOMETPHUI-
HUMH 3MicCT:

1) noximna dyskuii f y Touni T, JOPIBHIOE KyTOBOMY KOedilieHTy HOTHd-
HOI, 1IpoBe/ienol 1o rpadika dynkiii y = f(z) y Touni M,(z,; f(x,)), To6T0

|f’(a:0) =k, = tgoc,|

e @ — KyT HaxXuiy JoTudHOl 70 oci O.

2) mudepennjan dbynkuii f y Touni , JOPIBHIOE IPUPOCTY OPIUHATH
porianol y rouri M, (zy; f(z,))-

3. IlepeTBopioioun PiBHAHHSA CIYHOI JIO BUTJISITY

L:m_% Yo
Ay Ay
Az Az

i cipsimoByroun Az 710 HyJid, JiCTaeMo, IO HeCKIHYeHHIH ToXijaHill Bignosigae
BEPTUKAJIbHA JOTHYHA 3 PDIBHAHHAM T = I,

fxmo B Toumi =, icHyroTh ommHOGiUHI Heckimdenni moximmi yHKHII, TO B
it rouni rpadik dbyHKUIT Mae BepruKasibHy HoTudHy (puc. 7.3) 3 piBHIHHAM

r = CL'O.
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Y )

, T Lo
f(zy) = +o0, f(zy) = —o0, f(wy) = —o,
fl(zy) = +o0 Fl(zy) = —o0 fi(zy) = 400

Puc. 7.3. Beprukaspui goruani 1o rpadikis ¢yskIii
4. dxmo B Toumi 7, He icHy€ CKiHYCHHOI YU HECKiHYeHHOI IoxXinHoi dyH-
Ki1ii, To Touka M (z;y,) € KyToBoi Toukoo rpadika dyHkmil i B Taxiii Touri

HE MOYKHA TIPOBECTH J0THYHY (puc. 7.4).

Puc. 7.4. lo rpadika dyHKIH] y KyTOBiil TO4YIl He MOKHA IIPOBECTH JOTHYHY
5. Hopmanano do wpusoi y = f(r) y moumi vy domuuna
M (y;y,) HasuUBAIOTH NPAMY, INO MEPIEHIUKYIIPHA Yo

210 OTUYHOL B 1iit Touni (puc. 7.5).

Ockisibku KyTOBi KoeillieHTH IepHeH UKy Isp-

s . . HOpMQAJIL

HUX IIPAMUX 3B A3aH1 CIIBB1IHOIIECHHAM ol - o
0
1
k1k2 =—-1< k2 == Puc. 7.5. Hopmains
10 KpUBOL
TO
I . 1
HOpM _f/(l’ )7
0

3a ymosn, mo k= f'(z,) = 0.

Pisnsnns mopmani 10 xpusoi y = f(z) y Touni (z,;y,) Mae Bursz

B 1
Y=Y —m(x — ).
6. dxmo morwmuma g0 rpadika pyHKIT y
y = f(z) y mouni M,(z,;f(z,)) € BepruxaibHOO Yo
HPSAMOIO T = T, TO HOPMaJb JI0 Ipadika € ropuso-
ol o\ =

HTAILHOI0 NpsMOIO (puc. 7.6) Puc. 7.6. Topusonranbua

opats
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a B pasi rOpU30HTAJIBHOI JOTUYHOI Y = ¥, HOpMaJIb Y
mae piBasinHg (puc. 7.7)
Y
= 0
O ) T

Puc. 7.7. Beprukansna
HOPMAJIb

7. IIBuakicTb mpsaMoJiiHiiiHoro pyxy. Posrigabmo mMaTepiaabHy TO-
uky M, 10 pyXaeThesl B3IOBK JESIKOT MPIMOI 38 3aKOHOM
s = s(t),
Jle § — JIOBXKWHa IIAXY, sIKU# TMPO#IIIa TouKa Biji movarkosoi Touxu M ;
t — gac. Hexait M — HOJIOXKEHHS TOYKH B MOMeHT t, a M’ — y MOMeHT

t+ At i As — Bimmams mix Toukamu M ta M’ (pmc. 7.8), To6TO
As = s(t + At) — s(t).

T TG
) S———

s(t + At)

Puc. 7.8. Ilpsimominiitauit pyx

Bignomennst
As
A_t = Veep
HA3UBAIOTH Cepedrbo1o weudkicmio pyxy Ha minsam sim M no M', a rpaxn-
J1800)
As
im — = o(t)
At—0 At
HA3UBAIOTH wWeudkicmio (MUTTEBOIO IBUIAKICTIO) pyXy B MoMeHT {. OTxe,
ds
o(t) = —.
dt
Hudeperrian
ds = vAt

JIOPIBHIOE TILISIXY, KU 6 TPONIIIA TOYKA 3a MPOMIXKOK 4acy At, TOIHHAO-
YU 3 MOMEHTY t, aKOM pyx Ha Iiil Jaiiganmi Oys Ou piBHOMIpHUI 31 MIBUIKICTIO
v. Ile#t muwisix BiIPI3HSIETHCS BiJl CHPABXKHBOIO NHUIAXY AS HA HECKIHYEHHO

MaJly BUIIOIO HOPSAKY Masim3uu, Hixk At, ko At — 0.



7.2. TloxigHi Ta andepeHujiany BULLMX NOPSLKIB 289

7.2. NOXIAHI TA JUOEPEHLIATN BULLUAX
NnoprPA4KIB

7.2.1. Iloxigni BUIMUX TOPSIKIB

7.2.2. Iudepenniaam BAIIX TOPSIKIB

7.2.3. Iloxigui BUIIUX MOpAAKiB Bij DYHKIH, 33/JaHIX TaAPAMETPHIHO
Posrusinatoun noxignay Bijg yHKINT siK HOBY (DYHKINIO, MOXKHA 3HAUTH TI0-

xigHy Big moxigaol dyHKHil — moxigHy 2-ro mopsiiky, a moTiM i moximHy Big

TMOXiTHOI 2-T0 TOPAJIKY 1 TaK JaJi.

7.2.1. MoxiaHi BULMX NOPAJKIB
1. Posragubpmo audepenniiiosry B Koxkuiit Trouni ¢ € X dbyukuio f(x).
Toni i moximma f/(r), axy masuparoTh 1me noxidiow 1-20 nopadwy (nep-
woto noxidiow), Takox € dynxmieo Big r. dAxmo dyrkuia f(z) madbepenti-

MOBHA, TO MOXKHA O3HAYUTH 11 TTOXITHY

(f'(@) = f"(x) =

zf
dz?’

SIKY HA3MBAKTh MOXIMHOW 2-10 nopsanky (dpyzorw noxionorw) dynkuii f(z).

[Tt LN (noxiHOI 7-TO HOPAAKY).

Ioxidnoto n-z20 nopadky dyuknil f(r) HasuBalTb NOXiAHY Bij MOXiTHOT

(n — 1)-ro nopsaAKy i MO3HAYAIOTH
M) = CF DY = 19 O () =
dx
IToximmi 1-ro, 2-ro Ta 3-T0 MOPAAKY MO3HAYAIOTH NMITPUXaMU, TPUMIPOM,
f(@), f"(@), f"(2).

[oumnatoun 3 1MOXigHOT 4-T0 MOPSJKY, MOXIiJHI TMO3HAYAIOTH IHMpaMu

(puMcbKuME 260 apabCbKUMU, y3aTUMU B Jiy2KKu). [IpumipoM,
fO(@) = V().
Oyukmnito [ Ha3UBaOThL N pasis dugepenyitiosnoro B Touli © € X, SKIIo
B Mi#t Touri GYHKITST Ma€ BCi MOXiTHI IO N -TO MOPSAKY BKJIIOTHO.
Muoxkuny Bcix dbyukuiii f, osnadenux B inrvepsasi (a;b), gKi MaTL He-

[IepepBHy HOXIJHY 7-T0 IOPsJIKY, Ho3Hadaors C"(a;b).
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Dyukuiio f(z), mo Mae HoXigHi Oy b-sKOr0 HOPSAJIKY B KOXKHIN Tou iH-
repBasy (a;b), Ha3UBAOTH Heckinuenno Judepenyitiosnoro B (a;b) 1 mmmyTsb
f e C®(ab).

2. Ilpumipom, dyskiil e’,sinz,cosT € HecKiHYeHHO audepeHIiioBHIMU
Ha (—00;+00).

MetomoMm MaTeMaTUYIHOT IHAYKINT MOYKHA OJIePKATH (POPMYJIN:

—— ™" n < m,
1) (:1:'”)("> =1(m—n)! n €N;
0, n > m,
2) (™)™ = a"e™ n e N;

3) (sinz)™ = sin

T +gn],n eN;

4) (cosz)™ = cos ,n € N;

:1:—&—371
2

(n) 1y
1 ] _ _(=1n! n e N:
a (

T — T — a)7l+1 ’
6) (In(z + a))™ = M,n eN.
(z +a)

Josedernsa. IIpumipom nosegimo dopmyaty 3).

5)

1. ®opmya npaauBa qug n =1 ta n = 2:
(sinz) = cosz = sin[az + g],
(sinz)” = (cosz)’ = —sinz = sin[x + 22]

2. Ilpumnycrimo, mo dopmysta npasausa 1ist n = k:
. : . kS
(sinz)® = sm[z + kg]
3. JloBenimo, 10 BoHA MpaBauBa I n = k + 1:

’
(sinz)* V) = [sin[z + kg]] = cos

az:JrkE
2

=sin|z + k= + 1| = sin ach(chrl)E .
2 2 2

Orke, 32 NPUHIMIIOM MaTEMATUYHOl 1HJAYKIHI (dopMmyJia mpaBauBa it Oy Ib-sIKOTO
neNH
3. Mexaniynuii 3mict apyroi moxiznoi. Hexait s = s(t) — 3sakon

MPAMOJIIHIFTHOTO PyXy MaTrepiaJibHOI TOYKH, TOJI HepIrna moxinna Bim dyHkil



7.2. TloxigHi Ta andepeHujiany BULLMX NOPSLKIB 291

s(t) BusHAuWae WBHAKiCTH pyxy v = §'(t). JIpyra moxiiHa € MBHIKICTIO 3Mi-

HEHHS [IBUJIKOCTI PyXy, TOOTO IPUCKOPEHHSIM

dv P
= — = t).
a= s"(t)

4. Tloxigui BumuX MOPAAKiB cymm Ta AOOYyTKYy yHKIH. Ao
dbyukmii w(z) Ta v(r) MalTh MOXiMHI N-TO MOPAAKY B TOYNi %, TO (DyHKIIT
u(z) £ v(z) Ta w(z)v(zr) TakoxK MalOTh HOXiJHI N -TO NOPAIKY B Liil TOULi,
MIPUIOMY

(u(z) £ v(@)" = ul(z) + o (2);
(u(@)v(z))™ = OOy + C}Lu("’l)v/ +.. 4 Cs’lu’v("’n + O:;uvw) =

= > CF" N (z) (),

k=0

ne CF = (n—n—k!)!k!;um)(x) = 4,0 (z) = v(z),n € N.

Qopmyny ajas (uv)<") Ha3WUBaIOTh JlAtibniyosoto dbopmysow. Bona nara-
nye dopmyay HeioronoBoro 6inomy, Jimiie 3aMiCThb CTENEHIB CTOATH MOPSIIKU
TOXITHUX.

Axmo dyskiis f e n pasiB qudepenmiiioBroro B Touni z, a C' = const, To

(Cf(x))™ = Cf"(z),C = const,n € N.

5. Ilpumipom,
020012 -1 u(2012) sin(x + 10()61r) =sinz v=21
(l’ sinx)(2012> _ 021012 = 2012 u(?Oll) = sin|z + 20117{] — cosz 1)/ 1l
022012 = w0 = v =0

=1-zsinz +2012-1(—cosz) + 0 + ... = zsinz — 2012 cos z.

7.2.2. ndepeHuiany BULLKUX NOPAJKIB

1. Posrasmbmo audepentiiiosny dbyukiio f. 11 gudbepenmian (mudbepen-
mias 1-ro mopsaKy)

3aJIeXKUTh Bix  Ta dx.
JTugpeperyianom 2-20 nopsaoky (dpyeum dugepenyianom) dysxmii f Ha-

3UBalOTh JudepeHIial Bia audepeniiaia 1-ro mopsaky i MO3HAYAIOTh
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[T ek (nudepenniana n-ro mopaaxy).

JTugpeperuianom n-20 nopadky (n-m dupepenyianrom) dynkuil f Ha3UBAIOTH
mudepennian Bix mudepenmiaia (n — 1)-ro MOpAIKy i MO3HAYAIOTH
d"f(z) = d(d""'f(z)),n € N,
d’f(z) = f(2).
2. Hexaili f e dyHKIi€r0 HE3aEKHOI 3MIHHOT z, 10 Mae JudepeHIiaim
Oy Ib-IKOT0 TTOPAaKy. Toi
if(@) = f'(z)ds,
ne dz = Az e crajuMm. 3a O3HAYEHHSIM
d*f(z) = d(df(z)) = d(f'(z)dz) = d(f'(x))dz =
= (f"(a)dz)dz = f"(z)(dz)".

Orxe,

& f(2) = ["(2)(dx)’ = f"(x)da”]

Tak camo
& f(z) = d(d*f(2)) = d(f"(2)(dz)*) = d(f"(x))(da)* =
— (f"(@)da)(da)? = () (o)} = f" (@)
MetomoMm MaTeMaTUdHOT IHIYKINT MOXKHA JIOBECTHU, IO
d"f(z) = f")(z)dz",n € NJ
3Bimcu, 30KpeMa, BUILINBAE, IO
dz"

3. Busemimo Temep dopmyan g obUnCIeHHS IUEpeHIiagiB y pasi,

KOJIM apryMent z € gudepenuiiiopaoro dbyskuico x = ¢(t) He3ane:KHOl 3MiH-
woi t. Hug ommoro it Toro camoro At, ase pizaux t (a, orxke, i pisHuX )
npupoctu Az pisui, TO6TO B boMy pasi dx = Az He MOXKHa BBaXKaTU He3a-
JIEZKHUM BiZT 2, OCKiIbKEU nudepeHtian MyHKIl
de = d(e(t)) = /(.
Tomy
df(t) = f(t)dt = f(e(t)- ¢'(t)dt = f}(x)dw.

Orxke, nepmmii qudepentiai GyHKIil f BU3HAYAIOTH OJHIEO 1 Tiew ca-

MOIO (pOPMYJTOIO HE3aJEXKHO Bijl TOTO, 9H € il apryMeHT He3aJIe’KHOI0 3MiHHOIO,

qn € DYHKIHEIO HITIOTO apryMeHTy.
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ITro BmacTuBicTh mgudepenmiaga HAZUBAOTL  IHEAPIAHMHICTIIO  HOPMU
nepwozo dudepenyiana.
SuaitniMo gudepenmian 2-ro TOPAIKY:
d*f(z) = d(f'(z)dz) = d(f'(z))dz + f'(z)d*z =
= (f"(z)dz)dz + f'(z)d’z = f"(z)d2* + f'(z)d*.
Orxe, mudepeniiamm 2-ro (i Buile) NOPAIKY BxKe He MAIOTh BJIACTUBOCTI
iHBapiaHTHOCTI.

7.2.3. NoxiaHi BULWMX NopajKiB Big, GyHKLUiN, 3aaaHUX
napameTpu4HO

1. Posraguapmo dyukiiio y = y(r) 3aJaHy NapaMEeTPUIHO DIBHAHHIAMU:
Tz = z(t),
® teT.
y = y(®),

OckinbKu

TO
Tz = z(t Tz = z(t
y z = (¢ 7:>y/ ;/)7:> y// ((;;)/ =
=yt Clw=o T e =5
Ty Zy
z = x(t),
(n) -1
MR (),
o 7]
. . T = cost,
2. IlpumipoM, gKINO 3a/JaH0 (PYHKILIO - t € [0;7], To il mepmry
y = sint,
MOXIJIHY 33JIaI0Th PIBHAHHS
T = cost,
, t € [0;w].
y = —ctgt,
Hpyry noxiiHy 3a7ai0Th PiBHAHHS:
T = cost,
1
—— t € [0;m].
" _ (—ctgt) _ sin’t _ _ 1 7

(cost)  —sint sind¢’
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7.3. OCHOBHI TEOPEMMU
AUOEPEHUIANTBHOIO YAC/IEHHA

7.3.1. Teopema ®Pepma
7.3.2. Teopemu 1po cepesiHe 3HAYEHHS
7.3.3. IlpaBuno Beprysn — Jlomiamns

CdhopMyI0eM0O HU3KY BaXK/JIMBHX TeOpeM Ipo (GyHKIHT, audepeHiiiioBti B
inrepBasi, Ta AicraeMo eEKTUBHE IPABUJIO I PO3KPUTTS HEBU3HAUEHOCTE 3a
JIOTIOMOT'OIO TIOXiTHUX.

7.3.1. Teopema ®epma

L. (@epma).

Hexait dyukuia f uenepepsua B inreppasi (a;b) 1 mabGysae cBoro Haiibiib-

moro abo HAMMEHIIIOro 3HAYEHHS B JEsAKiil Todri ¢ mboro intepsasy. Toi,
. . . . / /

AKIIO B To4li ¢ icHye ckinmdenna noxizua f'(c), To f'(c) = 0.

/Jlosederns. Hexait miisi BusnadeHocti yHKilisi [ mocsirae B TOYII ¢ CBOrO Haiibi-
JbIoro 3uadentst, robro f(z) < f(c),c € (a;b).

Toui na migcrasi mqudepenuitopaocri hpyHkuii f y Todmi ¢ mist £ > ¢ JiCTaEMO

@) =10 ooy M:f’(chO)gQ

T —c r—c+0 T —cC
a Jjist r < ¢ MaEMO
0 =10 5 o4y FD=10 _ g5
Tr—cC r—=e=0 T —¢
Ii HepiBHOCTI OJJHOYACHO MOXKYTb BUKOHYBATHCH JIUIIE TOJI, KOJIK
Flet0)=fle—0)=f()=0.m y M

2. l'eomerpuunnit 3mict Teopemu Pepma mo-

v

JIATA€ B HACTYIHOMY: SIKINO B TOYUIl T = ¢ (DYHK- E
1
:
:

mig f mocsrae HaWOIILIIOTO ab0o HANMEHIITOro 3Ha-

olac ¢ bz

Puc. 7.9. 'eomerpuynmit

YeHHsd, TO JOTUYHA N0 rpadika 1miel GyHKIT B TO-

qni ¢ = ¢ napajenbHa oci Oz (puc. 7.9). :
3mict Teopemu Pepma

7.3.2. Teopemu npo cepegHE 3HAYE€HHA

1. Oyuxuio f HazuBaOTh Judepenyitiosnoro 6 inmepsani (a;b), AKIIO
BOHa, JUpEpEHITiHOBHA B KOXKHI TOYIl 1IHOro iHTEpBaJIy.

HudepemntiitoBanM B inTepBati QyHKINAM TPUTAMAHHI CIIJIbHI BIACTUBO-
CTi — TEOpeMU PO CEPEHE 3HAYUCHHSI.
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| Teopema 7.5 (LSRENE

dAxmo dyukuisa f:
1) HenepepeHa Ha BiApisky [a;b];
2) nudepenuiiiosna B inrepsasi (a;b);
3) Ha KiHI#X BiApi3Ky [a;b] nabysae piBuux 3nadens f(a) = f(b),
To B inrepBasi (a;b) icHye npumHaiiMui ogHa TOUKa ¢, y #Kiil noxigHa QyHK-
il f mopiBHIOE HYyJTIO, TOOTO
f'(c) = 0,c € (a;b).
Josedernsa. dxmo g 6ynp-axol Touku ¢ € (a;b) BUKOHAHO PIiBHICTH
f@) = fla) = f(b),
o dbyukuis f crama B npoMmy iHTepBadi i 1a Oyb-aKol Touku ¢ € (a;b) BUKOHAHO yMOBY
7e) = o.

Hexait icuye Touxa z, € (a;b), nma axoi f(z,) = f(a), npumipom, f(z,) > f(a). Ha

nizcrasi Baepmrpacosol Teopemu 6.14 nya dyuxuii f icmye raka Touka c € [a;b], y saxiii
byukuisg f nabysae HaiibiibIIOr0 3HaUeHHs. Tosi
£e) = flay) > fla) = f(b).

Tomy ¢ = a ta ¢ = b, Tobro ¢ € (a;b) i dyukuis f nabysae B Touni ¢ Ha#ibGinbIoro
smavenna. Otxe, Ha macTasi Teopemu @epma f/'(c) = 0. W

2. Teomerpuunnit 3mict Teopemu Poist: gKIMO HemepepBHA Ha BiIpi3Ky
[a;b] 1 nudepenuiiioBua B inrepsati (a;b) dbyukuis f HabyBae Ha KiHLIIX HHO-
ro BiZpi3Ky piBHEHX 3Ha4YEHb, TO Ha rpadiky Iiel QyHKIl 3HAKIETHCA TpU-
HalMHI OJiHa Taka TO4YKa 3 abCIMCcoI0 T = ¢, y dKiil JOTUYHA TapaJsesbHa Oci
Oz (puc. 7.10).

3. Bumory mmdepentiitoBHOCTI MOXKHA
TMOCJA0UTH /10 BUMOTH ICHYBAHHS CKiHIEHHOT

ab0 HEeCKIHYeHHOI TOXiIHOI MEeBHOrO 3HAKY.

Ipumipom, dyskiis (puc. 7.11)
Ji—(z—1? 0<z<2 y

fe) = Jlo@r1?, 2<e<0. g

4. ¥Yci Bumoru Teopemu Posga icroTwHi.

Ha puc. 7.12 306paxeni rpadiku Tpprox dy-

B
)
'
1
|
Ol a c bz
HKITi, o3Ha4YeHnx Ha |—1;1 JIsT KOXKHOI 3 Lo
T, [ ! ]’ = Puc. 7.10. I'eomerpuynnii 3micr

AKUX HEe BUKOHAHA JIIIIE OJIHA i3 TPhOX YMOB teopemu Pojis
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rTeopemHu i He icHye Takol Touku ¢ € (—1;1): Y
f'(c) = 0. '
2 -2 :
z°, x € (0;1], -
1) oyuknis f(z) = 1], Y 1 2z
1, =0 .
PO3PUBHA; Puc. 7.11

2) dynkuia f(z) = |:L’| — HegudepeHIri-
itoBHa B TOoumi z = 0;

3) gma  bywknii  f(z) = T,z € [0;1],
f0) = f(D).

Y I
8

|

_

Q

[l
8

)

Y I
8

0)
Puc. 7.12

5. MG ENEH(JIarpamska).

Axmo dyskmia f:
1) menepepsua Ha Binpisky [a;b],
2) nudepenuiitosua B inrepsasi (a;b),
To B inTepBasi (a;b) icHye npuHaliMHI OJHA TOYKa ¢ TaKa, IO MpaBAuBa (fo-
pmyaa Jlasparoica
f) = fla) = f(e)(b—a),a < c<b
Josederns. PosriisiabMo J0MOMIZKHY (DYHKIIiO
e(z) = (b —a)f(z) = (f(b) — f(a))z.

IIa dyuknis cupasipkye ymoBu teopemu Posst Ha BiApisKy [a;d]:

1) ¢ menepepsHa Ha [a;b] gk cyma HemepepBHUX Ha [a;b] dyHKILH;
2) ¢ nudepenuiiiosna B (a;b) dyukuia gk cyma audepenniitoanx B (a;b) dyukuiii;
3) ¢(a) = @(b) = bf(a) — af(b).
BHaii Mo moxigny 1€l GyHKIT:
¢'(z) = (b —a)f'(z) = (f(b) — f(a)).

3rigno 3 Teopemoro Poss iciye Touka ¢ € (a;b), Taxa, mo ¢'(c) = 0, To6TO

(b= a)f'(c) = (f(b) = f(a)) = 0 & f(b) = f(a) = ['(c)(b—a). M
6. fdxmo B Jlarpamxosiit ¢opmyn noknmactu a = z,,b = r, + Az, TO0

BoHA HaOyBa€ BUTJISIITY

|Af(x0) = f'(c)Az,c € (xo;aco + Ax)|
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Ockinibku hopMmyJsia da€ TOYHUN 3B’A30K MPUPOCTY (DYHKINT 1 mpUpocTy
apryMenty, il 1e Ha3UBAIOTH (HOPMYAOI0 CKINYCHHUT Npupocmic (BKA3aTH TO-
YKy ¢ 9aCTO HEMOIKJIMBO).

7. Teomerpuunuit 3mict JlarpamxoBoi Te- y C

53]

opemu (puc. 7.13) mosisirae B TOMy, IO Ha Jy3i
AB rpadika byskuil y = f(z), mua gkol Bu- A

KOHAHO YMOBH TEOPEMH, 3 KiHIFMH B TOIKAX
A = (a;f(a)) Ta B = (b;f(b)) smaiinerbca Tou-

ka C = (¢ f(c)), mormuna B 4akiil mapasesnbHa

o) TRy
o

ol «a

Puc. 7.13. I'eomerpuanmit 3mict

T

Teopemu Jlarpamxa
xopai AB.
Nl Teopema 7.7 (2

Axmo dyskii f i g:

1) memepepsHi HA BiAPI3KY [a;b],

2) nudepenuiitosni B inrepsai (a;b),

3) moximma ¢'(z) = 0 B inTeppai (a;b),

To B inrepBasi (a;b) icuye npunajiMui ojHa TOYKa ¢ Taka, IO
010 _ 1) .
g9(b) — g(a)  g(c)

JlarpanzkeBa TeopeMa BuiLnBae 3 reopemu Komi mst g(z) = .

7.3.3. Mpasuno bepuyani — Jlonitans

1. CdopMyr0eMO yMOBU 3aCTOCOBHOCTI 1€ OJHOTO e(PEeKTUBHOIO CIIOCODY

3HAXO/PKeHHS I'PDAHUIIb.
TSN (Bepuyni — Jlonitamns).

dAxmo:

1) dyukuii f ta g osHaueni, HenpepepBHi ¥ audepeHIIHOBHI Y TPOKOJIEHO-
MY OKOJII TOUKHU Z;

2) ¢'(z) = 0 B ycix TOYKAX IHOTO OKOIY;

3) lim f(z) = lim g(z) = 0 a6o lim f(z) = lim g(z) = oc;
T3 T, T,

I-’IU
!
4) icuye lim f,(I) =1L,
w1, g'(2)
TO icaye lim @ = L.

=y g()
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Zlosederts. PosrasHbMO BUTIAIOK CKIHIEHHO! TOUKH I, i
lim f(z) = lim g(z) = 0.
T T
Hoosnaumo dbynkuii f Ta g y TouIi z;, HOKJIaIai0un
f(%) = g(zo) =0.
Toni dynkmnii f Ta g craoTh HelmepepBHUMHI B TOUIi T,. 3aCTOCOBYIOUYH JIO HUX TEO-

pemy Kormi na Bifpisky [z,;], micraemo

f@)  flz) = flz) _ f(e)

gz)  glx) —g(z)  ¢'(¢)

Jie ToUKa ¢ € (Ty;2). Axmo & — x,, 10 ¢ — 7 i

J@) _ oy L0y, L)

lim ——= =

=1, g(z) ez, g/(c) T, g/(z)

Crocib po3KPUTTS HEBU3HAYEHOCTEH BULJISIILY 6 Ta — (SIKIIIO BUKOHAHO
00

YMOBHU TeOpeMH), 3a (pOpMyJIor0:
!
m M = [9 abo sl lim f/(a:)
a—1, g(x) 0 00 z—1, g'()
Jlonimana.

Ha3UBAaIOTh Npasurom bepryani

2. HeBusnauenocri
0 - 00,00 — 00,1, 0°, 0c?

- ©¢)
MOZKHa 3BE€CTH JO HEBU3HAYCHOCTEU 6 Ta — 3a JO0IIOMOI'0OI0 IIepeTBOPEHDb

f 0
=lo)= L= - - 1
1_1 0
F-g=lo-oo =1L =8,
I
Inf

fg = [1005007000] = eghlf = egil(f > 0)-

3. Moxke TpaluTuCh, IO T'PAHUIS BiJTHOIIEHHS MOXIJTHUX HE ICHYE, TOJIi

AK rpanung Bigpomenns dynkiii icnye. Ipumipom, dyuxmii f(z) = 22 sin —
x
Ta g(z) = .
2 .1
. z . TS . 1
lim /() = lim L = lim xsin— = 0.
x—0 €T

s—0g(x) 220
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()

. 1 1 . .
YHacrka 1moxiaHnx = 2xsin— — cos— y Touri x = 0 rpaHUIl HE Mae.
T

!
g'(z) z
!
, _ fl@) - . f(@)
Orxe, 3 icHyBanns lim —— He BMIUIMBa€ iCHyBaHHA lim =
(e M g@)
4. IlpaBuio Bepuysut — JlomiTamst iHKOIH TOBOAUTHCHA 3aCTOCOBYBATH

KUIbKa pa3iB.

3a npasunom Beprysai — Jlomitans MoxHa moBecTH, 1Io:
n

lim £ =0, e N.

z—+00 ¥
. Inz
lim — = 0, > 0.
T——+00 mo‘
Tobto, creneneBa dyukiig %, > 0, 3pocTaec HEMOPIBHIHO MIBUIIIE JIO-
rapudMiTHOT Ta HEMOPIBHIHO MOBIIbHIIIE TOKA3HUKOBOI (DYHKITIT.

Inzr < 2% < e,z — 400 Va > 0.

7.4. TENNOPOBA ®OPMYJIA

7.4.1. Muorousen i dpopmysa Teitsopa
7.4.2. Pizni dopmu Teitoposoi dopmytn
7.4.3. Posunenns 3a dbopmytoro Teitiopa — Makiiopena ejiemeHTapHux QyHKILT
7.4.4. 3acrocyBanus TeiisiopoBol dhopmyu

Haitnpocrinmvu GysKiisMu B po3yMinuai 004nC/IeHb TXHIX 3HAYEHB € MHO-
rouseHd. BUHWKA€ NMTAHHs 1IPO MOXKJ/MBICTD HabiMKeHHs (3aminn) yHKI
f(#) B OKOMI TOYKH T, MHOTOUICHOM JEAKOrO CTEICHS.

7.4.1. MHorouneH i ¢popmyna Teiinopa

1. Hexaii dyukuis f npuHaiiMai n pasiB audepeHIiioBHA B OKOJI TOY-
KU .
(MHOFO'-IJIeHa Teitopa).
Mmnozounernom Tetinopa n-20 nopadsy dynxuii f 3a cmenensmu (v — ;)
HA3UBAIOTH MHOTOYJIEH
! "
B @) = f(a) + 1) [

(x — ) + 5]
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Bnauenna noxigmux dynxnii f i i maorounena Teitnopa P (z) g0 n-ro

MOPSIJIKY BKJIIOYHO 30iraroThCst:
f(xo) = Pn(xo)af/(zo) = Pé(zo)7...,f(”>(z0) = Pén)(xo)'

2.((b0pMyJ1n Teiinopa).

Dopmynoro Tetinopa n-20 nopadky Gynryii v
[ 6 o%oAl movKU 7, HABUBAIOTH PiBHICTH Tn("‘”){
f(x) = ‘F)n(m) + rn(x)’
Jie ]5" (z) —  wmmorounen  Teiinopa,
r.(z) = f(z)— P,(x) — sarvwrosui wien o
dopmyau Tetinopa (puc. 7.14). Puc. 7.14. ®opmya Teitnopa

®opmyny Teitnopa B okosi Toukn 7, = 0 HasmBaloTL dopmynoto 1etino-
pa — Maxaopena.

Baymmikosuit unen dopmymn Teitopa 1, (r) Bu3HaYae HOXUOKy HAOJM-
sxerHs HyHKIl f i maorowienom Teitopa ﬁn(:zz)

fAxmo f(z) = P,(x) € MHOrO4IEHOM N-rO HOPAIKY, TO 7, (%) = 0:
p(”)(%)

(x —2)".

P (z) = P,(z,) + @(m —x,) + PTZ;(TO)(:E — x0)2 4+ ..+

7.4.2. Pi3Hi popmu TeiinopoBoi popmynn
1. Ioknapatoun z — 2, = Az, = 7, + Az y Teitnoposiit opmyi
) = flog) + D0 )+ L)

! 21
f(n)(l’o)
n!

—x,) + r—x,)? +...+

+ (x — )" + 7 (z, + Ax),

OIEPAKYEMO

fa, + Az) = fz,) + flffo)m + f”;”fo)m? Fot %Am" +
. +r,(z, + Ax) .
Ockisbku
f@y + Az) = f(zy) = Af(z),
f"(@p)Az" = d" f(y),
1o TeitnopoBy dopmysy n-ro mopsiaky (yHKII f MoxKHa 3amucartu B dudge-

PEHUTANDHIT POPMI
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d* f(x) n d*f(z,) +o+ /@, + 7, (2).

Af(zy) = df(z,) + Y 3] n!

2. (LTI ENRE(Teiiopa).

fAxmo dynxmia f osmadena it n pasip audepeHIiioBHa B OKOJ TOUKH T,

To mpasauBa gopmyaa Tetnropa n-ro nopsaaky GyHKO f i3 saauwkosum

ynenom y opmi Iearo:

f(w) =

(x —z,) +

(z) + ol(z — z))") =
(o)
21

+o((rx —z,)"), v — x,.
Josedenns. 1 (z) = f(z) — P ()

3 osmaueHHs MHOrowIeHa P () BHILIMBAE, IO

Iy~

(n)
(x —z)* + ... —|—fn—(!x0)(z — )" +

f/(xo)

=f($o)+T

n(y) = 1,(z) = ... = 775")(%) = 0.

Hosenimo, 110
7. (z) = o((z — z,)") & lim —rn(a:) =0
e (¢ — )"

3acrocyiiMo n pasis npasmio Bepuysuii — Jlomirasnsa Jyis pO3KPUTTS HEBU3HAYEHOCTI

BUTJIALY 6:
A C) R () N T e O N
eony (- xy)" s — zo)"(_i a=zy (n— Dz — )
i
=z, 1l

Tobro 7, (7) = o((z — x,)"), Ko z — z,. A
3. dxkmpo Bumararu Bix dyuxkuii f (n +1) pasis gudepenmiiioBaocri B
OKOJIl TOYKH Z,, TO MOXKHa 3amucaru gopmyay Teiropa n-ro nopsuky dys-

Kl f i3 3aauwkosum waerom y gopmi Jlaspanoica:

D f<n+1>(c) n+1
f(z) = P,(z) + m(m —zy)"t =
' () (5 (1), X
= f(z,) + %(z —zy) ...+ / n(! 0)(37 —z,)" + —](cn - 1()')(3: — )",
¢ € (zy;7),

AKIO T > %, abo ¢ € (7;7,), 9Kmo 2 < ;.
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7.4.3. Po3BMHEHHS 3a ¢popmyoio Teiopa — Mak/iopeHa

efeMeHTapHnX PyHKLN

1. Opepximo posunenns dyukuii f(z) =e”. Oyuxuia f(z) = e”

He-

cKimgeHHo audepeniiitopia Ha R. 3HAXOIUMO IOCJIIIOBHO MOXiTHI BiJa PyHK-

wi f(z) =e”:
fla) =€,
flz)=e,
f(")(ilf) = ¢,
f("+1)($) _ 695,

50 =1,
70 =1
£ =1

F () = e, ¢ € (032).

Migcrasasoun onepxami sagenns f(0), /(0),..., fM(0), f"(c) y dbop-

myaty Teiinopa — Maxksopena i3 3ajmmkoBumu wieHamu y dopwmi [leano Ta

Jlarpamxka, jicraemo:

2

n

e 1422 T r ny.
e _1+1!+2! +...—|—n!+0(x );
2 n n+1
T oz T T
e =1+—+—+..+—+ e, c € (0;x).
1 21 n!  (n+1)! (0:2)
2. Poseunenns GyHkuil f(z) = sinx:
3 5 2%k—1
0 oz x
sing =2 ——+ = — ...+ (=D o(z?*);
31 51 = 2k — 1)1 @)
3 0 e \ 2% +1
sner=2z——+——...+ (1) ——+ (—1)"cosc- ,
31" 51 1) 2k — 1)1 ) 2k +1)!
c € (0;z).
3. Possunenns dyukuil f(z) = cosz:
2 4 2k
cosz=1-2 4% + (=1)F L + o(z+1);
21 4! (2k)!
2 4 2% 2%+2
r .z kT k+1 z
cost=1——+——...+(—1 +(—1 cosc ,
21 4! =D (2k)! =) (2k 4+ 2)!
c € (0;m)
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4. Possunenns dysxuil f(z) = In(l 4+ z):

2 3 n
In(l4+z) == Ly (—1)"+lx—+ o(z");
2 3 n
1‘2 ZL’S 1 mn (_ 1)n InJrl
ml+z)=2——4——. (-1 —p 2
( ) 2 3 =D n (1+C)"+1n—|—1
c € (0;2)

5. Possunennsa byuxuil f(z) = (14 z)*:

(142" =1+az +0‘(°‘2_'_1)x2 T G 1)"'(?‘ —n D o o,
! n!
(1+2)° = 1+ax+%z2 +ot 0‘(0‘_1)"'(?‘_"+1)x” +
] n!
+0L(0L—(1)+:g):—n) (1 +C)(y—n—lxn+l, = (0,.T)
n .

Arxmo o = m € N, 1o Bci wrenn dopmyau Teitiopa — Makiopena, no-
quHatoun 3 (m + 1)-ro sHuKaTh, i dopmysa Teisopa — Makiopena neper-

BOPIOETECH HA hopmyty Hvromonosozo biroma

(m—1)

(l—i-x)m:l—f—%—&—m o1 > +...+ 2™ Vz € R

7.4.4. 3actocyBaHHsa TeliiopoBoi popmyau

1. 3uaxomakeHHs rpanuiib. Popmynn Teitmopa — Maxksopena i3 3a-
JIMIIKOBUM 4yteHoM y popmi [Teano € mkepesoM acuMITOTHIHIX (hOPMY.I.
IpumipoM, g f(x) = sinz (puc. 7.15) maemo:
sinz = 2 + o(2?); ”
3
sing = 7 — — + o(z");
3!
3 5
. xT X 6
sm:z::x—g—i—a—i—o(m ), ol

z — 0. /

Bukopucraemo ommy 3 mmx

OPMYJI JIJIsi OOYMCJIEHHS TDAHUILL
dopayt 2 p t Puc. 7.15. Habmuzkenns dynkiii

f(z) = sinz TeitnopoBuMu MHOrOYIEHAMN B

rouni Z, =0
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. T —sinz . 3! .
lim —— = lim = lim
z—0 T z—0 1’3 z—0

e
x—[z—+o($4)]

1 ofz! 1
1 o)1
3! 28 6

2. Habsmxenni obumciaenna. QPopwmysny Teislopa 3a creneHaMu

(r —z,) i3 3ammmkoBuM wienoMm y dopmi Jlarpam:xka 3acTocoByIOTH JIA 00-
“uCyIeHHs Hab Kenux 3uadennb Gynkiii B okomi U(z).

Bnauenna f(r) B okomi U(x,) obuncmoors 3a (hopmyJo0

£ (ay)
R RS e PR
MOXMOKA HAOJMKEHHS HE TIEPEBUIILY€E

(n+1) ¢ .
|Tn(x)| = @LTl()')(I - onyhL ;€ € (z32).

0,1

3. Ilpumipom, obuucaimo e 3 Tounictio 7o 0,001.

O 3ammucyemo dopmyy Teﬁﬂopa — MakJiopena jjist e”:
n

P BT +w—+r()

11 91
ec 41
r(z)=——2"""0<c<
W(@) (n+1)! ’
[Toxubka wHabsmkenus ne noBuaHa nepesurrysatu 0,001, oTxke,
1 n+1
T, () = cOn™ < 0,001.
(n+1)!
Ockinbku e < 2, To
2 < 0,001.
10" (n 4+ 1)!
IToxmamaoun n = 1,2,3,..., 3HaXOANMO, IO HEPIBHICTH BUKOHAHO, TTOYHMHAIOTH
3n=3.
Orxke, 3 Tounictio 1o 0,001
~ 1+£+&+%: 1,105.@

1! 2! 3!
4. Ilpu n = 1 dyuknito f HAGIMKAIOTH MHOIOYICHOM 1-TO CTEIeHs
f(@) =~ f(zy) + f/(xo)(m - Zp)

3 HOXUOKOIO
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"
c
o) = L -z,
Ockinbku 3a osnavennsam z — 7, = Az, f'(z))Az = df(z,), To
f(@) = f(z,) + df(z)),
3 TTOXUOKOIO, IO HE TEPEBUIILYE
"
c
|7’2(z)| = f2(! )(1: —z,)*|,7, < ¢ <z

7.5. DOCJIIKEHHA OYHKLLIA

7.5.1. Mounoronnicrs dyHKIit
7.5.2. JlokaspHi ekcTpemymu dyHKIHT
7.5.3. Haiimenmie Ta naitbiiblne 3uadenss GyHKIT
7.5.4. OnykiicTs OYHKIL | TOYKU EpEruny
7.5.5. Acuvmrrorn rpadika OyHKIT
7.5.6. Cxema MOBHOrO JOC/IIzKeHHs QYHKILT
3acrocyiiMo udepeHIiagbHe YUCICHHST JI0 JOCHIPKEeHHs (DYHKI[H Ta 1m1o-
Oy10BU X rpadikis.

7.5.1. MOHOTOHHICTb QYHKLiV

OpHuM i3 3acToCcyBaHb IOXIIHOI € JIOC/IKeHHsT (PYHKIIIH 1 mobymoBa ix-
HiX TpadikiB.
1. (kpurepiit cramocrti PyHKIiT).
DyrkIia f € cranown Ha BiApisKy [e;b] Toai # mmime Toxi, Koam
f'(z) = 0,z € [a;b].
ﬂoeeﬂenna.HKmo dyukiia f e cranoo Ha BiApisky [a;b], TO BoHa Mae Ha 1HO-
My BLIpi3Ky moxinHy, i ma moxigHa
f'(z) = 0,z € [a;b].
Hexaﬁ f'(2) = 0 mna Beix z € [a;b]. Posrasmbmo dikcoamy touky z, € [a;0] i
Gynp-sKy TOuKy % € [a;b],4 = z,. Ha migcrasi reopemu Jlarparmka
J(@) — fa) = F)(x —,),
ne ¢ € (zy;z). Ockinbku f'(c) =0, ro f(z) = f(z,) mna Beix z € [a;b]. Lle osnadae, mo
f(z) = const,z € [a;b]. A
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2. (HeoOximHa ymoBa 3pocraHHa (CriagaHH:A)
dyHKLIT).
Axmo dbyukuis [ Ha Biapisky [a;b] mudepenniiioBra i 3pocrae (cnagae), To
f@) =0 (f(z) < 0),z € [a0)].
Llosedennsn. Cupassi, skimo dyskiis f 3pocraoua, To
Af(z) = f(z + Az) — f(z) > 0 maa Az > 0;
Af(z) < 0 i Az < 0.

B obox Bunajkax > 0, a, oTKe,

Af(z)
A

x

3. (mocraTHi yMOBH CTPOT0i MOHOTOHHOCTI).
Axmo dyukmia f:
1) menepepBra Ha BipisKy [a;b],
2) nudepeniiiiopua B inrepsaii (a;b) i
3) fi(2) >0 (f'(z) <0),

To dyHKiis f 3pocrae (cuajae) Ha BiapisKy [a;b].

Zosedenns. Crpapni, 3a GopMyIo0 CKiHIeHHUX MPUPOCTIB JJIs JIOBITBHEX T Ta
3 Biapiska [a;b] mMaemo
Af(z,) = f'(c)Ax.
Orxe, axmo f'(z) > 0 B (a;b) i Az > 0, To Af(z) > 0 i bysxuis f 3pocrae Ha Biz-
pisky [a;b].
dxmo f'(x) <0 B (a;b) i Az >0, To Af(z) <0 i dynxmia f cmamzae Ha Biapizky
[a;0]. W

4. dxmo dbyskuis f 3pocrae (cnagae) B (a;0), TO Y

e me we osnavae, mo f'(z) > 0 (f(z) < 0) B yeix To-

. 0 T
YKaX MPOMIKKY.

[pumipom,  dymknis — y = 2° 3pocTa€ B

.= 0 (puc. 7.16).

Puc. 7.16. 3pocraroua
byuKIis

(—00;400), omnax y'(0) = 3z° |z

5. IurepBamu MonoToHHOCTI (DYHKINT BiJOKPEMJIIOIOTH OJWH BiJl OJIHOTO
abo TOYKWM, JIe TTOXiTHa JTOPIBHIOE HYyJIE€Bi, aD0 TOUKH, Jie TOXi/IHa JOPIBHIOE He-

CKIHYEHHOCTI 9¥ He iCHYE.
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(RpI/ITI/Iqu'l' TOYKHU 1-T0 mOpsaaky).

Hexait bynknia f osmadena B okosi Touku z,. TOouKy 7, HasHBAIOTbL KpuU-

MUY mowkoto 1-20 nopsadky GYHKIHT f, SKIIO BUKOHAHO OIHY 3 yMOB:

1) f/(xo) =0

2) f'(z,) = oo;
3) 21 ().
T'eoMeTpUYHO IIi YMOBH O3HAYAIOTH, 7 M M
MO y KPUTUYHIN TodYmi 1-ro mOpSaKy
m
nporudna abo mapasesnbHa oci Oz (ymo- ~ A

Ba 1) (Taki TOYKM HA3WBAIOTH CIMALI0- P

naprumu), abo mnapanensua oci Oy B v
A m

m

(ymoBa 2) (Taki TOYKM HA3BUBAIOTH MO~

Kamu eepmarnsi) abo JOTUIHOL He icHye C
(ymoBa 3) (Taki TOYKM HA3WBAIOTH kY- O T
moew\/m) (pI/IC. 7.17). Puc. 7.17. Kpurnuni Touku 1-ro nopsaxy

7.5.2. JlokanbHi ekctpemymu QyHKu;i

1. Qe EEER G EWATIN(TOYOK JIOKAJIBHOTO EKCTPEMYMY).

TouKy , HABHBAIOTH MOYK0I0 AOKAALHOZ0 MaKCUMYMY (Minimymy) GyHKIGT
f, sKmo icHye d-okim Toukm z,, Takwmii, mo s Beix x € Ug(x,) \ {z,} BE-
KOHAHO HEPiBHICTH
Af(zy) = fl) = flzy) <0 /
(Af(zy) = f(2) = f(zy) > 0).

Toukn JIOKAIBHONO MAKCHUMyMYy Ta MIiHIMyMY

HA3UBAIOTH MOYKAMU AOKAALHOZ0 EKCTMPEMYMY
Bnavenns f(r,) HABMBAIOTL AOKAALHUM MAKCU-

min

[ ) TSP ————

Y FEpEp——

]

mymom (minimymom) Gynakuil (puc. 7.18). e 718, 71 .
uc. (. . OKaJIbH1

€KCTPEMYMHU

JIOKaJIbHICTh €KCTpEeMyMy O3HA4Ya€, IO BiJMOBiHA HEPIBHICTH IOBUHHA
BUKOHYBATHCDL JIIIE B JIEAKOMY OKOJII TOYKH T,, a He Ha BCiit obnacTi ozHa-

gennd. OyHKIiA MOXKe MATH JIEKIJIbKA JOKAJbHUX €KCTPEMYMIB, aje BCi BOHHI
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JOCSATAIOTHCSA Y BHYTPIIHIX TOYKAaX 00/acTi o3HadeHHd. [IpuaomMy MOKIINBO,
0 JIOKAJIBHUM MaKCHMyM Oy 1€ MEHITIM, HiXK JOKAJbHUN MiHIMyM.
2. M EWA B (HeoOxigHa yMOBA JIOKAJIBHOTO €KCTPEMYMY).

Axmo dbyskuig f y Toum 1z, mocArae JOKATLHOTO €KCTPEMyMy, TO B IIii
TOUIl BUKOHAHO OJIHY 3 YMOB:

1) f(zy) = 0;

2) f'(z) = oo;

3) 2 ().

Tobro, Touka, y akiit dyHKIiA HOCATAE JIOKAJTHHOTO €KCTPEMYMY € KpU-

TUYHOIO TOYKOK 1-ro mopsinky. ObepHeHe TBep/2KEHHsI HEIPABUIbHE: He BCs-
Ka KPUTHYHA TOYKA 1-TO MOPSIKY € TOYKOK JIOKAJIHHOI'O eKCTPEMYMY .

3. M ERA Y S(repa JOCTAaTHS yMOBA JIOKAJIBHOI'O €KCTpe-
MyMYy).
Hexait 7, — xpuTtmyna Touka l-ro mopaaxy dymkmii f i dynkmia f me-

nepepBHa B JESKOMY OKOJI TOUKH I, fIKIIO B IBOMY OKOJIi:

1) f(z)>0 mma z <z, i fi(z) <0 mua z > g, 7@ W

. . ' +
TO B TouI Z, dyHKIig f IocATaE MAKCHMYyMY; :

T
1
Ty T

i
1
Ty T oz oz
Puc. 7.19. Jocrarusa
3) moxinaa f'(r) He 3MiHIOE 3HAK TeEpexojguN Uepes YMOBA JIOKAJIBHOTO

/ . ' T, T
2) fl(z)<0, xomn =z<umz, i f'(z)>0, xomm iy
G+ i+

T > 1,70 QynKmia f mocarae B TOWUMi T, MiHiMy-

My (puc. 7.19);

7, TO B TO4Ii T, yHKIia f eKcTpeMyMy He Mae. CKCTPeMyMy
Hosedenns. Hexait 7, — TOYKa MOKJIHMBOIO EKCTPEMYMY, HDHIOMY f'(z) > 0, xomm

z € Ug(z, —0), Ta f'(x) <0, xomu & € Ug(z, + 0).

Tonui

f(2) < 0Vz € Uy(z, + 0) = f(z) < f(z,),
& JUs(x,) : flzy) > f(2),

TobTo ToUKa T, € TOUKOIO JOKAIBHOTO MakCEMyMy DYHKIGT f .

f(2) > 0Vz € Uy(z, — 0) = f(z,) > f(x),}

Tak camo 10BOINTHCH ICHYBAaHHSI TOYKH JIOKAJIBHOI'O MiHIMyMYy.
dxmo f'(z) sbepirae 3HaK B OKOJII TOUKH ), TO B I{bOMY OKOJIi (pyHKIlisi MOHOTOHHA,

TOOTO TOUKA 7, He € TOYKOIO JOKaJbHOro excrpemymy. ll
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4. TIpmmvipom, mia dymkmii f(r) = 2° Touka £ = 0 € KPUTHYHOIO TOY-
kot 1-ro mopsiyiky, ockimbku f/'(0) = 2:1;|I:0 = 0; moximra f'(z) = 2z 3MiHOE
3HaK «3 MiHyca Ha mmocy. Ormke, Touka £ = 0 € TOYKOK JIOKAJbHOI'O MiHi-
Mymy dyrkuii f(z) = z°.

5. YwmoBa HemepepBHOCTi byHKIT f y camiit
rouni icroraa. Ipumipom, mia dbyskiil (puc. 7.20)

—x, =<0
f(w)={

z—1, >0

Puc. 7.20. Bigcyrricts

JIOKQJIBHOT'O €KCTPEMYMY
noximma f'(r) icmye B ycix Touxax, okpim Toukm z = 0. Ilepexoagun uepes
IO TOYKY, ITOXi/THA 3MiHIOE 3HAK, ajie B Toull z = 0 yHKIis eKcTpeMyMy He
Mmae: He icHye okosy Touku z = 0, y axiit f(0) =1 6yso 6 Haiibinbimm abo
HapiMenmmM 3HadeHuaaM GyHkiil f. Tyr mopymena ymoBa nemepepBHOCTI (hy-
vkl f y Toumi z = 0.

6. (Ll;pyra JOCTATHA yMOBa JIOKAJIbHOTO €KCTpe-
Mymy).
Hexait dynkmia f mae B okosi TOUKH T, IepIly Ta APYTy IIOXiJHi, IPUIOMY
f(z,) =0, f"(z,) = 0. Toni:
1) axmo f”(xo) > 0, To dbynKnia f Mae B TOHUIN 7, JOKAIbHUM MiHIMyM;
2) sxmo f"(z,) < 0, To Gynkuis [ Mae B TOUL T, JOKAIbLHUHA MAKCHMYM.

2 rouka z =0 € KPUTHIHOIO TOU-

7. Ipumipom, mia dyskuii f(z) =z
Ko1o 1-ro mopssky, ockimbku f/(0) = 2$|T:0 =0.
Ockimbkn f"(z) = 2 > 0 ana Beix ¢ € R, 30kpema it B Touni = = 0, To

Touka T = 0 € TOYKOIO JIOKAJbHOI'0 MiHIMyMYy.

7.5.3. HalimeHlue Ta Haibinblue 3HaYeHHA PyHKLi

1. 3a BaepurpacoBoio Teopemoro 6.14 menepepsua Ha Biapisky [a;b] dy-
HKIlisl JIOCSATA€ Ha [bOMY BiJPI3Ky CBOrO HANMEHINOrO Ta HANOLILIIOrO 3HA-

YeHHSs, #Ki I HA3UBAKTH 24000AbHUMU eKCmpemymamy MYHKIHT HA BIIPI3KY

(puc. 7.21).
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ITi 3navyenns dyHKIig MOxkKe HAOyBATH f(y)
max Jj(x
abo B TOYKaxX JIOKAJbHUX eKcTpemymiB B (o]

inrepBasi (a;b), abo Ha MeXi Ipu T = a 4u
z =b.

2. Tlpumipom, dymkuia f(z) = 2° Ha

Binpisky [—1;2] mabyBae CBOro HafiMeHIIOro I[]Sl,f]l f(@)
0 a b
Puc. 7.21. I'mobanbHi ekcrpemyMu
byHKIT

3HaYEeHHd B cTalioHapHiil Tourmi z =0, a
CBOIO HAMOIIBIIOrO0 3HAYEHHS HA MPABOMY
KiHIII BiZIpi3Ka — y Toumi = = 2:

min_f(z) = £(0) = 0;

z€[—1;2]

nax, f(@) = f(2) = 4.

7.5.4. OnyknicTb PYHKLiN | TOYKM NepernHy

1. Posriaaaemo dyukmio f(z),z € (a;b). Hexait z; Ta z, — aBi pisai To-
uku inTepsaiy (a;b). Yepes touxu A(z; f(z,)) ta B(z,;f(z,)) rpadika dyHK-
il f nposexgimo xopay AB.

(onylcnoc'ri OOHHU3Y 1 moropu).
Oyuknito [ HA3UBAIOTh 0nYKA0t0 doHusy B iHTEpBai (a;b), AKIO Jjis Gy ib-
AKUX & Ta Ty 3 (a;0), o <z <z, <b, xopma AB (A = f(x,)),B = f(,))
JeXXKuTh He HuK4e rpadika miel dyukuil i noswasarors f U (puc. 7.22).
Dyukiio [ HA3UBAIOTL 0nYkA010 dozopu B iHTepBasi (a;b), akumio misa Gy b

AKUX T, Ta T, 3 (a;0), a < x; <z, <b, xopaa AB nexurs He Buie rpadi-

Ka 1€l dyukuil i nosnavaors f N (puc. 7.23).
Y ) B

Ol a T T3 z2bl’ 0| ax Zg bez

Puc. 7.22. Onykia qouusy yHKIIis Puc. 7.23. Onykia goropu dyHKILst
Henepepsro mudepenmniitopra dyHkmist f omykmaa goHu3y (moropu) B iH-

repBasi (a;b) Toxi i e Toxi, kosm Bei Toukm (7 f(x)),x € (a;b), rpadika
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dbyHKiT ekaTh He HUXKUe (He BUINE) JOTUIHOL, IPOBEJIEHOI JI0 HHOTO B Gy 1b-
akiit rourti (243 f(24)), 24 € (a5b).

(,I[OCTaTHﬂ yMOBa ONYKJIOCTi (PyHKIIIT).
Hexait dynkuis y = f(z) B inrepsasi (a;b) asiui Henepepsuo mudepeHiiiio-
BHa. Topi:
1) axmo f"(z) > 0Vz € (a;b), To na dbynxuis B inTepsarti (a;b) omykma jo-
HU3Y;

2) axmo f"(z) < 0Vzx € (a;b), To nga byukuis B inrepsani (a;b) onykia jo-

ropu.
2. Hexait cdbynkiia f nemepepBHa B JIeAKOMY OKOJI TOYKH T, i icHye
f(z,) (ckinvenna, +oo abo —o0).
(0E:EL G WA PA(TOYK TIeperuny).
Touxy =, HazUBaOTL Mowkoto nepezury QYHKNil f, AKIO BOHA BiJOKpEM-
JIIOE IHTepBaJI OIyKJIOCTI joropu (byHKIil f Bix iHTEpPBAJy OIYKJIOCTI JIOHM-
3y. Toxi Touky M(z,; f(z,)) HazuBaroTL Mmoukow nepezuny epadina GyHKIi
y = f(z). (puc. 7.24).
Orxe, miJ 4ac Tepexojly apryMeHTy Z dbepe3 TO4YKy HeperuHy i, Ha-
MPsIM OITYKJIOCTI (DYHKINT 3MIHIOETHCST HA TTPOTUJIEIKHUIA.
TarepBasu onykJiocTi (DyHKINT MOXKYThH BiJIOKPEMJIFOBATUCH OJUH Bill OJI-

HOTO ab0 TOYKAMU, Je APYTra MOXilHA JOPIBHIOE HYJIO, aD0 TOYKAMH, Je JIPyTra
TOXi/THA, JOPIBHIOE HECKIHIEHHOCTi, ab0 TOUYKaMMU, Jie ApyTa MOXiIHa HE iCHYE.

(OEEC (i M B (kpuTUYHOT TOYKH 2-rO0 Y

HOPAOKY).

Hexait dynknia f osmadena B okoii Touku 1z, To-

y = f(z)

9Ky I, Ha3UBAIOTb KWPUIMUYHOMN 1TMOYKON0 2-20 TLOpﬂd—

G

[<)) PRSP

xy GYHKIT f, KO BUKOHAHO OJIHY 3 YMOB: 0
Puc. 7.24. Touka
1) f"(zy) = 0;
Ieperuny

2) f"(z,) = oc;
3) Af"(x,).
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IS EWA WA (HeoOxigHA yMOBA TOYKH [I€PETUHY).

fxmo z, € Touxoro mepermay byHKHil f, TO B Iiit TOYII BUKOHAHO OJHY 3

YMOB:
1) f(zy) = 0;
2) f"(wy) = 003

3) £/f ”(xo)~
ITa ymoBa He € nocratuboro. [Ipumipom, msa dyHKIil
y =2"y"(0) = 1227 |,_,= 0,
ajne ¢ = () He € TOUKOIO IIeperuHy.
(,E[OCTaTHﬁ YMOBa TOYKHY MEPETUHY).

fAxmo pa GyHknii f Touka 7, € KPETHYHOIO TOYKOIO 2-TO MOPAIKY, i, 1e-
. 1 .
pexo/Iun uepes 1110 TOoUKy, JApyra noxigna f”(z) smintoe 3Hak, To TOUYKA z,

€ TOYKOIO Tieperuny (GyHKINT f.

3 1ouka £ = 0 € KPUTHYHOIO TOU-

3. Ilpumipom, g bysxuil f(z) =
KOIO 2-T0 TIopsisIKy, ockibku f"(0) = 61’|$70 = 0; moxigna f"(z) = 62 3mimoe

suax. Orske, Touka = 0 € Toukowo nepernny dbynxiii f(z) = 2°.

7.5.5. AcumntoTu rpadika QpyHkuii

1. PosruisabMo KpuBy L 3 HECKIHYEHHOIO TiIKOIO.

Osunauenna 7.14 [EYd%iVignes

TH).

Acumnmomoro KpuBoi L Ha3uBa-
IOTh TakKy NpsMy, OO Biagaab d
Biji Touku M KpuBol JI0 Iii€l mpsi-

.. 0
MOl TIpgaMye a0 HYJId, KOJIU TOYKa /

M BiggajgsgeTbCd B30BXK HECKIiH- )
.. .. Puc. 7.25. Acumnrora Kpusol
YEHHOl T'JIKA KPUBOl BlJ HOYATKY

Koop uHaT (puc. 7.25).

2. Ilpama z =1, € eepmuxrarvroto acumnmomoro Tpadika dyHKII

y = f(z), axmo

lim f(z) = +oo| abo | lim f(z) = oo,

z—7,—0 T — 2,40

Crpaszi, pu 1bOMY BiIIaJb
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d= |ac - a:0|
Bix Toukn M(z; f(z,)) rpadika bynkuil y = f(z) mo upamol z = z, upsamye

0 HyJig i Touka M HeOOMEXKEHO BiJJasse€TbCs BiJ MOYATKY KOOPIUHAT
(puc. 7.26).

Puc. 7.26. Ilpukiaan BepTUKAILHAX ACHMIITOT

3. Posragabmo dymkmito f 3amany B Yy
okom U_(+00) (BHIAZOK —0O pO3IiIs/a-
10Th Tak camo). Hexait upama y = kxr 4+ b €

acuMiroron rpadika dyskuii y = f(z) (i

0
HA3UBAIOTb NOTUA00, & B pa3i kK =0 — zo- e

pu3oHmMaANLHOW acumnmomor) (puc. 7.27). Puc. 7.27. Tloxua AcHMITOTa

Te, mo upama y =kz+b e acumuroro kpusol y = f(z), Kouwm
x — 400, o3Havae, wo Biggaab d Bix Touku M(z; f(x)) xpusoi 10 i€l ups-
MOT TIPSIMY€ JI0 HyJIsA, KOJM & — +00. 3 PUCYHKY OaYnMO, 110

d = |MN||COSOL|,
ne  N(z;kr +b). Ockinbku cosa = 0, mnpsaMyBanHS 10 Hyjas d, KOJIH
T — +00, TsTHE 3a COOO0 MPSIMyBAHHSI JIO HYJIs
|MN| = | f(z) — kz — b,

i HABIIAKH.

Orxe, mpsma y = kr +b € NOXWUIOK acUMIITOTOK Trpadika GYyHKIHT
y = f(x) Tomi i sume Tomi, KOIU

lim (f(z) — (kz + b)) = 0.

z—+00

IcayBanus acumnrorm rpadika yHKIII 03HAUAE, IO, KOIA T — 400

bYHKITIS TOBOJIUTH cebe «MaiizKe K JTiHIHA DYHKITIIY .
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S EWAE) (kpuTepiit icHyBaHHS MOXWUJIOI ACUMIITOTH).
Ipadik byukuii y = f(z) mae noxmwiy acumurory y = kz + b, Toxi i Jmmie

TOJIi, KOJIU iCHYIOTb CKIHYE€HHI IDAHUIIL:

lim M =k
r—+oo I

ygrf[loo(f(x) — kx) = b.

)

. .. 1
4. Ilpumipom, 3HalIIMO acuMnToTH I PYHKIN ¢y = & — —.
T

D(f) = (—00;0) U (0;+00).
OckisbKu,

e
X

lim
z——0

= —00,

1 } .
r——|=+4o00, lim
€T z—+0

TO ipsima, & = () — nBobivHA BepTUKaIbHA acHMITOTa rpadika OyHKIII.

Ockibku,

re 1
k= lim L -1 b= lim [w———m]:O,

T— 400 €T T — 100 T

TO TpsIMa, Y = T € JBODIYHOIO ITOXUJIOK ACUMITOTOIO rpadika (pyHKIII.

7.5.6. Cxema NOBHOro A0CNig)KeHH: PYHKLT

Hocaimxkytors asiui audepentifiosay dynkuiio y = f(z) ma D(f) (3a
BUHATKOM, MOYKJIMBO, CKIHYEHOI MHOXKMHU TOYOK) 1 OyytoTh i rpadik 3a ra-
KOIO CXEMOIO:

1) sHaxomsATh obsacTh o3HaUeHHs GyHKINT f — MHOKUHY D(f);

2) ycTaHOBIIOIOTH MOXKJIUBI cuMerpil rpadika dyskil f;

3) BU3HAYAIOTH MOXKJIMBI ToUKM po3puBy dyHKUil [ 1 acumirroru Ti rpadika;

4) 3a momomoron mepmol noxiauoi yHKIIT f BU3HAYAIOTH IHTEPBAJIN
MOHOTOHHOCTI ¥ TOYKHU JIOKAJBHOTO €KCTPpeMyMy (DYyHKIIIT;

5) 3a momomorolo apyrol moxigHol dysHkuil f Bu3HAYAIOTH IHTEpBAJIM
OIYKJIOCT1 ¥ TOYKHW Teperuny byHKIIT;

6) sHaxoarTh MOXKJHMBI Touku mneperuny rpadika dbyukmili y = f(z) 3
OCSIMH KOODIMHAT;

7) 6yayrors rpadix GyHKIil y = f(x) 3a BCTaHOBJIEHOW iHMOPMAIETO.



3ANMUTAHHA TA 3ABAAHHA
A CAMOKOHTPOJIIO

7.1.1. Buxomggaunm i3 rpadika GyHKIII, yKaXKITh TOUKH, y AKUX DYHKITS HE

Mag€ TMOXiTHOT, MAa€ HECKIHYEHHY MOXIi/IHY YU PO3PHUBHA.
y

[

/1 2 3 s
Puc. mo 7.1.1.2)

Puc. mo 7.1.1.1)
7.1.2. IlobynyiiTe npukian MyHKINT, HeIIepepBHOI Ha, BCi#l AilicHil nmpsMiit,
sAKa Ma€ IMOXIJIHY CKPi3b, KpiM To4oK 1 Ta 2.
7.1.3. [lpunyckaioun audepenIiioBHicTs DYHKIT, JOBEIITD, III0:
1) noxinua napuoi dyHkuii — Henapua QyHKIL;
2) noxinna Henapuoi GyHkuii — napua QyHKIi;
3) noxinna T -uepioguunol dbyukuil — 7' -nepioguuna dyHKILis.
7.1.4. Yu npaBuiabHO, WO AKMO PYHKIIA f Mae HOXigHy B TOHIi T,, a
bynkijz ¢ — ne Mae, To dynkiisa f(x)g(z) TaKox He Mae NOXigHOI B Toui T, ?
7.1.5. 3maiinite piBHAHHA JO0THYHOI 10 rpadika
byuxuii y = f(r) y mouni z = —3. Yomy mOpiBHIOIOTH
f(=3) ra f'(=3)7
Puc. no 7.1.5
7.1.6. 3a moganum rpacdikom y = f(z) 306pasbTe rpadik f.

Puc. 5o 7.1.6.2) Puc. no 7.1.6.3)
Puc. mo 7.1.6.1)



316 Po3gin 7. IndepeHuianbHe YncneHHs GYHKLi 0aHiel 3MiHHOT

Puc. 10 7.1.6.4) Puc. no 7.1.6.5)
7.1.7. Ysimnosianits rpadik f (a, 6, B, r) i rpadixk [’ (1, 2, 3). dkomy

rpadiky moxianol Biamosimae 2 rpadika GyHKIHI?

y y ¥ y
X
X
x
x
Puc. 5o 7.1.7.a) Puc. 10 7.1.7.6) Puc. mo 7.1.7.8) Puc. mo 7.1.7.r)
Y ¥
x
x
Puc. 1o 7.1.7.1) Puc. o 7.1.7.2) Puc. no 7.1.7.3)

7.1.8. Busnaure, skuii i3 rpadixis y = f(z) Ta

y = g(z) € rpadikom dymuKmii, a axuit i moximHOT.

Puc. 10 7.1.8
7.1.9. Veignosigmits rpadik f i rpadix f.

Puc. no 7.1.9.8)
Puc. no 7.1.9.a) Puc. no 7.1.9.6)
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Puc. mo 7.1.9.1) Puc. 1o 7.1.9.1) Puc. 5o 7.1.9.n)

Puc. 10 7.1.9.1) Puc. 10 7.1.9.2) Puc. 10 7.1.9.3)

Puc. mo 7.1.9.4)

Puc. no 7.1.9.5) Puc. 510 7.1.9.6)
7.1.10. Busnaure, me 3o6pa>KeHo rpadik dyskmii f,¢g Ta h, Tak, mob
fl(z) = g ta ¢'(z) = h(z
Puc. o 7.1.10.1) Puc. o 7.1.10.2) Puc. y0 7.1.10.3)

7.1.11. 3uaiaiTe Taki 3HaUYeHHs craaux A ta B, nius skux QyHKIiA

z < a,
)= AerB T >a

€ HemepepBHOIO i nudepeH i HoBHOTO.

7.1.12. Oynxuii f Ta ¢ 3amano rpadidHo. ; ;’6)
Hexait  F(z) = g(f(z)) ma G(z)= f(g(z)). +
Bnaiigite  F'(1),G'(-1) Ta F'(2). dxmo j__
MOXiJIHA HE iCHY€, TMOSACHITH YOMY. Can 2t i
NI
P S S A T

Puc. o 7.1.12
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7.2.1. Bunumits okpemi sunajgku (g n =2 ta n =3) dopmyau
Jleitonina (uv)” Ta (uv)”.

7.2.2. Buaiinite yci suadenns n € N Taxki, 1mo:

1) (sinz)™ = sinz; 2) (sinz)™ = cosz;

3) (cosz)™ = cosz; 4) (cosz)™ = sinuz.

7.2.3. Ha puc. 306paxeno rpadix f”. Busnaure, Ha KoMy 3 PHCYHKIB a)
Ta 6) 3o6pa>KeHo f ra f.

Ve YA Ae

e Puc. 10 7.2.3.6)
Puc. 10 7.2.3 Puc. o 7.2.3.a)

7. 2 4. 3’acyiite, HA AKOMY 3 pI/ICyHKlB sobpazeno f,f ta f”.

A Dee o

P 7.2.4.2)
Puc. no 7.2.4.1) uc. 1o Puc. 1o 7.2.4.3)

7.2.5. Jaa wmmorounena P(z) = (z + 2° +27)°(1 + 2% (2* + 2° + 27)
smaiiite: 1) POY(z); 2) PUO(z).

7.3.1. Tlogcuith, Womy i QYHKINNE, 300paKeHUX HA PHUCYHKY, He
BUKOHAHO TeopeMy Pours?

Puc. mo 7.3.1.1) Puc. no 7.3.1.2)
7.3.2. dky Haii0OLIbIIy KIIBKICTH AICHUX KODEHIB MOXKE€ MaTH DIBHSHHS
2"+ 8z +13=07
7.3.3. Hexaii z; 1a x, — xopeni muorounena P(z). Hosexirs, mo y
muorowtena P'(z) sHaiizeTbest KOPIHD, IO JIEXKUTh MUK 7, Ta Z,.
7.3.4. Tlokaxirs, mo piBuguus az® + br + ¢ = 0,a > 0,b > 0, He MOXKe

MaTH JIBOX JIHCHUX KOPEHIB.
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7.3.5. Tlosichith, womy s YHKINNH, 300paKeHUX HA PHUCYHKY, He

BUKOHAHO Teopemy Jlarpamxa?

Puc. no 7.3.5.1) Puc. 10 7.3.5.2)

7.3.6. 3HaiiniTe TouKy, y sKiii goTmdHa 10 KpuBOl ¥ = 2° — 41 mapase-
JpHA xopi, mo 3'emauye Touku A(1;—3) ta B(5;5) ma mi#t kpusiii.

7.3.7. BuxopucroByounm TeopeMy Jlarpamzka I0BeJiTh HEpPiBHICTH
e* >1+2x gna x € R,

7.4.1. Sanumite TeitopoBy dopmyty mist TpUdl HElepepPBHO JIudepeHTIi-
iiorol dyskuil f(z) B okomi U(z,) TouKM z, i3 3aIMIIKOBUM IeHOM y (OpMi:
1) ITeano; 2) Jlarpamxa.

7.4.2. TlokaxiTh, MO z = a € KpaTHUit Kopiab ¢yukmii f Toxai i jumre
toni, komu f(a) = f'(a) = 0.

7.4.3. Ha rpacdiky 300parkHe MHOTOUJIEH 3
kopeauamu A B Ta C. $Iki 3 mux KopeHiB €

KPATHUMHE !

A B C
Puc. mo 7.4.3
7.5.1. @ynxmio f 3amano rpadiuno Ha Bigpisky [0;9].

y

1. Bnaiigite f(z) nua x = 1,3,4,7.

Buznaure misa gakux 3uaveHb :
2) f'(z) < 0;

! —_ 0N
3) fl2)=0; 1234506780

4) f'(z) > 0. Puc. 10 7.5.1
7.5.2. Ha pucynky 306paskeno HemepepsHy (DYHKIIO Ha Biapisky [a;b] 3

- W Ao,

KPUTHYIHAME TOYKAMU 1-TO TOPSIKY €, Cy,..., €
SHAWIIT:
1) xpurnuni Toukn, y axux f'(zr) = 0;
. . /
2) kpuTu4Hi TOUKY, y Akux He icuye f'(z);

Puc. mo 7.5.2
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3) Toukm, y AKuX DYHKIIA MAE JIOKATBHUNA MiHIMYyM;

4) ToukmM, y aKuX (DPYHKIA MA€ JOKAJbHUH MAKCAMYM;

5) TouKH, y AKuX (DYHKIig Ma€e r1obadbHuil MiHiMyM;

6) Touky, y akux QyHKIlid Mae ria00aJbHU MAKCUMYM.

7.5.3. Yu mpaBmwibHe Take TBEDIZKEHHS: SKINO (DYHKIS O3HAYECHA HA
[IEBHOMY IIPOMIXKKY i HE MA€ HA HbOMY TOYOK €KCTPEMYMY, TO BOHA MOHOTOHHA
Ha HOMY TTPOMIXKKY !

7.5.4. 306pasbre rpadik HemepepBHOl DYyHKIHT f, gKa HE Ma€ TIO0ATLHIX
eKCTpEMYMiB, aJjle Ma€ JIOKAJbHUM MaKCUMyM 1 JIOKaJbHUH MiHIMyM 3
OIHAKOBUMUY 3HAYEHHSIMU.

7.5.5. Jaiire npukJiaj HenepepBHOI by HKIIIT, 0O3HaueHOl Ha BiupisKy [a;b],
JUIA SKO1 TyIo0asIbHI MiHIMYM 30iraeTbes 3 TJI00AIHBHIM MaKCHMYMOM.

7.5.6. Hexait f e menepepsHoio napuoo ¢ynkmieo i f(a) € nokagbHuM
minimymom dyukmii. ITlo Moxua ckazatu npo f(—a)?

7.5.7. Hexait f € nenepepsHoo Hemapuoo ¢ynkiieo i f(a) € mokamsaum
makcumoM dynkmii. ITlo Moxkua ckazaru npo f(—a)?

7.5.8. Hexait f € nudepeHIinoBHo0 PYHKINEIO, gKa Ma€ €IUHY KPUTHIHY
TOUKy 1-ro mopsaiky = = x,. Adxmo k = 0, 3Ha#ITL KPUTHYHY TOYKY (ByHKITI:

1) f(z) +k; 2) kf(z); 3) flz+k); 4) flk).

7.5.9. 3o06pasite rpadik dyHsKIil f, ska Bignosimae 306paxkeHOMY

rpadiky f'.

Puc. 5o 7.5.9.4)
Puc. 110 7.5.9.1) Puc. 10 7.5.9.2) Puc. 10 7.5.9.3)

Puc. 10 7.5.9.5)

Puc. no 7.5.9.6)
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7.5.10. Busnaure excrpemymu dynxuii y = f().

Puc. 10 7.5.10.2)

Puc. 5o 7.5.10.1)
7.5.11. Ha gxoMy 3 PUCYHKIB TOYKa €KCTPEMyMYy &, € CTALlOHAPHOI TO-

KOO0 ?
Y Y
S_J "
0 7 T 0 7 T
Puc. 1 1o 7.5.11 Puc. 2 no 7.5.11
Y Y
M
TN v
i Ym
(0 7, T 0 ) T
Puc. 3 mo 7.5.11 Puc. 4 no 7.5.11

7.5.12. HapemiTo npukia audepeHiiitopaol GyHKIII, M0 MaoTh €KCTpe-
MyMmu Jiame B Toukax ¢ = 0,0 = £1,2 = £2,....

7.5.13. 3naiiite sHavenns a,b Ta ¢ Ttaxi, wo f(r) = ax’® + br + ¢ Mae
Jioka bhuit MaxcumyM 6 y Touni @ = 2 i neperunae Bice Oy y roumni (0;4).

7.5.14. SHaiigiTe 3HAYEHHS a,b,c Ta d TaxKi, 110
f(z) = az® 4+ br* 4+ cx + d mae jokanmpuumit mimimym —3 y Ttoumi z =0 i
JioKaJibHui Makcumym 4y touni z = 1.

7.5.15. Oyuknio [ 3amamno rpadidHo.

1. CkinbKu KPUTHYIHUX TOYOK 1-TO MOPAIKY MaE g
byuknisa f na Bigpisky [0;8]7 z o
2. dke wnaiibuipme 3HaveHHs JyHKIT f  Ha 2 7/
siapisky [0;8]7 1
3. 4xe mnaiimenme 3Hadennd GyHKI [ Ha 2345678
Puc. no 7.5.15

Biypizky [0;8]7
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4. dxwnit nokanpHEil MakcuMmyM pyHKIHT f 7

5. dki nokanbHi Minimymu ysKIl f 7

6. 3HailiTe BiIpPI30K HA sSKOMYy HalbLIbIIe Ta HaWMEHIIe 3HAYEHHS
dyuKIil f 10oCAralTHCS y KDUTHIHUX TOYKAX.

7. BHailmiTe BiAPI30K, y dAKOMYy HafMeHIle 3HAYEHHHA OCATAETHCHA HA

KIHIIZX BifpisKa.

y y=r

7.5.16. 3a rpadikom [’ smaiigiTe KpmTHUHi
Touku 1-ro mopanky dyHkiil f i Bu3HauTE UM €

BOHM TOYKAMU JIOKAJILHOIO MiHIMyMy (MakcuMyMy),

97 Hi.
Puc. 5o 7.5.16

7.5.17. Oyukiio f 3amaHo rpadidHO HAa BKA3aHOMY BiIpi3Ky. SHANIITH

HaibibIe Ta HajiMeHIe 3HaYEHHsI (DYHKIT (SIKIIO BOHU iCHYIOTB) i TOYKH, Y

AKHNX BOHU JOCATI'alOTbCHA.
Y,

Puc. no 7.5.17.2) Puc. g0 7.5.17.3)

Puc. 10 7.5.17.1)

Puc. o 7.5.17.4) Puc. 10 7.5.17.5) Puc. 10 7.5.17.6)
7.5.18. 3Bmaiigite 3HaveHHd a,b Ta ¢ Taki, MmO TrpadiKk OYHKIHT
f(z) = az® + ba® + cz mpoxomuth wepes Touky (—1;0) i Mae Touxky mepermmy
(L;1).
7.5.19. Smaiigite 3Havenns a,b Ta ¢ Taki, mo Tpadik QyHKIT

f(z) = az® + bz’ + cz mae ropusonTaNbHY JOTHIHY B Toumi neperuny (1;1).
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7.5.20. Ykaxirb inrvepBasy, y akux f 3pocrae (cnajae).

Puc. 110 7.5.20.1) Puc. s10 7.5.20.2) Puc. 10 7.5.20.3) Pric. 10 7.5.20.4)

7.5.21. YBianoBinHiTH XapakTepuCTUKy 1 (pparmenT rpadika OyHKII.

A
3)

Vs \_ e \,

Puc. o 7.5.21.a) Puc. 1o 7.5.21.6) Puc. y10 7.5.21.8) Puc. jio 7.5.21.r)

f"(z) < 0 nna Beix z; 2) f'(z) 3minioe 3Hak 3 + Ha —;
(2

> 0 iz Beix x; 4) f"(z) 3minioe 3Hak 3 — Ha +.

7.5.22. Oxapakrepusyiite rpadiku JyHKIil oxuuM abo KijJbKOMA
TBEPIKEHHAMU:

a) [ Mae IONATHY TEpIry MOXiTHY;

6) f Mae Big'eMHY IpyTy MOXimHY;

B) rpadik GyHKIII f Mae TOUKY MEperuny;

) f nudepenuiiiosna,;
)

f Mae JIOKaJIbHUH eKCTPEMYM;
1) KyToBi KOEDIIIEHTH JOTUIHIX 3POCTAIOTH 31 3POCTAHHAM I.

r
r

Puc. no 7.5.22.3)
Puc. 10 7.5.22.1) Puic. 10 7.5.22.2)

Puc. mo 7.5.22.4)

Puc. 710 7.5.22.5) Puc. 10 7.5.22.6)
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7.5.23. Oyuxkmito f 3amano rpadivHo. Busnadre mpoMizKKU OMyKJIOCTI

dbyukmil f 1 Toukn meperuny rpadika yskmii f.

Puc. 5o 7.5.23.3)

Puc. no 7.5.23.5)

Puc. 10 7.5.23.6)

Puc. no 7.5.23.4)
7.5.24. YBiamoBiIHITHL XapaKTepUCTUKY 3 TpadikoM OyHKITII:
a) f/(0) nepusHauena;

6) f cuamae B (—00;0);
B) rpadix dbynxnii f omykmmit moropu B imTepsami (0;3);

r) rpadixk dyHKIIT Mae TOUKy neperuty & = 3.

y

I

|

|

|

|

|
——t
3

Puc. no 7.5.24.1) Puc. no 7.5.24.3)

Puc. no 7.5.24.2)
7.5.25. VYBiamoBiaHiTL XapaKTepUCTUKY 3 TpadikoM QyHKITII:

a) f cnamae B (—00;2) i 3pocrae B (2;+00);
6) rpadik dbyukuii onykuit jouuzy B (1;400);

B) rpadik dyukuil f mae Touku neperuny B £ = 0 ta z = 1.
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Puc. mo 7.5.25.1) Puc. 10 7.5.25.2)

7.5.26. Jlna dyukmii f, 3amanol rpadidno,
. . . . ! 1
yKaxiTh KoMbinanio 3uakis [ Ta f Ha KOXKHOMY

inrepBaii A—G.

7.5.27. Ina dyukmii f, 3amanol rpadidno,
VKaXIiTh 3MiHy 3HaKiB f/ qan f” Yy KOXKHI#l TouIIi

A—G.

Puc. mo 7.5.27

7.5.28. OnumiTes 3a JOIOMOIOIO
snavens noxiganx f'(z) Ta f”(r) rpa-
dix dynxuii y = f(z) paa:

1) z < -1,

Puc. no 7.5.28
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7.5.29. OmnumiTh 3a JI0I0-

Mororo 3HaUeHb moximmmx  f'(r)
ta  f’(z) rpadik  dymkmil
y = f(z) na:

7.5.30. [na dyuxii 3agano rpadivHo,
YKaxKiTh TOYKHU, Y AKUX BOHA:

1) mocdarae JIOKAJIBHOIO MAKCUMYMY;

2
3

4

5)
6
7

JIOKQJIBHOT'O MiHIMyMY;

Fl@) >0,

f'(2) <0;

Ma€ TePeruH;

JIOCSATAE HAWOIIBITOTO 3HAYMEHHST;

Jocdrae HaWMEHIIIOTO 3HAYEHHS.

~_ D N DO

Puc. mo 7.5.29

Puc. mo 7.5.30

7.5.31. Ykaxirp, aki acumoroTn Mae rpadik GyHKILI.

Puc. o 7.5.31.1) Puc. 10 7.5.31.2)

Puc. no 7.5.31.3)
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Puc. 10 7.5.31.4) Puc. 10 7.5.31.5)

7.5.32. 3o6pasbre rpadiku GyHKIHT [ i3 33 1aHUME BJIACTUBOCTSIMU:

1) f(=1)=0,f(0) =1, f'(3) ue icuye, f'(5)=0, f'(z)>0 nia x <3 ra
z>5, fl(z) <0 ana x € (3;5);

2) f(0)=0, f'(0)=f1)=0, f'(z) >0 ana z € (0;1) Ta z > 1, f'(x) <0
g z < —1 Ta x € (—1;0);

3) f—a) = f(&), f2) =3, F'(x)> 0 mwa x> 2, flz) <0 muan o € (0:2);

1) f(=2) = 0,f(4) = 0.£/(3) = 0.£"(1) = /"(2) = 0, f"(x) < 0 snsr & < 1 7
z>2, f'(z) >0 nna z € (1;2);

5) f(0)=5,f2)=0,f(2) =0, f"(3) me icuye, f’(z)>0 mna z < 3,
f"(z) <0 qna x> 3;

6) f(-z)=—f(z), Bepruxkanbma acumnTora <z =2, lim f(z) =0,

Tr—00

f"(z) <0 ana x € (0;2), f'(x) >0 nna z > 2.

Bignosigi
7.1.1. 1) He Mae HOXI/HOI B TOYKAX I,,T;, MA€ HECKIHUEHHY HOXiJHY B TOYI[ Z;, PO3PHBHA
B TOYKAX T, Ts; 2) He Ma€ MOXiAHOI B TOUKAaX T = 2,2 = 3, Ma€ po3pus y touryi = = 1.
7.1.2. f(z) = ‘x - 1‘ + ‘x - 2‘.
7.1.4. Hi. Ilpnmipom f(z) = z,g(x) = ‘x‘

1

T Y gy =3 gy 1
7.1.5.j6+§_1,f( 3)_2,f( 3) = >

7.1.7. 16, 2-8, 3-a, 3-r.

7.1.8. y = g(z) — rpadik dbyskuii, y = f(z) rpadik noximHol.
7.1.9. 1-r, 2-r, 3-6, 4-11, 5-a, 6-B.

7.1.10. 1) y = W(z), 2) y = f(2), 3) y = g(z).

7.1.11. A = 24,B = —a’.
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7.1.12. F'(1) = -4, G'(-1) = —%, F'(2) me icuye, ockimpku e icayors ¢'(f(2)) = ¢'(0)
ra f'(2).

7.22. 1) n=4kk €Z; 2) n =4k + 1Lk € Z; 3) n = 4k,k € Z; 4) n = 4k + 3,k € Z.
7.2.3. a) f(2); 6) f(z).

7.2.4. 1) f”( ); 2) fi(z); 3) f(a).

7.2.5. 1) 991; 2) 0.

7.3.1. 1) f(a ) f0); 2) f ue € nudepenjitosroo B (¢;b). 7.3.2. 1.

7.3.5. 1) dyskuis f He € HemepepBHOW0 Ha [a;b];
2) dyukuia f ue e gudepenniiiosuoio B (a;b).

7.3.6. z = 3.

rat, 1) @ = 50) + ) =)+ H o LR
+o((z — x0)3)

2) 1(@) = flay) + fa) o~ 70) + E a4 E Dy

7.4.3. A ra C.
7.5.1. 1) (1) = 0, f(3) ne icuye, f(4) = % 1) =
2) z €(7;9); 3) 2 €(0;3) taxz =7; 4) z € (3;5)U(57).

7.5.2.1) v =c3,2 = ¢, = ¢)p; 2) T =€), T = C5,T = & = Cpy T = Cy;

3)r=cpr=cpt=cT =0y 4) T=0,8=¢,2=10¢y; 5) T=1cp; 6) T =0

7.5.5. f(z) = const,z € [a;b].

7.5.6. f(—a) € nokasbHUM MiHIMyMOM. 7.5.7. f(—a) € JOKaJIbHUM MiHIMyMOM.
,

7.5.8.1) z=uy2) v =1, 3) v =1,—Fk 4) aczzu.

7.5.10. 1) Touka minimymy z = 0 Ta Touka Makcumymy T = 4;

2) Touka MiniMymy = = 1 Ta TOUKM MakcuMyMmy z = —2,z = 4.

7.5.11. 1) Ta 3).

7.5.12. f(z) = cosmz.

7.5.13. a = —%,b =2c=4.7.514. a = -14,b =21,c = 0,d = —3.

7.5.15. 1) 3; 2) max f(z) = f(0) = 6; 3) min f(z) = f(7) =1; 4) f,,,(5) = 5;
8].

5) fuin(3) = 3. £ () = 1; 6) [1;8]; 7) [0;7] abo [T;
1
7.5.16. * = —1 He € TOYKOIO EKCTPEMYMY; T = 3 € TOYIKOIO JIOKQJIHHOIO MAKCUMYyMY; T = 2

€ TOYKOIO JIOKAJIbHOI'O MiHiMyMy.

7.5.17. 1) max f(z) = f(1) = 3; 2) min f(z) = f(0) = 0



3annTaHHA Ta 3aBAAHHA /19 CAMOKOHTPO/IO 329

3) max f(z) = f(2k) = Lmin f(z) = f(2k — 1) = 0,k € Z;
4) min f(z) = f((0;400)) = —2;
5) max f(z) = f(1) = 37,min f(z) = f(5) = =5;
6) HaliGibIme Ta HafiMEHIe 3HAYCHHS HE iCHYIOTh.
7.5.18. a = —l,b = l,c = 2
6 2 3

7.5.19. ¢ = 1h = —3,¢c = 3.
7.5.20. 1) (90) N (=0030), f(2) /2 (0;400); 2) f(w) /7 (—00;+00);

3) fl) N\ (=00 )(2+00) f@) /2 (=22);

4) flz) N\ (=3 -,—1),(173), () /" (=00,=3),(=1;1),(3;+00).
7.5.21. 1-B, 2-a, 3-6, 4-r.
7.5.22. 1) B),1); 2) 1), 1), n); 3) 1), I'); 4) 6), 1), 1); 5) a); 6) a), 6), r).
7.5.23. 1) fn: (—oc; 0) fU:(0;+00),z =0 2) fN:(—00;0),(0;+00);
3) fN:(—44), fUt (—o0;—4),(4 + 00); 4) fN: (0:1), fU : (—00;0), (L +00),2 = 0;
5) fN:(—o0;—2),(—2;2), (2,+oo) 6) fN:(—o00;0),fU: (0;400),z = 0.
7.5.24. 1) 6), B); 2) a), 6), B), r); 3) a), 6), B).
7.5.25. 1) a), B); 2) a), 6); 3) a) 6), B).
7.5.26. a) f'(z) < 0,f"(z) > 0; 6) f'(z) > 0,f"(z) > 0; B) f'(z) > 0,f"(z) <0
r) fl(z) <0,f"(2) <0; 1) f '(I) <0,f"(x) > 0; x) f(z)>0,f"(x)>0
e) fl(@)>0,f"(x) <0

7.5.27. a) f'(2)+ = 6) f'(2) -+ B) f@) -+ 1) f'2)+ = 1) fl@)+— 0) @) -+
e) f'(z)—

7.5.28. 1) fi(z) < 0,f"(z) > 0; 2) f'(z) = 0,f"(z) > 0; 3) f'(z) > 0,f"(z) >0
4) f'(z) > 0,f"(z) = 0; 5) f'(z) > 0,f"(z) < 0; 6) f'(x) =0,f"(x) <0
7) f(z) <0,f"(z) < 0.

7.5.29. 1) fi(z) > 0,f"(z) < 0; 2) f(z) =0,f"(x) < 0; 3) f'(z) <0,f"(z) <O
4) f'(z) <0,f"(z) = 0 5) f'(2),f"(x) > 0; 6) f(2) = 0,f"(x) > 0; 7) fx)>0,f"(z) >0
8) f'(z) > 0,f"(z) = 0; 9) f'(x) > 0,f"(x) < 0; 10) f(z) = 0,f"(z) <0;

11) f'(z) < 0,f"(z) < 0.

7.5.30. 1) C;2) E; 3) A, B, F;4) B, C;5) D;6) G; 7) A

)

7.5.31. 1) y = —1 — JsiiBa rOpU30HTAIBHA ACUMITOTA, Y = 1 — IIpaBa rOPU3OHTAIBHA ACH-
MIITOTA;

2) £ =1 — apobGiuna BepruKajbHa acumurora, y = 0 — JiBa FOPU3OHTAIbHA ACHMIITOTA;
3) ¥ = &1 — nBoGiuHi BepTHKaIBHI acuMOTOTH, ¥ = —1 — JBOGIYHA MOPU30HTAJIBHA ACH-
MIITOTA;

4) £ = —1 — nBoGiuHa BepTUKAIbHA ACUMIITOTA, ¥ = 1 — ABOGIYHA MOPU30OHTAIBHA ACUM-
nToTa;

5) & = 2 — nBoGiuHA BepTUKAIbHA ACUMITOTa, Y = 22 + 4 — 1BOGIUHA [IOXKU/IA ACUMIITOTA.
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7.1. NoxiaHa i pudepeHuian GpyHKui

O IMoxiona dynkuii 6 mowui.
Ioxionoro dyukuii f y mowuyi x,

HA3UBAIOTH T'PAHUILIO BiJIHOIIEHH S

apryMeHTy, KOJIU IPUPICT apryMeHTy
IPSMY€ JI0 HyJs i TO3HAYAIOTh

f(xo + Az) — f(xo)

f/(zo) = lim .
npupocTy (OYHKIIT 0 TPUPOCTY Az—0 Az
ITosnavweHHs 110XiHOT PyHKIT ;e\ dy df

_ Yy, f (Z) [T R
y = f(z) dx dx

@ Jlicobiuna noxiona. Jlicobiunow

nowionor Gyrxuil f y mowyi x,

Ha3UBAIOThH

[z, + Az) — f(=,)
Az

f'(zy —0) = lim

Az——0

© ITpasobiuna noxiona. Ilpasobiuroro

nowionor Gysxnii f y mowyi

HA3UBAIOTH

fay + Az) — f(z)
Az

f'(zy +0) = lim

Az—+0

O Kpumepiii icnyeannsa noxridnoi.
OyukIig f, Mae CKIHYeHHY TOXiIHY

I L . .
f'(z,) Tomi it murme Tozi, KoMH iCHYIOTH

CKiHYeHHI i piBHI MiK €000I0 OJIHOOIUHI

noximui f/(z, — 0) ta f'(z, +0),
IpIoMy:

f/(xo) = f/(xo -0)= f/(‘ro +0).

O Dynxuia, dupepenyitiosra

6 movui. Pyuknio [ HA3WBAIOTH
dupepenyitiosnoro 6 mouys T, AKIIO il
OpUpICT y Iiit ToYIi

Af(zy) = flzy + Az) = f(z,)

MOXKHA 300pa3uTu K
Af(z,) = AAz + a(Az)Az,

ne A= A(z,) crama momo Az,

o(Az) — 1. M. d., komu Az — 0.

O Kpumepiii dudepenuitiosnocmi.
Qyuknia f mudepennifiosna B Touni 1z,
TOJ ¥ JMIIe TOMi, KO B TOYIII I, icHy€E

ckinuenna noximma f'(z,) = A.

@ Heobxidna ymosa
Jugpepenuitioenocmi. Axmo pyukiiis
mdepeHItiitoBHa B JIesKill TOYIl, TO
BOHA I HellepepBHA B Lill TOYI.

O Tugepernuian Pynruii. Tonosny,
JIHIAHY 010 Az, 9aCTUHY IPUPOCTY
dyuxnil f HasuBawTh Judepeniianom

pynxuii f B Touni z, i HO3HAUAIOTH

© Oopmysia o6GUKCIEHHA
dugeperuiana
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7.2. MpaBuna audepeHLiloBaHHs

0O (Cu) = Cu/,C = const

0 (utv) =u £

© (w) = u'v+w’

v
/ BOy=f(2)=1vy = flz)(n f(z))
@ IToxiona obeprenoi dynruii " 1
x — T
Ly
O IToxidna napamempuuro
3adanot pynruit
z = x(t),
TR M Y@ )
y=y),teT y,(t) = (t)JGT
7.3. ®opmynu audepeHLiloBaHHs
u = u(z) (axmo u(z) =z, T0o v =3’ =1)
(1] (O)/ = 0,C = const (2] (u“)/ = ou™ !
© (") =a"lna-v,a>0 0 (") = e"u
O (log, u) = L ' a>0a5=1 O (Inu) =Lu
ulna U
@ (sinu) = cosu - u' ® (cosu) = —sinu - v’
O (tgu) = Ly O (ctgu) = — Ly
cos® u sin? u
@ (arcsinu) = ——L—/ @ (arccosu) = ——L—u’
1—u? 1—u?
1 / / 1 /
arctgu) = U arcctgu) = — U
o ) 1+ u? ? ) 1+ u?

®(shu) =chu-v

@(chw) =shu-u

@ (thu) = 12 u

ch®u

®(cthu) = —

S

1

h2

U

u

!
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7.4. ®opmynu pas NOXiaHUX BULLMX NOPAJKIB

O IToxioni suwuxr nopadxie

f"@) = (f*V@)n eN
ITosnavwenns Yy @y
(@), f" (@), s [ )
Ty Ay
d?’ 7 da”
8 Jupepenuyiarsu suwur nopadxie d*f(z) = d(df(z)),

d"f(z) = d(d""' f(z))

© I'nsapianmmnicmos 1-ro

mudepeHItiaga

—d
df (u(z)) = f'(w)du,u = u(z)

O Dopmysia obunceHHs
dJugpepenuiana

d"f(z) = f"(@)dz",

e T — He3aJeKHUU apryMeHT

© Jletibriuesa dopmyiia

z W @) ()

=0
O Iloxidna napamempuuno 3a0aHoi z = a(t),
dyrruii . ,
J(a) =)
y(x) T = :E(t), y(r:)( _ T - t te (OL;B)
y =y(t),t € (B) ‘ x,(t)
o= T
n pasiB
@ IToxioni suuwux nopadxie dearuxr Gyrryiti
| (n) n
m mfrl7 n S m, ® 1 _ (71) n!
@) = {{m =
0] m-n z—a (x —a)**!
0, n>m
m € N
©) (a‘z)("’) =ad"(Ina)" @ (ex)(") =e"
_1\n—1 1\ _1\n—1 _ 1\
® (log, =)™ = Gt eV ® (Inz)™ = )" (e =D!
z"Ina "

@ (sinaz)™ = o sin[owc + 7;”]

(cos o)™ = o cos[our + 7r2n]
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7.5. 3acTocyBaHHA NOXiaHOI Ta audepeHuiana

O Jomuuna ma nopmaas 0o
xpueot. Jomuuroro do kpusoi 6 mouui
M, wasmBatorb nipamy M,T', mo €
IPaHUYHUM TIOJIOKEHHAM ciunoi M M,

Ko TouKa M mpsiMye 1o KpuBiit 10
Touxku M.

Hopmanano 1o KpuBol HA3UBAIOTD IPSAMY,
KA TEePIEHINKYJISIPHA, 0 JTOTUTHOI i
MTPOXO/IUTD Yepe3 TOUKY HOTHKY.

Y

x

S — ciuna; T — porwuna; N — HOpPMAJIb

0 I'eomempuunuti amicm
noxidHot ma dugeperuiana

dbyuxuii fy rouri My(zy; f(z,))

O f(zy) = tga =k,

@ df(zy) = Ay,

© Pipusnns domuunoi | f'(x,) < oo y = flxy) + ['(z)(x — z,)
f(my) = o0 =1

O Pipuannsa Hopmanai f'(z,) = 0, 1 7
f/(%) = oo Y= f(zo) f/(xo) (z xo)
fi(zy) =0 =1
f/(xo):Oo Y= f(xo)

O Kym miosic deoma Kpusumu

y = fi(z) Ta y = fy(z) y Toumni ix
TEpeTHHY — TI€ KyT MiXK JOTHIHUME
JI0 KPUBUX, TIPOBEICHAMHE B TIifi TOYII.

B~ )

t
8T R By

O Habauosicene obuucaenrs

3Ha4ueHHs (DYHKILT

Af(zy) = df(z,);
f(xo + Az) = f(xo) + f/(xo)Aaj

@ Mexaniuruti 3micm DOXiaHux
byHKIl.

s = §(t) — 3akon npamoiHifHOTO PyXYy

weudkicms pyxy
u(t) = s'(t),
npucKoperms

a(t) = v'(t) = s"(t)
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7.6. OcHOBHI TeopeMun audepeHLiaIbHOro0 YNCIEHHS

O Teopema Poas. SIxkmo dbyuxuisa [ :

1) nenepepsHa Ha Bijipizky [a;0];
2) mudpepenuitiosna B inTepsasi (a;b);
3) Ha KiHI#X BijpisKy [a;b] nabysae
pisuux suavens f(a) = f(b), To B
inrepsasni (a;b) icmye mpunaiivui omHa
TOYKa ¢, TaKa, Mo

f'(e) = 0,¢ € (a;b).

Y

-9 QQ

b =z

al----+

Ol a

Ha rpadiky dyukiii icaye Touka M,

JIOTHYHA B siKiil napaJsenbraa oci Ox.

® Teopema Jlas'pansica.

Axmo bysrmis f:

1) menepepsHa Ha BinpizKy [a;b],

2) nudepentiitosna B intepsani (a;b),

To B inTepBaii (a;b) icuye npuHaitvHi

OJHA TOYKA C, TAKa, II0

f6) = fla) = f'(c)(b — a),c € (a;b).

L

N
:
i
:
'
i
0 a c z

Ha rpadiky dbyukuii icaye Touka C,

JIOTUYHA B sIKifl mapajenbia ciuniit AB.

© Teopema Kowi.

Axmo bysxuii f ra g:

1) nmenepepeni na Binpisky [a;b],

2) mudepentiiiosri B inTepsaii (a;b),
3) noximna ¢'(z) = 0 B intepsaii (a;b),

To B inTepsaii (a;b) icuye mpuHaitmmi

OZlHa TOYKa ¢, TaKa, IO

O IIpasuao Bepryaai —
Jlonimaas. dxmo dyskmil f ta g:
1) o3naueni it qudepenniiioni

Y TIPOKOJIEHOMY OKOJIi TOYKH ),

2) ¢'(z) = 0 B uBoOMy oKoI,

3) lim f(z) = lim g(z) = 0 (00),

!
4) icaye lim f,(:c)’
a—a, g'(z)
TO iCHYy€
!
lim M = 'O abo OO] = lim f/(x)
o=y g(2) 0 oo z—1y g'(x)
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7.7. TeiinopoBa ¢popmyna

O Mnozounen Tetinopa n-ro - n_ p(k)
nopsaaky yHKIIT [ 3a CTeneHAME n = k! 0
(z — z,)
O Dopmyaa Tetinopa n-ro NOpAIKY " ()
_ 0) (0 _ o \E

g Gynxnii f B okosi Toukm 1, fla) = e (2 = )" +7,(2)
© Dopmyaa Telinopa — L O

- i) =3 00 4 )
Maxaopena nna dynknil [ B okosi =k n
rouku 1, = 0 ’
0 Basuvwrosuti waer dopmyan r.(z) = f(z) - ~n(I)
Teitmopa
O Basuwrosutdl waen y bopmi Iearo 7. (z) = o((z — z,)"),z — =,
0O Basuwrosuli waen opMi (n+1)

¥ dop @)=Ly e ()
Jas'parorca " (n+1)!

@ Teopema Tetinopa. dxkimo Gynkiis f o3Hadena B AesKOMY OKOJII TOYKH %,
i n pasiB gudepeniiiioBua B HbOMY, TO IpapauBa Tetinoposa dopmysa B OKOI
TOYKH T, i3 saruwrosum wienom y dopmi Ilearno:
! (n)
f(zy) f (xo)
1!

n!

f@) = fz,) + (T —x))+ ...+ (x—2)" +o((z —xy)"), 0 — z,.

O Dopmyaa Tetinopa — Maxaopena 0as 0eaAKUT eaeMeHMAPHUT GYHKUIT

2 n JJ”+1
Qe =1+a+L . +I4¢ , c € (0;z)
21 nl (n+1)!
9 1" n+l1
Ol +2) = oL 4. 4 (—pyptaty U @
2 n (1+c)"+1 n+1
3 o9m—1 2n+1
@sing =z —L ...+ (1)L 4 (—1)" cosc——n
31 2n — 1) (2n + 1)!
9 4 9 2n+2
@cosr=1-L +2Z 4+ (-1 x—nJr(fl)"“coscwi
21 " 41 (2n)! @2n +2)!
k MHOXHUKIB n+1 MHOKHUK

o oo —1) e (a—k+1) o ala =1 (a—n) 4
® 1+ ) 71—&-‘; o xk+(1+c)”’“+1(n+1)!x
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7.8. AcumntoTU. EKCTpemymu. ToUkn neperuHy

O Acumnmoma. Acumnmomoro Kpueol
3 HECKIHYEHHOIO TIKOIO HA3UBAIOTH TaKy
psIMy, IO Bifaib d Touku M KpuBOi 710
1Ii€l IPSAMOIL IPAMY€E 10 HyJIsd, KO TOIKA
M BigIaISE€THC B3I0BK HECKIHYCHHOL
TIJIKK BiJT TOYATKY KOOPIMHAT.

® Bepmuraavha acumnmoma.

Ilpava z = z, € sepmukasvHOtO

acumnmomoro rpadika GyHKIil

y = f(z), axmo lim f(z) = oc.
T,

© IToxuna acumnmoma y = kx + b.
I'padixk bynknii y = f(z) mae moxury
acumnTory y = kr + b, Toni it srumie

TO/Ii, KOJIU ICHYIOTh CKiHY€HHI rpaHuli

lim (f(z) — kz) = b.

T—F00

O Jloxaavni exempemymu Gyrryii.
Sxmo ichye Takumit 0-oKina TOUKM ),

mo s seix z € Ug(z,) \ {z,} BuKoHamO
HEPIBHICTD:
Af(z) = f(z) = flzy) <0,
(Af(zy) = f(z) = f(z5) > 0),
TO TOUKY 1, HAa3HBAIOTH 1MOYKOI0

CTPOTOTO AOKAABHOZO MAKCUMYMY
(minimymy) byHKUil f, a 3HAUEHHH
f(xy) — aokarvrUM MAKCUMYMOM

(mirimymonm) dyHKIL.

max

(0] T

Toukn makcumymy Ta MiHIMyMYy
Ha3UBAIOTh MOUKAMU eKCMPEMYMY
dyukIil, a MaKCUMyMu Ta MiHIMyMEI

byHKIIT — excmpemymamu, QYHKIIIT.

© Toura nepezuny Pynruii. Hexaii
dbynxuig f osHadueHa B OKOJ TOUKH 1z, i

icuye f'(z,) (ckimuenna, +oo abo —00).
fkmo Touka z, BimOKpemsIIOoE iHTepBa
OILyKJIOCTI BroOpy BiJI iHTE€PBAJIy OIIyKJIOCTL
nouusy byHkil f, To il HA3MBAIOTH

mouKoto nepezuny OYHKIH f.

Touxy M (z,; f(z,)) HA3UBAIOTL MOUKON

nepeeuny epagira byskuii y = f(x).
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7.9. NocnipxeHHs PYHKLiT HA MOHOTOHHICTDb | TOUKM eKCTpeMymy

0 Kpumuuna mouxa 1-20 nopadxy. 1) f (z,) = 0 (cramiomapra TouKa);

Hexait dyukniss f osnadena B okoJi 2) f/(%) — oo (TouKa Bepramms);
TOYKU IO. TO‘IKy .TO HA3UBaIOThH E ,
3 T

KPUMUYHOIW Mowkoro 1-20 nopadky, ) A1) (xyrosa Touxa).

AKIMO BUKOHAHO OJIHY 3 YMOB:

0 /Tocmamna ymosa
MoHomornnocmi gynruii. Hexaii Yy
dbyukuis f mudepenmniitoBua B inTepBai
(a;0). Toni sixkmo YV € (a;h):

1) f/(z) > 0, To byuknia f 3pocrae
B imrepsami (a;b) (f 7);

2) axmo f'(z) < 0, To dyukuia f
cnazae B inrepsaii (a;0) (f N\).

Sxmo f'(z) = 0, To bynkmia f crama

J

B inTepsami (a;b).

© Heobxidna ymosa A0KAABHOZ20 Yy
excmpemymy. Axmo pynkmis f fi(z)) =0
O3HAYEHA B JEAKOMY OKOJIi TOUKH T LI,Z

i mocdarae B Iiil TOYIl €KCTPEMYMY,

TO TOYKa Ty € KPUTUIHOIO TOYKOIO 1-ro O|

HOPAIKY .

O Ilepwa docmamma Yymoea A0KaAbHO20 excmpemymy. Hexait z, — Kputmana
Touka 1-ro mopaaKy i dynknig f HermepepBHA B JICAKOMY OKOJI TOYKH . fIKIno

B IIbOMY OKOJIi:

1) fi(2) >0 mus ¢ <z, 1 f(z) <0 mlax min
JUIs £ > 3y, TO B TouIi 7, dynkmia f /i’\ , N4 ()
JIoCATaE MAKCUMYMY; +i1— fl2) —xi—;:
L 0
2) f(z) <0, pns & <z, 1 f'(z) >0, T, =z
sz > 3y, To GyHKIia f jocarae oxtr oxtr
B TOUIl T, MiHIMyMY; ' '
’ ’ + i+ [ A
3) noxijHa He 3MIHIOE 3HAK MEPEXOIIIn H I T
. . , P 7, T
4epes I, TO B Touni 7, dynkiia f
EKCTPEMYMY HEMAE.
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@ /Ipyza docmammusa ymosa 1) sixkmo f"(z,) < 0, T0 z, — TOUKA
A0KAABHO20 excmpemymy. Hexait JIOKATTHHOTO MAKCHMYMY;

dbynknig f apiui HemepepsHO 9) sxmo f"(z,) > 0, 10 3, — TOUKA
sudepennifiosHa B TOUI T,

ra f'(z,) =0, f"(z,) = 0. Toxj:

JIOKAJILHOI'O MiHIMyMYy.

7.10. JocnipxeHHA PYHKLUT HA HANPAM ONMYKAOCTi Ta TOYKU NeperuHy

O Kpumuuna mowka 2-z20 nopadry. 1) f'(z,) = 0;
Hexait dpysknia f osHadeHa B OKOJi

byminiz 1 2) £'(ay) = oo

roukn z,. TouKy 7, Ha3MBAIOTH ,

3) Af"(x,).

KPUMUYHOI0 TROYKO10 2-20 NopAdKY,

AKIITO BUKOHAHO OJHY 3 YMOB!:

0 /locmamHs ymosa onyKAO0Cmi Yy
donu3sy (dozopu) Pyrruii. Hexaii
dbyukuia [ B inTepsami (a;b) miui
HernepepsHo audepentiiiosua. To,
axmo YV € (a;b):

1) f(z) > 0, To dynxuia f B inTepsai
(a;0) onykna gouuzy (fU);

2) axkmo f"(z) < 0, To dbyukuia f

B inrepBasi (a;b) omykna goropu (f).

0

ko f"(z) = 0, To byuxnis f B inTepsani (¢;b) sinifina.

© Heobxidna ymosa mouxu
nepezuny. Adximo dynxnia f osnadena
B JIEAKOMY OKOJIi TOUKH T, 1 TOUKa T, —

TouKa neperuny GyHKii f, To TOUKa 1z,

€ KPUTUYIHOIO TOYKOIO 2-TO MTOPSTIKY.

O /Tocmamnsa ymosa mouxku

nepeauny. dxmo ana Gynxmii f Touka ;_li’fp/ \\Tﬂi
T, € KPUTUIHOIO TOUKOIO 2-I0 LOPSIKY, it () . P @)
; " ' i

epexo, epes 1o TO _ -
i, mepexosgun vepes o Touky, f”(z) P = >

3MIHIOE 3HaK, TO TOYKa I, € TOYKOIO

neperuny GyHKIil f.
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7.11. Cxemn pocnipxeHHs QyHKLT

O Cxema docaidorcerns Gymnruii
HG MOHOMOHHICTMD 1 MOUKU
excmpemymy (A0KAABHOZ0O).

® BnaxoaTh 06J1aCTh O3HAYCHHSA
dyHKIIIL.

@ Cepen, BHYTPIIIHIX TOYOK 00JsIacTi
O3HAYEHHS 3HAXO/IATH KPUTHYIHI TOYKU
1-ro mopsKy dyHKIIT.

Q@ HocmiKyoTh 3HAK MMEPITOl MOXi HOT
B KOXKHOMY 3 iHTEpBAJIiB, Ha AKi
KPUATHYHI TOUYKN PO36MBAIOTH 00J1aCThb

O3HAYCHHA.

@ 3acTOCOBYIOUH JIOCTATHI YMOBU
MOHOTOHHOCTI #1 iCHyBaHHS JIOKQJIBHOTO
E€KCTPEMYMY, BUCHOBYIOTDH IIPO
noBoKeHHsT QyHKIIT. O0UncIIIo0TH

3Ha4eHHs DYHKIL] B TOYKAX EKCTPEMYMY.

@ Cxrema docaidocernsa Gynruit
HA HANPAM ONYKAOCT

i mouku nepeauny i epagdixa.

® 3uaxosTh 06/1aCTh O3HAYEHHST
dyHKIIl.

@ Cepen, BHYTPIIIHIX TOYOK 00JIacTi
O3HAYEHHsI 3HAXOATH KPUTUYHI TOYKU
2-10 OPANKY (DYHKIII.

® HdocipKyoTh 3HaK JPYrol moxiaHol
B KOKHOMY 3 iHTepBaJiiB, Ha dAKIi
KPUTUYHI TOYKU PO3OUBAIOTH 00JIaCTh
O3HAYEHHS.

@ 3acTOCOBYIOYN JOCTATHI YMOBH
OILYKJIOCTI # iCHYBAHHS TOYKH HIEPErHHY,
BHCHOBYIOTH IIPO ITOBOJIZKEHHS (DYHKIIII.

© Cxema docaidocernns Gynruii
HA 2400a4BbHUT eKCmPeMYM
(Hatibiavwe ma Hatimerwe

SHAYEHHS).

® 3HaxoasTh KPUTHYHI TOYKH 1-TO
nopsky dbyHKii B inTepsaii (a;b);

@ O6uncToTh 3HaYeHHs (DYHKIIT

y 3HalJICHNX KPATHIHAX TOIKAX

i Ha KiHngx Binpisky [a;b].

® Cepejt 069nCIeHNX 3HAYEHD (DYHKILT
BUOUPAIOTH HANWOIIbITE Ta HaMEHIITe
snavenus QyHkii Ha [a;b].

O Cxrema no6Ho20 docAidrHCcEHHS
Pynxruii ma nobydosu it epagdixa.

@ 3uaxomarek obmacth ozaadenusa D(f)
bysxnil f.

@ YCTaHOBIIIOIOTH MOXKJIMBI CHMeTPIT
rpadika QyHKIII.

® Busnadarorh MOXKJIMBI TOUKHA PO3PUBY
dyukIil it acumoroTn i1 rpadika.

@ 3a J01MOMOror0 1epIrol moxiHol
byHKIIT BUBHAYAIOTH iHTEpBaIH
MOHOTOHHOCTI i TOUKU €KCTPEMYMY.

® 3a 101oMoroio Apyroi moxiaHol (PyHKIT
BU3HAYAIOTH IHTEPBAIN OMYKJIOCTI (OyHKIIT
i Touku neperuny ii rpadika.

® BHaXO0IATH MOXKJIUBI TOYKU ITEPETUHY

rpadika OYHKI] 3 OCSIME KOOPIUHAT.

@ Byaytors rpadik byukuii y = f(z).
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HaBuanbHi 3apaui

7.1.1. Kopucryouncs O3HAYEHHSM, 3HAUTHU MTOX1JIHY byHKIT

f(z) = 42” — 3z + 8 y Touni z,. O6uuciuru f'(1).
Po3B’azanHs. [7.1.1.]
[Kpox 1. Bnazodumo snauenns dynkyii f y mouxax T, + Az Ta xo.]

f(zy + Az) = 4(z, + Az)* — 3(z, + Az) + 8 =
= 4a? — 3z, + 8 + 8z Az — 3Az + 4(Ax)*.
f(zy) = 425 — 3z, + 8.
[Kpox 2. 3nazxodumo npupicm dynxuii [ y mowyi x,.]
Af(zy) = flz, + Az) — f(z,) = 87,07 — 3Az + 4(Az).
[Kpox 3. Bnazxodumo sidnowenns npupocmy ¢dynxuii f do npupocmy apey-
mernmy.]
Af(zy) 8z Az — 3Az + 4(Az)?

Az Az %o ’

[Kpox 4. 3naxodumo epanuyro sidnowennsa npupocmy dynxuit f do npupo-

cmy apeymenmy, xoau Az — 0.]

fl(z,) = Alcizrgo% = Al:i[rilo(81:0 — 3+ 4Ax) = 8z, — 3.

£1(1) = 5.

7.1.2.1.  3naiitu noxinny bynxuii f(z) = 2.

Po3B’a3anHa. [7.3.2.]
[7.3.2] a=4
fl(x) = (") = [(x“)’ = oazzt“’l] = 4% = 423,

7.1.2.2. 3muaiitu noxinny bysxuii f(z) = Yzt

Po3B’a3aHHS.
[epenucyemo dynruito y euzandi, 3pyunomy 0an OuPeperyitosaris, 6UKOPU-

CcMosYywY Gopmysy Yu? = up/q]

4

!/ ——
AR =3, 4 1

flz) = (3:04) = (:[:3) = {(IQ)/ =az® | = §x3 = %xs :§V3 z.
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1
7.1.2.3. 3maiitu noxinny byskuil f(z) = —-

z
Po3B’A3aHHS.

[[epenucyemo dynruito y euzandi, 3pyunomy 0aa JuPeperyitosanis, 6UKOPU-

1
CcMosYyuwu Gopmysy — = u™ ]
u

7.1.2.4. 3maiitu noxigny byskuii f(z) = 32° — 5z + 1.
Po3B’a3anHa. [7.2.1,7.2.2,7.3.1,7.3.2.]
[Ha xoorcnomy xpoui euxopucmosyemo 6i0nosidni npasuaa ma @dopmyau du-

pepenyirosanis.]

, 5 ) /[7.2.2,7.2.1] (U + U)l — '+ v/q
flo) =z = +8e ) (Cu) = Cu'
[7.3.2,7.3.1] (T“ )/ = !
— 423 — 322 L 5(z) — (1) = Z 2
() = 3(z%) + 5(z) — (1) ©) =0
=4-32>-3-204+5-1-0= 122" — 62 + 5.
7.1.2.5. 3uaiitu noxinny Gbyskiil f(z) = 330 + 4 1 + L
4[I3 T 2$2
Po3B’a3aHHs.
; 1 P
flz) = [?ﬁi/;-l-i—l-i-L =|l—=uu =ut|=
4’1'3 T 2.’1}'2 u®
1 3

"r.227.2.1) (utov) = £,

(Cu) = Cu'

3¢3 44z 4 —z '+ 51”2
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7.1.3.1.  Bmaiitu noxigny byskuii f(z) = .

Po3B’azanHs. [7.3.4.]
[7.3.4] u=2x
f/(l’) _ (621)/ _ [((i“)/ _ ez:,u//] _ 621(21})/ — o2 .9 — 927,

7.1.3.2. 3muaiitu noxinny dbyskuii f(z) = sin3z.
Po3p’azanHs. [7.3.7.]
[7.3.7] u=3z
f'(z) = (sin3z) = {(Sin u) = cosu-u'| = cos3dz-(37) =
= cos 3z - 3 = 3cos3z.

7.1.3.3. 3maiitu noxigny byskuii f(z) = € sin 3z.
Po3p’a3anns. [7.2.3.]
[7.2.3]
fl(z) = (e*"sin3z) = [(uv)’ =u'v+ uz/] =
[7347.37)] (uy — o/
= (*") sin 3z + **(sin3z) = ( ) ) , ' ,
sinu) = cosu - u
(sinw)

= e2(2x) sin 37 + €** cos 37 - (3z) = €** - 2sin 37 + ** cos 37 - 3 =
= e?*(2sin 37 + 3cos 37).

_ tez

7.1.3.4. 3muaiitu noxinny byskuii f(z) = o
nz

Po3B’azanna. [7.2.4,7.3.6,7.3.9.]

f/(m) B tg_:_z’ /[7.2.4] E ! - U/U _ ’LL’U/ B (tga:)/lna: . tgl’ . (lnx)’ B
Inz v 02 2
1
‘ 2) = Inz — tgz -~
[73.9;7.3.6] (tgz) = | oos'a nz —tgx v alne—sing-cos
(Inz) = 1 In? z zln?z-cos’zs
x
7.1.3.5. 3maiitu noxinny bysxuil f(z) = ar;txgx _

Po3B’azanna. [7.2.3,7.3.3,7.3.13.]
[IIepemsoproemo dpyrruito 3a popmyaoio Lo uv~1]®
v

[7.2.3]

!
t
E gm] = (arctgz - 37") = [(U’U)/ = u'v+w'| =

3.7,‘

) = [
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(7.3273373.13]| (1 otop) — fu=—z
= (arctgz) - 37" + arctgz - (37") = (arctg ) 1+2% | =
(") =a"“Ina-u
]. —r —x !/ 1 — —T
=1+ 537" +arctgz - 3 ln3.(_$):1+ 537" —arctgz-37"In3.
T T

Komentap. @ IloxinHy MOXKHA TaKOXK 3HAXOJUTH i 38 MPABUIOM IUQEPEHTIo-

BaHHA YaCTKH.

4

7.1.4.1. 3muaiitu noxinny bysxuii f(z) = 3°.

Po3B’a3anus. [7.3.2, 7.3.3.1°
\ ,[7.3.4] u=a" \ [7.3.2]
fl(z) = (3’” ) = [((1,“)/ =a"lna- u,/} = 3" In3-(2?) =
a=4
= [(a:“)/ = aa:“‘*l] = 3" In3-42% = 4In3- 2%3*".

Komentap. ® Bupas 3" pPO3yMIIOTh sIK 3", a me sk (37)1 = 34z,

7.1.4.2. Buaiiru noxigny bynkuil f(z) = log,(5z + 4).
Po3p’a3anH. [7.3.5.]

, 1[7.3.5] ) 1 ) u=>5z+4 1 ,

(@) = (logy(52 +4)) = |(log, u)' = e B m@ﬂ? +4)

o 5

C (Gz+4In2 (5 +4)In2
7.1.4.3. 3naiitu noxinny byukuil f(z) = cos® 3z.
Po3B’a3aHHs.
[[Iepenucyemo f(z) ax (f(z))*.]

[7.3.2]
f'(z) = (cos? 3z) = ((cos3z)?) = [(u“)/ =au /| =
[7.3.8] u=3z
= 2cos3z - (cos3z) = [(cosu) = —sinu-u'] =
[5.9.7]

= 2cos 3z - (—sin3z)(3z) = 2cos3z - (—sin3z)-3 = — 3sinbaz.
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7.1.4.4. 3Bmaiigits noxigny bynxmii f(z) = th?® 22
Po3B’a3zanHa. [7.3.2, 7.3.17.]

’ ,[732] u=thz?
f)=(th*a?) = ((tha??*) = [(") =ou" "] = 3(tha®)*(tha®) =
[7.3.17] 1 u=1" 1 [7.3.2]
= |(thu) = — /u,/] = 3th?2? %) = 3th%a?. - 2.
(the) ch?u ch? 2? &) ch? z?

7.1.5.1.  3naiitu noxinny dbyskuil f(v) = ctgv - sina.
Po3s’a3anHa. [7.2.1, 7.3.10.]

[Brazodumo noxiony dynruii 3a aminnoro v.]®
[7.2.1] [7.3.10]
f(v) = (ctgv-sina) = [(Cu) = Cu'] = sina- (ctgv) =
cTraJjia

] __ sina

sin® v sin® v

= sina[—
Komentap. ® Ockinbku noxiguy ¢yskiii f(v) Gepemo 3a 1l apryMeHTOM v, TO
sina € cranomo, a v’ = 1.
7.1.5.2. 3muaiitu noxigay bysKIl s(t) = arctgt + ctg J3.

Po3s’a3anHg. [7.2.2, 7.3.1, 7.3.13.]
,17.2.2]

s'(t) = (arctgt + ctg\/g) = {(u +v) = + U/} =
[7.3.13,7.3.1] tot) — 1
— (arctet) + (ctgVBy = | B = o Lo L
crasa C/ =0 1+¢ 1+ ¢

(z +1)PVz —2 .

(@ —3)(z +4)?

7.1.6.1. 3maiitu noxinny bysxuil f(z) =

<

Po3g’azanns. [7.2.6,7.2.1,7.2.2, 7.3.6.]°
[3acmocosyemo npasuro aozapudpmiunozo dudepenyirosanms

f'(@) = f(2)(In f(x)).]

[7.2.6] 4
f@>=f@{m<x+U?$—22
Y@ — 32+ 4)

MaKCUIMaJIbHO BUKOPHUCTOBYEMO
BJIACTHBOCTI JIOTa I)M(b Ma

/

[ Bukopucmosyemo saacmusocmi aozapudma:
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log, (zy) = log, z + log, y;
log, T log, x — log, v;
)

log, 2% = alog, z, z,y > 0]

1 9 /(7.2.1,7.2.2]
flz) = f(l’)[?)ln(ac +1)+ Zln(z —2)— gln(az —3)—2In(z + 4)] 730l
(udv) =u £, 1
= 1 u) — — / =
(Cu) = Cu' (lnw) u

(x + 1)3m
V(@ — 32 + 4

Komenrap. ® ®opmysy norapudmivunol moxigHol JOIiJIBHO BUKOPUCTOBYBATH
T aupepEeHItiioBaHHs BUPA3iB 3 BEJUKOIO KiJTbKICTIO MHOYKHUKIB abo crere-
HEBO-TIOKA3HUKOBUX BUPA3iB.

z+1 4z—2) 5z-3) z+4

3 1 2 2 J

7.1.6.2. 3maiitu noxigny byuknii f(z) = (arcsin z)“8?.
Po3B’azanns. [7.2.3,7.2.6, 7.3.]

[7.2.6]
fl@) = [f(z) = f(2)In f(z)] = f(z)(In(arcsinz)"E") =
S BCTIROCTE
sorapudnma
7.2.3]
= f(r)(ctgrInarcsinz) = [(uv)’ = u'v + uv’] =
1
[7310]| (ctgz) = ———,
= f(z)((ctgz) Inarcsinz + ctgx - (Inarcsinz)’) = sin” x
[7.3.6] ;1
(Inw) ==u
u
[7.3.11]
= f(z) [ Inarcsinz + ctgz —(arcsinz) | =
sin? 2 arcsinz
— (arcsin z)87 | — In a.rc;smsc ctgx ]
sin® x arcsinaV1 — 22
7.1.7. Bmaiitu noximny dynxmii y(z), samanoi messro r° + y* — 3azy = 0.
Po3g’azanns. ©

[Aupeperyiroemo 06udei wacmunu pienocmi, wo sadae Pynruito y(x) Heasho,

3a 3minnoto .|
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(%) + (y°) = 3a(zy) = 0.
[7.3.2]
W*) = 3y*y/,
[7.2.3]
(xy) = 2y +ay' =y +ay
322 + 3y*y' — 3ay — 3axy’ = 0.

[Baruwaemo aci dodarku, awi micmamo y', Ai60pYY i nepenocumo npasopy
pewmy.)

(3y* — 3az)y’ = —32° + 3ay.
[Bupastcaemo y'.]

@
’_ 7’ —ay

y? — ax

Komenrap. ® Ilepexin Bix zesBHOro 3ajaBanus GyHKIl 10 SBHOTO 4acTo Oy-
. . . r dy
Ba€ CKJAJIHMUM, a TO il HemoxkauBuM. 1106 3HaliTH noxigHy y = —=, He IOT-

PiOHO mepexouTH BiJl HESIBHOTO 3a/laBaHHs (DYHKIIT /10 SIBHOTO.

@Tloxinua Bix HesABHO 3a1aHOT (DYHKII € TAKOXK HESABHO 33JIaHOI0 (DYHKILIEIO

3MIHHOI Z.
7.1.8. SuaiiTu moXijIHY y; byHKIT ¥, 33/1aH01 TapaMeTPUIHO
Tz = tgt + ¢,
() 1 tel-Ti
Y _ ’ 279
cos? t

. . T
U1 JIOBLJIBHOTO 3HaYeHHA ¢ 1 IJid t = Z

Po3B’a3anHs. [7.2.8.]
[3razodumo nozidno napamempuuno sadanoi dynryii 3a Gopmyaoto:

o
z = z(t),
(@)1, y,(t)
7/1(7(:) - ! .
z,(t)
/
[ 1 ] 2sint
gt = \cos’t) _ cosit _ _ 2sint
! (tgt +t) 1 cost + cosdt’

+1
cos? t
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Tz = tgt+ ¢,

, iy
v, (z) : 2sint te ——;—]-
Ty = — 22

cost + cos” t
4
y,(2)| =

=3
@ Ioxixua Bix HEABHO 3a0aHO0T (DYHKII € TAKOXK HEABHO 33JIQHOI0 (DYHKILIEIO
3MIHHOI Z.
7.1.9. Bnaitti noxigmy it mudepennian bynxmii f(z) = (22 — 1) y rouni
7, = 1.
Po3g’azanns. [7.1.9.]
[3razodumo noxiony dynruii f.]

[7.3.2] u=2z-1
fl) = (@2 -1 = [u* = o] =
=102z — 1)°(22 — 1)) = 102z — 1)? - 2 = 20(2z — 1)°.
[Brazodumo noxiony dymxuii f y mowui z, = 1.]
7'0) = 20(2z — 1)9‘ =202 1-1) = 20.
[Brazodumo dudepernyian dynruit f y mowui z, 3a dopmyaoto |7.1.9)]
df(zy) = f'(zy)dz.]
df(1) = 20dz.

3apavi Ang ayAUTOPHOI Ta AOMALLHbOIT po0oTH

7.1.10. Kopucryrouuch O3HAYEHHsM, 3HaiiTh moXigHy (GYHKIIT f y TouIi

z,. O6uncairs f'(2), axmo

1) f) =~ + 2) flz) = 2.

7.1.11.  3maiigite noxigHy OYyHKINL:
1) f(:z:):x4—%m3+2x—1; 2) f(x):x—;—%?+3:1:+2;
B s =2y~ + ¥ 0 1) =3+ 5 -

5) f(z) = (52* +7)% 6) f(z) = (1 + bz — 822)%;
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7) f@) =3 + 50+ 1; 8) J() = -——
Va2 +5
9) f(z) = 222 —1)"; 10) f(z) = o'(3z + 4)%
& 32 +1
11 o) = ; 12) s(t) = .
) olo) = 5 ) sit) = 2
7.1.12,  3HaiigiTe nOXigHY QYHKINT:
D) f(@) = actgz: ) fa) = £,
3) fl@) =1 = 4) p(ip) = psinp + cos ;
—cosz
5) f(z) = %Sin Tz — gcos5a7; 6) f(z) = %cos%: + %sin?x;
1
7) f(z) = Vsinz; 8) f(x) = ;
) f(=) ) f(z) N
9) f(z) = ctg' z; 10) f(z) = 7tg’ z;
11) f(z) = 5cos’ x; 12) f(z) = 8sin*z.
7.1.13.  3maiiniTe noxigny OyHKINL:
1) flz) =& 2) flz) = e 2%
3) f(a) = 27 4) fla) = 67"
5) f(ib) — ectgm; 6) f(SC) _ 61/1:;
7) fz) = (a*)",a > 0; 8) f(z) =a",a>0.
7.1.14. 3maiigiTe noxigHy QYHKINL:

1) f(z) = In(2z — 3);
3) f(a) = Ylog, 7

5) f(z) = Incosz;

T —2
) fla) =,

2) f(z) = In(3z + 4);

1) fla) = —

B loggzr’

6) f(z) = lnsinz;

8) f(z) = In(x + V1 + 2?).
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7.1.15.

7.1.16.

7.1.17.

7.1.18.

SHaiigiTe noxigHy QyHKIL:

1) f(z) = 2*log, z;
3) f@) =
5) flo) =

7) f(z) = (2* — 2z + 3)e%;

9) f(z) = zsinzln;
SHalIITh TOXiAHY PYHKIIII:

1) f(z) = arcsin5z;

3) f(z) = arccos(l — z?);

5) f(z) = arctg3z%;

7) f(z) = arcsin® 22

9) f(z) = arcctg® 5x;

11) f(z) = arcsinV1 — 2%,z > 0;

SuaiigiTe noxigHy QyHKII:

1) f(z) = ch’g;

3) f(z) = cosz-chz +sinz-sha; 4) f(z) =

SuaiigiTe noxigHy GyHKIl:

1) f(z) =1n 2\1/(217 + 4)132{‘/@ —3)

I\Z/x—kl

2?2z + 4)

COST
6) f(z) =——;
r
1—10°
8) f(z) = ;
1+10"

10) f(z) = ze"(cosz + sinz).

2) f(z) = arcsin \/;;
4) f(z) = arccosl;
x
6) f(z) = VJarctgx;
8) f(z) = arctg2i2;
T
10) f(z) = arcctg\/;;
cos T

12 r) = arctg———.
) f) g1+sinx

2) f(z) = Inthuz;

chz — coszx
shz +sinzx

)

2) f(z) =In

(6 + Tz + 222) (2 + 3)"
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2
3) o) = Gr 4P - 22640y 1) f@) = {2,
z—
2 702 3
—4 2
5) f(z) = il sin® z cos* z; 6) f(z) = (z+5)(= r 42
2? +1 (2% + 327 + 5)?
7) (@) = 2" 8) f(x) = (sima)"es;
9) f(z) = (Inz)"; 10) f(x) = (tga)™";
11)* f(z) = 2" +2%; 12)% f(z) = & + 2% + 27
7.1.19. 3maiigiTe moximHy y; byukmil y(z), 3a7aH01 HesIBHO:
Y 2/3 2/3 2/3
1) =+ =1 2) 27" +y?" = a7
a® b
3) y = x + arctgy; 4) 2° 429 = 271V,
5) cos(zy) = ; 6) tgy = xy;
7) 2ylny = x; 8) arctg% = Inv2? + 9%
) =y o ot - [2]
Y
7.1.20. 3naiigiTe moximHy y; byHKIIT ¥y, 33/1aHO0T TAPAMETPUIHO:
T = a(p — siny), z = €' cost,
D oy(z):y , 2) y(z): .
y = a(l — cosp); y = e'sint;
_ 3at
x:ln(1+t2), _1+t3’
3) y(z 4) y(z) :
) (@) y =t —arctgt; ) u(@) 3at?
Yy = 3
1+t
7.1.21.  3maitnite qudepennian Gynkmii f y Toumi r Ta y TOUNi I, AKIIO:

1) f(z) = sinx —zcosz + 4,1, = %;

2) f(z) = zarctgz — InV1+ xz,xo -3
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7.1.22. 3HaiiTh 3HAYEHHS OXIIHOI y; dysxil y(z), 3amanol mapamerpu-

. T
YHO, y TOYIIl to:Z:

T = acos’t, x = a(cost + tsint),

1) y(=) 2) y(@): y = a(sint — tcost).

. y = asin®t;
7.1.23.  JloBendiTh, MO (PYHKINA y COPABIKYE AudepeHItiaabie PiBHAHHS:

1) :cy'Jrl:ey,y:lnl_il_x;

2) -2y —ay=1y= aresma
Ji—z
7.1.24*, 3naiigiTs cymy:
1) 1+ 22+ 372 + ...+ ’I’L.Z'"71;

2) 2423z +3-42 + ...+ n(n —1)z" 2

Bignosipi

7.1.10. 1) f'(z) =22, — L' (2) = 3; 2) f(z,) = —%,f@) = —%.

700 1) flz) =42° —2® +2 2) fl@) =2 —2+3 3) fl(y) = %y " yiz;

4) fi(z) = % - Z%; 5) f(z) = 302(52° + 7)%; 6) f'(x) = 5(1+ 5z — 82%)*(5 — 162);

) f'(z) = % 8) fl(z) = —ﬁ; 9) f/(z) = 222z — 1)' (16 — 3);
10) f'(z) = 22°(3z + 415z + 8); 11) ¢'(a) = (11;2‘;)2; 12) §'(t) = %
A2 1) fa) = ciga i 2) ) = S ) ) = et

4) p'(¢) = pcosy; 5) f/(z) = cosTx + 3sinbxz; 6) f/(z) = —sin9z + 3cos Tx;

CcosS T sinx

010 = S ) ) = s 0) ) = |-

;
sin’ 2 ]

; 11) f'(z) = 25cos® z - (—sinz); 12) f(z) = 8sin 2a;

10) f'(z) = 42tg’ z -
cos”
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Vz
7113, 1) f/(z) = 371 2) f(2) = —2¢271%; 3) fl(z) = 22};2;
) ectgl« e]/:l:
4) f'(@) = 2267 In6; 5) ['(®) = ———; 6) f'(z) =~ 7) f(2) = na" Ing;
sin® z 22
8) f'(z) = nz"'a”" Ina.
7008.1) fl@) = ——; 2) fl@) = —>— 3) f(0) =
2z —3 3z 44 33/log, z - xIn2
) — — 1 . 1) — . 1) — . 1) — 4
4) fi(z) = n3log o 5) f'(z) = —tgz; 6) f(z) = ctgz; 7) f'(x) -

8) fl(z) = \/#

7115, 1) f(z) = 2zlog, @ + %; 9) f(z) =

rInl0lgzr — o +1
zIn101g? z

e’(sinz — cosz)

3) fl(z) =471 —zlnd); 4) f'(z) = 10°(1 + z1n10); 5) f(z) = - 5

sin” z
6) f’(x) _ _blnfL’+CObfL’; 7) f’(T) :em(xQ +1); 8) f/(x) _ _2 10 lnlO.
e’ (1+10%)?
9) f'(z) =sinzlnz + zcoszlnz + sinz; 10) f'(z) = e*(cosz + sinz + 2z cos z).
7006, 1) f/(1) = ————: 2) f(a) = ———=: 3) f(a) = —;
V1 — 2527 2z —z? 1—(1—a2%?
1 6 1 1
1) f'(x) = 1 5) fl5) = —=—1 6) f'(z) = s
w2 =1 1+ 9z 2yarctgx 1+z
.9 g 2z 4z 1 20arcctg® 5z
7) fl(z) = 3arcsin®a? - 0 8) fl(x) = — arctg—; 9) f'(z) = - ——2";
) f(z) m ) (@) 1 gz2 ) f(z) 1+ 2522
Ve 1 1
10) fl(z) = ———"—; 11) f'(2) = ————=; 12) f'(z) = —=.
) ['(x) At ) ) ['(x) N ) fla)=—5
7.117. 1) f'(z) = 3ch?z-sha; 2) f'(z) = L; 3) f'(z) = 2cosz - shu;
sh2z
2shz-sinz
4) fl(z) = ——""—.
) 1) (shz + sinz)?
7.1.18.1) f'(z) = 13 + L A— ;
21z +4) 28(x—3) 12z +1)
2 7 4o 4+ 7 14

2) fl(z) ==+ - - ;
) @) z 42 22 4+7x4+6 2z+3

3) fl(x) = 15052 — 4)*(z — 2)%(3 — 42) + 2(5z — 4% (x — 2)(3 — 4a) — 4(5z — 4)*(z — 2)%;

R et I N RV R

2242 z-4 T 2?41

+ 3ctgr —4tgz |;
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T 6z—12 62" +12
t+5 22 —4z+2 2P +322+5

6) f'(z) = f(x)[ 0 7) fl(2) = 2°(Inz + 1);

8) fl(z) = f(x)[arcsinx~ctgz + \1/% ;9) fl(z) = (Inz) e [I&II + lnlnz];

10) f/(z) = (tgz)CM[ 1

—sinz-Intgz |;
sinx

11)—12) Vkasiska. 3HaiiAiTh NOXiIHY KOXKHOTO IOJAHKY OKPEMO.
11) fi(z) = 2* -2 (1 + 2lna(lnz — 1)) + 22+ In?2;

12) fl(@) = 2" P (1 + In2z) + 22 - 2° [l +In2-Inz|+2" n2-2%(Inz 4 1).
T

2 2 T _ 9y
7.1.19. 1) ¢ = f@—x; 2) ' =-3L 3) y = 1+7y; 4) y' = rozl ;
oy z E 1-2
5) yf = _Ltusin) o _yeoy
zsin(zy) 1—zcos’y
1 Tty )y —aylny r_ Y
N yY=—--:8 y = P9y = 5——10) y' ==
2(1 + Iny) T—y 2? —zylnz T
z = a(p —siny), r = e cost,
7.1.20. 1) y! - 2) yl sint + cost
vi(¢) = ctg 2 v () = ————
2 cost —sint
Il 4 2) v = 3at
z=1In , =
3 . 4) o 14+
) vy, t ) U (2 — 3
y,(t) = 5; y' () = g
! 1—2£

71.21. 1) df(e) = wsinads, df[g] = o 2) df(x) = arctgadr,df(V3) = Tdu.
T = 3 1, T = a(cost + tsint),

71221 g, ?/'[E] — 5 by (] =
y,(t) = —tgt,” (4 () = tgt, "4

7.1.24. Ykasiexa. Bukopucraru 3HaveHts cymu & + 2 + ... 4+ z".

MpakTUKym 7.2. 3aCTOCYBaHHSA NOXiAHOI

HaBuanbHi 3apaui

7.2.1.1. 3Bamnwmcaru piBHsAHHA JOTHYHOI Ta HOpPMaJi 0 rpadika QGYHKIIT
f(z) = 2% — 62 + 4 B TouKax 3 abcuucamm: a) 7, = 4 Ta 6) z, = 3.
Po3B’a3anHa. [7.5.3,7.5.4.]

A. [Brazodumo snavenns gynryii f(z,) ma snauenna noxionoi f'(z,).]
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fA) =4 —-6-4+4=—4
fl(z)y=22—-6; f/4)=2-4—-6=2.
[[Tiocmaeasemo snavenns z,, f(z,) ma f'(z,) y pienanna domuunoi [7.5.5) 3i
ckinuennoro noxionorw f'(z,)
y = flag) + f(z) (& — )]
PiBugnunga moruanorl:
y=(—4)+2(x—4); y=22c—12.
[[Iidcmasanemo snauenna =z, f(z,) ma f'(z,) y pienanna nopmani |7.5.4) si
crinuennoro noxionor f'(z,) = 0

?/:f(l’o)*/L

f'(y)

(& — )]

PiBusauna Hopmadti:

1 1
=(-4)—=(z—-4); y=—=z—2.
y=(9-g—4;y=—7

B. f(3)=3°—-6-3+4=—5.
fl(z)=22-6; f(3)=2-3—6=0.
PiBustnug moTwvHOI:
y=(-5)+0z—3); y=-5.
[Tiocmaeasemo snavenna x, y pisnanna wopmani [7.5.4) iz f'(zy) = 0
T = z,.]
PiBusguuga nopmadri:

z = 3.

7.2.1.2. 3Banucaru piBHaAHHS JOTHYHOI Ta HOpMas B Touri M,(2;2) mo xpusoi

1 1
L: t tQ’

_ 1.3

YT o

Po3B’azanna. [7.2.8,7.5.3, 7.5.4.1
[Brazodumo snavenns napamempa t, axe eidnosidac mowui My(2;2).]

1 1
222 —2,
© et=1
1 3
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Touni (2;2) xpusoi Binnosiae 3nauenus napamerpa f, = 1.

1

[O6uucaroemo noziony y;

I:ZO
7.2.8
Ny T T
y,(t) = = = Yplyg = Yo b= o
r, 2t+4 6
[[Tidemasanemo snauents Ty, Yy ™A y; vy © DIBHAHMA 00MUNHOT 31 CKIH-
r=z,
!/
4EHHOI0 Y, i,
Y=y, +v, =y, (@ = )]

PiBugnnga mormamnori:

y:2+£(:ﬂ—2);6y—7x+2:0.

. / . . . .
[[Tidcmasaaemo srnavenns xy,y, ma y, 6 DIBHANHA HOPMAAL 31 CKIHYEH-

.17:.170

/!
HO10 Y, |z_z =0
0

PiBusnns mopmadti:

yzQ—g(x—Q);7y+6x—26:0.

7.2.1.3. 3amucarm piBHAHHA g0THUHOI Ta HOpMami 0 Kosa x4y’ =4 y
TOII MO(\/E;I).
Po3B’a3anHa. [7.5.3, 7.5.4.1
[Bnazodumo noxiony pymryii y(z), sadarnoi neseno, G obuucaroemo y'(z,).]
4y —4=0=2z+2y =0;

2y’ = —2; Y = .

Yy z:x/g, 1

y=1
[[Tidcmasaaemo snavenns z,,y, ma y’(xo) 8 PIBHAHHA dOMmuUHOT 31 CKIMweH-
noro y'(z,)
y =1y + (@) (@ — )]

PiBugaunga goruanorl:
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y=1-3(z—3); y = 3z + 4.

. / . . . .
[[Tidcmasaaemo snavenna x,,y, ma y'(x,) 6 pi6HANHA HOPMAAL 3i CKiHYeH-

noro y'(z,) = 0

(x—z,).]

Y=Y — L
0 y’(%)

PiBustHHS HOpMAaJTi:
1

1
y—l—i—Tg(aE—\/g), y—Tga:.

7.2.2.1. Busnauwru, y skiit Toumi goTHYHA 10 napaboian y = z’ mapasesbHa

npaMiit y = 4z — 5.
Po3B’a3anHa. [4.3.3.,7.5.2.]
Hexait Touka poruxy M (z,;y,). Toxi
[7.5.2.1]
kﬂOT' = y’(zO) = 2z,
Ockisbku KyTOBI KoedinieHTHn napaJjejbtux npsMux pisai [4.3.3.2], To
kior. =23y =4 & 25 =2,y, = 4.

2

Joruana 1o mapabom y = z° mapanenbHa npsamMiit y = 4z — 5 y Touni M (2;4).

7.2.2.2. Busnauwrh, y gkiii Toumi AOTHYHA 10 HapaGoIH Y = T’ HepIeHIH-

KyJigpHa 110 npsamol 2z — 6y + 5 = 0.
Po3B’a3anHa. [4.3.3,7.5.2.]
Hexait Touka poruxy M (z,;y,). Toxi
[7.5.2]
k’/mT‘ = y/(l’o) = 2z,.
[3razodumo kymosui rxoedivienm npsamoi 2z — 6y + 5 = 0.]

2x—6y+5=0@y:lx+§:>k:l.
3 6 3

Ockimpku KyTOBI KOediIleHTH MepHeHInKYyJIIPHAX IPAMAX 3B’s3aHi CHIBBiz-

HomuteHHsM [4.3.3.3]
kiky = —1,

TO,

3 9
k A:2z0:73¢>x0:f§,y0:2.
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Joruuna 10 mapaboiu y = 2° TepHeHIuKy/IapHa 10 npsaMoi 2z — 6y +5 = 0
. 39

B Touri M,|——=;=|.

7.2.2.3. Busnauwrh, y skiit Touni moTmdana g0 mapaboim y = z° yTBOPIOE i3

npamoo 3z —y +1 =0 xyr E

Po3B’azanna. [4.3.7,7.5.2.]
Hexaii Touxa poruky M (z,;y,). Toxai
[7.5.2]
kﬂUT. = y/(‘TO) = 2:EO'
[3razodumo kymosui koedivienm npsmoi 3z —y +1 = 0.]
3r—y+1=0y=3z+1=Lk=3.
Ty = —1, Yo =1L
BT
02~y TS

L [4103]

to— =
g4

2z, — 3
1+2z,-3

2z, — 3
6z, +1

=1«

Jlormama 10 mapabom 4 = 2° yTBOPIOE KyT E i3 mpamoio 3z —y+1=0 B
11
4716 )

. . 1.
7.2.3. BusnauwTn, mig gkuM KyTOM TEpPeTHHAIOTHCS Timepbona y = — i3
z

roukax M, (—1;1) Ta M,

napaboJiorn y = Ja.
Po3B’a3anHs. [7.5.5.]
[3razodumo mouku nepemuny 2inepboau ma napaboau.|
=7
| e-=Vrer=ly=1
Yy =— T
x
Kpusi neperunaiorscs B Touni M, (1;1).

[Brazodumo kymosi woedivienmu domuunuz y mowyi M.

1 1
YT B B §
1 ( ) |AL71 2\/; o 9
!/
1 1
z T =1
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Orxe,
1
[4.3.7] (ﬁ) Ky — b, o (-1 ;
tgp = |tg(Ly,Ly) = = =3.
' L+ kik, 1_,_1.(_1)
2

Kpusi yrBOpIiorors roctpuit KyT p; = arctgd i Tymmit KyT ¢, = T — arctg\/g.

7.2.4.1. Tino pyxaeTbcs NpsMOJIHIAHO 3a 3aKOHOM §(t) = t> + 3t +1 m. Bu-

3HAYUTH HOro MIBUJKICTB Y MOMeHT ¢ = 4 c.
Po3B’a3anns. [7.5.7.]

[IBuakicTs pyXy Tijia € MOXimHOMO Bif mpoiimenoro muisxy. OTxe,
o(t) = s'(t) = (t* + 3t +1) =2t + 3.
v(4) =11 m/c.

7.2.4.2. KinbKicTb €J€KTPUKH, IO MPOTIKAE Yepe3 MPOBIHUK, MOTUHAIOYTH 3
momenty t = 0, 3amano dopmyson q(t) = 2t* + 3t +1 Ko 3uaiitu
CUJTy CTPYMY HANPUKIHIY IT'ATOT CEKYH/IH.
Po3B’a3anHs. [7.5.8.]
Cwia cTpyMy € IMOXiJIHOW BiJ KiJTBKOCTI €JIEKTPUKH, IO IIPOTIKAE Yepe3 Ipo-
Bisauk. OrxKe,
It)=q'(t) = 2t + 3t + 1) = 4t + 3;
I(5) = 23 A.

7.2.5. O6uncaits mabmmxkeno In(1,02).
Po3B’a3aHnHs. [7.5.6.]
[LLIo6 cropucmamucs dopmyaoto [7.5.6] nabausicenozo obuucaernna snauenms
pynryii,

flzy + Az) ~ f(z,) + f'(z,)Az.
susnavaemo f(r),x, ma Aw.]

f(z) = Inz,z, = 1,Az = 0,02.

) =lnl=o0 f0)=% =1

z =1
In(1,02) ~ 0 + 1-0,02 = 0,02.
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3apadi 4na ayAUTOPHOI Ta AOMALLHBOI po00TH

7.2.6.

7.2.7.

7.2.8.

7.2.9.

7.2.10.

7.2.11.

SamumriTh pIiBHAHHA JOTHYHOI Ta HOpMaJji g0 rpadika QyHKITT
y = f(x) y Touni 3 abcrucoio x,, AKIIO:

1) f(z) = \/_ 1, = 4 2) f(z) = Inz,z, =1
3) flx)=2" —4dx + 5,2, = 2; 4) f(z) = 2° + 22% — 4z, 7y = —2;
f@)=~Nz+1+ Lz, = -1 6)f(m)=\/3x—1—2,1:0:1.

SamuuiiTs piBHAHHEA JOTHYHOI 0 KpubBol L y Toumi M, Ta B TOumi

M,, mo BifmOBifa€ 3HAUEHHIO TApaMeTpa t = t;, AKIIO:

T = 3cost,
1) L: . M, i;2\/5
y = 4sint, J2

9 L :cztcost,MOO T
) "|y = tsint, 0(’)’1&172'

atl :0;

SanumiTh piBHAHAA JOTUYHOT Ta HOPMaJi 10 Kpubol B Tounmi M, :
2 2 /3 2
z ) 3 z 9
1) =+==1M, 2) ——y* =1, M,(4;,—3).
) 16 9 [ ) ] ) 1 Y 0( ; )
YV gKux TOYKax KyToBuit KoedimieHT mormanol 1m0 rpadika GyHKI

y = f(z) mopisuroe k, sKio:

k= —3.

1) fz) = 2%k = 3 mf@:%

SanuiniTe piBHsSIHHS JOTUYIHOI JI0 KpuBOI y = f(x), sKa: a) mmapaJie-
JbHa mpsMiit Ly, 6) meplHeHIuKyIspHa 10 mpsMol Ly, SKIo:

1
1) f(z):§x2 32 —6,L :y=xL,: x4+ 5y —10 = 0;

_z
12

3’sacyiiTe, il SKUMU KyTaMU [IEPETUHAKTHCS:

2) flz)=2L :3c—y+5=0,L,:y

2

1) napaboaa y = z° ta upama 3z —y — 2 = 0,

2) cunycoina y = 1+ sinz Ta upama y = 1.
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7.2.12. 1. Touka pyxaeTbcs TpsMoiHiiiHO 3a 3axomoM s(t) = (9t — %) M.
SHaWITh MBUIKICTE PYyXy it MOMeHTIB t =1 cTta t = 2 c.
o

2. Tino pyxaerbca npAMOJIHIHO 3a 3akoHOM (1) = i 4t3 4+ 162

SuaiiiTe mBHIKICTE pyXy. Kosm Tio pyxXaerbcs y 3BOPOTHOMY Ha-

npsimi?

7.213.  OGuuciiTe Hab/M2KeHO 3HaUeHHd QyHKHi f y Touni z;, gKmo:

2

1) f(z) = arctgz,z; = 1,04; 2) f(z) =e" "z, = 1,2.
7.2.14. Ckuanite gudepeHIiagbHe PIBHIHHS KPUBOI, 0 MAa€ XapaKTePUC-
TUYHY BJIACTUBICTH:

1) kBazgpaT JOBXKUHU BiApPi3Ka, akuil Biarunae Oyab-gKa JOTHIHA Bl
oci OpJMHAT, JOPIBHIOE JOOYTKY KOOPJUHAT TOYKH JIOTHUKY;
2) Gynb-fIKa JOTUYHA [EPETUHAETLCA 3 BICCIO ODIMHAT y TOYI, OJl-
HAKOBO Bi/IaJIeHol BiJl TOYKHU JOTHKY JI0 MMOYATKY KOOPIHUHAT.
Bignosigi
7.26.1) y = ierl, y=18—4z;2)y=z—-Ly=1-2;3) y=Lz =2

4hYy=8 r=-25r=-1Ly=16) z=1y=-2

7.2.7.1)y:f§x+4\/5:0.,w:3; 2)y:(),(ﬁ+4)$+(ﬁf4)yfﬁ2§:0.
V3 4

7.2.8.1)3/:——.7?—&-2\/3.,1/:—.7?——; Yy=——"Fz+ ,yfx/—x 53.
4 NEREENE \/_ NE)

7.2.9. 1) (1;1),(-L-1); 2) (1;3),(=1-3).
7.210. 1) a) y =2 —14,6) y =52 —38; 2) a) y =3z +2, 6) y = 12z + 16.

1 1 s 3T
7.211. 1) o, = arctg—,a, = arctg—; 2) o, = —, 00, = —.
) 1 g7 2 g137 ) 1 1 9 1
7.212. 1) 6 m/c; —3 m/c; 2) v = t3 — 12t% 4 32t, pyx y 3BOpOTHOMY HampsMi Bix t = 4 110

t=8.
7.2.13. 1) 0,805; 2) 1,2.

7.204. 1) ¢/ = Ei\ﬁ; 2) y — E[LFZ].
T T 2z oy
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MpakTukym 7.3. MNMoxigHi BUILMX NOpPAJKIB

HaBuanbHi 3apaui

7.3.1.1.  Bmaiitu noxinuy 5-ro nopaaxy dyskuii f(z) = 5zt
Po3B’azauHa. [7.4.1.]
[[Tocaidosro snaxodumo noxioni 1—5-20 nopadky.]
fl(z) = 2023 f"(z) = (202®) = 602?; f"(z) = (602°) = 120z;
(@) = (1202) = 120; fO(z) = (120)' = 0.

7.3.1.2. 3mnaiitu noxinny 3-ro mopsinky dyHkil f(z) = sin? z.
Po3p’azanHs. [7.4.1.]
f'(z) = 2sinz - cosz = sin2z; f"(z) = (sin2z) = 2cos27;

f"(x) = (2cos2x) = —4sin27.

7.3.1.3. 3muaiitu noxinny 50-ro nopsuky dbyukuii f(z) = cos2z.
Po3s’azanng. [7.4.7.]
[7.4.7.7) x
(cos2z) = |(cosaz)™ = o cos[oaz: + ng]

= 2% cos[?m + 50-%] =

2% cos(2z + 25m) = 2% cos(27 + 1227+ 71) =
= 2 cos(2z + ) = —2° cos 2z.
7.3.2.1.  3Buaiitu noxigny f1(z), me f(z) = (z* + 1)cos2z.

Po3p’azanHs. [7.4.5.]
[LLIo6 snatimu noxidny, euxopucmosyemo Jlaibniuesy dopmyay [7.4.5.]

(u(aofa))" ZC Pa)]

u = cos2x,v(:1:) = 22 4 1,n = 100.

100
(uv)(mo) _ cho“ (100—), ()

[[Tocaidosro snazodumo noxiowi i 06%uCJL106M0 3HAYEHHA OIHOMIGALHUT KOE-
Pivienmie domu, doku noziona odwici 3 Pynruit ne dopierosamume nya0.]®
vV O(z) = 22 +1 Oy =1 w10 (z) = 219 cos 2z
v(z) = 22 Cly =100 u(z) = 2% sin 2z
v'(z) = 2 C%, = 4950 u*®(z) = —2% cos2a
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[[Tidemasanemo snatideni noxioni G xoediuienmu y Popmyay.]
7099 (z) =
= 290 cos2z - (22 + 1) + 100 - 2! sin 22 - - — 4950 - 2% cos 2z + 0 + ... + 0 =
= 210 (a? — 2474) cos 2z + 100z sin 22 ).
Komenrap. ® Ockinbku,

[7.4.7)
u<100>($) = 2100 g (23: + 507r) = 290 cos2u;

u®(z) = 2% cos[21: + 99711] = 2% sin 27;

u®)(z) = 2% cos(2z + 497) = —2% cos2z.

o 001
00 1199t T
100! ""*?'100 - 99
[0 = Sroqy = = 4950.
2198! 1-2
- . (n) o z—3
7.3.2.2. 3maittu noxinny f\V(z), ne f(z) = ————.
22 — 3z +2

Po3p’a3anHs. [7.4.5.]
Dyukiisg o3Havena it audepenniiiosna Ha (—o0;1),(1;2),(2;4+00).
[Posxaadaemo dpoboso-pauionanrviutl 6upas na cymy esemenmaprux 0pobis.|

r—3 A B (A+Bxz—B-24

(z—D(z—-2) z-1 z-2  (z—1)(z—2)

[V pisnux dpobis, 3 pishumu snamennuramu, nosunni Gymu pieHi wuceabHU-

ku. Jlea mmozousena momooicno pieni (mobmo 0as 6CIiT 3HAMEND T), AKUWLO
60NU MAOMB PieHI Koediyienmu npu 00HAKOBUT CMENeHAT. |

A+ B =1,

—B —2A =-3.

z—3 21

:w2—3m+2:$—1 r—2

(n) (n)[7.4.7 n n
Jo — o 1 (1 [:]2_ ('l (1!
z—1 z—2 (z =1t (z -2t

LE—3E(A+B)$—B—2A<:>[

Y
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7.3.3. Suaiitu  mOXijHY yﬁ/r byHKINT Yy, 3aJaH0]  TAPAMETPUIHO:
T = acost,
|y = bsint,t € [0;27).

Po3B’azanns. [7.4.6.]

y(z)

= t,t €10;2
x = acost,t € [0;2w), 7 = acostt €[0;2m),

I . b 1
Y 1y, bcost b Yy ¢ - b
yz(t) = ——— = ——ctgt. M) = @sin“t
—asint a yq'r( ) - . - 2 .. 3,
—asint a“sin’t
7.3.4. Buaiity noxizny y” bymkmii y, , 3aaHO0T HEABHO CIIBBIIHOIICHHAM
Yy = T + arctgy.
Po3B’a3aHHs.

[3razodumo 1-wy noxiony dynruyii, sadanoi nessho.]
y —z —arctgy = 0.

y,_l_ Y 5
1+y
1
y/[]- 2]7
14y
1+9¢4% 1
y/: Qy :—2+1
) Y

[Tupepenyiroemo eupas das y' sa sminnoro z.]

! /
y//:[%+1] = _2_%3 :_%[i+1]:_i_i_
Y

Y Y

l'[i,"L(’,T‘(IB."[SK‘]\[(]
!
BUpa3 Jid Y

7.3.5.  Bmaiitu audepentian 2-ro nopaaky dbyuxmi f(z) = In(l + 2?).
Po3g’a3anus. [7.4.4.]

po 2 (20 ) 21—a?)

f(x)—1+$2, f (m)_[l—i-mQ] _(1—|—x2)2.
[7.4.4]

d’f = [dzf = f”(m)d:rQ] = Mdﬂ,’Z.

(1+ 2%
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3apadi 4na ayAUTOPHOI Ta AOMALLHLOT po00TH

7.3.6. SHaliAiTh 3a3HaAYEHY TOXIITHY:
1) fz) = (z +10°, f"(2); 2) f(z) = 2 — 4a® + 4, fO(1);
3) f(a) = 2’ Inz, fH(x); 4) f(z) = In(z + V1 +2?),"(2);
5) f(z) = 2z +3)e”", f"(2); 6) f(z) = (3z — 4)e*", f"();
) ) = s o) 8) f(a) = Vo — a2, f"(w);
9) f(z) = ze", f™(x); 10) f(x) = n(az +b), f*)(x);
n 1 n
11) f(z) = :EQ;E_IJ( (@); 12) f(z) = MJ(.( (x).

7.3.7. 1. Jdosexits, mo dyukuis y = Asin(wt + w,) + B(coswt + w,) ciupa-
2

BIKY€ audepeHIiaabHe PiBHAHHS % + wa =0.
t

2. Hosenits, mo dynxuig y = Cie" + Cype™™ + C5cosnz + C, sinnx

. . dty oy
crpaB/zKye audepeHiiaabie PiBHAHHST d_4 =n-y.
x
7.3.8. BuaiigiTs 3a3nadeny noxiany Gyukuii y(z), 3aJaH0T HESABHO:
2 2 2 2
) S+l =1y 2) - =1y
a®> b a b
3) @® +y* — 3azy = 0,y"; 4) y = sin(z +y),y";
5) y = tg(z +y),y"; 6) e = ay,y".
7.3.9. SHalIIT TOXiTHY y;’I byHKIIT ¥y, 33/1aH0T TAPAMETPUIHO:
3 .
T = acos’, z = a(p — sinyp),
1) y(z) : 5 2) ylz):§
y = asin’ t; y = a(l — cosy);
5 x = Int, A T = arcsint,
x): z):
) y(z) y:thl; ) y(z) yiln(lftQ).
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7.3.10. 3maiigiTe noxigny 3a JIsaiibHieBow (HopMyJIO0:

1) (2 + 1)sing)®; 2) (& + 2 + 1)cos ),
3) (22 — 3)e 21, 4) (22 )®);
5) (.T In ;1;)(8>; 6) (.Z' 10g2 x)(E))

7.3.11.  3Bmaiigite mudepenmian d2f GyHkii:

2 Inz

1) flz) =47"; 2) f(z) = —.

Bignosigi
z .
(1+22)
(21 -1))
(Id + 1)3
a? ) . (=1 ta™(n —1)!

() (2) = e (z + n); Mgy =3~ — .
=i 0 ) = o) 10) o) = SR,

1 1
(n) _ (1)
11) f (:l}) B ( 1) (I + 1)n+1 + (I _ 1)71+1
(|
(.T _ 2)n+1 (.T _ 1)n+l :
bt ” bt 0 2a32y

——2) Y =53y =——;
Zyd a2y5 (y2 7(133)3

7.3.6. 1) f"(2) = 207360; 2) f91) = 360; 3) [P (a) :% ) @) = —

5) (@) = (22 —1); 6) f"(2) = 4e**(6z +1); 7) f"(z) =

H

8) f'(x) = -

n!
2

)

12) f"(z) = (~1)"n!

—2(3y" +8y> +5). 6) 4 @ =D+ 1)

Y "
Dy —e— U 5o
(1= cos(a + o)) F -1
T = acos’t, z = a(p —siny),
1 2) yy, 1
PN TIL - ?!;,(“P) BV EENRCE
3acos* tsint a(l — cos )

T = arcsint,

yr(t) = —

7.3.10. 1) (2? — 379)sinx — 40z cosz; 2) (2% + 2 — 209)sinz — (30z + 15)cos z;
3) 1024 2720 — 13); 4) e (22 — 162 + 56); 5) ~20; ) — 040
z7 281n2

dz?.

"o,
7.3.9. 1) Yur y// (t) _

xr

r = Int,
yr () = 4t%

"

3) vy, 2

11—

4) 7,

2lnx — 3

1‘3

7.3.01. 1) &%f = 472In4 - (222In4 — Dda?; 2) d>f =
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NpakTukym 7.4. Mpasuno bepHyani — Jlonitans

HaBuanbHi 3apaui

7.4.1. Ilepesipuru Ponesy Teopemy mna dbyuxmii f(z) = z — 2% ma [—1;0]
a [0;1].

Po3B’azanHs. [7.6.1.]

Ockinpku f HemepepsHa i mudepentiiioBHa Ha R, TO BOHA € HEIEPEPBHOIO HA

Bigpizkax [—1;0] Ta [0;1] i mudepenniiioproro B inTepBasax (—1;0) Ta (0;1).

f(=1) = f(0) = f1) = 0.
Omxke, Ha [—1;0] Ta [0;1] Bukonano Bci ymoBu PosieBoi Teopemu mijist pyHKI f.
[3razodumo snavenna ¢, npo saxe ddemvcs 6 meopemi.]

fl(z) =1— 322

flo)=1-3=0&¢ = —\E € (=10),¢, = \E € (0;1).

7.4.2.  Jlosectn, mo s muorounena P(z) = (2% +1)(z 4+ 3)(z +2)(z — 1) B
inreppasi (—3;1) icnye kopinb pisuanus P’(z) = 0.
Poss’azanna. [7.6.1.]
Ockisibkn
P(=3) = P(=2) = P(1) = 0,
i P(z) — dyskuia audepenuiiiopna na R, To nua dbyukuii P(z) BUKOHAHO
Bci ymosu PosieBol Teopemu va [—3;—2] 1 [—2;1] :
Je, € (=3;=2) : P'(¢) = 0;
3, € (-21): Plley) = 0.
Jns dynxuii P'(z) ma [¢;¢,] C (—3;1) Buxonano sei ymosu Posesoi Teopemu:
3d € (c;5¢)) = d € (=3;1): P"(d) = 0.

7.4.3.  llepesipuru JlarpauxoBy teopemy miga f(z) = V2t na [—1;1].
Po3p’a3aHus. [7.6.2.]
Oyukiisa f copabmkye ymoBu Jlarpan:kosoi Teopemu Ha |[—1;1]: HemepepsHa

Ha Bipi3ky [—1;1] i qudepenniiiopra B inTepBan (—1;1).
4
Fw) =S¥ 1) = f=1) = 2'c);
O=§%=>c=0€(—1;1).
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7.4.4.  JloBecTy HEPiBHICTD |arctga — arctgb| < |a — b|.
Po3B’azanHs. [7.6.2.]
s a =0, wnepiBaicrb Bukonano. Otxke, Hexail a <b g dyskiil

f(z) = arctgz na [a;b] Bukonano ymosu JlarpankoBoi Teopemu.

1
fl(z) = Y
arctga — arctgb _ 1 c € (ab).
a—b 14 ¢
‘arctgz——zrctgb <l& |arctga — arctgb| < |a — b|.
7.4.5. 3’sicysatn um 3actocoBHa Teopema Komr st dyukiiii f(z) = cosz,
g(z) = 2% na —%;E ?

Po3B’a3anHa. [7.6.3.]

Oyuknil f 1 g HenepepsHi i gudepeHIiioBHI Ha 235 Aste

T T
)

! _ 2 _
g'(0) = 327 |,_,=0.
Orxke, Teopema Kormi 10 rux dyHKIH He sacrocosra® .
KOMeHTap.@HeBI/IKOHaHHH yYMOBU TeOpeMU IIPpU3BOJUTH 10 MO2KJIMBOI'O HEBU-

KOHaHHA TBEPAZKEHHI:

. Cos;—cos[—]
sine =0 Vee —E;E
3¢ T 3 T 3 2 2
[2] B [_2]
7.4.6.1. Kopucrytouncy mnpasuioMm DBepuymai —  Jlomitans,  3Haiité
Inz

lim —.

rT—+00 I

Po3B’azanHd. [7.6.4.]

[[Iepesipaemo ymosu sacmocosnocmi npasuna Bepryani — Jonimans.]
Dyukuii f(z) =Inz 1a g(z) = x:

1) oznauveni Ta qudepenuiiiosni, ko x — +00,

2) ¢'(a) =1=0;

3) lim lnz = 400, lim z = +4oc.
xr—+00 T —+00
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[Zas mozo wob snatimu lim @ = 0 a6o 2| sa npasurom Bepnysni —
a—z g(z) |0 00
!
Jonimans 3’acoeyemo, wu ichye lim f/(:r) = L]
= g (LE)
1
, l
1 (lnxl)—hmx:hm—zozL
T— 400 (z) z—+oo 1 T—+00 X
[Bucrosyemo, wo
" o=
lim fl@) |0 a6o = |= lim f,(‘L) = L]
1, g(x) 0 0 r—1, g (I)
Orxe,®
1
, -
lim BE )y @)z gy o
r—+o0 I o0 T—+00 ($) z—400 1 T—+o00 I
Komenrap. ® 3azBuuail 3naxopkeHHs lim @ 3a mpasuiioM beprymi —
T— ) g T

JlomiTans 3ammcyioTh TaK Bimpa3y, MEPEKOHYIOYNCh B ICHYBaHHI MOTPIOHUX

!
MOXiTHUX 1 TPAHUIG MiJT 9ac 004ucaeHb. Ko XK 3’dcoByeThCs, MO lim !/ ,E ;
.'17*).'170 g €T

He iCHy€, TO BUCHOBYIOTB, IO IpaBmwiIo Bepuynni — Jlomitansa He 3acTocoB-

He 1 3HAXOIATh TPAHUINO B IHINNIA CITOCiO.
7.4.6.2. Kopucrytounce mpaBusoM DBepmymai  —  Jlomitams, —3HaiiTé
lim —.
1—00 2 — sinx
Po3B’a3anHa. [7.6.4.]
T+ sinz

10022 — Sinw

T+ sinz

: /
. (z +sinz) . l+4cosz .,
= lim ——— = lim ———— me icnye,
z—o00 (22 —sinz) s-002 — cosz

o0

o0

TobTO MpaBmio Bepuyt — JlomiTass He 3acTOCOBHE, aJie

sinz
. 14
. . 1
hmw: lim —— & — =
z—o002x —sinx  w—oo o _ Sinz 2
x
7.4.6.3. Kopucrytouncy mnpaBuwioM DBepmymni  —  Jlomitanms, 3HaiiTm
0 — 2z 41

lim .
a1 _92p 41
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Po3B’a3aHHa. [7.6.4.]
(@ —2z+1)" . 502" -2 24

lim 2o =2+ _J0) im 2
polgl® 9y 41 [0 aml(a1% — 2 1) 2-1100% —2 49
7.4.6.4. Kopucrytouncy mnpaBwioM DBepuymni —  Jlomitans, 3Haiité

. [1 1 ]

lim|—— .

z—0| 2 e? —1
Po3B’azanH. [7.6.4.]

, 0
[[Iepemsoproemo nesusnauenicms 0o — oo do 6uzandy 0’ 3600auu dpobu do

cninvhozo snamennura.] ®

@
. |1 1 . oet—zx—1 0 e’ —x—1
lim| = — =[oo—o0] = lim ———— =|—| = lim =
z—0| 2 e? —1 z—0 :E(e“’ — ]_) 0 r—0 EQ
BUKOPHUCTOBYEMO
eKBiBaJICHTHICTH
y i’iHﬂA\I(fHHHK\\'
/ 6.7.4
. (" =z -1 et~
= lim = lim = —.
z—0 ($2)’ z—0 21 2

1_1
a9 .1 1 _g-Ff
f=g 1.1 f g fg
fg

Bukopucranns mpasuia Beprysuti — JlomiTamsa MOXKINBO JHIIe 71T POSKPUTTS
.0 o0 . .

HEBU3HAYEHOCTEN 0 abo —. 3acrocyBaHHs #OrO 0 HEBU3HAYEHOCTEH IHITIOTO

00

BUTJISIILY abO0 10 «BU3HAYEHOCTEI» , TPU3BEJIE JI0 TIOMUJIKOBOTO PE3YJIBTATY:
.41 1
lim =|=
z—-lg —1

0

@TIlepen BukopucranuaM npasuia bBepuysi — Jlomitanaa BapTo, e e MOXK-

JINBO, CKOPUCTATUCH €KBiBaJIEHTHOCTSIMU.

7.4.6.5. Kopucrytouncey mpasusoMm DBepuymai —  Jlomitans, —3Haiité

lim z%*.
T—+00

Po3B’a3aHHa. [7.6.4.]

. o0
[[Iepemsoproemo nesusnauenicms 0+ 0o do euzaady —.](D
%)
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2
lim z%* = [ooO] = lim £ = @} =
T—+00 z—+00 ¥ o0
2\/
T—+00 (ez)/ T—+00 o7 o0
!/
— tim 2P g 2,
z—400 (ez)/ z—+00 ¥

Komentap. @ I11o6 neperBopuTH TOGYTOK HA 9ACTKY BUKOPUCTOBYIOTH (DOPMYJIH:

f g
Jo="5=77
g f
@ IIpasuio Bepuyuti — Jlomitasas BUKOPUCTOBYIOTH TIOBTOPHO JIOTH, JIOKU HE

YCYHYTb HEBU3HAYEHICTb a0 3’sCYIOTh, IO MPABUJIO HE 3aCTOCOBHE.

7.4.6.6. Kopucryounce mupasmwiom DBepmnynini —  Jlomitamsa, 3uaiitm
lim (1—z)™°.
lim (1-2)

Po3B’a3anns. [7.6.4.]

[[Iepemsoproemo nesusnauenicmo 0% do suzandy 0 - oo.]®

lim In(l—z)Inz
hIan(]_ — I)lnz = [00] = er—1-0 (1 ) — CA.
) Inz ~ (z —1),
A:Jﬂlrﬁ;ln(l—x)dnx:[O-oo]: 10 |7
= lim In(l—2)-(z—1)= lim M: Sl -
z—1-0 z—1-0 (I _ 1)71 00
1 -l
—tim 2T i a—g) =0

2=1-0 —(1 — a:)’Z 1—1-0

li 1— Inz _ 0 - 1.
xillrio( ) e

Komenrap. ® [Tjisi nepeTBOpeHHSI CTEIIEHEBO-IIOKA3HUKOBOI HEBU3HAYEHOCTI BU-
KOPHUCTOBYIOTH (POPMYJIY:
f9 =edmI(f > 0).

3apayi g ayAUTOPHOI Ta AOMALLHBLOI poOoTH

7.4.7. 1. Hexait f(z) = z(z — 1)(z — 2)(z — 3). Josexnirs, mo Bci Tpu KopeHi
piBuanug f'(z) = 0 aiiicui.
2. Ilokaxire mnpaBmuBictb PoseBoi Teopemm s QyHKILT
flz) = 2777 g [0;1].
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7.4.8.

7.4.9.

7.4.10.

7.4.11.

7.4.12.

1. Josenite, mo pipasaaa 162! — 642 4+ 31 = 0 He MOXKe MaTH IBOX
pisHux mificaux Kopenis y inrepsami (0;1).

2. Josenits, mo pisasaus e® ! 4+ 1 —2 = 0, ske Mae Kopinb = = 1
(nepesipre!), He Mae iHIMX AIHCHUX KOPEHIB.

1. 3acrocoByroun  JlarpamxkoBy — dopmyiy g QyHKIGT
flz) = V323 + 32 ma Biapisky [0;1], BU3HAYTE TOUKY T = ¢, IIPO AKY
HIeThes B TEOPEMi.

2. Bacrocosyroun dopmyry Komi s dymknii f(z) = 22° + 5z + 1
ta g(r) = 2* + 4 ma Biapizky [0;2], BUSHAUTE TOUKY T = ¢, PO AKY
WJIeThC B TEOPEMi.

BacrocoBytoun JlarpankoBy (GopMyJry, IOBEIITH HEPIBHICTD:

X

1) e* >14+z,2 = 0; 2)1 <In(l+z) < z,z > 0.

+x

Kopucryrouncs npasusiom Bepuysut — Jlomitans, 3naitaiTh:

100 T z
o+ —2 . 2" —=3
1) lim————=; 2) lim ——;
a—-1 290 L 29 x—04% _ 5T
3) limlnsinax' 1) limz’/—_35'
2—0 Insinbz’ 1=5[p — 5’

5) limx—smx; 6) lim & — ¢ .—255
=0z —tgx z—0 T —SInx
D tgr 8) lim e’ — cosor

e—1-0In(1 — z)’ 2—0 % _ cosBx ’
9) lim (z"e™"); 10) lim ln_x
T— 400 r—too g3

Kopucryouuncs mpasuom Bepuysit — Jlomitans, 3naitaiTs:

1) lim[ctgfv—lJ; 2) lim (z —In®1);

z—0 x T—+400

3) limsin(z — 1)tg%; 4) lim Inz-In(z —1);

z—1 z—140
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5) lim ((x — 2arctgz)Inz); 6) lim[ z —L];

T—00 r—1

7) lim L - L

. 8) lim [
=1 2(1 — Vx) 3(1_%)] )zﬂ;[(}tgx 2cos

X T

7.4.13. Kopucrytouucs npasmwioM Bepuysi — JlomiTass, 3HaliTh:

1 3
1) lim al-z; 2) lim zithne;
z—1 z—+0
3
3) lim glsine; 4) lim (arcsinz)®%;
z—+0 z—+0
1 1
5) lim w2, 6) lim (ctgz)ne;
T— 400 r—+0
1
7 1 z z. ] li t 2z,
) lim(e® + z)7; ) Hg/gfo( g
L T
_ z &5
9) lim =02, 10) lim[tgﬂ—z] .
z—0 T z—1 4

7.4.14. llepesipTe, Mo 3ajaHa TPpAHUIA iCHYE, aje il He MOXKHA 3HAWTH 34

npasuyiom Bepmyma — JlomiTass:

s 1
s T —sinz
1) lim ——2; 2) lim ———.
z—0 sSInxy z—oo X + SINT
Bignosigi
1 1 5
7.49.1) ¢ = ﬁ 2) ¢ = 3e =3
7. 1) 0L gy 273 gy 2 s LGy 97y —oo 8) & 0) 0; 10) 0.
51 In4—1Inb 3Ys 2 §]
7.412.1) 0;2) 400 3) —2:4) 0, 5) 0. 6) L. 7) L. 8) —1.
T 2 12

7.4.13. 1) %; 2) ¢ 3) ¢ 4) 1 5) 1 6) i; 7) €% 8) 1; 9) % 10) %

7.4.04.1) 0; 2) 1.
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NpakTukym 7.5. TeiinopoBa ¢popmyna

HaBuanbHi 3apaui

7.5.1.1. Bamnwucaru dpopmyny Teitiopa 2-ro nopsiaky st GyHKil f B OKOJIi
TOYKH T, i3 3ajuimkoBuM wiaerHoMm y dopwmi Ileamno.
Po3zp’a3anHa. [7.7.7.]

fla) = flay) + =0 @ ) +

5] (x — 1:0)2 + o((z — 1:0)2),:1: — Z,.

7.5.1.2. Bamwucaru popmysy Teittopa 3-ro nopsiaky st GyHKil f B OKOJIi
TOYKH T, i3 3a7MIIKOBUM [aeHoM y dopmi Jlarpamxa.
Po3B’a3anHs. [7.7.2, 7.7.6.]

f@) = flzy) +

fm(mo)
3!

(x —zy) +

9
4! (

f/(xo)
11

f”(xo)
2!

4

(z — :1:0)2 +

(:r—a:o)3 + T — 1), c € (24;2).

7.5.2.1. Poskmacru muorouwrnen f(r) = 2% — 52% — 32 4+ 8z + 4 3a crenens-
M (z — 2).

Po3B’a3anHA. [7.7.2, 7.7.6.]

[Banucyemo popmynry Tetinopa ona dynruii f 6 oxori mouru x, = 2.]

Ocxinbru f*F)(z) = 0 s k > 4, 1o

4
o) = B - 2 =

k=0

/ " m (4)
=10+ L0+ LB oy + LB gy LB gy,

[3razodumo snavwenns dynkuit ma snavenns noxidnur do 4-20 nopadky
er10n0 Pyrruii [y mowuyi x, = 2.]
f2) =0
fl(z) = 82> — 152> — 6z + 8, f/(2) =0;
f"(z) = 242* — 30z — 6, f"(2) = 30;
"(z) = 48z — 30, f"(2) = 66;
f(z) = 48.
[[Tidemasanemo snatideni snavenns y dopmyay Tetinopa.]
f(z) = 15(z — 2)* + 11(z — 2)* + 2(z — 2)*.
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7.5.2.2. PoszBunyru dyukuio f(z) = 3a creneHamu (z — 2), JI0 YIEHA,

o Micturs (z — 2)°.
Po3B’azanns. [7.7.2,7.7.5.]

f(x)zlfmz—l—ﬁ,xozln:&
3f(’»)2
:;0 k'( (z—2)f ( )
/ — 1 .// " 6
) = o 110 = s ) =
f@)=-2 f2=

2= -2, ["@2)=6.
24 (@ -2~ (@ -2+ (@@ -2 +o((x—2),

f(@)

Ko T — 2.

7.5.2.3. PoszBunyru dyskuio f(z) = e’ln(z + 1) 3a crenensamu z, 70 dieHa,

AKUH MICTUTD I° BKJIIOYHO.
Po3g’a3anng. [7.7.8.]

[Banucyemo popmyau Tetinopa — Maxaoperna 3-20 nopadky Oas Pyrwxuyit

f(z) =¢e" ma f(z) =1n(z + 1) i3 saruwrosum waenom y dopmi Hearo.]
2 3

¢ =l4z+ 4T 4o,
21 3l

2 3
ln(l—t—a:)::zc—%-i-%-i-o(ms).

[[Tepemmosicyemo obudsa possumnenna i sbupacmo nodi6wi do > exar0uno.]

2 3 2 3
e In(l + 7) = 1+x+z—+%+ o(x )][m—%+%+o(z3) -
2 3
=z+2° -1 + 23 l—l—&—l +0(a:3):a:+z—+x—+o(m3).
2 2 2 3 2 3

2?2t :
e'In(l+z) = I+?+?+o(x3).
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7.5.3.1. O6uncimta Y30 3 TouHiCTIO mo 107* 3a momomoromo TeitmopoBoi

dopmy .
Po3B’a3aHna. [7.7.8.]

[[Iepemsoproemo nidkopenesudi supas, 6udiaaouu 3 Hb020 HAGOAUNCHUT NOG-

\/1+l
9

[Banucyemo dopmyay Tetinopa — Maxaopena dan Pymxuit f(z) = (1 + :1c)1/3 6

Hut Kyo.|

\/_—%‘/ﬁ—\/w[ug

oxoni mouxu z, = 0 i3 s3aauwrosum waenom y Jlaspanoicosil Popmi.]

k=1 3
k MHOXKHHKIB
n+1
1
— ,C € 0;l .
9 9

(-1t 2.5.8..(3n — 1)
[[Tid6upaemo maxut nopsadox dopmyau Tetinopa, wob 3aruwrosuli wien 3a

r(z) =

(n+1! gn+ (1 + C)”*%

MOOYAEM HE NEPEGUWYEAE 3a0an0i NoTubKu. |

2
|37i(m| 3221(1+C>5[% <315

2.5 (1) 5 ,
|3r2(:c)|: 32.3!<1+6) 2[5 <3—9> 1074

10

4
|3r3(x|—258< —|—c>‘l[l <3—<10 =n=3.

33 . 4! 9

[O6uucaroemo wyrane snavenna sa gopmyaoto Tetinopa 3-20 nopadky, bepywu

Y NPOMINCHUT 004UCAENHAT 00U 3anachull decamkosuli 3nak Nicas Komu.|

11 12 1(1f, 125 1(1)
1+ _________ _|_ _______ ~
39 33219 333319
~ 3(1,00000 + 0,03703 — 0,00137 + 0,00008) = 3 -1,03574 = 3,10722.

[Baruwaemo 6 pesyavmami avwe 4 snaxu nicas xomu.|
Y30 = 3,1072 £10°%

Y30 ~ 3
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7.5.3.2. O6uncauru %' 3 rounicrio mo0 0,001.
Po3B’a3anHA. [7.7.8.]

[Banucyemo Popmyay Tetinopa — Maxaopera dan €¥ i3 36aAUWKOBUM YAECHOM
y Jlas'panocosit gopami.|

TI,

—1+ +—+ + +,,(m)

C

1
7","(:1:):6— "< e < —.
’ (n +1)! 10
USHAYAEMO NOMPIOHUU MOPAJOK E€UN0POBOTL OPMYAU, OUIHIONHU MOOYAb
B ,OHUTE dox Tet i ) 0
3a4UUWKO06020 "t./LeHa.]
e“(0,1)" 1 2
|7 ()] =

(m+1! 10" (n +1)!
- T

< 0,001.

JUISL 3DY4HOCTI
HiJICHITI0EMO HEePiBHICTh

n:l:i>07001; n=2: L<0001
100

3000
N1+%+%—10000+01000+00050—11050
e ~ 1,105 £ 1072
7.5.4. OninnTr OXMOKY, $IKYy JOIyCKalOTh, o04ucaoun 3Hadenas Inl b
In(l 2 23 gt
3a PO oo: Inl+z2)~2 ——+ ———.
popytono: In(1 +2) ~ & — T+ T~ =
Po3zB’a3anHa. [7.7.8.]
n =41, =0.
(3]
r,(z) = 4'—3:,0 <c<z=0,5.
5!(1 4 ¢)*

0 < ry(z) < max 105" < 0.5 5

0<e<055 (14 ¢)* 5

Inl5 ~ 0,5 —%(0,5)2 +§(0,5)3 —i(o,5)4 ~ 0,40.

< 0,01 =«

In1,5 ~ 0,40 =+ 0,01.
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7.5.5. Suaiitu lian‘TQ, BUKOPUCTOBYIOUN hopmysty Teitnopa.
z—0
et —14a— 2
2!

Po3s’a3anns. [7.7.7.]

T

[[Tidcmasanemo samicmo sinx ma e ixni gopmyau Tediropa 3a cmenensamu x

MaK020 NOPAIKY, W00 NICAA SHUWEHHA, 3AAUAAUCA 000aHoK abo dodanku.]

1'3 3
z—|x— "+ o(x’)
. r —sinz . 3!
lim ——————— = hn% 5 3 ==
z—0 T—
e 14z — 2 [ _£+£_£+0(x3) B I
21 20 3! 2!
3
T o(a?)
= lim -3 =1
z—0 g 3
] + o(z?)
3apavi Ang ayAUTOPHOI Ta AOMALLHbOIT po0oTH
7.5.6. 1. Poskmazirs muorounen f(z) = 2t —52% + 22 — 3z +4 3a cremne-

aamu (z — 4).

2. Poskmazite muorowren f(z) = 2° + 32° — 2z +4 3a crememsvu

(z +1).

7.5.7. Muorouren f po3KIaaiTh 38 CTEMEHSIMHU I, 3aCTOCOBYIOUN Telmopo-
By opmyity, AKIIO:
1) f(z) = (#* — 3z + 1% 2) f(z) = (2* + 2 —2)%.

7.5.8. Hanwmite TeittopoBy dopmyiay 3-ro nopsiiky g QyHKIii f B
okom Toukm z;, = 0 i mobymyiite rpacdikm samanoi ¢ymxmii Ta il
MHOrowIeHa Teisiopa 3-ro creneHd, SKIIO:

1) f(z) = tgu; 2) f(z) = arcsinz.
7.5.9. Hanwmite TeitopoBy dopmysay n-ro mopsiaky isi GyHKIT f B

OKOJI1 TOYKHN .’1,'07 AKIIO:

1) f(z) = ze" 2, = 0; 2) f(z) = \/;,xo =4.
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7.5.10. 1. SHa#IITH repirri TpU  WIEHH  PO3BUHEHHS byHKIT
f(z) = 21° — 32° + 2% + 2 3a Teitoposoio GopMyI0I0 B OKOJI TOUKH
1, = 1. O6unciTs nabmxeno f(1,03).
2. BHaiimiTh nepi TpU YIeHH PO3BUHEHHS (DYHKILT
flz)=2% =227 + 520 — 2z 4+ 3
3a Teitoposoio ¢opmyon B okoni Touku 7z, = 2. O6uuciiTe Ha-
6izkeno f(2,02) ra (1,97).
7.5.11.  3acrocoByioun nabamxkeny HoOpMyJsIy, 3HAWIITH yKa3aHe 3HAYECHHS i
OIHITH TOXUOKY:
2 2 3
¢ 1 T T
e =1l4+z+—,-—; 2) Inl+2z)~z——+—, Inl1.
) T ) Inl+a) o -+ 2
7.5.12.  O6GuuciiTh 3 abCcOMOTHOIO MOXuOKOI0, MeHmow Bix 0,001, HabIMKe-
HE 3HAYEHHSI:
1) sinl; 2) \/;;
3) In1,05; 4) 33.
7.5.13. 3naiigiTe 3a gomnomoror TeisiopoBol dhopmyiu:
712/2 z -
- ’ —z(1
1) lim cosT —e : %) i &8I0 x( —|—:1:)'
z—0 .7;4 z—0 .7;3
—In(1 2(1 — — zsi
3) lim £ n(l+ :I)); 4) Tim (1— cosz) zsinz
z—0 72 7—0 2
Bignosigi

7.5.6. 1) f(z) = (z — 4)* + 11(z — 4)* + 37(z — 4)> + 21(z — 4) — 56;
2) f(z) =8 —5(z + 1)+ (z + 1)%.

7.5.7. 1) f(z) = 2% — 92° + 302" — 4523 + 3022 — 9z + 1;

2) f(z) = 2% + 32° — 3z* —112% + 62 + 12z — 8.

3

7.5.8.1) tgz =z + §73 + ny(2); 2) arcsinz =z +% + 1y(2).

.”I,'2
7.5.9.1) @4+

.LJ n
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_ _4)? —_4)3 — |
: 4 e 644) " (I51;) B nl(fi 1)!22)4?*2
7.5.10. 1) 1—6(z — 1)+ (z — 1)* 4 ..., £(1,03) = 0,82;
2) f(z) ~ 321 + 1087(x — 2) + 1648(z — 2)° + ..., f(2,02) ~ 343,4, f(1,97) = 289,9.
7511 1) ¢ V'~ 0,78,6 < 0,01; 2) In1,1 ~ 0,0953,6 < 0,0001.
7.5.12. 1) 0,842; 2) 1,648; 3) 0,049; 4) 2,012.
1,1 1

1
75.03.1) ——; 2) =; 3) = 4) —.
T T AT

2) 24

(z—4)" +r,(x).

NpakTukym 7.6. JocnimxeHHsa GyHKLUili 3a onoMoroto
noxigHux

HaBuanbHi 3agaui

7.6.1.1. 3maiiTm iHTEpPBaJM MOHOTOHHOCTI # TOYKHU JIOKAJBHUX EKCTPEMYMIB
byukuil f(r) = 42° — 212° + 182 + 7.

Po3s’a3anHg. [7.9.1-7.9.4, 7.11.1.]

[Kpox 1. Busnauaemo obaacmov o3nanerms.|

D(f) = (—00;+00).
[Kpox 2. 3nazodumo kpumuuni mouwky 1-20 nopadky dymxuit f [7.9. 1].]®
fl(z) =122 — 422 + 18.
flla)=0& 2 = %,:1:2 = 3.
f'(z) = o0, 3f(x) Va € (—o00;+00).

. 1
Kputmani Toukn 1-ro mopaaxy: r, = 5,:172 = 3.

/ . . .
[Kpox 3. Busnauaemo snax ' 6 xooscnomy inmepeani Monomonnocmz.]®

) = 12z — 3)[3; - %]

suak f 4 _ +

nopomxkenus f -/ % N 3 ~ T

max min

[Kpox 4. 3acmocosyronwu docmammi ymosu monomonnocmi [7.9.2) G icny-
6anHA Mouky excmpemymy [7.9.4], sucnosyemo npo nosodocernns Gynryii.]

[ [—OO;% J(3+00); f N\ [%3]
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1 1 45
T = 3 TOYKa JIOKAJTBHOTO MaKCUMyMy, f 5= I;

T = 3 — TodYKa JIOKaJIbHOro Minimymy, f . (3) = —20.
Komentap.® Touxku, y sxumx: 1) f(z,) =0 (crauiomapaa TouKa);
2) f/(z,) = 0o (rouxa sepramns); 3) Af(z)) (xyrosa Touxa).
@ sIkmo dbynxuia f'(r) HemepepsHa, TO BoHa 30epira€ 3HAK Ha KOYKHOMY 3
inTepanis (a;z,),(7;2,),....,(%,;b) Mix nBOMA CycCiHIMM KPHUTHYHAME TOY-
kavu. 3uak f'(z) HA KOXKHOMY 3 iHTepBAiB BUZHAYAIOTH MEMOJOM IHMEPEa-
ai6 [6.12.1].
7.6.1.2. 3HaiiTy iHTEpPBaJ M MOHOTOHHOCTI ¥ TOYKHU JIOKAJBHUX €KCTPEMYMIB
bynkuil f(z) = V82 — ot

Po3B’a3anHa. [7.9.1-7.9.4, 7.11.1.]
D(f) = [8;4/8].
_ 16z — 423 _ 2z 4 —g?
- Wga? — ol - |I|\/8—$2'

flz) =0 & 2, = +2 € (—/8:V8).

flz)=c0 & 8—1*=0& 1, = /8 ¢ (—\/g,\/g)
Elf/(a:) = :1:5’2 0.

Kpurnani Touku 1-ro nopsaky: Ty = +2,z, = 0.

_ 2z —2)(z+ 2).

(@)

f/
@ |x|\/8 —2?
oo+ -+ =
f g/ /=20 / 2 g *
f 7 (=8-2),02) F N\ (-2:0),(2V8);
r = £2 — TOUYKH JIOKAJBHUX MaKCUMyMiB, f - (=2) = f (2) = 4;

z = 0 — Touka mokagbHOrO Mirimymy, f . (0) = 0.

7.6.1.3. 3HaiiTu iHTEpBaJM MOHOTOHHOCTI ¥ TOYKHU JIOKAJBHUX EKCTPEMYMIB

bynxmii f(r) = 23 (a: — 1)2.
Po3B’a3anHg. [7.9.1-7.9.4, 7.11.1.]
D(f) = (—o0;+00).
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2z 5r — 3

+ - .
e -1 3z -1

3
f’(x):0¢>5x73:0<ﬁ>z1:3.

fr)=c ez -1=0s1,=1
3f/(z) Vo € (—o0;+00).

fla) = (@ -1

Kputmani Toukn 1-ro mopaaxy: r, = 57252 =1.

3( _1)1/3'
A +
f7 3 N 1/
H?ax min

[ [—00;2],(1#00); f\: [%;1];

3 4
5 )

3
5V9

T = i TOYKa JIOKAJIbHOI'O MaKCUMYyMY, fmax[

z =1 — TouKa JoKaspHOrO MiHiMymy, f . (1) = 0.

7.6.1.4. 3muaiity iHTEpBaJM MOHOTOHHOCTI ¥ TOYKM JIOKAJHHUX €KCTPEMYMIiB

ZL’Q
bynxmii f(r) = 5 In z.
Po3s’aszanng. [7.9.1-7.9.4, 7.11.1.]
D(f) = (0;400).
2
fa)=z—2=2—1
T T
fllz)=0% 2-1=0< Ty = +1; 2 = -1 ¢ (0;+00).
f(z) =00 = 2, = 0 ¢ (0;+00).
3f'(x) Yz € (0;+00).

Kpurnana Touka 1-ro mopsaky x = 1.

o) = (z —D(z+ 1).
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/- +
—0 &
oo 1 /0@
min
[/ (+o0), f N (01);
r =1 — TouKa soKaspHOTO MiHiMymy, f . (1) = %

7.6.1.5. 3maiiTu iHTEpBaJU MOHOTOHHOCTI I TOYKHU JIOKAJIBHUX EKCTPEMYMiB

dyskuil f(z) = zlnz.
Po3B’a3anHg. [7.9.1-7.9.4, 7.11.1.]
D(f) = (0;+00).

f’(:v):lnm—i—x-l:lnx—&—l.
T

1
f2)=0&snz+1=0nz=-1&2=-.
e
f'(x) = 00,3f'(z),x € (0;400).
1
Kpuruuna touka 1-ro nopsiiky z = —.
e

[Busnanaemo snax f'(z) y woocnomy iHmMepeasi MOHOMONHOCTVE 3G NPAGUAOM

npobHoi mouku.]

f(z) =Inx + l,f/[%] =-1<0,f/)=1>0
e

I +
—0
ffo N 1 707
¢
min
1 1
[ =dool FN 0=
e e
T = — — TOYKa JIOKAJIbHOrO MiHiMyMy, f . [—J =e
€ e
. . . Inx
7.6.1.6. ocaigurTu Ha joKaJdbHi ekcrpemymu dyukiio f(z) = —= 3a jomo-
x

MOTI'OI0 JIpYT0l JIOCTATHBOI YMOBH.
Po3B’a3anHs. [7.9.5.]
D(f) = (0;+00).
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1 z—Inz
P 1—Inz
1\ — I _
fo) = t—— =12
fl@)=0&1-lhz=0 nr=es z=c
f'(z) = 00,3f'(x),z € (0;400).

Kpurnana Touka 1-ro mopsaiaxy = = e.

[3razodumo dpyey noxiony Pynruii i docaidrcyemo ¥ 3HAK Y KPUMUNHUT

moukaz.|
L s
o) — —;-x —(1—-Inz)-2z 2z -3
z? P
Fe) = 211163* 3 _ _lg <.
e e

[Bacmocosyronu 2-2y docmammio ymosy icHysans AOKAADHOZ0 EKCTNPEMYMY
[7.9.5], sucnosyemo.]

1
T = e — TOYKA JIOKAJIBHOTO MaKcuMymy, f . (e) = —.

e
7.6.2. SuaiiTn HailblbIe Ta HAMEHIIIe 3HAYCHHA DYHKITT
flz) = 2" —82% + 3,z € [-1;2].
Po3B’azanHg. [7.11.3.]
Oyukris f HemepepBHA Ha Bimpisky [—1;2].
[Kpox 1. 3nazodumo xpumuuni mouxu 1-20 nopadxy dynxyii f e (—1;2).]
f(z) = 42® — 162 = 4z(2® — 4).
fll@)=0&4z(a®> —4) =0 2 = -2z, = 0,2, = 2;
[(@) = 00,3/ (2),0 € (~1;2)
r,7y & (—12); 2, € (—12).
[Kpox 2. O6uucaroemo snavernns dynkuit [ y snalidenux Kpumuunus moy-
Kax i ma Kinuyar eiopisxy.|
f(=1) = =4 f(0) = 3; f(2) = —13.
[Kpox 8. Ceped obuucaenur snauenv @Gymryii eubupaemo nalibisvwe ma
Hatimerwe snaverna Gynrkuli f na eiopisky.]

ggﬁf = f(0) = 3;
[Izlllg]f = f(2) =-13.



384 Po3gin 7. IndepeHuianbHe YncneHHs GyHKLiA OaHIET 3MiHHOT

2
7.6.3. HoBecTu HEpIBHICTD T — % <In(l+z) < z,z > 0.
Po3B’a3anHa. [7.9.3,7.9.4.1
Posrisaemo dysKIio

fi(z) =In(z +1) — z.
[Zocaidocyemo it na monomonnicme.

1 T

Y/
x) = —-1=- <0Vz > 0.
fw) z+1 z+1

Oyuxmia cnagae ma (0;+00) i oTKe, CBOe HaNOINbIIEe 3HAYEHHSA BOHA HAOyBae

y roumi ¢ = 0: £(0) = 0.
3Bincu Bunimsae, mo f(z) < 0 abo

In(z+1) —z <0Vz > 0.
Posrasgnaemo dymkiito

() = ln(x—f—l)—x—i—a;—Q.

[docaidocyemo it na monomornicme.

, 1 z?
T) = —1+z=
A(x) z+1 z+1

Oyuxrig 3pocrae Ha (0;400) 1, 0TXKe, CBOe HaliMeHINe 3HAUYEHHS HaOyBa€ B

>0 Vz > 0.

rouni z = 0: £,(0) = 0. 3Bigcu BuumBae, mo fy(z) > 0 abo

2
ln(w+1)—m+%>0Vw>0.

7.6.4. 3maiitu iHTepBasM  OmyKJOCTI # TOYKM meperuHy  DyHKIHT
1
fl@) = :
1+ 2?

Po3s’azanHg. [7.10, 7.11.2.]

[Kpox 1. 3naxodumo obaacms osnauernns Pynryii.]

D(f) = (—o0;+00).

[Kpox 2. Brazodumo wpumuuni mouku 2-20 nopadky dynwuyii [7.10.1].]
2 62° — 2

fiz) = *m,f (l’):m-

ff2)=0&6* -2=0& 1, =

J"(x) = o0, 3f"(z) VY € (—o0;+00).

1
.
V3
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. 1
Kpuruani Touxku 2-ro mopanky: z,, = j:T
' 3

[Kpox 3. Jocaidocyemo anax f"(x) y woorcnomy inmepeani.]

)

oz + -

f'(z) =
(14 2%)°
smak [ _ 4
MOBOJKEHHsT f U,i N i Uz
V3 3

T. I€p.  T. IIep.
[Kpox 4. Buxopucmosyrouu docmammni ymosu onykaocmi dozopu (donusy)
[7.10.2] i rouku neperuny [7.10.4], sucnosyemo npo nosodsicerns Pymnryii.]

fU:[_Oq_%gJ,[%gﬁoo P _%3;%3

T = :I:% — Touku neperuny rpadika GyHKIIil.
3

3apaui ang ayaMTOpPHOI Ta AOMALIHbLOI Po60TH
7.6.5. IlokaxiTh, Mo QyHKITIS:
1) f(z) = 22% + 32° — 12z 4 1 cuazae B inrepsami (—2;1);
2) f(z) = m spocrae B inTepBasi (0;1) i cnagae B iHTEepBai
(1;2). IMobyyiire rpadik i€l GyHKuii;
3) f(z) = 2® + = ckpisb 3pocrae;

4) f(z) = arctgz —  CcKpi3b cuajae.

7.6.6.  3HaiigiTh iHTEpBAIM MOHOTOHHOCTI f TOYKH JIOKAJHHUX €KCTPEMYMiB
dyHKIIIT:
1) f(z) = 22 — 32%; 2) f(z) = 22 — 62° — 18z + 7;
3) f(z) = (z = 2’2z + 1)’; 4) f(z) = —a*(z —12)%;
5) f(x) = (v + Ve 6) f(z) = (22 — 3)e*";

7) f(@) = (z = 5(z + 1) 8) fz) = {2z — (1 - 2);
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3 2
x =2z +2
9) fla) = ——: 10) f(a) = T=22F2,
-4 z—1
11) f(z) =z — €% 12) f(z) = 2%
13) f(z) = 14) f(z) = 22% — Inx;
lnx

15) f(z) = ¢ — 2sinz (0 < z < 27);

16) f(z) = 2sinz + cos2z (0 < z < 2m).
7.6.7. SHaiiiTe HaliblibIne Ta HaliMeHIe 3HaJYeHHs (DYHKIII Ha 3a3HAYe-

HOMY BiJIpi3Ky:

1) f(a) = 2% [-1;2]; 2) fz) =2’ [-2%3];

3) f(z) = a* —22% +5[-2;2];  4) f(z) = 22 — 152° + 362,[1;3];

) f@) =100 -2 68 6) fla) = (o — 20, [0:3);

7) fz) = 2+ 22,z € [0,4]; 8) f(z) = sin2z — x, —5%}
7.6.8.  JloeemdiTh mpaBAuBiCTh HEPIBHOCTI:

1) 2zarctgz > In(1 + 2%); 2) sinz + tgz > 2z 0<x<g
7.6.9. Busnaure BucoTy npsMoro KoJgoBOro KOHyca:

1) ynmcanoro B KyJmo pagiycom R, 3 HAHOLIBIIOW GIMHOIO TOBEPXHEIO;

2) onmcaHOro HABKOJIO KyJii pajiycom R, HaiiMenmoro o6’emy.
7.6.10. Tlokaxirh, mo rpadik Gyukmil

1) y = varctgs ckpisp yrayruit; 2) y = In(2? — 1) ckpisb omyxmii.
7.6.11.  3maiigiTe iHTEpBAJIN OIMYKJIOCTI i TOYKH HEPEruHy (yHKIL:

1) f(z) = 2* — 52% + 32 — 5; 2) f(z) = z* —122° + 482% — 50;

3) f(z) = 2’ In; 4) f

5)f($)={’/:—3x—1; 6) f(z) = ze** + 1.
) )

flz) = e 8

(z) = 2*(12Inz — 7);

7 f(z) = In(1 + 2%).
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7.6.12. 3a J0IOMOrO0 JIPYroil JOCTATHBOT YMOBHU JOC/IIITh HA JIOKAJbHI €KC-

TpeMyMu QyHKIIIIO:
1) f(z) = 2% — 22% 4 = 2) f(z) = 2°(2 — 2)%
3) flz) =2+ ~V1—u; 4) f(z) = aN2 — 2°.
7.6.13. 1. 3maiimith 3HAYEHHd TApamMeTpa a, JJjid HAKOro (DYHKIIis
. 1. . . T
f(z) = asinz + Ssin 3z Mae JIOKAJIbHUI eKCTPEeMyM y TOYI = 5?
Yu Oy e 11e JOKATbHUN MAKCUMyM TH MiHIMyM?

2. BHalimiTh 3HAYEHHsS MapaMeTpiB a Ta b, mid garkux QYHKILST
f(z) =alnz + bz® + = Mae JIOKaJbHI €KCTPEMYMH B TOYKAX z, =1
Ta T, = 2. [lokaxiTe, Mo 1714 nux 3HaYeHb o Ta b 3amaHa QYHKIA

Ma€ MIHIMYM y TOYIl 7, 1 MAKCUMYM y TOYIL Z,.

3. 3HaiiniTe 3HauYeHHs mapaMmerpiB a Ta b jgus gkux Touka (1;3) €
TouKOI0 Tepernny rpadika GyHkIii ¥ = az® + bz’.

4. 3HaiimiTh 3HAYEHHsI I[ApaMerpa a, Ui SKOro  (OYHKILs
f(z) = 2 + alnz Mae emuny TOuKy Teperumy npu z = 17
Bignosigi
7.6.6. 1) [/t (—00;0),(L400), £\ (051), 2, = 0.7, =1
2) f /‘: (7m;71)7(3. +m) f \f ( ) l'!]c).x = _17 x]ﬂin = 3;
1] (11 111 1 11
3 i == =g =
)f/[ o0 — ][18 ] f\[ 2118]7 Tmax 27‘tmln !
) f /; (—00'(]) (6:12), f\; (0:6),(12400) 2, = 0,2, =122, =6
05;0), fN\e (0;+00) z,. =0;6) f 7 (L+o0), f\i(-o0il) 2, =1
[ ] 5 JrOO) f \4 ( 00’71)7[%7 ]7 Tax = % Tmin = 1’:[1:11:1 = 57
2

9 f /(= OO,—\/E), \/_ 2;4+00), f N\ ( \/E§_2)7(_232)7(23‘/E):
r = \/ﬁ T = V12

max

10) f 7 (=0030),(2400), [\ (051),(52), 2, = 0,2, = 2
11) f 7 (=00;0), f \: (0;+00), z,. = 0;
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12) f \: (_0070)9(2 +OO) (072)7 ‘I’max - J’min = 07
13) f /: (€;+OO), f \: (0;1)7(1:,6)7 Tipin = &
1 1
14) f \ [075]3.)[ / [§7+OO]7 Tiin = 5’
T 5T | [5w 5T s
N el L2 2.9 _ _
15) f/ [37 3 ]>f\ [073]7[ ﬂ]7 Imdx min 37
m|[® 5| 3w T | 5T 3w
16) f/[07g]7[5:€]7[ :Q’N]vf \ [675]7[777]7
Z. I = 5£ T = K ZT = 3j
max 67 max 6 v Pmin T 27 min 9 .
76.7. 1) max f = f(2) = 4,min f = f(0) = 0; 2) max f = f(3) = 27, min f = f(=2) = =8

3) E%(]f = f(=2)=f(2) = 13,[11121;121]f = f(=1) = f(1) = 4
4) Iﬁ%ff = f(2) = 2811[111}3?1’ = f(1) = 23; 5) [rgg;jf = 10,[I7116i;%1]f =6

6) max f = f(3) = o, min f = f(0) = f(2) = 0.7) max f = f(4) = 8,min ] = J(0) =

T kS T T
8) max =f|l=|=—=, min — L=
) [—m/25m/2] ! f[2] 2 [—ﬂ/Z;ﬂ/ZJf f[ 2] 2
7.69.1) 2&. 9y 4p.
5
7.6.11. 1) fn: U 7Jroo , T = =3 TOYKA TIEPErUHY;
2) fn: (2, ) fu: ( 00; ),(4;+oo), T = 2,7 = 4 — TOYKH TIEPETUHY;
3) fN:(0e 3/2) fU: (e /2;+oo), z = 673/2 — TOYKHU Heperuny;
4) fn:(0;1), fU: (l;400), £ =1 — TOYKA HEPErHHY;
5) fn:(=1L1), fU: (—oo;—1),(1;400),2 = £1 — TOYKH LEperuuy;
6) fN:(—o0;—1),fU: (—1+00),z = —1 — TOUKA LEPErHHy;
1 1 1 1 1
7 N [——;— S fus —oo;——],[—;-i—oo]w = 4+ = — TOYKWU IeperuHy;
22 V2 (V2 V2
8) fn: (foo;fl),(l;Jroo),fU : (71;1)7 r = +1 — TOouYKM meperumny.
7.6.12. 1) Tnax — §7xmin = 1’ 2) Tax = 17Imiu = 27 3) Tnax — z7 4) Thax = 1’ Tinin = —L
. 2 1 2 1
7.6.13. 1) mis a = 2 JOKAJIbHUN MakCUMyM; 2) a = —g,b = _8; 3) a= —g,b = —6;

4) a =12.
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NpakTukym 7.7. NMobyaoBa rpadikis pyHKL
HaBuanbHi 3apaui

3 +2
x2—4.

7.7.1. SuaiiTu piBHSHHS acuMToT rpadika GyHKIT y =

Po3B’azanns. [7.8.2,7.8.3.]
[Kpox 1. Bushauwaemo obaacmv 03nauerta. |
Ob6uacts oznavenns Gyukiil D(f) = (—oo0;—2) U (—=2;2) U (2;400).
[Kpox 2. ocwidscyemo nosedinky Pynruii na mesici obaacmi o3nauens.]
[Zocaidocyemo nosedinky dynruyii, xoau x — —2.]
Lz +2
lim =
g——2-042 _ 4
. 2% +2
lim =
1—-2+0 92 _ 4

b

+o00.

[Bucrosyemo.]
IMpama x = —2 € BepTUKaIbHOIO (ABOGIUHOI0) acuMiTOTOIO rpadika dOyHKII.
[Zocaidocyemo nosodoicerna dymnruii, xoau x — 2.]
.oxt 42
lim =
e=2-0g% — 4
o2t 42
lim
1—2+0 22 _ 4

)

= +o0.

ITpsama x = 2 € BeprUKaJIbHOIO (1BOGIYHO0) acuMITOTOR rpadika GyHKIil.
[Hocaidoicyemo nosodorcenns Pynkuit, xoau T — —00, WYKAIOHU NOTUAY
acumnmomy y = kx + b.]
y =kz +b,x — —o0:
3 2 _
z——00 (3% — 4) -
23 42 . 23 +2 -2+ 4z
—z|= lim
z? —4 ] z® —4

Tak camo, k, = 1,b, = 0.

]{;7:

= lim

T——00

b = lim

4 2
e ] 0.
T——00 - —4
[Bucrosyemo.]

IMpama y = z € noxusown (nBobiunoI0) acumuToTon rpadika GyHKil.
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3
7.7.2.1.  Jocniguru dbyskuio f(x) =

i mobyayBaru ii rpadixk.
3—2a?
Po3g’azanna. [7.11.4.]

[Kpox 1. 3nazodumo obaacmo osnauenms Gyrkuyii.]
D(f) = (~o0i=V3) U (-V3:3/3) U (V3; +-00).
[Kpox 2. Yemanosaioemo moorcausi cumempii epadira Pyrryii.]

Ockinbku D(f) cumerpuuna sigaocHo Touxu 0 i

S P ) A T

T 14 (2)? 144

1o dyHKIig [ HenapHa i 1 rpadik cUMeTPUYHUI BiJIHOCHO MOYATKY KOOPIHU-

HAT.

[Kpox 8. Jlocaidocyronwu nosodoicerns Pynkuii na mesdict 06Aacmi 03HaNeHHs,
BUSHAMAEMO MOIHCAUGE TNOUKY PO3PUsY dymkuii i acumnmomu epadira Gyrryii]
[Zocaidoicyemo dynruiro, xoau x — /3 + 0.]

. 2 . z
lim = +o00, lim = —o;
2——V3-03 — 22 13403 — 22
. 73 . 23
lim = 400, lim = —0o0.
z—3-0 3 — ,7;‘2 24340 3 — {L‘2

Touku r = +V3 — TOUYKHU PO3PUBY 2-TO POJY, HECKIHIEHHOTO.
IIpami © = —V3 Ta £ = V3 — 1BOGIUHI BepTUKAIDLHI aCUMIITOTH.
[LIyxaemo noxunai acumnmomu epadixa Pyrryii.]

y=kr+b r— too:

2
P e (G N A
r—too I r—+00 3 — IQ
b, = lim (f(z)— ki) = lim |—%— + 2| = 1m -7 —g
* _w—>ioc _w—>ioc 3_3;2 _a:—>i303_g;2 e
[Ipsima y = —z — pBOGIYHA MOXWMJIA ACUMIITOTA.

[Kpox 4. 3a donomoezoto nepwoi noxidnot 6ushauaemo inmepeast MOHOMON-
Hocmi 4 mowky excmpemymy Pyrryii.]
o) = 37%(3 — 2?) + 22* _ z%(9 — x2).
(3 — 22 (3 — a2y
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fl@)=0=2°9-2")=0& 2 = 0,15 = +3;
fl(r)=00=(3-2’ =0« Ty5 = +J3 ¢ D(f),
3f/(x),x € D(f).
3233 — 2°%) + 22* Xz +3)(z —3)

! = = — .
I (o + V3 —3)
-+ + + o+
N3/ 37 043 / 3\ @
min max
9 9
Ynax(3) = =5 ¥in (=3) = 5

[Kpox 5. 3a donomozo1o Opyzoi noxidnoi 6usHaHGEMO THMEPBAAU ONYKAOCTIE
i mouku nepezuny dynryii.]
) = (182 — 423)(3 — 22)* — (92 — 2)2(3 — 2?)(—21) _ 6x(9 + mg).
(3—a%)! (3 —a%)°
f(2)=0& 6209+ 2°)=0& 2, =0
ffa) =0 B3-2?)P =0« Tyy = 3 ¢ D(f),
3f"(z),z € D(f).
62(9 + 2?)

f(z) = :
~(z +3)(z —3)
"+ - + -
fU_{JgnN 00U f3 N
T. II€ep.
x = 0 — Touka nieperuny, y(0) = 0. \'}: o
[Kpox 6. 3nazodumo mooiciusi mowku nepemu-
HY epadiiva Gynruii 3 ocamu Koopduram.| :
r=0=9y=0 *‘/5: \/5
HOING fﬂ
y=0=2=0. : \
[Kpox 7. Bydyemo epagpix pynxuii y = f(z).] (‘\

Puc. o 7.7.2.1
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7.7.2.2. Hocaimuru bdyskiio f(z) = Q/(m +1)? - i‘/(a: +2)* i nobymysaru ii
rpadik.
Po3B’a3anna. [7.11.4.]
1. D(f) = (~o0i+00).
2. Ockinbku D(f) cumerpuuna momo 0 i
fl=o) = (—a + )7 — (=0 + 27 = ££(0),
10 dyHKIA f 3araJbHOrO BULJISILY.
3. Oyukuig f HemepepBHA 1 BEPTUKAJBHUX aCHMOTOT 11 rpadik He Mae.

Acnmvrrora y = kr + b, — too:

b = lim @+ —@+2)P 0

T—+00 x
b, = lim @+ )P @+ 2P| =
(z + 17— (z +2) 3z

= 1l = lim —— = 0;
rkoe e+ )P 4@ +10Pa+27 + @+ 2P e
IIpsma y = 0 — ropmW30HTAIbHA ACUMIITOTA.
3 13
4. f'(=) :Z ) 1/3 (x—'—})s '
3 @+ 1P +2)

f@)=0= @+ =@+ s rez
fl(z) =00 = (z + 1)1/3(30 + 2)1/3 =0e 1z =-lz, =-2
3f'(x),z € D(f).

o+ = +

e T

max min
ymax(_2) = 1’ ymin(_l) =-1

x 43 . 4/3
5. ') = 5| e ]
(z+ 1)@ +2)
R R AT

fe)=oc0 s @+ )P+l 0o 1, = 1u =2
3f"(z),x € D(f).
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f// + A + . _
fu-2y_3 n-1n =
2
T. TIEp.
3
T = —5 — TOYKA, TIeperumy,
2 Puc. o 7.7.2.2
3
6.y=0=>2=——.
Y 2

x:Oéyzlfé/meO,E)&

z+2
7.7.2.3. Hocaiguru dbysknio f(z) = ¢
T+ 2

i mobyysaTu 1i rpadik:
Po3B’a3anHA. [7.11.4.]

1. D(f) = (—o0;—2) U (—2;+00).

2. Ockinbku obsacts o3nadentss D(f) we cumerpuuna BigHocHO 0, TO dyHK-

mist f 3araJbHOTO BUTJISIITY.

ez+2 T+2
3. lim = —o0; lim = +o00.
1205 + 2 z—-24+07 + 2
Touka x = —2 € TOYKOIO PO3PUBY 2-TO POy, HECKIHIEHHOTO.
IIpama © = —2 — BepTUKAJbHA ACUMIITOTA.
Acumurora y = kxr + b,z — +oo:
z+2 z+2
k= lim =0; b = lim = 0.
T——00 :(,‘(l‘ + 2) z——00 L + 2
T+2 [7.6.4] z+2)/
S T - ) U TR Citl
s—toox(z +2) |00 s—+00 (g2 + 2z)
o2 [7.6.4] o2
z—+00 21 + 2 o0 z—+00
y = 0 — JiBa rOpU30HTAJIbHA ACUMIITOTA.
z+2 1
4. f(z) = e+l
(z +2)°

f@)=0se(@+1)=0s 1 =1
fl(z) = 00 & (z +2)? =0& 1, =-2¢ D(f);
3f/(x),x € D(f).
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oo -
N N A
min
Ypin(—1) = € = 2,71
€1E+2(x2+2$+2) ! )

5. f”(i)]) = (z + 2)3

ffz)=0% (2> +234+2) =0 & 7 € &;
fz) =00 & (242" =0< 2, =-2¢ D(f);

3f"(z),x € D(f). _9 0
f// _ 4 ] "
f N -2 J 4+
6. y =0
2
r=0&9y= &
2 Puc. 10 7.7.2.3

7.7.2.4. Jocniguru dbyskuio f(z) = x + arctgz i nobymysaru 1i rpadik.
Po3B’a3anna. [7.11.4.]
1. D(f) = (—o0;+00).
2. Ockinbku D(f) cumerpuuna BinHocHo 0 i

f(=z) = —x —arctgz = —f(z),
T0o yHKiig [ HenapHa i i rpadik cuMerpudHUil Bi[HOCHO MOYATKY KOOD/IUHAT.
3. OyHKIIis HEePEePBHA 1 BEPTUKAJBHUX aCUMITOT rpadik QyHKINT HE Mag.
Acumnrora y = kx + b,z — Fo0:

. T + arctgz . by
k. = lim ZTalcler 1, b = lim arctger = ——.
T——00 €T Z——00 2
. T + arctgz . by
b, = lim 28T 1 = lim arctgr = —
+ » Yy =
T—+00 T T—+00 2
T .
y=x— 5 JIiBa MTOXMJIA ACUMIITOTA;
T
y=1z+ 5 MpaBa MOXUJIa ACHMIITOTA..

1
>0zeR=f 7 naR
1+ 22
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-2 Y V4
5. f'(z) = —=2 .
1+ 2°)? Vi
ffle)=0& -2z =0< 2, =0 g
fllr)=c0c & (1+2°P =0& 7€ 0 -
-z
3f"(w),x € D(f). A 2
f// 7
+ _ — Vi
I @] 0 n =z /
T. TIep. 7
z = 0 — Touka meperumy, y(0) = 0. Puc. 10 7.7.2.4
6. y=0&<2=0.
3
T = acos’t
7.7.3. HocainuTy acTpoiny, 3ajaHy pPiBHAHHAMEA y = asin® t7 i moby IyBa-

T 11.
Po3B’azanHa. [7.11.4.]

[Zocaidoicyemo wpusy, sadany napamempuuno 3a CTemor no6H020 A0CAI-

dorcenmna 1 nobydoeu epadira dynruii y = f(x).]®

1. ®ynxuii cos®t Ta sin®t osmauenni mrs 6yab-gKkuX 3HAUCHb f. AJle OCKiIb-

K 1i PyHKIIl nepioguyni 3 mepioioM 2T, MOCUTH POITJISHYTH MTPOMiZKOK

t € [0;2m).

2. Ockinbku = € [—a;a] Ta y € [—a;a], TO KpUBa ACUMIITOT He Mag.

. y_g 3asin®tcost

3. g ()= Y Basintreost .,
! z;  —3acos®tsint
y;(t) =0= tl = OatQ =T
/ 0 3
y(t) =00 =ty = oty = =~
4 y” (t) — (y;)wl‘ — (_tgt), _ 1
v z (acos®t)  3acos'tsint
Yo (t) = O;
0 3
Vot =00 & by =0ty = oty = w1, =~
5. x:O@cos?’t:O:Mf1 :g’tQ :3?“,

y=0&sin’t=0=1t =0t =
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[Bydyemo mabauyto 3naverns sminnuz t,x ma y, a MaKosc 3HAKI6 nepwoi ma

dpyeoi noxionu.|

t |0 0;E I [E;’R} N ﬁ;3—ﬁ] 3n [S—W;Qﬁ]
2 2 2 2 2 2

z | a 0 —a 0

y |0 - o0 + 0 - 00 +

y” o) + 0 + o] — o0 —

Yy |0 | NU|Yue=0a| U|DO N | Yy = 0 /N

Puc. 10 7.7.3

Komentap. © AcnvmitoTn KprBOT BUSHAYAIOTD, ITyKAIOYH TaKi 3HAYEHHS f, M00:

abo x — 00, abo Yy — o0, abo T — 00,y — OO.
3apadi 4na ayAUTOPHOI Ta AOMALLHLOT po00OTH
7.7.4. 1. TIlepesipre, 1mo mpama Yy =2zr+1 € acuMOTOTOIO JIiHIT

y:2x+1+i3.

x
2. Ilepesipte, mo mnpama Yy = —3x+2 € acCUMIOTOTOO JHHIT
322 + 22 +4
y=———""
T
7.7.5. BuaiigiTe acumnroTn rpadika GyHKIL:
2 2
1)yzw; 2)y2$+5+2x;
z+1 z® —4
3)y=1n$+1; 4)y:xln[e+l}
T —2 z

5) y = ze’; 6) y:zeQ/z+1;
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7) y = zarctg2z; 8) y = 2:v+arctg§;
3 3 2 2 +1
9) y=Vz"—z% 10) y = ———.
2 —1

7.7.6. TosHicTio mocaimiTe dyuknio f i mobymyiite 1 rpadik, AKIIO:

1) f(z) =Vz® - 3z 2) f(z) = ¢
3) flz) = ln_a:; 4) f(z) = Ya® — 322

X

7.7.7. IosuicTio mocaigite dyukio f i mobymyiire 1 rpadik, AKIIO:

— z . ) = 1 .

D) fla) = s 2) o) = —
e ot
) S = 0 o) = s
2
5) f) =Y+ 1P + @ —1% 6) f(z) = —
7) f(z) = ze™™; 8) f(z) = z%e™";
6_1/4/1C 2/:c

9) J) = 10) f@) = 22 - e}
11) f(z) = ;1:11136; 12) f(z) = 2% Inw;
13) f(z) = z + sinz; 14) f(z) = z — 2arctgz.

7.7.8. IlobynyiiTe KpuBy, 3aaHy TAPAMETPUIHUME DIBHIHHIMMA:

xz = a(t — sint), 2) x = 2acost — acos2t,
y = a(l — cost); y = 2asint — asin 2t.
Bignosigi
7.7.5. 1) £ = —1 — BepTHKAJIbHA ACHUMITOTA, § = T + 2 — HOXUJIA ACUMIITOTA;
2) = £2 — BepTUKAJbHI aCUMITOTH, y = 22 + 1 — HOXWJIa ACUMIITOTA;
3) * = —1 — JiBa BepTUKAJbHA ACUMITOTa, T = 2 — [PaBa BEPTHKAJbHA ACUMIITOTA,

y = 0— ropusoHTAIbHA ACHMIITOTA,
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1 1
4) £ = —— — nupaBa BepTHKaJIbHA aCUMIITOTA, § = T + — — LpaBa [HOXUJIa aCUMITOTA.
e e
5 y = 0 — JsiBa ropuzOHTAJIBHA ACUMIITOTA;
6)z = 0 — npasa BepTHKaJbHA ACUMITOTA, y = & + 3 — IOXUJIA ACUMIITOTA,;
ki 1 . T 1
7) Yy = *El’ - 5 — JIlBa IIOXWJIa aCUMITOTa, ¥ = 573 - 5 paBa IOoXuJIa aCUMIITOTa;
T . . .
8) y=2x+ 5 — JiBa 1 IpaBl NOXUJ aCUMIITOTH;
1
9) y=1— 3~ TOXINIA ACHMITOTS;
10) z = —1 — JiBa BepTUKAJIbHA ACUMITOTA, & = 1 — IpaBa BePTHKAJIbHA ACUMIITOTA,
y = —z Ta y = r — JiiBa Ta IIpaBa [IOXUJI ACUMIITOTI.
7.7.6. 1) puc. no 7.7.6.1); 2) puc. no 7.7.6.2); 3) puc. no 7.7.6.3); 4) puc. go 7.7.6.4).

Y

Puc. 10 7.7.6.2)

Puc. mo 7.7.6.1)

Y y //
=xz—1,

1 T
e el H /
ol N1 e EE z o 2 |3

/ I

// ----- :
// i
Puc. no 7.7.6.3) //
74
%
7

Puc. no 7.7.6.4)

7.7.7.1) y,. 1) = %J/min(* 1) = f%, T = f\/g,x =0 Taz=13 — toukn [eperuty,

Yy = 0 — TOPU30OHTAJIbHA aCUMIITOTA;

2) Yn(0) =1, z = %1 BepTUKaJIbHI acuMOToTH, y = 0 TOPU3OHTAJIbHA ACUMIITOTA;
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2
3) Yy (—3) = 7—7, z =0 — Touka neperuny, £ = —1 — BepTUKAJbHA ACUMIITOTA,
Y = o —2 — IOXUJa ACHMIITOTA,;
: o
1) Y (0) = 0,9, (%) =3 =2 — rouxa meperufy, £ = 1 — BePTUKAJIbLHA
ACHMITOTA, § = T — IMOXUJIa ACUMIITOTA;
3

5) ymax(o) = 2’ ymin(il) = \/Z;
6) Y (0) =0, 9. (2) = 16, = = ¥4 — rouxa nepernny, z = Y4,y =  — acumuro-
T™H;

1
) Y ) = ;,x =2 TouKa meperuny, y = 0 ACUMIITOTA;

! V3
8) Ypar (2) = - Yuin(0) =0, 2 =2£+2 Toukm neperuny, y = 0 — acumnTOTa;

e

1 1 .
9) Yinax H==-z=1% T — TOYKM neperuny, r = 0 — JiBa acumnrora, ¥y = 0 — acu-

e 2
MIITOTA;
10) z = 1 — rouka neperuty, z = 0 — IpaBa aCUMITOTa, y = 2T + 3 — ACHUMIITOTA.
11) Yrnax [7] = —e, * =1 — acumnrora, z = 0 Tta y = 0 — npasi acumnrory;
12) N :1:—L — TOYKa IEPEruHy;

ymin \/; 26’ e \/g P Y3

13) z = km k € Z,— TOYKHM nEperuny;

14) y,. (1) = g— Ly, =1- g, z = 0 — TOUKa IIeperuny, y = £ + T — ACHMITOTH.

7.7.8. 1) nukJoina, rpadik mosropioerbes 3 nepiogom T = 2,
Yimax (70) = 20,9, (0) = v, (2ma) = 0;

2) kapAioija, 3aMKHeHa JIiHis, CHMeTpUYHa BIJJHOCHO oci abeice, 3 TouKoio Bepranus (a;0).



OCHOBHI NOHATTA TA

BMIHHA

OcHOBHI O3HaA4YeHHS

. Ioximna dyskuii B Tour.

. dudepentniiiosuicts dyaknii B Tour.
. dudepennian GyHKil B To4I.

. Iloximna dyHKIl 7 -ro HOpaaKy.

. dudepennian GyHKIHT n -ro HOpsKy.

TU o W N =

6. Muorowren Teitnopa.

7. ®opmyna Teitropa.

8. Touka JIOKATIBHOIO MAKCUMYMY
(minimymy) dyHKIGE.

9. Touka neperuny QyHKILI.

10. Acumnrora rpadika yHKIl.

Teopemu

. Kpurepiit icayBamms CKiHI€HHOI TOXIiTHOI.
. Kpurepiii qudepentiitoBuocTi.

. Heobxigra ymoBa jndepennitoBHOCT.
. Teopema Pepma.

. Teopema Pous.

. Teopema Jlarpamzxa.

. Teopema Korrii.

N O AR W

. Teopema npo npasuiio Bepuysur —
JlomiTass.

9. Teopema Teitnopa.

10. Kpurepiit cranocri dpyHKILI.

11. JocraTHs ymMOBa CTPOrol MOHOTOHHOCTI.

12. Heobximna ymoBa icHyBaHHS
JIOKQJILHOI'O €KCTPEMYMY.

13. Ilepmra gocraTHs yMOBa iCHyBaHHS
JIOKAJIBHOI'O €KCTPEMYMY.

14. [pyra jocraTHst yMOBa iCHyBaHHS
JIOKQJIBHOT'O €KCTPEMYMY.

15. JlocraTHst yMOBa OILYKJIOCTi Joropu
(nouusy) dyHKuil.

16. HeobOxigna ymMoBa icHyBaHHS TOYKHI
[IE€PEruHy.

17. JlocTaTHs yMOBa iCHyBaHHS TOYKU
[IE€PEruHy.

18. Kpurepiii icHyBaHHSsI TIOXIJIOl ACUMITTOTH.

OcHOBH

i 3amaui

1. BuaxoauTu noxigHi i audepeniaim
dyHKIi 3a mpaBuiaMu it popmysiaMn
I epeHIilOBaHHS.

2. 3HAXOMUTH PIBHAHHA JTOTHIHOL

Ta HOPMaJli O KPUBOI.

3. 3HaxX0UTH PiBHSIHHS ACUMIITOTH

1o rpadika GyHKILI.

4. HocnimxyBaTu (DYHKIHO Ha

MOHOTOHHICTD 1 JIOKQJIbHI €KCTPEeMyMH.

5. HocuimkyBaru (DyHKIO HA OIYKJICTh

i TOUKM Ieperumny.

6. 3naxoquTn HabLIbIIe Ta HAWMEHIIe
3HaYeHHs QYHKIT HA BiAPI3KY.

7. 3HAXOUTHU PPAHUITO 38 MPABUJIOM
Bepnymni — JlomiTasst.

8. 3uaxoauTu MHOro4wieH Teitsiopa GyHKILI.
9. Banucysaru dpopmysty Teitsopa dyHKIil

i3 3asmmkoBuM wieHoM y ¢opmi [Teano

Ta Jlarpamxka.




PO3/1IN 8.

OUOEPEHLIA/IbHE
UNCNEHHSA OYHKLUIN
KIJIbKOX 3MIHHUX

8.1. paHunus i HenepepBHICTb PYHKLNA KiNbKOX 3MiHHUX

8.2. MoxipHi i andepeHuianm GyHKLN KiNbKOX 3MiHHMX

8.3. BekTop-pyHKuUii

8.4. NoxigHa 32 HANPAMOM i rpaaieHT PYHKLIT KiTbKOX 3MiHHUX

8.5. EkcTpeMymm (YHKLiT ABOX 3MiHHMX

Y posdiai poswuperno U ysazanvrerno meopito Gynryit ooniei
BMIHHOT A YUCA06T PYHKYIT KINDKOT 3BMIMHUL.

Kopomxko poseaswymo 1  meopito  eexkmop-pynkyit  0dHiel
BMIHHOT.

ITodanutli mamepian 8uUKOPUCTOBYEMBCS 8 PO3CINGL:

— Inmeepasvre wucaenna GYHKUIT KisbKoT 3MIHHUL;

— Teopia noas;

— Teopia GyHKUIT KOMNAEKCHOT BMIHHOT.



Karouwoei nonamma:

— apudmemuunut NPocmip;

— PYHKUIA KIALKOT 3MIHHUL;

— YacmurHa NOTIOHA PYHKYIT KiALKOT 3MIHHUL;

— Jdugpepenyian GYHKULEL KIADKOT 3MIHHUL,

— Juepenuyitiosnicmsd PYHKYIT KIALKOT 3MIHHUL;
— noxidna 36 HANPAMOM GYHKYIT KIADKOT 3MIHHUL;
— 2padienm PYHKUTT KiabKOT SMIHHUL;

— 8eKmop-PYHKUYIA.

Onanysaswu ueti po3dia Bu 3moorceme:

— BUBHAYAMU 00AACTND 03HAMEHHA PYHKYIT KIAOKOT 3MIHHUL;

— 6ydysamu AiHil (noeeprri) pisHa GYHKYIT KIALKOT SMIHHUL;

— BHGTOUMU “YaACTUHHT NOTIOHT GYHKYIT KIADKOT SMIHHUL,

— anarodumu dupeperuiart, PyHKYIt KinvkoT 3MIHHUL;

— 064UCAI08aMU NOTIONY 3G HANPAMOM PYHKUIT KIALKOT 3MINHUL;

— BHGTOUMY 2DadiERm PYHKUTT KIADKOT SMIHHUL;

— docaidocysamu GynKyii 2-T SMIHHUT HA eKCMPEMYMY (A0KAAOHUT,
2n06arvhull, ymosHul).

ITonepedni 3nHannsa Ma 8MiHHA 3 PO30ini6:
— Jugeperuyianvre wucaenns GyHruit odHiel 3mMInHOT;
— Bexmopna aneebpa;

— Anaaimunna 2eomempis.



8.1. ®YHKLUIT KIIbKOX 3MIHHUX

8.1.1. Apudmermuanuii poctip i foro migMHOKUHMI
8.1.2. @yukuil KiTbKOX 3MIHHAX
8.1.3. I'panung pyHkIil KiTbKOX 3MiHHIX
OyHKIil o/HIET He3aMeKHOI 3MIHHOI He OIMCYIOTh yCi THUIN 3aJIe’KHOCTEIT,
10 iCHYIOTH y NPUPO/I Ta JIOACHKiH AissibHOCTI. IIpHpoHO posmupuT MOHATTS

byHKIiOHATIBHOT 3aJI€2KHOCTI i PO3IJIAHYTH 9uC/IOB] (DyHKIHT KiJIbKOX 3MIHHUX.

8.1.1. ApudpmeTnuHMIi NPOCTip i 1Oro NiAMHOXKUHU

1. Apupmemuunum n -sumiprum npocmopom R™ Ha3MBAIOTH MHOKUHY
BCIMSIKMX yTOpsKOBAHUX HAOODIB 3 1 wmcen (&,i%;...;%,), FKi HASHBAIOTH
MOYKAMU TIPOCTOPY i Mo3HAYAIOTE M (T3 2.3, ).

. . S S A Mmoo M
Biddanv mix toukamu M'(z);2y;5..52,) 1 M"(x);255...;2,) 3HAXOIATH 3a

dopmy o

oM’ M") = (& — a2 + (2l — &} + .. + (2 — ]2,

dKa y3arajgbHioe GOpMYJIy Bifgasi MiXK TOYKAMHU IJIONIMHA # TE€OMETPUIHOTO

IPOCTOPY .
3okpema, umciioBa mpsMa € mpocropom R, koopmmmaTHa monmna €
npocropom R2, a rpusmmipaumii npocrip 3 IIJICK € npocropom R
2. Okin. e-oxonom Toukn M, € R" (n-BumipHoio Kyiero pajiycom e i3

HeHTPoM y Touni M) HASMBAIOTH MHOYKHHY TOYOK

U.(M,) = {M € R" | p(My, M) < ¢} |

Y

Bokpema, Jyist n = 2 Ma€MO KpyTr i3 LEHTPOM y TO-
ani M (7,;y,) pagiycom e (puc. 8.1):

(z— 2y + (y—y) <%

s n =3 MaeMo KyJIOo i3 TEHTPOM Yy  TOMII al = -
0

Puc. 8.1. €-okin Ha
<l mwrommni (R?)

M (:Yy52,) Pagiycom € (puc. 8.2):

(z— 2y +(y—yp)* + (2 — 2,)°
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3. Biakpura muoxkwuna. Touky M € D nasusa- ~

0Tb GHYMPIWHBON0 TOYKOIO MHOXKWHEM [, gKIo icHye =
TaKUil OKIiJ Iii€] TOYKHM, HAKUN TIOBHICTIO MICTUTBHCH

y muoxuni D. Muoxuny D Ha3uBaoTh 6idkpumoio,

0 0

AKIIO KOXKHA I TOYKa BHYTPIIIHS. 4 y
IIpuknaamoM BiAKpUTOI MHOXKWHU € €-OKiT OyIb- Puc. 8.2. € -oKki
SAKOI TOYKHU. y mipocropi (R?)

4. Ob6aactb. Muoxuny D HA3WBAIOTL 36°A3H010, AKINO OyIb-aKki mBi i1
TOYKM MOXKHA 3'€IHATH HEIePEPBHOIO KPUBOIO (30KpEMa JIAMAHOIO ), 10 [OBHi-
CTIO JIEZKATH y MHOXKWHI D (puc. 8.3—8.4).

Binkpury 3B’s13Hy MHOXKUHY HA3UBAIOTL 00.4GCMI0.

Puc. 8.3. Ilpukiiajm 38’ 13HUX MHOXKUH Puc. 8.4. Ilpukiaym He3B' A3HUX MHOKIH
5. Mexxa muoxkmHH. Touky M Ha3UBAIOTH MEHCOG010 TOIKOK MHO-
KuHu D, sKImo Oy/ib-sIKUi OKiJI I1i€l TOYKU MICTUTHh SK TOYKH, IO HaJIEXKATh
MHOXKUHI D, Tak i Toukm, mo Tif He HaIeKaTh. MHOXKUHY BCiX MEXKOBUX TO-
YOK MHOKMHM HA3UBAIOTH Medicero MHOXKUHEM D 1 nosHavaors 0D.
O6’¢ananasa obsacti D 1 MHOXKWHHU il MEXKOBHUX TOYOK HA3UBAIOTH 30-
MKEHENOI0 06AacTI0 | TO3HAYAIOTE D :
D=DuUaD.
IIpukaamoM 3aMKHEHOT MHOYKUHU € KPYT 3i CBOEIO MEXKeI KOJIoM abo Ky-

JIst 31 CBOEIO MexkKero ceporo.

8.1.2. ®YHKUIT Ki/IbKOX 3MiHHNX

1. PosruisiabMo nesiky MHOXKUHY TOo9oK D mpocropy R”™.
fkmo icaye npasmio f, sxe Koxuiit Touri M(z);2y;...;2,) € D yBignosir-
HIOE YUCJIO U, TO KaXKyTh, IO 33JaH0 (GyHKU0 f 1 -3MiHHUT 1 TO3BHAYAIOTH
u = f(x),2y,....,2,) = f(M),M € D.
Muoxuny D HazuBaoTh 004acmi0 03Ha4eHHs PYHKINT f 1 M03HAYAIOTH
D(f). Yucno u = f(M) maswBaiors snauernnam byukuil f y toumi M. Mmuo-

KUHY

E(f) ={ueR |u= f(M),M e D(f)}
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HA3UBAIOTDb MHONCUNOI0 3HaYens DYHKIHT f.
Ockisbku BCl HABaKJIUBIINI 3aCTOCYBAHHS MOYKHA CIIOCTEPIraTH BXKe HA
GYHKIIAX TBOX 3MIHHUX, TO HAJAJI JIETAJIbHIIIE PO3IJISIATHMEMO caMe IX.
Dynxnio asox 3minaux z = f(x,y), M(z;y) € D, ‘ By
MOKHa 300pasuTu rpadivno. Jjist 11boro B KOXKHi TO-
i (z;y) € D obumMCMOIOTH  3HAYEHHA  (DYHKITI

0 0 Y%
z = f(z,y). Cyxymmicte Touox P(x;y; f(z,y)) yTBO- xﬂ 5 L o
0/ _}.
proe rpadik Gf byukuii z = f(z,y), wo e peakoio .Mo
TIOBEPXHEIO Y TIPOCTOPI R? (puc. 8.5). Puc. 8.5. I'padik dymkmii

JIIBOX 3MiHHUX

2. Tlpumipom, obmactio o3madennsi ¢ynkiii z =1 — 2> —y? e xpyr
22+ y2 < 1, a rpadikom — BepxHs miBcdepa i3 nearpom y Touni O pajuiycom 1.

3. g 306pazkennss (pyHKIH IBOX 3MIiHHUX 9aCTO BHKOPUCTOBYIOTH Me-
TOJ| nepepi3iB, gKuil mojdrae B TOMy, 10 oBepxHIO z = f(z,y) nepepizaloTb
IWIOMMHAME T = &, Ta Y = ¥, 1 3a xpusnmu z = f(z,,y) ta z = f(y,, =) Bu-
3HAYAIOTH BUMIsAA rpadika GyrKil 2z = f(2,y).

Asie moxkna (ikcyBaTH 3HAYEHHSI HE apryMeHTIB, a (pyHKIIl, TOOTO nepepi-

3aru nosepxuio wiommnamu z = C,C € E(f). Ilpu upoMy 01epKyeMO KPUBY
flz,y) = C,

AKY HA3UBAIOTH AIMICI0 PiGHA DYHKITIT.

Tobro, ainia piBua #a mwrommai Oy — 1€ TPOEKIs KPUBOI, YyTBOPEHOI
nepepizoM nosepxui z = f(x,y) mwrommuow z = C.

fAxmo noknactn C = C,,C,...,C,,..., BUOUpaloun ni 4uciaa B apupMeTH-
9Hil mporpecii 3 pi3HuUIEo h, TO AiCTaEMO MOCJITOBHICTH JIiHIN piBHS, 3a B3a-
E€MHUM PO3TAIIYBAHHAM AKUX MOYKHA BUBYATU MOBOJKEHHS (DYHKITII.

Bokpema, e JiiHil rycrimi, QYHKIiS 3MiHEO- z
eTbCsl mBuAme (MOBepXHd, 10 306paxkye (QyHK-
wito, fige Kpyrime), a Tam, je Jinii piBHA po3Ta-

L . . . . 0
mIoBaHl plame, (byHKLLlH SMIHIOETBCA IIOBLJIBHIIIE /\
x

(Bimmosimua noBepxus nosorima) (puc. 8.6).

Puc. 8.6. Jlinii piBHs
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[pumipom, s dysknii z = 22 4 y? gimisvum pi-
BHA € KOJIa ac2—|—y2 =C>0.

Hna dbysxuiii Tprox aminnux v = f(z,y,2) posr-
JISIAI0TL  MOGEPTHI  PiGHA MHOKMHU  TOYOK
M(x;y;2) upocropy, gKi CHPABIZKYIOTH DiBHIHHS

f(z,y,2) = C.
IIpmmipom, TTOBEPXHi piBHi GyHKIT

u = 22 — 2> — y® nogamo Ha puc. 8.7.

Puc. 8.7. IloBepxui piBHS

8.1.3. IpaHuusa GyHKUiT KiTbKOX 3MiHHMX

1. Hexait dynkiio
u = f(M),M(z;2y;...;2,) € D,

O3HAYEHO y TIPOKOJICHOMY OKOJI TOUKH M (205 Togs--52,0) -

[Oananenns 8.1 [QEREERERIDY

Yucno A masusaroTh epanuvero @dynruii f y Touni M, Axkmo g Oymb-
skoro € > 0 MoxkHa BKazaru Take O > 0, mo s Bcix To9oK M i3 mpoko-
neroro §-okoiy Toukn M, BUKOHAHO HepiBHIiCTDL

|f(M) — A] < e
1 TO3HAYAIOTH

lim f(M)= lim f(z,..,2,)=A
M—»MG ( ) Ty =g (1 )

3 o3HAYEHHS BUILINBAE, IO, AKINO T'DAHUIIA iICHYE, TO BOHA HE 3aJICXKUTH
B/l muisxy, 3a axkuM Touka M mupsmye g0 toukm M, (kinpkicrs Takmx Ha-
npsAMiB HecKinuenHa; Ayl QyHKIH oxmiel sMinHOI ¥ — 1, JmIIe IO JBOX Ha-
npsMax: 3JiBa Ta COpaBa).
Y

2. Ilpumipom, dyHKIg 2z = > >
4y

Ma€ Pi3HI T'paHuIll B3JOBXK PI3HUX

npomeHiB y = kr, komu  — 0:
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2
. T . kx k
lim Y — lim = .
2—0 3}'2 + y2 2—0 1'2 + k2$2 14+ k?
y=kz—0
Orxe, lim He icHye.
1042 42
y—0

3. BraactuBocri dyukmiit onniel 3miHHOI, gKi MArOTh CKiHYEHHI TPaHUII,

306epiraorbes 1 i QYHKINR KiTbKOX 3MIHHEX. 30KpeMa, IPAaBIMBA TEOPEMa

npo apudMETHIHI HaJT TPAHUIIAMEI (DYHKITIH:

b2 li M)=A, li M) = B, To:

KII0 le?wof( ) 7Mgglwug( ) =B, 10
lim (F(M) + g(M)) = A+ B,

M—M,
f) A
—M, g(M) B

Mlgrﬁlluf(M)g(M) = AB;Mhm L == (B=

0).

4. Hexait dynxuio v = f(M),M € D, 03Ha49€HO B JeAKOMY OKOJI TOYKH

M,.
(HenepepBHOCTi dyHkniy).

Qynkiio f Ha3HBAIOTL Henepeperoto 6 mowyl M, AKImo
lim f(M)= f(M,).
Jim 1) = (01,

Axmo mosHaIUTH NO6HUT npupicm OYHKINT SK

Af(My) = f(M) = f(M,),

TO ymoBy Henepepsrocti dynkmnii u = f(M) y Touri M, Moxkua mepermcaTy SK

Mlgrjlwu Af(My) = 0.

Apudmernani aii 3 HenepepBHUMU (YHKIIAMA ¥ CyNEPIO3UIis HElepep-

BHUX (DYHKI[{l TPUBOAATD 10 HelepepBHUX (DYHKIILIA.

5. Hexait dyHKIiI0O 03HAYEHO ¥y TPOKOJEHOMY OKOJI TOYKHU. ZKINO B miif

To4uni (PyHKIlisi HEe O3HAYEHA abO He € HEeIepPepPBHOI0, TO TaKy TOYKY Ha3UBa-

I0Tb MOYK010 PO3pusy PYHKIII.

st yHKIit KiabKOX 3MIHHUX TOYKH PO3PUBY MOXKYTDH 3aIllOBHIOBATHU

ainii (mosepxwui). IIpumipom, s Gyskuii 2 = ————
922 — 492

TOYKU PO3PUBY yT-
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BOPIOIOTH ~MHOXKHWHY TO4YOK ttomuuan Oxy, «Ky BU3HAYAE€ DPIBHAHHSI
922 — 4y® = 0, TO6TO TOYKM IPAMEX Y = :I:Ex.

6. OyukIrifo, HEeTIepepBHY B KOXKHIiM Toumi obsacti D, Ha3uBaIoTh Henepe-
peroto 6 obaacmi D.

O6siacth Ha mwonmui (y MPOCTOPi) HASUBAIOTH 00OMEIICEHOI0, AKIIO ICHY€E
KpyT (KyJist), AKHH MICTUTH 0 0GJIACTD.

TGV ERCAN (Baepmrpaca).

dxmo dyukmia f memepepBHa B 0OMeKeHiit 3aMKHeHiit obmacti D, To
byskmist f:
1) obmexena B obaacri D

2) nabyBae B obacti D CBOIX Ha#BLIBIIOro Ta HANMEHINONO 3HAYCHD.

8.2. MOXIAHI TA AUDEPEHLIIAIN ®YHKLIN
KIIbKOX 3MIHHUX

8.2.1. Yacrunsui noxizui 1-ro nmopsaky
8.2.2. ludepentiitoBricTb OyHKIHT
8.2.3. IloBuuit nudepennian GyHKIHT
8.2.4. Tloxigna ckiajieHol ¢yHKIT
8.2.5. Iloxinna HessBHOI DYHKILT
8.2.6. HacTunHi 1MOXiIHI BUINMUX TOPAIKIB
8.2.7. Jlncpbepentiianm BUMNX TOPSIKIB
8.2.8. Teitsoposa dpopmyiia st PyHKIT JBOX 3MIHHEX
IlousrTa nmoxigaux ta mudepennianiB GyHKIHH o/HieT 3MIHHOT MOXKHA y3a-

TaJIbHUTH 1 1t PYHKIIN KIIBKOX 3MiHHUX.

8.2.1. YacTuHHI noxigHi 1-ro nopsaaxy

1. Toxigna f/(z) dyuxiii ommiei sminnoi y = f(z) xapakTepusye mBu-
KiCTh 3MiHEHHST (PYHKIIT B TOYI Z.

Hina dbysxuil aBox (abo 6GLIbIIOT KIIBKOCTI 3MIHHMX) MOXKHA TOBOPHTH
PO MBUJKICTH 3MiHEHHA (DYHKII B TOYI JIXIIE B MEBHOMY HAIMPAMIi, OCKiIb-
KU Tis1 TMIBUJIKICTD Y PI3HUX HAIPSAMAX MOXKE OyTH Pi3HOIO.

Hexaii dynkuis z = f(r,y) osmadena B geskomy oxomi U(M) Touxn
Mo(x();yo) i
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M(z, + Az;Ay) € UM,),
M(zy;y, + Ay) € U(M,).
Yacmunrnumu npupocmamu Gysruil f(z,y) 3a 3MiHHO©0 T (33 3MIHHOIO
y) y Touni M, HazuBaioTh pizHUIL
A f(My) = flay + Az,yy) — f(2,9),
Ayf(Mo) = f(x())yo + Ay) - f(xoayo)

BIITOBITHO.

(053 e 50 E B (uacTuHHOT OXiZHOY).
Jacmunnoto noxionoro byukuii z = f(z,y) sa sminnoro x (3a aminnoo y) y
Touri M, Ha3WBAIOTH I'DAHMINO BiJHOIIEHHS YAaCTUHHOTO MPUPOCTY (DYHKIT
J0 BIJIOBIIHOTO IIPUPOCTY apryMEHTY, KOJIM IPUPICT apryMeHTy HPSAMYE JI0

HyJId, 1 TO3HAYAIOTH:

OxMy) _ . ASM,)

—_— =1

m f(xo + Az,yo) - f(%,yo)_

)

oz a Az—0 Az Az—0 Az
8Z(M0) — lim Ayf(]MO) — lim f(xoay() + Ay) - f(l’oyyo).
ay Az—0 Ay Ay—0 Ay
IlIe BUKOPUCTOBYIOTH IO3HAYCHHA:
of(M) 0z 0
OfMy) 92| OF\ L (ay), £(M):
ox Oz M, oz M,
of(M,) 0 0
M7_Z 7_f 2 (M), f1(M,).
9y Oyly, 9yly,

3 o3HaueHHs BUILIMBAE, WO YacTUHHY Hoxiamy dyHruil z = f(z,y) 3a
3MIHHOIO & 3HAXOAATh 3a (OpMyJaMu i TpaBUIAMHU OOUMCICHHS TMOXITHUX
dbyukuiit oxuiel 3mMiHHOT (IPK IILOMY 3MIHHY Y YBaXKalOTh CTAJION).

2. Ilpumipom, g dyskmil 2z = z¥ Maemo:

1) 2z, = y2'"" (3a npaswtom mudepennioopanus crenenesoi dywHkiti, y —
craja);

2) z; = z¥Inz (3a npaBwioM audepeHIiioBaHHA NOKA3HUKOBOI (DYHKILIT,
T — craja).

3. Has dysxuii u = f(z,,2,,...,%,) MOKHA O3HATUTH N YACTHHHUX IOXi-

JTHUX:
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Ou Ou  Ou
8$178$2"..78:cn

b

Je

duMy) _ A, f(My) - —

Oz, Az—0  Aug;

b 9 1o

3HaxXo4Th YACTUHHY IOXIiJIHY 3a [EBHOI 3MIHHOKI 3a IpaBwjamu i ¢o-
pMmyiaMu audepeHiioBanag (QYHKINN OfHie]l 3MIHHOI, TPHU IHOMY PEIITy

3MIHHHX yBaxKalTb CTAJIUMH.

8.2.2. IndepeHuiiioBHICTb PyHKLT

1. Harapgaiivo, mo dyskujio ozuiel sminnol y = f(z) nasusaiors udepen-
LIHOBHOIO B TOYIIl T, AKIIO Ii IPUPICT y Il TOYIl MOXKHA 3aIUCATH Y BUIJIA
Af(zy) = f(zy + Az) — f(z,) = AAz + oAz,
ne A = A(z,) crama simpocno Az, o = a(Az) — m. M. d., ko Az — 0.
HeobximHoto # Jg0CTATHBLOIO YMOBOIO  HHPEpPEHIHOBHOCTI  (pyHKIIT
y = f(z) y Touni z, € icHyBaHHs CKiHYeHHOI IIOXi/(HOT

' A
e = Jim S5 =

2. Posrsmbmo dyrkniio z = f(r,y) osHadeny B geskomy okomi U(M,) i
roukn M (z,;y,) Ta M(z, + Ax,y, + Ay) € U(M,).
Hosnum npupocmom dyukuii z = f(z,y), gxuii Bimnosimae npupocram

apryMeHTiB
Ar =2 —25,Ay =y — ¥,

HA3UBAIOTh PI3HUIIIO
AF(My) = flay + A,y + Ay) — flay,9,) = FM) — F(M,)]

(mudepenniiiopaocri dyHKuir).

Dyukiio z = f(r,y) HasuBaTHL Judepenyitiosnor 6 mowui M, gKmo B

JEeAKOMY OKOJIi ITi€T TOUKM MOBHUM NPUPIiCT DYHKITT MOYXKHA 3AIMUCATH SIK

Af(M,) = AAz + BAy + oAz + BAy,
ne A= AM,),B= B(M,) — crani mogo Az,Ay; o= o(Az,Ay)—0 i
B = B(Ax,Ay) — 0, xomu Az — 0,Ay — 0.
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3. (HeobxinHi ymoBu mudepeHIiiioBHOCTI).
Axmo dbynxuis z = f(z,y) mdbepentiiiosna B Touni M (z;y,), To:
1) y wiit Touni icuyoTs yacTuHHI MOXiAHI 33 060Ma 3MIHHUMU, IIPHYOMY
o) _  HOL)
2) dyukiia nenepepsua B Touni M.

AHoeederna. 1. Nna rouku (7, + Az;y,) Maemo:
flzy + Azyyy) — f(zg,y,) = ADz + oAz (Ay = O).

3Bijcu, po3zisusim obuaBi yactunu i€l piBHocTi Ha Az = 0 i BpaxoBylOUM O3HA-

YeHH, MaEMO

af(M[)) — lim f(xo + Axvy()) - f(z(]vyo) — A
ox Az—0 Az
Tak camo 6f(M0) — lim f(xou?/o + Ay) - f(xovyo) - B
dy Ay—0 Ay
2. lim Af(My) = AliIEO(AAx + BAy + oAz + BAy) = 0.
Ay—0 Ay—0

Omxe, dynxmis z = f(z,y) wenepepsma B Touni M,. B
IMosruit npupict mudepenniitosnoi dbymkmii f y Tounmi M, MoxkHa 3amm-

caTu 4K

Af(M,) = 8fé];4°) Az + 8f((9]\;0) Ay + oAz + BAy,

ne o = oAz, Ay) — 0 i 3 =B(Az,Ay) — 0, xomu Az — 0,Ay — 0.
3 HemepepBHOCTI (QPYHKIN JBOX 3MIHHUX Y TOYIL M, Ta 3 icnyBamusa ii
YaCTUHHMUX TMOXIJAHUX y Il TOYI Ie He BUILIUBAE T Ar(epeHIli HOBHICTh.
(mocTaTusi ymoBa mudepeHiiiioBHoCTi).
dArmo Gyukuisg f Mae HenepepBHI YACTHHHI MOXIAHI B JESKOMY OKOJII TOYKHU

M,, To byunxuia f mudepenniiiopna B Toumi M.
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8.2.3. NoBHui gudepeHuian GyHKui

1. Posriansmo pudepenniiiopny B Toumi M (zy;y,) dynxuio z = f(z,y).
(HOBHOI‘O audepenniana).
Hosnum dudepenvianom bdyskiii z = f(z,y) y Touri M, mazuBaioTh JimHiii-
Hy mono Az ta Ay dacTuHy mOBHOTO mpupocty el dynkuil B Touni M, i
[TO3HAYAIOTH
or(My) o, 24(M,)

d(My) = d=(01,) = o

Ay.

Bupasu Ay HA3UBAIOTb “ACTMUHHUMUY QUPeperyi-

OF(My) . OF(M,)
oz oy
aramu Gyskmii f 3a smimpuMm 2 Ta y i mosmauarors d f(M;) Ta dyf(MO).

Orxe,

\df(M,) = d,f(M,) + d f(M,)]

Ockisibku jiyia Hezanexuux 3minnux dr = Az, dy = Ay, To dopmyna mist

obuncienns audepenIriaia HabyBae BUTIIIITY

of of
df = —Ldz + =—dy.
/ oz x+6y Y

Hna dbysxuil n sminnux u = f(z),2,,...,2,) MaeMo GOpPMyJIy HOBHOTO

nudepeHItiaia

of of of
du = ——d. ——d. oo+ ——dx_.
“ d, ot oz, Ty et Oz n

n
2. 3 o3HAYEHHS BUILIMBAE, IO IJIsl JOCTATHHBO MaJIuX |A$| Ta, |Ay| mpa-

BIWBa HAOJIMKEHA PIBHICTD

Af(MO) ~ df(MO) &
- |f(130 + Axz, Yo + Ay) ~ f(zoyyo) + fz/(xoayo)Az + fy/(xovyo)AyJ

Ky BHKOPHCTOBYIOTBH y HAO/IMKEHUX OOYNCIICHHSIX.

8.2.4. NoxigHa cknapeHoi PyHKLi

1. Posrugabmo dyskuio z = f(z,y) aBoX 3MIHHMX Z Ta ¥, KOXKHA 3

AKUX € (PYHKITEIO He3aIeKHOT 3MIHHOT ¢:
v =a(t),y = y(b).
Toni dyukuis 2(t) = f(z(t),y(t)) e ckaanenoo dbyHKIiE0 3MIHHOT f.
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Axmo dbynkmil z = x(t),y = y(t) mudepennifiopni B Touni t, a GyHKIIA
z = f(z,y) mmdepennitioera B Toumi M(z;y), TO ckuameHa yHKIs
Z(t) = f(a(t),y(t)) rakox mudepenniiioBua B Touni ¢ i il moxigHy 3HAXOAATDH

33 (HOPMYJIOI0

E_0:do 0zdy
dt Oz dt Oydt

Tak camo 3HaxomaTh noxiany bysxuil u = f(z,y,2),2 = z(t),y = y(t),
z=2(t):

di _ Qude | Oudy  Oud:
dt Oz dt Oydt Odzdt

2. 3okpema, gkmo t =,y = y(z),z = 2(x), To micraemo dopmyy s

00YUCHEHHS NO0GHOT NOXIOHOT
Ui _ou_ oudy  duis,
de  Ox Oydr Ozdz

3. Posrugnbmo sarasnbHimmit Bunagok. Hexait z = f(z,y) — dbyskuia

JIBOX 3MIHHUX T Ta ¥, dKi 3aJexKaTh BijJ 3MiHHUX U,V :
z = z(u,v),y = y(u,v).

Toni dbyuxuia z = f(z(u,v),y(u,v)) € ckaaneHow QYHKIIEHn HE3AIEKHUX
3MIHHHUX U Ta 0.

Axmo dbyskmii z(u,v) Ta y(u,v) audepenniiiosni B Touni M,(u;v), a dy-
rnig z = f(z,y) madepenmifiobra B Toumi M, (z(u,v);y(u,v)), TO cKIageHA
dyukiia 2 = f(x(u,v),y(u,v)) mudepenmiiiopna B Touni M, (u,v) i i wacrumHi
TOXIiTHI 3HAXOAATD 3a (POPMYTaAMIU:

0 _0:00 020y,
ou Oxdu Oyou’
02 0z0x | 020y

ov Oz v dyov

4. 3uaiiniMo audepeHtiag CKIaaeHol pyHKITil:

dr = Ly Lgy - | 2200 D200, 10200 020U,
ou ov Or du Oy du drdv Oy dv
=02 0n 9% gy | 4 D208 4y, 08 g,
0z | Ou v ay ou dv
=% 92y,

Oz oy



44 Po3gin 8. AndepeHuianbHe YncneHHs GYHKLIN KiNbKOX 3MIHHMX

ITe moBomutrsh, mo nosuuil pudepennian Gyuruil z = f(z,y) mae insapi-
amny (Heaminny) dopmy, TOOTO He3ATEKHY BiJ| TOrO, UM € T Ta Y He3aIekK-

HUMU 3MIHHUMU, 91 JUQEepeHIliHoBHUMEU (DYHKIIIMU 3MiHHUX % Ta .

8.2.5. MNoxiaHa HesBHOT PyHKLii

1. PosriiggabMo piBHAHHS
F(z,y,2) = 0.

dAxmo koxKHi#t mapi unmcesn ¥ Ta y 3 J€AKOl MHOXKWHHU Bi/IIOBimae €nune
3HAYEHHS 7, fKEe PA30M 3 T Ta Y CIPABJKYE Ie PIBHSIHH, TO PIBHIHHS 3a7a€
neasny dynkuio z = f(x,y).

(Hpo HesIBHY (DYHKIIIO).

Hexait dynkuis F(z,y,2) i i noxigui F!(z,y, z),Fy’(x,y,z) ta F!/(z,y,z) o3ma-
4yeni i wHemepepBHi B JeakoMy okoui Touku M, (2y;Y;%,), HpPHEUOMY
F(M,) =0, a F/(M,)= 0. Toai icuye okin Touku M,, y siKOMy piBHsHHsI
F(z,y,2) = 0 osmauye equuy dbyukuio z = f(z,y), Heuepepsuy it jaudepen-

nifioBHy B KOs TOUKE (74:y,) 1 Taky, mo f(z,,y,) = 2,

Hudepenuioun pisaicrs F(z,y,2) = 0 3a 3minauMU  Ta y:

OF OF 82
—+— 0,

dr = 0z 0z

oF or OF OF 0z _o,

ay 0z 6y

mictaemMo  QoOpMyJsH I 3HAXOMKEHHS YACTUHHUX MOXiTHUX  (DYHKILI

z = f(z,y):

0z Fx'(x Y,2)
00 Fleye)
0z _ Fwy.2)
dy Fl(z,y,2)

2. Posrustubmo Tenep judepeniiiiopuicrs HesiBHO dbyukuii y = f(z),

03HAYEHOI PIBHSIHHAM

F(z,y) = 0.



8.2. MoxigHi Ta andepeHujiany GyHKLIN KinbKoX 3MiHHNX 415

Hexait F(z,y) — wnenepeppro audepenniiiopra QyHKINA, Taka, 0
F;/I(L y) = 0. Toni noxinny nessuol dbyukuil y = f(z) moxkua 3HaiiTu 3a do-

PMYyJIOIO

8.2.6. YacTuHHI noxiaHi BULMX NOPAAKiB
1. dkmo dbyuxuia z = f(z,y) 3amana B obmacri D i Mae 4acTUHHI 1TOXi-
JHI z;,z; y Bcix Toukax (z;y) € D, To ui moximHi MOXKHA PO3IUISIATH K HOBI
dyuKII, 3a7ani B obacti D.
SIKmo icHye YacTMHHA NOXIiJHA 3a 3MIHHOIO Z Bin (yHKII a—f, TO 11 Ha-
T

3UBAIOTDH “ACMUNHOIO NOTIOH010 2-20 nopadky Bim dyukmil f 3a 3MinHoo = i

2
TO3HAYAIOTH — abo fz/ﬁ . OT:Ke, 33 0O3HAYCHHAM
ox

0°f _ 0 [of
ox2 Oxz|0zx

dArmo icaye wacrurHa moximHa Bim GyHKIHT 8_f 3a 3MiHHOIO Yy, TO 1l Ha-
T

3UBAIOTb MIULGHON YACTUHHON NOTIOH0N 2-20 nopsadky Bix dyHKmil f i mo3-

Ha4val0Tb

KN o 1of
0zxdy oyl oz )

Ina byukuil z = f(z,y) MOXKHA Ie POITJIAHYTH:

O f _ _g[g],

b

oy " dz|dy
Pr_ 4 o(of)
oy " oyloy

Ko iCHYIOTH YaCTUHHI TOXIi/IHI Bif YaCTUHHUX MOXITHUX 2-TO MOPSAIKY
dyuxuil f(z,y), TO IX HABUBAIOTH “ACTNUHHUMU NOTIOHUMU 3-20 NOPAJKY ]Dy-

kUil f(z,y) (icuye BiciM Takux noxixHuX).
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2. TIpupoIHO BUHUKAE 3AIMTAHHSA: YU 3AJI€KUTH PE3yJIbTAT JUMDEPEHIIIIo-
BAHHSA BiJ MOPSAKY TU(DEPEHITIIOBAHHS?
NSV ERSGE (npo piBHICTH MilIaHUX NOXiAHUX).
Axmo dynkuis f(z,y) osHauena pasom 3i ceoiMu noxigpumu f7, fy’ , z’;, fy/; y
neskoMy okosi Touxm M (zy;y,) 1 moximmi fI’; Ta fy’; HEIePEPBHI B TOYIII
M,, To
frlg,/(MO) - f;,/;(Mo)-

Taka cama Teopema TpaBIWBA I HETIEPEPBHUX MIIMAHUX MTOXITHUX TOBLIb-

HOTO TIOPSIJIKY, IO PI3HATHCST MizK CODOIO JIHTIE TIOPSIKOM JTU(DEPEHITIOBAHHS.
8.2.7. IndepeHuiann BUWMX NOPAAKIB

1. Mudepennian 2-ro nopsyiky GyHKiii z = f(2,y) o3HATYIOTH BHOPMYJIO0
d*z = d(dz).
Axmo dyskiis f mae HemepepBHi dacTuHHI HOXijHi, a 3MiHHI T Ta Y

He3aJIeXKHi, TO

/ /
0z 0z 0z 0z 0z 0z
=|—d —d d —d —d dy =
J [&v x+3y yLH[@IH@y y]Jy

2 2 2
:QdIQ—I— 97 dydz + 0
oz? dyox 0xdy

2 2
0 dzdy —l—Qdy2 =
2
dy

dr + —dy

2z =d| =
ox Jdy

2
dzxdy + QdyQ =
oy?

9 2
deQ + 2 id:t:—l—idy 2.
oz? 0xdy oz dy

2. Y pasi He3aJIeKHUX 3MIHHUX T Ta Yy IJsd dudeperuiana m-20 nopaixy

PYHKINT 2, 9KAil 03HAYAIOTH PiBHICTIO

"z = d(d" )

MaeMO (HOPMYILY:

d"z =

d o "
Zdr + —dy| =
oz x+8y y] ‘

Ieit Bupa3 po3yMiloTh Tak: JBOUJIEH, SKUH CTOITL y MpaBiil YacTUHI CIiB-

BiziHOIIEHHA, Tpeba po3kpuTH 3a dopmyJo 6inomy Hbiorona, a morim ogep-

JKAHUM BUPA30M MOJISTH MOYWIEHHO HA (DYHKIO 2(Z,Y).
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3. Hna oymkuii w = f(z,2y,...,2,) BiI n He3aTeKHUX 3IMIHHEX

Ty, Ty, T, AUMEPEHIIaT m-T0 HOPAIKY 3HAXOJATD 38 (POPMY.JIOH0:

m

m 8 a 6
d"u = | —dx, —|—6—d:c2 +...+8—d:1:n U

Ox, T, T,

8.2.8. TeinopoBa ¢popmyna paa GyHKuUi ABOX 3MIHHMX

Hua (n + 1) pasis menepepsro nudepennifiopuol Gyl o/uiel 3MiHHOT
y = f(z) moxua zamucarn dhopmysy Teitopa B audepenianbaiit dopmi i3
3aJTUIIIKOBUM djieHoM y dopmi Jlarpamxa:
d* f(y) d"f(z,)  d"*'f(c)
Af = df(z,) + 9 4+ ...+ 02 4
/= dila) 21 n! (n+1)!
ae Af = f(z) — f(z,).

AT STERN T (Teiiopa).

Axwo dynkuia z = f(z,y) (n + 1) pasis menepepsHo nudepeHuiioBHa B e~

. € (351).

KoMy okouii Touku M (x,:y,), TO naa Hel npapmusa Tetinoposa dopmyaa n
-T0 IIOPAIKY B OKOJI Touku M,

d*f(M, a"f(M
Af = df(M0)+%+...+M+Tn
! n!
i3 saauwrosum dsrerom y Jlaspanorcosit dopmi
_ dr)

M e UM,).
" (n+1)! (My)

8.3. BEKTOP-®OYHKL|IT

8.3.1. IlousarTsa BeKTOpHOI DYHKILT
8.3.2. I'panung i HenepepBHiCTH BeKTOP-DyHKIIIT
8.3.3. IloxinHa BekTOp-DyHKIIT
8.3.4. Ieomerpuynuii i MexaHiuHUNA 3MiCT TOXiTHOT BEKTOP-PYHKILT
8.3.5. Jlotnuna mpsaMa i HOpMaJIbHA IIOIIMHA IO POCTOPOBOI KPUBOL

Y Kypci Bumol MaTeMaTuku i il 3aCTOCYBaHHSX JOBOJUTHCS IIPAIOBATU HE
JIAIIE 3 YUCTOBUMU DYHKIIAME, aje i 3 GYHKIIAMH, ¥ AKUX 00JaCTh O3HAYUCHHST
D abo mMHOXKWHA 3HAYeHb [ CKIIAZAETHCS 3 €JIeMEHTIB 1HIIOI IPUPOIH, IPHMi-
pom E C V3.
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8.3.1. NoHATTA BEeKTOPHOI QYyHKLi

1. Bexmopnoio ¢dynkuyicro (6exmop-Gynkuicio ckaaiaphozo apeymenmy)
Ha3WBAIOTh BioOOpaXKeHHs, sike KOXKHOMY mificHomy uwmciy t € T yBinmosin-
HIOE NIeBHUI BeKTOp T = T(t).

YV dikcopanomy 6asuci {i,j,k) 3amaBamms ogmiel BexkTOp-byHKIT
7 = 7(t) PIBHOCHJIBHO 3aJ]aBAHHIO TPHOX umcsaoBux GyHKIiH #(t),y(t) Ta 2(t),
fAK1 € 11 KOOpJAnHATaMU:

7(t) = 2(t)i +y(t)j + 2()k,t € T.
leomeTpuuHO BEKTOP-(PYHKINIO 3pPYyIHO 300parxKy-
BaTH, Oy YI0UM MHOXKHUHY TOYOK TPOCTOPY (JIesKy Kpu-
BY) 3 pajiycaMu-BeKTOpaMu
r=7r(),teT,

Akl BUX0ATh 3 dikcoBanol Touku O. 10 MHOXKUHY Ha-

Puc. 8.8. I'omorpad

3uBaIOTH 20dozpagdiom BekTop-pyHKHil (puc. 8.8). OyHK- BeKTOp-byHKILT
mig 7(t) 3amae mapamerpuune 300parKeHHs rogorpada 7 =7t
L 3 mapamerpowm t.

Qizuuno rogorpad BEeKTOP-PYHKINT MOXKHA POITJILIATH K TPAECKTOPIO
PyXy MaTrepiajbHOI TOUKU.

2. Ilpumipowm, rogorpadom yukIii

7(t) = iacost + jbsint,0 < t < 2m,
€ eJIIIC i3 mapaMeTPUYHUMU PIBHAHHAMMU:
T = acost,

€ (0;2x|.
y = bsint, [0:2]

8.3.2. TpaHuus i1 HenepepBHICTb BeKTOpP-PyHKLii

1. Tpanuuero sexmop-dynruii 7(t) = x(t)i + y(t)] + 2(t)k, xomn t — tys

HA3UBAIOTH CTAJIUI BEKTOD @ = a,i + ayj + a,k raknii, mo

lim z(t) = a,,
t—t,

tlgrtﬂr(t) - a| =0& tlgr%y(t) =a,
li t) =
tg%z() a,

i mumyTe, mo lim 7(t) = a.
t—t,
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BracruBocti rpanuiib BeKTOP-(DYHKINH MOXKHA JICTATH 3 O3HAYECHHS Ta
BiZIMOBITHUX BJIACTUBOCTEH TPAHUITH INCTOBUX (DYHKITIH.

2. Bexrop-dynkniio 7 = 7(t), o3HaueHy B IeSKOMYy OKOJIi TOUKH I, Ha-
3UBAIOTL HENEPEPEHOI0 6 Movyi ), AKIIO

lim 7(t) = 7(t,).

t—t,
Bekrop-dynkiis 7(t) mermepepsHa B TOUI f, TOJ it JMIe TOI, KOIM KO-

opaunarTHi GyHKil #(t),y(t) Ta 2(t) Henmepepsri B Toum .

8.3.3. MNoxiaHa BeKTOpP-PYHKLi

1. Hexaii BexTop-bynkuis 7(f) o3HaueHa B JEAKOMY OKOJI TOYKH I,
Hagnaiimo aprymenty mpupict At = 0 i po3rJIgHbMO TPUPICT BEKTOP-(DYHKILT
AT(t,) = T(t, + At) = T(t,).

AT(t
Binnomenus J € BEKTOPOM, KoJliHeapHUM BeKTOpy AT(1)).

(HOXI,ELHOI BeKTOpP-(dyHKIIiT).

Hoxionoro eexmop-gynsuii 7(t) B ToUni f, HABMBAIOTH BEKTOP

(1) = lim AT(t, )_ lim T(t, + At) —7(t, )
At—0 At At—0 At
2. 3 toro, 1o

lim oty + At) — x(t,)
At—0 At

lim T(t, + At) = 7(t,) T y(t, + At) —y(t,)

At—0 At At—0 At
lim y(to + At) - y(to)
At—0 At

Ma€eMo, IO iCHyBaHHS IOXiJHOT F’(to) PiBHOCHJIbHO ICHYBAQHHIO IIOXiJHHX

z'(t,),y'(t,) Ta 2/(t,), nputomy npasauBa piBHICTH

F((to) = I/(toﬁ + y/(to)J_' + z/(to)E = y/(to
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3. IlpaBmusi Taki mpaBuja AudepeHIiloBaHHsI BEKTOP-(YHKIIIT:
1) () £5t) = Rt) £5);

)

2) (Cr(t)) = CF(t),C = const;
3) (R1),7(1) = 7F(1),%) + (7(?),B());
4) [R(1),7(0)] = [7(6), B0] + 7 (1), 5(2)].

8.3.4. TeOMeTPNUHMIA | MeXaHiYHKIA 3MICT NOXiAHOI BEKTOp-
byHKuji
AT(ly)

1. Po3riisHbMO BEKTOP KOJIIHEAPHUM BEK-

Topy ciunol M M, no xpusoi (puc. 8.9). Komm

At — 0, Touka M, npsmye B3HOBK rojorpada o Tt, + At)

rouku M, i Tomy ciuna M M, npamye 10 JOTHIHOL
Puc. 8.9. Iloxinna BexkTOp-

. . - —
1o kpusol L y touri M, a , orxe, it BekTop T (1), Dyt

napaJjieJIbHiii T'PAHUYHOMY IIOJIO2KEHHIO BEKTOpa Cid-

HOT, TAKOXK Oy/1e HAIIPSAMJICHUN Y30BXK €l JOTUIHOT.

AT(t,)
At

Bekropu AT(t)) i kodtineapui. Adxmo At > 0, To 1i BeKTOpHU Ha-

npameni B 6ik spocrannsg t. fxmo At < 0, To Bekrop AT(f,) HampAMIeHMIt

AT(t)
At

y 6iK cnamanug t, a BEKTOD 3HOBY HAIPAMJIEHUN y 6iK 3pocTaHHs t.

T'eomerpuunnii 3micT BeKTOpa F’(to) IIOJISITa€ B TOMY, IO BiH HAIPSIMJIEHUH
Y3IOBXK 0THIHOT 10 rogorpada dyHkmil 7(¢) y 6iK 3pocTaHHIM Iapamerpy t.

2. Bexrop-dyukuig 7(f) 3 MexaHIYHOrO HOIJIsLy 33JA€ 3aKOH PyXy Ma-
TepiaJbHOI TOYKM 1O KpuBiii, ska € rogorpadom. OcCKiIbKE MOXiTHA € MIBUI-
KicTIO 3MiHeHHs (PYHKINT B 3aJaHiil TOUI, TO F’(to) € MIBUJKICTIO PyXy MaTe-
piaJIbHOT TOYKH TIO Iiifl KPUBiM, HAIPAMJIEHOIO B3JIOBXK JOTUYHOI JIO KPUBOI B
6ik 3pocTaHHs t.
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8.3.5. loTyHa npsAmMa i HopmasibHa niowWmHa
A0 NPOCTOPOBOI KPUBOI

1. PosrisgapMO IJIaJIKy IPOCTOPOBY KpuBy L

(puc. 8.10) 3 piBHAHHSAMMU:

v = (1),
F=Tt)={y=y),teT. Puc. 8.10. Jotuyna npsma
5 = z(t), 710 KPUBOL

fKa IPOXOUTE Yepe3 Touky M (xy;1,:%,)
Hexait Tourmi Mo(xo;yogzo) BiJmOBiJae 3HaveHHda f, napamerpa f. Toxi
BEKTOD
= !/ ~ !/ - !/ 7.
T(ty) =z (ty)i +y ()i + 2'(¢)k
Ma€ HaupaM goTudHol npamol T g0 xpusoi L y Tounmi M,

Zlomumnna npsama 1o kpusoi Ly Touni M, Mae Taki KaHOHIYHI PiBHAHHA:

ToT Y=Yy Z—%
x/(to) yl(to) Z/(to)

2. IInomuny N, gka NepHmeHIUKYIAPHA JO AOTHIHOI IPAMOI B TOYIN JO-

TUKY, HA3UBAIOTh HOPMAADHOI0 NAOUHOM0 IO KPUBOI B Il TOYII].

Hopmasnbuaa nomuna 10 KpuBoi L Mae piBHSHHS
|I/(t0)(x — 1) ) (5 —9y) T2 () (2 — %) = O'|

8.4. NOXIJHA 3A HAMPIMOM I TPAIEHT
OYHKLIT

8.4.1. Iloxigna GyHKIHT 32 HAIIPSIMOM
8.4.2. I'pagient dyukii
8.4.3. T'eomeTpuynmit 3MicT rpajieHTa
8.4.4. JlornyHa 1I0muHAa i HOpMaJIb JI0 IIOBEPXHI
8.4.5. T'eoMmeTpuyHMit 3MICT YACTUHHUX TOXIJIHUX 1 JudepeHIiana
ITonarra moxigHoI 3a HAIIPAMOM y3araJIbHIOE ITOHATTS YaCTHHHOI MOXiJIHOL
dysKuil KigpbKOX 3MiHHEX. 3a JOHOMOIOI0 IOXiJHOI 3a HAIPIAMOM BUBYAIOTH
MIBUAKICTH 3MiHN DYHKI y BHOpanoMy HanpsiMi. BaXJIMBUM € TAKOXK NNTAHHS

IIPO HAIPSIM HaWmBUNIO! 3MiHN DYHKIIT.
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8.4.1. MoxigHa 3a HanpsAIMOM

1. Posrusabmo dyukuito u = f(M), o3HavYeHy B JedKOMY OKOJI TOYKU
M, 3 pajiycoM-BeKTOPOM Ty = T,i + y,j + ZOE, i Bexop [ (puc. 8.11).
Opt BekTOpa | BEKTOD
cosa

10 = 172 cosf3 |,

=l

| cos~

e q,3 Ta Y — KyTH, yTBOPEHI BEKTOPOM [ 3 ocsMu

0z,0y i Oz.

(O ER S E el (ToxiaHoT 3a HALpsiMOM).

Hozionoto dymruii w = f(M) y Touui M sa nanpamom Bekropa | Ha3mpa-

Puc. 8.11. Iloxinna
3a HAIPSIMOM

I0Th TPAHUIIO0
ou(M;) |

ol t—+0 t

2. ITo6 mictaty KoOpAWUHATHY (POPMY MOXiTHOI 3a HAIPSIMOM, Bi3bMiMO

f + 1) = f(7)

IPOMiHB, IO BUXOAUTH 3 TOUKH M, y Hampsami BeKTOpa 1, 3 mapaMeTpuIHU-
MU PiBHAHHSMMU:

T = 1, + tcosq,

Yy =y, +1tcosB, t>0.

z =z, +tcosn,

VY Toukax 1pOro HpoMeHs MaeMO (OYHKIIIIO
u = f(z, 4+ tcosa,y, + tcosB,z, + tcosy) = F(t).

Tomi
ou(M,) — im f(zy + tcosa,y, + tcosB,z, + tcosy) — (.Y, %) _
0l t—+0 t
= 1im ZO=FO _ pryg).
t—+0 t

Axmo dyskiia v = f(z,y,z) HenepepsrO udepentiiioBaa B Touni M,
TO 3aCTOCOBYIOUHN TPABUJIO JuEPEHITIOBAHHS CKJIAICHOT DYHKIIIT, 01epKYEMO

Ou(M,) _ ou(M,) cosa 8u(M0)COSB n ou(M,)
ol or oy 0z

coS .
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3. dkmo 3a HanpsiM BeKTOpa | y3dTu, npumipom, HamnpsiM oci Oz, TO
ou

70 - . 8u . .
[V = 1. Toni MmaemMmo — = —, TOOTO moxizua 3a HanpaMoMm oci Ox € 4ac-
)

ol ox

THHHOIO TOXIJTHOIO 3a 3MiHHOK z. Tak caMo 1 I TOXiMHUX 3a HAIIPSIMOM
oceit Oy rta Oz.

IcnyBanusa moxigaux QyHKINT B 3amaHiit TOUIi 3a BCiMa HAIpPsSMaMHU He
rapanTye audepeHIiioBHocTi OyHKITT B 1Iiif TOII.

4. Nna dyskuil v = f(z,y) 1BOX 3MIHHUX MaeMo

M M, M
Ou(M,) = ou( O)COSOL +MCOSB &
0l oz Jy
& Ou(My) = OuM,) cosa + —3u(M0) sin a,
ol ox dy
T cos P
e "~ |cosB |’ _570@
5. IToxigHa 3a HATIPSIMOM Ma€ BJIACTHBOCTI:
1) T JnopiBHIOE mBuAKOCTI 3MminoBanna byukuii w(M) y Hanpsmi
BeKTOpA [ ;

2) axuio % > 0, To dbynxmia u = u(M) 3pocrae B HampsMi BekTOpa. |

3) gk % < 0, To bymxiis v = u(M) crmagae B Hapsivi BeKTOpA [ .

8.4.2. I'papient PpyHKuii

. u
1. CiaymHum € nuTaHHd: 33 HAIPAMOM SIKOTO BeKTOpa [ TOXijIHa 5 Mae
Haiibinbmie 3Havenus ! lleit HampsiM ykasye rpajieHT QyHKIL.
OECEL SN (rpagienta dyHKUil B Toui).
I'padienmom mudepenniiioproi dbyukuil v = f(z,y,2) y Touni M HasuBaoTh
BEKTOD

aradu(M) = QUM | Oud) = | Ou(M)
Oz dy 0z

I'pamienT moxkua posrisanaTu s DyHKIIH Oy ab-IKOI KiIbKOCTI 3MiHHUX.
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3a gonomoromo rpajienra noxinny dyskuil v = f(M) 3a HAIpPsAMOM Bek-

TOpa | MOXKHA 3aIlUCATH TK

8%@(?4) = (gradu(M),1") = |grad u(M)|cos ¢ = pr, grad u,

ne ¢ = (gradu(M),1°).

Orxe, OXiTHA B 33JIaHOMY HAIPsIMi JOPIBHIOE IPO-
ekmii  TpajieHTa Ha  HaOpAM  AUQEPEHITIOBAHHSI
(puc. 8.12). 3sigcu Bumusae, mo aximo grad u(M) = 0,

. Ou(M) s
TO IOXIigHA T nabyBae HabIIBIIOrO 3HAYMEHHS, KO-
J1 3a BeKTOp | y3saru rpajient dbyukuii w(M), a came Puc. 8.12. IToxinna
8” M au M 3a HaHpHIVIOlVI AdK
max él ) = (;l ) = |grad U(M)| MPOEKITis TPAiEHTA

I =gradu
Y uporuiekHoMy HaupsiMi, dkuil 3azae Bekrop (—gradw), noxigaa
Ou(M)
ol

Mae HallMeHIlle 3HaYeHHs, 110 JIOPIBHIOE —|grad w(M )|

2. Hamnpsim BekTOopa gradu, HA3UBAIOTH HANPAMOM HAUULEUIW020 Nidill-
ManHs, & HaupaM BekTopa (—gradu) — nanpam natiueuduwo2o cnyckaHa.

3 yCTAHOBJIEHOTO N€OMETPUYHOIO 3MICTY I'DAJi€HTa BUILIABAE, IO TPai-
€HT He 3aJIe’KUTH BijJ BUOOPY CHCTEMH KOOPIMHAT, OCKIJILKHU ¥ HampsaM, i 10-
BXKMHA BEKTODPA T'PaJi€HTa B KOXKHIM TOYII He 3aJieKaTh BiJl BUOOpY cucTemMu

KOOP/JUHAT.

8.4.3. T[eomeTpHUHNIA 3MICT rpapieHTa

Posruisiubmo moBepxHio (), sIKy 3a/1a€ PiBHSIHHS
F(z,y,2) = 0.
Hexait dbynxuis F(z,y,z) madepenmiiiosra B Touri M,(z,;Yy;%,) € 2,
IPUYIOMY HE BCl YaCTMHHI NOXiAHI B To4Li M JODIBHIOIOTH HYJIIO.
KazkyTn, M0 BeKTOp 7 HepHeHIUKYJIAPHUI J0 mosepxHi ) B Touri M,
AKINO BiH MEPHEHIUKYJIIPHUNE 10 OyIb-AKOI JOTHIHOI MPAMOI, TPOBEIEHOI 10

TIOBEPXHI B Il TOYIII.
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ST ERSA (Ipo reoMeTpUYHUR 3MicT rpajieHTa).
Bekrop gradu(M ) mepnenuKyaapHuii 10 moBepxHi pisns riagkoi GyHkii
u = f(z,y,2) y Touni M(z,;y,;%,) miei nosepxni (puc. 8.13).
Zlosederts. Po3riasHbMO JOBIIbHY KPUBY grad u(M)
x = a(t),
L:jy=y(t), teT,
z = (1),

0 TPOXOJUTD Yepe3 TouKy M 1osepxHi piBHs
Q: flz,y,2) = C, Puc. 8.13. Teomerpuannii 3mict
ne Touni M, Bianosinae smadenns mapamerpa f. rpajiienra
BexkTop
T =2'(t)i +y'(4,)7 + 2tk
HaIPSMJIEHUA Y3/I0BXK JOTUYHOI 10 KpuBoi L.
Ockinbku KpuBa L JIeKUTH Ha MMOBEPXHI, TO KOOPAMHATH 11 TOUOK CIIPABIKYIOTH PiB-
HAHHS
f((1),y(t), 2(t)) = C.
Hudepennionoyn 1o piBHICTH 32 3MIHHOIO ¢, MaeMO
) _0fdv , 0f dy , O iz
dt dr dt Odydt 0Ozdt M,

=0 < (gradu(M,),T) = 0.

A rne it o3maugae oproromaspHicTs BexTOpa gradu(M,) K0 BexkTOpa KOTHUHOI T i fioro

nepreHauKyJispHicTs 10 nosepxui 2. W

8.4.4. loTMyHa NaoWMHA 11 HOPMa/b J0 NOBEPXHi

1. 3 Teopemu 8.8 BUILIUBAE, IO JOTUYHI JI0 BCIX

é’fao’&/
@‘
9

KPUBHUX, 4Kl IIPOXOJATH 4epe3 To4uKy M, 1 JiexkaTh

Ha TIOBEPXHI
Q: F(z,y,z) =0,

OpTOI‘OHaJ'II)Hi J0 OAHOTO M TOr0 CaMOro BeEKTOpa

grad F(M) (puc. 8.14). Tozi Bci i moTudni nexarnb v
Puc. 8.14. Joruuna
B OnHIi 1 Ti#t camiit wromumui T, fKy Ha3UBAOTH 0O- IJIOTMHA TA HOPMAJIh

MUYHOI0 NAOUWUNOI0 IO NOBepXHi B o4l M. JI0 HOBEpXHi
Ockinbku momuna T Mpoxo/uTh Yepes TouKy M, HepHeHuKyJISPHO J0

BEKTOpA
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Fy(My)

grad F(M,) = | F,(M,) |,
F!(M;)

z

TO 11 3aj1a€ PIBHAHHS

(grad F(M,)), MM,) = 0 <
F/(Mo)(x — 1) + Fy/(MO)(y — ) + F/(Mo)(z — 7)) = 07|

T z

=

ne M(z;y;z) — mouka moruanol wommau 7.

2. Hopmannao mo mosepxmi €1 y Toumi M, HasuBaloTh npamy N, o

IPOXOJUTL Yepe3 TOUKy M|, IepHeHIuKyJApHO H0 JoTu4uHoi mioummnu I B

i TOYIT.

Ockinpku HOpMaJIh MPOXOIUTEL HUepe3 To4uKy M, i il HampamMHEM BeKTo-

pom € grad F(M ), T0 MaeMo KaHOHIUHE DIBHAHHS HOPMAaJI

Ty Y=Y _ 2%

Fi(My)  F(My)  Fl/(M,)

T y z

3. lns noBepxHi, 330aH01 ABHO piBHAHHAM 2z = f(Z,V), HOKIa1iMO

F(:L’,y,z) = f(x7y) —2=0,
3BIJIKM MAEMO:

— pIBHAHHHA JOTUYHOI IJIOIIMHU
fz/(x()?y())(x — 1) + fy/(xoayo)(y — ) — (2 — 7)) = 0§|
— piBHSHHSI HOpMAaJIi

T — I o Y=Y _Z—ZO

fm/(xovyo) fy/(zo»yo) -1
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8.4.5. leoMeTPUYHMI 3MICT YACTUHHMX NOXiJHUX
i andepeHuiana

1. Hexait 3agano nudepeniiioBny GyHK-
uiio z = f(z,y), rpadik gkoi y npocropi € me-
axoio nosepxueto (). Hexait M (zy;y,) — bdik-
coBaHa TOUKa 3 obsacti D o3Hadenns QyHKIHi
[o a Ny(zg;y0:2(2,9,)) — Touxa nosepxmi (),
gKa Binnosimae Touni M (puc. 8.15).

02(M,)
or

SHaxod9n  YACTUHHY IIOXiJIHY

Puc. 8.15. I'eomerpuannit 3mict

3MiHHY Y IKCYIOTH TaK, MO § = Y. YaCTHHHMX TTOXiTHUX

l'eomerpuuno ne osnavae, mo depes TouKy M, € D NpoBOAATH IIOIIUHY
Y = Y,, 9Ka Tapasienbua mwiomuai Orz, i posrianaioTh GyHKI0 2 = f(z, yo)
OJIHIET 3MIHHOI T y TOYIl T = .
0z(M,)
Ox

npaAMoio, mapasessnol oci Or, i gorwdmoo g0 kpusoi z = f(z,y,), mo € mini-

IMoxinua el dyHKIil z;(:vo) = JIOPIBHIOE TAHTEHCY KyTa O MiXK

€10 TIepepisy nosepxui z = f(z,y) i3 wiomunow y = Yo+
02(M,) ;

ox
02(M,

Tak camo YacTUHHA IIOXiJTHA JIOPIBHIOE TaHTeHCY KyTa (3 MixK

npsMoro, mapasenpHoi oci Oy, i morwdnoo 10 KpuBoi z = f(z,,y), mo e mini-
€10 epepisy mosepxui z = f(z,y) i3 miomuno0 T = ).
0z(M,
dy
2. SKmo HOBEPXHIO 33JaHO B ABHOMY Burisami z = f(z,y), TO piBHAHHSA
JoTiaHOT mionmay 10 i€l nosepxui B Touri N (7;y;2(2y,¥,)) Mae BULIs
!/ !/
fr(%ayo)(x - xo) + fy(%ayo)(y - yo) —(z— Zo) =0.
Moro me MOXKHa HmepernucaTu K

Az = le(xovyo)Ax + fy,(xoayg)Ay = df(xo,yo)v
ge Az =1 —3),Ay =y —y,, Az =2 — z,.
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Orxe, mudepenrian bysknii z = f(z,y) y Touni (z,;y,) € HPEPOCTOM
amlikaTy TOYKM JOTHYHOI IUIOMMHEA 10 moBepxHi 2z = f(r,y) y Toumi

No(243 503 2(2g: Yp))-

8.5. EKCTPEMYMW ®YHKLIT ABOX 3MIHHUX

8.5.1. JlokasbHi ekcTpemyMu (DYHKIIT ABOX 3MIHHUX
8.5.2. JlocraTHi yMOBHU JIOKAJIBHOI'O €KCTPEMYMY
8.5.3. Haiibisbiie Ta Haiimenie 3uadenHst (DYHKIT BCepeInHi 3aMKHEHOI 06/1acTi
8.5.4. YMOBHUil ekcTpeMyM

IloraTTSI JIOKATBEHOrO €KCTpeMyMy # HaibIIBIIOro Ta HAMMEHIIOrO 3HAYEHHS
byHKI# o71HI€ET 3MIHHOT MOYKHA y3arayIbHATH 1 JyIs (DYHKIIH KITBKOX 3MiHHUX.

8.5.1. JlokanbHi ekcTpeMyMu QyHKLii ABOX 3MiHHUX

1. Posrnansmo dynknio z = f(2,y),(z;y) € D, i rouky M,(z,;y,) € D.
(;1okanBbHOrO eKcTrpemymy).
fxmpo ichye oxin Toukm M, Akuit HaJeKuUTH obmacti D, i aasa BCix TOUOK
M mporo oxomy, BimminHEX Bif Toukm M, BUKOHAHO HEPiBHiCTH
J(M) < f(M,) (f(M) > f(M,)),
TO TOUKy M|, HA3MBAIOTL MOYKO0I0 AOKAALHO20 MAKCUMYMY (AOKAABHO0 Mi-

nimymy) byskuii f, a amcno f(Mg) — noxarvrum maxcumymom (Aokab-

1020 MiHiMyMmom) THET PYHKIL.
Toukn mMakcuMyMy Ta MiHiMyMy QyHKIH] HA3UBAOTH I MoOYKaMU eKCm-
pemymy (puc. 8.15).
ko nokiaacTu
T =13, +Ary =y, + Ay,
TO TIOBHUM TIpUpicT PYHKITT

Af(xovyo) = f(z,y) — f(xoayo) = f(xo + Az, Yo Ay) — f(xovyo)-

dxmo mnpupict dyukmii 36epirae z max
3HAK B OKOJIi TOYKH M, TO B Wil TO4Ii
dyHKIliA Ma€ JIOKAJTbHUN €KCTPEMYM:
1) makcumym, axmo Af(z,,y,) < 0; 0 ; ‘min
. | : Y
2) minimym, saxio Af(z,y,) > 0. / b, oM,

Puc. 8.15. Toukn JIOKAJIBHOIO €KCTPEMYMY
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2. (HeoOxigHa yMOBa €KCTpeMyMYy ).

Axmo dyukiia z = f(z,y) mae B Touni M (z,;y,) TOKATbHUI €KCTPEMYM,
TO B IIifl TOYII YACTHMHHI MOXimHI 1-TO MOPAJIKY 3a 3MIHHUMHU T Ta ¥ JOPIB-
HIOIOTH HYJIIO, HECKIHYEHHOCTI 800 He iCHYIOTD.

Zoeederna. Hexait M(z,;y,) — Touxa excrpemymy. Toxi dynxmia ¢(z) = f(z,y,)
€ dbynKIieo o€l 3MinHOl, gKa Ma€ ekcTpemyM y Touii z = 1. Tomy ii moxinna f;(azo,yo)
JIOPIBHIOE HYJIIO, HECKIHYEHHOCTI abo He icHye.

Tak camo, posrigmaoun dynkmio W(y) = f(z,,y), micraemo, 1o fy’(wo,y[)) JIOPiBHIOE
HYJII0, HecKiHueHHOCTI abo He icaye.

Touky Mo(xo;yo), y gKi#f yacTuHHI moximHi 1-ro mopsaky ¢yHKmil f mo-
PIBHIOIOTH HYJIIO, HA3UBAIOTH CMauionaphoto moukoto Gyakiii f. CramioHapHy
TOYKY, $IK& HE € TOYKOK JIOKAJbHOI'O €KCTPEMYMY HA3UBAIOTH (10106010 TOY-
KOI0 (DYHKITIT.

VY crarmionapHiit TOYII BUKOHAHO TAKOXK yMOBH:

dz(M,) = 0, grad f(M,) = 0.
CramjioHapHi TOYKM Ta TOYKM, y SIKUX YACTHHHI 1MOXimHi (YHKIHT J0piB-

HIOIOTh HECKIHYEHOCTI ab0 He iCHYIOTH, HA3UBAIOTH KPUMUYHUML MOYKAMU.
3. IIpumipom, mocigivo dynxmio f(z,y) = 1 — /2% + y°.
Oyukuis f(r,y) =1 —+2? +y* Mae MakcumyM y le

rouri  (0;0), ockimbku f(0,0) = 1, f(z,y) < 1, akmo

2 4+ 9% > 0. Y
Yacrunni noxigui Gysxmii f(z,y)

, T / Y £ |
x,y) = ——————, f(z,y) = ————
fi(z,y) N fy( y) 2+ Puc. 8.17. ¥ Toumni

01 .
y Touni (0;0) me icuyrors (puc. 8.17). (0;0;1) moxinei e

iCHYIOTB

4. Ilpore me OyJb-AKa KPUTHYHA TOYKA € TOYKOIO ZT z=ay
eKCTpeMyMy, TOOTO TeopeMa 8.9 yCTAHOBJIIOE JIMIIIEe HEOO-
XiZHYy, ajle He JOCTATHIO yMOBU €KCTPEMYMY.

IIpumipom, mocmigimo dyukmio z = ry. Yacruani b\
noximgai GyHKNII 2z = Ty AOPIBHIOIOTH HYJIIO B TOYIN o
(0;0). Puc. 8.18. Touka O

€ CiIJTOBOIO TOYKOIO

MMOBEPXHI
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Ajte g QyHKIIs B yKaszaHill TOYIl €KCTPEMyMy HE Ma€, TOMY IO B JO-
curb MasioMmy okoui touku (0;0) BoHA HabGyBae fK JOJATHHUX, TAK 1 BiI'€MHHX
suavenb (puc. 8.18). Touka (0;0) e cigmopowo. I'padikom dyukuii z = zy €

rimepOoJtiaHIil TapaboJIoiT.

8.5.2. [loCcTaTHi yMOBM I0Ka/IbHOrO eKCTpeMymy

1. Hexaii dyukuia z = f(z,y) asiui nenepepsro qudepenniiioaa B 0Ko-

ai rouku M (z;y,). Axmo Touka M, € TOUKOIO JOKAJIBHOI'O €KCTPEMYyMY, TO

af(zoayo) -0, af(xovyo) —0 e df(MO) _ af(MO)dx + af(MO)dy -0
Oz dy Or oy
Banumimo TeitaopoBy dopmyity 1-ro HOpSI,HKy Jtst pyHKIT f:
d2
Afy) = afiy) + T8 ~Jaga) = o] =

_ %( (M)A + 2" (M )AxAy + Jg';( NAy).

Orxe, 3mak npupocry dynknii Af(M,) BU3HAYAETHCA 3HAKOM 2-TO [U-

depeniana d>f(M).
Hpyruii gudepennian dyukuii z = f(z,y) e xBagparudaon (HOPMOIO

Q(dz,dy) mozno 3minaux dr i dy, Ky MOXKHA 3aUMCATH K

) dz
d°z = (dz dy)H ,
dy

" "
H = Zox ny
- n "

z z

gy “yy

Ae

€ MATPUIIEI0 KBAIPATUIHOI (hOpMHU, sIKYy HA3WBAIOTh Mmampuuero Iecce.
Busnaunuk marpuii l'ecce det H Ha3uBaioTh 2ecciarom.
Orxe d*f(My) >0 (d°f(M,) < 0) Toxi fi nmme ToAi, KOMM MATpHILA
Tecce € nomaTHO (BiJ'€MHO) BUSHAUEHOIO.
3rinuo i3 kpurepiem CuibBectpa Marpunga H e:
1) nomarro BusHauenowo, axmo z. (M) > 0,det H(M;) > 0;
2) Bix'emuo BusHadenomwo, skmo z. (M) < 0,det H(M,) > 0.
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TG ERCRYN (ocTaTHST yMOBA JIOKAJIBHOIO €KCTpeMyMy (yHK-
il ABOX 3MiHHUX).
Hexait Touxa M (z;y,) € cranionapuoio Toukoo Gyskmii z = f(z,y),
OF(My) _ , OF(M,)
Oz " 9y

i B meskomy oxomi touku M (z,;y,) dyskiis f Mae menmepepsHi YacTHHHI

=0,

MOXIJIHI 10 2-10 MOPSAJIKY BKJIIOYHO:

A| _a2f(M0) | _a2f(M0) | _an(MO)
My o2 My~ 0y M, T ayQ ’
A B
A(My) = det H(My) = | o

Tomi:

1) sxmo A(M,) > 0, To dyukiia f y Tourni M, mae excmpemym,
IPUYIOMY

a) axmo A > 0, To dynkuia f y rouni M, mae minimym;

6) axmo A < 0, To bynxuia f y Tourmi M, Mae marcumym;

2) axmo A(M,) < 0, To dbynknig f B Tourni M, He Ma€ eKCTPeMyMy;

3) axmo A(M) = 0, o dyukiia f y Touni M, mMoxke maTu, a MoxKe it

He MaTHU eKCTpeMyMy i norpebye 101aTKOBOIO JOCTiIyKEHHSI.
2. Jocigivmo ma ekcrpemym dyukiio z = zt + y.
O3naiinimo cramionapui Touku dyHKIII. [3 cucremu piBHIHBL
zl =42® =0, x =0,
ERbS vt
Touka M,(0;0) — cramionapna.
A |M0: 2 |MU: 0,B = Zglp/y ‘M{]: 0,0 =4 |M0: Z;g |MU: 0;
0 0

=0.
0 0

A(M() =

Teopema 8.10 me mae BiAmOBinb MPO HAABHICTH abO BiICYTHICTH eKCTpe-
mymy. IIpoBesiMo JTI0JIATKOBE JTOCITiIPKEHHS :
Af(zy) = 2" +y* — £(0,0) = 2" +y* > 0= M,(0;0) — min.®
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8.5.3. Haiibinble Ta HalimeHwe 3Ha4YeHHA PyHKLi
BCepeaMHi 3aMKHeHoi obacTi

Hexait dynxiis z = f(M) o3nauena i HemepepBHA B OOMeKEHIll 3aMKHe-
Hi#t obsacti D i amdepentiitoBua B ycix BHyTpimuix Toukax D. Tomi 3a Teo-
pemoto Baepmrpaca icaytors Toukun M’ € D,M” € D, y axkux BoHa gocaTae
HAMOIIBIIOrO Ta HAMEHIIIOrO 3HAYCHD:
f(M') = max f(M),
MeD
f(M") = min f(M).

MeD
IIi Touku Tpeba mIyKaTru cepel KPUTHUYHUX TOUYOK (PyHKIHI f ycepeauHi
obsacti D Ta cepen TOYoK Mexki obacri 0D.
Haiibinpme Ta maiiMemine 3HaYeHHsS (QYHKINI HA3UBAOTH 2400040HUMU

eKCpPemMymamy, Oy HKIHI.

8.5.4. YMOBHMUIN eKcTpemMym

1. Posragubmo dyukuio z = f(z,y) osnadeny B ueskiii obsacri D. He-
xail y uiii obsacti 3anano kpusy L : ¢(z,y) = 0 i Tpeba 3uaiitu ekcrpemymu
dbyukuil f(x,y) aume cepes Tux il 3HAYEHD, dKi BiANOBIAAIOT TOYKAM KPUBOT
L. Taki ekcTpeMyMHu HA3UBAIOTH YMOGHUMU EKCTPEMYMAMY  OYHKIHT
z = f(z,y) na xpusiii L.

Buaxomgum ymoBHI ekcrpeMmymu dyHKIil 2z = f(z,y), aprymentu z Ta y
yKe He MOXKHA DO3IJIANATH fK He3aJIeKHI 3MiHHI: BOHU 3B’a3aHi Mixk coboro
cuiBBigpomenuam @(z,y) = 0, dKe HABUBAIOTb YMOGOI0 36 A3KY.

2. Ilpumipom, dywrmis z = 1 — z, rpadikoMm gKOi € TIOMMUHA, HE MAE
JIOKAJIBHAX €KCTPEMYMiB, a Brke 3a yMoBu 3B’si3ky z° + y? =1 ma miit mio-

IuHi 3'ABJISEThCS HalHIKYA Ta HafiBumia Toukn (puc. 8.19).

3. Omun 3 MeTOiB BiAIIyKaHHS yMOBHOTO €KCT-
pemymy dymkmii  z = f(z,y) 3a yMOBE 3B’g3Ky
¢(z,y) = 0 nossrae B nigcraBisHui oxHiel 31 3MiHHUX,
3HalZIeHnX 3 piBHAHHA 3B'a3Ky y dyukuio f(z,y).

Hexait piBusHHS 3B’s3Ky BHpaXKa€ Yy SIK OJIHO3-

HauHy JudepeHItitoBHy (DYHKINO 3MiHHOT  : Puc. 8.19. YMmoBHuit
Yy = g(Z) EKCTPEMYM
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Mipcrasnsroun y dbyuxuio f(z,y) samicts y dyskuio ¢(z), gicraemo
bYHKITIO oHiET 3MiHHOT
z = f(z,9(x)) = F(z),
y dKiii yKe BpaxoBaHO piBH#AHH# 3B’a3Ky. Excrpemym (GesymoBuwuii) (yHKIil

F(z) € mykanuM yMOBHUM €KCTPEMYMOM.
4. Ipyruit meTom nociijzKenns MYHKIT Ha YMOBHUN €KCTPEMYM TOJIATAE
B 00y 10Bi Jlas paroicesoi dhynriyii:
[F,y)) = f.y) + Nelw,)]

e N — pneskuit uucaoBmit Koedimienr, Jlaspanoicie muoochuk, kUit Tpebdba

BU3HAYUTH.

Mozkna JoBecTH, IO TOYKA yMOBHOro ekcrpemymy dyukuii f(z,y) 3a
yMoBu 3B’a3Ky (z,y) = 0, € cramionapaoio Touko Jlarpanxkesol (yHKII.
5. HeoOximnumun ymoBamu icHyBaHH: 6e3yMOBHOrO ekcrpemyMmy Jlarpas-

KeBol PYHKIIIT €:

F] = fi(z,y) + Moy (z,y) = 0,
F! = f/(a,y) + 3o, (2.9) = O,
F = ¢(z,y) = 0.

6. locTraTHi yMOBU MOJIATAIOTH ¥ JIOCTIIZKEHHI 3HAKY JAudepeHIriaia

d*F(z,y;\) = Flida® + 2F) dvdy + Fdy*

3a yMOB 3B’SI3KY.
fAxmo y cramionmapmiit Toumi  M(z;Y3N) dZF(MO) >0, To dyukmia
z = f(z,y) Mae B uiit To4ni yMOBHMI MiHIMyM, SKIIO 2K dQF(MO) <0, To —
YMOBHUHA MaKCUMYM.
7. MoxHa CHpPOCTUTH JOCJIJIZKEHHS XapaKTepy YMOBHOIO €KCTPEMyMY,
BiJIpa3y BpaxyBaBIM YMOBY 3B’S3KY. 3 PIBHAHHS 3B’S3Ky MA€MO
!
pydr + @ dy =0, dy = —@—fdx,
y

TOMY B JIOBUIBHI#l cTaIlioHAPHii TOYIT
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d’F(z,y;\) = Fz';dx? + 2F" daxdy + Fy’ﬁdgf =

zy
2
! !
P P
- dr - dr

Py

2 2
J L+ 208 - (01 Fl.

= Fxlész + QFII;da:

+F

y
dz?

2
/
(<))
MHO)KHI/IK y KBa,ZLpaTHI/IX ,LLy)KKaX MOZKHa IIOJJaT 4K BU3HAYHUK
/ li
0 ¢, @,
_ / n "
A - @T —F;:Z 'Flly )

/ " "
¢, F Fy2

zy

!
i’

_<@J

e
| B

- " "

Ety F ?

e reccianom dynxmnil Jlarpamxka. fAxmo A(M,) < 0, To dQF(MO) > 0, mo BKa-
3y€ HA YMOBHUM MiHIMyM.
Tak camo, ko A(M,) > 0 maemo d*F(M,) < 0, 10670 2 = f(z,y) y miit

cTalioHapHi#l TOYIll Ma€ YMOBHUII MAKCUMYM.



3ANMUTAHHA TA 3ABJAHHA
A1 CAMOKOHTPOJIIO

8.1.1. IlinGepite amamiTnaHwii Bupa3 dbyHKHl aBoX 3MiEHUX 2 = f(z,Y)
Tak, Mmob 06/1acTh O3HAYEHHS Takol (PYHKINT Oy/1a 6 MHOXKWHA!

1) mrommua 3 BukuHYTOI TOUKOI0O A(2;—3);

2) mIomMHA 3 BUKUHYTUM KoJoMm z° 4 y? = 4;

3) miBkpyr 2% + y* < 4,y < 0;

4) sopuimmicTs kpyra z° + (y — 3)* > 9.

8.1.2. VBignosinuiTe GyuKIil Ta ixHi giHiT piBHA:

a) 2 =3z +4y; 6) 2 =2 —y;B) 2 =42 —3y; 1) 2 = 2> — .

T NS N Y
ERENNCR

-5

_5 \
-10 _10 =10 -10

10 -5 0 5 10 [ S S -10 -5 0 5 10 -6 -5 0 5 10

Puc. mo 8.1.2.1) Puc. no 8.1.2.2) Puc. 1o 8.1.2.3) Puc. 10 8.1.2.4)
8.1.3. Onumirs rpadik dbyukuii z = f(z,y) i3 306pakeHuMu JiHisgMUI

piBHS.

Puc. no 8.1.3.1) Puc. no 8.1.3.2) Puc. no 8.1.3.3) Puc. no 8.1.3.4)



436 Po3gin 8. AndepeHuianbHe YncneHHs GYHKLIN KibKOX 3MiIHHMX

8.1.4. ¥YBignosiguiTe rpadiku Ta JiHil piBHS QYHKITIH.

Puc. 10 8.1.4.1) Puc. o0 8.1.4.2) p 8.1.4.3)
nc. 10 8.1.4.

Puc. 1o 8.1.4.4)
Puc. 1o 8.1.4.5) Puc. 1o 8.1.4.6)

Puc. no 8.1.4.a) Puc. y10 8.1.4.6) Puc. 1o 8.1.4.8)

Puc. no 8.1.4.r) Puc. 10 8.1.4.r) Puc. no 8.1.4.1)



3annTaHHA Ta 3aBAAHHA /19 CAMOKOHTPO/IO 437

8.1.5. YBignosinuiTh dyHKIT Ta xHI rpadikm.
2 2

a) z=2 0) 2=—¢"V; B) z=z+2y+3 1) 2=-yh
: . 1
r) z = 2% —siny; ) z=—7.
5ty
Puc. 10 8.1.5.3)
Puc. 10 8.1.5.1) Puc. no 8.1.5.2)
Puc. 10 8.1.5.4) Puc. 10 8.1.5.5) Puc. n10 8.1.5.6)

8.1.6.1. ITosichiTh, YoMy He icHy€ ( li)m f(z,y).
P

wy)—
8.1.6.2. Yu icuye ( li)ng(x, y)? Ko Tak, TO Y0My BOHA JOPIBHIOE?
zy)—
-1 1

30

-3 3
24

-5 oP 5 18

Qo

Puc. no 8.1.6.2
Puc. 1o 8.1.6.1
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8.1.7. 3a mimigmu piBHg GyHKIl 3HARTITH
rpauuo GbyHkIl f(z,y) B Touni abo MOACHITH, YoMy

BOHA HE iCHYE.

1 lim z,9);
) (I;y)ﬂ@;l)f( y)

2 lim z,Y);
)(r;y)ﬂ(flﬁ)f( v

3 lim z,Y);
)(z;y)ﬂ(%;O)f( v)

4 lim Z,Y)-
)(z;y)ﬁ(O;O)f( v)

8.1.8. dky ymoBy MawTh crnpaBiKyBaru napamerpu a,b Ta ¢, mob

rapaHTyBaTH iCHyBaHHA  lim S —
(@9)—(00) az? + bry + cy?

Puc. no 8.1.7

8.2.1. BubGepiTh BesimvuHy, Ky O3HAYIYE BUPA3:

1) li 2)—d dy ;

)Aggo Az ' )8:1: I+8y v

3) lim z(a:,y+Ay)—z(a:,y);4) 2z + Az,y) — 2(z,y);
Ay—0 Ay

5) 2(z + Az, y + Ay) — 2(z,y).

a) Az; 6) %; B) A z;r) dz; r)g—;; ) dyz.

8.2.2. Bubepirh BesmmunHy, Ky O03HAYYE BUPA3:

pouds  dudy ) 0208 920y Ou Oudy | Duds
dr dt  Oydt’ ' Oxdu Oyou’ dr  Oydx Ozdx’
g u, dudy 0500 00y

Or Oydx Ox dv  OJy dv

) 92, o 2 = fla,). = a(u),y = o)
u

6) <L o w = f(a,,2),y = pla),z = oAa);

) S o w = fla.g), = a(t).y = y();

r) g— samo 2 = f(z,9),7 = a(u,9),y = ¥(w,v);
v

d
r) —du, akmo u = f(z,y),y = y(z).
XL
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. . 2
8.2.3. Buaiinirs u, axmo u = (sinyz)e” Y.

8.2.4. Buznadure 3HAKU YaCTUHHUX MOXiTHUX fz/ Ta

fy/ y Toukax P,Q,R,S 3a ninismum pieasa byl f(z,y).

Puc. 1o 8.2.4
8.2.5. Buauenna dbyukuii f(r,y) samano Tabmunero. Ilpumyckaoan, mo
BIZIIOBiIHI YACTWMHHI MOXiJHI iCHYIOTH, BUCJOBITH IPUIIYIIEHHS 1IPO 3HAK

YaCTUHHOI MTOXIiTHOT:

1) f;(_Q’_l); \y|-1]1 5
2 e L
3) f/(2,1); T Tl
4) fgll(()??’)' Puc. mo 8.2.5

8.2.6. 3uaiimiTh zgy, STKIIIO
2 2 4x .772 2
d°z =2Inydx +—dwdy——2dy .
Yy Yy

! ! "
8.2.7. Illo MOKHa CKa3aTH NP0 3HAKU 2,,Z,,,2, T 2

"
2"y vy

Touri P?
y Ot Puc. 10 8.2.7

" . . " . " . m
8.2.8. fkmo z, = 4y, 10 womy gnopismioe: 1) z, 5 2) 2,5 3) 2, 7
8.2.9. Yu icuye byukuia f(z,y) mia gakol fz/ =2y Ta fy/ = ¢*? dkmo Hi,
TOSICHITH YOMY.
8.2.10. Iloxaiire npukian dynxuii f(z,y), mua axoi f = 0,]2/2'/ =0 Ta
1 =o.
8.3.1. 3o6pasbre romorpad BeKTOP-MYHKILT
a(t) =2cos®t-7 +2sin’t- 7,0 <t < 2m
8.3.2. Tosiorpadom Bexrop-byukuii a(t) € nepepis konyca z° + > = 22

i mapa6osoina z = 2?2 + y*. Buaiigits BexTOp-byHKIiO @ (1).
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8.3.3. Bamano mapabosoin z = 2 + y°. BHaiiniTe mapamMeTpm3aliio i Bu-
3HAUTE THUII JIHIT:

1) neperuny napafoJsoina i wiomuan & = 2;

2) neperuny napabosoifa i wiomuan y = —1;

3) pisna 2? + y? = 25.

8.3.4. Basano sexTop-dbyukiuio 7(t) = cost-1 —sint- j + tk. 3uaiigiTs:

1) KoopMHATH TOYKN KPUBOI, 110 BiMIOBIa€ 3HAYEHHIO IIapaMerpa t = T,

2) mormaHMit BeKTOP 10 rpadika GyHKIHT B il ToqI.

8.3.5.  Omumire  kpusy  7(t) = acost-i +bsint-j +ctk,  me
a>0,b>0,c>0mraa=b

8.3.6. 3o6paszbre KoMIO T(t) = cost -1 +sint-j Ta BekTOPH:
ki 3T

Z]; 2) 7(x); 3) F(2T§)—F[7

8.4.1. Busnaure, gkuit 3 BUpa3iB He € MOXiAHOIO (DYHKII 33 HANPAMOM

)7

BEKTOPA B TOYIIi:

F 4+ 1) — f(7)

1) lim ;
t—+0 t
2) Ou(My) cos o + Iu(My) cos 3 + Ou(My) Cos ;
ox oy 0z
3) Mcosa + Msina;
Jx dy

4) (gradu(M,),1°);
Ou(M,) T4 du(M,) T Ju(M,) E.
oz oy 0z

8.4.2. Yomy gopiBHIOE HAHOULIbIIA TOXiJHA 3a HAIPIMOM (QYHKINT

5)

z=f(z,y) y nmeakiii Toumi M, gk rpamieHT |y miii  Toumi
grad 2(M) = —3i + 45 ?
8.4.3. 3HaiiaiTh HaNpaAMu IpaieHTiB GyHKIIT B Touni A.
¥ . ’ ¥

) | — (R

A

p—b— () ——

5 —
A

x x

Puc. 10 8.4.3.1 Puc. 10 8.4.3.2 Puc. 10 8.4.3.3 Puc. 10 8.4.34
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8.4.4. 3a rpadikom mimiit piBHa dywukiii f

BU3HAYTE 3HAK MOXITHOI 32 HAIPsIMOM BekTopa [ B

rouni M;, AKmo:

1) M,(-2;2),0 = 1;
2) M,(0;—2),1 = 7;
3) My(0;—2),1 =i +25;
4) My(0;-2),1 =7 —2j;
5) M5(—1;1),l_ — T4 ]—,; Puc. no 8.4.4
6) My(—1;1),l =—i +7
of of of of

8.4.5. Posramyiite 3a 3poCTaHHSAM BEJIUIAHA ——,——,——, ——

ou, 73u2 7(9u3 Ou,

8.4.6. BHaiiniTs 3HaveHHs yacTuHHEX noxigux f!(1,2) Ta fy’(l7 2).

Puc. 10 8.4.5 Puc. mo 8.4.6
8.4.7. Hasenits npukian Gyukuii z = f(z,y) Takoi, mo:
1) BekTOp i - 23 —k e MEPHEHINKYIAPHAM /10 JOTUYHOI IJIOMIUHA JI0 11
rpadika B Toumi ge = = 0,y = 0;
2) grad f = 2i + 37 + 4k.
8.5.1. dki 3 momanux Huxkve PyHKIin 2z = f(z,y) cOpaBIKYyIOTH y TOUII

M(0;0) ymoBu f/(My) = f,(My) = 0, ane He MatoTh y Hiil ekcTpemyMy?

1) z =22 — %
2) z =2 + ¢
3) z = ay;

)

W~

z=—zt —yh.
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8.5.2. 3a rpadikamu jiniit piBHg Bu3HaYTe UM Ma€ QYHKIIA f y TOUI

P joxkanbpHUt €eKCTPEMYM 91 CiJJTOBY TOUKY !

Puc. no 8.5.2.3
Puc. 1o 8.5.2.1) Puc. 0 8.5.2.2) ne. Zo0 8.5.2.3)

8.5.3. Kiacudikyitite toukun P—T
(KpuTHYHA:  JIOKAJIBHOTO  MIiHIMyMy YU
MAKCUMYMY, CiJIJIOBa a60 HEKPUTHIHA).

8.5.4. Hexait
flz,y) = 32% + ky* + 9ay. Busnaure
3HAYEHHsI mapaMerpa k Tpu  SKOMY B
kpuruaniit Touri M,(0;0) dyukiis mae:

1) cigoBy TOUKY;

2) JIOKAJTBHUNA MAKCHMYM;

3) JoKaJIbHUN MiHIMYM.

Puc. no 8.5.3

8.5.5. Hexait f(z,y) = 2° + ky* — 5zy. Busnaure 3mauenns mapamerpa k
JJIsA SIKOTO Yy KPUTUYHIN TOYII MO(O;O) dyHKIis Mag:

1) cimoBy TOUKY;

2) JIOKAJBHUNA MAKCUMYM;

3) JoKaJIbHUH MiHIMYM.

8.5.6. Hexait f(r,y) = kz* + y*> — 4zy. Busnaure snavenus napamerpa k
npu gKoMmy B Kpuruaniit Touni M (0;0) dbynkuis mae:

1) ciggioBy TOUKY;

2) JIOKAJILHUN MAKCUMYM;

3) JoKaIbHIN MiHIMYM.

8.5.7. Bmaiimite a Ta b Taxi, mo byskuia f(z,y) = 2> +azx +y* +b

MaJta Jiokasabauit MiniMmym 20 y Touni M(1;0).
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8.5.8. SHalIITH a,b Ta c TaxKi, 1110 dyHKITisT
flz,y) = 2* + oy + y* +ax + by + ¢ mana joxabHuit mimimym 11y Touri
M(2;5).

8.5.9. o moxma ck3aTw mpo Touky M, ana dynxumii f(z,y), axumio
Bizomo mo f/(M,) = fy/(Mo) =0, fI'(M,) > O,JZ;(MO) > O,f;;(MO) =0.

8.5.10. Hexait h(z,y) = f(z) + g(y). Ilokaxirs, mo dyskuia h wmae
kputuuny touxky M,(a;b), sxmo f'(a) = ¢'(b). La rtouka €: 1) Touxowo
nokaspHoro Minimymy, gxmo f”(a) > 0,¢9"(b) > 0; 2) TouKO0 JIOKATLHOTO
makenmymy, gakmo  f”(a) < 0,¢"(h) < 0; 3) cimmoBolo TOWKOIO, SAKINO
f(a)g"(b) < 0.

8.5.11. Hexait h(z,y) = (f(2))* + (9(y))*>. Toxaxire, mo aKIIO
f(a) = g(b), To Touxa M,(a;b) € Touko NOKaMBHOrO MiHiMyMy DyHKIL h.

8.5.12. Ckutagitey dysxmito Jlarpauzka st JOCHIIZKEHHs] Ha yMOBHUIA
ekcTpemyM DyHKIIT 2 = 2y + 2° 38 yMOBH 3B’ f13KY y—2x=26.

8.5.13. Bagano rpadiku jiniit pisag dbysxuii f(z,y) 1 ymMoBU 3B’a3Ky
g(z,y) = 0. OuiniTe Haiibinbme Ta Hafimenme sHauenHs dyHkuii f(z,y) 3a

ymoBu 3B’a3ky g(z,y) = 0.

Puc. no 8.5.13.1) Puc. 10 8.5.13.2)

Bignosigi
1 1
——32) fey) = 57—
(z =2 +(y + 3 o® +y’ —4
3) f(z,y) = n(—yW4 — 2> —y*; 4) fz,y) = In(@® +(y - 3)° - 9).
8.1.2. 1-6, 2-a, 3-r, 4-B.
8.1.3. 1) mwromuna, mo npoxoiuTh 4epes Bich Oy, maxusena sropy oci Or; 2) tumtisap

8.1.1. 1) f(z,y) =

Akuit?; 3) KoIoBUil KOHyC 3 0CHOBOW Ha mromuHi Ozy Ta BepumuOo© B Toumi A(0;0;5); 4)

nuaiagp z =y — 2.
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8.1.4. 1-6, 2.1, 3-8, 4-1, 5-a, 6-1.
8.1.5. 1-n1, 2-r, 3-r, 4-B, 5-0, 6-a.
8.1.6.2) lim g(z,y) = 4.

) (oL, Qg( Y)

8.1.7. 1 lim z,y) = 8; 2 lim z,y) =2; 3 lim z,y) = 10;
) (T;l/)%(ll)f( y) ) (l:!/)ﬂ(*lﬁ)f( y) ) (x;y)ﬁ(*Q:U)f( y)
4)  lim
(z:y)—(0;0)

8.1.8. a =c=0,b =0.

8.2.1. 1-6, 2-r, 3-r, 4-, 5-a.

8.2.2. 1-8, 2-a, 3-6, 4-r, 5-r.

8.2.3. u/ = 0.

8.2.4. f/(P)>0,£/(P) >0, f(Q)>0,£(Q) <0, fI(R)<0f(R) <0, f(S)<0,f(S)>0.
8.2.5. 1) f/(=2,-1) > 0; 2) [/(2,1) <0; 3) f/(21) > 0; 4) £)(0,3) <O0.

/. Zj

y y ’

8.2.7. 2,(P) < 0,2,(P) < 0,2/(P) < 0,2, (P) < 0.

8.2.8. 1) 2!/ =4y; 2) 2/ =0;,3) 2" =4.

yr Ty Yy

f(z,y) e icuye.

8.2.6. 2

. . 1 !
8.2.9. He icuye, ockinbkn fu'/ = fy’L

8.2.10. f(z,y) = 2>+ 9> +z +y +1.
8.3.2. cost-i +sint-j +k.

z =2, r =1t
8.3.3. 1) napabosna {y = t, t € R; 2) napabosna 1y = —1, t € R;
z =1 +4, z =141,
3 T = 5COSt,f 0:9
t € [0;2m).
) KoJI0 y = 5sint, (0;27)

8.3.4.1) Ml(fl;();’rr); 2) ?(MI) = ;+I€

8.3.5. Koniuna rBuHTOBa, JIiHisA.

8.3.6. 1) F’[E] = —%7 + %7; 2) 7'(m) = —i; 3) 7(27) —f[%“] =1 +7j.
8.4.1. 5.
8.4.2. max% = b.
ol
8.4.3.1) i;2) —5;3) 1 +4;4) 7 —J.
8.4.4. 1) HOL) o o) UL gy OFOLy) gy DAL
al al al al
5) YOL) _ o 6) A M)

ol



3annTaHHA Ta 3aBAAHHA /19 CAMOKOHTPO/IO 445

g.a.5 2 OF o OF of
Ouy Ou, Ouy Ouy

8.4.6. f/(1,2) = —4,f/(1, 2):%,

84.7. )u=2—-2y+2—-12) u=20+3y+4z—1;

8.5.1. 1), 3).

8.5.2. 1) JloKaIbHII MAKCHMyM; 2) JIOKaIbHUHA MiHiMyM; 3) ciaoBa TOUKA.

8.5.3. P — KpuUTHYHA TOYKA, TOYKA JIOKAJIBLHOI'O MaKCUMyMy, () — KpUTHYHA, CijioBa
TOYKa, R — KPUTHYIHA TOUKA, TOUKA JOKAILHOrO MiniMyMmy, S,T — HEKpUTHYHA TOUKA.

8.5.4.1) k< %; 2) IS XKOJIHOTO 3HAYEeHHS; 3) k > %{

8.5.5. 1) st Oy ab-sikuX 3Ha4YeHb k; 2), 3) JIst XKOJHOIO 3HAHUECHHSL.
8.5.6. 1) k < 4; 2) xxoxnoro 3HadenHs:; 3) k > 4.

8.5.7. a = —2,b = 21.

8.5.8. a = —9,b = —12,¢ = 50.

8.5.9. M|, — TouKa JIOKAJILHOrO MiHIMyMY.

8.5.12. L(z,y;\) = ay + 2° + Xy — 2z — 6)

8.5.13. 1) fmin = Q,fmax =6; 2) fmm = 17fm,dx = 8.
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8.1. ApudpmMeTNUYHMI1 NPOCTip Ta HOr0 NiAMHOXMHM

O Apupmemuurum n-sumiprum npocmopom R HA3HBAIOTH MHOKUHY BCLITAKHX

YIIOPSIIKOBAHUX HAGOPIB 3 N 9HCEN (I);Ty;...;, ), sKi HABUBAIOTH TNOYKAMU

pocTopy it mosHadaTs M(T);%y;...1 7, ).

"e L, "
@ Bijyiauns Mixk Toukamu M'(z;2y;..3)) i M (2 ay;..;3)):

(M, M") = (& — a])? + (a) — e} + .+ (2! — ] 2.

© c-oxin mouku M, UE(MO) ={M € R"| P(M’Mo) <e}

n=2:
U.(My) = {M € R? |
J@ =2 + (-l < e}

O Bruympiwmnsa mouwxa. Touky © Bidkpuma mrootcura. Muoxuny
M € D Ha3uBaIOTb 8HYMPIUHDOIO D Ha3uBalOTH GidKPUMOI0, KO KOXKHA
TOUYKOIO MHOXKUHU D, gKIo icHye Takuil | II TOUKa € BHYTPIIIHBOIO.

OKIJI TIi€T TOYKHM, SIKAU TTOBHICTIO
MicTUThCA y MHOKKHI D.

O Meotcosa mouka. Touxky M, MuoxkuHa BCiX MEKOBUX TOYOK

HA3MBAIOTH MENCO6010 TOUKOI MHOKHHN | MHOXuHU D yTBOpIOE il wmeorcy OD.

D, saxmo Gy p-axuii oxin i€l Touxm @ 3amrrena mHoHCUHA. MHOXKUHY
MICTATD AK TOYKH, K1 HAIECKATDH D, sika MicTHTB yci CBOI MEKOBi TOUKHI

muoxuni D, rak i rouxu, axi it ne (cBOTO MEXKY), HAUBAIOTH 3AMKHEHONO.

HaJiezKaTb. E — DuUaD.

0 36’as3na mnoorcura. Muoxuny D

Ha3UBAIOTH 36 A3H010, AKINO Oyab-sKi 1Bl

1l TOYKH MOXKHA CIIOJIy9IUTH JIaMaHOIO L,

IO JIE2KATH B obsacti D.

O Obnacms. Binkpury, 3’130y
MHOXKHMHY Ha3WBAIOTL 00.4aCM10.

O6’e¢mnanns obmacti D 3 11 mexeto 0D

HA3UBAIOTh 3AMKHEHOI0 00AACTNI0.

® O6acTb HA3UBAIOTH 0OMENHCEHOI0, AKIIO ICHYE OKLJI, IKUil MICTUTBH 110 00JIACTD.
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8.2. I'pannusa QyHKUi KibKOX 3MiHHMX. HenepepBHiCTb

O Dynruia n 3minnux. Ao icaye
mpaBuyIo f, dKe KOXKHill TodIl
M(z;24;5...52,) € D yBimmosigmioe ucio
U, TO KaxKyTbh, IO 33JIaHO hyHKyito [

N -3MIHHUL 1 TIO3HAYAIOTH

u = f(z,,29,....,2,) = f(M),M € D.

D — obaacmov o3nanerms;

E — mnootcuna 3nauens

0 I'pagirom pyHKIHT 2-X 3MIHHUX
z = f(z,y),(z;y) € D, nasusaiors

TIOBEPXHIO

Gy = {M(z;y;2) € R® | 2 = f(z,9)}

z

© Jlinia piensa byuxiii z = f(z,y)

Lo = {M(z;y) | f(z,y) = C},
C = const

N
D
1
)

O IToseprrsa piens dyHkuil

u = f(z,y,2) C = const
O I'paruusa Pyrruyii. Ve > 0 36(s) > 0
Jim f(r) = 4 VM € Uy(My) \ {M,} =
—M,

= f(M) € U.(4)

I'panuiis GyHKINT He 3aJI€KUTDH BiJT
HanpaMy pyxy Touku M go Touxkm M.

O Henepepsricms ymnruyii.
Oyukiio f HA3WBAIOTH HeENepepeHol 6
movuyi M, AKITO BOHA O3HAYEHA B OKOJI

Toukn M, 11‘/[1:11;40 f(M) = f(M,)

Oyuknio, HelmepepBHy B KOXKHIN TOUIl
MHOKMHK D, HA3UMBAIOTL HenepepsHoIo

Ha MHOMCUHT D.

® YacmuHHi IpUpoOCTH:

bynknii 2z = f(z,y) y rouni M (zy;y,)

AIZ(M(J) = f(zo + Auz, yo) - f(xovyo)y
Ayz(MO) = f(xovyo + Ay) - f($07yo)7

ne Azr =z —3,Ay =y —y,
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O ITosHut nipupict GyHKIIT:
z = f(a:,y) y To4Ii Mo(%??/o)

AZ(MO) =
= f(zo + Az, Yo + Ay) - f(zovyo)

O Ymosa nenepepsHocmi GyHKIT
uw = f(M) y rouui M,

li Af(M,) =
MLHJ\I/ID f(My) = 0

® Teopemu Baepwmpaca. fxmio
dyukuia f HenepepBHa B 0OMEKeHii

3aMKHeHiN obacti D, To:

1) f obmexera B obmacti D;

2) f mabysae B o6macti D cBoix

HaOLIBIITOro Ta, HANMEHIIIOrO 3HAYEHbD.

8.3. NoxiaHi GYHKLIN KiNbKOX 3MiHHMX

0 Yacmunna noxinsa QyHKIil: 0z , . A (M)
. . —| =z (M, =1l =
z = f(z,y) 3a sminmow0 2 y Toumi M, oz |y, Az—0 Az
0
z = f(z,y) 3a 3minnoo y y Touni M, 9z , A (M)
= =zM, =1 Y
dy M, Ay—0 Ay
@ [Toxinua craadenoi dyHKIil dz _ Ozdr  Ozdy
z = f(z,y),z = z(t),y = y(t), dt Oz dt Oy dt
Z(t) = fla(t),y(t))
2= [(z,y), 07 _ 0z0x 920y
T = ZE(’U,, U),y = y(uv U), 8U 8I 8” 8:[/ 8u’
Z(u,v) = f(z(u,v), y(u,v)) 0z 020z 020y
ov  Oxdv Oyadv
© ITosna noxijna GyHKIHT dz 0z  Ozdy
i(z) = f(=z,y(z))
O Iloxinna HesasHoi GyskIil dy  Fl(z,y)
F(z,y) =0, y=y(z) dv F(z,y)
/ !
F(z,9,2) =0, 2= 2(z,y) 0> _ _Flwws 0= Ky

9z 92
Oz F;/(x, Y, Z) 'Oy

© Yactunni noxiui 2-20 nopadwry byuxiii z = f(z,y)

ox® 2= gl oz)
&Pz _ a[azJ

ayQ_ y2:87y87y

2
Q—z” 8[8z]

)

=2 ===
0xdy w9yl oz
0%z v 00z

Jy

MilTaHi MoXiJIHi:

=z =
0yozx o9z

% ., 0 [8,2].

)
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O Teopema npo pisHicMb MIUWAHULT
noxionux. Hexait bynkuia z = f(z,y)

' 2" 2" o3maueni B

- . .
Ta il moxifni 2,2, 2,5 2,

obnacti D.

" " . .
HKHIO z Ta 2 HeIlepepBH1 B TOYII1

Ty yT

M, € D, o
2! (M) = 2! (M,).

Ty

8.4. IndepeHuiann GyHKLIA KibKOX 3MIHHMX

O JTugpepernuitiosnicms Gynruii

6 mouui. Pynxmio 2z = f(z,y)
Ha3UBAIOTH Juepenyitiosnoto 8 mowyi
M (;9,), AKIIO B JesIKOMY OKOJI Iriel
TOYKY MMOBHUH npupict yHkii Mmae

BUTJISA],

Af(M,)= AAz + BAy 4+ oAz 4+ BAy,

ne A(M,),B(M,) — crani mono Az Ta
Ay;

a(Ax, Ay) Ta B(Am, Ay) —u. m. d.,
komt Az — 0,Ay — 0.

® Heobxidna ymosa
Jugpepenuitiosnocmsi. ko pyuxiis
z = f(z,y) mudepentiiiosna B TOUI]
M,, To

AM,) = zL(M,),B(M,) = z;(MO).

© /Tocmamnsa ymosa
Jugpepenuitiosnocmsi. Axno dynkiiist
z = f(z,y) mae B okoui Toukm M,
HellepepBHi MoXiHi z;(M),z;(M), TO

BoHa judepentiiiosna B Touni M.

O ITosHut dugepenuian Gyrruii
8 movugi. ['osioBHy JiiHiliHY YacTUHY
npupocry mudepenmiiosroi B Touni M,
bysxmii 2z = f(z,y) nazuBaloTh noehuM
Jugpepenyianom dynxuil f B Toumi M, i

IIO3Ha4Yal0Th

dz(M,) = zL(M)Az + z;(MO)Ay

© Oopmyna jis o6UuC/IeHHsT 08H020 Judepeniiaia (PyHKIT

z = f(x,

f@y) dz:@dx-i-%dy

Or ay

u = f(z,y,2

fl@y.2) du:@dx+@dy+a—udz

oz oy 0z

O Yacmunni nudepennianu GyHKILT dz= 0z iz, d 2 — 0z dy
z = f(z,y) Or v oy

@ /Tudpepennian 2-20 nopsadky QyHKIiT

z = f(z,y) HezanmexHUX 3MIHHUX T,¥

2 " 2 " " 2
d*z = z,,dz” + QzZydxdy + zyydy
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O [Tudepenrian m-20 nopsadky
byukuii z = f(z,y) nesanexunx

3MIHHUX T,y

0 0 "
—dr +—d
x oy y] z

8.5. BekTop-(pyHKLifl AiliCHOTO aprymeHTy

0 Bexmopnor dynruyiero (sexmop-
PYNKYIEI CKRAAAPHOZO AP2YMEHMY)
HA3WBAIOTDH BiJIOOPAKEHHS, IKE KOKHOMY
nificnomy wucay t € T yBiamosimaoe
nesnmii Bexrop T = T'(t).

@ I'odozpagom BeKTOP-PyHKITIT

7 = 7(t) Ha3WBAIOTH JHIIO, Ky OMHICYE
y IpocTopi KiHelb BeKTOpa T. Bymb-saKy
JIHIIO Yy TPOCTOPI MOXKHA PO3IVISIJIATU K

rojorpad siesdkol BeKTOP-PYHKIII.

© I'paruusa sexmop-dyrruii

lm7(t) = @
Hmr(t) =

@ Henepepsnicms sexmop Pyrruii.

BexTop-dynxuia 7 = 7(t) nenepepsna 6

mouys t,, AKIIO

O [Toxzidna sexmop-PyHruit

O Jomuwnuii eekmop. Axino

T

_ dr
7(t), To — € BekTOpOM,
dt
HaIIPAMJIEHAM 32 JOTUTHOIO JI0
romorpada sekTop-pyHkii 7(t) y 6ik

3pOCTaHHS apryMeHTy t.
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8.6. MoxigHa 3a HanpsAMoMm BekTopa. IpagienT

O IToxidna 3a nanpamom sexmopa. ou(M,) f@ + 1) — D)
Iozidnoro dynxmii v = f(M) za al tlilfo ; ’
nanpamom eexmopa |y touni M, e T° — opr sexTops 1,7 = OM,.
HA3UBAaIOTH
® IToxiona dyuxmii u = u(z,y)
Ou(M Ou(M, Ou(M,
- cos o ulM,) = u O)COSOL—‘FMSinOL
3a HampsaMoM [0 = | | ol oz 0y
sin
~ cos ou(M,) _ 6U(M0)cosu n
u = u(z,y,2),l" =|cosP ol ox
o8 ou(M,) ) ou(M,)
ol + cos3 + cos
0 0z
© I'padiewm. I'padiermom grad u(M,) =
nmudepennifiosrol Gyukuii v = f(M) y du(My)~  du(My)~  du(M,) -
Touri M, Ha3sWBaIOTh BEKTOD = oz ¢t Ay 7+ 9z k

O 38’130%K MixK MOXITHOO 38 HAITPIMOM

ou = (gradu,1°) = pry grad u

i rpajgienTom yHKIT ol
© Baacmusocmi epadienma. ou(M,

i P ) max (M) _ |grad u(M,)|
@ 'pagienT HanpsiMieHnii y GiK ol

3pocraHHs OYHKILI.

@ Hosxxuna rpajienTa GyHKIT B TOYII
JOPIBHIOE HANOLIBIIIH moXimHiit dyHKITiT
B It TOUII, TOOTO

®T'pagient bynxnii u y Toumi M,
HAIPAMJICHUAN y3710B2K HOPMAJ 710
nosepxui pisust u(z,y,2) = C,

110 TPOXOJIUTH Yepe3 TouKy M.

O Baacmusocmi noxidnoi 3a nanpamom. Beauauna

BHU3Ha4Ya€

ou(M,)
al

. . . - ou
mBuAKicTs 3Minn dyHKI[I B Touri M, 3a HanpsiMoM BekTopa [, a sHak — (M,) —

ol

xapakTep 11 3MiHN (3pocranHst abo ClaJaHHs:).
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8.7. lotnyna i Hopmanb

O /lomuura naouwura i HOpmaasb 00
noseprmi. JJomuynoro naowuror 1o
nosepxmi ) B Touni M, HazuBaloTh
wromuny 7', y kit po3ramoBaHi
JOTUYHI JI0 BCEMOXKJIMBUX KPUBUX, K1
nposesieni Ha nosepxui {1 uepes M.

Hopmannro no nosepxui Q B Touni M, nazusaiors npsmy N, 0 IPOXOIUTDH

gepes M|, meprenuKyaapHo 1o P.

® Bexmop HOPpMaAT 10 TOBEPXHI
F(z,y,2) =0

z = f(x,y)

© Pisusannusg domuwHoi naouwuru 10
nosepxni F(z,y,2) = 0 y Toumi

M (5905 2) +F!
O PiBHSAHHSA HOPMAAL 10 TIOBEPXHI T—Ty, Y=Y, 22— %
F(z,y,2) = 0 y rouui M (zq;1y: 7)) F/(M)  F/(M,) F/(M)
O Pisusnns domuunoi naousunu 1o 2, (M) (@ — ) + 2,(Mo) (y — ) —
nosepxui z = f(z,y) y Toumi —(z —2,) =0,
MO(IO;yO;ZO) 2y = f(l’oa?/o)
O PiBusHHS HOPMAAL 10 TTOBEPXHI T—Ty Y=Y, E2—%
z = f(z,y) y Touani My(zy;9y:2,) 2, (My) zg//(MO) -1
@ Pisusiung domuywHot 10 KpUBOL LT Y=Y 2%
xr = .’L‘(t), x/(to) y/(to) Z/(to)
L:Jy=yt), y roumi My(zy;vy:20) 2y = 2(ty), 4 = Y(ty)s 29 = 2(4)
z = 2(t)

O PiBHSAHHSA HOPMAABHOT NAOUWUHY O
kpusoi L y Touri M (%0;%:%,)

x/(to)(m - %) + ?//(to)(y - yo) +
+2'(ty)(z — zy) = 0
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8.8. JlokanbHi ekcTpemymu PyHKLiT BOX 3MiHHUX

0O Tetinoposa opmyaa. SIkmo byukiia z = f(M) nudepentiitopna (m + 1)
pasiB y mesikomy okosi U(M,) Touxu M (xy;1,), TO Aust 6yib-sIKOI TOUKH

M € U(M,) npasmusa Tetinoposa dopmyaa 3 meaTpom y Toumi M,.

Jory = fouy) + TO) |y IO QL)

1! m! (m+1)!

M e UM,)

z

0 JlokaasvHuli MAKCUMYM
2 (M 0 )

(minimym). Oyuxuia z = f(z,y) mae
NOKANHUT MAKCUMYM (MIHIMYM) Y 2(M,
Touni M, AKIIO icHye Takmii OKijx

U(M,), ajist BCIX TOYOK SKOTO,

BimiEHEX Bif TOukH M), BUKOHAHO 0

HEpPiBHICTH

fMy) > f(M) (f(M,) < f(M)).

Toukny JIOKAJILHOTO MaKCUMYMY Ta MlHlMyMy Ha3WuBalOTb TOYKaMU A0KAADHO20

EKCPEMYMY.
© Heobxidna ymosa A0KaAALHOZ20 02(M;) 0
excmpemymy. Adxmo byHKIiA oz ’ & de(M)) =0
= s . 0z(M,) 0
z = f(z,y) madepenniiiopna B Touni M, TU -0
)

i Ma€ eKCTpeMyM y Iiiif TOYIl, TO

Touxy M, y sixiit dz(M,) = 0, HazuBatTh cmayionapror. CranioHapHy TOUKY,

K& He € TOYKOIO JIOKATBHOI'O €KCTPEMYMY, HA3UBAIOTH Ci0A406010.

O Marpuma Iecce dynxmii z = f(z,y) 20 z;'y
. H(zy)=| 3
@ I'eccian dbynxuii z = f(z,y) z

zy  “yy
" "
det H(z,y) =| 5 7/
oy Py
ITosznavwerns
Al :62z(MO)B| :@22(M0) | :(92z(M0)
M, 2 ’ M, ! M, 2 ’
Or 0z0y oy

A = det H(M,)
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O Jocmammnsa ymosa

A0KAABHO20 EKCTMPEMYMY.

Hexait dbynkuis z = f(z,y) apiui
muadepentiiiosna B Touni M, B Jeakomy
i OKOJIi 1 TOYKa M0 — CTaI[lOHAPHA

Touka GyHkuii f.

1) sikmo A > 0, o B Touni M, dynkiis
f Mmae ekcrpemym:

a) ko A > 0, minimym;

6) koo A < 0, MakcuMyM;

2) sixkmo A < 0, To B Touri M, dyHKILis
f He mae ekcrpemymy;

3) saxmo A = 0, To dyHKuia norpedye

JOJATKOBOT'O JIOCJIIJIZKEHHS.

@ AjiropuT™ JOCTIKEeHHs (DYHKIIIT
HA NOKAADHUT €EKCTNDEMYM.

@ BusnagaroTh 001aCTh O3HAYCHHS

dyHKIII.

z

!
9
@ Po3B’a3yioun cucreM v
!
2z
Y

=0

3HAXOATh CTalllOHAPHI TOYKN
bynxmii f: M (z;y),.., M, (2,59,)-

® Jlnsa Koxkmuoi Touku M, 1mepesipsaioTh

JOCTaTHI yMOBU iCHYBAHHS €KCTPEMYMY 1

BUCHOBYIOTDL.

8.9. IMob6anbHuii i YMOBHMIA eKCTpeMyM QYHKLT ABOX 3MiHHNX

O I'nobasrvni excmpemymu. Axmo
dyukuia z = f(z,y) mudepenuiiiorna
B OOMeXKeHili 3aMKHeHiil obimacTi

D = DUOD, To BOHA IOCATAE CBOTO
Ha#GLIBIIOrO (HAMEHIIIOr0) 3HAYCHHS
abo B cTaIlioHapHIN TOYI BCepeauHi
obsracti D abo ma mexi obaacti dD.

® Ymosri ekcmpemymu. OyHkiis

z = f(z,y) Mae ymosnuti marcumym
(ymoeruti minimym) B Toumi M, sKIo
icaye raxwuit okin U(M;), ast BCix To90K
AKOrO, BiAMinHUX Big Touku M, axi
CIIPABIKYIOTh ymosy 36 asxy ©(M) = 0,
BUKOHAHO HEPiBHICTH

fMy) > f(M) (f(M,) < f(M)).

© Dynxuisn Jlas'panaica s
3HAXO/KEHHS YMOBHOT'O €KCTPEMYMY
byukuii f(z,y) 3 ymoBoio 38’ 43Ky
w(z,y) =0

Fz,y;7) = f(2,y) + No(w, y)
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O Heobxioni ymosa F' =0,
YMOBHOTO €KCTPEMYMY F;// =0,

e(z,y) =0
O /locmamms ymoea ymoeHoz0 0 ¢, @,
excmpemymy. Hexait bynxuii f(z,y) A=|g, F F/|>0(<0)
ta ¢(z,y) ABiui HemepepBHO @; FT/:/ Fy/;

nudepeHIiioBHI B OKOJII CTaIllOHAPHOT
TOuKE (%439 No) byHKI Jlarpanrxka

F(z,y;)) = f(z,y) + No(z,y),

TOJIi, AKIIO B Il TOYIL]

10 B Touri M (%y;y,) dyrKuia
z = f(z,y) Mae yMOBHMIT MaKCHMyM

(ymoBHUI MiHIMyM).

O Cxema docaidorcerns Gynruli
z = f(z,y) na 2a06aabrul

excmpemMym Yy 3amMrHeRIlt obaacmsi

D=DULU..UL,

L - ¢(z,y) = 0,i =1n.
® Posp’a3yioun cucremy

/
z, =0,

!
z, = 0,
3HAXO/IAATh CTAIIOHAPHI TOYKNA (PYHKIIT
f, gxi manexkarb obsacti D.

@Ha xoxniit ginstani Mexi ¢, (z,y) = 0
3HAXO/IATH CTAIIOHAPH]I TOYKU (DYHKILT
O/THi€l 3MiHHOT

Zp = f(‘% y)‘ap,(:v,y):o
i IOJIYyYAI0Th JI0 PO3IVIsILy MEKOBI TOYKH
i€l MISTHKH.
® O6uucioTh 3HaYeHHs OYHKIT Yy
3HANJICHUX TOYKAX 1 BUOMPAIOTH Cepet
HUX HaiGLIbIIE Ta HAMEHIE 3HAYCHHS
bysxmii B obmacti D.

@ Crema docaidocenns Gyrruii
z = f(z,y) na ymoenuili ekcmpemym

3 ymosoto 38’asry o(z,y) = 0.

® Ckirazmarors QyHKIO Jlarparxa.
L(z,y;\) = f(z,y) + No(@,y).

@ BuaxoagaTh cTalioHapHi TOYKN
dbyukil Jlarpanxka i3 cucremn

L' =0,

I _
L =0,
o(z,y) = 0.

OV koxHiit 3HalIeHIH TOUI]
IIePEBIPSIOTH TOCTATHI YMOBH iICHYBaHHS

YMOBHOI'O €KCTPEMYMY 1 BHCHOBYIOTb.




NpakTukym 8.1. ®YHKLUI Ki/IbKOX 3MiHHMNX

HaBuanbHi 3apaui

8.1.1.1. 3maitru #  300pasutm  objacTb  o3HadeHHs D dyHKIT

2z =+4— 2% —y? i noGymyBarTu Jiuil pisus wiel dyHKIL.
Posg’a3anns. [8.2.1, 8.2.3.1°
[3razodumo obaacme osnauenna dynruyii.]
OyHKITisT O3HAYEHA, STKITO

4—2? —yP >0 2 +¢2 <4
Ilro HepiBHICTH CHPABIKYIOTH KOOPJIAUHATU BCiX TOYOK, IO
JIeXKaTh ycepelnHi # Ha Mexki Kpyra pajiycom R =2 3
[EHTPOM Y TOYATKY KOODIMHAT.
[3razodumo winit piena dynxuit z = f(z,y):
flay) = C.]

PiBustnug cykynHocti jiHili piBHS:

Ni—-22—y> =C>0¢ !
s+ =4-0%C €[02.
Hapaoun C pisuux 3sadedsb 3 Binpiska [0;2], mpicraemo Puc. no san. 8.1.1

KOHIIEHTPUYHI KOJIA 3 HEHTPOM y HOYATKY KOODIMHAT.
Komentap. ®Ilix obsacrio osuauenust dyHkmil u = f(z,y) aBOX 3MiHHUX, 3a-
JIAHOT AHAJITHIHO, PO3YyMIIOTH MHOYKHHY TOYOK (Z;y) TUIONIWHW, y AKWX aHA-

Jgituunuii Bupas f(z,y) BusHavenuit i nabyBae NiiCHUX 3HAYCHD.

8.1.1.2. 3maiitu obmacts o3uadenns D bynkiil v = arcsin(z? + y? — 22) i i
ITIOBEPXHI PiBHS.
Po3B’a3anH. [8.2.1, 8.2.4.1°
[3razodumo obaacme osnauenna dynruyii.]
QDyHKIlS O3HAYEHA, SKIITO
—1§:L’2—|—y2—z2 <1.
Iz mepiBHICTDL O3HAUYE MHOXKWHY TOYOK MiXK JIBO-
MOPOXKHUHHUM TinepOos10imom
2 =+ y2 -2 =-1 Puc. 10 8.1.2
i OJTHOIIOPOYKHUHHUM Tirte pboJIoiiom
2% + y2 -2 =1



MpakTkym 8.1. DYHKLIi KiIbKOX 3MIHHUX 457

[3razodumo noseprni pisna dynwuii u = f(z,y,2)

flwy,2) = C]
PiBusnns cyKymHOCTI TOBEPXOHD PiBHS:
T T

arcsin(z? + 9% — 22) = C,C €

dxmo C €

T . . ..
—5;0], TO TIOBEPXHSIMU PiBHS € JBOTOPOKHUHHI Timepbo1oinm
22 4?2

gk C' = 0, TO MOBEPXHEIO PIBHS € KOHYC

=sinC;

24t —2 =0

, Ta MMOBEPXHsIMHU PiBHS € OJHOIOPOXKHUHHI TitepOoI0Tu

axkmo C € [O;g

22+ — 22 =sinC.
KomeHrap. © Ilix obmacrio o3uavenus dbyukiii Tppox 3minuux u = f(z,y,2),
3a/IaHOT AHAJITUYHO, PO3YMIIOTh MHOXKHUHY TOYOK (Z;y;2) HPOCTOPY, y SKUX

anasituanuii Bupa3s f(z,y,2) BusHavenuii i nabyBae JifiCHUX 3HAYECHD.

8.1.2.  3maiitu romorpad dyukuii 7 = \/1 — %7 + \/1 +t25,t € [0;1].
Po3B’azanH. [8.5.2.]
[Banucyemo napamempuuri pishanna 2odozpada.]

z=V1-1t,

t € [0;1].
y =1+t
[ Buxarouarowu napamemp t, dicmaemo neaene pishannsa 2odoepaga.|
P2+ =1-12+14+> =2
IMouarkosoto Toukoo romorpada e A(z(0);y(0)) = (L;1), a \/g L
kinnesoo — touka B(z(1);y(l)) = (0;\/5).
Orxke, romorpadom  BekTOp-QYHKIHNI € Jayra  KoJa 0
2? +y? =2 Big rouku A(1;1) mo TouKM B(O;\/E), mo 06xo-

x

Puc. no 8.1.2
IITHCS 3a TOJUHHUKOBOIO CTPLIKOIO.

8.1.3.1. 3mnaiitu lim s1nxy.
z—2 Y
y—0

Po3g’azanng. [8.2.5.1°
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@
. sinzx ; ~ . .
lim 222 _ (sinzy~zy,| — im Y = lim g = 2.
z—2 z—2 z—2
I wy—0 | Y 0

Komentap. @ I'panuris icHye, sIKIO BOHA HE 3aJIEXKUTH Bijl CIIOCOOY IPsiMYBaH-
He Toukn (2;y) 70 Toukm (2;0).
@ dna dyuKmiit KTbKOX 3MIHHAX 3aJUIIAIOTHCA TPABAMBAMY €KBIBAJEHTHOCTI.

2
8.1.3.2. Bmaitrn lim ——2—.
1072 4 42
y—0

Po3B’a3aHHs.
Ilepexodumo do noaaprur xoopdunam (p,yp). @
(209

{'17 = pCcosy, {x — 0,

, NP +yP =p—0.
y = psin;

y—0

2 3.2
lim —2 Y =l 2908 PSR pcos? psing = 0 Vo € (—m ).
70 2 4+ y2 00 p? p—0
y—?

KomeHrtap. ® Yacro rpanuigo lim f(z,y) o64MciiooTh nepexoidadu 10 moJap-
y—b
HUX KOODJMHAT i3 neHTpoM y touii A(a;b):
T = a+ pcosy,
y =0b+ psiny.
Axwo (z;y) — (a;b), 1o

J@—a)? +(y— b7 = Jpcos? o + p2sin> o = p — 0.

3a1a9y 3BOIATH J0 JOCTIIzKeHHS lir% F(p,¢), ne
p*}

F(p,) = f(a + pcosp,b + psiny).

8.1.3.3. 3maiitu lim(2z + 5y)sin§.

z—0 T
y—0
Po3B’a3aHHs.
. A R .
Ockinbru (22 + 5y) — 0, koo z — 0, y — 0, i |sin—| <1, To 3a BIacTUBiC-
T

TIO H. M. (). MAEMO, IIO
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lim (22 + 5y) sin§ =0.
z—0 T
y—0

2.2
8.1.3.4. 3naiitu lim u.

z—0 ;I;Q + y2
y—0

Po3B’a3aHHs.
[[Iepexodumo do noasprux xoopdunam.]
{x = pcosy, {x — 0,

. NP +yP =p—0.
Yy = psiny;

y—0

2 _ 2 2.2 22 2 a2
lim ST Y i POCOS" —pTsinp  cos"p —sin"p €082,
Iﬂng +1y?  —=0p?cos’ o+ p?sin®  cos®p +sin® g
y*)

panuig 3a/1ezkuTh Big KyTa @, T0OTO Bij ClOCO0Y IPSMyBaHHSA TOYKU (Z;Y) 1O
rouku (0;0). A me osuavae, mo dbyukuia f He mae rpanuni y Touni (0;0). @
Komentap. ® Zkmo 6 rpanurng icHyBaJa, TO BOHA He 3ajexkana 6 Bim crmocoly
npsimyBanHas Touku (z;y) mo Touku (0;0).

1
(=12 +(y+2?

8.1.4.1. 3maiitu ToukM po3puBy MYHKIHT 2z =

Po3p’a3aHHs. [8.2.6.]
s 3amaH0l QyHKIT TOYKAMU PO3PUBY MOXKYTh OyTH JIMIIE TOYKH, € 3Ha-

MEHHUK JIOPIBHIOE HYJIIO:

9 9 z =1,
(z-1)°"+@y+2°=0«
y = —2.
. . 1
Ockinpku  lim =00, To Touka M(1;—2) € Touko© He-
r=l (v =1 +(y +2)
y——
CKIHYE€HHOTO PO3PUBY.
. =y
8.1.4.2. 3maiitu TouKM po3puBy DYHKIHI 2z = -3
0=y

Po3B’a3aHH3.
3asana GYHKIA MOYXKe MATH PO3PUBHU JIAINE B TOYKAX, J€ 3HAMEHHUK JOPiB-
HIOE HYJIIO:
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Otke, QyHKIA 2 Ma€ PO3PUBU B TOUKAX HPAMOI y = Z.
Hexait z;, = 0,y, = 0,2, = y,- Toni,
— 1 1
lim ——Y = lim = =—.

P e L S R .
Y=Y Y=Yy

Orxke, Touky TPsIMOT y = z,2 = 0, — TOYKM yCYBHOI'O PO3PHUBY.
I3 croiesigHomeHHS

T — . 1

3 y3 = lim 5 5 =
z—0 2 — y z—0 % 4 Ty + y

y—0 y—0

BUILIMBAE, IO TOYKA MO(O; 0) — TOYKa HECKIHYEHHOTO PO3PUBY.

3apavi Ang ayAUMTOPHOI Ta AOMALLHbOI po0oTH

8.1.5. SHaliIiTh 1 306pa3iTh 00IACTh O3HAYUCHHS 1 JIHIT PiBHS QyHKIIT:
2 2
1
1) 2= =+L 1 2) 2= ———
9 4 lg 42 _ y?
3) z = \dx — % 4) z = In(y? — 4z + 8);
2 2 [ 2 2
T Y z Y
5 z=In|1——+4+=|; 6) 2 = ] ——<L 1.
) 4 97 ) 9 4
8.1.6. SHaimiTh i 300pa3iTh 001aCcTh O3HAYEHHS DYHKIIT:

1) 2 = arcsin — + arcsin(l —y); 2) z = arccos ;
yz T+ Yy

3) 2= (@ +17 — 99— 22 — ¢?);

4) z = logy(z® + y* — 1) + 16 — 2 — y°.

8.1.7. SHaiigiTe 006acThb 03HaUEHHsT (DYHKINT 1 1T MOBepXHI PiBHS:
1) u:\/m2+y2+z2—92; 2) u = In(36 — 3622 — 9y? — 42?);
2 2
1
3) u= arcsin — ¥, 4) 4 = —mn
z ”— £C2 _ yQ
(22 — 72 — o2 2 2

\/1—x2—y2—z2
7) u=In(l—2? — 9% + 22); 8) u:\/2z2—6$2—3y2+6.
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8.1.10.

8.1.11.

8.1.12.

SHaiiIiTh rojorpad BeKTOP-QyHKILI:

1) 7= (2t —1)7 + (=3t +2)j + 4th,t € R;
2) 7 =2cos>t -1 + 2sin®t- j,t €[0;2n];
3) 7 =cost-i +sint-j +th,t € R;

4) 7 =4cht-i —j +3sht-k,t € R

SHalIiTh:
2 2
-2 1-1
1) lim—% 2) lim Y& W2+
$—>03_ xy+9 z—0 z2+y274y+4
y—0 y—2
2 2
T—y z°+yt 1
3) lim M; 4) lim&— =
a=l g%y =0 22 4 2
y—-—1 y—0
. 11 e 1
5) lim(z + y)sin—cos—; 6) lim(z® + y°)arctg——;
z—0 € Y z—0 1’2 +y2
y—0 y—0
1 z?
. 9 NI . 3 |z+y
7) Um(1+ z° 4+ y°)* TV 8) lim |1+ -— .
z—0 r——+00 X
y—0 y—>5
TlokaxiTh, 110 TpaHUIlAd HE iICHYE:
1) lim 2—Y, 2) lim —2—;
1—0x + ¥y wﬁ0x2+y2
y—0 y—0
22 2,2
3) lim = —% 4) lim R .
1002 4 y? =022y + (z — y)?
y—00 y—0

SHaNMITE TOYKM PO3PUBY (DYHKIIIT:
3 2

1) z=¢ ©+V; 2) z = etV
y— o2 2y —1
3HaIITh TOYKN pO3pUBY DYHKIIT:
1) u= L; 2) u= 5 ! 5 5
oy (0 =17 +(y+ 17 +2
3) u L 4) u L
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Bignosigi
22
8.15. 1) D(f) = [(x;y) € R2‘§+yz > 1}; 2) D(f) = {(m;y) € R2‘z2 +4? < 9};

3) D(f) = {(my) € R?|s? < aa}; 4) D() = {(wy) € R|y? > 42— 8};
2

x2 Y 5172 y2
5) D(f) = |($;y) € RQ‘;*; < 1}; 6) D(f) = {(m;y) € RQ‘Efi > 1},

8.1.6. 1) xpuBosiHIfiHMI TPUKYTHUK, yTBOpPEHUii NpsaMOI0 y = 2 Ta napabosamu y? = =+,
6e3 sepmmuu (0;0); 2) JgBa TyIMX BePTUKAJIBHUX KyTH, yTBOpeHUX mpsamumu y = 0 Ta

y = —2z, BKIIIOYHO 3 MezKelo, 6e3 crinbHol Bepmmun (0;0);

3) D(f) = {(z;y) € R2‘4 <2242 < 9}; 4) D(f) = {(1;1) c R2‘1< 2% 42 §16}.

z+1 -2 z : .
8.1.8. 1) upsama 1 yig = Z; 2) acrpoina ¥ + y2/3 = 22/3; 3) rBUHTOBa JIiHisA
T = cost, 22 22
y = sint, 4) npasa rinka rinep6omu | g B 9 =1 0 MPOBITAETHCS 3HU3Y OTOPH, SAKIIO

JIMBATHCH Bifl TIOYATKY KOOPJMHAT.

8.1.9. 1) —6; 2) é; 3) %; 4) 1; 5) 0; 6) 0; 7) e; 8) €.

8.1.11. 1) rouka pospusy (0;0); 2) jiuil pospuBy — upsami y = £z; 3) jiHisz po3puBy —
napaGona y = 7 4) stinist pospuBy — rinep6osa 2 -y =1

8.1.12. 1) nosepxui pospuBy — wiomuuu ¢ = 0,y = 0,z = 0; 2) Touka pospusy (1;—1;0);
3) HOBepXHSI PO3PUBY — OJIHONOPOKHUHHMI Iinep6ostois P2+ -2-1=0;

4) noBepxXHs PO3PUBY — JBOMOPOKHUHHUA Iinep6osiols 4+ y2 -2 +1=0.

NpakTukym 8.2. MoxigHi i1 audepenuiann PyHKLIA KilbKOX
3MiHHUX

HaBuanbHi 3apaui

8.2.1.1. 3maiiTu yacTuuHi noximgHi 1-ro nopsiAKy GyHKIHT z = ze Y.
Po3B’a3anHs. [8.3.1.]
[Brazodumo wacmunny noxidny 3a 3aminnoin .
@
' — (e WY —p % _ oY
z, = (ze” ™), =e xye ™.

[3razodumo wacmunny noxiony 3a 3minnoro y.]
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@
z; = (meﬂ'y); =2 W,
KomenTap. © 3uaxo/sian yactuHHy HOXigHy dQyHKUil 2 = ze ¥ 3a 3MiHHOW0 I,
BBAYKAEMO ¢ CTAJIOI0 1 BUKOPUCTOBYEMO IpaBmiia i popMysin qudepeHIFOBaH-
Hsl yHKITNH o/1HiET 3MiHHOI.
@ Bnaxongum JacTuHHY NMOXigHy MYHKIIT 2z = ze Y 3a 3MIHHOIO ¥, BBaXKa€MO
Z CTAJIOI0 i BUKOPUCTOBYEMO IIpaBuiIa i hopmysu nudepeHIitoBanHs DYHKIL I
OJIHI€T 3MiHHOI.
8.2.1.2. 3mnaiiru yacturHi noxigHi 1-ro nopsaky dyukoii u = 2.
Po3g’azanus. [8.3.1.1°
u, = yz" In z,u; =2z"Inzu, = zyz" T,
Komentap. © Oyukiis « 3aJeKUTh BiJ TPHOX 3MIHHUX Z,Y,2. SHAXOIIIN Tac-

TUHHI MOXi/THI 38 KOXKHOIO 3MiHHOIO, iHIII JIBI BBAXKAEMO CTAJIUMH.

8.2.2.1. 3maiitm wactunHi mudepenmiamm i moBHUi maudepentian 1-ro mo-

panky dbynkiil v = In(z? + y?).
Po3B’a3anHa. [8.4.5, 8.4.6.]

[8.4.6][ ., [8.4.6]f ,
du = AL P du = gyl = 2 gy
z ox .Z'2 =+ y2 Y ()y .Z'2 + y2
(8.4.5] )
du = @dl +?*Udy S R P dy.
oz d’y xQ + y2 xz + y2
8.2.2.2, 3maiitu mudepenian 1-ro mopaaky GyHKINT u = 5 5y TOYIT
z° +y
M (1;2;1).
Po3B’azanHa. [8.4.5.]
[8.4.5] o A, .
du‘w = % dr + @ dy + @ dz.
oo Ox M, Ay M, 0z M,
ou —z 2
2l T TR =35
v, (@ +97) M, (1;2,1)
mijicrasigemMo: r=1,y=2,z=1
Ju —z 4
ol T = o5
Y, (@ +y7) M, (1:2:1)
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du
0z |y,

_ 1

_1 1
z? —I—y2

M, (1;2;1)

0

[[Tidcmasanemo snatioeni noxioni y dopmyay das dudepenyiana.|
1
du = ——(2dx + 4dy — bdz ).

8.2.3.1. 3maiitu %, gakmo u = x¥,2 = Int,y = sint.

Po3B’a3aHHA. [8.3.2.]
[8 3.2]

Ozdv | 0zdy :ya:y711+fcylnx~cost=
dt oz dt Jy dt t
= Sl?t(l =l 4 cost - Inlnt - (Int)sn?,
8.2.3.2. 3HaI/ITI/I% Ta % gkmmo z = In(e” + e¥), y:lx3+az;
ox dx 3

Po3B’azanH. [8.3.3.]
[Brazodumo wacmunny noxiony.]
0z e’
or e+ eV
[Banucyemo Popmyay das nosnoi noxionoi i snarodumo noriony.|
[8 3.3 0z  0zdy
dJ, T Oz diya

& z y %zwﬂv 2%x3
Z e e e ze
—= + @ +)=1+——=14+—.
dr e +e¥ e +eY sy, 1
e’ +e3 1+ed

8.2.4. SHaiTn zwzv, AKIIO 2 = 23+ y3 —3zy,z = v,y = v

Po3B’a3anHs. [8.3.2.]
[Busnauaemo gopmyau.]
0: %9, 00 920y
du Oz 0u Oiya
0:%% 9200 020y
dv Oz v dy%

[O6wucaoemo 6ci nompibni noxioni.|
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%—3x273y:3u2v2—32; @:v’@:u’
Oz ) v OJu ov

0 10
%:3y273x:3u—73uv; —yz—;—yz—ﬂ;
Ay V2 ou v Ov V2

[[Tidcmasanemo snatideni noxioni y dopmyau.]

2
U
u2v3+f—2u ;

3uv? — 32]11 +

2
ﬁ%—%41:3

!
z = )
! v v v v3
/ 292 U u? U 3(,2 1
z, =|3uv" —3—|u+|3— —3uw || ——|=3u’| v  ——|.
v v? v? vt
8.2.5.  3maiitn z;,z; KO « + 2y + 3z = €.

Po3B’a3aHHs. [8.3.4.]
[Banucyemo  cnissidnowenna, sxe 3adae wmeasny Pynruito Yy Guaasdi
F(z,y,2) = 0.]

F(z,y,2) = v + 2y + 3z — €*.

PRLER) F 1
il ] et
0:" B _ o

a_y a 7@ 3

8.2.6. 3maitrm BCi moxiAHI 2-T0 MOpsAIKY dyHKINT 2z = e Y.

Po3g’azanns. [8.3.5, 8.3.6.1°
[Brazodumo noxioni 1-20 nopadky.]
2 = i(:vef‘”y) =(1—zy)e ¥

Y Ox
2 = i(917679"1‘/) = —z2e W,
vy

[Brazodumo noxioni 2-20 nopadky.]
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" 0 [0z 1o} _ _ 9 _
= — | —| = —((1— Yy — -2 xy + zy;
T 9z | oz O (( Iy>6 ) ye Ty e

S = i & — ﬁ(_b@?eﬂw) — CESefmy;

woooyloy) oy

z

2y = 8% % - 6%((1 —ay)e ) = —2ze " + aPye s
"o 0 |0z _ 0

2 —xy\ —xy 2, —xy
z =—|—|=—(—z% = —2ze + x ye .
o ozl 0y 31:( ) Y

Komentap. ® IIna dysKIil ABOX 3MIHHHX MOKHA PO3IJISAIATH YOTHPH IIOXiIHI

2-ro nopAaKy. ZKINo BUKOHAHI YMOBU TEOPEMH IIPO PIiBHICTH MIIIAHUX HOXiJ-

nux [8.3.6], To mimani moxisui zv’L’U Ta z;'T piBHi.

8.2.7. Suaiitn  gudepenmiagm  2-r0  Ta  3-T0  OOPAAKY  DYHKIGT
u(z,y) = €’ sinz. O6uncimTn ix y Touni M, [g;()].

Po3B’a3anHs. [8.4.7, 8.4.8.]
[Banucyemo dopmyay dan dupeperiana 2-20 nopsdky Pynryit deox sminmnu.]
[8.4.7]

2
a2 = Kl Pyt 0 O +d—d1
81‘2 810 dy
[Brazodumo noxioni 2-20 nopsadry.]
o*u . 2 o*u .
— = —¢eYsinu; = eYcosx;—— = eY sinz.
ox? zdy dy?

idcmasasemo anatidens noxioni y gopmyay oaa dudeperuiana.
ITio ident 011 ons 0 )

d*u = —e¥ sin zda® + 2¢Y cos zdzdy + eV sin zdy>.
[O6vucaroemo dudepenuian y mowui M,.]

d*u(M,) = —e¥ sinzdz® + 2€¥ cos zdzdy + € sin zdy?

.2 2
Mo[g%o] = —dz” + dy°.

[Banucyemo dopmyay dan dupeperiana 3-20 nopsdky Pynryii deox sminnu.]
[8.4.8] 53 93 3
3z = a—d 3 43— 9% dz*dy + 3 drdy® + aftzdy?’.

m=3 9z %0y dz0y> oy?

[3razodumo noxioni 3-20 nopsadky.|
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u du .
— = —eYcosm; = —eYsinz;
oz? 020y
u 2u .
=eYcosz; — = e¥sinx.
dx0y? oy3
[[Tidcmasanemo snatideni noxioni y dopmyay das dudepenuiana.|
d3u = —eY cos zdz® — 3e¥ sin zda’dy + 3eY cos zdady® + €Y sin zdy®>.

[O6wucaroemo dudepenuian y mowui M,.]
d3u(M0) = —e¥ coszda® — 3e¥ sin zdz’dy + 3eY cos zdzdy® + e sin zdy®

) =
MU[E?O]

8.2.8. Bmaiitu moxigmy sekrop-bymkiii 7 = (t + cost)i +#j +sint-k B

= —3dz’dy + dy.

Tourl t, = uy
2
Po3B’azanHs. [8.5.5.]
7“ (t) = [ 7 + y ] + z ]
"I+t 4 (sint) -k =(1— smt)? +j + cost -

Sl

= (t + cost)

g] = (1—sint)7+7+cost~l?|t_w = 7.
T2

—
T

3apadi 4na ayAUTOPHOI Ta AOMALLHLOT po00TH
8.2.9. SHaiiAiTh YacTUHHI TOXiAHI i HOBHMI qudepeHIian (yHKIIT:

Dz=ady—y’s+22-3y+1 2) z:my—£+3x+2y—2;
x

3,3
3)2:1n(:1:+\/x2+y2); 4)z:—x +y;

2 + 3
5) z = a¥; 6) z = (cosy)*n?;
7) T = pcosy; 8) yzi—ktsina.
a

8.2.10. 3maiixiTh yacTUHHI MoXiaHi 1 MoBHU mudepeniian QyHKIII:
1) u = ayz; 2) u = a® +y2® + 3yz —z + 2
3) u = 2% 4) u = :vy/z.
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8.2.11.  3Bmaiinits du(M,), aKmo:
1) = =5, My (151); 2) u =L My (3:2)
2 z—y
3) u = Inarcsin(z + y3),M0[§;0];
4) u = arcctgln(\/; + y*), M, (e%;0);
z z)
5) u = M(3;4;5); 6) uz[ry+—] M (L151).
7?2 + y? Y
. . du
8.2.12. 3maiiniTh e AKIIO:
1) u=e""%ao=sinty =t
2) u = arcsin(z — y),z = 3t,y = 4t>;
3) u=ayz,z = t> + Ly = Int,z = tgt;
4) u=L g =¢y=Intz=1—1
x
8.2.13. 3maiiniTh 4z Ta &, SIKIIIO:
dz oz
1) z = 2%y,y = sinz + cosz; 2)223: _yy—3m—|—l
? +y
3) z = arctg(zy),y = €"; 4) z = arcsinz,y =~z +1
Y
8.2.14. 3maiigiTn %,% SAKIIO:
Ju 0v
1) z=2?Iny,z = E,y = 3u — 2u;
v
. u
2) z = zsiny + ycosz,x = —,y = u;
v
3) z=+2? -9’z =u',y = ulnv;
4) z =¥ + %z = u® + %y = u? — 2
8.2.15. 3maiinite dz, AKIIO:

1) 1'2622 _ 22621: =0;

3) sin(zz) — ™ — 2%z = 0, 4) ¥ = z%

2) zsinz — cos(z — z) = 0;

5) a? =22 + 22 —4x +22=05; 6) 25 —day +y> —4 =0
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7) 2% + 3zyz = a®; 8) ¢ — zyz = 0
9) zz — ez/y + 234+ 97 =0, 10) yz = arctg(zz).
8.2.16. 3maiinits d*u, AKIO:
1) u =234 zy® — 5z + ¢ 2) u = 23 + 32%y — ¢*;
1 .
3) u= gxl(xQ + 93, 4) u = arcsin(zy);
5) u = (z+ y)e",; 6) u=zhi;
x
7 u=a¥; 8) u =y
9) u=zy+ yz + 215 10) w = ln(z + y + 2);
11) uw = Inyz? 4+ ¢ + 22; 12) u = ™.
8.2.17. 3HaiimiTh BKa3aHi MOXiIHi:
5 3
1) z=uze¥, 0%z ; 2) z = In(z? + yg)’ﬂ;
dzdy* 92%0y
3 3
3)z:sinxy,az; 4)z:ezyz,az.
dzdy> dz%0y
8.2.18. 3HaiiziTh noXijHY 1-r0 MOPSIKY BEKTOP-(PYHKILI:
1) 7 =sint-i + cos’t-j + sintcost - k;
2) 7 = tcost-i +tsint-j + tk.
Bignosigi
8.2.9. 1) z; = 322y — ¢° +27z; =18 - 3ylx - 3; 2) 2, = y+%+37z; :acflJrZ;
T T
3) 2 = ! 72; = y =
\/$2+y2 :r2+y2+a:\/x2+y2
g = 4+ 32%? — 20 _ yt 4 322y — 29333/4
z @ +77 Y (@ + )
5) 2, = yxy’l,z; =z¥Ingz; 6) 2z, = cosz(cosy)™* In cosy, z; = —(cosy)™* Lsin zsin y;
7) x) = cosp,zl, = —psing; 8) y = 1y sin o,y = 2t teosa
i e

8.2.10. 1) v, = yz, u; = az,u) = zy; 2) u) = 322 + 3y — l,u,; = 2% + 3z, u; =2yz + 1,

I yz—1 I
3) u, = yzz T, u, = 2z
11,1 1 y
/Z

x

4) v =

SRS

z

Yz

/ !
In 2, v, = yz¥* In z;

z

y

’ - / Yy -
su, = —z# lnzju, = ——z*lna.
Y " 2
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8.2.11. 1) du(M,) = dx — 2dy; 2) du(M,) = —4dz + 6dy; 3) du(M,) = gdav;
T

-2 3 4 1
4)dMA%):A—?wa;5)dMA%)::—igdr—igdy+—gda6)2&E+1n4w&

da . ; ~ 1042
8.2.12. 1) " " W(cost — 6t%) = es‘“t_zﬁ(cost —6t%); 2) di _ 8- 12 :
dt dt 1— (iL" _ y)Q
i ] 4 dii 2yt?) — yate!
3) 40 _ g,y 1z, oy oy 40 w2t —yste
dt t cos® t dt ta?
dz 9 . . 2 . 0z
8.2.13. 1) o 2zy + 2°(cos & — sinz) = 2z(sinz + cos ) + z°(cos z — sin x),a— = 2xy;
z x
%) dz 223z +2) 0z 4dwy
dz (1’2 + 3z + 1)2 "oz (1:2 + y)2 ’
gl _ )0y g 1 01
dr 14 %> 0 1+"L’2y27 dr 1+ 22 0z \/yz_lg’
2
8.2.14. 1) 2;:2$1ny~1+x21~ :2uln(3u—21;)—|—3$7
v Yy v v*(3u — 2v)
2 2
27’,:2xlny[—£]+x21-(—2):—2i1n(3u—2v)—72u ;
v Yy v v*(3u — 20)
2) z = (siny — ysinglc)1 + (z cosy + cos z)v,
v
Z = (siny — ysinx)[—%] + (z cos y + cos z)u.
v
- T , Y ) zu" y u
3) ziz vt — Inv, z = ——=hu—- ———=—;
\/x2fy2 \/foyQ /xzin R

4) 2 = 2u(yz’ +y" Iny +2¥ Inz + 2y ), z = 20(yz? ™ +y® Iny — 2V Inx — ay” "),

2,21 2z ] 1 —
8.2.15. 1) dz = 20 =T gy 9) gy — ZCOSTH SN = 2) 4
22e% — 22 sin(z — 2) —sinz
Tz 2 _
3) dz:5-2x+e COSIzd:p; 1) dz:Z‘ Inz ldx;
T cosxz—e” —1x 2?Inz—1
5) dz = (2 — z)dz + 2ydy . 6) ds = dydz + (4 — 2y)dy :
z+1 327
7) dz:7yzdm+${zdy;8) ds = % [d£+@]’
Ty + 22 =1z ¥y

_ Yz 4 32%)de + 3yt + zez/y)dg/ . 10) ds = zdr — 2(1 + 2%22)dy
y(ez/y — ay) 7 y(1 + 2%?) — = .

8.2.16. 1) d*u = 6zda® + 2(2y — 15y*)dxdy + (2z — 30xy + 20y°)dy?;

2) d*u = (6z + 6y)dz? + 12zdzdy — 6ydy?;

9) dz
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(22% + y*)da? + 2wydady + (« + 2°)dy”

3) d2u = )
Va2 + ¢
4) = zyPda? + 2dady + x3ydy?
\/(1 — %Py

5) d*u = e (y(y® + wy + 2)da” + 2z + y)(vy + 2)dudy + 2(2” + 2y + 2)dy?);
6) d*u = fldzZ + gda:dy - %@23
T Yy Y

7) d*u = y(y — Da¥2de® + 201 + yIn 2)a? " dady + ¥ In® zdy?;
we | my(lny +1) Inz(lnz —1)
22 2
9) d*u = 2(dvdy + drdz + dydz);
_ dr? + dy? + d2® + 2(dady + dodz + dydz)
(+y+2z) 7
V422 — e+ (2% 4 22— )y 4 (2 4y — 22)d2?
(2 + 47 + 227 n
Azydady + vzdrdz + yzdydz)
n (2 + % + 2) ’
12) d*u = ™ ((yzda + zzdy + aydz)® + 2(zdvdy + xdydz + ydzdz)).
743!(312 — y2) : 3) —2zsinay — aycosay; 4) 2y3(2 + Iy2)€m2.
(@ +y*)
8.2.18. 1) 7 = cost i —sin2t- j +cos2t- k;
2) ¥ = (cost —tsint)i + (sint +tcost)j + k.

8) d%u =y da? + dy* |;

QIHIlny+1d$dy+
Ty

10) d*u =

11) d*u = (

8.2.17. 1) ¢; 2)

MpakTnkym 8.3. MoxigHa 3a HaNpPAMOM BeKTopa. FpajieHT

HaBuasnbHi 3apaui

8.3.1. SHalTH TPaJI€HT, BEJUIUHY | HAOPSAM HAWOLIbImol 3miHu yHKIHT

w(M) = 2? +y* 4+ 2% y Touni M,(1;2;1).
Po3B’a3aHHs. [8.6.3, 8.6.6.]
[Banucyemo popmyay dra gradu(M).]

863 5010 Bu(M) . Dull) -
gradu(M,) = u( 0)7; + u( U)j i u( “)k.
Ox y 0z

[O6uucaioemo wacmunmi nozioni dynryii w(M).]
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Qu = | L.
Oz M, - \/mMO - \/E’
Ouf v | -2
Oy M, - mMO G
Qup ____z | L
02y, IR " N
[Brazodumo gradu(M,).] ®
grad u(M,) = %74— 16; + LGE

[O6vucaroemo dosorcury gradu(M).]

|gradu(M0)| = EJFEJFE =1

Vs

v . . . 1 2 1
Haiibinpma 3mina GyHKIT BiZOyBaeThcs y HAIpsMi BEKTOPA T;T; ;
6 V6

BeJIMIMHA HAMOIIBINOI 3MiHN MOpiBHIOE 1.

Komenrap. ® Haiibisibiia 3mina ¢yskuil BigOyBaeTbCd y HaupsiMi IpajieHTa.
Benuuuna 1iiel 3Minn 10piBHIOE TOBXKUHI I'PAJIIEHTA.

8.3.2.  3maiitn noximmy bymkuii u(M) = zy® + 2° — zyz y Toumi M (1;1;2)

3a HanpsMoM BexTopa | = (I; \/5; 7.
Po3B’a3aHHs. [8.6.4.]

[Banucyemo dopmyay das noxionoi sa nanpsmonm.]

e\ [8.6.4] -
aug;[“) = (gradu,l9).
ne 1° — opr BexTOpa 1.
3nazxodumo gradu(M,).
0
ou o 2 o
oz ", =(y" —v2) |(1;1;2)— L
ou
9u) - 22) | y1m)= O
Ay v, (11;2)
ou
M y = (22 — ay) |y0)= 3-
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-1
gradu(M,) = —i + 3k =0

[3razodumo opm eexmopa I .]

|HZJFIE§?:§2270:%J§: %ﬁ.
1 yz

[3razodumo M]
aU(Mo):(_l 0 3)- 1;%/5 :(_1).l+0.i+3.l:1
al 2 V2 2

1/2
3apayi Ang ayAUMTOPHOI Ta AOMALLHbOI po0oTH
8.3.3.  Bmaiigite manpam i semamny gradu(M), gkmo:
1) u= 22+ yQ,MO(?);Q); 2) u=+4+ 22+ yQ,M0(2;1);
3) u=2a>+y*+2° - 2xyz, M (1;—1;2);
4y u=a®+y3 423 - 3ayz, M (2;1;1).
8.3.4.  3maiimiTh KyT MixX rpagienTamu QyHKNil v B Toukax M, Ta M,:

1) w = Inya2? + y*, M (1;1), M, (L;,—1);

2) u = arcsin

aMl(l;l)vM2(3;4);

T+y
3) u=2a’+y*+ zQ,Ml(l;l;\/?),Mg(ﬁ;fl;fl);
4) u = ——"— M, (1;1:1), My(1;2,-1).
2 4y’ 42

8.3.5. SHaiigiTh HOXiaHY QYHKINT © y HAIPSIMI I y Touni M, axmo:
1) u = arctgay,l = (L;1), My(L;1);
T
;Z];

2) u = zsin(r +y),l = (—2;0),M0[

3
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8.3.6.

8.3.7.

8.3.8.

3) u=2%—32% + 3ay® + 1,1 = MM, M(3;1),M,(6;5);

4) u = 5z + 102%y + y°,1 = M M, M(1;2), M,(5—1);
T

5) u =1’ +2my’ + 3y’ | = [% M(3;3,1);

[GCRRN

1
'3

T
6) u=In(” +y* +2%),0 = [_%% ] , M(1;21);

w N

7) u=ayzl = MM, M,(512), M(9;4;14);
8) u = 2%y%2?%,1 = MyM,,My(1;—1;3), M,(0;1;1).

_— s ou .
BmaiiiTe HaiiGinbe sHadenna — y o4 M, fKIo:
ol

1) u=ay® - 3z'y’, My(1;1); 2) u= M,Mo@;l);
y

3) u = Inzyz, M (1;—2;-3);
4) u = tgz — x + 3siny — sin? Y+ 2z +ctgz, M T ﬂ,E .
4’372
1. 3maiimiTe MmMBUIAKICTG 3MiHIOBaHHA QOYHKII © = Tyz y TOYII

M(5;1;—8) y mampsmi BekTOpa 1= MM, M,(9;4;4).

2. Bmaiiiite mBuAKicTs 3MimoBaHHS GyHKII U = ze! + ye’ — 2%y

Touni M (3;0;2) y mampsami BeKTOpa 1= MM, M,(4;1;3).

1. BuaiigiTe HaNpaAM i BeJMUMHY HAWOIIbLIIOrO 3MiHIOBAHHS (DYHKINT
u = 52%yz — Tay’z 4 Szyz? y Touni M (1;1;1).
2. 3HaliTh HAIPSAM 1 BEJUYUHY HAMOIIBIIOr0 3MiHIOBaHHS (DYHKINT

u = wyz y Touami My(2;1;—1).

Bignosigi

8.3.3.1)

8.3.4. 1)
8.3.5. 1)

8.3.6. 1)

-

67 +47,213; 2) %ﬂ%j,?; 3) 67 — 67 + 6k, 6v3; 4) 97 — 37 — 3%, 3V11.

1
3 4) cosa = ——.
) V99

2) —1: 3) 0 4) —18; 5) 62: 6) g; 7 % 8) —22.

N290; 2) @; 3) Z; 4) ﬂ

6 8

Neg i

7
;2) cosau = —=; 3) cosa =
) o
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92 e
8.3.7.1) —2=; 2) —.
)13 )JE

8.3.8. 1) grad u(M,) = 87 — 45 + 8k, max 8ug;/[0) = ‘grad u(MO)‘ =12.

2) gradu(M,) = —i — 27 + 2k, max 8”((9]‘140) = ‘grad u(MO)‘ =3.

MpakTukym 8.4. [loTM4Ha i HOPMa/b A0 NOBEPXHi Ta KPUBOI

HaBuanbHi 3apaui

8.4.1. 3uailTu ONMHUYHUI BEKTOP BHYTPIIIHLOI HOpPMAaJi JO [OBEpXHi
2y 2 1
S:—+—+—=1yrouni My|LL—|.
4 4 1 V2

Po3B’a3aHH. [8.6.3, 8.7.2.]

[Banucyemo pienanns nosepxni y eueandi F(x,y,z) = 0.]
2 2 2
x

Yoz
F(z,y,2) = —+*—+=——1.
(@y.2) =+ +7
[Banucyemo Popmyay das eexmopa nopmani do noseprni S.|
(8.7.2]

n(M,) = % grad F(M,).
[Banucyemo popmyay drsa grad F(M).]
8.6.3]
= 8F(M0)ZT n 8F(M0)j_, n 8F(MO)E.

dF(M,
grad F(M,) Oz dy 0z
[O6wucaroemo wacmuni noxioni.]
1 y 1 2
FI(M) =2 =2F M) =2 =ZF(M)=2], =— =2
z\"0 9 v 277y 0 9 u 972 0 M, \/5

0

[[Tidcmasanemo snatideni noxioni |
grad u(M,) = %Z_ + %j_ + 2k,

BexTop BHYTpimmHEOT HOpMAaJ JI0 eincoina y Touri M,

YTBOPIOE TYHi KyTH 3 OCAMH KOODJWHAT, OTXKeE,

11 =) '
7T = ﬁ(MO) _ _[5;5;\/5J - Puc. 10 8.4.1

[3razodumo opm sexmopa nopmani.]
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T0—m0=". |ﬁ|: l+l+(\/§)2\/§
|n| 22 22 2
1/2 —1/\/5
70— — % 12| =|-1/N10].
V2| |2/
8.4.2. Ckiactu piBHAHHS AOTUYHOI miomuan P Ta Hopmami L 110 moBepx-

m 9’ +y3 + 23+ xyz —6 = 0 y Touri MO(I;Z;—I).

Po3B’a3anHs. [8.7.3, 8.7.4.]
[Banucyemo pienanns domuunoi naowunu ma  nopmaai  do

F(:L’,y,z) =0 ]

T:F (A[ )(z To) + F;,/(AJ())(?/ - ?1()) + FZ/(]M(J)(Z - Zo) =0
N-F "% Y "% _ 2" %

‘ EI:/(M()) B FI//(M()) Fz/(M[J)'

[O6uucaroemo wacmunmi noxioni dynruii’ F(z,y,2).]

F/(My) = (32% + y2) |19 = 1
E/(My) = (3¢ + a2) |19, = 11
F/(M,) = (32* + ay) la2-1)=5-

z

PiBugnng joruanol wiommun T :

(z—1)+11(y —2)+5(z + 1) = 0,
z4+ 11y + 52 —-18 = 0.

PiBusansa mopmasmi N :

8.4.3.

z—1 y—-2 2z2+1

1 11 5

z = acht,

Suaiitu goTuaHUR BeKTOp 10 KpuBol {y = asht, nug ¢t = 0.

z =at

Po3B’a3aHHA. [8.5.6.]

[Banucyemo Popmyay das domuunozo sexmopa.|

8.5.6] Llf/(to) asht 0
T = ||yt ||=]acht =lal.
2'(ty) a a

N06EPITHI
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8.4.4. 3BamumiiTh piBHAHHA JOTHYHOI HPAMOI Ta HOPMAJIBHOI IJIOMIMHU [0
T = t4/ 4,

mimii {y =#3/3, y Toum, mo Bigmopimae 3HaueHHIO TApaMeTpa
z=1t%/2

t=6.
Po3B’a3anHs. [8.7.7, 8.7.8.]

[Banucyemo pisharns domuunot npamoi ma nopmasvhol naowsunu 0o kpueoi L.|
Tty YT Y FT .
o'ty Yy )
N a(ty) (@ — z) + ' () (y — ) + /() (2 — 29) = 0,
A€ Ty = I(to)ayo = y(to)vzo = Z(to)'

[Brazodumo koopdunamu mowku domury M (y;yy;2,)-]

4 3 2
T L = 348,y, _ = T2z, _ = =18.
3 2
t=6 t=6 t=6
[Brazodumo xoopdunamu domuunozo sexmopa.|
t* 216
T=|1 =36
t 6
t=6
PiBusuua noruanoi npsamoi T :
z—348 y—72 2-18
216 36 6
PiBusunga nopmasibuol mwionmHn N :
216(x — 348) + 36(y — 72) + 6(z — 18);
36z + 6y + 2z — 12978 = 0.
3apavi Ang ayAUMTOPHOI Ta AOMALLHbOI po0oTH
8.4.5. SHANIIT, OMUHUIHUI BEKTOP, HAIPSMJICHUI y370B2K HOPMAJI 0 3a-

JIAaHOT IOBEPXHi B Toumi M) :
1) (2% = 2®)ayz — y° = 5,M(1;2);
2) zy + zz + yz = 3, My(L;1;1).
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8.4.6. SanuiiTh PiBHAHHS JOTHYHOI ILJIOMMHU I HOpMaJIi JI0 3aJ[aHOI IIOBe-
pxHi B Toumi M:
1) 2 = 2% — 4y®, M, (2,;4); 2) z = 2% +y?, My(L,-25);
2 2 2
x Yy z
3) —+———=0,M,(43;4);
)6t 9 3 0(4;3;4)
4) 2?2 492 + 2% = 9, M,(1;—2;-2);
2 2 2
x Yy z
9) —+ =+ —=1LM,(3—-2;—-1);
I ARTRN o3 =2 =1);
2 2 2
x Yy z
6) —+=———=-1LM,(4,—-3;3);
)LD 1M 45-33)
7) z—y—InZ =0,M,LL1);  8) 27 4ol = 8, M(22:1).
z
8.4.7. 1. Jlo mosepxui z2 4 2% 4 32% = 21 mpoBeAiTh MOTHYHI ILIONTHH,
SAKi mapaJiesibai momwHi ¢ + 4y + 6z = 0.
2. Jlo mosepxui z% 4 2% + 22 = 1 mpoBeaiTh AOTHYHI TTOMMHN, SKi
mapaJieJibHi miaomuni © — y + 2z = 0.
3. Jlo moBepxHi 22+ y2 + 22 =2 MPOBEIITh JIOTUYHY ILIOTIMHY,
KA MEPIEHIUKYJISAPHA 110 IJIOIIUH T—y—z=2 Ta
20 — 2y —z = 4.
4. s nosepxui 22 + 4> + 2° = 22 3HAAITL HOPMAJIDb, KA IApaJIe-
L.x+2 y z+4+1
JIbHA TIPSAMIit =< = .
1 3 4
8.4.8. SHalgiTh JOTUYHUN BEKTOP T 10 KpuBol L y Todli, sKa BiimoBizae

3HAYEHHIO napaMerpa ! = {; :
x =1 — cost,

. T
1) L:{y = sint, t0:§;
z =1,
z = €' cos t,

2) L:{y=e¢sint, ¢, = 0.

z=ce",
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8.4.9. SanuiniTh pPIiBHAHHA JIOTUYHOI 1 HOPMaJbHOI IUIOIIMHUA JI0 3aJIaHOT

KpPHUBOI B TOUIIi, IO BiJINIOBI/Ia€ 3HAYEHHH f,:
1) x =sin2t,y =1—cos2t,z = \/Ecost,to = E;

2) = acht,y = bsint,z = ct,t; = 0.
8.4.10. 3BamumiTh pPiBHAHHS JOTMYHOI I HOPMAJILHOI ILIOIIMHHU [0 3aJaHOl
KpHUBOI B TOuIi M):

1) z=1ty=1-1tz=1tM(L01);

2) x =t—sint,y =1— cost,z = 4sin%,MO[g—1;1;2\/§].

Bignosigi
o314 | 1/43
8.4.5.1) +|1/3v14 | : 2) £[1/V3].
11/3v14 13
r—2 y—-1 =z2-4
8 -8 ~1

9) 20 —dy—z—5—0% -t _yFt2_z-5
2 —4 1

4 y—-3 z—-4

)

8.4.6. 1) 8z — 8y — z = 4,

o—
3) 3r+4y—62 =0,
) Y 3 4 6

z—1 y+2 2z2-2
4) z—2y+22—9=0, = = ;
) o2 1 o 2

5) 20 —3y—6:—18—0 -2 _¥F+2_z-1
2 3 =6

4 y+3_2-3,

—4 —12"

6) 31‘74y7122+12:0,l’;

r—1 y—1 =z-1 T —
T r4+y—22=0, = = 1 8) rz+y—4z=0, = =
)Tty — - 5 8 ety ;

11
84.7.1) z+4y+62=4+21;2) z—y+2z==% E;

v—1£1N2%6  y+3N2% 2 +32
1 T3 T4

3) z+y=1++2; 4)
848.1) T=1 +k;2)T=—i +j+k
z—1 y—-1 2z-1 rT—a Yy z

_ 2y —z—1=0; 2 =2 =Zby+cz=0.
0 2 B ) Ty te

8.4.9. 1)
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gat0. ) Tt 2l o 35—
2 1 3
r—Z41 NG
2 y—l -2 \/—
2 = , T+ y+N2=—+4.
) 1 JE Y 2

NpakTukym 8.5. EKcTpemymu QyHKLUT KinlbKox 3MiHHUX
HaBuanbHi 3apaui

8.5.1. Poseunytn ¢yskiio z = em/ " 3a Teiinoposoo dopMyJsIoI0 3 TIeHT-
pom y Touri M (0;1) 10 4ieniB 2-ro OpsAIKY BKTIOYHO.
Po3p’a3anHs. [8.8.1.]
[Banucyemo Tetinoposy dopmyny 2-20 nopadky 3 yenmpom y mowyi M,(0;1).]
1
2zy) = 2(0,1) + T ( 0.1z + 2(0,1)(y — 1)) +

. !

+ (202 (0127 + 225 (0, D)oy — 1) + 2201 (y — 1) + ().

21
[O6uucaroemo wacmunmi noxioni (f}yﬂmgii' z y mowui M.

[ \
1101
/[ ] _ 0
[ M, (0;1)

2
S
0z” v* g, o)

2
9*(M,) _ {_ew/y% _ % ] _ 1
3x8y Y Y M, (0)
2
PelMy) _ [/w G2 o
ay Yy Yy M, (051)

[[Tidemasanemo ob6wucaeni noxioni 6 Tetinoposy dopmyay.]

e
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8.5.2.  Jocmiguru dyukmio z(z,y) = 2° + 3zy* — 15z — 12y na excTpemyMm.
Po3B’a3anHs. [8.8.2—8.8.7.1
[Kpox 1. Busnauaemo obaacmv o3naverms Pyrxyii.|

D(z) = R2.
2 =0
[Kpox 2. 3naxodumo cmavionapni mowxu dyrwuii z is cucmemu 7‘:’ - O; ]
2y =
82 2 2 82
92 _ 302 132 — 15, & — 6y —12.
Oz Y dy Y

322 + 3y —15 =0,
6zy —12 = 0.
Cramjonapanvm € Toukm: M((2;1), M, (—2—1),My(1;2), M4(—1;—2).
[Kpox 3. las wootcnol mouku nepesipaemo O00CTAMHIO YMOBY ICHYGAHHA

eKCmpemMymy i 8UCHOBYEMO.|

[3razodumo noxidwi 2-z20 nopsadky Pynruii z i zeccian.]

9%z %z 9%z
— = b; —— = by; — = 63
oz? 0z0y dy?
"ozl 6 6
detH(z,y) =1, /| = Y1 562 — 361°.
Ty Cyy 6y 6z

Hna My(2;1)
A = 6$|Mo(2;1) =125, = 6y|M0(2;1) =60y = 6$|M0(2;1> =12
A, =144 -36 =108 > 0,4, =12 > 0 = M, — Touka min.
Mg My(=2;—1):
A =—12,B = —6,C; = —12;
A} =144 - 36 =108 > 0,4, = —12 < 0 = M, — Touyka max.
Hna M, (1;2):
A, = 6,B, = 12,C, = 6;
A, = 36 —144 < 0 = M, — He € TOUYKOIO €KCTPEMyMa.
Hna Ms(—1;-2):
Ay = —6,B, = —12,C; = —6;
A, = 36 —144 < 0 = M, — He € TOUKOIO EKCTPEMYMa..
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8.5.3.1. 3maiiTu HalGLIbIE Ta HAMEHIIE 3HAYCHHS QYHKIHT
z:x2+y2—xy—x—y
B 00J1aCTI D:xEO,yzO,x—i—yS&
Po3B’a3anHs. [8.9.1, 8.9.6.]
[3o6pasicyemo obaacms D = DU L U Ly U L. |

[Kpox 1. 3nazodumo cmauionapri mowku, wo € enympi-

— 2 =0,
wrimu das obaacmi D iz cucmemu {
z; =2r—y—1, z; =2y —z—1. Puc. no 8.5.3.1
20 —y—1=0, z =1, ML e D
<~ ;1) € D.
2y—z—1=0." |y=1 (1)

[Kpox 2. 3naxodumo cmayionapni mowku ma meosci 0baacmi i doayaemo 0o
HUL KIHUEBT MOYKYU KOHCHOT AGHKU. ]
Ha L, = {z = 0,0 <y < 3}:

A y)|,_, = 2) =y — vy €[0:3].

2 =2y—1=0y= 1 MI[O;l € L.

2 2
M,(0;0) € L, M,(0;3) € L.
Ha L, = {y = 0,0 < z < 3}:

z(w,y)|y:0 = z(x) = 2 —z,2 € [0;3].

1

z§:2x—1:0;z:§;M4 1

=:0
2
M,(0;0), M(3;0) € L,.

Ha Lsz{y:3—m,0§x§3}:

Z($7y)|y=3_z = zy(x) = 32> — 9z + 6,2 € [0;3].
3 33
2 =62—-9=02==;M,|=;=|€ L.
s S

M(0;3), M (3;0) € Ls.
[Kpox 3. Ilopisnioemo snavernna Pynruyii y snatidenuxr movwka.|
2(M,) = 2(1,1) = —1;
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AMy) = Z[Oé] = —i 2(M,) = 2(0,0) = 0;
AMy) = 2(0,3) = 6; 2(M,) = z[%70} _ _i;
2(My) = 2(3,0) = 6; 2(M) = z[;g] - _%

[Bucrosyemo.]
max z(M) = 2(0,3) = 2(3,0) = 6;
max 2(M) = 2(0,3) = 2(3,0)
min z(M) = 2(1,1) = —1.
MeD
8.5.3.2. 3maiiTu HaliblibIe Ta HalMeHIe 3HAYeHHT (QYHKIHI z =2 + Y B
obmacti D : 2% 4+ ¢* < 4.
Po3B’a3aHHs. [8.9.1, 8.9.6.]
1. z; =1 zg’/ = 1. Otxke, cTaiOHAPHUX TOYOK (DYHKIIiS HE MAE. Y1 D
2. Mexy obmacti koo z2 4 > = 4 3a73€MO IApAMETPHIHO ‘. -

T = 2cost,

T (0<t<2m).
y = 2sint
Puc. no 8.5.3.2
2(%,Y) |,—9c0sr. = 2(t) = 2cost + 2sint,t € [0;27].
y=2sint
#(t) = —2sint + 2cost.
T

Z'(t) = —2sint + 2cost = 0; tgt = 1; ¢, =
M,(V2332), My(—2;—/2).
(M) = z(\/g,\/g) = 2\/5;
AM,) = 2(—2;—2) = —242.
max 2(M) = z(\/E, \/5) = /2,

min z(M) = z(f\/E,—\/E) = —2V2.

MeD

b ==

&~ =

8.5.4.1. Jlociaimutu Ha ekcTpeMyM (QYHKIUIO 2z = (31’2 - 4y)2 + %I + %y 3a

3 1 .
YMOBH 3B’ A3KY ZZ'Q — Y+ — = 0 MeTOIOM BHUKJIIOUEHHS 3MiHHUX.

Po3B’azanHs. [8.9.2.]
[Bupaoicaemo 0dny i3 saminnux 3 pienanns 36 aszxy.]
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3, 1
o) =222 41
[[Tidcmasanemo eupas y dynwyiro 2(x,y).]
1, 1 5
2r,yx)) =¢r) =—-2"+—-xr+—.
(@) = o) = La? + 1042

[Zocaidocyemo na aokaavruts exempemym odepotcany Pyrryino.]
1 1
I
r)=z4+-=0&1,=——.
¢'(z) 3 0 3

[[1epesipsiemo suronanta docmammiz ymos iCHY8aHHA AOKAALHOZ0 eKcmpemymy.]

" 1
——|=1>0.
#[-3]

.1 . .
Y roumi 7, = ~3 dyukuia ¢(z) mae sokaIbHUIA MIHIMYM.

3 yMOBU 3B’sI3KY 3HAXOJUMO BiJIIIOBi/[HE 3HAYEHHSI
31 1 1

DT T 0

11 .
Touka M, [—g,z] € TOYKOIO JIOKAJIbHOIO YMOBHOTO MiHiMyMy byHKIT 2(Z, ).

[O6uucaroemo snavernna dynruii z(z,y) 6 witt mowuyi.]
11 1
z . o=zl——=,=|==.
min 3 4 2

8.5.4.2. JlocainuTn Ha €KCTpeMyM OYHKINIO 2z = (3:52

12
— )P +-r+y s
v Hgrtgy

2 1 .
—y+ i 0 merosom MHOXKHUKIB Jlarpamxa.

YMOBH 3B’sI3KY %x
Po3B’a3aHHs. [8.9.2—5, 8.9.7.1

[Kpox 1. Banucyemo pynwuyiro Jarspanoica das 3adami.]

12 1
F(a,y;N) = [ f(z,y) + No(z,y)| = (32 — 4y)? + 3TH3yF X[%wQ —y +5J,

e N — HeBH3HAYeHWil JlarpaHKiB MHOXKHUK.

[Kpox 2. Bnazodumo cmayionapni mowku Jlaspanoicesot dyriruyii.]
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F! = 122(32 — 4y) + é + gxx =0;
Fy/:—8(33:2—4y)+§—>\=0; &
3, 1
z,y) =—x° —y+—-=0.
Play) =27 —y+
@xz—l,yzl,X=6<:>M{] —1;1;6 .
3 4 34

[Kpox 3. Ilepesipaemo sukonanma 0ocmammiz ymos excmpemymy oaa @ymx-
yit Jaspanoica 6 mowui M.

[Brazodumo noxioni 2-20 nopadky Jlaspanocosoi dymruii.]

FlL (M) = 12(92° — 4y) + gx, Fy, (M) = 48z, Fyl (M) = 32;
Fy, (M) = 9, Fy (M) = 16, Fy (M) = 32.
[Braxoammo moxinai 1-ro nopsaaky dyskuil ¢(z,y).]
3 1
e(My) =zl = ——;¢, (M) = —1.
27| 2
0
OCALOHCYEMO 3HAK BUSHAYHUKA I5-20 NMOPAOKY.
[Hocidoicy 3 padxy.|
0 ¢, ¢ 0 —1/2 -1
A=llo, Py oFl=-1Y2 9 16|=-1<0.
-1 16 32

I " "
o F F"
¥ Y 1/2

zy

Orxe, y Touni M{ dynkuis F(z,y;\) Mae nokampamit Minivym

Fo = F(M)) ==,

min
a yHKIia

1 2
2= (327 —4y)? + -+ =
( v gr gy
IIPU HAABHOCTI 3B’A3KY
§x2 —y—l—l: 0
4 6

. 11 L
Mae B Toumi M, 75;1 YMOBHUH MiHIMyM
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3apadi 4na ayAUTOPHOI Ta AOMALLHLOT po00TH

8.5.5.

8.5.6.

8.5.7.

Pospunbre dbynkiio f 3a crenenaMu T — T, Ta y — ¥, SHAKMOBIIM

WIEHN 2-TO MOPSAIKY BKJIIOYHO:

1) flz,y) = 2* = 3ay + v*,55 = Ly, = —1;
2) f(z,y) = arctg%,mo =1Ly, = 0;
3) flay) =y"zy =Ly, =

4) f(z,y) = sinzsiny,z, = y, = T

SHAWIITL TOUYKU €KCTpeMyMy (DYHKILI:

) z=2> 49> + a2y — 2z —y; 2) z = 2xy — 32 — 2y + 10;

s

3) z = 2% 4 8y — 6ay + 1; 4) z = 23 + y> — 9ay + 27;
5) z = 2y° + 24y* — 2® — 6zy + 6y — 181;
6) z = 223 +122% + y* + 6ay + 14y + 30z;
7) z=2%%6 -1 —y),2>0y>0; 8)
z:xy+@+@,$>0,y>0;

T Y

9) z =22 4+ y> —2Inz — 181Iny;
10) z=2® + 2y 4+ ¢y*> —4lnz —10Iny;
11) 2z = eI/Q(:v + 9%);
12) z = eV (az® + by*),a > 0,b > 0.
SHaiigiTh HaWOLIbIIE Ta HaliMeHIe 3HAYeHHs (DYHKIIT:
1) z =2 +y° y kpysi 2° + 3> < 9;
2 2 2 2
2) z :%—i—yZ B obJsacti %+yZ <1
3) z=ay y xkpysi 2° +y° <1
4) 2z = 2> —y® y xpysi 2* + ¢ < 4;
5) z=22+ y2 — 2y + 2+ Yy y TPUKYTHUKY, OOMEKEHOMY HPSIMUMUI
r=0,y=0maxz+y+3=0
6) z= z? — Ty + 2y2 +3x+2y+1 y TPUKYTHHUKY, OOMEXKEHOMY

ocgaMH KOOPJIMHAT 1 mpsMoro = + y + 5 = 0;
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7 2= 23 4+ 9% — 32y y IpAMOKYTHHKY, OGMEXKEHOMY NPSIMUME
r=0z=2y=-1Ly =2

8) z = 2 + 2zy — 4z + 8y y UPIAMOKYTHHKY, OOMEKEHOMY IIPAMUMU
2=0y=0z=1y=2;

9) z=2a224+2zy—1 B obmacri, obMmexxeniii simismum y =0 Ta

y=2a"—4
10) z = z* —2:%% +y® B obmacri, obMmexkeniii mimisvn y =4 Ta
y = 2°.
8.5.8.  3maiiziTh yMOBHI eKcTpeMyMmu (DYHKITIT:
1) z:—x—y—ll mpu 22 + 4% =
V2
2) z =2z +y npu z> 4+ 3> = 1;
3 z=a’+y’ —ay+as+y—4dnpuz+y+3=0;
4) z = xy? npu =+ 2y = 1;
5) z=a® +ay+y® mpu 22 + 4% = 1;
6) z = 222 4+ 122y + ¢ npu 2% + 4y? = 25.
8.5.9. 1. 3 ycix npsaMOKyTHUX TapaJiesieline/liB, ki MaloTh 3aJaHuii 06’eM
V, 3HaiiIiTh TOM, KUl Ma€ HANMEHIITY TOBEPXHIO.
2. 3’acyiire, fKa 3 BiAKPUTHX HPAMOKYTHUX BAHH MicTKicTioO V Mae
HaNMEHIITY IJIONTY MOBEPXHI.
8.5.10. 1. JloBeniTh, mo J0OYTOK TPbOX HEBII'€MHUX YHCEJ 3aJaHOI CyMU €
HaWOIIBITUM TOJTI 1 JTUIe TOJIi, KOJIK I 9ucja piBHI MixK c000I0.
2. JloBeniTh, M0 CyMa TPHhOX JOJIATHUX HHCEJ, fKi MAIOTh 33 IaHUil
J00YTOK, € HAMEHIIIO0 TOJI i JIUIe TOi, KOJIU I1i IUCIa PiBHI.
Bignosigi

8.5.5. 1) 5+5(171)75(y+1)+i[2(171)2 —6(z —D(y + 1) +2(y + 1?] + n;

2) y—(z=Dy+mn; 3) 1+ —D+@ -1y -1 +n;
2
1 1T 7r 1T 1T
=gz 42|y-T SN Y Y | _I .
e e (o e e e O
8.5.6. 1) zmin(]" 0) = _17 2) zmax(o’ 0) = 10’ 3) zmin [17%] = 07 4) Zmin(g’ 3) = 07
5) 2, (21,—10) = 781; 6) 2, (1,—10) = =56; 7) z,,.(3,2) = 108;
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8) 2z, (5:2) = 30; 9) 2,,,(1,3) =10 —181In3; 10) 2, (1,2) =7—-101In2;
11) z,,,(=2,0) = 2; 12) 2,,,(0,0) = 0; sixmo a > b, T0 2, (£1,0) = —; sKwWo @ < b, TO
e

2. (0,£1) = é; aximo a = b, 10 2, (17 +y* =1) =~
e

8.5.7. 1) max z(z,y) = z(22 +4> =9) =9, min_z(z,y) = 2(0,0 0;
) maxe 2(a,y) = 2(* +y* = 9) =9, min_2(s,y) = 2(0,0) =

2) max_z(z,y) =

(s)ED 1o r)eD
1 1 1 1 1 1
3) max z(z,y) =z2|t—=,£—=|=—, min_z(z, yTF—=|=—=;
) g Aey) =2\ @] 2 oY) [ Jgﬂg] 2
4) max z(z,y) = 2(2,0) = 2(—2,0) = 4, min_z(z,y) = 2(0,2) = 2(0,—-2) = —4;
(z;y)eD (z;y)eD
5) max_2(z,y) = 2(—3,0) = 2(0,—3) = 6, min_z(z,y) = 2(—1,—1) = —1;
(z3y)eD (z3y)eD
= 2(0,—5) = 41, mi =2-2-1) =-3
6) <Elu?'g(5 Z(I, y) Z( ) ) 7(1H;)ISB Z(Iay) Z( ) ) s
7) max z(z,y) = 2(2,—1) =13, minf 2z,y) = 2(1,1) = 2(0,—1) = —1.
(z:y)eD (zy)eD
8) (ﬂ?g(u 2(z,y) = 2(1,2) = 17, (ZH;)IBD 2(z,y) = 2(1,0) = —3;
4 20 181
9 _4 200 ; _ 12y — g
) o #lany) = [ 3 9 ] o7 iy A y) = ol =8) = =6;
10) max_z(z,y) = 2(0,4) = 64, mln 2(z,y) = 2(£2,4) = —48.
(zy)eD (zy)eD
1
858.1) 2, [—— —] =—1-2V2, zm[ ] =1- 22
NG VTR
2 1 3 3 19
2) 2y | == —— zf\/az \/—32 [ ,— ]:,7;
) mm[ \/g \/g] max [ \/— \/— ] ) min 2 9 4
11 1 1 1 1 3
4 1,0 0,20 | =52 | = ==-5) 2 ,F == 2 | T E == =
)50 =0 |35 = 9 w2 7 | =[5 2
6) 2y (3, F2) = =50, 2, [ﬁ:4 +3|= 4i5

8.5.9. 1) xy6 3 pebpom W; 2) ¥2v x Y2V x é% 2V.



OCHOBHI NOHATTA TA

BMIHHA

OcHOBHI O3HaA4YeHHS

1. Apudmernynuii n -BuMipHUii IPOCTIp.

2. I'pannng pyHkil KiTbKOX 3MiHHEX.

3. Hemnepeppaicrs GyHKIHT KiJTbKOX 3MiHHIX
Y TOYI.

4. Yactuuna noxigna GyHKnil 2-X 3MIHHAX
Y TOYIL.

5. dudepentiitoBuicts dysknil 2-x 3MiHHIX
Y TOYI.

6. IloBumit nudepennian yHKIHT KiaTbKOX
3MiHHUX.

7. Ioxinua BekTOP-DYHKIII.

8. Iloxinna dyHKIHT KiTbKOX 3MIHHEX 3a
HAIIPSIMOM.

9. I'pagienT GyHKIHT KiTbKOX 3MiHHUX.

10. Touka JOKaJbLHOrO MakcuMyMy (mimi-

MyMmy) dyHKIGI.

Teopemu

1. Teopema mpo apudmerntni mii 3 QyHKITI-
sMH, 10 MAIOTh CKIHYEHHY I'DAHMUILO.

2. Heobxinna ymoBa audepeHIiitoBHOCT.

3. Hocraraa ymoBa audepeHIitoBHOCTI.

4. Teopema 1po piBHICTH MillTAHUX TOXIiJI-
HUX.

5. Teopema Teitnopa.

6. Teopema Tpo reOMeTPpUIHMIA 3MICT TP~
€HTA.

7. HeobximHa yMoBa iCHyBaHHS €KCTPEMYMY
byHKIHT 2-X 3MIHHEX.

8. Jlocrarns yMOBa iCHYBaHHS JIOKAJILHOI'O

eKkcTpeMyMy (DYHKILT 2-X 3MiHHEX.

OcHoBH

i sagaui

1. Buaxoautu 06s1aCTh O3HAYEHHS (DYHKIHT
KIJTbKOX 3MiHHUX.

2. 3HaxoAuTH PIBHSAHHS JiHIA (OBEPXOHD)
piBEA QyHKHIT KiIPKOX 3MIHHUX.

3. 3HaXOAUTH YACTUHHI MOXiAHI 7 -TO IO~
pAnKy GYHKIHT KiTbKOX 3MiHHUX.

4. O6uucmoaru gudepeHian n -ro mo-
paAaKy GYHKIHT KiJTbKOX 3MIHHUX y TOYIIL.
5. SHaxoauTu noxijaHi BeKTOp-(yHKIILIL.

6. O6uncsoBaru moxiany MYHKIT KiJIbKOX

3MIHHUX 3& HAIIPSIMOM.

7. BuaxomuTu rpajiieHT QYHKIH KiJIbKOX
3MiHHUX.

8. 3HaxoauTu piBHAHHS JOTUYHOI MPSAMOI i
HOPMAJIbHOL IVIOIIUHE [0 IIPOCTOPOBOI KPUBOL.
9. 3HaXOAUTU PiBHSIHHS JIOTHYHOI TIJIOIMHA
i HOPMAaJILHOI IPSIMOI JIO TTOBEPXHi.

10. ocaimxyBatu pyHKIHO 2-X 3MIHHIX
HA JIOKAJIBHUN eKCTPEeMYM.

11. 3uaxoautu HaiibiabIIE Ta HalMeEHIIe
3nadeHHs QYHKINH] 2-X 3MIHHUX y 3aMKHEHi i
obJiacri.

12. Jocuimkysaru OYyHKIIO Ha yMOBHUIIT

EeKCTPEMYM.




fopatok A. Moxoa)xeHHs aeaKkux TepMiHiB
Ta No3HaYeHb

1. Moxop)xeHHA AesKNX TepMiHiB

Amvmnityga — nar. amplitudo (06mmp, posmip), amplus (mmpokuit). [JTexxanap (1786)).

ApK- — CKOpOUeHHs JIaT. arcus (Jyra).

Tuob6anbuamit — gar. globus (kyssicrol dopmn).

Tomorpad — rp. hodos (msx, pyx), graph (mamy, 306paxyto) [[amineron (1846)).

T'pagient — sar. gradiens (Toit, mo e Buepen, mo pocre) [JIem6 (1897), Beep, 1900].

I'padik — Big rp. graph (muiry, 306paxyio).

Huckpuminaar — jar. discrimen (Toil, mo pospizusge), discriminare (posbuparu,
pospisusTu) [Ciassectp (1852)].

Hudepennian — nar. differentia (pisanng) [/Isaitonin (1690)], mndepennianbamnii
[Tait6uin, (1684)].

ExBiBasieHTHUi#t — Jar. aequus (pisauit), valens (cuiabHuit) — piBHO3Ha4YHU. EXBI-
BaJleHTHI Heckinuenno maui dbyukuii [Tiobya-Peiimon (1870)].

Excnonenra — sar. exponent (mokasuuk) [[IIridesns (1544)].

ExcrpemyM — nar. extremum (kpaiiniii). [Tio6ya-Peiimon (1879)].

IarepBan — Jsar. inter- (Mixk-) Ta vallum (crina) — IPOMIiKOK.

Kocunyc — ckopoduenns jar. complementarii anguli sinus — TOMOBHSJIbHAN CUHYC
[Canrep (1620)]. Dinep6osiunmit kocunye [Tambepr (1768)].

Koranrenc — ckopouenusa Jmar. complementarii anguli tangens — HOTOBHSITLHAN
ranrenc [[anrep (1620)].

Kpurepiit — rp. kriterion (3aci6 cypxenns) Bij krino (Cyuxy).

Kpuruunmii — rp. krinein BioKpeMIIOBaTH, PO3PI3HATH.

Jlorapudm — rp. logos (cioBo, BimHOmEHHs1) Ta arithmos (aucno) [Henmep (1614)],
cydacuuit 3mict Tepmina [Basic (1693)]. Harypansunit orapudm [Menromi (1657)].

JlokanbHuit — sar. localis (Miciesnit).

Maxkcumym — jar. mazimum (HaiiGinbme) [Pepma (6o1. 1629)).

MiuniMmym — nar. minimum (naiivenie). [@epma (61, 1629)].

MoHoToHHuU# — rp. monos (emuHmit), tonos (tom) — ommoronnwmit [K. Hoiiman
(1881)].

Ilepion — rp. peri- (HaBKosIO) Ta odos (IIsIx) — 00Xix HO KOIy.

IIporpecis — nar. progressio (pyx yuepen, spocrauns) [Boeniii (6:1. 510)].

Pagian — nar. radius (crmug xoseca, npominb) — npomerucraii [[Ix. Tomcon (1873)].

Pekypernuit — nar. rec- (masax) curro (Girru) — (3opornuit) [Myasp (1720-1730)].
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Cunyc — sar. sinus (BUKpHBJIEHA IOBEpXH:d, 3aToKa, Oyxra) [PoGepr Yecrepcokuit
(1145)]. T'inep6osivnuii cunyc [JTamGepr (1768)].

Craujionapuuit — Jatr. stationarius (HEPYXOMUii).

Tanrenc — sar. tangens (nornunnii) [Pinke (1583)]. Tanrenc rinepGosivnuii [JTam-

Gepr (1768)].

Tpuronomerpiss — rp. trigonon (TpukyTHuK), metrike (Mips0) — BUMipIOBAHHS

tpukyTHuKiB [Ilitickyc (1595)], Tpuronomerpnuna dyukuis [Kiorens (1770)].

®asza — rp. phasis (mosiBa).

®yHuKLisg — jat. function (3aBepuieHHs, BukoHauHs) [JIsit6uin (1673)].

2. NMoxop)xeHHA geAKuX No3HaYyeHb

sin
cos
tg

ctg

arcsin,arctg
sh,ch,th

(2]

D(f),E(f)

lizn

tim

f(xo - O)?f(zo + 0)
g,0

0

0

[Oitiep (1734)]

[Tepress (1820)]

[TCypesnu (1940)]

[Bypbaxki (1944)]

[Badic (1655)]

[Kponekep (1884)]

[Oitnep (1736)]

[Kasamnbepi (1632)] (Log — [Kemep (1624)])

[Crpunrrem (1893)]

[Oyrpen (1632)] (sin. — [Pinke (1583)])

[Oitep (1729)] (cos. — [Mzxux (1696)])

[Oitnep (1753)] (tan. — [Dinke (1583)]; tan — [2Kupap (1629)])
[[Ienduic (1886)] (cot. — [Mxux (1696)]; cot — [Kecrmep
(1758)])

[Tarpanzx (1772)]

[Kuipopn (1878)] (Sh, Ch — [Pikkari (1757)]; Th — [[yens
(1864)])

[Cayc (1808)]

(snak exsiBasienTroCTi H. M. ].) [dio6ya-Peiimon (1870)]
[bpanmyseki maremaruku (mou. XX cr)|

Big. sar. limes (mexka) [Baepmrpac (1841)], (lim. — [Jlioinbe
(1786)]; lim — [Caminsron (1853)])

[JTirem (1905)]

[Mipixase (1837)]
[Baepmirpac (nekuii), Boxe (1871)]
[11. Bepnyouri (1730), x’Anambep (1754)]
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[Kapcren (1786)]

[Oitnep (1755)]
[TsaiiGrin, (1675)]

[Tarpamzx (1797)]
[TTexxanap (1786)]

[Tarpamx (1787, 1801)]
[JTarparzk (1801)]
[Txo6i (1837)]

[Oitnep (1755)]
[T. Bebep (1900)]
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onykJocti dysxuil 7.5.4.1; 7.6.4

crporol MonoToHHOCTI GyHKIT 7.5.1.3;
7.6.1.1-5

TOYKH niepernny 7.5.4.2; 7.6.4
Horwmana no xpusoi 7.1.6.1; 7.2.1.1-3
Hormana

mwIonuHa 10 nosepxHi 8.4.4.1; 8.4.2

npsaMa g0 kpusol 8.3.5.1; 8.4.4
Hpoboso-miniitna dyukiig 5.4.3.1; 5.7.2
Jpoboso-parionanbua Gyukis 5.1.5.4
Jpobosa wyacruna dnciaa 5.2.7.4

ExsiBasenTsi H. M. {. 6.3.1.1

Excronenra 5.6.1.2

Banumkosuit  wien ¢opmysu  Teitmopa
7.4.1.2
y dopwmi Jlarpamxka 7.4.2.3; 7.5.3.1-2, 7.5.4
y dopwmi Ileano 7.4.2.2; 7.5.2.2
3amknHena obsacts 8.1.1.5

36ixua mocsigoBuicTs 6.2.2.2; 6.2.7.1-3
3B’ a30a MuoxuHa 8.1.1.4
Suak uncia 5.2.7.2
Snauenns Gyl
KiJIBKOX 3MiHHUX 8.1.2.1
ojtui€el 3minbol 5.1.1.1
SosHimua Gyskmia 5.1.4.2
3pocrarova mocyosaicTs 6.2.3.1; 6.2.3.1-2
dbyukmig 5.2.4.1; 5.2.5

TuBapianTHicTh dhoOpMU
mepioro audepentiana 7.2.2.3
moBHOTO audepentiaa 8.2.4.2

Inrepsasn 3Hakocramocti dyukmii 5.2.1.2;
5.2.1.1-2

Ksagparnuna dynknia 5.3.3.1; 5.3.10,
5.7.1

Ksanparwannit Tpuaiten 5.3.3.1

Kinac enementapunx dynkmiit 5.1.5.1

Koedinienr
mHorouwiena 5.3.4.1; 5.3.11
obeprenol mponopiiitaocti 5.4.3.3
poropIiiHocTi 5.3.2.5

Komnosa uacrora 5.7.10.1

Kopiue n-ro crenens 5.4.1.3; 5.4.4-5.4.8

— MHorowiena kparaocri k 5.3.6.2

— mHorowiena 5.3.6.1; 5.3.2, 5.3.4.1-3,
5.3.13

Kocunyc kyra 5.5.1.1

— ymcia 5.5.1.4; 5.5.1-2

Kocunycoina 5.5.3.2

Koranrenc xyra 5.5.1.1

— quciaa 5.5.1.4; 5.5.1-2

Koranrencoina 5.5.3.3

Kpurepiit
nudepentiitorocti 7.1.2.1
icHyBaHHsI TpaHuili (PYHKIHI MOBOIO IO-

caigoBrocreit 6.2.2.4

icHyBaHHS HOXHUJIOl acuMIITOTH 7.5.5.3
icHyBaHHsI CKiHYeHHOI rpanumi 6.1.2.2

icuyBanug ckimuennol moximuoi 7.1.1.5
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Kpurepiit

venepepBHocTi dyHKIHT B Toumi 6.4.2.1;

6.4.1.3

crajiocti dynxi 7.5.1.1
Kpuruana Touka

1-ro nopsanky 7.5.1.5; 7.6.1.1-5

2-ro mopsinky 7.5.4.2;7.6.4
Kyckoo-zasana dyukiis 5.1.2.1

Kyt mixk asoma kpusmmu 7.1.6.1; 7.2.2.2-3,
7.2.3

Kyrosa rouka dyukmii 7.5.1.5

Kyroeuit koedinient mormunol 7.1.6.1;
7.2.2.1-2

Jlarpanxis muHOXKHUK 8.5.4.4; 8.5.4.2
Jlarpamxesa dyukiisa 8.5.4.4; 8.5.4.2
JliBobGiuna rpaunuis dyskmil 6.1.2.1
— noxijna dyukii 7.1.1.5
Jlinitna dyukmiza 5.3.2.1; 5.3.1
Jlinist piBEa dyHKIHT 2-x 3MinHnx 8.1.2.3;
8.1.1.1
Jlorapudwm gucia 5.6.2.1; 5.6.1
Jlorapudmiuna noxinna dysxmii 7.1.4.2;
7.1.6.1-2
— ¢ysknia 5.1.5.1, 5.6.4.1; 5.6.5.2, 5.7.4
Jlorapudmysanus 5.6.2.1; 5.6.2, 5.6.6.1-2
Jlokasbauii ekcTpeMyM (MaKCHMyM, MiHi-
MyM)
byHKIT oHi€el 3minHOl 7.5.2.1
dyukuil KisbKox 3Minamx 8.5.1.1
JIsaiibuinesa dpopmyia 7.2.1.4; 7.3.2.1

Marpuns ecce st dyrkuil 2-x 3MiHHEX
8.5.2.1

Mexa muoxunn 8.1.1.5

MezkoBa Touka MHOXkUHHI 8.1.1.5

Mimana wactunna moxigna 8.2.6.1; 8.2.6

Muorounen n-ro crenend 5.3.4.1
Teitnopa n-ro nopsaky 7.4.1.1; 7.5.1.1-
2,7.5.2.1

MHuozkunna 3na9enb QyHKIT

KiJIbKOX 3MiHHUX 8.1.2.1

opui€el 3minnol 5.1.1.1; 5.1.4, 5.3.10
MonoronHa nocigosHicTs 6.2.3.1
Monoronna dbyuknia 5.2.4.2
H. m. }.

BHIIOI'O MOPAIKY Maym3Hu 6.3.1.1

OJIHAKOBOIO NOPsKY Mavm3Hu 6.3.1.1

Haii6isnbme 3navenns dyukmil 6.4.3.3
Haiimenmie 3navenns dyskuii 6.4.3.3

Hanpsam wmaitmBuamoro mimiiivanss 8.4.2.2;
8.3.1

— — cmyckanada 8.4.2.2

Harypanbumit morapudm 5.6.2.3; 5.6.8

Hesuznauenicrs 6.1.5.3; 6.1.3.3, 6.1.5.1-3,
6.1.6.1-7, 6.1.8.1-3

Hespocraroua mocimosmicTs 6.2.3.1
— byukuig 5.2.4.1
Heobmerkena 3sepxy (3uusy) dyHKIis
5.2.6.3
Heobxinna ymosa
nudepesnriitosrocTi 7.1.2.2
ekcrpemyMy DYHKIHI JBOX 3MIHHHUX
8.5.1.2; 8.5.2
spocranus (cnaganns) Gynkuii 7.5.1.2
JIOKQJIBHOT'O eKCTpeMyMy (byHKIIT oHiel
3minrnOol 7.5.2.2; 7.6.11
TOYKH nepernny 7.5.4.2; 7.6.4
Heobxinni ymoBu judepenuiitopaocti dy-
HKIT 2-X 3MiHHUX 8.2.2.3
Henapua dynkmisa 5.2.2.1; 5.2.2.1, 5.2.4
Hemnepepsricrs  BekTOp-byHKIHT B TOUI
8.3.2.2
Henepepsricrs dyHKIHT oHiel 3MiHHOT
B inTepBasi 6.4.3.1

B Touni 6.1.1.5, 6.4.1.1; 6.1.2.1, 6.1.4.1,
6.1.10

B Toulli 3JiBa 6.4.3.1
B Toumi crupasa 6.4.3.1
Ha Biapizky 6.4.3.1
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Henepepsricts dyHKINT KiTBKOX 3MIHHIX
B obmacti 8.1.4.6
B Toumi 8.1.4.4
Henopisusausui 1. M. ¢d. 6.3.1.1
Heckingenna noxinna dyskmii 7.1.1.1

Heckinyenno Besmka dynkiis  6.1.3.1;
6.1.9.7,6.1.13

Heckinuenno masa dpynknis 6.1.3.1; 6.1.13
Hecmana mocutigosicTs 6.2.3.1

— dynkniz 5.2.4.1

HesiBro 3amana dynkiia 5.1.2.1

Hopwmass 10 xpusol 7.1.6.5; 7.2.1.1-3
Hopwmans 10 nosepxni 8.4.4.1; 8.4.1, 8.4.2

Hopmasbra mromuna 10 kpusol 8.3.5.2;
8.4.4

Hynp dynkunii 5.2.1.1; 5.2.1.1-2
Hyroronis 6inom 7.4.3.5

O6epuena nponopriiiiticrs 5.4.3.3
dyukmig 5.1.3.1; 5.1.8.1-2

— TpuroHomerpuvsa dyskiis 5.1.5.3

Ob6macrs 8.1.1.4

— icuyBanng dyskmii 5.1.2.1

Ob6uiacTb o3HaueHHsT QyHKIHT
KisbKOX 3MinHmx 8.1.2.1; 8.1.1-2
ommiel 3minnOl 5.1.1.1; 5.1.3.1-2

Ob6MexxeHa 3Bepxy HOCHIOBHICTH 6.2.3.2;
6.2.5.1

— — dyukizg 5.2.6.1; 5.2.6.1

O6MexeHa 3HM3Y TMOCTIIOBHICTE 6.2.3.2;
6.2.5.2

byukunia 5.2.6.1
Ob6mexena mocstinoBuicTs 6.2.3.2; 6.2.4.1-2
dbyukmig 5.2.6.1; 5.2.6.2
O6oporua dyskmis 5.1.2.5
Ouanana Gyuxuis [esicaiina 5.2.7.1
Ouobivna rpanunig Gysknil 6.1.2.1
— moxigna 7.1.1.5
O HoKpaTHHil KOpiHb MHOrOwWIeHa 5.3.6.2
Osznaka Baepmrpaca 6.2.3.3; 6.2.8
€ -okis Toukn 8.1.1.2

Onykiicrs  GyHKIHT
5.2.5.1,7.5.4.1; 7.6.4
OcmoBa cremens 5.4.1.1

poropu  (moHu3Y)

OcHoBHra enementapra GyHkiisg 5.1.5.1

— JorapudmiuHa TOTOXKHICTH 5.6.2.2

— Teopema ajredbpu 5.3.6.2
TPUTOHOMETPUYIHA TOTOXKHICTH H.5.2.1

Ocuosuuii nepiozx 5.2.3.1; 5.2.3.1-4

ITapamerp 5.1.2.1; 5.1.7

ITapamerpuyno 3amana dyukiis 5.1.2.1

ITapua dyukmia 5.2.2.1; 5.2.2.2, 5.2.4

Ilepiox 5.2.3.1

Ilepioguuna dysknis 5.2.3.1; 5.2.3.1-4

IloBepxusa piBug byHKOil 3-X 3MiHHEX
8.1.2.3; 8.1.1.2

TloBHa moximHa (yHKI KiJIbKOX 3MiHHUX
8.2.4.2; 8.2.3.1-2

TloBuuit pudepentian GyHKIT ABOX 3MiH-
Hux 8.2.3.1; 8.2.2.1

— npupict GyHKIl 1BOX 3MiHHUX 8.2.2.2

— npupict GyHKIH KiIbKOX 3MiHHUX 8.1.4.4

Tloxkasuwk cremens 5.4.1.1; 5.4.3

Ilokazuukosa dyukmis 5.1.5.1, 5.6.1.1;
5.6.4.1-2

TTomoc 6.4.2.3

Ilopsimok mamsuu H. M. d. 6.3.1.3; 6.3.7
— pocty H. B. ¢. 6.3.1.3; 6.3.8

— qnciaa 5.4.1.2

TlorenmioBanusa 5.6.2.1; 5.6.3, 5.6.5.1,
5.6.7.1-3

TToxuma acumnrora rpadika
7.5.5.3; 7.7.1

Tloxinna BekTOp-dyHKIHT B Toumi 8.3.3.1;
8.2.8, 8.4.3

Tloxigaa dysKIil

dbyHKIT

1-ro mopsaxy (mepia noxiama QyHKIIT)
7111, 7.2.1.1; 7.1.1

2-ro nopsaaxy (spyra noxizxa dbyHKil)
7.2.1.1; 7.3.3,7.3.4

n -ro nmopsaky 7.2.1.1; 7.3.1.1-3, 7.3.2.2
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Tloxinna dyukIii 3a HAIPIMOM BEKTOpa

8.4.1.1; 8.3.2

ITowarkoBa daza 5.7.10.1

[IpaBuno Bepuymn — Jlonmitams 7.3.3.1;
7.4.6.1-6

[IpaBob6iuna rpanung Gysxi 6.1.2.1
— noxinaa dyskml 7.1.1.5

IIpupicr aprymenty (dbyuxuii) 6.4.1.2
[Ipuponna obnacts o3nadenus 5.1.2.1
IIpomizkHa 3minHa 5.1.4.1

[Ipocruit kopius MHOrOwIEeH 5.3.6.2

IIpsima npomnopuifinicTs 5.3.2.5

Pagian 5.5.1.2

PiBuicTe dysxmiit 5.1.1.3

Piznnng dyskmiin 5.1.1.3

Pozbixua mocaigosuicTs 6.2.2.2; 6.2.6.2

Poskiag KBaIpaTHIHOrO MHOTOYJIEHA HA
vHoXkuUKH 5.3.3.4; 5.3.6, 5.3.7

Cepenas mBuikicrs pyxy 7.1.6.7
Cunyc kyra 5.5.1.1

— gucaa 5.5.1.4; 5.5.1-2
Cunycoina 5.5.3.1

CimgioBa Touka dyHKIT 1B0OX 3MiHHEX 8.5.1.2

Ciuna 7.1.6.1
Ckianena oyukiisg 5.1.4.2; 5.1.9.1-2
Cuagaa nocstiosHicTs 6.2.3.1
— dyskuig 5.2.4.1
Crama dynkmia 5.1.5.1, 5.3.1.1
Crangaprauii 3ammc ducia 5.4.1.2
Crapmmii ujen MHoro4wiena 5.3.4.1
Crarnjonapraa Touka (yHKIii
nBOX 3MminaMX 8.5.1.2; 8.5.2
onHi€l 3minuOl 7.5.1.5; 7.6.1.1

CreneneBa dyukiis 5.1.5.1, 5.4.2.1; 5.4.1-
5.4.14

Creninb uncna 5.4.1.1

Crpubox dynkiii 6.4.2.3

Crporo mounoronHa dyHKIA 5.2.4.2
Cyma dyukmiit 5.1.1.3

Cxema I'opuepa 5.3.5.4

Tanrenc kyra 5.5.1.1

— quciaa 5.5.1.4; 5.5.1-2

Tanrencoina 5.5.3.3

Teitnopoa dopmyna s GyHKINT 2-X

3MiHHUX 8.2.8

Teopema
Besy 5.3.6.1
Bepnymni — Jlomitass 7.3.3.1
Bonbrano — Komri mpo wysi dyHKIGT
6.4.3.5; 6.4.2
Bosbniano — Komri mpo mpomixKui 3Ha-

aenns 6.4.3.6

Baepmrpaca st pyHKIl  KiJIbKOX
3MinHux 8.1.4.6

Baepmrpaca mpo maitbisbine Ta Haiime-
Hie 3Ha4YeHHs Qysknil 6.4.3.3

Baepmrpaca mpo obMexenicth GyHKIIT
6.4.3.2

Biera 5.3.3.5, 5.3.6.5; 5.3.5.1-2

Komi 7.3.2.8; 7.4.5

Jlarpamxa 7.3.2.5; 7.4.3, 7.4.4

npo apudMeTnyHi il HaJ TPAHUIAMEA
dbyukmiit  6.1.4; 6.2.2.2, 6.1.3.1-2,
6.1.9.1-4

IpO TeOMEeTPUYHHil 3MicT TIpajieHTa
8.4.3.1; 8.3.1

mpo 3B’a30K dyHKil, 1 rpaHumi Ta
v M. d. 6.1.3.5

IIPO HEIEPEPBHICTD ejleMeHTapHuX (QyH-
Kiiit 6.4.1.6

PO HemepepBHiCTh 0bepHeHol hyHKIHT
6.4.3.8

npo HesBHY yHKIi0 8.2.5.1

PO piBHICTH MimraHux noxigamx 8.2.6.2

1IPO PO3KJIaJ| MHOI'OYJIEHA HA MHOXKHH-
kn 5.3.8.1; 5.3.6, 5.3.7

Pona 7.3.2.1; 7.4.1,7.4.2

Teitopa 7.4.2.2

®epma 7.3.1.1
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Touka Bepranusa dyskii 7.5.1.5
ekcrpeMyMy GYHKIIT KiTbKOX 3MIiHHEX
8.5.1.1; 8.5.2
icrorHOro pospuny 6.4.2.3
Touka JIOKAJIBHOIO eKCTpeMyMy (MiHiMy-
My, MAKCUMyMy DyHKIIT
oxmiel 3minnOI 7.5.2.1; 7.6.1.1-6
KiJIbKOX 3MiHHEUX 8.5.1.1
Touka menepepsrOCTi QyHKIIT 6.4.2.1
HecKiHdeHHOro po3puny 6.4.2.3
HeyCcyBHOro po3pusBy 6.4.2.3
neperuny rpadika dyukmii 7.5.4.2
neperuny ¢yskuii 7.5.4.2; 7.6.4
Touka po3pusy
1-ro pony 6.4.2.3
2-ro poxy 6.4.2.3
Touka pozpuBy dyHKIIil
Kijmpkox 3minHux 8.1.4.5; 8.4.1-2
onui€el 3minnOl 6.4.2.2; 6.4.1.1-4
Touka ckinuennoro pospuny 6.4.2.3
ycyBHOrO po3puny 6.4.2.3
Tpuronomerpuana Gyukiis 5.1.5.2
5.5.1.4

VYruyra dynkiia 5.2.5.1
VmoBHHiT ekcTpeMyMy DYHKIT 1BOX 3MiH-
vux 8.5.4.1; 8.5.4.1-2

®a3za 5.7.10.1

Dopmyia
IOMOBHSIJIBHOTO KyTa 5.5.2.8; 5.5.7.1-2
CKIHYEeHHHUX IPHUPOCTIB 7.3.2.6

Teitnopa — Maxkiopena 7.4.1.2; 7.5.2.3,
755

Teitnopa n-ro nopsinky 7.4.1.2
®Dopmynu 3Beenns 5.5.1.7; 5.5.3, 5.5.4
DyuKIisa

apKKOCHHYC 5.5.5.2

apKKOTaHresc 5.5.5.4

apkcunayc 5.5.5.1; 5.5.16, 5.7.3.3

apKTaHresc 5.5.5.3

Hipixue 5.2.7.5

OyuKITisa
n -3MigHNX 8.1.2.1
Kocuuyc 5.5.3.2; 5.5.15, 5.5.17
KOTaHrenc 5.5.3.4
cunyc 5.5.3.1; 5.5.14, 5.7.3.1
Tanrenc 5.5.3.3; 5.7.3.2

Iina panjonanbua dyukmis 5.1.5.4

— ygacTuHa uciaa 5.2.7.3

Yacruuuuit  jgudepenrian  QyHKml - 2-X
3minaEX 8.2.3.1; 8.2.2.1

— upwupicr dyHKnil 2-x 3Minanx 8.2.1.1

Yactuunai noxigai 1-ro nopsaxy 8.2.1.1,
8.2.1.3; 8.2.1.1-2, 8.2.4, 8.2.5

Yactuunai noxigai n-ro mopsaky 8.2.6.1;
8.2.6

Yacrka dynkuniit 5.1.1.3
Yucya Oibonayui 6.2.1.2
Yucosa mocaigosHicTs 6.2.1.1

Ynen wwmciaoBoi mocaimoBrocti  6.2.1.1;

6.2.1.1-3,6.2.2.1-2

IMTeusaxicrs pyxy 7.1.6.7; 7.2.4.1

SBHo 3asana dyuknis 5.1.2.1; 5.1.5.1-2,
5.1.6.1-2



IMEHHUN NOKAXUYNK

1. Besy Erben E. Bézout (1730-1783) —
dpaniy3pkuii MaTeMaTHK. 5.3.6.1

2. Bepuywt Woram J. Bernoulli (1667
1748) — mBeiinapcokuit Marematuk. 7.3.3.1
3. Boabuano Bepuapa B. Bolzano (1781—
1848) — uechKkuit MaTeMaTuK, JIONIK Ta
dinocod. 6.4.3.5, 6.4.3.6

4. Baepmrpac Kapn K. Weierstrass
(1815-1897) — HiMenpKHii MaTeMATHK.
6.2.3.3, 6.4.3.2, 6.4.3.3

5. Bier ®@pancya F. Viete (1540-1603)
dpamniy3pkuit MareMaTuk. 5.3.3.5, 5.3.6.5
6. Taitne Enyapn E. Heine (1821-
1881) — mimenpkuii maremaruk. 1.2.4.2,
3.2.1.1, 4.7.1.3

7. Tecce Jiopsir Orro L. O. Hesse (1811
1874) — uimenpKuit MaTemaruk. 2.4.3.5

8. Topuep Bimbam W. Horner (1786-
1837) aHTJIIICHbKWIT MaTeMaTHK Ta BU-
HAXITHUK. 5.3.5.4

9. Komi Oriocren-JIyi A.-L.  Cauchy
(1789-1857) — bpaniy3pKuii MaTeMaTHK.
6.1.1.1, 6.4.3.5, 6.4.3.6, 7.3.2.8

10. Jlarpamx 2Kozed-JIyi J.-L. Lagrange
(1736-1813) — dpaniyspkuii MareMaTuk
Ta ACTPOHOM ITAJIIICBKOrO IIOXOJIZKEHHS.
7.83.2.5

11. Jlomitane Tiitom e G. de [’Hopital
(1661-1704) — dpaniysbKuii MaTeMaTHK.
7.3.3.1

12. JLstitOHil Tordpiz Bisnbrensm
G. W. Leibniz (1646—1716) — HiMeupkuii
MaTeMaTHK, Jorik Ta dimocod. 7.2.1.4

13. Maksopen Konin C. Maclaurin (1698—

1746) — mornanacoKuit Mmaremaruk. 1.5.7.3

(1]

3]

[5]

7]

[10]

[12]

(2]

4l

(6]

9l

(11]

[13]



14. Tleano Ixxysenne G. Peano (1858—
1932) — irasificbkuil MaTeMaTUK Ta JIHI-
BicT. 4.7.2.1

15. Poss Mimess M. Rolle (1652—1719) —
dpanyspkuit MaTeMaTuk. 7.3.2.1

16. Teisiop Bpyk B. Taylor (1685—
1731) — anruiiicokuii maremaruk. 2.2.2.2
17. ®epma Ilep P. de Fermat (1607—
1665) — dpaniysbkuii maremarux. 7.3.1.1
18. ®itonauudi Jleomapmo L. Fibonacci
(1170—1242) —  irauificeKuii MaTeMaTHK.
6.2.1.2

[14]

[16]

18]

[15]

[17]



3MicT HaBYa/bHOroO KOMIUIEKCY

Towm 1
Poszain 1. Muoxkunn it qucia
Poznmin 2. Jliniitna anredpa
Posmin 3. BekTtopha anrebpa
Posmin 4. Anamituasa reomerpist

Towm 2
Pozmin 5. Oyukiiil omguiel 3MiHHOT
Posznis 6. Teopis rpanutipb
Poznin 7. Hudepenriaabue unciennsa GyHKITH OTHIET 3MIiHHOT
Poznin 8. Hudepenriaabue unciennsa pyHKITNH KiTBKOX 3MIHHUX
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