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[IpeaucioBue pegakTopa nepesoja

Ipennaraemas yuTaTe/il0 KHHra MOCBsIMIeHa TeopuH rpados, KOTopasi NpUOGpeTaer
BCE BO3P aCTAIOLIHA HHTepeC Y CMeLHaAHCTOB CaMBIX Pa3JHYHBIX 06JiacTell HAYKH H TeX-
HHKH. [1pHBJleKaTeIbHOCTL TeOPHH rpadoB O6BACHsETCS] He TOMBKO IHPOYaHLIMM pas-
HOOOp asHeM BO3MOXKHOCTEH ee NPHMeHEHHs, HO H KPacoTol pe3yJIbTaToB, AOCTHI aeMbIX
NPOCTbIMH CpefcTBaMH. Clenap cBod mepBre wark eme B XVIII B., oHa mocTosHHO
Ha0HpaJ/ia TeMNIbl H B HACTOsIIIEE BpeMsl BOILIA B MOPY IOHOCTH, KOTAa OTKPBITO MHOTLO
nyTed H He SICHO, KaKoH M3 HMX ryaBHHIH. JleHCTBHTENbHO, B paMKax TeODHH rpadon
HMeeTCsl MHOXKeCTBO Pa3JTHYHBIX HanpaBJeHHil; pe3yabTaThl ee GOPMYJTHPYIOTCS C MPH-
BI€YEHHEM TOHATHH TeOPHH MHOXKeCTB, TOIOJOTHH, aareSph, HO METOAL TEOPHH rpa-
¢$oB HeJb3sl paccMaTPHBATb KaK MPOCTYIO COBOKYIHOCTb METOHOB STHX pasfiesioB Ma-
TeMaTHKH.

Teopust rpapos u Morpacdop (runeprpados) siBasieTcsi 5(heKTHBHEIM anmapaToM
(dopMaTH3alHH COBPeMEHHEIX MHXKeHepHEIX H Hay4YHBIX 33/1ay, KaK y»Ke CKas3aHo, B pa3-
JHYHBIX 06JacTaAX 3HaHHM, Tak, HanpHMep, B KBAHTOBOH TEOPHH NOJsl B3aHMOleHCTBHE
3JeMeHTapHBIX YaCTHI[ C BHEIIHHM IIOJIeM OMHCBIBAeTCS CBASHBLIMH rpadaMH (muarpam-
maMu Qeiinmana) (I, 2]; a3biK TeopuHu rpaboB yaoGeH MpH NpoBefeHHH CHCTEMHBIX HC-
caefoBaHuit [3], OMHCaHHHM OpPraHM3alMM reHeTHYeCKHX cHcTeM [4], aBTOMaTH3MpoBaH-
HOM YIpaBJIeHHH TPOH3BOACTBOM [5, 6]. B moc/enHee BpeMst 6oJblIOe TPUMEHEHHE Ha-
u1a Teopus rpadoB B COBpeMEeHHOH BHIYHCJHTENbHOH TeXHHKe H KHOeDHeTHKeE: B Teope-
THYeCKOM fTpOrpaMMHpoBaHuu (7], npu npoekTupoBanHH DBM na OBM u cereii 9BM
[8—12], 6a3 nanubix [[3, 14], cuctem Joruyeckoro ynpasaeHus [5, 14—18].

Kuura Hamucana npodeccopom YHusepcureTa Konkopauu (r. MoHpeanb, KaHa-
Aa) M. CeamHu u npogeccopoM Huuuickoro texHojsorHyeckoro HHCTHTYTa (r. Magpac,
Wnpns) K. TxyaacupamaHoM. OCHOBY ee COCTaBHJIH KYPChi, YHTa€Mble aBTOPaMH A5
CTyIeHTOB H acnupaHToB. Cdhepa HayyHbIX HHTEPECOB aBTOPOB JIEXKHT B 06J1aCTH TIpHMe-
HeHHsi TeOpHH rpapoB B SJEKTPHUECKHX LENAX. DTHM OOLACHsETCA BBIGOP DacCMOT-
peHHo#t B yactu 11 KHHrH 06/1aCTH npHMeHeHHs TeopuH rpados. B sToft yacTH paccmar-
pHBatotcs rpadoble CBOHCTBA LleneH H NpHMeHeHHe rpadoBLIX METOOB AJs peajn3a-
LMK Lenell ¢ 3aaHHBIMH CBOMCTBaMH. MartepHaa 3TOH yacTH crieltHpHYeH KakK I10 TepMil«
HOJIOTHH, TaK H N0 Croco6aM NpeACTaBAeHHS H NPENOoJaaraeT Xopollee 3HaKOMCTBO C Te-
opHeil rpaboB B mpefenax, obecrneynBaeMbix cofep:kaHHeM yacTi 1. ManoxeHHe 3To#t
YacTH HeCKOJbKO OTJIHYaeTCsl PacCTAHOBKOH  aKLEHTOB MO CPaBHEHHIO C APYTHMH MOHO-
rpapusiMi 1o TeopHH rpado, 4To 06yC/OBAEHO y4yeGHOH HamnpaB/ieHHOCTbIO KHHTH.
C Apyroil CTOpPOHBI, HeO6XOAHMO OTMETHTb, YTO B He#l 1aHO OZHO H3 CaMbIX LIHPOKHX
BBe/JleHHH B TEOPHIO MaTPOMAOB, CYILECTBYIOIIHX B OTeYeCTBEHHON H MepeBONHOH JHTe-
parype.

Yactb 111 Takxe wHpoko Henanb3yeT MarepHan yactd 1. B Helt cogep:kHTCs onxca-
HHe MHOKECTBA aJrOPHTMOB, KOTOPbIe OPHEHTHPOBAHBI IMIaBHBIM 00pa3oM Ha MpHMeHe-
HHe B BHIYMCJUTENBHON TexHHKe, Cioco6 H3J10XMKEHHsS aarOpPHTMOB, IPHHATHIH B KHHre,
OTpaxKaeT TeHJeHUHH NPOSBJsOLIHecs NPH pa3paGoTke NPOrpaMMHOro ofecredyeHHs.
ZokasaHa KOpPeKTHOCTb KaX0ro H3 alrOPHTMOB, H IPHBEJEHB! OLEHKH HX CJIOXKHOCTH,
YTO SIBJISIETCA HEeCOMHEeHHBIM NOCTOHHCTBOM KHHrH. Ilo-BHAMMOMY, HEIOCTaTOK MecTa
He TO3BOJHJ aBTOpaM jJaTh BBefeHHe B TeopHio N P-TOJHOTHI, IPEKPacHo CAelaHHoe
8 paGore [19].

[1peanaraeMyio KHHI'Y OTVIHYa€T NPOCTOTA H JJAKOHHYHOCTb H3JI0XKeliHs, 60rarcTso
HJLTIQCTP alLKIl, IpUMepOB H ynpakHenHH, Kak yuye6Hoe mocoGHe OHA TPaKTHYECKH He
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HMeeT HeJlocTaTKOB, OHAaKO KB aTH(DHIHPOBaHHbIf CMIelH aTUCT HalileT B Hell 3HaKOMbIH
MmarepuaJl,

B KHHTe 4acTO HCMOJIb3yeTCsl TEDMHH «XapaKTepH3alHs», ABTOPH MOHUMAIOT M0OJ
HHUM Jito6bte Heob6 X0 UMbIE H JOCTaTOYHEBIe YCJOBHS CYLIECTBOBAHHSA HEKOTOPOro CBOHCT-
Ba. MB! OCTABHJIM 3TOT TEDMHH 6e3 H3MEHEHHs, XOTs1 B OTeYeCTBEHHOM JINTepaType noj
XapaKTepH3alHell NPHHATO NMOHHMATH ONpejesieHHe MJIs JaHHOTO CBOHCTBa MHOXeCTBA
3anpeteHHEIX GUTyp.

[Nepesox BrinosiHen M. B, Top6arosoit (ri. 1—4), B. JI. TopxosreM (npeauciosue,
ra, 5—10), kaHg, TexH. Hayk C. A. ®pososem (rJ1, 11—13), B. H. UerBepukosuiM
(ra1. 14—15).
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Hocemqaemm Hawum podumersd u yaumeinm

IpeknoHsiiock nepex yuuTeneM, KOTOPHIH BepHYJ 3peHHe
YeJIOBEKY, OCJeNJIeHHOMY He[yroM He3HaHHsS

Buwsacapa Tanmpa

[penncnosue

B TeueHue mocneHUX ABYX AeCSATHJETHH CPelH JIHU, 3aHHMAIOUIUXCS PA3JHYHBIMH
acnmeKTaMH HayKH H TeXHHKH, 3HAUHTEIbHO BO3POC/a NONYASPHOCTb TeOpHH IrpadoB —
BETBH AHCKPETHOH MaTeMaTHKU. POJHBIUHCL NIPH PEILEHHH TOJNOBOJOMOK H HIp, TaKHX,
Kak 3a7aua o KEHHrc6epCKHX MocTax W Hrpa ['aMHJIbTOHA, OHa CcTana MOIIHLIM Cpel-
CTBOM HCCJIEl0BAHHA H pelleHH s MHOIHX 3aJay, BOSHHKAIOIUX NPH H3YUeHHH GOMBbLIAX
H CJOXKHBIX CHCTeM. [leHCTBHTEJNLHO, CYWIECTBYeT PAA CHCTeM, H3yueHHE KOTOPBIX
CTAHOBHTCS 3HAYHTEIBLHO HPOILE C HCITOJb30BAHHEM TEOPHH IpadoB. ITO He YAUBHTEN b+
HO, TaK KaKk 6GHHAPHBEIE OTHOLIEHHS MeXAY OObEKTaMH HEKOTOPOrO MHOMECTRa YAOGHO
NpPeACTaBAATh IpadaMi, a ONHCAHHS CHCTEM COAEPXKAT TaKHe OTHOLIEHHS MeX1y pas-
JIHYHBIMH HX TOJCHCTeMaMH. KpoMe Toro, Teopus rpadoB okasanach nojesHoli npH u3y-
YyeHHH 3a/1a4, BO3HHKAIOUIMX B HEKOTOPHLIX APYTHX pa3jenax MareMaTHKH, TaKHX, Kak
TeOpHs I'Pynn H Teopus MaTpull., Besikuil pas, Korja Bcrpevanach HoBast 06/1aCTb NPH-
MeHeHHs TeopHH r'padoB, BO3HHKANA HEO6XOAUMOCTD B BBEeHHH H H3YUYEeHHH HOBBIX MO-
HATHH HJIH B JavibHeliell pa3paGoTke HEKOTODBIX H3BECTHLIX NOHATHH 3Ta HeO6XOLH-
MOCTb B CBOIO Ouepe/b BO30Y:Ka/la TBOPUECKYIO aKTHBHOCTL B OGJIACTH HCCJEe0BaHHH
pa3sHUYHBIX CBA3aHHBIX ¢ HUMH KoHUenuu#, Takoe HenpeprlBHOe B3aUMOAEHCTBHE CIIO-
cO6CTBOBAJIO OLICTPOMY POCTY 3TOH BeTBH MaTeMaTHKH.

Dbl HanHcaH Psif KHUT, OOCY:KIAIOUMX Pa3/IHUHbIe aCHeKThl TeOPHHU rpadoB: aHa-
JIN3, CHHTE3, NMepevHc/IeHHe, alrOPHTMH U NpHJoKeHHA. B npensaraeMolt kHure Jena-
€TCsl NONBITKA 06CY A AeHHS C eIMHEIX TO3HLHA TeopHH rpacdoB, ee NPHMEHEHUS NIPH HC-
CJ1eJOBaHHH 3/EKTPHUECKHX Llened H TeOpeTHYECKHX OCHOB HeKOTOphIX I'padOBLIX ajro-
put™oB, Ipexze ueM MbI nepefiieM K feTalbHOMY PacCMOTPEHHIO lielell H CoflepKaHHa
KHHTH, O6CYJHM KPaTko, KaKHM 06pa3oM TeopHs rpadoB OKasanach NOJIe3HOH B HecJe-
JIOBaHHH 3JEKTPHUECKHX llenefl, HCC/eOBAaHHH ONepalHil H BHIYHCJIHTENLHOH TeXHH-
K& — TpPeX OCHOBHBIX JHCLUIJIHHAX, KOTOPhIe HHTePeCYIOT HaC U B3aHMOACHCTBYIOT C Te-
opueil rpados ¢ 6OMBIIHM YCNIEXOM H K B3aHMHOH BHITOfle.

Xopoluo H3BECTHO, YTO OCHOBBL TeopUH I'padoB GbIIH 3a/10KeHEl JHIepoM NPH pellie-
HHH 33734 o KéHUrcGeprckux Moctax, OAHAKO OoHa He HaXOAWJa MPUMEHEHHd NIPH pe-
LIeHHH 3aja4 B NpHKJAafHoH obnactu 1o 1847 r., koraa Kupxropom 6blia pazpaborana
TeopHsl AepeBheB NPHMEHHTEJNbHO K HCCJENOBAHHIO 3/MeKTPHUECKHX leneli. OcHoBomo-
JIarauyr polb B HX H3YUEHHH HUIpaloT 3aKoHbi Kupxroda, STH 3aKOHHI OnpeelsioT
CBA3b MEXKIY NePEMEHHLIMH HaNPsXKEeHUs H TOKA B LleNH, DTH CBA3H LA AaHHON 3/eKT-
PHYECKOH LienH He 3aBUCAT OT NPHPOALI HCNONb3YEMbIX 3/1€MEHTOB, CKOpee OHH 3aBHCAT
OT TOro, KakuM 06pa3soM COeNHHEHH pa3/IHYHble JIEMEHThbI, HJH, APYTHMH CJOBaMH,
ot rpada, mpeicTaB/sIOWEro LeNb, PaKTHUECKH YpPaBHeHHs, ONMHCHIBAIOUHE 3aKOHH
Kupxroda ais1 HanpsikeHHH H TOKOB, NOJHOCTBIO ONpeAeNsioTCd KOHTYpaMH H ceye-
HHSIMH rpacda uend. 371ech BOSHHKaeT BONPOC: BCAKHH JIH KOHTYP H BCAKOR JIH CEUeHHe
Lend 06513aTeNIbHO ONpefensioT TakHe yYpaBHeHUs? [aid nosyuyeHHs OTBETOB Ha 3TOT H
CBSI3aHHBIE C HHUM BONPOCH! HEOGXOMMO TUIATe/bHOE H3YUeHHe IOHATHH KOHTYypa, cede-
HHA H lepeBa rpada, ITHM 06LACHSETCA PO/b TEOPHH IPaoB KaK BaXKHOrO aHalHTHYE-
CKOT'Q CPeACTBA NPH H3YUEHHH SJMeKTPHUECKHX Llenefl. MHOrHe BaXKHble OTKPBLITHA B T€O-
PHH lieneil HMEIOT IM1aBHEIM 06pa30M TeOPeTHKO-TpadoBYIO NPUPOAY, H YCHJIHA, By LlHe
K TaKHM OTKPLITHSIM, NPHBOAAT K 3HAUHTENTbLHOMY BKJaly B T€OPHIO Ipajos.

TpaHcropTHBIE CETH H CETH CBA3H MOXKHO YAOOHO NMPEACTaBHThL rpadamu, No3TOMY
IJ151 HCCJI€/IOBaHHsl onepaluil, CBA3aHHEIX C TAKHMH 3aa4aMH, BOSHHK AIOUIHMH NPH H3Y-
YeHHH ceTell, KaK NMOTOKH, KpaTyajilline MyTH HJH KOHCTPYHPOBAHHE HajiexHLIX CeTeH,
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OKa3aJsCsl OYeHb MOJIe3HEIM TeopeTHKO-rpaboBbIfl MOAXOA. DTH HCCIe/I0BAHUS BHEC/H
3HaYUTe/NbHBIA BKJaj B GbICTpOE PA3BHTHe TeODHH rpadoB B Mocje[HHe [Ba AeCsTHJIe-
THst. PaspaGorannast QopaoM u PasKkepcOHOM TeOpHsS! MOTOKOB B CETSIX OCBETHJIA Psij
KOMGHHATODHEIX BONDOCOB H IIO3BOJIHJA TMOJYYHTh HOBBIE J0Ka3aTeJbCTBA MHOIHX
BaXHBIX TeopeM TeopHH rpacbos. 3akoH Kupxroda o coxpaHeHHH NOTOKa (MONOGHBIH 3a-
KoHy Kupxroda 1715t TOKOB B 3JIeKTPHUeCKOH IeNH) HrpaeT HEeHTPaJbHYIO POb H B pas-
paGOTKe TEOPHH NOTOKOB B CeTstX, B noc/senHue rofbl 60/bl10e BHEMaHHE 6BIIO Y/E/IeHO
KOHCTPYHPOBAaHHIO ceTell CBSI3M, HMEIOIIHX 3alaHHble CBOHCTBAa. 3ra 3ajaiya OGBIYHO
CBOIMTCS K 3ajaue MoCTPOeHH sl SKCTpeMaibHoro rpada (T. e. rpaba, uMelonero MHEH-
MaJpHOE HJIH MaKCHMaJbHOe YHCIO peGep), 06/1afaloMIero 3aaHHBIM 3HaueHHeM JJIst
OZHOT O H3 TOMOMOrHUecKuX napamerpos. HcecaenoBanus B sTo# 06/1acTH HMeTH 60/bLIOE
SHaueHHe /st DelleHHs! TaK HA3bIBaeMbIX 5KCTPeMasbHBIX 33au B TEOPHH rpabos.

[TocnenHelt 0GacTbiO, BKJWUYEHHOH B pacTymH# CIHCOK obJjacTell NpHMEHEHHs
TeOpHH T'padoB, SIBASIETCS BLIYHCIHTENbHAS TeXHHKA, [I/1s1 CleluasucToB MO BEIYHCIH-
TeJIbHOH TeXHHKe TeOpHst TpahoB — 3TO YAOGHBIH S3BIK BhIpaXKeHHS! MOHSITHH H3 3TOH
06/1aCTH; MHOTHE pe3yJIbTaThl TEOPHH I'padoB HMEIOT HeNMOCPeJCTBEHHYIO CBsI3b C 3aja-
YaMH, ¢ KOTODEIMH UM NPUXOAMTCS cTaidkuBarthes. [IIlupoKoe npumeHeHHe Teopust rpa-
(0B HellaBHO NMOJYYHJA NPH HCCJIENOBAHHH TaK HasbliBaeMoH NpoGJeMbl ONTHMH3ALHH,
BO3HHKAIOIEH NMpPH KOHCTPYHPOBAHHH KOMNMJSATOPOB. B paMKax 3THX HccJseloBaHHH
6blyH pa3paGoTaHbl MHOTHe, HEH3BECTHBIE paHee TeOPETHKO-TpadoBbie MOHATHS. Teopust
rpagoB uMeeT GOJIBLIYIO NMPHBJIEKAaTeJbHOCTb JJIsl CNEHHATHCTOB MO BBIYHCIHTETbHOH
TeXHHKe H IIOMHMO HCIOJb30BaHUS €e KaK HHCTPYMEHTA B DellleHHH KOHKPeTHBIX 3a-
Aau, OfLHHM H3 OCHOBHBIX HanpaBJjieHHH B BEIYHC/IHTEIbHON TeXHHKE ABJISETCSA NMOCTpoe-
Hue 3(peKTHBHBIX aJTOPDHTMOB H aHAJH3 HX CJIOKHOCTH, H TeOpHs rpadoB (a B obieM,
H KOMGWHATOPHBEIH aHa/u3) mpefocTap/sier GOJIblIHe BO3MOXHOCTH VISl TOCTPOEHHS
TaKHX aJATOPHTMOB. 3TO JeHCTBHTENbHO 3HATHTENLHEIH BKJaJ BEMHCIHTENbHON TeXHH-
KH B TeopHuio rpapos.

Bce 510 ocBelaer posib, KOTOPYIO CTasla UI'paTh TeopHst rpadoB B HayKe H TEXHHKe,
H o6yCJ0BIHBAET BO3PACTAOMNE Bec TeOPHH rpadoB B YHHBEPCHTETCKHX Y4eGHBIX MJa-
Hax. X OTst leTaJIbHOE 3HaHHe HeKOTOPhIX NMOHSITHH H Pe3yJ/IbTaToB He 06Gs3aTesIbHO LISt
HCCJIeOBaHHH B KaKOH-JHGO onpejiesleHHOR O6JacTH NMpPUMEHeHHSs, MEl NoJlaraeM, 4To
JOCKOHAJ/IbHOE 3HAHHE PA3/IHYHBIX MOHSATHH H IMYGOKOe OBJMajileHHe METOAaMH, HCIOMb-
3yeMbIMH NPH H3y4YeHHH STHX NOHSATHH, GYAYT OUeHb IOJME3HBI AJI5 MOHHMAHHS HOBEIX
NpUMeHeHHH, KOTOphIe B IPOTHBHOM c/ydae 6YAYT HeoueBUAHBI. DaKTHUECKH 3TO BepHO
TaK¥XKe H JUI51 MHOTHX ADYTHX OTpacjell MaTeMaTHKH, TaKHX, KaK TeOPHS KOMIVIEKCHOTO
NepeMeHHOr 0, TeOPHS MAaTPHIL H TEOPHS ONepaTopoB, HIPAIOIIKX CYLIECTBEHHYIO DOJb
NPH H3YYEHHH CHCTEMOTEXHHKH.

Sra KHHUra ajipecOBaHa CTYIleHTaM, CIIeIH aTH3HPYIOIKMMCS B MaTeMaTHKe, 3JeKTPo-
TeXHHKe H BLIYHCJHTEeJbHOH TexHHKe. Kak cJjiepiyer u3 Ha3BaHHS KHHTH, OHAa COCTOHT
U3 Tpex uacTell, KacalolMXCs TeopuH rpados, s/eKTpHUeCKUX ceTel (uenel) u rpado-
BLIX aJTODHTMOB.

B uactu I (ro1. 1—~10) Mbl o6cyKnaeM Teopuio rpados, B Hell CTaBHTCS LeJb BBECTH
OCHOBHEIE TIOHSITHS H Pe3yJIbTaTH TeopHH rpados. B sToll uacTu o6cyxnalTcs Aepesbs,
raMHJIbTOHOBEI H 5HJIepPOBH rpadbl, OpHeHTHPOBaHHEIE Tpadel, MaTpuusl rpados, mia-
HApHOCTh, CBSI3HOCTb, TaPOCOYETAHHUS H PAaCKpacKH. Mbl BKJIIOUHJIH B Hee TaKKe BBejle-
HHE B TeopHIo MaTpousioB. CpeslH NpeACTaBJIeHHBIX TeM, CBSI3aHHBIX C MaTPOHJaMH, MOX-
HO NepPeuyHCTHTh CaMONBOHCTBEHHYIO CHCTEMY aKCHOM MHHTH, KOTopasl JiesaeT OYeBHA-
HOH JIBOACTBEHHOCTD LMKJIOB M Pa3pe3alomuX MHOKeCTB rpada, JemMMy 0 pacKpacke AyT,
3KaJlHBIf aJrOPUTM H ero TECHYIO B3aHMOCBSI3b C MAaTPOHAAMH. B mocsenHue roiel K Teo-
PHH MaTPOMJOB NIPOSIBJISIIOT HHTEPeC CHELHaJHCTBI MO TeOPHH 3JEKTPHUeCKHX lenef,
NOCKOJIbKY OHa MO3BOJISIET IMYGOKO NPOHHKHYTE B T€ 3aaUH, C KOTOPHIMH OHM CTaJKH-
BaloTcst. ECJIM ji/ist MaTeMaTHKa TeOpHst MaTPOHJIOB laeT GOoJIbLIHe BO3MOKHOCTH 110 0606~
IEHHIO TEOPeTHKO-rpadoBbIX MOHATHH, TO AJIsSI CHElHAaTHCTa [10 BRIYHCAHTENBHOH TeX-
HHKe — BO3MOXXHOCTH 110 ITIOCTPORHHIO aJTOPUTMOB HAJi MaTPOHJaMH,

B wactu II (ra1. 11--13) o6Cy*®Aal0TCst aCmeKTHl TEOPHH 3JEKTPHUECKHX LeRef,
pa3paboTKa KOTOPHEIX HMeeT CYIIeCTBeHHO TeopeTHKo-rpadosbidl xapakrep. B ra. 11 o6-
CyKJaeTCs! Cpefiu NPOoYero NMOHSITHE TJIABHOTO pa36HeHHst rpada, ero npUMeHeHHe B Me-
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Tolle CMeWIaHHhIX MepeMeHHLIX aHaNu3a Lemell H TeopeTHKO-rpadoBoOe JOKa3aTeNbCTBO
CBOHCTBA HEYCHJIEHHS De3HCTHBHRIX Lemell. B ra. 12 paccMarpuBatores psif pesyJibra-
TOB TEOPHH PE3UCTHBHBIX Llened W MeTOH peaH3auud LHKJIOMAaTHYeCKHX MATPHL U Mar-
pHLL cedeHHH, B 3akmounTeNbHOH TI/laBe 3TOH YacTH BLIBOLASITCS TOHOJOrHYeckHe dop-
MYyJbl M1 QYHKUAR Lemd. 3TH GOPMYJH OUeBHIHEIM 0O6Pa3oM CJELYIOT H3 CBOMCTB
MaTpHul rpada, paccmarpuBaeMblx B yacTi I, B wactu I obcyxpnarores Takxe TeopeMa
TesnexkeHa, HMEIOLLAsT TeOPeTHKO-TpadoByio NPHPOLY, H ee MpHMeHeHHe JJIs1 BHYHCJe-
HHSI YYBCTBHTENbHOCTH LeNel. Y AHBHTeJILHO, YTO TaKasi BaXKHasl TeopeMa CTOJbKO JieT
6Lla JHLIEeHa KaKoro-1i60 BHUMAHHUS,

Yactb 111, B KOTOpO# paccMaTpuBaioTcsi rpadoBLie aJrOPUTMBEI, COCTOUT H3 ABYX
raae: B IJ. 14 paccMaTpuBaercs aJrOpHTM aHaju3a rpados, B I'Jl. 13 — alropuTMH,
CBsI3aHHBle C ONTHMH3aLMOHHLIMH 3ajla4aMu Ha rpadax. [aBHoe BHUMaHHe YyHeisiercs
TeOpHH, HA OCHOBE KOTOPOH OCYHIECTBJISieTcs MOCTPOeHHe, NOKa3aTeslbCTBO MpPaBHJIb-
HOCTH H aHaJIM3 HeCKOJbKUX rpadoBbix aaroputMoB. Cpeld MpoYHX O6CYXKAAIOTCS aJ-
rOPHTMEl CBOAHMOCTH TpadoB MOTOKOB, IOMHHATOPOB, KpaTyaHuX MyTel, NapocodyeTa-
HUH, ONTHMAaJbHBIX JepeBbeB GHHAPHOTO IOHCKA, IOTOKOB B CETSX U ONTHMAaJbHHIX BeT-
snexuii, [IpuBonsrcs rakxe ananua Xonkpodra 1 Kapna atroput™a AByIoJbHOrO ma-
pocoyeTaHHsl M aHaJu3 JAMouica 1 Kapna momeunBaroulero aiaroputMa Qopra—Pai-
KepcoHa, 3Jieck BHIEH Iy60KHA BKJajg B TeOpHIO rpadoB, clleNaHHbIA ClelHa/IHCTaMU
0 BLIMHUCJAHTeNbHOH! TexHHKe, I3 paccMmoTpeHHsl onylleHo o6cyxaeHue NP-HONMHHX
3ajla4, OLHAKO 3Ta TeMa BBIXOIHT 32 PAMKH KHHTH,

Yro KacaeTcst HeOGXOLMMON MOArOTOBKH IJI1SI YTeHHS] KHHIH, TO ACTTHPAHTHl, HHTe-
pecyrolecss MaTeMaTHKOH, MOYTH He OYAyT HCMLITHBATL 3aTPYLAHEHHS NpH YTEHHH Ma-
Tepuana yacreil [ u I11. Manoxenne marepuana B yacta [l npexnonaraer,4to cTyfeHTH
y3e 3HAKOMbl C OCHOBHLIM KYpPCOM MO TEOpPHH 3JIeKTPHYeCKHX uemel,

ConepxaHde KHHTH MOXeT HCIOJb30BaThCAd B paMKax pas/iuyHHX Kypcos, Heko-
TOphle BO3MOXHLIE HAHMEHOBAHHS MepeyHC/eHhbl HHXKe.

1. Kypc «Teopus rpadoBs Ans1 CTYAeHTOB, CNENHATH3HPYIOLIMXCA B MaTreMaTHKe,
3JleKTPOTeXHMKe H BLIYHC/IUTEeJbHOH TeXHHKe, MOXeT OCHOBHIBAThCs Ha . 1—10 u
pasn. 15.7. I cTyleHTOB, CMELHaNH3UPYIOUWMXCH B BHUHC/AHTE/IbHOR TeXHHKe, HEKO-
TOphle pa3jiesitl I, 6 MOXHO OMYCTHTh H 100aBHTh pasll. 14.3 H 14.4 no aAroput™am mno-
HCKa B IA1y0HHY.

2. Kypc «I'padrl 4 3/1eKTpHyecKHe e » 151 aCIHPAHTOB, CIELH ATH3APYIOUIHXCS
B 3JIEKTPOTeXHHKEe, MOXKeT OCHOBHBAThcsl Ha ra. 1—7 u 11—13 (kpome pasx. 3.2
1 5.6—5.8).

3. Kypc «AaroputMudecKas Teopusi rpados» 1S CTYEHTOB, CIeLH K31 PYOLLH X-
Cs1 B MaTeMaTHKe, 3JeKTPOTEXHHKe H BLIYHCJHTENbHOH TeXHHKe, MOXET OCHOBHIBAThCs
Ha MaTtepuaJse yactd I1] u cBg3aHHEIM C HUM MaTepuaJie yactd [. CTyjeHTaM, clleunasu-
3UPYIOUIMMCS B BRIMUC/AMTENbHOH TeXHUKe, pa3l. 14.5 u 14.6 Heo6xonuMo npopaboTath
0CcO0eHHO THIATeJILHO, BKJ0Yast o6CyKIeHHe alrOpuTMOB /151 3a/1a4 MAHANY/IApOBAHU A
MHOXECTBAaMH, YTO OKaXeTCS MOJIe3HLIM NPH PacCMOTPEHHH aJrOPHTMOB CBOIHMOCTH
rpagoB nporpaMMul H JOMHHATOPOB,

OcHOBBIBAasiCh Ha 3TOH KHHTe, aBTOpH! YHTaJH B Y HABepcuTere Koukopauu (r. Mou-
peann, Kanana) kypc «Teopusi rpadoB» /s CTYAEHTOB, CHelHaJIH3HPYIOUIMXCS B MaTe-
MaTHKe U 3J1eKTpOTeXHuKe, H Kypc «["pader 1 sJ1eKTp HUeCKHe Lend» A5 aClEPaHTOB, CTle-
LUHaNM3UPYIOUWHXCS B MaTeMaTuKe. [TocelHHii KypC YHTANCA TaKXe BTOPLHIM aBTOPOM
(K. TxynacupamanoM) B MuiuiickoM TexHo/lorHyecKom HHCTUTyTe (r. Magpac, Munus).

Bropoii aBrop (K. TxynacupaMaH) HCIO/b303al HEKOTOPHA MaTepuan uvactu I
B Kypce «KomGrHaTopsKa u Teopus rpados» 1 MaTepHan yactH 111 B Ky pce «[locTpoenne
H aHa/H3 aJrOPUTMOB» LIS acmupaHToB MHAMHCKOTO TeXHOJOTMYeCKOro MHCTHTYTA
B Majpace, crneunaJu3upyOLUXCS B BbIMUCAUTEILHOR TEXHHKE,

Mk BrlpaxaeM Hawy HCKpeHHIO 6aaronaprocts A-py 1. K. Palkany us Yuubep-
curera wrata CeBepHast Jlakora B ®apro i r-Hy P. fiskymapy u3 Huiuiickoro rexuo-
JIOTHYECKOr 0 HHCTHTYTa B Majpace, KOTOpble MPOYJH 60/bIIYIO YaCTh PYKONHCH KHHIH,
OTMETHJIH HEKOTOpbIE YNYIUeHHs] H OUHOKM H BLICKa3aJH MHOIO NpeJOKeKuil, oKa3as-
WHXCS TIOJIe3HEIME NPU JopaboTKe KHUTM, MEl 61arofapHbl Takxe npod. Munuiickoro
TexHoJloruyeckoro MHcrutyta B Magpace B. I'. K. Mypru u K. P. MyTyKpuiHany,
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npod. B. Pamauanapany u A-py JI. Pofirmany u3 Y Husepcurera Koukopauu 8 Mopea-
ne, 1-py K. Cauxapa Pao u3 Yuusepcurera inrara Ceepuas Jlakora B dapro, a-py
X. Hapasiumany u3 Mupuiickoro rexHo/IornyecKoro uHCTHTyTa B BomGee 1 r-nam A, Mo-
xany u I1. Hapauapany, cryaedtam MHAMACKOrO TEXHOJOIHUECKOr0 HHCTHTYTa B Maj-
pace 3a uTeHHe P a3/IMYHBIX YacTell PYKONHCH H noJe3Hbie KoMmenrapuu, A-py C. A. Yay-
ayMy, YuuBepcuter Manypan (Maaypau, Uuaus), sa ykasanne Ha 6osiee npocThle 10-
KasaTe/NbCTBA Pe3yJbTaToB TeOpHH rpados, A-py B. beltmucsapa Pao, Wnamiickuit
TCXHOJIOTHUeCKHH HHCTHTYT B Majpace, 3a paspeilleHHe Ha HCNOJb30OBAaHHE YAaCTH €ro
Heony6.IMKOBaHHOH paGoTel U npod, B. XBaranry u3 Yuusepcurera Mak-I'uina B Mou-
peane, I'. Kumu u3 Tokufickoro TeXxHOJOTHYeCKOr 0 HHCTHTYTA, J1. JloBany (BeHrpus),
P. E. Tapbsiny u3 Craudopackoro yumeepcurera (Crsudopa, inr, Kanudpopuus) u
K. P. Napracapatu u ero acnupanTaM H3 MHAMACKOrO TeXHOMOIMYECKOrO MHCTHTYTA
B Maapace 3a nosesHble KOMMEHTAPHH H NPELIOKEHHS

K. Txy/nacupamaH BeIpamxaer 6.1arofapHocTb 3a noMounps npod. B. I', K. Mypru,
0l 3aMevarebHbIM DYKOBOJACTBOM KOTOPOTO OH Hauaj CBOH HCCJIeJ0BaHHs,

Mei 61aronapum Y usepcuter Konkopaun B MoHpealie 3a ero orpoMHY0 NOAKE pK-
Ky. K. Txysacupaman Bripaxaer 6JarogapHocts MHAHHCKOMY TEXHONOTHYECKOMY HHC-
THTYTY B Mafipace u YuuBepcurery KoHKOpAMH 3a uX NMOAZEPKKY H O6OjpenHe, KOTO-
phle CllesIaH BO3MOHKHBIM €r0 yuacTHe B HamHCaHHH KHUIH,

Mei 61arogapuM Hamux xeu Jleitry Ceamu u Canty TxynacHpaMan u gereli 3a ux
TeplieHHe H NMOHHMaHHe B TeYeHHe BCEro NepHOAA HameH paGOTHI,

Haxonen, nam 66! xotes10ch no6.aarogaputs [iopaio Munitep u KaMany PaMauaua-
paH 3a NMpeKpacHylo mepemeuyarky PYKOMHCH,

Moupeans, Kaunapna M. H. C. Ceanu
Manpac, Hunus K. Txyaracupaman
Cents16pb, 1980



Hacte . Teopus rpados

1. OcHOBHbIE MOHATHSA

HauneM u3noxeHHe MaTepHana ¢ BBeJeHHsl HEeCKOJNbKHX OCHOBHBIX
MOHATHH TeopuH rpadoB. YCTaHOBHM psifi pe3y/bTaToB, OCHOBAHHBIX
Ha 3THX IMOHATHAX. DTH pe3yJbTaTbl, WJJIOCTPHPYSl BBeJeHHBIE MO-
HATHA, CAYXKaT TakxXe /s NPHOOCIEHHs YHTaTeNsl K OnpeleseHHbIM
MeTOJaM, 4acTo HCIoJb3yeMbiM B JOKa3aTe/bCTBaX T€OpeM TEOPHH rpa-

¢oB.

1.1. OcHoBHbIE OnpeaeNeHHS

Fpap G=(V, E) COCTOMT H3 ABYX MHOXECTB: KOHEUHOrO MHOXKECTBa
57€eMeHTOB, Ha3blBAaeMbIX GepuiuHOMU, W KOHEYHOIO MHOXKECTBa 3Je-
MeHTOB, HashiBaeMblx peOpamu. Kaxpoe peOpo onpelensercss mapoi
seplinH. Ecau pebpa rpada onpefensioTcsi ynopsiJo4eHHBIMH NapaMi
BepluHH, TO G Ha3bIBAeTCA HANPABACHHLIM WM OPUEHMIPOBAHHbIM TPa-
¢om. B nporuBHOM ciyuae G HasbIBAETCA HEHANPABACHHBIM UIIH HEOPUEH-
muposarHsim rpadoM. B nepBbIX ueTbipex riaBaX KHHIH paccMaTpH-
BAIOTCA HeHamnpaBJeHHble Trpadbl.

Hna oGosnaueHus BepHMH rpada GyfeM HCHO/b30BATb CHMBOJIbI
U1, Vg, Us,. . ., @ JUVI1 OGO3HAUeHHs1 pebep — eé;, €y, €3, . . . . BepIUHHLL
v; U Uj, ONpelesioiHe pebpo e;, Ha3bIBAIOTCS KOHUESbIMI 8ePUILHAMU
pebpa e;. B aToM ci1yuae pe6po e, 0603HauaeTcs Kak e;= (v;, U;). 3aMe-
THM, 4TO B MHOXecTBe E Jonyckaercs GoJiee 4eM OJHO pe6po ¢ OLHHAKO-
BLIMH KOHLEBbIMH BeplUIHHaMH. Bce pe6pa ¢ OIHHAKOBHIMH KOHLEBLIMH
BepLIHHAMH Ha3blBalOTCs napansesshoimu. KpoMe TOro, KoHuesble Bep-
wHHb peGpa He 06s3aTeNbHO pas/nuHbl. Ecau e;= (v;, v;), To pebpo e;
HasbiBaeTca nemseti, I'pad HasbIBaeTCs npocmbim, €CIH OH He COAEPKHT
neTesb H NapasenbHbix peGep. ['pad G apaserca rpabom nopadka n,
€c/IH MHOKECTBO €ro BepLIHH COCTOHT H3 # 3JIEeMEHTOB.

Tpad, He umeiomuii peGep, HasbiBaeTcs mycThiM. ['pad, He uMeto-
WHil BeplIMH (M, CJefOBaTeNbHO, peGep), HasbiBaeTcsi Hyab-rpadoM.

[papuueckn rpad MoxeT GbiTb NMpeAcTaBjeH AHArpaMMoH, B KOTO-
poil BeplMHA H3006paXKeHa TOUKOH HIIH KPYKKOM, @ pefpo — OTpe3KoM
JHHWH, COEJHHAIOUMIHM TOUYKH HJIH KDPYXKKH, COOTBETCTBYIOIUIHE KOHLE-
BLIM BepluMHaM pe6pa. Hanpumep, eciu V={vy, s, vy, Vs, Us, Us} H E=
={ey, €1, €3, €4, €5}, TAKHE, UTO &;= (U1, Vs), &2= (01, V), €s= (Us, Vs},
es=(v1, Us), es=(Vs, Us), TOraa rpap G=(V, E) npeicraBisieTcs Tak,
Kak u3o6paxeHo Ha pHc. 1.1. B atoM rpade e; U e, — napaie/bHble
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pebpa, e; — nerias. ['0BOpAT, 4TO pe6poO uHYuOeHmHO CBOHM KOHIEBBIM
BepluHHaM. [IBe BepILUHHBI CMEXKHBI, €CJIH OHH SBJSIOTCA KOHIEBHIMH
BepLIHHaMH HeKoToporo pe6pa. Eciu 1Ba peGpa HMelOT OGLLYI0 KOHIle-
BYIO BEpIUHHY, OHH HAa3HIBAIOTCH CMEXHBLIMH,
Hanpumep, B rpade Ha puc. 1.1 pe6po e, HHIHIEHTHO BepLIHHAM
Uy H Uy Uy H U, IBASIOTCS CMEXHBIMH BEPIIHHAMH, 4 €; H €; — CMEXHBIMH
pebpami.
UHc10 HHIMASHTHHIX BepIIHHE U; peGep Ha3bIBAETCs CMeneHslo Bep-
mIHHBI H o6osHauaercss d(v;). MHorna cremeHb BepIIMHBEI Ha3bIBaeTcs
TaKXke ee easeHmHocmoro. Beplin-
v e, Vi 5 Ha cTelneHH | Ha3sbIBaeTcs guca4eli
' sepuiunol. EnuHCTBEeHHOE pe6po,
HHIHJEHTHOE BHCsiUeH BepIlHHE,
o 3 HasblBaeTcs 6ucaqum. BepliHHa
1 4 creneHd O HasBIBaeTcs u304UPO-
eannot, Ilo ompenenenuo mners
o  TIpH BepiliHHe v; JoGaBnaser 2 B
Y Uy cTemeHb COOTBETCTBYIOLIEH Bep-
Puc. 1.1. Tpap G=(V, E). wHHLL. Beauunun 8(G) u A(G)
V=E(5‘('ev"e U, Oy U5y )Us): 0603HaYal0T MHHHMAJIbLHYIO H MaK-
T e e e Sl CHMaNbHYIO0 CTeMEeHH BepLUHHBI B
G COOTBETCTBEHHO.,
B rpade G napuc. 1.1 d(v,)=3, d(v,)=2, d (v,)=0, d(v))=1, d (v;5) =
=3, d(va)=1
3aMeTHM, 4TO U; — H30MHPOBAHHAs BepILIHHA, U, H Us — BHCHYHE
BEPILHHEI, €; — BHcAYee pe6po. Jlerko npoBepHTh, 4TO cyMMa cTeneHeH
BepIUHH B 1aHHOM rpade G paBHa 10, Toraa Kak uHco pebep paBHO 5.
Takum o6pasom, cymma crenenefi BepuvH rpajga G paBHa yIBOEHHOMY
uHcay pebep rpada G H, clefoBaTesbHO, SBJIAETCS YETHHIM YHCJIOM.
Bonee toro, MOXKHO NOKa3aTh, 4TO YHC/IO BepluMH rpaba G HeyeTHOH
CTENeHH TaK¥Xe YeTHO. ITH pe3yJ/IbTaThl CBOHCTBEHHB HE TONBKO rpady
na puc. 1.1. OHH cnpaBeIHBbI, KaK 0Ka3biBaeTcsi B CJIEAYIOMHX Teope-
Max, LJad BceX rpados.

=
A

Teopewa 1.1. Cymma creneneft pepunn rpada G paBHa 2m, rie m — 4HCAO pebep
rpada G.

Hoxasameascmeo. TlockonbKy Kamjoe peGpo HHUHAEHTHO JBYM BepIIHHAM, OHO
ZoGapJisier ABOAKY K CyMMe cTeneHell rpada G. CiieoBaTesbHO, Bee pe6pa AAlOT BMecTe
CYMMY cTeneHed 2m.

Teopema 1.2. Unc/io BepIIHH HedeTHOH CTeneHM B JOGOM rpade HeTHO.

Hoxazameascmso. I1ycTb uncsio BeplinH B rpade G pasuo n. He Hapymas o6m-

HOCTH, NPEAMNOJIOKHM, YTO CTENeHH NePBHIX 7 BEPIIHH Uy, Uy, . . ., U, YETHbI, 4 CTETEHH
OCTaBIIMXCS N — r BEepIUHH HedeTHu. Torpa
n r n
N
D d)= d)+ 3 d(). (1.1)
(=1 i=1 i=r+1
[lo Teopeme 1.1 cymma B nesofl wactn BmpameHns (L.1) derna. [lepBas cymma

D NpaBofl uyacTH TaKXKe 4YeTHA, NOCKOJBKY KaXKAbiH usieH cyMMel deTHHH. CliefioBa-
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TeJIbHO, BTOPAs CyMMa B OPaBOfl YacTW [{OJKHA ObITb YeTHOH. Tax Kak Kaapld 4JeH
3TOR CYMMBI HeHYeTHBIH, TO YHCJO YJEHOB B CyMMe NOJ/IKHO ObiTb ueTHhM. JIpyramu
CJI0BaMH, YHCJO 7 ~— 7 BEPINWH HeueTHOH CTeneHH NOJIKHO OBITH HYETHHIM.

1.2. MNoxrrpadsr u mononueuns

Paccmorpum rpad G=(V, E). G'=(V’, E’) nasniBaetcs nodepagom
G, ecnu V' u E' aBJAIOTCR COOTBETCTBEHHO TaKHMH MOAMHOXecTBaMH V
u E, uto pe6po (v;, v;) conepxurcs B E' ToJALKO B TOM cJyyae, eclH ¥y
" Uj CONlEPXKATCH B V'. G' naswmBaeTca cobemeennoim nodepagos G, ecan
E' — cobeTBeHHOe noaMHOXecTBO E miu V' — coficTBeHHOE MOIMHO-
ectBo V. Ecam Bce Bepiuunbl rpada G npucyTetsytoT B noarpade G’
rpada G, Torna G’ HasmiBaeTcs ocmcenbim nodepagosm G. Hanpumep,

U, e Ug v, Us
g 2

Puc, 1.2, F'pap u nekoropeie ero moarpadwr.
a)—rpad G; t—noarpad G’; e—noxarpad G: e—noarpad G"'”.

paccMoTpHM nokasaHHBlil Ha puc. 1.2, a rpag G. I'pad G', usoGpaxen-
Hbiit Ha pHc. 1.2, 6, aBaserca nonrpanOM G. MHOXecTBO €ro BepLiHH —
{vy, va, vy, Us). On aBaseTcs coOcTBeHHHM noarpagom G. I'pah G” ua
puc, 1.2, ¢ aBaserca octoBHBM noarpadom G.

HeKOTOpble M3 BeplUHH noarpada MOryT OBITb H30HPOBAHHBIMH.
Hanpumep, nokasanHblii Ha puc. 1.2, 2 noarpad G’’’ saBaseTcs noarpa-
domM ¢ H30aMpOBAHHOM Bepmnﬂoﬁ

Ecsn noarpad G'= (V’, E’')rpada G He cOnepmxHuT H30JIHPOBAHHBIX
BEPIIHH, TOrAA MO onpele/ieHuto noarpada Kaxas BepluMKa V' aBas-
eTCcR KoHIeBOH BepliHHOH HekoToporo pebpa E. Takum ofpasom, B
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3ToM ciyvae E oaHosHauHo onipepensiet V' M, ciefoBaTenbHo, noArpad
G’'. Toarpad G’ HasbBaeTcsi noposcOennoim nodepagom zpapa G Ha
MHoxcecrnge pebep E' (WM mpocTo pebepHo-nopoxcOennsin nodepagom
rpada G) u o6o3Hauaercs Kak <E’>,

3ameTHM, YTO MHOXKecTBO BeplnuH V' rpada <E’> sBasercs Hau-
MeHBIUIHM TOAMHOXKecTBOM V, cOflepKalUM Bce KOHLEBble BepLIHHbI
pebep B E’. Tloarpader G u G” Ha puc. 1.2, 6, 6 ABasitoTcs peGepHo-
NOpPOXAEHHEIMH moarpacgamu rpada G Ha puc. 1.2, a, Torpa Kak G''/,
noKas3aHHbIA Ha puc. 1.2, e, He sAiBAdercs peGepHO-NOPOXKAEHHBIM NOA-
rpadom.

Onpepenum Tenepb BeplIHHHO-nopoxAeHHHIH noarpad. [yers V' —
MOAMHOXKECTBO MHOXecTBa BepwiuH V rpada G=(V, E). Toraa non-
rpap G’ = (V’, E’) HasmBaercs nopoxdennoin nodepagom epapa
G Ha mHoxcecnge eepuwiur V' (MMM T[POCTO BEPUILHHO-NOPONCOCHHOIM
nodepagon epaga G), ecim E' siBnsercs Takum noaMHoxectBoM E, 4TO
pebpo (v;, v;) € E Bxoaut B £’ Toraa v tosibKo TOraa, Koraa v; H U; BXO-
aat B V', JIpyrumu cioBamu, ecsiu v; W v; NpHHapIexar V', 1o Kaxnoe

v, e, v, pe6po £, HuMelolllee B KauecrBe KOH-
y HeBEIX BepIIHH U; H Uj, JOJDKHO BXO-
auTh B E’. 3ameruMm, 4TO B 3TOM
ciaydae V' nosHOCTBIO —onpefesisieT
2 s, &4 E’ u, TakuM ofpasom, noarpadp G’.
CnenoBaTesbHO,  BepLIHHHO-NOPOX-
neHHbI noarpad G'=(V’, E’) MoxHO
o6o3HaunTh Kak <V’>. Hanpumep,
rpad, npeAcTaBJeHHBII Ha pHC.
Puc. 1.3. Bepumnro-NOPOKISHHEIA | 9 © gppgarog BepILMHHO-NOPOXKIEH-
noirped rpapa G, H300PaXKEHHOIO

Ha pue. 1.2, a. HbIM noArpagom rpapa G Ha pHC,

1.2, a.

3aMeTHM, YTO MHOXecTBO pefep E’ BeplUHHHO-NOPOXKAEHHOIO MOJA-
rpada Ha MHOXecTBe V' ABJACTCH TaKUM HAHGOJIBIIMM TTOAMHOMECTBOM
E, uTo KoHueBble BepIIMHb! BCeX ero peGep NpHHamexar V',

Ioarpadp G’ rpada G HasbBaeTcs makcumarbHbim nodepagom mo
OTHOILEHHIO K HEKOTOPOMY cBo#cTBY P, ecnu G’ o6nanaer cBoficTBoM P
u G’ He AB/seTCS COGCTBEHHBIM NOArpadoM HUKAKOro ApYroro noarpadga
rpada G, obmapatoitero cBoiicteoM P.

Ioarpad G’ rpada G HasbiBaeTcs munumaroroim nodepagon epapa G
0 OTHOLIEHHIO K HEKOTOPOMY cBoiicTBY P, ecsd G’ o6/1anaer cBOACTBOM
P u nukako# noarpad rpada G, o6mapaoliuil cBoiicTBoM P, He ABasa-
eTcsi co6cTBeHHHIM noArpadom rpaga G,

Marcumairoroe U MURUMQAbHOE NOOMHONCECTBA HEKOTOPOTO MHOXe-
CTBA MO OTHOWIEHHIO K CBOHCTBY ONpEAENSIIOTCS aHaJOrHYHBEIM 06Pa3oM,

Hanpumep, MHOXecTBO BepiuuH V' peGepHO-NOPOXKACHHOrO MOArpa-
pa <E’> rpapa G=(V, E) sBasieTcs MHHMMaJIbLHBIM [HOAMHOMECTBOM
V, copepxauum KoHueBble Bepiuunbl Beex pebep E’. C apyroii CTOPOHHI,
MHOXecTBO pefep E’ BeplIHHHO-TOpOXAeHHOrO noarpada <V'> sBas-

% €s Us
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Us

Y, U,
U, Uy 4 3
a 0

Puc. 1.4, 'pad u ero monostienue,
a-rpap G; 6—rpadp G, aonoJraowui rpadp G.

1

1 U‘,
[+]
.
. 2 Ys
z Uy
] (-]
% Us
bA 2 Us
a d

Puc. 1.5, Jpyroii npumep rpada nu ero IONOSHEHHS,
a—rpad G: 6—rpa¢3 aonoJsawwkf rpad G.

eTCsl TAKHM MaKCHMaJbHBIM NOAMHOXKeCTBOM E, 4TO KOHIeBbie BepLUH-
HH BceXx ero pe6ep mpHHamdexar V',

[ToazHee MBI YBHAHM, YTO «KOMIOHeHTa» (pa3n. 1.4) rpada G sBas-
eTcsi MaKCHMa/bHbIM «CBf3HBIM» noarpadoM rpada G, a <«ocroBHOE
nepeBo» (ri1. 2) cBssHoro rpada U ABAseTCS MHHHUMA/BHBIM «CBSI3HBIM»
octoBHbIM mnoarpadom rpada G.

OnpenenuM Tenepb NOHATHe «IONOJHeHHe rpadar.

I'pad G=(V, E’) na3biBaeTcs Jono/jHeHHeM npocroro rpadpa (=
=(V, E), ecn pe6po (v;, v;) BXOAHT B £’ B TOM H TOJIBKO B TOM cJy4ae,
ec/H OHO He BXoaut B E. JpyruMu cJjoBaMH, ABe BepLUHHBI U; H U;
cMexkHbl B G TOTZ1a H TOJIBKO TOTAA, KOI'Aa OHH He cMexkHbl B G, Ha puc. 1.4
npencTaB/ieHbl rpad H ero ponosnHeHHe. B kauecTBe Apyroro mpuMepa
PaccMoTpHM rpacp usobpaxennuil Ha puc, 1.5, a. B stoM rpade mexny
Kax10# napo# BeplUHH MMeeTcsi peGpo. CnenosaTeano B JIONIOJIHEHHH
G rpada G BooGlle He Gyjer pebep, T. e. G 6yneT comepkaTh TOMbLKO
H30JHpOBaHHHE Beplunubl, ['pad G usobpaxen na puc. 1.5, 6.
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[lycte G'=(V’, E’) asaserca noarpadoM rpada G= (V, E). INog-
rpap G"=(V, E—E’) rpapa G HasbiBaercsi jonoJHeHueM G’ B G.
Hanpumep, noarpadp G" Ha puc. 1.2 apaserca gonojHeHdeM G’ B rpa-

de G.

CrelyoU Ui NIpHMep HJJIIOCTPHPYET HEKOTOpPble H3 PacCMOTPEHHBIX
NOHATHH.

[IpeanosoxkuM, 4To Mbl XOTHM [0Ka3aTb CJAefylollee YTBEpKAEHHE:

B s060if rpynne U3 WWeCTH 4eJOBEK Tpoe JH60 06OIOIHO 3HAKOMEL,
JH60 060IAHO HE3HAKOMBI.

[lpeacraBasia mojnell BeplldHamMu rpada, a HaJHuHe 3HAKOMCTBA
MeXy HHMH — pe6paMH, COeIHHSIOUIHMH COOTBETCTBYIOUIHE BEPUIHHDI,
MOXKHO YBHJETb, YTO NPHBeJeHHOe BbIllle yTBepPXKJeHHe MOXHO chopMy-
JUPOBATh CJELYIOLIUM 00pa3oM:

B mo6oM npoctoM rpade G ¢ LIECTbIO BEpLIHHAMH HMEIOTCS TpH
JU60 MONAapHO cMeXHble, JIH60 NONapHO HeCMeXHble BepLIHHBI.

Hcnonbsys onpefenende ponosHeHHs rpada, 3aMeyaeM, 4TO 3TO
yTBepXKJAeHHe 3KBHBAJIEHTHO CJEIYIOLIEMY:

Iaa mo6oro rpapa G ¢ IecTbio BeplUIHHAMH cOpaBeA1WBO, yTo G
HIH G COJEPXKHT TPH MNOMAPHO CMeXHble BEPLIHHBL.

Ilna nokasaTesbcTBa 3TOro MpojenaeM cuefyiollee. PaccMmorpum
NPOH3BOJbHYIO BEPUIHHY v Npoctoro rpaga G ¢ LiecThiO BepLIHHAMH.
3aMeTuM, 4TO, ec/H U He CMeXHa C TPeMsl BepluHHamu B G, OHa JOJIXKHA

ObITb CMeXHa C TpeMs BepildHamu B G. Iloatomy, He Hapyuras O6LIHO-
CTH, JOMNYCTHM, YTO v cMeXHa B (U C HEKOTOpPBIMH TpeMsi BeplIHHAMH
Ui, Us, Us. EciIM 1Be U3 3TUX BepLUHH, HAaNpHUMEp Uy H Up;, CMEXHBI
B G, TO BepUIMHH U, U; H Uy NONAPHO CMeXHB B G, H YTBepXKJeHHe
NOKa3aHo.

Ec/n B G HHKaKHe JIBe U3 TPeX BepLUIHH U;, Us H Us He CMEXHbI, TOTa
OHH nonapHo HecMeXHbl. C/1e[0BaTe/IbHO, MO ONPEeJeTeHHIO JONOJHEHH
BEpLIHHBI U;, Uy H Us [IONAPHO CMeXHBI B G, H YTBepKIeHHEe CHOBA J0Ka-
3aHO.

1.3. MapwipyTel, uerid, NyTH H UHKJbI

Mapwpym B rpape G=(V, E) npexcraBaser co60il KOHEYHYIO
qepenywmyroca NOCJIeI0BATEIbHOCTb BEPLIHH H pebep U, €1, U1, €3,
s Up-1, €4, Up, HAUHHAIOULYIOCS H KOHYAIOULYIOCH HA BePLUIHHAX, IPHYeM
v, -1 H U; AIBJISIOTCS KOHLEBBIMU BEpUIMHAMH pebpa e;, 1 < i < k. C npy-
TO CTOPOHBY, MapIIPYT MOXHO PacCMaTPUBATh KaK KOHEYHYIO MOC/eH0-
BaTe/IbHOCTb TAKHX BEPLIHH Uy, Uy, Uy, . . ., Ug, 9TO (V;-q, U;), 1<Ji<CR,—
pe6po rpada G. Takol Mapupyt OGHUHO Has3bIBaeTCsl Up—Up-Mapll-
PYTOM, a Uy U U, — KOHUeBbIMU UIIH MEPMUHANbHOLMU 6EPULLHAMU MAPLL-
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pyTa. Bce apyrue BepluMHBI MapLIPyTa HasbIBAIOTCA BHYMPEHHUMU.
3ameTHM, UTO pe6pa M BepLUHHBE B MaplIPyTe MOTYT NOSABJIATHCA GoJiee
OJHOTO pasa.

MaplIpyT HasLIBAeTCS OMKPLIMbIM, €CJH €r0 KOHIEBhle BepLIHHEI
pa3Jii4Hbl, B MPOTHBHOM CJly4ae OH HAa3bIBAeTCs 3AMKHYMbIM.

B rpade Ha puc. 1.6 mocienoBaTesbHOCTb Uy, €, Us, €2, Us, €g,
Us, €q, Usy €3, Us, €17, Ug SIBJIAETCS OTKPHITBIM MapLUpYTOM, a MOCJaenoBa-
TEeJNBbHOCTb Uy, €1, Ua, €2, Vg, €7, Us, €3, U, €4, Uy, €5, Uy — 3aMKHYTbIM,

€
v1 e1 UZ eZ U3
[ e
s 4 & € 1% %
€ e
U, 5 9
U; U
e

Uz
Puc. 1.6. Tpap G.

MapuipyT HasbIBaeTcsi yensto, €M Bee ero pe6pa pasauunbl. Llenb
HA3bIBAETCS OMKpPoimoLi, eClU ee KOHIIeBble BepLIHHBI PasJHYHbI, B MPO-
THBHOM CJ1y4ae oHa HasuBaeTcsl 3amknymoti. Ha puc. 1.6 uenb vy, eq, Uy,
€2, Ug, €4, Usy €11, Us — OTKDBITAA, a Uy, €1, Uz, €3, Us, €7, Us, €3, Uy, [
Uy, €, Uy — 3aMKHyTasl.

OtkpeiTasi Uenb HA3BIBAETCS nymem, eclH Bce €€ BepLIMHBI Pas-
JIHYHBL,

3aMKHYyTas Lenb HA3BIBAETCA YUKAOM, €CJIM PA3JHUYHBl BCE ee Bep-
[IHHBI, 33 HCKJUEHHEM KOHLEBHIX.

Hanpumep, na puc. 1.6 nocremoBaTelbHOCTb Uy, €5, Us, €2, Us AB-
JageTcs MyTeM, a MOC/eJOBaTeNbHOCTD Uy, €1, Ug, €3, Us, €, Ui, €5, Uy —
LHKJIOM.

PeGpo rpada G HashBaeTcs yuxauueckusm, ecin B rpade G cyuect-
BYeT IHKJ, ColepXKamuii pe6po. B mpoTHBHOM cayuae pe6po Hasbi-
Baercsl Heyuxauveckum. Ha puc. 1.6 Bce pebpa, 3a HCKJIIOUEHUEM é€y,,
LUHKJIHYECKHE.

Yucao pebep B NyTH HasbIBaeTca 04uHol nymu. AHaJOTHYHO Ompe-
Jeqsiercsl JauHa yukaa.

Heofxogumo yKasaTb clenyiouiue cBOHCTBA NyTel M IHKJIOB.

1. Crenenb KaX10# HEKOHLEBOH BeplUHHBI MYTH PaBHA 2, KOHIIEBbie
BEpPLIMHBEI HMEIOT CTeneHb, paBHYIO 1.
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2. Kaxzasi BeplIHHA LHKJa HMEET CTENeHb 2 HJIH JPYryl0 YETHYIO
crenedb. OOpalleHHe 3TOro yTBepXK/IeHHs, a HMEHHO To, YTo pebpa
noarpacda, B KOTOpOM Kaxjas BeplIHHAa HMEET YETHYIO CTeleHb, 00-
pasyioT UHKJ,— HeBepHOo. DBoJsee ofmuit Bonpoc o6cy:kaaercss B . 3.

3. UHcso BeplIHH B NYTH Ha eAHHHLY OoJblle yHcaa pebep, TOraa
KaK B IIHKJE YHCJAO pefep paBHO YHCJAY BepIIHH.

1.4. CBSA3HOCTb M KOMNOHEHTH rpacda

BaxubiM moHsTHeM B TeopHH rpadoB sBiasiercss cBa3HocTh., [IBe
BEpLIHHH U; H U; Ha3bIBAOTCA c8A3anHbimu B rpade (G, eciH B HeM cy-
ILeCTBYeT NyTh U; — U;. BepiunHa cBasaHa cama ¢ coGoH.

I'pad G nasbiBaeTcs ¢8A3HbLM, €CTTH B HEM CYILECTBYET NMYTh MEXKAY
Kax o napo#t sepwnH. Hanpumep, rpacd, npeacraeienusni va puc. 1.6,
CBAI3HDBIA,

PaccmotpuMm HecBsi3ublf rpad G= (V, E). Toraa MHOXecTBO BepUinH V

rpapa G MoxHO pa36HTb ¥ Ha TakHe nojamHoxecrsa Vi, V,, ... Vp,
YTO BEpLIHHHO-NOpPOXJAeHHBle moarpapmt <V>, (=1, 2, ... p,
CBA3HEI, H HHKaKasl BepIIHHA NOJMHOXKeCTBA V; He cBsi3aHa HH ¢ KaKoi
Uy Us Vg
V. U, v U, 'l?
7 2 4 7 8 3
G] Gz G& Gli

Puc. 1.7, Ipadp G c komnowenramu Gy, G,, Gs u G,.

BEpIIHHON noaMHoXKecTBa V;, j==i. Toarpader <V)>, i=!l, 2, ..., p,
HasblBalOTCsl Komnowenmamu rpada (. Jlerko BHAeTb, YTO KOMMIOHEH-
Toit rpada G sBisieTc MaKCHMaJAbHO CBSI3HBI noarpad rpada G,
T. €. KOMNOHeHTa rpaja G He sABJs€TCA COGCTBEHHHIM NOATpadoM
Jo6oro apyroro ceasuoro noarpada rpada G.

Hanpumep, rpacd G na puc. 1.7 He cBsized. Ero yeTblpe KOMIOHEHTHI
Gy, G,, U3, G, UMEIOT MHOXKECTBa BeplWHH {v;, Uy, Us}, {U, U5}, {vs,
vs, U}, {v,} COOTBeTCTBEHHO.

OrMmeruM, 4TO H30JIHPOBAHHYIO BEPLIHHY TaKXe CjAelyeT paccMar-
PHBaTb KaK KOMIOHEHTY, NOCKOJBKY IO ONpeleeHHI0 BeplIiHa cBsi3a-
Ha cama c coGoii. Kpome Toro, cieayer oTMeTHTb, uto ecau rpadp G

D Tosopsr, uto MHOXKeCTBO V pasbumo na nogmuomectsaVy, V,, . . ., Vp, eciu
ViUVeU ... UVe=V 8 Vi\V,;= & aas mooro i u |, i#j. {V,, V,, ..., foﬂaau-
Baetcs pas3buernuenm V.
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CBAA3€H, TO OH HMeeT TOJbKO OAHY KOMIIOHEHTY, KoTopaa sBJseTCA
rpadom G.
Tenepr paccMOTpHM HeKoTOpHIE CBOMCTBAa CBA3HBIX rpadoB.

Teopema 1.3. B cBasHoMm rpade Jobble 1Ba NyTH MaKCHMMaJbHOH IJIHHbI HMEIOT
o611YI0 BepUIHHY.

Hoxasameascmeo. PaccMOTPHM NPOH3BOJIbHHIE NYTH MaKcHMa/bHOH IJHHBL P; H
P, B cea3HoM rpade G. O603HauuM uepes P; TIOC/€/I0BATEJIbHOCTD BEPIUIHH Ty, Uy, Ug, ».-

. Up, @ Uepes P, — NMOCJIEN0BATe/ILHOCTD Up, U1, Ug, . . ., Uk

IpeanoyoxuM, uto P; u P, He uMeloT ofuiell sepiuubl. Ilockosbky rpad G

. . : . ’
CBAI3EH, TO MJIS HeKoTophiX i, 0<i<k, H j, 0<j<k, cyuectsyeT v; — vj-nyTh Pg,
TaKoH, YTO BCe BepUIMHb Pg, KpOMe U; M Uj;, OTJIHYHH OT BepIIHH Py u Py. Ilyth Py,
Py u P,, MOTYT OHITb TaKHMH, KaK NOKa3saHo Ha puc. l. 8 Hyc*n; t, — LJIHHA Up—U;~
nyTH Pjy, f; — AJMHA U; — Up-NyTH Py, t — AMHA Uy — v, nyTta Py, t; — AJHHa
.

Uj — Up-IYyTH Py, £, — pauHa nyTH Py TlyTd Pyy, Py, Py 1 Py Takke NpeacTas.

MymsF, -

‘22
Nyms P2

Puc. 1.8, Tlytu Py, Py u P,

JeHH Ha puc. 1.8, OtvetnM, uTo ¢+ f,=t;+1t; — MaKcHMa/TbHAs LHHA NYTH B rpage
G, at,>0. He Hapyuias OBIIHOCTH, TIPELNOJIOKHM, YTO £ 321, H {125, TTOSTOMY L+
—I—t1>t1—|-t2—t1—|-t2 Jlerko BHgeTb, uto nytH Py, P, 1 Py BMECTe COCTaBJ/ISIIOT NYTh

Uy—Up, JVIHHA KOTOPOrO PaBHa #4111, >t1—|-t2, TaK Kak {;>0. DT0 npOTHBOpEUMT
TOMY, 4TO {11, ABJIsSIETCS MaKCHMaJbHOMN JJMHON NMyTH B rpa(be G.
Caepyoulas TeopeMa GyJeT 4acTo HCIOJIb20BaThCH B OGCYKAEHHAX i1, 2. B pasb-

HefimeM 6y,u.eM 3aMEHATb {x} Ha X BCAKHH pa3, Koraa siCHO, YTo MHl CCbllaeMCsd Ha
MHOXKeCTBO, @ HE€ Ha €ro 3JIeMeHT.

Teopema 1.4. Ecsn rpad G== (V, E) cBasen, 1o rpadp G'= (V, E—e), noayuaio-
uiics nmocJe yJaJeHHs LHKJIHYecKoro pe6pa e, Toxe cBsi3eH., JOKa3aTesJbCcTBO 3TOH
TeOpeMbl OCTABHM B KauecTBe yIpaKHEeHHS.

1.5. Onepauuun Hap rpadamu

B sToM pasjese Mbl BBelleM HeCKOJbKO onepaudii Haj rpadavu.
[lepBrle TpH onepaumuH, BKmoyallite ABa rpada, GHHapHEIE, a OCTalb:
Hble yeThIpe — yHapHble, T. €. ONpejeseHbl Ha OAHOM rpade.

Pacemorpum rpader Gy=(Vy, E;) u Gy=(V,, E)).



Puc. 1.9. O6venuuenne, nepeceyenne u Koable-
Bas cymMa rpabos,

Us 3 a—rpad G, 6—rpad Gy 8—G,U Gy e~GCGyn G
0—Gy & G,
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06%vedunenue rpados Gy u G, o6o3HauaeMoe Kak G, U G,, ipeacras-
aset coboil Takolt rpad Gy = (ViU Ve, Ei U E,), UTo MHOXKeCTBO ero Bep-
IUMH fBJAseTcsl ofbeauHeHHeM Vi U V,, a MHOXecTBO pebep — o0beiu-
nenueM E; u E,. Hanpumep, rpadnt G;u G, U UX oObeiHHEHHE Npe]-
cTaBjeHbl Ha puc. 1.9, a, 6, s.

Iepeceyerue rpadoB G; u G,, o6o3HauaeMoe Kak G; N G,, npeacras-
asiet coboit rpad Gy={ViNV,, E;NE,). Takum o6pasoM, MHOKeCTBO
BepiuHH Gy COCTOMT TOMBbKO M3 BepIIHH, NPHCYTCTBYIOIHNX OJHOBpPEMEH-
no B rpadax G; u G,, a MHOxKecTBO pefiep G 3 COCTOMT TONBKO U3 pebep,
NpHUCYTCTBYIOUMX oJHOBpeMeHHO B G; H G,. Ilepeceuenue rpados G
u G, (puc. 1.9, a, 6) nokasaHo Ha puc. 1.9, 2. Koabyesas cymma ABYX
rpagoB G; n G,, o6o3HauaeMas Kak G, P G,, npeacrasisiet cofoil rpad
Gs, NoOpoxKAeHHbII Ha MHOXecTBe pebep Er P E,. Jlpyrumu ciaopam,
rpad Gs He MMeeT M30JHPOBAHHBIX BepLIMH H COCTOMT TOJBKO W3 pe-
6ep, NpHCyTeTByOWUX aHGO B Gy, aHO0 B G,, HO He B OfioMX rpadax
oanoBpeMeHHo. Konbuepas cymma rpados (puc. 1.9, a, 6) noxkasana
Ha puc. 1.9, 0.

Jlerko yOeiuTbcsi B TOM, YTO TPH PACCMOTPEHHbBIE ONEpalMH KOM-
mMyTaTHBHBI, T.e. G, UG,=G, UGy, GiNG,=G; NGy, GiEPG.=G(DG,.

Us € Uy Us & Uy
e, ey e, e, e; €
e e
v, 2 Ug k 2 =
2 5
87 €
e
& 8 —0 o
v Us Us
a ]
Ys 7,
T g
e, e; e,
e
v, £ Us
e

Puc, 1.10. Ynanexue peg-
Pa M YylaNeHWe BEPIIHHEL

a—rpap G; 6 —G—y,;
v 8 ol o—G—ley, &).
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3aMeTUM TaKKe, YTO 3TH Onepaudd GHHAPHBL, T. €. ONpejeNeHH 110
OTHOWWEHHIO K ABYM rpadaM. OueBuiaHO, onpefeneHHe 3THX onepauuit
MOXKHO pacliMpUTh Ha GoJbliee YHUCIO rpados.

Tenepbp paccMOTpHM YHapHBle omepaldd Ha rpade.

Yoanrenue eepuunol. Ecnin v, — BepmuHa rpapa G=(V, E), 10 G —
— v; — NopoXAeHHbI noarpad rpapa G Ha MHOXKecTBe BepinH V — v,
T. . G—v; siBAsercs rpadoM, NONYUHBIIUMES NOC/IE YAaleHHs U3 rpada
G BeplIWHBI U; U BceXx pebep, MHUHAEHTHBIX STOH BepIUHHE.

Yoarenue pebpa. Ecnu e; — pebpo rpadva G=(V, E), 10 G —¢; —
noarpad rpada G, noayyawouluics nocie yaaneHus u3 G pebpa e;.
3aMeTHM, YTO KOHLEBble BepIIHHH pebpa e; He yaansiorces u3 G. ¥Yia-
JeHue u3 rpada MHOXKeCTBA BepUIMH WM pebep onpenendercs Kak Mo-
c/IeloBaTeNIbHOE ylajeHHe OTHeNbHbIX BepliMH HJH pebep.

Ecnu G, = (V’, E’) — noarpad rpada G=(V, E), 10 uepes G—G,
6ynem obosnauath rpad G'=(V, E—E’). Takum obpasoMm, G—G, —
nononHenue noxarpada Gy B G,

Yaanenue BeplidHb! M ynajeHHe pebpa nokasaHo Ha puc. 1.10.

PaccMaTpuBaeMas Jafee onepalHs 3aMblKaHHs, HJIH OTOXIECTBJe-
HHS, XOpOILIO 3HAKOMa HHXKeHepaM-3JeKTPHKaM.

Sambikarue uau omoscdecmeaerue. TOBOPAT, 4TO mapa BeplIHH U;
u vy B rpade G samoikaemes (W1 omoxcdecmsAsemcs), ecd OHH 3aMe-
HAIOTCS TaKoH HOBOH BeplUMHOM, 4YTO Bce pebpa B rpade G, HHUHMIEHT-
Hble U; U U;, CTaHOBATCS HHUMIASHTHBIMH HOBOH BeplUHHE,

Hanpumep, pesy/bTaT 3aMbIKaHHA BeplUHH Us HU, B rpade pHc. 1.11,a

npeacraBned Ha puc. 1.11, 6.
Cmseusanue. Tlox cTArMBaHHeM MBI MOAPa3yMeBaeM onepauuio yaase-
HHs pe6pa e H OTOXKAECTBJIEHHE ero KOHUeBbIX BepuinH. I'pad G aBas-
erca cmazusaemoim rpadoM k rpady H, ecnu H MoxHO noayuutb us G
10C/1eJOBATENLHOCTIO  CTATHBAHUH.

I'pad, u3obpaxennsll Ha puc. 1.11, 6, nmonyuen craruBaHueM peGep
e; H e; B rpade G (puc. 1.11, a).

(X% e .
(\3 H (3)(]1,)
e
e, e; 2
(vjtvz)
&
Uy Es
a 8
Puc. 1.11. Ouepaunn OTOXKIECTB/ICHHA M CTATHBaHHA B rpade.

a—rpad G. 6—rpad G noc/e OTOKAECTBNEHHA Uz H Uy 6—Ipad G nocie CTATHBAHAA & H 25
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1.6. CneunanbHbie rpadbl

B 3ToM pasjgene Mbl pacCMOTPHM clielHajbHble KJacchl rpados,
yacTO BCTpeyawollHecd B TeOpPHH rpacdos.

Hoaneul epagh G — npocTolt rpad, B KOTOPOM Kaxiaas napa BeplLHH
cMexxHa., Ecau nosHeit rpad G MMeeT n BepIIHH, TO OH 0603Hayaercs
yepes K. Jlerko Buuers, uto K, umeer n(n—1)/2 pebep. B kauectse
npHMepa Ha pHuc. 1.12 npencraBjen rpadp K.

I'pad G HasbiBaeTcst 00HOPOOHbIM, €CIM B HEM BCe BepIUHMHBEI HMEIOT
paBHyio cTenedb. Ecau rpad G onHoponeH H d (v;)=r a1s BceX BEpIUHH
v; B G, To G Ha3HBAIOT r-OAHOPOAHBEIM rpagpoMm. 4-onHopoaHHH rpad

Puc, 1,12, T'pad K;. Puc. 1.13. 4-oxHopoansift rpad.

npeacrtaesel Ha puc. 1.13. OtvetnM, yto K, ABaserca (n—1I1)-onHopoz-
HBIM rpadoM.

I'pad G=(V, E) HasbiBaercs d8ydoabrbim rpadoM, eclH MHOXKECTBO
ero BepliHH V MOXHO pasGUTb Ha IBa TAKHX NOJAMHOXecTBA Vi H V,,
4TO Kaxioe pe6po, npuHaiiexallee £, uMeeT OAHY KOHUEBYIO BepllH-
Hy B noamHoxectBe V,, a apyryio — B Vo (V4, V) naseBaoT dsydoae-
Hom pasbuenueM G.

Ecan B npocrom asynonacHoM rpade G ¢ pasbuenvem (Vy, V) nns
KaXIo# BepIIHHbl v; B V, B v; B V, cylllecTByeT pe6po (v, v;), To G
Ha3BIBAIOT nOAHbIM O8ydoavreim rpadoM M o603HayalT yepes Kp .,
ecau V, comepXuT m BepluuH, a V, — n.

HBynoabHbii rpad ¥ nosHbl# ABYNoMbHbI rpad Ks, , NpeacTaBieHbl

Ha puc. 1.14.
I'pad G=(V, E} unasniBaetca k-0oavroum, ecid V MOXHO PasOGHThb
Ha k Takux noaMHoxecTB V,, V,,. .., Vi, uTO Kaxioe pebpo rpadpa G

HMeeT OJHY KOHUEBYIO BeplIHHY B HEKOTOPOM noiMHOXecTBe V;, a
APYryio — B HeKOTopoM noamHoxecTse V;, i 5= j. [Hoanoul k-Goavreiil
epagp G — npoctofl k-gonbubll rpad ¢ pasbHeHHEM MHOXKECTBA BeplUHH
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N Punc. 1.14.
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v a—ABYAObHNA rpad; O6—noaHbfl ABY«
5 2 AonbHbR rpad Ky, 4

P Puc. 1.15. TMoauwfi 3-104b-
-7 HH#A rpad.



OcHoatble noxamus . 25

{Vi, Va,. .., V}}, obnajaomuit Takum cBOHCTBOM, UTO ISl KaKjo#
gepliuHel v; BV, nu; BV, rs%=s, 1 <r,s<<k, (v;, v;) aBasercs peb-
pom rpada G. Iosnbii 3-mombHbIA rpad npeictaBieH Ha puc. 1.15.

1.7. Toukd cousieHeHHs] H pasjejuMbie rpadb

BepiunHa v; rpada G siBasieTcsi mo4xoti cousenenusn rpada G, ecau
rpad G—v; cOCTOHT H3 6oJIblIero yucaa KOMIoHeRT, yeM G. Ecau rpag G
cBsi3nbIf, T0 G—U; Gy eT collep:KaTh 10 KpadHeH Mepe JBe KOMIIOHEHTHI,
1. e. G—u; 6yner HecBsisHBIM. COTJIACHO 3TOMY OIlIpeJesIeHHI0, H30JAUPO-
paHHas BeplUHHA He MOXeT GBEITb TOUKOH COUJIeHEeHHs.

[pad, HMeolHHd OJHY BepIUHHY, OyleM HasbBaTb MPUBLALLHBLM.
TakuMm 06pa3oM, TPUBHAJBHEIH rpad He HMeeT TOYEeK COUJIeHeHHS.

Hepaadeaumouti rpad — 370 cBs3HBIHA rpad Ge3 TOUEK COUNIEHEHHS.
Bce zapyrue rpadel — pasdeaumvie (OTMETHM, UTO HeCBA3HBIA rpad
TaKXe fBJfAeTcs pasjequMEIM Trpadom).

Ipad G, npexacraBienHbl Ha pHc. 1.16, a, sABAseTca pasjgeqnMbM.
Y Hero TpH TOUKH COWIEHEHHS: Uy, Us H Us.

6
v, v, Uy Uy

Uy
y v,
U4
a UG
v, v g U Uy
UQ Uy 1‘{’3
U, U
8 oUz 3
Ly,
6

Puc. 1.16. Pazgenumuii rpap w ero 6ok,
a—pasgesanMuil rpad G; 6—06iokn rpada G.
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baokom paspenumoro rpada G sBAsieTcs MaKcHMasbHBIH Hepasje-
aumblii noarpad rpada G. baoku pasgenumoro rpada G (puc. 1.16, a)
nsobpaxenbl Ha puc. 1.16, 6.

Crenyrouias TeopeMa JaeT 3KBHBAJIEHTHOE BBEJEHHOMY OINpejiesieHHe
TOYKH COUYJICHEHHS,

Teopema 1.5. Bepuuuna v siBsieTcsi Toukofl couJleHeHHs cBsisHOro rpada G Toraa
H TOJLKO TOTAa, KOrja CyHmeCTBYIOT TakHe [Be BepIUHHBI ¥ H W, OTJIHYHEIE OT U, YTO
BEPLUHHA U JIeKHT Ha BCSIKOM U—W-NMyTH.

Hokasameavcmso.
Heobxodumocmes: Ecnn v — Touka cousneHeHHusi B rpade G, Toria no ompelejeHUro
rpad G—v — HecBasuuil. Ilycts Gy — oAHa H3 KOMNOHeHT G—uv, H NyCTb Vi — MHO-
KecTBO BepituH Gy, a V, — nomoJiHerue V, B V—u. [lycThb BepiuKHa 4 HaxoauTes B Vi,
a BepluHHa w — B V,. PaccmoTpuM B rpade G npoussoabebii u—w-nyTh. Ecau Touka
COuJIeHeHHS U He JIeXKHT Ha 5TOM NMYTH, TO A2HHBIH NMyTb HaXogurcs H B G—0, T. €.
BEPIUHHE! & H W cBA3aHbl B G—v, OUHAKO 5TO NPOTHBOPEYHT TOMY, YTO & H W HaXo-
ASTCA B PasHuX KoMnoHeHTax G—vu. C/lefoBaTe/bHO, BEepLIMHA U JIEKHT Ha JiOGOM
U—wW-NyTH.
Hocmamounocme: Eci¥ v 1€XKHT Ha y—w-NYTH, TO BEPIUIHHB] & U W He CBA3aHbl B G—U,
Takum o6pasom, rpadp G—v — HecBA3nbill. CaeloBaTesbHO, MO ONpeleseHHIO U —
TOYKa COYJIEHEHHS,

Kak cresactBie Teopembl 1.5 MOXHO 1aTh KBHBAJNIEHTHOE ONpefele-
HUe pa3sjenumoro rpadga:

CasasHblit rpad G aABMAeTCA pa3leNUMbIM TOTAA H TOJIbKO TOTA2, KOrja
B rpae G cymlecTByeT Takas BeplIHHA U, YTO OHA fBJSETCS €JHHCTBEH-
HOH o611ell BepIIHHOHN 1J19 ABY X cOGCTBEHHbIX HETPHBHAJBHBIX NTOArPatoB
G, u (,, o6beuHEHHE KOTOpbIX paBHO G.

[peanonoxum, uto rpadp G — pasgenumbii. Bo3aMoxKHO JH, YTOGH
Bce BepliMHH rpada G ObIM ToYKaMH couseHeHusa? B crmepyromeit
TeopeMe Mbl Jl0KaxeM, 4TO OTBET Ha 3TOT BOMPOC OTPHLATENEH.

Teopema 1.6. JTio60#i HeTpHBHaAbHBIH CBSI3HHIA rpad cOmepKUT MO KpalHell Mepe
JBe BEDIUHHBI, KOTOPHIE He SBJSIOTCH TOYKAMH COYJIEHEHH!I.

Hoxasamenvcmeo. IlokaxeMm TeopeMy HHAyKIHeH MO YHCAy BeplIuH rpada.
Teopema Bepua 1413 Jo6oro cBAsHOro rpada ¢ AByMsi BeplUMHAMU (HH OJHA H3 ITHX
BEDILUHH He sABJSETCS TOYKOA cousleHeHHs). [IpeanooxuM, YyTo TeopeMa BepHa s
7106010 HeTPHBHANBHOTO CBA3HOrO rpada, HMeoHmero MeHee n BepLIuH, Cae n>2.
[lycts G — cBaAsHwlil rpad, uMetomufi n BepunH. Ecau G He uMeeT HH OJHOH TOUKH
COUJIEHEHH S, TO TeOpeMd JOKasaHa.

Teneps npeanosoxum, uTo B rpade G v eCTh Touka cousieHeHus. [lanee, nycTsb
Gy, Gy, ..., Gp ABAAIOTCA k-KOMIOHEHTaMH rpapa G—uv.

Ecan kakoii-n1160 rpad G; siBASETCS1 TPHBHANBHBIM, TO €0 €IHHCTBEHHAS BEPIIHHA
He ABJAETCA TOUKOH couseHeHHs. PaccMOTPHM NPOM3BOJNBHYIO HETPHBHAJIbHYIO KOM-
noxeHTy G . [lo npeano/omennio HEAYKIMH, G CONEPKHT BEPLIHHBI Uy H Uy, KOTOPEIE
He SBJSIOTCA TOYKaMH coueHeHHA. OUeBHHO, UTO €C/H OJlHAa H3 5THX BepIUHH He
cMexkHa ¢ U B rpage G, TO 9Ta BEpILYUHA He sBJsETCA TOUKOH cousleHenus B G. C Apyroil
CTOPOHBI, eC/i 06e BEPIURHBI Uy H Uy CMEIKHBI € U B (, TO HH U3, HH Uy He GyAYT TOUKAMH
cousieHeHus B G.

Takum 06pa3oM, Kaxjas KOMIOHeHTa G—u HMeeT MO KpalHell Mepe OLHY Bep-
IIHHY, KOTOpas He sBJsAeTCS TOukKoH couwleHenus B G.

ChnefoBaTesibho, rpad G HMeeT No Kpaiinell Mepe [Be BEpILMHEL, He ABJASIOMHeCS
TOYKaMH COYJIeHeHHUH,
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1.8. H3omopdusm u 2-usomopduam

I'padel Ha puc. 1.17 xaxytcsa pasnuyHbiMH. OnHaKo, ec/iH OIHH H3
HHX TepepHCcoBaTh COOTBETCTBYIOUMM 06pa3oM, OH OyneT oueHb I0-
Xox Ha Apyrofl. [Tostomy 3T 1Ba rpada B KaKOM-TO CMbIC/]e «3KBHBa-

’ 4 r
Uy &y U, U €y Uz
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Puc. 1.17. N3omopdHble rpader
a—Gy; 6—0G,
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Puc. 1.18, 1-u3omopduam.
a—Gy; 6—Gy; a—rpad nocae pacuendedus vy B Gy3 e—rpad nocs e paciensesus v; B Gg.
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JenTHby. ONpefieyiHM 3Ty 3KBHBAJIEHTHOCTh GoOJlee TOYHO: TOBOPAT, 4TO
nBa rpada G, u G, u30MOpHLI, €CaH CYILECTBYET TaKoe B3aHMHO-
0IHO3HAuHOe OTOGpaKeHHe MEeXKAy MHOMECTBAMH WX BepIUIHH H pebep,
4TO COOTBeTCTBYIoULHe peGpa rpacdos G, u G, HHLHAEHTHH COOTBETCT-
BYIOLUIHM BeplIHHaM 3THX rpacdoB. Ipyrumu cjloBaMH, eC/IH BepLIHHB
vy H U, B G; COOTBETCTBYIOT BeplIHHAaM vy H U; B Gy, To pebpo B G,
HMelolLlee KOHIEBHE BepPIIHHB Uy H U, JOJ2KHO COOTBETCTBOBAThL peGpy
p G,, HMellIeMy KOHIEBHe BepIIHHH U, H U;, H HaoGOpOT.

CorzlacHo JaHHOMY OnpeleseHHI0 rpadrl, NMpeACTaBJeHHble HA PHC.
puc. 1.17, uzomopdubl. CoOTBeTCTBHE MEXK1y MHOXECTBAMH HX BepLIHH
H pebep crenyrollee:

COOMBEIMCMBUE BEPULUH. Uy <> U, Up ¢ Uy, Ug € Uy, Uy ¢ Uy, Us ¢ Ug;
coomgeememaue pebep: ey <> ey, €4 <> €., €54 8y, €3 ¢> &5, €4 <> &g,
e, <> €s.

PaccmorpuM pasgenuMble rpagel G, H G, NpeAcTaBJeHHBIE Ha
pHc. 1.18, a, 6. Otn rpadnl He u3omopdubl. [Ipeanonoxum, 4To MH TaK
«pacUlenH/IHy TOYKY coYJieHeHHs v; B G, Ha JBe BepIIHHH, YTO NOJYYH-
JIHCh JBa pebepHo-HenepeceKatomnxes rpada Ha puc. 1.18, ¢¥'. Ecau Ml
BBLINOJHHM MOAOGHOE paclleN/eHHe B TOUKe COUJIeHeHHs u; B G, TO
MoJlyuyuM JBa peGepHo-HenepeceKaioulHXcsi rpada, NpHBeIEHHBIX Ha
puc. 1.18, e. Jlerko y6enntbcsi, uTo rpadel Ha puc. 1.18, 8, 2 H3oMopGHEL.
TaxuM o6pasoM, rpadnsl G; 1 G, cTaan H30MOPGHBIMH MNOCJIe paclienJe-
HHA TOYeK couleHeHHs. Takue rpadsl HasblBaOTCH I-u3o0mopdHbiMU.

Hanee onpexenuv 2-u3oMOpPH3M Kak Gosee OOGLIMH THI H30MOp-

¢usma. IBa rpada G, u G, siBAAOTCA 2-H3OMODQHBIMH, €CJIH OHH
CTAHOBATCA H30MOPQHBLIMH NOC/e NpHMeHeHHA CAeLyIOUIHX onepauni:
1. «Pacwyenienues TOUKH cousieHeHua B Gy 1 (1K) B G, HA 1B BEPLIHHEL,
TaKoe, 4TO NOJY4YalTcA ABa pebepHO-HenepecekaroUlnxcs rpada.
2. Ecau opun w3 rpados, Hanpumep Gy, COCTOHT M3 IBYX noiarpacdos
G; n G}, uMeoLUINX TOYHO ABe OfLIHe BEpILIMHBI Uy H Uy, TO BLINOJHEHHE
NePeCcTAHOBKH 3THX BEpIUHH OCYHIECTBJIAETCA B OJHOM H3 moArpados.
(FeoMeTpHYECKH 3Ta ONepallHsl 3KBHBAJEHTHA TAKOMY «Hepesopauleq-
Huto» ofHoro M3 moarpadoB G; H Gy, 4To O6LIHe BEPUIHHL B HEM MeHA-
I0TCS1  MeCTaMH.)

Paccemorpum rpadel G, v G, Ha puc. 1.19, a, 6. Tlocae pacuene-
HHsl BEpLIHHBI U; B (; M BBINOJHEHHS ONEPAlHH «NepPEeBOPAUHBAHHAY C
nepemMeHO MeCT BEpLIHH v; H U, MBI noayuuM rpad Gy, npeicrasjieH-
Hblfl Ha puc. 1.19, 6. Pacuiensienne Bepunubl vy B G NPHBOLHT K rpady
G,, usobpaxeHHoMmy Ha puc. 1.19, 2. Ipadet G; u G; nzomopduel. Cre-
joBaTeNbHO, rpabn G, u G, ABJIATCA 2-H30MOPDHBIMH.

Baxuulfi pe3ysnbTat no 2-u3oMopHbIM rpadaMm QopMyJupyeTcs B
caenylollell TeopeMe:

1 Tpader HaseBalTCA peGepHO-HeNepeceK AIOUMMHCS, eC/IH OHH He HMEIOT ofluero
peSpa, M BepLUMHHO-HelnepeCeKalolUMUCsl, ecld He HMeoT o6uiell BepluuHbL
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Teopema 1.7. JBa rpada G; u G, ABAHIOTCA 2-H3OMODGHBIMH TOrJd M TOJbLKO
TOoraa, kKorja CymlecTBYeT B3aHMHO-OXHO3HAYHOE COOTBETCTBHE MEXIY MHOXeCTBaMu
ux pebep, TaKoe, 4TO LIKKABI B OLKOM rpade COOTBETCTBYIOT LUKJIaM B ApYroM,

. Y v
4
UZ
i, vy
M Uy /!
8 2

Puc. 1.19. 2-nsomopdsm.
a-—Gy; 6—Gy e—-—Gi; e——Gé.

Tor ¢akr, uTo UMKJH B G; 6YLYT COOTBETCTBOBATb LHKJAaM B G,, Korga Gy u G,
2-p3oMopdHH, JoctaTouHO oueBuieH. OJHAKO JOKA3aTe/IbC1BO OOPATHOrO CJHIIKOM
AJHHHO, 4TO6H 06CyKAaTb ero sgeck, OHO npHBeJeho B OPHTHHAIbHOH pabote [1.1],
nocBAIleHHOA 2-H3oMopdHBIM rpadam.,

1.9. 3ameuanns, Kkacalowuecsi JuTepaTyphl

HekoToprie u3 TeMm, 3aTpOHYTHIX B 3Tofl YacTH KHHIH, paccMaTpH-
BaioTcsi B paborax [1.2, 1.3]. B paGore [1.2] paccmarpuBatoTcs: Takxke
runeprpacdsl 4 MaTpoubl. Xopowell paboToil, 3aTparuparnlleil 60yblIoe
YHCJIO HepaspelleHHBLIX npobJseM TeopuH rpadoB, SBJISETCS MOHOIrpa-
dus [1.4]. B pabote [1.5] naercsa ussinoe BBefeHHe B TeOPHIO rpadoB U
MaTpouzoB. PekomenayioTes U Apyrue KHUrH no Teopuu rpagos [1.6—
1.8]. Tloneanbl Takke KHUIM M MOHOrpaduH, CBA3AHHBIE C TaKUMH
CneuyanbHLIMH TeMaMH, Kak nepeyHc/eHHe rpadoB, alropUTMbI H T, A.
ITH KHHMH PEKOMEHIYIOTCS B COOTBETCTBYIOLIMX [VIaBaX.
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YnpaxHeHHs

1.1. [lyctb G — Tako#i rpad Ha n BepwHHAX H m pefpax, Y4TO BepIIHHBI HMEIOT CTe-
nenb 2 uaH k4 1. JIokaxHTe, 4TO ecJu (G UMEET Ny BEPIIHH CTENEHH 2 H M4 BEPIHH
crenend k1, 10 ng= (k4+1)n—2m.

1.2. JIoKa3aTb HJIH ONPOBEpPrHYTh:

a) oOpefHHeHHe JHOOBLIX ABYX Pa3JjHYHBIX 3aMKHYTBIX MaplIpyTOB, COeNHHSIOMHX
JBe BePIIHHBI, COLEPKUT LHKJ, 6) oObeAHHeHHe JIOGHIX JBYX Pa3JHYHBIX NyTeH,
COEJMHSAIOMHNX [B€ BEPIIHHBI, COACPKHT LHKJ.

1.3. JokaxuTte, 4To ecjH B rpade G cymecTBYIOT MYTH MeXjly BepIIHHaMH a U b, a
TaK)Ke MEXAY b H ¢, TO CcymecTByeT NMyTb MEXKAY a H C.

1.4. ITycts Py u P, — ABa pa3uuHBIX NyTH MekAYy ABYMS BepwuHaMu rpada. [lo-
KaxHte, 4T0 PP, ABJNseTcs LMKJIOM HJIH OGbeJHHEHHEM HECKOJbKHX peGepHo-
HenepeceKalOWHXCs HHKJOB B rpade.

1.5. JokaxkuTe, YTO 3aMKHYyTas LeNb, BCe BEpLIHHEI KOTOPOH HMEIOT CTeneHbL ABa,
ABJISETCS] LHKJIOM.

1.6. [TokaxHTe, YTO eCJIH ABa Pa3jWuHBIX LHKJa rpada G comepxar pe6po ¢, T0 B G
CylleCTBYeT LHKJ, He cofepraluii e.

1.7. TlokaxuTe, 4To B npoctoM rpade G ¢ § (G)>=k cyiecTByeT nyTh No KpaiiHell Mepe
aauHbl k. TTokaxuTe TaKike, 4T0 G MMeeT LHKJ AJHHBL O KpafiHell mMepe k1, ecau
k=2,

1.8. TokaxHTe, uTo rpad G saBjasieTcss CBSASHBIM TOTA2 H TOJIbKO TOrAa, Koraa pas
kaxgaoro pas6uenus (Vy, V,) MHoxecTtBa V ¢ HenycthiMu Vy u V, cymectByer pebpo
B G, coeauHAIomee BepwHHY H3 V; ¢ BepwHHOH u3 V,.

1.9. Joxka:uTe, uto npocToi rpad G ¢ n BepIIHHAMH H & KOMIIOHEHTAMH MOXET HMeTb,
camoe GoJbiuee, (n—&k) (n—k=1)/2 peGep. Ucnonbays >ToT peayabraT, AOKamKuTe,
yro rpap G ROKeH GLITh CBSA3HBIM, €CJIH OH mMeeT GoJbie (n—1) (n—2)/2 pebep.
1.10. JokaxHTe, UTO ec/IH CBSI3HLIH HJIH HecBA3HLA rpad G HMeeT TOYHO ARE BEPIIHHLL
LeYeTHOH CTEMeHH, TO JOJIKEH CYIEeCTBOBATb MYTh, COCAHHSIOMHH STH ABE BePLIUHEI.
1.14. JokaxHTe, 4To ecau npoctofi rpad G He sBJAseTCS CBS3HEIM, TO CBSI3HO €ro
aonosHenue G.

1.12. Ilycth G — TaKo# rpad Ha n BepwHHaxX U m pebpax, uto m<n—1. [Jokaxure,
4yT0 G — HecBs3HBIH Tpad.

1.13. TokaxkuTte, 4To ecqu A rpada G Ha n BeplIHHAX H m peGpaX BhINOJHAETCA
HEPaBeHCTBO mz2n, To G COAePKMT LHKJIHYecKoe peGpo.

1.14. [ToxaxHTte, 4To npocTtofi rpad G Ha # BePIIHHAX ABJSETCS CBA3HBIM, ecyH § (G) =
= (n—1)/2.

1.15. [Tokaxwure, 4to nmpocToit rpad G, uMeromuil no KpalHel Mepe ABe BEPILHHBI,
CONEPKHUT ABe BEPLIHHBI OAHHAKOBOH CTENMeHH.

1.16. [TokaxuTe, uTo ecyn rpad G= (V, E) siBasieTcA NMPOCTHIM H CBA3HBIM, HO HEIOJI-
HbIM, TO OH HMeeT TaKHe TPH BEPLIHHbLI 4, v, W, 4TO pebpa (u, V) H (v, W) comepxKaTca
B E, a pebpo (u, w) — He COAepKHTCA.

1.17. Ecsiu BeplHHLL 4 H v cBA3aHb! B rpade G, To paccmositue Mexay u ¥ v, 0603Ha-
yaemMoe yepes d(u, U), fABJseTcs JIHHOH HauKpaTdadwero u—v-nyTd B G. Ecau B
rpade G He CyuleCTBYeT u—U-NyTH, TO ONpefelsieM paccrosiHHe d(u, v) Kak Gecko-
teyHoe. MaKcHMa/nbHOe paccTosiHHe MeXAY ABYMs BeplUHHaMu B G HasbiBaeTcst dua-
sempom G. TloKaxute, uTo eciu G uMeet auametp >3, T0 G uMeer auamerp <<3.
1.18. O6xsamoxn rpada G siBAsieTcs JJiMHA HauKpaTdaiimwero uukiaa B G. Ecau G He
HMEET IHKJIOB, TO onpejesseM o6xBaT rpada G Kak GeckoHeuHbiHl. [Tokaxure, uto k-
ofHOpoAnbIH Tpad o6xBaTa 4 HMeeT Mo KpalHeH Mepe 2%k BepIlIHH,

1.19. NpocToil rpad G Ha3LIBaeTCA CAMOOONOAHUMEAbHbIM, €CITH OH H3OMOPDEH CBOEMY
nonosHenuio G, JlokaxHTe, 4TO 4HC/IO BEPIUHH CAMOJONOJIHHTENLHOIO rpada LOJKHO
pasiaThcsl 4k wan 4k+-1, rae k — Uejoe UHCIIO.

1.20. JokaxuTe, uTo npoctoil rpad Ha n BepIUHHAX He ABJAETCS ABYLOJbHBIM, €C/H
on HMeeT GoJjree n?/4 peGep.

1.21. TokaxuTte, uto rpacdh sBaserTcss ABYAOJBHBIM TOTZA H TOJBKO TOrAa, KOTAa Bce
ero UMKAbI YeTHOH JJIHHBL,



OcHosHbie noHamus 31

1.22, Tloctpofite npocroit Kyb6uueckuii rpad Ha 2n (nz>3) BepluuHax, He HMCIOMU
TPEyroJIbHHKOB,

Tpumeuariue ; rpad HasniBaeTcs kyOuueckum, eci OH 3-ONHOPOIHBIE; mpeyzorbHUK —
3T0 UHKJ JJIMHH 3.

1.23. JloxaxuTe, 4TO ecJH U — TOYKa COWIeHEHHA B NpocToM rpade G, To OHa He
ABJIIETCS]  TOUKOH cousieHeHUs B G.

1.24. JloraxuTe, uTO NpHBeleHHbe HuXKe CBOHCTBa rpapa G Ha n>3 BeplIMHAX 5K-
BHBAJIEHTHBI:

a) rpap G sBAsieTCs Hepa3ieHMbIM;

) ao6bie aBe BepmuHH B G BXORAT B OOWUA UHKJ;

B) AJ1s JIOGOH Bepmuutbl v U J06oro pebpa e rpada G cyllecTByeT UHKJ, CONEPKAULuii
HU He

r) Jobule 18a pe6pa B G BXOAAT B OOIMA UHKJ;

X) NycTh AaHK JBe BePIIUHHE ¥ OAHO pebpo B rpade G; TOraa cyumeciByeT myTb, KOTO-
pbiil coeluHsleT 3TH JBe BCPINKHHBL H COJEPKHT JaHHOe pebpo;

€) Vif JIoOBIX TpeX PasJH4YHBIX BepliMH B G Halifiercs ny1b, COENUHSIOMHE J0GHe
JBE H3 HHUX H BKJIOYAIOMHH TPeTbIO;

) s J0GBLX TPeX Pa3JiHYHbIX BepiudH B G Hafijercs NyTb, COelHHSIOMHI JioGble
ZB€ H3 HUX W He BKJIOYAIOUHUH TPeibo.

1.25. Tlokaxute, uto ecau rpad G He CONEPKHT UUKJIOB YeTHOH IJIHHBI, TO KaMAblH
60k B G apasercs au6o Ky, 1u60 K,, JU60 UHKJIOM HeueTHoH AJHHBL

1.26. Tlokaxurte, 4T0 CBSI3HEIH rpad, e sapasomuiics 6J0KOM, UMeeT ABa GJIOK4 ¢
obmed BepmuHof. IlycTb b(v) — umcio 6aokos rpada G= (V, E), BRJIOUAIOMHX

sepmuny v. Iloxaxurte, uto wucjao 6siokoB rpada G pasHO p >, (b (v)—1), rae
vevV

P — UHCJIO KOMMOHEHT rpaga G.
1.27. TlycTtb ¢ (B) — YHCJIO TOYEK COUJIeHeHHs CBSI3HOTO rpada G, sBasOMUXCS Bep-
muHamu Gnoka B. Torna uucsio ¢(G) Touexk couwseHenus rpada G onpenensieTcs o
gopMyde ¢ (G)—1= 2 [c(B)—IL.

no BceM OJIOKAM
1.28. Mocmon rpada G aBasieTcs Takoe peGpo e, uto G—e uMceT 6oJiblle KOMIOHEHT,
yesm G. Jlokaxnre:

o
= [

Puc. 1.21,
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a) pe6po e ceasHoro rpada G AB/aseTCs MOCTOM TOTA@ H TOJNBKO TOMAa, KOTja cyLlecT-
BYIOT TaKHE BEPLUMHB U H W, UTO € JIEKHT Ha KaXJIOM u—w-nyTH B G;

6) pe6po rpada G aBasercs MocToM B G TOTAa H TOJNbKO TOrAa, Koraa B rpade G Her
M OJHOrO IMKJa, cojepxaulero 310 pebpo.

1.29. SsasioTcs Ju rpadul, H3obpameHHble Ha puc. 1.20, naomopdHbMH? [Touemy?
1.30. TlokaxuTe, uTo ABa rpada Ha puc. 1.21 He u3oMopdHbI.

1.31. Onpenesnute Bce HeuaoMopdHbie nmpoctble rpadn nopsakos 3 u 4.
Ilpunewarue: cymecTsyeT TOJbKO 4 HeM3OMOpPG®HBIX Tpada ¢ TpeMs BepUIHHAMH H
11 — ¢ YeTHIpLMSI BepUIHHAMH.

1.32. J{okaxuTe, uTo JioOLe [Ba NMPOCTHIX CBASHBIX rpada Ha n BeplLIMHAX, Kaxaas
CTeneHU 2, SBJSIOTCA H3OMOPOHBLIMH,



2. JepeBbs, paspe3aiouiue
MHOXECTBA H LMKJbI

I'padel, BcTpewaroliiHecsi B GOJBIIHHCTBE NPHJOMEHHHA, ABIAIOTCA
csasHBIMH. Cpenn CBA3HBIX rpadoB AepeBbsi, HMEIOLHE CaMYIO POCTYIO
CTPYKTYPY, SIBJAIOTCA OXHHMH H3 HanOoJee BaxKHHX. OnHAKO ecH TaK
BaxeH CBA3HHI rpap, TO M Torka MHOXeCTBO pefep, pasfensioLiHX
rpag, HMeeT He MeHee BaxHoe 3HaueHHe, TaKHM 00pa3oM, MbI NPHXOLHM
K MOHATHIO «pa3pe3alolliero MHOXKeCTBa». B 3Tof rynaBe MBI 03HAKOMHM-
Cf C JepeBbAMH, pa3pe3aroliiMH MHOXeCTBAMH H HEKOTOPLIMH pe3Y.Jib-
TaTaMH, CBA33HHBIMH C HHMH, a TakKxe BBIIBHM CBSi3b MEXJAY 3THMH
NOHATHAMH M UHKJaMH.

2.1, JlepeBbst, OCTOBB H KOAEPEBbA

I'pad HaszbIBaeTcs ayurxau4eckum, eclH OH He COIEPHKHT LHKJOB.
Zlepesom Ha3blBaeTcs CBA3HBIH auMKJAHuecKHil rpad.

[Hepeson rpacda G HasblBaeTcsl CBA3HBIA auHKAHYecKHH noarpad rpada G.
Ocmos rpapa G — 310 nepeBo rpada G, cogepxKalliee Bce BepliHHH G,
Cesizubifi noarpag gmepeBa 7 HasbiBaeTca noddepesom T. B KauectBe
npumepa paccmotphM rpad G, nsobpaxeHHbIi Ha puc. 2.1, a.

I'pader G; n G, (puc. 2.1, 6) sBasoTcs AepeBbsMH rpada G, rpadw
Gy v G, (puc. 2.1, 8) — ocroBamu rpada G,

Kodepeso T* ocroBa T rpada G sBasiercs nogrpadoM rpada G, co-
Jleprxaiero Bce BepliHHE G # ToJbKO Te pebpa G, KOTOphie He BXOAAT B
T. CnenyeT OTMETHTb, YTO KOZEpPeBO MOxeT ObIThb HecBsi3HBIM. Kozepe-
BbAl G; 1 G; ocToBoB Gy W G, (pHc. 2.1, 6) npenctaBnens! Ha pHe. 2.1, 2.
Pebpa octoBa T HasbBawoTcs gemgamu T, a peGpa COOTBETCTBYIOLIErO
KojepeBa T* — xoplamu WIH ces39MU.

OctoB T onQHO3HAYHO oNpefensieT cBoe KojaepeBo T*. TakuM ofpa-
30M, MBI onpejenseM pe6pa T* Kak xopael 7. PaccMOTpHM HeKOTOpble
CBOJiCcTBa fepeBa. XOTA onpejeseHue JepeBa KaK CBAZHOrO alHKJHYec-
Koro rpacda mpocTo A/l NOHHMAaHH#A, CYLECTBYET ellle HECKOJIbKO APYTHX
onpejleneHHuil JlepeBa, KOTOpble paccMaTpHBAIOTCA B CAeAYollell TeopeMe:

Teopema 2.1. a5 rpacda G, HMerolero n BepwiuH H.m pebep, CIeAYIOLIHE YTBEp K-
JIleHH 5t 9KBHBAJEHTHBL
1. G apasercs fepeoM. 2. CylueCTBYET TOJbKO OLHH NYTh MEAy JIOOBIMH ABYMS
BepinHaMH B G. 3..G sBJIAeTCA CBASHBIM H m=n-—1. 4, G — AUMKIHYECKHH rpad n

m=n—1. 5, G — auukaHyeckHii rpad, H OPH COeJHHEHHH DPeGPOM NPOHU3BOJIBHBIX
ABYX HECME@XHBIX €ro BepUIHH noJyuaercs rpad, UMEIoUHi TOYHO OAHH IHKJ,
Hokazameascmaso.

1=>2. Cm. ynpaxuenne 1.2, 6,

2 % 1449
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Puc. 2.1. JlepeBbsi, OCTOBH H KOjJepeBbsl.
a~—rpap G; H—pepesva G, u Gy rpada G; g—ocrobuw Gy m G, rpada G; 2-— KoJliepepbs G;

'] G; rpaga G.

2=>3. [Ins nayaaa oTMeTHM, 4T0 G — CBA3HbI rpad, TaK Kak B HeM CyLlecTBYeT NyTh
MeXKAY AByMs J1loObiMH BepuinHaMu. [lokaxem, 4To m=n—I|, MerciOM HHAYKUHH
no 4dcay Bepwuh B G. DTO OYEBHIAHO L5 CBA3HOTO I'pada c OAHOH WAH ABYMS Bep-

wuHaMH. [lpeAnonoxKuM, Y4TO OHO BepHO M AJIs CBSIZHOTO rpada ¢ YHCJOM BEPILHH,
MEHDIUUM 71,
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PaccMoTpuM npou3BOJbHOe pe6po e B G. IT0 pebpo COCTaBIsieT eAUHCTBEHHbIH
yTh MLy CBOMMH KOHLEBbiMH pepuiniami. CiefoBaresbHo, B G—e He CyllecTByer
nyTH MeXAy 3TUMH BepwuHamu. [TosToMy G—e — HecBaA3HbIH Tpad. [lasee, oH 10J-
yKeH COAepXKaTb TOYHO JABe KOMNOHeHTH, HHaye rpadp G He Gyjer cBsa3HbM. [IycTb
G, n Gy — KomnoneHTsl G—e. [TycTb n; M My — YHCJAO BEPUIHH H pebep B Gy COOT-
percTBeHHO. M MycTh f, H M1y aHAJOTHYHO onpeiesieHbl 1a1st G,. Torna uMeem n=n,+n,
i m=mytmyt1. Or™eruM, uro G v G, YAOBJIETBOPSIOT NPeANOJIOKEHHIO HHAYKLIHH,
T. €. 4TO CYLIECTBYeT TOJbKO OfAHH OYTb MeXAY ABYMs J0GbIMU BeplinHaMu B Gy H
G,. Tak Kak ny;<n u n,<n, TO HMeeM NO HHAYKTHBHOMY MPEANOJIOKEeHHIO my=rn;—I
u mey=ns—1. CiegoBatesbHo, m=n—l4+n,—14+1=n—1,
3=>4. Ilyerb Gy=G. IlpeanoaoxkuM, yto G, UMeeT HeCKOJbKO LHKJOB. [lyctb Gy —
rpad), NOJMydeHHBIH mocJe yaajneHHs H3 Gy LHKJHYecKoro pe6pa, HanpuMep e;, T. e.
G;=Gy—e,;. ockonbKy Gy — cBa3HbIf rpad, TO U3 TeopeMn 1.4 caenyer, uto Gy —
TaKk/Ke CBSI3HLIH rpad) M COMepIKHT BCe n BeplIMH, mpHHajtexamux Gy. KosaudecTBo
pe6ep B Gy paBHO m—I1.

Ecau G; He sBJsIeTCS ALMK/JIHYECKHM, TO MYCTb &, GYAeT LUKJIHYECKHM peGpoM
B G;. BHoBb rpad Gy==G;—e,=Gy—e,—e, AoKeH GHTb CBA3HBIM H HMETb BCe 7 Bep-
wuH Gy. G, uMeetr m—2 pebep. Ecau G, He siBJsileTcs allMKJ/IHYECKHM TpadoM, mpo-
J0JIXKUM BBIMOJHEHHE 3TOH ONepalHH A0 TeX NMOp, NOKa He NOJYYHM CBSI3HbIH aLHKJIH-
yeckHil rpad G,. 3amernm, 4to G, uMeeT n BepwHH u m—p peCep.

TlockobKy G SIBASIETCS CBSSHBIM H ALHKJIHYECKHM, OH JO/IKeH ObITb JepeBoM.
C.le1oBaTebHO, H3 NMpefbIAYLIero yTBep:KJAeHHs TeopeMbl CJaefyeT, 4To m—p=n—I.
Tak KakK 0O OpeanoJoxeHH0 m=n—1I1, 10 noaydaem, uro p=0. Takum o6pa3om,
rpad G==Gy, — auukJaHYecKH# rpad.
4=>5. Ilyers Gy, Gy, . . ., Gp—p-KOMIOHeHTH rpada G, f; H M;— TUCIO BEPLIHH H
peGep B komnoHente G; coorserctsenno. Toraa m=my+myt.. +mp v n=n+
+n,t. . .Anp Kanpas komnosenta G; sasieTcsl CBA3HBIM, @ TakkKe aLUKJIHYECKHM
rpadoM, NOCKOJIbKY 3THM cBoiicTBOM o6najaeT rpad G. [Tostomy G; aBasercs pepe-
BoM. [anee, no yTeepxjeHuio 3 AaHHOH Teopembl m;=n;—l nas moboro 1<i<p.

p
[ToaTomy umeeM m== 2 m;= é (n;—1)=n—p, oAHAKO NO NpeANOJOKeHUIO m=n—I1,
i= i=1

CregoBatenbHo, B HauieM ciaydae p==1. TakuM ofpa3oM, G COCTOMT TOYHO H3 OAHOMN
KomnoneHTbl. CiefoBatesnbHo, OH CBsaHbIA. TIOCKOIBKY OH Takike alHKJIHYecKHH,
TO sBJsleTCs gepeBoM. Torja no yTBep:KAEHHIO 2 TeOPeMH CYllecTBYeT €IHHCTBeHHbIN
yThb MeXAY ABYMs pa3siuuHbiMu BepuiHHamu B G. CiefloBaTeslbHO, ec/1H Mbl 106aBHM
B G pe6po e= (vy, Uy), TO 3TO peGpO BMecTe C eAHHCTBEHHEIM NyTeM MeXAY Uy H Uy 00-
pa3syeT B MOJIy4eHHOM rpade TOYHO OAHH LHKJI.

5=>1. NpeanosoxuM, 4to G He sBJsETCA CBA3HBIM. PaccMoTpuM q1o6kle ABe BepLIHHBI
Ug H Uy, KOTOPbIE COREPIKATCS B Pa3iHYHEIX KoMnoHeHTax G. Toraa v, H Uy He CBsI3aHb
B G. Jlo6aBaeHue 8 G pebpa (v,, vp) He 06pa3yeT LHKJA, TaK Kak B G HET NyTH MeXLY
Uy ¥ vp. OfHako 3T0 mpotuBopedHT jomyueHuio. CreloBaTesbHO, NMpelANoJoOXKeHHe
0 TOM, 4T0 G — HecBs3HbIH rpad, HesepHo. Takum o6pasoM, G ABaseTCs CBA3HBIM.
A nockoJsbKy G eule H aUUKJIHYeCKHH rpad, TO MO onpeie’]eHHIO OH AOJIKeH OHTh je-
peBoM.

OueBHAHC, 4TO YTBEpKJACHUsT 1—5 B H3/I0KEHHON BbILIC TeOPeMe MNPEACTaBJAIT
€060l MHOMXKECTBO HEOGXOAMMEIX H JAOCTATOYHBIX YCJIOBHH AIs1 TOro, 4tobnl rpad G
6Ll 1epeBOM.

[IpsiMbiM cieficTBHeM 3TOH TeopeMbl SIBJISIeTCs CJefylollee yTBepXKAeHHe:

Caencreue 2.1.1. Pacemorpum noarpad G’ rpada G Ha n sepmuHax. [lycrs G’
HMeeT n BepiiuH H m’ pebep. Toraa ciepyloliie yTBep:KAeHHs KBUBAJEHTHbL:
1. G’ sBasercs ocroBoM G. 2. CyllecTByeT eAHHCTBEHHbIH NYTh MeXXAY ABYMs JIIOOBIMH
BepmuHamMd B G'. 3. G’ sBasercs cBsisHbM, H m'=n—1. 4. G’ sABAsleTcA allUK/I{Ye-
CKHM, H m'=n—1. 5. Ecau G’ sBJIsieTcs1 ALUKJMYECKHM U JIOObie JBe HECMeXKHbie
BepuinHbl G’ coeiHuTh peGpoM, TO moJydalomuiicss rpad HMeeT TOYHO OJHH LHKJ.
Chopmy/iHpyeM yc/10BHe, KOTOPOe He MepeKphbiBaeTcs NPeibIAYLIHM CJeACTBHeM, HO
JOKa3bjBaeTcs: Npoule:

2%
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Cnencrane 2.1.2. Tloarpad G’ rpacda G Ha n BepuIMHAX BJSAETCS OCTOBOM rpada G
TOra M TOJLKO TOrAa, Korpa G' amuk/aAMuecKuil, cBA3HBIH M MMeeT n—1 peGep.
Tenepk RO/MKHO GHITL OUEBHAHO, 4TO noarpadp rpada G Ha n BepwiHHax, o6Ja-
paromuil JIIOGRIMH TpeMsl H3 CJeAyWUX CBOHCTB, AOJMXKeH GHITh OCTOBOM G:
1) umeer n BeplH, 2) cBA3HbI, 3) uMeeT n—1 pebep, 4) aUHKJIHYECKHH,
Toraa Bo3HMKaeT BONPOC: HOCTATOYHO JIH ABYX H3 YeTHIPGX NMepeuHucJeHHLIX CBOKCTB,
uToGbl ONpefesinTh OCTOB? Ha 3TOT BOMPOC MBI OTBETHM MO3JHee (CM, TAaKiKe ympak-
Henue 2.3).
Teopema 2.2. Tloarpadp G’ rpada G Ha n BeplwuHax sBjAsieTcss octoBoM G Toraa
H TOJIbLKO TOrja, Korfa G’ sBJsieTcsl aUMKJIHYECKHM H HMeeT n—1 peGep,
Hoxasameascmeo. Heo6X0RHMOCTb cJlelyeT H3 yTBepxlAeHHs 4 teopembl 2.1,
Yrobul j0Ka3aTh AOCTATOYHOCTb, HEOGXOAMMO MOKa3aTh, 4To G' — CBA3HbA rpad u
coflepxut n BepwnH G, [1ycTb G’ COCTOMT H3 p KOMIOHEHT, MPHYEM 7; — YHCJIO Bep-

p
N o
wuH B KomnoHente Gj, [1yets n’ — uncao Bepunn B G, Torga n'= Zlni. Kaxawit G;
(=

IBJISIETCS CBSI3HLIM M AUMKJIHYECKHM rpadoM, NOcKoabKy G’ — auukJIn4ecKuii rpag,
TaknM o6pa3oM, Kaxaas KOMIOHeHTa G; — IepeBO H, C/IeLOBATENLHO, HMeeT 71;— ]

14
peGep, T. e. obuiee uncjo peGep B G' paBHO 2 (n;—1)=n!—p. OnHako no npexno-
=1

JgoxXenuw n'—p=n—1, Tax Kax n'<n u p>>1, ACHO, YTO PABEHCTBO BHLIIONHIETCS
TOTAa H TOJbLKO TOTAA, Koraa n'=n u p=1, TakuM o6pasoM, G' — ces3Hbil rpad,
HMeIOIHHA 7 BepuiHH, A MOCKOJbKY OH ellle H alHKJIHYecKHi, TO Mo onpelesieHulo
apasiercsi octoBoM G,

[peanonoxum, uto rpadp G umeer octoB T, Torza G cBSI3HRIA NMOTOMy, 4YTO OH
COAEPIKHT CBA3HHIA MoArpad, BKJIOTAIOMHKA Bce ero BepulHHb, JloKaxeM o6parhoe,
T. €. YTo CBA3HLIA rpad uMeeT no KkpafiHeli Mepe OfMH OCTOB,

Ecay cBsisHbIl rpad G — alBKJIHYECKHH, TOrJa OH SIBJISAETCS CBOMM COGCTBEHHBIM
o¢toBoM. EcaH HeT, TO mycTb e; — Kakoe-J1HG60 Iukanyeckoe pe6po G, .Toraa no
teopeMe 1.4 rpadp G,= G—ej — CBSI3HHIH, cOfepKalHi BCce BePLIMHEI, PUHALIEKALLHE
G. Ecan G; — He alMKJHuecKHH, To 6yleM MOBTOPATb 3Ty oOMepallHio A0 TeX nop,
NoKa He MOJy4HM CBsisHbil, aunkanueckuil rpad G,, umerowni nce BepwinHbl G.
Torpa rpad G, 6ynet octoBom rpada G. Pe3y/ibTaThl IpUBELEHHOrO BbILIE O6CY XK AEHHS
CYMMHpPYIOTCSL B cJenylomell Teopeme:

Teopema 2,3. I'pad G siBIsieTcsl CBA3HBIM TOTAA H TOJABKO TOTJa, KOrAa OH HMe-
€T OCTOB.

IMockoarky octoB T rpada G — auuxanueckuif, To kaxawf noarpadp ocrosa T
ARJSeTcs alUKJIHYecKUM noarpadom rpacda G. Byaer sin Toraa BepHo, 4TO Kaxublii
AIHKANYECKHHA noArpad sBjsieTcst MOArpacoM HEKOTOPOro octoBa G? [1o0KuTe AbHbIN
OTBeT [JOKAa3bIBaeTcs B CJefylollell TeopeMme:

Teopema 2.4. Tloarpadp G’ cBA3Horo rpada G sBasiercs moArpadhoM HEKOTOPOro
octosa G TOrja M TOJILKO TOTAa, ¥orga G — aumkJaundeckuii,

Hoxazameascmso. Heo6xonuMocTs oueBHAHA. JJ1s1 10Ka3aTesbCTBA JOCTATOYHOCTH
nycts T — octos rpada G. Paccmorpum rpad Gi=T (G’ . HdcHo, uto G' — noarpad
rpada G;. pad G, — cpsiabuii H cONEPXKHUT BCe BepHHK rpada G, NOCKOABKY SB-
jasercs noarpadom rpadpa G;. Ecan Gy — aUHKJIHYeCKHH, TO OH SBJISETCS OCTOBOM
rpada G, a G' — ero noarpapoM, ¥ TOrRa TeopeMa poKaszana. (OTMeTHM, UTO, €C.H
Gy — aunkanyeckuit, G;=T u toraa G' — nogrpadp T.) Tlpeanosoxum, uro G, co-
IepkHT HHKA Cj. M3 Tor:, uto G' — alMK/AHYecKHH, cJjenyeT, uto He Bce pebpa C,
conepxkarcg B G'. Takum o6pasoM, Cy I0O/NKeH HMeTb MO KpaiiHell Mepe onHO pe6po,
HanpuMep ey, He cofepxkaueecst B G, Tlocse ynanenns u3 Gy UMKJIHYECKOrO pebpa e,
noayuuM cBasuuil rpad G,=Gy—eyq, conepxamuit Bce BepnHu Gy. 3ameruM, uto Gy
ABasAeTCa noarpapom rpada Gy. Ecan G, — aunkianueckui rpad, Toraa oH sBjasercs
TpeGycmbiM ocTopoM. Ecan HeT, To 6yzeM MOBTOPSITH NpoLece RO TeX Mop, IOKa He
MOJYYUM OCTOB, noArpadom xotoporo siBisetcst G'. [lOKakeM HHTEPECHYIO TeOpeMy
O MHHHM3J/bHOM KOJIMYECTBE BHCSIYNX BeDIIHH JereBa (T. e, BepIUHH CTeneHH 1).
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Teopema 2.5. B HeTpHBHa/IbHOM [epeBe CYWECTBYIOT NO KpaliHeH Mepe ase BHCA-
yye CepUWHHBL
Jorasameasemeo. TpennonoxuM, uto fepeso T Hmeer 7 BepumH Toraa no Teo-

pexe 2.1 oHo conepxuT n—I1 peGep. [To Teopeme 1.1 uneem Z d(v;)=2Xuucs10 pe-

gep B T. Torna d (v1)+4-d (vy)+-. . —i—d (v,,)—2n-—2 10 paBeHCTBo Oy IeT BHINOJIHAThLC
ToibKO B TOM CJyuae, ecsd NO KpaiiHell Mepe JBa 4JjieHa B JeBoil 4acTd OyAYyT paBii 1,
1. e. T uMeeT no kpaiiHell Mepe JBe BHCSIYHe BepHHLL.

2.2. k-mepeebs, OCTOBHbie E-RepeBbsi, Jsieca

k-JlepeBOM Ha3bIBaeTcsl anHKJHUeCKHH rpag, cOCTOSIHH H3 Kk KOM-
notenT, OUeBHAHO, UTO KaXK1asi KOMIIOHEHTAa k-IepeBa cama sIBAsieTCs
LepeBOM. 3aMeTHM, 4To l-ZIepeBo COBIAfaeT ¢ AepPeBOM.

EcnH k-mepeBo siBJsieTcsi OCTOBHEIM noarpagom rpada G, to owo
Ha3LIBAETCSl OCmogHoism k-Oepesom rpada G.

k-Kodepesom T* ocToBHOTO k-mepeBa T rpaga G siBnsieTCH OCTOB-
sl noarpad rpada G, comepxkamuii TouHo Te peGpa, KoropblX HeT B T,

tlanpumep, rpad Ha puc. 2.2, 6 siBasiercs 2-nepeBoM rpada G, npen-
cranceHHoro Ha puc. 2.2, a. OcroBHoe 3-nepeBo T rpada G H cooTBeT-
crpyiomee 3-KoZepeBo T* mokasaubl Ha puc. 2.2, 8, e
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Pue. 2.9, HamocTpanua onpefleieBys k-nepeBa, OCTCBHOTO k-llepeBa M k-Kozepesa,
G—rrad G; 06— 2-pepesv rpada G; ¢— octosuve 3-pepeso 7 rpada G; 2 —3-Kolepeso T*.
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O6o3HauuM k& KOMMOHEHT OCTOBHOro k-Jepesa rpada G Ha n BepIUH-

Hax uepes Ty, Ta. .., Ty Ecant n; — uneno sepmnn B T, To n=

=nm+n.+...+n,. Tlockoabky kaxpaoe T; siBjisieTcs JepeBOM, TO MO

TeopeMe 2.1 umeeM m;=n;—1, rae m; — uncao pebep B T,;. Takum
k

obpasom, ofilee uHcJa0 pebep OCTOBHOro k-jepeBa 7 paBHO Zmiz
i<

k
= 3 (n,—1)=n—*k. Ecau m — uucno peGep B G, To k-xogepeBo T*

=1
OyJleT uMeTb m—n-+k pebep.

Jlecon rpada G HasbiBaeTcsi OCTGBHoOe k-jepeBo rpada G, rie & —
gHcao KoMnoueHT B G, Ecau rpad G HMeeT p KOMMOHEHT, Torja 4.1
JM06Oro OCTOBHOTO k-JepeBa rpaja G k 2= p. Tak kak jsecom T rpada
G fABJasieTcsl OCTOBHOe k-JepeBo rpada G ¢ k=p, HecGXoAuMO, UTOOHI
Kaxjasd KoMmnoHeHTa T Opljla OCTOBOM OJHOH u3 KommoHeHT (G, Takum

obpasoM, aec T rpada G ¢ p komnonerTamH Gy, Gs,. . ., G, cocTouT
u3 p Takux KommouenT Ty, T,,. .., Tp, uro T; —ecTp octoB G,
1< i< p.

Ko-nec T* neca T rpadpa G — 3To ocToBHBIH noarpag rpada G,
cojeprKalmui TouHo Te pebpa G, KOTopble He BXOAAT B 7.

OTMeTHM, 4TO MOHSITHA «JIec» H «OCTOB» SBJIAOTCH CHHOHHMAaMH
0 OTHOLIEHHIO K cBA3HOMY rpady. Jlec 7 H COOTB2TCTBYIOLIUA Ko-iec
T* rpada npeacTaBjeHsl Ba pHc. 2.3

U/ U4 U5 U& Ug.
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———— e 0
Y oY Uy Uy
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Puc. 2.3. Jlec ¥ ko-aec.
a—rpab G; 6—anec T rpada G, 8 —o-nec T*,
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2.3. PaHr U UHKJAOMATHYECKOE UYHCJ0

PaccmotpuM rpad G Ha n BeplUMHAx H m peGpax, coIepKauiHil &
koMnoHeHT. Paxz zpaga G, ob6o3nauaeMulii uepes p (G), ompenensiercs
kak 1 — k. Hukaromamuueckoe wucro epaga (3, o6osnauaemoe u (G),
onpefeasiercs Kak m — n + k. 3ameTum, uto p(G)+-u(G)=m. Hs
onpeleeHHs Jleca H Ko-jleca cienyer, uto paHr p (G) rpada paBeH UHCTY
pebep neca rpada G, a umkioMaTHueckoe Yhcio W(G) — uHeay pebep
Ko-neca rpada G. PaHr W LHKJIOMaTHYeCcKOe YHCJIO SBIAIOTCA OJHHMH
13 HauboJiee BAaXKHBIX XapaKTepHCTHK rpada. Kak Mbl yBHANM B I, 4,
OHH OTPEJENSIOT Pa3MePHOCTb NOANPOCTPAHCTB LHMKJIOB M Pa3pesos

rpaga.

2.4. ba3zucHble UHKJABI

Paccmotpum octoB T cBsasHoro rpada G. O6oznaunm BeTBH T uepes
b1, bay. + oy bpoa, @ xXopael T — uepes ¢y, Cg. . ., Cmyn+1, THE M —
yieao pedep, a n — uncao BepiunH B rpade G. Ilockonbky T ~— anuk-
Jnueckuit, To no teopeMe 2.1 rpad T U¢; cOOEPKHT TOYHO OAHH IHKIE
C;. DTOT UHKJ COCTOHT U3 XOPJbl ¢; H TeX BeTBell T, KOTOphle NPHHAJE-

v
7 oy,
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Puc, 2.4, MHo:KecTBO GasumcHBIX HUHKJA0B rpada G,

a—rpad G; 6—octop 7 rpada G, 6 —nsath OashcHbX NHKJAOL rpada G no oTHowenuio K T
(xopal 0603HayY€HEl WTPHXOBLIMH JIMHHAMH).
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KaT eJUHCTBEHHOMY MYTH Mex1y KoHUeBhMH BeptunHamu ¢;. Uukn C;
HasbBaeTca 6asucHbim yuKA0M epagha G OTHOCHTENbIIO XOP AL ¢; ocToBa T

MuoxectBo Bcex m — n -+ | 6Gasucublx uukgaos Ci, C,, .. .,
Cin-n+1 Tpada G OTHOCHTEJNBHO XOpJ OCTOBA T HAa3LIBAaeTCH OA3UCHbIM
muoxecmsonm yuxaos rpada G oTHocuTesbHO T

BaxkHoll ocoGeHHOCTbIO 6asucHoro wnkaa C; saBjagercss TO, YTO OH
COJIEPXKHT TOJIBKO OJlY XOPAY, T. €. XOpAy ¢;. [lanee, xopaa ¢; He npH-
CYTCTBYET HH B GAHOM ApyroM 6asHchoM UHMKJE oTHocuTenbho T. M3
STHX CBONCTB C/iellyeT, YTO MHOXKecTBO peGep 6a3HCHOrO LMKJA HeJb3S
BLIPA3HTh B BHJE KONbLEBOH CyMMbl MHOXKeCTBa peGep HEKOTODHIX HJIH
BCeX OCTaBIUMXCSl 6a3HCHBIX LUMKJOB. B M. 4 MH yBUJIHM, YTO KaK/bIi
uuKa rpaga G MOXKHO BHIPa3HTh B BHJE KOJNbLEBOH CyMMbl HEKOTOPHIX
fasucHBIX UHKJIOB rpada G 1o oTHofleHHto K ocToBy rpada G. MiMeHHo
MO3TOMY TaKHe IHKJbl ¥ Ha3BaHbl «GA3HCHBIMHY.

I'pad G u MHOXKecTBO ero 6asUCHBIX LUHKJIOB MNpPEACTaBJeHb Ha
puc. 2.4.

2.5. Pazpesalcuive MHOXeECTBa

K pa3spesarouemy mroxcecmsy S cBasHoro rpada G OTHOCHTCS TaKoe
MUHHUMaJbHOE MHOXKeCTBO pebep rpada G, 4To yjaajleHHe X H3 rpada G
pasjensieT nocAeiHMil, T. e. rpadp G—S CTAHOBHTCS HeCBA3HBIM,

’T’s
“g
01)6
€s
s
e, & & e, e & eg
o
[ Us el U s e %
1t} 10
8 2
Puc. 2.5. Maaoctpanust onpejesicHHsl pa3pe3diollero MHOXKeCTBA.
a—rpad G, 6—G,=G—S, S={e;,, es. €1, ey} 8—Go=0G—35;, Syx{es. ¢, €5 €7, ):

e—Gs=G—-Sé, S.;:(el, g, €5, Cg}.

B kauecTBe mpumepa paccMOTpHM nojvMHowkecTBO S,={e;, es, €,
e} pebep rpada G (puc. 2.5, a). [locne ypanenns. S, u3 G nonyyaem
Gy = G — § (puc. 2.5, 6). I'pad G, — Hecmasuwi. Kpome Toro, yaa-
Jenie oforo coGCTBEHHOrO MOAMHOMXKECTBA S; He MOXKET NpeBPAaTHTh
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rpap G B HecBAI3HbIA. Takum obpaszoM, Sy — paspesaiollee MHOXKECTBO
rpaga G.

PaccMOTpHM Tenepb MHOXecTBO S,={ey, e, e, €;, ¢,}. I'pad G,=
=57—8, (pruc. 2.5, 6) — HecBaAsHLI. OnHako MHOXKecTBO S;=={ey, €,,
¢y, €y}, ABJSAIOCEC COOCTBEHHLIM NOJMHOXKECTBOM S,, TaKxKe NpeBpa-
maeT rpad G B HecBaA3HuNi. I'pad G,=G—S; nokasau Ha puc. 2.5, a.
CrenoBate/1bHo, S, He GyfieT pa3pesaiollliM MHOXKECTBOM rpada.

3ameTHM, YTO MO ONpeje/ieHHIO Pa3pe3alollero MHOXKeCTBa, AaHHOIO

Bhille, ecJAH S sABJfAeTcs paspe3alollyM MHOXecTBoM rpada G, To
pairit G 1 G—S OTIHYAOTCA N0 KpaiiHeH Mepe Ha eNMHHLY, T. e.
0 (G)—p (G—S) = 1. B patore [2,1] npuBoanTes cllenyiolee onpenese-
HHe pa3pe3aroulero MHOXecCTBa:
Pa3spesatoLilHM MHOXKeCTBOM S cBfi3HOro rpada G sIB/seTcs TaKoe MHHI-
MajlbHOe MHOXKecTBO pebep G, uto ynanenne S’ pas6uBaer rpad G Ha 1Be
KOMIIOHEHTHI, T. €. P {G)—p (G—S)=1. Bo3HnkaeT BOnNpoc: IKBHBAJIEHT-
Hbl JH 3TH 1Ba onpefenennsn? OTBeT — MOJOXKHTENEH, a JOKAa3aTelb-
CTEO OCTABJAEHO B KauecTBe ynpaxkHeHHs 2,15,

2.6. Paspes

Onpene/nnM NOHATHE «pa3pe3» KOTOPOE CBS3aHO C MOHATHEM «pas-
pezaiolilee  MHOXKeCTBOY.

PaccmoTpuM cBA3HBIH rpad G ¢ MHoXkecTBOM BepiunH V. [lycts V, n
V,— IBa TaKuX HenepeceKaloUMXCcs NOAMHOXKECTBa MHOXkKecTBa V,
yro V=V,UV, 1. e Vi u V,; He HMelOT OOLINX BepuUIHH, a BMeCTe
¢oneprKaT Bce BepIUHHLI MHoxkecTBa V. Torma MHoXecTBO S BCex Tex
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Pnc. 2,6. Onpenencane paapesa,
a--rpad G, 6-—paspes (V,, Vo rpada G,
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pebep, KOTOpble HMEIOT OAHY BepliMHY B V,, a apyryilo — B V,, Hasbl-
BaeTcsi paspesom rpada G, Pazpes o6biyHO 0Go3Hauaercs yepes < Vi,
V.>. B pa6ore [2.2} paspes HasuBaercsi pasdeaumesem (MHOXKECTBO
pefep, paslessIOHX MHOMXKEeCTBO BepIIHH V).

B kauecrtBe npumepa paccMoTpuM rpag G, u3oOpakeHHBIH Ha
puc. 2.6. Ecau Vi={uv,, v, vs, v} U Vo={vs, vs, 07}, TO paspes <<V,
V.> — 310 MHOXKecTBo pebep {es, €1, €.}

Otmerum, yto pazpes <V,, V,> rpada G siBasieTcd MHHHUMaJbHBIM
MHOXKeCTBOM pefep, yAaneHHe KOTOPHIX u3 rpada G pasbuBaeT HCXOA-
HbIE rpad Ha AaBa rpada G; ¥ G,, sBJsOLUEcCs NOPOXKJEHHbIMH MOJ-
rpacdamMu Ha MHOXKecTBaX BepliMH V, u V, cootBeTcTBenHo. I'padnr G,
1 G, MOryt ObThb HecBsisHbIMH, Ecau o6a 3T rpada cBsisHble, To <V,
V,>> mno-mpexHeMy MHHHMaJbHOE MHOXeCTBo pebep, pasieJsiiomuX
rpad G TOYHO Ha JiBe KOMNOHEHTLI, Torja no onpefenenuto <<V,, V,>—
ecTb paspesawoliee MHOXecTBo rpada G.

[MpeanonoxuM, uro Ansi paspesaroliero MHoOXKecTBa S rpada G
BeJHYHHB V; U V, SBJAIOTCS COOTBETCTBEHHO MHOXKECTBAMM BEPILHH
JBYyX KoMmoHeHT G; u G, rpada G—S. Torga S ects paspes <<V,
V.>>. Takum o6pa3oM, HMeeT MecTO cJeayiollasi TeopeMa:

Teopema 2.6. 1. Paspes (V;, V,> cBasHoro rpada G ecTb paspesaioiee MHOXECTEO
rpada U, eciu cooTBeTCTBYIOMHKe NOArpadel G, NOPOXKAEHHBIE Ha MHOXECTBAaX BEpIUUH
Vi u V,,— cBasnble., 2. Ecan § — paspesalouiee MHOXeCTBO cBsisHoro rpada G, a
Vi u Vy— MHOXeCTBA BEPIIHH ABYX KOMINOHeHT G—S§, T0 S=<V, V.

Jlio6o#i paspes (Vy, V> B cBsi3HOM rpade G cofepuT paspesaiouiee MHOMKECTHBO,
Tak Kak yjasende {Vy, V,> u3 rpada G nepeBOAMT NoC/IefHHH B HeCBs3HbIH rpad.
DakTHUECKH MbI MOXeM Jl0Kas3aTb, 4TO paspe3 B rpade G siseTcs oGbejuHeHHEM
HECKOJbKHX pefepHO-HelepeceKalomHXCsl- pa3pesalomux MHOXecTB rpada G, Qop-
MaJbHO Mbl YTBEPXKJAAEM 3TO B cJielylontefi Teopeme:

Teopema 2.7. Paspes B cBsiaHOM rpacde G ecTb 06belHHeHHe HECKOJIbKUX pebepiio-
HerlepeceKalomMXcs paspesatomiux MHOxecTs rpada G. JlokasatenbCTBO 3TOH TeopeMut
HEC/J0XHO, NO3TOMY OCTaBUM €ro R KauecTBe ynpaxHeHus 2,19,

Us G
vso” 1{5 v7
%
Y, o ey,
ZAU v3° oU‘f Puc, 2.7, Wnnioctpanus teopemsi 2.8,

4 a—rpadp G; 6—noarpad rpada G, no-
d POKACHHBI{I HA MHOMKECTBE BEPWHH {Us, Uy,
Uy Ugy Vg Ugy Ugls

o

Q
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PaccMOTPHM BeplIHHY U; B cBA3HOM rpage G. MHOXecTBO pefiep, HHLHAGHTHHIX
pepiunHe Uy, obpasyet paspes {v;, V—uv;>. YaaneHue stux pebep pasbuBaerrpad G
pa asa noarpaba. ONHH H3 HHUX, colep>KallHH TOJBKO OJIHY BePIIMHY Up, ABJAETCH
cBEA2HLIM 110 onpefieienuto. Jlpyro#l sBJiseTcs nopoxiaeHHbIM noiarpagoM G’ rpagpa G
12 mpokecTBe Bepwnn V—u;. [Tostomy paspes {vy, V—uv;> ABJseTcs paspe3aioulym
MHOKECTBOM TOTHA H TOJILKO TOrAa, Koria noirpad G' ssasercs casHeiM, Ho non
rpa G' ABIAETCA CBA3HBIM B TOM H TOJBKO B TOM CJyyae, KOLJa Uy He SiBJAETCA TOUKOMH
coutenenua (pasa. 1.7). Takum o6pasoM, uMeeM CJIENYIOUIYIO TEOPEMY:

Teopema 2.8. MHOXecTBO pefep, HHUHACHTHBIX BEPIUHHE U B CB3HOM rpade G,
ecTh paspesalolllee MHOXECTBO TOTAa H TOJNLKO TOrja, KOTAa U He ABJAAETCH TOUKOMH
couleHernun B rpade G. B kauecTBe npuMepa paccMoTpum pasienumuiil rpad G, npea-
ctanjentbifl Ha pHc. 2.7, @. v; — TouKa codaeHeHus rpada G. [Moarpad rpada G,
NGPOMACHHEIN Ha MHOXeCTBe BepHH V—uy= {v,, Us, Uy, Us, Ug, Uy, U}, H306paxen
Ha puc. 2.7, 6. ror noarpad COCTOHT H3 TPeX KOMNOHEHT H He cBaAseH. [losTomy
pebpa, gﬂuuﬂemuue TOYKe COYJeHeHHA U;, He 06pasyioT paspe3anoulero MHOKECTBa
rpada G.

2.7. BasucHble paspe3aiolliHe MHOXeCTBa

B pasa. 2.4 ObIO 1OKa3aHO, YTO OCTOB CBSI3HOTO rpada MOZKHO
1CI10/1b30BaTh A71s NOJy4YeHHsl MHOXKecTBa Ga3HCHBIX LHMKJOB B Tpade.
B j1aHHOM pasjesne Mbl IOKa3blBaeM, KaK C MOMOIIbBIO OCTOBA MOXKHO OIl-
pesesnTh MHOXeCTBO OasHCHBIX paspe3aloliiX MHOXKECTB.

Paccmotpum octoB T cBsidHoro rpada (. - Ilycts b — BetBb T
Y naneHue BeTBu b pasbuBaer T Ha ABe KoMnoHeHTol T; u T',. Cnenyer
oT™MeTHTh, 4To T1 H T, sBasiiotes fepeBbsiMu rpada G. [lyets V, u V,
0003HayalT COOTBETCTBEHHO TakHe MHOXKecTBa BepwiMH 17 M T,, uTO
V., u V, BMecte cofepaT Bce BepuiMHBI rpada G.

Ilyets Gy v G, OyoyT COOTBETCTBEHHO NOPOXKAEHHBIMH NoArpadamu
rpada G Ha MHOXKecTBax BepwHH V, u V,. He TpyaHo BuaeTh, uto T
1 T, apaaiotcs octoBamMu G, U (,. CnefoBateibHo, 1o Teopeme 2.3 G,
u G, — cBasHble rpadbl. B Teopeme 2.6 nokaseiBaercs, 4to paspes <V,
V> siBasieTcs paspesaioliM MHOXKeCTBOM rpada (. DT1o paspesaiollee
MHOXKECTBO HasblBaeTca 6asucHmim mHONcecngonm rpada G 110 OTHoLLe-
HHIO K BeTBH b octoBa T rpada (. MuHoxkecTBO Bcex n—| 6asucHbIX
paspesaronX MHOMKECTB [0 OTHOIIEHHIO K n — l-BeTBH ocToBa T cBfI3-
Horo rpada G HasbBaeTCs OASUCHbIM MHONCECINBOM PA3PESAIOUUYX MHO-
acecme rpaja G Mo OTHOLIGHHIO K ocToBy T.

Crenyer OTMETHTb, 4YTO paspesaiollee MHomxecTBo <<Vi, V,> co-
IePKHT TOYHO OJHY BEeTBb, T. €. BeTBb b ocroBa T'. Bce npyrue pebpa
<V, V,> sasasmiores xopaamu T. 3to ciaefyer H3 Toro, yro <CVy,
V> He conepxHT HH oaHoro pebpa us octoBoB Ty U T',. anee, BeTBb b
He NpUCYTCTBYeT HH B OJHOM O043HCHOM paspesaiolleM MHOXKeCTBe Mo
OTHoulennio kK T. M3 atoro ciefyer, 4To MHOXKecTBO peGep 6a3HCHOTO
paspesaioniero MHOKECTBa Helb3s NPeJCTaBHTh B BH/JE KOJbUEBOH CyM-
MBI MHOXKeCTB pefep HeCKOJBbKHX HJH BceX Oa3HCHBIX pa3pes3aiolnx
MHOXKecTB. B ra. 4 MBI 10KakeM, 4To Kaxjoe paspesaiouliee MHOXKECTBO
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Puc.'2.8. MHOXECTBO Ga3UCHHX PAa3Pe3aAIOIAX MHOKECTB Tpada.

a--rpap G: 6 —ocrop T rpada G; 6—64a3HCHOE pPa3pPe3AION|ee MHOMECTBO 110 OTHOINEHHIO K

BCTBH ¢, @— 6a3HCHOE Da3pe3’aloiliee MHOMECTBO 10 OTHOWEHHIO K BETBH €,; O —O6asicHOE pa3s-

pe3aioiliee MHOMKECTBO 0 OTHOLIEHHIO K BETBH 4, ¢ — Ga3HCHOE DA3pesdioillee MHOMECTRO TI0 OT-
HOLIEHHIO K BETBH €.

rpada G MOXHO NpPEACTaBHTb KOJBUEBOH CYMMOM HECKOJBKHX Gasuc-
HbIX paspesalHX MHOXECTB MO OTHOIUIeHHIO K ocTtoBy T rpada G.

I'pad G u MHOXeCTBO ero Ga3HCHBIX Pa3pe3aloliHX MHOMKECTB Npel-
CTaBJjieHbl Ha pHc. 2.8,

2.8. OcTOBbI, UHKJIbI H pPaspe3aloiiive MHOKECTBa

B stom pa3nesie Mbl Oﬁcy,ELHM HEKOTOpbIE HHTEpeCHBbIE pe3yJibTaThl,
CBsI3bIBAIOIIIHE pa3pe3aloiiHe MHOXKECTBA H HHKJBI C OCTOBAMH H KOJe-
PEBbAMH COOTBETCTBEHHO. ATH pPe3yabTaThl BbIABASAIOT ILBOﬁCTBEHHYlO
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npHpOAY LHKJIOB H pa3pesaroiliX MHOxecTB. OHM NPHBOASAT K ajibTep-
HATHBHLIM XapaKTepH3alMsM pa3pe3alolMX MHOXKECTB H LUHKJOB B Tep-
MUHAX OCTOBOB M KOJIEepeBbeB COOTBETCTBEHHO.

OueBHAHO, YTO YIaJieHHE Pa3pe3aroliero MHOXKeCTBa S H3 CBS3HOIO
rpada G paspywaer Bce ocToBH rpada G. HerpymHo nokasatb, 4TO
paspesarolllee MHOXECTBO sBJIfeTCA MHHHMAJbHBIM MHOXKECTBOM pebep,
yaa/neHue Kotoporo 3 rpada G BBI3bIBAaeT pas3pyllieHHE BCEX OCTOBOB.
8 rpade. OnHaKo pe3ysbTaT, oOpaTHBIl 3TOMY, He oueBHIeH. [lepsbie
TeopeMbl IaHHOro naparpada 3aTparuBaloT 3TH M HEKOTOphe IpyTrie
BONPOCH, OTHOCSILIHECS K IHKJaM.

Teopema 2.9. Pa3pesaiomee Mii0XxecTBO CBsi3HOro rpada G copepxuT no Kpafued
Mepe OJHY BeTBb Kaxjoro ocrosa rpaga G.

JHokazameascmeo, TIpeAnonoxuM, 4To paspesaiomee MuoxecTeo S rpadga G He
cOZepKHT HH ofnoil eTBd ocroBa T rpada G. Toraa rpap G—S 6yaeT codepxatb
ovtoB T H, clefoBaTe]bHo, 10 Teopeme 2.3 G—S — cessumi rpad. Ho aro npoTuso-
DEUHT TOMY, 4TO S — paspesawoiiee MHOXeCTBO rpada S.

Teopema 2.10. Lluka cBsisHoro rpacda G coepxHT no Kpafineli Mepe onHo peGpo
KaKAOro Kolepesa rpada G.

Hdoxasameavcmso. Tlyctb uuka C rpada G He coflepXXHT HH OLHOTO peGpa Koje-
pesa T* octosa T rpada G. Toraa rpap G—T* 6yner conepxaTe uuka C. Tak kak
G—T* cosnagaer ¢ octoBoM T, TO, cilefloBaTe/lbHO, 0cTOB T  coflepxHT UHKI. Ho 370
[POTIBOPEYHT OIpeje/]eHHI0 OCTOBA.

Teopema 2.11. MuoxectBo pebep S cBssHoro rpapa G ABJAAETCS pa3pe3alouluy
Muro}¥ecTBOM G TOTa H TOJIbKO TOrAa, KOTAa S —— MHHHMallbHOe MHOXeCTBO peGep,
cOLEePKAlMX MO KpaiiHell Mepe OfHY BeTBb KaXJAoro octosa rpada G.

Hoxasameabcmeso.

Heobxo8umocms. Ecin MHOXKecTBO peGep S rpada G sAp/seTcs paspesaiOlluM MHO-
HeCTBOM, TO IO TeopeMme 2.9 OHO COAEPKHT MO KpaHHed Mepe OLHY BETBb KaXJAOro
octoBa rpadga G. Ecoiu OHO He sBAseTCS TAKHM MHHHMaJIbHBIM MHOMXeCTBOM, TO c0G-
CTBEHHOE MOAMHOXKECTBO S’ MHOKecTBa S GyIeT colepxaTb NO KpaflHed Mepe olHy
BeTBb Kaxjoro ocropa rpada G. Toria G—S’ He 6yleT colepkKaTb HH OAHOrO OCTOBA
rpada H GyleT HecBsi3HbIM. TakuM 06pasoM, ylaJjeHHe COGCTBEHHOTO HOAMHOXeCTBa
S’ paspeaaromero MHOXecTBa S rpada G npespallaeT NOCAelHHE B HecBsI3HbIA rpad,
OnHako 3To GyjeT NPOTHBOPEYHTb ONpeleleHHIO pa3dpesaiomero muoxecrsa. Cuelo-
BaTeJqbHO, HeOGXOJHMOCTb JOKa3aHa.

Hdocmamounocms. TlyeTb S — MuHHMasibHOE MHOXECTBO pelep, colepikallee INO
kpaiineli Mepe OAHY BeTBb Kaiaoro octosa rpada G. Torza rpag G—S He Gyzer co-
LepKaTb HH OLHOrO OCTOBA H, CJIELOBaTeNbHO, OYNeT HeCBA3HbIM. TIPEANOIOKHM, YTO
S He sipasieTcsl pa3pe3aollHM MHOXecTBoM. TOTAa coGcTBeHHOe MNOAMHOXeCTBO S
MHOXKecTBa S OyneT paspesaiomuM. CiefloBaTe/IbHO, H3 [0KA3aTe/bCTBA HEOOXOAH-
MOCTH 3TOH TeopeMbi S’ GyleT MHHHMAJbHEIM MHOXECTBOM peGep, COAepIKallHM o
KpaiiHeil Mepe OHY BeTBb Kaxjoro octoBa rpapa G. Ho 3To npoTHBOpeuHT TOMY,
4YT0 S — MHHHMa/JbHOe Takoe MHOxecTBO. CJEROBATENbHO, AOCTATOYHOCTL AOKa3aHa.

dra TeopeMa XapaKTepH3yeT pa3spesaloillee MHOXKECTBO B TePMHHAX
octopoB, CdhopmynHpyeM MomxoOHYIO XapaKTepH3aLMIo LJIsf LHKJIOB C
HCIOJIB30BaHHEM KOJepEBbLEB,

PaccMoTpHM MHOXecTBo peGep C, obpasyioulee UHKI B rpage G.
Io Teopeme 2.10 MHOKecTBO C COZEPKHT N0 Kpailneil Mepe 0fHO pe6po
Kaxkgoro kojepesa rpada G. [lokaxkem, uYTO HHKakoe coGCTBEHHOe
NOIMHOKecTBO C' MHOKecTBa C He 06Jajaer 3THM cBoicTBoM. Oue-
BHAHO, 4T0 C’ He cOepXHMT LuKJI. Torxa no TeopeMe 2.4 MOXKHO no-
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cTpoHTb ocrtoB T, cojepxamuii noanuoxecrso C’'. Kogepeso T*,
cootercraymomee T, He umeer obmwux peGep ¢ C’. CaeloBaresbto, s
KaXXJ0ro co6CcTBeHHOro noiMHoXecTsa C’ MHOXeCTBa C CYIIECTBYET Mo
MeHbIIeH Mepe 0JHO KojepeBo T*, He uMmerollee o6HX peGep ¢ Moj-
MHOXecTBoM C’'. B caMoM jleste, 5T0 yTBEp:KIEHHe BEPHO AN KaXKAOTO
aupkKanueckoro noarpada. TakuMm o6pa3oM, HMeeM CAEAVIOUIYIO TEOpe-
My:

Teopema 2.12. IInknom cBsasHoro rpada G sABAseTcs MHHHMAJIbHOE MHOMECTBO
peGep rpada, couepixalee no KpaiiHel Mepe ofH0 pebpo KaxAoro Kojepesa rpagda G.
JokaxeM 06paTHYIO TeOpeMy.

Teopema 2.13. MuoxectBo pebep C cBssHoro rpadga G ectb UuKI B G, €CaH OHO
ABJSETCA MHHHMAJbHBIM MHOXKECTBOM, COAEPKAILHM N0 KpadHed Mepe oAHO pebpo
KaxJA0ro kojepesa rpada G.

Hoxazameascmseo. Kak Obi10 nOKasaHo paHee, MHOMecTBO C HE MOXeT OHITh
AMKJIHYECKHM, TaK Kak AJA KaxA0ro alHK/IHYecKoro noarpada G’ rpada G cymecr-
BYeT KOJAEPEBO, He HMeollge HH OfHOrO obluero pebpa ¢ G'. Takum 06pa3oM, MHOXKe-
ctBo C COAEPKUT MO KpaiiHell Mepe ofuH LKKA C’. [IpeanonoxuM, uto C' aBasieTCs
cO6CTBEHHBIM NOAMHOXKecTBOM MHOXecTBa C. Torzaa no teopeme 2.12 C' — Munumans-
HOe MHOXecCTBO pefep, collep:kalliee Mo MeHbLUeH Mepe 0AHO Pe6pPO KaKAOr0 KOAepeBa
rpaga. OfHaKo 3TO NPOTHBOPEYHT NPEANOJONKEHHIO, YTO C — TaKoe MHHHMaJbLHOe
MHoxkecTBO. CJ1ea0BaTeslbHO, HH OAHO COGCTBEHHOE MOAMHOMKECTBO MHOxecTBa C He
ABJIACTCA LUHUKJIOM. [ToCcKONBEKY MHOxecTBO € He AaLUHK/JIMYECKOe, TO OHO JAO0JdMKHO
ObITb LIHKJIOM.

Teopemb: 2.12 1 2.13 ycTaHaBJIKHBAIOT, YTO MHOXKECTBO pebep C cssHoro rpada G
6yAeT UHMKJIOM TOTAa H TOJbKO TOTAa, KOrAa OHO ABJAETCA MHHHMAJIbHLEIM MHOXECTBOM
pebep, cofepixaiiM o Kpaiuel Mepe oaHO pebPO KaxkAoro Kojepesa rpapa G. Hoewe
XapakTepH3alMH Pa3pesarollero MHOXKeCTBa H LHKJIa, IOJYUYeHHbIE C [IOMOILbIO TEOPEM
2.11—2.13, BLIABIAIOT ABOHCTBEHHYIO MPHPOAY NOHATHH CUMKJI» M «pa3pesaroiee
MHOXECTBO». ITY ABOKCTBEHHOCTbL Mbl MOAPOGHee HccselyeM B . 10 npu obfcyxaeHun
TEOPHH MaTPOUACB.

Crenyromas TeopeMa CBA3BLIBAET UHKJL H Pasdpe3adiolilie MHOMKeCTBa 6e3 HCMoab-
30BaHUA MOHATHA «ACPEBO».

Teopema 2.14. [{MKJ 1 paspesaollee MHOMKECTBO CBA3HOrO rpada UMeEIT YeTHoe
yHea0 o6ImHuX pebep.

Hoxasameascmeo. Tlyctb C — uuka, a S — paspesaioniee MHOMKECTBO CBA3HOIO
rpada G, a V; u V, — MHOXecTBa BepIIHH ABYX CBA3HBX noarpados G; U G, rpada

Ecau C — noarpag rpada G; uin G,, To, OYEBHAHO, YHCJIO pebep, obmux B C
# S, paBHO HYJIO, T. €. YSTHOMY YHCJTY.

TTpeanosoxum, uto C u S uMelOT HecKOIbKO 06WwKX pebep. Bynem nepeasurartbes
no uukay C H3 BepWHHB Uy, MPHHAAMEKAILEH MHOMXKECTBY V7.

TTockoJibKY nepeiBHKeHHe JOAKHO KOHYHTLCA B BEPUIMHE Uy, HEOOXOAHMO, YTOOH
KaXAbIH pPa3 Mbl BCTPeYasJuCh ¢ pe6pOM MHOMXeCTBa S, BeAyLIUM HAC OT BEpPLIHHL B
MHoxecTBe Vy K BepLIHHE B MHOXKeCTBe Vg; Takike A0/IKHO CyILecTBOBaTh pebpo S,
NepeBOAAILEE HAC H3 BePlUMHLI B MHOXKeCTBe V, Hasaj, K BeplinHe B MHOXecTBe V.
310 BO3MOKHO TOALKO B TOM CJayyae, ecit C H S HMEIOT YeTHOe YHCJI0 OBLHX pebep.

Mbl loKa3any oyeHb BaXKHYIO TeopeMy. OHa GOpPMyMHpyeT cOOTHOLLIe-
HHE OPTOTrOHAJBHOCTH MEXAY pa3pe3alolllMiMH MHOMXECTBAMH H IIHKJaMH.
310 cooTHolleHHe GyJleT Mo3jHee pacCMOTPEHO B I, 4.

Crnenyer oT™MeTHTb, 4TO Teopema, oGpaTHas Teopeme 2.14, He coBceM
BepHa. OaHako B TIM. 4 Mbl NOKaXeM, 4TO MHOXecTBO S rpaja G
ABJACTCS Pa3spe3aollM MHOMXKEeCTBOM (UHMKJIOM) HAH oObeAHHeHHEM
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HECKOIBKHX  peGepHO-HEMEPECEKAOIUXCA  Pa3pe3alolluX  MHOXKECTB
(UHKJOB) TOTJA H TOJbLKO TOTAA, KOT4A MHOXECTBO S HMeeT YeTHOe
yucn1o pebep, BXOAALIUX B NepecedeHHe ¢ Ka)KAbIM LHKJIOM (paspe-
3aI0LIHM MHOXECTBOM).

Ba3ucHble LUKABL H paspe3arollie MHOXKECTBA CBA3HOro rpada GbutH
oripefiesieHbl OTHOCUTENBHO OcTOBa. M He yIMBHTenbHO, uTO GasHCHbIE
UHKJBl B pa3pesarolllie MHOXKECTBA CBA3dHBI MEXKAY CO0Oi C/eNYIOIUM
o6pasom:

Teopema 2.15. 1. Da3ucHbI UMK MO OTHOWIEHHIO K xopAe ocToBa T CBSI3HOTO
rpada COCTOHT TOYHO M3 TeX BerBeil 7, KOPOPbIM COOTBETCTBYIOT Ga3HuCHble paspeaa-
lolllMe MHOXKEeCTBA, BKJoyalollHe 5Ty xopAy. 2. DBasucHoe pa3spesalolnee MHOMXeCTBO
10 OTHOLUIEHHIO K BeTBH 0CcTOBa T CBA3HOrO rpada COCTOUT TOUHO U3 TeX Xoph octoBa T,
KOTODBIM COOTBETCTBYIOT 6a3HCHble UMKJBI, BKJIOYAIONIHe 5TY BETBb.

Hoxasameascmso. 1. Ilycts C — 6a3ucHbl UMK CBsi3Horo rpada G mo orHole-
HUIO K XopJie ¢; octoBa T rpada G. Ilyerb uuka C cofepXHT NOMHMO XOPAbl ¢; BETBH
by, by, .. ., by, NpuHamexamue ocroBy 7.

[Npennonoxun, uro S; (1 <i<k) — GasucHoe paspesaolllee MHOXKeCTBO rpada G
no oTHOWieHHIO K BeTBH b; (1 <i<k) ocroBa T. BerBb b; — eguHcTBeHHas ofmas
BerBb Kak Ans C, Tak u aasa S;. Xopjha ¢; — elHHCTBeHHas xopia B uukae C. ITo-
ckobKY C ¥ S; JOMKHBI UMETb YETHOC YUCJO O6uuX pebep, TO HEOGXOAUMO, YTOGHL
6a3ucHOe paspesapolllee MHOXKECTBO S; BKJOUaNo B ce6s xopAy c¢;. [lokaxeM, uto
HUKakoe Apyroe GazucHOe paspesalolliee MHOXKECTBO OCTOBA T He COIEPKHT XOPAH! ¢;.

[lpeanosnoxuM, 4To Ga3ucHOE pa3pesalolee MHOXECTBO Spy; MO OTHOLIEHUIO
K HeKOTopoii BeTBH by ) ocToBa T CONEPXKHUT XOPAY ¢y. Torjaa oHa 6yieT eJUHCTBEHHBIM
obuwum pe6pom Mexay C u Sp.j. OfHako 3TO NpOTHBOpEUHT TeopeMe 2.14. TakuM
06pa3oM, XopJa ¢; MPUCYTCTBYET TOJBKO B Pa3pe3alollleM MHOMKeCTBe, ONpefesiieMoM
BeTBAMH by, by, . . ., bp.

2. JlokasbiBaetcs aHAJOTHYHO.

2.9. 3aMeyeHHs, KacaloliHecsl JHTEPATYPbI

[NoHsATHE ¢1epeBO» SBJSETCA OCHOBHBIM MPH MOJYYEHHH HEKOTOPHIX
pe3y/bTAaTOB, CBA3AHHBIX C LMKJIAMH M Da3pe3alollUMH MHOXKECTBAMH
rpagos. OkasblBaeTcst, YTO OCTOBBI, LHMKJL H PaA3pPE3AOLUIHe MHOKECTBA
SIBJISIIOTCS COOTBETCTBEHHO 0asaMM, LHMKJ/JIAMH H KOLHMKJIAMH MaTpOMIa,
KOTOpLle MOXKHO ONpENEeNHTh Ha MHOXecTBe pebep rpada.

TakuM o6pas3oM, pe3y/bTaThl 3TOH IJIaBbl MOMOTYT JYUILIEMY MOHH-
MaHHIO TEODHH MAaTPOMAOB, H3JoxeHHOH B ra. 10.

Teopust 3/IeKTPHUECKHX LieMeH OTHOCHTCS K OXHOH H3 caMbiX paHHMX
obJsacteit mpUMeHeHHs1 TeopuH rpagos. . 2, 4 u 6 ofpasyioT ocHOBY
TEOPETHUECKOTO M3YUEHHs 3JEKTPHUECKHX LeneH ¢ moMolibio rpagos,
Hau6osee no/iHO ¢ 3THM BOMPOCOM MOXKHO 03HAKOMHUTbes B padote [2.11;
patotsl [2.3—2.5] pekomeHayIOTCA LIS NasMbHEHIIErO H3YUYeHHs JaHHOM
TEeMBI.

HeKoToprle BOpock!, CBA3aHHbIE C AePEBbAMH IHPOKO, 0GCYKAAIOT-
¢ B Juteparype. UacTb U3 HMX PacCMOTPHM B MOCAEAYIOIIMUX TJaBax
KHHTH,
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YnpaxHeHus

2.1. INokaxHTe, YTO HAa INECTH BEePIIHHAX CYLIECTBYET TOUHO INECTb HEH30MOP(HBIX
JepeBbeB, a Ha CceMH BepwHHaX — 11, Haprcyfite Bce nepeBbs.

2.2, TlokaxHTe, YTO JepeBO ABJSETCS ABYAOJIbHLIM rpadoM.

2.3. PaccmotpuM noarpad G, csisHoro rpada G Ha n sepumHax. [TokamuTte, uro, 3a
MCKJIIOYEHHEM napH 6 H 2, HH OfHa Apyras fapa H3 CJeAYIOUIHX YCJIOBHH He BJjeuer
Toro, uto G, sBJserca ocrosom G:

a) Gg CONePXMHT n BEPLIHH;

6) Gg conepxut n—1 peGep;

B) Gy — cBsA3uuil noarpag;

r) G He COLEPXKHT LHMKJIOB.

2.4. JlokaxnuTe, uTO JI060€ BHCsAYee peGpo (peGpo, HHUMIEHTHOE BHCAUYed BepluuHe)
csizHoro rpada G conep:KHTCS B KaxMIOM ero OCTOBE.

2.5. JlokaxHTe, 4YTOo Kaxaoe peSpo cesasHoro rpada G sB/sleTcst BETBBIO KaKOro-sau60
ocroBa 3Toro rpada.

2.6. [lokaxHnTe, 4TO B JepeBe Kaxaas BeplIHHA, CTeneHb KOTOPOH GoJiblle eauHHIbI,
ABJISETCS TOYKOH cousleHeHHS.

2.7. JlokaxHTe, 4TO Kaxaoe pe6po Hepasnenumoro rpagpa G aejsercss XOpaoft Heko-
Toporo Kozepesa rpaga G.

2.8. JlokaxHTe WJIK onposeprauTe: Jiobule ABa pe6pa HepasjesHMoro rpada cozep-
KATCsl B HEKOTOpPOM 0a3HCHOM LHKJe,

2.9, Ilpu Kaxux ycaoBuax Jwobbie aBa peGpa rpada G MOryT ObiTb XOpAaMH HEKOTO-
poro Kozepesa rpapa G?

2.10. JlokaxuTte, 4TO HepasjeiuMbifi rpad HMeeT LHKJOMAaTHYECKOe YHCJ/IO, paBHOe
eAuHHLIE, B TOM ¥ TOJbKO B TOM CJy4ae, €CJH OH SIBJISETCS LHKJIOM.

2.11. [lokaxuTe, 9TO UHKJOMaTHYECKOe YHCJO JI0GOro rpadpa He MoeT GBITb OTPH-
uatesbHbeM. [lpHBenuTe npuMep rpada, LHKJIOMATHYECKOE YHCJIO KOTOpOro pasHo 0.
2.12. PaccMotpuTe CJeAylollHe JBe onepauuH Han rpagaMu:

a) Ecan pepuinze v, HHIHIEHTHB TOJNbKO 1Ba pebpa e;== (Uy, Ug) H €= (Vg, ¥g), TO
3aMeHHTb €; Il €, €NHHCTBEHHLIM PeGPOM, COELHHSIOUIHM Uy U U,.

6) 3ameHUTDb J1060€ pebpo (v, Uy) ABYMS pebpaMu (vj, U,) U (Uy, Uy), TA€ U, — HOBas
sepuwiHa, He Bxoaswlas B rpap G. JloxaxmuTe, YTO LHKJOMAaTHYECKOE YHCJO Ipada
AB/ISeTC MUHBAPHZHTHBIM OTHOCHTEJBLHO 3THX onepalui,

2.13. Ces3nuifl rpap G AB/SETCS MUHUMALOHO-COAIHBIM, €CJIH LJIS KaXKAOTO pebpa e
rpaga G rpap G—e — necpasnbii. JlokaxHTe, 9TO CBA3HLI rpad sBJAsSeTCH AepeBOM
TOTAA U TOJBKO TOTAA, KOTZa OH MHHHMAaJIbHO-CBA3HRI.

2.14. Nokaxure, ato noarpap G, cesavoro rpada G sABJAAeTCS €ro OCTOBOM TOCAa H
TOJILKO TOTA4, KOFJd OH SABJSeTCS MaKCHMaJbHHM noarpadoM rpada G, He copepa-
IHM HH OLHOTO LHKJA,

2.15. ITokaxuTe, UTO paspesalolllee MHOXECTBO CBSI3HOro rpapa G fABJSETCH TAKHM
MHHUMaJIbHBIM MHoxecTBoM S pebGep rpapa G, 4ro ynajtenns S pasGueaer rpad G
TOYHO Ha ABe KOMIOHEeHTH, T. e. p (G)—p ((—S)=1.

2.16. JokaxuTe, uTo KaxAbi#l cBA3Hbifl rpad cofepxuT paspe3aiouiee MHOKECTBO.
2,17. JloxaxuTe, 4yto noarpad cessHoro rpada G MokeT colepikaTbCs B Kojepese
rpada G TOrAa H TOABLKO TOTAA, KOrAa OH He BK/IuaeT b ceOsi HH OLHOrO paspeaaro-
njero MHoxectsa rpada G.

2.18. loxaxHuTe, 410 noaMHOKecTBO S pebep cBsasHoro rpapa G ofpasyeT Kojepeso
rpada G Toraa ¥ TOJIbKO TOTAA, KOTAA OHO SIBJISIETCSH MAaKCHMAJ/IbHBIM NOAMHOK@CTBOM
peGep, He collepallHM HH OQHOrO paspe3aroulero MHoxectBa rpaga G,

2.19. okaxuTe, yTO paspe3 B cBSI3HOM rpade G ABJAseTCS pa3pe3alollyM MHOKECTBOM
uaH ofbeauHe HeM HeCKOJbKHX peGepHo-HenepeceKaloUHXCsl Pa3pe3aloluiiX MHOKECTB
rpada G.

2.20. loxkaxuTe, YTO KaxJ0e paspesaloillee MHOMKECTBO HepasleJuMoro rpagpa Go.iee
ueM ¢ ABYMs BepIIHHAMY COAEPXKHT no KpaiiHefi Mepe iBa pebpa.

2.21. Joxaxute, uro rpap G siB/iseTCs Hepasfe/MMbiM TOTAa H TOJbKO TOTA3, KOrjla
moGuie ABa pebpa rpada G npuHalJexaT o0UIEMY Pa3pe3aolleMy MHOKECTBY.
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2.22. Tlyets C — umka b rpade G, a @ v b — no6kie pe6pa unkaa C. JloKaxkHTe, 4TO

CyIeCTBYeT TaKoe pa3pesaioiuee MHOKecTBo S, uto SYC={a, b}.

2.23. Iycts T; v Ty — ocToBH cBsA3HOro rpada G, [lokaxHTe, 4TO €C/H & — TIPOH3-

BOJIbHOE pe6po ocToBa Ty, TO cyliecTsyeT pe6po f B ocToBe Ty € TAKHM CBOHCTBOM, 4TO

{(Tir—e)Uf (rpad, nonydeHHslt w3 T; moc/e 3aMelbl e Ha f) TOXe SABJNETCS OCTOBOM

rpapa G. [TokaxuTe Takxke, 4TO OCTOB Tj MOXKHO «TPaHC(OPMHPOBATL® B OCTOB Ty

¢ NoMOLLbIO 3aMeHbl pefep octoBa T'; Ha pebpa octoBa T4 110 OAHOMY TakKHM 00pasom,

YTO Ha KaKJAOM Ilare 3aMeHH MHl OJiyyaeM ocTtoB rpada G.

2.24. a) Iycre C; u Cy — ABa unkaa rpada G. Ilyctb e; — pebpo, npuHamIexauee

nukaam C, ¥ C,, a e, — pebpo, npHHaliexkaluee Toabko UHKAY Cy. [loxkaxute, uto

cymecTsyet Takoll unKA Cy, 4T0 Cy= (CiCo)—ey, a ey NpHHAERUT uukay Cs.

6) [1puBeanTe 10KA3aTeAbCTBO /15l TOrO CAYUasi, KOrja B 11, a) TEPMHH «LHKJ» 3aMeHeH

TepPMHUOM «Pa3pe3arolliee MHOEeCTBO».

[1pumewanue. 310 yTBepKAedHe sIBJAETCS OJHMM M3 TNOCTYJATOB, HCNO/Nb30OBAHHBIX

p pabore |2.6] npH onpeseneHHy «UMKIOB» MaTpoHaa (ra. 10).

2.25, Mycts T — Npox3BoJ/bHOE fepeBo Ha k-1 pepwnuax. [Nokaxure, yto ecan G —

npoctoii rpad u 6 (G)=k, 1o rpad G umeer noarpad, usoMopduuit nepesy T.

2.26. Nokaxure, uTo rpad G colepKHUT & pebepHO-HenepecexarolHXcsl OCTOBOB TOTAa

H TOJIbKO TOT/d, KOTAa A/1s1 Kaxjoro pasbuenns (Vy, Vs, . . ., V,) MHO)KecTBa V uncao

pe6ep, HMEOLMX KOHIeBble BePIIHHbI B PATHbIX 4acTAX pa3CHeHHUs, PaBHO 1o Kpafued

mepe & (I—1) [2.7, 2.8].

2.27. Lenmpansnas sepuuna epagpa G== (V, E) — 910 Takas BepmiHHa u, 4TO 3Ha-

vesine max{d (¢, v)} ABAgeTCH HAMMEHbIUMM H3 BO3MOKHBIX, rie d (u, ) — paccTosinue
veV

mexay u ¥ v. [ToKaxuTe, 4TO AepeBo vMeeT JHGO0 TONbLKO OAHY UEHTPAIbHYIO BEPUWHHY,

260 ABC CMEXHble LeHTpaJbHble BepLHHbI,

2.28. I'pag Oepesves cssizHoro rpada G Ha n BepwHHAX — 3TO rpad), BEpWIMHAME

KoToporo sasJsiotest octossl Ty, Ty, . .., T, rpada G, npriuem ocTosbl T; u T ; cMexXiibl

TOTJa MW TOJIbKO TOT[a, KOTJa OHM HMeT TouHOo n—2 ofmux pe€pa. [lokakure, 4ro

rpad AepeBbeB JI060T0 CBSi3HOTO rpada TaKmke sBJASETCA CBA3LLIM,

IIpumeqanue: cM, ynp. 2.23.



3. JiinepoBbl U raMHJIbTOHOBBI
rpagn

MHoTHe OTKPbITHS TeOpHH IpadoB ObUIH HCIOMb30BAHBI IJ151 pelleHtst
«TIpAKTHYECKUX» npobiaeM — 3ajad, TOJOBOJIOMOK, HID U T. A. K oaHoil
H3 3THX 3a/1a4 OTHOCHTCSI 3HAMEHHTas 3a/iaua 0 KeHUTcOepreKuX MocTax,
Fe M0XHO c(OpMYJHpOBaTh CJAeLYIOHM OOpasoM:

Ha peke Ilperons B Kenurc6epre (remepr r. Kanunusrpaa) 6buio
nBa octpoBa. OHH COeMHSIUCh MeXY cOO0H H ¢ GeperaMi pekH CeMbio
MOCTaMH, Kak NokKasaHo Ha pHc. 3.1, a. 3amaua sak/odanach B TOM,
4yToGbl, Ha4aB JBUTATbhCs C OJHOTO U3 YETHIPEX YYACTKOB CYILIH (IIOMe-
uyeHHBIX Ha puc. 3.1, a 6ykBamu A, B, C u D), ToabKo omuH pas npoi-
TH 1O KaXKJOMY MOCTY M CHOBA BePHYTbCS B UCXOAHYIO TOYKY, T. €,

B

a 6
Puc. 3.1.

a—3afaua o KeHurcGeprckux mocrax; oO—rpad 3ajaud o KEHHI‘Cﬁepl‘CKHX MOCTaXx.

OTIPENeNIUTh 3aMKHYTHIl MaplpyT 4epe3 BCe CEMb MOCTOB, JBaXK/bl He
nepecekass HU OJMH M3 HHX.

Muorue 6bl1H y6exJieHbl, 4TO y 3TOH 3afauu HeT pellleHusi. OqHaxo
Jumb B 1736 r. Beaukuil luBeiinapckuil Marematuxk Dilep n0Kasan
BO3MOXKHOCTb pellleHHs] 3a/laud U TeM camblM 3aJI0XKHJ OCHOBY TEOpHH
rpacgos. Diinep OblT NepBbIM, KTO NOKAa3aJ, 4TO 3Ta 3aja4ya SKBUBAJIEHT-
Ha CO3/JaHHIO 3aMKHYTOH LenH BAoJb pebep rpada (puc. 3.1, 6), B Koro-
pom BepumHbnl A, B, C u D npeacraBisiior co00H y4yacTKH CYIIH,
a pebpa — MOCTbI, COEJUHSIONIME 3TH YYacTKH. 3areM OH 0GOOLIHI
3Ty 3ajauy M OXapakTepH3oBas ee C TOYKH 3peHus rpados, B KOTO-
PHIX CyIIeCcTBYeT TaKasi 3aMKHyTast Lenb. Taxue rpadsb! craju HasbBaThb-
cn sinepoBbiMH. B pasp. 3.1 Mbl paceMoTpuMm 3TH rpadbl.

B 1859 r. zpyro#l usBecTHbIll MaTeMaTHK — c3p YulbsaMm [ aMHJIb-
TOH — TIPHAYMAJ HIDPY, B KoTopoll Tpebyercs OGCHTH 2aMKHYTHIN KOH-
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Typ BeeX pebep [0[eKasnpa, MUHYS Kak/yio BEpIIHHY JIMIIb OJHH pas.
B teopud rpadoB 3Ta Hrpa 3KBHBAJEHTHA ONpe/eJeHHI0 OCTOBHOTO
iKJa, cofepxaulero Bce 20 BepiunH (puc. 3.2). MoxKHO IPOBEPHTD, 4TO

20

18 17
Puc. 3.2, 'pad nrpel 'amMnibroHa.

nocsefoBatesbHocTh Bepund 1, 2, .. ., 20, 1 obpasyer Tako#t UHKJ B
rpade. Bee rpadbl, B KOTOpBIX cyluecTBYeT NOJOOHBIA OCTOBHBIA UHKJI,
HAa3bIBAIOTCA TAMUJIbTOHOBBIMH. DTH Tpadhl Mbl PacCMOTPUM B pasi. 3.2.

3.1. Jityepossl rpadsl

Diireposoii yenoro B rpade G HasbiBaeTcA 3aMKHYTas LENb, COAEPIKA~
mas Bce pebpa rpada G. K omkpounod adaeposod yenu OTHOCHTCS OT-
KphITas lenb, cojfiepikauiasa Bee pebpa G. I'pad, cogepxawmuil ai1epoBy
uenb, Has3LIBAETCHA 3iAeposuim 2pagom.

PaccMorpuM rpad, npeacrasnaenHbifi Ha puc. 3.3, a. [locaenoBarenb-
HOCTb pebep eq, €4, €3, €4, €5, €5, €2, 5, €y, €10, €11, €12 OOPA3YET FANEPOBY
uenb B rpade G, cJaeoBaTe bHO, NOCAEIHHHA AB/IAETCA SHJIEPOBBIM.

B tpade G, Ha puc. 3.3, 6 nocaeoBaTe bHOCTL pebep e;, €z, €a, &y,
€5, €g, €1, €4, €4, €10, €11, €12, €13 OOPA3YET OTKPHITYIO 3HepOBY Lenb. O-
HaKo B rpade G, sfinepooii uenu Het. CienoBaresnbHo, rpad G, He ABAA-
eTca 3HJIepOoBbIM.

Hesiinepos rpad Gj, He ob1afarolinit OTKPBITOR 3HIEPOBOHA LENbIO,
npuBefied Ha puc. 3.3, 8.

Tenepb chopMyanpyeM TeopeMy, AAOLLYIO NPOCTYIO H 4ACTO HCNIOMb-
3yeMylo XapakTepusalHio 3HJepoBbIX rpados:

Teopema 3.1. Caenylolne yTBep:KIAeHHS 3KBHBaJeHTHHE Aas CBs3Horo rpada G:
l. G — sitiepos rpad.

2. Crenenb Kax10# BeplwHHH B rpade G ueTuas.



Puc. 3.3.

a-~3finepos rpad Gy 6 —Heslnepos rpad G, umeonMA OTKPLITYW 3HAEPOBY uenb; &—Hedh-
nepos rpad G, He nMeloufl OTKPHITOX 3fMepoBofl wens.
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3. G sBaseTcs O0beAHHEHHEM HECKOJBLKHX DebepHO-HelepeceKalouuXcsi LHKJIOB.

Hoxazameascmso,

1=>2. Ilycts T — s#inepoBa uens B rpade G. [Ipeanosioxum, 4TO Mbl Hauaju
ABH:K€HHE BJOJb T H3 NPOH3BOJBHOH BepIIMHBI Uy, .NpHHalexawel rpady G. lNpea-
CTaBHM 3i/1epOBY Uellb T B BUIE Uy=Xy, €1, X3, €3, X5, « . ., €r i1, Xp, €p, Xpp1=0,
rjie Bce pe6pa pasJaH4Hbl, a BEeDIUHHBI Xy, . . ., X, He O0S13aTeIbHO Pa3/iHYHB H HeKO-
TOpblC W3 HHX MOTYT COBNaAaTh ¢ v;. TOrja OUeBHAHO, YTO Mapa CJAeLYIOWHX APYT 3a
ApyroM pebep e; U e; .1, l<€i<r—1, no6aBasier 2 K CTeneHH BepUIHHHI x;11. Kpome
TOTO, Haua/lbHOe H KOHeuHoe pe6pa e; H e, 106aBJSIOT 2'K CTelleHH BepILUHH vy, Taxkum
06pa3oM, Bce BEPLUIHHbI HMEIOT YETHYIO CTelleHb.,

2=3. Tak kak G — cBsA3HHI}A rpad H Kax/as BepLIHHA B HEM HMeET YETHYIO CTe-
lieHb, TO CTelleHb KaXJ0H BepIHHn B rpade G Goablue 1. TakuM o6pasom, B rpade G
HeT BHCsAuMX BepuiMH. CrefoBaTesbHO, 110 TeopeMe 2.5 rpad (G He siBAsieTcs1 AepeBoM,
210 03HauaeT, uTo rpad G MMeeT 0 KpaiiHell Mepe OAMH UMK, Hanpumep Cy.

Paccmotpum rpadp Gi=G—C;. Tak Kak KaXias BepluMHAa B rpage C; uMeeT
YeTHYIO CTEMeHb, TO H KaXJas BePLIHHA, NpHHaLJexawas Gy, A0KHA HMETb yeTHyIo
crenenb. OLHAaKO BO3MOXeH cayual, Korla rpad Gj — HecBA3HBIH,

Ecau rpadg Gy MOJHOCTBIO HeCBSI3HBIH, T. €. CONEPKHT TOJIBKO H30JHMPOBAHHbIE
BeplHHbl, G=Gj, H yTBepKJleHHe 3 NOKa3aHo. B npoTuBHOM cayuae rpap G; uMeeT
no kpaiiHel Mepe OfMH HMKJI C,.

Pacemotpum rpad Gu=G—Cy=G—C;—Cj;. AHAJOTMYHO KaXJasl BepIUHHA B
rpade G, HMeeT 4eTHYIO CTelleHs. l%c.rm rpad G, NOJHOCTbIO HecBsASHBIN, Torfa G,=
=C;UC,. B npotuBHOM cayuae GyleM IOBTOPATh 3Ty ONepaLyio, NMOKa He MOJYYHM
no;aHocThblo HecBssHuH rpad G,==G—Cy—C,—. . .—C,, rpe Cy, Cy, « + +, Cpy — UHUKAH
rpada G, monapHo He uMerouHe o6wux pebep, Toraa G=CiJCylU...UC,, U, cre-
IO0BaTeAbHO, YTBepXAeHHe 3 Jl0KasaHo.

3=>1., Ilycte G — obbennHeH e pebepHo-HenepeceKaouxcs uukaos Cy, Cy, . . .
.+ ., C,. Paccmorpum JsoBofi u3 Hux, Hanpumep Cy. Tak kak G — cBa3Hmil rpad,
TO JOJ/KeH CYyLIecTBOBaTb MO KpafiHed Mepe OQMH HMKJ, Hanpumep C,, HUMelowHi
oftylo BepwHHY v; ¢ uukjoM Cy. Ilyerts Ty, — 3aMKHyTas Lelb, HauMHAOWAACH
B BepUIHHe U; H NOCJef0BaTeNbHO npoxoasuwas HHkAe Cj H Cy. OueBHAHO, yTO 3Ta
uenb cojepkHT Bce pebpa C; u Cj.

[Tockoabky rpap G — cBsasumfl, uenb Ty; RO/KHA HMeTb OGLLYIO BEPLIHHY U,
no xpaiiHedl Mepe ¢ OLHHM LHKJOM, Hanpumep Cg, oTiHuHBIM OT Ci H Cy. 3aMKHyTas
ltenb Tjg9, HAaUMHAOIIAACA B Uy n MOCJEI0BATEJbHO MPOXOAAILas uepes Tyy U Cy,
CORepKHT Bee pebpa uukgaos Cy, Cy U Cy.

ByJeM NOBTOPSATh 3TY OlePaLlUIO 10 TeX MOp, [OKa He IOJYYUM 3aMKHYTYIO Lielb
T193 ... n» COREPKAWLYIO BCE pe6pa WHKIOB Cy, C,, . .., C, DTa 3aMKHYTas Uenb H
OyneT sBasAThes 3hnepooit nenbio B rpade G. CrenosarebHo, rpad G — 3Hiepos.

ITo sto# Teopeme rpad G; (puc. 3.3, a) ABJsieTcs 3M1EPOBLIM, TAK Kak
Kaxjas BepluHHA rpada (; nMeeT YeTHYIO CTeleHb, TOIAa KaK rpadsel
G, n Gy (puc. 3.3, 6, 6) conepKar HecKOJBKO BepLIMH HEYETHOH cTe-
[IeHH H IIOTOMY He MOTyT ObITh 3H/1ePOBLIMH.

Herpyauno y6eautbes B ToM, uTo siisiepos rpad Gy siBasiercs: o6belu-
HeHHeM peGepHO-HellepeceKawUlHXesl UHKJOB €O CJASAYIOLHMH MHOXKe-
crBamu pebep: {es, €5, €}, {€: €, eio), {€s €1, &}, {ei, e, e1.).

Vi3 yTBepxpeHns 3 Teopemnl 3.1 HMeeM crefyrollee CJIeACTBHE:

Cnepcteue 3.1.1. Kaxpas BeplinHa 3HJepoBa rpada cONEPKHTCS B HEKOTOPOM
uiKae.

Xotsa B rpade, conepKaileM HECKOJbKO BepIIHH HeueTHOH eTeleHH, 3fl/iepoBa
uenb OTCYTCTBYeT, B TAKOM rpade MOXKHO NOCTPOHTb MHOMECTBO peGepHo-Hemepece-
KaloLIHXCS OTKPBITHIX Lieneff, KOTOphle collepxaT Bce pe6pa. JokaxeM 3To B cjeny-
1owel Teopeme:

Teopema 3.2. Ilyctb G= (V, E) — cBsA3HBIl rpad ¢ 2k BepmuHaMM HeuyeTHOH
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crenenH, k>>1. Torga E MOXHO Pa36GHTb Ha Takue NMOAMHOXKecTBa Ey, E,, Eg, . . .
, Ey, uT0o xaxzoe u3 HUX E; o6pasyet B rpade G OTKPBITYIO Li€Nlb,
Jokaszameascmso. TlycTb v; M s;, 1 <i<<k, fBAsIOTCA 2k BepIIMHAMH HeYeTHOH

cTeneHH, NpHHaAlexamuMu rpady G. JJo6aBuM K HeMy £ HOBBIX BEPIIHH Wi, Wy, .« .
., Wp BMecTe ¢ 2k pebpamu (v;, w;) H (s;, @), 1<i<<k. B NO.Ty4eHHOM rpage G

Kaxpas BepUIHHA WMEET UETHYIO CTEMeHb, H, CJ€loBaTeNbHe, G' — 5ilnepoB rpagd.
3amertnM, uTo B JioGofi 3HsepoBolt uenu rpada G pebpa (v;, w;) u (S;, w;) A%

moboro 1<i <k NOSBJISIOTCSA NOC/AeAOBATebHO. YaasleHHeM 3THX 2k pebep Mbl 10-

nyuaeM k peGepHo-HeNepeceKalOMHUXCs OTKPHTHX Lened B rpade G, Tak 4TO Kakioe

pe6po rpada G npUCYTCTBYeT TOYHO B OXHOH H3 & 3TuX leneH.
OTH OTKpHITHE LeNnH H JaioT Heob6xoauMoe pa3GueHue E.
Cnepcreue 3.2.1. [lycTb G — cBaA3HBIfi rpad, HMelOWHH TOYHO [Be BEPLIHHBI

HeueTHOH cTeneHH. Torja -OH HMeeT OTKPHTYIO LeNb (HAauHHAIOLWLYIOCST C ORHOH H3

BePIUHH HeUeTHOI! CTeMeHH H 3aKaHYHBAIOLULYIOCA B APYroH), cofepxauiylo Bce peSpa G.

Hanpuwmep, rpadg G, (puc. 3.3, 6) ¥MeeT TOYHO [BEe BepIUHHBI Us H
U; HEUETHON CTemeHW M OTKPBITYIO Lenb {ei, €, €5, €5, &5, €, €,
€s, €9, €10, €11, €10, €12}, COJEpPHKALLYIO Bce pebpa rpada G,. D7a lenb
HAUHHAETCS] M3 BEePLUMHBI U; U 3aKaHYHBAeTCsl B BepUIHHE Us.

I'pad G, (puc. 3.3, 6) UMeeT 4 BeplUMHbLI HeYeTHOH cTerneHH M JBe
peGepHo-HenepeceKamliecss OTKPLITble IeNH, OnpejelisieMble  cle-

€5 JIYIOUMMH  MHOXecTBaMH pebep:
{e1, €3, €a, €4, €5}, {66, €7, € &,
€10, €11, €13}
o I'pad HasbiBaeTcs npoussoabHo-
v v 3laepoebim U3 GepuiuHbl U, eCiH
2 Mbl, HayaB JBUTaTbcs U3 Hee, MPO-
M3BOJIbHBIM 06pa3oM Npoiijis BAOJD
pebep rpaja G, B UTOre MOJYYHM
5{JIepoBy Lelb.
Heo6xogumo oOTMeTHTb, YTO
o ecay rpap G — Tpou3BOJIbHO-3H-
U JIEpOB M3 BepUIHHH U, TO MOXHO
Puc. 3.4. [lpousBoabHmi  3finepos pPaclUMpHTh KaXAylo U—U-Lelb, He
rpad M3 ABYX BEpLIHH. coJlepKalllyio BeeX pebep, 10 3ie-
poBo#i uenu rpada G. pyrumu
¢/loBaMH, ecny 3ijiepoB rpad G He sBAseTCs NPOU3BOJIBHO-3JepPOBbIM
H3 BepUIMHbl U, TO JOJ/KHA CYLIeCTBOBATb 3aMKHYTas U — U-Ielb,
coflepxKallias Bce pebpa, HHUM/EHTHbIE BepliUiHe U, HO He BKJOYarolias
B ce6s Bce pebpa rpada G.

B xadecTBe mpumepa paccMoTpuM diliiepoB rpag Ha puc. 3.4. dtor
rpag sABJseTca NPOM3BOJLHO-3MIEPOBBIM M3 BEPIUMH U; H U,. MoXHO
NPOBEPH1b, YTO /il KaXKIOH BepLUMHB U;, OTIIHYHOH OT BeplUMH U; H
Uy, CYLIECTBYET 3aMKHYTas IleNb, cojiepKallas Bce pebpa, UHIMIeHTHbIE
BeplLIHHe Uy, HO He BKJ/louarolias B ce6s Beex pebep rpada G. Hanpumep,
5THM CBOHCTBOM 00J1ajlaeT 3aMKHYTas Up—U,-Lellb, COCTOsALLAs U3 pebep
€, €1, €3 U es.

Crenymouias Teopema JlaeT XapaKTepH3anuio rpacgos, fBASIOUIHXCS
NPOH3BOJIbHO-3/1IePOBbIMH U3 BEpIUHHH U,
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Teopema 3.3. DiiepoB rpad G sBJAETCS NPOU3BOJIbHO-5HIEPOBHM H3 BeDIUHHK U
TOrZ@ H TOJIBKO TOra, KOTJa KamAabli HHKJ rpada G COAePIKHT 3Ty BEPIUHHY.

Joxuzarmenscmeo.

Heobxodumocme. Tlycts G — 1poH3BOJIbHO-3i1epoB rpad u3 pepluuuel v, Ilpea-
noqaoxuM, uto B rpade G cyuectsyeT Huk.a C, He copepiaumui v. PaccMoTpum rpad
G'=G—C. Kaxas BepliHHA B HCM HMeeT YeTHYIO cTeneHb., I'pap G’ momxeT GbITh H
necs3nbiM, OfHako ero KommoHenta G”, cofepikamias BepIUHHY v, sIBJseTcs 3fije-
pOBBIM rpadOM M COZep:KHT Bce pefpa, HHIHAEHTHbie BepluHHe v. Takum obpasom,
B rpade G” cymecTByeT 3HjepoBa lenb 7, HAaUHHAKOWASCS M BO3BPAUIANOMASACH B
BepIINHY v. DTa Lenb 0653aTelbHO COCTOHT H3 BceX pefep, HHIHMAGHTHLIX BepIUHHE U.
TTosToMy ee Heap3sl pacCIlHPUTh A0 BKJIKOYeHHS BceX peGep HHKjaa C. DTo NpOTHBO-
peuuT ToMy, 4To G — NPOH3BO.IbHO-3H/IepOB rpad H3 BepLIHHH U,

Hocmamovnocme, TlycTs BepliuHa v 5HJepoBa rpadd G NPHCYTCTBYeT B KaXAOM
ero uukJae. IlpeanosioxuM, 4to rpad G He SIBJsieTCSl NPOH3BOJIBHO-2H1€DOBBIM H3
BepwIMHbI v, Torfa CyllecTByeT 3aMKHyTasi v—u-llenb T, cofep:aulasi Bce pebpa,
MHIHJEHTHHE BepiiHHe U, HO He BKJIodajomas B ce6s Bcex pebep rpada G. [lasee,
CYLIECTBYeT BepUIMHA uz=v, SIBASIOLIAACT KOHLEBOH BepluMHOH pefpa, He cofepika-
werocs B Lenu T.

IToce yaanenns u3a rpada G peGep wenu T no.yunM rpad G', B KotopoM v Gyler
M30.JHPOBaHHON BepliMHOH. Kamxzas BepunHa B rpade G’ HMeeT YeTHYIO CTenekb.
Takum o6pa3oM, KoMnoHeHTa rpada G', colepiamas BepIUMHY 4, fBJseTcs sHiepo-
BbiM rpadom. Cortacho caeactsio 3.1.1, cyulecTByeT UMK, COAEPAALIME BEpPLIHHY U.
DTO NPOTHBOPEYHT NPEANOIOKEHHIO, YTO BCPLIMHA U HAXOAHTCA B KakKAOM IHKJe
rpada G.

Herpynno ybGemurbesi B ToM, yto B rpade G Ha puc. 3.4 BepuIUHbI
U, H U, NPUCYTCTBYIOT B KaxioM LHkmae. Takum obpasoM, G — mpo-
M3BOJIbHO-3i71epoB Tpad o6enx 3THX BepuMH. C IpYTofl CTOPOHBI, AJsi
KaXXIOH H3 OCTANbHBIX BEPUIHH CYILECTBYET LUK, HE CONepXKalHUH ToH
BEpHINHEI.

T'pad HasblBaercss npoussosbRO-3AepO6bIM, ECH OH ABNACTCA TaKo-
BHIM JJI KaxKAOoH M3 cBoMX BepmMH. M3 Teopembl 3.3 caenyer, yro
BepIUIMHBl MPOU3BOJbHO-3i/IepoBa rpada G HAXOAATCA TOYHO B OJAHOM
uukiae C rpada G M B mocielHeM He CYILECTBYeT APYTHX IHKJIOB.
Hnaue roBopa, G — NpoU3BOJBHO 3H/1epoB rpad TorAa H TOMBKO TOTAa,
KOTZd OH SBJSETCH LHKJOM.

3.2. IF'aMHALTOHOBL! rpadnl

Tamusomornogsim yukaom B rpade G Ha3bBaeTCst UMK, COAEpKAINT
Bce BepuinHbl rpada G. lamuavmornos nyms B rpade G — 3T0 myTh,
collepxamui Bce Bepiunubl rpada G.

I'pad G Ha3bIBAETCS 2QMUALMOHO86IM, ECJIH OH HUMEET TaMHJLTOHOB
LMK,

Ipad G,, mpeacTaBieHHbll Ha pHe. 3.5, @, ABNsAETCA TaMMJBTOHO-
BbIM, TaK KakK [OC/JEJOBATENbHOCTL €ro pebep e;, €y, €3, €y, €5, €
o6pasyer TaMHAbTOHOB LK. I'pad Ha puc. 3.5, 6 UMeeT raMHJIbTOHOB
IyTh, COCTOAIINN H3 pebep e4, €s, €3, €4, HO He HMEET TaMHJIbTOHOBA
LHKJIA.

Ecay 3il/iepoBa 1lenb ABASETCS 3aMKHYTBIM MapmIpyTOM, TOYHO OJHH
pas NpOXOAAUIMM Yepes Kaxpoe pedpo, TO FaMHJIbTOHOB HHKA ABAAETCA
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3aMKHYTHIM MapLIPyTOM, TOYHO OAHH Pa3 NPOXOASHHM dYepe3 KamAyio
BeplunHy. TakuM o6pasoM, Mexay 3HI€POBHIMH H TI'aMHJIbTOHOBBIMH
rpadami HMeercsa Goabinoe cxoAcTBo. OAHAKO 3TO BOBCe He O3HAYaeT,
YyTO JJIi T'aMHJbLTOHOBHIX rpadwB cyilecTByeT TaKasi ke Npocras H
sJleraHTHasi XapaKTepH3allusi, Kak H AJs 3H/epoBeiX rpagos. OaHa u3
IJIaBHBIX HepetieHHBIX Mpo6JieM TeOpHH I'PadoB COCTOMT B BHIpabOTKe

€ Es

2 3

a
Puc. 3.5.

@ — raMRJbToHOB rpad; 6 —HeraMHJALTOHOB rpad, HMeloiHA raMHJILTOHOB NYyTh.

TAKOH XapaKTepH3alliH T'aMHJAbLTOHOBHIX TIpadoB. OnHako H3BeCTHO
HECKOJIbKO JIOCTAaTOYHBIX YCJOBHH Toro, 4ro npocroii rpagd sBjasercs
raMuabToHOBBIM, (HanoMHHM, 4To mpocThiM HasbiBaeTcs rpad), He co-
JepKaii napajnenbHelx peGep M nerenb.) Hekoropebie H3 Tanax yc-
JIOBH{i MBI PacCMOTPHM B 3TOM pa3sjeie.

[MocnenoBarenbHoctdy dy < dy << . . .<d, HasbiBaercs epaguyec-
KOti, €CJIH CyHlecTByeT TakoH rpad G Ha n BepUIHHAX Uy, Ug,. . ., Up,
yTO cTeneHb d (v;) BeplIHHEL U; paBHa d; Ana Joboro i. B stoM cayudae
(di, ds,. . ., d;) Ha3BIBaeTCs nocaedosameabrocmoio cmenened rpada G.

Eean S:d,<<d,<<...<d, n S*:d; <d; <...<d, aBas-
IOTCSi TaKHMH TI'papHuecKHMH [OCJeA0BaTeNbHOCTAMH, 4TO d; 2= d;
s 1 <C i< n, To roBopsT, 4to S* mamopupyem S.

Cnenyroinii pe3yabrar noaydeH B pabore [3.11.

Teopema 3.4. [poctolt rpad G= (V, E) nopsika n, uMeromu# nocjefoBaTe bEOCTD
crenenedl d;<d, <. . . <d,, ABJAETCS raMHJbTOHOBHIM, €CJIH

d,,<k<—;-n=>d,,_k>n-—k. (3.1)

Hoxaszameavcmeo. Tlpexae Bcero OTMETHM, 4TO ec/H dp<k, TO YHCJIO BepWIHH,
cTeneHb KOTODbIX HE MNpeBbiaeT £, paBHo no Kpafined mepe k. ARaJOruvYHO ec/H
d, - p=zn—k, TO YHCJO BepLIMH, CTeNeHb KOTOPHIX He NpeBbLIaeT n—=k, paBHO 1O
kpafinefi mepe k+1. Ecan rpadnyeckas noc/jeA0BaTebHOCTb YAOBJIETBOPAET YCIOBHIO
(3.1), TO 3TO cooTHOIIERHe OyJeT BEPHO H AJIA MNOC/AEAOBATE]bHOCTH, MaXopHpyrote
AAHHYO.

Ilokaxem TeopeMy OT npoTHBROro, [lycTb cymecTByeT NPOCTOH HeraMHJbTOHOB
rpad), nmocsieroBaTeJLROCTD cTeneHedl KOTOPOro-yxosJersopser ycaosuio (3.1). Torna
OH SIBJISIETCA OCTOBHLIM MOArpadoM NMPOCTOro MaKCHMaJbHOTO HeraMHJbTOHOBa rpada
G=(V, E), B KOTOpOM NOC/1eN0B4aTEJbHOCTD cTenevedt d; <d, <. . .<d, Takxe yAoB-
JeTBopsier ycaoBrio (3.1).

[lyeTe 4 n v — JBe Takue HecMexHble BepwHBH rpada G, uto cymma d (u)+d (v)
ABJISIETCS 110 BO3MOXHOCTH HauGoJsbiuedl u Jd (4) <d (v). H3 Toro, uto G — MaKCuMaslb-
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HblH HETaMHJbLTOHOB rpad, cieayer, uTo nobaBieHHe pe6pa, COeNHHAIOUIETO BEPLUIHHE!
u W U, npeo6pa3yeT rpad B TaMHJABTOHOB.

TakuM 00pa3oM, B rpade G cyuiecTByer TeMHALTOHOB NyTh U==Uy, Up, Ug, Ugs « « »
... Up=U, TJle 4 H U— KOHeuHBle BepmIHHH (pHC. 3.6).

Iycrs 8= {i| (uy, u;+1) EE}, T={i| (u;, u,) EE}. He cymectayer jESNT, tax
xak e jE€SNT cywectsyer, 1o rpad G Gyaer colepxkarb pebpa (uy, Uj+1) H (4,
1ty), @ TOTAa LHKARYECKAs MOCHe/0BATENbHOCTD BEPIIHH Uy, Ujely o s oy U1, Uyl
Ujges « v er Ups Uy o6pasyer B rpadge G raMHJIbTOHOB LHKJI,

u; ”l+1 Un'--v

Puc, 3.6,

Tak Kak BepilHHA u,=U He NPHHAANEXHT HH S, HH T, U3 3TOro Cleayer, uTo
syr={l, 2, .... n—1}. Mosromy d (u)+d (v)= S|+ |T|<n u d(u)<%n. rae |X|

0603HayaeT YHCAO 3JeMEHTOB MHOXKecTBa X,

Tak kak S(\T= £, T0 HU OJHA BepLIHHA ujce j €S He cMexHa ¢ BepIHHOA v.
[13 Bribopa d (u) u d (v) caenyer, uTo Ana [€ S cnpase)uBoO HepasercTBO d (1)) <d (1).
Takum ofpasom, cyuecTsyer no Kpaiineid mepe |S|==d (4) BeplIHH, cTeNneHH KOTOPHIX

1
te npeBbiLaoT d (4). [1oaToMy ecnu Mbl noN0KEM £=d (1), To nONyunM dp <k < 5 M H,

ceoBaTenbHO, TO yei1oBulo (3.1) d, . g==n—Fk. D10 03HAYaeT, 9TO CyUlECTBYET 110
KpaiiHeli Mepe k1-1 BepiuuH, CTellEHH KOTOPHIX He MpeBbliualT n—k, BepunHa u mo-
#eT 6bITh cMeXkHa, camoe Goguiee, ¢ & U3 k1-1 BepmuH, Tak Kak d(u)=4. Takum
06paz3oM, CyuecTByeT sepiiiHa w ¢ d (w)>=n—k, He cMexHas ¢ BepuuHol «. Ho Tor-
ia d (u)1-d(w)=n>d (u)1-d (v), uto npotuBopeunT BLIGOPY d (1) U d (v).

B cneayioueM cl/ieicTBUH MB YCTAHOBHM JOCTATOYHbIE YyCJIOBHS TaMUJIbTOHO-
BOCTH T'pada, npejcTas/iennbie B paorax [3.2—3.5].

Cnencrere 3.4.1. Ipocroit rpad G= (V, E) nopaika nz=3 ¢ noc/1el0BaTeNbHOCTHIO
crenenefl dy <d,<...<d, fBIsieTCR TaMHJAbTOHOBLIM, €CJIH JJS HEro BLIIOJHEHO
OJHO M3 CJELYIOIHX YCJAOBHH:

I 1<k<ﬂ:>dk>—2- .

2. (1, VEE=d(u)-Hd@)=n.
3. 1<k< —é—n:>dk>k.
4

<k, dy<, dp<k—1=ddy2n.
Hoka3amesscmso, JlokaxkeM 3Th CJIeACTBUA, MOKA3aB, YTO BCE 9TH YCJOBHA BJe-
KYT 32 coGoi Bhimosnenne (3.1). |
1=>2." Cuesunno, yTo 1i06as fOC/AEN0BATENbHOCTE CTelleHeH, y10B/1eTBOP SIOULAs
YCJI0BHIO |, YIOBAETBOPAET TAKIKE W YCJOBUIO 2,
2=>3. [lycTb w3 yciosua 2 ne caenyeT ycrosue 3, Toraa cyuiecTByeT Takoe {,

1
4yTO 1<l<-2—n u d;<!. Tenmepb Npeanoq0XHuM. UFO CyileCTBYeT !, A1 Kotoporo [<f

1
u {vy, vy) €E. Torpa soipaxkenne d;4-dy<2dy <2 5 t==f POTHBOPEYHT yCJOBHIO 2.

Takum 05[33301\‘1_, nom'paq) rpacpa G, rlOpO;KlleHHblﬁ Ha MHOXECTBE BEDIUHH Uy, Uy, ., .
. .., U4, 9BASIETCS AOMHBIM TPadoM.
Tax ®ak dy<?, Kax1as BepllHHa vy, l<i<t, Oyser cmexHoOM, camoe Go.blice,

¢ oaHof BeplUHOA vy, H1<j<n. Nanee, uz t<—§—n caepyer, 910 n—{>{. Takum

06p&30M, CYWIECTBYeT BEPLUHHA Uy, -1 <j <n, e apasIoasca. CMEXHOH HH ¢ OALOR
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BepwHHOI v;, | <it. [Toatomy d j<n—I—1. Ho toraa dy+d ;<t+n—t—1 <n. Takum
o6pasoM, Mbl HMeeM (v, v;) @ E U dy+d;<<n, 4TO IPOTHBOPETUT YCJIOBHIO 2,
3=4. Ecsn u3 yc0BHA 3 He caegyeT ycaoBke 4, To cyiyecTsyeT takoe j<k, 4TO

d;<j, dp<h—1u dj—l—dk<n. Torna dj-< T;-n. Ecoi Tenepb Mbl 10J0KHM t=d/<§ n,
TO MOJIYYHM d¢==ddj\<dj=t. [TosToMmy HMeeM HepaBeHCTBa, NMpPOTHBOpevaulue yc-

JIOBHIO 3: t<—; noudp<t.

1
4=> (3.1). EcJsin 5T0 1€ RepHO, TO CyuIeCTBYeT TaKoe #, 4To dy << S nH Adpet<<

<n—i—I1. Ho torpa dytd, .¢4<t-+n—i—1l=n—1, 4To NpOTHBOPEYHT YCJAOBHIO 4.

OueBHEHO, eclH KaKas-aubo rpaduueckas noc/eI0BaTelbLHOCTD
yIOBJIETBOPSET YCJI0BHAM TeopeMbl 3.4 uau cienctsus 3.4.1, To Tem
JKe YCJIOBHAM YIOBJETBOpAeT Jiofaa rpaduyeckas nocJaeioBaTeNbHOCTD,
MaxKopHpYymolas ee,

YcaoBHe XBarana — caMoe CHJBHOE M3 3THX MATH YCIOBHI U BOOG-
llle W3 BceX MONOGHHX YCJAOBHH. DTO 03HAYAET, YTO €CJAH KaKaf-JHOo
rpadHuecKas noc/aeJ0BaTeNbHOCTD He YIOBJIETBOPSET YCIOBHIO XBaraJga,
TO OHA MaXKOPHUPYETCA NOC/Ael0BATEAbHOCTbIO CTeNeHel HeraMHIbTOHOBA
rpada [3.1]).

Xorsi B o01eM cay4yae HOBOJLHO TPYZHO YCTaHOBHTb, ABJSETCS JIH
rpad HEramMHJbTOHOBHIM, B OmpelieJIeHHbIX C1ydasX 3TO YAaercs cje-

Y,

Puc. 3.7. HeramuastoHos rpad.

71aTh C MOMOIIBIO H3OILIPEHHBIX METONOB. JTO HJLIIOCTPHPYETCS B pado-
Te (3,6] Ha crenywoumem npuMepe.

Paccmotpum rpad G, npeacrabienHbiit Ha puc. 3.7. [lokaxem, 4To
OH He COJEPIKHT TaMHJ/JIbTOHOBA MYTH.
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B raMu/IbTOHOB MyTb MOXKHO BK/IIOYHTb He GoJiee IBYX pebep, HHLH-
JEeHTHBIX Kako#-a1b0 BepiunHe, B rpade G BepiinHa v, UMeeT cTeneHsb 5,
H, CJIeOBATENBHO, [0 MeHbILel Mepe TPH pebpa, HHIHAEHTHbIX BepLIHHe
Uy, HE BOHJYT B raMHJBTOHOB NyTb. To Ke camoe crpaBeJJIUBO H /s
BEPIIHH U39 H V1. TaK KaK CTENEeHH BEPLIMH Uy, Uy, Us, Uss PABHHL 3, TO
no KpafHell Mepe oHO U3 pebep, HHUNAEHTHLIX KX IO U3 9THX BEpILUHH,
He GyJieT BK/IOYEHO B IaMHJIbTOHOB MyTb. TaKuM 06pasoM, B FAMHJ/ILTO-
0B NyTb HEJb3s BKJOYHTH 10 KpafiHelt mepe 13 u3 27 pebep rpada.
CnenoBartesbHO, YTOGL COCTABHTh FAMHJBLTOHOB MyTb Ha 16 BepmuHax
rpada G, pebep He nocratouHo. Ilostomy rpad G ramu/IbLTOHOBA my-
TH He COJAEepIKHT.

['pad Ha3biBaeTcA MPOU3BOALHO-2AMUALIMOHOBOIM U3 8ePUILHbL U,
ecJd J0GOH NyTh, HAaUHHAOMWIMECA B BEPLIHHE U, MOXKHO PacClUMPHTb 10
raMHJAbTOHOBA U — v-UMKJA. ['pad HaskBaeTca npousgoabHO-2aMUABNIO-
HOBbLM, €C/IH OH sIBJSIETCS TAKOBbIM H3 KaXKJOH CBOefl BepIIHHBI.

Crnenytolas TeopeMa MOJHOCTbIO XapaKTepU3yeT MPOH3BOJbLHO ra-
MHJIbTOHOBBI rpadbl. JloKasatenbeTBO ee MOkHO Haiitu B pabore [3.7].

Teopema 3.5. [lpoctofi rpad nopszka 7 NPOH3BOJIbLHO-TAMHJBLTOHOB TOTAA U
TOJNBLKO TOCZA, KOTAA OH SIBJISeTCH UHKJIOM, JiH6O NOJHBIM rpagoM, JH60O NOJIHBIM
JABYMOJIbHBIM IpadoM Kn/ ny,; moceHce BO3MO»{HO, TOJMLKO KOrAa YHCJA0 1 — YeTHO..

. 2 /2

3aKOHUHM 3TOT pasjes pacCMOTpPeHHeM 3a4a4d O KOMMHBOSIKEpE.
OHa 3akK/ao4aeTcss B CJAEAYIOLIEM:

KoMMUBOsI:Kepy HEOGXOAUMO MOCETHTb HECKOJbKO ropojoB. Kakoil
MappyT OH JAO/IKeH H30paTb, 4TOOLI, HauaB JBHraThbcs H3 CBOEro
POAHOrO ropoja, IO OJHOMY pasy noGblBaTh B KaxKJOM FOpoOfe H 3a-
TeM BepHYTbCH JOMOH MO HaHKpaTdyalleMmy MyTH?

[IpegcraBuM ropoia B BHJe BepLIHH, a JOPOrH — B BHAe pebep
rpada. JJAUHY IOPOTH MOXKHO NpPeICTaBHTb BECOM COOTBETCTBYIOLIETO
pe6pa. Ecau Mexly KaxIofl napo#l BepIUHH CYyLIECTBYeT jopora, coe-
THHAOIAA HX, TO 3ajJa4a KOMMHBOSI’)Kepa 3JKBHBA/JEHTHA OTbICKAHHIO
HauKpaT4yafllero 1HKJIA B MOJHOM rpade, B KOTOpOM KaxIOMy peGpy
conocraBsed Bec v,

B nonHoM rpade nopsika n cyimecrsyet (n—1)!/2 raMH/IbTOHOBbIX
upkaoB. [logxon «rpyGolt cu/bl» K 3ajade 0 KOMMUBOSIKEDe COCTOHT B
noposkaeluu BeeX (n—1)1/2 raMuabTOHOBHIX LHKJ/OB H NOCAEAYIOLIEM
BbiGope Kpatuafimero. O6peM 3aTpaT NMpH TAKOM [OJAXOZE CJIHLIKOM
BequK (gaxe i DBM) ywxke ansa Bennuud n, Mmedbiunx 50. Has npo-
H3BOJbLHOTO 7 allrOpUTMAa pelleHHs 3ToH NpobseMbl MPOCTO He cyle-
CTBYET.

Hnsa GoJiee MONHOTO O3HAKOMJIEHHS ¢ 3TOH 3ajauell MOXKHO HCIOJb-
soBatb paborsl [3.8—3.111.

L Bec yuxagm — cymMma Bpecos pefep 3TOro UMKJa,
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3.3. 3ameuanus, KacaiGIiHecsi JHTEpPATypbI

B padote [3.12] equnbiM 06pa3om JoKasblBaeTCsl HECKOJIBKO J0CTa-
TOUHbIX YCJIOBHH FaMHJIBTOHOBOCTH rpaga. B aToit KHure TakkKe 06Cyk-
7iaeTcsi BOMPOC pa3GHeHHs1 MHOXKecTBa pebep rpada Ha MyTH, LHKJBI
M T. 1. DTOT BONpOC 3arparupaercsi B padore [3.13].

B pasa. 3.2 MLl yrOMHHAMH, YTO €CJIH TOC/IeN0BATENbHOCTD CTefleHel
rpada He yI0BJIETBOPsIET YC/I0BHIO XBaraja (3.1), To oHa MaxKopHpyeTcs
nocJIeIoBAaTe/ILHOCThIO CTeneHell HeramuJbToHOBa rpada. [Mlasnee, cy-
LeCTBYIOT rpadryecKue Moc/el0BaTeNbHOCTH, KOTOphe He YIOBJETBO-
pAOT ycJIoBHIO (3.1), HO 00s3aTeJIbHO SBJSIOTCSA MNOCJAENOBATENbHOCTA-
MH cTeneHell raMuJbTOHOBBIX I'padoB. Hosee noapoGHo 310 paccmMoTpeHo
B pabore [3.14]. O6o6uieHue Teopems! 3.4 MoxKHO HaliTH B pabore [3.15].

Jns 6osee feTaqbHOrO pacCMOTPEHHS FaMHJBTOHOBBIX LHKJOE Cile-
nyet obpaturbes K padoram [3.16, 3.171.

Ynpaxunenus

3.1. Mycto G — cBg3ubifi rpad, umeromuil 22 peplIHH HeueTHOH cTenenu. JIoKakHuTe,
4TO MHOXECTBO pefep £ rpada G Hesb3st pa3bUTh Ha TaKue noaMHoxectBa Eq, o, . . .
..., Eg, 1<k, uto KaxkJ0e E; ofpa3yeT OTKPHITYIO Lenb B rpade G.

3.2. lokamuTe, 4t0 eciu rpad G AB/IAETCA NPOH3BOJMDbLO-3HIEPOBHM U3 BePLUKHBL U,
T0 U0 U — eHHCTBEHHasd TOUKA cousieeHus, Jubo rpad G He UMeeT HU OJHON TOUKH
COWIEHEHHS, .

3.3. lycts G — siinepos rpad Ha n>3 pepluunax. JlokaxuTe, uTo G — NPOU3BOJIbLHO-
siiepoB rpad U3 OAHOR, ABYX HJIM BCeX CBOHX BePLUHMH HJIH HH H3 OIHOIl H3 HHX,
3.4. [TokaxwuTe, uto ecji rpag G — mpoOH3BOJIbHO-3//1€POB U3 BepikHbl U, To A (G)=
=d (v), rae A(G) — MaKcuMaJbHas cTeneHb B rpage G.

Puc, 3.8.

3.5. [lycte G — nmpousBO.IbHO-3H.1€POB W3 BepLIKHE U. JloKaxuTe, uTO eciu d(u)=
=d(v), u#v, 10 rpadp G — NpoU3BO.ILHO-IRIEPOB H3 BEPLUHHbI 4.

3.8, CymecTtByeT st Ipag), B KOTOPOM 3ilJiepoBa lleNb ABJISETCA OJHOBPEMEHHO U Ta-
MH/JIbTOHOBbIM LHKJIOM? Oxapaktepusyiite Takue rpadni,

3.7. INokaxurte, uro rpad Ha puc, 3.8 He COAEPMKHT FaMHUJIbTOHOBA NYTU.

3.8. [ycte G — npocToit cBaaumit rpad Ha n>>28 (G) peplunHax. JIoKaxuUTe, 4TO AJIHEA
Haubosiee AnUKHOro myTH rpada G noJixHa GbITh 6o.bie uan pasHa 268 (G), rae & (G) —
MUHUMAIbHAA CTelleHb Bepiuuunl B rpage G [3.2].
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3.9. [lycte G — npocTo#i rpad Ha n BeplHHaX. JJOKaXKHTe, YTO OH COAEPIKUT raMulib-
TOHOB NYTb, €CJH AJ18 Kax A0l Napsl BepIuHH 4 H v B rpade G BhINOJHAETCA CleRyioLee
cooTHoweHHe: d (u)4-d (v)=n—1.

3.10. Tlyctb dy<dy<<. . .<d,, — cTeneHu BepLWHH NpocToro rpada, Umelouwero n>>2
peplin, JlOKaxuTe, 4TO eciu dk<k—l<3 n—l=d, 1-p=n—k, 1O TpPap G
iMeeT T@aMHJIBTOHOB nyTh [3.1].

3.11. [ycTs G — npoctofi rpad Ha n BepwnHax ¥ m pedpax u n>>3, m> (n2—3n-+46)/2,
TlokaxuTe, uTo rpad G sBJsieTcs ramubTonoBmM |3.3].

3.12. Tlpeanoaoxum, 4T0 G — npocTo#l rpad Ha n BeplIAHAX, HMCIOMHH TaKne He-
cMeKHble BepUWHHb & H U, 4T0 d (¢)-+d (v)>>n. [lycts G — rpad, noaydenubrii npy
so6asiennn K rpady G pebpa (u, v). [lokaxure, uto rpad G raMuJIBTOHOB TOrAA W
TOAbKO TOrpa, Korpa rpad G’ TakmKe raMHJbTOHOB.,

3.13. 3ambiKarHe npocToro rpada G Ha n BepPUWIHHAX €CTb pad, NoJTy4YeHHHH nocse-
JOBaTeJbHBIM COGQHHEHHEM Nap HECMEXHbIX BepllilH, CyMMa creneHefi KOTOPHIX tie
aeHee 1 0 TeX nop, NoKa 3To Bo3MoXHO. [TokaxHuTe, 4To 3aMblKanue rpada apasercy
NpaBHJIbHO OlPeAeeHHbIM,

Hpunedanue. TIpocThiM caeicTBHeM ynpakHeHHs 3.12 sBaisieTcs 0, 410 rpad
6yJeT raMHJIbTOHOBBIM TOTA@ H TOJIBKO TOTJ2, KOTA2 €ro 3aMBIKaHHe — CaMUJIbTOHOB
rpad. Takum obpasom, rpad G — TaMHJIbTOHOB, €C/IH €ro 3aMblKaHHe fBJISETCH N0J-
tibiM rpagoM. DTOT pe3y/IbTaT MOXKHO HCNOJB30BaTh LI NOKa3aTelbCTBa HEKOTOPSHIX
2OCTRTOYHBIX YCJIOBHH, ONpenessioulHX raMH/IbTOHOBb! rpadbt [3.13, 3.15].

3.14. JJokaxuTe, YTO MAKCHMaJbHOE YHCJO MONapHO-HellepeceKalOmWHXCsl [aMHJILTO-
{10BbIX LHKJOB B NOJHOM rpade K, pasho [{(n—1)/2].

Ipumedanue. CumBoa [x} o3HauaeT HanboJbLLIee LeIoe Yiea0, MeHbIee HIH PaBHoe X.
3.15. I'pad G Ha3biBaeTCs FaMHJIbTOHOBO-CBH3HBIM, €CJIH /18 KaxXA0il Napbl pasIHYHbIX
BepWHH 4 H v rpada G CyulecTBYeT raMHJIbTOHOB u—u-11yTh. JloKawuTe, 4TO NpocToi
rpadp G nopslka nz>3 fABIAETCH FaMUJbTOHOBO-CBA3HBIM, €CJIH AJS KaXAoH napel
HeCMeKHBIX BEPWIHH u H v rpada G BbiMOJHSIeTCS cielylollee HepaBeHCTBo: d ()~
“d(vy>=n+1 [3.18].

3.16. [lokaxuTe, 4To rpad JepeBbes (onpejeseHHHd B ynparHeHHH 2.28) cBszi0ro
rpadpa sBasercs raMHabToHOBBIM {3.19, 3.20}.



4. I'pabl ¥ BeKTOPHbIE
NPOCTPAHCTBA

CoBpemenHasi anrefpa siBasieTcs LEHHBIM H NOJIE3HBIM HHCTPyMeH-
TOM IPH H3YYeHHH M pelleHHH MHOTHX HAayYHBIX U HHKEHEPHHIX 0pob-
JieM. OdeHb 10JIe3HBIM OKasaJoch onpefesieHHe anreGpanyeckoil CTpyK-
Typbl MHOXKeCTBa OOBEKTOB, TaK KaK CHJbHBIE W 3JIETaHTHBIE Pe3yJIbTa-
Tbl, NOJY4YEHHBIC 15 anrebpaudeckoil cTPYKTYphl, MOXKHO 3aTeM mnepe-
HeCTH Ha 3TH MHOXKecTBa. TeOopHH CHCTeM, 3JIEKTPHUYECKHX Lemneil,
KOJHPOBAHUs, N0C/AeI0BaTeIbHbIX U KOMOHHAMOHHEIX MEPEeKoYaTe b
HBIX UereH, a TakxXKe BBIYUCAHTEIBHAS TEXHHKA — JIHIIL HEMHOTHE
NpUMEpHI, MOKAa3bBAWIIHE NPEeUMYIIECTBO TAKOTO NOAXOJA.

B 3Toft ry1aBe MBI TOKaxKeM, 4TO rpady MOMKHO CONOCTABHTL BEKTOPHOE
NPOCTPAHCTBO, M JeTalbHO H3Y4HM CBOHCTBA JBYX BayKHBIX BEKTOPHLIX
NoANpPOCTPaHCTB: LUUKJIOB H paspe3awliux MEoxecTB, B yactu [1 xuuru
MBbl YBHIHUM, YTO 3TH NMOANPOCTPaHCTBA (aKTHUECKH OMpPENEssioT Mpo-
CTPAHCTBA HanpsiKeHHH U TOKOB 3JIEKTPHUUYECKOH Lend,

B nepBbIX ABYX pasjenax 3Toil IVaBBl MHl JAaJHM NpeACTaBJeHHe
O HEKOTODPBIX 3JIeMEeHTapHBIX airebpaudecKHX MOHATHAX U HEKOTOPHIX
pe3yJbTaTaX, HCNONb3yeMbIX B jasibHefiieM, Jlnsi Gojee JeTasbHOroO

O3HAKOMJIEHHS ¢ 3TUMH BONPOCAMH CJlefyeT o6paTiThesi K paboram [4.1—
4.3].

4.1. T'pynnel u moas

PaccmoTpuM KoHeyHoe MHoxecTBo S={a, 0, ¢,...}. OGo3nauum
CHUMBOJIOM «-}-» OHHApHYIO ONEpalHIo, ONpeleJeHHYI0 Ha MHOMKEeCTBe
S. Dra onepauua conocTaBjseT KaxJIOH nape 3/1eMEHTOB a W b, npu-
HajJeKamux S, eIHHCTBEHHBIH 3JeMeHT, o603HayaeMbulll a -- b. MHo-
}KECTBO S Ha3HIBACTCS 3AMKHYMbLM OTHOCUTEIBHO ONEPaLUU %, eCJH
3JeMEHTH a, b, a 4 b npunaggexar S. osopsaT, uTo omepaiusa «»
accoyuamugHa, ecau a-- (b--c)=(a-+-b)--¢ nns mobulx a, b, ¢ U3 MHO-
xectBa S. Onepauus «--» Ha3bIBAETCS KOMMYMAMUEHOoU, eCld paBeH-
CTBO a--b=b--a cnpasennuBo Ans MOOLIX @, b, NpHHagIexamux S.

Onpesieum noHATHE rpynnbl. MHOXKeCTBO S, B KOTOPOM  BBLINOJIHSI-
eTcs1 OuHapHas onepauus «---», HasblBaeMasi onepauded cJa0XKeHus, sb-
JSETCS epynnod, €cJii UMEIOT MeCTO CJeAyIoliHe aKCHOMBL:

1) S 3aMKHYTO OTHOCHTEJBHO «-}-3,

2) «--» ABJasieTcs acCOUMATHBHOH onepauued,

3) B MHOXKecTBe S cylIeCTByeT TaKOH €IHHCTBEHHEII 3JEMEeHT e, 4To
a-t-e=e-t-a=a pna mwoboro a, npuHaiexamero S. DJIeMEHT e Hasbl-
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BAETCH HYALBLIM SAEMEHMOM TPYIIBL.
4) Jlnsi KaxJIOro 3J€MEHTa a MHOMKECTBA S CyUIECTBYET TaKOH efuH-
CTBEHHHIH 3jeMeHT b, uTo b+a=a+b=e. DneMeHT b Ha3bIBaETCA 37€-
\EHTOM, OOpaTHBIM K @, H Hao6opoT. OueBHIHO, YTO HYJIEBOH 3JeMEHT
apasieTcsl o6paTHBIM K caMoMy cefe. ['pynna HaskiBaeTcs abeaesod, ecin
onepauus «4» KOMMyTaTHBHA. OOLIYHBEIM NPHMEPOM TPYNILI ABJISETCS
smuoxectso S={. .., =2, —1, 0, 1, 2,...} Bcex LeJbIX 4HceJ], Ha
KOTODPOM OrnpejeseHa OObYHAs onepalus cJoxeHus. B 31oi rpynne O
ABJSETCS HYJEBBIM 3JE€MEHTOM, a —a — OOpaTHEIM 3JEMEHTOM A
pcex a, npuHamlexaumx S. OtMeruM, 4To 3Ta rpynna — abenesa.
SIBasieTcs JM MHOXKECTBO S BceX LeNBIX YHces, Ha KOTOPOM onpenese-
Ha onepalus yMHoxeHus, rpynnoii? (Her. Ilouemy?).

JIpyTuM BaKHBIM NPHMEPOM TPYMNEl SABJASETCS MHOMXKECTBO Zp=
={0, 1, 2, ..., p— 1} LeablXx uHcea ¢ onepauHeil CIOKEHHS M0
Moty o p . B sTofi rpynne O — HyJseBo#t anement. Janee, Lesoe Ync/io
p — a SIBIsSeTcss OOPATHEIM K LIEJNOMY UHCAY @, Aas Jo60oro a He pas-
goro 0. EcrectBenHo, 0 ofpareH K caMoMy cefe. DTa rpynma Takxke
abenena.

Huxe npusefeHa TaGiumna onepalHH CIOXKEHHA A Zs.

+ | 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

BeezeM noHsaTHe «rnose». MHoXecTBO F, Ha KOTOPOM onpefe/ieHBl Ane
onepamuy + u -, Ha3blBaeMble ONEPALUAMH CJAOXKEHHS H YMHOXEHuS
COOTBETCTBEHHO, HABJAETCS HO0AeM, €CIH - BHIIOJHSIOTCS ClelyiouiHe
AKCHOMBI;

1) F — afesieBa rpynna OTHOCUTENBHO ONEPaLHu «—+», HyJ1eBOH 5JeMEHT
KOoTOpo#i o6o3HauaeTcss yepes e.

3) MHoxectBo F — {e} — aGeneBa rpynna OTHOCHTENLHO oONepaunuy
YMHOXeHHS.

3) Onepauusi yMHOXEHIS SBJIAETCH JHCTPUOYTHBHON OTHOCHTENBHO
onepauuy ciaoxeHust, T. e. a(b+4-c)=ab + ac pas mobeix a, b, c,
NpUHHALJeXauMX MHOxecTBY F.

B kauectBe npumepa BHOBb pacCMOTpUM MHOXecTBO Zp={0,1,2,. ..
..., p— 1}, Ha KOTOPOM BBHINOJHSIOTCA ONepalui CJAOXKEHHUS H YMHO-
XKeuus no moayso p. Kax GBIIO MOKa3aHO paHee, MHOXKeCTBO Zp ABJSA-
ercsi abeseBOil TPyNNOH OTHOCHTENBHO ONEPALIMH CJOKEHUS N0 MOAYJ/IO D
¢ HyJeBbIM s1eMeHTOM 0. HeTpynHo BHAETD, uTO MHOXecTBO Zp,—{0} =
={1,2,. .., p—1} 6yzer rpynnoil OTHOCHTEJLHO OMepalHH yMHOMKe-

b Ecau a=mp-q, 0<g<<p—1, TO TOBOPAT, 4TO @=¢ (1O MOLYJO p).
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HHf 10 MOAY/IO p TOTJAa H TOJbKO TOTAR, KOrJa p — MPOCTOE YHUCHO.
Dra rpynna Takxke fB/AfeTc abeneBofl. MoXKHO MpoBEpHTDb, YTO Ore-
pauusl yMHOMKEHHS 1O MOAYJIO p AUCTPHOYTHBHA OTHOCHTEJBHO Orepa-
UHH CNOXKEHHA no moayJo p: Takum o6pasoM, MHOXKecTBO Zp 6GyaeT
noJieM TOTAA H TOJBKO TOrAa, KOTA2 p MPOCTOE UYHCJO.

[Tone Z, o6HYyHO oGo3HayalOT cuMBOJAOM GF (p) U Ha3BIBAIOT N04CM
Taaya. Hunxke B KauecTBe NpuMepa NPHUBOANTCA Tabjaula onepauuu
yMHOXKeHHA A1 GF (5):

BN —O

OCOO0O0O0O|O
BN e Ol e
W= AN O|WN
N Ao W
W h O A

Oco6uiil uHTepec npeicTaBaset noje GF (2), T. e. MHOXKeCTBO IeJbIX YH-
ceJl ¢ onepautsiMH CJI0XKEeHHA H YMHOXKeHHs no mMoayJo 2. B stom nose
0+0=0, 140=04+1=1, 1+1=0; 0:0=0, 1-:0=0-1=0, 1-1=1.

4.2, BekTopHble NpOCTpPaHCTBA

PaccMoTpuM MHOXKecTBO S ¢ GuHapHoll onepauueii [F]. Ilycts F —
noJsie, Te CUMBOJBI -+ H - 0603HAYalOT ONEpalHH CAOKEHHS H yMHO-
JEHHSl COOTBETCTBEHHO. [IycThb TakiKe onpejeseHa OMNepauys yMHOMKe-
Hus, o603HayaeMasi CHMBOJIOM %, MeXAy aJjemeHTtamu F u S. Jta one-
palHs COMOCTaBJAeT KaXkJA0H ynopsajouyeHHoH nape (a, s), riae o npwu-
HaJsexuT F, a s NpUHaJJIeXKUT S, eIHHCTBEHHHI! SJeMEHT MHOMKECTBa
S, o6o3HauyaeMbIfl- oxs. MHOMKeCTBO S Ha3LEIBAETCS BEKMOPHLIM NpPOCHI-
paHCcMeoM Hall mofeMm F, ec/i BBIMOJHEHBI CJAEYIOUIHE aKCHOMBL:

[} S — afeneBa rpynna OTHOCHTeNBHO onepauuu [].
2) s mo6biX 31eMeHTOB o H f noas F u MOGHIX S; U S,, NPHHALTe-

KamMx S, uMeeM ax (S,[F]ss) = (ouwsy)[F] (axs;) H (a-+p)xsy == (otrs;)[F]
[ (B=sy).

o) Jlaa moGHIX 3/7eMeHTOB o U P, npuHaptexauux F, u mo6oro sJe-

MeHTa S U3 MHOXKECTBa S HMeeT MECTO PaBeHCTBO (- P)es=ax (Bus).
4) s mo6oro sieMeHTa S MHOXecTBa S BBINOJHSETCS DPABEHCTBO

l¥s=s, rge | — MyJAbTHMJIHKATUBHBEIAA HyJeBoR 3jeMeHT noas F.

[IpuBeieM BaxKHBIH NpHMep BEKTOPHOTO MPOCTPAHCTBA.
Paccmorpum MHoXecTBo W Bcex n-BekTopoB Y Haj noseM F. (3ameTum,
YTO 3J1eMeHTHl n-BeKTOpPOB MNpHHajnexar F.) CuMBoabl -+ u - 6yayT
0603HAYaTb OMEpaliii CJAOXKEHHS H YMHOXKeHHs B F COOTBETCTBEHHO,
a 0 H | — agauTHBHBIA M MYJBTHIJHKATHBHbIH HyJIeBble 3JEMEHTH B
F Tlyctob [{] — onepauus coxeHHsl Ha MHOXKecTBe W, a% — onepanus

Y n-eexmop Haj noneM F — 3TO BEKTOP-CTPOKA M3 £ 3JeMeHTOB noaa F,



Tpagvt 4 6eKmoprbie npocmpancmea 65

YMHOXEHHSA MeXAy 3JeMeHTamu F u W, onpeneneHHBE CJIeAYIOUNM
obpasom:

1. Ecmn @y= (a4, %s, . .., &) H 0= (Py, Po, ..., Pn) — 37eMeHTL! W,
TO @y [—B 0= (o +P1, 2o tPas. . ., A t+PBr)
2. Ecnn o npunagiexut F, To axe;= (0 0y, - 0,. . ., 0 0p).

Herpyaso ycraHoButh, YyTo W — abeseBa rpynna OTHOCHTENBHO Olle-
paunu 4], B KoTopo#t Hy/E€BBIM 3JileMeHTOM cyHuTaeTcsi n-pektop (0, 0,
0,..., 0). Takum obpasoM, MHOXecTBO W yI0BJIETBOpSIET mHepBOH
aKCHOME B ONpefie/IeHHH BEKTOPHOTO MPOCTPAHCTBA. Jlerko y6emuTsesi
B TOM, YTO 3JIEMEHTHI MHOXeCTB W M F yIOBJETBOPSIOT H TPEM APYTHM
aKCHOMAaM 3TOTO onpefeseHHs.

Hanpumep, mHoxectBO W, cocTosilee H3 BOCbMM 3-BEKTOPOB,
NpHBejleHHbIX HHXKe, sIBJSETCS BeKTOPHBIM NpocTpaHcTBoM Hany GF (2):
0,=(000), ©;=(001), @,=(010), wya=(0Il), ®,=(100), w,=(101),
ws=(110), ®,=(111). IT0 BeKTOpHOE NPOCTPAHCTBO GyJIeM HCIIOMb-
30BaTh BO BCeX, IpHMepax [aHHOIO pasjesa.

Tenepb npuBeneM HECKONBKO BAXKHBIX ONpeNeNeHHI U pe3yJ/bTaToB
(6e3 JOKa3aTeNbCTB), CBSI3AHHBIX C BEKTOPHBIM NPOCTPaHCTBOM.

PaccMOTpHM BEKTODHOe NMpocTpaHcTBO S Haj noseM F. :
Bercmopbi u craagpol. DIeMeHTbI MHOXKECTBA S HAa3bIBAIOTCS 8EKMIO-
pamu, a 3JEeMEHTH MHOMecTBa F — ckanspaMi.

Junelinasn roxOurxauus, Eciu 3jeMeHT S MHOXeCTBa S MOXKHO
NPeldCTaBUTh B BHIE S= (o *si)[F] (@es:)[FH]. . [F](ajxs;), rue s; — Bek-
TOpH], & &; — CKaJsipbl, TO FOBOPSAT, YTO § ABJAAETCA JUHECHHOH KOMOH-
HauueH Si, Sg,. - . Sy

Jlunelinas Hezasucumocnp. Bektoph s, S,,. .., S, — JHHEHHO-
HEe3aBHCHMBI, €C/IH HHKaKOH H3 BEKTODOB 3TOTO MHOMXECTBA He/b3s
NpeACTaBUThb B BHJe AuUHElHOU KoMOUHQYUYU OCTAbHbIX,

Baszucubie sexmopot. Bextoptt sy, Ss,. . ., S, 06pa3yioT Ga3Hc B BeK-
TOPHOM NPOCTPAHCTBE S, €C/IH OHH JHHEHHO-He3aBHCHMBE H 060N BeK-
TOP B 9TOM NPOCTPAHCTBE MOXKHO NPEACTAaBHTL B BHJe JIHHEHHOH KoMOH-
HalUHN 3TUX BEKTOPOB. BEKTODHI Sy, Ss,. . ., S, HA3BIBAIOTCS 6a3UCHOIMU.
IlpencraBienne BekTopa B BHIe JHHeHHOH KoMOHHaUMH 6a3HCHBIX
BEKTOPOB €JHHCTBEHHO JJ1s1 JaHHOro Gasuca. BekTopHoe mpocTpaHcTzEo
MOXKET HMeTb M HecKoJbKo 6asncoB. OpHaKO MOXKHO JOKa3aTb, YTO BCE
6a3uCchbl. UMEIOT OJMHAKOBOE YHCJIO BEKTOPOB.

Pazmeprocmes. PasMepHOCTh BEKTOPHOFO NpOcTpaHcTBa S, o6o3Havae-
Masi dim(S), onpemensieTcs yHcI0oM Ga3sHCHBIX BeKTODOB B Gasmce S.
ITodnpocmparcrteo. Ecin S’ — noaMHOXecTBO BEKTOPHOrO NpPOCT-
padctBa S uan noaem F, To S’ — nmoanpocTpaHCTBO NpPOCTpakcTBa
S, ec1n S8’ TakXKe BeKTOpHoe mpocTpaHcTBO Haj F.

Ipamas cymma. Tpsmoit cymmoit S; [F] S, IBYX moanpocTpaHCTB
S; ¥ §. mpocTpaHcTBa S HasbiBaeTCs MHOXKECTBO BCEX BEKTOPOB BHJA
Si[Fls;, rme s; — NpHHAIJIERKHUT NMOANPOCTPAHCTBY Sy, a §; — HOANPO-
CTpaHCTBY S,. S; [#] S TaxkxKe siB/IsieTcs NOANPOCTPAHCTBOM, H pa3Mep-
HOCTb €ro onpeessieTcsi cleaytownM ofpasom: dim (S, Sy) = dim

3 A 1449
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(S1)+dim(S,)—dim (S; N S:). 3amerum, uto ecin S; u S, — noanpo-
cTpaHcTBa, To Sy N S; TaKke noANpocTpancTBo. [IpoHAMOCTpHpYEM 3TH
onpelesieHHsl ¢ NOMOILILbIO BEKTOPHOrO NoAnpoctpaHctBa W 3-BeKTopos
Haa noaeMm GF (2). Bektopbt © ), @y,. . ., ©;, NPUHAAJEKAILHE NOANPO-
crpanctBy W, onpeneseHbl panee.

. @ — JIHHEHHas KOMOHHALHA ©g H 7, NCCKOJBKY @;= (lxwg)[H]

[ (1xw7).

2. Bekropbl ©g U ®, — JHHeHHO-HE3ABUCHMBI, TaK KaK HHM OAMH M3
HHX He/b3s BbIpasHTb depe3 apyrod. ClepyeT OTMETHTb, 4TO @ H
©; NMHHEHHO-HEe3aBHCHMBI 1151 JIIOOOro f.

3. Bekrophl w,, ,, ©,00pasytor B npocrpanctee W 6asHc, NOCKOAbKY
OHH JIHHEHHO-HE3aBHCHMBI, a4 OCTABIUHECs BEKTOPLI, KaK MOKAa3aHO
HHXKE, MQXKHO MNPEACTaBHTb B BHJAe JHHeHHOH KOMOHHALMH 3THX
BEKTOPOB: @ o= (020, )[H] (0%0,)[ (0% w,), 0s=(l2o,)F|(l20,), 0;=
=(lxo)[H(1*0,), 0= (lxo)F(1x0,), 0= (1xa)[FH(1x0,)H
(I#0,). MOXHO NpOBEPHTb, YTO BEKTOPH ®;, Wy, ®; TaKxke o6pa-
3ytoT 6asHc.

4. PasmepnocTb BekTopHOro mpoctpaHcTBa W paBua 3, Tak Kak Tpu
BeKTOpa 00pasyloT ero GasHc.

5. MHoxectBa W' ={wo, @, 0 0z} H W= (0, ©;, 0f 0} —
noanpoctpadcTsa npoctpaHcrea W. basucamu W' u W” apasiorcs
{01, ©,} 1 {©,, ©¢} cooTBeTcTBeHHO. Takum obpasom, dim (W')=2
u dim(W")=2.

6. Ecin W' u W” onpesenennl kak B n. 5, to W/ [HW ={w, o,
Wy, Wg, Oy, W5 O 7).

7. Pasmeprnocte W'[H]W” onpenensiercs cAeAyiOLlMM paBeHCIBOM:
dim(W'[HW")= dim(W')+dim (W’) — dim (W HW")=4 — dim x
X (W' nw).

[Mockonbky W'N W'={w,, ©,}, umeem dim (W' nW")=1. Takum

obpasoM, noaywaem dim (W’ [H W")=4—1=3, Toro ke camoro pe-

3yJbTaTa MOMXHO AOCTHY4b ¢ yueroM W'[HW'=W.

Tenepb onpenenHM H30MOPHH3M MEXAYy ABYMSI BEKTOPHBIMH [pO-
CTPAaHCTBAMH HAJ OJHHM H TeM XK€ MOJeM.

ITyetb S u 8’ — gBa n-MepHBIX BEKTOPHBIX MOANPOCTPAHCTBA
Hap noneM F. Tosopat, uto S u S’ usomopprer, ecnu Memay HHMH
CYLUECTBYET TaKoe B3aHMHO-OJHO3HAYHOE COOTBETCTBHE, UTO CIpaBej-
JIUBbl YTBEPKACHHUSA:

1. Ecnu BekTOpam s, u s, NPHHAAIEKALUHM NOANPOCTPAHCTBY S, COOT-
BETCTBYIOT BEKTOPLl S| M s, NpPOCTpaHcTBAa S', TO BEKTOPY S [H] $»
COOTBETCTBY¢T BEKTOp S, AS;, Tle H A — onepauud B S H
S’ COOTBETCTBEHHO.

2. ITna moGoro o B nosne F BEKTOPY oS COOTBETCTBYeT BEKTOP a. A S,

€C/IM BEKTOp S MPOCTPAHCTBa S COOTBETCTBYET BEKTOPY s’ NMPOCTPaHCTBA

S', rhe + w & — onepauuu B S u S’ COOTBETCTBEHHO.

PaccMoTpum n-MepHoe BEKTOpPHOE MPOCTPAHCTBO S Haa noseM F H n-

MepHOe BeKTopHoe mpoctpaHctBO W BekTopos Hax nosem F. [lyctsb
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BeKTOPbI §1, Sa,. + -, Sp 00pasyloT G6asuc B npocTpaHcTBe S. ConocTaBUM
BEKTOPY S U3 NMPOCTPAHCTBAa S BEKTOP &= (&, Qg,. . ., Ay} U3 mpo-
crpancTBa W TOrIa M TOJBKO TOMAA, KOTAA = (%s;) [H](xaxss) [H]. . .
.. [H (@n*5). HeTpyaHo BUIeTh, YTO 3TO B3aHMHO-0IHO3HAYHOE COOTBET-
cTBHe OnpelensieT H3oMOphHU3M Mexay mpocTpaHcTBamMd S:u W,
Takum o0pazoM, cpopMyTHpyeM CHeNYIOUIUH Ba<HBIH BHIBOJ:

Teopema 4.1. JTio6oe n-MepHOe BEKTOPHOE NPOCTPAHCTBO Hal moJeM F sBisercs H30-
mop(HbLIM BEKTOPHOMY npocTpanctBy W n-BeKTOpOB Haj mojem F.

dTa TeopeMa SBJAETCS TJIABHLIM 3BEHOM, CBSI3BIBAIOLUIHM BEKTOD-
Hble npocTpaHcTBa M MaTpuupl. OHa npejanosaraer, 4To n-MepHOe BeK-
TOpHOE MPOCTPAHCTBO Haj MojeM F MOXHO HCCef0BaTh C HCIOJB30-
BaHHEM f-MEPHOIO BEKTOPHOro mpoctpaHctBa W BceX rn-BEeKTOPOB HaJ
nosem F.
3aBeplluM 3TOT pasfiesl ONpejeseHHeM ABYX HauGosiee BaXHLIX MOHS-
TUH — CKQAAPHOE Npoussederue W 0pmo2oHasbHocms. [1yeTh wi=(oy
. . .Gn) H ©,= (BB, . .pn) — IBa 37eMeHTa BEKTOPHOTO MpPOCTPaH-
ctBa W n-BeKTOpoB Hal mnoneM F. CraaapHeim npoussedexiuem o, W
®,, 0003HaYaeMbIM Yepe3 < ®;, ®,>>, Ha3blBaeTcsl CKajsp, onpejesse-
MBHIH BEIpAMEHHEM <<®;, > = 04+ P+, Pat...+a,-p,. Hanpu-
Mep, ectH ;=0 1 00 1) u w,=(10111) 10 <wi, 0,>=
= <oy, ©,>=0:14+1-0+0.-140-14+1-1=04+0+0+0+1=1. Bek-
TOPHl ®; K ®; OPMO20HAAbLH6, OTHOCHTENBHO APYT APYra, ecian <<w;,
®;>=0, rae 0 — aanuUTUBHLIA HyJeBod aneMeHT noss F. Hampumep,
BekTopbl ®;==(1 1011) u w,=(1 1 10 0) opToronanbHel Hajg moJeM
GF (2), mocKoabKy <o, 0,.>=1-14+1-140.-14+1-0+41-0=1+1+4+
+0+4-04-0=0. IBa nomnpoctpanctea W’ u W’ BekTOpHOro MpOCT-
panctBa W ABAAIOTCA 0pMOLOHANGHEIMU NOONPOCIPAHCMBAMI ITOTO e
MPOCTPAHCTBA, €CJH KaXK/bIH BEKTOP OJHOTO MOANPOCTPAHCTBA OPTOTO-
HaJieH Jr060MY BeKTOPY APYroro noanpoctpadctsa. Jlsa noanpocTpaHcT-
Ba W' u W’ npoctpancTsa W Ha3HIBAIOTCS 0pMO20HANbHBIMU OONOAHEHUS-
My npoctpaHctBa W, eciH OHH OPTOTOHAJBHBI IPYT APYTY H UX MNpsMas
cymvma W’ [f] W' paBHa BekTOpHOMY mpocTpaHctBy W. B xauecTBe
NpHMepa BHOBb pAcCMOTPUM 3-MepHOe BEKTOpPHOe npocTpaHctBo W
3-BeKTOpoB Haj nosiieM GF (2). B 3ToM BeKTOpDHOM NpOCTpPaHCTBe MOJ-
npoctpanetBa W' ={m,, 01, 0, 03} 4 W ={w,, ©,} OPTOrOHAIbLHEI
Apyr apyry. HerpyaHo yGexuthbest, uto mpamasa cyMMma W' u W” paBHa
W. CnenoBaTenbHO, OHH SIBJAIOTCA OPTOrOHANLHBIMH JOTNOJHEHHSIMH.

4.3. BekrtopHoe mpocTpaHcTBO rpacda

B sTom pasmene MBI paccMOTPHM COOTBeTCTBHE MeXKIy TrpadoM
U BEKTODHBIM NPOCTPAHCTBOM, a TaKKe ONpelesUM [Ba BaXKHLIX MOJ-
NPoCTpaHcTBa BEKTOPHOTO  MPOCTPaHCTBa.

{ Doy %y, ..., Oy HA3LIBAETCH KOOpauHamaMu BEKTOpa S oTHOCHTeNbHO §asHca
S
1y S2y eeey Spt.

3%
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Paccvorpum rpad G== (V, E). Ha6op BceX nogMHOXKECTB MHOXe-
cTBa E, BKJIOYAss H NyCcTOe MHOXKeCTBO (F, o603HauuM yepe3s W,. CHa-
yaja nokaxem, 4to Wy — abeseBa rpynmna 1o OTHOUIEHHIO K ONEpaltH
D (xonbleBol cyMMBl MHOXKecTB). [locsie cOOTBETCTBYIOLIETO ONpeee-
HHsl OflepallHH YMHOXeHHsi Hal sJeMmeHTamH GF (2) H snemenTamu W,
nokaxeM, uto W, sABAseTcs BeKTOPHBIM npocTpaHcTBoM nmoas GF (2).
HerpyiHo npoBepHTh cllefyiOLHE YTBEPKIEHHS:

1) W; — 3aMKHYTOe MHOXecTBO 10 OTHOLIEHHIO K onepaunu )
2) — accoLMaTHBHas OmNepalis;
3) — KOMMYTaTHBHasl onepanis.

Hanee, nas moGoro sjaementa E; B HaGope W, cnpasensiuBbl pa-
BeuctBa £, (D @=E;, n E;P E,=¢.

Takum obpasoM, 1151 onepauny () MHOXKeCTBO & — HYJIEBOH 3Je-
MEeHT, a KaXIui 3jgemeHT E; — ssemeHT, ofpaTHBIii camoMy cebe,
CrenoBarensHo, Hab6op W, — aGesieBa rpynmna no OTHOWIEHHIO K onepa-
UHH (D H NMO3TOMY YIOBJIETBOPSieT NEePBOMY TPeGOBaHHIO ONMpeleNeHHs
BEKTOPHOI'O MPOCTPAHCTBA,

[lycTb # — onmepauus yMHOXeHHs Hal 3jeMeHTaMH GF (2) u W, —
onpezensieTcs CJAEAYIOLLHM 06pasoM:

IOna moboro E; B Wg 1sE;=FE; u 0+E;=¢J. [loab3ysch TaKHM
OnpeJle/IeHHEM OlepalHH %, HeTPYIHO YyOeIHTbCS B TOM, UTO 3JIEMEHTHI
W YIOBIETBOPAIOT CJEAYIOWIHM HEOGXONUMBIM YCJIOBHSAM BEKTOPHOTI'O
NPOCTPAHCTBA: AJIs MOOBIX 3JeMeHTOB o H §, npHHamjexamux GF (2)=
={0, 1} mobux E; n E; MHoxectBa W, CIpaBelHBE paBeHCTBa:
1. (a+P)«E;=(axE;)PP*E;).

2. ax(E,PE;)=(axE;)PD(axE;).

3. (a-ﬁ)*’EiZa* (ﬁ*El)~

4. 1=E;=E,.

|OT™eTHM, uTo 1 —HYJ/IeBO} MYbTHIIHKATUBHBL 3JeMeRT noast GF (2).]
Takum o6pasom, W, — BekTOpHOe npocTpancTBo Haz nomeM GF (2).
Ecan E={ey, e,,. . ., ¢,}, To noamMHoxectsa {e;}, {es}. . .{em} obpa-
3yt Gasuc aass W ;. CrenoBatenbHo, pasmepHocTb W, paBHa m, T. e.
urcay pebep B rpade G. M3 Toro, 4To Kaxablii peGepHO-NOpOXKIeHHbIH
noarpad rpapa G cOOTBETCTBYeT €IHHCTBEHHOMY MOJMHOXECTBY MHO-
*KecTBa L .M 4TO KO/bLEBOH CyMMe JOGHX 2-pefepHO-NOpOXKAeHHBIX MOL-
rpacoB 1o onpefieseHH0 (I1. 1) MOXKHO NMOCTaBHTb B COOTBETCTBHE KOJIb-
LeBYIO CYyMMY IBYX COOTBETCTBYIOUIHX MHOXeCTB pebep, cJelyeT, 4To
MHOXKECTBO BCeX pebGepHO-nopoxaeHHHBIX noarpados rpada G apasercs
BEKTODHBIM NpPOCTpaHcTBOM Haj GF (2), ecaH onepauHsi yMHOMKeHHS
onpefieleHa CAEAYIOWHM o6pasoM: AJIs Jo60ro pebepHo-NopoXKAeHHOTO
noarpada G; rpada G 1xG;=6; u 02G;= ¥ — Hyab-rpad, He HMEOWHIL
HH BepIliiH, HH pe6ep. ITO BEKTOPHOE MPOCTPAHCTBO TaKke 0603HAUHM
cumBogom W, 3ametnm, yto W; BKMouaeT B cebs Hyab-rpad . Mz
NpHBeICHNIBIX PAcCyXKJAEHHH BbITeKaeT cJjlelylolllasi Teopema:

Yeopena 4.2, Jlna rpada G npoctpancmso W aBaseTcs M-MepHEIM BeKTOD HLIM
npoctpancisoM Haj noseM GF (2).
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[TocKOJAbKY B 9TOH IJlaBe Mbl paccMaTpHBaeM TOJAbKO peGepio-NopoK UeH-
upie noarpacdbl, To 6yAeM HasbiBaTb HX MpocTo noirpadamu, onyckas
¢J0BO «pefepHo-nopoxieHnbiey. OJHAKO Mbl MOXeM MO-NPEKHEMY HC-
10/1b30BaTh 3TO YTOYHEHHe B HEKOTOPbIX MecTaX, YTOObl [0{YepKHYTE
pe6epHO-NIOPONKIEHHYI0 NPHPOLY paccMarpuBaeMbix nojrpagos. Te-
nepb NMOKaXeM, 4TO Cjelyiollne noaMHoXecTBa W ABAAIOTCA HOANpPO-

CTpaHCTBAMH!

1) W, — MHOXEeCTBO BCEX LIHKJIOB (BKJIOYast H Hyb-rpag Jf) 1 00benn-
Henuit pebepHo-HenepeceKaloUIUXca LHKJA0B rpada G;

2) Ws — MHOXeCTBO BCEX paspesarcilliX MHOXeCTB (BK/IOYad H HYJb-
rpad &f) ¥ oObennHeHHH pebGepHOC-HeNepeceKaloOUIHXCS paspesaro-
WHX MHOXeCTB rpada G.

Ecan Mbl nosaxeM, uto We nu Wy aBaai0Tca 3aMKHYTBIME 110 OTHO-

IEHHIO K OMepaIHy cloXeHHs (1), TO U3 3TOro H GyLeT cJenoBarb, 4TO

We 1 W — noaupocrpancTsa.

Teopema 4.3. MuoxectBo W Bcex LHKJIOB H o0benHeHHH peGepHo-Henepece-
karollEXcs UHKJI0B rpada G ABJIsAeTCA MOANPOCTPAHCTBOM BEKTOPHOTO MPOCTPAHCTBA
W rpada G.

Hoxasameascmso. [lo Teopeme 3.1 rpad MOXHO NpeAcTaBUTb B BHje OObeJAHHEHH I
pefepHo-HenepeceKaroHXCsT LIHKJAOB TOrAa H TOJMbKO TOrAa, KOTAa Kax/as BepliHHA
B rpade umeeT uetHylo creneHb. CiesoBatenbHo, W, MOMHO DacCMAaTpHBATH KakK
MHOKEeCTBO BceX pebepHO-NMOPOXKAeHHbIX NMoarpacdos rpada G, Bce BepUIHHLI KOTOPOTo
HMEIOT YETHYIO CTeleHb.

PaccMorpuMm jABa Jo0bix 3JemeHTa C; u Cy MHOxecTBa W . OHH fABJAsIOTCS pe-
GepHO-NMOPOXKAEHHHIMH MoArpadamu, BepHIHHbl KOTODHIX HMEIOT YETHYIO CTeleHb.
[ycts C3 — cymma 1o MoayJo aJs 3JemeHToB C; U C,. JI1s JOKasaTenbCTBa 3Tofl
TeopeMbl HeOOXOAHMO MOKa3aTb, 4TO cyMMa (g NpHHaANeRHT MHOXecTBY W . MHEIMU
CJIOBAMH, HaJ0 MOKa3aTh, YTO KaxkJas BepliHHA B (3 UMeET YETHYIO CTEHeHb.

PaccMoTpum sio6yro BepuiuHy v, npuHajiexamywo Cs. OueBHAHO, 3Ta BepLIHHA
JIOJIKHA TMPHCYTCTBOBaTh no KpakHeH Mepe B ofHoM H3 noirpados: C; uan C,. O6o-
anauuM yepes X; (i=1, 2, 3) MHOXKecTBO pebep, HHUHAEHTHBIX BeplLIHHE U B noirpade
Ci, a uepe3 |X;| — uucsio peGep B MHOxecTBe X;. Takum obpasom, |X;| — crenenn
BePUIHHLL v B moArpade C;. 3ameTuM, uro yncia | X;| u | X,| — yeTHBle H OJHO H3 HuX
MOKeT paBusaTbts Hyo. CiefoBateabho, | Xg|50. [Tockonbky Cy=C; PCy, mony-
uaeM, 4T0 Xg= X;EDX,. [Tostomy | Xg|=|X;|-+|Xa[—2|X; ) X.|. U3 vTOrO paBeHcTBa
BUJHO, 4TO | Xg! sAB/AsieTcs yeTHOH cTeNeHbIO, NOTOMY uTO 0be cTemeHu |X;| H | X, —
YeTHble, JADYTHMH CJOBaMH, BepliHHa U B Cy HMeeT 4eTHYIO CTeleHb. A TaK KakK Bep-
WHHY U Mbl BHIGpaJH NPOU3BOJbHO, TO Cy mpuHaliexxut W, U TeopeMa JOKasaHa.
Hasosem W nodnpocmparcmson yuxaoe rpada G.

B xauecTBe mpuMepa, HJJIIOCTPHPYIOLWIELO NPEAbIAYLUIYIO TEOPEMY, PacCMOTPHM
rpad, nsobpaxeHubii Ha puc. 4.1, a. Tloarpadpu C; u C, (puc. 4.1, 6, 6) siBasOTCA
O0be/lnHeHHAMH pefepHO-HelepeCeKaloWHXCs UHKJIOB, (, NOCKOJNBKY KaXjlas Bep-
IIMHA 3THX NMOArpadoB HMeeT HETHYIO CTeneHb. DTH NoArpadbl MPHHaLIeXAaT MOANPO-
crpaHerBy W npoctpanctBa W . KoabueBas cymma C; u C, npeicraBJieHa Ha PHC.
4.1, e B Busie moarpacda Cy. Bce ero Bepuinnbl HMEIOT YETHYIO CTeNEHb, CJel0BaTe/1bHO,
noarpag Cy Takxke NMPHHAMIEKHT NOANDPOCTpaHCTBY W,

[lokasxem Tenepb, uto MHOxecTBO Wg¢ Bcex paspe3amoUlHX MHOMKeCTB H OObeAH-
HEeHHH pelepHO-HeNepeceKAWIIHXCs! pa3pe3alliHX MHOXecTs rpada (G sABjasercs
noAnpocTpaHcTBoM npoctpaHctBa W ;. Ilo TeopeMe 2.7 paspes sBJsieTcst pa3pe3aloiuM
MHOM(ECTBOM HJIH OObejlHHeHHeM HeCKOJbKHX pebeplo-Helepe CeKalomuXxcs paspesa-
IOIHX MHOXeCTB. TaKuM o6pa30oM, Kax bl paspes rpadia G NpHHALIEKHT MHOXKECTSY
W. Tokaxem, uro Kax bl 3/1eMeHT [OC/AeAHEr0 sIBJIseTCs paspesom. OHOBpEMEHHO
noxaxem, uro Wg — noanpocTpaHcTBo npocrpaHctda Wg.
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Teopema 4.4. CyMMa aBYX JI0GbIX pa3pe3oB rpada G Takxke SIBJETCS pa3pe3oM
rpada G.

Jloxazameavcmeo. PaceMoTpuM apa nio6eix paspesa: S;=<(Vy, Vo> u Sz-—<V3,
Voo rpaq)a G=(V, E) 3amerum, uto V;UV,=V,UV,=V u ViNV,=VsNV
Myers A=V N Vs, B=V NV, C=V,Vs, D=V, NV,

Uy Yy U,
) Us % v U Us
U, U v, v,
4 5 4 5 Uy Ug
Us
a 6 6 8
UZ US
LA
Us
2
Puc. 4.1,

a-—rpad G; 6—noarpad C, rpada G; e—mnoarpad C, rpada G: 2—mnoarpad C, @ C, rpada G.

HerpyaHo BuzeTh, uto MHoxectBa A, B, C, D B3aumuHo He nepecekajoresa. Torja
81=<AUB, CUD>=<{A, C5U<A, DYULB, COULB, D> u §3=<LAUC, <BUD>=
=<{A, ByU<A, DYULC, BXULC, D>

CnegoBatenbHO, noayuuM S;ERS,=<A, CO>UB, DY>ULA, B>UC, D>.
IMockoawky <AUD, BUCY>=<A, C>ULB, D>ULA, B>ULC, D), MoxXHO 3anucaTb
S:BS.=<AUD, BUC).

U3 toro, uro A YD u BJC B3auMHO He nepeceKaloTcsl B BMeCTe BKJIOYAlOT B ceGst BCe
BeplunHH V, caeayer, uto S;€ES, aBaserca paspe3oM B rpade G. Teopema 10Ka3aHa.
Tak Kak KosbleBas CyMMa [JBYX pe0GepHO-HeNepeceKaloUIHXCA rpagoB COBNafaeT
¢ HX OOBeIHHEHUEM, HMEET MeCTO C/lelylollee CJeACTBHE:

Cnezcrere 4.4.1. O6benHHeHHe JIOOBHX ABYX pefepHO-HeNePeCceKalOUIUXCs pa3-
pesoB rpada G TakxKe sIBJsSETCS ero pa3pe3oM. [lockoabKy paspesaioliiee MHOXKECTBO
SIBJIS@TCS Pa3pe3oM, TO H3 caelctBHA 4.4.1 oueBHgHO, uTo W g — MHOXKECTBO BCeX
pa3spesoB rpada G. [lanee, no teopeme 4.4 MHOXecTBo Wg ABJISETCS 3aMKHYTHM NO
OTHOLUEHHIO K ONepaLiy KoJbLeBoil CyMMEI. TakHUM o6pa3oM, HMEET MeCTo cJ/efylomas
TeopeMa:

Teopema 4.5. MuoxecTBo Wg BCeX pa3pe3aloHX MHOXKECTB H OObelHHeHHH
peGepHo-HenepeceKalouX MHOXecTB rpada G sB/AsieTcss NOANPOCTPRHCTBOM BEKTOP-
woro npocrpanctea W rpada G. Hasosem W g nodnpocmparcmson paspesos rpada G.
B KauecTBe npHMepa, HIOCTPHDYIOLIEro TeopeMy 4.5, paCCMOTpHM paspesnl S; H Sy
‘})3433 G (puc. 4 2): S1={ey, s, ea, 05, €6, €2 }=<Vy, V>, S {611 ey, &y, €5, eg}=<V3,

rae Vy={vy, vg, U3}, Vo= {va, U5, 03}, V3= {51, Uy, 05} 3= {Ug, Ug, Vg }u
Torna S10Sa={es, €, €3, €1, €}
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Puc. 4.2,

Ecin A=V, NVs={vi, v}, B=ViNV,={v.}, C=V.NVs={y}, D=V,NV,=
= {vg, U}, TO MHOXKeCTBO S;DSs= {€,, €3, €4, €7, €5} MOXKHO 3anHcaTb (KaK GhlIO Jio-
1{(3331—10}5 Teopeme 4.4) B Takom Buie: S;PS,=<CAUD, BUC)={{vy,v,, s, v},
Uy, Ug £+

4.4. Pa3MepHOCTb NOANPOCTPAHCTB
LIMKJOB M pa3pe3oB

B s5ToM pasjene MBI MOKaXeM, YTO Pa3MePHOCTb MOANPOCTPAHCTB
IIMKJIOB M Pa3MepHOCTb Pa3pe3oB COOTBETCTBEHHO PABHBI IHMKJIOMAaTHYeC-
KOMY uHcJy ¥ paHry rpaga. s aToro jokakeM, 4TO MHOXKeCTBO GasHc-
HBIX IHKJIOB H MHOXKeCTBO 6a3MCHBIX Pa3pe3alolliX MHOXECTB [0 OTHO-
IIEHHIO K HEKOTOPOMY OCTOBY CBSI3HOTO rpada SBJASIOTCH COOTBETCT-
BeHHO 6a3ucaMu i NOAMPOCTPAHCTBA LHMKJIOB H MOANPOCTPaHCTBA
pa3pe3oB rpaga.

[Tycte T — ocroB cBsizHoro rpada G Ha n BeplUiNHaXx U m pebpax.
Bersu T o6osnauum uepe3 by, by, ..., bp-1, a XOpABl — uepes ¢,
Csy .« vy Cmen+1. Llyeth C; 1 S; — 6a3ucHHH LMKJ M paspe3aiolllee MHO-
JKECTBO M0 OTHOLIEHHIO K ¢; H b; COOTBETCTBEHHO.

[To onpenenenuo Kaxani 6asucHBIf LHKJ BK/IIOYaeT B ce6sa TOJNBKO
OJHY XOpAY, He MPHCYTCTBYIOLULYIO HH B OFHOM ADYIOM Ga3HCHOM IHKJIe.
Takum 06pasoM, HHKaKoH 6a3HCHBI LHKJ HeNb3si MPEACTaBHTh B BH e
KOJBIEBOA CYMMBI IPYTHX GasHCHEIX HHMKIO0B. CllefoBaTe/lbHO, 6a3HCHbIe
uMkapl Cy, C,, ..., Cp-,+1 He32BHCHUMH. AHaJOrHuHO GasHcHble pas-
pesarollye MHoXecTBa S1, S, . . ., S,-1 TaKXKe ABJIAIOTCH HE3aBHCHMbBIMH,
TaK KaK KaXjoe H3 HUX COAEPKHUT TOJbKO OJHY BEeTBb, He NPHCYTCTBYIO-
LIy HH B OJHOM JAPYIOM.

Uro6bl no0KazaTh, 4T0 Ci, Cay « v vy Crcne1(S1, Sey -+, Sn_1)
06pasyioT 6asuc MOANPOCTPAHCTBA LHKJIOB (paspe3os) rpada G, Heob-
XOAUMO M0Ka3aTh, YTO JI060H moArpad moanpocTpaHcTBa LMKJIOB (pas-
pe3oB) rpaga G MOXKHO NPEACTABUTb B BHJE KOJbLEBOH CYMMHl IHKJIOB
C; (paspesoB S;). Paccmorpum Joboit mogrpag C moanpocTpaHcTsa
wikioB rpapa G. IlycTh OH COAEPKHT XOPABL C;, Cj, + - ., Ci,. IlycTh
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C' — konmbueBas cymma 6asucHuIX nukiaos C;, C;, . . ., C;,. OueBunHo,
4T0 C’ COIEPKHUT TONBKO XOPABI C; , Ci,, . . +, i, K HE CONEPIKHT APYTHX
xopn octoBa T. [ockonbky noarpad C TakzKe COLEPHKUT TOIBKO 3TH XOp-
a1, T0 C' @ C He comepxut Hu onHoi Xopawl. [Tokaxkeu, uto C' Q) C =
NycTOe MHOXKeCTBO. Ec/iM 3TO HeBepHO, TO 1O HPeblAYLIUM paccyiae-
HusM MHOXKecTBO C' (D C CcomepKHUT TOJNBKO BETBH H, CJENOBATENbHO,
He cOIepKHUT UKKIa. C Ipyrofl CTOPOHEL, TaK Kak MHOXKecTBo C' (P C —
KOJIBbLIEBas CyMMa LIMKJOB, TO 10 TeopeMe 4.3 OHO sBJsAeTCA JIHOO IUK-
JoM, JH60 OObeIHHEHHEM HeCKOJBKHX pefepHO-HenepeceKamnxes
unkJoB. [Tonyuaem nportuBopeune. CaenoBareibno, C' () C — nycroe
MHOXecTBO. M3 sToro crenyer, uto C=C'=C; DC; @D ...DC;,.
Jpyrumu cioBamMu, Kaxaeli noarpad noAnpocTpaHCTBa LMKJIOB rpada G
MOXKHO TPEICTaBHTh B BUIE KOJIbLIEBOH CyMMBI LHKA0B C;. TouHo Taknm
’Ke 06pa3oM MEI MOXKeM [0Ka3aThb, UYTO KaxAi noarpad moxmpocTpaH-
¢TBa paspes3oB rpada G MOXKHO MPeJCTABUTH B BUAE KOJBLEBOH CYMMbI
paspe3oB S;. Mrak, uMeer MecTo crenyiollias Teopema:

Teopema 4.6. [Iycts G — cBsi3HbIfl rpad Ha n BepwHHax H m pe6pax. B'atom
caydae

1. BasucHble UHKJABI O OTHOIIEHHIO K octoBy rpada G obpasyior Gasuc mnogmpo-
CTPaHCTBa LHKNOB rpada, u, cJeloBaTeJbHO, PA3MEPHOCTb MOANPOCTPAHCTBA IHK-
qaos rpadba G paBHa m—n--1, 1. e. IUKJIOMATHUECKOMY 4YHCJIY rpada G,

2. DBasucHele paspesalomue MHOXKeCTBA N0 OTHOLIEHHIO K ocToBY rpada G ofpasyor
6a3uc MOANPOCTpPEHCTBA pa3pe3oB rpada G, H, caeloBAaTeTbHO, PA3MEPHOCTD MOJ-
NpocTpaHcTBa pa3pe3os I'pada paBHa n—Il1, T. e. paHry rpata G.

Teneps HETPYAHO BHIETb, YTO B CJydYae HECBSA3HOTO rpada (G MHOXKeCTBa Bcex
6a3HCHLIX LHKJOB MO OTHOLIEHHIO K XOpJAaM Jeca rpada G ¥ paspe3aiollliX MHOXKeCTB

Puc. 4.3.

110 OTHOLUEHHIO K BeTBSM Jeca rpada G sBJsA0TCA 6a3ucaMu MOANPOCTPAHCTB LHKIOB
4 paspe3os rpada G cOOTBETCT1BEHHO.
TaxuM oGpa3oM, NosydyaeM cjeACTBHE H3 MPeABIAYUIEH Teopeasl:
Crencraue 4.6.1. Ecan rpad Ha n BepiuHHaxX # m peGpax HMeeT p KOMIIOHEHT, TO
1. PasmepHocTb MOANPOCTPAHCTBA LHK/AOB rpadga G paBHa m—n-Fp, T. e, LKKAOMA-
rHYecKoMy uHcay rpada G.
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9. PasMepHOCTL HOANPOCTP&ICTBA pa3pe3oB rpada G paBHa n—p, T. €. PaHry rpada G,

B kauecTse rpumepa paccmoTpuM rpad G, uzoGpameHuwili Ha puc. 4.3. PeGpa
by, ba, b3, by 06pasyio1 ocToB rpada G. Xopaamu ocToBa T SIBJISIOTCS Cq, Cyy Ca, Cqs Cpe
Basucubie wikabi Cp, Cy, Cy, €4, Cy 10 OTHOLUEHHIO K XOPLAM ¢y, Cp, Cg, &g, % H Ga3HC-
Hble paspesaiollne MHOXECTBa Sy, S,, Sy, Sy 110 OTHOLIEHHIO K BeTBSIM by, by, bg, by
onpefe/IsIoTCA CJieiyiouky o6pasom:

Cy={c1, by, by} S1=1{b1, ci, ),
C2:i"2’ bl~ b21 bfi}; Sz=—"- b2v |cly Ca, €4 05}9
Ca:‘-{l,g, b37 b!l ’ 3:{b3: Cgy Cs, cb}v

Ca={cyy bar by}, Sy=1{by, Ca, €4}-
s={Cs5, by, bs}.

Paccmotpum cHauana noarpad C, cocrosunii U3 peGep by, by, ba, 4, C3, €4, 5. He-
TpyAHO YyOelMThCs B TOM, UTO B noArpade C Kaxiasi BepLIHHA HMeeT YeTHYIO CTelleHb
i, CJel0BaTeNbHO, OArbap C mnpuHALIEKUT NOANPOCTPAHCTBY UHKJIOB rpada G.
1T0CKOIBKY XOPABI Cg, C3, Cy, €5 IIPHHALNENKAT NOATPady C, H3 N0KA3ATeNbCTBA TEOPEMb
4.6 caepyeT, 4To nofrpad C AOKeH PaBHATLCS KOJIbUEBOH cyMMe GasHCHBIX UHKJOB
Ca, C3, Cy, Cp. YOepumes B TOM, UTO 3T0 ZefICTBUTEILHO TaK:

C2@C3®C4@Cb={f2, by, by, ba}@{ca: b, 54}@ {cas Do, b4}€[:){05» by, bg}=

={b1, ba, b3, Cy o €4 C5}=C.

Tenepn paccmOTpHM paspe3 S. cocTosAuiHA H3 pebep by, by, ¢4, ¢a, C5. CHOBa, TOCKONbKY
S conepkHT BeTBH by H by, o4 LOMKEH PaBHATbCS KOJbUEBOH CyMMe paspe3arcliyx
MHOXecTB Sy H Sy. D10 HeTPpYAHO npoBepHTh: S{PSg= {by, 1, c2 }P1b3, Cq, €3, 5 }=S.

B npeabayuiux paccyXASHHAX Mbi NOK#3aJH, YTO, HMeSI OCTOB, MOMHO MOCTPOHTH
6a3uchl MOANPOCTPAHCTB UMKJIOB K paspesoB rpada. TlocTpoeHHble TAKHM 06pasom
Gasucel OCEIYHO HCIOJAB3YIOTCS NPH H3YYEHHH HIEKTPHUECKUX Lened.

4.5. Ces3b MexJy MOAMPOCTPAHCTBAMH
LHKJOB H pPa3pe3oB

B nanHOM pasgese Mbl 1ajuM XapaKTepH3alHIO NOArpadoB B mpo-
CTpaHcTBe IHKJOB rpada G B TepMHHaX noirpadhoB MOANPOCTPAHCTRA
paspesoB Toro e rpada.

B pa3sa. 2.8 (teopema 2.14) Mbl 10oKasaJ/u, 4TO LHKJ H paspesaiollee
MHOXKPCTBO HMEIOT 4eTHOe KoJaHuecTBO obuX pebep. Mcnonbsys To, utro
KayxbIH noarpad B MOANPOCTPaHCTBE LHKJOB rpada sBasercs JaHGO
UHKJIOM, JIHGO oObenHHEHHEM pelepHO-HellepeceKalolHXCs HHKJOB, a
KaXnblfl moarpad B MOANPOCTPAHCTBE paspe3dB — paspe3aiollHM
MHOXECTBOM HJIH oObejHHeHHeM DpeGeDHO-HemepeceKaolUXcs paspe-
3al0UX MHOXKECTB, MOJIYUYHM CJAeAYIOULYI0 TeopeMy Kak Hemocpenci-
BEHHOe CJeACTBHe TeopeMmbl 2.14:

Teopema 4.7. JTio6oii noarpad B MOANPOCTPAHCTBe UHKAOB rpada G HMeeT YeTHoe

UHCJI0 o6uinX pebep c JIOOBIM MOArPadoM B NOANPOCTPAHCTBE PAa3Pe3oB TOro Xe rpada.

B reopeme 4.8 mMbl 10KaxeM O6GpaTHOE yTBEPKAEHHE.
Teopema 4.8.

1. TNoarpap rpada G npuHafIeXHT MOANPOCTPAHCTBY UUKJIOB rpada G, ecau oH
HMeeT 4eTHoe 4HcA0 oOuiHX pebep ¢ JOGBIM NOArP2OM B NMOANPOCTPAHCTBE Pa3-
pesos rpaga G.

2. [Moarpadp rpadpa G npuUHAANEXHT NOANPOCTPANCTBY pa3pesoB Cpada G, ecn oH
HMeeT quHoe uuca0 obuiHx pebep c J1106bIM NODrPaGoM B MOANPOCTPEHCTBE LHK.IOB
rpaga G.
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Jlokasameanbcmso. 1. He Hapymas o6LHOCTH, MOXKHO NPeJIOXHTb, 4T0 G — CBA3-
HbiH rpadp. AHaJOTHYHO JOKA3bIBaeTcst Caydail, Korka rpad G Hecssiauwi. Ilycrs T —
octoB rpada G. O6oanaunM BeTBH octoBa T uyepes by, by, . . ., @ XOPABl — 4epes ¢,
€y, ... .PaccMotpum mwoGoil noarpad C rpapa G, uMeoUHH YeTHOe YHCA0 OOLIHX
peGep ¢ MoObIM NOArpagoM B NOANPOCTPAHCTBE Pa3pesoB rpada G. I1peanosoxuM,
He Hapylas OGMHOCTH, YTO NoArpad C CONEPKHT XOPAB C1, Cgy - - -, Cp. OGOZHAYHM
yepes C’ KOJbLEBYI0 CyMMY 6asHCHBIX LHKAOB Cy, Cy, . . ., C, N0 OTHOIWEHHIO K XOp-
1aM ¢y, Cg, - . -, Cp. OueBHHO, 4TO C’ CONEPKHT TOJNLKO XOPAbL Cy, Cyy - - -5 Cp. CJIEM0-
BatesbHo, C'@RC He comepxuT HE ofHo# xopasl. [TockonbKy C’ — KosibLeras CyMMa
HECKOJIbKHX IHMKJIOB rpaga G, TO 5TO MHOXKECTBO HMeeT YeTHOe UHCJO0 ofmHux peCep
¢ KaxInM moArpadoM B NMOANPOCTpaHCTBe pa3pe3os rpada G. Vs Toro, yto C Takxe
o6JafaeT 5THM CBOHCTBOM, cjaelyeT, 4To HM obaagaer u C'€CC. Tenepp yGeaumcs,
qr0 C'EPC — mycToe MHOXKecTBO. Ec/aH 3T0 He Tak, To C'@EC COCTOHT TOJMBKO H3
BetBeli. Ilycth b; — nic6as Betsb B C'EC. Torla b; — enMHCTBeHHOe ofuee peGpo
Mexay C'@C u GasucHbIM paspe3alol(MM MHOMKECTBOM N0 OTHOWEHHIO K b;. OfHaKo
5TO HEBOIMOXKHO, Tak Kak C’'@PC JOMIKHO UMeThb YeTHOe YHCIO0 OGMIHX pefep C JI0GHM
paapeaaiow(uM MHOXKecTBOM. Takum o6pazoM, C'@C RoMmKHO ObiTh MyCThIM. J{pyruMH
cnoBaMu C=C'=CiPCP. . .PC, u, cregoBatesbHo, C NPUHALIERKUT NOANPO-
CTPaHCTBY LHKJOB rpada G.

2. JloxasaTeJbCTBO 3TOH YacTH TeopeMbl aHaJIOHYHO.

4.6. OpTOroHaJabHOCTb MOANPOCTPAHCTB
HMKJOB M paspe3os

CoraacHo teopeme 4.1, Kakaoe n-MepHoe BEKTOPHOE NMPOCTPAHCTBO
Haj noJjem F H30MOp(HO BEKTOPHOMY MPOCTPAHCTBY BCeX 1-BEKTOPOB HaJ
TeM ke nojeM. CilelloBaTenbHO, BeKTOpHOe npoctpaHctBo W, rpada G
U30MOPPHO BEKTOPHOMY HPOCTPAHCTBY BceX Mi-BEKTOPOB Haj MoJjeM
GF (2), rne m — uucyo pebep rpada G.

[Tyctb e, €s,. .-, €, — pebpa rpada G. [Ipennonoxum, 4To Mbi
CONOCTABHIM KaxkioMy pebepHo-nopoxkieHHoMy noarpady G; rpada G
TaKo# m-BEKTOp w;, 4TO j-H 3JeMeHT w; paBeH 1 Torla M TOJBKO TOTAa,
KOFfia pe6po e; npuHajiexut noirpapy G;. Toraa KonblieBas cymMma
G, @ G, neyx noarpados G; u G, GyleT cOOTBETCTBOBATE M-BEKTOPY
w; + wy, sBIALMmeMycs cyMmoi mo mod 2 BeKTOpOB w; H w;. JIerko
BHJIeTb, YTO OMHCAHHOE COOTBETCTBHe JEHCTBHUTENILHO OIpefiefIfieT H30-
mop¢usm Mexay W, H BEKTOPHBIM IIPOCTPAHCTBOM BCeX #1-BEKTOPOB Hal
noseM GF (2). B camoM nene, eciu Mbl BhGepeM {e,}, {e.},. .., {em}
B KauecTBe GasHCHBIX BEKTOPOB AJs npocTpaHcTBa Wi, To 3/1eMeHTaMH
w; GYAYyT KoopaHHATH! (;, CBSI3aHHBle ¢ 3THM 6a3HuCOM.

[Ipu ompefieneHUH 3TOr0 H3oMopdhH3Ma MBI OMATH HCIHOJb30BANU
cumos W, nnsi ofo3HadeHHs] BEKTOPHOrO IPOCTPAHCTBA BCEX M-BeK-
TOPOB, COIOCTaBJEHHbIX noarpadam rpada G. Ilycts W o6o3HayaeT
IIOANPOCTPAHCTBO M-BEKTOPOB, NPeACTaBJSIOUHX NoArpadbl B NOANPO-
CTPaHCTBe IMKJIOB rpada G, a W — noanpocTpaHcTBo, NpeicTaBsio-
mee noArpadel B MoANpocTpaHcTBe paspes3os rpada G.

PaccMoTpuM JIBa TaKHX BEKTOpa W; M Wj, YTO BEKTOD W; HAXOAUTCA
B npoctpaHctBe W, a BeKTOp w; — B npocTpancTte Wg. Ms Toro, uto
ao6oi noarpad B npoctpaHcTBe W HMeeT yeTHOe YHCIO OOLIMX pebep
C NPOU3BOJIBHBIM NOArpagoM B npoctpaHcTBe W, cileayer, 4To cKaJjsip-
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Hoe NpoM3BeleHHe {W;, W;> BEKTOPOB W; H W; PaBHO cyMMe no mod 2
geTHOTO YHCJA eIHMHHI. JTo O3Hadaer, 4To <W;, w;> = 0. Mraue
rOBOp#, /71-BEKTOPHl B IPOCTPAHCTBE W opTOoroHaiibHbl nOJOGHBEIM BeK-
TopaMm B IPOCTPAHCTBE Ws. TakuM o6pasoM, HMeeT MecTo CJeaylolias

TeopeMa:

Teopema 4.9. TIOADPOCTPAaHCTBA LMKJIOB H paspesoB rpada OPTOrOHANLHEL,

PaccMoTpHM Tenepb npsamyio cymmy W oW s, Mo anaem, uto dim (W - H W)=
= dim (W )+dim (W g)—dim (W Wg). TTocKoabKY dim (W o)+dim (Wg)=m, no-
ayuaem  dim (WctBWs)=m—dim (W Ws). Tenepn opTOroHaJbHbiE MOAMPOCT-
panctsa W u Wg GynyT TaKke H OPTOTOHAJbHLIMH JONOJHEHHSMH Wg Torna u
toabKo Torxa, Koraa dim (W o23Wg)=rm. Hunmu caosamu, Weu Wg Gyayr oproro-
HaJIbHbIMH JIOTIOJHEHHSIMH B TOM H TOJbLKO B TOM cJayuae, ecan dim (W) Wg)==0,
1. e. W W — HyaeBoll BEKTOp (BCe 3/1€MEHTH KOTOPOrO PaBHH HYJ©). IToaTomy
MBI [I0JYHaeM CJeAYIOmYIOo TeOpeMy:

Teopema 4.10. [Toanpoctpanctda W, n Wg UuK/IOB M pa3pe3os rpada ABJsIIOTCS
OPTOTOHAJBHLIMA ROMOJHEHHSIMH TOTAA M TOABKO TOrAa, Koraa W Wg — nyneso#
BEKTOP.

Ilycts W¢ n Wg — opToroHanbHble HOMOJMHeHHs. DTo O3HAYAET, 4TO KamAuif
pexTop B pocTparcTse W g MOMHO NMPEACTaBUTL KOJIbUEBOH CYyMMOH w;+wy, rie Bek-
TOp W; NPHHALIEKHT npocTpaHcTBY W, a BekTOp w,; — mpoctpaHcTBy We. Jpy-
[UMH CJOBAaMH, Kaxauil nogrpad rpada (G MOXKHO NPERCTAaBHTL KOJbLEBOH CyMMoH

Puc. 4.4.
a—rpad Gq; 6—rpad Gyp.

ABYX noArpadoB, OAHH H3 KOTODLIX NPHHAMJEXHT MOANPOCTPAHCTBY LHKJOB, 8 ApY-
roH — MOXNpOCTPAaHCTBY pa3pe3oB. B wactHocTH, cam rpad G MOKHO IPeACTABHTb
TaKHM xe obpa3om.

Ilpeanonoxum, uto We 1 Wg He sBJASIOTCA OPTOrOHAJbHLIMH JAOIOJHEHHAMH.
Tornpa, oueBnmHO, cymecTByeT TaKoil noarpad, KOTOpbLil HeMb3si NPEACTABHTb Kak
KOJIbHEeBYIo cyMMy noArpacgos B npoctpaHctBax W e Wg. BoaHnkaer Bonpoc: MOXHO
JIH B 3TOM CJy4ae npeAcTaBHTb rpad G Ko/1bLeBoH cyMMoH noArpados, NpHiafIexanx
npoctpaHctBaM We u Wg? OTseToM siBJsieTCsl cJaefylollasi TeopeMa:

Teopema 4.11. Jlio6o#i rpad G MOKHO NpPeACTaBHTL B BHAE KOJbLEBOX CYMMb!
AByx moprpadoB, OZHH H3 KOTOPbIX NMpPHHAAJEXHT NOANPOCTPAHCTBY HHKJOB, a ApY-
rodl — MOANPOCTPAHCTBY pa3pe3oB rpada G. JIoKa3aTeqbCTBO 3TOH TeOpeMbi MOMKHO
HalTH B paGorax [44, 45].
3aBepiiuM 3TOT pasge’ pa3GopoM npuMepa.

Paccmotpum rpad G,, npencrasieHHsil Ha pHC. 4.4, a. HerpyAHo yGeautses,
4TO HH ORHH HemycTol noarpad aToro rpada He NPHHALJIEKHT NEpeCceYeHHIo MOANPO-
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CTpPaHCTB UMHKJIOB H pa3pesos. CselloBaTe/bHO, 3TH MOARpocTpaHcTBa I'pada G, sB-
JISIIOTCS OPTOTOHANbHBIMH JI0TIosHeHHsM:. [103TOMY MHOMXECTBO Ga3HCHRIX UHKJ/OB
1 6a3HCHBIX Pa3Pe3alollHX MHOMECTB MO OTHOUICHHIO K HEKOTOPOMY 0cTOBY rpada G,
c€pasyeT 6a3UC BEKTOPHOrO NMPOCTPaHCTBa TOro e rpada. Huxe upwBoinTes 01HO
¥3 MHOMCCTB [0 OTHOLIEHHIO K OCTOBY, 00Pa30BaHHOMY DeODaMH ey, €,, €3, 4.
sexmopor  BA3SUCHBIX  PA3PE3AIOULUN  MHONCECTS

S= (1 000 1 I 0
S= 0 1 .00 1 1 0
S= (0 01 01 0 1
Se= (0 0 01 00 1

basucnsie Yuxkauveckue eekmopbst

C=( 11010 0
G= (110001 0
G= (001100 1)

JIerko BUZeTh, UTO Kaxjiblii BEKTOP MOXKHO [IPEICTaBUTh B BUJE KOMBUEBOH CyMMBl
UHK/JIHIECKOr0 BeKTOpa W BEKTOpa pa3pe3alollero MHOMKEeCTBa. B uacTHOCTH, BEKTOp
(I11111), npencrapastomuit rpap G,, caM MoxeT 3anucwmBathest B Buge (1111111)=
=S8DSPSDC,EPC,= (1101001)cP (0010110), rae (1101001) npeacraBasier coboit
pa3pes, a (0010110) — wuka B rpade G,. Jlanee, paccmoTpuM rpad Gy, NpeAcTaBeH-
liblit Ha pHc. 4.4, 6. B aToM rpade pebpa ey, e,, €3, €, 06pa3yioT paspes K UHKI. Ciieflo-
BATR/IbHO, MOATPOCTPAHCTBA UHKJIOB PA3PE30B 3TOr0 rpacda He SIBJASIOTCS OPTOrOHAb-
HBEIMH JIONIOJINEHHSIMY, DTO 03Ha4aeT, YTO CYLIECTBYET HeKOTOph moarpad B rpade
Gp, KOTOpHUH HeJb3si TPEACTABHTb CYMMOH NOArpadoB H3 MOANPOCTPAHCTBA LHKJIOB
H paspesawoulero NOANpocTpaHcTBa rpada Gp. OnHako mo TeopeMe 4.11 BosmoxHo
T2KOe pasfioxkeHHe Aast rpada Cp. D10 cnpaBeHBO, 10CKOIbKY Gp=={e, e,, €}
DAes, €4, €4}, rre {ey, e, 65} — paspes, a {53, €4, €3} — WK B rpacde Gy

4.7. 3aMeuyaHHs, KacaroulMecss JMTEPATyphl

Panne#i pa6oToft no BEKTOPHBIM MPOCTPAHCTBaM, CBA3aHHBIM C IPa-
oM, siBnsiercs paGota [4, 6], B KoTopo#l pacemaTpHBaeTcst Bompoc no-
CTpoenHs rpada ¢ 3aflaHHBIM MHOXKECTBOM IHKJIOB. a5 paibHekinero
H3Y4YeHHs] ITOH TeMbl DeKOMEHIYIOTCS TaKikKe paGotsl [4.4, 4.5].

¥ npaxHeHus

4.1. Tloxaxure, 4T0 UMKJIBI, ONpefeseMbie CICAYIOWUMHE MHOKECTBAMH, 06pasyior
Ga3nc NOAIPOCTPAHCTBA UHK/IOB rpada, MpeAcTaBAeHHOrO Ha puc. 4.5: {ey, e;, ey, e );
f .
tea, €3, &5, €2 15 {ey, ea, esﬂ}~
4.2, Mruoxcecmso unyuGenyiii — MHOKECTBO peGep, MHUHICHTHBIX BeptiuHe. [Joka-
XKHTE, 4TO .M00aft M3 n—| MHOXECTB HHUHJCHUHH CBSI3HOTO rpada HA n BepUIHHAX
00pasyioT Ga3uc NOANPOCTPAaHCTBA pa3pe3oB rpada.
4.3. TlokaxuTe, 4T0 €ClM P — paHr, a {L — UHKIOMAaTHYECKOe YHCJO Tpada G, TO
8) 4HCIO Pa3IMYHBIX Ga3MCOB /st MOAMPOCTPAHCTBA Da3pe3oB rpada G pasho
o (20 —2%) (20 —21) (20 —22), , , (20 —20-1);

1
6) 4HC/I0 pa3/MYHBIX 6a3UCOB IS NOANPOCTPAHCTBA UMKJIOB rpada G paBHO m(2 e
—20) @+ —21) (2*—92), |  (@h—2u-1),
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4.4. /Llas rpada G. upeAcTaBAeHHOTO Ha pHC. 4.6, naiigute
MHOMECTBO 6a3HCHBIX BEKTOPOB NMOANPOCTPAHCTBA UHKJOB, KOTOphle He SIBJSIOTCH
642HCHBIMH UHKJIHYECKHMH BEKTOPAMH MO OTHOWEHHKD K KAKOMV-NHGO OCTOBY

rpada G;

a)

€3

Puc. 4.5. Puc. 4.6.

6) MUOXeCTBO 0a3uCHbIX BEKTOPOB MOANPOCTPAHCTBA Pa3pe3oB, KOTOPLIE HE COOT-
BETCTBYIOT HH MHOMKECTBAM WHUMACHUMH, HY O33MCHBIM Pa3PE3AIOUIHM MHOKECTBAM
Mo OTHOWEHHID K KakoMy-1H60 ocToBy rpada G.

4.5. a) [lpoBepbTe, ABJSIOTCA JIH MOANPOCTPAHCTBA UMKJ/IOB H pa3pesoB rpaga G

(puc. 4.6) OpTOTOHAJAbHbIMH JOTOJNIHEHHSMH BEKTODHOTO RNpPOCTpaHCTBa rpada G;

6) npeactasbre rpad G KosblieBod CyMMOR ABYyX MOArpadoB, ONMH H3 KOTOPBIX MpH-
HAAJNeKNT MOANPOCTPAHCTBY UWHMKJIOB, a APYrofl — MOANPOCTPANCTBY pa3pesos.

4.6. [TokaxuTe, YTO Kaxioe MNOAMHOXECTBO MHOMeCTBA pefep HepeBa sBJIseTCS

paspe3oM Jepeba.

4.7. TTokaxuTe, yto noArpac rpacda nMeeT YeTHOE YHCJIO pebep, €CH OH NPHHALIEKHUT

O{HOBPeMeHHO MOANPOCTPAHCTBAM KaK LUKJOB, TAK H pa3pe3os rpada.

4.8. ToamHoxecTBO pebep £’ rpada G Ha3biBaeTCs HE3aBUCHMBIM, €CJIM OHO He couep-

KHT UHKI0B. [loKakuTte cienyioiee:

a) Kaxjoe MOAMHOXKECTBO HE3aBHCHMOIO MHOMECTBA SBJSETCS HE3aBHCHMbIM,

6) ecan / v J He3aBHCHMBle MHOXECTBA, coAepXKaillie 2 U k41 peGep cooTBeTcTBeHHO,
TO CYIECTBYeT Takoe pe6po e, BXOAsfiie TONLKO B MHOmectso J, 4to /{J {e} —
He3aBUCHMOE MHOXECTBO.

4.9. BuinonHuTe ynpaxHeHue 4.8, 3aMEHHB TePMHH «UHKJ» TEPMHHON «pa3pesaioliee

MO ECTBOY.



6. OpuentupoBaHubie rpadnml

B npenbinymux rsaBax Mbl NPeACTaBHJH HEKOTOPble OCHOBHbBIE
pe3yJIbTaThl TEOPHUH HEOpHEHTHPOBaHHBIX rpadoB. OnHako 19 onHcaHHs
HEKOTOPBIX CHTYalH# HeOpHEHTHPOBAHHBIX rpadoB HELOCTATOYHO.
HanpuMep, np# npeAcTaBleHHH cXeMbl yJIHYHOrO ABHKeHHS rpadoM,
peGpa KOTOPOro0 COOTBETCTBYIOT YJHLAM, A YKasaHHs JONYCTHMOro
HanpaBJjeHHs IBHXKeHHs peOpaM HeOOXOAHMO [PHCBaHBaTh OpHeHTa-
wnio. Jpyrum npumepom.siBasieTcs nporpamma Ads DBM, mopenupye-
Maa rpadom, pebpa KOTOPOro NpPEeACTaBJAsIOT NOTOK YIpaBjeHHa OT
OLHMX MHOXeCTB HHCTPYKUMH K apyruM. B TaroM mnpencraBiaenun
nporpaMMbl I YKa3aHHA HalpaBJeHHs IOTOKa ynpaeleHHs peGpaM
TaKXke HeoOXOAHMO NpPHCBOHTb OpHeHTawHio. Eille oiHuM npuMepoM
(bH3HYECKOH CHCTeMbl, 115 NpelAcTaBleHHsI KOTOPOH TpeGyeTcs OpHEHTH-
pOBaHHBIH rpaj, ABAseTcs 3JeKTpHuecKas uenb. [IpuMeHeHHs opHeH-
THPOBAHHBIX rpadoB H COOTBETCTBYIOLLIHE aJrOPHTMBI paccMaTpHBaOTCsA
B ra. 11—15.

B sTofi rsaBe npennaraioTcss BHHMAHHIO OCHOBHBIE pe3yJibTaThi
TeOPHH OPHEHTHPOBaHHBIX rpacoB. OG6CYKHAOTCA BONpPOCH], CBA3aH-
HBle C CYLleCTBOBAHHEM OPHEHTHPOBAHHBIX SHJIEPOBBIX Leneil ¥ raMH/b-
TOHOBBIX LHKJ/IOB. PaccMaTpHBAOTCA TaKKe OPHEHTHPOBAHHBIE A€PeBbs
H HX CBfI3b C OPHEHTHDOBAHHBIMH 3HJIEPOBBIMH LEISAMH.

5.1. OcHOBHble onpefiefiecHHd W NOHATHSA

HauneM c BBeleHHs1 HECKOIBKHX OCHOBHBIX ONpENeNeHH i H NOHATHI,
OTHOCAIMXCH K OPHEHTHPOBAHHBIM rpadaw,

Opuenmuposarnroul epagp G=(V, E) COCTOMT H3 IBYX MHOMECTB:
KOHEYHOr0 MHOXecTBa V/, 5/1eMeHThl KOTOPOro Ha3bIBAIOTCH 6epLILHAMU,
¥ KOHEYHOTO MHOXeCTBa L, 3/eMeHTHl KOTOpPOro HasblBAIOTCs pebpamu
uaM_ayram. Kaxpas nyra cBssaHa ¢ ynopsijoueHHOH Napod BepluHH.

Hnn o603HaueHHs BepIIHH HCOOJB3YIOTCA CHMBOJB 0y, Us,. . .,
a A7 0003HaYeHHs IyT — CHMBOJIBL ¢y, €3, . .. . Ecam e,= (v}, v;), TO
U; H U; Ha3bIBAIOTCS KOHYEBbIMU BEPLLUHAML €, TIDH 3TOM U; — HQUAAbHAR
éepuILKQ, a Uy — KOHeuHas BeplUHHa e;,. Bce yru HMeiollye ofHy napy
Ha4Ya/lbHBIX H KOHEUHBIX BepIIHH, Ha3BIBAIOTCA napaisessoimu, Jlyra
HasblBaeTCsl nemaedl, eclli HHUHACHTHAs BepIUHHA U; ABJSAETCS OLHOBpe-
MEeHHO HaYaJbHOH ¥ KOHEYHOH ee BepLUMHOH,

B rpaduueckoM npejcTaB/eHHH OpHEHTHPOBAHHOrO rpada BepLIHHBI
H300paxaioTcs TOYKaMH HIIH KPYXKKaMH, a pedpa (LyrH) — OTpe3KamH
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nuHHl, COSNHHSIOLIHMH TOUKH HJIH KDYXKKH, NPeJCTaB/IAIOUIHE HX KOH-
yeBble BepIIHHBL Kpome TOro, AyraM NpHCBaMBAETC OpHEHTalLHd,
oKa3biBaeMas CTpe/KoH, HanpaBleHHOH OT HayalbHOH BepPIIMHBI K
KOHEUHOH.

Hanpumep, ecin V={v1, 0s, Us, Uy, Us, Us, Uz} H E = {e1, &,, ey,
ey, €5, €a; €, €5} TAKHe, UTO e1== (U, V3), €3=(v1, Va), €a= (U1, Vg), 4=
= (03, Uy), €= (U2, Vs), €s= (U3, Va), €1== (v4, 02), €g==(Us, V), OPHEHTH-
poBaHHBIH rpad G=(V, E)

MOXKHO TMpPeICTaBHTb  PHC. eq Ug
5.1. B stoMm rpadee; H e, — ° —°
napasijelbHble JYTH, a €; —
neTJs.

ToBopsAT, uTO Jyra uH- o

yudeHmHa CBOHM KOHIEBbIM
BepliHHaM. BeplinHbI Hasbl-
BAIOTCHl  CMEJCHbIMU,  €CJH
OHH SIBJSIOTCS KOHIEBLIMH
s opHoH nyrH. Ecan ny-
r'H HMeloT OOLLY}0 KOHLEBYIO BepLIHHY, TO OHH Ha3bIBAIOTCS CMENCHOIMU.

Ilyra HasbiBaeTcsl ucxodawed u3 cBoell HaualbHOH BePIIHHBL H 3aXx0-
daweri 6 CBOIO KOHEUHYIO BeplUHHY. BepljnHa HasbiBaeTcs u30auposaH-
Hotl, eCTH OHa He HMeeT HHIMJEHTHBIX IYT.

Cmenentro d(v;) BepUHHBI ¥; Ha3blBaeTcsl YHCJO HHIHIGHTHHIX eff
ayr. IToaycmeneroro 3axo0a d™ (v5) BePIIHHBI Uy SBJSAETCS YHCIO 3aX0ls-
UHX B Uy AYT, a noaycmenersro ucxoda d* (vy) — 4YHCIO HCXONALLHX H3
vy ayr. CumBosiamMu 6+ u 8~ o6o3HaualoT MHHHMa/bHble MoJycTeneHH
HCXOJa H 3aX0Ja OPHEHTHpPOBaHHOro rpada. AHAJOTHYHO CHMBOJAMH
A* B A~ 0603HaYalOT MaKCHMaJbHBIE MOJYCTeNeHH HCXOZa H 3axola
COOTBETCTBEHHO.

Muoxectea I'* (v) u I'~ (v) n1s moGoH BepIIHHBL ONpenensioTCs
crenyrouum obpasom: I't (v)={wl (v, w) € E}, I'~ (v)={wl (w, v) € E}.
Hanpuwmep, B rpade Ha puc. 5.1 T'+ (v)={v,, vs}, I'~(vs)={vs, vy, t}.

3aMeTHM, YTO NeT/s yBeIMUHBAeT HOJyCTeleHH KaK 3aXofa, TakK H
HcXona stofi Bepmuubl, Cleayiolliee YTBEPKACHHE ABJAsIETCS CJeNCTBHEM
TOro, 4YTO KaxKAas Ayra yBeJHUHBaeT Ha | cyMMy nogycTemeHed Kak

3aX0Za, TaK H HCXOJa OPHEHTHPOBaHHOrO rpada.
Teopema 5.1. B opHenTHpOBaHHOM rpade C m [Lyramu
Cymma uonycrenenefi 3axoma=CyMMa moJycCTeneHel Hcxoja=m,.

TTodepacher u noposcdennsie nonrpadsl OPHEHTHPOBAHHOIO rpada
ONPelessloTCeA TaK Ke, KaK H B CJyyae HeOPHEHTHPOBAHHHIX rpados
(pasn. 1.2).

HeopuenTtupoBaHHLIf rpad, nosayvawllufics B Pe3y/bTaTe CHSTHS
OPHeHTAlLlHH C AyT OpHeHTHpoBaHHOro rpada G, Ha3bIBaeTCs AeHaujUm 8
0CHOGe Heopuermuposannoco epaga G U o6o3HavaeTcs yepes G,.

Opuenmuposannein mapuipymom OPHEHTHpPOBaHHoro rpada G=
== (V, E) HasuBaeTcss TakKas KOHeyHas MNOCJeJOBATEIbHOCTL BepIIHH

Puc. 5.1. OpxenTHpoBaHHLIA Tpad.
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Uy, Us,. - -, Up, UTO (Uj-q, 0;), 1 << i<k, sBAsteTca ayroit rpada G.
Takofi MapwpyT OOLIYHO Ha3bIBAETCS OPHEHTHPOBAHHBLIM Uy — U
MapLIPYTOM, NPHYEM Uy — HAYAAbHAA 82PIUUHA, Up — KOHE4HAA éep-
WwiiHa MapuipyTa, a Bce JpyrHe BepIUHHBl — snympennue. Havanbuas u
KOHeYHasi BepIUMHBI OPHEHTHPOBAHHOIO MaplUNyTa Ha3bIBAKOTCA €ro
Konyesoimu epuiuramu. OTMETHM, YTO JyTH, a CJAENOBaTe/IbHO, U Bep-
LIMHB MOTYT MOABMATLCA B OPHEHTHPOBAHHOM MaplupyTe 6oJiee 0JHOrO
pasa.

OpuenTHpoBaHHHI MapIUPYT HA3bIBAETCS OMKPLIMLIM, ECJH €0 KOH-
LieBble BEPLUHHBI PA3JIHYHBI, B IIPOTHBHOM CJIy4ae — SAMKHYMObIM.

OpHeHTHPOBAHHLIA MapPIUPYT HA3BIBAETCH OpULHMUPOSAHHOL Lenbio,
€cJIH Bee ero Ayru pasauynbl. OpHeHTHPOBaHHAs 1eNb ABASETCS OMKpDbL-
mod, eclii ee KOHIEBble BEPIUHHBI Pa3/UYHbI, B NPOTHBHOM c/lyyae —
samkrymoi,

OTKphITas OPHEHTHPOBAHHAA LeNb HA3bIBAETCA OpPUEHIMUDOBAHHbLM
nymem, €CNH Da3jIHYHBl BCe €€ BepIIMHHI,

3aMKHyTas OpPHEHTHPOBAHHAS LENb HA3BIBAETCH OPUCHMUPOBAHHbIM
YUKAOM WUJTH KOHIMYPOM, €CTH €€ BEpLIHHBI, 32 HCKJKUEHHEM KOHLEBHIX,
PasJIHYHHI,

ToBopAT, uTo OpHEHTUPOBAHHEL Ipad ayukaudeckudl ik beckommyp-
Hblld, ec/lM OH He MMeeT KOHTYpoB. HanpuMep, auMK/JAHYeCKHM sBAseTCS
OpHEeHTHDOBaHHHI rpad Ha puc. 5.2.

v e U

Puc. 5.2. Auuganueckui Puc. 5.3. CusibHo cBasumi
ODHGHTHPOBaHHLIH  rpad. ODHEHTHPOBAHHHIH rpad.

[NocnenoBarenbHoCTb BepIMH OpHeHTHpPOBaHHOTO rpada G Hasbl-
BaeTcs mapuipymon B G, ecii OHA SBJISETCS MapLIPYTOM JIeKALIEro B
OCHOBE HeOpHeHTHpoBaHHoro rpada G, Hanpumep, nocnenosatesn-
HOCTb Uy, Uq, Uy, Uy, Ug, Us B IPade Ha pHC. 5.2 ABJAsETCS MApIUPYTOM, HO
He OpHEeHTHPOBAHHLIM.

AHanoruuHbIM 06pa3oM OLIPENENSIOTCS Yens, NYmb U YUKA OPHEHTH-
poBaHHOro rpada.

OpuenTHPOBaHHBIH rpad HA3bIBAETCS CBA3HbLM, €CJH CBSI3HBIM fB-
JIS€TCA JIeXKallHi B €ro OCHOBE HEOPHEHTHDPOBAHHHIH rpad.

[loarpad opuentHpoBannoro rpada G Ha3LIBAETCH KOMAOHEHMOL
rpaja G, ecnn ou sABJIAeTcA KOMMOHEHTOH rpada G,.
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BepLIHHBI U; H ¥; OPHEHTHPOBAHHOTO TIpapa (G HA3LIBAIOTCA CUALHO
ceasHoemu, ecd B G CyIeCTBYIOT OpHUeHTHPOBAHHbIE NYTH H3 U; B U; H
06paTHO. EC/IH v; CHAIBHO CBAI3HA ¢ Uj, TO, OYEBHIHO, H Uj CHJIBHO CBsA3HA
¢ v;. BcAKas BeplUMHA CHJIBHO CBSI3HA caMa ¢ cofoil.

Ecny sepiinHa v; CHJIBHO CBA3HA C BepLIUHOH vy, a U; — C Uy, TO,
KaK JIeTKO BHJETb, BepLJHHA U; CHJIBHO CBA3HA ¢ BEpIUHHOH vy. Creno-
BaTe/IbHO, B 3TOM CJydYae MPOCTO TOBOPAT, YTO BEPIIMHLI U, U; H Uy
CHJIbHO CBA3HHL

OpHeHTHpPOSaHHbIN Tpad HA3LIBAETCHA CUALHO CBAZHLIM, €CJH CHJDIO
cBSI3HDLI BCe ero BepIUHHbL. Hanpumep, CHIBHO CBA3HHIM siBAsieTcs Tpad
Ha pHuc. 5.3.

MaKcHManbHbI CHIBHO CBA3HBIA NoArpad OpHEHTHPOBAHHOrO rpa-
¢a G Ha3bIBaeTCca CuUAbHO €8A3H0U Komnonenmou rpada G. Ecnn opue-
THPOBAHHLIA rpad CHIBHO CBA3EH, TO OH HMeeT eIHHCTBEHHYIO CHJIBHO
CBA3HYIO KOMIOHEHTY, a HMEeHHO caMoro cefs.

Paccmotpum opHenTipoBaHHuill rpad G=(V, £). Jlerko Bupers,
4TO BCAKAA €rD BeplidHa NPHHALIEXKHT TOUHO ORHOH CHJIBHO CBA3HOH
KommoHenTe rpada (. CnenosatesNbH0, MHOXKECTBA BEPLIHH CHJIBHO CBA3-
HBIX KOMMOHEHT 00pasyloT pa3bHeHHe MHOMKecTBa BepuliH V rpada G.

(0;,05,7,,9)
a ]

Puc. 5.4. T'pad 1 ero KomaeHcauus.

Hanpumep, opueHtHpoBauubifi rpad Ha puc. 5.4, @ Hmeer TpH
CHJIbHO CBfI3HBIE KOMIOHEHThI C MHOXECTBAMH BeDIHH {U,, Us, ¥,
Us}, {01} u {us}, obpasylomuMH pasbueHHe MHOMKECTBA {U;, U,, Us,
Ui, Us, Us} BEPLIHH ODHEHTHPOBaHHOTO rpada. -

Hurepecno, 4ro B OpHEHTHpOBAaHHOM rpade MOTYT GHITh AyTH,
He BXOJsAiIHE HH B KaKHe CHJIbHO CBA3HbIE KOMIIOHEHTH rpada. Hanpu-
Mep, HY4 B KaKHe CHJIbHO CBA3HBIE KOMIIOHEHTBI He BXOZAT IYTH &, &,
e, e, i e, B rpade Ha pHc. 5.4, a.

Takum o06pasoM, XOTA CBOHCTBO «CHJbHOH CBA3HOCTH» BJjleueT
pasbuerie MHOXKeCTBA BepLIHH Ipacda, OHO MOMKET He MOPOXKJAATh pas-
OHeHHe MHOXKeCTBa AYT.

ObweiHene, nepecederie, cymMma no mod 2 v Ipyrue onepainu
HaJ OPHEHTHDOBAHHBIMH Ipadamu onpeleastoTCA TOYHO TaK Ke, KakK U B
clydyae HeopHedTHDOBaHHBIX rpados (pasa. 1.5).
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I'pad, moayvaromuiics B pe3ysbTaTe CTATHBaHHS BCeX YT CHJBHO
CBSI3HEIX KOMIIOHEHT OpHEHTHpoBaHHOro rpada G, HasblBaeTcs KOHJeH-
cupoBaHHHIM rpadom G, rpada G. Konpencauus rpada, mpHBeIeHHOTO
Ha puc. 5.4, a, npeicraBneHa Ha pHc. 5.4, 6.

Bepiunnel rpada G, COOTBETCTBYIOT CHJIBHO CBSI3HEIM KOMIOHEHTaM
rpada G ¥ Ha3BIBAIOTCH KOHOEHCUPOBAHHbIMU 06pa3aml KOMIOHEHT.

Pane u yuxromamuueckoe 4uca0 OpHEHTHPOBaHHOTrO rpada Te ke, YTO
H Y COOTBETCTBYIOLIETO HEOPHEHTHPOBaHHOTO rpada. ITo 03HayaeT, YTo
ecJ/1H OpHeHTHPOBaHHLIf rpad G uMeer m Ayr, n BepLUHH U p KOMIIOHEHT,
TO PaHT P U IHKJOMAaTHYecKoe 4ucjo w rpada G onpenessoTcs: BeIpaske-
HUAMH p=n—p H p=m—~n-p.

Tenepb onpefenuM MHHHMaJbHO CBfI3HHIE OpPHEHTHPOBAaHHBIE Trpa-
¢Bl M H3yYHM HEKOTOpHle HX CBOHCTBA.

OpuentupoBaHHHil rpad G Ha3bIBaETCA MUHUMAALHO CBASHBIM,
€CJIH OH CHJIbHO CBSI3HBI, a yJaseHue J1000# AyrH JIHIIaeT ero CBOACTBA

Puc, 5.5. MUHMMAaTbHO CBS3HBHIH OpPHEHTHPOBAHHBLIA T'pad,

CHJILHOH CBSI3HOCTH. MHHHMa/lbHO CBSI3HHIM fIBJAfAETCA, HaNpHMeEp,
rpag, npencTaBJeHHBI Ha pHc. b5.5.

YeBHJIHO, YTO MHHHMAaJbHO CBs3Hble rpadbl He MOTYT HMeTh ma-
pasJIeJbHBIX YT H MeTeb.
- Mbl 3HaeM, YTO HEOPHEHTHPOBAHHBIH rpad. MHHHMAJBHO CBs3eH
TOTZ@ M TOJIBKO TOTJa, KOTJAa OH siBJsAerca fepeBoM (yop. 2.13). [To Teope-
me 2.5 nepeBo HMeeT He MeHee JBYX BepLUHH cTeneHH 1. ClefoBaTesbHO,
MHHHMAaJIbHO CBSI3HbIe HEOPHEHTHPOBaHHBIE rpadbl HMeOT mo KpafiHeH
Mepe JiBe BeplUMHBEI cremeHH 1.

YcTaHOBHM aHANOTHYHBI pe3yJbTarT /19 OPHEeHTHPOBAaHHBIX rpados.
Crenenb BcAKOH BepIUMHBI CHABHO CBSI3HOTO OpHEHTHpPOBaHHoro rpada
JOMKHA OHITh HE MeHee 2, MOCKOJIBKY Kaxjas BepllHHa JO/MKHA HMEThb
HCXOJAIYIO ¥ 3aXOJAIy0 AyTH. B caenymoomedt TeopemMe MBI J0Ka3bl-
BaeM, YTO B MHHHMaJbHO CBJ3HOM OPHEHTHPOBAHHOM rpade HMeroTcs
mo xpaiiHefi mMepe [Be BepLUHMHBI CTeNeHH 2.

Teopema 5.2. Ecim MHHHMANbHO CBSI3HBIA OPHeHTHpPOBaHHHE rpad G umeer
6oJiee OHOM BEePIIHHBI, TO B HEM COJEPKATCS N0 KpaiHe# Mepe JiBe BepLIHHbI CTeNeHH 2.

Hoxasameascmeo. Tlockoabky rpad G — CHIbHO CBA3HHIH H umeeT 6oJee ONHOR
BepIIHHb, OH RO/KEH HMeTb No KpaiHed Mepe oanH KoHTyp. CiaefoBaTesbHO, Aas
rpa¢a G UMKJIOMaTHYeCKOe HHCJIO P>l

JTokameM TeopeMy HHAyKHHe#d mo p.

Ecau p=1, To rpap G siBiseTCs KOHTYPOM, CJEJOBATEIbHO, B.3TOM CJydae Teo-
pema BepHa,
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[lycTh TeopeMa BepHa JUIfi BCEX MHHHMAJbHO CBA3HBIX OPHEHTHPOBAHHBIX Tpa-
poB ¢ <k mpH k>>2. PaccMOTpHM MHHKMaJbHO cBA3HbIH rpad G ¢ p==~4. [Tokaxem,
yro TeopeMa cipaBelinBa H uaa rpada G. BosMoxHb aBa cayuas.

Caysad 1. Beaxuih Koutyp G Hmeer AnHHY 2.

B sTOM c/Jyuae JioOble [Be CMeAHble BePLHHL COEJHHEHDB TOUHO ABYMS AYTaMH, HMe-
[OIHMH [ POTHBONONOXKHYIO opueHTanHto. [Tycth G' — npocToll HeOpHeHTHPOBAHHLIN
;pac Ha TOM Xe MHOXECTBE BEPLIHH, YTO H rpad G, a BepIIHHL! B HeM CMEXHBI TOTAd
4 TObKO TOTA4, KOorja OoHH cMexibl B rpade G. [lockoabky rpad G — cBA3HHIEA, TO
cpsa3en u rpad G'. Ho tak Kak B rpade G HeT KOHTYpOB JLIHHLI Goabiue 2, To rpad G’
ne mMeer unkJ0B. CrefoBatensto, G — nepeBo. [To TeopeMme 2.5 OH HMeeT IO MEHb-
meil Mepe ABe BHCSiuHe BepIIHHLL. B rpade G oHu umetor cTeneHb 2, 4ro JoKasbiBaer
TeopeMy AJf 3TOrO caydasi.

Cayuai 2. B rpade G umeercs koutyp C anuHoft [23. [Mockoabky rpad G —
MAHHMAJbLHO CBSI3HBIH, MeMXIY JIOOLIMH CMeXXHBIMH BepUIHHAMH KOHTypa C HMeerTcs
e[HHCTBEHHas Jyra, a Mexzy JoGLIMH He CMEeXHLIMH B KOHType C BepIIHHAMH Jyr
HeT.

[Mycts G' — rpad, noayuawmiuiics B pesyabTaTe ctaruBaHus ayr C. [pap G’
umeer (m—1I) Ayr U (n—I4-1) BepwHH, rle m H n — YHCJO AYT H BepluuH rpada G
cooTBeTCTBEHHO. T103TOMY LHKJOMaTHYecKoe uHca0 rpada G paBHO (m—l)— (n—I+
+ D4 1=k—1.

[Mockonbky rpad G’ TakkKe MHHHMA/JIbHO CBS3HBI#, H3 HHAYKTHBHOIO {IPENO-
JIOXKEHHS CJelyeT, 4To B rpade G’ coaepxarcs XoTs 6bl 1Be BEPILHHE Uy H Uy CTeMeHH 2,
Ec/aH 0fHa H3 HHX, HANPHMEp Uy, ABJASETCS KOHAEHCHPOBAHHLIM 06pa3oM KoHTypa C,
Torja B HeM HMeeTCs Mo KpaHHell Mepe OHa BepIIHHA, HANPHUMEp Uy, CTemeHH 2. B sTom
cayuae Uy H Uz — BepLIHHBI cTeneHH 2 B rpade G.

C npyrofi CTOPOHDBI, €CJH HH Uy, HH Ug He SIBJISIOTCSA KOHJEHCHPOBAaHHLIM 06pa3oM
koHtypa C, TO Uy H Uy — BePIIHHLI G CTeNeHH 2, 4TO J10Ka3LIBaeT TeopeMy.

3aBepIlaeM 3TOT pa3fiesl OnpejeseHIeM CBOHCTBA «KBa3HCHJBLHOH CBS3HOCTH?,

Us

Puc. 5.6. KBasucu.ibHo cmA3HLifl rpad.

['pad naspiBaeTcst KsasucusbHo ceasHbim, €CaH 1S J110G0H Maphl BEPIIHH Up H Uy
CYLLeCTBYET BepLUIHHA Ug, H3 KOTOPOH HMEIOTCSI OPHEHTHDOBAHHLIE NMYTH K BEPIIHH:M
U1 B Uy, 3aMETHM, YTO BEPIIHHA Uz He 0683aTe1bHO OTIHYHA OT BEPIUHH Uy H Uy

[Npumep KBasucHJ/IBHO CBf3HOro rpada npejacrasieH Ha puc. 5.6,
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5.2. T'padbl H OTHOLIEHHS

Bunaproe omuowerue Ha MHOXKecTBe X =={X1, X,,. . .} NPEACTABISET
coboji HaGop ynopsfoUEeHHHBIX nap U3 37eMeHTOB MHoxecTBa X. Hanpu-
mep, ecad X — MHOXKeCTBO Jiofie, a R — OTHOILIeHHe «SIBJSETCS Chl-
HOM», TO yNnopsiioueHHas napa (x;, X;) O3HAuaeT, UTO X; SIBJSETCA CHI-
HOM x;. 3TOT (aKT o6o3HayaeTcs TaKke X;Rx;.

Hau6ousee ynaunsiii cnoco6 npeactaBieHuss GHHAPHOIO OTHOLLEHHs R
Ha MHOXecTBe X — C NOMOWbIO OpHEHTHPOBaHHOTO rpada, BeplUUHH
KOTOPOrO TNpPeACTABAAT cO0OH 3/eMeHTH MHOXecTBa X, a AYrdH -—-
ynopsiioueHHEIE Napel 3JEeMEHTOB, OllpefessioliHe OTHOLleHHe R.

Puc. 5.7. OpnenTupoBaHHelii rpad, NPeiCTABAAIOWNA OTHOIWIGHHE «ABJSETCS NeJH-
TeseMs.

Hanpumep, Ha puc. 5.7 npuBefeHo npeacTaBieHHe OTHOLIEHHS «fB-
JfieTCA JlenuTeNeMy Ha MHoxecTBe X={2, 3, 4, 6, 9}.
PaccMoTpum MHOKecTBO X ={X, X,,. . .} H OTHoLleHHe R Ha MHO-
KecTBe X:
1) R nasbiBaeTcsi peghaexcusHoin, ecau JioGoH 3JeMeHT X; BXOAMT B OT-
HollleHHe R ¢ camuM coGof, T. e, mas Jo6oro x; x;Rx;;
2) R HaswIBaeTca cummempuuHuim, eclu X;Rx; Bieuer 3a co6oil x;Rx;;
3) R Ha3blBaeTcsi Mpau3umusHoim, ecau x;Rx; u x;Rx, BJieuer 3a
coboil x;Rxp;
4) R Ha3blBaeTCsl OMHOWEHIEM FKBUBAACHIMHOCHIL, €CJTd OHO PedIEKCHB-
HO, CHMMETPHYHO W TpausuTusHO. Ecin R — oTHoulelHe 3KBHBA-
JIEHTHOCTH HA MHOXecTBe S, TO noc/efHee OLHO3HAUHO pa3BUBaeTCs

Ha TaKHe moaMHOXKecTBa Sy, S,,. .., Sy, UTO 3JEMEHTH X, § MHO-
wecTBa S npunaanexar S; toraa, korna xRy. INoamHoxkecTBa Sy,
S,,. .., Sy Ha3bIBAIOT KJaccaMH KBHBANEHTHOCTH, NOPOMKIEHHBIMH

OTHoLleHHeM R Ha wMHOXecTBe S.

[lycts MHOXecTBO X COCTOMT M3 MNOJOKHUTENBHBIX LeJIBIX 4HUcel.
Toraa
1) oTHoweHye «ABAseTCA NenHTesleM» pedueKCHBHO M TPAH3HUTHBHO;
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9) OTHOIIeHHe «PaBHO» Pe(IEKCHBHO, CHMMETPHYHO H TPaH3HTHBHO,
¢JIe0BaTENbHO, SIBJISIETCS OTHOLIEHHEM 3KBHBAJIEHTHOCTH.
OpHeHTHPOBaHHBIH Tpad, NPEACTaBISOWHA pedueKCHBHOE OTHO-

|erne, HA3HIBAETCS pe(haeKcusHbLM OpueHmuposannoim epagom. Ilo-

JOGHBIM 06Pa30M OTIPENENSATCS CUMMEMPULHbE H MPAHSUMUBHbIE OpU-

enmuposarnbie epagor. OTHOCHTENBHO 3THX TPadoB MOKHO CEaThb CJle-

AyIOIHE 3aMeYaHHs: .

|. B pedyieKCHBHOM OPHEHTHPOBAHHOM rpage MPH KaxX[IOH BepIUHHe
HMeeTcsl HHIHAEHTHAs1 efl neTJis.

9. B cHMMETPHYHOM OpPHEHTHPOBAHHOM rpade Mexay JIoObIMH CMeX-
HbIMH BepIUHHAMH HMEIOTCA ABE NPOTHBOIOJIOXKHO OPHEHTHPOBAHHBIE
nyru. ITosToMy, ecid pe6po MOCTaBHTb B COOTBETCTBHE Nape NPOTHBO-
TIOJIOKHO OPHEHTHPOBaHHBIX YT, MOXKHO paccMaTpPHBATb HEOPHEH-
THPOBaHHBIA rpad Kak NpeicTaB/JeHHE CHMMETDHYHOIO OTHOLUEHHs.

3. Hdyra (v;, vy) NMPHCYTCTBYeT B TPaH3HTHBHOM Ipade G, ec/in H3 Bep-
LIHHBI U; HMEETCS] OPHEHTHPOBAHHBINA MYTb B BEPIUHHY U,.

5.3. OpHeHTHPOBaHHbIE HJIH KOPHEBLIE
IepeBbs

BepurHa v opHeHTHpPOBaHHOTO rpada HasbiBaercs kopuesm rpada G,
€CJIH M3 BepLIHHBI U CYILECTBYEeT OPHEHTHPOBAHHBIII 11yTh KO BCEM OCTaJlb-
HbIM BepluiMHam rpada G.

Hanpumep, B rpage Ha puc. 5.6 KOPHeM siB/sieTcs BepLIHHA U;.
OueBunHo, uTo ecaH rpad HMeeT KOPeHb, TO OH KBa3HCHJIBHO CBf3HBIH.
B crepymomieii TeopeMe MBI JOKa3bBaeM, YTO H H3 «KBa3HCHJBHOH
CBAI3HOCTH» CJIeAyeT CYILECTBOBAHHE KOPHs.

Teopema 5.3. OpuentupoBaHHu# rpa@ G MMeeT KOpeHb TOr4a H TOJBKO TOTAa,
KOT[la OH KBa3HGCHJIBbHO CBSI3HBIN.

Hokasameavcmso.

Heobxo0umocms oveBHaHA.

Hocmamourocms, PaccMOTPHM BepLIMHHL X4, Xy, . . ., X, Tpada G. Tlockosbky
rpap G — KBa3HCHJBHO CBA3HBIH, CYyLIeCTBYeT BEPIIHHA Yy, W3 KOTOPOH eCTb OpHeH-
THPOBaHHbIE [IYTH K BEpIUHHAM Xx; H Xg. [0 TOH 3Xe NpHUHHE CYIEeCTBYeT BepLUIHHA g,
M3 KOTOPOH eCTh OPHEHTHPOBAHHBIE NYTH K BepIIHHAM Yo H xz. OueBHAHO, UTO Bep-
IIHHA Y4 CBSA3aHa TaKKe OPUEHTHDPOBAHHLIMH NYTSMH Yepe3 BEPIUHHY Y, C BEpIIHHAMH
X, ¥ x,. TIpogonkas paccy®Aath TOAOGHBEIM 0OPa3OM, IPHEM K TOMY, UTO CYILECTBYeT
BepIINHA Y,, U3 KOTOPOH eCTb OpHEHTHPOBaHHEE NYTH K BepIIHHAM Y,_1 H X,. Oue-
BHJIHO, YTO BEpIUMHA Y, — KOpeHb, NOCKOJbKY OHa CBSi3aHa Yepe3 BEPIUHHY Y,..; C
BEDIIMHAMH Xy, . . ., Xp_1.

OpueHTupoBanbil rpad G HaspiBaeTcs Oepesom, €CH JexaliHil B ero OCHOBe
HEODHEHTHPOBaHHBLIH Trpad TaKxKe SBJAAETCS AEPEBOM.

OpueHnrnpoBaHHblll rpad G HaA3BIBAETCS OPUECHMUPOBAHHLIM WIIH KODHESbIM Ie-
PEeBOM, €C/IM OH SIBJSETCS AEPEBOM M MMeeT KopeHb. Bepunubl rpada G ¢ HyJeBoil
NOJTYCTeNeHbIO HCXO[a HA3HIBAIOTCH AUCMbAMU.

[IpuMepoM OpHEHTHPOBAHHOTO JiepeBa SBJAAETCS Ipad, NpUBefeHHBIH Ha pHc. 5.8,
BepwuHa v; B neM sBAs€TCst KOpDHEM, M NIPHTOM €QHMHCTBCHHHIM.

B ciepyomell Teopeme JalOTCS SKBHBA/IEHTHble XaDaKTEPU3alMH OpHEHTHPO-
BAHHBIX N€DCBLEB.
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Teopema 5.4, Ilyctb G — opHeHTHPOBaHHEIH rpad Ha n>1 BepuiuHax. Toraa
CJIeLyIOULHe YTBEPK/IACHHS SKBUBAJIEHTHHL:
1) G — OpHeHTHPOBaHHOe JepPeBo;
2) B rpade G uMeercs BepluHHA r, H3 KOTOPOH €CThb TOJbKO ORHH OPUEHTHPOBAHHLIY
nyTts B o0yl APYryw BepluuHy rpada G;
v,

7 U,

=&
&

% v, 7,

Puc. 5.8, OpHeHTHPOBAHHOE JAEpPEBO.

Us

3) 'pad G — KBa3HCHILHO CBS3HBLIH M TepseT 3TO CBOHCTBO NMpPH YRajeHHH H3 Hero
mo6oit ayru;

4) 'pad G — KBa3HCHABHO CBA3HBI M HMeeT TaKyio BepuuHy r, 410 d= (r)==0 u
d= (v)=1, vsr;

5) I'pad G He uMeeT UHKJ/IOB (He 06S3aTe/ILHO KOHTYPOB) H COAEPHKHT TaKYy0 BEDLIHHY
r,yro d= (=0 ud- (v)=1, vsr.

6. 'padp G — kBasucHABHO cBs3HHEA 6Ge3 WHKJIOB,

Hokasamenscmso,

1=>2, Kopenb r rpadpa G obsagaer TpeGyeMEIMH CBORCTBaMH.

2=>3. OuepngHo, yro rpadp G — KBa3aHCHAbHO cBs3Hbifi. JlONyCTHM, 4TO 3TO
CBOHCTBO He TepseTCs NPH yRa/JeHHH U3 rpada G ryru (4, v), Torza cynlecTByeT TaKas
BEPUIMHA Z, YTO H3 Hee HMEIOTCS OPHEHTHDOBaHHbIE NYTH K BePLIHHAM 4 H U, He HC-
noJb3yiouHe Ayry (4, v). TakuM o6pasoM, B rpade G HMeeTes 110 B2 OPHEHTHPOBAHHLIX
NyTH M3 BePLIHHLI Z K BEPIUHHE U, a TAKKe H3 BePLIHHE 7 K BeplIHHe U, YTO MPOTHBO-
PEeYHT yTBEPKASHHIO 2,

3=>4. TTockoabky rpad G — KBa3HCH/JbHO CBSI3HHIH, OH HMeeT KopeHb r. [lo-
3TOMY AJIS1 BCAKOH BepILUHHBl Uz=r COpaBelJTHBO HepaBeHCTBO d= (v)Z>=1. [Ipeamouio-
A UM, YTO LI HEKOTOPOIl BEPLIHHH U CNP2aBeAIHBO, 4To d= (v)>1., Torlaa cynlecTBYIOT
ABe 3aXOjsiuiue B BepIUHHY U AyFd, Hanpumep (x, v) H (¥, v). Takum obpa3omM, cyule-
CTBYIOT IBa Pa3/HYHBIX NYTH H3 BeDIUHHH 7 K BepLIHHe U, OQHH — Yepes Ayry (x, v),
a apyro#i — uepes ayry (y, v). [ToaToMy Npu yRajJeHHH OZHOH M3 9THX LYT MOJIYYHB-
wukca rpadg 6yneT HMEeTb KOPEHb 7 H, CJIeJ0BaTeJbHO, OCTAHETCS KBA3HCHJBHO CBS3-
HBIM. TO IPOTHBOPEYUT YTBePKACHHIO 3, carefoBaTesibHO, d =~ (V)=1, vF4r.

Hakowew, HuKaKas fyra He MOXeT 3aXOAuThb B 7, NOCKOJbKY B IPOTHBHOM CJIy4ae
nocJ/ie yrajseHus s1oit 1yru u3 G rpad umes Gbl Bce-TaKM KOPeHb 7, a 3HayuT, OB KBa-
3HCHJIBHO CBSI3HBEIM. 9TO CHOBZ IPOTHBOpeddT yTBepxiAeHU0 3. [TosTomy d = (r)==0.

4=>5. CymMa noaycreneHeii 3axoga B rpade G paBHa n—1. [TosTomy mo Teopeme
5.1 rpad G umeer n—1 pyry. [Tocko/bky rpad G cBs3HBHIH, TO 110 Teopeme 2.1 (ir. 3)
OH fABJIAETCS AEPEBOM U, CJelOBaTE/IbHO, ALHK/JIHYECKHM.

5=>6. [TocKko.abKY CyMMa noJycTeneHeil 3axoia B rpade G pasHa n—1, OH uMeeT
n—1 ayry. Tak Kak rpad G He HMeeT LHKJ/IOB, TO 110 TeopeMe 2.2 OH SBJISIETCS AEPEBOM,
[TosToMy u3 BeplUUHH r K JI0OOH APYro#l Bepiuuiie B rpade G cyulecTBYyeT eHHCTBEH-
Helfl nyTh. Tako# nyTb A0JIKeH ObITb ODHEHTHDOBAHHBIM, HHaye XOTd OBl OfHAa H3
BEPIUHH NMYTH AGMKHA UMETb NOJYCTeNeHb 3aX0Ja, NPEBLILANY0 1, YTO npoTHBO-
peuut 0. 5, TakuM o6pa3oM, BeplIMHa r — Kopelib rpada G. [TosTomMy no teopeme
5.3 rpad G — KBa3auCHILHO CBSI3HHIH,
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6=>1. [Tockoarky rpad G — KBa3HCHJIbHO CBSI3HBEIA, TO MO TeopeMe 5.3 OH HMeeT
xopeHb. ONHAKO H3 TOTO, YTO OH CBSISHLIA H He HMEeT WHKJIOB, CJIeflyeT, o rpad G —
JiepeBo.

[Toarpat OpHeHTHPOBAHHOTO rpata G HA3LIBAETCS OPUEHMIPOBAHHBIM OCIOBOM
rpada G, eC/iH OH SIBJISIETCS OPHEHTHDPOBAHHEIM 11ePEBOM H COJICPHKHT BCe BepIIHHEH! G,
Hanpumep, noarpad, o0pasoBaHHLIA LYTaMH €q, €y, €3, €4 H €;, SBJSETCS OPHEHTHPO-
paHHBLIM OCTOBOM rpaga, H3o6paxkeHHOro Ha pHC. 5.6.

Mrl 3HaeM, uto rpad G uMeeT OCTOB B TOM H TOJIbKO B TOM CJlyuae, KOrla OH CBSI3-
gpifi. COOTBETCTBYIOLLEE YTBEDXKAEHHE IJIs C1yuasi ODHEHTHPOBAHHBEIX rpadoB AaeTcs
p cAelyloled TeopeMe:

Teopema 5.5. OpHeHTHPOBaHHEIR rpad) G HMeeT OpHEHTHPOBAHHEIH OCTOB TOrAa
H TOJIbLKO TOTa, Koria rpad G — KBa3HCHJBLHO CBSI3HBIH.

Hoxkasameascmso.

Heobxodumocms. Ecan rpad G umeeT OPHEHTHPOBAHHHA OCTOB, TO OYEBHJHO, 4TO
KOpeHb ODHEHTHPOBAHHOTO JlepeBa GyaeT KopHeM H B rpade G. [TosTomy no Teopeme 5.3
rpad G — KBa3HCHJbHO CBAI3HHIA.

Hocmamounocme. [lycte rpadp G — KBa3HCHABHO CBSISHHIH, He ABJSIOIHACH
OpHeHTHPOBaHHBIM JepeBoM. Toraa no TeopeMe 5.4 CYWECTBYWOT AYTH, yjlaJleHHe
KOTOPHIX H3 Tpada G He JHuIaeT ero CBOHCTBA KBa3HCHJIBHOH cBssHOCTH. [losToMmy,
ecan 3 rpada G yaajuTh BCe Takue Ayrd, TO NMOJIYUHBLIHACS rpad GylleT OPHEHTH-’
pOBaHHEIM OCTOBOM rpada G.

[IpHMeHeHHe OPHEHTHPOBAHHBIX JepeBbeB B TOINOJOTHYECKOM HC-
Cc/IeJOBAaHHH 3JIEKTPHYECKHX llenell paccmaTpuBaetcs B . 13.

Llsouurvim Gepesom siBJIsieTCsl OPHEHTHPOBAHHOE JepeBo, MOy CTeNeHb
MCXOAa KaXK1ofl BEepILIHHBI KOTOPOro He MpesbilaeT 2. JIBOHYHBIM jaepe-
BOM, Hampumep, sBasiercs rpad Ha pHc. 5.9. Kak okasasnoch, ABOHYHbIE

000 007 010 (11 il i
Puc. 5.9. JIBouuHoe nepeso.

AepeBbsl OYeHb MOJE3HBI NMPH HCCJAEAOBAHMH MHOTHX 3afay B 06jacTX,
CB#3aHHHX C NpPHMEHEHHeM BBIYHC/IHTEJNbHOH TeXHMKH, HalpHMep NpH
aHaJIM3e aJrOPHTMOB, B METOJAX MOMCKa HHbopMalmu M T. A. OaHOH U3
HacTo BCTpeYarIHXCcA 3ajay fABJsErcs clelyiolas:

IlaHbl 12 BeCOB wy, Wy,. . ., Wn W 1 WIHH Ly, Ly, . ., L, [IOCTPOHTD
JABOHYHOE TaKoe AepeBO C M JIHCTBSIMH Uy, Us,. . . , Uy, 4TO
1) w; (1<Ci<{n) — Bec BepIHHBI U}
2) I;(1<i<<n) — pJuHA NyTH U3 KOPHs JepeBa B ;)

n
3) cymma D w;l;, HasbiBaeMas OAuHOLU 838ELUEHHOLY NymeLl,— MHHH-
=1

MaJibHa.
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Bosee ofmas 3agaya BO3HHKaeT B ONHCHIBA@MOM HIMKe cayuyae.
MHoxecTBO TaKHX CJIOB, CpPe/iH KOTOPLIX HHKakKoe He sBjseTcs Ha-
YajoM JIpYroro, HasbiBaeTcs npegurcroim k000m. OYeBHAHO, YTO ecsu
rocJiefioBartesbliocTh 6yKB 0o6pa3oBaHa KOHKaTeHauuell /0B (cuerlie-
HHeM Lieroyek CHMBOJIOB) NpedHKCHOrO KOJa, ero MOXKHO PasJjoXKHTh Ha
OTJleIbHBIE C0Ba NpedHKCHOro Koja nyTem pasfopa cjeBa Hampaso.
Hanpuwmep, ecau npedbukcHbI#l Koj o6pasyer Hadop 000, 001, 01, 10, 11,
a nocjejoBarenbiocts 1011001000 ofpasoBana W3 ero c¢joB, TO OHa
JIerko packJsajplBaercs Ha ciosa 10, 11, 001 u 000.
[Myers S={0, 1, 2,. .., m—I1} — andaeur us m 6yks, a T —
TaKoe OpHEHTHDOBAHHOE JIePeBO, 4YTO
1) monycrernenp HcXofa KaxjoH BeplUMHBI He IPEeBbILiaeT
2) xaxjas MCXOAAINAsA M3 BeplUIMHLI Ayra cBasaa ¢ 6ykBoil andaBHTa
TaKHM 06pasoM, YTO HHKaKHe JiBe yrH He COOTBETCTBYIOT OJIHOI GykK-
Be. Toraa BcAKHI JIHCT U MOXKHO CBSI3aTh CO CJIOBOM, 00pPa30BAHHBIM
KOHKaTeHauuell, 6yKB B TOM NOpsSJKE, B KOTOPOM OHH MOSBJIAIOTCS
Ha NYTH K JHCTY U OT KopHs. Jlerko y6eiHTbcs B TOM, 4TO C/0Ba,
CBsI3aHHble TaKUM 00pasoM ¢ JHCTbAMH, 06Pa3yioT NPedHKCHBI KOJ.
Hanpumep, opueHTHpOBaHHOMY JepeBY Ha pHc. 5.9 cooTBeTcTByeT
caeyiomuil npedukensiit kox: {000, 001, 010, O11, 10, 110, 111},

3ajaga cOCTOUT B TOM, 4YTOGH JJs1 AAHHOTO m H AJMH [y, l,,. . ., [,
TNOCTPOUTb, HCroJab3ys OykBbl andasura S={0, I, 2,..., m—1},
Ipe@HKCHbI KOA, AJMHHBI CJIOB KOTOPOrO COCTAaBASIOT Iy, ly,. .., I,.

DTOT U HEKOTOpble CB3aHHblE ¢ HHUM BOTPOCH PAacCMaTPUBAIOTCH B
pasa. 152 u 15.3.

5.4. OpHenTHpoBaHHble 3HJepOBH rpadbl

Opuenmuposanroil 3iireposoll tenvto OpHeHTHPOBaHHOro rpada G
HasbiBaeTcss 3aMKHYTasi OPHEHTHPOBAHHAsi leMnb, COJepKalias  Bce
Ayru G. Omkpoimoll Opuenmupo8anHol 3liaeposoll envio Ha3bIBAETCS

Us ey U,

Y,

Pnc. 5.10. Opuenrtuposanuniil sfiaepon rpad.

e 13

OTKpHITasi OpDHEHTHPOBAHHAsA Lemnb, coflep:kamas Bce Ayrd rpada G.
OpuentnpoBannblii rpad, ob6aajaiolmHil OPHEHTHPOBAHHOH 3iHaepPOBOfi
UeNbiO, HA3LIBACTCS OPUEHIMUPOSAHHYIM IUAEPOBbiM epahoM,
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OpHeHTHPOBaHHLIM 3HJIEPOBLIM Tpadom ABJsIeTcs Tpad, H306paXKeH-
goiil Ha puc. 5.10, NOCKONBKY AYTH €y, €y, €a, €4, €5, €5 00pa3yioT B
rpaje G OPHEHTHPOBAHHYIO 3H/IepPOBY LeMNb.

B cienymolell TeopeMe AaioTcsl NPOCThle XapaKTepH3alHH OPHeHTH-
poBaHHBIX 5H7epoBbIX rpados. Teopema 1oKa3biBaeTcs Mo ToH e cxeme,
yro H Teopema 3.l.

Teopema 5.6. 1711 cBA3HOrO OpHeHTHPOBaHHOTO rpada G cleylomHe YTBEPHK-
neHus paBHOCHAbLHBL
1) G — OpHeHTHPOBaHHHIE 3HaepoB rpad;

2) aas oGO BepuMHe v rpada G cnpasefdauBo paBeHcTBO d~ (U)=d+ (v);
3) G — obbelHHeHHe HeCKOJbKHX pebepHO-HenepeceKarouyixcs KOBTYPOB.

PaccMoTpHM, HanpHMep, OPHEHTHPOBaRHbI 3HaepoB rpad G na puc. 5.10. Jlerko
HpOBEPHTD, YTO OH 0G/ajlaeT CBOHCTBOM, CHOPMY/JIHPOBAHHLIM B M. 2 TeOPeME!, U $B-
asercsl Takxke ofbelnHenHeM peGepHO-HenepeceKalHXCsa KOHTYPOB {es, e3} ¥ {ey,
ey €5 Eg}-

Jlerko lL0KasaTb W CJAEAYIOLLYIO Teopemy:

Teopema 5.7. CBA3HBIH OpHeHTHPOBAHHEIA rpad CcONepHHT OTKPHITYIO OPHEHTH-
POBaHHYIO al“mepoay Henbk TOraa H TOJBKO TOrja, KOrja BhINOJHAKTCA YCJAOBH:
1) B rpade G HMelTCA TaKde JBe BEPILIHHH Uy H Uy, UTO d¥F ()=d~ (v)-F1 ud~ (vy)=
=d* (vt 1
2) 151 oGOl BePUIHHEL U, OTIHYHON OT Uy U Uy, CHIPaBEATHBO PaBeHCTBO d~ (v)=d *+ (v).

Hanpumep, ycnoBHAM 3TOH TeopeMbl YAOBJeTBOpsieT rpad Ha
puc. 5.11. OTKpHITOii OpHEHTHPOBaHHOH 3iiJepoBoH uenbio rpada
G ABAsIeTCs MOCAeJ0BATeNbHOCTh €y, €,, €j,
es, s, €5. OOCyIUM Temepb OHO HHTEPEecHoe
npHMeHeHHe TeopeMbl 5.6.

[ycets S={0, 1,... . s—1} — andasur,
cocrosiliHii U3 s 6yks. OueBHAHO, 4YTO, HC-
noJb3ys1 6YKBHI 3TOro ajndaBura S, MOXKHO I110-
CTPOHTbL §" Pa3JHUHBLIX CJIOB AJIUHB n. [lo-
caedosaineavrocmes Oe b pélina — 310 WHKIH-
yecKasl MOCJIeJ0BaTeNbHOCTh aq, Ay, Qg . . .

(o> @y AMHHE L=s", Y KOTopoil ana moforo i B Tbab & oreper
ClI0BAa ® JUIHHHL /i CYLIECTBYeT TaKoe eXHHCT- J1epOBOH 1LeNbio.
BeHHoe i, 4YT0 ®W=Q;Qj+y. . .Apn-1, A€ 3HA-

YCHHs 1IHJEKCOB BbUHCAsOTCS 1o mod L. TlocienoBaTenbHocTH
fe Dpéiina HaxonaT npHMeHeHHEe B TeODHH KOAHDOBAHHS H TIPH HC-
ceaoBaHHH ceTel cBsa3H. [loapobuyio uHoOpMaIHIo 06 3THX mHoCaeno-
BaTeJIbHOCTSIX MOXKHO HaHTH B pabotax [5.1, 5.2]. Mul ke paccMoTpHM
CJIENYIOILYIO 3a/1a4y:

Hns mobux Mu § 2> 2 H LeJbIX 7 CYWECTBYeT Noc/ei0BaTeNlbHOCTh
Re bpéiina nan andasutom S={0, 1, 2, ..., s—1}? Kak mMbl yBHIuM
Zanee, OTBET HAa 3TOT BONPOC MOJOXKHTENEH.

[ToxkaxeM, uto /s JIOOBIX 8 2> 2 1 A CYLLECTBYET TAKOH OpPHEHTHPO-
BaHHHH 3#nepos rpad Gy, ,, YTO BCAKas OPHEHTHPOBaHHAs 3HJepoBa
Lenb B 3TOM Tpade COOTBETCTBYET MoC/ea0BaTeNIbHOCTH fe Dpéfina ajiu-
Hbl §” Hax aagasuToM S={0, 1, 2, ..., s—I}. I'pad G, , cTpoutcs
CJIeYIOIHM  06pa3oM:
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1) nocnenosatesibHOCTb V 06pasyeTcs BceMH s”7! cl0BaMH JJIHHBL n—1
Hax andgaBuToM S;

2) E — MHOXeCTBO BceX §” cJOB JJHUHBL n Hapg S;

3) nyra bib, ... b, UMeeT HauaNbHYIO BepUMHY b,b,. . . b, _; U KOHeu-
HYIO BepUIMHY byb,. . .b,. 3aMeTuM, 4TO KaXXJIas BeplIHHA HMeeT §
3aXOfAWMX U S ucxonawux nyr. TakuM o6pasoM, 1as Kax ol Bep-
IIHHBI U COpaBelsIHBO paBeHCcTBO d~ (v)=d* (v).

I'padel G, 4 u G, s npelcTaBiensl Ha puc. 5.12, a, 6.

0000

100

1100

10

1170 am
111

7111
a 6
Puc. 5.12.
a—rpap Gy ,, 6—rpad Gy

Honycrum, B rpade G, , HMeeTcsi OpPHEHTHPOBaHHAsA AJNepoBa lielb
C. Ecau Mbl KOHKaTeHHpyeM nepBble OyKBBHl CJOB, IPeICTaBJEHHbIX
nyramu G, ,, B TOM NOPsilKe, B KOTOpPOM AyrH nossaswTca B uenu C,
TO NOJMYYHM TaKYIO MOCJAEIOBATENBHOCTh IJIMHBI §%, yTo Jiofas ee Moi-
[OC/eIOBATENIbHOCTD U3 # [OC/ENOBaTeNbHBEIX GYKB OyleT COOTBETCT-
BOBaThL €JMHCTBEHHOMY CJIOBY, HO HHMKaKHe JiBe pas3/HUHbE NOANOCHe-
JIOBaTeJbHOCTH He GYAYT COOTBETCTBOBaTb OXHOMY cJoBY. IloaTomy
[OC/IeIOBATENBHOCTD, NMOCTPOEHHAs TaKHM obpasoM, Oyner mocneloBa-
TesbHOCTBIO e Dpéitna. Hanpumep, nocaenoparenbHocts ayr 000,
001, 111, 110, 101, Q10, 100 siBnfeTcsl OpHEHTHPOBAHHOH 3HyepoBOH
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nenblo rpada G, 5. KoHkareHaluss nepBeix 6YKB 3THX CJIOB JaeT. MocJe-
noBatesbHoCTh e Bpéfina 00011101,

TakuM o6pa3oM, 4ToOBl 10KA34Th, YTO /11 JIOOBIX S == 2 U 1 CYille-
CTBYET IOCTEJ0BATeNBHOCTD € BpéiiHa, Heo6xomuMO JoKasarb, 4TO
G,, » — OPHEHTHPOBAHHbI# 3HAIePOB rpag. ITo MbI Ce/1aeM B CaleLyIOeH
TEOpeMe:

Teopema 5.8. Gy, , — ODHEHTHDPOBAHHBIA 3HJePOB Tpag.
Hoxasameavcmeso. G, ,— CBA3HBIA, TAK KaK /15 JIOObIX ABYX BEpUIMHE Uy==b;b,. . .
. bp1 M Uy=0iCg. . .Cp—1 CYILECTBYET OPHCHTHPOBAHHLIA MYTb H3 BEPUIHHH Uf

B BEPLIMHY U, COCTOAILUA U3 CIERYIOWHX AYT: bib,y. . b, _1c1, bybs. . by_10169, - o .

o bao161C2. o Cpoa
[TocKOJIbKY, KaK Mbl BUAGIH DaHbllIe, MOJyCTeleHb 3aX0Aa KamJoi BepIUIHHE rpada
G;, , PaBHA ee TOJYCTENeHH MCXOA4, TO M3 Teopemnl 5.6 caepyer, yto Gy , — opu-
eHTHPOBAHHBLIH 3HJepoB rpad.

Cregcraue 5.8.1. Jnst mo6bix $>>2 ® n CYLIECTBYeT MOCJAER0BATENbHOCTD
ne Bpéitna.

5.5. OpHeHTHPOBaHHbIE OCTOBHI
H OpPHeHTHPOBaHHbIE JJIEPOBH LENH

[Tycte G — opHeHTHPOBaHHBLH 3HIEPOB rpad, He MMEIOWME NeTes.
B stom pasjene Mbl CBfiKEM UHC/IO ODHEHTHDOBAHHLIX 3HJIEPOBBHIX
uenei rpaja G ¢ YUCJIOM OPHEHTHPOBAHHBIX OCTOBOB .

[lycts vy, Vg . ., U, — BepwHHH rpada G. PaccMoTpuUM opueHTH-
poBanHy10 3#/1epoBy uenb C rpaga G. [lycts e; — nyra rpada G, 3axo-
Jsias B BepluMHy vy Has moboro p=2, 3, ..., n OyaeM CUHTaTh,

4To 6,", ofo3Hayaer [IEPBYIO Ayry C, BXOJsAIYIO B BEPUIHHY Up IocJje
NIPOXOXKJEHHsI JyTH e; . Hanpumep, paccMOTPHM ODHEHTHPOBAHHYIO 3ii-
JepoBY UMb €1, €,, €3, €;, €, & Tpada, npeacTaB/eHHOro Ha puc. 5.10.
Ecan Mbr BoiGepem e; =e;, T0 ¢;,=ey, €; =¢; U e; —eq. Ilyerb H —
noarpat’p rpat’pa ( Ha MHOXKeCTBe ayr {ejﬂ, e,-a, e e vy ejn}.

Jlemma 5.1. [lycte C — opHeHTHpOBaHHAA 5HJEPOBA UElb OPHEHTHPOBAHHOrO
sfiiepoBa rpada G. Moarpad H, onpeeisieMbili uenbio € OMHCAHHBIM CrIOCOGOM,
ABJAETCA OPHEHTHPOBAHHBIM OCTOBOM C KODHEM Uj.

Horasameaocmso. OueBHaHO, uT0 B nnoarpade A d~ (v)=0u d-~ (vp)=1 pnn Bcex
p=2,3, ..., n. Jonyctum, uro on copepxkut unka C’. Toraa Bepuuia v; He BXOZHT
B uuka C', unaue d = (v1)>0 uiin d~ (U)>1 Anst HEKOTOPOH APYTOl BEpIUHHBI UHKIA
C’. To sToil e npuynte LUK C' ABiseTca KOHTYpoM. [TOCKOABbKY d-= =1 pan
BCAKOH BeplIMHBI U B UMKJe C, HHKaKad u3 Ryr, He NpuHagnexRaux C, He BXOLUT
HH B Kakyio pepumny C’, 910 03Hayaer, yro Ayra e, ABJIAOWAACA NepBoll noc.ie npo-
XOxpenus ey Ayroil uukaa C, BXojauwed B BepIHHY UMKAA C’, He NPHHALMEKHT
noarpady H, uto npoTHBOPeuHT ero onpegenenuo. CrefoBarenbio, noarpad H He
HMeeT UHKJIOB. ‘

Tenepe u3 n. 5 reopeMbl 5.4 ciegyer, uTo NoArpad H — OpHeHTHPOBAHHBI
ocroB rpada G.

[IycTh vy — KOpeHb OPHEHTHPOBAHHOIO OCTOBA OPHEHTHPOBAHHOTO
SijepoBa rpada G Ges netesb Ha n BEPWIMHAX, a €; — JyTa, 3aX0AsWAS
B BepwnHy v, rpaga G. Ilyers ey, (p=2, 3, ..., n) — nyra, BXoas-
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as B BepUIMHY vy noarpada H. OnuieM MeToa NOCTPOeHHs! OpPHUEHTH-

poBaHHO# >fiyiepoBoil nenu G:

1) HauaTb ¢ BepuMHbI vy, NpoX0oJs Hasdaj no aoboH Ayre, BXoAdaleil B
BEPIIMHY Uy, OTJIHYHOM OT €; (ecsM Takas Ayra CyLecTByer), WIH o
€y, €CJIH HeT aNbTepHaTHBbI;

2) o aceTHM<enuy BEPIIMHLI Up, OCTaBUTB €e, MPOXOJA Hasajl Mo Jyre,
KOoTopas ellle He GbLia MpOHJEeHa H, ecJH BO3MOXHO, OTJHYHOH OT
€jp- OcTaHOBHTbCsI, €c/IM He OCTaJoCh HermpoHAeHHbIX Iyl CpenH
BXOJSILIMX B BepIIHUHY Up.

B sTolt mpoueaype Kaxablil pa3, KOTAa JOCTHraeTcsl BepLIMHA Up =0y,
GyeT CyLlecTBOBaTh HeMpoijeHHas [yra, BXojsulas B BepIUHHY Up,
[IOCKOJIBKY MOJIycTeNneHb 3aX0/ia BCAAKON BeplunHbl rpada G paBHa noJy-
crermedd Hcxofa. ClefoBaTelbHO, MNPOUEAypa 3aKOHUMTCS TOJILKO B
BepLIHHE Uy MOC/e APOXO/KIEHHs] BceX 3aXOJAUIHX B Hee IVr.

[IpeamosoxumM, uto B rpade G ocrajack HenmpoiaeHHOH ayra (i, v)
nocje TOro, Kak npolieaypa 3aKOHYHJIach B BepllMHe vy. [TOCKOJIBKY
noJycTeneHb 3axoJa B BepIIMHY 4 paBHa ee NoJycTeneHH HCX0Ja,
CylOecTBYeT 10 KpaiiHell Mepe oJHAa HeNnpoHAeHHas Ayra, 3axojfuias B
BepuinHy . Ecsi ynucsio Takux HermpoligeHHbIX Ayr Gosblie 1, To ofHa
U3 HUX Oyjer ayroil y, Bxojsulell B BeplIMHY u noarpaga H. Jro cire-
JAyeT U3 lara 2 npouenypbl. HemnpofiieHHas ayra y npuBejeT K Apyro
HerpoiieHHOH ayre, Takxe npHHaanexauledl noarpady H. Hakonern
6yner AocTHIHYTa BepliMHA v; U HallJeHa HenpoiiaeHHas Ayra, 3axois-
mwas B Hee. OHaKO 3TO HEBO3MOXKHO, IIOCKOJbKY Bce AyrH, 3aXofsliHe
B BepUIHHY ¥, ObUIKM MPOHAEeHbl JO TOrO, KakK npolegypa 3aBeplunsiach B
Hel.

Takum 06pa3oM, NpH BbINOJHEHHH OMHCAaHHOH BhIlIE NpoUEenypbl Oy-
ILyT npoiiieHbl Bee Ayrd rpada G u AeHCTBHTESIbHO NOCTPOEHA OPHEHTH-
poBaHHas >HJepoBa LEllb.

[Tocko/bKy B KawK[oil BepUIHHe vy, BO3MOXKHHI (d~ (vp)—I1)! pasnuu-
HBIX BapHaHTOB MOC/JEIOBATEIbHGCTH BbIOOpa 3aXOALMX AYT (&g b

HOCJIQIIHHH), TO YHC/JAO pasJHYHBX OpPHEHTHPOBAHHBIX SﬁJIepOBbIX e-
neﬁ, KOTOPLIE MOXKHO INOCTPOHTDL I10 JidHHbIM OpHeHTHpOBaHHOMy OCTOBY

noarpada H u ayre e;, onpeess1ercsl BhIparseHHeM H = (vp)—1)L

Kpowme toro, passinunblil Beibop noarpada H nprmeﬂeT JJ1S1 HeKOTO-
pbiX p=2, 3, ... , n K D43JHYHBIM €;,, YTO B CBOI Ouepeab ZacT B
pe3ynbTaTte Jpyroe BXOXKJEeHHE B BepUIHHY U, IMOC/]E NPOXOKIEHHA
ej B MOJyYyHBLIEHCS OPHEHTHPOBAHHOM 3WJIEPOBOH IeMH.

Hakonel, nockosbKy mnpomenypa MNOCTPOEHHSI ODHEHTHPOBaHHOM
3UJ1epOBOH Lienu sBJseTcsl OOpaLIeHHeM MpOLeayphl MOCTPOEHHS! OPH-
eHTHPOBaHHOT0 OCTOBA, TO BCAKYIO OPHEHTHPOBAHHYIO 3HJEpOBY lenb
MOMCHO MOCTPOHTb [10 HECKOJIbKHM OPHEHTHPOBAHHBLIM OCTOBAM.

Takuy o6pasom, Mbl J0Kasa/lH CASLYIOLLYIO TeOpeMy, MpUHAaJIeKa-
mytoo jge Dpéfiny u BaH AapreHy — DpeHdecry {5.3].
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leopema 5.9, UuCI0 OpHEHTHPOBAHHLIX 3U/1€POBLIX LleNefl B OPHEHTHPOBaHHOM

n
siisepoBoM rpade G Ge3 neredb paBHO Ty (U) H (@~ @wp)—N!, rae t4(G) — yucao
p=1

OpHeHTHPOBAHHBIX 0CTOBOB rpada G ¢ kopHem v;.

TToCKOJIbKY YHCJIO OPUEHTHPOBAHHLIX 3H/epoBblX lenedl He 3aBHCHT OT BHIOOpa
KOPHA, NPUXOAUM K CJEelyIOUleMYy BBIBOAY. .

Cneacteue 5.9.1. Uuc/10 OPHEHTHPOBAHHBIX OCTOBOB OPHEHTHPOBAHHOTO 5H.aepoBa
rpaja uMeeT NOCTOSIHHOE 3HayeHHe, He 3aBucsAUlee OT BbIGOpa KOpHs.

dopmMyJia A HaXoxIeHHs yuchaa T4 (G) BBIBOAMTCS B pasf. 6.9,

5.6. OpHEeHTHPOBAHHbIE TAMHJAbLTOHOBLI
rpagt

KOHTYD OpHeHTHPOBaHHOTO rpada G Ha3bIBAETCS OPUEHMUPOSAHHbIAL
2aMURLMOHOBM KOHIMYpos G, €CIH OH CONEPIKHT Bce €ro BEpPLIHHBI

OpuentupoBannblii nyTb rpada G HaA3BIBAETCS 2aMUAbIIOHOBbLA,
ec/M B HEM COjepiaTcs BCe BEpLIMHBI TOTO ke rpada.

Opuenmuposannbim  2amiAbIMOROBbIM  2padom Ha3blBaeTcs  rpad,
MMEIOIHHA TraMHJBLTOHOB KOHTYP.

[[aMHJILETOHOBBIM KOHTYDOM, HAIpHMEp, SIBJASETCS [OC/AeA0BAaTeNb-
HOCTb AYT €y, €,, €3, €y, €5, €5 B Tpade, NMpejicTaBieHHOM Ha phc. 5.13, a.

Puc. 5.13.

a— OPHEHTHPOBaHHH | raMuIbTOHOB rpad, 6 —OpHEHTHPOBaHHLI rpad ¢ FaMH/IBTOHOBLIM OpHeH-
THPOBAHHLIM IIyTeM, HO €3 raMHJbTOHOBHX KOHTYpOB

[TocrenoBaTesbHOCTD AYT €4, €,, €3, €4, €5 B Tpacde Ha piic. 5.13, 6 obpasyer
OpPHEHTHPCBAHHLIA TaMHJBTOHOB MyTb. 3aMeTHM, YTO B 3TOM rpade e
CONEPHHTCH TaMHJbTOHOBLIX KOHTYDOB,

XapaKTepHsalns ODHEHTHDOBAHHBIX TaMHJIbTOHOBBIX rpagoB B
TAKOH Ke CTeleHH TpYJHa, Kak H B cJyyae HEOPHEHTHPOBAHHBIX TIa-
MHJIBLTOHOBBIX TrpadoB. OJHAKO CYNIECTBYET HECKOAbKO AOCTATOYHbBIX
YCJIOBHH, TapaHTHPYIOIIHX MPHCYTCTBHE TaMUIbTOHOBBIX KOHTYDOB
HJIH ODHEHTHPOBAHHbIX MyTed. PaccMOTPHM HEKOTOPbIE H3 3THX YCJOBHH.

OpreHTHpOBaHHBIA Ipad HasbiBaeTCs TNMOJKLIM, €CJH IOJHbIM SBJS-
eTcsl HEOPHEHTHPOBaHHbIA rpad, nexkamuid B ero ocuoBe. Crneayiwolias
Teopema npHHamaexut Myny (5.4].

Teopema 5.10. TlycTs 1 — npon3Bo/ibHasi BEpLUIHA CHJILHO CBR3HOrO M0JHONO
OpHEHTHPOBaHHOO rpada Ha n=>3 pepwuHax. s awboro k, 3<k<n, cymectsyer
KOHTYD QJIMHBL &, colepxamuil u.
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Hokasamesvemgo. [lycts G= (V, E) — cH/IbEO CBA3HBIA NOJIHBIH OPHEHTHPOBAH-~
Huil Tpad Ha n>>3 BepminHaXx. BoabmeM NpousBOJIbHYIO BepliHHY u rpada G. [lycts
S=T+ (4), a T=T~ (u). [lockoabKy rpad G—cHIbHO cBsI3HBIA, S U T He ABASIOTCA
nycTeIMH. [10 3Toit e NpuyHHe B rpage G HMeercst Ayra, HAyLLas H3 BEpIIHHH UE S
B BepiiiHy @w € T, Takum o6pa3om, BepiiHHA & JIEKHT B KOHType AauHbl 3 (puc. 5.14),

JokaxkeM TeopeMy HHAyKIHeH no &,
JlonycTuM, 4YTO BepliMHA & BXOJHT B KOH-
TYpBl BceX JJIHH OT 3 [0 p, rhe p<n. [Toka-
eM, YTO BepUINHA 4 BXOLHT H B KOHTYp
LJHHB p+1. ’

Myets C: u=vy, v, v, ..., 0,=u—
KOHTYP AqHHEl p. Heo6xoguMo paccMoTpeTh
IBa cJyuyas.

[TpenmonoxuM, 4TO HeKOTOPOH cepuinne

U, He BXoAsile# B KOHTYD C, HHUHACHTHH
AYTH (x, v) U (v, y), IPHYEM X H y BXOAAT B
koutyp C. Torpa B keM HafiyTca ABe TaKue
CMeXHbIe BepIIHHE U; H U; 4y, 4TO B rpade G
HMeloTes AyTH (U;, ) H (v, v;4q). Cuaefo-
BaTe/IbHO, BepIUHHA 4 OyJeT BXOHTb B KOH-
TYP 4=Up, Uy, Up, v o o, Uz U, Ujgg, ...
v, Up=u JauHE p+1,
B npoTHBHOM caiyyae 0603HaYUM yepe3 S MHOKECTBO BCEX BEpIIHH, He BXOMAALIMX
B KOHTYp C M SBJSIOMHXCS KOHEUHBIMH B AyraX, HCXONSILIUX U3 BepLIMH KOHTYpa C,
a uepe3 T — MHOKECTBO BCEX BepILIHH, He BXOAAWHX B KOHTYP C M ABJSAIOLIAXCS
HaYaJhHBIMH B JyTaxX, 3aXOfsIUHX B BEePUIHHEI TOTO e KOHTypa. CHOBa, MOCKOJBLKY
rpad G cunbHO cBasHbA, S u T — HenycTel. KpoMe Toro, cyliectsyer ayra, Hiyluas
H3 sepuwHHb VES B Bepwuny w € T. TakuM 06pa3oM, BepIIHHA 4 BXONUT B KOHTYp
U=ty U, W, Uy, . . ., Up=u LIHHBI p+1 (pHc. 5,15).

Puc. 5.14.

Us
%

Puc. 5.15.

Crencraue 5.10.1, CuibHO CBSI3HBIA MOJHbIA OPHEHTHPOBAHHBI Ipad raMH/be
TOHOB.

[puBesem cefiyac Ge3 foKa3aTe/LCTBA OYEHDb CHABHYIO TEOpEMY, NpPHHALIeKALLYIO
[I‘yﬁ]a-Ypu. IloKa3aTe/ILCTBO € HCKJIIOUHTRIBLHO CJIOKHO, €0 MOXHO HafiTH B pafoTe
5.9].

Teopema 5.11. [lycts G — cHabHO cBA3HBIA rpad Ha n BepuMHAX Ge3 napad-
JeJIBHEIX AYT H [eTesb. Ec/iu 17191 BCSIKOH BEpIIHHBL U CNIPaBeJIHBO HePaBeHCTBO d ~ (v)
+d+ (v)==n, 1o rpad G HMeeT raMUJILTOHOB KOHTYp,

Crenytomee yTepxaenne o6ofiiaer peadyJvTat JHpaka (ciienctsue 3.4.1) s
HEOD HEHTHPOBAHHBIX TPadoB, H ero MOXKHO A0Ka3aTh C MOMOLIBIO TeopeMs! 5,11 # yn-
paxHeHus 5.6,
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Caexctue 5.11.1. [Tycte G — opueHTHpoBaHHWA rpad Ha n BepwHHax Ge3
napaJjJieJbHEX Ayr v neteds. Ecan min (8-, 6+)>—2-n>1, To rpad G codepKHT

raMHJIbLTOHOB KOHTYD.
HenocpencreenHoe LOKa3arelbCTBO 3TOCO pe3ysibTaTa MOXKHO HafTH B pabote

(5.61.

3aBepuwiaeM 3TOT pa3sjes yTBepKAeHHeM O CYLIECTBOBAHHH OPHEHTHPOBAHHOIO
raMHJbTOHOBa MHYTH.

Teopema 5.12. Ecau opueHtupoBaHHu rpad G= (Vz E) — noaumuft, TO OH HMeeT
OPHEHTHPOBAHHHN FaMUJLTOHOB NYTh.

Jlokazameascmgo. PaccMOTpHM OpHeHTHpOBaHHH nyTh B rpade G MaKCHMalb-
HOl AsuHM P: ay, @y, . . ., @p. [1ycTb b — Beplwnna, He BxoAswas B nyTe P. Toraa
nyra (b, a;)¢ E, IOCKOJILKY HHaYe NYTb b, ay, @y, . . ., 4p bl Obl AiuHHee nyTH P,
Tlostomy (ay, &) € E. Teneps (b, ay)g E, nOCKONbKY HHaue TIyTh @y, b, Ay, G, . . ., Gp
6b1 6ul gunHHee nyTH P. ClepoBatenbHo, (a,, bYEE.

[ToBTOpSIf 3TH paccykAeHHS, NOJYYHM, YTO (ap, b) € E. Ho 310 npOTHBOpEUHT
NPEANOIOKEHHIO, IOCKOILKY NYTb Ay, A, - . ., Ap, b AnunHee nyTH P. Takum ofpa3som,
HeT BepIUHHH, He BXoAfwWe#d B nyTe P, cJjenoBaTeNbHO, P — OpHeHTHpOBaHHLIH
raMHIbTOHOB NyThb rpada G.

5.7. AuMK/IHYecKHe OpHEHTHPOBaHHbIE
rpagunl

B stoM pasgene HayualoTcs CBOMCTBA BaxKHOTO KJacca OPHEHTHPO-
BaHHBIX TpadoB, a HMeHHO alMKJAHYeckHX. Kak Mbl 3HaeMm, opHeHTH-
poBaHHBIA rpad -— alUKJIHYECKHH, €CJH OH He COJEPKHT KOHTYPOB.
O4eBHIHO, NMPOCTEHAIINM MPHMEPOM ALHKJAHYECKOTO OPHEHTHPOBAHHOTO
rpada fBJAsfETCcA OPHEHTHPOBAHHOE [EpeBo.

OcHOBHOfI pe3y.ibTaT, KOTOPBIH MBI IIOJyYHM B 3TOM pasiene, 3a-
KJII0YaeTcs B TOM, YTO BEpPIUHHBl ALHKJAHYECKOrO OPHEHTHPOBAHHOTO
rpada G Ha n BeplIHHAX MOXK- P
HO MOMETHTb TakuM 00pasoM
LeJIBIMH YHCJAAMH M3 MHOXKeCT-

Ba {l, 2, ..., n}, uro ecau
B rpade G umeercs ayra (i, j),
To i < j. HanomuuMm, uto ayra 3 6
(i, j) HampaBjieHa M3 BepIUHHEI
i B BepuHHy j. Onpenenensoe
HaMH ynopsiiodeHHe BepLIHH
Has3blBaeTcA monoaoeu4ecKoll

copmuposkoti. Tonosoruyecku 1
OTCOPTHPOBAHEI, HanpHMEP,  Puc. 5.16. Anukauueckuil OpHeHTHDOBaH-
BepIIHHBl allUKJIHYECKOTO0 OPH- Hpiit rpag.

€HTHpPOBaHHoro rpada Ha pHC.
5.16. CmpaBea/HBOCTb OCHOBHOTO pe3yJbTara 3TOrO pasjena oOm-
penensieTcst caelymollell TeopeMoH:

Teopema 5.13. B alMK/IHYeCKOM OPHEHTHPOBAHHOM rpade HMelOTCH nO KpafiHed
Mepe OAHa BeplUHHA ¢ HYJ/IeBOH NOJyCTeleHbio 3aX04a K OJHA BepLIMHA ¢ HYyJeBOR
noJiyCTeneHbio HCXOAA,
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Hokasameascmso. [ycts P: vy, vy, .. o, Up — MaKCHMAaJIbHbI OPHEHTHPOBAHHLH
nyTb rpada G. [lokaxeM, 4TO MOAYCTeNeHb 3aX0/@ Uy H NOJYCTeNeHb HCXOAA Uy PABHH
HY.TO.

Ecan nosycreneHb 3axoja v, He PaBHA HYJIO, TO CYLIECTBYET TaKasl BepPIUHHA W,
uto B rpade G uMeeTcs Ayra (w, v;). Bo3moxHbl 1Ba caIyudas.

Cayuatd 1. Tlyctb ws~v;, 1 <i<p. Torpa cymecToyeT OpHeHTHPOBAHHKIH NYTh P
W, Uy, Uy, . . ., Up, CONEPKAIHH BCE LYTH NYTH P. DTO HPOTHBOPEYHT MAKCHMaJIbHOCTH
YIOMSIHYTOTO MYTH.

Cayuad 2. Myctb aasa Hekoroporo { w=v;. Toraa B rpate G umeercss Kou1yp C:
Uy, Ug, » . ., U;, U;. DTO NPOTHBOPEYHT YCJOBHSAM TEOPEMb.

Takum obpasoM, He CYHIeCTBYeT TAKOH BepWHHM W, YTO (W, v;) — Ayra rpaga G.
[pyrumn cjoBaMH, MoJycTeneHb 3axola v; PaBHa HYJIO.

Paccyknast aHaJOTHYHBIM 06pa3’oM, MOXKHO MNOKasaTb, 4YTO paBHa
HYJIIO TOJIycTeneHb HcXoja Uy,

JJ1fl ocylecTB/IEHHS TOMOJOTHYECKOH COPTHPOBKH BepIUHH allkK-
JIHYECKOTO OpHEHTHPOBaHHOTO rpada G Ha n BeplUHHAX MpojesaeM
caIefyIolIee.

BriGepeM npoH3BOJIBHYIO BEPIIHHY C HYJIEBOH ITO/YCTENEHBIO HCXO-
Ja. 310 BO3MOXHO, NOCKOJbKY Ipad ( — alMKJIMYECKHH, a 1mo Teope-
Me 5.13 B HeM JIOJIZKHA HMeTbCs XOTs Obl OJIHA TaKas BepluuHa. ITomeTHM
BBIOpaHHYIO BepIUMHY le/ibiM n. Tenepb ynanum w3 rpada G 31y Bep-
WHHY W MHIMAeHTHBle eMy ayrH. OGosHauhm NOJIYUHBIUHICA Tpad
yepes G’. TlockosbKy rpag G’ Takxe alMKINYECKHH, MOXHO BbIGpaTh
B HeM BepLIHHY C HYJIeBOH mojycTeneHblo ucxoja. [lomerum sty Bep-
WIHHY LeJbM yucaom n—1i. TIoBTOpHM OIMCaHHYIO NpOUEeNypy A0 TeX
nop, MoKa He MOMETHM Bce BepIUHHbI. JIerko BHIETb, YTO 3Ta Mpolueaypa
MOPOXKAAET TOMOJOTHYECKYIO COPTHPOBKY BeplinH rpada G.

B cooTseTcTBHH ¢ 3TO# npouenypoll Gblia crenaHa, HalmpHUMep, pas-
MeTKa BeplilMH rpada Ha pHc. 5.16.

5.8. TypuupbI

[lonublli OpHeHTHPOBAHHBII Trpad Ha3bIBaeTCA MYPHUPOM. IDTOT
TePMHH NOJIYYHJI CBOE HasBaHHe OT COPEBHOBAHHH 1O KPYroBo# cHcTeme,
rpaduyeckoe npeicTapjieHHe KOTOPbIX HMeeT CTPYKTYPY MOJHOTO OpH-
eHTHpOBanHOTO rpaja. B TyprHupax mno Kpyroeofi cHcTeMe HTparoT
HECKOJIbKO KOMaHJ, Ka)(1asfi cO BCEMH OCTa/JbHBIMH 1O OJHOMY pasy.
Hrpa no mpaBu/iaM He MOXKET 3aKOHYMTbCA BHHYblO. B mnpencraBieHin
TYpHHpa MO KPYroBOH cHCTeMe OPHEHTHPOBAHHBIM TrpadoM KoMaHjiaMm
COOTBETCTBYIOT BEpIUHHBl H AyTa (vy, U) MPHUCYTCTBYET B rpade, €ciu
COOTBETCTBYIOIAs U; KOMaHJa noGelusa KOMaHLy, NpejcTaBJeHHYIO
BepIIHHON- vy, OueBHAHO, YTO B TAKOM OPHEHTHPOBAHHOM rpade Her
napajJeJbHBIX AYT U neTeJb H MEXIY KaKIbIMH [BYMA BeplUHHAMH
MMeeTCsl TOYHO OfHa jayra. Takum obpasoM, rpad ABjseTcs MOJHBIM, a
cefoBaTebHO, ¥ TypHUpoM. TIpuMep TypHHpa npuBeneu Ha puc. 5.17.
Y4acTBYWIIHE B TYPHHUPE KOMAaHIB MOXHO PaHXKHPOBAaThb B COOTBETCT-
" BHH C KOJIHYECTBOM OYKOB. K0Au%eCME0 04K08 KOMaH[bl COOTBETCTBYET
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yhcay nobexeHHBIX €0 MPOTHBHHKOB. BBeneM ompeneneHne noc/elo-
BaTeJILHOCTH OYKOB TYpHHpA.

ITocaedoeameavrocmeio o1Ko8 TYPHHPA Ha 7 BepIIHHAX HAa3bIBaeTCs
NOC/eIOBATENBHOCTE (Sy, Ss,. « « Sp), B KOTOPOH Kaxknoe S; ABJsieTCA
NOJIYCTENEeHbI0 HCXO0Ja BEPLIMHBI TYpHHpA.
Benenyiomell teopeMe naeTcsl MHTepecHas
XapakTepusalusi TYPHHPOB, HCXOAA H3
MOCJIEIOBATE/IbHOCTH OYKOB.

Teopema 5.14. [locsenoBaTesbHOCTL HEOTPH-

LATeJbHBIX UEJBIX YHCEN Sf, Sz, . » + Sp SIBIAAETCS
[0C/Ie[lOBaTebHOCTBIO OYKOB TypHHpa G rtorja H

n k
n(n—1) k(k—1)
) $m i Sy, Lz

i=1 i=1
TOJIBKO TOrja, Korjia nJjsi BCeX k<L n.

Puc. 5.17. Typrup.

Hoxaszameascmeo.,

n
Heobxodumocms, 3ameTuM, 4To cymma Z s; paBHa 4Hcay Ayr TypHupa G (Teo-
i=1

pema 5.1). TlockonbKY TYpHHp - 3TO NOJHEIHA rpad, OH UMeet n (h—1)/2 nyr, rre n —

k n(n—1)
uicJ0 BepiHH, TakuM o6pazom, Z S§=""g . Jis1 loKa3aTesbCTBa YCJ0+
i=1

BHA 2 PacCMOTPHM MOATYPHHD M3 JOOBIX £ BEDIUHH Uy, Usy « s + Up OH CONEPMHT
k

k (k—1)/2 nyr, MMosTomMy B uesoM Typane[Z si=k (k—1)/2, mockosbKy B HeM MOTYT
1

NPHCYTCTBOBaTb JYTH, HCXOASILHE W3 BepLIHH MOATYPHHPa W HanpaBjeHHHE B Bep-
LIHHE!, He MpHHaJJeXKalliHe TOATYPHHDY.
IloctaTouHocTh NOKa3mBaeTcst B paboTe [5.5],

[Ipennoso:xuM, 4To KOMaH/bl TypHHPA MO KPYTOBOH CHCTEMe MOXKHO
yIOPSIIOUHTb TAKHM O6pasoM, YTO 3a KamJIOH KoMaHaof HieT nobex-
JleHHas eo. Torma s (QUKCAlMH MOpsiiKa MOXHO OyneT NPHCBOHUTDL
KoMaHaaM menwle uucna 1, 2, ..., n. Takoe paHxMpOBaHHe Bcerja
BO3MOIKHO, MOCKOJIbKY B TYPHHUPE HMEETC OPHEHTHPOBAaHHBIH raMHJIb-
TOHOB NYTb (TeopeMa b.12). OHO Ha3BIBALTCS PAHICUPOSAHLEM TAMHUIBTO-
HOBBIM NYTEM.

3ameTuM, 4TO paHKHPOBAHHE T'aMHJILTOHOBBIM MYTEM MOMKET OTJIH-
yaThesl OT PAaHKUPOBAHUS MO oukaM. BoJsiee Toro, TypHHD MOMKET HMETh
He OJMH OPHEHTHPOBAHHEIHl TaMHJBTOHOB NyTb. B Taxom cayuae Bos-
MOKHO 60Jiee OJHOrO PaH:KHPOBaHHS I'aMHJBTOHOBBIM myTeM. OnHAaKo
B TPAaH3HTHBHOM TYPHHUpPE CYINECTBYeT TOYHO OIHH OPHEHTHPOBAHHHIA
raMUAbTOHOB MyTh., DTO YCTAHABJAUBAETCA B CJelyIOlleH JIeTKO 10Kashl-
BaeMoil Teopeme:

Teopema 5.15. B TpananTHBHOM TYpHHpE HMEeTCs! TOUNO OJHH OPHEHTHPOBAHHbIH
TaMHJIBTOHOB MYTh.

Ilpyrue npouefyps paHMKHPOBaHHS paccMaTphBaoTcs B paborax [5.6—5.8],

4 N 1449
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5.9. 3ameuaHHs, KacawuiHecs JHTePaTypbl

MHoro pesy/nbTaToB MO OpPHEHTHPOBAHHEIM rpadaM Ccolep:KHTCS
B IpekpacHbXx MoHorpadusx [5.5, 5.9]. Monorpadus [5.10] nocss-
IUeHA HCKJ/IOYHTENBbHO TypHHMpaM. 3ra ke TeMa H3ydyaercss B pafore
[5.11).

OpHeHTHPOBaHHbBIE JiepeBbsl NPHMEHSIOTCS MPH IMPEACTABJIEHHH B
OBM komGuHatopHbiX 06BeKTOB., lllHpokoe ofcyKaeHHe 3TOH TeMbI
npoBOAuTCS B MoHorpadmsax [5.12—5.15].

OpHeHTHpOBaHHEIE LepeBbsl NMPHMEHSIOTCSl Takke B APYTHX oGJa-
CTAIX, HampHMep IpPH TOMONOTHYECKOM HCCJENOBAHHH 3JIEKTPHUECKHX
uenefi. B sToit 061acTH, B 4acTHOCTH, NMPeACTABJIsET HHTEPEC OMpenese-
HHEe 4HCJAa OPHEHTHPOBAHHHIX JIePeBbeB B OPHEHTHPOBAHHOM rpade.
rotr Bonpoc obcyxpaercs B ral. 6, a mpuMeHeHHs: OPHEHTHPOBAHHBIX
IepeBbEB B TEOPHH lieneil paccmaTpHBatores B 1. 13.

Cnyyan HCONb30BaHHSI OPHEHTHPOBAHHLIX JepPEBbEB OGCYKAAKOTCS
B paGore [5.16].

YnpaxHeHus

5.1. Ilyctb G — opreHTHpOBaHHBIR rpad Ges metesib u napamieabnbix ayr, [ycrs
max (06—, 6+)=£k. Jlokaxure, 4o a) rpad G HMeeT OPHEHTHPOBAHHHI MyTh AJIMHEI He
MeHee k 1 6) ecain k>0, To rpad G uMeeT KOHTYp IJ/IMHBI He MeHee k1.

5.2, TlokaxcHTe, 4TO AYrM HeOpHeHTHPoBaHHOro rpada G== (V, E) MOXHO OpPHEHTH-
poBaTh Tak, 4To6hbl B IMOJYYHBLIEMCH OPHEHTHPOBaHHOM rpade |d+ (v)—d— (v)| <!
J1s1 Mmo6oH BepIunHe v E V.

5.3. OpueHTHPOBaHHLIH DPaspes OPHEHTHPOBaHHOTO rpada — 3to paspes &S, S,
BCe AyTH KOTOPOro MJH HCXOUAT U3 S, uiu 3axoasat B S. [lokaxwTe, 4To Ayra opwu-
€HTHPOBaHHOro rpada NPHHAMIEKHT JH60 OPHEHTHPOBAHHOMY paspe3y, JIHGO KOH-
TYpy, HO He MPHHAJIe:KHT HM OJQHOBPEMEHHO. (3To yacTHHIH cJayyafl pesyJbrata,
H3BECTHOTO NOJL Ha3BaHHEM «/1eMMa O pacKpacke Iyr», KOTophill JoKaskBaercs B IJ. 10,

Teopema 10.31.)

5.4. Tlokaxure, uTO A5 OpHeHTHPOBaHHOro rpada G, HMelOWlero He MeHee ONHOM

AyTH, CJeLylOllHe YTBEPKACHHS PaBHOCHJBHEL a) rpad G He HMeeT KOHTYPOB H 6)

n06as Ayra rpada G BXOIHT B OPHEHTHPOBaHHHIH paspes.

5.5. Tlokamure, 4T0 As1 OpHeHTHpOBaHHOTro rpada U, Hmelomlero 1o kpafinell mepe

ONHY AYTy, CJAeNyIOUIHE YTBEPMKACHHR PaBHOCHJBHBL a) rpad G — CHJAbHO CBA3HBI,
6) Jio6ast nyra rpacda G JeXHT B KOHType H B) rpad G He HMeeT OPHEHTHPOBAaHHBIX
paspesos.

5.6. Tlokaxmure, uT0 OPHEHTHPOBAHHBLIA rpad Ha n BepwHHAX Ge3 NapanieNbHBIX AyT
H meTe/b CHJBHO cBs3eH, ecad min{6~, 8+ }> (n—1)/2.

5.7. TlokaxHure, 4TO CHJBHO CBA3HBIH rpad, copeprkamufl UHKJ HEYETHOH AJHHEI,
COJIePXHT TaKXKe KOHTYD HeUueTHOH IJIMHEL

5.8. Ilycte G= (V, E) — Takoll opueHTHpOBaHHHH rpad, uto a) d+ (x)—d- (x)=I=
=d~ (y)—d+ (y);6) d* (v)=a~ (v) msvE& V—{x, y}. [lokaxuTe, uT0 B rpade G ume-
ercsi [ peGepHO-uenepeceKaloUHXCsl OPHEHTHPOBAHHBIX X—y-TyTeil,

5.9. Nokaxwute, 4TO CHJIBHO CBASHMIE rpad HMEeT OCTOBHBIH OPHEHTHPOBAHHBIH MapII-
yT.

5.10. UYto u3 cefs npeicTapJsieT NMHHHeHWas WMKJIMYecKas IOCAEIOBATEIbHOCTD,
o6pa3oBaHHasi U3 TpeX CHMBOJIOB X, y H Z TaK, YTO HHUKaKas MOAMNOC/e0BATEIbHOCTD
M3 ueTbIPeX CHMBOJOB He nobTopsiercs? [lpuBepuTe mpumep Takol HOCTeHOBATeNb-
HOCTH.
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5.11. Haligure Takyio HHKJIHYECKYI0 NOCJIe0BaTelbHOCTb U3 ceMH «0» U ceMu «ls,
yTO Bee 4-pa3psaHble ABOMUHBLIE NOCIENOBaTeNbHOCTH, KpoMe 0000 u 1111, aBasiores
ee NOANOCJENOBaTeNbHOCTAMH.

5.12. lokaxuTe, 4TO FaMUILTOHOB KOHTYD G, ,, COOTBETCTBYET OPHEHTHPOBAHHON 3ii/1e-
poBoii tenu Gy, ,_j. Beerna an G, 5 HMeET FaMUIILTOHOB KOHTYD?

5.13. TToKaxHuTe, UTO YHCJIO OPHEHTHPOBAHHBIX 3HJePOBLIX llenefl B OPHEHTHPOBAHHOM
rpade, HUMerolleM /2 BepPLIHH W m > 2n Ayr, 4YeTHO.

5.14. TMTokaxure, 4To OpHeHTHpoBaHHH rpag G= (V, E) Ge3 napa/iesbHbiXx Ay H
neTedb HMeeT OPMEHTHPOBaHHBIH FaMHIBLTOHOB NYTh, ecay d+ (v)+d= (v)>=n—I
a8 mo6oh sepwrHbl VE V.

5.15. [TokaxuTe, 4TO JMIOGON TYPHHP CHJILHO CBSI3eH /W €r0 MOMKHO Npeofpasosarhb
B CHJILHO CBA3HEIH TYPHHD CMEHOH OpHEHTaUHH TOJIbKO OfHON AyTH.

5.16. IToamHOxkecTBO SV HasbiBaTcd He3aBHCHMBIM MHOXecTBOM rpada G= (V, E),
ecsl HHKaKHe JBe BepIIHHbl S He cMexkHH. JlOKaxuTe, UTO OPUEHTHPOBaHHLI rpad G
Ge3 reTesib HMeeT TaKoe He3aB#CHMOe NOAMHOXKECTBO S, 4TO BCAKYIO BEPIUMHY U rpada
G, He BXOAALLYIO B NOAMHOMXKECTBO S, MOMKHO JOCTHUb H3 BEPIUHHE B NOAMHOXECTBE S
OPHEUTHPOBAHHBIM NyTeM AIHMbLI He GoJsee 2 [5.17). DTOT peayabTaT uMeeT unTepecHoe
CJeCTBHE: TYpPHHP o6JajaeT BepIUHHON, H3 KOTOPOH BCe OCTa/bHble NOCTHUTZIOTCH
OPHEHTHPOBaHHLIM NyTeM JJIHHOH He Gosee 2.

5.17. TMokaxure, 4TO O4YKM §; TYpHHpPA Ha n-BepUIHHaX YJOBJETBOPSIOT YCJIOBHIO

n n1
2 S= 2 (i—1—s)?,
i=1 {=1

4%



6. Marpuusl rpados

B sroil rsiaBe BBOASATCS MAarpHLbl MHUMAEHLHMH, LHUKJIOB, Pa3pe3oB
U CMEXHOCTH rpada M YCTaHaBJMBAIOTCA HEKOTOpble CBOHCTBA 3THX
MaTpH1l, KOTOpPble NOMOTYT pPacKpHITh CTPYKTYpy rpada. Marpuun HH-
IMJeHIMH, LHKJOB U pa3pe3oB HCIOJb3YIOTCS NPH HUCCAeI0BAHHH 3JeK-
TPHUYEeCKHX leneH; 5TH MaTpHLbl BXOAAT B KauecTBe K03(h(UIHUEHTOB
B ypaBHeHns Kupxroda, onuceBaiomue nenb, [103ToMy CBOHCTBa 5THX
MAaTpHIl H ApYrHe CBs3aHHblE C HUMH pe3yJbTaThl, (OpMyJaHpyeMble B
Hacroswed rjase, OyAyT LIHPOKO MCHO/b30BaThes B 4, II KHuru, Hsy-
yaeMble HAMH CBOWCTBA MaTPHLBl CMEXHOCTH CJYKaT OCHOBOM NOAXOAa
CUTHaJbHBIX TpaOB NOTOKOB, fBJSIOLIMXCH MOIUIHBIM HHCTPYMEHTOM
NPH HCCJIeNOBaHHH JHHEeHHBIX cHcTeM. TeopHs cHUrHanbHBIX IpadoB no-
TOKOB pasBHBaeTcss B pasd. 6.11.

MmH paccMaTpuBaeM rjaBHbIM 00pasoM MaTpHLbl, CBA3aHHBIE C OpH-
eHTHPOBaHHBIMM rpadamu. OJHAaKO HaIM pacCyXAeHHS OCTaHyTCs
CrpaBelJIMBBIMU H JJ151 HEOPHEHTHPOBAHHLIX rpadoB, eCIH CUUTATh, YTO
onepalMy CJAOXKEHHS M YMHOXEHHUS JeficTByioT B noje GF (2) uenbix
yhgces no mod 2.

6.1. Marpuua mHUMAeHUMHH

Paccmotpum rpad G Ges meresb Ha n BepuMHax u m peGpax. Mar-
puna uHuuienuni A, =la;;] rpada G umeer n cTpOK (N0 OAHOH Ha Kax-
Ay BEpUIMHY} M #1 CTOJOLOB (IO OAHOMY Ha KaXKAYyIo Iyry). DjeMeHT
a;; MatpHubl A, onmpejensiercss ClelylOMUM 06pasoM: :

1, ecam i-a aoyra MHUMAEHTHA j-i
BEpIUIMHE M HCXOAHT M3 Hee;

Ecan rpad G —I1, ecam {-a Jyra MHUMOEHTHa j-#
OpUEHIULPOBARKbIL, a; ; = BepPLIMHE M 3aXOJUT B HeE;
0, ecnn i-a nyra He MHUMIEHTHa j-if
BEpIIHHE,

1, ecnu j-e peBpo HHUMAEHTHO i-H
BepLINHE;
0 B NpOTHBHOM cJyuae.

Ecan rpadp G
HEO pUBHIMUPOBAKHBIL, @ ; = ]

Crpokn Matpuupt A, Ha3bIBAIOT eexmopamu unyudenyud rpada G.

Ha puc. 6.1, a v 6 npexacrasnens aBa rpada co CBOHMH MaTpULaMu
HHUWACHIUH,
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2 1 1 0 0 0 0 0

Y, -1 0o -1 1 0 o 0

U; 0o -1 1 0 1 1 0

UI, 0 0 4 -1 0 -1

U, 0 0 0 0 0o -1 1 ]
a

& & & e € g e

12 1 1 o} 0
Uz 1 0 1 1 0 0 0
UJ 1} 1 1 0 1 1 0
U, 0 0 0 1 1 0 1
Us_ 0 0 0 0 0 1 1 __J
Puc, 6.1,

@ —OpHenTHpoBaHHL rpad G ¥ ero MaTpHLa HHIMACHUMN; O — neopueHTHpoBaHHM{ rpad G u
€ro MarpHua HMHLHAEHUHH.

Ws onpenenenus oueBMaHO, 4TO BesKui crosfel, MaTpuusl A, co-
JIeP2KHT TCUHO [Ba HEHYJIeBHIX 3jeMeHTa: -+1 u —1. Tlostomy smoGyio
CTPOKY 3TOH MaTPHIbI MOXKHO ONpPEAEIHTDb N0 OCTANbHBIM i—1 CTpOKaM.
Takum ofpasoM, nponssosibHBle n— cTpoK MaTpuupbl A, coiep:xar
BCio MH(opManuio o0 3tofi MarpHue. JIpyrHMH cJIOBaMH, CTPOKH MaT-
puupl A, JHHEHHO-3aBHCHMEL,

Iloamarpumy A Matpuubt A, Ha n—1 CTPOKe HA3BIBAIOT YCe4eHHOL
mampuyed unyudenyuil. EcJiM BepluHHA COOTBETCTBYET CTPOKE MATPHUIILL
A,, orcyrcTBylomel B noaMarpuue A, To roBopaT, uto A — mampuya
UHYudenyull, YeeweHHas no cmpoKe,— coomeemcmeyem OaHHo epuiune.
3aMeTuM, uTo

rank (A) =rank (4,) <<n—1. 6.1)

[lokaxeM, 4To B cayuae cBs3HBIX rpadoB paHr MaTpuusl A, paBeH
n—1. OT0 yTBepKJeHHe OCHOBAHO Ha CJEAYIOWEH TeopeMe:

Teopema 6.1. Onpepenutesn 060 yceueHHOH MAaTPHLLI MHIMAEHIHE JAepeBa
paBey 1.

Hoxazamenscmeo: JloKasaTeqabCTBO NPOBOAMM HHAYKIMeH 1O YHCAY N BeplUHH
lepesa.
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JlioGasi yceueHHasi MaTpHLa WHUMJAeHUMH JepeBa Ha JABYX BEpUIMHAX SIBJsETCS
MaTpuuelt pasmepHocTH 1X 1, eMHCTBeHHBIN s/leMeHT KoTopol paseH £1. Cienosa-
TeJIbHO, TeopeMa BepHa 1yl n=2, 3aMeTHM, 4TO /151 n==1 OHA yiKe He BBINOJIHSIETCH.

Tlycth TeopeMa BIMOJHSeTcs 1Sl 2<n<k. Paccmotpum gepeso.T Ha k-1 Bep-
muHe, TlycTs A — yceueHHasi MaTpulla MHUHIeHWHE JepeBa 7. Ilo TeopeMe 2.5 OHO
HMeeT 1O KpaiiHeli Mepe 2 BHCsAude BeplIHHBL T1ycTh i-51 BepuinHa fepeBa T sIBJIseTCA
BHCsIYell, a MaTpula A yceueHa He IO CTPOKe, COOTBeTCTBYOMIel 5Tok BepinHe. Eciau
5TOH BepIIHHe HHLUHJeHTHa [- jpyra, TO

ap==41 1 a;=0 (j # ).
Pasnaras ompepmenutens A 10 {- cTpoKe, nosyuaem
det (A)= 4 (—1)I+! det (4", (6.2)

rze A’ nonyuaercsi u3 A yjajeHueM i(-¥ CTpPOKM u [-ro croabua.
Ilycts T’ — rpad, noayuawomuficss nocse yjaaseHusi u3 fepeBa T i-fi BepIUIMHE
u [-i gyru. QueBuuHo, yto 7' — JepeBO, MOCKOABKY -5l BepuiMHa u [-s1 [yra — BH-
csiupe B gepese T. Bosee Toro, HeTpyAHO YyGeIuThcsi B ToM, uTo A’ — yceueHHasl
mMaTpuua HHuuJeHuuii gepeBa T'. Tlockoaeky T’ — [epeBo Ha n-—-1 BepliuHe, W3
HHIYKTHBHOTO NpPEeANOJIONKEeHHS caefyeT, YTo
det A'= 41, (6.3)

B coBokynHocTH ¢ BepameHueM (6.2) 3To HOKasmBaeT Teopemy misi n=k-1,

[TockoJbKy cBA3HBIA Irpad HMeeT XOoTs OBl OJHH OCTOB, H3 JIOKa3aH-
HOH TeopeMBl cllefiyeT, 4TO B JI000H ycedyeHHOH MaTpHIle HHUMIAEHIHHA A
CBA3HOTO rpada ecThb HEBBIpOXKJAEHHAs MoAMaTpuua MNopsjka n—I1.
Takum o6pasoM, mjs cBssHoro rpada

rank (A)=n—1. (6.4)
Tak kak rank (A,)=rank(A), nonydyaem cleRylolLyl0 TEOpeMy:

Teopema 6.2. Panr maTpuusl uHUHAeHUHH cBsi3HOro rpada G Ha n BepuiMHAaX
paBeH n—1, T. e. paHry rpada.

HenocpencTBeHHEIM CJIeiIcCTBHEM JaHHOH TeOpeMbl SIBJISIETCS CJeLylolnee YTBepiK-
JeHue:

Caedcmeue 6.2.1. Ecin rpad Ha n BepmIHHAX uMeeT p KOMIOHEHT, TO DaHT €ro
MaTpHLBl HHUMJAEHUHH paBeH n—p, T. e. paHry rpada G.

6.2. Marpuua paspesos

Hnsa ompefeneHHss MaTpHIbl pa3pe3oB OPHEHTHPOBaHHOrO rpada
HeOOXOAHMO KaKIOMYy paspe3y rpada NpHCBOHTH OPHEHTAIHIO.

Paccmorpum opuenTHpoBaHHBIH rpad G=(V, E). Ectu V, — He-
yCcTOe NOAMHOKECTBO MHOXKecTBa V, To HanoMHHM (Iv1aBa 2), 4To MHO-

AeCTBO YT, COSAHHSIOUMX BepWHHB V, u V,, fABJIdercs paspesom,
o6osnauaeMbiM <<V,, V,>. Opuenraunio <<V,, V,> MoxHO NpHHATD
KaK OT BepwHHBl V, K BepuwuHe V,, Tak H HaoGopoT. JIOmyCTHM, MEI
NPHHAMAEM OPHEHTALHIO OT BepLIHHKI V, K Bepluune V,. Toraa rosopsr,
4TO OpHeHTauus AyTH U3 <V, V,>> cOOTBETCTBYeT OpHeHTallHH pa3pesa
<Vq, Vo>, e/ Jyra OpHEHTHPOBAHA OT BepLIHHBI H3 V, B BepUIHHY H3
Ve
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Mampuya paspesos Q,=lg;;] rpada G ¢ m peGpamu umeeT m cToas-
OB H CTOJNbKO CTPOK, CKOJIBKO B 3TOM rpade nMeercs paspesos. Sie-
MeHT ¢;; ONpeleNseTcs CJAeAYIOUIUM O0pasoM:

1, ecau j-a ayra BXOAMT B {-ii pas-
pe3 U ee OpHeHTAalUs COOTBET-
CTByeT OPHEHTAlMH Daspesa;

Ecan rpad G J —1, ecnu j-7 nyra BXomuT B i-#f pas-

opuenmuposannsill, q;; = pes U ee OpHEeHTalHs He COoOT-

BeTCTBYeT OpHEHTAlMH pa3pesa;
0, eciu -1 jayra He BXOJUT B i-i
paspes.
€c/ny j-e peGpo BXOAHMT B i-H pas-
1 pes;

0 B nporuBHOM cayuae.

Ecau rpad G
Heopuenmuposantibill, q;; =

Crpoku Marpuubl Q. Ha3bIBAIOT GeKMOPAMU PA3PE30S.
Ha puc. 6.2 npeAcraBnensl Tpu paspesa OpHEHTHPOBAHHOTO rpa-
tha u3 puc. 6.1, a. [LITPHXOBEIMH JIHHUAMH B KaXIOM CJyYae NoKasaHa

—_——— — s ——

€

€5

Pa3apes 1

Paspes 3

Puc. 6.2, Hexoropere paspesw rpada Ha pme. 6.1, a.

OpnenTanus paspesa. COOTBETCTBYIOUIAS STHM TPEM Pa3pe3aM [OAMAT-
prna Q, uMeer BuJ

€ €, e e, es eg e,
Paspes 1 [1 0 1 0 1 1 0
Paspes 211 1 0 0 0-1 1
Paspes 310-1 1 0 1 1 0
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COOTBETCTBYIOIYIO NOAMATPHIY B c/ydae HEOPHEHTHPOBAHHOTO Tpa-
¢ha MOXKHO MOJNYYHTb, 3aMEHUB B 3TOH MaTpHle «—I» Ha «+1»,

PaccMOTpHM MPOH3BOJIBHYIO BepliHHY v. HeHyneBble ajieMeHTH co-
OTBETCTBYIOIETO BeKTOpa HWHIMIEHIHH IPeACTaBJsI0T HMHIMACHTHLIC
BEpIINHE U AYTH. DTH AyrH o6pasyioT paspes <v, V—u>. Ecau npu-
HSTb OPHEHTALMIO 3TOTO paspesa OoT ¥ K V—u, TO U3 onpeaeneHud MaT-
PHUIl paspe3oB M HHIMJEHIHMH clefyeT, 4TO CTPOKa MaTpHubl Q,, cOOT-
BeTCTBYIOIas paspe3y <v, V—u>>, coBmnajaeT cO CTPOKOH MaTPHIBI
A, cooTBercTByIoIeH BepmHHe v. CrenoBarenbHo, A, — nogMarpHua
Mmatpuusl Q..

[TokaxeM, 4To panru MaTpul Q, u A, onunakoBnl. s aToro goka-
KeM CJelyIoLyIo TeopeMy:

Teopema 6.3. BcsiKyo CTPOKY MarpHIBl pa3pe3oB Q. MOMXKHO BBIPA3HTb ABYMS
croco6aMu B BHJAE JMHHEHHON KOMOGWHAIMH cTpoK matpuubl A.. B ofoux ciydasx
HeHyJ/IeBble KOS(QQUIHEHTH B JHHeHAHON KOMOMHALMY paBHH —+1 MM —1,

Hoxasameavcmeo. Tlyets <V, Vo> — i-it paspe3 rpada G Ha n BepIIHHAX H M
Ayrax, a q; — COOTBeTCTBYIOIMEA BeKTOp paspesa. Ilyctb V,={vy, vy, ..., U,}, @

Ve={v,+1, Yrte - - ., U} IlycTh, Hasee, a; (1 <i<n) — BeKTOP MHLMIEHLHI, COOT-
BETCTBYIOIIHH BeplIHHe 0U;.
He napymas o6mHOCTH, NOMYCTHM, 4TO OpHeHTAlHs Vg4, V> OT BeplinHb Vg,

K BepiinHe V,. [las H0Ka3aTeJbCTBA TeOPEMBbl YCTAHOBHUM CJeAYIOIlee PABEHCTBO:
gi=a1+a+ ... +a,=— (@ra1+a st Fa). (6.5)

ITycth v, W Uy — BePLIMHB, HHIMJEHTHblE k-f [yre, MPU 5TOM OHA OPHEHTHPO-
BaHa OT U, K 0. Ilostomy

apk'zl, aqk:——l, ajk':O! ];é p, k. (6.6)
Celiuac BO3MOXKHBI UeTbIpe CJaydas:

Cayuaii 1. v, €V, a g€ Vg, T. €. p<r, a g=r+1, nostony gz=1.

C/zyttatg 2. 0,EVy, av €V, 1. e, p=ri1, a g<r, nostomy g;p=—1.

Cayuaii 3. vp, v, €V g, T. €. p, §<r, TOSTOMY §;5=0.

Cayuaii 4. vy, VG€ Vg, T. €. p, gz2r+1, nosTomy ¢;,=0.
Hcnonb3ysi BeipameHHe (6.6), ieTKO IMOKAa3aTh, YTO B KaXKAOM H3 3THX 4YeThIpeX CJIy-
4aeB BBINOMHSIETCA CJefyIoliee PaBeHCTBO:

Gie=(01pF s+ ..+ ) =— @rs1, e+ rsg g+ +am). (6.7)

ITocKOJIBKY 5TO PABEHCTBO BBIMOJHSIETCST VISl BCeX |<Chk<C/M, CpPaBelIHBO H BBIpa-
KeHHe (6.D), 4TO JOKAa3bBaeT TeopeMy.

Jas manmocTpanu# TeopeMbl paccMoTpuM paspes 1 Ha puc. 6.2, On
pasfenser Bepiinisl B V,=={v;, v;} u Bepmunbl B V,. OpHentannus pas-
pesa or V, Kk V,. [To3TOMy COOTBETCTBYIOWHMII BEKTOP Pa3pe3a MOMKHO
BBIPa3uTh cienyomuM o6pasoM: (1 01 011 0] = a;+a;=—a,—a,—
—as, TIe 4y, @, . .. , U5 — CTPOKH MaTpuusl A (puc. 6.1, a).

BaxXHbBIM crelcTBHEM H3 TeopeMbl 6.3 aBasgercs To, 4To rank (Q,)<C
<rank(4,). Omnako, nockoAbKy A, — noaMaTpuma MaTpuubl Q,,

to rank(Q,)>=rank(A,). ITostoMy Mbr noaydaem, uro rank(Q,)=
=rank (4,).
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Tenepb U3 TeopeMnl 6.2 H ciefcTBuA 6.2.1 BhITeKaeT elefyomias Teo-
peMai

Teopema 6.4, Panr matpuuwl paspesoB Q. cBsisHoro rpadga G Ha n BeplIMHAX
pageH n—I, T. e. panry G.

Caedcmsue 6.4.1. Panr matpuub paspesos Q. rpada G Ha n BepuInHAX, HMEIOLWETO
p KOMIIOHEHT, paBeH n—p, T. €. DaHry 3Toro rpada.

V3 3THX BHBOAOB ciedyeT, uTo MaTpHlla HHUMAeHIMH A, sBjsercs
BaXHOH noAMAaTpHUeHd MaTpuibl paspesoB Q.. Onpemenum ceifuac
JPYTyI0 BaXHYIO MOAMATPHIy MaTpuubl Q..

Ham wusBecTHo, uTo ocTtoB T cBsisHOoro rpada G Ha n BepIIHHAX
onpefeaseT MHOXeCTBO H3 n—I1 6asHCHOro paspesaollero MHOKeCT-
Ba — 10 OJHOMy 6asHcHOMY paspesaiollleMy Ha BeTBb jgepeBa 7. [loj-
mMaTpHua Q,, coOTBeTCTBYWOILAs 3TOMYy n—1-6a3HCHOMY paspesalouieMy
MHOXKECTBY, HasblBaeTCsl OQ3UCHOL mMampuyel paspe3aioujux MHOMNCeCs
Q; rpada G no orHomeruto K gepeBy 7. Ilyerb by, by, ..., bpey —
peTBH jepeBa 7. [lepectaBuM cTONGIBI H CTPOKH TaK, 4TO

1) i-#1 cronben cooTBeTCTBYeT BeTBH b; Ansa 1<li<n—I;

2) i-s1 cTpoKa coOTBeTCTBYeT 6a3UCHOMY paspesalolleMy MHOXKeCTBY,
onpene/sieMmomy b;. Ecnu Teneph opueHTalHio 6a3sHCHOrO paspe-
3aI011er0 MHOXKecTBa BLIGpATh TaKuM oOpasoM, 4ToObl efl cooT-
BETCTBOBA/Ja OPHEHTAllUsl ONpelesionel BeTBH, TOTAa MaTpPHLY
Q; MOXHO NPeACTaBUTL B C/enylomeil yaoGHOH dopme:

Qr=1IU | Qgcl, (6.8)

rae U — eIMHHYHAs MaTpHla nopsiika n—1, a cToy61bl ee cOOTBETCTBY-
10T BeTBAM JepeBa 7.

Hanpumep, 6asucHas MaTpHIa paspes3arolliX MHOXKecTB Q; CBA3HOTO
rpada Ha puc. 6.1, a no oTHoweHHIO K octoBy T={e;, €3, €, €7} HMeeT
BHJ|

€ €, € €; e e, e

4/1 0 0 0] 1 =10
Q=%1{0 10 0/|-1 10 (6.9)
T e&i0 01 00 11

&0 6 0 110 11

U3 (6.8) cexyer, uto paHr MaTpuin Q, paBeH n—1, T. e. paHry mar-
puin Q,. Takum o6pasoM, BCAKHH BEKTOD paspesa MOXKHO BhIPasHTb
B BHJe JHHeHHOH KoMOMHanuu O6asUCHBIX BEKTOPOB paspesaromux
MHOKeCTB.

6.3. HuknomaTHueckas matpuua

LI1K/1 MOXHO OGOHTH B OJTHOM H3 ABYX HaNpaBJeHHH: [10 YaCOBOH HJH
NpoTuB 4acoBoil cTpenku. Hanpasnenue, BribHpaeMoe jis 06Xoa HUK-
Ja, omnpejienser ero opdeHTanuio. OpHEHTALMIO IIMK/I4 MOXKHO YKasaTb
CTpesKoii, Kak Ha pHc. 6.3.
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PaccMOTpHM LyTY € ¢ KOHUEBBIMH BeplUnHamu v; H v;. ITycTh gyra e
OpHEeHTHpOBaHa OT ¥; K U; U BXOAUT B UHKa C. bynem rosopurb, 4to
OpHeHTalHsi AYTH e COOTBETCTBYeT ODHEHTAlHH LHK/A, ec/M BeplIMHA

% & u, v; BcTpewaeTcst pH o6xose unkaa C B
HanpaB/eHHH, YKa3aHHOM ero OopHeH-

tauuefl, paHblle BeplIMHBI v;. Hampu-
Mep, OpHeHTaUus AYrd e; B UUKJe Ha

puc. 6.3 cooTeeTCTBYeT OpHEHTAUHH

Uy  UMKJa, a OpHEHTAUHMs AYyTH e, — HeT.
Lurkromamuueckasn mampuya ¥
B,=lb;;] rpapa G ¢ m peGpamu
HMeeT m CToa0UOB H CTOJNBKO CTPOK,

Uy CKOJIBKO UHKJIOB uMeercs B rpade G.
Puc. 6.3. DaeMeHT bi, omnpenesieTcs caeAyOUHM
obpasom:

1, ecau j-f myra BXOAHT B i-H HHKJ
H ee OpHEHTalUHs COOTBETCTBYeT
OpHeHTalHH UHKJIa,

Ecou rpad G —1, ecau j-9 xyra BXORHUT B i-H UUKJ

opuenmuposanmbil, U €e OpHeHTAaUHUdA He COOTBETCT-
ByeT OpHeHTAUHH LHKNa,
0, ecan j-A4 pyra He BXOEUT B i-#i

LUK,

1, ecin j-e peGpo BxomuT B i-if
Ecau rpad G b — S
Heopuermuposannoit, i/~ ’

0 B nporHBHOM cayuae.

CrpokH MaTpHLE B, Ha3bIBAIOTCH YUKAUMECKUMU BeKmOpamu Tpa-
da G.

B xauectBe mpHMepa cHOBa paccMoTpuMm rpad Ha pue. 6.1, a. Ha
puc. 6.4 mpeicTaBieHEl TPH LHKJIA STOro rpada M HX OpHeHTaUHf.
[ToamatpHua B,, cOOTBETCTBYIOUIAA 3THM LHUKJAM, HMeET BHJ

€ € € ey ey € €,
Lusn 1 1 -1 0 I -1 0 0
Liukn2 -1 1 1 0 0 0 0
Ui 3 1 -1 0 1 0 -1 ~1

CooTBercTBytomlas MNOAMATpHUA JJAs HEOPHEHTHPOBAHHOrO rpada
puc. 6.1, 6 monyuaercs 3ameHoH B 3Tolf MaTpule «—I» Ha «1»,

D Jlpyroe naapanHe — MaTpPHLA LMKJIOB, Ans YAOGCTBA Mbl IPHMeHseM o6a Tep-
MHHA,— [Tpum. ped.
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Cei#iyac onpefieIMM IOAMaTpHuy B,, Hrpamoumyio BaXHYIO podb.

PaccMOTpHM TPOH3BOJbHBIH 0cToB T cBA3HOro rpada G, UMerouIero
n BepliMH H m pebep. IlycTb ¢y, €2 . .., Cm_pe1 — X0paBl T. Kak
H3BeCTHO, 3TH Mi—1.-+1-XOpAbl ONpernessioT MHOXECTBO H3 m—n-1-
GasyucHLX IHKJOB. [logmarpHua B,, coOTBeTCTByIOIast 3TUM Ga3HCHEIM

Yy €y [ v, ey U,

Puc. 6.4. Hexotoprie uuxasl rpaga ua puc. 6.1, a.

UHKJaM, HasbiBaeTcsl 6aducHoll yukiomamudeckoll mampuyeld B, rpagda
G no oTHommeHuto K octoBy T.
[TepectaBuM cTONGUBI H CTPOKH B, Tak, 4TO
1) i-ii cTonbel COOTBETCTBYET Xopie ¢;, 1<lisKm—n--1;
2) i-1 cTpOKa COOTBETCTBYET $a3sHCHOMY LHKJY, ONpenessieMOMY XOp-
ot ¢;.
Bui6upas opHeHTauHio 6a3HCHOro IHKJAa TakKHM 00pa3oM, 4TOGH! efi
COOTBETCTBOBa/ia ODHEHTALHs Onpejensiolled XOPAbl, TNOJYYHM clle-
Lylollee TNpeACTaBJeHHe MaTpHUBl B

B,=[U|B,], (6.10)

rae U — enpuHH4HasA MaTpHLUA pasMepHOCTH m—n-+1, cToabLbl KOTOpoi
COOTBETCTBYIOT XopJaM ocToBa T.

HanpuMep, 6asucHas LHKJIOMaTHYecKas MaTpHna rpaba na puc.6.1,a
0 OTHOWIEHHIO K ocToBy T=/{e;, €3, €5, €2} HMeeT BHI

€3 €4 €5 €y €, €6 €y

B e511 0 O -1 1 0 0

= €410 | 0 1 -1 -1 -1
€10 O 1 0 0o -1 -1 (6'“)
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Us (6.10) cnenyer, uto panr Marpuunl B, pasen m—n+-1. ITockoabky
Matpula B, — noamarpuuna B,, noaydaem

rank (B,) =zm—n+1. (6.12)

B crenyiolem pasgene MBI NOKaKeM, 4TO PaHI NOAMATpHIBl B,
B cJydyae ¢BsI3HOro rpada paseH m—n—+-1,

Ceiluac OTMeTHM, YTO HCNOJIb3YEMBIH B IIPEIbIAYLIEM pasjese NOAX0
K olpejieJieHHo paHra MaTpHIBl (), He TORUTCS IJ1s1 CJIy4ast OAMATPHIbL
B.. (Ilouemy?) O3nauaeT g4 3T0, YTO OTMEUEHHAS HAMH «IBOHCTBEHHOCTL?
(ra. 4) Mexny NMK/JaMH M PaspesalollMMH MHOMKECTBAMH NPOCTO CJy-
yaiina? Her, MBI YBHINM, Y4TO apryMeHTHI, H3JOXKeHHble B CJeIYICIIEM
pasjene, eme GoJiee NOATBEPIAT 3TY «IBOHCTBEHHOCTLY.

6.4. CoOTHOIIEHHE OPTOrOHAJLHOCTH

B pasp. 4.6 Mb mokasamH, 4TO B C/ydYae HEOPHEHTHPOBAHHOIO
rpada BCSKHH LHMK/JHYECKHH BEKTOD OPTOrOHA/EH BCSKOMY BEKTOPY
paspesa. Tenepb MBI JOKaxeM, YTO 3TOT Pe3yJbTaT CNPaBELTHB TAKIKeE
H IS c1yuasl OpHEHTHPOBAHHEIX rpadoB. Haiue 1oKasaTenbcTBO OCHO-
BaHO Ha cJelylollell TeopeMe:

Teopema 6.5. Ec/ii paspes M UMK/ OPHEHTHPOBaHHOTO rpadba HMeIOT 2k 06LHX

AYT, TO k A3 3THX AYT HMCIOT OAHHAKOBYIO OTHOCHTEJbHYIO OpHEHTalHIO B pa3pe3e H
LHK/JIC, 8 OCTaBLIHECH k AYT HMEIOT NPOTHBONOJIOKHLIC ODPHEHTALHH B paspese H LUHKJE,

e ——

/ & \

{ c) I

/

\ . v
€, _

Va Wy

Puc. 6.5.

Hokasameabcmeo: Pacemorpum  paspes <V, V,> u wuka C OPHEHTHPOBaHHOTO
rpaga. Ilpeanosnoxum, uto Mel o6xofuM C, HAYHHAS ¢ BepINHHE!, HaxoAsmekcsa B Va-
Torpa aast Besikoft AyTH ey, KOTOpasi NMPHBOJHT Hac M3 V, B V,p, CYIIECTBYeT Jyra ey,
KOTOpas TNDHBOAMT Hac 3 V, B V,. 3aMeTum, uto eciu e (e;) HMeer OJIMHaKOBYIO
OTHOCHTEJIbHYIO ODHEHTAUHIO B pa3pe3e H B LHKJe, TO €, (e;) HMeeT B paspese H IHKJe
TPOTHBOTIOJIOKHEIE OpHEHTAalHH (pHC. 6.5).

IlokaxeM cefiuac OCHOBHOH pesyJbTaT 3TOTO pasjena.

Teopema 6.6. (CootHomenne oproroHanbHocTH.) EcaM cTosGUB UHKJIOMAaTHYe-
CKOH MaTpHUH! 5 H MaTpHLL! Pa3pe3oB Q. PACTOJIOKHTL B OJHOM TIOPSAKE, TO BCQZ=0.

Jokasameascmeo. PaccMOTPHM UHKJ H paspes, uMeiomye 2k o6mux ayr. Ilpowus-
BEICHHE COOTBETCTBYIOLHX LMK/JHYECKOTO BEKTOPA H BEKTOpa paspesa Papio HYJIO,
MOCKONBKY MO Teopeme 6.5 OHO paBHO cymMe £ «l» H & «—1>». IMockoabky Kampupii

¢
SJeMEHT MaTpHUbl B,Q; paBeH NDOH3BEJCHMIO UMK/IHUECKOTO BEKTOPA HA BEKTOP
paspeaa, TO TeopeMa JOKas3aHa.

CooTHOLUEHHE OPTOrOHAILHOCTH — 3TO OYeHb FyGOKHMil Pe3yJbTar,
HMEIOIHH HHTePeCHbe PHMEHEHHS B TeOPHsIX rpadoB M (Kak Gy LeT ro-
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kazado B 4. II KHHrH) s71eKTpHueckHX uened. Cefiyac Mul Henonbayem
3TO COOTHOIIEHHE [/1s1 OfpeNeJNeHHs] paHra LHK/JAOMATHYECKOH MAaTpHUIH
B,.

¢ PaccmorpuM cBsisubiil rpad G Ha n BepluHHax H m ayrax. [lycts
B, u Q; — GasHcHble LHK/IOMATHYECKas MATPHIA H MaTPHLA pa3pe3alo-
X MHOMECTB NO OTHOWeHHIO K octoBy T. Ecau cron6ust MaTpHin 5,
H Q; pacnosioxeHbl B OAHHAKOBOM MOpsiIKe, MBI MOXeEM MPECTaBHTH
ux B Buze B,=[B, Ul, Q~lUQ,]. Cornacno coorroweniuio
oproroHansbHocTH, B,Qi=0, T. e.

U fad
[B/tU] [Q?c] =0 uan B/t: -— Q;‘c. (013)
Mycts B=I[Bi, Bz, ..., BolBpsss - - -, Pml, r2ie p — paur rpada
G — ABJSIETCS LHKJIHYECKHM BEKTOPOM, 3JIeMeHTBI KOTOPOro pPaciloJio-

XKEHbl B TOM e MOPsIAKE, YTO U crobubl matpun B, u Q,. Torma,
COTVIACHO COOTHOIIEHHIO OpTOrOHANBHOCTH,

, U
BQI=[Bss Bos -y BolBorn -, ﬁm][Qﬁcho'

HOQTOMy [ﬁl, ﬁz, ey ﬁp]:'—[ﬁp+l’ ﬁp+2y Ceey ﬁm]Q;c=[ﬁp+1’
Boiss -+ - BmlBy. HMcnonpsys sro paseHcTBO, MOXKHO 3anmucaTh Bek-
top [B1, B2 . .. Bm] B crienylomem Buge:
[ﬁv ﬁz’ R} ﬁm]z[ﬁp+h ﬁp+2s ¢ty ﬁm][B/tU]zz
=[[‘)’p+1,'ﬁp+2» BRER) ﬁm]B/- (6-14)

Takum obpasoM, I060H LHKIHYECKHH BEKTOP MOXKHO BBIPA3HTH B BHJE
JIHHEHHOH KOMOHHAIMH Oa3sHCHBIX LHK/JIHYECKHX BeKTOpoB. IlosTomy
rank (B,) << rank (B))=m — n+1. OGbenuHsis 3T0 HepaBEHCTBO ¢

BbipaxkeHHeM (6.12), nonyyaeM cienylooulylo TEOpeMy M CJeNCTBHe H3
Hee:

Teopema 6.7. Panr tukgomatuueckoll MaTpuusl B, cBsi3HOro rpada G, HMeiowIero
1 BepwHH ¥ m AyT, paBeH m—n-+1, T. e. WMKIOMATHUECKOMY YKcay rpada G.

Crencrene 6.7.1. Panr unkaomartnyeckolt matpuust B, rpada G Ha n BepuimHax
H M Ayrax ¢ p KOMIOHEHTaMH DaBeH Mm—n-t-p, T. e. LKJIOMAaTHYECKOMY Uncay rpada G.

[ycrs a=lo, @ ..., @n 0y, ..., @l — BekTOp paspesa,
3JIEMEHTBbl KOTOPOr0 PaclO/IOXKEHBl B TOM Ke IOPSIJKe, YTO H CTONGLBI
Matpul B, u Q;, TOorga MOXHO, HCXOAS M3 COOTHOIIEHHS aB}=0,
Jl0Ka3aTh, 4TO

a=[o, o ..., 4,]Q, (6.15)

C NOMOILBIO TPONENYpPhl, aHAJOTHYHOH TOH, YTO HCNOABL3OBAJAACH TSI
YCTaHOBJIeHHs1 cooTHOWeHHs1 (6.14). CnenoBaTenbHO, BCSKHiI BEKTOP
paspe3a MOXKHO BBIDA3HTb B BHJe JIHHEHHOH KOMOHHALIUM Ga3HCHBIX BEK-
TopoB paspesatolllux MHOXKecTB. Tak kak rank(Q,)=n—1, To rank



110 I'aasa 6

(Q.)=rank (Q;)=n—1. 310 ABAAETCS aNbTEPHATHBHBIM LOKA3aTe/bCT-
BOM TeopeMbl 6.4,

3ameTuM, 4TO KOJbLEBasi CymMMa ABYX MNOArpadoB COOTBETCTBYET
cymMe 1o mod 2 COOTBETCTBYIOLMX BEKTOpOB. [l0o3TOMY 151 cayuas
HEODHEHTHPOBAHHLIX rpadioB paBeHcrBa (6.14) u (6.15) npocto noBTO-
pAIOT YTBEPKACHHUSA, YKe JOKa3aHHble HaMU 110 XOAY paccyKIeHu#, npu-
BellIMX K TeopeMe 6.4, a HMEHHO: UMKJ (pa3pe3) MOXKHO BbIpa3sHTb
B BuJe cyMmbl 1o mod 2 GasHCHbIX HHUKJOB (GasHCHBIX paspes3arolux
MHOXKECTB).

6.5. MoamaTpuubl MaTpHL pa3pe3os,
HHUHACHUHH H LHKIOB

B sToM pasfene Mbl o0XapakTepHsyeM Te MOAMAaTpHUbI MaTpuu Q,,
A, u B,, KOTOpble COOTBETCTBYIOT HUK/IaM, pa3pesaM, OCTOBaM, KOOCTO-
BaM, H H3YyuHM CBOHCTBA 3THX MNOJMATpHII.

Teopema 6.8. 1. Mexny cronbuamu MarTpHllbl pas3pesoB Q., COOTBETCTBYIOUIHMH
LyraM 1MKJa, CylecTByeT JHHefiHagd 3aBHCHMOCTb.
2. Mexpay cronfuUaMy LMKJIOMATHYECKOH MaTPHUW B,, COOTBETCTBYIOLIMMH JyraM
paspesaollero MHOXKeCTBa, CYLIeCTBYeT JIHHeHHAas 3aBHCHMOCTb.

Hoxazameascmeo. 1. Tlyets Q.=~[QW, Q¥, ..., QW] — pagbuenne Q, Ha
croabunl; B={P;, By ..., Bnl — uukauueckuil BexTop. Torza, COrJIACHO COOTHO-
WIEHHI0 OPTOrOHAJbHOCTH, uMeeM @ B!==0 uju

B1QW +B2QD ... B, Qum =0, (6.16)

JlonycTaM, He Hapymas OGLLHOCTH, YTO NEPBLIE 7 3JeMEHTOB BeKTopa [} — HeHyJeBble,
OCTa/IbHHE PaBHBEl HYJIO, TOTAa U3 Bhipamenns (6.16) mouyunm 61Q(1)+52Q A4
<o PQW=0. TakuM oGpasom, MexLy cToabuamu QW), Q9, .. ., Q¥), cooTBercT-
BYIOIMMH JyraM LHKJa, CyllecTByeT JHHeHHAs 3aBUCHMOCTL 2, JlOKasaTesnCTBO B
3TOM CJyYae NPOBOJHMTCS NO TAaKOH Ke cXeMe, KakK U B 1. 1.

Caeacraie 6.8.1. Mexay CT0M6UaMH MATPHLE HHUMAEHLUHE, COOTBETCTBYOLHMH
JyraM LHKJa, CYLeCTBYeT JHHEeHHAs 3aBHCHMOCTb.

Hoxasameabcmeo. ITo yTBepHkjJeHHe clelyeT H3 M. 1 TeopeMH 6.8, MOCKOJIBKY
MATpHLlA HHIHJEHUHH ABJAETCH NOAMATPHLEH MaTpHLLL Q. ’

Teopema 6.9. KpagpaTnas nmoamaTpuua nopsifka n—I1 Ji060fl yceueHHOH Mar-
pULLI HHLHMAeHUHH A cBsA3HOro rpada (i Ha n BepIIMHAX SIBJAETCH HEBLIPOXJEHHOH
TOTJa H TOJIBKO TOTAa, KOrAa LyTH, COOTBETCTBYIOUIHE CTOJIGLAM MOAMATPHLE], o6pa-
3y10T ocToB rpada G.

Hoxazameascmso. Heobxo0umocms. PaccMOTpEM n—1 CTONGLOB HeBHIPOXKACHHOM
noamaTpuukl A, TIOCKOJIBKY 3TH CTO/GLb JHHEHHO-HEe3aBHCHMBI, TO, COrJIACHO CJiel-
cTBUIO 6.8.1, MKJ B COOTBETCTBYIOMEM NOArpade rpaga G He mpHCyTCTBYeT. A mo-
CKOJIbKY aUMKJIHYeCKHH moarpad colepxuT n—I ayr, To H3 TeopeMu 2.2 cjepyer,
4TO OH fABJseTcs OCTOBOM rpada G '

Hocmamourocme caenyeT u3 Teopembl 6.1,

Taxum 00pa3oM, Mexcly OCTOBAMH CBA3HOTO rpada H HeBHPOXIEHHBIMH TOAMAT-
puuaMn MaTpulbl A HMeeTCs B3aHMHO-OJHO3HAUHOE COOTBETCTBHE, DTOT pPe3yJbTaT
ABJIsieTcd QAKTHYECKH OCHOBOH /I MO.yYeHHs GOPMYJib, OmMpeaesiomell YucI0 oc-
ToBOB rpada, KoTopas ob6cyxpaercss B pasi. 6.7.

Teopema 6.10. PaccMoTpuM cBa3ubi rpad G Ha n BeplMHAX W m gyraX. IlycTs
Q — noaMaTpuua MaTpuilel Q ¢ n—! cTpokoii u panrom n—I. KpappaTHas mon-
MaTpuua Q nopsfka n—| ABJAETCH HEBHIPOXKAEHHOH TOra U TOJBLKO TOrRa, KOraa
COOTBETCTBYIOLLHE CTOJIOUAM MOAMATPHLE LyrH o6pasyioT ocToB rpapa G.
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JHoxasameascmgo. Heobxodumocme. Ilyctb cTOAGUE MATpHU Q PacmosoxeHH
TakuM o6pasoM, 410 Q=[Qy;Qy,], rae Qi; — HeBupOkIeHHas nogMatpuua, [Tockoabky
cToA6LBl OAMATPHIL Qqy JIHHeHHO-HE3aBHCHMEl, TO, COrMacHO N. 7 TeopeMsl 6.8, B
cooTseTcTBYoeM noarpade rpada G He MMeeTCa LHKJIA. DTOT noarpad Ge3 UHMKJOB
uMeer n—1 AyTy H, cJeloBaTeJqbHO, MO TeopeMe 2.2 aB.JISeTCS OCTOBOM,

Hocmamourocme., Ilycts cronbuel Q pacnonoxens Tak, 40 Q=[Q;;0;,], rae
cToaf1b MOAMATPHILI @y COOTBETCTBYIOT AyraM octoBa T. Basucnas matpuua paspe-
3aI0ILHX MHOXeCTB Q , 110 oTHowenH:o K T uMeer Bua Q,=[UQ.l. Tak kak Matpuuy Q
MOMXHO BLIDa3HTb B BuIe JHHEHHOH KOMGMHALHH CTPOK MaTpHUE! (0, TO PeACTAaBHM
matpuny Q B Baze Q=[QuQul=DQ;=DI[UQ;}. Caenosatenvio, Qy;=DU=D.
D — HeBbIpOiKIeHHas MaTpHLA, NOCKOJAbLKY MaTpHLB! Q H () HMEIOT MAaKCHMaJbHbIN
paur n—1. [lostoMy H (Q;; — HeBLIPOXKAeHHas NOAMaTPHUA, T. e. JOCTATOUHOCTDb
JOKa3aHa.

PaccMOTpHM Tenepb ABOHCTBEHHYIO TeopeMy.

Teopema 6.11. PaccMotpuM cBaaubiit rpad G Ha n BepwiHHax K m ayrax. [lycrs
B — noamarpuna UHKJIOMaTHIECKOH MaTpuLbl B, rpada G ¢ m—n-+1 cTpokoil u panu-
rom m—n+1. KsagpatHas nogMarpuna B mopanka m—n-+1 sfBaserca lieBBIPOXK-
JeHHOH TOTla H TOJbKO TOTJd, KOTAa ee CTOJOLL COOTBETCTBYIOT AYraM KOOCTOBA.

Horazamenocmgo. HeoGxodumocme. IlycTb cToNGLB MaTpuUs! B pacnosomeHb!
TaK, 4To B=|[By;B1,], rie By — HeBbipoxAeHHas noamMaTpuna. [TocKOIbKY ee cTOGLbI
Jiure AHO-He3aBUCHMDI, TO, COTMIacHO M. 2 TeopeMsl 6.8, cooTBeTCTBYMOWHMH TOATpad
He COfepXHT paspe3oB rpapa G. DroT moarpap umeer, kKpoMe toro, m—n-+1 ayry.
TakuMm oOpa3oM, OH ABJSIETCH MaKCHMalbHbLIM (moueMy?) moarpadoM rpada G, He
COflepKaluM Pa3pesos, H, CJAeNOBaTeNbHO, KOOCTOBOM (ympamHeHue 2.18).

Jlocmamoutiocme. IlycTs cTOAOURI MaTpHUBI B pacnoJoMeHbl TaAKHM o6pasoM,
ut0 B=[By1Bj,l, npH 5TOM cTOJGLLI MOAMATPHLLI Byj COOTBETCTBYIOT AyraM KOOCTOBA
rpada G. BasucHan UMKIOMaTHYeCKasl MaTpuLa B, O OTHOWEHHIO K 5TOMY KOOCTOBY
HMeeT BHJ B/=[UBﬂ], ITocko/IbKY CTPOKH MAaTpHLbI B MOXHO BHIPa3uTb B BHJie
JuHeHHON KOMOMHALiMH CTPOK MaTpHUH By, npeicraBuM Matpuuy B B Bule B=
=[By,B1yl=DBy=DI[UBy}, nostomy Bj;=DU=D

Ho D — HeBupoxIeHHaA MaTpHLa, TakK KaK Matpuuu B u B; uMeroT MakcH-
MatbHbit panr m—n-—+1. CrenoBatensHo, By — HeBHIPOXKJieHHAs NOAMATpHUA.

HOns wamocrpauun TeopeM 6.10 u 6.11 pacemorpum rpap G Ha
puc. 6.1, a, a Takxe Marpuunl Q, u B, [Bolpaxenus (6.9) u (6.11) coor-
BercTBeHHO). KBaipaTHblMH noaMarpuuaMu 4-ro nopsjka MaTpHIUBI
Q;, cootBercTBytomeli ocToBy {e;, €3, €5, €}, H 3-T0 NOPAAKA MATPHLLI
By, ccoTBeTcTByOmEH KOOCTOBY {€2, €4, €}, ABJAIOTCH MATPUIHI

1 1 0 0 1 o 0
0 -1 0 0

n -1 1 -1
0 0 1 0 0 0 -1
0 0 1 1

Jlerko BHJIeTb, YTO ONpEIeNHTENH STHX MaTPULL He PABHLI HYJIO, CJIel0-
BaTeJbHO, MATPHUBl — HEBLIPOXKIEHHbIE,

3aBepiuas pasjes, PacCMOTPHM HHTepeCcHOe CBOHCTBO o6pallueHHus
HeBLIDOXKIEHHOW NOIMATPHUbI yCeueHHOH MaTpHLUbl WHIHIACHLH,

Teopema 6.12. IlycTe A,; — HeBHIpOXJeHHas TNOAMATPHIA MOpsAAKa n—I1 yce-
Y€HHOH MAaTpHUUEl MHUHIEHUMH CBA3HOTO rpada G Ha n BepwHHAX. TOTAa BCe HeHy-

feBbie smeMenTHl ATj paBHu JaH6o 1, aubo —I1.

oxasamenscmeo. Ilycts A — MaTpHLla HHUMAEHUME, yCeueHHas TO CTPOKe,
cootBeTcTBYIOMEl BepwiHe ¢,. [Tycts A=[A;A;,], rae Ay; — HeBoIpOXIeHHaa NMof-
matpuua, Ilo Teopeme 6.9 myru, cooTBeTCTBYIOWlHe CTOJIOLAM NoaMaTpHim! Ay, 06-
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pasyioT octoB T rpapa G. BasucHas MaTpulla paspe3aiollnX MHOXECTB (; O OTHo-
ILeHHIo K ocTOBY T OyjeT mpeacTaB/sATbCA B BHAE Q,——-[UQ,C].

Ilo Tteopeme 6.3 BCsiKHE BeKTOpP paspe3a MOXKHO BhIPa3HTh B BHAE JHHeHHOH KOM-
GuHALKKM CTPOK MATpHUK HHUMACHUHH. [105TOMy MHOXECTBO Q; MOXHO MPeACTABHTH
B Buge Q,=[UQsl=DIA,;A;,l. Crenosatensho, D=4 .

PaccmoTpum Teneph i-10 cTPoKy g; MaTpuum Q. [lycTs et coorseTcTByer paspes
Vg, Vg>, npH 3TOM

Va={oy, V5 . . ., 0}, @ Vo= {Ug+1, Vpsar oo o U

Honycrum, uto paspes (Vg f/-a> opHenTHpoBan oT V4 K V4. TorRa H3 BEIpaxKeHHS
(6.5) crenyer, utO

gi=a+ag+...4ag, 6.17)

gi=—(ag+1t 12+ .. +an), (6.18)

rie a; — i-s CTPOKAa MaTPHLK HHUMACHUHH A,
3aMeTHM, 4TO COOTBETCTBYIOILAS U, CTPOKa a, OTCYTCTBYeT B MaTpule A. Ilo-
910My eclik U, €V, TO AJIst NpeACTaBJ/ieNus ¢; JHHelHOH KOMGHHALKeH CTPOK MaTp ULk

A Mu J0/MKHBI 3amucaTh g; B Buge (6.18). Ecan v, € V,, To MBI ROVIKHEL 3amHCaTh gy
B Buje (6.17). B ofoux cayuasx Bce HeHyJ/eBhle KO3(pduULHeHTH paBHbl 1 JauGo —I1.

Takum 06pasoM, Bce HeHyJeBhie SHeMeHThl B JioGOH cTpoke MaTpullsl D= A3
paBubl 1 wian —I,

B noxasaresnbcTBe 3TOH TeOpeMH, MO CYUIECTBY, NpeiiaraeTcs cie-
Iywolllag npoctas npouenypa Haxoxienus At
1. Tloctpouts aepeBo T, ansi Kotoporo A,; — MarpHua HHUHAEHUHH,
yceueHHas IO CTPOKE, COOTBETCTBYIOLLEH U.

2. Ilomerutb ayru nepesa T (es, €2, . . ., €,-1) TaKHM 06pasoM, yTOGHI
i-My cToI6Ly MaTpHLBl A;; COOTBETCTBOBANA ¢;. AHANOMHYHO MOMe-
THTb BepIUHHH JepeBa T (vi, Vs, . . ., Up-1) TaK, YTOGH i-H CTpOKe

matpHipl A;; COOTBETCTBOBasa v;.

3. Ilyctp i-# cTonGew MaTpHupbl Aj' coorBercTBYeT v;. s Kaxjoro
i(1<<iin—1) ynanum e; u3 nepea T, nonyuas KoMmoHeHTml Ty
H T, craBilero HecBA3HbIM rpada. [lycts V, — MHOXeCTBO BeplUHH
nepeba Ty, Vo — MHOXecTBO BepiuHH JepeBa T, a e; OPHEHTHPOBA-
Ha OT BepLUHHBEI H3 MHOXecTBa V, K BepllHHe H3 MHoXecTBa V.
Ecnn v, € V,, T0 npupaBuATL —1 Bce 3/1eMeHTHI i-f CTPOKH MaTpHIL
A, COOTBeTCTBYIOIHe BeplUHHaM MHoxecTBa V,, a ocTajbHble
asieMeHThl — Hymo. Ecan v, € V,, To npHpaBHATb | Bce sJeMeHTH
i-#i CTPOKH, COOTBETCTBYIOLLIHE BepLUHHaM MHOxecTBa V,, a ocTasib-
Hble 3/JIEMeHThb! — HYJII0. PaccMOTpHM B KayecTBe HJUIIOCTPALMH Mart-
pHuy

e, e e e,

v; 0 -1 0 0
A= v, 1 1 1 0l
V31 ~1 0 0 1
vy 0 0 0 -}
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Hepeso T, aas Koroporo Ay sABAsieTcsl ycedyeHHOM MaTpHuel MHUM-

JeHUHH, npeicTasjeHo Ha puc. 6.6, a. Marpuua ycedeHa no cTpoke,
COOTBETCTBYIOLEH BepllHHe Us.

Jlns HaXoXAeHHs nepBoil cTPOKHM MaTpuubl A7 YAaiuM e, U3 JepeBa
T, nonydas Ase KoMnoHeHtsl Ty M T,, npeacTaBjeHHble Ha puc. 6.6, 6.

Taxum obpasoM, V,={v;, v,, vs}, V,={v,, v.s}. [lockonbKy Bepllnua,
T 1A

&
S

1

<

a
é T
Puc. 6.6.

a-—pepeso T; 6 —nonaepessd Ty, B T,

COOTBETCTBYIOWLan ycequHoﬁ CTPOKe, HAXOJHTCA BO MHOXKECTBE Va,
fiepBas CTpoKa 6y11€T HMeTb 3HaueHHe —1 B 3JeMeHTax, COOTBETCTBY!1O-

IUMX BepIIMHAM U, M Uy, HaXOJAIMMCA BO MHOMXeECTBe V,, T. e. Oyler
uMers Bug [0 0 —1 —II.

AnanoruuHeiM 06pasoM MosyyaeM ocTalbHbIE CTPOKH MaTpHUbl Ay,
B pesyabrare moayuutes caenyiolias MaTpuua:

-1
A5=

=00
<

6.6. YuuMoOayJsApHblEe MATPHIbI

Martpuua HasbIBaeTcs YHUMOOYAAPHOL, €CH ONpeJieauTeNb 000k ee
KBajpaTHO! noaMatpuLnl paBeH 1, —1 uan 0. B sTom pasgene Mbi noka-
xeM, yTo MaTpuust A,, @, U B, yHUMOAY/IApHBL
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Teopema 6.13. Matpuna unumuaeHuufi A, opHeHTHPOBAHHOrO rpada YHHUMOLY-
JIApHa.

Hoxasamerscmso. JloxaxeMm TeopeMy HHAyKUHell no nopaaKy KBaapaTHof noa-
matpuusl A..

CueBnaHo, 4TO onpejesauTess J0GoH KBaapatHOlt noamaTpuuel A, 1-ro nopsaka
paBen 1, —I1 uan 0. B KkavecTBe UBHAYKTHBHOIO NpPEANOJIOXKeHHA [PUMEM, YTO Onpe-
Jeaurennb JioGoft KBazipaTHOH NOIMATPHIE NopsiAKa MeHee & paseH 1, —1 uiu Q.

PaccmotpuM  npou3BoJbHYIO HEBBIDOXKAEHHYIO KBajpatHylo noamatpuuy A,
nopAaKa k. Kamapii ee ctoabel coaepKuT He GoJlee ABYX HEeHYJIEBLIX 3/1emMeHToB (-1
i —1). TToCKO/NLKY MOAMATPHLIA HEBLIPCXKIEHHES, TO HE BO BCAKOM CTOJIBLE HMEOTCA
sHavyenua -1 u —1, TTo »7oil sxe npHYHHe NCAMATPULA He HMEeeT CTONGLOB, COCTOSLIHX
TOJIBKO M3 HYJEBbIX 3.]eMeHTOB. Taxum o6paioM, CyIecTByeT cToabel, COACP:aluil
TOYHO OAMH HeHyJeBoil 3JeMeHT. Pasgaras onpejelHTesNb NOAMaTPHLBL [0 3TOMY
cTOAOLY M YYHTHBasi HHAYKTHEHOE NPEANOJ0XKEeHHe, NOJyuYaeM, YTO HCKOMBIE on-
penesHTRIL paBeH 1.

[Tycts Q; — 6asncHaa maTpHia pas3pesos cBasHoro rpadba G Ha
1 BePUIMHAX 10 OTHOLIEHHIO K HEKOTOPOMY OCTOBY T, BETBSIMH KOTOPOIO
apasicad by, by, ..., bn-1.

[lyctes G’ — rpad, nonyueHHoli H3 rpada G OTOXKAECTBJCHHEM
HJIH 3aMbIKaHHeM KOHLEBLIX BepIIHH OXHOM H3 BeTBeH, HanmpuMep BETBH
by. Torna T — {b;} — octoB G'. ¥Ypanum
Termepb H3 MAaTPHULI Q CTPOKY, COOTBETCT-
BYIOWYI0 BeTBH b; H NOJYYHBHIYIOCA
Marpuuy ofosnauum uyepes Q;. HerpynHo
noxasaTh, 4To Q@ — 0asucHas MaTpHIila
paspesanoilliX MHOXKecTB G’ 0 OTHOLIEHHIO
K octoBy T— {b,}. Taxum oGpazoM, mar-
pHila, moJyyHBIIascA B pesyJbTaTe Yia-
JIEHHA H3 MaTPHUL! Q MPOH3BOJIBHOK CTpPO-
KH, sABaserca GasucHOM MaTpHueH paspe-
3AI0UIHX MHOXKECTB HEKOTOPOro CBSISHOIO
rpada. Obobuias ToT peayabTaT, MOKHO
cliesaTh BBIBOJ, 4YTO BCAKas MaTpHIA,
ofpasoBaHHas CTPOKAMH MaTpHUsl Q,, sIB-
Jserca GasHCHOA MaTpHIEl paspesaloinx
MHOKECTB  HEKOTOPOro  CBA3HONO rpa-
ta.

PaccMorpuu, nanpuvep, rpad G na puc. 6.1, a. Basucnan matpuua
paspesalomiX MHOXKecTB npeicTabiena B (6.9). [loamatpuna, cocTosman
W3 BYX CTPOK MarpHibl Q;, KOTOPble COOTBETCTBYIOT BETBAM €; H &,
uMeeT BHJ

€a

e, ey, €5 e, €3 €4 e

e 11 0 0 0o I -1t 0.
€& [0 0 1 0 0 1 1

Jlerko mpoBepHTb, YTO 3Ta MaTpHUA — GasHcHad MaTPHNa paspe-
ZaloliMX MHOXKecTB rpada, npeacTaBJeHHOro Ha pHc. 6.7, 1o oTHoile-
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HHIO K ocToBY {e;, es}. DtoT rpad momydeH u3 rpada Ha pHc. 6.1, a
OTOXKJeCTBJIECHHEM KOHLEBLBIX BEpPIUKWH €5 H €4,

Teopema 6.14. JIo6ast GasucHasi MATPHLA Pa3PE3alOWAX MHOKECTB Qy CBS3HOTO
rpada G yHHMOZRYJISIpHA.

Hoxasamenscmso. TlycTs Qp — GasucHasi MATPHUA DPA3Pe3aloMIHX  MHOMECTB
rpada G mo ormoweHuo K octoBy T. Torza Qp=[UQyl. Tlpencrasum yceuernyio
MaTpuly HHUuZeHus#t A rpada B Buge A=[A;;A4;,], The cTONGUE A{j COOTBETCTBYIOT
BetBAM ocToBa T, M3 Teopembl 6.9 Ml 3HaeM, 4TO Ayy — HEBBIPOKACHHAS MOJMATPHUA,
3amuineM 1enepb MaTpuuy Qy B BHIe Qf=[Uch]=A1'11[A11A12].

Ecan C — npou3BoJibHas KBagpatilasi MOAMaTpHLla MaTpHUb Qy mopsika n—I1,
e n — 4HcJao BepmHHd rpada G, a D — COOTBETCTBYIOWIAS IIOAMATPHIla MaTpHUb A,

TOTJa C=A1'11D. TTockosbky det D= 41 uan 0, a det Al'11= +1, nosyuaem
det C= 41 uau 0. (6.19)

PaccMOTpUM NpOH3BOJIbHYIO KBaAPaTHYIO MOAMATPHUy f MaTpuunl @y mopsixa
MeHee ueM n—1. M3 npenuecTBYIOUIHX TeopeMe pacCy:KiIeHHH ciaenyeT, 4T0 H — noj-
MaTpHua 6a3ucHON MaTDHLbI Pa3pe3aioNIHX MHOXeCTB HEKOTOPOTO CBAI3HOTO rpada,
[Tostomy detfA= 41 muian 0, uTO JOKa3bIBaeTcs Tak ke, Kak H (6.19).

TaKHM 06pasoM, ONpEeNeJHTeIb BCSIKOM KBalpaTHOH MOIMATPHUBI MaTPHUH Q
paBen £ min O H, CJIeIOBaTeIbHO, MAaTPHUA Qy — YHHMOLYJsIpHA.

[ToxaxeM cefiuac, uTo MaTpulia By Takxe YHHMOLYJspHA.

Teopema 6.15. JlioGasi GasicHas LHKJIOMaTHUeCKasi MaTpHUa By cBA3HOrO rpaga
G yHHMORYJAIpHA,

Hoxasameascmeo. Tlyetb By u (Qy — GasucHble HHKJIOMATHUECKAs MaTpuua H
MATPHIIA pa3pe3aiolux MHOxecTB rpada G mo ortnomenHio X octoBy 7. Ecin Qp=

=[UQy.l, To u3 (6.13) crenyer By= [—Q?CU]. Tak kak MaTpuua Q. YHHMOAYJSIPHA,
TO YHHAMOAYJISpHA TaKke H MaTpHUa Qf;. DJeMeHTApHBIM YNPaKHeHHEM Temepb oc-
TaeTcsl MOKAa3aTh, YTO H MaTpHLa [—chU] YHHMOZLYJISIpHa,

6.7. Uucymo ocrosos

B atom pasaese Mbl BhiBeeM GOpMYJy A ONpeJeeHHs YHcaa ocTo-
BOB cBsi3HOTO rpada. dra GpopMy/a OCHOBaHA Ha Teopeme 6.9 yTBepxe-
HUEM TEOPHH MaTpPHL, W3BECTHO M0J HasBaHHeM «reopeMa bune —
Komus.

[naBHBIM ompejenuTeneM MaTPHLbl HA3bIBaeTcA OMpeleNHTelb MaK-
cuMaJbHoro nopsaxa. [lyers P — marpHua nopsaika pxq, a @ — mar-
puiia nopsaka ¢Xxp(p < ¢). I'naBuble onpenemuregad MarpHi P H Q
MMeIOT NOPSAN0K p. Ecy raBHEIH onpefenTe/ib MaTpuubl £ cOCTOHT U3
CTOGUOB Iy, i3, . .., ip MaTPHIBl P, TO COOTBETCTBYIOMHII IJIaBHbIH
OnpeJeTUTeNb  MaTPHIBI Q — u3 CTPOK Marpuub Iy, Iz, ..., Ip
marpuubsl Q. Hampumep, ecitu

d
|

]
r—1 33
P=lo o 2] “Q:l_
1 2
TO AJid [JIaBHOIO olpeaeIuTenad 5
2 1

—

’

—_ O B
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MaTpHUB P OHnpeaeJuTe b
- 7l

SIBJIACTCA COOTBETCTBYIOIIUM TJIABHBIM OHNPEICJHUTEJNEM MAaTPHUbL O

Teopema 6.16 (Bune—Kowu). Ecan P — matpHna nopsigka pXgq, a Q — mai
pulla nopsiaka gX p (p<q), 1o det (PQ)=2XZ. (ITpousBeNenne cOOTBETCTBYIOWIUX TJ2k-
KEblX olpemesnutened P u Q).

JlokasaTestbcTBO 3TOM TEOPEMW MOMXHO HaliTH B pabote [6.1].

Ecan B KRayecTBe WJIMIOCTPAlMH K TeopeMe DuHe—KolUH, Kak u paHee, B3fiThb
MaTpHIb P U Q, TO NONYYHM

e I I N T
el B e e N

Tecpema 6.17. I1ycte G — cBs3HHI HEOPHEHTHPOBaHHLIH rpad, A — ycevenHas
MaTpHLUA UHUMAEHUWHA OpHEHTHPOBaHHOro rpada, MoJyyeHHOro MPHCBOEHHEM pefpam
rpagia G npouasosbHOH opuentauud. Toraa T (G)==det (4 A1), rae 1(G) — uucso oc-
Tosos rpada G.

Hoxasamenscmeo. Ilo Teopeme Bune—Kowu

[1pousBeseHne COOTBETCTBYIOMIMX
1) e
det(AA)_Z(maBHbrx onpeneyureneit A u At>' (6.20)

3aMeTHM, YTO COOTBETCTBYIOIIHE IViaBHBHle onpefequTead A u A! uMelor oguHakoBoe
3HayeHHe, paBHoe 1, —1 wau O (Teopema 6.13). [TosToMy kaxnoe HeHyJeBoe cJara-
eMoe B npaBo#l yacTH cyMmbl (6.20) umeer 3nayenne 1. Kpome Toro, riabubiii onpene-
JuTesb A He paBeH HYJIO TOTAA U TOJBKO TOTAa, KOTa NYTH, COOTBETCTBYKIIME ero
cTosfLaM, o6pa3yioT OCTOB.

Takum 06pasoM, MexJy HeHYJIEBHIMH 5/eMEeHTaMH npaBoli yacTu cymMei (6.20)
u ocToBamMH rpada G cyllecTByeT B3aHMHO-OJHO3HAYHOE COOTBETCTBHE, YTO JOKA3LIBAET
TeopeMy.

Paccmorpum B KauecTBe npumepa rpad G, npeacTaBieHHLIH Ha
puc. 6.8, a. OpHeHTHPOBaHHBIA rpad, MoSYyUYeHHEIH B pe3y.bTare npH-
CBOEHHsI MPOH3BOILHON OpHeHTauHu peGpam rpada G, npepcraBien Ha
puc. 6.8, 6. Ero MaTpulia HHUMIEHUHH, yceueHHas O CTPOKe, KoTopasi
COOTBETCTBYET BEpIUMHE U, HMEET BHJ

€& &y €3 eg e

vt 0 0 1 0
A=0210 -1 1 -1 ol
v; 1 0 0 -1 0 -1

CrenosaresbHo,
2 —1 0
Aldt= | —1 3 —I1| u det (44)=8.
0 —1 2
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[pad G uMmeeT BOceMb OCTOBHHIX [JepeBbeB: {ei, €, €}, {e1, €s, e;},
{el’ 83’ 85}’ {el’ 82) 83}’ {ely 82’ 85}’ {83, 84’ 85}’ {82’ eﬂv 84}’ {82) 84’ 85}.

[Mycts vy, ©s, ..., U, — BepLIHHBl HEOPHEHTHPOBAaHHOrO rpada
G 6e3 netenb. Mampuuyeli cmeneneii K=I[k;;] rpada G nasbiBaerca Mat-

U ey U‘Z
e, e, ey
4 €5 Uy
a
Puc. 6.8.

puua nopsiKa nX#n, 3JeMEHTbl KOTOPOH ONpefensioTcs CJeYIOWIUM
o6pasom:

(—p, ecan {5~j H BepWHHBI U; H U,
k= { CBSI3BIBAIOT p MapaJslyiebHBIX pebep;
| d@,), ecan i=].

Jlerko BuzeTh, 4To K=A_A! 1 He 3aBHCHT OT BHIGOPA OpHEHTAUHH
pebep Aa NoayuyeHHa MaTpuub HHIuAeHUHA A,.. Ecan A — Matpuua
HHUMEHIME, yceyeHHas NO CTPOKE, COOTBETCTBYIOUIEH BEpIUHHE U,, TO
matpuua AA! nonydaercs yjaneHueM U3 Matpuubl K r-ro croabua H r-i
ctpokH. TakuM o6pasoM, Hcnoab3yemyio B TeopeMe 6.17 matpuuy AA!
MOXKHO HaHTH NPOCTO B pe3yJbTaTe paccMOTpeHus rpada G.

13 onpenenenuss MaTpHubl cTeneHel K fCHO, YTO cyMMa BceX 3Je-
MEHTOB B ee MoOoH cTpoKe paBHA HYJ0. AHAJOTHYHO PaBHA HYJIO
CyMMa BceX 3JIeMEHTOB B ee JoboMm cronbue. KBagpathas Matpuua, o6-
Jajamiollas TaKMMH CBORCTBaMH, Ha3bIBaeTC MaTpPHUEH ¢ PaBHBIMH aJ-
reGpanyecKUMH jononuenuaMu [6.2]. Takum o6pasoM, us Teopembl 6.17
MBI ROJMyYaeM CAEAyIOUUE pesyabTaT, NpuHamtexamuii Kupxrody
(6.3]:

Teopema 6.18. Bce anrebpanueckde JONOJHEHH MaTPHIIbI CTeneHell CBS3HOrO
HEOPACHTHPOBAHHOTO rpada UMEIOT OJHHAKOBOE 3HAuYeHHe, PABHOE UYHCJY OCTOBOB
rpada G.

Teneps nonyunm Qopmysy OonpefeneHHs HHCAA Pas3/IHYHBIX JePEBbeB, KOTOpble
MOXHO MOCTPOHTh HA 7t MOMEYEHHBIX BepmHHaX. OQUeBHIHO, TO YHCJIO PABHO HWCIAY
OCTOBHBIX JiepeBbeB NOJHOro rpada K, Ha n MOMEUCHHbIX BEPLIHHAX.

Teopema 6.19 (Ksnu). Cymectsyer n®—2 moMeueHHbIX JEPeBbeB Ha n>>2 pep-
IIHHAX.

Hoxasamenvcmso. Matpuna AA! B cayuae nonnoro rpada K, uMeer BuA
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=1 =1 ,. -1
-1 n-1 .. -1

. . ven .

-1 -1 ... n-1

IMo teopeme 6.17 ompene/nTesNs STOR MaTPHLB! JA€T YHCI0 ocToBOB rpada K, ABag-
oLleecs YHCJIOM NOMEUEHHEIX JEePeBheB Ha n BEPIIHHEX.

Ilns BbuHcsenus det (AA?) seiutem nepBuii crToanGen matpuus AA! H3 Beex
IPYrux cTos16U0B TOH e MaTpuliel, TOrAa MH NOJTYYHM

n—1 -

n —-n .. -n
-1 n 0o ... 0
~1 0 "ol 0
-1 0 o ... n

Tenepr npuasum nepBylo CTPOKY noJyuHBuiefics MaTpullnl K Kawjofl ocTabuwefics
CTPOKe H NMOJYYHM

1 0 0 ... O
-1 n 0 ,.. O
-1 0 n .. O
-1 0 0 .. =n

Onpegenutesb stolf Marphlsi paBen n7~2% 3To [NOKA3LIBAET TEOpeMY, MOCKOJBKY
CJIOKeNHe CTPOK H CTOJAGLOB He MeHseT 3HayeHHs OupeJesHTes,
H3BeCTHO HeCKOJIBKO JloKa3aTeaneTs TeopeMsl Kauu [6.4—6.6].

6.8 Yucn0 0CTOBHLIX 2-epeBbes

B sToM pasjienie MbI cBsi3biBaeM asireGpanuecKie JONOJIHEHHs MaTpH-
net AA! rpada G ¢ 4YMCIOM OCTOBHBIX 2-1epEBbeB COOTBETCTBYIOLIETO
tuna. i 3Tof UeaH HaM HeoGXOAHMBI 0GO3HaueHHsa 2-JePeBbeB,
HJIeHTHQHUMD YOI He BepIUHHbI, KOTOPhle HaXOJATCA B Pa3HbIX KOMIO-
HeHTaxX. Bynem o6osnauath uepe3 7';jx .., ,s .. OCTOBHHIE 2-1epeBbsl,
B KOTODBIX BepIUHHH Uy, U, Up JOJIIKHBI OBbITh B OJHOH KOMIIOHEHTe, a
BepIUMHBI Uy, Uy, U; — B APYrofl. UHC/IO TaKHX OCTOBHBIX 2-lepeBbeB
rpada G GyneM o603HauaTb 4epe3 Ty .., rs1.. [lanpumep, pebpa e
U e; oOpasytoT B rpade Ha puc. 6.8, @ ocToBHOe 2-1epeBo THNA Ty, 13,
a Tyg3=1.

IHanee uepe3s A 6ynem 06o3Hauath yCeUEHHYIO MaTPHILY HHUMAEHIHH
OpHEHTHPOBaHHOro rpada, NoJyuyeHHOTO MNPHCBOGHHEM IMPOHM3BOJbHOI
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opueHTauuu pebpam rpada G, HasbBas ee TeM He MeHee YCeUeHHOH MaT-

punefi uHuMgeHuud G. He Hapywas olUiHOCTH, MBI JONYyCKaeM, YTO

U, COOTBETCTBYET yCeKaeMol cTpoke A, a i-s1 CTpOKa TOH Ke MaTpHIbl—

BepiuHHe v;. CUMBOJ A;; 6yaeT o6o3HauaTh anreGpanueckoe JONOJIHEHHe

anemenrta (i, j) matpuusr AAL
[Tycts A _; — MaTpHua, noJayueHHas yIaJeHHeM i-i CTPOKH H3 nep-

BoHauanbHOH Marpuubl A. Ecau G’ — rpad, nonyueHHH 3aMbIKaHHeM

BepIUHH v; U U, rpada G, To, Kak Jerko yOeJuThbCsi, CrpaBelJIHBHL cJie-

Jymllue yTBepXKIeHH:

1) A_; — marpuua unHuupgeHuuii rpada G’, yceueHHas no CTpOKe,
COOTBETCTBYIOIIEH BepliHHE U,,.

2) MHoxkecTBO peGep nopozkaaer octoB rpada G’ Toraa H TONBKO TOTAA,
KOrjga sti pebpa o6pasyioT ocToBHoe 2-nepeBo T,, B rpade G.
Takum o6pa3oM, MeXIy HEHYJIEBLIMH IJIaBHBIMH ONpeJeHTeJIMH

A_; M OCTOBHBIMU 2-7epeBbAMU THNA 7Tj,, CYIlECTBYeT B3aHMHO-OJHO-

3HAUYHOE COOTBETCTBHE.

Teopema 6.20. Ias ceaanoro rpada G Ay=T;, .
Hokaszameascmso.

t

OueBuano, uto A;;=det (A_;A~;). D10 LOKa3bBaeT TeOPEMY, NOCKOJABKY HeHY-
JleBHe [JABHEIE ONpeleJUTeNH A _; COOTBETCTBYIOT OCTOBHHIM 2-7epeBbiM Tj , B
rpade G u HaoGopor.

PacecMoTpuM anre6pauueckoe IONOJIHEHHe 3JeMeHTa (i, J) MaTpHubl
AA, uMerolllee BHI

A= (—1)*/ det (A_;AL), (6.21)
[To teopeme DBune-Kowu

IIponsBeseHue COOTBETCTBYIOLIUX
t. =
det (A;4-) Z<maBHbe onpefenuteneit A_; u Ai,)' (6.22)

Beakuil roaBubiil onpegenutens A_;, OTIHUHBIN OT HYJ/f, COOTBETCT-
BYeT OCTOBHOMY 2-1epeBY Tuna T';,,, a BCAKHH HeHyJIeBoH IJ1aBHBIH ornpe-
nenurenb Ay — ocToBHOMY 2-7epeBy THna Tj,,. [loaToMy HenyJeBbie
3JIeMEHTBbI CYMMBI, CTOsilel B ripaBoil uacTH BhipaxkeHus (6.22), cooTBeT-
CTBYIOT OCTOBHBIM 2-7epeBbAM TuNa 7Tij,,. JI1060€ H3 3THX HEHYJeEBhIX
claraeMbix papHO onpenenutenmo THna det (F_;FL;), roe F — yceuen-
Hasf MaTpHua WHUMAeHUUH 2-1epeBa THna Tj,,.

~i

Teopema 6.21, [lycte F — MaTpuna wHUuAeHUHA 2-pepeBa Ty, ,, YCeueHHas mo
CTPOKe, KOTopast COOTBETCTBYET BEpLIUHE U,. ECJH i-f1 ee CTPOKA COOTBETCTBYET Bep-
mune v;, 1o det (F_;FL )= (—1)i+/.

Joxasameascmso. Tycte TyTy — KOMNOHeHTH 2-fiepeBa T;; ,. JlonycTHm, uto
BepIIHHA U, BXORUT B T5. [1epecTaBJIsist HEKOTOPLIE CTPOKH H COOTBETCTBYIOLIHE CTONIG-
UBl, MOXHO 3anucaTh Martpuuy FF! B sune

s-[5)
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rie 1) C — MaTpulla crenesell KoMnosenTts Ty; 2) D mosyyaeTcs H3 MaTpHUBI cTe-
neHeft KOMNOHeHTH 7'y YAAJTEHHEM CTPOKH U CTOJIGLA, COOTBETCTBYIOUHX BepILHHE U,
[TycTb cTpoKa k' MaTPHUE S COOTBETCTBYET BepILHHE Ug.
[lepectanoBKa HEKOTOPBIX CTPOK H COOTBETCTBYIOUIHX CTOJIGLOB MAaTPHLB He
MeHsleT 3HayeHH ee ajnreGpandecKHx JomosHeHHH. [TosTomy
(i, J')=AnreGpanyeckce gono/inenne sieMenta (i, j') MaTpuum
S = Anre6panyecKoe JONOJHeHHe dJeMenTa (i, j)

marpuitet FFt=(—1)/+/ det (F_;F.)). (6.23)

ITo TeopeMe 6.18 Bce ajreGpaHyecKHe AOMOJHEHHs MaTpulbl C HMeIOT OJHHAKOBOE

3HayeHHe, DaBHOE YHCJY OCTOBOB KoMmoHedThl Ty. I[MToaToMmy ajireGpauyeckoe AOMOJ-

Henue sneMenta (I, j') matpuus C=1. BoJsee Toro, det D=1. IlosTomy
AnreGpanyeckoe jonojHeHne saeMenta (i, j') Marpuun S =

= [AnreGpanyeckoe fonc/uenue sneMenta (i', j') Marpuup C]x [det D]=1. (6.24)

Tenepb u3 BHpaxenuit (6.23), (6.24) nosyvaem det (F_,-Ff.]= (—1)i+s,
Jloka3saTesbeTBO 9TOH TeopeMbl npuBefeHo B pabore [6.7]. Crleayiomuii pesysibTaT
nosnyyeH Malienoft:
Teopema 6.22. s cBsAsHoro rpadba G crpaBelIHBO pPaBeHCTBO 8;j=T5,
Hoxasameascmeo. TIocKONbKY KaxIblfi HeHyJ1eBOH wieH CyMMbl B NpaBoH 4acTH
BoIpaxkeHus (6.22) paBeH ONMpelesIHTENIO THIA OMHCAHHOrO B TeopeMe 6.21, mosayyaeM

det (A_;AL )= (—1)i+/v;, .. Caenoatenpno, A;;= (—1)i+/det (A_;AL)=1;; pn
i /s J i4-] i/

s wnmocrpauuu Teopem 6.20 u 6.22 cHoBa paccMoTpuM rpagd Ha
puc. 6.8, a. Ecin A — Marpuia HHUHIEHUHH, yceueHHasi 10 CTPOKe,
COOTBETCTBYIOIEH BepIlHHE U;, TO

y 10 01 0 y 1T 00 10
27100 —1 0 —1| "0 —1 1 —1 of"
[TosTomy

t 2 0
Ta.4=det(A_‘2A_2) =det( 0 2] =4,
2 —1
= erdet 4ty =—aat( [ o T |)=2

OcroBHble 2-fepeBbst THNA T'2,, 06pa30BaHbl CAEAYIOMUMH MHOXECT-
BaMH pebep: {es, es}, {€; e}, {e1, €s}, {e1, €s}, a ocroBHBIE HEpeBbA
tMna Tis,q — MHOXeCTBaMH {eg, €5}, {es, €}.

6.9 Yucao opHeHTHPOBAHHLIX OCTOBOB
B OpHEHTHPOBAHHOM rpade

B stoM pasnene Mbl 06¢y2K1aeM NpennoXeHHbIH B pagote Tarra [6.8]
MEeTOJ ONpefie/IeH s YMC/1a ODPHEHTHPOBAHHBIX OCTOBHbIX LEPEBbEB, HMEIO-
[IHX ONpejie/leHHYI0 BepPIIMHY B KayecTBe KOPHEBOH. ITOT MeTOL SBJISA-
eTcs, Mo cyllecTBy, 06006IeHHeM METOAA HAXOXJIEHHA OCTOBOB JAHHOTO
OpPHEHTHPOBaHHOrO rpada, NpeinoeHHOro B Teopeme 6.17, H onHchI-
BaeTcs HCXOIA U3 onpeje/nsaeMoil HHXKe MaTPHIE MOJycTeneHel 3axo/a.
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Mampuya noaycmenened saxoda K=[k, | opuentnposansoro rpada
G = (V, E) 6e3 neresb ¢ V={vy, 05, ... , Uy} — 9TO MaTpHIIa NOPSIA-
Ka nXn, onpejensieMas C/AeAyOIIHM 06pa3oM:

(—w®, eciu p=%~q H CymecTBYeT w napai-
Bpq= MeJbHBIX YT, HAYIWHX H3 U, B Uy
d=(v,), ecnu p=gq.

O603naunm uepe3 K;; MaTpHIly, MOTYYEHHYIO yJajieHHeM CTPOKH I
¥ crosibna j u3 nepBoHadanbHolt Matpuusl K. Merox Tarra ocHoBan
Ha cjefylollell TeopeMe:

Teopema 6.23. Opuentupopanusiit rpadg G= (V, E) 6e3 neteas ¢ V= {vy, vy, ..., v,}
ABJSeTCS OPHEHTHPOBAaHHLIM [l€peBOM C KODHEBOH BEDIIMHOH U, TOrJa H TOABKO
TOTZa, KOrjia ero MaTpuua noJycreneHell 3axofa o6/afaeT ClefYIOIMHMH CBOHCTBaMH:

_ 0, ecan p=r, _
1) kPP—ll, ecnn pEr, 2) det (K, ,)=1.

Hoxazameascmso.

Heobxodumocme. [lycth paHHBIE opueHTHpoBaHHME rpad G sABJAsAeTCS AepeBOM
¢ KopHeBo# BepiIHHOH U,. [lockoabKy rpad G — alUHKJIHUECKHH, TO, KaK MOKa3aHO
B pasf. 5.7, MOXKHO MOMeTHTb BepulHHLI rpada G uncaamn 1, 2, . . ., n Takum o6pasom,
4TO (i, j) ABAsAeTCA Ayro# rpada G, Toarko ecin (<j. Kpome Toro, kopHeBast BepiInHa
npH TAaKOH HyMepalluH JO/KHA MoayuuTh HoMep 1. Ecan B HOBOH MaTpHle mojycre-
neneil 3axopa K’ rpada G i-e cTpoka H cToa6ell COOTBETCTBYIOT BeDIlIHHE C HOMEPOM i,
Torza JerKo BHAETh, uTo MaTtpuuia K’ of/ajaer CJefYIOWHMH CBOMCTBAMH: kn=0;

’ ’
kpp=1 npn p7#l; k=0, ecan p>q.
[ostomy det (K11)=1.

Matpuuy K’ MOKHO MOJNYYHTb I1€PECTAHOBKOH HEKOTOPHIX CTPOK H COOTBETCT-
BYIOIMX CTOJIOLUOB mepBOHayalbHOH MaTpHuUb K. Takad nepecTaHoBKa He MeHAeT
3HayeHH s onpeneanTeas Jio6Golt moaMatpuubl MaTpuLH K. CaefoBatensHo, det (K, )=
=det (K1)=1.

Hocmamournocme. TlycTe MaTpHlla nosycTeneHed saxofa K rpada G ynaosraerso-
psier 060uM ycaoBHAM TeopeMbl. Ecau rpad G He siB/seTCS OPHEHTHPOBAHILIM Aepe-
BOM, TO 1O ycJoBHio 1 u 1. 5 Teopemst 5.4 oH copepxuT UMK C. KopHeBas BepiunHa
U, He MOKeT BXOAUTb B UHKA C, MOCKOJIBKY 3TO 03Hayas10 6bt d~ (v,) >0 nan d— (v) >1
JJ1s HEKOTOPOH ApYroH BepiuHHb! v € C, YTO NMPOTHBOPEUHT yCA0BHIO 1. AHAMOrHYHBIM
06pa3oM MOKHO MOKa3aTh, YTo 1) UHKJ C JoKeH GbiTh KOHTYPOM; 2) HHKaKas AyTa,
He npuHajiexamas uukay C, He HHUMJEHTHa HHKaKOH BepilHHe TOTO e LHKJa.

PaccMoTpuM Tenepb noaMaTpuily K MatpHubl K, cocTosuiedl H3 CTOJAGLOB, KO-
TOpble COOTBETCTBYIOT BepiuHHaM Unkaa C. BciencTBHe BBIMOMHEHHS YKa3saHHBIX
CBOMCTB KaJas CTpOKa MaTpHlUbl K, COOTBeTCTBYIOAS BepIHHe LHKIa C, HMeeT
TouHO ofHy 1. Bce ApyrHe cTpOKH — HyJleBble. TakuM o6pasoM, cyMMa cToJ6LOB
matpilibl K pasHa HyJi0. JPYTHMH CJOBaMH, CyMMa COOTBETCTBYIUIHX BepIIHHaM
uugjaa C cToa61U0B MaTpulbl K paBHa HyJi0. [1ocKOBKY BepIIHHA U, He BXOIHT B

uuKa C, 9T0 CNpaBefIMBO TaKKe H L MaTpHUM K, ., YTO MPOTHBOPEYHT YCJOBHIO 2.
DTo J0Ka3b(BaeT JOCTATOYHOCTh.

[Tpumenum Merton Tarra /sl HaXOXAEHUS UHC/IA T, OPHEHTHPOBAH-
HBEIX OCTOBOB OpHEHTHpOBaHHOro rpada G ¢ KOpHEBOH BepiIHHOH O,.
HonyctuM, uto rpad G He HMeeT NeTelb.

Uepes K (g) ans moboro rpacda g 6yieM 0603HauaTh ero MaTpHLLY NO-
aycreneHeft 3axoza, a ueped K'— MaTpuLy, NOTYYEHHYIO W3 MAaTpHILI K



122 T'aasa 6

3aMeHoi# 7-ro cronbua Ha HyseBo# crosiben. Habop noarpagos G, B Kax-
10oM U3 KOTopHX d~ (v,)=0u d~ (vy)=1 npu p 5= r, 6ynem 0603Ha4arTb
n

uepes S. Ouesuano, uto |S]= [] d~ (v,). Kpome Toro, marpuua nosycre-
p=1

neHel 3axoja moboro noarpadag € S yAOBJIETBOPSIET YCIOBHIO 1 Teope-
MBI 6.23.

XopoLlo H3BECTHO, YTO ONpele/HTe b KBaAPaTHOH MaTpULbI sBJseT-
csl JIHHeHHO# (yHKuHel ee cTroa6uos. Hanpumep, ecnu P=[p;, p,, . . .,

..., pitpl, ..., pn]l — KBagpaTHas MartpHua co cToaIbLAMH py,
Pay «« -y PitP{s, o ., Pn, TO det P=det {p,, ps, ..., P, ...,
, pold-detlpi, poy ..., P .., Pal

Hcnonbsys HHeHHOCTh QYHKUHH ONpeeuTe sl H CBOHCTBO paBeH-
CTBa HYJIIO CYMMBI 3/IeMeHTOB Jo6oro cronbua marpuusl K (G), 3anu-
weM det K’ (G) B Buge cymmsl |S| onpenenurenei, Kaxislil H3 KOTOPHIX
yIoBJIeTBOpsieT ycaoBHIO 1 TeopeMmbl 6.23. Jlerko BHeTh, YTO MeXAY
STHMH ONpPeLeJHTeNSIMH H MaTPHILAMH NOJycTeneHel 3axoaa noarpados
U3 Habopa S cyUlecTBYeT B3aHMHO-OJHO3HAUHOE COOTBETCTBHe. TakKum
obpasoM, det K' (G)= stet K’ (g). Tlostomy det K, (G)= stet K; ().

Omuako HOCKOJIbegE det K,,(G)=det K,,(G), a “et K, (g)=
=det K,,(g) ans Bcex g€ S, 1o det K, ,(G)= %det K,,(g). U3 Teopemur
g€

6.23 cienyer, 4TO KaXJblii ONpeleNHTeNb B NMPaBOH YacTH CyMMBI —
HEHYJIEBOH M paBeH | Torla M TONBKO TOrAa, KOra COOTBETCTBYHOULHH
noarpag M3 HaGopa S sBJsETCS OPHEHTHPOBAHHBIM JepeBOM. T aKHM
o0pa3oM, Mbl NOKasaJH CJeIYIOULYI0 Teopemy:

Teopema 6.24. Ilyers K — matpHua nosiycTeneHeH 3axofa OpPHeHTHPOBaHHOTO
rpada G Ge3z mereab. [1ycTh i-1 CTPoKa STOH MATPHUbI COOTBETCTBYET BePLUHHE U;
rpada G. Torga wncio T4 OPHEHTHPOBAHHBIX OCTOBOB rpada G, BepilHHa U, KOTOPOTD
SIBASIETCS]  KOPHEBOH, - ONpefleNifieTcsi CJeRyOUUM
obpasom: Ty==det K,,, rae K,, — matpuua, nony-
YEHHAs H3 repBoHaualbHoH Matpuupl K ypane-
HHeM r-X CTPOKH H croabua.

[ponnmocTpupyemM 3Ty Teopemy, a
TaKXe PacCyXkIeHHs, KOTOpbIe NPUBOJST
K ee JI0Ka3aTeJbCTBY.

PaccMotpum opueHTHpOBaHHbI rpad G,
npuBeleHHbIH Ha puc. 6.9. Onpenenum une-
JIO OPHEHTHPOBAHHEIX OCTOBOB ¢ KOPHEBOI
BEpLIHHOH vy,

Marpuna nonycreneneii 3axoga K rpada G umeer Bug

1 -1 =2 0 ~1 <2
K=| -1 2 —-1| N K'=90 2 —=11.
0 -1 3] 0 -1 3
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SanumeM det X' B BHjAe

0o-1 =20 10 ~1 =21 10 0 —2]
detw’=i0 2 —1j=j0 1 ~i+0 1 -1
0 -1 3 o o 3o -1 3
0 =1 ~1] 10 =1 =1] |0 ~1 0]
=0 1 o/+l0 1 0]*/0 1 -1
o 0o 1o o 1] {0 o 1
0 o0 ~—1/Jo 0o -1} ]Jo 0 ©
+0 1 0+0 1 0j+0 1 -l
0 -1 [} {0 -1 1 {0 =1 1

[lectb onpefenHTes el B NpaBoH YacTH 3TOr0 PaBEHCTBA COOTBETCTBYIOT
noarpadaM, MOPOXKAECHHEIM CNeAYIOLIHMH MHOXecTBaMH Ayr: {e;, és},
{e1, e}, {1, €}, {0, &)}, {es, €5}, {€s, €s}. Ynanas ua s3THX onpege-
JHTeN el MepBhie CTPOKH H CTONOUBI, IOJYYHM

sevsie| F 3l S S
L

ITpap G umeer 5 OpHeHTHPOBAHHHIX OCTOBOB € KOpHEBOH BeplIUHHON
vU;, TOPOXAAIOUMXCS CJAEAYIOHHMH MHOXecTBamH ayr: {e;, e}, {ei,
e}, {en, s}, {en, e}, {es, o).

6.10. MaTpHua CMeXHOCTH

[Tycte G=(V, E) — opHeHTHpOBaHHBIAA rpad 6e3 napanenbHBIX
ayr, B KotopoM V={uv(, v,, ..., vs}. Mampuyei cmexcrocmu M=
==[{m;;] rpada G nasbBaeTcsi MaTpHua NnopsAKa nXn, NEMEHTH KOTO-
poii m;, ONpPEeJeNsioTcs CeAYIONHM 06pasom:

1, ecnu (v;, v)) €E;
Mir=\0 s IPOTHBHOM CJyYae.

Hanpumep, rpad, Hao6paxkeHHHH Ha pHc. 6.10, HMeeT creayomiyio
MaTpHIy CMEXHOCTH:

v Uy Uy U

1 01 0
M=v11 0 0 0].
510 1 0 1
v 0 1 0 1
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B ciyuae HeopueHTHpOBaHHOro rpada m;;=1 Torja W TOABKO TOTAa,
KOrla cyulecTByeT pebpo, coeluHsoWee BepliuHbl v; U v;. [lepeitnem K
H3Y4YEHHIO Pe3yJbTaTOB, CBA3aHHBIX C MAaTpPUIEH CMEXHOCTH.

Teopema 6.25. (i, j)-il >aemeHT m;; MaTpu-
upl M” paBeH YMCJY OPHEHTHPOBAHHBIX Maplil-
PYTOB JVIHHEL r M3 BepLIMHBI U; B BepIUIHHY Uj.

Hoxasameasscmeo. J0Ka3aTesabCTBO NPOBO-
JuM HHAYKUHeH mo r. OueBHAHO, UYTO pesyJh-
TaT COpaBelIHB NpH r=1.

B KauecTBe HHAYKTHBHOTO MPEANOJIOKEHH
JONMYyCTHM, 4YTO TeopeMa BepHa pia M™—1,
Toraa

n n
Yucno opu-
7= 0 mg) = B (0,
Mij (mi™"-ma 1) \— | u3Bep-
[ k=1
€HTHPOBAHHBIX MApLIPYTOB AJHHEI Hasa
kaj"

Puc. 6.10. UIHHBEl U; B BEDPLIHHY Up

Jo6Oro & COOTBeTCTBYIOMMA 4/eH CYMMH ONpele/sieT YHCJAO OpHeHTHPOBAHHBIX

MapUIPyTOB JVIMHEL 7 H3 BePUIHHEl U; B BEPUIHHY Uy, NOCJAeAHEH AYTOH KOTOPBIX ABJA-

n

ercs (Ug, vj). OHAKO YHC/IO OPHEHTHPOBAHHBIX MApLIPYTOB JVIMHDI I H3 U; B U;= 2

K=t

(UHC/IO OPHEHTHPOBAHHHIX MAPLIPYTOB JVIMHBI 7 H3 U; B U, NOCJEAHAS AYTa KOTOPHIX
HIeT H3 Up B U;), YTO JAOKa3nlBaeT Teopemy Jas M.

PaccMoTpuM, HanpuMep, TpeTbio cTenmeHb MarTpuub! M rpada, u3so-
OpaxkeHHoro Ha puc. 6.10:

M=

— i —hD

2
1
1
1

NN~
r— o —

OnemeHT (1,4) sToit MaTpHuBI onpele/sieT YHCAO OPHEHTHPOBAHHBIX
MapuipyToB AJHHBI TPH H3 BEPUIMHBI U; B BEPILHHY Uy, ITHMH Maplupy-
TaMH SIBASIOTCA (€, €i, €4) H (&1, €4 €7).

PaccMoTpuM Tenepb BaxHBIN pe3yskTaT, NOJYYeHHHH B paboTe
(6.9], KOTOpEIl C/IYKHT OCHOBOH MOAXOAA CHIHANBLHBIX rpagoB K pele-
HHIO JIMHEHHBIX anrebpandecKuX ypaBHeHU#. [la 5Toro HaM HeOGXOMHu-
MO BBECTH HECKOJILKO HOBBIX onpeje/eHHH.

I-gpakmopom opueHTHpOBaHHOrO rpada G Has3HBAeTCs OCTOBHBIH
noarpa¢ rpada G, B KOTOpOM moJycTeleHb 3aX04a W MOJycTeneHb
HCXOJla Kax 0l BepLuMHBL paBHbl 1. OueBHHO, 4TO TaKol nogrpad npes-
CTaBJ/IAeT COGOH COBOKYNHOCTh BepUIHHHO-HeNMepeceKaoWuXcs KOHTY-
poB, BKmouas nerau rpadga G. Hanpumep, nsa l-dakropa rpada Ha
puc. 6.10 npusenens! Ha puc. 6.11, a u 6.

PaccMoTpuM MoicTaHOBKY ji, fay - - . , Jp UeabIX uncea 1, 2, . . . ,
n. HojcTaHOBKa HA3bIBaeTCA YETHOM, €C/TH VIS BO3BPALleHHS ee K IepBo-
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HayalbHOH MO/JCTaHOBKe TpedyeTcss 4eTHOE YHCIO NEePecTaHOBOK (06-
MeHa MecTaMH) ee 3JeMeHTOB. AHaJIOTHYHO onpejiessieTcs HeueTHast MoA-
craHoBKa. PaccMorpuMm, Hanpumep, noAcraHoBky | 3 4 2. K Buay

Us

€5 i
a
Puc. 6.11. Isa 1-dakrtopa rpada puc. 6.10.

N

1 2 3 4 npuBogMT cJaenyoLias [OC/AEJOBATeNbHOCTL MepPecTaHOBOK:
1) nomeHsaTh MecTamu 3 U 2; 2) noMeHATh Mectamu 3 4. CreloBaTeb-
HO, 3Ta MOJACTAHOBKA SBJsETCS UETHOH.

Teopema 6.26. Ilycts H; (i=1, 2, ..., p) — l-pakTOpbl OpPHEHTHPOBAHHOrO
rpada G Ha n BeplIHHAX. nyCTb L; — gncio Kourypos H;, a M — matpuua cmex-

Hoctn rpada G. Torna det M= (—l)ﬂi‘ (-—1) i
{=
Hoxasameavcmso. Tlo onpepesienuio
det M= 2 Blp fos wees inm1!1 2js° "!n (625)

rae

1. ()= (1, fe, ..., ) — nopcTaHOBKA UeaHX uxcesa 1, 2, ..., n.
“ €1, jgr e ip=1» €CHH () — YeTHam NOLCTaHOBKA, B TPOTHBHOM CJyuae
81'1: Jgs e jn=_l'

3. Cymma GepeTcst Mo BCeM MOACTaHOBKaM Ueinx yucea 1, 2, ..., a.

HeHyneéoﬁ S/IRMEHT MMy Mg jy. « «Mipj, COOTBETCTBYET MHOMKECTBY Ay (vf,
vjl), ©2: U79)s o s (Ons vj"). Kaxknass BeplInHa vy NOSBASCTCS B 9TOM MHOXeCTBe
ABaXJbl OAVH Pa3 KaK MepBblil 3JeMeHT, B APYroifl — KakK BTOPOH 3J1eMeHT B HeKo-
TOPBIX YNOPAAOYCHHBIX Mapax. 2TO O3HayaeT, YTO MOJYCTeNeHH 3aX0ja ¥ HCX0Aa Jio-
6ol BepuinHEl noarpada, nopoxaexHoro ayramu (vq, vjl) (Ua, Usp)s o oer (Un vy,
paBHb 1. TakuM o6pasoM, BCAKMH HeHYJeBOH 5JeMEeHT CyMMbl Bhipaxenus (6. 2:;)
cootBeTcTBYeT l-paktopy rpada G. O6paTHo: BcsiKui 1-hakTOp COOTBETCTBYET HeHy.Jle-
BOMY SJEMEHTY MMyj Majy. o My, .

Hanpumep, 1-dakrop, npusepenubii Ha puc. 6.11, 6, coorsercTsyer sJeMeHTy
MMy3iM32iMig; Myy.

Tenepb Heo6xopuMo 3adHKCHPOBATL 3HAK €71, /g, e Jpe T1¥CTH C — KOHTYp B

1-pakTOpe, COOTBETCTBYIOWIEM fq, fg, « - - [p. [IYCTb KOHTYp COCTOMT M3 @ Ayr (Uil,
Uig (Vigs Vig)y -+ - Ui {vg,).
Hauva/ibHEle BepLIMHL! STHX AYr OOPasylT NOCHEAOBATEABHOCTD ff, g, . . ., ip, 8 WX
KOHEUHble BepLIMHb — [g, I3, . . ., [f.

JIerko BHjeThb, 4TO AJsl NPHBEAEHHUs MOCJeAOBATeJbHOCTH iy, I3, . . ., {; K NOCJE-
NOBATEAbHOCTH iy, Iy, . .., Lp JOCTATOUHO COBEPLINTb W-—I NepecTaHOBKY.

[Tycts B 1-paKTOpe, COOTBETCTBYIOWIEM [y, jg, . . ., j,, MMeETCS L KOHTYPOB, a UX

AJMHBEl PaBHBl @y, ®Wg, ... Wz, [OTAa AJS NPUBEASHHS [OCAENOBATEAbHOCTH jy,



126 Taasa 6

.o fn KBUOY 1, 2, ..., n HeoGxoauMO coaepmmb ((nl—l)-i— (m2—1)+ -+
-1—(0),_—1)—\1'/ nepectaiioBoK. Ilostomy ey s, . = (—)W== (=1)r+L

[ToaBoast UTOrd, 3aKJKOUaEM:
1) Kaxkaemi HeHyJIeBoﬁ BJIEMENT MMy . . .My, COOTBeTCTBYyeT I-(pakTopy H;rpabda G

(3amMeTHM, YTO 3HaueHHe 3TOrO 3/eMeHTa pasHO l);
— n+L
2) Bji Jgu en jp= 1774, e Ly — uncqio xoutypos B I-pakTopax H;.

Takum o6pa3oM, Butpakenue (6.25) ceonutes K cienyomemy det M= (—1)7 Z (—I)L

PaccmorpuM, Hanpumep, l-daKtophl, npHBefeHHble Ha pHc. 6.11.
MM cooTBeTcTBYIOT caenywuine 3Havenus L;: Li=1, L,=2, CaepoBa-
TeJLHO, ONpeJe/uTe/ b MaTPHIE! cMeXHOoCTH rpada Ha pHe. 6.10 pasen
{(—1)* + (—1)2=0. B 3T0M J1eTKO yGeaHTLCS MyTeM HernocpeCTBEHHOrO
pasJIoXKeHHs! OnpelesHTe/s .

ITycty Kaxgo# ayre (I, j) opuenTHpoBaHHoro rpaba G NMpHCBOEH
Bec w;;. OnpenenuM mampuyy cmexcrocmu M=I[m;;l rpada G caenyio-
UM 0Opa3oM:

W;;, €CJIH CYLIeCTBYeT Ayra (v; U));

M —
2 0 B MpOTHBHOM cay4ae.

OrnpesieinM BecoBoe mnpousBefenne w(H) noarpada H rpa(ba G

KaK NpoH3BefleHHe BecoB BceX Ayr moarpaba H. Ecau nocaennué ne

uMeeT AyT, T. e. noarpad [ sBJsiercss mycThiM, To nycts w (H)=1.
Tenephb JIlerko MOJNYYHTH Caefyollee o0oflleHHe TeopeMbl 6.26:

Teopema 6.27. OnpefesuTesb MaTpHllsl CMexHOCTH M B3BelnenHoro rpaga G
Ha n BepLIMHAX ONpele/serca CAeNYIOIMM BbIPaKeHHeM:

det M = (—1yr S (—1)" Ho (1),
H
rne H—1-dbarrop rpada G, a Ly — uMciao KoHTYpOB B noarpadge H,

6.11. I'papn Koyrca u Ma3ona

B sToM pasjene MBI paccMaTpHBAaeM TeOPETHKO- rpadoBHi noxXox
K pellleHHIO JHHEHHBIX aqrefpanuyecKux ypasenHi. OGcyxpnaioTcs ABa
TeCHO CBSI3aHHHIX MeTozia, npuHajiexamux Koyrey [6.10] u Maszony
[6.11, 6.12].

6.11.1. Merox Koyrca

PaccMOTpHM JTHHEHHYIO CHCTeMY, ONTHCBIBAEMYIO CHCTeMOH ypaBHeHHH

AX =Bx,4,. (6.26)
rae A=la;;l — HeBprO)K[IeHHaH MaTpHHa nopsajka nXxn, X — BeKTop-
cToA6ell HEeH3BeCTHBIX INepeMeHHBIX Xy, X, ..., Xp. B — BeKTop-

cronbell 3jeMeHTOB by, bsy . .. , bn, @ Xp41 — BXOAHAs MepeMeHHasl.
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Peuenne I Xp MOXHO 3aillicatb B BHJIE
X/ Xpi= ZblAlk/detA (6.27)

rae A;p — anre6panueckoe JomoJiHeHHe 3ieMeHTa (I, k) Marpuusl A.

Ilyetb A’ — Matpuua, nodyueHHasi jJo6GaBjeHHeM —B K npasoit
yacTH MaTpuuBl A W 3aTeM K HHXKHeH 4YacTH TOJNYyYHBILeHcH MAaTPHIbI
HyJeBo# cTpoKH. CBAXEM B3BEleHHBbIH OpHeHTUPOBaHHHI rpad G, (A’)
¢ Marpuueit A,

Ilyetb G,(A') umeeT n+1 BEpLINHY X1, X2, . . . , Xp41. ECaH @;;=0,
to myctb B G, (A") 6ynet ayra (x;, x;), uMetomias Bec a;;. OueBHAHO, YTO
A’ — TpaHcnoHHpOBaHHas MaTpuua cmexHoctd G,(A'). pad G, (A')
HasbiBaetcs epagom nomokoe Koymca uan npocto zpagom Koymea,
cBsisaHHbIM ¢ Matpuueii A’. Byaem Takxke roBopuTb, uto rpad Koyrca
CBfI3aH C cHcTeMOH ypaBHeHHi (6.26).

PaccMoTpuM B KauecTBe NpPHMepa CHCTEMY YDaBHEHHH

2 1 11 x, 1

2
1 -1 -2 Xy |= 0 Xg4e (6 8)
2 1 20lx | | -1

B stom cayuae marpuuna A’ umeer BHA

I'pad Koyrca G,(A"), cBa3anublii ¢ cuctemoll ypaBHeHu# (6.28), npen-
craBjeH Ha puc. 6.12, a.

3aMeTuM, uTo Kaxaywo BepuwuHy x;(1<Ci<Cn) rpaga G,(A')
MOXKHO paccMaTpHBaTh Kak npeﬂcmmmomy}o ypaBHeHHe B cHCTEMe
(6.26). Hanpumep, i-e ypapnenne B (6.26) MOXKHO NOJNy4uTh, NPHPABHU-
Basi K HYJIIO CYMMY IPOU3BENEHUH BeCOB AyT, 3aXOAAUINX B BEPILHHY X;,U
nepeMeHHbIX, COOTBETCTBYIOIMX BEPLIMHAM, H3 KOTOPHIX 3TH AYTH HC-
xoaaT. Kpome Toro, yaansis u3 rpada G (A ) BEPUIHHY X745, MOMXHO
IIONYUUTh rpagd Kocha G,(A), ceasanubiil ¢ MatpHueil A. B cayuae
cHCTeMBl yDaBHEHHH (6‘28) rpap Koyrca G,(A) npexacraBneH Ha
puc. 6.12, 6.

[Tockoanbky A — TpaHcnoHHpoBaHHas Matpuua cmexuoctd G, (4),
a caMa MaTpHIA H e€e TPaHCIOHMPOBAHHAA MAaTpHIA HMMEIOT DaBHHIE
onpeleNuTenad, H3 TeopeMbl 6.27 cieayet, 4TO

det A= (—1)"> (— ) Hw(H), (6.29)
H
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rie H — l-dakrop rpada G,(A), w(H) — BecoBoe mNpoU3BeJeHHE
noarpada H, a L, — 4ucio KoHTypoB B HeM. TakuM o6pa3oM 3HaMeHa-
TeJb BblpaxeHns (6.27) MOXKHO BHIPAa3HTh Yepe3 BeCOBLIE MPOHU3BEAEHHUS
1-daktopos rpada G,(A). Hns BBIBOAa NOAOCHOrO BHIpAaXeHHs s
yucauTeas GopMysbt (6.27) HeoGXOAMMO BhipameHHe AA Agp.

é

Puc. 6.12.
a—rpadp Koyrca G, (A’); 6—rpad G, (A); 6— | -dakTopnansioe coennuenne H, ; rpada G, (4").

I-ghaxmopuanvroim  coeduneruem H;; BepLIMHBI Xx; C BepIIMHOI
x; B rpade G,(A) sBaserca ocToBHBIA noarpad rpada G, (A), Kotoperi
COJIEP2KUT a) OPHEHTHPOBAHHBIA MyTb P U3 BeplUHHB X; B BEPIIHHY Xj;
6) MHOMECTBO BepLIHHHO-HemepeceKalolHXCsl KOHTYPOB, COAepKallHX
Bce BepluHHBl rpada G,(A), 3a HCK/IIOUEHHEM KOHTYPOB, BXOASIIHX B
nytb P; 1-dbakTopuanbHoe coeiHHEHHe, HalpUMep BepIUHHBI X, C BepIIH-
Ho#l x; rpada G,.(A’) (puc. 6.12, a), npeacrasneno Ha puc. 6.12, a.

Teopema 6.28. [Tycts G (A) — rpap Koytca, cBssauHbiil ¢ Marpuueli A nopsaka
nXn, Torpa

1) Ay= (=1)n=4 Dy (—1) Ho (H);
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2) Ay=(—1=-1 ZHU (—)EHw (Hy), i=], rne H—1=takrop rpada, noxysesHoro
us G.(A) ynanenuem BepulMHl x;, [;;—l-dakTopHajibHOe coefuHeHHe B G (A)
BEpUIHHE x; ¢ BeputnHoft X7; Ly v Ly — uucao KOHTYpoB B H U H;; COOTBETCTBEHHO.
Joxasameascmeo. 1. Caenyer us teopeMmu 6.27.
2. 3ameTuM, 4TO A;; — ONpefiesiuTesb MATPUILI, IONYUCHHOR H3 MAaTPHIE A 3aMeHOH
J-ro cronfua Ha ctoabell, COCTOSIMHUH M3 HYJeBHX 3/1eMEHTOB, 34 HCKJIIOYEHHEM i-ro,
Kotopui paBen 1. O6Go3Hauyum 3Ty Matpuuy uepes Ay. Torma rpap Koytca G, (Aq)
[oJIy4aeTcs 3 HeXoAHoro rpada G, (A) ynaneHHeM BCeX YL, HCXOASIMX U3 BEPIIHHEL
xj (BKJIIOYAsl M MeTJIH, HHIMJCHTHEIC BEPILHHE X/}, U BBeJleHHeM JyTH (x4, x;) c Becom 1.
Tenepb u3 Teopemur 6.27 noaydaem
L
Ay=det A, =(—1)" 2 (=) 2w (H,), (6.30)

Hy

rae Ho—l-daktop rpada G.(A), a Lo — uncio KoHTYpos B Hg.

B kaxjom l-haktope Ho 06s13aTebHO JOJKHA COAEDKATHCA BBEJEHHAs Ayra ¢
Becom 1. ¥Ypaasa sty Ayry u3 l-pakropa He, Mb DONy4aeM l-paKTOpHAIbHOE COCMH-
Henue H;; rpada G (A). [Ipu stom w(Hg)=w(H;y). Jlerko yGefluThCs TAKKE B TOM,
uro Mexpy Hg B rpade Go(Aa) u H;; B rpade (G (A) cymecTyer TaKoe B3aHMHO-
OIHO3HAYHOe COOTBETCTBHE, 4TO W (Hg)=w (H;ys). TlocKONbKY WHCJIO KOHTYpOB B l-

(aKTOPHAJIBHOM COSJHHeHHH FI;; Ha eMHHLY MeHblle, YeM B Hg, Ly=L,—1. To-
0
sToMy Hu3 Bblpaxerus (6.30) monyyaem A;y= (—l)"‘lz(—l) Hw(Hij).
H.
if
n
PaccMoTpuM Tenepb 4uciuTeNb Bbipamenus (6.27) Y b;A;,. 3ra
=1

CyMMa paBHA OMpPEAEJHTENI0 MaTPHLBl, MOMYYeHHOH H3 Marpuibl A
3aMéHoli j-ro cron6ua Ha B. Jlerko cBs3aThb ero c det Ag.y, (T2
A}.. ,— MaTpHla, nojyyenHas u3 Matpuubl A’ ynanennem (n-+1)-i
CTPOKH u k-ro cronfla):

3

? b= (— 1)+ =E7 (1) det (Ansy, o). (6.31)

i
M3 wactu 2 Teopembl 6.28 noayuaem
(—1)+i+Edet (A D =(=1" B (=1 HwH,usp), (6:32)
n+1, k

rie Lj — uHcao KOHTYpoB B 1-aKTODHAJBbHOM COEIHHEHHH Hoyisn
B rpade G,(A’). O6beaunsisi Belpaxenus (6.31) u (6.32), nonyunm

igl bAp=(—1y X (_1)1-31' w(H, 11, 8)- (6.33)

oti e

]
—

W3 puipaxennit (6.29) u (6.33) monyyaem cienyiolmlyo TeOpemy:

Teopema 6.29. Ecau martpuma xosdouuuenTos A HEBHIPOKJEHHas, TO pelleHHe
ypasHeHust (6.26) onpeflensieTcs clefylomuM 0Gpa3oM:

S () Hw(Hap, 8

L N S5 T S . (6.34)
gas 21 (= H w(H)
H

5 ™ 1449
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1. H,,H’ r— l-daKTOpHaNbHOE COefHHEHHe BepILHHBl X,4; C BepPIUHHOR X B rpage
G.(A").

2. Hc——l-qpamop rpada G, (A).
3. Ly # Ly — uucs1o LMKI0B B H,41, x ¥ H cooTBeTcTBEHHO.

YpaBHenue (6.34) HasbiBaeTc QOPMYJIOH Kosguyuenma ycureHus
Koymca. IlpouwmocTpupyem npuMeHeHHe STOH GopMyJibl, pelias ypas-
HeHHe (6.28) OTHOCHTEJLHO Xo/X,.

1-dbakroput rpada G, (A) (puc. 6.12, 6), cea3aHHble ¢ MaTpuled A H3
ypaBHeHHs1 (6.28), npHBejeHbl HHXe CO CBOUMH BECOBBIMH NPOH3Beje-
HHAMH. Pasnnunble KOHTYpHl B 1-bakTope OT/IHHAIOTCA MOPSAIAKOM Bep-
LIHH B cKoOKax

Becosoe

1-goaxmop npoussedeHue
(x1)(x2)(x3) -4
(% X(x2, x3) —4
(x2)(xy, x3) -2
(x3)(x1, x2) 2
(X1, x2,x3) 1
(x1,x3,x3) -4

IToacuuraem uyucnutenb Bopaxkenus (6.34):
2 (=D HwH)= (=1 (—4) + (=) (=9 + (1) (—2) +
+EDP @+ (D) +H (=D () =4—4—-24-2—-14+4=3.
[IpuBenem 1-hakTopHaibHbIE COEAHHEHHA X4 € X5 B G, (A') (pHc. 6.12, a).

Celiyac B CKOOKH 3aKJ/IOYAIOTCA TaKixKe BEpLIHHDbI, JieXKalulHe B CPHEHTH-
POBaHHOM NYTH.

1-gakmopuarnbHos Becosge
coedureHue npou3sedeHus
(x4, %1, x3)(x3) -2
(x4,xl,x3,x2) 4
(x4, X3, %2)(x;) —-4
(x4,x3,xl,x2) 1

[Toncuntaem uucauTenb BbipaxkeHus (6.34):
S D0 H, i )= (1) (~2) 4+ (= 1) (—9) 4 1 =
n+l, k
=2+444-441=11,

Takum obpasoM, x./x,=11/3.

H
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6.11.2. Metox Ma3sona

Ilna vamocTpauuu Metoda Ms3oHa nepenuieM ypasHeHHe (6.26) B
BHJIE

I
Y ,
x,=(a,.i+l)x,+k2{ Qe — 0% =12, ..., m
Rt
Xnt1= Xnsre

MoHO npecTaBHTh 5TH YpaBHEHHS B MaTPHYHOM BHJe clefylolHM of-
pasom: (A'4+U,+.)X'=X’, rre A’ — onpeneneHHas paHee MaTpHua

Puc, 6.13.
a—rpad Ms3oHa G, (4’), 6—rpad Gm (A).

nopsaaxa (n+1)x (n+1), U, — enuHuyHas Matpuua nopsaiaka a1,
a X' — BekTop-cTONGel TEepeMeHHbIX Xi, Xz, . . . , Xni1.

I'pad Koytca G,(A'+ U, +1) HasbIBaeTCs cueHabHbim epagom nomo-
koe Ma3sona wnu tpocto epagom Masona, cBsi3aHHBIM ¢ MaTpuueH A’,
u obosHavaercs dYepes G, (A'). Hanpumep, Ha puc. 6.13 npuBenetsl
rpad Mszona G, (A’) u rpad G, (A), cBA3aHHBIN ¢ CHCTEMOR YDaBHeHHH
(6.28).

Kaxayio sepuinny B rpade G, (A') MOXKHO paccMaTpHBATh Kak Me-
peMeHHyI0. EciH MeXAy BepIIHHAMH X; H X; €CTb Ayra, TO MOXKHO CUH-
TaTh, YTO NepeMeHHas x; fenaeT BKJaj {a;;x;) B nepeMesnyo x;. Hpy-
THMH CJIOBaMH, X; paBHA CyMMe MPOH3BeJeHHH BecoB Ayr, 3aXOAAlIUX
B BePLUHHY X; 1 NePeMeHHBbIX, COOTBETCTBYIOWIHX BepIUHHAM, H3 KOTODHIX
MCXOAAT 3TH RyrH. TakuMm obpasom, rpad Mssona — ynoGuoe rpaduyec-
KOe TpeJACTaB/JeHIe MOTOKA MepeMEeHHBIX B CHCTeMe.

3ameTuM, 4TO Ana noaydends rpada Koytca u3 panHoro rpada
M>a30Ha M3 Beca Kax[oH NeTJH Mbl NPOCTO BbIYHTAeM efHHHIY, 2 HA

5%
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KaXaylo BeplUUHY rpaga MasoHa 6e3 NeTVIH BBOAUM IIETJIIO C BecoM —1,
Huaue roeops, rpadp Koyrca G, MoxHo mnosmyunts u3 rpada Masona
G, MPOCTHIM BBeJileHHeM Ha KaK/yl0 BepLUHHY NeT/IH ¢ BecoM —l. Bynem
0603HaYaTh MHOMXECTBO TaKUX Heresb Beca —I1, nofaBasieMbIX AJs IO-
crpoenus rpada G,, 4epes S. OTMeTHM, YTO MOCTPOEHHHH TaKuM ofGpa-
30M rpad G, 6yaer UMeTh B KaxJIoH BeplliHHe, caMoe GoJblliee, JABe H B
TO e BpeMsl He MeHee OJHOH MNeTJH.

PaccMoTpuM cBsisanHbldl ¢ Matpuuel A rpad MasonaG,, (4); nycts
rpad G, 6yner coorBercTBYIOIIUM rpadom Koyrca. Ilycrs H — l-dak-
Top rpada G, umelownil | nerenb w3 MHoxkecTBa S. Ilyctb Ly, —
obiee uncjo KOHTYpoB H. Ilpn ynanennu us H j no6aBjeHHBIX MeTelb
MHOKeCTBa S NOJYYHM MepBOHaYa/bHbIl noarpad Q rpada G, aBasio-
wuuiicst HabopoM 3 L, BepLIMHHO-HENepeceKaloluXcst KOHTypoB. Kpo-
Me Toro, mpu j<<n

w (H) = (—1)/ w(Q). (6.35)
3ameruM, 4TO ecau j=n, 10 Q — nycro#t moarpad Gy, uMelOWHH 10
onpefiesiennio Bec w(Q)=1. [losTtoMy B 3TOM ciydae

w (H) = (—1)n. (6.36)

Jlerko BHAETH TaKkKe, 4To BessKoMy nmoarpady Q rpada Gy, siBasolie-
Mycsi HaGopoM u3 L, BepLIHHHO-HeNepeceKaloWuXcs KOHTYPOB, B Ipa-
de G, cOOTBETCTBYeT eIMHCTBEHHBIH 1-pakTOp, KOTOPHIH MOJdydYaercs
BBeJleHHeM Ha BepIUMHBI, He BXOHdllMe B Q, merenb (M3 MHOXKECTBA
S) Becom —I.

[To TeopeMe 6.27 MH uMeeM

det A= (—1)" (=) w(t) = (—1)" [1 +3 (—)ew (Q)]. (6.37)

Iocnenuuil 1ar B 9TOM BBIBOZE CJefyeT U3 BhIpaxeHu# (6.35) u
(6.36). Bripaxkenue (6.37) MOXKHO NpeACTaBHTL B BHJe

detA=(—1)"[1—-§Qﬁ+‘2Qﬁ_‘zQﬁ+...], (6.38)

rie Q;, — BecoBoe Mpou3BeleHue j-ro noarpada Gp,, sABAAIIEroC Ha-
6OpoM M3 & BepIUMHHO-HeNepeceKalolUXcsi KOHTYDOB.

TakuM o6pasoM, Mbl BHIpasH/IM 3HaMeHaTeJlb BeIpaxeHusi (6.27) B
BECOBBIX IPOH3BEIEHHSAX COOTBETCTBYIOIINX MOArpacdioB rpada Masona.

HazoBem (—1)"det(A4) onpepenurenem rpada G, (4) U 0603HaYUM
ero uepe3 A. Torna, Hcrmonb3ys BeIpaxeHHe (6.33) M paccyKuas TOYHO
TaK e, KaK I[pH BbIBOAe BbpaxeHHs (6.38), BbIpasuM YHCJIHMTeNb
B BHJE

n
1§1 by =(—1)" IE W (Ph1, 1),

rae Pl » — j-ft ODHEHTHPOBAHHHIH MYTb U3 BEPIUMHBI X, .; K BEPLIHHE
1
xx B rpage G (A'), a A; — onpenenutens noarpada toro xe rpaba,
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BepLUIHHHO- HENePeCEKAIOLEerocs ¢ j-M OPHEHTHPOBAHHBLIM myTeM Pl,; .
TakuM 06pasoM, NMPHXOAHM K CJeYIOUeMY YTBEepPHKIACHHO!

Teopema 6.30. Ecin marpuua kosdduunentos A B Bepaxenuu (6.26) — HeBl-
poxAeHHas, TO

ZW(P;H-I, k) Aj
e _ 7 L k=1,2 ....n, (6.39)

Xp+1 A

rae Phya, k— J-i opHenTHpOBaHHBIH nyTh B rpade G, (A’) OT BepWHHH X,.1 K
BEpIIKHE Xp, A;— onpefenurtess noarpada Gy, (A'), BepPIIMHHO-HeNepeceKalollerocs
C j-M OPHEHTHPOBAHHBIM IyTeM Phyy, k, a A — onpegenurens rpaga G, (4).

Ypasuenne (6.39) nasviBaeTcs gopmyaod Kosppuyuenma ycurenus
Mssora. B nutepatype no teopuH cucreM Py, , — npsMoH nyTh oT
BEpLIHHBI X,.i K BeplinHe Xx;. KoHTypbt G, (A”) HasbBaoTca nemaamu
obpamrod ceasu. Ilpounmoctpupyem npumeHeHue dopmydan (6.39) X
pelueHHi0 ypaBHeHHsl (6.28) OTHOCHTENBLHO X,/X,.

IlpuBenem pasnHuHbie HabOPE! BePILINHHO- HellepeceK Al uXCsl KOHTY-
TypoB Gy, (4) (puc. 6.13, 6) ¥ HX BeCOBHE NPOH3BEJCHHS,

Becosoe
Konmyp npou3sedeHie
(xy) 3
(x3) 3
(xl: xz) 1
(x2,%3) =2
(xnxs) 2
(%15 %2, X3) 1
(x1) %3, %2) -4
(x1)(x3) 9
(x1)(x2, x3) -6
(XJ)(xl,xl) 3

BoiyncauM 3HaMenatenb Bhipaxenus (6.39): A=1— (3-+3+1—2+42+
+1—4)+ (9—6--3)=3.

IlpuBeneM passuunbie OpHeHTHPOBaHHble nyTH G (A”) (pHc. 6.13, a)
M3 BEpLIMHBI X, B BEPLIHHY X, BMECTe C HX BeCOBBIMH MPOM3BEJECHHAMHU:

. Becosoe

J P npou3sedeHue
l (.X4,xl, X2) "l

2 (x4, %y, %3,%3) 4

3 (X4,XJ,.X2) -2

4 (X4,XJ,.X|,X2) l

KoHTypamH, BepLIMHHO-HeNepPeceKalOmUMHC ¢ NPAMBIMH nyTaMu P3,
u P}, sABAIOTCH METJIH (x3) U (X1) cooTBeTcTBeHHO. [TosToMy A= 1-—3=



134 Taraea 6

=—2, A;=1—-3=—2. KoHTypoB, BeplIHHHO-NepeceKamMuxcsa ¢ nps-
MBIMH NyTMH P} , u Pj,, HeT, T. e. A,=1, A,=1.

TakuM 06pa3oM, UHCIHTeNb BhipaxeHHus (6.39) umeer BHA P} ,As+
+ P2 ,A+P Ay + P A =2+444-4+1=11. ITostomy xo/xs=11/3.

6.12. 3ameuyaHHs, KacaioulHecsi IHTepaTypsl

PesyabTathl, MosyuyeHHbE B 3TOH IlaBe, 06pa3yioT OCHOBY AJS GoOJb-
HWIHHCTBA pe3ysbraToB YacTH 11 KHHMrH. PaccMoTpeHHBle B IJ1aBe TeMbl
obcyx,aaloTess Takke B paborax [6.2, 6.13—6.15]. Kpome Toro, B
pa6ore [6.2] nmpuBomsATCA HCTOpHUECKHe NOAPOGHOCTH, KacalollHecs
NPEACTAaBAEHHBIX 3/eCh Pe3YJLTaTOB.

Monorpadus [6.16] nocesilieHa HCKIIOUMTENBHO 3aiauaM NepeuHc-
JleHHd rpadoB, B HAacTHOCTH OTHOCAIIMMCS K HENOMeYeHHBIM IpadaM.

3agaue mojicyeTa 4MCJa OCTOBOB Y/ENEHO 3HAUHTENHHOE BHHMaHHE
H B paboTaxX 1o TEOPHH 3JeKTpHUecKHX LeneH. IlosyueHbl peKyppeHT-
Hble OTHOLUEHHS JJIS ONpeieJieHHs] YHCIa OCTOBOB CNEHaNbHBIX KJacCOB
rpados [6.17—6.21]. B pa6ore [6.22] conepxkatcs dopmyabl st onpe-
Jie/leHHs] 4Hc/Ja OCTOBOB C 3a/laHHbIMH CBOMCTBaMH.

B pa6ore [6.2] wHpoKo 06¢yKAAIOTCA HEKOTOPbIE acleKThl, Kacaio-
IHecs NOAXofla CHrHAJbHBEIX rpadhoB NoTOKOB. I IpHMeHeHHs CHIHAIBHBIX
rpahoB NOTOKOB paccMoTpeHH! B pa6orte [6.23]. IlpumeHenHe cHrHasb-

HBIX rpadoB MOTOKOB NPH HCCIENOBAHHH 3JEKTPHUECKHX llenel ONMHCaHo
B pabore [6.24].

YnpakHeHus

6.1. Tlyets Qy=I[g;] — Gasucnas matpuua paspesalomux MHONECTB, a Bf=[b,-~] —
6asucHash LMKJAOMaTHYeCKast MAaTpHILA CBS3HOTO OPHEHTHPOBaHHOrO rpaga. Jloxa-
}KUTE, YTO a) eC/IU TPOU3BEACHUS (;;q;) U (§;rGr,) HE PABHH HYJIO, TO OHH PABHH
Mexay co6ofi, 6) BEINOJNHHTE N. a A1 MaTpULH B

6.2, Ilycte B — marpuua, ofipazoBannast MOOGEMU [ (G) He3aBUCHMEIMH CTPOKaMH
IHKIOMAaTHYECKOH MATPHIILI CBSI3HOrO OpHEHTHpOBaHHOro rpada G, HMewwero m
ayr. Tlokaxure, yto ecsin F — npou3BOJIbHAs MaTpula nopsiaka p (G)Xm u panra
0 (G), uMeromas 3/1eMeHTHl, paBHble 1, —1 H 0, H yNOBJIETBOPSIONAS YCAOBHIO B['pt=0,
TO Ka¥Jas CTPOKa MaTpHLBI-F — 5TO CTpOKa MaTpHLH paspe3os rpada G.

6.3. Tlycte Q — maTpuia, ob6pasoBanHas P (G) He3aBUCUMBIMU CTPOKAMH MAaTPHIH
pa3pe3oB CBSI3HOTO OpHeHTHpOBaHHoro rpada G, umetomero m ayr. [MoxkaxuTe, yTo
ecad F — mpousBosibHAast MaTpulla mopsiaka U (G)Xm u paura p(G), umeomas 3Je-
MeHTHI, paBHeie ], —1 1 0, U yaoBAeTBOpSIOMmAs yea0BHIO QFf=0, To Kaxaas cTpoka
MaTpHIbl F COOTBETCTBYET WHKJAY HJAH O6LelHHEHHI0 pPebepHO-HeNmepeceKaonmHxCes
UuKJI0B G.

6.4. Tlycts Q(x, y) — nMoaMaTpHLla MaTpPHIBL pa3pe3oB Q. CBA3HOTO HepasfeSUMOro
OpHeHTHpoBaHHOro rpada G; Kaxaas COJAEPKHT TOIbKO Te CTPOKH Q., KOTOpHIE COOT-
BeTCTBYIOT Paspe3aM, Pasjie/sIOUUM BePUIHHEL ¥ | y. [ToKaxuTe, 4T0 Q (X, y) COAEPKHUT
6a3ucHyI0 MAaTPHILy pa3pesaomux MHoxecTs rpada G. (Bonee obummii pesyasTar npu-
selleH B paGore [6.25].)

6.5. Tlycts B — noxmaTtpulla LUKJIOMaTHUeCKOl MaTpuuu B, mianapuoro rpada G,
COzepXalas TONbKO Te CTPOKH B, KOTOPEE COOTBETCTBYIOT stuelikam rpada G. Ilo-
KaxuTe, YT0 NoAMaTpuua B yHumonyaspua. (Onpepesenue miaHapHoro rpada H
SUeeK JIaHO B VI 7.)
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6.6. I[lycts B -— MaTpuua, o6pasosaHHasi JIoGHIMH (4 (G) HE3aBUCUMBIMH CTPOKaMH
LHKJIOMAaTHYeCKOH MATpHIL! CBA3HOTO OPHEHTHPOBaHHOro rpada G. [MokaxuTe, 41O
Bce [JIaBHbIE OMPENEJIMTeH HEeBLIPOMIACHHLIX MOAMATPHIL, MATPHLLI B HMEIOT OLHHA-
KOBOE€ 3HayeHHe,

6.7. Ilokaxure Teopemy 4.l1.

6.8. IloKaxuTe, YTO N5 CBSASHOrO OpHEHTHpPOBaHHOro rpada T(G)=det (B/B;)=

=det(Q/Q;, rae By — GasucHas UMKJIOMAaTHYeCKas MaTpiulla, a Qy — Gazucuasn
MaTpHLA pa3pesaioulux MHoxecTB rpada G.

6.9. Ilycts Q — maTpuua, obpasosanHas moGbiMU P (G) HE3aBUCUMBIMH CTPOKaMH
MaTPHIbLI Pa3pes3oB CBA3HOro OpHEHTHPOBaHHOro rpada G, a B — Marpuua, o6paso-
BaHHas JOGbIMH [ (G) He3aBHUCHMBIMH CTPOKAMM LMKJOMaTHUecKod maTpuis G. Ilo-

KaXuTe, 4TO MaTpyua | z| — HeBnpoMIeHHas,

6.10. JokaxuTe, yto noanpocTpaHcTBa Haj nosem GF (2) uukaos W, v paspeson
W cBsi3HOrO HeopueHTHpoBaHHOro rpadga G sBJASAIOTCA OPTOrOHAJBHBIMH JONO.1HE-
HUSIMH BEKTOpHOro mpocrpaHctBa W TOrga M TOJAbKO TOTAd, KOFAa UHCJAO OCTOBOB
rpaga G HeyeTHo.

6.11. [Iycts aas moGoro pe6pa e rpada G npoussesenne G ¢ o6o3Hayaer rpad, noay-
yenHbill U3 rpada G craruBaHueM pe6pa e, [lokaxkute, 4to ecau rpad G cBs3HBI,
10 T(G)=1(G—e)+T(G2).

6.12. Hcnosapays peKypcuBHyio ¢opmyJy u3 ynpaxHenus 6.11, nalipute ducao oc-
TOBOB KoJleca Ha n BepludHaX. (OnpefleleHne KoJeca cM. B pasf. 8.4.)

6.13. [Tokaxure, uto ecan e — pebpo rpada K,, 1o T(K,—e)= (n—2)an 3,

6.14. a) [Tycts H — rpad Ha n BepIIMHAX, B KOTOPOM MEXIY BCAKOH Mapod CMeXKHAIX
BepuIMH HMeeTcsl 2 napasJjeisHuix Ayr. [lycts G — npoctoil rpad, Jexauiuit 8 oc-
nose rpada H. [Tokaxure, yto T(H)=kn+17(G).

6) [lycts H — rpad, noayyeHHbli 3 cBs3Horo rpada G Han BeplUHHAX 3aMeHON
Kaxzaoro pepa aroro rpadpa G Ha nyth IJIHH k. [ToKaxure, 4To T(H)=k™~n+17(G),
rae m — uucao pebep B rpade G.

6.15. TTokaxute, 4TO TeopeMa 6.17 sBJsieTCs1 YacTHLHIM cay4aeM TeopeMul 6.24,

6.16. Tpad G ¢ BecaMu Ha Ayrax HasbIBaeTCsl edgetueHmbim epagom. HanoMmuum, 4ro
Becopoe npoussefenue noprpada rpada G paBHO NPOM3BEJEHHMIO BECOB €0 Iyr W 4TO
ecqy MOArpad uMeeT elMHCTBEHHYIO M30JHDOBAHHYIO BEPLUMHY, TO €rO BECOBOE Mpo-
H3BeJieHue No onpeleseHHo paBHo .

[lycts A — MaTpHlla MHUUAEHUWH CBA3HOTO OPHEHTHPOBaHHOrO rpada G, yceueunas
O CTPOKe, COOTBETCTBYiowell BeplIHHE Uy, a i-s1 CTPOKa MaTpull A cooTseTcTByeT
epiuune v;. [lycTh W — JuaroHaqnHas MaTpHila, NpelcTaBJsiowas Beca rpada G.
[Mpumem, uto cToa6usr A 1 W, cOOTBETCTBYIOLIME AYTaM, PACMOJIOKEHE! B OJHHAKOBOM
nopsgke. [Toxaxure, uro a) det (AWA? — cymMa BecoBmX Npou3BeNeHUd Beex
ocToBoB rpada G i 6) A;; — CyMMa BeCOBLHIX MPOH3BE/CHHUI BCeX OCTOBHHIX 2-nepeBbes
T};, n tpada G, rie A;y -~ anreGpauueckoe AONOJHeH e 3/1eMeHTa (i, j) MATPHUL A WAL,
6.17. Matpuua noaycfeneneil ncxona K==[;;] opuenruposantoro rpada G Ge3 nereilb
onpejessiercs cJjefylounm o6pasom:

( —p, ecau {7 j H cyuleCTByer p Ayr, ALYUHX
k= M3 BepLIMHEl U; B BEPIUUHY Uy
d+ (vy), ecin i=j.

OnpefieluM BXOAsilliee JePEBO KaK OPUEHTHPOBaHHBIA rpad, uMeloUUil BeplIKHY U,
B KOTOPYIO CYLIECTBYET OPHeHTHPOBAHHbIH MyTb H3 MoGol Apyrof BepLUHHH, a Je-
Xallgil B OCHOBe HeOpHeHTHPOBaHHbIA rpad sBasercs nepeBoM. [TokaxuTe, 4TO UHC10
BXOASUIMX OCTOBOB rpaba G onpepessieTcs aHaJorHyHO TeopeMe 6.24.

6.18. Matpuua noJycrenexeif ucxona K=[k,-/] B3BEIEHHOT0 OPHeHTHPOBAHHOIO
rpadga Ges rere/b OMpeLesseTcs C/AEAYIOUUM ofpasom: o
a) k;j=-—(CymMa BecoB Ay, Hanpas/ieHHbiX OT BEpIIMHB U; K Uj), ecau (.
6) k;;7= (Cymma BecOB RYT, HCXONALIMX H3 BepLUHHMI vy). Hokaxure, uto det (K;;)
paBeH CyMMe BEcOBBIX MPOH3BEJeHMH BCEX BXOLAUIMX OCTOBHBIX [€peBbeB rpada @
¢ KopHeBoii pepwutoil vy [Ipumedanue. TTON KOPHEM 3LeCh MOHMMAeTCs Takas sep-
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IIHHA U;, 4TO H3 KaxJOH APYrofi BepIIKHLI CYLIECTBYET OpHEHTHPOBAHHLIA NyTh B Hee.
6.19. PemuTe CHCTEMY ypaBHeHHH:

3 =2 1% 3
—1 2 oflx|=| 1|x,. (6.40)
3 -2 2]1% -2

6.20. Tlycrb G, — rpad Ma3oHa, CBA3aHHBIA C CHCTeMOR JIHHEHHbIX ypaBHEHHH.
[ToKaKHTe, 4TO 4) MOMKHO yJaMHTh NeTJO, HHIHIEHTHYIO BEpIIHHE Xp C BECOM app7=<1,
NPOCTO YMHOMKHB BeCa BCeX YT, HHIHAEHTHBIX BeplIHHe xp, Ha Koahdumuent 1/ (1—
—app) B 6) MOKHO YNAJIHTb BeplIHHY X, 0e3 meTyH, LoGaBHB (api» Arp) K BECY LJI5
BCEX iF=p H k7p IyrH (x; Xj).

6.21. Vcnoabsys MmeTol, TMpelJoskeHHbIH B ynpaxkHeHHH 6.20, npuselunTe rpad Ms-
30Ha, CBA3aHHKI ¢ BoipakeHHeM (6.40), K rpady, HMelolUleMY JHIIb BEPUIHHBL Xy H X3,
H DEIHTe CHCTeMY OTHOCHTEJBHO Xp/X4.



7. TlnanapHocth
H JABOHCTBEHHOCTH

B srofi riiaBe Mbl OGCYAHM jJBa BaXKHBIX [OHATHSI T€OPHH TpadoB:
MJ1aHapHOCTL H ABOACTBeHHOCTh. CHavana Mbl PaCCMOTPHM I[1IJ1aHAPHBIE
rpadbl H YCTAaHOBHM HX HEKOTORBIE CBOACTBA. ByayT 06cyX1aThes TakXKe
XapakTepH3alHH MJaHapHBIX rpagoB, faHHble Kyparosckum, Barne-
pom, Xapapu u Tarrom, Mak-JlefiHoM. 3aTeM Mbl 06cy1HM ONpeje/eHHe
YUTHH JBOHCTBEHHBIX rpadoB, KOTOpoe JaHO, HCXOASl H3 LHKJIOBH
paspe3alollHX MHOXECTB, H CBsXKeM 3TO MOHATHE C, Ka3anochb OHl, He
MMEIOHM K HeMY OTHOMIEHHS! MOHATHeM IJ1aHaPHOCTH.

JIBOHCTBEHHOCTL OUYeHb HHTEepecHa sl CHELHATHCTOB B 00/1acTH
3/IeKTPHUECKHX IeneH, DTOT HHTepec OOYC/IOBJIEH TeM, UTO HANpsXKeHHe
H TOK B 3JIEKTPHUECKOH LeMH SBJSIOTCS ABOHCTBEHHBIMH MepeMeHHBIMH,
X 1BOMCTBEHHOCTD CjeiyeT H3 3akoHOB Kupxroda. 3akon Kupxroga
JJ151 HalpsAxKeHUH JaeTcsl, HCXOs U3 LIMKJIOB, a 3aKoH KupXxroga TokoB—
HCXOJsl H3 paspesalollnX MHOxecTB. [1BOHCTBEHHOCTL IMKJOB H pas-
pesaloliX MHOMKECTB 06CYKanach B 1. 2 H 4. OHa cTaHeT OYeBHHOH B
ra. 10, B KOTOpoH MBI MOKaXeM, 4TO MHOXeCTBa IIHKJOB H paspesaio-
IHX MHOXECTB HMEKT OJMHAKOBYIO ajare6paHyecKylo CTPYKTYpY.

7.1. IlaaHapHbie rpadsl

ToBopsT, uto rpad G ykaadeieaemcs Ha MOBEPXHOCTH S, ec/H ero
MOKHO HapHCOBAaTb Ha 3TOH MOBEPXHOCTH TakHM 06pasoM, UTo ero pedpa
MepeceKaloTcsl TOIBKO B CBOHX KOHIEBHIX BepludHaX. I'pad HasbiBaercs
NAGHAPHOIM, €CJIH €r0 MOXHO YJIOXHTBL Ha MiaockocTH. OmucaHHoe
H3o6paxenne nJaHapuoro rpada G HasbiBaeTcs naaraprob ykaadkoit
rpaga G.

JlBe nJ1aHapHble YKJIaAKH rpada npejcTaBieHbl Ha pHc. 7.1. B oaHoi
u3 HUX (puc. 7.1, a) Bce pe6pa u306paxeHbl B BHJe OTPE3KOB MPAMBIX
JIHHHH, TOTAa KakK B Apyro# (puc. 7.1, 6) onHo u3 pebep H3uOpaXkeHo B
BHJE KPHBOH JIHHHH. 3aMeTHM, UTO pe6po, COoelHHsAIlee BEPIIHHBI @ H
d na puc. 7.1, 6, Heab3s H300pPa3HTb B BHAE MPSMOH JHHHH, €C/JIH BCe
ocTa/bHble pebpa 1300paxKeHbl TaK, KaK [OKa3aHo.

OueBH/IHO, UTO eCJH rpad HMeeT MeT/IH HIM Napanieabkbic pebpa,
TO HH B KaKOH H3 ero [JIaHapHHIX YKJIaJ0K Heslb3dg H306pas3uTh Bee pebpa
B BH/Ie OTPE3KOB MPAMBIX JIHHHH. 31eCh, €CTeCTBEHHO, BO3HHKaeT BOIPOC:
JJIS KaX/IOTO JIH NJ1aHapHoro rpada G cyllecTByeT yK/1alka, B KOTOPO#
Bce peGpa MOryT ObiTe H300pad<enli B BHAe OTpe3kop mpambix? Kak
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YCTaHABJHBaeTcs B CHeAyiolled TeopeMe, OTBET Ha 3TOT BONpPOC —
MOMO¥KHTENbHH.
Teopema 7.1. 1as Kaxkzporo npocToro njasapHoro rpada cymiecTByeT niaHapHas

yKJaaxa, B KOTOPo# Bce peGpa rpada MOXKHO H300DasuTh B BHJe OTPE3KOB MPAMEIX
JIMHHIL,

e

a
Puc, 7.1. JIBe nnanapHble YKJIagKH rpada.

DTOT pe3y/nbTAaT MOJyYeH HEe3aBHCHMO aBTopaMu pabor [7.1—7.31.

Ecnu rpad He yKnajablBaeTcsi Ha MJIOCKOCTH, TO €r0 MOXHO YJIOXKHTD
Ha HeKOTOpoH apyrofi moBepXHocTH. TloKaxeM, YTO yKJ/anblBaeMOCTb
rpada Ha naocKOCTH H Ha cdepe SKBHBAJNEHTHDI, T. €. €ClH rpad yknaa-
JbIBaeTcst Ha MJOCKOCTH, TO OH
yKJajplBaeTcs Ha chepe, HHa-
o6oport. B nokasarenberse 3TOrO
YTBEPXKJIEHHSA HCIIOMb3YeTCs M0-
HSATHe TaK Ha3bIBaeMOH cTepeo-
rpadHyecKoil NpoeKUHH cdephl
Ha [JIOCKOCTb, OIMHCHIBaeMoe
HHXKe.

HonycTHM, uYTo Mbl MOJO-
XKHUIH chepy Ha [MJIOCKOCTb
(puc. 7.2). HasoBeM TOuYKy co-
MPHKOCHOBEHHS IOXKHBIM [MOJTIO-
COM, a AHaMeTpajbHO MpPOTH-
BOMOJMIOXKHYIO TOYKY Ha coe-
pe — ceBepHbBIM noJecoM N,
[lyers P —mnpounsBosibHas ToY-
Ka Ha cdepe. Torza Touka P,
Puc. 7.2. Crepeorpaguueckas mNpOEKLHs. B KOTOPOH MpsiMas, COeAHHSAIO-

mwas ToukH N 1 P nepecekaer
MJIOCKOCTb, Ha3biBaeTcs cmepeoepaguieckoll npoexyued TOYKH P Ha
niockocTH. OueBHAHO, UTO MEXIy TOYKaMmH Ha chepe H HX cTepeorpa-
(HUECKHMH NPOEKUHAMH Ha MMJOCKOCTH CYLIECTBYET B3aHMHO-OJHO3HAY-
HOE COOTBETCTBHE.
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Teopema 7.2, ['pad G yk/nagsiBaeTcs Ha MJIOCKOCTH TOrAd M TOJbKO TOrJa, KOrja
OH yKJajbiBaeTcs Ha cdepe.

Hoxasameascmso. Ilycts G' — yxiaagka rpaga G Ha cdepe. [losioxum cepy Ha
NJOCKOCTb TaK, 4TOOBl ceBepHbifi NOJIOC He 6blJl HH BEePLIHHOH, HA TOYKOH Ha pebpe
ykiaaku G'.

Toraa obpas G' B crepeorpacduueckoil NpoeKUHH — 3T0 yKkaAaaka rpaga G na
NJIOCKOCTH, NOCKOJBKY pebpa yRAafAKH G’ nepecekaiTcsl TONbKO B CBOMX KOHUEBHIX
BepIIHHAX, a MEXAY TOuKaMHu Ha chepe, H HX 0o6pasaMM B CTepeorpaduueckoi npo-
eKUHH CylleCTBYeT B3aHMHO-OJHO3HAUHOE COOTBETCTBHE.

O6patHoe 4OKashIBAaeTCS aHaJof HUHO,

JIBa ocHOBHBIX HenJiaHapHBIX rpada, HazbiBaeMble rpadamu Kypatos-
CKOro, npejcraBjaenbl Ha puc. 7.3. OunuH H3 HUX K5 — MOJHBIH rpad
Ha MATH BeplHHAX, a Apyroi — K,s. HasbiBaeM 3tu rpadsl OCHOBHBIMH

&7

Puc. 7.3. OclioBHHE HelJIaHapHbie Fpadsl.
a—Kg 6—K,, 5

HenJIaHapHbBIMH TpadaMH MOTOMY, YTO OHH HIpaloT OCHOBOMNOJAraiolllyio
pOJIb B XapaKTepH3allHH MJ1aHAPHOCTH, JaHHOH Kyparosckum (pa3n.7.3).
HensanapHocTb 3THX rpadoB YCTaHABIAHBAETCA B CJEAYIOUIEM pasjiese.

Jlo TOro KaK Mbl 3aKOHUHMM 3TOT pasjiel, X0Te/IoCh Obl yKa3aThb, 4TO B
pa6ote [7.4] 1oKazano, 4TO pa3ieTHMBIIY rpad nyaHapeH TOria H TOJbKO
Torja, Korja njiaHapHsl ero 610k, [losToMy, Kacasch BONpOCOB, CBA-
3aHHBIX C YKJAaAKOH Ha MJIOCKOCTH, Oy/IeT JOCTaTOYHO, €C/IH Mbl pacCMOT-
pUM TOMBKO HepasjiefuMble Tpadbl.

7.2. ®opmysa Jitjepa

YK/ajKa MJaHapHOTo rpaa Ha MJIOCKOCTH [JesUT ee Ha obaacmu.
O6s1acTh Ha3LIBaeTcsl KOHEUHOH, ecqH ee MJIOWaJb KOHEYHA, B NPOTHB-
HOM c/ydyae — GeCKOHeYHOH.

Hanpumep, B nanapHoM rpade, NpeJCTaBJIeHHOM Ha PHC. 7.4, 3a-
ITpuXOBaHHas 06JacTh f; GeCKOHeuHa; f1, fs [s ¥ fs — KoOHeuHbie 06-
JIaCTH.

OueBHHO, 4TO pe6pa Ha rpaHule 06JacTH COJepXKaT TOUHO OAHH
LMK/, KOTOphIl Ha3blBaeTcs 3aMblKaiolluM obsacte. Hanpuwvep, pe6Gpa
ey, g, €,, €10 H €13 00pa3yioT 06/1aCTh f1 B rpade na puc. 7.4 4 cojepxar
uuKa {e1, €, €y e}

3aMeTHM, UTO BesiKas o6JacTb B Ji0GoH cepHueckoH yKiajKe nja-
HapHoro rpapa KoHeuHa.
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[lycre nnanapuuifi rpad yaoxeH Ha cdepe, KoTopasi NOCTaBjeHa
Ha TJIOCKOCTb TaK, UTO CeBePHBIl MOJI0C HAXOAHTCS BHYTPH KaKOH-JH-
60 BhIOpaHHOH oOsacTH, Hanpumep f. Torna ofpas f B crepeorpaduuec-
KOH mpoekuuu Oynetr 6eckoHeuHoll obsacTblo. CieoBaTeNbHO, MaaHap-

HBHIH Tpad Bcerja MOXHO
% YIIOKHTE Ha TIVIOCKOCTH  Ta-

7 KuM o6pa3oM, 4TOOLI mobas
& BhIOpaHHasg o00/aacTb craJa
fecKOHeUHOH 0B6/acThio.

Hych fl, fz, ) fr*

e, 1, / ~ ofJacTH TJaHapHOro rpada,
/ / f. — Geckoneunasi 06J1acTb.
%is / O603HaunM yepes C;

(1<{i<{r) nukn Ha rpaunuue
obnactu f;.

Hukam Cy, C,, .

.+ ., Cr_1, COOTBETCTBYIOLHE

KOHEUHBbIM 00JIacTsM, Hasbl-

o BalOTCA AdetiKamu.
7 Jlerko yGenauThbess B TOM,
/// . / /// 4To cyMMa mo mod 2 moBuix

k=2 siueek, uanpumep C,,

Puc. 7.4. Cs, ..., Cy, ecTb UHUKA
HIH OObelHHeHHEe DebepHo-
HenepeceKalouXcsl UHKAOB, 3aMBIKAIOWHX OBJAACTH fi, fay . .. , k.

Tak xak Kaxnas siuefika 3aMbIKaeT TOJBKO OJHY 06JacTh, HUKAKYIO H3
HHX HeJb3sl NOJNYYHTb B pe3ysibTaTe CyMMbl no mod 2 HEKOTOpHIX
Ipyrux siveek. Takum o6pasoM, siueliku Ci, C, . .. , C,_; — JuHefiHO-
HE3aBUCHMEL,

[Tycts HekoTopblf sjeMent C moANpocTpaHcTBa UHKIOB G 3aMBIKaeT
KOHEUHble 00JacTd fi, fs, ... , fr. Torma moxuo nokasatb, uto C=
=C;PC.@P. .., +Cr Hanpnmep, B rpade na puc. 7.4 MHOKecTBO
={e1, s, €;, €4, €, €, €7, €5} 3aMBIKAeT 06JACTH [y, [ fa, [a
[MostomMy C=C,(PCPCsHC.,.

Tarum o6pa3oM, BCAKHI 3/1€MEHT MOANPOCTPAHCTBA LHKJIOB MOXHO
BLIDA3HTb B BHIE CYMMBI 110 mod 2 HeCKOMLKHX HJIH BeeX siueek rpada G.
ITockonbKy Bee siueHKH B3aHMHO-He3aBHCHMEL, MPHXOAUM K CJelyiolefi
TeopeMe:

o

Teopema 7.3. Slueiiku nuanapuoro rpada G obpasyior 6asuc MOANPOCTPaHCTBa
UHKJOB rpada G.

M3 3TOH TeopeMms! HEMOCPeACTBEHHO BEITEKAET CJAERyIOLiee CJEACTBHE:

Crnepcteue 7.3.1 (dopmyna Diinepa). Ecau cBssHbil nyiaHapHeifl rpad G uMeer m
pebep, n BepwHH H r obgactelt, T0 n—m--r=2,

Hoxazameavcmeo. JloKa3aTeabCTBO CJAEAYeT H3 TeopeMbl 7.3, €CJIH 3aMETHTb, 41O
LHKJOMATHUeCKOe YHCN0 . rpada G paBHo r—1,

B ofieM cayyae TpyAHO NPOBEPHTL, SIBJSIETCH rpadg niaHapHHIM WJH HeT. Hc-
nonb3yeM Gopmyay Jitsiepa st NOMYUeHHS HEKOTOPBIX CBOHCTB IIAHAPHBIX rpagos.
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OTH CBOHCTBA MOTYT GBITh NOJE3HBI, KAK Mbl BCKOpE YBHAMM, 1 OGHapyXeHHsS B
onpeleNelHBIX CJAydYasX HellaHapPHOCTH rpadob.

Cnenctere 7.3.2. Ecan cBasHbi mpocTod miaHapuuifl rpad G WMeer m peGep H
n>3 BeplHH, To Mm<3n—~0.

Jloxasameascmeo. Tlyete F={fy, fa, + . ., [} — MHOXecTBO o6nacreli rpada G.
Iyctb cmenens d(f;) o6aacmu f; o3nauaeT uHcIO peGep Ha rpanulie f;, MocTHl
cunTaoTces ABaxabl. (Hampumep, B rpade Ha pHC. 7.4 cTemeHb o6jacTH f; paBHa 6.)
3aMeTHB aHANOTHIO MeXIy ONpele/eHHSIMH CTENeHH BepPLUIHHH H CTeNeHH o6JaacTH,

HONY4HM H3 TeopeMu 1.l Z d(f)=2m.

Tak xak rpad G He conep)xm HH NMapajjeJbHBIX pefep, HH HeTelb H nz=3, 10
d(f)=3 nns Beex i. CnemoBaTelnbHo, Z d(f)=3r. Takum of6pa3som, 2m>3r,
f€F

T.e. 7 <?/gm. Vcnonb3y s 3T0 HepaBeHCTBO B popMyJie Dfiiepa, nonyuuM n—m-+2/;m>=2,
HIH m<3n—6.

Crencreue 7.3.3. I'pad Ky HemnmanapeH.

Hoxazameavemso, Ons Ky n=>5, m=10. Eciu 66 oH Obl mIaHapHLIM, TO IO
cnepetBuio 7.3.2 m=10<3n—6=9; mnonyuaeM mnpoTHBOpeuHe. TaxuM o6pasoMm,
rpad) K fomxeH GbITh HelJIaHAapPHBIM.

Caencteue 7.3.4. Tpad K g Hem1anapen.

Hoxasameavcmso. s K3 g m=9, n=6. Ecan 66l OH 6Gblal INIAHAPHBEIM, TO IO
(bopMy.ne Sfizepa oH uMen Gl r-9-—6+2 5 o6nacrefl.

B rpade Ky 3 HeT UHk/IOB AMHHH MeHee 4. CuefoBaTesbHO, CTemeHb Kaxol

’
ofnactu mo KpaiiHeft mepe paBHa 4. TakuM ofpa3soM, 2m= 2 d (f)=4r, unn r<?/ m,

T. e, r<4; nonyuum npotuBopeure. CiefloBaTe/lbHO, rpa(b Ka § HEIIaHapeH.
Cnenctue 7.3.5. B mpocToM mnaHapHoM rpade G uMeeTcst o KpafiHefl Mepe ofHa
BeplIHHA CTelleHH He GoJsee 5.

Hoxasameavcmso. Tlyctb G umeeT m peGep H n BepwiHH. Ecnn xaxkpas BepiinHa
HMeeT CTelleHb, NMpeBbIlIalomyo 5, To mo teopeMe 1.1 2m>6n, wau m>3n. Ho, co-
rJaacHo cieicTeHiO 7.3.2, m<3n—6. DTH HepaBeHCTBA NPOTHBOPeYaT APYT APYTY.
CrefloBaTeNIbHO, YTBepXkieHHe CJIEICTBHS BEpHO.

7.3. Teopema KypaToBckoro u axpyrue
XapakTepH3alHH NJIAHAPHOCTH

B sTOM pasfiene npencTaBieHbl XapaKTepH3alUH MJIaHapHBIX rpados,
nanuele KyparosckuM, Baruepom, Xapapu u TarroM, Maknelinom.

Jns  obcyxneHHs XapakTepHsauHH KypaTOBCKoro HeoGXOMHMO
BBECTH TMNOHATHE «roMeoMopdH3M rpados».

HBa pe6pa, HHIHJEHTHble BeplIHHE CTEMNeHH 2, Ha3BIBAWOTCHA nOCAe-
JosamenvHeimu  peGpamit.

ITyets &= (u, v) U e,= (v, W) — ToCNe/oBaTeNbHEle pebpa, HHIH-
JIEHTHbIE BepUIHHE U. Y JaJeHHe BepLIHHBI U H 3aMeHa pebep e; H ey
pebGpom (4, w) HasblBaeTcsl causHuem nocaedosamersrocmu (puc. 7.5, a).

[lo6aBneHne HOBOH BePIIHHHI v Ha pebpo (#, w) NMOCPEACTBOM BBeje-

HHUS pebep (1, v) H (v, W) HA3BIBAETCS BKAIOUEHUEM NOCACO08AMENbHOCTIU
(puc. 7.5,

D OnpeneseHHe MOCTa CM. B ynpaxHeHHH [.28,
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bByaeM roBoputh, uTo ABa rpada eomeomopgret, €M OHH H30MOPGHbI
WIH MOryT CTaTb H30MOD(HBIMH B pe3ysbTaTe MOBTOPHBIX BKJIOYEHHI
WIH CAHAHHHA NOC/AENOBATENbHOCTEH.

OueBuano, 4to ecnu rpad G nnanapen, To Jobofi rpad, romeomopd-
HbIl eMy, Takxke MJaHapeH, T. €. Ha IVlaHapHOCTb rpada He BJHSET
BKJIIOYEHHE WJH CAMAHHE INOCJEA0BATEbHOCTEH,

use u u u
U —— e U
w w ow w
a 0
Puc, 7.5.

a—CJIBRHHE NOCJEAOBATE/ILHOCTH; O—BKJIONEHHE NOCJe0BATEALHOCTH.

B npepuinyliiem pasiene Mbl JoKasanu, 4To rpadu K u Kg,; Hemaa-
Haprual, CnefoBaTesqbHO, NMIaHApHHI rpad He COAepKHT moarpada,
romeoMop¢Horo rpagy Kg i K, ,. 3amedaTesnbHo TO, yto Kyparos-
ckomy [7.5] ynanoch nokasatb cnpaseanusocTb oGpathoro. B crenyio-

B

Puc, 7.6.
a—rpadp G; 6—noarpad rpada G, romeoMopdEB Ky, 4.

el Teopeme GOpMYJHPYETCA 3Ta 3HAMeHHTAA XapaKTepH3alua MJa-
napHocTH. JloKasaTesqbcTBO MOXKHO HafitH B pabote [7.6].

Teopema 7.4 (Kypatosckoro) ¥, I'pad nianapen Toraa H ToJbKO TOrAa, KOrfia OH
He couepxkuI1 noarpada, romeoMmopproro rpady Kg uam Ky g.

Y 3ror pesyJbraT GBI NOAYHEH paHee (HO He ony6aukosan) JI. C, [ToHTpAruHbIM,
B CBSI3H C 4eM TeopeMy, B KOTOPOH XapaKTePHU3YIOTCS NJaHapHule rpadbi, Ha3biBalOT
takxe TeopeMmoll [lontparuua — Kyparosckoro.— I[Tpus. ped.
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KOHCTpYKTHBHOE J0Ka3aTelbcTBo 3Toi Teopembl gan Tart [7.71.

Has wamoctpaunu TeopeMbl KypartoBcKoro pacemorpum rpad G,
H3o6paxeHHblil Ha puc. 7.6, a. OH cojepxut noarpag (puc. 7.6, 6),
KoTopbIil roMeoMopden rpady K, s. Crenopatenbho, rpad G Hensanapew.

TlpencTaBuM Temepb JpYrylo XapaKTepH3allHIO NJIaHApHOCTH, NOJY-
YeHHYIO He3aBHCHMO aBTopamu pabor [7.8, 7.91.

Teopema 7.5. ['pad nJaHaped Toraa W TOJALKO TOTA3, KOTAa OH He COLEPIKHT
noarpada, cTaArusaeMoro Kk rpapy Ky uau Kj, 3.

Paccmotpum rpad (HaswiBaemblit epagom Ilemepcena), npeacTaBieH-
HBI Ha pHc. 7.7. Dr1oT rpad He cOAepKHMT MoArpacga, H3OMOpPGHHOTO
rpady Ks nm K, 3, 0OfHaKO, KaK H3BECTHO,

OH HernvianapHbIf. [lo3aToMy, ecau Mbl XOTHM
Hcrnoab3oBaTh Kputepuit Kyparosckoro s e
yCTaHOBJIEHUS HemJaHapHocTH rpada [letep-

ceHa, HaM HeoGXOIMMO YKa&3aTh NOArpad,
romMeoMopdHbIi rpady Ky uau K, 5. OnHako /e e,
ero HemJaHapHOCTb CJeAyeT OYeBHAHBIM 00-
pasoM H3 TOJBKO UYTO NMpPHUBEIEHHOH Xapakre-
pU3alHH, NOCKOJbKY Trpad npHBOAHMTCA K rpa-
¢y Ks mocne cTaruBaHds pebep er, €, €,
€y H &5

B crenyiomem yTBepxaeHHH (OpMyaHpY-
eTci  XapaKTepu3alusi MIaHapHHIX Tpagop PHC. 7.7. Tpad Ilerepcena,
MakJeitna.

Teopema 7.6. ['pad G nuanapen Toraa H TobKO TOrAa, KOrja B HeM cyliecTByeT

TaKoe MHOXKeCTBO Ga3UCHBIX IHKJIOB, YTO HUKaKoe pe6po He NMPUCYTCTBYET 6osee yem
B ABYX H3 35THX UHKJIOB.

Mbl 3HaeMm, uTO AYeHKH IJIaHApHOTO Trpada obpasyloT 6a3Hc noa-
NpOCTpPaHCTBa LHKJIOB rpada H yTo HHKaKoe pebpo rpada He MpHCYTCT-
ByerT Gosee ueM B ABYX siuefikaX. D10 J0oKa3biBaeT HeoOXCAMMOCTb B
teopeme 7.6. [loKa3zaTeqbecTBO JOCTaTOYHOCTH MOXKHO HadTy B pabore
[7.10].

[pyras BaxkHas XapaKTepHs3alHs MJIaHAPHHIX rpadoB, HCNOJb3YIO-
mas AsoicTBeHHble Tpagdbl, obcyxkAaeTcs B pasa. 7.5.

7.4. JiBoiicTeeHHbIe Trpadbl

I'pad G, siBnsieTcs ABOHCTBEHHbIM K rpady Gy, €C/IH CYWEeCTBYeT Ta-
KOe B3aHMHO-OJHO3HAUHOE COOTBETCTBHE HX pefep, UTO MHOXKECTBO pe-
6ep rpada G, — UHK/JIHYECKHH BEKTOp TOTAA H TOJbKO TOTA3, KOTAa Co-
OTBETCTBYIOLIEe MHOXKecTBO pebep rpada Gj — BEKTOp paspesalotlero
MHOxkecTBa Gj. IIBoicTBeHHOCTh Obljla BMEepBble ONpefeNeHa ¥ HTHH
[7.11], xora ero ompenenenue GbuIO JaHO B ApYro# dopme.

OueBuAHO, YTOBHI JOKa3aTbh ABOHCTBEHHOCTb rpada G, K G, AocTa-
TOYHO MOKAa3aTh, YTO BEKTOPH, ofpasyiomHe GasHC MOANPOCTPAHCTBA
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UHKI0B rpaja G,, COOTBETCTBYIOT BeKTOpaM, o6pasyiowuM Gasuc nof-
NPOCTPaHCTBa pa3pe3oB rpada G,

PacemoTpuM, Hanpumep, rpadel G, H G, npeacTaBieHHbIE Ha PHC. 7.8.
Pebpo e; rpada G; cootseTcTBYET pebpy €] rpada G,. JIerko BHAETD, 4TO
UHKABL {e1, g, €3}, {es, €4, €5, €} U {€s, €1, &} 0OpasyioT 6asnc NOAIPo-
CTPaHCTBA UHMKJIOB rpada G;, a COOTBETCTBYIOLIHE MHOXKectBa pebep

Puc, 7.8. IIBoiicTBeHHbe Tpadhl.
a—rpa¢p G,; 6-—~rpad G,

{el, €3, 3}, {es, e, €3, s}, {e%, €7, e;} 0OpasyoT Gasuc MOANPOCTpPaH-
cTBa paspesoB rpaja G, Takum obpaszoM, rpap G, ABOKCTBEHHBIH K

rpagy G;.
Hsyuyum Tenepb HeKOTOpble CBOHCTBAa ABOHCTBEHHBIX IpadoB.

Teopema 7.7. ITycts rpap G, ABoiictBeHm k rpady G;. Torga uuki rpada G,
COOTBETCTBYET paspe3alolleMy MHOXecTBY rpada G; H HaoGopoT.

Horasameavcmeso. Ilyctb C* — uuka rpada Gy, a C — cOOTBeTCTBYIONIee MHOXKe-
cTBO peGep rpada Gy. [1pearnonoxum, uto LUk C He SBJSETCS Pa3pe3alOniUM MHOXe-
ctBom. Torza W3 ompegesieHHst ABOACTBEHHOCTH CJejgyeT, uTo UMK C JoJ’keH GbITh
o6bellHHEHKEM HellepeceKaloliXcsl pa3pesaoniixcs MHOxecTB Cy, Cy, . . ., Cp, £22.

* A * -

Myets Cy, Cs, ..., Ck — MHOXecTBa pebep rpacda G,, COOTBETCTBYIOLIHE pa3-

pesaiomuM MuoxectsaM C, C, . . ., Cr. M3 onpesenenus ABOACTBEHHOCTH cJefyer,
L] £l *

uto C1, Cq, ..., Cp ABJAIOTCA LHKJIAMH HIH OGbeJUHEHHSMH HelepeceKalomHXcs

W KJIOB,

Hocroibky C* — o6bequHeHHe Cl', C;, R CE, k>=2, TO OYEBHAHO, YTO MHO-
ixecTso C* noaaHO cofepxaTh Goslee OQHOrO LHxsaa, OfHAKO 3TO HEBO3IMOXKHO, TaK
Kak C* — LUK/, a HHKaKoe COGCTBEHHOe MOJAMHOXKeCTBO LIUK/A He SBJseTcsa LHKIOM,
Cuiegopatensio, k==1, uiu, APyrUMH cjosaMH, C — pa3spe3salollee MHOMECTBO rpada

3,

AnaJloruyusiv 06pasoM MOXKHO TNOKas3aTb, YTO KaXIOMYy paspesalolleMy MHOMKe-
cTBy rpada G, cooTseTcTByeT LUHKJ rpada G,.

Tenpema 7.8. Ecan rpag G, — apolicTBenHbii K rpady Gy, To mocaesnuit — gsoki-
c1BeHubtd K rpady G,.

Hoxasameascmeo. Ham HeoO6X0AUMO NOKa3aTh, YTO BCAKHH LLMKJIHUECKHEH BEKTOp
rpada Gy COOTDETCTBYET BEKTOPY pa3spesaiomero MHoxectsa rpada G, W HaoGopoT.

tlycTs C — uukanyecknil sexTop rpada Gy, C* — COOTBETCTBYIOLiEE eMy MHO-
wecTBo peGep rpata Gj.
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[o Teopeme 4.7 BekTOp C HMeeT YyeTHOE YHCJIO OOLIUX peGep CO BCAKHM BEKTOPOM
paspesatoulero MHoxecTBa rpabda Gy. Tak Kak rpad G, — ABOHCTBeHHHIH K Tpady
Gj, To MHOXeCTBO C* HMeeT YeTHOe YHCJI0 O6iux pebep co BCSKHM LMKJIHYECKHM Bek-
TopoM rpada G,. [Tostomy no teopeme 4.8 C* — BeKTOp pa3pesaiouiero MHOMXKECTBa
rpada G,.

AHaNOTHYHEIM O6GPA3OM MOXKHO J0Ka3aTb, UTO BCSKHH BEKTOp pa3pesaloliero
MHOXecTBa rpadpa G, COOTBETCTBYET LMKJIHYECKOMY BeKTopy rpada Gy, a ciefoBa-
TeJIbHO, W TeOPeMy.

[lpunuMas BO BHUMaHHe 3Ty TeopeMy, GyJeM HasuBaThb rpadet G; ¥ G, mpocto
JBOHCTEEHHBIMH, €CJIH OAMH M3 HHX ABOHCTBEHHBIH K apyromy. Caenyrouuii pesyabraT
BLITGK2eT HelOCPEACTBEHHO U3 TeopeMbt 7.8 W onpefiesieHHsl ABOHCTBEHHOCTH.

Teopema 7.9. Ecau G; u G, — ABOHNCTBEHHBIe I'padbl, TO PAHT OJHOTO PEBEH LKK-
JIOMATHYECKOMY 4HCIY Apyroro, T. c. p(G)=u (Gy) u p (Gy)=p (Gy).

Ipeanoaoxum, rpag G umeer aBolcTBeHHbIH rpacd. Torja BosHHKaeT BOMpoC:
Kaxbiil a4 ero noarpad umeer aBoficTeeHHbIR rpad? Jla1s oTBeTa Ha Hero Ham Heol-
XOUM cJelylouuii pesynbTar.

Teopema 7.10. PaccMorpyMm aBoiicTsenHble rpadel Gy M G,. TlycTh e= (vq, vy) —

* * ’
pebpo rpada G;, a e*= (vy, vs) — cooTBeTcTBYIOUIee pebpo rpada G,. [lycte Gy —
rpad, nonyueHHn u3 rpada G; yaanenHem pebpa e, a Gz — rpab, nonyyeHHst# cT4-
rupaHuem B rpade G, pebpa e*. Torna G; # Gy — JABOMHCTBEHHB, 3 B3aHMHO-OfIHO3HAY-
HOe COOTBETCTBHE MEX/Y HX PefpaMu OCTAETCs TeM e, 4TO U B rpabdax Gy v Gy,

JHoxasamesscmeo. [lycts C u C* — cooTBeTCTBYIOLIHEe MHOXecTBa pebep rpadop
Gy 4 G,. [lpepnonoxum, uyto C — UMK rpada Gy. TlockonbKy MHOMeCTBO C He CO-
ZepxuT pebpa e, T0 OHO siBJseTcs UMKJIOM H B rpade G;. Cnenosatenbho, C* — pas-

pesawoliiee MHOXKecTBO rpada B Gg, Hampumep {Va, Vi>. Tak kak C* He cofiepuT
%, BepLUHHM U1 H U; HAXOAATCS OJHOBPEMEHHO AHGO B Vi, aubo B V3. Cnenosatensio,
C* — paspesaolilee MHOXKECTBO TaKxe W B rpage G,. TakuMm 06pa3oM, KaxblH LMK
rpaba Gy COOTBETCTBYeT pa3pesaloliieMy MHOMKeCTBY rpada Gs.

;
[lycte C* — paspesaiouiee MHOXKecTBO rpada Gp. [lockoabky C* He cofepxuT
e*, OHO sIBJISIETCS Pa3pesaloliluM MHOXKeCTBOM B rpade G,. CrefioBaTenibto, C — LUK

,
rpada G;. Tak kak C He COLEPKHUT e, TO OHO sIBJSeTcs HKJAOM U B rpade Gi. Takum

o6pa3oM, BCsKOe paspesaioliee MHOXECTBO rpada G coorBercTByer LHKay rpada Gi.

Ha ocHoBe 3TOH TeopeMbl MOXKHO CKa3aTb, HCNOJb3YH A3BIK 3JEKTPHYECKHX
uemneii, 4TO «pa3MbikaHHe» pe6pa B rpade G 03HAYAET «3aMBIKAHHEY COOTBETCTBYIOLIELTO
pebpa B rpage, ABoficTeenHoM K rpady G.

[MonesnbiM 6GyfeT chaefyioliee caeAcTBHe M3 Teopemul 7.10:

Cregcraue 7.10.1. Ecau rpad G umeeT ABOHCTBeHHEIHl rpad, TO BCAKHH ero pe-
GepHO-NOPOXKCHHBI NIOArpad TaKKe HMeET JABOHCTBEHHBIH [pad.

Jlokasamenscmeo. STOT pe3ynbTaT cjaefyer U3 Teopemel 7.10, ecin Mbl 3aMeTHm,
4TO BCSIKHIl peCepHO-opoxaeHHbifl noarpad H rpada G MOxHO moayunTh u3 rpada G
yAaJeHdHem pebep, He NpHHalIexaulux noarpady H.

JLJ151 HAJIOCTPALMH 3TOTO CAEJCTBHA PACCMOTPHM ABOHCTBEHHbIe rpadbs Ha puc. 7.8,
I'pad Gy, npencraBieHHbill Ha pHc. 7.9, a, noaydYeH H3 rpada G, YyranenueM pebep ey
u ey Tpacd Gy na puc. 7.9, 6 nonyueH cTarupanueM peGep es W eg rpada Gy, Jlerko
puaeTb, 4To Gi W Gz — JBOMCTBEHHBIE Tpadet.

3ameuas, yTo nochefoBaTesbHbie pebpa rpada G COOTBETCTBYIOT MapaJjlebHbIM
peGpanm rpada, 1BolicTBEHHOrO K rpady G, noJtyuaeM elie OjLHO CIeJICTBHE TeOpEeMb 7.10.

Caeacrere 7.10.2. Ecau rpad G umeer ApoficTBenubifi rpad, Toraa w060 rpad,
roMeoMopoHEll rpady G, Takxe uMeeT ABOHCTBCHHH! Tpag.

[lposo/uM Helle NPONBHXKEHHE [0 NYTH K XapaKTepusalud ABOHCTBEHHBIX
tpados.

[iyere G — rpad Ha n BepwnHax. He Hapywas ofLLHOCTH, JAONYCTHM, YTO OH
cBstaHbifl. [TycTs K* — moarpad rpada G, a G — rpad, noaydeHHBIH CTATHBAHKEN
peGep moarpacda K*. 3ametny, uTo G' — TaKie CBAsubll rpad.
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Ecsn K* uMeeT n* BEpLIHH H p KOMIOHEHT CBSISHOCTH, TO G’ OylleT HMeTh #— (n*—
—p) BepunH, CiefioBaTesbHO, paHT rpada G’ onpenessieTcst chefylomuM o6pasoM:

P (G )=n— (n*—p)—1=p (G)—p (K*). (7.1)

Teopema 7.11. [yets Gy H Gy — rpadsl ¢ B3aHMHO-OJHO3HAYHLIM COOTBETCTBHEM
Mmexxxy pe6pamu. [Tycts H — npousBosbHufl noprpad rpada Gy, H* — coorserct-

a é

Puc. 7.9. Jlpyrofi npuMep IBOHCTBeHHLIX Tpachos
a—rpad Gi; 6—rpad Gj.

sytouuh nofrpad rpada Gy, Iycts K* — nonosnenne H* B rpade Gy. B atom cayuae
G, u Gy NBOACTBEHHR! TOTA3 M TOJbKO TOTAa, KOTAA

u(H)=p (Gy)—p (K*). (7.2)

ZJoxasameascmeo. Heobxodumocms, [ycts Gy n Gy — ABOfCTBEHHBIE rpagwl,
T'pad Gz nonyuen u3 rpada G, craruBanueM pebep K*. Torna no teopeme 7.10 rpadb
H u Gy sIBASIOTCS! IBOACTBEHHLIMH, [Nostomy mo Teopeme 7.9 u (H)=p (G3). Ho no
dopmyne (7.1) p(Gz)=p (Go)—p (K*). CirepoBatensho, u (H)=p (Gy)—p (K*).

Zocmamounocme. IonycTuM, uto cootHomeHue (7.2) BHMOJHSETCH JIS J1H0GOM0
nofrpada f rpada Gy. INokaxeM, 4To Besikuil UMK/ rpada G, cOOTBeTCTBYeT paspe-
S2I0LIEMY MHOXECTBY rpada G, u HaoGopor. [Tycts H — wuka rpada Gy. Torpa p (H)=
=1, [loatoMy nio dopmyJte (7.2) p (K*)=p (Gy)—1.

Tak xax f — MHHHEMaJTbHBIA TOATPad rpada G ¢ HHKIOMATHUECKHM YHCJIOM, paB-
HBM 1, a K* — nonosHenne noarpada H* rpada G,, To oueBHAHO, uTo K* — MAaKCH-

[

a 6

Pue. 7.10, Hnuoctpauust onpenesieHust IBONCTBEHHOCTH YHTIIH.
a-—rpad H, p (H)=1; 6—rpad K*, p(K*)=2,
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maabHblfi noarpad rpada G, ¢ paHroM, pabBHeM P (Gy)—1. M3 onpenenents paspe-
34I0Er0 MHOMECTBa CJelyeT, 4To H¥ — paspesaionmiee MHOxecTBO rpada G,.

AHasoryuHbiM 006p430M MOXHO [10Ka3aTb, 4YTO paspesatoulee MHOXKecTBO G, co-
OTBETCTBYeT HHKJy rpada G.

Takum ofpasom, G, W G, — aBolicTBeHHHle rpadHl.

[lepBoHauaJbHOE oONpelesieHHe ABOACTBEHHOCTH, LaHHoe B pa6ore [7.11], ¢op-
MYJHDOBaJOCh TaK, KaK B Teopeme 7.11,

s WAJIOCTpPalKK STOrO onpefe/ieHHs PaccMOTPUM JBOHcTBeHHHe rpabm Gy
u G, Ha puc. 7.8, Moarpad H rpada G, u gonosHenne K¥ cooTBeTCTBYIOLIEro nof-
rpada B rpade G, npuBeleHs Ha puc, 7.10, Jlerko Buaetsb, uto p (H)=p (Gg)—p (K*).

7.5. NaanapHocTb W RBOHCTBEHHOCTb

Tenepp Mbl O0XapakTepudyeM KJacc rpadoB, UMeEIONIUX ABOMCTBEH-
Hble K cebe rpadnl. [lonyTHO cBAxeM ABa, Kasdajloch Obl, HECBS3aHHbIX
[IOHATHA: MJIAHAPHOCTb U ABOHCTBEHHOCTD.

CHauasia Mbl JOK23KeM, 4TO KarkJplil nJiaHapHblil rpad umeeT aBolicT=
BeHHHIH. JlOKa3aTesMLCTBO OCHOBAHO Ha MpoOLelype MOCTPOEHHS [BOf-
cTBeHHOro rpada K JaHHOMy mJia-
HapHoMmy rpady.

PaccmorpuM nuaHapHbli  rpag.
[lycts G Gyler ero mJjaHapHoH yK-
aagkoi, toraa fy, fa, « .. , fr — 06-
nacti ykaaaku G, Iloctpoum rpad
G*, omnpelelseMblii cJeayiomuM 06~
pasom:

1. G* uMeer r BepuMH vy, U3, ... ,
vy, BepmuHa v; (1<{i<(r) cooTBer-
cTByer obJactd fi.

2. G* umeeT cToJbKO Ke pebep,
cKoabKO # G. Puc. 7.11. TMocTpoentie neoficTset
3. Ecau peGpo e rpada G saBnseT- Horo rpaba.

ca obmuM A obaactelt f; u f; (He

00A3aTe/IbHO Pa3jIMUHLIX), TO COOTBeTcTBYlolnee pefpo e* rpada G*
COeJMHSIET BEPILMHbI U] H v;. (3aMeTuM, 4To Kaxjoe pe6po e rpapa G
fBJsieTcs o6LWUM, caMoe GoJibulee, s ABYX o6Jacreil; BO3MOXKHO, 4TO
pefpo JIeXXUT TOYHO B OfHOH O6JacTH.)

[Tpoctoit crnoco6 moctpoeHnsi G* 3akJioyaercs, BO-NePBbIX, B pas-
MeIeHHH BepUIMH U, U;, ... , Uy B Kaxao# obnactu rpada G. 3areM
JJIs Kaxjoro pebpa e, obuiero s obsacteit f; v f;, NPOBOJUM JIMHHIO,
COEJMHSIONLYIO BEepUIMHBl U; ¥ U}, TaK 4ToObl OHa mepecekasja pebpo e
Dra JUHUA nOpejcTaBaser pebpo e*,

[Mpoueaypa noctpoeHus G* wimocTpupyercs Ha puc. 7.11. CoJonn-
Hble JIMHUH MPEACTaBJAT coboii pe6pa JaHHOrO nJyaHapHoro rpadga G,
a wWTpUXoBHle — pebpa rpada G*.

JokaxeMm, uto rpap G* nBoficTBeHHbIH K rpagy G.

Iycrs Cy, Cy, . . . , Cpoy — siweiiku rpadpa G, C1, C3, . .., C7y —
COOTBETCTBYIOLIME MHOKecTBa pebep G*. M3 mpoueayphbl, HenosibayeMmon
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151 iocTpoeHus rpada G*, cienyert, uto pe6pa B C; HHUMIEHTHBI BepILH-
He v; M 00pasyloT paspes, yjajeHHe KOTOPOTO OTJENUT BEpLIMHY U]
OT OCTaNbHHIX BepliMH rpada G*.

CornacHo teopeme 7.3, Cy, C,, . . . , C,-1 00pasyior Gasuc noampo-

cTpaHcTBa UMKJIOB rpada G, a BekTopH HHumgeHumit Cy, C;, . .. , Cr,y

o6pasyoT Gasuc noAnpocTpaHcTBa paspe3oB G¥. [TockoabKy MeX1y MHO-
sKecrBaMH C; M C; MMeeTcs B3aHMHO-0JJHO3HAYHOE COOTBETCTBHE, rpadhl
G u G* pBoficTBeHHBl. TakKHM 00pas3oM, crpaBeJ/IMBa CIeAyHOlasi Teo-
pema:

Teopema 7.12. Bcsakuii nnaHapHbii rpag uMeer ABOMCTBeHHHH K ceGe rpad.

Cpasy e BO3HHKaeT BONPOC: HMEeT JIH HelJaHAapHHH rpad ABOMCTBEHHBIH K
ceGe rpad? OTBeT Ha HeTo OTPHIL ATeNILHLIH, H OH OCHOBAH Ha CJeyIOMHX ABYX JeMMaX.

Jlemma 7.1. Tpad Ky, 3 He HMeeT ABONCTBeHHOro rpada.

Hoxasameavcmeo. CHayana 3aMeTHM, uTO
1. Tpad K5, ; He MMeeT paspe3alollHX MHOMKECTB H3 IBYX pebep.

2. Tpad K3, 3 HMeeT LHKJBI JJIHHOH TOMBKO YeThiDe HJIH LIECTh,
3. I'pad Kj, ; umeer feBsiTh pebep.

Honyctum, uto rpad K3, 3 uMeer nBoHctBeHHBIH rpad G. Toraa M3 3THX 3ame-
YaHHH BLITEKAlOT COOTBETCTBEHHO CJENYIOLIHe 3aMeyaHus ans G:

1. T'pad G He uMeeT UHMKJIOB H3 ABYX pebep, T. €, OH He HMeeT napaJlJie/ibHbX peep.
2. I'pad G He HMeeT pa3pe3aloOHX MHOMKECTB C MeHee ueM 4eThpLMsS pe6paMu, Taxum
o6pasoM, Kaxlas BepliMHa rpada G HMeeT CTeneHb, He MEHbIIYIO 4,

3. T'pap G umeer neBsTh pebep.

Vs nepemix ABYX 3aMewanuii ciiefiyer, uto rpad G uMeeT no KpaiiHeil Mepe 5 Bep-
UIHH, Ka¥/Jas cO CTeNeHblo He MeHee 4, TakuM 06pasoM, OH JOJIXKEH HMETh HE MeHee
1/3X5X4=10 peGep. OnHaKO 3TO NPOTHBOPEUHT 3ameyatHio 3, ClIe0BATeNbLHO, rpad
K3, 3 He uMeer aBOMicTBeHHOro rpada,

Jlemma 7.2. Tpad K; He HMeeT 1BOHCTBeHHOro rpada.

Hoxasamenscmeo. 3aMeTHM CHayana, dTO
1. T'pad K, He nMeeT LHMKJIOB AJHHOH OJMH HJH JBA.

2, Tpad K; umeer paspesalollse MHOXKECTBA TOJbKO H3 ueTbipeX WJH UiecTH pebep.
3. I'pap K; umeer necsars pebep.

Honyctum, rpad K5 uMeer aBoficTBeHHbId rpad G. Toraa, corsiacHo 3aMevaHHIo 2,
rpap G HMeeT UMKAB JHHOH TOJNLKO YeThipe MJIM liecTb, JIPYTHMH CJIOBaMH, BCe
UHMKJIBI Tpada G uMetoT YeTHyto AHHY. TakuM o6pasoM, G — ABynonbHbi rpad. I[To-
CKOJIbKY JBYJOJIbHBEIA I'Pad ¢ WECThIO MJIH MeHee BepLIHHAMH He MOXKET HMeTb GoJiblie
AeBsiTH peGep, HeoGxoauMo, uTo6nl rpad G uMen no KpafHell Mepe ceMb BepIUHH.
Onnako, COTJIACHO 3aMEYaHHIO ], CTeneHb Kaxol BeplivHbl rpada G He MeHee 3,
CuienoBatenbho, rpad G fomen HMeTh no Kpalinelt mMepe 1/,X7X3>>10 pebep. On-
HAKO 3TO NPOTHBOPeuHT 3aMedaH Hio 3. CJieloBaTeNbHO, Ipad K; He HMeeT JBONCTBeH-
HOTO rpada.

OCHOBHO! pe3y/LTaT 9TOro pasjesia 3aKMIOYAeTCs B CJAeNYIOLeM:

Teopema 7.13. I'pad uMeeT JBOHCTBEHHDbIH rpad TOrAa H TOJBKO TOIJA, KOTAA OH
NJaHapHbIA.

Hoxasameascmeo.

Hocmamourocms ycTaHaBaIHBaeTcs: Teopemol 7.12,

Heobxodumocrme MOXHO OKa3aTh, NMOKa3aB, YTO HeILIZHapHHI rpad G e uMeer
AsoiictBennoro. {lo Teopeme Kypatosckoro rpad G cogep:xut noarpad H, romMeomMopd-
HHIf rpady K, 3 v Ks. Ecoin 661 rpad G Hmest ABOHCTBEHHLIH rpad, TOTa, COTIACHO
creactsrio 7.10.1, w noarpad H wumen 6wl aBolicTBeHHbI rpad. ONHAKO TOrja no
caeactsuio 7.10.2 rpad K3, 3 uan Ky nomxkeH GbLT uMeTh ABoficTBeHHBIT, OnHAKO
STO IPOTHBOPEYHT TOMY, YTO HH OJHH M3 HHX He HMeeT JBoHCTBeHHOro rpada. Caeslo-
BaTe/1bHO, rpad G He HMeeT JBOHCTBEHHOro rpada,

DTa TeopeMa XapaKTepu3yeT IVIAHADHEIE Ipadbl, HCXOHS H3 CVINECTRORAHE
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nIBOHCTBEHHBIX rpadoB; BlepBble OHa Oblia A0Ka3aHa YHTHH. Mcnosab3yeMmoe 3pech
JOKa3aTeJbCTBO npensoxua Ilapconc [7.12). [lepBoHayanbHOe ROKA3aTeNbCTBO
ynTH]n, B KOTOPOM He HcrnoJsib3yercsl TeopeMa KypaTOBCKOro, MOXHO HalTH B pabote
[7.13].

OueBHHO, NMpOIEAYPa, PacCMOTPeHHasi paHee B 3TOM pa3fiese, MOXeT JJa pa3-
JIHYHBIX (XOTS1 H H30MOP(HEIX) NUIaHAPHBIX YKJIAJ0K rpada NPHBECTH K HEH3OMOP(HHEIM
IBOHCTBEeHHBHIM rpadaM (ynpaxHeHHe 7.6). B cuenyiomelt TeopeMe packpeiBaercs
CBS3b MEXAY NBOHCTBEHHBIMH rpadamu K HaHHOMY rpady.

Teopema 7.14. Bce npolicTBennble rpadul rpada G —- 2-u30MOPGHBL; J060#H rpad,
2-u30MOpQHEIR ABoHcTBeHHOMY rpady G, Takxke ABOoHCTBeHHEIH K rpady G.

JloKa3aTesIbcTBO 3TOH TeOpeMbl HENOCpPEeJCTBEHHO BbITEKaeT H3 ONpeliesieHHs
JNBOHCTBEHHOro rpada H TeopeMbr 1.7.

7.6. 3aMeuaHus, KacammHecs JHUTEPATYPHI

Jaa panbHefilero M3yueHWs peKOMeHAyoTca crathm [7.4, 7.11,
7.14] w xuuru {7.6, 7.13, 7.15, 7.16]. AnropuT™ NpOBepKH IJIaHAPHOCTH
rpada MOXHO HalTH B padore [7.17].

TlpencraBaser HHTepec CJAeLyOLIMe JBe XapakTepUCTHKH Hem/aHap-
Horo rpada:

1. MHHHMaJbHOE YHCIO TJaHApHBIX NOArpadoB, o6beHHEHHE KOTOPHIX
naet rpad G, HaswBaercsa moawunold rpada G.

2. MHHHMaJbHOE YHCIO CKpPEUIMBaHU# (MM nepecedeHHit) peGep B H30-
GpakeHHH Ha IJIOCKOCTH rpada Ha3bIBAeTCH 4uUCAOM CKpeujusaruti
rpada G.

Hexortopble pe3ynbTathl, Kacawuiiecs TOMUIMHE U YHCAa CKpelnBa-
HHH HemaHapHHIX TrpadoB, MOXHO HaiiTH B paborax {7.6, 7.18].

YnpaxHenus

7.1. Tlokaxure, yto ecin G — cBA3HbIA NJIaHAPHBIH rpad ¢ m pe6paMu, 1 BepIUHHAMH
n obxpatoM 1) k223, To m<k (n—2)/ (k—2). Mcnonb3ys 3TOT pe3y/bTar, JOKaxHTe,
yto rpad ITeTepceHa HensiaHapHBIH.

7.2. JlokaxuTe, 4TO NPOCTOH NJaHapHLIH rpad ¢ n>>4 BepIIHHAMH FMeeT no KpafiHeH
Mepe yeThlpe BEPIUHHEBI CTENIeHH 5 HJIH MeHbIIe.

7.3. JIOKaXuTe HJIH ONpOBeprHHTe: JI060H CBA3HBIA NpocTofl HensaHapHEA rpad
craruBaerca K Ky uan Kj 3.

7.4. Ilyctb G — npocTtoil rpad, HMeloUHH Mo KpalHell Mepe OAHHHAALATL BepLIHH.
[MokaxxuTe, 4T0 G H ero fonosiHeHHe G He MOTYT GbITh OJHOBPEMEHHO NJIaHAPHBLIMH.
(Ha caMoM pesle aHaJIOTMYHBIH De3yJbTaT MOXHO JOKa3aTh, 3aMeHHB OJHHHAIIATh
Ha fgepathb [7.19].) [puBenute npumep takoro rpada G Ha BOCLMH BEpIUHHAX, 4TO
rpadtt G H G OXHOBPeMEHHO MNJaHapHHL.

7.5. Hcnoab3ys Teopemy KypartoBckoro, gokaxurte, yto rpag Ilerepcena mensmanap-
HBIH.

7.6. Hafiznte nsa Hen3oMop(HbIX rpada, ABOACTBeHHHIX K rpady Ha puc. 7.12.
7.7. JlokaxuTe, 4TO nJaHapHuIA rpad Ge3 nereb Hepa3jesIHM TOTAA H TOJBKO TOria,
KOrJa Hepas3JieJuM JBOHCTBEeHHBIH K HeMy rpad.

7.8. TTokaxuTe, 4TO ABOHCTBEHHBIH I'pad K Hepa3lieJHMOMY NJaHapHOMY rpady silJe-
POB TOrZa U TOJNLKO TOTAA, KorAa rpad ABYAOJIbHbIH.

1) Onpenenenue o6xBara cm, B ynpaxueHud 1.18,
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7.9. [lnanapuuii rpad sB/sieTcs camodeolcmeenrbim, €cIW OH W30MOpdEH ABOHCT-
peHHOMYy K HeMy rpady. Ilokaxurte, uto ecau rpadp G Ha n BepluuHax u m pebpax
caMoABOHACTBeHHuI], TO m=2n—2.

7.10. Tpadom ¢ 00Hot mepmutarbrold napol HasbiBaeTcs rpad, ABe BepIUHHbI KOTO-
poro nomedelibi KaK TepMHHaJ/bHbie. [laanaprowm epagom ¢ 00HOU mepMUHANbHOU
napod HasniBaetcs rpad ¢ OfHOH TepMUHAJbHON Napol, ABJAIKACH [JAHADHBIM H
ocTaoliics UM Nocje BBeletus pe6pa, KOTOPOe COeHHsIeT TepMUHAAbHEIE BEPILHHbI.

Puc. 7.12.

Hapanrensvro-nociedosamesvribiys rpapoM ABAsETCA rpad ¢ OAHOA TepMHHAJIbLHOR
napofi, onpejeisieMblii peKypCHBHO:

a) otaeabHoe pebpo (C KOHUEBEIMH BEPLIKHAMA) eCTb NapaJl/1e/1bHO-NOC/eA0BaTe]bHH i
rpad. Ecau G’ u G" — napasjenbHoO-MOC/IeAOBaTeIbHEE IPatdhl, TO

6) nocJ/egoBaTe/ibHasn KoMGuHauus rpados G' u G ectb napaJjle/bHO-N0C/1eA0BaTe b
Huii rpad. [Tox nocsenoBarteabHON KoMOuHauuell rpagoB G' u G” Mbl IOHKMEeM coelu-
HeHue OlHOI K3 TePMHHAJbHEIX BepKH j pada G' ¢ O4HON M3 TepMHHAJbHLIX BEPLIUH
rpada G" (puc. 7.13, a).

a ]
Puc, 7.13.

a —rnocaefosaTesbian KoMGHHaUHR rpados GG' HG G”; 6 —napannenbHas KoMGHBaUHA Trpados
" u G”.

) [lapa/lyiesibHas KomMGuHaUKa rpadoB G° u G” ecTh napaJiesbHO-NOC/eL0BaTe/1bHE i
rpad. [loa napa/iensHoii KoMOHHalUUed 3THX rpadoB Mbl IOHHMAEM COeAMHEHUEe ABY X
TepMHHaAbHLIX BepluMH rpada G' ¢ ABYMf 7TepMHHa/lbHLIMH BepuigHamu rpada G”
(puc. 7.13, 6). [lokaxure, yro rpac, ABOHCTBeHHH K rpady G, AB/sETCs NapajlJaelbHo-
NocJ/iefoBaresbEIM TOTAa W TOJbKO foraa, koraa rpap G — mapadsesbHO-Noc/elo-
BaTe 1bHbIH.



8. CBA3HOCTD M MapocoyeTaHus

B ra. 1 Mbl onpenennsau, 4To rpagd sBJAseTCS CBS3HBIM, €CJIH MEXIy
ABYMSI NPOH3BOJBLHBIMH BepLIHHAMH CYLIECTBYeT NyTb. [Ipeanosoxum,
uyro rpad G cea3uui. Toraa Hac MOXKeT HHTepecOBaTb, «KaK XOPOLIO»
OH cBsi3aH. pyruMu cjaoBamy, HaM Obl XOTelOCh 3HaTb MHHHMaJbHOE
YHCJIO BepLUIHH HJH pebep, yAaleHHe KOTOPBIX npeBpawano Obl rpad G
B HeCBSI3HHIH. DTO NMPUBOAHT HAC K NMOHATHAM «BeplIHHHAS CBS3HOCTHY
i pebepHasi cBs3HocTh rpada». B HacrosuieH rjaee Mbl NpejnaraeM
HEKOTOpHIE pe3yJbTaThl, KacalollHecss BeplIHHHOH H peGepHOH CBA3HO-
cteit rpada. O6cykpaem Takxke KJIacCHUeCKHH pesyJbTaT TEOPHH rpa-
{poB — Teopemy MeHrepa, KOTOpasi COOTHOCHT CBSI3HOCTH C YHCJIOM Bep-
IIHHO-HeNepeceKaHXCess H  pefepHO-HenepeceKalolnXcsl MyTed.

ITapocoueranue rpada — 370 MHOXKeCTBO pebep, HHKaKHe 1Ba H3
KOTOPHIX He HMEIOT OOINX BepUIHH. B 3akmounTebHOH YacTH 3TOH ria-
Bbl MBI Pa3BHBaeM TEOPHIO MapocoueTaHHH, HAuUHHAs ee H3y4YeHHe C Teo-
pempt Xoasga o cBaabbax.

CBSI3HOCTb H 112POCOYETAHHS] — 3TO HIKPOKO U3yuyeHHble TeMbl Teo-
puu rpadoB. STHM o6jacTAM NPHHALJIEKHT MHOTO TNIYOOKHX pesyiib-
TaTOB TeOpHH rpados.

8.1. CBA3HOCTb, HAM BepIIHHHAA
CBSI3HOCTb

Cassnocmuto % (G) rpada G HaspBaeTCss MHHAMAJILHOE YHCJIO BEPLIHH,
ylafeBHe KOTOPHIX H3 G NPHBOIHT K HECBSI3HOMY HJIH TPHBHAJIbHOMY
rpady . Beanunna % (G) Ha3bIBaeTCs TAKKE ePUIUHHOL CBAZHOCTMbIO,
yTOOL OTJHUHTbL €e OT peGepHOH CBSI3HOCTH, KOTOpas OyleT BBeleHa
B CJenylolleM pasede.

Hanpumep, cBs3HocTh rpada Ha puc. 8.1 paBHa 2, NoCKOJbKY
yIaJieHHe BEpLIHH U; H Uy H3 Hero NPHBOIHT K HeCBsI3HOMY rpady, a yaa-
JleHye MpPOM3BOJBHOM BepUIHHH He NOCTHTaeT 3Toro. OueBHAHO, 4TO
CBSI3HOCTb HecBsi3HOTO rpada paeHa 0.

PaccvotpuM rpad Ha n BepuwiHHaX. $SlcHo, uto % (G)=n—1, ecanu
rpacd G nonubii. Ec/H 2Ke OH He MOJIHBIA, TO MMEET XOTsl Obl JBE HeCMeX-
Hble BepLIHHbL Uy H U,. ¥YJajleHHe n3 rpada G ocTaBUIMXCs n—2 BEPLUIHH

1) HanoMuHaeM, YTO TPMBHAJbHHM Ha3hIBaeTCA FpPad, HMEIOIMHA TONBKO OLHY
sepwHHy (pasa. 1.7).
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npuBesieT K rpady, B KOTOPOM BepIUHHE U; H U, He COeAHHEHLl NyTeM.
Taxum o6pasoM, ecau rpadp G He nosHbli, TO % (G)<n—2.

Pasdensrowee mroocecmgo rpada G — 3TO MHOXKECTBO BEpIUHH, yia-
JIEHHE KOTOPHIX U3 rpada G NPUBOAUT K HECBSI3HOMY MJIH TPHBHAJIBLHOMY
rpady.

I'pad HaswBaercs k-cassnoim, ecnn % (G)=k., Taxkum obpasoM,
vy v, y, Fk-cBS3HBIA Tpad He COAEPKHT pasjensio-
' WHX MHOXeCTB S MoinHoctH |S|<Ch—1,

Ecau rpad cBsA3HBIA, €ro CBA3HOCTD
Gosbie waM paBHa 1. CaegoBarenbHo,
cBsI3HBle Tpadbl 1-cBSA3HHL

Ecau cBsisHBI Trpad He cOpep:KHT TO-
YeK COYJIEHEHHs], TO €ro CBsISHOCTb §OJb-
me 1. IlostoMy cBasHEle rpadul 6e3 To-
YeK COUYJIeHeHHsS! 2-CBSI3HBL

B crieaywolleii TeopeMe MEL TpPEACTaB-
JisieM NPOCTYIO BEPXHIOI0 TpPaHHILy CBSI3HOCTH rpada.

Ug

Puc. 8.1.

&

Teopema 8.1. % (G)<0 (G) aaa npoctoro cesisHoro rpada G, rae 6 (G) — MuHu-
MaJbHas cTefeHb BepluuHel B rpade G.

JHokasameascmeo. PaccMOTPHM MPOH3BOJIbHYIO BepWIHHY U HAPOCTOLO CBSI3HOTO
rpatda G== (V, E). [Tycts I' () — MHOXECTBO CMeXHHIX C U BepwiHH. SlcHo, uto I' (v) —
paslesisiionee MHOXECTBO, HOCKOJIbKY yJaJieHHe ero BepiiHH npHBeleT K TPHBHAJb-
HOMY HJIH HecBSI3HOMY rpady, B KOTOPOM BepIUHHA U He COeNHHEHa HH ¢ OfHOH H3
octapluxxcst BepiunH. [Toatomy % (G)<|T (v)| ans Bcex v € V. [Tockonbky G mpoctolt
rpad, |I(v)|==d (v) 1, caenoBatenvro, *(G)< mir‘ll {d@)}=6(0).

ve

Ecau rpap G umeer m pebep U n BeplMH Uy, Vs, ... , Up, TO H3
TeopeMmel 1.1 caeayer, uto d(vi)+d@2)+. . .4d(v,)=2m. Ilostomy
n-86(G)<2m wu

2
s </ 2], (8.1)
rae | x | —uenas 4yactb x (HauOoJIbLIee LieJI0e, MEHbIee HIH PABHOE x).

Ob6penuHss BHpaxeHHe (8.1) ¢ pe3y/bTaToM, yCTAHOBJIEHHBIM TE€O-

pemoii 8.1, nmonyyaem crepyiolllee YTBep:KjaeHHe:

Teopema 8.2. [Iag npocToro ces3noro rpada G, nmetomero m peGep H n Beplu,
x (@) < 2m/n _|.

[Tycts f(k, n) — HanMeHbluee 4ncI0 peGep, KOTOPLIE HOJIKEH HMEeTb R-CBA3NBIH
rpad Ha n BepiunHax. KoHeuHo, Mbl nojaraeM k<n. K3 TeopeMbt 8.2 caepyet, uto

Fe, my=[221, (8.2)

rie [ x7] — Gnnxalilee LeJoe K x (HanMeHbllee Levioe, GoJibluee HJIH PaBHOE X).

Xapapu [8.1] nokasas, 4To PaBeHCTBO B BhIpaxkeHHH (8.2) OCTH-
raeTcsi ¢ NOMOULBI0 CHELHAJBHOH IPOLEAYPE MNOCTPOEHHs k-CBS3HOIO
rpadpa H, ,, KOTOpHI coaepxuT TouHo [ kn/2 7] pebep. [lpoueaypa
3aKJIIOYaeTCsl B CJefyIoleM:
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Cay4ail 1. k derHO.

[Tyctb 2=2r. Torna H,,, , CTPOUTCS Ha BEPIUHHAX Vg, U1, + + . , Up—g
1 JiBe BEpILHHBI U; U U; CMEXHBI, ecli [—r<j<(i--r, Ile CJOXeHHe Be-
petcst no mod n. I'pad Hs, , npencrasied Ha puc. 8.2, a.

Puc, 8.2.

a~Hg, g; 6—Hg, g1 6—Hy, .

Cayuail 2. k HeueTHO, n YeTHO.

[ycts k=2r+1. I'pad Hzrer,n NONyYaeTcs u3 rpacda H,. , BBe-
JeHneM pebep, COeMHSIOMMX BEPIIMHL Uy W U, Aas i=1, 2, ... , n/2
u j==i+n/2 (mod n). 'pad H;, , noxasan Ha puc. 8.2, 6.

Caydarl 3. k HeueTHO, N HEYETHO.

[ycts k=2r+1. I'pad H,;+1, » NOAyYaeTcs u3 rpada H,, , BBe-
IeHHeM pebep, COENHHSIOLNX BeplUMHB v; H v; maa i=0, 1, 2, ...,
(n—2)/2 wu j=i+(n+1)/2(mod n). TI'pad H, , npeiacraBjseH Ha
puc. 8.2, a.

Jlerko npoBepuThb, uto rpad /iy, », NOCTPOGHHLIA YKa3aHHBIM O6pa-
30M, COLEpKHUT TouHO [ kn/2 7] pebep. lokaxem cefiuac, uto rpad Hy, ,
k-CBSI3HBIA,
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Teopema 8.3. I'pap Hy, , k-cBA3HBIH.

Hokasameabcmso.

Caywau 1. k=2r.

[Mockoabky rpad H,,, , CHMMETpHYEH, NOCTaTOYHO MOKa3aTh, YTO BEPLIHHEI

Up H Ug, =1, 2, . .., n—] MOXHO COCAMHHTb NyTeM nocje yAajeHUsl MeHee ueM 27
BepuKH. JIONyCTRM, UTO BEPUIMHEI Uy H Ug, HEJIB35 CBSA3aTh IyTeM Nocie yAaleHnsa 2r—I1
BEPUIUH Uy, Uz, .+ . ., Ujp,_,. ORHE M3 IByX nHTepsajos [0, @], la, n] comepxur,

camoe Gosbliee, r—I1 3THX HuAekcos. [Ipeanonoxkam, uro sto uurtepsas [0, a]. Toraa
ABe MnocJeloBaTe]bHble BEpPUIMHBI H3 NOC/AEA0BATENbHOCTH, HOJIy‘leHHOﬁ noc/ie ylia-
Jenusa BeplIHH Ui, Ui, - . . Ui2r_1 H3 NOC/JeA0BATEJbHOCTH BEpUINH Uy, Uy, Uz, . . o
Ug, COCIHHEHLI perOM (HOCKOJIbe pasHOCTb MEXAY HX HHACKCAMH MeHblI€ HJIH
paBHa r). CiefoBaTe/bHO, CYLIECTBYET MyTh H3 BEPUIHHH Uy B BEPLIHHY Ug, YTO OpO-
THBOPEUHT AONYLICHHIO.

Cayuail 2. k=2r+1, n uerHo.

JIONyCTHM, YTO BEPLIHHBI Uy H Vg HeJb3sl CBA3aTh NyTeM Moc/ie ylaJeHus 2r Bep-
WHH Uz, Ujgy + o oy Uy, Ecau oaun u3 asyx uurepsasos [0, a], [@, n] He cozep:kar
NoC/e0BaTeJbHbIX HHACKCOB H3 3TOr0 MHOXKECTBA, TO NYTh U3 BEPUINHB! Uy B BEPLUHHY
Uq MOXKHO NOCTPOHTb TaK, KaK NoOKa3aHO B cayuae l. [lostomy npeamosoxuM, 4to
BEPIINHBI Uy U Uy HEJAb3sl COCAMHHTL NyTeM noc/e ylaJeHHs BEpLUHH Uj, Uid1r o0 oy
vni+r-i» rae | <i€oa—7 H Ugtj, Ugtjtl » » » o Uadjir-1, C€ l<j<n—r—a,

yCTh

(mod n).

| ocbititrbn—t | g g
= ! | p=ptg

Torza p €latj+r, nt+i—1], B’ €li+r, at+j—I1]. CymecrByer nyTb H3 BEpLIHHH Ty
B BepLUMHY Ug M U3 BepIIHHBI Ug, B BepUIMHY Ug. C/IeN0BaTeNbHO, CYLLECTBYET Ny Tb H3
BepLIMHE Uy B BEPLIHHY Ug, TOCKOJLKY BEPUIMHEI U H Ug, CMeXHb B Fay 41,4

Caywatl 8. k=2r+1, n HeueTHo.

Jloka3aTe.ibCTBO NPOBOAMTCH aHAJOFHYHO cayvaw 2,

B cJuenywoulefi TeopeMe Mbl NpeAcTaB/sieM AOCTAaTOUHLle YCJOBHS TOro, uto rpad
k-cBsizeH. JTOT pesyJabTar noJdyved Boumn [8.2].

Teopema 8.4. [Tycts G — npoctoit rpad pasmepHocTtn n, [TycTh sepmnHb rpada G
ynopsiioueHs Tak, 4ro d(v,)<d(v,)<...<d(v,). Torma rpap G k-cBasen, ecau
dv)=rt+k—1 mal <r<n—1—d (U, _g41).

Hoxasameascmgo. HonyctuM, npoctolt rpad G yRoBaeTBOpsieT yCJOBHSAM Teo-
pemu. Ecay oH He k-cBsi3HBI, TO CYIeCTBYeT TaKoe pa3fessiiolilee MHOKECTBO S, 4TO
[S]|=s<k.

Paccmorpum rpag G—S, Korcphil poKeH ObiTh HecBA3HEIM. IlycTe A — KoM-
11oHeHTa rpada G—S MHHHMasbHoro nopsaaka A. Torna creneHb KaXAo# BepIMHbLI B
rpage A He Goabwe h—1. CrepoBaTtesbHo, B rpade G cTeneHb KaxAo# BepilHHE Fpada
H ue npesnwaer h+s—1. Takum obpasom,

dpy)<<h+ts—1 <ht+k—1. (8.3)
[ToaToMy nO yCJ0BUAM TeopeMbl
h>n—1—d@w,_p_1) (8.4)

Tak kak rpagp G—S umeer n—s BepilMH, a f1 — KomnoHeHTa rpada G—S MHHAMAJb-
HOro mopsiika, To h<n—s—h, uin ht+s<n—h.
CrenoBatesbHO,

dysh+s—l<n—h—1, vV (H), (8.5)
rae V (H) — MHoxectBO BepmiMH rpada fI. Tak kak Kaxpas BepuimHa u €V (G)—
—V (H)—S cMexHa He GoJblle 4eM ¢ n—h—| BepunHamy

duy<in—h—1, u€V (G)—V (H)—S. (8.6)
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M3 Bupamennft (8.5) u (8.6) ciienyer, u4To BCe BePIUHHBI CTeneHH GoJiblie A-—h—1I
paxoaarcsa B S. CieloBaTelbHO, CyIecTBYeT He 6oJiee S BepIIMH CTeNeHH, MpeBbillia-
e n—h—1. TlosTomy

d(v,_s) < n-—h—1. (8.7
Henonbsya oipamenust (8.4) u (8.7), monyunM d (U, - ) <d (Ugy— £ +1). CienoBatensHo,
ti—s<<n—=k-1 unn s>k, 4yTO NpOTHBOpPEUYHT AONYINEHHIO.

HanpuMep, creneHu BepiinH rpaba Ha puc. 8.3 YIOBJIETBOPSIOT YCJIOBHSM TEO-
pemul 8.4 nas k=3. CnenoBatesibHO, OH 3-CBA3HBINA.

2

7
Puc. 8.3. 3-cpasubilt rpad, ymoeierBopsowuil ycnoBusM Teopembl 8.4 i caydas
k__.

8.2. PeGepnas cBSI3HOCTb

Pebepras csasnocme %' (G) rpada G — 3T0 MHHHMANLHOE YHCJIO pe-
Oep, yAaneHHe KOTOPHIX H3 rpada MpPUBOAHT K HECBA3SHOMY WJIH TPHBH-
anbHoMy rpady. Jlpyrumu cnosamu, »'(G) — uHcio peGep B paspese
¢ MHUHHMaJbHHM uHcaoM pefep. Hanpumep, ans
rpada Ha puc. 8.4 pefepHasi CBSI3HOCTb paBHa 2,
MOCKOJIbKY yjaJieHue ABYX peGep e; H e, JejaeT
rpad HecBsA3HBIM, a yJajleHHe NpPOH3BOJBHOrO Of-
Horo pebpa He NPHBOAMT K HecBfisHOMY rpady.

I'pad G HazbiBaeTcs k-pebepHo-c8A3HbIM, €CIH
%' (G)=k. Takum o6pasoM, yToOHl clejaTh HecBs3-
HbIM k-pebepHO-CBSI3HBIA rpad, Heo6XoauMO YAa-
JUTh XoTs Obl & pebep.

[TockonbKy pefpa, HHUMJEHTHHIe JIoO0OH Bep-
uiHe v rpada G, obpasywoT paspes, To %' (G)<6 (G). P“cc'ﬂg""- ?‘pf‘Sgpm‘
B cienywoueil TeopemMe Mbl CBsi3bIBaeM BeJIHUHHBI BASKGIH Tpad.

% (G), »'(G) u 8 (G).

Teopema 8.5. [1nsa npocroro rpada x(G)<n’ (G)<d(Q).

Hokazameabcmso. BTopoe HepaBeHCTBO MBI yie NoKasanH. [leppoe HepaBeHCTBO
MOXHO [I0Ka3aTb CJeNyIOIHM o6pa3oM:

Ecnu G — necsisHub rpad, to #(G)=x' (G)=0. B 3ToM cayuae yenosue % (G)<
<%’ (G) BeImOJIHsETC A,

Ecnn G — cpasuwiii rpad u o' (G)=1, 10 rpad G uMeeT MOCT e.

Ec/iu MBI YIa/IMM B 3TOM CJydae OfHY H3 BePUIHH, C KOTODbIMH HHILHAGHTEH MOCT e,
TO TOJIYYWTCA HecBA3HbIH MM TpuBHaJbHHIM rpad. CrepopaTesbHO, H B 9TOM Clyuae
ycnore ®(G) <’ (G) BhinoOJHsETCS.
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[peanonoxum, %' (G)=>2. Toraa B rpape G umeercs ' (G) pebep, yraineHue
KOTOPLIX Jie/J1aeT ero HeCBA3SHLIM. Y ha/seHHe MmoOGux %' (G)—1 u3 sTux peGep NPHBOAUT
K rpady c MocToM e= (vq, vy). Jlsa Kaxaoro us atux %' (G)—I1 pebep BhibepeM KOHLe-
BYIO BepIIHHY, OTJIHUHYIO OT BEpLIHH U; U Uy. YJAaJleHHe 3THX BepLIHH NpPHBENeT K
yAaneHuto H3 rpada G %' (G)—I1 pebep u, BO3MOXKHO, ele HeKoTopuix. [Tpelnonoxum,
yTo MoJyuuBlniicss rpad HecessHuil. Toraa % (G)<u' (G)—I1. B npoTHBHOM C/lyuae
rpad 6yAeT HMeTb MOCT ¢, U [I03TOMY YAa/eHHe BePLIHHLI Uy UJIH Uy IPHBELET K HeCBA3-
HOMY HJH TPHBHAIbHOMY rpady. B 3tom cayuae x(G)<u'(G).

TakuM obpa3oM, Bo Bcex caydasx % {(G)<w (G).

Ceiluac Mbl MpeficTaBHM [OCTaTOYHble YCJOBHA Toro, uto %’ (G) pasHo 6 (G). dtotr
pesyJabrar mosyueH Yaptpaniom [8.3].

Teopema 8.6. [Tycts G — npoctoit rpad Ha n BepwnHax, Eciu § (G)>=|_n/2 |, To
%' (G)=0(G).

Hoxazameascmeo. MoxHo nokasats, 4To G — cBs3Hbuill rpad (ynpaxuenue 1.14),
TMostomy %’ (G) >0. Tak kak %' (G) <6 (G), Teopema 6yfeT A0Ka3aHa, ec/Id Mbl TOKaXeM,
uto %' (G)=>6(G).

Honyctum, uto %' (G)<6(G). Torza cymectByer Takoil paspes S=<V;, V>, uto
# (G)=|S|{<8(G). Tyctb pebpa u3 paspe3a S HHIUAECHTHbI ¢ BepIIMHAM MHOXECTBA
V, u p BeplMHAM MHOXeCTBa V.

HonyctuM, |Vi|=q. Torna kaxias BepludHa MHOXeCTBAa V; sBJsieTcs KOHUEBOH
BEpLUIHHON Mo KpaliHell Mepe oaHoro pe6pa paspesa S. Ecau 0603HauuTh uepes Gy
nopoxaeHHb# moarpad rpada G Ha MHOXecTBe BepLIMH MHoXecTBa Vi, To G; uMeer
no Kpaidineit Mepe my;=1/,(qd (G)—n’ (G)] pebep. Ilockoanrky %' (G)<8(G), To my>
>1/5(q8 (G)—6 (G)="1/36 (G) (4—1)>/5q (q—1), TaK Kak 8(G)>%'(G)=q. Jt0 npo-
THBOPEUHT TOMY, YTO B NMPOCTOM rpade He MoxeT OhITh Go/blle ueM g (g—1)/2 pebep,
CcoeAMHSIOMHUX ¢ BepiunH. [Tostomy |Vi|>>qg. Ananoruuso gokasuisaeM, uto |Vy|>p.

Ecau |Vi|>g u [V >p, T0o BO MHOKecTBax Vi u Vj UMEIOTCS BepLIHHBI, CMeIKHbIE
TOMIBKO C BepluHHaMu MHOokecTB Vi u V; cooreerctBenHo. Ciie0BaTe/IbHO, KaxAoe U3
mMHOKecTB V; H Vy collepxuT no Kpaiinell Mepe no 6 (G)~+-1 sepwun. Takum o6pasom,
rpad G conepxkut He MeHee 20 (G)-+2 pepwnn. Ho 20 (G)-+2>2|_n/2_|+2>n, uro
NpOTHBOpPeunT ycnoeuio, CriefloBaTelbHO, He cyllecTByeT paspesa S ¢ (S|<8(G).

8.3. I'padbl ¢ 3ajaHHBIMH CTENMEHAMH

Hanomuum, uto nocienosarenbHOCTb (dy, dg, . . . , d,) HeOTpHia-
TeNbHBIX LeJbIX YHCeJ HashiBaeTcs rpaduueckoi, eciM CyliecTByeT
rpad ¢ TaKHMH BepUIMHAMH Uy, U, . « . , Up, YTO BEPLIMHA U; UMEET CTe-
neHb d;.

B 3TOM pasiiene cHavyasna OmMIIeM aJFOPHTM MOCTPOEHHS MPOCTOTO
rpada (ec/H OH CYIIECTBYET), HMEIOUEro 3aJaHHYI0 MOC/AEA0BaTe b-
HOCTb cTeneHe#l. 3aTeM Mbl HCIOJb3yeM 3TOT alFOPUTM Uil YCTAHOBJIe-
HH$1 TeOpeMBbl DIMOHJCA O CYLIeCTBOBAHHH k-pefepHO-CBA3HBIX MPOCTHIX
rpa¢oB, HMEIOIIMX 3aJaHHble MOCJEN0BATENBLHOCTH CTeneHeH,

Paccmotpum rpaduueckylo nocsiefloBaTenbHoCTb (di, ds, . . ., dy),
yNOpAJOUEHHYIO 10 YOBIBaHMUIO: diZ=dy=. . .22d,. Ilyeth d; — crenenb
BEPLIUHBI U;. «M3BATH dp,» 03HAYAET COEJMHHTb COOTBETCTBYIOLLYIO Bep-
WHHY Uy C BEPUIMHAMH Uy, Vg, .« . . , Ug,, ECIH dp<<k, wau vy, v,, . . .

e+ e s Unoty Ungty +  + 5 Udyt1, €CTH dyz=k. TlocnenoBartenbHocts (d;—1,
e ddk—-l, ddkﬂ, voey A1, 0, dpsd, - v, dy), ecam dp<<k, uan
(dl—l, e ey dk—ldly O, dk+1"""1, v ey d‘1k+1——-1’ ddk+2, ey dn),
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ecs dy ==k, Ha3bIBaeTCA 0CMAMOYHOU NOCAEA08AMEAbHOCTIBIO TIOCTE H3BS-
THS dp WIH NPOCTO OCTATOYHOH MOC/IEI0BATENbHOCTIO.

Xakumu [8.4] u TaBen [8.5] npemyoXuau aaroputM noCTPOEHHs
npOCTOro rpada (ec/JH OH CYyIecTBYeT), HMEIOILETO 3aJaHHYI0 NOC/EN0Ba-
TeJNIbHOCTL cTeneHeHd. DTOT aJropUTM OCHOBaH Ha pe3yJ/bTaTe, SBJIAIO-
IieMcsl 4acTHBIM cydaeM (npu k=1) ciaenyomeil TeopeMbl, KoKa3aHHOH
Bourom u Kaefitmanom [8.6].

Teopema 8.7. Ecan nocaenoBatenbuocth (dj, dg, . .., dy), di=de>>. . . 22d,,
ABJseTCcH IOCJAeJ0BaTe/bHOCTLIO CTeneHel NpocToro rpaga, TO 3THM CBOHCTBOM 00-
JajaeT H OCTAaTOYHad MOC/ENOBATEIbHOCTh MOc/ie H3bATHSA dp.

Horasameascmso. JIna JOKa3aTeNbcTBA HaM HeOGXOLHMO MOKA3aTh, YTO Cyle-
CTBYeT TakoH rpad c nocsefoBaTeNbHOCThIO cTeneHell (dy, dy, . .., d,), B KOTOpOM
BEpIIHHA Up CMEXKHA C IePBbIMH dj BePIUMHAMH, OTJIHYHBIMH OT CAMOH BEPIUHHB Ug.
HonyctuM npoTHBHoe. BrifepeM cpein rpadoB ¢ moc/1efOBaTENbHOCThIO cTemeHel
dy, ds, . . ., dy) npoctoii rpad G, B KOTOPOM BepIIHHA Uy CMEXKHA C MAKCHMaJbHBIM
YHCJIOM BEPLUHH M3 NePBHX dp BepPUIHH, OTIHYHKLIX OT Ug. [1ycTh v,,— Takas BeplUHHA,
He cMeXHasi ¢ BepLIMHON Uy B rpade G, uto m<dy, ecld dp<k umm m<dg+1, ecin
k<dy. JipyruMu cJaoBaMH, BepIIHHA U, HAXOQHTCHA cpelH NepBHX dj BeplIHH, He
CYHTasl caMy BepIUHHY Ug. IlosTOMy mocseqHss cMexxHa B rpade G ¢ HEKOTOpPOH Bep-
WHHON Uy, He BXOAAWEH B 4HCAO nepBHX dp BepinH. Torla d,,>dy (ecan 6m 6bu10
PaBEHCTBO, /M H § MOXHO OblJIO NMOMEHATh MeCcTaMH) H, CJe[lOBaTeJbHO, BEpIUHHA U,
CMeXKHa C HEKOTOPOH TaKoH BePLINHOH Uy, f554, I=m, YTO BEPILHHBI Ut H Uy He CMEXKHHI,
Tenepb, ec/1H 3aMeHHTb Pe6pa (U, Ut) H (Vg Ug) HA (U, Ug) U (V4, Ug) COOTBETCTBEHHO,
MBI 0OAYyYuM rpad G', B KOTOPOM YHCJO NePBHX dp BEpLIHH, OTJIHYHBIX OT BepLIKH
Up U CMEXKHBIX ¢ Hell, Ha 1 GoJiblile, YTO MPOTHBOPEYHT onpejeseHuo rpada G.

dta TeopeMa mpejaraeT cJeAyOIHUHA alropuT™, ABJAOMMicA 0606-
WeHHeM alnroputTMa XaKuMH pealH3alMH Moc/TelOBaTeNbHOCTH D=
=(dy, ds, ..., dy), dizzd:>>. . .>2d,, npoCTbIM TpadoM.

BriGepeM npousBosbHoe dp5~0. «M3biMeM» dy, cOeNHHSA BepUIMHY
Uy C MepBbIMH dj, BepUIMHAMH, He cuHTas caMmy vy. Onpenesnum ocrarou-
HYIO NOCJEL0BaTeIbHOCTb. [lepeynopasounm BepLUIMHbI TaK, YTOOb OCTa-
TOUHblE CTENEHH B MOJYYHBLIEHCA NOCAEIOBATeNbHOCTH ObLIM HEBO3-
pacraiomuMu. [ToBropsieM 3TOT npouecc A0 TeX NOp, MOKA He BO3HHUKHET
OfHA M3 CJeLYIOUWUX CHTyauuil:

1. Bce ocTaTouHble cTENEeHU paBHBI HYMO. B 3TOM ciryyae nosyuuBLIHE-

ca rpad UMeeT MOCAeIOBATeJbHOCTh cTeneHed D,

2. OnHa M3 OCTaTOYHBIX CTeleHed oTpHuaTenbHa. JTO O3HAYaeT, UTO
nocjexoBarebHocTh D He rpaduueckas.

JI1a WAMOCTPAlMH ONMMCAHHOTO AITOPHTMAa PAacCMOTPUM NOC/AENOBa-
TEJbHOCTb

U] Uy U3 Uy U

D= (4 3 @ 2 2).

ITocne usbaTHs dg (0OBelleHHON KpYKKOM), MOJYYHM HOCJEROBATe/b-
HOCTb
v, v, U3 Uy Uy

D= (3 2 0 1 2)
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KOoTopas [ocje NnepeynopsfaoueHusas OCTaTOYHBIX creneHed [MpHHHUMAET
BHA

Uy 0y Us vy vy

BBTGM, H3bIMasg CTeleHb, COOTBETCTBYIOUIYIO BEpIUHHE Us, MOJYYHM

Uy U, U5 Uy Uy
Di= (2 1 0 1t 0)

TlepeynopsinounBasi ocTaTouHble cTeneHH B D, mosyunm

U, Uy Uy Vg Uy

D= (@1 1 0 o).

Tenepb, H3bIMas cTeneHb, COOTBETCTBYIOULYIO BEpIUMHE Uy, [OJYUHM

O U, Uy Uvs Uy
D= (0 0 0 0 0),

31eck aATOpUTM 3aKaH4YKHBaeT paboTy. [TockobKy Bce ocTaTouHble CTe-
TeHH DaBHBI HYJIO, MocsefoBaTesabHOCTh (4, 3, 3, 2, 2) rpadmuuyeckas.
v, TpeGyemniit rpad (pue. 8.5) moayuaercas B pe-
3yJbTaTe BHITOJHEHHS L1aroB, COOTBETCTBYIOUIMX
MOPSIAKY HM3BATHS CTENeHei:
1. CoenunsieM BepIIHHY Us € Uy, Uy H Ug.
2. CoepyHsAEM BepILIHHY Uy C U; H U,.
3. CoenyHsAeM BepIIMHY U; C Uy H Uy
‘ Spréw u Fannau [8.7] onpepesman Heo6xo-
Uy Uy JIHMBIE H JOCTaTOYHLIe YCJOBHS (HEaJITOPHTMH-
Puc. 8.5. Tpap ¢ no- UYECKOro THMA) TOro, 4YTO [MOCJENOBAaTeIBbHOCTD
CJ1€10BaTEbHOCTBIO CTE- I‘pa(bH‘leCKaH. Hx pe3yJbTaT OIHCHIBAETCS Tak-
newedt (4, 3, 3, 2, 2). ke B paGore [8.8].
[TpeanoJo:kuM, 4TO B OMHCAHHOM AaJTOPHTME
MBI H3bIM3eM Ha KaXKJlOM Lare HaHMEHBIIYIO HEHYJEeBYI0 OCTATOUHYIO
crenenb. Toraa ¢ momouiblo HHAYKIHH JIETKO MOKasaTb, UTO MOJyYalo-
wHics rpag cBsI3eH, eCJH

o

d;>=>1 npna ecex I, 8.8)
2_]' d;>2(n—1). (8.9)

3aMeTHM, 4TO BbINOJIHEHHE HepaBeHCTB (8.8) u (8.9) Heo6X0AHMO, YTOGHI
Tpad Obl1 cBA3HBIM. B cienyiowmell Teopeme Mbl joKasbiBaeM GoJee
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cuibHBIR pesyabraT. OH mnoayuen Damonacom [8.9]. JlanHoe 3paech
J0Ka3aTteabcTBO npeftoxuau Bour u Kaeditman [8.10].

Teopema 8.8 (damonac). HeoOXoAHMMEIM H JOCTaTOYHEIM YyCJIOBHEM TOro, YTO
rpaduyecKan noc/ienoBaTe/bHOCTb (dy, dg, . . ., d;) €CTb NOC/IELOBaTe/IbHOCTb CTeNneHek
npocToro k-pe6epHo-cBA3HOro rpada npu kz>2, AB/fAeTCA BRIOJHEHHE /IS BCeX CTe-
neveil d;>=k.

JHoxasameascmeo. Heobxo0umocms oueBuAHA.

Jns [okasaTeAbcTBa NOCTATOYHOCTH TOKaXeM, YTO aJlOPHTM, KOTOPHIH Mbi
TOJIbKO YTO OMHCAIH, NPUBOIHT, B CJAyYae KOTAA BCe CTENEHH B JaHHOH rpaguyeckoit
noc/el0BaTe/ bHOCTH GOJIblie WJIH paBHH B, K k-peGepHO-cBA3HOMY rpady. 3aMeTum,
YTO Ha K4X[IOM 1lare ajropHTMa Mbl JOJIXKHBI H3HIMaTb HaMMEHbIIYIO HEHYJEBYIO
OCTATOYHYIO CTeNeHb.

JI0Ka3kBaeM ¢ TOMOIIbIO HHAYKLHH, JlomycTHM, YTO airoputv jgedcTByeT A1
BCeX NOCJeNoBaTeJbHOCTEH, B KOTOPRIX KaxJas cTeleHb d;=>p, p<k—1.

Tenepb Heo6X0AHMO MOKa3aTb, YTO B rpade, MOCTPOEHHOM € TNOMOLIbIO aJro-
pHTMa, Jiro6oe paspesatouiee MEoxecTBO A, A> COAPKHT N0 MeHbiuel Mepe k peGep.
JloKa3aTesbCTBO 3TOr0 TPUBHAJIbHO, ecd |A|=1 unu |A|=1. lonycTum, uyt0 |A|>2
H |A|=>2.

Ha HekoTOpoM 1are a/iropuTMa, HampuMep r (luar, Ha KOTOPOM r-sl BeplIHH&
NOJIHOCTbIO CBf3aHa), CJeAylolye CJy4YaH MOJNHOCTBIO OXBAaThIBAlOT BO3MOXHbIE Ba-
pHaHThI:

Cayuati 1. Bce HeHnyJleBble OCTAaTOYHEIE CTeNeHH He MeHblue k.
Cayuaii 2, Bce HeHyJleBhle OCTAaTOYHBIE CTelleHH He MeHblle R—1, B CyllecTByeT XoTA

6kl OfHO peGpo, MOCTPOEHHOe Ha warax 1, 2, .. ., 7 u Jexallee B MHOxecTBe {A, A).
Cayuati 8. Bee HeHyJleBbie OCTaTOYHbiE CTeTIeHH He Melbllle k—2, B CYIIECTBYeT XOTf
611 ABa pe6pa, NMOCTPOEHHbIX Ha warax 1, 2, . . ., r ¥ Jexawux Bo MHOXecTBe A, A).

Bo Bcex Tpex cjayyasX MO HHAYKTHBHOMY NPEANOJIOKEHHIO pa3pe3anllee MHOXKEeCTBO
A, A> copepxHT He MeHee Kk pebep.

JloKaxeM TNOJHOTY ONHCAHHBIX ciy4daeB. [lycTh v; — BepiIMHA, CoelHHAeMas
¢ ApyruMH Ha ware i. He Hapymaa o6uiHocTH, 6yleM CYMTATh, YTO BEPLIHHA U; HAXO-
IuTcs Bo mMHOoxecTBe A. [lokaxeM, YTo ecsii ciyyad 1 W 2 He BO3HHKAIOT, TO Ha He-
KOTOpOM 1lare a/JrOpUTMa BO3HHKHeT caydail 3.

Ha mare 1 BepuHHa v; MOJHOCTBIO cBf3Ha. TOraa @) HaWMeHbllHe HEHYJEBbie
OCTaTOYHblE CTeNEHH PaBHBl k—1, mocKosbKy cayyadl | He Bo3HHKaJ; 6) CTeneHH Hu
OZHON H3 BepLIHE A He yMeHbIIAJHCh Ha | NIPH COeMHEHHH BEPLUHHBL Uy, TIOCKOJbKY
cayuya#l 2 He BosrMKai. C/lefoBaTe/1bHO, CBA3EIBaeMasn Ha wiare 2 BepIIHHA Uy JOJINHA
6bTh B A. (Bce BepuinHbl A L0/IXKHBl HMETb CTeleHb, He MeHbmyoo k.) Ecau nocae
coefluHeHHA BepPLIHHEI Uy HEe BO3HHKaeT cayyail 1 B HHKakoe H3 pefep He CBA3bIBaeT A

¢ A, Torja Bece elle, KaK U mpexjie, Mbl KMeeM ciyuait a uin 6. CaenoBaTenbHe, cie-
Aylolas CBA3LBaeMas BeplidHa Gyjer cHoBa B A.

Tak Kak OCTATOYHLIE CTeNeHU Ha KaxAOM luare NnpoueAypbl COelHHeHHS BepLIMH
yMeHbIIATCA, TO PaHO WJH NO3AHO OyAeT cBAsaHa Takaa Jexamas B A BepIIHHaE
v,, yto Mexay A u A nosputcs pe6po. Ecau He BusHHKaeT ciyyadl 2, To ofHa U3
HeHyJIeBRIX OCTaTOYHHEIX CTerleHell BepiIWH, JexallHX B A W elle He MOJHOCTBIO CBS-
3aHHBIX, CTaHeT paBHOH k—2, ITo o3HayaeT, YTO BEPLIHHA U, JO/NXKHA COEAHHATLCA
C Kawk1oli BeplIHHOH A, NMOCKOJbKY BCe BEPIUMHEI A HMEKT OCTaTOYHLE CTENEeHH,
paBHbie k, U BCJEACTBHE TOrO, YTO Mbl COENHHfeM BEPUIHHY U, C BEPLUHHAMH, HMelo-
WKMH Hau6oJIblIKEe 0CTaTOYHLe cTeneHd. Tak Kak |A|>>2, Ha 3TOM ware BO3HHKaet
ciyyai 3.

Bour n Kuefirman [8.6] onpenennan Takxke HeoOXOAHMBIE H A0CTa-
TOYHBIE YCJIOBHS, YTO rpaduyeckas nocjaeloBaTe/bHOCTb sIBJISETCA M0-
C/IeJlOBATe/IbHOCTBIO CTeNeHell NPOCTOro R-BepllMHHO-CBA3HOrO rpadga.
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8.4. Teopema Menrepa

B sTOM pasjesie Mbl IpeJCTaBJsieM KIaCCHUECKHH Pe3yJIbTaT TEOPHH
rpadoB — teopeMy MeHrepa [8.11]. Oxa nOMOXKeT COOTHECTH CBA3HOCTb
rpada ¢ YHMCJIOM BEPILHHHO-HENepeceKaloMUXCes MyTed MeXay AByMs
pas/MYHBIMH BeplUHHaMH rpada.

Teopema 8.9 (Menrep). MuHUMa/nbHOe YHCJIO BePIUHH, yHaJeHHE KOTOPbIX H3
rpaba pasgensieT [Be HeCMeXHble BePINHHH § H £, PABHO MAKCHMAJIbHOMY HHCJY Bep-
IHHHO-HenepeceKawIuXca s—i-nyTeit rpaga.

JlokasaTeJqbCTBO 3TOH TeopeMhbl jaeTcs B pasp. 15.7.

Teopema 8.10. Uto6u npocroft rpap G= (V, E), |V|=k+1; 6bi1 k-cBA3HEM,
HeOOXOAUMO H [OCTATOMHO, 4TOGHI Mex/y JIOOBIMH BepINHHaMH S H { B rpade G npo-
XOAHJIO % BepIIHHHO-HeNePeCeKAIMUXCA S—I-yTei.

Lloxasamesscmgo. OueBHAHO, 4TO TeopeMa BepHa npu k=1. CiegoBaTeskHo,
Heo6XOIHMO PacCMOTPeTb BapHAaHT R>>2.

Heobxo0umocms. Eciv s v £ He CMeXKHE!, TO HeOGXOLHMOCT CJIEAYeT H3 TeopeMbt 8.9,

[Tpeanosioxum, 4To § H £ cMeXHH # 4TO B rpade G cymectsyer, caMoe GoJbllee,
k—1 BepmMHHO-HenepeceKaomuxca s—#-nytedl. [yetb e= (s, #). PaccMotpum rpag
G'=G—e. TTockoJbKY B rpade G GblI0 He GoJbilte k—| BepIIHHHO-HEnepeceKalHXCH
s—t-nyTe#t, B rpade G’ uX He MoOxeT ObITh Gosibine k—2. TaknM ofpasomM, B rpacde G
cymecTByeT MHOWecTBO A=V —{s, {} Bepunn, |[A|<k—2, ynaleHHe KOTODHIX pas-
zenser s u t. Toraa |V—A|=|V|—{A|=k+1—(k—2) =3 u, cregoBaTenbuo, Cy-
I{ecTByeT BepimHHa # € V—A, oTJH4YHAs oT s H f.

Teneps nokasxkem, uto B rpade G’ cymecTsyer s—u-nyTh, He COAEPKANAH BepIIHH
u3 A. flcHO, 4TO 3TO BEPHO, ecJIH § i 1 cMexHbl. ECJIH § H 1 He CMexHl, Tora B rpade
G uMeeTcsl k BepIIHHHO-HENEPECEKAOMMXCHA S—yu-NIyTell H, CJeLOBAaTelbHO, B rpade
G’ umeercs k—| BepmHHHO-HenepeceKaWHXcsl s—u-nyTed. [ockonbky |A|<k—2,
XoTs Obl OfHH H3 3THX k—| nyTefl He copep:KUT BceX BepmHE A.

Anajsoru4HEIM 06pa3oM MOXHO MOKasaTh, 4To B rpade G’ uMeercs u—£-nyT,
KOTOphIH He coflepkHT Jio6yio BepwnHy A. Takum o6pasom, B G' cymectByerT s—i-
nyTh, He copepxamuil n06yio BepmuHy A. DT0 e NPOTHBOPEYHT TOMY, uTo A —
pase/sioliee BepPIIHHEI § H ! MHOXecTBO B rpade G'. CiieoBaTe/IbHO, HeO6XOAHMOCTD
JOKa3aHa.

“Hocmamourocms. TTOCKONBLKY MeXAy ABYMs Das/IHYHBIMH BepulHHamu rpada G
HMeeTcs k BepIUMHHO-HenepeceKawmuxcsa nyTeH, G — cBsasHull rpad. BoJee Toro,
He GoJlee yeM OJHH M3 STHX MyTefl MOXeT HMeTb JVIHHY 1, Tak Kak B rpade G ner na-
paienbHux pebep. OObeHHEeHHe OCTaBIIHXCA K—| nmyTedl JO/IKHO cofep:KaTh Mo
Kpafineil Mepe k—1 pasJIMuHLIX BePIIHH, OTIHYHEIX OT § H £. [TosToMy |V{> (k—1)4-2>
>k.

Honyctum, uto B rpade G umeeTcs Takoe pasjessiomiee MHOKeCTBO A, uto |A | <k.
Paccmorpum toraa noarpad G’ rpada G Ha MHOMecTBe BepmHH V—A. OH uMeeT 1o
MeHblueH Mepe 1Be KOMNOHeHTHl. Ec/u Mul Brfepen /Be BEpIUUHEL S | U3 Pa3JHYHEIX
KOMMNOHEHT nojrpada G, To B rpade G umeeTcs. camoe Gonbluee, |A| <<k BepmHHHO-
HernepeceKawmuxcss s—I-nyTelf. 310 NPOTHBOPEYHT TOMY, 4TO JIi0Gbe [Be BepINHHLI
rpada G cBA3aHH k£ BepINHHHO-HeNepeceKAoIUMHUCH Iy TAMH.

Crle0BaTe/NbHO, OCTaTOYHOCTh JOKAa3aHa.

Srot pesyabrar nosyued YuTHH [8.12]. Ilockoabky om siBasiercs
nonpocTy BapHalue# TeopeMmbl 8.9, 6yleM rOBOPHTb TaKxXKe O HeM Kak
0 TeopeMe MeHrepa.

PaccMOTpHUM 1Ba YaCTHBIX KJjacca Kk-CBSISHBIX rpadoB: JBYCBs3HBIE
M TpeXCBsA3Hble rpadul. CyllecTBYeT HECKOBKO SKBHBAJEHTHBIX XapaK-
TEepH3aLMH ABYCBA3HBIX rpadoB. HekoToprle H3 HHX yxe NMpHBeleHH B
yOpaXKHeHHsIX K Ia. L.
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TaTT oxapakrepH3oBaJ TpeXcBs3Hble rpadbl, HCXOAA H3 YacTHOTO
Kaacca rpaoB, Ha3bIBaeMBbIX K0OAECAMU.

Pacemotpum wnka C aiuebl n. EcaH MBI J06aBHM HOBYIO BEDIUHHY
H COeJHHHM ee CO BCEMH BepIUMHaMH UHMKJa C, TO MOJyYHM KOJIECO
W, +:. Hanpumep, koneco W, mpencraBjeso Ha puc. 8.6.

Puc. 8.6. Koneco W,

Xapaxkrepusauus Tarra [8.13] TpexcBsa3HbIX rpadoB GopMyaHpyeTcs
B CJeRyIOlieH Teopeme:

Teopema 8.11. IlpocTofi rpad G TpexcBSI3HHIH TOTJa H TOJIBKO TOrJa, KOTAA OH
ABJISIETCS KOJIECOM HJIH €0 MOXHO MOJYYHTh H3 KOJeca NMOC/ef0BaTeJbHOCThIO Ofle-
pauuil cieAyOLHX THIOB:

1. BpejeHneM HoBoro petpa.

2. 3ameHoli BepLUHHBI U cTeleHH He MeHbllle 4 1BYMS TAKHMH CMeXHEIMH BEpIUHHAMH
v’ u v" cremeHedl He meHee 3, UTO KaxJasi BepLUHHa, CMeXHas MepBOHAYaJbHO C
BepLUWHOH U, CTAHOBHTCA CMEXHOH TOYHO ¢ OAHON W3 BepwHH v’ 4 v”,

3akoHYMM 3TOT pasie] XapakTepusauwefi k-peGepHo-cBf3nbIX rpados. 3ra
XxapaKTepH3alHsi aHajoriuHa TeopeMe 8.9, HasmiBaeMol Teopemol Menrepa, xoTs
oTkpniTa HeaaBnckmo Popaom n dankepcoHoM [8.14], a Takxe DanacoM, daiiHcreli-
oM u Illexnonom [8.15].

Teopema 8.12. MuHuMasbHoe uync/I0 pefep, yjajieHHe KOTOPbIX M3 CBSI3HOTO
rpaga G paslensieT 1Be pasjHyHble BEPIIHHLI § W {, PaBHA MAKCKMaJbHOMY YHCTY
peGepHo-Henepecekaowmuxcst s—i-nyred B rpage G.

JToKa3aTeJibCTBO 3TOH TeOpeMbl NPHBOAMTCS B pasp. 15.7

8.5. Ilapocoyeranus

B 3ToM M noc/efylolUX pasfesax riaBbl OyAyT o0cyXKAaThea Mpo-
faeMa, HasbiBaemasi sadateti o céadebax, W cBA3aHHLIE C HEH 3ajayH.
ViMeeTcst KOHEYHOE MHOKECTBO IOHOLIEH, ¥ KaXKAOTO H3 KOTOPHIX €CTh
HECKOJbKO Mofpyr. IIpH KakHX YCJOBHSIX MOMKHO MOXKEHHTbL IOHOWIEH
Tak, YToObl KaXKAbIH KEHHJICS HA ORHOH U3 cBoMX noAapyr? (Pasymeet-
cA, HUKaKas [IeByIUKa He BEIXOAHT 3aMyx 6oJiee yeM 3a OJHOTO foHowy!)
Ara 3ajaya CTABHTCA B TEOPETHKO-TPAPOBLIX TePMHHAX CJELYIOLHM

o6pasom:
[TocTponTb BYHOMbHBIH Ipad G, B KOTOPOM BEPIUHHBI Xy, Xz, . . .
, Xp TPEIACTABMSIOT IOHOIUEH, a BEePIUHHBI Y1, Yz, + .+ + » Ym — J€-

sywek. Pe6po (x;, y;) npucyTcTByeT B rpade G TOTAa H TOJAbKO TOT/A,
KOTZa y; — NoApyra x;. Torzaa safaya o cBafb0ax paBHOCHJIbHA HAXOX-
Ienuio B rpade G Takoro MHOXKecTBa pebep, YTO HHKAKHE [1BA H3 HHUX He
uMeloT OOILyl0 BEPIUHHY M KaKjias BEpIIHHA x; sIBJIAETCA KOHLEBOH
OJiHOTO H3 pebep.

6 N 1449
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Hanpumep, npeano/oxuM, 4To HMEIOTCs YeTBepo loHomiel: by, b,
bg u by, a TAKXKE YETHIPE AEBYLIKU: g1, g3, g3 U Z4; UX B3aUMOOTHOLUCHUS
NpeJCTaBJEeHbl caenymomuy obpazoM: by — {gi}, b, — {g2}, bs = {g1,
g2}, by~ {gs, &}

JBynonbHb# rpad, XapaKTepH3YIOWHME AaHHBIH cayyal, NpeacTas-
JieH Ha pHc. 8.7, Jlerko BHICHUTE, YTO HEBO3MOXHO IOXKEHHTb BCEX ye-
ThIpeX IOHOLIEH TaK, YT06 Ka bl KEHHJICA Ha OJHON U3 CBOHX MOAPYT.
OnHAaKO MOXXHO KEeHHTb TpeX IOHOWIEH, He Hapylias NnpH 5TOM TpeGoBa-
HHl 3ajaun o cBaabOax. Hanpumep, BO3MOXKHEI iBa cienyoluX Habopa
takuXx nap: (b, g1), (02, €2), (b, g3); (b1, 81), (bs, g2), (bs, g4). PaccmoTpe-
HHE 3aJlaul O cBaib6ax NPHBOJUT HAC K ONIpelesIeHHIO MapocouyeTaHHs

rpaga.
JlBa pefpa Ha3bIBAIOTCH HE3ABUCUMbIMU, €CTH OHH HE HMEIOT o0uiel
BepILUUHHL. ['o0BOpAT, UTO pebpa ey, e,, . . . He3a6UCUMbL, €CIIH KaXKas X

napa He uMeer ofleHl BepILHHBIL.
[TapocoueTanne — 5TO  MHOXKECTBO HE3aBHCHMEIX pebep rpada.
Hanpumep, napocoueranueM siBasietcsi {e;, e,} B rpade Ha puc. 8.8.

b] g1
b, 4,
by s
b, I
Puc. 8,7. Puc. 8.8.

OueBujHO, MaKCHMalbHOE MO BKJIOYEHHIO NapocOYeTaHHe — 3TO
MaKCHMaJIbHOE MO BKJ/IIOYEHHIO MHOXECTBO He3aBHCHMHIX pefep. Tak,
B rpage Ha puc. 8.8 MaKCHMaJBbHBIM 110 BKJIOYEHHIO MAapOCOYETaHHEM
aBnsierca {ei, e}, B TO BpeMmsl Kak {e;, €;} TAKOBLIM He sABJACTCA.

Ilapocouetanue ¢ HanGoONBIIUM YHCJIOM pebep HashlBaeTcs MaKCl-
Maabtibin napocodemanuem. MuoxecTBo {e;, €5, €5} — 3T0 MaKCHMaJlb-
Hoe-rapocoyeTanue B rpade Ha puc. 8.8. Uneno pebep B MaKCHMaJbHOM
napocoueTaHuu rpaga G OGyleT Ha3LIBATBCSA HUCAOM NQAPOCOYCINAHUA
rpada G u oBozHavaTbest uepesd oy {(G).

BeplunHa nashiBaeTcsl HacsieHHod B napocouetanud M, ecid ona
KOHlleBasl BepluuHa peGpa M. Hampumep, BeplmHa v napocoueranus
{e:1, €5, €} B rpade Ha puc. 8.8 HachilecHHA.

Hanee neynonbuwiii rpap G=(V, E) c pasbuenuem (X, Y) 6yuem
o6osHauatbh Tpohiko#l (X, Y, E).

ByneM roBopuTb, uto MHOXeCTBO X napocouemaemcs ¢ Y B 1By-
RonbHoM rpage (X, Y, E), ecin cyumectByer Takoe mapocoueranue M

’
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yTo KaxJaa BepiuHHa X HachieHa B M. Tlapocoueranue M B 3ToMm ciy-
yae Has3bIBaeTCsl noasbim napocosemarnuen X ¢ Y.

B 3THX TepMHHaX 33ajadya O cBaAbGax CTAHOBHTCHA PABHOCHJBHOH OII-
pelle/eHHI0 HeOGXOAMMBIX M [OCTATOUHBIX YCJOBHH CyuIeCTBOBaHHA B
asynoabHoM rpade (X, Y, E) napocouetanns X ¢ Y. B cienyomem
pasjiesie Mbl IPUBOJIMM Pe3yJbTaThl, Kacalollfecs NapocoyeTaHHi B ABY-
JOJIbHBIX Tpadax, a TakKe pellleHue 3aJadu O cBajabbax.

8.6. IlapocoueTaHus B JIBYAOJbHLIX
rpadax

Pacemotpum aByroabHblfl tpadp G=(X, Y, E). Ilyctb S — npous-
BOJIbHOE MoaMHOXKecTBO X, a I'(S) — MHOXKeCTBO BePILIMH, CMEXKHBIX C
sepiimiamu S. Tlpexnosoxum, uto |S|>|I'(S)|. fcHo, yto Torma He
cyliecTByeT mosHoro nmapocoderannss S ¢ I'(S) u uro moGoe napocoue-
taHue M B rpade G Gyzner Hachimartb He Gogee |I'(S)| Bepumnu S. Tlo-
TOMY

IMI<TX[=(S|=[TS)D- (8.10)

[Tockosbky Bripa:kenue (8.10) cnpaBednnBo As14 Jo6Or0O MOAMHOKECTBA
S mMHoxecTBa BeplHH X, MOKHO 3aKJIOUHTD, YTO JJIs JIIOGOr0 mapocoye-

tanua M
| M| <[ X|—max(S|~|T(S)). (8.11)
s=x

Beenem omnpeneseHne Jehuyuma o (S) MOAMHOXKeCTBa S MHOKeCTBa
X u pedmuuta o (G) rpada G B BuIe

a(S)=IS|—|T ()], (8.12)
0(@)= max (S|~ T (5)). (8.13)

Hcnonwbsysa seipamxenue (8.13), nepenuiieM tenepb HepabeHcTBo (8.11)
B BHJe
IM|<| X |—0(0). (8.14)

OcHOBHOH pe3yJsIbTaT 3TOro pasjesa 3aK/IOYaeTcs B TOM, YTO B JBY-
JoqbHOM rpade G=(X, Y, E) cymecTByer nmapocoueranue, cojepxaiiee
{X|—o (G) pebGep. HpyruMu cloBaMH, MBI MOKaxKeM, 4TO YHCAO pebep
B MakcHMaJbHOM napocodeTanuu rpada G pasHo |X|—o (G). Hokasa-
TeJIbCTBO COCTOMT M3 ABYX uacTefi. CHadana Mbl paccMOTpHUM caydai
0 (G)=0, 3atem cayuaii o (G)>0. (amerum, uto ¢ (G)=0, NOCKOJBKY
M1 ycToro MHoxectBa & o (&f)=0.)

Cayuait 0 (G)=0 nmeer MecTo, Korja A KamIOro MOIMHOMKeCTBa
S<=X copasexnuBo HepaseHctBo |S|<Z|T'(S)I, a cayuaidt o (G)>0, koraa
17151 HEKOTOPOTO MOJMHOXKeCTBa ClpaBeyiuBo HepaseHeTBo |S|>>|T'(S)|.

Crenytomuii pesyabrar nogydet Xostom [8.16]. Henoabsyemoe namu
10Ka3aTe LCTBO Npeanoxuau Xasamoc u Boxrau [8.17].

6*
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Teopema 8.13 (Xosn.) B aBynoishoM rpage G= (X, Y, E) cywecTByeT NoJHCe
napocodetanne X ¢ Y TOrja M TOMBKO TOTAa, Korja Ads Jio6oro S&=X cnpaseiHBO
HepzsenceTBo |S|<|T(S)].

Hoxasameascmso. Heobxo0umocme. M3 Bupaxenns (8.14) caelyer, 4To 4014 NC.a-
Horo napocodetaius X ¢ Y Heo6xomuMmo, utobu 0 (G)=0, T. e. |S|<|T(S)|, S&=X.

Hocmamounocme. JioKa3aTeqbCTBO NPOBeleM HHAYKIMel no |X|, uucay Bepumnn
B X. Eciu [X|=1, To oueBHAHO, 4TO CYyWecTBYeT rnosaHoe napocoyerahue X c Y,
TaK KaK eJuHCTseHHas BepuiuHa X Jo/IKHA GBITh CMeXHa NO MeHbiueil Mepe ¢ OfHOH
BepuIHHOH Y,

B kauecTBe MHIYKTHBHOTO NpPeANOJOKEHHST AONYCTHM, 9TO ACCTATOYHOCTDb CIpa-
BelIMBa [/ J1000ro AsyaodbHoro rpada ¢ {X|<m—1. PaccMoTpum ABYJAO/BHEH
rpap G= (X, Y, E) ¢ | X|=m. I[lyctb A1 Kaxjoro nogMHoxectsa S MHOxecTBa X
cnpasefinBo HepaBeHcTBO |S|<|T'(S)|. [TpoBepKo#t c/elyOUMHUX CAy4aeB NOKakKeM,
4TO CYLUECTBYeT NMOJHOe mapocodyeTanue X c Y.

nguaﬁ 1. Jns Kaxioro Henycroro coGcTBeHHoro noiMuoxkectBa S X [S|<
<{T(S)].

Brifepem npousBosbHOe pe6po (xy, Yo), Xo & X, Yo €Y. Ilycts G'— rpad, noayuen-
HBI M3 rpada G ylajleHHeM X, H Yo U HHLUHMIEHTHHX HM peGep. Tak Kak BepIIMHB!
mo6oro noamMuoxectsa S X— {x,} cMexHbl ¢ 6o/ee deM |S| BepmuHamu Y, To OHU
cMexnbl He Menee yeM ¢ |S| Bepmunamu Y —{y,}. TTosTOMy N0 HHIAYKTHBHOMY npej-
NOJIOKEHHIO CylecTBYeT noaHoe napocouetanne X—{x} ¢ ¥Y—{y,}. D10 napocoue-
TaHue BMecTe ¢ peGpoM (X, Yo) AaeT MOJHOe mapocoyeTaHue X ¢ Y.

Cayuad 2. CymecTByeT TaKoe Henycroe nogMHoxkecTBO Sg=X, uto |So|=|T (Sy)|.

[Mycte G' — noarpad rpada G, comepxawmuit BepiiMHBl MHOXeCTB Sy U T'(Sy)
H COeJHHSIOLHe 3TH BepuIHHBl peGpa, a G" — noarpad rpada G, comepxamuii Bep-
mnHe MHOXKecTB X—Sy B Y—TI'(Sy) ¥ coepnnsromue ux pebpa.

[TokaxeM, uto B moarpade G’ cyuecTByer nosxoe napocoyeranue Sy ¢ I'(S,),
a B nogarpage G” — nosaHoe napocouetanue X—S, ¢ Y—TI'(S,). dtu napocoueranus
00pa3yioT B COBOKYINHOCTH MNOJIHOe napocodyeTanue X ¢ Y,

PaccmoTpum cHavasna mogrpad G'. Ilycte aas JoGoro nogMHoxecTsa S8,
I'" (S) osnauaer MHO:ecTBO BepuinH I'(S,), cmexubx ¢ Bepmmubamu S. Torga scho,
yro IV (8)=T'(S), S=S,. Ilockonbky n1s amwboro noaMuoxecrsa |S|<|I'(S)|=
={I"(S)|, H3 UHAYKTHBHOrO NPEANOJONKEHHS CJAeLYeT, 4TO CYLIECTBYeT MOJHOe MNa-
pocouetanHe S, ¢ I'(S).

Tenepb paccMoTpuM moarpad G”. Ilyctb A5 M1060ro NOAMHOXKECTBA MHOXECTBa
X—S8, Beanunna I'"(S) o3znauaer MuoxectBo Bepmiun Y—T'(Sy), cMexumIx ¢ Bep-
wuHamn S, JLaa moboro SSX—S8, |SUSo|=IS|+[Sel<|T (SUSy)|=[T"(S)|+
11T (So)|. TMockonsky {Sp|=|T (Sy)|, noyuaem, uto |S|<|I” (S)|, S=X—S§,. Ta-
KHM 06pa3oM, H3 HHAYKTHBHOTO NPEANONOKeHHST CHOBA CJIE1YeT, YTO CYILeCTBYeT NoJ-
Hoe napocouetanne X—S§, ¢ Y—TI'(S,). Cnenosatesibo, I0CTaTOMHOCTh JOKa3aHa,

Kak mbl ycranoBu/1u panee, TeopeMa 8.13 HaeT pewieHue 3ajauu o cBajp6ax,
oHO (opMyJaupyeTca CcIefyIIHM 06pa3oM:

Teopema 8.14 (Xoax). Has pemenus 3ajauu o0 cBagp6ax HeOGXOAHMO W J0OCTa-
TOYHO, 4TOOB! JH060€ NMOJAMHOXKECTBO M3 £ IOHOIIEH HMEJO BMecTe He MeHee R NOAPYT,
I<k<m, rge m — uncsio roHoWeil,

Teopema 8.13 aBasiercs npocToiM nepeBogoM TeopeMmbl 8.14 Ha TeopeTHKO-rpa-
¢oBBI A3BIK.

Tenepn Mbl IoKaxeM, 4T0 ecau 0 (G) >0, TO 4uc/10 peGep B MAKCHMAaJIbHOM Napo-
coueTaHuH paBHO | X |[—0 (G). UTo6H caenaTh 310, HEOOXOAHMHI CJIELYIOILKE JBE JEMMBI:

Jlemma 8.1. [TycTb Sy 1 S, — npousBosbibie noaMHokectBa X. Torda 0 (S;1) So)+
F0($1NS)=0 (SP+0(S,).

ﬂoxasame/tbcnwo. HpOCTI:IM ynpa)KHeHueM SABJIseTCA JOKa3aTeJIbCTBO TOro, 4TO
[ S1US2 [+1S1NS2 1= Sy |+ Sz |- (8.15)
Mockoabky  |T'(S;US)I=IT(SHUT S| 1 [T(S;NS)<ITSHNT (S|, To

IT (S1US) |+IT (S1NS2) | < IT (S)UT (So) |+
+IT(SONT (S2) | =] T (S| +1T (So) |- (8.16)
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TNojcrasiss peipakenye (8.16) B Boipaxenie (8.15), noayunm o (S, US40 (S; NS>
21818 =T (S)|—|T (Sy) =0 (S)+0 (Sy).

Jlemma 8.2. [lycTs S; u S, — Takue noAMHOXKecTBa X, 4TO 6 (S;)=0 (Sy)=0 (G).
Torna 6 (S;US2)=0(81N8:)=0(G).

Hoxasameascmeo. Tlo nemme 8.1 6 (S;USy)+0(S;NSe)=0(Sy)+0 (S.)=20 (G).
Tak Kak HH o(S;US,), a1 0(S;S,) He npepbuanT 0 (G), NoayyaeM
6 (S,US2)=0 (S, 18,)=6 (G).

Teopema 8.15. Uncio pefep B MaKcHMa/bHOM NapOCOYETAHHH JBYHOJIBHOTO
rpada G= (X, Y, E) c 0(G)>0 pasho |X|—0(0).

Horasameascmso. Tlycrs Sy, Sy, . .., Sy — Bce noaMHoXecTBa X ¢ geduunTOM,
paBHLM O (G). Tlycte Takke Se=S8;NSsMN. . .NSk. o nemme 8.2 o (Sy)=0(G) >0.
TakuM obpazoM, Sy Henycro. CieloBaTesqbHO, Kamjoe NOAMHOKECTBO X, HMEKWIee
febHUHT O (G), coflepXut Sg.

PaccMOTpHM [POH3BOIBHYIO BepUIMHY X B Sp. IlycTb G' — rpad, noayuennut
yaasieHHeM u3 rpada G BepIUHHBI Xy H BceX HHUHJCHTHBIX el pebep. QueBHJHO, uTO
0(G')<0 (G), TaK Kak HHKAKOe MNOJMHONECTBO MHOXecTBa X—{xy} Be cofepxHuT
Sy. [loraxem, uto o (G")=0(G)—1.

PaceMoTpuM MHOXecTBO So=Sq— {xo }. IMeeM 0 (Sg)|= |Sol—| T (S0)| = | Syl —1—
—IT (So)|. Mockoasky 6 (Sg) <6 (G), noayuaem |So|—1—|T (Sg)| <|So|—!T (So)|, T-e.

[T (S)) [=IT (S| (8.17)
C npyro#i CTOpOHH, TaK Kak S¢ — noAMHOKeECTBO Sy, TO
[T (s} < T (So)l- (8.18)

O6neunas Bupaxenns (8.17) u (8.18), nonyunm |T' (Sg)|= |T (Sy)}. [Tostomy 0 (Sg)=
=|Sp|—1-—|T (Sg)|=0 (G)—1. TNockoasky 0(G')<0(G), MBI MOXKeM 3aKJIOUHTb, YTO
o (@¢")=0(G)—1.

Ecun mul 6y/ieM NOBTOPATL 3TH pacCyxAeHHs JO Tex nop, noxa u3 X He Oyler
yJaJeHO COOTBETCTBYIOHIee MHOMXKECTBO M3 O (G) BepLIHH BMecTe C HHUMIEHTHLIMH HM
pebpamu, noayyuM noarpad rpaga G ¢ JehuunToMm, paBHHM RyJI0, [To Teopeme 8.13
CyHlecTBYeT NOJIHOe NapocodeTaHHe Takoro noarpada. OHo 6yneT mapocodyeTaHHeM
rpada G, cofepxamuM | X|—o (G) pebep. OueBHAHO, 4TO M3 BulpaxeHus (8.14) cae-
AYyeT, 4TO 3TO napocodeTanye GyLeT MaKCHMaJbHEIM apocodeTanHeM rpada G.

Teopemnr 8.13 1 8.15 MOXHO OGBeMHHTL B OfHYy. BcueicTBHe ee BaKHOCTH MH
npejcTaBuM ee Huxe [8.18, 8.19].

Teopema 8.16 (Kéuur). Uncao pebep B MaKCHMAJILHOM NapoCOYeTaHHH IBYHAOJb-
Horo rpada G= (X, Y, E) pasuo | X|—o0 (G), rae 6 (G) — peduuur rpada G.

Cneacreue 8.16.1. B Henycrom gsygloabnoM rpade G= (X, Y, E) cymecrtByer
noaHoe Mapocoderande X ¢ Y, ecan min{d (x) }= maxy {d}.

x6 X yE
Joxasameavcmeo. Tlycts min {d (x) }=d; u max {d (y) }=d,. Paccmotpum npo-
xe X eY

43BOJIbHOe noAMHOXecTBO A MuoxectBa X. [lycte E; — MHOXecTBO pefep, HHLH-
NeHTHBIX BepwinHaM A, a E, — MHOXeCTBO peGep, HMHUHJEHTHbx BepmiHHam I (A).
Torpa |Eq|>=|Aldy n |Ey|<|T' (A)|d,. Tlockonbky £,5ZE 5, To [T (A)ldez2|Ey| 2| By 22
>1{Ald;. Toaromy [T (A)|>=|A|, A=X. Takum o6pa3om, no TeopeMe XoJ1a CYHIECT-
BYyeT MOJIHOe napocoderanue X ¢ Y

Tenepb paccMOTpHM JBa CBsI3aHHBEIX ¢ TeopeMol XoJuia pe3yJ/ibTaTa.

IlepBbiii MpHHALIEKHT TEODUH TpaHcBepcased.

ITycte M — Henycroe KoHeuHoe MHOXecTBO, a S={S;, Ss ...
..., S;}—cemeficTBO (He 00513aTeNbHO Pa3JHYHBIX HEMYCTHIX MOAMHO-
xectB MHOXecTBa M. Torna mpauceepcanrb (WIH cucmema pasiutimbly
npedcmagumenetf) cemelctBa S €CTb MHOXKECTBO 7 PAasJiHUHBbIX 3JIeMeH-
TOB MHOXecTBa M, 1O OfIHOMY M3 KaXJOro MHOXecTBa S;.
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Hanpumep, ectu M={1, 2, 3, 4, 5, 6}, S;={1, 3, 4}, S.={1, 3, 4},
Ss={1, 2, 5} u S.{5, 6}, To {1, 3, 2, 6} ABAAETCA TpaHCBEpCaNbIO Ce-
meiictBa S={Si, S, Ss, S4}. C apyroi#t croponsl, eciu S;=8,={1, 3},
S:={3, 4} u S,={1, 4}, 1o aas cemeficrBa {S;, S,, S5, Ss} TpaHcsep-
cajb He CYIIECTBYET,

BosHuKaer Bompoc: KaKOBbl HEOOXOJHMbIE H JIOCTATOUHBIE YCJIOBHS
TOro, YTO ceMeflcTBO ITOJMHOMKECTB MHOXKECTBA HMeeT TPaHCBepCalsb?

[Noctpoum Takoil asynoabHblil rpap G=(X, Y, E), uro
1) BepmmHa x; € X cOOTBETCTBYeT MHOXecTBY S; ceMeficTa S;

2) BepumHa y; € Y COOTBETCTBYEeT 3JeMeHTy i MHoxkecTBa M;
3) pebpo (x;, y;) € E Torma u ToJbKO TOrAa, Koraa j € S;.

Tenepb CTaHOBUTCS SICHO, YTO IIOCTABJEHHBIH BONIPOC SKBUBAJIEHTEH
3ajlaye HaXOXKJAEHHSl MOJHOrO napocoueraHuss X ¢ Y B TOJbKO UTO
[OCTPOEHHOM JABYIoJAbHOM rpade. Takum oGpasoM, moayudaeMm CjaeLyro-
Y10 TeopeMy, KOTopasi NPOCTO NMepeBOAHT TeopeMy XoJia Ha si3bIK
TEOPUH TpaHCBepcaJed.

Teopema 8.17. ITycth M — HenycToe MHOXecTBO, & S={S;, Sa, .. . S;}—
ceMelcTBO MOAMHOXecTB MHOXecTRa M. Torga S uMeeT TpaHcBepcalb TOTa H TOJBKO
Torja, Korja obnefiuHeHHe TMPoH3BOIBEMX £ (l<k<r) monMHOXecTB S; COJEPKHT
He MeHee 9JeMeHTOB MHOmxectBa M.

Uucro KOMOMHATOPHOE J0KAa3aTeJbCTBO STOH TeopeMbl 63 HCIOJb-
30BaHHs1 moHATHH Teopuu rpados naHo Pano. Ero oueHb sieraHtHoe
JI0Ka3aTebCTBO MOXKHO Haiitu B paborte [8.20].

Cnenyromuii pesaysabTaT CBA33aH C MAaTPHLAMH, HMEIOMIHUMH TOJbKO
HyJIeBBIE W eMHHMYHBIE 371eMeHTH. Takue maTpuubl HaswiBaorcst (0,1)-
mampuyamy. Hanee noj nuHuell MaTpupl 6yJeM NOHUMATL €e CTPOKY
U1 croJbei.

Teopema 8.18 (K&uur u Oreppapu). MUHHMaNbHOE YHCJIO JHUHHUH, cOmepKalIUX
Bce «1» B (0,1)-MaTpHlle, paBHO MaKCHMaJbHOMY YHCAY «1», HHKaKHe JiBé H3 KOTOPBIX
He HaXOAATCS Ha ONHOH JMHHH MaTpulbl M.

Hana (0,1)-marpuna M nopsiaka mXn. IlocTpoum Takoll JBYHOJb-
el rpap G=(X, Y, E), uro

1) BepILUHHHI X1, X3, ... , X, € X COOTBETCTBYIOT M CTPOKaM MaTpH-
bl M;

2) BepIUUHBL Y1, Yoy + . . , Yn € Y COOTBETCTBYIOT n cTosblaM MaTpH-
ner M,

3) pebpo (x;, y;) € E, ecnu anement (i, j) marpuusl M paseH I.
Ecnu MBI paccMOTPHM BepLIMHY KakK IIOKPHBAIOLIYIO BCe HHIHAEHTHBIE
el pe6pa, To Teopemy Kénmnra — SrepBapu MOXHO nepedopMyJTHpOBAThH
Ce yIomuM 06pasoM:

MuHHMaIbHOE YHCJIO BEpIIMH JABYAOJABHOrO rpagda, NOKpPHIBAOMINX
Bce pefpa, paBHO yucay pebep B JMIOO0M MAKCHMANbLHOM NapocOueTaHHH
rpada.

B ra. 9 (teopema 9.2) mbl joKaxeM Teopemy Kénura — DrepBapu
B 3TOoH (hOopMyJIHpPOBKe.
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8.7. Ilapocoueranus rpados o6mero sujga

B srom paspene Mmbl chopMysaupyeM pe3yJ bTarhl, OTHOCSUIHECS
K napocouyeTaHusiMm rpadoB ofulero BHIA.

Paccmorpum rpad G=(V, E) u ero napocoueranne M. Yepedywwascs
yenb rpada G — 310 Lenb, pebpa KOTOpPoH BXOAAT moouepesnHo B M
u (£—M). Hanpumep, nocsenoBarenbHoCTb pebep ey, €;, €3, €4, €7, €
IBJISIETCS] YepeyouleHcsl Lenblo 0 OTHOIEHHIO K napocoueTanyio M =
={e,, €4, €5} Tpada na puc. 8.9. Te pebpa uepenyrolielcs HenH, KOTOPH
npuHagie:xar M, OyJieM HasbIBaTb memuolMu pebpasu, a 7€, UTo NpH-
najnexar E—M,— ceemavimu pebpamu. CleloBaTEIbHO, €, €5, €, —
cBeTJIble pebpa, a e,, €4, €, — TeMHble pebpa pacCMOTPEHHOH uepexylio-
wiefics nens.

Teopema 8.19. [lycts M; H M, — mapocoderaHua mpocroro rpada G= (V, E),
a G'= (V', E') — nopoxzenEbii noarpad rpada G Ha MHomcecTse pebep M PM,=
= (Mi—M)U (My—M;). Toraa moarpap G’ COZEPKHT KOMIIOHEHTHl TOJBKO CJe-
AYIOUWHUX JBYX THIIOB:
1. LInuka deTHOH ANMHBE], peGpa KOTOPOro BXOAAT HoouepeiHO B M; H M,.
2. TlyTb, B KOTOPOM pebpa BXOJAT moouepedHo B My M M,, a KOHIEBHIE BepUIHHBI

B OJHOM H3 MapocouyeTaHHH He HaCHIHIEHHI.

Jloxasamesscmso. PaccMOTPHM NPOH3BOJBHYIo BepmiHyy vE V',

Cayuat 1, vEV (Mj—My) n v€V (M,—M,), tae V(M;—M ;) ozHauaeT MHONeCT-
BO BEpLIHH, HHLHIEHTHBIX peGpaM M;—M ;. B atoM cilyuae v — KoulieBas BepuIlHa

U,

'U1 € - €5
Uy
U
Vs €1 t €7
UB
€9 E]G
Uy
Puc, 8.9. Puc. 8.10,

pebpa B My—M,. [lockoapky M; — mapocoueTanHe, HHKakKoe Apyroe peGpo u3
M;—M ; He HHIHJEHTHO BepuiHHe v. Bouee Toro, Hukakoe pe6po U3 Mp,—A,; He uH-
UHIEHTHO BEepUIHHE U, NOCKOABKY UEV (M,—M,). CrenoBatespHo, B 3TOM CJayuae
cremedb BepwHHEL U B G’ paBHa |,

Cayuaii 2, vEV (M{—My) nv€V (M;—M,), B atom cayuae sepunre v uHlg-
A€HTHBI OfHO pe6po My—M, 1 onxo pe6po M,—M,. CefoBaTeNbHO, CTENEHb BEp-
WHHB U paBHa 2.

[TocKONbKY PaccMOTPEHHBbIE CJYYaH HCUePIBIBAIOT BO3MCIKHBIE BAPHAHTHI, MONKHO
cneiaTh BBIBOJ, UTO MAKCHMaJbHas cTeneHb B moarpade G’ pasra 2. [losToMy cBs3-
Hasi KOMIIOHEHTa MOXeT NPHHALJEXKAaTh TOJbKO K OJHOMY H3 ONHCAHHBIX THIIOB.

HanpuMep, paccMoTpum J1Ba napocoueranns Mi={e;, e:, e} u
M,={es, €10, e} rpada G una puc. 8.9. Torna M PM,={ei, es, e,
€y, €10, €11}, @ Tpad G’ OyJer TakhM, KaK I10Ka3aHO Ha PHC. 8.10. I'pag
G’ COJep:KMT KOMIOHEHTH ABYX THIIOB, ONHCAHHBIX B Teopeme 8.19.
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B caenyromeit Teopeme mbl GopMysHpyeM XapakTepusaumio bepxxa
[8.21] MakcHManbHBIX NapocOYeTaHHH B TePMHHAX uYepelyIoLIHXCS
uenef.

Teopema 8.20 (Bepx). [Tapocoyeranne M MakCHMajJbHO TOrfa M TOJbKO TOTJa,
KOTJla MeXIy JIOGHMH ABYMs He HACHIleHHBIMH B HeM BEpUIHHAMH He CYLIeCTBYeT
yepepyomeHics Ilenu.

Hoxasameascmeao.

Heobxo0umocme. T1IpeAnosIOKAM, 470 MeXJAY ABYMS He HachllleHHNIMH B M Bep-
W HHAMH HMeeTcs Yepexyiowascs lenb P. Torpa, saMeHsisi TeMHbie pe6pa B Llenu Ha
cBeTVIRle, OJAYYHM napocoyetanne My ¢ |M,;|=M-1. 3ametnm, uto M= (M—P)|)

(P—M).
U Mo)m){o paccMoTpeTb, HanpuMep, napocoyeraune M= {e,, ¢, } B rpade na puc. 8.9.
Mexxly HeHaCHIIIEHHBIMH BepUIMHAMH Uz H U; HMEeTCS Yepepyiollascs Lenb e, ey, €4y,
ey, €1. EcsH 3aMeHHTb B M TeMHble pefpa ¢4 H e, Ha CBeTJILIE €, €y, €13, NOJYYHM
napocoveranue {es, 15, €12}, Coepamee Ha ofHO pe6po Gosbule, YeM M.

Hocmamounocms. JonyctuM, 9to M yIoB/IETBOPAET yCJIOBHSM TeopeMbl. [lycTb
M' — MakcuMaJbHOe mnapocodyeraHue, Torja u3 JAOKa3aHHOH HEOOXONMMOCTH CJle-
ayert, yto M’ Taxxke yNOBJETBOPSieT YCJOBHSM TeOPeMH, a HMEHHO: He CYIIecTByer
yepeyollecs UenH MexAy IPOH3BOJbHRIMH ABYMS He HacbillleHHHMH B M’ Bepuin-
Hamu. [Tokaxewm cefivac, uro |M|=|M’|, KoKasbiBasi 3THM JOCTATOYHOCTD.

Taxk kak M= (M OAM YU M—M"), a M'= (MNM)J (M'—M), 10 oueBuano,
yro |M|=|M’| Toraa u ToabKo Toraa, Korpa |M—M'|=|M'—M|.

INycte G' — rpad na MHoxectBe peGep MOPM'= (M—M")J (M'—M).

PaccMoTpuM cHavasa npoHM3BOJIBHBIA LUK rpada G'. [To Teopeme 8.19 oH umeer
YeTHyIo JJiMHY, pe6pa B HeM nooyepeano Bxoaar B M—M' u M'—M. Tloatomy Kax-
Abl#t 1uuka rpada G° uMeer oAMHaKOBoe YHcso peGep B M—M' u M'—M.

Tenepb paccMOTPHM TNPOM3BOJIBHYKD KOMIOHEHTY rpada @', sBJjsmoulylocs my-
tem. CHoBa mo TeopeMme 8.19 pe6pa B HeM BxojsT noodepeino B M—M' u M'—M.
KpoMe Toro, KoHlleBbie BePUIMHBI TAaKOTO NyTH He HachileHbl B M uiau M’. Ipes-
MOJIOXHM, YTO NYTb HMeeT HEYeTHYIO JJIHHY, TOTAA KOHIEBbie BePUIHHLI NYTH MHIH-
JEHTHbI pe6paM, HaxXOISIIMMCS B ONHOM NapocoYeTaHuH, JTO O3Ha4aeT, YTO MO OT-
HOLIGHHIO K OJHOMY H3 IapOCOYeTaHHH CYyLIeCTBYeT Yepeaylollascs Uenb, COelHH So-
1asi HeHachillenHple BepHHel. Ho 310 npotuBopeunt Tomy, yto u M, u M’ yuosae-
TBOPSAIOT YCJOBHSM TeopeMbl. [TosToMy Kaxaast koMnoHenTa rpada G', sBasiomasncs
MyTeM, COAEPKHUT YETHOE YHC/IO pebep H, CJefoBaTe/IbHO, OHHAKOBOE YHCIO pebep U3
M—M" u M'—M.

Takum o6pasoM, Kaxjlas KOMIOHeHTa rpada G’ COlepKHT OJHHAKOBOE YHCJIO
pebep u3 M—M’ u M’—M. [NockoabKy pebpa rpada G' o6pasyioT MHOMKeCTBO (M—
—M)J (M'—M), nonyuaem [M—M’|=|M'—M| u, caenosateinno, |M|=|M'|.

[lycrs M — napocouetanne rpada G, a P — uepesayowmascs Lenb
MeKJy NPOH3BOJbHBIMH JBYMSl HE HACHIIEHHLIMH B M BepLIHHAMH.
Torna, kak Mul yxe yBuaenu, MCDP sBaseTcs napocouyeTaHHeM ¢ HHC-
Jom peGep Ha eamnuny Gospwe, yeM B M. Ilo 31oit npuumHe nmyTh P
Ha3bIBaETCA G06a6AsOWUM NYymeM 11O OTHOINEHHIO K M.

Tenepb Mbl fOKaxeM JBa HHTePECHBIX PE3YJabTaTa O ABYJOJbHBIX
rpadax, HCHOJAb3Yys TEOPHIO UepeAVIOMMXcs lemneil.

Paccmotpum aBynoabHblil rpad G=(X, Y, E) ¢ MakcuMaabHO# cTe-
nenbio A. Ilyers X; — MHOXeCTBO BepIIHH B X, MMEIOIUX CTeneHb A,
Ecin G° — mBynoasuslit rpad (X, I'(Xy), E'), roe E' — MHOXecTBO
pebep, coeaunsomux X; u I'(X,), To u3 cnencreusa 8.16.1 BHTekaer,
uto B rpade G’ umeercs noJHoe napocoueranne X, c¢ I' (X;). Ono, oue-
BHJIHO, HachblllaeT Bee BeplinHnl X;. Takum obpasom, cywectByer napo-
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coueTaHHe B rpade G, KOTopoe HachaeT BCce BepLIHHHL X cTemeHH A,
AHaAJIOTHYHO CYLIECTBYET rapocoyeTanHe B rpade G, KOTOpOe HacHIlliaeT
Bce BepluHHH Y cTeneHu A, Cefiyac BO3HHKaeT BONMPOC: CYIIECTBYET JIH
napocoyeTaHue ABYAOJBLHOro rpada, KOTOpoe HachHIaeT Bce BepIUHHHI
MaKCHMAJBHOH cTeneHH Kak X, Tak W Y? [lna oTBera Ha 3TOT BOIPOG
HaM HeOOXOAHM CJEAYIOLIHH pe3yJbTar, [oJay4eHHbIH MeH/elbCoHOM H
Hanmenxem [8.22].

Teopema 8.21. (Mengescon u Jaameax). [lycte G=(X, Y, E) — aBynonbHuft
rpad, a M;— napocoueTaHHe, KoTopoe «coueraeT» X; =X ¢ Yy CY (i=1, 2). Toraa
cyuiec TByeT napocoueradue M'=M,{JM,, kotopoe HacumaeT X HY,

JHokasameascmso. PaccMoTpHM AByo/bHB rpadh G'= (X, U Xz, Y1U }’2,M1 UMy).
Jlio6as BeplunHa 3TOrO rpada HMeeT cTeneHb 1 HaH 2, caelloBaTebHO, 106ast ero KoM-
[IOHEHTA SIBJISIETCS IyTEM HJIH LUHKJIOM, peGpa KOTOPbIX BXOAAT noovepenHo B My 1 M,.
(CM. pmoKasaTesnbcTBO TeopeMnl 8.19.)

Jlobas BepwiHa yE€Y ,— Y, umeer B rpage G’ crenenb 1. [T0sTOMY OHa JIEXKHT
B KOMIIOHeHTe, ABJSIOMEACs nyTeM P, OT BePWIHHL ¥ K BepluHHe x€ Xo,—X; HJIM K
Bepumﬂe zZ€ Yl Y,. B nepeoM cnyqae noceinee pebpo Py, Haxonutcs B My, 103TOMY

M @P, napocoveraer X;U{x} c ¥ U {y}. Bo Bropom c.uyqae noceniee peGpo Py
HaXONHTCH B M, nostomy M,P, napocoueraer Xy ¢ (Y,—2z)U {y}. B oboux cay-
uasx MDP, Hacbinaer YlﬂY2 Takum ofpasom, M (PP, nacbimaer y€Y,—Yy
H BCE Bepumﬂbx X, n Y NY

Ecan Mu nosoxxuM P= U Py, 10 nerko BujeTh, uto MPP aBAfeTcs mapocoye-

YEYy—Y,
TaHHeM, HaCBILAMHM X H Y, D10 H ecTh TpeGyeMoe napocouetane M'&=M,UM,.

Teopema 8.22. B ABYJ01bHOM rpade HMeeTCs IapocoyeTaHHe, Hachillapllee
BCe BeplWIMHB MaKCHMaJibHOH CTeleHH.

Hokaszameascmsgo, PaccMoTpuM ABYROJIbHBIH rpad G—(X Y, E). Ilyers X'&=X

u Y'Y conepxar Bce BeplunHbl rpada G MaKCHMaJbHOH CTenenH. Kax Mbl BHIGIH
paHee CYIIECTBYET mapocouetTanue M, Hachlialolee Bce BeplIHHB X', H mapocoye-
TaHue M,, Hachlmaoolee Bce BepwHHbl Y. ITo Teopeme 8.21 cyuwecrByeT nmapocoyera-
HHe M' &M, | M,, Hachwawiiee Bce BepWHHKE X' H Y', ABjsiolleecs 103TOMY TpeQye-
MhIM [apocoueTaHHeM, KOTOpOoe HacHIIaeT Bce Bepumm,x rpaga G MakCHMaJbHOH CTe-
HeHH.

Caencreue 8.22.1. MHoxecTBO pefep ABYAOJbHOrO rpada ¢ MakCHMasNbHOH CTe-
meHblo A MOXKHO pa3buTb Ha A mapocoueTaHHH.

Hoxasameavcmeo. PaccMoTpuM aByRoabHE rpad G=(X, Y, £) ¢ MakcuManbHOR
crenenbio A. Ilo Teopeme 8.22 cymectByeT napocoyeranHe Mj, Hachiawoliee Bce
BepluMHH crenelu A, Torja nsynosbhbii rpap G'=(X, Y, E — M) uMeer MaKcHMaJib-
Hyio creneHb A-—1. DrotT rpad HMeeT napocoyetanne M,, Hacbllawollee KaXAylO Bep-
wuHy crenein A—I1. [loBropsas 3ToT mpouecc, MH MOCTPOHM HOCJEA0OBATENbHOCTh
HemyCTbiX mnapocouetanud My, M,, ..., M,, Koropne ofpasyior pa3buenue E.

ITpumenenne teopem 8.21, 8.22 u caencrsua 8.22.1 paccmatpuaercs
B pasa. 15.6.

BepHeMc K HM3YyueHHIO napocoueTaHHH B rpadax ofuiero Buia.

[TapocoueranHe, HachjaOliee Bce BePIIHHBI rpada (, HasbiBaeTcs
cosepuieHnbiM TIapOcOUeTaHHeM 3Toro rpada G.

Mbl 3aKaHuKMBaeM 3TOT pasjes Teopemoll Tarra [8.23], naoweit yc-
JIOBHsl CYILECTBOBAHHS COBEPIIEHHOTO NapocoueTaHus rpada. Menosn-
3yeMoe HaMH JI0Ka3aTesqbCTBO NPeAsoxKH1 AHlepcoH [8.24].

Komnonenta rpada HasbiBaeTca He4emmuoti, €CJH OHA COAEPIKHT He-
YeTHOe YHCJIO BepIUHH, H B NPOTHBHOM ciayyae — 4emuod. Eenn S —



170 Taasa 8

NOJMHOKECTBO BepLIMH rpada G, To yepes po(S) 6ynem o60o3HayaTh YHC-

JIO HEeYeTHbIX KOMIIOHeHT rpadpa G—S.
Teopema 8.23. (Tarr). I'padg G=(V, E) umeeT coBepiieHHOe NapOCOUeTaHHE TOTAA
H TOJBKO TOTJa, KOrja

Po (S)<<| S| nas mo6oro S V. (8.19)

Horazamenrscmeo. Heobxodumocms. JonycTuM, 410 rpad G MMeeT COBepILEHHOE
napocodetanve M. Ilycets Gy, Gy, . . ., Gp GYAYT HeUeTHHIMH KOMIIOHEHTaMH TIPaja
G—S pia Hekotoporo SCV. Tak Kak KaxJas KOMNOHeHTa G; HeueTHas, HEKOTOpasi
BeplIHHA U; B Heil J0/DKHa mapocoueratscst B M ¢ HEKOTOpOH BepiunHoit v; € S. Ta-
KHM 06pa3oM, S HMeeT He MeHee k BepIIHH, M, CJeJ0BaTeNbHO, pg (S)|<<|S/|.

Locmamounocme. lpexie Bcero saMeTuM, uTo eciH rpad G yIOBJIETBOPSIOT ycC-
JoBHIO (8.19), TO, BEIGpaB S== ¥, moayuum py(<¥)<0. [TosToMy B rpade G HeT Heyer-
HBLIX KOMINIOHEHT. JIpyruMH cjoBamH, rpad G MMeeT YeTHOe YHCJIO BEPLIHH,

Hoxka3aTe.1bCTBO AOCTATOYHOCTH NpOBefeM HHAYKuued no I, rae 2l={V|. Hcnous-
syeM teopemy Xouia (8.13) u ToT npocrofi pakr, uro

Po (S)=| S| (mod 2). (8.20)

Cryuait =1 — tpuBuHaseH. JIOnmyCTHM, YTO pe3yJbTAT BepeH AJIs JIOOHX rpa-
¢os, nmeromux menee 2/ BepunH. Pacecmorpum Teneps rpad G Ha 2! BepiunHax, yaos-
JeTropsiowHi yenosuio (8.19). 31ecy MBI HMeeM JBa cayuasi,

Cayuaii 1. Jomyctum, uto po(S)<|S| mas mmoboro S, 2<{S|<2l. PaccMorpum
a06oe pepo rpada Ge=(a, b). [Tycts A= {a, b}, G4=G—A. Ilycts po (T) oGosnauaer
YHCJIO HEYeTHBIX KOMMNOHEHT B rpade Gap—T mid J1060ro noAMHOKECTBA T BEPIIHH
Gy. Torga po(T)<|T|; ecan 66 po(T)>|T], T0 MBI 1OIYUHM 2o (TUA)=po (T)>
>|T|=|TUA[—2, 40 npoTuBOpeunT ycioBHio (8.19). [TosroMy no HHAYKLHM rpadhl
G4, a ciefoBate]bHO, H G HMEIOT COBepLIEHHOE NTapoCOoYeTaHHe,

Cayuati 2. TIycTb CymecTBYeT TaKoe MHOMKECTBO S, uTO o (S)={S[>2. Hony-
CTHM, uTo § — TaKoe MaKCHMaJbHOe MHOMKECTBO. 3aMeTHM CHauaja, 4To B rpade
G—S HeT yeTHHIX KOMIOHEHT. Ecsiu Gbl B HeM 6blj1a deTHasl KOMITOHEHTa, Mbl MOTVIH Gbi
YAAJIHTL H3 Hee BEPIUHHY H 10GaBHTb ee K S, D10 NpHBeJIo Obl K YBEJIHUEHHIO 10 Kpaii-
Heil Mepe Ha 1 uuC/1a YeTHBIX KOMIOHEHT. [103ToMy po (S Ut)==p, (S)+1=[S|+1. VYe-
aoBue (8.19) tpebyert, utober py (SUv)<|S|41. [Tostomy po (SUv)=]|S|+1. Ho 310
NPOTHBOPEUHT MaKCHMaabHOCTH S, CiefoBaTeJBbHO, YeTHBIX KOMIOHEHT B rpade
G-—S Her.

IMycte |S|=s, a G, G, . . ., Gs— S HEUeTHBIX KOMIIOHEHT rpadha G—S. TTokaxem
Ternepb, 4TO Mbl MOXKEM B3ATh IO BEPIIHHE H3 KaxkKIOM 3TOM KOMIIOHEHTHI H Mapocode-
TaTh HX ¢ BepmHHaMH S. Ecin 6b1 3T0 Gb/10 HEBO3MOXKHO, TOTJAa MO Teopeme XoJia
CyWecTBORAO Obl £ HEYeTHBIX KOMIIOHEHT, KOTOpble CBA3LIBANHCEL B rpade G TONBLKO C
h<k Bepmunamu S. Ho ecin T' — Takoe MHOXKeCTBO W3 A BEDIUHH, TO MBI NOJYTACM
po(T)2k>h=|T|, 4To mpoTHBOpeunT ycioBuio (8.19). TakuM o6pasoM, H3 KamuAol
xomngneﬂm G; (1<i<Cs) ML MOXKeM B3ATh BEPIUHHY U; H APOCOUETATL ee C BepIlH-
Holt S,

. ,
Caenosatenbio, Kawawii noarpad G;=G;—v; UMeeT YeTHOE YHCJIO BEpIIHH.

.
Ecayn et noxaxem, uTo KaxJetH G; MMeeT CoBeplUeHHOe MapocoueTaHHe, A0Ka3aTelb-
cTBO OyZeT 3aBeplueHO.

Eciin G{ comepHuT TaKoe MHOXKECTBO BepuIHH R, uTO po (R)>|R], rze pg(R) —
YHCJIO HEYeTHHIX KOMITOHEHT B G;-—R, To no (8.20) pé (R)>=|R|+2, nostomy

Po (RUSU{od) =pj (R)-+po (S)—13 [ R |-+] S |-+1=| RUSU{z3} |. (8.21)
Ho yciosue (8.19) tpeGyer, umober po (RUSU {v;)<|RUSU {v;}]. TIostomy

po(RUSU {v:)=[RUSU {v;}|, uT0 npOTHBOpEUHT YCJIOBHIO MAKCHMAJLHOCTH S,

Takum o6pasomM, no uEAyKIHH G; MMeeT COBEepLICHHOE apoCoYeTaHHe.,
Hpyroe jpokasaTeqbCTBO C HCMOJb30BaHHeM TeopeMbi 8.20 gaa Jlosax [8.25).



Caasnocms U napocouemanusn 171

8.8. 3ameuaHHus, kacawuecs JHTepaTypbl

O6e#t murepatypolt, peKOMeHAyeMOH 15 JaJbHeHIIero H3y4eHHs
CBA3HOCTH M mapocoueranuit, sBasiotcsa [8.8, 8.26]. Depx [8.26]
npeACTaBJIsieT TaKxKe JeTasbHoe 06CYyKJIeHHe BOIPOCOB PealM3yeMoCTH
nocyefoBaTeNbHOCTEH cTeneHedt U As caydas OpUEHTUPOBAHHLIX, M /s
cilydasi HeOpHEeHTHPOBaHHBIX rpadoB. XapapH (8.8] usnaraer mcropuio
TeopeMbl MeHrepa M JlaeT HECKOJILKO ee BapualHil.

I'padsl cnykar Mozesbio cerel cBsi3u. [IpH H3yUeHHH MOJIEIHPYEMBIX
rpadaMu ceTeHl BO3HHUKaeT MOHSTHE «Ys3BUMOCTby». Iloj ysA3BHMOCTBHIO
MBI TOHHMaeM 4yBCTBHTEJbHOCTb ceTH K BozgelcTBHio. CeTb CUHTaercs
«pa3pYIIEHHOM», eC/IH TOC/Ie YAaNeHHsi HECKOJIbKUX BepIIMH WM pebep
MOJyYHBLIMACS B pe3yabTaTe rpad OyierT HecBA3HbIM. Taxum o6pasom,
ysI3BUMOCTb CETH CBsi3aHa C BEPIIMHHOM U peGepHOH CBA3HOCTAMU CETH.
Hanpumep, ceTb N;j MOxeT cuuTarhbcsi Oojlee YsI3BUMOH, ueM ceTb N,
ec/M BepIIMHHAs CBsI3HOCTb y N, MeHble, YeM Y N,.

Boewr [8.27] ony6MKoBal HECKONBKO CTaTeH MO MOCTPOEHHIO rpadioB
C 3aJlaHHBIMM CBOMCTBAMH CBSI3HOCTH H HAJEXHOCTH. DTOH XKe TeMme 110-
cBsieHbl paboThl [8.28—8.30). [Ins famnbHeHIero H3y4eHHsl 3TO# TeMbl
pexkoMeHayetcst pabora (8.211.

3ajaua npoBepKH CBSISHOCTH rpada TeCHO CONPHMKACAETCA ¢ 3ajaued
HAXOXJEHHsI MAKCHMAJIbHOTO MOTOKA B TPaHcmopTHOH ceTH. JlanbHed-
lee 06CYXK/EHNE STOrO BONPOCA M CBA3aHHLIE C HUM CCHUIKH Ha JiMTepa-
TYpY MOXHO Ha#iTH B pas3j. 15.7, Iie Mbl Takxke JOKa3biBaeM TeOpeMbl
Me Hrepa.

Ias1 nanbHeiiuiero M3yueHHs NapocouyeTaHHd M TeOPUM TPaHCBepca-
neil oueHb peKoMmeHAyloTca paGoThl [8.32—8.34]. IIpumeHenue Teopuu
napocoyeTaHul (B 4acTHOCTH, K 3ajaue ONTHMAJbHOTO HasHayeHHs H
3ajaue COCTABJICHHS PACNHCaHHUil) ¥ COOTBETCTBYIOIIHME aJlIOPHTMEI 06-
cyxknaioTesd B pasi. 15.4—15.6.

YnpaxHeHus

8.1. Ilyctb di<d,<. . .<d,— crenenn npocroro rpada G. [Nokaxurte, uto G — k-
cBsA3Hbil rpad (A<n), ecnu a) d (v,) =r+-k—1, r< (n—k)/2; 6) d (U, - p41) =(n1-2—2)/2.
8.2. INokaxute, yto mpoctoii rpap G Ha n BepwHHAX — k-CBs3HH, ecan §(G)=>
>(n4-k—2)/2.

8.3. Ilyctb G=(V, E) — npoctoii k-cBaAsHuit rpad, B={by, by, . . ., by} — MHO-
ecTBO BepuiuH, |B|=~k. [Tokaxure, uTo eciiu a € V—B , To cylecTByeT 2 BepUIHHHO-
HenepeceKalomuxcs a—b;-nyTell u3 a B B.

8.4. Tlyctb G — npocToil k-ca3Hbili rpad, £>>2. INokaxuTe, YTO CyLiecTBYeT UMK,
NPOXOMALIHA uepes [Ba NPOU3BOJLHO 3aJaHHHIX pebpa ey, e; H R—2 BEPWIHHbL,

8.5. Ilokaxkute, uto % (Hp, ,)=n' (Hg, p=*k.

8.6. Haiigute 5-cBssubiil rpad Ha 7 BepuuuHax H 18 pe6pax.

8.7. IMokaxute, yTo pe6pa NPOCTOro rpaga MOMKHO OPHEHTHPOBATL TAaKMM 00pa3oM,
yTOGB! MOMYYHJCSH CHILHO CBSA3HBIE rpad, TOrla H TOJNbKO TOrja, Koraa rpadp G—2-
peGepHO-CBS3HbIH.

8.8. Accoyuuposanneim opuernmiposanroir epagosm D (G) HeopHeHTHPOBAHHOTO rpada
G HaznBaeTcst rpad, MOyUeHHbI 3aMeHOH Kaxjoro pebpa ¢ rpada G Ha ZBe NPOTHBO-
HOJIOXKHO HaNpapJeHEbie AYrH, HMEIOILHE Te )Ke KOHIeBbie BeplIHHH. [Tokaxure, 4TO
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a) CylecTBYeT B3aHMHO-OLHO3HAUYHOE COOTBETCTBHE MexAy NMyTsmu rpada G u opuen-
THPOBaHHEIMH NyTAMH rpada D (G); 6) rpad D (G) k-peGepro- ~CBSI3HbIH TOra H TOJbKO
Torpa, koria rpad G k-peGepHoO-CBSI3HbIH.

I pumewarue. OpuenTupoBaHibiéi rpad G HasbiBaeTcs k-pelepro-ces3Hbim TOTAA M
TOJIbKO TOTJId, KOTAa JIsl pa3pyLUeHHs BceX NMyTeHl MexAY JI0ObIMH NBYMSt BEpPLIHHAMH
su frpapa G Heo6xoz1HMO yAaJuTh He MeHee k peep.

8.9. Haiinure npoctoii rpad, umelomuii noc/e/l0BaTeJbHOCTb crenened (5, 4, 4, 4, 3, 3,
3, 3, 3), c MakCHMaJbLHO BO3MOXKHOH pebepHON CBH3HOCTb}O

8.10. ITokaxuTe, YTO NMOCJIEAOBaTEIbHOCTb (dy, dg, . . ., d,,) HEOTPHUATEIbHbIX UEJbIX
AIBJSETCS NMOC/IELOBATEIbHOCTLIO CTeneHel AepeBa Tor.ua H TOJIBKO TOTAa, Koraa d;==1

n
IS BceX i H 2 di=2(n—1).
i=1

8.11. TIToxaxwuTe, YTO NOCJENA0OBATENLHOCTL (dy, dg, « . ., d,) HEOTPHUATENbHbBIX UEJIbIX

o 1
ABJAETCS NCC/AeN0BATe/LHOCTLIO CcTenenell rpada Torna ¥ TOJAbKO TOrAa, Koria Z d;
i=1
yetHa ([8.4]).
8.12. ITokaxwure, yTO nocJlel0BaTe/IbHOCTh (dy, da, . . ., dy;) HEOTPHLATENbHEIX UEJHX
ABJ ﬂenﬂ HOCJIe[LOBaTe.IIbHOCTblO creneHei npocroro rpada Toria u ToJbKo Toraa, Koraa

a) 2 d; ueTHa u 6) Z di <k (k—1)+ Z min {&, d;} s 1 <k <n—1 [8.71.

i=1 =1 i=k+1
8.13. TTokaxuTe, YTO NOCJAENOBaTeNbHOCTb (dy, dg, . . ., d,;) (peanu3yemasi npocTbiM
rpagioM) sIBJAsETCS MOC/eN0BATENbHOCTbIO CTeNleHeH NpocToro k-cBA3Horo rpada rornd
H TOJbKO TOTA3, Koraa a) d;==k nas l <i<n,; 6) m—z dit-(k—1) (k—2)/2>=n—*r,

i=1

rae m — uucjo pebep rpada G [8.6].
8.14. JlokaxuTe HJH ONpPOBEpPTHHTE: AJLst smoboro I1apoCoueTaHH M cywmecTtByer
TaKoe MaKCHMaJbHOe apocoueTanne M', uto MM’
8.15. KBaapaTtHas Matpuua P ¢ JeHCTBHTEJbHbIMH HEOTPHUATEJbHBIMU 3J€MeHTaMH
HasbBaeTcsl bucmoxacmuydeckol, €C/IH CyMMa 3JIEMEHTOB B KaX/0H CTPOKEe U B KaXJOM
cTo.161e _pasHa 1. ManHua noactaHoBokK — 210 (0,1)-Matpuua, copep:kaiias TOYHO
no ofHoH | B Kaxa0H CTPOKe H KaxAOM cToa6le. [TokaxuTe, 4TO GUCTOXACTH YECKYIO
Matpully P MOXHO onpeaequTb kKak P=ciPitc,Pot. . —[—ckPk, rie Kaxpas P;,—
Mgrpuua NOACTAHOBOK, KamAoe c;— AelCTBHTeJbHOE HeOTPHUATEJIbHOE YHCJIO H

2c,-=1.

i=1

8.16. ITycts G — nByposbHbIH Tpad ¢ AByAO/IbHbIM pasGueHueM (X, V). ITokaxure,

yTo ecnu rpad G uMeer noaHoe napocoyetanne X ¢ Y, To cymecTByeT Takasi BepLIMHA

x9 € X, uto A5t smoGoi BepuinHel y € T (xg) no kpaiiHeli Mepe OHO MaKCcUMaabHOe apo-

coYeTaHHe COAEPHKUT pebpo (xg, ¥).

8.17. k-gpaxmopon rpada G nasbiBaercsi k-oHOPoAHbIA OCTOBHbHI noarpad rpada G.

Ol{EBHllHO, yto l-haxkTop — 3TO coBeplleHHOe napocoyeTaHue. I'pad G HasmBaeTcs
k-hakmopusayembin, ecii OH ABARETCS 00beNHHEHHEM HECKOJNbKHX peGepHo-Henepece-

Kaolmuxcs k-dpakropos. ITokaxure, uto K, , u K,, 1-haktopusyemsi.

8.18. a) Ilokaxmure, uTo K3y 41 MOMCHO ONPEASHTL KaK OGbeHHEHHE CBA3HbIX 2-hakK-

TOpoB (nz>=1).

ITpumesanue. CBA3HbI 2-(AaKTOp #AB/SETCS TaMHJbLTOHOBLIM IIHKJIOM,

() IMokaxute, uto Ky, 11 ecTh o6benuHeHue 1-bakTopa U n—I CBSI3HEIX 2-)aKTOpPOB.
8.19. I'ona}xme yto cBsA3HbIA rpad G 2-baKTOpH3yeM TOTAa H TOJNbKO TOTA3, KOria

OH OJHOPOIHLIH C YETHOH CTeneHbIO.

8.20. Tlyctb M u N — peGepHo-lenepecekaloluecs: napocoyeTanus rpada G, npuuem

{M[|>]N|. Tlora)uTe, UTO CYIIECTBYIOT TaKHe Herepecekaiollyecs NapoCcoeTaHUs

MmN, uro |M' l—lMl—l INI=IN|-Flu MUM'=MUN.
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g.21. [okaxute, uto ecniu G=(V, E) — IByLoNbHEI rpad, a k>>A, TO CyllecTByeT

f TAKHX HelepeceKaollHxcs napocodeTaHHd M,;, M,, ..., M, rpada G, uto E=
=M UMU. . .UMy v |Lm/k <M< m/k™] ma 1<i<k, Tae m — yucao
pedep G.

8.22. TMokaxute, 4To nepeBo T UMeeT COBEpIUIEHHOE MApOCOYETAHHE TOTAA M TOJNBKO
~oraa, Koraa po (v)=1 ans scex BepwnH T, rae po (V) — 4UCJIO HEYETHBIX KOMIIOHEHT B
T—0.

8.23. Hoxraxute teopemy XoJua, ucnonb3ys teopeMy Tatra (cM. ympaxkHeHke 5.3.1
s paGore [8.35]).

8.24. Jokaxure TeopeMy XoJJa, MCroJb3ysi teopeMy MeHrepa (cM. paGoty [8.36],
teopema 28d).



9. MoxkpbriTHA M pacKkpacku

B npejapipymux rijaBax Mbl ONPEIEJHJIH HECKOJBKO MOJIE3HHIX Xa-
PaKTeDHUCTHK, CBA3aHHBIX C¢ rpadoM: paHr, LMKJIOMATHYECKOE YHCJO,
CBA3HOCTb, UHCJIO NapocouyeTalud M T. A. Kak Oblio ynoMsiHyTO paHee,
paHr ¥ LMKJIOMATHUECKOe YHCJIO UCMONB3VIOTCS [PU U3YUEHHH 3JEKTPH-
YeCKHX leMneH, CBA3HOCTb — NPH U3YueHUH ceTeil cBsAsH. B 5Toil ruiase
MBI M3yyaeM Jpyrue BaKHbie XapaKTePUCTHKH Tpacda: YHC/IO He3aBUCH-
MOCTH H YHCJO BeDIIMHHOTO M PebepHOT0 MOKPHITHIH, XpOMaTHYECKHiH
MHJEKC U XpOMaTHuecKoe uyHuca10. Mbl HaunHaeM oOCY:KIeHHe ¢ uucaa
HE3aBHCHMOCTH M UYHCJAa BEPIIMHHOTO M pebepHOro MOKPHITHH. ITH
XapaKTeDHCTHKH MH CBSI3HIBaeM C UMCJIOM MAPOCOYETAHUs, OMpefleseH-
HBIM B MpPEABAYLIEH IM1aBe, M YCTaHABIMBaeM SKBHBAJEHTHYIO Gopmy-
JIMPOBKY TeopeMbl XoJ/a. 3aTeM Mbl M3YYHM XPOMAaTHYECKHIl MHIEKC
¥ XPOMATHYECKOE YHCJIO, KOTODHE CBS3bIBAEM CO CBOMCTBAMM BEpIIHH-
HOl M pebepHOH pacKpalumBaeMocTH rpada.

O6cyxnaeMple B 5TOH IJlaBe XapaKTePUCTHKH HCIONb3YIOTCS MpPH
M3yUYEeHHH HEKOTODHIX MPaKTHUECKHX 3aJad, Kak, HalpuMep, cOCTapJe-
HUe pacnucaHuil U HCCIeJoBaHHe ceTell CBSA3H.

9.1. HesaBHCHMBle MHOXeCTBa
U BepLUHHHBIE MOKPBHITHS

Pacemotpum rpad G=(V, E). ToamHoxectBO S<=V HasbBaercs
Hezagucumbim mHOMecmeom rpada G, eciM HHKaKue [Be BEPUIMHH S
He cMexHBl B rpade G. HesaBHcHMOe MHOMXECTBO HA3HIBAETCS TaKiKe
BHYMPEHHE YCMOLYUEHIM MHOINECBOM.

Hesasucumoe MuoxectBo S rpada G MakcuMasbHO, ecau rpad G
He COJEPXKHT TaKOro He3aBHCHMOTO MHoxectBa S’, uro |S'|>|S|.
Uucno BeplMH B MaKCHMa/lbHOM HE3aBUCHMMOM MHOXKecTBe Tpada G
Ha3bIBAETCS HYUCAOM HE3ABUCUMOCTIU (HUCAOM GHYMpEHHel ycmotvugo-
cmu) rpada G U obo3Hayaercs uepes o,(G).

Hanpumep, B rpade Ha puc. 9.1 mHoxectBa {b, d}, {b, f}, {a, ¢}
u {b, d, [} ABIAIOTCS He3aBHCHMBIMM MHOXKecTBamu. U Hux {b, d} u
{b, f} — He HauGosbIlME He3aBHCHMBIE MHOXKECTBA; {a, ¢} — HaHGOJIb-
ee, HO He MakcuMaabHoe; {b, d, f} — MakcumambHOe.

[oavHoxecTBo K MHOXKeCTBa BepIUMH V SIBJISETCS 6epLuuHHbLM NO-
Kpbunuen, ecnu mo6oe pe6po rpada G uMeeT XOTs Gbl OIHY KOHUEBYIO
BepIIMHY B noamHoxkectBe K. Ecau paccMaTpuBaTh BepIUHHY KaK Mo-
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KpHBAIOILYIO BCE MHIMIEHTHBIE €if pebpa, TOrla BepLUIMHHOE NOKPHITHE
rpada G ecTb noaMHOXecTBO V, KOTOpoe NOKpbiBaeT Bee pebpa rpada G.

Bepunnaoe nokpuite K rpada G munumassro, ecnn rpad G He
yMeeT TaKoro BepliHHOrO mokphiTHS K, uto |K'|<<C|K|. Yucmo Bep-
wyH B MHHHMAaJbHOM BepLIHHHOM IIOKPBITHH
rpaba G HasHIBAETCA YUCAOM 8EPUILHHOZO NOKPbL-
mua rpada G u o6osHauaetcss uepe3 Po(G).

Hanpumep, B rpade Ha puc. 9.1 MHOXecTBa
{a,c,e, f} {a, ¢, d, e}, {b, d, e, [} n {a, ¢, e}
SBNSIOTCS] BepPIUMHHBLIMH NOKpbITHAMH. M3 HHX
{a, ¢, e, f} n {a,c, d, e} — He HanMeHbIlHE;
{b, d, e, f} — HanMeHbIllee, HO He MHHHMAJb-
Hoe; {a, ¢, €} — MHHHMAaNbHOe.

Korna paccmarpuBaeMbli rpad G noHsiteH H3
KOHTEKCTa, BeJHUHHBI ao(G) U Po(G) GynyT o6o-
3HAUaTbCsl Kak o, H fi, cooTBeTcTBeHHO. Hanom-
HHM, 4TO @4(G) — 3TO uyHcnO pebep B MaKCH-
MalbHOM MNapocodyeTaHun rpada G.

HesaBicHMBIE MHOXKECTBA H BepIUIHHHBIE NOKPBITH — TeCHO CBf-
3aHHble MOHSATHA, KaK Mbl MOKAasblBaeM B ClelyiolleH TeopeMe.

Teopema 9.1. Paccmorpum rpad G=(V, E). [TonmMHOXKecTBO SV siBsieTcs He-
3aBHCHMBIM MHOXXE€CTBOM rpacpa G TOTJ4a W TOJIBKO TOrjga, Korja €ro JAONoOJIHEHHe S
nommuoxectsa S B V (r. e. S=V—S3) fiBasieTcs BepIMHHHEIM NOKPHITHEM.

Hoxazameascmso., T1o onpefesieHHI0 S — He3aBUCHMoe MHOXecTBO rpada G Torza
H TOJBKO TOTJA, KOorja HAKaKoe pe6po G He comepXuT B NoAMHOKecTBe S 06EHX KOH-
UeBbIX BEPILIHH, ﬂpyrHMH CJIOBaMH, S ~— He3aBHCHMOE MHOXKECTBO TOTJa H TOJNBKO
Torfa, Korja JwGoe pe6po rpada G HMeeT no KpaiiHell Mepe OfHY KOHUEBYIO BEPIIHHY B
JONOJHEHHH g NOAMHOXKeECTBA SsV. Torna TO ONpEAEJIEHHIO BEPUIHHHOTO MOKPLITHA
TeOpeMa BepHA.

Cneactene 9.1.1, JInsa npocroro rpada Ha n BepIUHHAX Qg+ Py=n.

ﬂorcaaame/lbcmao. PaCCMOTpHM MaKCHMaJIbHOEe HE3aBHCHMOE MHOMKECTBO S* u Mu-
HHMaJIbHOE BepLUHHHOE NOKphiTHe K* rpada G=(V, £). Torpa [S*|=ay u [K*|=f,.

Corsiacio TeopeMe 9.1, S*=V—S*— pepuwnnHoe NoKphiTHe, a K*=V—K*—
HE3aBHCHMOE MHOXecTBO. [losToMy [S*|=|V—S8* |=n—a,>>Py u |K*|=|V—K*|=
=n—Pe=>0ty. O6bEOHHHB 5TH HEPaBEHCTBA, NONYYHM CgtPo=1.

PaccMOTpHM TIPOM3BOJIbHOE MaKCHMalbHOE NapocoueTaHHe M™* u
NPOH3BONIbHOE MHHHMAJNbHOe BepIIHHHOe MOKphiTHe K* rpada G.
[TockoabKy 1451 OKpbITHA pebep M* TpeGyeTcs no KpaiHe# Mepe |[M*|
BEpIIMH, BePIUHHHOE NOKPHITHE JOMXKHO COAepKaTh XoTs Obl |M*| Bep-
wuH, [Tostomy

Puc. 9.1.

IM*|<<|K* |. (9.1)

B ofuieM ciyuae paBeHCTBO B BHIpaxeHHH (9.1) He Bcerna Hmeer
MecTto. OHAKO B cleayiolilell TeopeMe MBI IOKa3biBaeM, 4to |M* |= |K*|,
ecin G — IBYIOMBHBIA Tpad.

Teopema 9.2. Uncsio pefep B MaKCHMaJbHOM NMapocoYeTaHHH ABYNO.1LHOTO Tpada
PaBHO YHCJY BepUIHH MHHHMaJbHOTO BEPIIMHHOTO TOKDBITHSA, T. €. 0y=/{q,
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Hoxasameavcmeo. [lycts M* — makcumaabHoe mapocoyerande, a K* — MUHH-
MaJbHOe BEpUIMHHOE MOKDPHITHE ABYAOAbHOro rpagpa G= (X, Y, E).

PaccMOTpHM mpoH3BoJabHOe mnoaMHoxecTBo AX. Kaxznoe pebpo e rpada G
HHIIHJEHTHO BepliMlie B noAMHOkecTBe A HIM B noiMHoxecTse X—A. Kpome Toro,
Ja6oe pe6po, UHIMAEHTHOE BepLIHHE B NOAMHOXecTBe A, WHIHAEHTHO TAaKXKe Bep-
IIHHe B MHOXKecTBe BepuiuH I' (A), CMeXHBIX ¢ BepIUHHaMH nogMuHoxectBa A. Taxum
o6pa3soM, MHOxecTBO (X—A) T (A) sBAsieTcss BepIIMHHLIM NOKpbITHeM rpada G H,
caefoBateqbio, | (X—A)|+|T'(A)|=]K*].

Ho no teopeme Xoana 8.13
[ M |= min (| X—A|-H|T A=K, (9.2)
ASX

Teneps, ofveaunsis suipaxenus (9.1) u (9.2), nonyuaem |[M*|=[K*|. Dra Teopema
npuHanaexut Kéunry [9.1].

B Teopeme 8.20 MBI 1anH XapaKTepH3alHIO MaKCUMAJbHOTO Iapoco-
YeTaHHs, UCTOJB3Ysl MOHATHE Yepenyioulelics uenu. [locKonbKy Hesa-
BUCHMOE MHOXKECTBO — 3TO BepIUHHHBIH aHAJOI MapOoCOYEeTaHHUs, MOXK-
HO OXHJIAaTh, YTO CYLUECTBYeT TakKKe MON0oOHAs XapakTepH3auHs AJs
MaKCHMAJbHOTO HE3aBUCHMOTO MHOXKECTBA. 2TO JEHCTBUTENBbHO TaK,
W Jajiee Mbl OJYYUM TAKylO XapakTepHsauuio. Bynem cienoBaTh Tpak-
ToBKe Depxa [9.2]).

CHayana onpefleluM YepelyHOILyIOCs NOCIENOBATENBHOCTh KaK Bep-
IWWHHHBbIA aHaJOT YepenyloLlelics IenH.

[Tyets Y — HezaBucumoe MHOxecTBO Trpada G=(V, E). Yepedyro-
WaAca nocaedosameabHOCHb IO OTHOLIEHHIO K TOJAMHOMXECTBY Y eCThb
NOCTeIOBAaTeNbHOCTb 0 ={X;, Y1, X2, Y2, . ..} PA3JTHUHBIX BEPIIHH,
NpHHAJJIEKAINX OoYepeHO noaMHoXecTBaM X=Y=V—Y u Y, Tax
YTO BBINOJHAIOTCS CAEAVIOIIHE YCJIOBHSA:

) x;€X, y: €Y,

2) BepwHHa y; cMexHa XoTa Obl ¢ OIHOH BepLIMHOA M3 MHOXeCTBa
{xi) Xay - o oy xi};

3) BeplUHHA X;4; HE CMEXKHA HH C OJHOH BEpPLIHHON U3 {X1, X4, . . . , X;};
4) BepLUHHA X;y; CMEXKHA XOTs Obl C OXHON BeplUHHOM U3 {Y1, Y2, -.. , Y;}-

Uepenymomascs M0CJeJ0BaTebHOCT MaKCHMalbHa, €ClH He cy-
[lecTByeT BepIUMH, KOTOpble MOXKHO J00ABHTb K Hell 0e3 HapyHIleHHs
YKa3aHHBIX YCJIOBHH.

Hanpumep, B rpage Ha puc. 9.1 nocnenosatenshocts {f, a, b, c}
AB/seTC MAKCHMAanbHOH YepenylolleHcsl MOCAeNOBAaTeNbHOCTBIO MO OT-
HOWIEHHIO K He3aBHCHMOMY MHOXKecTBY {a, c}.

Pacemotpum nepepo 7. HanoMHuM (ynpaxHeHde 2.2), uTO OHO
ABJsETCA ABYIOJbHBIM rpadioM, T. €. MHOXKeCTBO V ero BeplIHH MOKHO
pasbuTh Ha TakHe JBAa MOAMHoxecTBa X H Y, 4To
) V=XUY,;

2) XnY=g;
3) X u Y — HeszaBHCHMBIe MHOXKECTBA B JlepeBe.

Byaem naseBath (X, Y) Osydoavroim pasGueHueMm MHOMXKECTBA Bep-
wiHH pepeBa 7T, a BeplunHbl NoaMHOXKeCTB X H Y — X- ¥ Y-pepuinHamu
COOTBETCTBEHHO.
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B kauecTBe nepBoro miara Ha NyTH NOJYYeHHS XapaKTepH3alUHH
MaKCHMAa/JbHOTO HE3aBHCHMOTO MHOXeCTBa B BHAe uepenytouwefics no-
CJIeI0BATEJNbHOCTH MBI OKaXeM, YTO ec/id B JepeBe T BHINOJIHAETCSA He-
paBeHcTBo |X[>|Y|, TO cymecTByeT uepemyomascs NOCAeNOBATe/]bs
HOCTh N0 OTHOLIEHHID K MOAMHOXECTBY Y, COAEepIKallasi Bce BepLIHHH
5TOro MHoOXecTBa. UToOH chesath 3TO, HaM HeoOXOAHMa cCleRytouas
JemMMma:

Jlemma 9.1. ITycts (X, Y) — ABylosibHOe pa3GHeHHe MHOXECTBA BepIIHH AepeBa
T. Ecan | X|=|Y|4+p, p=0, 10 nogMHOKeCTBO X COLEPRKHT MO Kpafineil Mepe p+-1
BHCSIUHX BeplIHH jepeBa T,

Hoxazameascmsgo. JI0Ka3aTeNbCTBO NMPOBOAMM HHAYKUHeR MO YHCJAY R BeplIHH
nepeBa T, SIcHO; uTO JleMMa cnipaBelJnBa Ans n=2, 3, 4. [TycTb 3TOT pe3aysbTaT HMeeT
MeCTO IJIsi BCeX JepeBbeB, UMEIOIHX MeHee 11 BepIUHH (n=5).

Paccmotpum zepeso T Ha n BepunHax ¢ | X|=[Y|4p, [lyctb v — BHCAmas
pepuiMHa aepesa T u T'=T—{v}. 3amerum, uto T’ — gepeBo Ha n—!| BepuIHHe.

[peanonoxum, uto v—X-pepmnHa. Ecan p=0, 10 v — TpeGyemas X-BepllHHa
zepeBa T. B npoTHBHOM cJyuyae no HHAYKTHBHOMY IIpelNOJIOXKEHHIO He MeHee p BH-
CSIYUX BepluHk JepeBa T siBAsioTcH X-BepIIMHaMH. DTH p BepIIHH BHCSYHE H B je-
pese T, H, cJleloBaTeqbHO, OHH BMecCTe C BeplIHHOH U sBASIOTCA TpeOyeMbiMH X-
BeplIHBaMH Jepesa T.

HoKasaTeJbeTBO cilelyeT HeMelJIeHHO, eCAH U—Y -BeplluHa.

Jlemma 9.2. Iycts (X, Y) — ABydosnbHOe pasGHeHHe MHOXECTBA BepIUHH Je-
pepa T.

1. Ecin | X|=1Y]| unu | X]|=|Y|+1, To cymecTByer yepeayomasncs nocaeloBaTelb-
HOCTb {X1, Y1, X9, Ya» « - .}, B KOTOPOH Kaxas BepliuHa IepeBa T HCIosb3yercs
TOYHO OJHH pa3,

2. Ecan | X|>]Y|+1, 10 cyuecTByeT MakcHMaJbHash uepelylollascs MocJeloBa-
TEABHOCTh HEYeTHOH AJIHHBI {Xy, Y1, . - .}, B KOTOPOH HCIOJb3yeTcs TOUHO OAHH
pa3 KaxJas BepLIMHA NMOAMHOXKECTBA

Hoxasameascmso.

1. PesyabTaT cnpaBefTuB AJIs1 AepeBa Ha JBYX BeplIHHax, lonyCTHM, 4TO pe3yJjbTar
crnpaBelJuB LJs JioGoro Lepesa Ha 2k BepmuHax. Toraa pacemoTpuMm zepeso T
Ha 2611 Bepuuue, B kotopoM | X|=|Y|41. [To npensiayme# semme B fepese T
CyILeCTBYeT BHCSYasl BePIIHHA X1 & X. [Tyets T'=T—{xp 1 }. [To uHAy KTHBHOMY
NpeAnoNOXeHHI0 B AepeBe T cylecTByeT uepelyloIascsi MOC/eA0BaTebHOCTh
{*1» Y1» - « -» Yr), B KOTOPYIO BXOAST BCe BePIIHHHE 3T0ro AepeBa. ITosTomy {xj,
Yir « « » Y& Xp41) OyZeT TpeGyeMoil nocsieoBaTe/IbHOCTbIO AJisl depeBa T. (3ame-
THM, 4TO 3Ta NOC/IEJOBATeNbHOCTL HeYeTHOH IJTHHBL.)

Tenepp AOMYyCTHM, YTO pe3yJinTal cIpaBelJHB IJsi JioGoro Aepesa Ha 2&+1
BepukHe. PaccMoTpuM ZepeBo T Ha 2412 BepmuHax, B koTopom |X|=|Y|. Toraa
no npeiuAyLedl JemMe B JepeBe T CylecTByeT BHCS4asi BeplIHHA Yp 41 &Y. [Tycts
T'=T—{yg+1}. [To MHAYKTHBHOMY [pELNOJOXKEHHIO CYLIECTBYET 4epelylolmascs

NOCTeN0BATEeILHOCTD {X1, Yy, « « +» Xp+1), B KOTOPYIO BXOAST BCe BEPILUHHL! Aepena T,
[ToatoMy {¥1, Y1: « « «y X&+1, Y41} OYIeT TpeGyeMoli MOCHeOBATENLHOCTRIO s Jle-
pepa T.

2. Ecau |X|>|Y|+1, ynanum u3 gepeBa T CTONbKO BHCSAYHX X-BEpUIWH, CKOJbLKO
HeoOX0AHMO JUIsl NoJAyueHus Aepesa T', B KOTOPOM uyucJOo X-BeplIHH Ha | Gosblue
yucna Y-BepwnH. [To npelbinyiueft JieMMe 3TO Bceria BO3MOXHO.

Tenepsb, coracHo pe3yJbTaTy 4acTH | JleMMBi, CyllecTBYeT MaKcHMajdbHas ue-
pelyiomascs NnocJeloBaTebHOCTh HeueTHOH LJIHHBI, B KOTOPYIO BXOAST BCE BepLIHHE!
Aepesa T', a cJjelloBaTesibHO, Bce Y-BepuinHb! Aepesa T.

Hanpuwmep, B Aepese Ha puc. 9.2 {Xy, Y1, X5, Ya, X3, Y3, X4y Ya» Xss Uss K60 Yo Xq ) —
yeperylomasncs NOCAeJ0BaTe1bHOCTb, B KOTOPYIO BXOAAT Bce Y-BepuinHbt Zepesa T.

Tenepb cdopMyJsHpYyeM U JOoKaxeM TeopeMy, XapaKTepH3YIOWY0 MakcHMaJbHbe
He3aBHCHMble MHOXKeCTBa B BHAe YepelyIOILIXCs MOCAeloBaTeJ]bHOCTEH,
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Teopema 9.3. HesaBucumoe MHOXecTBO Y rpada G MaKCHMAJbHO TOTAA H TOJILKO
Torpa, Korga B rpadge G He cyluecTByeT yepelyloluefics NMOC/IeLOBaTeILHOCTH Heder-
HOH IVIMHBl MO OTHOLIEHHIO K MHOXeCTBY Y.

Iloxasamenscmeo. Heobxodumocms, PaccmorpuM rpad G== (V, E). [lycts ¥V —
MaKCHMaJIbHOE He3aBHCHMOE MHOXKeCTBO B rpade G u X=V-—Y.

Puc. 9.2.

JlonycTHM, 4YTO CcylIecTByeT MaKCHMaJibHasl 4epelyloliasicst MOC/1eJ0BaTe1bHOCTh
O HedeTHOH IVIMHEI 110 OTHOIIEHHIO K MHOXecTBY Y H 0=0, | 0y, rie 6,=0[1Y, a ;=
=aNX.

3aMeTHM, 4TO, NMOCKOJbKY TOC/el0BaTe/IbHOCTL O HMEET HeueTHYIO JJIHHY, |G| >
>[0,| H nocJefHas BepLUIHHA NOCJAEAOBAaTe1LHOCTH G sBJsierca X-BepirnHod. Kpome
TOrO, NOCKOJbKY O — MaKCHMaJbHA, HHKAKYIO BEPUIHRY § ;€ Y —0 Hesib3s 106aBHTS
B TIOCJIENOBAaTeJLHOCTL O (€3 HapyléHHS YCJoBHS (2) crpefeseHust depefylolueHcs
10CJ1e40BaTeJbLHOCTH.

Taxum ofpa3om, HHKaKas BepIIHHA Y ;€ V' —0, He cMexHa HH ¢ KaKo# BepiuHHOL
x;€ gy. Y3 Toro, uro 0, u Y —0, caMH fBJISIOTCS He3aBHCHMBLIMU MHOMECTBaMH, CJIelYyer,
uto (Y—0,)JO; — HesaBHCHMOe MHOMXecTBO. [loatomy | (Y—a,) U0y >| (Y —0,)|+
—+10,]=|Y]|, 4T0 NpPOTHBOPEYHT MAaKCHMaJbHOCTH HE3aBHCHMOTO MHOMKecTBa Y.

Jlocmamounocms. IlycTb X — MaKCHMaJlbHOEe HE3aBHCHMCE MHOXECTBO, a Y —
He3aBHcHMoe MHoxecTBO ¢ [Y|<(|X]|. TlokameM, 410 cyluecTByeT Yepeayloliascs
NOC/IEOBATEILHOCTb HEYETHOH JJIHHBI 1O OTHCLIEHHIO K MHOXeCTBY Y.

[ycts Yo=Y —(XNY), Xe=X—(XNY), a Gy— nopoxneHHuifl noarpag rpa-
®a G Ha mMHOxecTBe BeplHH (Xo U Yo). Ecan Gy HecBsaubiil, Toraa nycrb Gy, Gy, . ..
... Qg 6ynyT xomnox—xe:namu nonrpa’:ba Gy, NpHYEM MHOMECTBO BepIUHH G; €CTh

(X;UY;). 3amernm, 'rro.Ule:Xo H.U]Y,-=Y0. Tak kak [X]|>[Y], To | Xo| >|Vl.
L= =

[TosToMy st HeKOToporo i cyliectByeT HepaBeHCTBO |X;| >|Y;|. He Hapymas ofw-
HOCTW, DONMYyCTHM, 4TO i=1,

[ycts Teneps T — octoB rpada G;. OueBnnno, uro (X, Y;) aBasiercs AByaONb-
HbIM pa3bueHHeM MHOMeCTBa BepWIHH octoBa 1. [lockoanky [X;|>|Y,|, no npenw-
aywmed JemMe B rpade Gy CyliecTByeT MaKCHMaJbHas yepefyloiasics NocJ/eloBaTelb-
HOCT6 G (MO OTHOWIEHHI0 K Y;) HeYeTHOH NJHMHBI, B KOTOPOH HCIONb3YIOTCS BCE Bep-
wuHe Y. OueBuAHO, uTO ¢ OyAeT yepenylolwledcsl NMOC/eAOBATEIbHOCTLIO HeueTHOH
IJIHHBI TaKKe H N0 oTHoweHHIO K V' B rpade G. [TokaxeM Teneps, 4t0 0 — HaH60/1b-
wasi TaKas NocJefoBaTeqbHOCTE B rpade G.

3ameruM, yTo X- H Y-BepLIHHBI TOCJENOBATEIBHOCTH O mpuHantexaT X, u Y,
COOTBETCTBEHHO. PaccMOTPHM DPOM3BOIBHYK Y-BepWIHHY y;, He BXOAAUIYIO B NO-
clefioBaTe bliocTs 0. Boamomxubl ABa cayuyas,
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Caguadd 1. y;€YNX.

B sToM ciTy4ae BepIIKHA y; He cMexHa ¢ X-BeplnHamu. B uactHocTH, OHa He cMexHa
HH € OAHOH X-BepLHHOH NOC/JeA0BAaTEJBLHOCTH G.

Cayuaii 2. y;€Y,.

B sToM cayvae BeépliMHA Yy He NpHHALIEXUT rpady Gy, TOCKOJbKY MOC/E€A0DATeb-
HOCTh G cOflepkHT Bce Y-epwunn rpada Gy. Crefopate/bHO, BepIUHHA &, He CMeXHA
HHU ¢ OJHOH BepwiuHOH rpada Gy. B yactHocTH, OHA He CMeXHa HH C KaKol X-BepIUIHHOH
noC/ae0BaTeIbHOCTH G,

B ofoux ciyuasix BeplIMHY Y He/lb3s MCTOJIb30BaTh AJIs PacliMPEHUs MOCJIef0-
BaTeJbHOCTH G, [loaToMy B rpade G 0 — MakcHMaJbHasl Yepelyloulasics noc/elopa-
TeJIBHOCTh HeYeTHOH JJIHHEI 0 OTHOWIEHHI K Y.

PaccMOTpHM, HallpuMep, He3aBHCUMOe MHOXeCTBo Y= {a, c} B rpage Ha puc. 9.1.
OHO He MAKCUMAJBHO, U MOXHO J0Ka3aTh, uto {d, ¢, b, a, f} — MakcuMa/bHas ve-
pelyiomascs NocJefoBaTeIbHOCTh HeueTHOH JJHMHH MO OTHOWeHHIO K Y,

9.2. PeGepHble mOKpbITHS

Pacemotpum rpadp G=(V, E). [loamHoxecTBo P=E Ha3blBaercs
pebeproin noxpoumuen rpapa G, ecan mobass BepHIMHA TNOCJEAHEro
ABJsAeTC KOHLEBOH X0Ta 6bl oqHoro u3 pebep P. Ecan paccmarpusarhb
pe6po KakK MOKphIBaiollee CBOH KOHLeBble BEpIIHHBI, TOTAA pebepHoe
NOKPBITHE €CTh MOJAMHOXEeCTBO pebep, NOKDHIBAIOUWIHX BCE BepIIHHBI
rpaga G.

PefiepHoe nokpeiTHe P rpada G Murumaibro, eciii OH He HMeeT Ta-
koro peGepHoro nokpeita P’, uro |P’|<{|P|. Uucio peGep B MHHH-
MaJbHOM pefepHOM MOKPHITHH rpada G HasbIBAETC HUCAOM pebeproeo
nokpeunus 31oro rpada u o6osHavaercsa uepes f,(G). Hanpumep, B rpa-
de Ha puc. 9.1 mMHo)kecTBO {ey, €5, €5} 06pa3yeT MHHHMaIbHOE pebepHoe
[IOKPBITHE.

HanoMHuM, uTo yucjIa BePHIMHHOTO H pe6epHOro MOKPHTHH 0603Ha-
yaloTcs yepes Po U P; COOTBETCTBEHHO; aHANOTHYHO YHC/IA HE3aBHCHMO-
CTH H MapocoyeTaHHs 0003HAYAIOTCs Yepes Gy H Gy COOTBETCTBEHHO.

Hanee Mul ucrions3yem P, 115 0603HaYeHHs] TaKKe H NOPOKAEHHOTO
noirpapa Ha pe6pax MOKDHITHA.

[Tpenmonoxum, 4to pebepHoe NOKpHITHe P MHHHMaMbHO, Torja Jer-
KO yOenuTbcsi B TOM, YTO P He HMeeT LHKJOB H IyTeH JJHHBI Goxee 2.
DTo 03HAYAET, YTO KaxK1ash KOMIIOHEHTa MOKPHITHA P ecTb IepeBo, B KO-
TOpOM Bce pefpa HHIMIEHTHBI OOMleH BepILIHHE.

B crepyromelt TeopeMe, aBasomecs pe6epHbIM aHaJI0roM CJeICTBHA
9.1.1, MBl cBs3BIBAEM BEJHYHHBI ¢y H P;. DTOT De3yJbTaT MoJyueH
Tannan [9.3].

Teopema 9.4, as npocroro rpada G Ha n BeplwHHaX 6e3 H30JIHPOBAHHEIX BEPIUHH
o+ By=n.

Hoxazameascmso., Tlyeth M* — MakcumasbHOe NapocovyeTaHHe, P* — MuHHU-
ManbpHOe peGepHoe nokpeitHe G. Ecou N (M*) ofosHadaeT MHOXKeCTBO BEpIUHMH, HE
HACHIOeHHHX B M*, 10 |N (M*)]|==n—20. Tenepb 145 Kaxiolt BepuHu v B N (M*)
BHOGepeM pe6po, MHLMAECHTHOE BepLIHHE ¥ U CMeXHoe ¢ peGpom us M*. Ilycts P,—
MHOXKeCTBO U3 (n—20,) BHOpaHHBIX TaKHM 06pa3oM BepwHH. TorAa OYeBHAHO, YTO
MHOXecTBO P=M*|JP, #BAsiercsl BepLIMHHEIM IOKPHITHeM H |P]|=0y+n—20;=
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=n—a,. Takum obpasom, B,=|P*|<|P|=n—a,, 1. .
o P << n. 9.3)

[TycTb Temeps P* HMeeT r CBA3HHIX KOMIOHEHT, T. €. Py=|P*|=n—r. Bubepem
0 OAHOMY pebpy M3 KaxJoH KomMmnoHeHTH P*. Ilyctb M 6yaeT MHOKECTBOM H3 r
BHIOpaHHHIX pebep. OueBupHO, uTo M sABJASIETCS NApPOCOYETAHHEM H TOITOMY O ==
=|M*|Z=|M|=r=n—f,. Takum obpa3om,

a+Pi=n. (9'4)

O6benunss Bupaxenus (9.3) u (9.4), nonyuaem a,~p;=n.

PaccMOTpUM MakcHMa/bHOe He3aBHCHMOE MHOXKECTBO S* W MHHH-
ManbHoe pebepHoe nokpeiTHe P* rpada G, He UMeIOWEro U30JHPOBaH-
HbIX BeplMH. TaK Kak A5 NOKPBITHS BepIIMH MHOXKecTBa S* TpeGyer-
ca |S*| pebep, /oGoe peGepHOe MOKPHITHE JOMKHO COAEPXKATb MO Kpaii-
Hell Mepe |S*| peGep.

TaxuM obpasowm,

1S*|<| P*|. 9.5)

B o6uieM cayuae paseHcTBO B BhIpaxkenHH (9.5) He uMeeT Mecra. OfHaKoO,
Korjga rpad (G AByIoabHBIA, |S*|=|P*|; 3T0 paBeHCTBO MBI JOKAXeM
B cJeAymollell TeopeMe, aHaJOTHMYHOR Teopeme 9.2.

Teopema 9.5. Uncso BepWIHH MaKCHMaJbHOIO He3aBHCHMOIO MHOXKECTBAa B JBY-

JOJIbHOM Tpade 6e3 H30JHPOBAHHEIX BEePUIHH DAaBHO YHCJY pefep MHUHHMAJBHOLO
pe6epHOro NOKPHTHSA, T. €. 0y=0;.

Jtoxasameascmso. Tlyctb rpad G umeeT n BepwHH. Torna, COIVIACHO CJeJACTBHIO

9.1.1, ay=n—Py, a no Teopeme 9.4 B;=n—a,. Ho mo teopeme 9.2 a;=p,. ITosTomy
noJyiaeM o="0,.

Teopemer 9.2 1 9.5 ABIAIOTCA 3KBHBAJIEHTHEIMH (JOPMYJTHPOBKAMH TeopeMH X oJ1a
(ynpaxuenus 9.5 u 9.6).

9.3. Pebepnast packpacka
H XpOMATHYECKHH HHHEKC

Pebepnoii  k-packpackod epaga HasbpiBaeTcsi NPHCBOeHHE pebpaM
rpata k pasinuHBIX LUBeTOB. Pe6GepHas packpacka HasblBaeTcs npa-
8uAb1OY, ecli HUKaKHe ABa CMEXHBIX pebpa He MoJyuaiT B HeH oAu-
Hakoeoro uBera. PebepHas k-packpacka W mnpaBuJbHaa peGepuasi
k-packpacka rpada npeacrasjeHsl Ha pHc. 9.3. I'pad HasbBaercs
pebepro-k-packpawiusaembis, €clH OH HMeeT NpPaBUJAbHYIO pebepHyio
k-packpacky.

He nHapymasn o6wHOCTH, AOMYCTHM, YTO rpadbl, paccMaTpHBaeMble
B 3TOM pasjieJle, He HMEIOT MeTellb.

Xpomamuueckuli undexc WK pebeproe xpomamuyecxkoe 4qucaro y'(G)
rpaga G — 3T0 MHHMMaJbHOE UHC/IO R, ANl KoToporo rpad G umeer
npaBHabHYIO pebepuylo k-packpacky. I'pad G HasbiBaercs pebepro
k-xpomamuueckum, ecau y'(G)=k. Xpomaruuecku#l HHAeKc rpaja Ha
puc. 9.3, a paseH 4.
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Jlerko BHIETh, uTo pebepHasi k-packpacka rpadpa G=(V, E) BJaeyer
pasbuenne (Ey, E,, ... , Ey) MHOXKeCTBa E, rne E; — IOIMHOXKeCTBO
pebep, KOTOPhIM NIPHCBOEH B packpacke LBET {. AHaJOTHYHO JoGoe pas-
fueHHe MHOXecTBa £ Ha k MOJIMHOMKECTB COOTBETCTBYET pebGepHoii k-pac-

Puc. 9.3. PeGepHas packpacka (YHCJIa NOMEYalOT LBETA).
a-~TpaBHJibHas pe6GepHas 4-packpacka; 6 — pebepHasi 3-pacKpacKa.

Kpacke rpada G. [Tostomy Mul gacto 6yneM oGosnauath peGepHYyIO pac-
KpacKy COOTBeTCTBYIOIIHM pa3bueHueM rpada G.

Ecnn packpacka §=(E,, E,, . . . , E;) npasusbHas, To Kaxnoe E;
aBJaseTcs mapocoderanneM. [lostomy y'(G) .MoXHO paccMaTpHBAaTh Kak
HauMeHbIlee YHC/I0 MAaPOCOYETAHHHA, HA KOTOpbie pasGHBAETCS] MHOMKECT-
BO pebep rpada G. Ira uHtepnperauus ¥ (G) 6yneT moJesHOH NpH J0Ka-
3aTesIbCTBE OHpeJNie/IeHHbIX Pe3yJIbTaToB.

[lockonbky B J060# npaBHJBHOH packpacKe pebpa, HHUHIEHTHLIE
OJIHOM BepUIHHE, MOJMYYAlOT pasHble [BETa, TO

1 (G =>4, (9.6)

rie A — maxcumasbHasl cTeneHb B rpage G. B ofuem ciydae y'(G)s=A,
OJH2KO B CJlyyae JBYIOJBHBEIX rpados y =A.

Teopema 9.6, Jlna asyAoivHoro rpada §' (G)=A.

Hokazameascmso. CorslacHo cnelcTBHIO 8.22.1, MHOXeCTBO peGep ABYAOJBHOTO
rpada G mMoKHO pa36uTe Ha A napocoderanud. ChefoBatessho, § (G)<A. O6begu-
HeHHe 3TOro HepaBeHCTBa ¢ BblpaxeHHeM (9.6) JoKkasbiBaeT Teopemy.

Xors B oflueM caydyae A 1BETOB HEOCTATOYHO JJIsl TOTO, YTOOLI Mpa-
BHJBHO pacKkpacuTh pebpa rpada, Busunr [9.4] nokasan, uto aas Jio-
Goro npocroro rpada mocratoyno A-+1 useroB. [lis noKasaTesnbcTBa
TeopeMbl BH3HHra HaM HeOGXONMMO YCTAHOBHTH HECKOMBKO OCHOBHBLIX
pe3ysbTaToB.

Bynem roBopuTh, uTo LBeT { NpejcTaB/eH B PacKpacKe B BepLIHHE U,
ecan xotsl Gbl onHOMY pebpy, HHUMIEHTHOMY BepLIHHE U, NPHCBOEH
upeT {. Um0 pas/IHYHbIX LBETOB, NIPe/CTABJIEHHLIX B BepLILHe v, Gyem
oboswavatb uepes c¢(v). Hampumep, B packpacke, MOKa3aHHOH Ha
vue. 9.3, 6, c(f)=2.
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Tenepr paccMOTPHM BONPOC O CYLIECTBOBAaHHH pebepHOil 2-pacKpac-
KH rpada, B KOTOPOM c(v)=2 pans KaxKJ0# BepluHHH v rpada.

Jlemma 9.8. IlycTe G — cBsi3HBIE rpad, He HMeMOUIMH UHKJIOB HeweTHOH IJHHHL,
Toria oH HUMmeer pefepHylo 2-pacKpacKy, B KOTOpPoH ofa LiBeTa NpeicTaBJ/eHH B Kaxk-
JIOH BeplIHHE CTelleHH He MeHee 2,

Hoxasameascmso.

Cayuatt 1. T'pad G — siinepos.

Ecan G — uukJj, TOrla no ycJa0BHSIM TeOPeMbl OH JOJIXKeH OBITh YeTHOH AJTHHEL,
B sToMm cayuae sierko BHAETb, 4To rpad G HMeeT peGepHYio 2-pacKpacky, 06/1aJaouyo
Tpe6yeMbIM CBOHCTBOM.

Eciu G — He UMKJ, TOTAa OH JOJKeH HMeTh BEPIIHHY Uy CTelleHH He MeHee 4,
[TycTh Uy, €5, Uy, €y Ugy €3, -« « oy €1, Vg — 3HJEPOBA LeNb U

Ey={e;|{ neuetnoe}, a Ey={e;|i uerhoe}. 9.7)

Torpa (E;, E;) sBasiercs peGepHoll 2-pacKpacKoil, B KOTOpPOH B Kamjol BeplIHHe
npejcTaBieHbl 06a UBeTa, NOCKOJABLKY B paccMaTpUBaeMoH UeNU Kax[gas BeplIHHa,
BKJI0Yasl BepUIHHY U, MOSB/SETCS] B KauecTBe BHYTPeHHeH BepIIHHH,

Cayuaii 2. T'pad G — He 3#nepos.

B stoM cayuae rpad G Ao/KeH HMeTb UeTHOe YHCJO HeweTHbIX BepluuH. [Toct-
pouM ceftuac sfiepos rpad G, 106aBJsist HOBYIO BEPIUMHY Uy U COefHHSAsA ee B rpade G
¢ Kaxjol BepmHHOH HeueTHoH cTenenu. [IycTb vy, €5, Uy, . . ., €5, Uy — 3MJepoBa
uens B rpade G'. Ecau E; u E4 onpefieneHbl, Kak B BupaxeHuu (9.7), 1o (Ey, Ej)
ecTb peGepHas 2-packpacka rpada G, B KOTOpoM 06a UBeTa NPeACTaBJeHbl B KaxaoH
BepuinHe rpada G. Cefiuac serko Buiietrb, uTo (EyE, EsNE) sBasercs peGepHoi
2-packpackoli rpaga G, B KOoTopoM ofa IlBeTa NpeACTaBJeHbl B KaxkNoi BeplIHHe
cTenleHH He MeHee 2,

Pebepnas k-packpacka & rpada G=(V, E) Ha3HBaeTcs Onmumaib-
HOt, €cJIH He cyIUecTBYeT IpyroH Tako#l peGepHoii k-packpacku &
rpada G, uro

c(v) < X ¢ (v),
veV veV
rie ¢(v) H ¢'(v) — 4Hcia Pas3sIMYHEIX 1IBETOB, NpPEJCTABJEHHHIX B Bep-
loMHe U B packpackax & H &' COOTBETCTBEHHO.

OueBHaHO, 4TO B JOOOH packpacke &¢ (v)<id (v) Aas Kaxjoh Bep-
WHHE v. Bojsee Toro, Ajs KamJoH BepIUHHH U paBeHCTBO ¢ (v)=d (v)
CrpaBeJVIHBO TOTJAAa H TOJNBKO TOTJa, Korja & — npaBu/ibHasi pac-
Kpacka.

CrnefyollHi NONIE3HEI pe3yJ/IbTaT PacKphIBaeT HNPHPOLY ONTHMaJib-
HOH pAacKpackH.

Jlemma 9.4. Ilycte = (Ej, E3, . .., Ep) — ontumManbHas k-packpacka rpada
G=(V, E). DonyctuM, uto B rpade G CyIIeCTBYIOT BePLUIMHA & H TaKue JBa lBeTa i
H j, 4TO i He NpeACcTaBJeH B 4, a j npeAcTaBJeH B u ABaxAbl. [Tycts G — nopoxaeH-
Heud noArpag rpada G Ha MHoxectse peGep E;|J E;. Toraa xomnonenta H rpada G,
collepiKallasi BepUIMHY &, SIBJSIETCS UUKJIOM HedeTHOH AJUHBI,

Hoxasameascmgo. Ecau A He sBJAsieTcs UHKJOM HeYeTHOH AJIMHH, TO, COIJIACHO
snemme 9.3, cymecTByeT pebepHas 2-packpacka, B KOTOpoll UBeTd i M j NpejcTaB/eHb
B KaxJol BepllMHe /I cTeneHH He MeHee 2

Ecan MH Hcnosib3yem 3Ty pefepHylo 2-packpacky AJisl NepeKpacku pefep Kom-
MOHeHTH! H W ocraBuM UBeTa APYrHX peGep rpada G Ge3 u3MeHeHHs, TOrja MOJYyUYHM
HOBYIO pelepHYI0 k-pacKpacKy &', B KOTOPOH UBeTa i u j 6yAyT IpeACTaBJeHbl B
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pepimuHe u. CueloBaTe/BHO, ¢ (W)=c(u)+1, rae ¢’ (1) — uncao pasIUYHBIX I[BETOB,
npeACTABJIEHHbIX B BePLIHE & B pACKpacke &’. Kpome Toro, ansi Kama0H BepUIHHb!
3\

L
v=u, ¢ (V)=c(v). CaepopaTensHo, 2{/0’ (v)> 2{'/0(0), YTO MPOTHBOPEUHT OMNTH-
UE ve

MaJIbHOCTH peGepHoft packpacku . Takum o6pa3oM, F — LHKJ HeueTHOH AJIHHBL

PeGepHas k-pacKpacKa &' HasmiBaetcsi yayuusenues pebGepHoHl k-packpackn &,

Q
1] 2 c’v>z c(v).
e veV ©) veV ( )

Cefiuac Mul JokaxeM TeopeMy Busnmmura [9.4]. HcnmospayeMoe HaMH 10KasaTesb-
78O npepioxeno ®ypube [9.5]. B ero uanoxennn 6yleM cienosats Bongn 1 Mypin
[9.6].

O‘Uk—l

Puc. 9.4,

Teopema 9.7 (Busuur). Ecau G= (V, E) — npocro#t rpad, to Jaubo ¥ (G)=A,
aubo y (G)=A+-1.

Hoxasameavcmso. Tlockoabky ' (G)==A, GyleT AOCTATOYHO, €C/IH MBI LOKaxeM,
aro y’ (G) <A1

Tlycts e={Ey, Eg, ..., Ep,;}— ONTHMambHas peGepuas (A+1)-packpacka
rpada G. NonyetiM, uto i’ (G)>A+1, 1. e. § — Henpasnabsas pebepuast (A+-1)-
packpacka. Toraa B rpade G cymecTByeT Takasi BeplHHa u, 4To ¢ (1) <d («). Otciona




184 Trasa 9

cJie/lyeT, UTO CYLIECTBYIOT TaKHe UBeTa iy H £y, UTO {, He NpeACTaBJeH B BeDLIHHe u,
a [y mpefcTaBJeH B Hell ABaxipl. IlycTb pe6po (u, vy) uMeer uset iy (pHc. 9.4, a).

IMocko/IbKy MaKcHMaJ/bHasl cTeneHb rpada G paBHa A, To B pacKpacke ¢ mpea-
cTaBJeHBl He Bce A1 npetoB. IlycTh B Hell He mpeJcTaBJeH LUBeT f,. Toraa {, 10/Ken
ObLITh NpEACTaBJIeH B BepllHHe &, HHaue MBI MOXKeM HepeKpacHTb pebpo (¢, v;) B LBet
iy ¥ TIOJYUHTb HOBYIO pacKpacky rpada G, fBJSIOUYIOCS YJAyUllleHHeM pacKpacku ¢§.
[Tyctb pebpo (u, Uy) uMeeT UBeT i,. CHOBa He BCE LBETa MPEJCTABJIEHEl B BEPLIHHE Uy,

[IpeanosoxuM, YTO B BepLIHHe U, He NpeACTaBldeH UBeT i3, Torja oH AO/XeH
GLITb Npe/cTaBJleH B BeplIHHe 4, B IPOTHBHOM CJyuae MBI MOXeM NMepeKpacuTb peGpo
(u, vy) B uBeT iy, a pebpo (u, vy) — B i3, MoJyuas yayuyueHue packpacku . Ilycts
pebpo (u, vs) uMeeT LBeT I3,

[oBTOpsiss 3TH paccyXJeHHs, MOXHO IIOCTPOHTb TaKHEe MOC/Ael0BaTeJIbHOCTH
BepLIHH Uy, Up, . . . H UBETOB iy, £y, , . ., UTO 1) (1, U;) HMeeT UBeT iy; 2) {741 He Mpex-
CTaBJICH B BEpIUIHHE Uy,

Jlerko BHJleTb, UTO CyIleCcTBYeT TakOe HaHMeHbllee LeJsoe YHCIO [, yTo AJsl He-
KoToporo k<! crnpaBelJIiBO PaBeHCTBO iy,1==ip (puc. 9.4, a).

[asi monyueHHs NPOTHBOPEUHS! MePEKPAacHM TeNepb ABYMS Pa3sHLIMH crocobaMn
HEKOTOphIe pe6pa, HHUMAEHTHble u, H IOJNYYHM [Be HOBHE ONTHMAaJbHEE peGepHbie
(A+-1)-packpacku: &' u & .

Packpacka &' = {E1, Ez, .. E, |} monyyaercs nepekpackoll pefpa (u, vy)
B UBeT iy (l<j<k—1). Kaxpoe 3 ocraBwuxcs pebep rpada G mosyuaer B pac-
Kpacke &’ TOT e LBeT, UTO H B packpacke & (puc. 9.4, 6).

Packpacka &"={E1, Es, .. ., EZH noJlyuaeTcst Mepekpackodl pebpa (u, vy)
B UBerT iy (1 <j<l/—1), a pe6pa (u, v;) — B uBer i. Kax/aoe u3 ocTaBmuxcs pebep
rpada G nosyuaeT B pacKpacKe & TOT Ke LBET, UTO H B packpacke & (puc. 9.4, 6).

IMyets G’ — noarpad rpada G Ha MHOXecTBe pelep (E}OUE;k), a H —ero
KOMIIOHEHTa, COlepaKallasi BeplHHY . AHasloruuno G° — noarpad rpada G na MHo-
KecTBe pebep (E:(,UE;k): a H" — ero KoMIoHeHTa, COLep:Kallasi BepUIHHY u.

Kak B packpacke &, TaK H B §” UBeT i, He Npe/ICTaB/IeH B BepIUHHE 4, 4 LBET
i TIpEACTaBJIeH B 3TOH BepwHHe ABaxAwl. [1oaToMy u3 Jemmbl 9.4 caenyer, uto H’
n H" — UHKJBL

Enuncreennnm pe6pom umxaa f’, Kotoporo HeT B uukJe H’, sBiasercs pe6po
(u, vg). TloaToMy BepLIHHEL & H Uy CBsI3aHBI TaKxe W B noArpage G’. CaeflomaTeAbHo,
OHH JI€}AT B OAHOH M TOH e KoMrnoHeHTe noarpada G”, a HMEHHO B KOMIoneHTe H”,
Torna crenens v, B H” pasna 1, nnaue Gbl cTeneHb ee B H’ Ghl1a Goabie 2, 310 mpo-
THBOPEUHT TOMY, 4T0 H” — Taxxe umky. TakuM ofpasom, & — npaBuibHas peGep-
Has (A-+1)-packpacka.

Bosee ofmui pesysbTaT o CpaBHEHHIO C BHIBOJOM 3TOH TEOpeMH MOXKHO HalTH
B ynpaxHeHu 9.8,

9.4, BepwnHHag packpacka
H XpoMaTHYE€CKOE YHCJI0

Bepmmnnaa k-packpacka rpaja — 3T0 NpPHCBOEHHE €ro BeplIHHaM
k pasianyHbIX UBeTOB. BeplIMHHAs pacKpacka npasusbHAs, ecid HHKa-
KHe 1Be CMeXkHble BepUIMHBl B Hell He NoOJydYaloT ofHoro useta. Ilpa-
BUJbHAs BeplIMHHAas 3-pacKpacka mnpeicraBaeHa Ha puc. 9.5. Tpad
Ha3bIBAETCS GEPULLHHO R-pacKpauiugaembim, eClIH OH HMeeT NPaBRALHYIO
BePIIHHHYIO k-pacKpacky.

He Hapywas o6HOCTH, MBI MOJKeM JONYCTHTh, 410 Ipadbl, paccMaT-
pUBaeMble B 3TOM pasjese, NPOCTHE.
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—

Xpomamuseckum yucaom ¥ (G) rpada G HasbiBaeTcss MHHHMAaJbHOE
yHeJIO0 &, A4 KoToporo G BepIIMHHO k-pacKpaiunBaeMbiil. ['pad G Hasbl-
paercs k-xpomamuueckum, ecnn ¥, (G)=k. Hanpumep, na puc. 9.5 xpo-
MaTH4YecKOe YHcso rpada paBHO 3.

Jlanee BMeCTO «npaBH/IbHasi BepPIUIHHHAsA k-pacKpacka» OyaeM roso-
PHTb TPOCTO «k-pacKpacKa». AHAJOTHUHO «BEPLIHHHO k-pacKpalllBae-
MBIf» OyJeM 3aMeHATb Ha «R-pPacKpallHBaeMbiis,

3ameTuM, 4To R-packpacka rpada G=(V, E) nopoxiaer pasbHenue
Vi, Vo, ..., Vi) MHOXecTBa V, rIe Kaxzaoe V; — NOIMHOXECTBO
BEpIUMH, KOTOPHIM NPHCBOEH LBET { H NO3TOMY fB- o ,
JISTIeTCA He3aBHCHMBIM MHOXeCTBOM. AHaJIOTHUHO
KaxJoe pasOHeHHe MHOXecTBa V Ha k He3aBHCH-

MBIX MHOKECTB COOTBETCTBYeT k-pacKpacke rpa-
da G.

B npeabigymem pazzene (teopema 9.7) Mbl J0- 3 2
KasaJu, 4TO /s TNPaBHJIbHOH pacKpackd pebep
npoctoro rpacda Tpebyercs, camoe OGosbliee, A1
uBetoB. JIOKaskeM aHAaJOTHYHBLIH pe3yJabTar s

BepLIMHHOH PacKpacKH. 1
Teopema 9.8. TIlpoctoit rpad G—(A-+1)-packpammpae- Puc.9.5. Tlpasuib-
MbIH. Has BepIUHHHAas 3-
Hoxasameascmeo. auni A-}-1 pasiduHbiX 1LBETOB, IIO- packpacka.

ayuuM (A--1)-packpacky rpaga G caeayomuM oGpasoM.

Bo3bMeM IpOH3BOJILHYIO BEPIIHHY ¢y H MPHCBOHM el /o060l u3 A-}1 1peros. 3a-
TeM BLIfepeM HepacKpalleHHYIo BePLIHHY, HanpuMep v;. [IPHCBOMM BepllHHe vy LBET,
KOTOpbIHl He GBI IPHCBOEH CMEXKHHIM C HeH BepIUHHaM. DTO BCerja BO3MOXKHO, IO-
cKoabKy d (Up) <A H, c/efoBaTeIbHO, BEPIIHHAM, CMEXHBIM ¢ BEPILHHOH vy, 6yAeT npH-
CBOEHO, caMoe Goabulee, A 1BeToB. [ToBTOPHM 3TOT mpolecc L0 TeX MOp, oOKa He pac-
KpacaTcs Bce BEpIIHHEL. B pesysbTaTe NOJyuHTCs NpaBHJbHas (A--1)-packpacka.

OueBupno, 4To % =A-1 A/19 NOMHBIX rpadoB M HHKJIOB HEYeTHOH
JuiHHBL, OuYeHb MHTEPeCHO TO, YTO A BCeX OCTANbHHX rpadoB y<IA.
SroT pesyabTar nosiydeH Bpykcom [9.7] i nokasbiBaetcsa Huxke. TIpHBo-
/IMMO€ 3J1eCh J0Ka3aTeJbCTBO NMPEAIOXUIH MeabuukoB H Busuur [9.8].
Ilpyroe n0Ka3aTeqbcTBO MOXHO HalTH B paote [9.9],

Teopema 9.9 (Bpykc). ITycts G — cBa3HBH npoctoff rpad. Ecan o mwe mmka
HeueTHOH JJVIHHBI H He NOJHBIE Tpad, 1o ¥ (G)<A.

Hoxasameascmeo. Teopema oueBHAHA jas A=0, 1, 2,

Yrobpt JoKazaThL TeopeMy A AZ=3, JONYCTHM NIPOTHBHOE, T. €. YTO CYLECTBYIOT
rpadel, He SIBJSIOMIHECS MOJHBLIMH, A1 KOTOpRIX A>3 H Y=A--1. BuifepeM Takoi
rpap G= (V, E) ¢ MUHHMaJIbHbLIM YHCJIOM BepIIHH,

IMycts vy €V, a G’ — rpad, noayueHHbdl ¢ pesyabTaTe yjajeHusi u3 rpada G
pepuHHBl Uy. M3 BuiGopa rpada G caenyet, uTo G — A-packpamusaembiii, Caepopa-
TeqbHO, d (Up)2= A, HHaue 6wl A/ PACKPacKH BEPIUHHB! Uy MOXKHO OBLIO HCNOIb30BAThH
OZMH M3 A 1LIBETOB, NDHMEHsEMLIX A1 pacKpackH rpada G', uTo MpOTHBOPEYHT pa-
BeHCTBY ¥ (G)=A--1. JIpyruM BaxKHBIM CJEACTBHEM SBJSETCH CJaelyloinee:

Ceoticmao 1. B mo6ofi A-packpacke rpada G' BepIIHHbB!, CMeXHbie C BepUIHHOH
Ug, PAacKpaIlHBAIOTCS MO-Pa3sHOMY

Tlyets uy, uy, .. ., tp— BEPUIHHEI, CMEXKHbIE C BePIIHHOH Uy, ITycTh uy, uy, ..,

++ .+ U, TMOJAYHAIOT B packpacke rpapa G' usera 1, 2, ,,,, A cootercTeenHo, O60-
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aHauuM uepes G (i, j) nopokAeHHbIH noarpad G’ Ha BepiuHHAX, KOTOPLIM MPHCBOEHH
uBera { H j.

Csoticmso 2. BepuHbI u; M 1 ; HAXOLRTCA B OfHOH KOMIOHeHTe cBs3HOCTH G (i, j).

B nmpoTHBHOM cJ/1yuae, 3aMeHsisl LiBeTa [ H | B KOMIIOHEHTe, cOjepkauledl u;, Mu
nonyuum HoBY®© A-packpacky rpada G', B KOTOPOH 4; M u; NMPHCBOEH OAHHAKOBEIH
LBEeT, 4TO MPOTHBOPEYHT cBOHCTBY 1.

[Tyers C;;— xomnonenTta G (i, j), COlepxKallast BEPIUHHbI U; H U .

Ceolicmeo™ 3. Cij— myTb OT BePILUMHBI 4; K BEpIIMHE U,

[Tpeanonoxum, uto cteneHs u; 8 C;; Goabie 1. Torpa u; cMexkHa He MeHee ueM
c AByMs BepiuuHaMu uBera j. ITockoabky d(u;)<A—I1 B rpade G’, Mbi MOXeM mepe-
KPacHTb 4; B LBET k=i, j, TaK 4TO B NOJyuHBIICHCA HOBOH pacKpacKe BepIUHHBI 4;
H u; MMEIOT OJHHAKOBHIH LBeT, YTO MPOTHBOPEYHT CBOHCTBY I.

AHaJIOrHUHO MOXKHO IOKasaTb, YTO CTeneHb u; B C;; paBHa 1.

Crenenb Beex ocTaibHmX BepuMH Cy; papHa 2. Jlonycrum mpotusHoe. ITycrs
u — nepBast BepiIyHa crerlerH (B C; ;) Go/blle 2 Ha IYTH OT BEPLIKHBI ; K BEPLUIHHE 4 ;,
Ecnu u packpailleHa B LiBeT I, TO OHA CMeXHa IO KparHel Mepe C TpeMs BeplIHHAMH
upeta j. [Tockoabky d (1)<<A, MOXHO nepeKpacHTh & B LBeT k=i, j, MO3TOMY B HOBO#
packpacke BepLUIHHbI #; U 4; GyAyT B Pa3sHLX KOMNOHEHTAX, YTO MPOTHBOPEUHT CBOH-
cTBy 2.

Taxum oGpasom, C;; aBJsercsa NyTeM M3 BePLIMHEBI u; B BEPIUHHY i,

Csolicmgo 4. Ciy u Cip He UMEOT OGIMX BEpIIHH, 33 HCKJIIOYEHHEM u;.

[Mycrs ustu; — obwas BepuuHa Ci; u C;p. Torja u packpamena B UBeT { H
CMeXHa 1o KpafiHel Mepe ¢ ABYMs BEpLUIHHAMH LiBeTa j W ABYMs BepIUHHaMu Lsera K,
Tak Kak d (u)<<A, cymecTByer UBeT /71, j, £, B KOTOPBLIH MOXHO NepekpacuTh 4. Ho
STO PA3AC/NHUT BEPIUMHBl 4; H L;, YTO MPOTHBOPEUHT CBOHCTBY 2.

ITpoflo/KHM 10Ka3aTe/IbCTBO TEOpPeMbl, YCTAHOBHM Temepb NPOTHBOpEYHEe CO
CBOHCTBOM 4,

ITockonbky G — He mosHbH rpadp Ha A1 BepilMHe, CYHIECTBYIOT JBe HECMEXK-
Hble BepIUIHHbI, HANDHMED 4y H Uy [1yTh Cyy COAEPIKUT BEPLUIHHY U7U,y, CMEXHYIO C
BepIIHHOH 4. JlonycTHM, 4TO MBI MOMEHAJIH MecTaMH LBeta 1 u 3 B nyTH Cy3 (KOTOpLI#
MPHUCYTCTBYET, NMOCKOABKY AZ23), B pesysbrarte yero B HoBoH packpacke G' BepuiHHA
u; Tojiyyaer LBeT 3, a BepilHHA ug — uBeT 1. Ho Toraa HoBbie KoMIOHeHTH C), B
C}, coepxaT oGy BEPIUHHY 475Uy, YTO NPOTHBOPEUMT CBOHCTBY 4.

3r0 3aBepluaeT A0Ka3aTeNb(TBO TEOPEMbI.

9.5. XpomaruueckKue MOJHHOMBI

B atoMm pasgene Mbl o6CykJaeM BONPOC MOJCYETa Pas/HYHBIX mHpa-
BHJIBHHX A-packpacok rpada.

Ecau rpadp A-packpamunBaeMbli, TO ero MOXKHO PackpacHtbh B A
uBeToB GoJiee ueM OAHWM crniocoGom. [IBe packpacku rpada CHHTAOTCS
pasJUYHBIMH, eclIH XoTsl Obl OAHOH BepliMHe Ipada NpUCBAUBAOTCA
pasuple LBeTa.

Xpomamuueckuti noaurom P (G, A) umeeT 3HaueHHe IS KaxKAOTO
LeJoTo A, paBHOE YUCIY pasAUYHBIX NPAaBHJbHBIX A-packpacok rpa-
da G.

PaceMmorpuM, Hanpumep, rpad, npejcrasieHHblll Ha puc. 9.6. Cpean
LOAHHBIX A LIBETOB MBI MO2eM BHIOPATb JOOOH sl pacKpacKH BepIUMHBL
a. BepunHy b MOXKHO pacKpacHuTb B OIMH U3 OCTaBLIMXCS A—1 11BETOB.
Hans kaxpoll packpacku BeplMHH b cyimectByeT A—1 pasjuyHBIX
crniocoGoB packpackH BepluMHB ¢. TakuMm ofpasoM, rpad Ha puc. 9.6
MOXKHO pacKpacuth A (A—1)% pasmuunpiMH cnocoGamu. lpyrumu cio-



Mokpeimua u packpacku 187

paMH, XpOMaTHuecKHil NOJMHOM rpada paBeH A (A—1)2 Mbl MoxkeM
[IOBTOPHTb 3TH PAacCyXIeHHs, 4TOObl NOKasaTb, YTO XpOMAaTHUYECKHH
[OJHHOM NYTH Ha n BepluWHaX paBeH A(A—1)#~1,

B KauecTBe Jpyroro npumepa paccMOTPHUM MOJHbIH rpad K, Ha n

BepIUHHAX V1, Vg, « « « , Up. [IpH HAJHYHH A LBETOB BEPLIHHY U; MOXKHO
Lo, O
a b c
Puc. 9.6.

pacKpacuTh B J0OGOH M3 HUX, BEPILIHHY U, — B Ji000H H3 OCTaBLIHXCA
}—1 upeToB, a BeplIHHY vz — B JIIOGOH H3 OCTaBLIMXCH A—2 LBETOB
u T. A, TakuM obpasoM, P (K,, A)=A(A—1). . .(A—n-1). Teneps BHI-
BelieM GopMyJay IS OnpefieJieHHs XpOMaTHYeCKOro noJMHoMa rpada G.

Teopema 9.10. IlycTs 4 U v — HecMeskHble BepIUHHH npocToro rpada G. Ilycrs
e== (u, v). Ecnu.G-e — npocroit rpad, nmosnyyeHHsiHt U3 rpada G 3aMBHIKaHMeM BepIIHH
¢ ¥ U W 3aMeHOHl NMOJyUMBIUErocsl MHOMKECTBA TapaJliieNbHbIX pefep Ha OAHO pebpo,
a G-+e — rpad, noayvennsiii foGaBaeHueM k rpady G pebpa e, To P (G, M)=P (G+
~~e, A)-+P(G-e, A

JHoxasameavcmso. Jlw6as A-packpacka rpada G, B KOTOpoH BepwiMHaM u u U
1IPHCBAUBAIOTCH Pa3/MuHEIE LBETa, COOTBETCTBYET A-packpacke rpada G-e, u HaoGo-
poT. AHamoruuHo mo6as A-packpacka rpada G, B KOTOPOH BepIUHHAM & M U NPHCBOEH
OIHH ILBET, COOTBETCTBYeT A-pacKpacke rpada G-e, u HaoGopor. CiefoBaTenbHo,
P (G, =P (G+e, M+P(G-e, M.

OToT pes3yabTaT MOXHO chopMyIHpOBaTH B ApYroi dopme.

Crepcreue 9.10.1. Eciue= (u, v) — pebponpoctororpada G, To P (G, A)=P (G—e,
v)~—P (G-e, A), rpe G—e nonyvaercs u3 rpada G ynaneHHeM pebpa e, a G-e onpefle-
asetcs u3 Teopemsl 9.10.

Ecan Mbl NOBTOPHO NMpHUMEHHM (OpMyJay, NPHBENEHHYIO B TeopeMe
9.10, x rpady G, TO npouecc 3aKOHUUTCA HA MOJHBIX rpadax, Hanpu-
vep Hy, H,, . .. , H,, nostomy P (G, A)=P (Hy, M)+P (Hs, M)+-. . .+
+P (Hy, M.

C npyrofi cTOPOHBI, ec/H Mbl HCNOJb3yeM (GOPMYJayY, NPHBEJEHHYIO
B caeactBur 9.10.1, nmpomecc 3akoHuHTCs Ha nycThiX rpagax (T. e.
rpadax, He UMelOLUX pefep), NOSTOMY XPOMATHUECKHH INOJIHHOM eCTb
JHHedHas KOMGHHALMS XPOMAaTHUECKHUX ITOJIHHOMOB IYCThIX rpados.

O6e npouenypbl HMOCTpHpYIOTC pHuc. 9.7.

Teopema 9.11. Xpomatuyeckuit monuxom P (G, A) rpadba n Ha BepIIHHAX HMeeT
CTeNeHp 7 ¢ TVIABHBIM UJIEHOM A W KoHcTaHTol, paBHofl 0. Kpome Toro, Bce xoadiu-
IIHEHTSHI IeJIble H YepefyIoTCH MO 3HAKY.

Jokasameascmgo. JIoKa3aTeJbcTBO NPOBEAEM HHAYKIMe# mo uHeay peGep m,
OuepHIHO, YTO Teopema crpaBepiuBa A1 m=0, TaK KaK XPOMaTUYECKHUH MOJHHOM
nycroro rpaga Ha n BepWIMHAX paBeH A7,

JlonycTuM, YTO TeopeMa BepHa sl Bcex rpadoB, UMelomuUx Medee m peGep, Pac-
cvotpum rpadp G Ha n BepwuHax ¢ m pe6pamu. [lycTs e — pe6po rpada G. Torza
G — e —rpad Ha n BepwHHax ¢ m—I pe6pamu, a G ¢ — rpad Ha n—I BepIMHAX
¢ m—1 uIx MeHee pe6GpamH.
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b,c d
/s AN
b ad ad
E i7 N
A(PH)(A- JA3)  A(A-1)(A-2) /x—z) A{a-1)
a
G
b

puc. 9.7. BriuMcienHe XpomaTHYeckoro nosuxoma rpada G.

@--C HCNO/Mb3oBanueM TecpeMn 9.10; P (G, A)=A(A—1)(A~2) (3\.—3)+ 27\. (3\.— l) (A—2)-
+A (h—1); 6—c ucnonvsosanuem cnexcteus 9.10.1; P (G, )=

M3 UHZYKTMBHOrO NpeiNoJIOXKeHHs CJAELYeT, YTO CYILECTBYIT TaKHe HeOTpHla
TeJIbHbBIE [eJIbie Koamuuuemu ay, az, <o Gu 1 Wby, by oL, by, uTO P (G—e, A
=M—q, 17»" ta, _An- + (=" tah u P(G-e, )=An-1_p_ _an-24
“+bp,— 3% —i—(——l)" 2b17» Coracto CJIelICTBH}OQ 10. 1 P (G, M= P(G—e A)-
n—1

—P(G-e, N=M— (@, 1+ A =14+ ¥ (—1) (@ ;+b,- )A*~i, Takum s6pasom
=2

rpad G TakxKe yIOBIETBOPSET TeopeMe,
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9.6. INpoOnema ueThipeX KPacok

Ipu M3roTOBJIEHHH KAPT B LENAX Pa3jHUeHUs OTAENBbHBIX obmacTell
HeoOGXOMUMO HMX pacKpalluBaThb TaKMM o0pa3oM, uToObl HHKaKHe JBe
cvMexHble o0sacT# He ObUTM pacKpalleHbl OAMHAKOBO. JTa 3ajada mpa-
BUJBHOY packpacku obJacrell maaHapHOTO rpaja paBHOCHJbHA 3ajaye
npaBUBHON pacKpack¥ BepLIMH ABOMCTBEHHOTO rpada. Jlerko npusecty
npuMep, NOKasbIBAIOMMI, YTO TPeX LBETOB B oOmieM cjydae Hejpocra-
TOYHO /il MPaBUJABHON pacKpacku miaHapHoro rpada. B caenyromiei
TEOpeMe, U3BECTHOH MOJ Ha3BaHUEM meopembl O NAMY Kpackax, Mbl MOKa-
3bIBaeM, YTO MATH LBETOB A0OCTATOYHO.

Teopema 9.12. Jlo6oii nnaHapHeiil rpad 5-packpaumnBaeMslil.

JHorxasameavcmso. JlomycTdM, 4TO TeopeMa BepHa AJs BceX IVIaHAPHHIX rpacdon
nopsjKa MeHee 71, TOKaxeM, YTO OHA BePHa TaKke JJ15 I1anapHoro rpaga G= (V, E)
nopsjaxa .

CorsacHo caeactsuio 7.3.5, B rpade G cyuwecTByeT BepIIHHA Uy CTeNeHH He 60-
gee 5. [lyets G — nopoxpennnit noarpad rpada G Ha V—{v,}.

PackpacuM noarpad G' B mATb LBETOB! O, Ug, . . ., U5, (ITO BOZMOKHO B CHIY
HHAYKTHBHOFO Tpefnosoxenus,) OueBnano, uto eciau d(vg)+#95, TO BepuuHe U B

npaBHJILHON B-packpacke rpapa G MOXKHO PHCBOMTb OJHH M3 3THX LBeToB. B mpo-
THBHOM cJlyuyae BceM 5 BepUIHHAM Uy, Us, . . ., Us, CMEXHBIM C BEPLIMHOH Uy, MOXHO
NPUCBOUTb pa3jHyHble LBETA.

JlonycTuM, uto BepuunHe v;(l<i<5) npucsoen uper a;. Kpome Toro, mycThb
BEpUIHHbI Vg, Ug, . . ., Us PACHOJATaloTCs MO YaCOBOW CTpesKe OTHOCHTENbHO BepUIHHL!
U5, Kak noxasaHo Ha puc. 9.8,

Iyets G (o, @) — noarpad rpada G Ha BepUIMHAX, KOTOPbM MPHCBOEHB! 1BETA
o WIH aj.

KommnonenTa G{otj, &3), COAepKallasi BePUIMHY Uy, MOIKHA COAEpKATL H- Bep-
WMHY U3, B IPOTMBHOM CJyuae LBETA Oy H O3 B 3TOH KOMIIOHEHTE MOXHO ObiIO GHI MO-
MEeHATb MeCTaMH M PacKpacHTb BePUIHHY U B LBET Q.

AHaJornuHo KomnoHeHTa G (o, @4), COAepIKallas BepilMHY Uy, JOJXKHA colep-
XaTb M BepuiuHy v, {(puc. 9.8).

Torza B G (%, @) BEPUIMHK Uy H Us He GYAYT coefluHeHl myTem, [TosTomy ecin
B KoMIOHeHTe G (g, Og), COAepIKallell BepLIMHY vUp, NMOMEHATb MeCTaMH LBETa Og
W G5, TO BEPUIHHY U MOXKHO OyJeT DaCKPACHTh B LIBeT &y, Takum ofpasom, rpad G —
5-packpaiiBaemblil.
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Arot pesynbprar Gbl1 nMonyyen Xusyaom [9.10].

Bo3HHKaeT BOMPOC: MOKHO JIH YJYYIIHTL TEOPEMY O MATH Kpackax?
Tpennonaranock, 4To J0GOH muaHapHbIH rpad 4-packpalinBaeMblfl.
Dra runoTe3a U3BeCTHA Kak 2unomesa vemoipex kpacox. OHa ocTaBanach
HepaspelleHHOH Gosee 100 nmer M Obula NpeAMETOM SKCTEHCHBHBHIX
uccaenosanuil. Henasno Annenas u Xaxen [9.11] noxasanu cripasein-
BOCTb THIIOTE3EI, DTOT Pe3yJabTaT GOPMyJIHpYeTcs B CIeAyollel TeopeMe:

Teopema 9.13 (TeopemMa 0 4eThlpex Kpackax). Kaxaw# nianapHefi rpad 4-pac-
KpalnHBaeMbIf.

Hueetcsa oueHp oOIIMpHAsA JHTEpATypa, Kacawomasncs npobieMe! YeTbipex KPacok.
0630p npoGIeMbl C HCTOPHYECKHMH MOAPOGHOCTAMH MOXKHO HalTH B padorax [9.12—
9.14]. Cu. rtaxke paboty [9.15].

9.7. 3ameuaHHsn, Kacalomuecs JHTEPATYyphl

O6iiue ccHIKH Ha JUTEPATypy, OXBATHIBAIOULYIO TeMy AaHHOMH Iila-
BbHl,— 3T0 paboru [9.2, 9.6, 9.16].

Kaaccuueckuit pesynbraT Teopuu rpacdos, npuHaaiexamui Typany
[9.17], onpenensier, Kakoe MHHUMAaIbHOE YHUCIO peGep NOMKeH COmep-
JKaTh rpad Ha 7 BepiiMHaX ¢ YHCJIOM HE3aBUCHMOCTH He OoJiee £ (ynpax-
nenne 9.2). Cm. paGory [9.18]. DToT pesyabTaT sABJsieTcs1 OTIPaBHOH
TOYKOH B BETBH TeOPHH IpadoB, Ha3LIBACMOH meopuell aKCmpemanvrioix
epaghos. Kuura Boso6Garua [9.15] nmocBsileHa HCKITIOYHTENBHO H3YUSHHIO
3a7ay, CBSI3aHHEIX ¢ SKCTpPeMabHBEIMH IpadamMu. XapaKTepHCTHKH 3KCT-
peMaJbHBIX rpadoB 06pa3yiOT OCHOBY MPOEKTHPOBAHHUS CeTeH CBA3U
C 3aJaHHBIMH CBOHCTBaAMH HAaJeXHOCTH H ys3BuMOcTH. CM. paboTel
[9.20—9.23].

TIpuMeHeHHe 4HcJIa HE3aBHCHMOCTH B TeOPHH HH(OPMALHH MOXKHO
Hafitd B paborax [9.2] (r. 16), [9.24] (ra. 9), [9.25].

Pup [9.26] nan npexpacHbiil 0630p pe3yJabTaTOB I10 XPOMATHUECKHM
nonuHomaM. Cm. Takxke paborsl [9.27—9.29]. Jlio [9.24] ofcyxnaer
IpUMEHEHHe PacKpacKH NP PasoKeHHH IpadoB Ha NAaHapHBIE MOA-
rpadbl. JTa 3ajaya BO3HHKAET NPU NPOSKTHPOBAHUH MNEYaTHHIX IJaT.
TIpuMeHeHHe pacKpacKM K 3ajauaM COCTAaBJICHHS PACIHCAHUS MOMKHO
Hafitu B pabGore [9.30], a amroput™ packpacku — B paGote [9.31],

MuoxecTtBo BepunH D rpada G HasbIBaeTcs GOMUHUDYIOUWUM, €CTH
Jio0as BeplllMHA, He BXOAAIAs B MHOXecTBO D, ¢MeKHA ¢ BEPILHHOL
TOro e MHoxKecTBa. O030p pe3yJsbTaTOB, KACAIOUIMXCS] NOMHHHPYIOMIUX
MHOXKECTB, MOXHO HafiTH B pabote [9.32]. DrcTpeManbHBle pe3yabTaTH,
Kacaiolljiecs: JOMHHHPYVIOIWIHX MHOXKECTB, HaHH B paore [9.33].

Ynpaxnenna

9.1. JloKasaTh HJIH ONPOBEPTHYTH: Ji0G0e BEPIIHHHOE MOKPHITHE CONEPIKHT MHHHMAJ b~
HOe BePINHHHOE MOKpBITHE.

9.2. laHb! ueqHe n 4 k, n22k>0, [lyctb g=|_n/k _| U r — TaKoe UEJIOE HHCJO, YTO
n=kg+tr, 0<r<k,
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I[Tyctb G p — npocToit rpad, cOCTOAMME H3 k£ HeNepeceKaouuXcs MOJHLIX rpados,
r H3 KOTOPHIX HMEIOT g+1 BepIlHH, a ocTaabHble #—r HMeloT § BepwHH. [lokaxuTe,
yTo 106K rpad G Ha n BepIHHAX ¢ oy (G)<k, UMEIWHH MUHHMAJbHOE uHcao pebep,
nsomopded Gp . [9.17]. JlerkuM cjeicTBHEM H3 5TOrO pesy.bTara ABASETCH CJCAY-
roliee:

ECJ];;/Za) — npocTofl rpad Ha n BepwnHax H m pebpax c oy (G)=4k, T0 m>=q (n—k/2—
9.3. [Tokaxmute, yTo ecin G — npocToii rpad Ha n BepIIHHAX ¢ m pebpamu, To o, (G)=>
>n?/2 (n+n).

9.4. IlokaxHTe, 4TO MakcHMaabHOe 4HCJIO pebep, KOTOpble MOMXKET HMeTb I[I[pOCTOl
rpad G Ha n BeplIMHaX, He cOLEp:KaulMil TPeyroJsHHKOB, paBHo [_n*/4 |. [TocTpoit-
Te rpad ¢ 3THM CBOHCTBOM.

9.5. Iloayunte teopemy Xomna 8.13 us teopemsl 9.2,

9.6. Iloayuure Teopemy Xoana 8.13 us teopemm 9.5.

9.7. Tlokaxurte, 410

n—1, ecam n 4eTHo;

1
X (Kn) = {
fn, eClM N HEeyeTHo.

9.8. Ilokaxure, uto A1s rpada G Gea merean y' (G)<A+k, rie & — MakCHMAJdbHOe
YHCJIO MapaJlesIbHHX pebep MeXAy JioObiMu IByMsi BepuinHaMu rpada G [9.4].

9.9. [lyctb G — rpa¢ Ges nerenn, [Tokaxkute, uto ecau A (G)=3, 1o ¥’ (G)=3 nau 4.
9.1% Hoxj_mme, YTO JJIfl OJIHOPOJHOrO HemycToro rpada ¢ HeYeTHLIM YHC/IOM BepILHH
7 (G)=A+1,

9.11. IlokaxnTe, 9TO A5 NPOH3BOJNbLHOH OpHeHTalMH pebep mpocroro rpapa G cy-
mecTByeT OPHeHTHDOBaHHLIH nyTh AaHHOH ¥ (G)—I1.

9.12. [lokaxure, YTO ecsiH [Ba JIOObIX LIHKJIa HeueTHOH J/JIHHBI rpada HMeIOT OBmYyio
peplIHHY, TO ¥ (G)<b.

9.13. IlokaxuTe, Hcnoab3ys caeicTBHe 7.3.5, uTo Jw60f nyiaHapHeH rpap 6-pac-

Kp «LIIHBAEMBbIH.
9.14. Ilokaxute, 4TO ecjH NpocTol rpad G HMeeT Mmocjaej0BaTeIbHOCTb CTenmeHed (dj,
dg, + . . dy), di=2dy>=. . . 22d,, To % (G)<max min{d~+1, i} [9.34].

{

9.15. ITokaxnte, uto Ans mpocroro rpapa G Ha n BeplIHHAx a) % (G, (G)=n;
6) ¥ (Gt (G)<n+1; B) ¥ (G % (G)<n+1.

9.16. [1ycte G — npocTo#i ogHopoaHbiil rpad crenedn & Ha n BepwHHax, [lokaxkure,
gto ¥ (G)=n/ (n—k).

Puc, 9.9,

9.17. [1yctb G — nnaHapHbifl rpad, B KOTOPOM Kax/as 06J1aCTb OrpaHHuYeHa TOYHO:
TpeMst peGpamu. [lokaxure, uTo rpap G — 3-packpamnBaeMbli TOrAa H TOJbKO
Toraa, koraa rpap G — 3Haepos.

9.18. [TokaxcuTe, 4ro mpocTol rpad HemaaHapeH, ecH OH HMEET ceMb BEPIUHH H CTe-
meHb KaxJo# BepuHbl papHa 4 [9.24],

9.19. a) [Tokaxute, uto rpap 2-packpaliMBaeMelii TOria H TOJBKO TOrAa, KOrja BCe
€ro UHKJIbl HMEIOT 9eTHYIO JJIHHY.
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6) IloxaxuTe, uTo 06JACTH MMaHapHOro rpada G MOXHO MPaBHJILHO PacKpacHTh B
ABa 1lBeTa TOrAa H TOJIbKO TOrAa, korjaa rpadp G — silepos.
9.20. HafiTH xpoMaTH4ecKH# MOJHHOM rpada, MpeAcTaBJEHHOro Ha pHc. 9.9,
9.21. a) Ilokaxnte, yto rpad G Ha n BepIINHAX ABJAAETCSH HepeBOM TOrJa H TOJIbLKO
toraa, xoraa P (G, A)=MA{A—1)n—-1,
6) IMokaxuTe, yto ecsin rpad G Ha n BeplIHHAX cBA3HEI, Toraa P (G, A)<h (A—1)~1,
9.22. TTokaxwure, 4t0 ecsii G — WHKJ AIHHBEL 11, TO P (G, A)= (A—1)"+} (—1)” (A—1).
9.23. IMokaxuTte, yto eciu G — Koseco Ha n+1 BepumHax, To P (G, A)=X (A—2)7+
=+ (—1)"A (A—2).
9.24. ITokaxure, yro ecsiu npoctoit rpad G HMeeT n BepIIHH, m peGep U £ KOMIIOHEIIT, TO
a) xospduuuent npu A~ B P-nosnunome (G, A) paBen (—m);
6) HaHMEHBIIH I NOKa3aTe/b CTENeHH A B MoaHHOMe P (G, A) ¢ HeHY/IeBRIM KOs(ullHeH-
TOM paBeH k.
9.25. Kauka rpada G= (V, E) ectb Takoe MHOXecTBO SV, 4TO NOpOXAESHHKH NMOA-
rpap G Ha S aBJsercs nosaHuM rpadom. [lyets P={P;, P,, . . ., Py} — pas6uenne
MHOXectBa V Ha kauku. Ilyets 0(G)=min{|P|}.

P

TaxkuM ofpazom, 0 (G) ecTb HaHMeHbIIIEe BO3MOXKHOE YHC/IO KJHK, Ha KOTOPBIE MOXKHO
pa36HTb MHOXecTBO V.

[ToxaxuTe, uro Ans mpoctoro rpada G cymecTsyer HepaseHCTBO o, (G)<H (G).
KpoMe Toro, mokaxure, 4TO ec/H S — He3aBHCHMOE MHOXeCTBO, a P — Takoe pas-
GiieHHe MHOMecTBa V Ha KJHKH, 4TO |S|=]P|, T0 § — MakcuMa/IbHOE He3aBHCHMOE
MHQOXCTBO, a P — MHHHMaJbHOe pa3bheHHe V Ha KJIHKH,



10. Martpounabl

PaccMOTpHM KOHEUHOE MHOXKECTBO BEKTOPOB S HaJl NPOH3BOJLHLIM
nosieM. XOpoIlo H3BECTHO, uTo JioGoe MoAMHOKecTBO S n6o JHHEHHO
3aBHCHMO, JiH60 JIHHEHHO He3aBucHMO, Kpome Toro, HaGop He3aBHCHMBIX
MHOKECTB BEKTODOB 0O0/JafaeT HEKOTOPHIMH cBoicTBamu. Hanpumep:
1. Jlio6oe MOAMHOXKECTBO HE3aBHCHMOIO MHOXKECTBA HE3aBHCHMO.
2. Ecnu Ip u Ipyr — TakHe He3aBHCHMBIE MHOXKecTBa, 4To |/py|=
=|I,+1, To I, BMeCTe ¢ HEKOTOPHIM 3/MeMeHTOM [p4; 06pasyeT He3aBH-
CHMOE MHOXKeCTBO H3 |/p41!| 37€MeHTOB.

HHTepecHo, YTO CYLIECTBYET HECKOJILKO ajrefpaHyecKHX CHCTEM,
061aja0lIKHX 3THMH cBolicTBaMu. Hanpumep, umu obnajaer HaGop noji-
mHOxecTB pefep rpada, He cofiepxaumMX LUKJAOB. Msyuas cBoiicTsa
TakHx cHcreM, YHTHH [10.1] BBen noHsTHe Marpomza.

B 3Toji rnaBe Mbl JlaeM BBeJ€HHE B TEOPHIO MaTpOHIOB. MElI H3yuHM
HX HeKoTophie (yHAaMeHTaJbHble cBoHcTBa. OcoOblfi HMHTepec Oyner
nposiBJeH K TOMY, YTO 3aMeueHHas HaMH «IBOHCTBEHHOCTL» IHKJIOB H
paspesalolMX MHOXKECTB rpacda He cayyaiiHa. Kak Mel yBHAMM, 3Ta
JIBOACTBEHHOCTb SIBJISIETCH CJEACTBHEM TOro, Yro H Hafop noarpagos,
HE MMEIOUIHX [MKJOB, H Habop moarpadoB, HE MMEIOMHX Pa3pesarolHx
MHOXKECTB, HMEIOT CTPYKTYpy MaTponAa. MBI H3yunM TakKxke TeopeMmy
0 pacKpauiMBaHHH H JEMMY O pacKpacke AYyr, KOTOpHE HaXOAAT MPHMeE-
HeHHe B aHanu3e cetefi. [ViaBy MBI 3aBepiliaeM OOCY KAEHHEM «KaLHOTO»
aJirOpUTMa, SIBJSOIErocsi o6oClIeHNeM H3BeCTHOro aaropHtma Kpac-
Kaja HaxoKJEHHsi OCTOBA MHHHMaJbHOH CTOMMOCTH BO B3BEILIEHHOM
CBsI3HOM rpade.

10.1. OcHoBHble OmpeeSeHus

CylecTByeT HECKOJBKO 3KBHBAJIEHTHBHIX CHCTEM aKCHOM, Xapakre-
PH3YIOUMX MaTpoHX. Mbl HauHeM OOCYXKIEHHe C CHCTEMBbl, H3BECTHOH
MoJ. Ha3BaHHEM aKCHOM He3aBucuMOCTH. B pasa. 10.3 Mbl mpuBeem
JipyrHe SKBHBAJEHTHEIE CHCTEMEI AKCHOM.

Mampoud M — 3To KoHeuHOe MHOXKecTBO S M Habop & TaKHX nof-
MHOXKeCTB MHOKeCTBa S, UTO BHINOJHSOTCS CAEAYIOIHE YCAOBHA, Ha3kl-
BaeMble aKCHOMaMHM He3aBHCHMOCTH:

I.LI. g e&F.

[.2. Eciu X€F n Y=X, 10 YEF.

[.3. Ecam X n Y —ujennt & u |X|=|Y|4+1, To cymecTByer Takoe
x€X—=Y, uro YUxX€EF.

DNleMeHTH MHOXKeCTBAa S Has3HBAOTCA atemermamu mampouda M,

7 N 1449
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Unensl Habopa & Ha3bIBAIOTCS HE3ABUCUMBLMU MHOXMCECTMBAMU MAaTPO-
nia M. MakcuManbHOe 1O BKJIIOYEHHIO He3aBHCHMOE MHOKECTBO Marpo-
uja M HaspiBaercs Oasod matpouza M. MHoxectBo 6a3 marpouga M
o6o3Havaercss 3 (M) uau mpocto B.

[MTogmHoKecTBO S, He mnpuHaisexallee HaGopy o , Ha3blBaeTcsl
sasucumbim, MHHHMAJBHOE 110 BKJIOUEHHIO 3aBHCHMOE MOAMHOXKECTBO S
Ha3blBaeTcsl yuxkAoMm MaTpouza M. DrneMeHT x € S HaswBaeTcsl nemdell
Mmatpouga M, ecnn {x} 3aBucumo. HaGop uukioB matponna M oGosHa-
yaercss € (M) unum npocro €.

Dynxyus panea p Marpousa M cBsSI3BIBAET CO BCSIKHM MOJMHOMECT-
BoM A=S HeoTpHLATENbHOE LENOE UHCIO, ONpPElesieMoe CIEIyIOUUM
obpasom: p(A)=max {|X|: X=A, X€&F}, rae p(A) — paur nox-
mHoxecTBa A. Pane mampouda M, oGosHauaembiii p (M),— 3TO paur
MHOXecTBa S.

PaccMOTpHM HeCKOJIBKO MpPHMEPOB.

ITyctb S — KOHeuHOe NOAMHOMKECTBO BEKTOPHOTO IMPOCTPAHCTBA.
Kax Mbl BHAE/H paHee, ceMeHCTBO BceX MOAMHOMKECTB JHHEHHO HE3aBH-
CHMBIX BEKTOpPOB B NOAMHOKecTBe S yAOBJIETBOPSIET AKCHOMAM HE3aBH-
cumoct I.1—I.3. CrnegoBaTenbHo, 3TH MOAMHOMecTBa S 06pasyioT Ha-
60p HE3aBHCHMBIX MHOXECTB MaTpoHJa Ha MoAMHoxecTBe S. Panr
nojMHOecTBa X <S B 3TOM MaTpoHIe pPaBeH PasMepHOCTH BEKTOPHOIO
NPOCTPaHCTBa, Mopoxiaemoro X.

ITyctb G — HeopHeHTHPOBaHHbII rpad ¢ MHOMecTBOM pebep E.
Onpenenum Ha E j1Ba MaTpouaa.

Crauana paccMoTpuM Habop & BceX MoIMHOXecTB £, He colepia-
muX uKJIoB. OueBHAHO, 4TO & yHOBJIETBOpsieT akcuoMam 1.1 u 1.2,
HeTpyano noxasatoh (ynpaxkuerue 4.8), uto & ymosaersopsier u 1.3.
Taxum obpasoM, & sBJsieTcss HaGOPOM HE3ABHCHMBIX MHOXKECTB MaTpo-
una M* na E. Kaxnas 6asa marpouga M — 3To ocToBHBIf Jiec rpada G.
Panr moGoro noaMHoxecTBa X <=E B 3TOM MaTPOH/E PaBeH PAHTy MOA-
rpada rpada G, nopoxaaemoro X. Kpome Toro, kaxiblii UHKJI MaTpo-
uga M sinsercs uukiaoM rpada G. Ilo 3Toit npuunne M HasbiBaeTcs
yukauseckum mampoudom rpadpa G.

Paccmorpiy Tenepb ceMeficTBo & * Bcex noamHoxkects E, He comep-
KaUMX pa3pesAoUIUX MHOXKecTB rpada G. MoxkHO nokasarth (yIpaxHe-
Hue 4.9), uto & * ynosseTBopsieT akcHoMaM 1.1—1.3 u mosTomy sBAstET-
csl ceMeHcTBOM HE3aBHCHMBIX MHOXeCTB MaTpouga M* wa E. Jlobas
6asa matponaa M* — 3To KoocToBHBIH Jiec rpada G. B 3tom marpouse
paHr noavHoxecTBa X<=FE paBeH LHKJIOMATHYECKOMY HHCJY MOPOXKIae-
moro X noarpada rpada G. Kpome Toro, xaxmaniii nuka M* sipasercs
paspes3aloliM MHOKeCTBOM rpada G. Marpous M* nasblBaetcst mampo-
udom paspesos UIH mampoudom cessed rpada G.

Onpenenennble TakuM ofpasom Matpouabl M u M* 06aafaioT HH-
TEPECHBIM CBOHCTBOM, 3aKJ/IIOYAIOIUMCS B TOM, YTO 6a3bl OJHOTO H3 HHX
SIBJISIIOTCST JIONOMHEHUIME B E Ga3 Apyroro. 10 yTBepXKAEHHE CIIpaBel-
JMBO /sl J1IOOOTO MaTpoMjia Ha MPOH3BOJIBLHOM KOHedHOM S (He 06s3a-
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TeJbHO MHOXKecTBe peGep rpada). I'oBops Ipyrumu cioBamH, AJs Jio-
goro Marpouza M Ha MHOXecTBe S cyilecTBYeT Takoi MaTpoun M* Ha
S, 4o Gaswl MaTpouna M* sBJAIOTCS JOMOJHeHHAMH 6a3 MaTpouia M.
Dror pesyabrar MH oGcyxnaeM B pasi. 10.4.

JlpyrumM npuMepoM MaTpouia siBAsieTcss mampoud napocouemanud,
onpele/eHHBIH Ha MHOXKeCTBe BepIUMH rpada.

Teopema 10.1. [TycTs G - HEOPHEHTHPOBAHHEIH rpad ¢ MHOKeCTBOM BepuIHH V.,
MMycTe & — Habop BCeX TAKHX NOIAMHOXeCTB /=V, uTo siemeHTHl | HACHINATCH B
HeKoTopoM mnapocouetaHuu rpadba G. Torna §F -— HaGop He3aBHCHMBLIX MHOXKEC.B
MaTpoHza Ha V.

Jokaszameascmeo, OUEBHLHO, YTO &F YroBaeTBopsieT akcuomam .1 u 1.2.

YTto6H mokasaTb, uTo § YIOBJeTROpSieT akcHoMe 1.3, paccMOTpHM [1Ba NpPOH3-
BOJIbHEIX wieHa [, H [,y HaGopa &, collepixalilne p H p+1 BepluMH COOTBETCTBEHHO,
[lyets X, 1 Xp41— TPOH3BOJIbHLIE APOCOYETAHHS, HACHILIAKUIHE SJEMEHTEHI 1p
¥ 1541 COOTBETCTBEHHO. BO3MOXKHBI 1Ba Ciyuast.

Cayaad 1. [IpenNoONOKHM, 4TO HEKOTOpbIH anemeHT x €/ 41—/, HacHWaeTes B X p.
Torna X, nacuituaer /,|J) x ¥ akcHoma 1.3 semosHseTcH.

Cayuaii 2. JIomycTHM, 4TO HHKAKOH 8/1eMeHT X € / 1 He HacHmaeTcs B X . Toraa pac-
cmotpuM noarpad G' Ha muoxectse pebep X DX pi1= (Xp—Xpi1) U (X p4i—X ).
[To Teopeme 8.19 Kaxkzlas KOMIOHeHTa noirpacda G’ sABasercs 1) iukJIoM, pebpa KOTo-
pPOTO BXOAAT NOOUYePeAHO B X, H X 4§, 1M60 2) nyTeM, peGpa KOTOPOTo BXOAST IOOue-
penso B X, H Xpyq, @ €TO KOHUEBEE BEPIUHHL B OLHOM H3 MaPOCOYETAHHA He HACHI-
W EeHH.

Tak Kak !/pi—1,| > p—Ip41], B noarpape G cywectsyer myTs P ot Bep-
wHHH v€ [py1i—1p K Bepinnde, sexaued BHe | p—Ipyq. Torla X, P Gynet na-
pOcoyeTaHHeM, HACHWAMUIHM U H BCe aiemeHTs [p. TakuM obpasoM, /,Uv BXxoaut
B F © BHIOJHAeTcA akcHoma [.3.

B kauecTBe mpuMepa paccMoTpuM rpad G, NpejiCTaBJeHHHIH Ha
puc. 10.1, a. MuoxkecrBa [,={v;, vy, U3, v} ¥ [s={03, Vs, U4, U5, Us)}
HacBIAOTCA B mapocodeTausix Xy={es, €,} 0 Xe={e,, es, €} coor-

2

%
Puc, 10.1.
a—rpad G ¢ OOMeYeHHHIME napocoueTaHusiMH X, H X4 6—noarpad G ua MHOXecTBe pefep
X
4 LY

BetcrBenHo. Ilonrpad Ha MuoxectBe peGep X PDX,={e;, €;,€,} noxa-
3an ua puc. 10.1, 6. CymectByer nyTh P oT Beplunuu v, € /,~— I, K Bep-
[IHHe veeflr—le. [Tapocoueranue X, PP=/{e,, e;, €,} HACHILAET MHO-
XKectBOo [, U Us.

7*
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[Ba matpouna M, u M, Ha MHoxecTBax S; H S, COOTBETCTBEHHO
Ha3bLIBAIOTCA M30MOPQHEIMH, €C/M CYIeCTBYeT B3aHMHO OJHO3HAYHOE
COOTBETCTBUE MEXKIY 3JeMEHTaMH MHoxXecTB Sy U S,, coxpaHsiollee
HE3aBHCHMOCTb.

Marpoug M Ha muoxectBe S HasbBaeTcs epaguueckum, €clu OH
usomMopdeH LuKAHUeckoMy MaTpouny rpada G. Ecau matpoun M uso-
mMopdeH MaTpouiy paspe3oB rpada G, oH HaswIBaeTcsl KozpaguueCKum.

10.2. ®yHgameHTaJbHBIE CBOiiCTBA

B sToM pa3sgene Mbl YCTAHOBHM HECKOJBKO (PyHAaMEHTAJbHBEIX
CBOMCTB MaTpOMJOB. Bce OHH H3BEeCTHB B TEOPHH Trpados.
CHayasia paccCMOTPHM He3aBHCHMBlE MHOXeCTBa H 6a3bl MaTpouna M.

Teopema 10.2 (TeopeMa jpoGaBgerHs)), IlycTs X W Y — mpoH3BOJIbHBIE HE3aBH-
cHMbIe TOAMHOXKeCTBa B MaTporsie M. Ecan | X | <Y |, To cymecTByeT Takoe Z&Y — X,
dro [ XUZ|=|Y| u XUZ ue3aBucumo B M.

Hoxasameavcmsg. [lycTs Zy — Takoe MHOXeCTBO, 4To 1) Z,&=Y—X; 2) XY Z,
He3aBHCHMO B M; 3) ecsin aais1 moGoro Z=Y —X X (JZ He3zapdcuMo B M, 10 [ X JZy| =
=1XUZ|. Donycrum, uro |X|JZy|<|Y|. Torna cymectByer MHOXecTBO Y &=V ¢
[Yol=1XUZ}. Nockoabky Y, HezaBHcHMO B M, mo akcHoMe 1.3 Hafijetcs rtakofi
aaemeHt y €Y — (Y—2Z), uto X YZ Uy uesaBucuMo B M. MHoxectBO Zy|Jy NMpoTH-
BOpeuHT BuiGopy Zy, CnenoBartensho, |X [JZy|=>|Y |, uTo AOKa3biBaeT Teopemy.

Cnegcteue 10.2.1. Bce 6asn MaTponza M Ha MHOXecTBe S HMEIOT OJHHAKOBYIO
MOHIHOCTb, PaBHYIO paHry M.

Hoxasameascmeo. NonycruM npotusHoe. [lycts By, By — 6aset u |B;|<|By|.
Torga no TeopeMe joGaBjieHHst CyulecTBYeT Takoe ZZB,—B;, uro B;JZ — He3a-
BHCHMOe MHOXecTBO. OJHAKO 3TO NPOTHBOPEYHT MAaKCHMaJbHOCTH By B & .

C noMouiplo TeopeMbl JOGaBJEHHA MOXHO JOKa3aTb TaKxe O60CMEHHEe 3TOro
peayJbTara.

Ciegcreue 10.2.2. Tlyets M — maTtpona Ha MHOXecTBe S, A=S., Toraa Bce
MaKCHMaJIbHble HE3aBHCHMbIE IOJMHOXECTBA A HMEIOT OJHHAKOBYIO MOIIHOCTb,

Jpyroe caeacteue u3 teopemn 10.2 chopmyJ/upyeM Ge3 10Ka3aTebCTBA,

Crnegcrene 10.2.3. Ecau B, u B, —6azn marpousa M u x € B;—B,, To cymecT-
ByeT Takoe y € B,—Bj, uto (B,Jy)—=x aBasgercs 6azoit maTpouga M.

Teneps u3yuum cBoficTBa (YHKUHH paHra MaTpoujia.

TeopeMa 10.3, PyHkuus paHra p Marpouia M Ha MHOXecTBe 06/1aJaer ciaelylo-
HUMH CBOHCTBAaMH:

1. 0<p (A)<A.

2, Ecnu A=B, 10 p (A)<p (B).

3. p(A)<p (AU <p (A)+1.

4. TlooMoznyJibHOe HepaseHCTBO P (A)-Fp (B)=p (A UB)+p (AN B).
5. Eciu p(AUy)=p (AUx)=p (4), 0 p(AUyUx)=p(A).

Hoxasameascmeo. [lepBole tpH CBOHACTBA CJELYIOT HENOCPEACTBEHHO H3 oOnpeje-
JleHus (QyHKUMU paHra,

JlokaxeM cpoiticTBo 4. ITycTs X — MaKCHMaJIbHOE HE3aBHCHMOE NMOAMHOXECTBO
ANB. Ilo TeopeMe n06aBjeHHs CYHIECTBYeT MAaKCHMajbHOE He3aBHCHMOE [1OAMHO-
xecTBO Y& A |J B, conepxamee X. [lyers Y=XYVUW, rze V=A—B,a W=B—A.
Tak kak X JV — He3zaBucHMOe NOAMHOXKeCTBO A, 4 X |J W — HezaBHCHMoOE NOJAMHO-
xectBo B, To moayuuM p (A)|Z=| XU V]| v p(B)=|XU W]|. CregoBatensuo, p(A)+
T > XUVHIXUW =XV VISR (X VI vD=e (405)+

Y .

CBoiicTBO 5 sBJseTCs CJOEACTBHEM cBoOlicTBa 4,

[NepefineM K paccMOTpeHHIO UHKJIOB MaTporaa. ChopMyTHpyeMble HHKe CBOACTBa
HEeNOCPEACTBEHHO CJIeLYIOT H3 ONpefe/IeRHsl LHKIa,
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1. Jlio6oe cofcTBeHHOE NOAMHONKECTBO LMKJIA — HesaBHCHMO. [JosTomy ecau C; H

Cy — passuubie WKL, To CEC,.

2. Ecan C — wmka, 1o p (C)=|C|—1.

3. MaTtpoHa M Ha MHOXKecTBe S He COJEPIKHT LHKJOB TOTJa H TOJbKO TOTAa, Korja
BCe NOIMHOKECTBA S — He3aBHCUMBL, TakKMM 06Da3oM, MHOKeCTBO S sBjfeTcs
eNMHCTBeHHOH 6a30oli Takoro Matpouna M.

Teopema 10.4. Ecau C; u C, — pasauuHbie LHKJbl Matporaia M u x€CiNCy,
TO cyuwecTByeT Takoll uHka Cg, uto Cs= (C;U Cy)—x.,

Horasameascmso. Tlycts C'= (Cy |J Cy)—x. ITokaxkem, uto C' — 3aBHCHMO, T. €.
p(C)<|C’|, HOKaskIBasi TEM CAMEIM TEODEMY.

[Mockonsky C; u C, — pasauunple LukJsl, Cp{1C, ABNAeTC COGCTBEHHHIM
noamuoxkectBoM Kak Cy, Tak U C,. [lostomy Cy[]C, He3aBHcHMO. TakuM 06pasoM,
p (CiNC)=|C;NC,). Kpome toro, p(Cy)=|Ci|—1 n p(Cp)=|Cy]—1. Teneps, uc-
N0JI1b3y s 3TOT Pe3yJbTAT H NOAMOAY/AbHOCTb QYHKIMH paHra (teopema 10.3), noayuum

p(CLUCy) < p (C)+-p (Co)—p (C1N C) ==
=|C |—14+|Cy|—1—|CNCy | =] C1UC | —2 < | C' | (10.1)

Tlockoasky C'=CyUC,, uMeeM TakxKe
p (C)Y<<p (CLUCY). (10.2)

O6veaunus Bupaxenna (10.1) u (10.2), noayuum p (C')<|C'|.

Caencreue 10.4.1. Ecin A — HesaBucumoe MHOXKeCTBO Martpouna M Ha MHOxe-
ctBe S, To A Jx ais moboro x €S colepKHT He GoJiee OJHOTO LHKJIA.-

Joxasameabcmeo. JIonycTHM, YTO AJIS1 HEKOTOPOro ¥ €S CyIMECTBYIOT ABAa TAKHX
pasauuHHX UHKaIa Cf 0 Cy, uto x=C; | Cy, C;=AUx v Co=Ax. Toraa no npensi-
Iymeii TeopeMe cymectByer wuka C' < (Cy Co)—x. Caenosatennho, (C;UCy)—x —
3aBucHMoe MHoxecTBo. Ho (C{UCy)—x=A, 4TO NPOTHBOPEYHT HE3aBHCHMOCTH
MHOKecTBa A.

Caencreue 10.4.2. Ecin B — 6asa matpouna M Ha mMHOKecTBe S H x€S—B, TO
cymecTByeT Takoll eaunctBenHul uuka C=C (x, B), uto x€C=B) x.

Hoxazameavcmso. TlockoJbKy B — MakcHMaJbHOe He3aBHCHMOE MHOKECTBO, B
B x conep:uTcA UMK, [Io mpenbiiyuieMy CJIeACTBHIO 3TOT LMKJ €JHHCTBEHHHIH.

Onpene/ieHHufl B 9TOM cJIefcTBHH LUK C (x, B) HasbiBaeTcs Ga3uUCHbIM LUKAOM
9JleMeHTa X IO OTHOWIEeHHIO K Gase B.

IloxaxeM Tenepb 6osiee CHILHEIA pe3yJbTaT, ueM Teopema 10.4.

Teopema 10.5. Ecin C; u C, — pasjuuHble WHKJIL MaTponna u x€C []1Cy, TO
119 Joboro y €C;—C, cymectyer Takoll uuka C, uto y € C=(C U Cy)—x.

Hokasameascmso. Jonyctam, uto Cy, C,, X, y TAKOBH, YTO TEOPEMA HEBEPHA H UTO
|C U Cy] MHHEMaNbHO CPelH BCeX NAp PaIHUHBIX LHMKJOB, He YIOBJETBOPAIOWHAX
TeopeMe.

TTo Teopeme 10.4 cywectsyer nuka Cs= (C; |J C,)—x. U3 Brifopa x H y OYEBHAHO,
4TO yéCa. Kpome toro, C3N (C3—C,)5=4J, B npotHsHOM caydae Cy<Cq, 4TO NPOTH~
BOPEUHT TOMYy (akry, 4ro C; — MHHHMAJILHOE 3aBHCHMOE MHOMecTBO. [lycTb Toraa
2€CN (C—Cy).

Tenepb 1 wnKA0B Cy 1 Cg CIpaBeiTHBL ciIelylomue yTBepxaenns: 1) 2€C, 1 Cy;
2) x €Cy—Cy; 3) C3 Cg — cobetrennoe noamuomectso Cy U Cy, nockoibky y¢Cy U Cy.
Us BrGopa C; 1 C, caenyerT, 4To cywecTByeT Takoll LK Cy, uto X € C,= (Cy | Cg)—2.

Ilast uukiaoB C; u C, umeeM 1) x€CNCy; 2) y € C;—C,, TaK Kak y%C,UCa;
3) C,UC, — cobersennoe noamuoxkecTBo CjlJ Cy, MOCKOJILKY 2$C1U Cy.

Us BuiGopa C; u C, Takike clIelyeT, 4To cyuectsyer Takolt unka Cs, uto y €C=
S (G UCY)—x.

[Tockoabky C;UC4 — cobeternoe nogmuoxkectBo CiUC;, umka Cp TaKos,
uto y € Cs= (C;UCy)—x, a 510 npotuBopeunt BrGopy Cp 4 Cy.
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10.3. IKkBHBaJEHTHBIE CHCTEMbI AKCHOM

B stom pasnene Mel chopMysnHpyeM HECKOJBKO aslbTepPHATHBHEIX
CHCTEM aKCHOM, OMpelesfolKX MaTpoHA. DTH 3KBHBAJIEHTHbIE Xapax-
TepU3alMH MOMOTYT HaM B GoJjiee IyOOKOM MPOHHKHOBEHHH B CTPYK-
Typy MaTpouzos. Haunem ¢ SKBHBAJIEHTHOTO aKCHOMaM He3aBHCHMOCTH
Habopa.

Teopema 10.6. (Axcuombl HesaBucumocTH.) HaGop & noaMHOXecTB MHOXKecTB2 S
COCTaBJSIeT MHOXKECTBO HE3aBHCHMBIX MHOXKECTB MaTpPOHA2 TOTAa H TOJbKO TOTAR,
xorza §F ynosgersopser akcHomam l.1, 1.2 u 1.3'. Ecim A — npoH3BosbHOE mog-
MHOKeCTBO MHOXKecTBa S, TO BCe MaKCHMaJbHble NOAMHONKecTB2 Y &=A, BXojdmHe B
&, uMelT OfHHAKOBYIO MOIIHOCTD.

JloKa3aTesqbCTBO MpefIaraeTcss UHTATeN0 B KauecTBe ynpaxHeHHs. CM. cieln-
ctue 10.2.3.

Teopema 10.7. (AxcHombl 6a3.) [Tycte ¢B — mHoOxecTBO Gas Maipouja. Torpa

B.l. B+~ 4 HHKaKoe MHOXECTBO B ¢3 He COJEPKHT B. KaueCTBe COGCTBEHHOT'O MOA-
MHOXeCTBa JPYToe.
B.2. Ecau By, B, €3 u x € By, TorAa cymectsyet y € By, Tako#, uto (B;—x) Uy € P,
O6patHo, ecin J3 — HaGop IOAMHOXKECTB S, YAOBJETBOPSIIONHX akcHomam B.l u
B.2, o F={{|I=B nnsa Hekoroporo BE B} aBaserca HaBOPOM HE3aBHCHUMBIX MHO-
JeCcTB MaTpoHAa Ha S

Hoxazamenascmgo. Mbl yxKe Jokasasnd, uTo Gasbl MaTpOHAA YAOBJETBOPSIOT 2K-
cuomam B.l u B.2. (BcnomuuTe onpepenenue Gasel u caexctsue 10.2.3.)

[Tyctb narm HaGop 3, ynobierBopsiomuii akcuomam B.1 u B.2. [Tokaxkem, uto
Habop &, onpeleseHHHH B GOPMYJHPOBKE TEOPEMbI, ABJISETCS HaGOpOM HE3aBHCH-
MBIX MHOXECTB MaTpouja Ha S.

Ilpexnae Bcero sameTuM, uto H3 akcHoM B.l u B.2 caenyer cymecrsoBanue mis
x € By;—B, Takoro y € By—Bj, uto (B;—x)Uy Bxoaut B 3.

Ouesnpino, uto  yhobJeTBopsier akcuoMam 1.1 u 1.2, Jlna jmokasatenbcTsa
YIOBJIeTBOpeHHs akCHOMe 1.3 MBI CHauyasa moKakeM, YTO Bceé WIeHH J3 HMelT OfH-
HaKOBYIO MOIIHOCTb.

HonycTumM, uto cymectByloT By, B, € P ¢ |By|>>|B;|. Toraa, nosropsist npume-
HeHHe akCHoMHbl B.2, Mbl cmoxeM ypanuth B,—B; u3 B, H 3aMEeHHTb 3TO NMOAMHOMNeE-
€TBO Ha TaKoe MHOXKecTBO A Bj—B, ¢ | Al=|B;—Bj|, uto Bg= (By1By) U A Gyner
unenoM 73. Ho B3 By, uto npotuBopeunT akcuome B.1. Takum o6pasom, Bce usleHH
Habopa J3 HMeIOT OIHHAKOBYIO MOIIHOCTD.

PaccmoTpum Tenepb ABa JI0ObIX pas/IHYHbIX wieHa X H Y HaGopa §F ¢ |V|=|X[+1.
Mycte X&=Bj, Y&B,, the By, B,€B. Iyerv X={x;, Xj, ..., x}; Bi={xq,
Xoy oo X by bay oo b Y Y=A01, Yau . o Yo Y41 b Be={01, 92, « - oy Y115 €1,
€oy . . o Cq_lﬁ

Pacemorpum MHOKecTBO By—b,. [To axcrome B.2 cymecTsyer Tako#t z€ B, uTo
B'= (B;—b,)Uz xomut B J3. Eciim z€Y, 10 (XU2=B' H, cienoBaTelbHO, SIB-
aserca uieHoM §F . [Tostomy akchoma 1.3 B 9TOM ciyvae yAOBJETBOpSIETCS.

Ecau z¢Y, 10 pacemotpum B==B’—b, 1. Croba no akcuome B.2 cymecTsyer
Takoh 2’ € B,, uTo B"== (B'—b,_1} U2z’ asnsiercs uwieionm 3. Ecom 2’ €Y, 10 Y U
UZ'<=B”. Cnenosatenvho, (XJ2'YEF u akcuoma 1.3 ymosrerBopsiercs.

Ecau 2'Y, ynanum w3 B” wien by—p u 1. I [lockosbky [{by, by, . . .; bg}I>

>1{ers ¢ay . . ., cg=1}], He GoJlee ueM Uepes ¢ WATOB Mbl JOCTHTHEM CHTY2LHH, B KO-
TOpOH 3aMEHHM HEKOTCPBIH b; Ha 3JIeMeHT Y, TOCPE/ICTBOM YeTO BLIMOJIHHM aKcHoMy 1.3.
Teopema 10.8. (Akcuombl panra.) PyHKUHS paHTa P MaTpoHAa M Ha MHOXKeCTBe
JIOBJIETBOPSIET aKCHOMaM
1. 0<p<]A] maa moBoro ASS,
R.2. Ecin A=B<=S, 10 p(A)<p(B).
R.3. Idas mo6ux A, B=S p (A0 (B)=p (A UB)+p (ANB).
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OO6paTHo, ec/iu onpefesieHHasi Ha KOHEYHOM MHOXeCTBe S He0YHC/IeHHas byHKUus p
yAoBJIeTBOpsieT akcHomam R.1 — R.3, 1o muoxectso F={/|p (/)=|/|, I=S)} ss-
JsieTCsl HabOpOM He3aBMCHMbIX MHOXKECTB MaTpOHia Ha S

Hoxasamenscmeo. Mbt yxe fokasain B Teopeme 10.3, uto GbyHKUHS paHra MaTpo-
Hla YyaoBJeTBOpAeT akcHomMaM R.l — R.3.

Ansi nokasaTe/bCTBa 06PATHOTO NPEANONOKHM, UTO BYHKIUAS O YAOBJIETBOP sieT
akcuomaM R.1 —R.3. U3 akcuomu R.I crenyer, uto p (F)=0. Tlostomy S EF 1
akcroma .1 ynoeJerBopsiercs.

[lyets BEF u A=B. Toraa no akchome R.3 nosmyuaem

p(A+pB—A) =p (AUB—A)+p (AN(B— A)=p (B)+p (¢)=] B|. (10.3)

Ecmu p(A)<|A|, 10 no akchome R.l p(A)+p (B—A)<|A|+|B—A|=|B]|,
4T0 NMpoTHBOPedHT popmyse (10.3). CrenopatennHo, p (A)=|A| 1 A Takxke sBaserca
uieHOM @, BCJIeNCTBHe uero yAOBJETBOpPsieTcs akcHoma 1.2,

H1s joxkasatenbcTBa aKCHOMBI 1.3 3aMeTHM cHauasa, uTo u3 akcioM R.2 u R.3
c/leflyer aKcHoMa
R.3". Ectup (AUx)=p(AUy)=p(A), 10 p(AUxUy)=p (A). Ilycts X u Y — paa-
aHuHble wieHsl & ¢ |X|=4ku |Y|=k+ 1. [Ipeanosnoxum, uTo ais1 moforo yEY—X
o (XUy)=*~. Torna, npumenss noBTopHo akcHomy R.3’, mosnyuum p (XU (Y —X))=
=p(X UY)=k e nporusopeunecp (Y)=4~k+-1. ITosTomy cyiecTByer aemenTy € Y — X,
151 kotoporo p (X Uy)=4k+1, # akcuoma 1.3, Takum o6pa3om, YroBAETBOP s1eTCs.

Teopema 10.9, (Akcrombl uHK/I0B.) ITycTb §§ — MHOXKeCTBO UMKJOB MaTpoOH.ia
Ha mHoxectse S. Toria
C.l. ¥ v HHKaKOe MHOXECTBO B % He CONEpIKHT APYToro B KauecTBe cOGCTBEH-

HOTO NMOJIMHOXeCTBa.
C.2. Ecnn Cy, Co€ 6, C17#Cy 1 xE€C1NC,, 10 cymecTByeT Takolt C3 €€, uto Cyy
=(GUC)—x.

O6paTHo, ecyu Habop $ NOIMHOXKECTB MHOMXeCTBa S YJOBJIETBOPAET aKCHOMAaM
C.1 1 C.2, 1o mHoxkectBo F= {I|C=I a5 Beex CE B} apasercs HabOPOM He3aBHCH-
MBIX MHOXeCTB MaTpouja Ha S.

Hoxazamesscmso. Mbl yxe 10KasaJu, YTO UHKJb MaTPOHAA YHOBJETBOPAIOT aKe
cuomam C.1 u C.2 (teopema 10.4).

Ilycts paH HaGop $, ynosJersopsiowmuit akcHomam C.1 u C.2. IlokaxeM, uto
HaGop §, onpeleseHHbH, KakK B GOPMY/HPOBKE TeOpEMbl, sIBJIsieTCsl HaGOpOM He3a-
BHCHMBIX MHOXeCTB MaTpouia Ha S. CresaeM 3To, NMOK43bIBAs MOCJEL0BATENbHO, YTO
& ynossersopsier akcuomanm 1.1, 1.2 u .37 (Teopema 10.6).

3ameTuM cHadvasa, uTo & ecTb HaGoOp BCeX MOAMHOMKECTB S, He COJepKAIHE
HH ofiHoro uJjeHa . IToaTomy oH ynoBserBopsier akcuomam [.1 u 1.2,

J1s1 RoKasaTeJbCTBA TOrO, UTO & yAOoBJeTBOpsieT akcHoMe 1.37, paccmoTpum mpo-
H3BOJIbHOE noaMHoKecTBo AS. ITyctb S; H S,— pas/iHuHble MaKCHMAJbHbBIE IOIMHO-
xectBa A, npunayiexamue §. Jonyckas [S,]>[S;|, ycTanosum npotusopeune.

Tak Kak Sj u Sy;— pasJiHuHble NOAMHOXecTBa, S;—S, 7= U S;—Sy= . [Iycs
x€S,—S;. Toraa, ouesuano, S;Ux&F . CaeyopatenbHo, cymecisyer CE ¢, Lis
koToporo x € C=S; |J x. BoJee Toro, C () (S;—S8;)+ &7, nHave 661 CC. S, 4TO NPOTHEO-
peuyHT NPUHAIJIEKHOCTH Sp K . )

[Tycts x' ECN(S1—Sy) # S3=(S;—x")Ux. 3amernm, urto |Sg|=|Sy|, Cravana
JoKaxeM:

1. S§E€F. Ouerunno, aro S;—x'€F. Ecan 6u Saq&f}', TOTAa CYIeCTBOBAJ Ou
takoit C'€¥, uto x€EC'=Sz;=S;Ux. Bonee toro, Cz=C’, Tak kak x' €C’. Takum
obpasoM, C n C'— Takue pa3nuunbie wiewsl §, uro a) x€CC' u 6) CcS;Ux u
C’'=S8,Ux. Torza u3 akcuompl C.2 caenyer, uto cyiiecTeyer takoifi C"€ ¢, uto
C"=(CUC')—x=8;=§ . DT0 npoTHBOPEUHT TOMY, YTO HHKAKOH WleH § He comep-
xuT uiteHor §. Crenosartennno, S3EF .

Tenepb JOKaxem:
2. S3EF — makcumnarbroe ROOMHONECTBO MHONcecmea A,
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JHonyctuM nportuBHoe. IlycTh S8’ €GF — TaKoe MaKCHMaJbHOe NOIMHOXECTBO MHO-
xectpa A, uto S S’. Teneps x' €8', Tak Kak B MPOTHBHOM caydae Sy S’, uto npo-
THBOpeuHT MakcuMmaibHoctH S; B A. Torpa S’ Jx' ¢3-' CJieloBaTe/IbHO, CyUIECTBYeET
takolt C”' € €, uto x' €C"'=S"Jx'. Boaee Toro, C""\(S'—S )%=, Tak KaK uHave
6n C"'S;. Tlyets x”ECN(S'—S;). Torda MOXKHO NOKasaTh (KaK B [I0Ka3aTeJIbCTBe
1. 1), uro (S’ —x)Ux' EF. Ho S;=(S'—x")Ux' €, 4TO NPOTHBOPEUHT MAKCHMA/b-
HoetH S; B A, Takum 06pa3om, S;— MakcHMAaJbHOE OAMHOMECTBO B A.

3aMeTuM, uTo Sy mocTpoeHo H3 S; 3ameHol sieMenTa x'€S;—S, Ha SJEMeHT
x € Sy3—S;. TNockonbky |Sg]|>|S1|, Mbl MOXeM NOBTOPHTb 3TY KOHCTPYKLHIO KOHed-
HOE UHCJIO pa3, NMOJYUHB MaKCHMaJbHOEe TAKoe MOAMHOXecTBO S,A, uto S,EF H
S ,S,, uTo npoTUBOpeUUT paBeHcTBY P (Y)=£k~-1. TlosToMy cymlecTByeT TakoH 3Je-
meHT y € Y—X, uto p (X Uy)=4~+ 1. TlosToMy cymecTyer Takoi siaemeHT y € Y —X,
yto p=(X Uy)=+k+1 u akcuoma 1.3, Takum o6pa3oM, yloBJ/eTBOpsETCH,

10.4. JIBOKCTBEHHOCTb MATPOHIOB
U rpacdouab

B aTOM pasjene Mbl CHayasla BBeJEM NMOHATHE ABOHCTBEHHOCTH MaTpoO-
HAOB M O0OCYIMM HEKOTOpDHie pe3yJbTaThl, CBA3LIBAIOLUINE MaTPOH]
¢ JIBOWCTBEHHEIM K HEMY MaTpPOHIOM. 3aTeM MHl chOpMyNHpYEM TeOpeMy
0 «pacKpaliiBaHHM», KOTOpPas NPHBEJET Hac K IOHATHIO rpadouna.
Mul 3aBep1uMM pasjen pasBHTHEM CaMOJBOMCTBEHHOH CHCTEMBEI aKCHOM
MuHTH 1)1 MaTpPOHJOB, OCHOBaHHOH Ha rpadoujax.

Haunewm ¢ TeopeMsl, npejmoxenHoft ¥Yutau [10.1], B Kotopoii omnpe-
JlesisieTcsl JBONCTBEHHHIH MaTpOHJ.

Teopema 10.10. Ilycts 3 — MHoOxecTBO 6a3 MaTpomia M Ha MHOXKecTBe S.
Torpa 93*= {S—B|B € 93} ectb MEOMKecTBO 6a3 MaTponga M* Ha S.

Hokaszameascmso. OueBuiHo, uTo J3* yaoBJeTBopsieT akcuoMe B.1. UTo6bl mo-
Ka3aTb, 4TO aKcHOMa B.2 TaK:ke BBITOJHAETCH, PacCMOTPHM Jio6ble TaKHe [Ba INpo-
H3BOJILHBIX uieHa Bi # Bs Ha6Gopa J3*, uto Bf=S—Bl, B;=S—Bz. Ilycts

* *
x€EB1—B:. Torna x € By—B;. M3 ynpaxuenus 10.4 crenyer, uto cymecTsyeT Takoe
Yy € B— By, ut0 Bg==(B;—y) | x siB1s1eTca 6azoi M. Tenepby € Bs—Biu (Bf—y) Ux=
=S—[(By—y) Ux]=S—Bs—B;. TakuM 06pa3oM, akcuoMa B.2 BHIOJHAETCH H,
crefoBaTesbHO, J3*— MHOXeCTBO Ga3 Matpouiga M Ha S.

Onpegenennblii B Teopeme MaTpous M * HasbiBaeTcs dsolicmeenHbim mampoudom K M.
Jlerko BujeTh, 4to M — gpoiicTBenHbi K M* matpoun. IlosTomy Gynem roBopHTb,
uto M H M*— 1BOfCTEEHHbIE MATPOHABI,

Omnpenenennbe B pa3f. 10.1 maTpoui pa3pe3oB H LHKJIHYECKHH MaTpomi rpada,
Kak HeTPYIHO 3aMeTHTb, ABJAIOTCH JABOHCTBEHHHIMH MAaTPOHJAMH.

Basza M* nasviBaercsa xobasoi M. AHanoruuno mukn M*— woyuka M, merns
M* — ronemas M, dynxuua paura M* — ¢ynryua xopasnea M u T. i, OyHKuHA
paHra M* oGosHauaeTcss uepes p*. Ecam B — Gasa M, 10 KoGa3aS — B oGo3na-
yaercs uepea B*. Ha6Gop KoGa3 M ofo3nauaercs uepes J3* (M), a naGop KonuxJos —
yepes §*(M).

Tenepb CHOPMYJHPYEM pe3yJbTarhl, CBA3LIBAIOILHE MATPOH[ C ABOHCTBEHHBIM K
HEMy MaTpOHIOM. MHOTHEe H3 HHX XODOUIO H3BECTHHI B TeOPHH rpados (ra. 2).

QOueBH/IHO, YTO H3 OTpe/elieHHs JBOACTBEHHOrO MaTPOHIA CJlelyer

p* (M) =[S [—p (M). (10.4)

B crenyiomefi TeopeMe pacKpbiBaeTcsl B3aHMOCBA3b P u p*,
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Teopema 10.11. Eciu M u M* — BOACTBeHHbe MaTpoHAbH Ha MHOXecTBe S,
TorAa Aas Jw6oro AS cnpaBeasnuBa ¢opmyJa

0* (A)=| Al+p (S— A)—p (M). (10.5)

Hokasamenrvcmeo, PaceMotpuM ASS; nyctb B*—~ Takas 6asza M*, uto |[B*NA] —
MakcuMaabHo. Torga B — Takas Gaza M, uyto |B\(S—A)] — makcumanbHo., Hs
onpeleseHnsl GYHKUHH PaHra cJefyeT, YTo

p* (A)=| B*NA|, (10.6)
p(S—A)=|BNES—A)]. (10.7)

Torza |B* NA|=|Al—|BNA| 1 |BN (S—A)|=|B|—|BNA|=p M)—[BNM]. Ta-
KHM 00pa3oM, H3 BupaxeHuil (10.6) u (10.7) caenyer p* (A)=|A|+p (S—A)—p(M).

3ameTHM, YTO IJs JIOGOTO YTBepKJeHHA O UHKJIaX, 6a3ax H T. A. MaTtpouja cy-
lileCTBYET ABOHACTBEHHOE YTBepXKJeHHe O KOUHKJIaX, Ko0a3aXx H T. A. MaTponja. 1o
06YCJIOBJIEHO TeM, YTO KOLUHKJH, K0Ga3n H T. A. CaMH ABJAIOTCA UHKJaMH, Ga3aMH
H T. J. MaTpouja.

Bce JeMMB! K T€OpPeMbl 3TOrO pa3fieia MBI JIONOJIHSIEM, TAe 3TO BO3MOXKHO, ABOMCT-
BEHHHIMH YTBEPXKJEHHAMH. JlOKa3aTe/IbCTBA 3THX ABOHCTBEHHBIX YTBEPXKIEHHA oye-
BHIHHI,

Jlemma 10.1. ITycts M — maTpoun Ha MHoxectBe S. Eciin A=S — nesaBucH-
mMoe MHOXecTBO M, To S—A copmepxkut kobasy M. JIBodcTBeHHOE yTBepxKJeHHe:
ecaH A*=S — He3aBHCHMoe MHOXecTBO M*, T0 S—A™* cofepxkur Gasy M.

Jloxasamesscmso. CyuiectByeT Takas Gasa B marpoupa M, wro A=B. [Tostomy
S—A COflepXKHT COOTBETCTBYWILYI0 KoGazy B*.

Teopema 10.12. [Tycte M — MaTpouX Ha MHoxecTBe S, Ecin A v A* — rakue
nogMHoxKectBa S, 4t0o AN A*=(F, A — HeaaBucuMoe MHOXecTBO M, a A*— He3a-
zucumoe MHOXecTBO M*, To cyulecTByer Takas Gasa B matponna M, yro A=B, a

*B*.

Joxasameavcmeo. Tlo npenpaymeli Jemme S—A* cofep:kuT 6a3y matponna M.
Mockonbky A=S—A*— HesaBHcHMOe MHOXKecTBO M, To o Teopeme 10.2 cymecTByer
takas 6asa B Matpouia M, uto A=B=S—A*, a, cjegopatesnbHo, A*=B*.

Jlemma 10.2. ITyctb M — maTpons Ha MHoxkectee S. Toraa JmwoGas Oasa B
MaTpOHRA M HMeeT HemycToe MepeceyeHHe C JIOOHM KOUMKIOM M,

Ananoruuto mobas ko6asa M HMeeT HenmycToe niepecedeH e C JTIoObHM KOUHKJIOM M,

Joxasameascmso, Ecsin Gnl V15 HEKOTOpPOTo KounkJa C* Matponsa M C* 1 B=¥,
10 B*=8—B cofiepxaso 6 S*, YTO NPOTHBOPEUHT He3aBUCHMOCTH B* B M*,

IMycrs B*— npou3pofibHas Kobasa MaTpoHia Ha MHoxecTe S. ITo aBoiicTBeHHo-
MY YTBEPXKIEHHIO K clecTBrIo 10.4.2 Ana moboro x € B B* Jx colepXUT B TOUHOCTH
OLHH KOUHKJ. OH HaswBaeTcsl 6aaucHbisM KOYUKAOM 3JeMeHTa X MO OTHOLIEHHIO K B,
3aMeTHM, YTO 9TOT KOUHKJ CONEPKHT TOYHO OJHH 3JIeMEHT H3 B, a HMEHHO X,

Jlemma 10.3. ITycts M — matporg. IIs J1060r0 He3aBHCHMOTO MHOXecTBa A
MaTpoHAa M cyIllecTBYeT KOLHKJ, HMelolHuA TOYHO OfHH 3JemeHT H3 A, Kpome Toro,
ecan [A]<p (M), 1o cyllecTBYeT KOUUKJI, HMEIOMKHA NycToe Nepeceuennue ¢ A.

AHaJOTHYHO 114 JI060r0 He3aBHCHMOT 0 MHOKecTBa A* MaTponja M* cymectByer
LHKJ, HMEIOLIKA TOYHO OflKH 3JeMeHT H3 A*, Ecan |A*| <p* (M), TO cyIecTBYeT LHKJI,
umejomnfi ¢ A* nmycToe nepeceyeHue.

Hoxasameasscmeo, [Iycts B — Takas G6asa M, uto ASB, a C*— Ga3aucHuii Ko-
UMK 371eMenTa x € B no otHowenuio k B, Torga C* NA={x}, eciu x€A, u C*NA=
=g, ecnn x € B—A. Takum ofpa3oM, JeMMa JOKas3aHa.

Teopema 10.13. [lycte M — MaTponi Ha MHOXectBe S. [logMHOXecTBO X&S
apjaserca 6a3oft M TOTAa U TOJbKO TOTAA, KOTAa X — MHHHMaJbHOE NOAMHOXECTBO,
MMelolllee HEMmycToe NMepeceyeHre cO BCeMH KOMHKJIaMH M.

AHANOTHYHO NOOMHOXKecTBO X*C=S — Ko6asa M Torja ¥ TOJAbKO TOrAa, KOria
OHO SBJISIETCS MHHHMA/IbHHM MOJIMHOXKECTBOM, UMEIOHMHM HellycToe RepecedyeHHe Co
BCEMH LUKJIaMH M,
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Hoxasamesvcmso. Heobxonumoctnb ciaenyer us jgemm 10.2 u 10.3.

s JlokasaTeJbCTBA JOCTATOYHOCTH MOJIOXKHM, 4T0 X — MHHHMAJbHOE IOJMHO-
XecTBo S, HMelollee HEMYCTOe mepeceyeHue co BCSIKHM KouukJoM M. Toraa S—X —
MaKCHMaslbHOe MOJAMHOMXeCTBO, He cojepikalee KolHk/aoB M. Ilostomy S — X sBis-
€TCs MO OompellesieHUI0 Kobas3oih M, a ciaenoBatesnbHO, X — Gason M.

TTonyuum ceffiyac HecKOJIbKO HOBBIX XapaKTepH3alMH LUKJOB H KOLHKJIOB.

Teopema 10.14. Ilycrs M — matponz Ha MHoxecTBe S. [ToamuOxecTBO X=S
€CcTb HUKJA M TOrla M TOJIbKO TOrAa, KOrjJa OHO SIBJSIETCS MHHUMAJbHLM HOJMHOMKe-
CTBOM, HMEIOIIHM HeNycToe IepeceueHHe cO BCsKoH Gasoit M.

AHanoruuso noaMHoxectso X*=S ecTb KouHka M Torja u ToJbLKO TOTZa, KOrja
OHO FIBJISIETCS] MHHHMAaJIbHHIM ITOJMHOMECTBOM, HMEIOIHM HEeNyCcToe HepeceyeHHe cO
BcsikoH Gasolit M.

JloKa3aTesIbCTBO aHAJOTHYHO JOKa3aTesbCTBY TeopeMu 2,13,

IMycts C* — kouuka Matpouia M Ha S. Ilo npenuaymeii TeopeMe C*— MHHH-
MaJibHOe NOJAMHOXECTBO, HMelolliee HeNyCTOe HepecedeHue co Besikod 6asoft M. Ilo-
9TOMy S—C* — MaKkCHMa/JbHOe MOAMHOXKECTBO, He cofiepxkalree 6as M, Takum o6pa-
30M, MoOJyuaeMm cClelyiolnee yTBepKIeHHe.

Jlemma 10.4. Eciu C* — xounksa marpousa M Ha MHOXecTBe S, To (S—C*)Jx
eoflepxut 6asy B matpousa M pas moboro x & C.

Ananoruuro eciu C — uuka Matpoufia M Ha mMHOXectBe S, T0 (S—C) | x conep-
XKHUT Koba3y M jns qoboro x & C.

Teopema 10.15. [lyctb M — matpoul, Ha MHOXKecTBe S, IToamHOXecTBO X=S
ecTb UHKJA M TOrja M TOJIBbKO TOrAd, KOTJa OHO SIBJSIETCS MHHHMAJLHLIM TOLMHOMNe-
ctBoM ¢ {X [1C*|#1 pas scsikoro Kouukaa C* matpoupa M.

AHaJIorHIHO NOAMHOXKeCTBO X* =S ecTb KoUHK/I M TOrfia ¥ TOIBKO TOrja, Korjia
OHO fBJISIeTCS MHHHMAJbHbIM MOAMHOXecTBOM ¢ [X*[C|=1 pmis Besikoro nukaa C
marpouna M.

Hoxasameascmso. Heobxodumocms. HonycTuM mporuBHoe. Torpa Aas Jioforo
co6eTBeHHOr 0 noAMHOXecTBa C’ Hukaa C no semMe 10.3 cymecTyeT Takoft kouuka C*,
uto |C*1C'|=1.

JomnyctuM, uto |CJC*|=1 anas HekoToporo Lukjaa C U HeKOTOPOro Kouukaa C*,
nycte C[)C*={x}. Paccmorpum Tenepp S'=S—C* u C'=C—x. OueBHJHO, 4TO
C'=S'. o nemme 10.4 S’'Yx comepxur 6asy. [lycts B=S"|Jx — Takas Gasa, 4TO
C’'c=B. 3ameruM, uto xEB. TNostoMy muka C=C’'|Jx cofepxkuTcs B B; noayanau
NpOTHBOpeuHe.

Hocmamourocms. Ecnin X — Takoe nmofMHoxectso S, uto | X [JC*|==1 pas Bcs-
xoro Kouukaa C*, To X JOKHO COAepKaTh UMKJ, HHaue 6bi X GbI0 HE3aBHCHMbIM
MHOXKecTBOM M H 1no Jsemme 10.3 cymecTBOBas KOUMKJ, HMeIOWMHH B TOYHOCTH OJUH
sJeMeHT ux X.

[Mycty C — conepxamuiics B X 1MKJI. M3 JoKasaHHOrO HeOOXOLHMOTO YCJIOBHS
TeopeMbl 04eBHAHO, uT0 |C ) C* [#£1 Mis BesiKoro Kouukaa C* ., [Nostomy X=C, unaue
MHHHUMAaJbHOCTb X NMPUBOJUT K IPOTHBOPEUHIO.

Tenepb BBeJleM NOHATHE PAaCKPaIIHBAaHHSA KOHEUHOrO MHOXKECTBA U CHOPMYIHPYeEM
TeopeMy O «PacKpallHBaHHH,

Packpawusariue MHOXecTBa S — 9TO pas6ueHue S Ha TPH TAKUX NOAMHOMKECTBA
R, Gu B, uro |G|=1. [la5 obnerieHns: NpeACTaBJCHUS Mbl CUHTAEM, UTO BJIEMEHTH R
€OKDallleHb» B KPAaCHHH UiBeT, 5JeMeHT G — B 3eseHbiii, a aJeMeHTnt B — B roay-
goit.

Teopema 10.16. (Teopema o packpamuBanuu). [IycTb M — MaTpOuJ Ha MHOXKeCT-
Be S. Jlas Jo6oro pacKpaimuBaHHs S cyInecTByeT
1) uuka C matpouiia M, colepxamuii 3ejieHbill 3JeMeHT W He HMeloIllfl roay6ux

3/71eMeHTO0B, JHGO
2) kouuks C* marpoufa M, colepamuil 3eJeHbiH 5J€MEHT H HE MMelOHH KPacHLX
3J1eMeHTOB.

Hoxaaameascmeo. JLonycTHM, UTO 3e/eHbiHl 3/71eMEHT BXOHNHUT B HEKOTODHIH LHKJI,

HHave on Obla Obl KometJeH (o4eMy?), H YTBEpPKACHHE TeOPEMbI CTAHOBHTCH TPHE H-
aJbHLIM,
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[Tpenno/soxuM, 4TO AJIs1 HEKOTOPOTO pacKpallHBaHus S YTBepxkAeHHe 1 He He-
THHHO. PaccMoTpuM TorAa noaMHoKecTBo S'= KR |JG. OueBuino, uto Jio6o# cofepxa-
muiics B S’ UK/ COCTOMT TOJbKO H3 KpacHEIX sJaeMeHToB. IlycTh R'— MHHUMaJbHO®
IOAMHOMECTBO KPACHBIX 5JEMEHTOB, AJs1 KoToporo S"=S'—R’ He colepXHT UHK/IOB,
a B — 6asa, A1a Kotopoil S"B, Toraa Jerko BHAeTb, YTO GasHCHHI UMK/ J1060TO
a/leMeHTa y & R’ N0 OTHOIUEHHIO K B COCTOMT TOJIBKO H3 KPacHHIX 3JeMeHTOB.

[TycTh Tenmepb C*— 6asuCHEIN KOUHMKJ 3eJIeHOTO 3JeMeHTa IO OTHOIUEHHK K B,
Honyctum, uto C* cOnep:UT KpacHu 3jemeHT x. Tora x ER' u |C*C =1, rae
C,— 6asuCHBIi IHKJ X IO OTHOWEHHIO K B. 10 npoTHBOpeunT TeopeMe 10.15, caeno-
BaTeabHO, C* — KOUMKJ, COfep:Kamuil 3eJeHBIH 3JeMeHT H He HMeIOUHH KpacHbIX
aseMeHTOB. TakuM o6pa3oM, yTBepxKAeHHe 2 HCTHHHO.

Teopemnr 10.15 u 10.16 npuBOAAT Hac K ompeflesieHHIO rpadouia, BBEIEHHOMY
Muntu [10.2].

T'padoun — 510 cTpyKTYpa (S, B, &), cocrosmas H3 KOHEUHOTO MHOMeCTBa S
H IBYX Ha6opoB § H &) HemyCTBIX HOAMHOKECTB S, YAOBJIETBODSIOMHUX CJelyIomUM
YCJIOBHSIM:

G.1. Eamu C€BuDEéh, o [CND[=1.

G.2. Las moCoro pacKpalluBaHHs S CYILIeCTBYeT a) wWieH &, colepiKallHi 3eJeHEIH
3/leMeHT H He HMEWIHMH ToJy6HX 31eMeHTOB, JMHGO 6) wieH &7, colepKallui
3e/IeHbIH 3/1eMEHT H He HMEIOUIHH KpAaCHEIX 3JIEMEHTOB.

G.3. Huxkaxkoii uieH § He coepKUT APYToro uwiera ¢ B KauecTbe COGCTBEHHOTO MOX-
MHOMKECTBA; HHKaKOH WieH &) He COAEPIKHT APYTroro ujieHa &) B KauecTBe cob-
CTBEHHOTO NO/AMHOMKECTBA.

TeopeMa 10.17. ITycts M — maTtpoua Ha MHoxectBe S. Torza [S, & (M), 6*
(M)] — rpadonn.

HokasaTennscrBo ciellyet u3s TeopeM 10.15 u 10.16.

YcTaHOBHM cefiuac 06paTHYIO TeopeMy.

Teopema 10.18. Ilyers (S, 6, &) — rpadoun. Torga B&=S — MakcHManbHOe
HOAMHOXKECTBO, He coflepiKalllee WwieHa §, TOTJAa H TOJIBKO TOTJa, KOTAa B He colepXHT
yjeHoB §, a S—B — uneHoB &P).

Hoxazameascmeo.

Heobxo0umocms. Tlycts B — MaKcHMaJIbHOE MOIMHOMKECTBO S, He COJepiKalee
uieHoB §. HonycruM, uto S—B cogepxutr D € 5. Iyete x&D. Torna Bl x conep-
xuT C & Bu x & C. [MTostomy C VD= {x}, uro npotuBopeunt akcuome G.1, Taxum obpa-
30M, S—B He CONEPXHT 4JIeHOB

Hocmamourocms, Tlycts B=S He colepxut uieHoB $§, a S—B — uneHoB &),
[TokaxeM, uTo A5 JMw060r0 xE&S — B Bx cofepxutr CE 6.

PaccMOTpuM packpallHBaHHe S, B KOTOPOM BcCe 3JeMeHThl B — KpacHble, X —
3eJ/IeHBIH, a Bce OCTaBLIHECS 3yeMeHTHl S — B — roay6ele, OueBHIHO, YTO He CYIlecT-
BYeT uJeHa G, COMlepKalllero TOJIbKO 3eJIeHbIi H roay6rie 3/1eMeHTH. TakuM ob6pasom,
no akcuoMe G.2 BlJx comepxutr CE 6.

Teopema 10.19. Ilycte (S, G, &) — rpadoua. Eciu B — MakcHMaJibHOe TOA-
MHOXECTBO S, He collepiKalllee 3J1eMeHTOB §, T0 S — B — MaKCHMaJbHOe HOAMHOXKe-
cTBO S, He collepikailee 3J1eMeHTOB &GP).

JlokasaTeJbCTBO ciefiyer u3 TeopeMsl 10,18 u gBoficTBeHHO! K Heif.

Teopema 10.20. Ilycts (S, B, ¢0) — rpapoun. Torma @ — HaGop UMKJIOB
matporsa M Ha S, a G) — Habop ero KOUHKJIOB,

Hoxasameascmso, TTokaxeM cHauasa, uto §§ — Ha6op UHKJIOB MaTponia My Ha S.

OueBnjHo, uto akcHoMa C.1 yaoBJerBopsercs.

[Tycts C; u Ca— IpOH3BOJIbHLE pas/iHulbie WieHH 6, s KoTopeiX x EC N Cy,
y €C{—C,. PaccMOTpHM packpallluBalie S, B KOTOPOM y — 3eJeHkifi, x — rony6oi,
ocraBiidecss sJeMeHTHt CplJC,— KpacHbie, a OCTaJhHBIE 3JeMeHTH S — roJgy6ee
(puc. 10.2).

Unena D € &), coleprKallero 3e/eHblil 371eMeHT H He HMEIOIIEro KpacHeiX s/ieMen-
TOB, He cymecTByeT. Eciu 6bl TakoH useH CyllecTBOBaJ, TO, KaK JerKO NUKa3aTsb,
BBINOJIHsIOCE 6b yeitoBHe {C;ND[=1 uau [CoYD|=1, 4TO NPOTHBOPEUHT AKCHOME
G.1. TostoMy no akcuome G.2 cymectByer Cy3 & %, COAepiKallHH 3e/1eHbifl 3/1eMeHT
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1 He uMetomuit rony6uix. [To arcuome G. 3{y} ne sBasiercst uienom §. Orciona cenyer,
uTo ¥ € Cy=(C1Ca)—x. TaruM ofpaszoM, akcuoma C.2 ynobiaersopsiercsi. CrelloBa-
TeNbEO, ¥ — Habop UHMKJOB Matpouja Mg Ha S.

AHaJIOrHYHO MOXHO II0OKa3aTh, 4To &) ecThb HaGop LMKJIOB MaTpousia M, Ha S.

Puc. 10.2,

[lo Teopeme 10.19 Ga3br M; sBJIsIOTCA JAONOJIHERHsMH Ga3 M,. [lostomy M; u
M ,— nBolicTBeHHbIE MaTPOUAH.

3 teopem 10.17 ¥ 10.20 cienyeT 5KBHBAJIEHTHOCTb CUCTEMH 2KCHOM s rpado-
HJa U CHCTEMB! aKCHOM JJIS1 UKJIOB. DTOT BHIBOJ clenaH Munta [10.2], masuiuM sie-
TaHTHOEe U3JI0MKeHHe TEOPHH MaTPOMJOB Ha OCHOBe rpadoM]OB.

10.5. OrpanuuenHe, CyKeHHE H MHHOPHI
maTpouja

Paccemorpum rpad G co MHoxecTBoM pebep E. Ilo oTHomeHHIO K Jt0-
oMy noaMHoxecTBY T<E MBI MOXeM onpele/auTh jABa rpada, o6osHa-
yaemole G|T u G-T. I'pad G|7, HaswiBaeMullt oepanuyenues G ua T, no-
JAyuvaercss M3 rpada G yHMuTOXeHHeM (pa3MblKaHMeM) pebep, mpHHaz-

8
Puc. 10.3.

a—rpad G; 6— G| T, orpaunvenue G na T, T={e,, eq €; €): 8—C-T, cyxenue G Ha T.

aexamux E—T, v ylaneHuem oOpa3oBaBIIMXCA H30JHDOBAHHHIX Bep-
wuH. ®axrtuveckn rpag G|T siBasiercst mopoxieHHsM rpadoM G ua 7.
I'padp G-T, nHaswBaeMbll cyscenuem G HA T, noayvaercs CTArHBaHHEM
pebep, npunaznexamwux E—T. Ha puc. 10.3 npexacraenenn rpag G,
rpapst G|T u G-T pnss T={ei, €, €, €}.
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Jlerko y6enuThcsl B CaedyrouleM:

1. Tpad G’, nopoxaeHHbI 10AMHOXKecTBOM pebep X rpada G, saBasercs
alMKaHyeckuM noarpadom G|T Toraa H TOJAbKO TOrAa, Korga G auHKIIH-
yeckH# noxarpad rpada G.

2. I'pad G, nopoxkaeHHH#H nogMHOKecTBOM pebep X rpada G, aBaserca
alMKAHyeckKuM noarpagoM G- T Toraa H TOJALKO TOTAA, KOTJa CYLIeCTBY-
eT Takoe NOAMHOXKecTBO Y <=FE-—T, uto rpad, nopoXAeHHHH MOJIMHO-
&KecTBoM Y, ABAsteTcs OCcTOBHHM necoM G| (E—T), a rpad, nopoxied-
HHH moamHOoXectBoM X U Y,— auukauyeckum mnoarpapom rpada G.
DTH NOJOXKEHHS MOTHBHPYIOT BBeleHHE ABYX NOHATHH MOAMATPOHIOB,
NOPOXKIEHHHX Ha MATPOHJle MOJAMHOXKEeCTBAMH €ro 5/IeMeHTOB.

Ecan & (M) — MHOXKECTBO He3aBHCHMBIX MHOXKeCTB MaTponpa M
Ha S u T<S, toraa nycte & (M|T)={XI|X<T, X €F (M)}. Jlerko
BHAETb, 4T0 (M |T) — MHOXKEeCTBO He3aBHCHMBIX MHOMKECTB MaTPOHIA
na T. Dror matpona obo3Hauaercs M|T H HasbiBaeTcsa OepanuteHuem
M na T. OueBHIHB CJEAYIOLHE YTBEPKICHHA:

1. X<=T — He3aBHcHMOe MHOXecTBO B M|T Toraa W TOJNBKO TOTAa,

Korga X — He3aBHCHMOe MHOXecTBO B M.

9. X<=T — waka M|T Torjga u ToJAbKO TOTAa, Koraa X — LHKJ Mar-
pouna M.
3. Ecin A — dyukuua panra M|T, toraa ans moboro X<=T

A (X)=p(X). (10.8)

4. Ectn M (G) — umkmuueckuit MaTpona rpada G ¢ MHOXKeCTBOM pebep
E, o M (G)|T=M (G|T) ana moboro T<E.

Onpenenum Tenepb noamatpoun M:T. Ilyete & (M-T) — HaGop
BCEX TAaKHX noaMHoxkecTB X =T, uTO cyllecTByeT MaKCHMa/JbHOE He3a-
BHCHMOe TIOAMHOXecTBo Y<=S8—T, mis Koroporo XUY €& (M).

Teopema 10.21. F(M.T) — HaC0p He3aBHCHMHIX MHOXecTB Marporia Ha T.

Hoxasamenscmso. Tlycth Xi 6 X,— Taxue wiens & (M«T), uro | X,|=]X|+1.
Torna CymecTByOT MaKCHMa/bHEE He3aBHCHMbIE NTOAMHOXeCTBa Yy, Y.=S—T, nas
kotopux X'=X,UY, # X"=X,Y,— nesapncuMule MHOXecTBa M. OueBllHO, 4TO
[X"|=|X'|+1.CnenoBate.1bHo, no axcuoMe [.3 cymecTByeT TaKof 5;1eMeHT X € XX,
410 X' |) ¥ — He3aBHCHMOe MHOXecTBO B M. 3amernM, uto X"—X'=(X,— X)) U (Yo—
—Y,). KpoMe Toro, x¢&Y ,—Y, mockonpKy Y;— MaKCHMaJbHOe He3aBHCHMOE MOI-
muoxecTBo S—T. TlosToMy x € X;—X; u (X Ux)<=T Bxomut B §F(M-T). TakuM o6-
pasom, F(M-T) yroBaersopsier akchome 1.3. Jlerxo supets, uto akchombl LI u 1.2
TaKKe BHITOJHAKTCA,

OnpenesientbIli B TeOPeMe MATPORR HaakBaeTcs cyaerues M Ha T u o603Havaercs
M +T. 3amerum, uto ecan M (G) — WHKIHUeCKHH MaTPOHT rpada G ¢ MHOXKECTBOM pe-
6ep E, To M(G-T)=M(G)-T pns awboro T<E.

Mycrs pT— dynxuus panra M-T, Torza n3 onpefeeHns M -T noaydum, 4to
s awboro A=T

pT (A)=p (AUS—T)—p (S—T). (10.9)

B rn1. 7 Mbl 3aMETHJIH, YTO Da3MLIKaHKHE WK YAaJeHue pelep u CTATHBaHHe pebep
rpaba — IBOACTBEHHHe onepaunu. B uactroaTH, eclli G u G’ — pBoOCTBEHHHIE Tpa-
¢u, a Tu T’ — COOTBETCTBYIOILKE 10OAMHOMKeCTBA pebep G G’ G|T — zmBoficTBeHHLIA
K G-T rpap (teopema 7.10). Cuenyiomas TeopeMa — MaTpOHAHbIA anajor 3TOH B3a-
HMOCBSA3H.
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Teopema 10.22, Eciu M — matpous Ha S u TS, toraa 1) (M|TY*=M*.T;
2) M -Ty*=M*T.

Hokasameascmso. 1. Tlyers A — pynkuus panra M|T, a A* — QyHKkuua panra
(M|T) *. Toraa us Bupaxenus (10.5) crenyer, uto A* (X)=|X|—A(T)+p (T—X)
s moeboro X<=T.

Ilycrs p? — ¢yukuus paura M-T, a (p*)7 — dyHkuus panra M*+T, Torza us
Bupaxern# (10.5) u (10.9) caenyer, uto
T (X)=p* [ XUS—T—p* S—T)=p*"[S—(T—=X)]—p*(S—T)=]|S |~

— T+ X|—p )+ (T—=X)—[| S|—|T |—p (S)+p (D]=|X| —p (T)+
dp(T—X)=| X |—A(D+M(T—X)=A*(X), cormacuo supamenuno (10.8).
Tak gak (M|T)* u M*.T umeioT oqHy QyHKIHIO paira, o (M|T)*=M* T,

2. B n. I samMensas M* Ha M u B35B ABOHCTBeHHEIe MATPOUIH, MOJTYYHM 11, 2,

MNycts M — matpoun Ha S 1 TS, Matpoua N ua T HasuiBaeTcs munopom M,
ecqin N mosryueH nocjeloBaTe ibHOCTBIO Orpanuyenuil H cyxennit M. TeMa, cBssannas
C MHHOpP4MH MaTpouJoB, riy6oko usyuena Tarrtom [10.3].

Hcnonbsya TepMHHOJIOTHIO TEOPHH MaTPOHIOB, MOXKHO CHOPMYJIHPOBATL MHOXKe-
CTBO pe3yJbTaToB, KacCaiOUMXCA MJIaHAPHBIX H ABOHCTBeHHHIX rpado. Hampumep,
TeopeMy 7.5 MOXHO COODMYJIHPOBATH CJIYIOMHM 06pasomM:

I'pach nianapen Toraa H TOAbKO TOTAa, KOr4a UHK/IHYecKHH Matpoun M (G) rpaga
He COLEDKHUT B KauecTBe MHHOPOB MaTpouaos M (Ky) u M (K 5).

10.6. IlpeacTaBUMOCTH MATPOHAOB

Ilyctb M — matpoun Ha wmuoxectBe S. Ilycts B={by, b,, ...
vy by} —6asaM, a B*=8—B={e,, e,, ..., e,} — cooTBeTcTRYIOWAs
koGasa M. Hanomunm, urto B* N C(e;)=e;, j=1, ..., q, rae C(e;) —
GasuCHBbIH LMK/ 3JeMenTa e;. Anasnornuno B (N C*(b;)=b;, j=1,... ,r,
rae C*(b;) — GasHCHBIA KOUMKJ 3JemenTa b;. Kak n B ciyuae eopuen-
THPOBAHHBIX rpagoB (IMI. 6), Mbl MOXkeM ceHuac ONpPENeJNHTb GasHCHYIO
IHK/IOMaTHYECKYIo MaTpHiy D} H GasicHyl0 KOUHKIOMAaTHYECKYIO MaT-
puuy D, matponna M no oTHollleHHIO K Gase B. OueBuano, uTo 06e 3TH
MaTpuubl 6ynyT umeTb BUA [U D], rne U — enuununas maTpuua, cron6-
bl KOTOPO# COOTBETCTBYIOT 3/1eMeHTaM B, MaTpula Takoro BUIa Hasbl-
BaeTcss cmandapmuom npedcmasreriuem matpousa M 10 OTHOLIEHHIO
K 6Oase B.

Paccmotpum rpag G. IlpucBonm npoHsBOJBHEIM 06pasoM OpHeHTa-
uuio peGpam rpada G, mo/yuHB B pPe3ysbTaTe OPHEHTHPOBAHHbIN rpag
G'. Torza mo Teopeme 6.9 yceueHHas MaTpHUA HMHUMIEHUHE G’ ecTb
npeJCTaBIeHHe UHK/IHYECKOro MaTporaa M (G) Hal NpOH3BOJNLHBIM MO-
JeMm F. Moxuo sameTuth Takxe (Teopema 6.10), uto Jo6as 6asmcuas
MaTpPHIA Pa3pe3aloLHX MHOXKeCTB G’ ABJIAETCA CTAHAAPTHBIM NpeNCTaB-
nenneM M (G) wan npoussosibHbiM mosiem F. Iasee, no Teopeme 6.11
mobasn 6asHcHas LMK/JIOMaTHUecKas MaTpuua G’ sBasieTcs CTaHAAPTHBIM
NpEACTaB/ICHHeM IHKJIHYeCKOro Marponpa M (G) Haja npoH3BOJBHBLIM
noneM F. Takum 006pasoM, NPHXOIHM K CIELYIOUEMY YTBEPKICHHIO:

Teopema 10.23. [{ukaHueCKHA MaTPOHAR U MaTPOHA paspes3oB rpada npeacTaBUME
Haj| IPOH3BOJBHEIM moJieM F.
Ceiigac Mbl JoxaxeM OCHOBHOMH pesyabTaT 3TOro pasgea.
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Teopema 10.24. Ecau matpoun M Ha S mpeicraBuM Hap moJeM F, Torna aBoii-
cTBeHHBIH MaTpoug M* Ha S Takixe npeactaBuM Hapn F.

Hoxazameascmeo, JdonyctiM, M HMeeT paHr r H COOEPKHT n sneMeHTOB, IlycTh
MatpHlla A nopsigka rX n apasercs npejcrasienvem M Han F.

ITyets X — MHOXKeCTBO BCeX TaKHX BEKTOPOB-CTOJGIOB x, uto Ax=0. Besinunna X
Ha3kIBaeTCs Hyao-npocmpancmeom MaTpulbl A. M3 nuHeRHON anre6per H3BeGTHO, UTO
pasMepHocTh X paBHa n—r. BoiGepeM Tenepb H3 X MHOXKeCTBO H3 n—r JIHHefiHO He-
34BHCHMBIX BEKTOPOB-CTOJIGIIOB H 06pa3yeM H3 3THX BEKTOPOB, KaK H3 CTOJOIOB, Ma-
TpuLy B nopsinka nX (n—r). 3ameTtuM, uto AB=0.

IMokameM cefiuac, uro Bt sBnserca npepcTaBieHHeM Haj F JBOACTBEHHOrO Ma-
Tpouaa M*. JLJis 9TOr0 JOKAXKEM, UTO NPOH3BOJIbHBIE 7 CTONGIOB MaTpPHIL! A JHHeRHO
HE3aBHCHMB! TOTA@ H TOJNBKO TOTZAA, KOTZA JAOMOMHSIOIEE MHOXKECTBO H3 N—T CTOJNOLIOB
Bt— qunefino HezaBHCHMO. BhibepeM mepBhie 7 cTOIGIOB MaTpHIb A. OUeBHAHO, YTO
Takol BHIGODP He BJjieyeT NOTepH OOIIHOCTH.

IlepBrie r ¢TO61OB MATPHIL! A JHHEAHO 3aBHCHMB! TOTAA H TOJNBKO TOTAA, KOTZA
CYllleCTBYeT HeHY/EBOH BEKTOP-CTOJiGRL x=[xi, Xy, . - ., %5, 0, 0, ..., O]% npu-
Hagsexamuii X, Tagolt sekTop x € X, B CBOIO OYepelb, CYIIECTBYET TOTAA H TOJbKO
TOrjd, KOrja cyIlecTByeT BeKTOP-cTosGell y7#0 Takoil pa3MepHOCTH n—r, YTo x=By.

3anucerzag Teneps B B BHIE Bl , e B; HMeer mnopsamok rX (n—r), a By—
2
—(n~r)X (n—r), Merko BUAeTh, 4T0 Boy=0. ITockobKY y5<0, TO By— BHIpOXKAEHHAS
MaTphna, TakuM o6pa3oM, CTPOKH Bj, a CJ1e10BaTeJbHO, H NOC/EJIHHE Nn—7 CTOJOIOB
B! 3aBHCHME!, 4TO JOKA3HBAET TEOPEMY.
JIerkuM cJiefcTBHEM 3TOf TeopeMb! sIBJsieTcS CJeAYIOMUA pe3yabTaT:

Crencreue 10.24.1. [TycTs M — MaTpOHZ paHra r Ha MHOKecCTBE S= {S;, Sy, . .«

.es Sz} Ecin M uMeeT cTaHIAapTHOe NpeNCTaBJeHHE

$1S9++ Sy Spt1°° Sy
[ UI' | A ]>
10 M* HMeer CTAaHJAapTHOE NpeAcTaBJeHHEe
5153+ + S, Srtic Sy
[ —A I Un—r ]1

rne Uy — elMHHYHas Marpulla nopanka kXk.
U3 sToro cJiencTBHA JerKo noJyyaercss BhipaxenHe (6.13), cpmasbrBalomee Ga3uc-
HyI0 LHKJIOMATHYECKYI0 MATpHIy ¢ Ga3ucHOW MaTpHIeH pa3pes3alomuX MHOXKeCTB.
Janwuefimee ofcyxaeHHe §ipoGAeMEl IPEICTABHMOCTH MATPOHIOB MOMKHO HaHTH
B pabore [10.4].

10.7. BunapHble MaTPOHAbI

Martpous HasblBaeTcsl OuHApHbIM, €CH OH npeacTaBuM Hax GF (2),
nojeM LeJbix uucesa no mod 2.

OueBupHO, uTo UMKIHYecKud Matpoupg M (G) u MaTpoH[J Da3pesoB
M*(G) rpada G Gunapubie. Hamu yixe noxasana teopema 4.6, B KoTopoi
Kaxapi wuka M (G) Bbipaxaercsi B BUjE cyMMbl o mod 2 HeKOTOpbIX
BasucHBIX UMKIOB Tpada G. TTofoGHBIN pe3yJsbTar CHpaBeiIuB H IS
paspesaiolx MHOXKecTB rpada G. D10 CBOHCTBO IMKJIOB H paspesaro-
I X MHOKECTB (KOLMKJIOB) COXpaHAETCs U JJIs clyyas OMHapHBIX Mar-
pouzoB. OaHaxo B ofieM ciaydae NpoH3BOJIbHBIX MaTPOUJOB OHO HE Bhl-
nosnusercs. Ilycrs, Hanpumep, S=1, 2, 3, 4, a M B KauecTBe LHUKJIOB
HMeeT Bce NOoAMHOoKecTBa U3 Tpex aieMeHToB S. Torma cymma no mod 2
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muksaoB {1, 2, 3} u {1, 2, 4} nacr {3, 4}, ABAAIOUeecs HE3aBHCHMbIM
MHO¥ecTBOM Martpouja M

B 3ToM pasjiesie MBI yCTaHABIMBAEM HEKOTOpPbIE CBOHCTBA GUHApPHBIX
MaTpPOUJOB, KOTOpbie MPHBEAYT Hac K pa3paboTKe aJbTepPHATHBHOIN
XapaKrepusauuy GHHApDHHIX MaTPOHIOB.

IMycte M — Marpoun ua MHoxecte S. Ilycte B={by, b,, ...

«.., b} —6asa M, a B*=S—B={ey, ey, ..., e,} — coorBercT-
Bylomas ko6asa M. HanomuuM, uto B* N C(e)=ey, j=1, ..., q, e
C (e;) — 6asucublfl LUK e;. Aranoruyno B N C*(by)=b;, j=1,... , 1,

rge C*(b;) — 6GasucHHf KouuKa b;. Kak u B ciiyuae HeoOpHeHTHPOBAH-
HbIX rpadoB (ri1. 6), onpenefuM Oa3uUCHYIO KOYUKAOMAMUYECKYIO Mam-
puyy D, v basucuyro yuxromamuueckyro mampuyy Di matponga M no
OTHOMWEHHIO K 6ase B. OueBHIHO, YTO MaTpullkl GyAyT UMETh BHA

blbz' . .br €6, .eq
D=l U, | F}
Df=[ G I Uq ]

3ametum, uto D,=ld;;l u Dj=ld;;] — (0,1)-MaTpuusL
Honyctum, uto matpoua M — 6unapueifi, Torna on HMeeT cTangapT-
Hoe npeactaBieHue Ha GF (2) Buja

blba"'br ee;--e,
[ U, | 4 1 (10.10)
Ilyctb 6asucuuiit nuka Cle)={e;, by, by, ..., bp}. Torma cymma

nmo mod 2 cron6uos Matpuubl (10.10), cOOTBeTCTBYIOIUX 3JeMeHTaM
C(e;), paBna nymo. [lockonbKy cymMMa o mod 2 BeKTOPOB aHaJOrHyHa
KOJNBLUEBOH CYMME COOTBETCTBYIOLIMX MHOMKECTB, JIETKO BHIETb, 4TO

1, ecan b;€C(e);
%y ={ 0, ecan b,€C (e).
IlpyrumMu cJIoBamH,
A=G, (10.11)

Takum oGpasom, matpuua [U,G'] siBIseTcsl CTaHNApTHHIM Mpe/CTaBIe-
HHeM Hal GF(2) M u mo oTHolieHHIO K 6ase B.

Hcxons U3 CTaHLAPTHOTO NMPEACTAB/IeH s /IS ABOHCTBEHHOrO MaTpo-
uaa M*, MOXHO aHaNOrMYHO Nokasatk, yto [FU,] aBaserca cranpapt-
HEIM npeictaBieHueM Haj GF (2) marpouga M*.

ITockonbKy MaTpoOHI HMEET N0 OTHOWIEHHIO K JaHHOH 6a3e eIHHCTBEH-
HOe CTaHJapTHoe MpeJcTaBieHHe, H3 ciaeictBHa 10.24.1 Beitekaer

F=Gt. (10.12)
THKHM 06pa30M, MBI JOKa3saJjH CJHACAYIOILYIO Teopemy:
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Teopema 10.25. [lyctb M — GunapHEI MaTPOHA Ha MHOXKecCTBe S.
1. Ba3ucHas uMKJIOMaTHyecKass MaTpuua M NO OTHOWEHHIO K NPOU3BOJLHOH Gase
AIBJISI€TCS CTAHAAPTHBIM NpeAcTaBJeHHeM 9TOr0 MaTpouja.
2. BasHcHas KOUMKJIOMaTHyecKas Matpulla Marpoua M N0 OTHOIIEHHIO K NpPOHU3-
BOJIbHOH 6ase sBJIsieTCs CTaHAAPTHLIM NpeAcTaBJjeHHeM Marpoufia M*.
H3 dopmyant (10.12) Mbl nmosnyuaeM TakiKe ciaefylOmUA HHTEPECHRI pe3ysabTaT.

- .
Teopema 10.26. ITycts M — Gunapuuil Matposg. Ilyctb Dy n Df — Ga3aucHble
KOUMKJIOMATHYECKash M UMKJIOMAaTHYecKash MaTpUllbl MaTpouia N0 OTHOMEHHIO K
obweii Gase, Torza

D, (Dj)=0. (10.13)

IMyers C — unkn mMaTponia M; Mul MoXeM cBsi3aThb ¢ HuM (0, 1)-BeKTOp-CTpOKY,
KaxIbii' 3/1eMEHT KOTOPOro COOTBETCTBYET 3JeMeHTY MaTpouaa M, a 3jeMeHT Bektopa
paBeH 1, eciH cooTBeTcTBYIOUUA 9/1eMeHT MHOKecTBa S BXoauT B uuka C. Hanpumep,

CTPOKH D; —3TO BEKTOpbI, COOTBETCTBYIOUIME 6a3HCHBIM LHKJaM. Marpuua, coaepxa-
as BCe LHKJIHYECKHe BEKTOPH MarTpouja M, HashiBaeTCs yuKAOMAMmu4eckod mampu-
yed marponga M u o6o3nauaercss D*(M). AHajoruunniM o6pa3oM onpejesisercs
Koyukromamuueckas mampuya D (M) marpouna M.

JlonycTHM, 4TO x — BEKTOp, COOTBeTcTBYMOWHHA Unkay C 6uHapHOro Matponga M.
Tak kak D p— crangapTHoe npeficTaBieHHe MaTpoufa M, cymma mo mod 2 croa6uos
D, cootsercTByromux anementam C, papva 0. JIpyrumu ciaosamu,

Dyt =0. (10.14)

AHAaJIOTHYHO €C/IH X — KOLUMKJIHYeCKUH BEKTOp, TO
Dixt=0. (10.15)

3aMeTHM, YTO Mbl CYHTaNH PAaCCTAHOBKY CTOJIGLOB D;' » Dy u x cootsercTBytOmER of-
HOMY NMOPSAKY 3JEMEHTOB.

Teopema 10.27. [Tyctb M — 6unapuuifl Matpong Ha S. [lyctb B — Gasa, a C —
uuka Matpousia M, C—B={xy, x,, . . ., xg}. Ecan C (x;) 6yzer o603HauaTh GasucHull
LUK/ 3IeMeHTa X; N0 OTHOWEHHIO K B, T0 C=C (x))PC (xoD. . . Xp).

HoxkasatenbcTBO 0CHOBaHO Ha BhipaxeHHsax (10.12) n (10.14). Cm. Teopemy 6.7.

[ gokasaresnbcTBa 06paTHOR TeopeMbl Mbl HYXKJlaeMcsl B CJAEAYIOWEM YTBED #fe-
HHU:
Teopema 10.28. ITyctb M — wmatpoud. Ilyctb aas sw06hx 6aswl B u umukaa C
matpouia M umeem C=C (x;)PC (x))P. . . (tg), Tae {xj, %3, ..., xg}=C—B, .
a C(x;) — GasucHu LKA x; MO OTHOWeHHIO K B. Toraa cymma no mod 2 C,EPC,
ABYX JIIOOLIX pa3/iWYHBIX LHKJAOB MaTpouaa M COZEPKHUT UMKJ STOTO MaTPOHAA.

Hoxasameascmgo. IlonyctuM, uto Cy¢PC, He comepxuT uukria. Ilycts C;Cr=
={%j, £, . . ., Xp}. Torma CiPC,=(CLUCH—{xy, . . ., xp} — He3aBHCHMOE MHO-
xecTBo B MaTtpoune M. IlostoMmy cymecrsyer 6asa B=2C;PC,. Ho Torga C;—B=
=Cy—B={xy, . . ., xp}. CrenomaresbHo, no npeanosoxeHnio Teopemsl C;=C (x)P
PC(x)P . . . DC(xy)=Cy, uTO NPOTHBOPEUUT YCA0BUIO Cy7=C,y.

Teopema 10.29. Ilyctb M — matpoup. [Iyctb Aas mobux 6askl B u uukaa C

maTpousa M umeeM C=C (x)DC (x)D . . .PC (xp), TRE {X5, X3, « . ., X3}=C—B, a
C (x;) — GasucHbIl IHKN x; IO OTHOWeEHuUIO K B. Torna M — GuHapHLIi MaTpous.
Hoxasameascmgo. Ilyetb B={by, by, . . ., b,} — npouseoasHas Gasa MaTpouzia

x
M, S—B={e,, 3, . . ., e,}. Baaucnas unksoMaTHueckasn Matpuua Df(M) maTpouza
M 1o OTHOWICHHIO K B UMeeT BHA

b1b2"'br €18y -2y
[ 4 | U, 1
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lIJ'IH JOKa3aTeJIbCTBa TEOpEMbl NMOKaxKeM, 4TO MaTpHuUa

bibge - b, e18g- - -2y
[ U, | A (10.16)
SIBJISIeTCA CTAHIAPTHLIM NpelcTaBieHneM MaTponia M nay GF (2).
IMyete C — uuka matpouza M. Ecan C—B= {eil-, €y, + o €ipy TO TI0 YCIOBHAM

teopemsl C=C (e; ¥PC (e, )P . . .BC (e;,). Hs onpenenenns A crenyer, 4to cymma
no mod 2 cton6uoB MaTpuusl B dopmyie (10.16), cooTBeTcTBYIOMMX uieHaM 1HkIa C,
paBHa 0. Takum o6pasoM, 5TH cTOJIOUE JHHEHHO 3aBHCHMEI Han GF (2).
Honycrum, uto {by, . .., by, ey, . . ., ep} — WHKA MaTponia M’, MOPOKIEHHOrO
Ha S JHHeHHOH 3aBHCHMOCTBIO COOTBETCTBYIOMIHX BEKTOP-CTOJI6LOB MaTpHLbl (10.16),
Torna W=C ()L (€D . . . ECey). o teopeme 10.28 W comepxut nmka C’
matpousia M. Ho C’ He MOxeT GbITh CGOCTBEHHBIM NOAMHOKECTBOM LHKJAa W, Tak Kak
9TO TIPOTHBOPEYHIO Obt TOMY, yT0 W — 1mk/a MaTpouna M'. Takum o6pasom, W=C",
CaernoBatenbHo, Martpulla (10.16) ecTs npelictasienve matpouia M Hax GF (2).
Jpyrue xapakTepH3auHH OHHApHOTO MaTPOHIA JHaHE B caAefylouieli TeopeMme.
Teopema 10.30. [Tycte M — marpouz. Crenyiomune yTeep:KIeHHA S5KBaBaJeHTHE

. Jas mobeix unkna C u kouukaa C* Marpousa M |[C[}C*|— uerHo.

2. Cymma nmo mod 2 NpoH3BOILHOTO Habopa Pa3/HYHEIX LUKJIOB MAaTpoHga M ecTb
oObeHHEHHE HeMepeceKalomuXes UHKJIOB TOrO Ke MaTpouia.

3. Ecan pas mo6bix 6asel B u uukaa C Matponna M umeem C—B={e, 5, . . ., ¢4 L
6(6850_ 6asucHBIM UMKJ ¢; IO OTHOWIEHHIO K Gase B, 10 C=C(e;)DC (6D . v »
.« £Peley).

4 M— éngapﬂuﬁ MAaTpOHJ.

Hokazamerscmeso.

1=>2. Myets Cy, Cy, . . ., Cp— pasnuuHee UHKAW MaTpouia M, a A=CP
PCP . . PCy. He napymas ofmHOCTH, JONYCTHM, YTo A He CONEPKHT NeTesb.

[Mockoabky mia moboro kounkiaa C* |C* [(C| — uetHo (1 <<i<k), To Jerko Bu-
nets, uto |A{}1C*| — Takxke uyeTHo. [lomycTuM, uyTo A — He3aBHCHMOE MHOKECTBO.
Torna npuxoluM K NPOTHBOPEYHIO, NOCKONBKY MO JeMMe 10.3 cyllecTByeT KOUHKI,
HMEIOUHH TOYHO OJMH aJeMeH1 u3 A, Takum o6pasoM, 4 — 3aBHCHMOe MHOIKECTBO M
COZEepKHT uuka C.

Ecmn A=C, Teopema nokasana. JlonycTHM npoTHBHoe: nycth A;=A@C. 3a-
METHM, 4YTO JJ1f JioGoro xouukaa C* umeeM, uto [C* [1A,| detHo. [To5TOMY MBI MOXeM
MOBTOPHTb pacCyxienus is Aj. [Tockonbky A;— koneuno u A;=A-—C, stor npo-
liecc B KOHIIE KOHLIOB 3aKOHYHTCS, NPHBOJSA B PE3YJIbTaTe K HaGODPY HeTepeceKamuxcs
LUUKJIOB, 06beIHHEHHE KOTOPHX paBHO A.

2==>3. CM. OKas3aTenbCTBO TeopeMbl 4.6.

3=>4. AHanoruuHo Teopeme 10.29.

4=>1, o Teopeme 10.27 Besikuil MK C MOXHO BBIPA3HTh 4epe3 Ga3HCHBIE HUKJIbI
C=C(x1)@C(x2)E}g. . .BC (x4). Mo gopmyae (10.15) nmeem, uto |C* NC (x;)| — vetHO
s Beex 1 <i<ck. TTostomy Jerko BuueTs, uto |C* 1 C| — ueTHo.

OueBHaHKO, 4TO 3aMeHOH LUKJOB Ha KOLMKJH B TeopeMe 10.30 mocTHraeTcs afib-
TeDHATHBHAA XapaKTepH3alisl B TEPMHHAX KOLUKJIOB.

—

10.8. OpuieHTHDyeMbie MaTPOHADI

Matpoun M HasblBaeTcs OpueHmupyembim, ecli HEKOTOPHIM HEHy-
JIEBBIM 3JIEMEHTAM B LMKJIOMATHYECKOH Mmatpuue D*=D*(M) u B xo-
UHKJIOMaTHYecKOH Marpuue D=D (M) MOXHO NpPHCBOUTL OTPHLATENb-
Hble 3HAKH TAKHM 00pasoM, UTO MOCJIe 3TOTO NPOU3BeaeHHe Jo60#H CTpo-
KH LHKJIOMATHYeCKOH MAaTpHIb! Ha JIOOYIO CTPOKY KOLHKJIOMATHYECKOH
MarpuuUbl OyAeT paBHO HYJIO Haf KOJIBLOM UeJHX ydces. QOueBHAHO, 4TO
HHKJIHYECKHH MAaTpOMA H MaTpOHJ pas3pe3oB rpada OpPHEHTHDYeMEL.



Mampoude 211

Packpawusanue opuenmupyemozo mampouda M — 3T0 pasbHeHue
€ro 3/IeMEHTOB Ha TpH MHOMXecTBa — R, G B B — U BbieJieHHe OJHOTO
U3 3JeMeHTOB — (. BH3yajbHO MOXKHO NpeACTaBHTb 3T0 pasbHeHHe
KaK pacKpacKy 3/JeMeHTOB MaTpoHAa M B TpH IBeTa: KPacHBIH, 3e/ieHbIH
U rojiy6oH, mpuueM TOYHO OJMH 3ejIeHblH 3JeMeHT pacKpalleH B TeMHO-
sesieHblil nBeT, OQHAKO 3aMeTHM, YTO 3TOT 3JIeMeHT pacCMaTpUBAeTcs
KaK 3eJjIeHbIH.

OcHOBHOI1 pe3yJbTaT 3TOTO pasjesia — «JIeMMa O pacKpacke Iyr» —
nonyvyed Muntu [10.2].

Teopema 10.31. (Jlemma o packpacke ayr.) [lycts M — opHeHTupyeMbIH MaTpo-
uA. Ias mo6oro packpalinBaHHS 3JeMeHTOB MaTpoufia M cHpaBelIUBO TOYHO OLHO
H3 CJIeNYIOMHUX YTBepKAeHHH:

1. CymecTByeT IBKJ, COAEPHXAUIHA TeMHO-3e/eHbIH 3JeMeHT, HO He HMelmHi roay-
651X, Bee 3esenble 9/1eMeHTH B HeM OpPHEHTHPOBAHbI OXHHAKOBO (T. €. HMEKT OflMHa-
KOBEIfl 3HaK B LMKJ/JOMaTHYeCKOH MaTpHIe).

2. CymecTByeT KOLHKJI, CORepKaIHH TeMHO-3eJIeHbIH 9/1eMeHT, HO He UMeromull Kpac-
HHX. Bce 3esenbie s/1eMeHTH B HeM OPHEHTHPOBAHB ORMHAKOBO.

Hoxasameavcmso. JlokaxeM HEAYKIUeH MO YHCIY 3eJeHbIX 3JeMeHTOB, Ecotu ume-
eTcsi eJMHCTBEHHBIH 3eJieHbIHl 2JIeMeHT, pe3ysabTaTr clefyer H3 axcuoMbr (.2,

JomycTuM, 9T0 TeopeMa CIpaBe[JIHBa, KOr[a YHC/IO 3e/IeHbIX 3JIeMEHTOB PaBHO M,
Torna paccMoTpHM pacKkpallMBaHHe, B KOTOPOM YMCJO 3€JeHBIX 3JeMeHTOB PaBHO
m~+1, BrbepeM 2esieHhlll 3JeMeHT x, OTJHYHBEIH OT TeMuo-3eseHoro (dg) (puc. 10.4).

49y
Puc. 10.4.

Packpacum ssieMeHT x B KpacHbiii Bet. B nosiyunBiuemcs packpauHBaHHu CTAIO m
3eJIeHbIX 3JeMeHTOB. Ecsii Teneps HafifieTcs KOLMKJ THNa 2, TO TeopeMa ROKa3aHa.

IlomycTM, Mbr packpacuid x B roayGoit nper. Ec/iu B monyunsmemes pacKkpamiu-
BaHHH WMeeTCs IMKJ Tuna I, TO TeopeMa JoKasaHa.

ITpeano/ioxum, 4To HH OJHO H3 STUX AONymeHHH He MMeeT MecTa. Toria mo wH-
AYKTHBHOMY MPeTO/IOXKEHHI0 Mbl HMeeM:

a) CYIECTBYeT KOUHKJI THNA 2, eC/IH X packpameH B rony6oi uger;

6) cyulecTBYeT LMK/ THIA 1, €CJIH X pacKpallleH B KpacHbil L(BeT.
Teneps mycTh COOTBETCTBYIOUIHE CTPOKH LMK/OMATHUECKOR MATPHI(H # KOMKK/IOMA-
THYECKOH MATDHIIL HMEIOT CJIeAYIOUIHE BHI:

dg R B G x

Kouuien +1 000 0 1 =101 11+-10 2
Qugkn  +1 =1 1.-+0~1 0 0--+00 01---10 2

He napymas ofmuocTd, Mbl 31€ch JONYCTH/H, YTO B IIOSHLMH TeMHO-3CJEHORO 3e-
MeHTa B O0OMX BeKTOpaX CTOMT -1,
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To onpenesennio npou3BelieHHe ABYX 9THX BEKTOPOB PaBHO HyJo. Bxkuaaj B npo-
H3BeJeHHe OT TeMHO-3€/IeHOTO 3JIeMeHTa paBeH l; OT BceX KDAaCHRIX H TOJYGbIX 3Je-
MEHTOB — HYJIIO; OT 3e/IeHNX 3/IEeMeHTOB — HeOTPHIaTeJbHOMY LeJioMy P H OT X —
HeH3BeCTHOMY IIeIOMY ¢, KoTopoe paBHo 0, | uan —1. Takum obpasoM, 14-p+4-g=0.
ST0 PaBEHCTBO BRIMOMHAETCA TOJIBKO NpH p=0 K g==—1. [T03TOMY B OJHOM H3 BEKTO-
POB NOJ 3HAKOM BONpoca CXphiBaercsl +-1, a B ApyroM —!1. Bri6pas BekTop, B KOTO-
POM 3HaK BONpOCa CKPhIBaeT |, noJy4HM TpeGyeMHIfl IHKJI HJIH KOIHKII.

TakuMm o6pa3oM, enimosiHsercs JHG0 yTBepxkieHHe 1, qau6o yrBepxkaeHue 2, O6a
OJIHOBPEMEHHO OHH BBLINOJIHATHCSA HE MOTYT, NOCKOJIbKY TOTAa NPOH3BeAeHHe COOTBeT-
CTBYIOLIHX LHKJIY H KOLUHKJIY CTOJGIOB He DaBHAJMOCH GH HYJIIO.

JleMMa o packpacke Ayr B YacTHOM cJaydae rpagos {10.5, 10.6] oueBugHa, oHa
dcnosib3yerca B V. 11 B RokasaresbcTBe CBOHCTBA «HEYCHJIEHHSA» PE3HCTOPHEIX CXeM,

10.9. MaTpouabl H «XKaJHHIH» AJITOPHTM

PaccMOTpUM MHOMKECTBO S, 3/1eMEHTaM KOTOPOTO S; MPUCBOEHBI He-
OTpHUIlaTeNbHBIE Beca w (s;). Bec moaMuoxkecTBa S onpeliensieTcss paBHbIM
CyMMe BeCOB BCeX BXOJSLIMX B MOAMHOXKECTBO 3jeMeHToB. [TycTe & —
Habop MoaMHOXecTB S. MHOrue 3afadd KOMOMHATOPHOH ONTHMH3AIMH
CBOLATCS K clelyloliel 3ajaue:

Haiiti uneH & MakcUManbHOIO Beca.

Hanpumep, X 3Toli 3ajlaye CBOJMTCS HaXOXIEHHE OCTOBA MAaKCH-
MaJIbHOTO Beca BO B3BelLeHHOM cBsi3HoM rpage G, eciu & — naGop Bcex
octoBoB rpaga G.

Jns peluenus 3T0f 3afayu ecTeCTBEHHO NPHMEHHTDb CJEAYIOLIMH aj-
FOPUTM, Ha3bIBAEMbIH «KaJHbIMY.

Anroputm 10.1. «KapHblii» aAropuT™.

[Ilae 1. BeibpaTb Takoil aneMeHT §;, 4TO {si} €F H w(s;)=w(s) A1a
BCeX TaKWX s, yTo {s} € F. Ecnm Takoro s; He cyllecTByer —
OCTaHOB.

llae 2. BeiGpaTh TaKOH S/EMEHT Sy, UTO {Si, Sa} € F H W (Sy)=w () Ana
BCEX TaKMX $54§;, 4TO {$;, s} € F. Ecau Takoro s, He cymecrt-
ByeT, OCTaHOB,

Ilae 3. BriGpaTb Tako# OTJAMYHBIN OT Sy, Sgy + .+ . , Sp—1 JIEMEHT Sy, YTO
{S1, 2y« - - 5 Sp—1, Sn} €F M W(Sp) — MAKCUMAJIBHO CPelH Beex
Takux $. Ecu Takoro s, He CyLIeCTBYeT — OCTaHOB.

OueBUHO, YTO ANTOPUTM 3aKaHYUBaeT paboTy, noayyas MaKCHMaJbHbi

o BKJIOYEHHIO uied & . OHAKO 3TOT U/IeH MOMKET HMEeTb He MaKCHMaJlb-

HHI BeC B & .

Hanpumep, eciu S={a, b, ¢, d}, w(@)=4, w(b)=3, w(c)=2,
w(d)=2 u & ={{a}, {a, ¢}, {b, ¢, d}, {b, d}}, TO anropuT™ nNOAYyHT
{a, c}, HO uneHoM & MaKcuMmanbHOro Beca sBasierca {b, c, d}. OnHako
ec/IM Mbl H3MEeHHUM Beca Tak, 9Tobn w (a) =6, w (b)=3, w(c)=2, w(d)=2,
TO anTOPHTM CHOBa NOAy4HuT {a, C}, ABAsIOLIeeCs TeNepb WIEHOM &
MaKCHMaJbHOTO Beca.

ViccsieyeM B3auMMOCBSi3b NOJYYaeMOro GKaJHBIM» alrOPHTMOM pe-
IUEHHST CO CTPYKTypolt of .
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Paccmorpum Matpoun M Ha MHoxkectBe S. Ilycth & — Habop He-
3aBUCHMBEIX MHOXecTB M. [Iyctb I1={ay, @, ..., Qn} ¥ [,={by, b, . ..
..., b,} — HesaBucHMble MHOXeCTBa, 3JeMeHTH KOTOPHIX paccTaB-
neHbl B TOpsiiKe HEeBO3pacTaHHs BecoB. Takum obpasoM, w(a)>>
Zw ()=, . =wlam) 1 wb)=w(b)=. . .=(b,). B atom cayuae Iy
nexcukoepaguiecku 6oaeiue I,, ecnu cymecTByeT Takoe 2, 4To w(q;)=
=w(b;) s 1<i<<b—1 1 w (a,)>w (by) Wik w (@;) =w (b;) g 1<i<n
0 m>>n. MHOXKeCTBO, KOTOPOe JIeKCHKOrpahHUeCKH He MeHblle Jo6oro
IPYroro MHOMCTBA, Ha3bIBACTCH JCKCUKOZPAPUUECKU MOAKCUMOALHOIM.
M3 storo ompeneneHusi cienyeT, uTO JieKCHKOTpapHueCKH MaKCHMaJb-
HO€ He3aBHCHMOE MHOXKECTBO JOJKHO OHITH 6a3oil.

MuoxectBo B € & HasbBaeTcs onmumaissroin no Ieday B &, ecnu
0751 Besskoro [ € & CyLIECTBYeT Takoe B3aHMHO OJHO3HAuyHOE COOTBET-
crBue Mexny [ v B, uto uis Beex a € | w(a)<w (b), rae b — ajemenrt B,
cooTBeTcTBYIOmMH a. OueBHAHO, YTO ONTHMAaJAbHEIMH mo ['efiny moryr
OBITh TOJIBKO 6a3bl. KpoMe Toro, ecsd 6asa onTuMasbHa mo I'efiay, To
OHA JOJIKHA HMETh MaKCHMaJbHBEIA Bec.

Jlasmee MbI IpUHHMMaeM, YTO 3JIEMEHTBI BCAKOTO MHOXeCTBa YHOps-
nOYeHb! 110 HeBO3PacTaHHIO BECOB.

Teopema 10.32. Ilyctb §F — HaGop He3aBHCHMBIX MHOxeCTB MaTpoaa M Ha S, a
B — 6aza M. JI1s npOH3BOJILHOIO B3BELIHBAHHS 3JIEMEHTOB 3KBHBAJIEHTHHI CJelylo-
[ue yTBEepKIEeHUS:
1. B nekcukorpaduyeCKH MaKCHMAaJbHO B §F .
2. B ontuManbuo no [efiny B §F.
3. B wieH § MaKCHMaJbHOTO Beca.

Hoxasamenscmso.

1=>2. Tlycre B={by, by, . . ., b,}— JeKkcukorpadhuueckn MaKcHMAaJbHas 6a3a
maTpouna M. JlonyctuM, yto B He onTumanbHa no [einy. Toraa cyuwectsyer Takoe
He3aBHCHMoe MHOxecTBo I={ay, dq, ..., @, 4T0 w(@)=w(b;) M8 l<i<k—1 u
w (ap) >w (bg). PaccMOTPUM He3aBHCHMble MHOXKeCTBAa Bp._1= fbi, by oo bp1} H
I={ay, a,, . . ., ag). 1o akcuome 1.3 cymectsyeT Takod a;€ [, uto ['={by, by, . . .
eee Bp1, aj} — He3aBHCHMOe MHOxecTBO. Ho [’ JiekcHRorpaduuecku 6oJbiuie B,
OCKOIBKY W (a;)2w (ag) >w (bp), 4TO NPOTHBOPEUHT JIeKCHKOrpadpuueckoH MakcH-
MasnbHOCTH B B §F.

2=>3. OueBuaHo.

3=>1. Ilycts B={by, by, . . ., by } — JeKCHKOrpahHUECKH MaKCUMaibHas 6asa,

a B’— 6asa MakcuManbHOTO Beca. ITOCKOMBbKY crnpasefnuBo 1==>2, To @ (b)=w (b))
aas Beex l<i<r. U3 toro, uto B” — 6a3a MakCHMAaJIbHOTO Beca, cJielyeT, 4To w (b)) =

=w (b;). Takum o6pasoM, B’ TaKxKe JeKCHKOr pahHuECKH MAKCHMATbHA,

Jlerko nokasaTh (aHAJOTHYHO TOMY, KaK STO CAEIAaHO B JIOKA3aTeJbCTBE TEOPEMHl
10.32), uTo npuMeHeHHe «KaJHOrO» aJrOPHTMa AAeT JEKCHKOrpahHYeCKH MaKCHMab-
Hyi0 6a3y, KOTopas O TOJNBKO 4YTO JIOKAa3aHHOH Teopeme HMeeT MAaKCHMaJbHbIH Bec.
Taxnm o6pa3oM, cnpaBelJHBO Caeflyloliee YTBepXKACHHE:

Teopema 10.33. [Tyctb F — HaGop HE3aBHCHMbIX MHOXECTB MaTpoMja Ha S,
3/IEMEHTaM KOTOPOrO TNpPHCBOEHbl HeOTpHLLaTe/bHble Beca. [IpHMeHeHHe GKaAHOro»
anropuTMa K HaGopy & naer wieH Ha6opa § MaKCHMaJbHOTO Beca.

N3 stoit TeopeMbl oueBHIHO, uTo 633a MAaKCHMAJILHOTO Beca NOJYdaeTcs, ec/iH
BHIGHPATh 3JIEMEHTH MaTPOHJa B NOPsAKe HeBO3PAaCTaHHS BECOB, OTBEPras TOJbKO Te
3JIEMEHTEHI, BHIGOP KOTOPHIX HApyMIaeT yCJOBHE HE3aBHCHMOCTH MOJYYaeMOro MHOXKe-
crBa, [IpUMeHeHHe «KAJJHOTO» aJTOPUTMa JJ1A TMOJY4YeHHs 6a3bl MHHHMAJLHOTO Beca
OUEeBHJIHO.
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PaccMoTpHM, HanpuMep, B3BeweHHbIH rpad G Ha puc. 10.5. Beca pefep npusesenn
Ha pucyHKe, JIJs NpHMEHEHHs «KAJHOTO» aITOPHTMA K MOJyYyerHIo ocToBa rpada G
MaKCHMaJbHOrO Beca HeoOGXOAMMO CHayasa pacloJOXHTb pefpa B NMOPsAAKE HeBO3pa-
cTaHus BecoB. TakuM ofpasoM, pefpa 6yAyT YnoOpsJOUYeHH! CJeLylolHM o6pasom:
a, b,ef,dcgh

C oMol aropuT™Ma GYAYT NOJNyYeHH CHayasla TPH pebpa a, b H e, TOCKOILKY
OHH we 06pasyloT uKJa. Pe6po f GYLeT OTK/IOHEHO, TaK Kak MHOXecTBO {a, b, e}l
U {f} comepxur muka. CaefopateanHo, GyleT Bri6pano pe6po d. Pebpo ¢ 6yger or-
KJIOHEHO, NTOCKOJbKY OHO 00pasyer IHKJ C yie BHOpaHHHIMH pefpamu e u d. [lo aToft

Puc. 10.5. BspewenHnit rpad.

JKe mpHuuHe GYAYT OTK/IOHEeHb pebpa g u k. Takum o6pasoM, ©KajHEIH> aJrOPUTM I10-
poxjaer MHOxecTBO {a, b, e, d}, sBasTIOUIeecs ocToBOM Ipacda G MaKCHMAJBHOTO Beca.

JokaxeM cefiuac TeopeMy, o6paTHyio Teopeme 10.33.

Teopema 10.34. Tlycth §F — HaGop NMOIMHOXKECTB MHOXKecTBAa S, ofsaagaromui
TaKuM CBOHCTROM, uTo e A € F u B=A, 10 B €5 . Toraa npumenenne x nabopy F
©KaJHOrO» aArOpHTMA JaeT 4JjeH Habopa § MaKCHMAaJbHOrO Beca, TOJIbKO eClH & —
HaGop He3aBHCHMEIX MHOXKECTB MaTpouja Ha S.

Joxasameascmeo. M3 akcMOM He3aBHCHMOCTH OYEBHJHO, 4TO HaM Heo0XOAHMO
noKasath, 4o ecaid A= {ay, a,, . . ., ag}EF, a B={by, by, . . ., bp+1} EF , TO TaKoH
CYyLIECTBYET bieA, yro AYb;EF.

C 3TOH Llesblo OTpefeuM Beca 37eMeHTOB S cielyloumuM ofpasom: w(a;)=1,
l<i<k, w(b)=x, b;EB—A, w(e)=0, e € S—(A ) B), rae 0<x<1. Toraa «wxafani»
aJrOPHTM BHIGEpET CHAyasa SJeMEHTH 4y, Gg, . . ., dg. ECJH He CYUECTBYET TaKoro b,
yro {by, @y, . . ., ag}EEF, aaroput™ BuGeper sieMenthl u3 S—(A UB). Tlostomy,
KOTJa aJrOPHTM 3aKOHYHT pafoTy, B pe3yJ bTare TOJYYHTCS MHOXKECTBO, HMelollee
Bec, paBHEIA Becy A.

Ecin [BNA|=!, 10 w(A)=Fk u w(B)={+ (k-+1—1) x. OueBUAHO, YTO MOXKHO
BuGpath 0<x<1 TakuM, 4yro w(4)<w(B). Ho TOrAa «iramueli» anropuT™ He Iopo-
BHJI uneHa Ha6opa § MaKCHMAJbLHOIO Beca, T. €. Mbl NPHINIH K NMPOTHBOPEUHIO.

TIpuMeHeHUe «KaJHOrO» aJrOPHTMA K 3ajaYe HaXOXKAEHHS OCTOBA MAKCHMaJbHOTO
Beca GhIIO BrepBue npefioxkeHo B pabote [10.7]. Paciuupenne IpHMeHeHHs 3TOro aJ-
FOPUTMA Ha MaTPOouAH 6bLIO NpeinokeHo B padoTax [10.8—10.11].

10.10. 3aMeuanuns, KacawuHecs
JUTEPATYPHI

[IpekpacHpiMu paGoramy, coAepxKamiuMu GOraTyio HHGOPMAIHUIO MO
TEOPHH MaTPOMOB, siBJstioTcss pabors! [10.4, 10.12]. B patote [10.13]
¥MeeTcsl TJ1aBa Mo Marpounam. YuicoH [10.14] naer sieranTHoe BBege-
HHe B Teopuio MaTpournoB. OH pacKphiBaeT CHJIY OOILIHOCTH MaTPOUIOB,



Mampoude 215

BRJIIOUAs TPOCTBle JI0KA3aTeJbCTBA IBYX TeopeM mo pebepHO Hemepece-
Kawoliumesi ocroBaM rpada. Kpome mnepBOHAYanbHOH CTaTbH ¥ HTHH
[10.1] MBI OuYeHb peKOMEHAyeM s AaJbHEHINero H3yueHHs paGoOTHl
[10.156—10.27].

Tarr [10.3, 10.17, 10.18] paspaoTan TeOpHIO LENHBIX TPYHI H MaT-
pornoB. OH ompejesH/ MaTPOMA DEryJApHbIM, ecli TOT U30MOpGeH
MATPOHIY pery/sipHOH lenHOH rpynnel, MoXHO MOKasaThb, 4TO MaTPOH]
peryJsipeH TOTAA H TOJbKO TOTAA, KOTJAAa OH HpPEeJCTAaBHM Haj BCAKHM
nojeM. B ipyroll xapakTepHaallHH MaTpOHL peeyasper TOTLA H TOJBKO
Torjga, Korna oH opuentHpyeM [10.2]. Tart Takxe npeanoxun Heo6xo-
JMMBIE H JIOCTaTOUHBIE YCJOBHS TOTO, YTO MAarpoHj rpadpuyeckuh. bu-
HapHBIH MaTpoHf siBJfeTcs rpadHYeckKHM TOTJa H TOJBKO TOTAA, KOTAa
OH He COJEPIKHT B KauecTBe MHHOpa MaTpouJ PaHo HIM JBOHCTBEHHEBIH
emy, HIH M*(K5), nnn M*(K; 5). Janbhefimee o6cyXeHHe 3TOTO BO-
mpoca MOXHO HaiTtH B paborax [10.4, 10.19]. (Onpegnenenne MaTponza
®ano gaHo B ympaxHeHHH 10.22.)

TeopHus cBsi3HOCTH MaTpouAOB AaHa B pabore [10.20]. Teopus opuen-
THPYEMOCTH B NIpHMEHEHHH K MaTpoHiaM ofLiero BHAA faeTcs B paborax
[10.28, 10.29].

Jleman [10.16] nan pemerne urpel nepekmoueHui [lleHnona, uc-
nosb3ysi noHsTHe Martponzia. CMm. takxke pabors [10.4, 10.30, 10.31].

Kpacora TeOpHH MaTpPOHIOB 3aK/I0UAETCH B €¢ YHHBEPCAJbHON MpH-
pojie, MPHBOJSAIIEH K NMPOCTHIM J0Ka3aTeJqbCTBAM pe3YJbTATOB TEOPHH
TpaucBepcaned u Teopuu rpadoB. Cum. rakxke paborer [10.14, 10.24,
10.30].

Pa6ora [10.27] uuTepecHa paccMOTPEHHEM aJITOPHTMOB, CBA3AHHBIX
c matponaamu. CMm. takxke pabots [10.4, 10.32, 10.33].

Teopus MaTpoHIOB HAXOAHT B HAcTOsilllee BPeMsi BCe BO3pacTalollee
NpHMeHeHHe B TEODHH SJIEKTPHUECKHX cxeM. CM. paboTh [10.34—10.43].
Bpyuo u Beitn6epr [10.37] paror xopoliee BBeJieHHE B TEODHIO MAaTpo-
HJIOB.

YnpaxHeHus

10.1. Tlycte M — matpoun Ha S, a A=S. Onpenenum F ' xak HaGop TaKUX NOAMHO-
ecTB X=S, uto X — He3aBHCHMOe MHOXeCTBO B M u XN A=(J. JloKaxuTe, 4TO
& '— Habop He3aBHCHMEIX MHOMECTB MaTpOHJa Ha S.

10.2. [Iycts MHOXecTBO S MMeeT n 3JeMmeHTOB. [Iokaxkute, uTo HaGop F Bcex noj-
MHOXeCTB S, uMeIHX k HJIH MeHee 5JIeMEHTOB, CTh MHOXECTBO He3aBHCHMBIX MHO-
JKEeCTB MaTpOuAa. DTOT MaTPOHJ HA3BIBAETCS 00HOPOOHbIM mampoudom paHra k u 0603-
Hayaetcst yepes Up .

10.3. Ilycte M — matpoun Ha S, a By, B,— pa3nuuHble 6a3nl M. [Jokaxure, uto
CYLIECTBYET B3aHMHO OJHO3HaYHOE COOTBETCTBHE MexAy By u By, npu KoTOpoM Ajis
Jboro e € By (By—e')|Je siBasiercst Gasoit M, rjie e’ € B, cootsercTByerT e.

10.4. Mokaxkure, uyTo ecau By, B,— 6a3sl Matpoupa M u X{=B,, To cyuecrsyer
Takoe Xs=B,, uto (Bi—X{)UX;s u (Bs—X,) U X, siBasiiorcst 6asamu M [10.44]; cwm.
Takxke [10.12}, raasa V.

10.5. TTycTs D — Hafop TAKHX HemyCThIX NOAMHOMKECTB §, 4TO 1715 ABYX JIIOOKIX UJe-
HoB X u Y Habopa @ (x€XNY, y€X—Y) cyurectByer Takoe ZE 8D, uToy €Z<
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<(XUY)—x. Jokaxnrte TOraa, 4To HaGop &)’ MHHHMaJbHHX YIeHOB &) ofpa«
3yeT MHOXeCTBO LHKJOB MaTpouaa {10.3],

10.6. JoxaxuTe, 4T0 ecH C — UuKJi MaTponia M, a a€C, To cymecTByeT TaKas
6aza B, yto C=C/{(a, B).

10.7. JloxaxuTte, uTo ec/n B — Gasa MaTponja M u x€ B, To HMeeTCA TOYHO OAHH
Tako Kouukn C* matponsa M, uto C* \(B—x)=(F.

10.8. [doxkaxute, yto ecin C — LWHKJ MaTpouia M H x, y — ero pasjiHyHbe 3JleMeH-
Tui TO CyLIecTByeT KoUHKJ C*, coflepallHil X, ¥ H HAKAKOro Jpyroro 3J1eMeHTa LHKJ1a
C {10.2].

10.9. Ilycts M — MaTpoua Ha S, a x, y, 2 — pasJjiHuHBE 3JeMeHTH S. JlokakHTe,
YTG eCJIH CYWIECTBYIOT LHKJ Cy, cofiepxamufi x 0 y, # C,, coflepkamHil y H 2, TO cy-
mecTByeT H LHKA Cg, collepXallii x H 2.

10.10. MuoxectBo AS HasmBaeTCH samKkHymbis B MaTpouie M Ha S, ecqin 4 Bcex
x€S—A p=(AUx)=p (A)+1. lNokaxure, 4TO nepeceyeHHe ABYX 3aMKHYTHIX MHO-
XKECTB €CTh 3aMKHYTO€ MHOXECTBO.

10.11, ITycte M — MaTpoHa Ha MHomecTBe S. 3ambikanuem o (A) MoaMHOXecTBa
AZS HasbiBaeTcs MHOXECTBO BCEX TaKHX 3JleMeHTOB x€ S, uto p (A x)=p (A). Ho-
KaXHTe, 4TO a) ecyd x BXOAHT B 0 (A U y), Ho He BxoauT B 0 (A), To y BxoAuT B 0 (A ) x).
6) 37leMeHT x NpHHa/IeXHT 0 (A) Torja H ToJbKO TOrAa, Korja x € A HJH cymecTByeT
unka C marponsa M, ana koloporo C—A= {x}.

10.12. Tunepnaockocmoto Matponia M Ha S HasbiBaeTcs MaKCHMaJlbHoe COGCTBEHHOE
3aMKHyToe mojMHoxecTBo S, ITokaxure, uTo H ABJAAeTCA THIEPIVIOCKOCTHIO TOrJA
H TOJIbKO TOTJAa, Korja S—H — KoLHKJ MaTponia M (cHcTeMy aKCHOM [/ MaTPOHAA,
HCXOJA M3 CHMEpIVIOCKOCTeR, MOXHO HalTH B pabote [10.4]).

10.13. ITokaxnTe, yto ecan M — matpoun Ha S 0 A=S, 10 cyxkenne M -T Matpouja
M nva T — MaTpoOHJ, KOUHKJB KOTOPOrO ABJAIOTCA B TOYHOCTH KOUHKJIAaMH MaTpOHJa
M, copepxamumuca B A.

10.14. JoxaxnTte, uto eciu M — matponj Ha S # T XS, 10 a) M|T=(M | X)|T;
6) M:-T=M-X):T; B) (M|X):T=M«(S—(X=T)|T; 1) M—X)|T=(M|S—
—(X—-T))-T.

10.15. Matpoun M Ha S HasbiBaeTCH CA3HGIM WJIH Hepasleaumbim, eclu s Jo6of
napel pasjIHYHBIX 3JEMEHTOB X H y, NPHHAAJexamuXx S, cyllecTByeT UHKJ MaTpOHAA
M, cogepxamuit xu y. B npotuBHOM ciiydae M Ha3bIBaeTCA HECEASHLIM WIH pasdeati
Mmoim. TToKaxnTe, 4TO MaTpOHJ ABJISETCA CBA3HBIM TOTJA H TOJbKO TOTa, KOrja CBA3eH
JBOACTBeHHBII K HeMy MaTpoupg M*.

Hpusenariue. Ecnu G — rpad, 10 M (G) cBa3HBIA TOrAa H TOJNBKO TOrAa, Koria rpad G
ABJiAeTc 2-CBA3HHIM.

10.16. ITokaxuTe, yTo MaTpoHA M Ha S CBA3HHIA TOrAa W TOJbKO TOTAa, KOrja cyume-
cTByer Takoe cobcTeeHHoe noaMHOXeetBo ACS, uto p (A)4-p (S—A)=p(S) {10.1].
10.17. JokasaTe HJH onpoBeprHyTh: rpad G cTArHBaeTCs K H TOrja H TOJBKO TOTHa,
korja M (G) cogepxuT M (H) B KauecTBe MHHODA CYXKeHHH.

10.18. Jlokaxure, 4To ojHopoAubii MaTpond U, 4 nmpelcTaBHM Haj BCAKHM IMOJIEM,
32 HckJaodeHdeM GF (2).

10.19. IokaxnTte, yT0 MaTpoH] GHHapHHIA TOrAa H TOJNBKO TOrfAa, Korja Aast JAGHX
unkaa C u xounkna C* cnpasefauso [C[)C*|+3.

10.20. Ilycte §F — ceMeficTBO HenyCTHIX ITOAMHOXeCTB MHOxecTBa S. TpaHcepcaab
nojceMefiCTBa § Ha3bIBAeTCH “acmuurol mpancaepcarsio & . ITokaxure, uto ecan §f —
Ha0op HelycTbIX ITOAMHOXECTB MHOXecTBa S, TO Ha6op YaCTHUHBIX TpaHcBepcanel &
obpa3yeT MHOXeCTBO He3aBHCHMEIX MHOXecTB MaTpoHAa Ha S. (OmnpegejieHHe TpaHc-
BepcaJid JaHo B pasa. 8.6.) Hafinute dynkuHio paHra sToro MaTponja. Matpona M Ha
S HasbIBaeTCHA MpPAKCEEPCarbHBIM, €C/IH CYILIECTBYET TaKoe CeMecTBO § NOAMHOXKeCTB S,
uyTo G (M) ecTb ceMeHCTEBO YaCTHYHHIX TpaHcBepcadeit §F . Haiipute dhyHKuHIo panra
TpaHcBepcalbHOro MaTpoHAa (cM. TeopeMy 8.15).

10.21. TlokaxHure, YTO J11060A OAHOPOAHDIH MaTPOHJ, paHra 2 ABJAeTCH TpaHCBEpPCab-
HBIM.

10.22, Martpoun ®aHo F — 3710 MaTpouj, onpefeeHHbl Ha MHoxecTBe S= {1, 2, 3, 4,
5, 6, 7}, 6asaMu KOTOPOro HABJISIOTCA BCE IIOAMHOXeCTBa S, coliepralliie 10 TpH
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oeMeHTa, 3a uckaiouenwem {1,2,3}, {1,4,5}, {1,6,7}, {2,4,7}, {2,5, 6},
{3. 4, 6} u {3, 5, 7}. [Tokaxure, yto MaTpoun F ABAsiercs a) GuHapHEIM, 6) TPaHCBep-
caJbpHBIM, B) HerpadbHyecKHM, I) HeKOrpadhuyecKHM.
10.23. TTokaxuTe, yTo UMKIUYeCcKUH MaTpOuA K4 He sABJSeTCS TPaHCBepCalbHEIM.
10.24. Matpount M Ha S Ha3biBaeTCs 5Uep0osbiM, €ClTH S MOXHO NPENCTaBHTL B BHIE
o6belMHEHHsI HerepeceKaloUMXcsl UHKJI0B. MaTpoull HasbiBaeTcsl JsydoarbHbiM, ecly
BCAKHH ero LHKJ CONEPXKHT YeTHOe yucao djeMeHToB. Jlokaxure, yto Matpong M
ZBYIOJbHENT TOTa M TOJABKO TOTAa, Korja MaTpoup M* siiiiepos.
10.25. Tlycts D — opuenTHpoBaHHBIA rpad Ge3 netenb, a X H Y — HenmepeceKalomue-
¢ MHOxecTBa Bepuut D. [NoaMuoxectBo ACX HasbiBaeTCsl He3aBHCHMBIM, €CJIH CY-
uiecTByeT |A| BepliMHHO Hemepecekawouiuxcs tenelt or A k Y. [Tokaxute, 4to aTH
He3aBHCUMEIE MHOXKECTBAa 00pa3yloT He3aBHCHMble MHOXKeCTBA MaTpoHfa Ha X (Takol
MaTpou HasbiBaercsi eammoudom) [10.45].
10.26. Matpoun M Ha S Ha3BIBAeTCH APABULLHBIM, €CTH 13 NoObiX 6a3 By, B, MaTpou-
1a M cyluecTBYeT Takoe B3aUMHO OJHO3HAYHOE COOTBeTCTBHE MeXAy By U Bj, uto Aas
aw6oro x € By (Bi—x)Ux' u (By—x')Ux aBnsiotcs Gasamu MaTpouza M, rae x'—
ajeMeHT Bj, cooTercTBylolul x. [Tokaxute, uto a) M (K,) — HenpaBuJIbHBIA Ma-
Tpoun; 6) ecty M — npapuibHbi MaTpous Ha S u TS, 1o matpoun M|T npasuas-
HE#; B) ecli M — npaBuJbHEI MaTpoOMJ, TO J1060H €ro MAHOP NPaBHJbHBIE.
10.27. Tlyetb M, u My— MaTpouabl Ha MHOXecTBe S.
a) [TokaxuTe, 4TO MHOXKeCTBO BceX oObeauHeHHH [{JJ/ He3aBHCHMEIX MHOxects [
MaTPOHAA M M He3aBHCHMBIX MHOXecTB J MaTpouaia M, ofpasyer HaGop HE3aBHCHMBIX
MHOXECTB HOBOTO MaTpoHja. (DTOT MaTpOHIL Ha3biBaercsi o6%vedunernuem M u My u
o6osnavaetcs M UM;.)
6) [MokaxuTe, 4TO eC/H Py U Ps— GYHKIHUHA paHra MaTpousioB M, u M, Ha MHOXecTBe S,
T0 10(14)=}£m'r}q {1 (X)+pa (X)+[A—X][}, rne ASS, p — dynkuus panra M;UM,
<=

(10.14].
10.28. Tlycte M — matpoun Ha S. Jlokaxure, uto a) M cofiepxuT k& Henepecekaio-
muxcss 6a3 TOTJa M TOABKO TOTAa, KOrha AJs awboro ASS p(A)+-|S—A[>kp (S);
6) S MOXHO BHPa3uTb B BHIe OObeJHHEHHS He GoJlee 4eM R He3dBHCHMEIX MHOXKECTB
TOrZa M TOJbKO TOTAa, Korfa AJs Jwboro ASS kp (A)=]A].
Ipumenanue. Paccmotpute ofBenunenne k xomnid matpouaa M u ucnosbsyiiTe pe-
ayaeTaT ynpaxHenus 10.27 [10.14].
10.29. ITokaxuTe, 4TO ecJH «KaJAHHIM» AJrOPHUTMOM BEIGDAHBI £ 37eMeHTOB, TO OHH
HMEIOT MAaKCHUMaJbHEIA Bec CpelH BCeX HE3aBHCHMHIX MHOXKECTB, COCTOSALIMX H3 &
HIH MeHee 3JeMEHTOB.
10.30. Heo6xonuMo BbIMoAHHTL Ha DBM mHOxecTBO 3ananufi. Bee 3afanus tpeGylor
IJ1s1 BBIIOAHeHHS OJMHaKoBoro BpeMeHu. KaxIoMy 3ajaHHI0O NPHCBAUBaeTCA KpalHui
CPOK BEIIOJHEHHS.
a) MokaxnTe, uTo HaBOp BCeX MOAMHOXKECTB 3a/laHUH, KOTOPhe MOXHO BHIIOJHHTD 10
PACMHCAHHIO, 00pa3yeT MHOMXKECTBO BCEX HE3aBHCHUMBIX MHOXKECTB MaTpOMAa.
6) IlonycTHM, 33 Kaxjoe He BBIIOJHEHHOe B CPOK 3ajianue HeOOXONHMO 3aMJaTHTDL
mTtpad. B KaKoM nopsiKe ciaefyeT BHNOIHATL 3aAaHHUs, YTOOH o6LIMit mTPag 6L Mu-
HHMaJbHbIM?
10.31. ITycts M — MaTpoHA, 3JeMeNTaM KOTOPOIO IPHCBOEHB! HEOTPHIIaTe/IbHEIE Beca.
JloKaxXHuTe, YTO
a) HMKaKOH 3/7eMeHT 6a3bl MAKCHMAJbHOTO BeCa He HMeeT HauMeHbIIEero Beca B JofoM
nuka1e M;
6) KaxAHH sJeMeHT 6a3H MaKCHMaA/IbHOrO Beca HMeeT HanGoJbwHi Bec mo Kpaiined
Mepe B OJHOM KOLHKJe MaTponja M.
Hcnoapays m. 6., IpeiIoxKuTe Ipouelypy NoCTPOeHNs 6a3bl MaTPOMJa MAKCHMAJT bHOTO
Beca. (B paGote {10.46] onucbiaetcs Takasi OPOLUELYDa LJsi MIOCTPOEHHS OCTOBA MH-
HHMaJBHOTO Beca B CBSI3HOM rpade.)
10.32. Ilycte M — MaTpoup Ha S, 371eMeHTaM KOTOPOI'o IPHCBOEHH HeOTPHLATeNbHEe
Beca. Ilycrs 93 — mabop 6a3 matponaa M, a §* — HaOOp KOUMKJIOB 3TOTO Xe Ma-
Tpouna M, JlokaxuTe, uTo min max w(e)= max min @),

BedB ¢eB c*eB* ecct



Yacts ll. Teopus
3JEKTPUUECKUX LEMNeH

11. 'padbt ¥ 2JeKTPUYECKHE ULENH

DneKTpHUECKas Lenb eCTh COEAUHEHHE TAKUX 3JIeMEHTOB 3JEKTpHYec-
KOH IlenH, Kak pe3UCTOphbl, eMKOCTH, UHIYKTHBHOCTH, aTaKxke HCTOY-
HUKH HanpsKeHUs U Toka. KaKIoMy 3/eMeHTY Lleld CONOCTaBJIsI0TCA
JiBe TepeMeHHble: NepeMeHHAasl HanpsixkeHus u(f) U lepeMeHHAsl TOKa
i(f). Ons 5THX HepeMeHHBIX HEOGXOHUMO ONpeNeHTL HCXOHble Halpas-
JIeHHs1, TaK KaK OHHU fBJSIOTCS QYHKIUSMH BpeMEHH U MOTYT IPHHUMATh
TOJIOKUTEJIbHBE H OTPUIATe/bHbIE 3HAYEeHHs. DTO AeNaeTcsl yKasaHueM
CTpeNKOH, HA3BAHHOH HanpasieHuem, IJs KaxKIOTO 3JeMeHTa Lelu
(puc. 11.1). Dra cTpesnka o3HaAyaeT, 4TO BeJHUMHA i (f) TONONKUTENBHA,

1163)]
—

L v(t)

Puc. 11.1. IlpencraBieHue 3/eMeHTa UEMH.

€CJI¥ TOK TeueT [0 HanpaBJIeHHIo CTpenKH. [lanee npunumaeM, 4To MoJsp-
HOCTb HanpsikeHHs v (f) CUMTAETCS MOJOXKHTENbHON y OepeHHs CTpe-
ku. TagkuM o6pazoM, BeluduHa v (f) ABASETCS MOJOXKHTEILHOH, KOTLa
najieHHe HanpsKeHHs B 3JIeMeHTe LM HampaBJIeHO BAOJb CTPEJKH.
DneMeHTH! LIENH XapaKTEPU3YIOTCSA (PUINIECKHUMU COOTHOIIEHH IMH MEXKIY
nepeMeHHBIMH TOKa U HampsikeHHUs. MHOrza MoxeT oKasaTbesl He0GXO-
JHMBIM, YTOOBI 7151 HEKOTOPBIX 3JIeMEHTOB Ield GbITH 3aJJaHbl 3HaueHH
HAMp sKeHUs, a A1 ApYTHX — 3HaueHHs TOKOB. TakHe 3/7eMeHTh! Ha3bI-
BAIOTCSl UCIMOMHUKAMU HANPANCEHUS W MOKA COOTBETCTBEHHO.

IByMs QyHIaMeHTalbHBIMH 3aKOHAMH TeOP HH 3JIEKTPHUECKHX Llernel
SIBJISIIOTCST 3aKOHBI Kupxroga, KOTopble MOXKHO cOpMy/IHpOBATh CJe-
JAyiomuM o6pasom:

3axkoH Kupxroda ans tokos (3KT). AnreGpanueckast CyMMa TOKOB,
BBITEKAIONIUX W3 y3Ja, paBHa HyJLO.

3akon Kupxroda naa nanpsxenuit (3KH). AnreGpanueckas cymma
HalpspKeHHH B J1000M 3aMKHYTOM KOHTYpDe paBHa HYJIIO.

Hanpuvep, Ans Lenu, TMoKasaHHOH Ha puc. 11.2, @, ypaBHeHus
3KT u 3KH npuBejennl Huxe:

Ypasuenusa 3KT VYzea a i, —i,+i,=0,
Ysen ¢ —i,+i,—i,=0,
Ysenm b —i,+i,+i;=0.
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Ypasrenus SKH Kouryp {1, 8, 5} U+ 0+ 0, =0,
Kouryp {2, 4, 8} v5+v,—U,=0,
Kouryp {l, 6, 2} —uv;+0,—v,=0.
Ins sagannofi snekTpudeckoil nend N 3ajJaua aHajd3a COCTOUT B TOM,
uToGEl ONpee/uTh HANPSKEeHHsT U TOKH B 3JeMeHTaX, KOTopHe y/l0BJe-

TBOpAIOT 3akoHaM Kupxroda, ¥ COOTHOLIEHUS TOK — HaNpsXKeHHE,
XapakTepusylollye pasju4yHBE 3JeMeHThl, oOpasylollye ILelb.

<,
10

Puc. 11.2. IlpepcraBieHte LEMH OPHEHTHPOBAHHBIM rpadoM.
a — uens N; 6 — opHeHTHpOBaHHKH rpad N.

(]
10
1t

OTMeTHM, 4TO YpaBHEHH#A, KOTOPble BO3HHUKAIOT NPH INPHMEHEHHH
3akonoB Kupxroda, HocAT aareSpandyecKHil Xapakrep U 3aBHCAT TOJBKO
OT B3aMMOCBSI3H 3JIEMEHTOB B lleNH, a He OT UX NpupoAdl. CyllecTByeT
HECKOJIBKO CBOHCTB 3JIEKTPHUECKOH IIeNH, KOTODHIE 3aBHCAT OT €e CTPY-
KTypH. M3yuas Takue CBOHCTBA, yAOOHee PacCMaTpUBaTh Kax/blil 3Je-
MeHT Llelld KaK OPHeHTHPOBaHHOe peOpo, CBA3aHHOE C JBYMs NepeMeH-
HeMH: U (f) ¥ i (f). TakuM o6pasoM, MOXXHO DPacCMAaTpPUBAThL CXEMy 3JIeK-
TPUUECKOH llenu KaK OPHEHTHPOBAHHEIN rpad, B KOTOPOM KaxIOMy peo-
DY COTOCTaBJIeHH! B NepeMeHHble: U(f) u i (£), HEOOXOAUMbIE /151 BHIIOJI-
HeHHsa 3akOHOB Kupxroda M HeKOTOPHIX OIpPEJe]CHHHX (HH3MYECKUX
cooTHoleHu#i. Hanpumep, opHeHTHPOBAHHHIH rpad, COOTBETCTBYIOWIMA
Henu, nmpeiactaBaenHoll Ha puc. 11, 2, a, nsobpaxen Ha puc. 11.2, 6.

Jlerxo Bujerh, uto ypaeHenus 3KT u 3KH ansa uenu N moxuo 3amu-
carb Kak Q./,=0 u B.V,=0 cootsercrBenHo, rie Q. u B, — maTpuua
paspes3oB M LMKJIOMaTHUYeCcKas MaTpHIla OPHEHTHPOBaHHOro rpagda, co-
nocraejennoro nenu N, a /, u V, — BeKTOp-CTO/OIBI TOKOB U Hanps-
»eHUH COOTBETCTBEHHO Ha 3jemeHTax Lenmu N. Bo Bcex paccyxaeHusx
B 5TOH H NOCJeAYIOUMX IJaBaX GyleM 0003Ha4aTb KaK 3JeKTPHUECKYIO
IeNb, TAK U COOTBETCTBYIOULHI eli OPHEHTUPOBAHHEIA rpad OAHUM U TeM
ke cuMmBosioM. Uauie Bcero rpagd 6yler NOHMMArbcs Kak lenb U HA060-
por. Takum o0pasom, TaKue OoTHocsllMecs K rpady onpelesieHus, Kak
CBA3HOCTb, LMKJIOMAaTHYeCKOe YUCIO0, PAHT, OKA3bIBAlOTCH INPHUMeHHUMbI-
MH H K uenu. Takxe OyjgeM NMOHWUMATb NOJA Y3/40M BepLIMHY.
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B 3TOf viaBe MBl O6CYIHM HEKOTOpbIE acleKTHl aHaau3a LeneH, xo-
TOpHIe B 3HAYHTEJILHOHM CTelleHH $aBMCAT OT TeopuH rpados., Hameft
OCHOBHOH 3aJayel siech OyAeT MOXYEPKHYThb MOJIE3HOCTh TEOPHHM Tpa-
(OB NpH CHCTEMATHYECKOM MOCTPCEHHH YPAaBHEHHH LefH H PACKPLITHH
HeKOTOpLIX (yHAEMEHTANbHEIX CBOHCTB 3JEKTPHUECKHX ueneii.

11.1. TpeoSpasosanue KOHTYpOB B ceueHH I

B stoMm pasjene HcclenyeM COOTHOLIGHHS MEXKIY TOKAMH H HAIp sxKe-
HUSIMH Ha 5JeMeHTax Lend N. DTH COOTHOLIEHHS BHITEKAIOT U3 SAKOHOB
Kupxroda u OTHOLIEHHS OPTOTOHANBHOCTH MEXKAY LHKJAOMATHUECKOH
marpuuelt U marpuneii cevenuit nenu N. He Hapymas oGuiHOCTH, MOXKHO
cuuTath, 4To rpap N — cBA3HHIH.

Hycre T sBnsiercs ocroBom Lenu N, a By u @ ofo3navator ¢yHzaa-
MEHTA/IbHYI0 LHUKJIOMaTHYECKYIO MaTPHIY H MaTPHLY cedeHHHl MO OTHO-
menuo K T. Toraa ypasrenus: Kupxroga /151 TOKOB M HanpsiKeHHH 6y-

JAyT UMeTb BH]J
Qs1,=0, (11.1)
B,V,=0. (11.2)

INpenmonoxxnm, uro /, u V, pasjeieHbl ClefyOluUM 006pasom:

; [IJ [V
=" f=[vw

rie BEeKTOpHl, OTBedYawliHe XOpJaM H BeTBAM OCToBa T, OMIHYAOTCA
MOACTPOYHLIMH HHJEKCAMH ¢ M ¢ COOTBETCTBEHHO. TOrZa BhIparKeHHs
(11.1) u (11.2) mo:xkHO 3amHcaTh B BHIe:

1,
2. vl |- (11.3)
Ve
[U Bl " =0. (11.4)
t
3amerum, uto [BEIpaxkeHue (6.13)]
Q.= —Bi. (11.5)
Crauana paccMoTpuM Belpaxkenue (11.3). M3 nero nosyuaem
ly=—Q, I ,=Bl,. (11.6)
Taxkum o6pa3oMm, TOK /, MOXHO NDPeICTaBHUTH B BHJE
1=k v 1,=Bjl
e — lt == B;t C= f e (11.7)

Mcxons u3 Buipa:kenus (11.4), aHaJTOTHYHO MOXKHO [OKAa3aThb, 4TO
s
V,.=QiV,. (11.8)
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B pesysbrare HMeeM CJeIYIOUIYIO TeOpeMy:

Teopema 11.1. 1. Bce Toku, Texyuiue yepes 3jeMeHTH 3JeKTpHuecKoil memsd N,
MOXKHO BHPa3uTh JAHHEeHHOH KoMOUHauuell XOpPAOBBIX TOKOB, T. €. TOKOB, CBfI3aHHBIX
¢ xopaamu ocroBa N.

2. Bce HampspKeHHsl Ha 3/1eMeHTAxX 3JeKTpHuecKoH nenmd N MOXXHO BBEIPasHThb
JHHEHHOH KOMOMHAaUMedl HampsoKeHMH Ha BEeTBAX, T. €, HaNpsKeHHN, CBA3aHHBIX C
BETBSIMH OCTOBa LemH N.

Jlns uamocrpanuy soipaxkenuii (11.7) u (11.8) paccmorpum uenms N, mpeacTas-
JIeHHy0 Ha puc. 11.2.

Marpuuamu B i Q7 110 OTHOLUGHHIO K OCTOBY 7', COCTOSILLIEMY H3 JICMEHTCB l, 41
5, 6yayT MmarpHuL

23 6 1 45
(100111
B=10 1 0|1 0 1}
lo o 1]o0 1 1

-1 -1 o1 0 0
0,=| -1 0 -110 1 ol.
-1 =1 =110 0 1

Torna I, u V, MOXHO BbIPasuTh CJEAYIOUIUM 06pasoM:

Fo

—_— . O — O
—_——O —, OO

l.)z—7 ‘___ — __l_l

1
0
1
0 0 ,
1 4
0

L

Teopema 11.2. IlycTe N — 3jeKTpHueCKas LeMb paHra p € LHKJIOMAaTHIECKHM
yHcaoM W. TIycTs B — Matpulla, MoJyuyeHHas H3 W JIOCHIX HE3ABHCHMbIX CTPOK LUKJIO-
MaTH4eCKOH MaTpuubl ULemu N, a Q — Marpuua, MOJNyYeHHAsd U3 O J1OOBX HE3aBHUCH-
MBIX CTPOK MaTpHIb! paspesoB uend N.

1. Konmypnoe npeotpasosanue. Bexrop-ctonben I, yIOBJIETBOPAET ypPaBHEHHIM
3KT uenu N TOTZa H TOJbKO TOTjd, KOTAA CYIIECTBYeT Takoil BexTop croaben /’ u3

28 3JIEMEHTOB, 4TO
I,= B (11.9)
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2. [Ipeobpasosanue ceuernut. Bexrop-cronen V, yIOBJETBOpsieT ypaBHEHHAM
3KH uenn N Torfia H TOJbKO TOTAa, KOTJa CYLIECTBYET TaKOH BeKTOp-cTosbent V' u3
© 3JEMeHTOB, 4YTO

V,=QV'. (11.10)

Hoxasameascmso. 1. Tlycrs B;— CasucHast UHK/JIOMaTHYeCKas MaTpHIA LeENH.
Torma cymecTByer Takasi HeBBIpOXKAeHHAsH MaTpuua D, uto

B,=DB. (11.11)

Ecnn 1, ynosiersopsier ypaBHenusam 3KT, To H3 Beipaxenus (11.7) nmeem IE=B;1¢.
TMomcrasasin (11.11) B npHBefieHHOe BHIE ypaBHeHHe W noaaras I'=D'l,, noryunm
I,=B!I’. C ipyroii CTOPOHDI, €C/IH CymecTBYeT Takol Tox /', wro /,=B!I’, 10 QI ,=
=(QBY1'=0 no TeopeMe 6.6 n 3KT BEHROAHEH.

JokasaTenneTso 1. 2 caeyer U3 NpUHIKIA ABONCTBEHHOCTH. Y PaBHEHUS
(11.9) u (11.10) usBecTHH KaK KOHTYPHOe IIpeoGpasoBanue U npeodpaso-
BanMe CeueHHs COOTBETCTBeHHO. DleMeHTH /' u V' maswiBaiorca nepe-
MEHHBIMU KOHMYPOB W Cevertid COOTBETCTBEHHO, B oflieM cayuae nepe-
MEHHBIe KOHTYPOB K CeUeHHH ABJISIOTCS JHHEHHLIMH KOMOUHALMSIMY Ha
BeTBAX XOPJOBEIX TOKOB H HaNpspKeHWH coorBercrtBenno, ONHAKO, ecJu
HCIIONIB30BaTh By U (Q7) B KOHTYPHOM NpeoOpasoBaHHM (Ceuenis), TO
XOpIOBBIE TOKH (HANPSXKEHHS HA BETBSIX) CTAHOBSTCS NEPEMeHHLIMH KOH-
typa (ceuenus). [IpeoBpaszoBanue

V,= AV, (11.12)

rae A — ycedenHas MaTpHLa MHIUACHIHH, HA3BIBACTCS Y3.008bIM 1DEOD-
pasosaruem. OUeBUARO, UTO 3TO CNEUHAILHEIN cayuail npeofpasosanus
ceuenuil. Ecin v, sBASeTCs ys/I0M, o KOTOPOMY yceuena marpuua A,
TO 3JeMeRThl V' MOXKHO ONpeNeTHTh KaK HaNPsKeHHs Ha BceX yajax
(kpome v;) 110 OTHOIIEHHIO K U,. OB 3THX HaNPAXKEHUSIX TOBOPAT Kak 00
onoprslx Wiu 6asucrbix Ha y3JaX HANPSKEHHUAX WM NPOCTO KaK O Ha-
NPANCEHUAX HQ Y34ax LeIH.

Mer 3akanuuBaeM TOT pasfie/] HHTEPECHEIM Pe3YJbTATOM, MOJYUYeH-
nev Tenexxenom [11.11, KOTOPEI IPOCTO cleflyer U3 KOHTYPHOTO npe-
ofpasoBanust H NpeoBpasoBaHHs CEUEHHH,

Teopema 11.3 (Tennexen). PaceMoTpuM Takde ABe s/ieKTpHueckue uenn N u N,
YTO COOTBETCTBYIOMME HM I' papLl ABASIOTCA HAeHTHUHBIMH. [Tycts V, 1 ¥, — BekToph

HaNpsKeHHH Ha saeMenTax uenedl N u V coorsercrsenno, a /, A, — cooTBeTcTBYIO-
IHe BEKTOPH TOKOB B 3JEMEHTax.
Toraa 1) VﬁAe=0, 2) 1;‘?220.

Hoxasameavcmeo. 1, Tlyete B, u Q 0603naYa10T Ga3HCHYIO LHKIOMATHUECKYIO
MaTpHLLY H MaTpHLy ceuenud UenH N no ormomernnuio K octoy 7. Tak kak rpad N

Tako# Xe, Kak u N, 5iICHO, 4TO N nMeer Takue xe MaTpHIB! Bf H Qf o OTHOWeHHIo K T,
M3 Ko;trrypnoro npeoBpa3oBaHHst H Npeobpa3oBanHs ceueHHH KMeeM V,= Q;Vt H
Ag=BjA,. Takum oGpasom, VéAe= Vf (QfB;)A¢=0, coryacHo TeopeMe (6.6).
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Jloka3aTeJbCTBO . 2 c/iefyeT W3 MpHHUKMNA ABOHCTBeHHOCTH. TeopeMa Tesiexkena
AIBJISIETCH OUeHb INIyOOKHM PE3yJ/IbTaTOM B TEODHH Lienedl ¢ HeCKOJIbKHMHU NMPHJIOMEHH -
mu [11.2, 11.3]. B ra1. 13 ofcyxpaiorcs NpHMEHEHHs STOH TeopeMbl IPH BBIYHCJICHHH
YYBCTBHTEJLHOCTH LENMH C HCIOJIb30BaHHeM MOHATHA compsxeHns cetu [11.4—11.6]

11,2, CucTeMbl KOHTYPHBIX ypaBHEHHH
M ypaBHeHMIi ceueHHH

Kak mbl yxe roBOpH/IM paHblle, 3afauell aHa/Iu3a HeNH SIBJIAETCS
onpefie/ieHe TOKOB U HaNpsiKeHUH, CBA3AHHBIX C 3JIeMEHTaMH 3JeKTPH-
4eCcKOH HeNMH. ITH HAINp sHKEHHUS U TOKU MOXKHO ONpeJIe/IUTh U3 yPaBHeHUH
Kupxroga 1 oTHOIIEHH TOK — HanpsKeHUe (KpaTKO v—i) HA 3/eMeH-
tax nenu. OJHAKO 3TH ypaBHEHHs COfiepKaT OGoJbluee UHCJAO Tepe-
MmeHHBIX. [lajee, Kak BUAHO u3 TeopeMbl 11.2, Bmecto ypaBHenuii 3KT
MOXKHO HCIO/Bb30BaTh KOHTYPHOe NpeobpazoBaHue, KOTOPOe BKJ/OUYAeT
B KaYeCTBe NePEMEHHBIX TOJBKO XOP/OBbIe TOKH. AHAJOTHYHO YPABHEHH
3KH MmoxHO 3aMeHHTb Npeo0pa3oBaHHEM CeUeHHUs:, KOTOpOe BKJIOUaeT
TOJIBKO MepeMeHHble HANp sxKeHUs Ha BeTBAX. MOXKHO HCIIONB30BATD NIpe-
HUMYILECTBA 3THX Npeobpa3oBaHHf A1f MOCTPOEHHS DA3NHYHBIX CHCTeM
ypaBHeHUH LienH, KOTOpble BKJ/IOYAIOT B KaueCTBe MepPeMeHHbIX TOJbKO
IOJMHOXKECTBO HAmnpsDKeHUH ¥ (Mx) TOKOB. [IBe TakHe CHCTeMbl ypaB-
HeHHMl, U3BECTHble KaK KOHTYpHAs CHCTeMAa W CHCTeMa CeYeHHd, Mbl HC-
c/leflyeM B 3TOM Dpasfele.

[Tpu BBIBOZE KOHTYPHO! CHCTEeMBI HCIOJB3YyeM KOHTYPHOe Npeobpa-
soBanue BMecTo 3KT, ¥ KOHTYpHble NepeMeHHble B 3TOM c/lydae GyayT
CAYXKHUTb B KaueCTBe He3aBUCHMbIX. [Ipu BHIBOJE CHCTeMbl CeUeHHH
ucnosbayeM npeobpasoBaHue ceueHnsi Bvecto 3KH, u nepemenubie
ceuenns OYAYT CAYXKHTb B KauecTBe HE3aBHCHUMBIX B JAaHHOM c/lydae.

PaccMoTpuM CBA3HYIO 3JeKTpHUecKyIO nenb N. [lomycTuM, 4TO Henb
N cocTouT TOIbKO U3 pe3uctopoB R, emkocrefl C H MHAYKTHBHOCTEH L,
BKJIOUAST B3aUMHble HHAYKTUBHOCTH, ¥ He3aBHCHMbBIE HCTOUHHKH TOKA H
HanpsokeHHs. JlonycTHM TakKe, UTO HayaJbHble TOKH HHAYKTHBHO-
CTefl M HanpsKeHUs eMKocTell 3aMeHeHbl COOTBETCTBYIOLIMMH HCTOY-
HHKav#. Jlasee, mepeMeHHBIE TOKOB W HANpsiKeHUH ABJIAIOTCA Npeol-
pasoBaHHeM Jlan/aca KOMINJIEKCHBIX YACTOTHBIX IMepPeMEeHHbIX.

B nernu N He MOXeT ObITb KOHTYpPAa, COCTOSILErO TOJNbKO M3 HE3aBH-
CHMBIX HCTOUHHKOB HampspKeHUsi. Eciu 6Bl TAaKOH KOHTYp HMeJCs, TO B
cootBercTBuH ¢ 3KT nmesoch Gbl U JIHHEHHOe COOTHOLIECHHE MEXIY CO-
OTBETCTBYIOIMMH HANDSXKEHHSMH, Hapymamoee He3aBUCUMOCTb MCTO-
YHHKOB HanpsxeHus. 10 3Tofi e npruuHe B nend N He MOXeT GbITh ce-
YeHH A, COCTOALIEIO TOMBKO U3 He3aBUCHMBIX HCTOUHHKOB ToKa. [losTomy,
cnenys teopeme 10.12, B menu N cymiecTByeT ocTOB, COlepKallluil Bce
HCTOUHHKH HArnpsiKeHHs, HO He COfeprKalllHii HCTOUHHMKOB TOKa. Takoi
OCTOB — OTIIpaBHAsl TOUYKA JAJ5 NMOCTPOEHHA CHUCTEM KaK KOHTYDHHIX
ypaBHeHHM, TaK H ypaBHeHHH cedeHHs.

CHauajla BHBeIeM KOHTYpHYIO cucreMy. [Iyctb T — Takofl ocros
JAHHOH HemH, UTO OH COMEPXKHUT BCe HUCTOUHHKH HaNpsXKeHHs, HO He
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COIEPKHUT MCTOUHHKOB TOKa. Paspmenum Bektop V, HanpsukeHufl Ha
sneMeHTax [, TOKOB B 3/eMEHTaX CJAEAYIOIHM 06pa3oM:

(vl 1,]
V,=\V,iul, =1},
V, I,

rie MmoACTPOUHBIE HHAEKCHI 1, 2 H 3 OTHOCATCS K BEKTOpaM, COOTBETCT-
BYIOIUM HCTOYHHKaMm Toka, RLC-3jneMeHTaM M MCTOMHHKAM Hampsike-
nusi. Ilyere By — dyHIaMeHTasbHas UMK/JAOMATHYeCKasi MaTpHLA
nenyu N no otHoweHuo K 7. ¥ pasuenue 3KH nas nenu N MoxHO 3anu-
caTh CAeAYIOIMM 0Gpa3oM:

U B, Bm} Yy

B’V"’z[o B Bl |yt |~
3
T. €.
Vi=—B1:V:—B15Vs, (11.13)
ByyVo=—DB:3Vs. (11.14)

Bmecto 3KT MOXKHO HCMOMB30BAaTH KOHTYpPHOE MpeobpasoBaHue

n U 0 /
12 = B{Z BéZ [IIJ,
Iy B, Bi|'*

rie [; o6o3HauaeT BEKTOP TOKOB, CBSI3aHHBEI ¢ XopAamu B ocTtoBe T,
He COJep:KalleM HCTOYHHKOB,
M3 stux ypaBHeHHH nosyuaem

I, =Bl +Bil,, (11.15)
I,= Byl + B, (11.16)

3ameTuM, UTO CpeH XOPAOBLIX TOKOB JOJKHBI OBITE OMpeae/eHbl TOIBKO
Te, 4To BXOZAT B /. Ecan Z, sBAsercs MaTpuuell MOMHLIX CONPOTHBIIe-
uu# RLC-3/1eMeHTOB, TO OTHOILEHHSI U—i AJAS 3THX 3JEMEHTOB MOKHO
3anucath B BHJE

VZZZZIZ. (11.17)

Hcnonvays Beipaxenus (11.17) B (11.14), noayuum ByoZol;=—DB,,V,.
Hcnonwsys sripaxkenue (11.15) B BblenpHBejeHHOM ypaBHEHHH H mpe-
00pa3oBLIBAsl ero, MoJyuHM

(ByaZoBlo) 1, = —ByVs—By,Z Bl 1. (11.18)

[TonyueHHOe COOTHOLLCHHE ABJIACTCH KOHMYPHOL cucmemoll ypaBHEHHII,
KOTOpasl BKJIOUAET TOJNBKO (—l.-epeMeHHble, TAe 1, — YHCAO HCTOU-
HUKOB TOKa B lienu N, OTMeTHM, 4TO l—1, PABHO LHKJIOMATHUECKOMY YH-
¢y UeMH, MOJdyuYeHHOl moc/e ylaldeHHs u3 N BceX HCTOUHHMKOB TOKA.
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Marpuua Z;=B,,Z,B}, B ypaBuennn (11.18) HasbiBaetcs mampuyed um-
nedaxcos Koutypa uenu N. Ecin uenb N He uMeeT B3aUMHbBIX HHLYKTH-
BHOCTell, TO Z, OyJeT AHaroHaIbHON MaTpHlel 6e3 HYJEBLIX 3JeMEHTOB
Ha AnaroHaau. CeloBaTeIbHO, B 3TOM ciydae Z; OyieT HeBHPOXKICHHO,
TIOCKONBbKY By, IMeeT MaKCHMAbHbIA PaHT, PaBHBIH L—7 .. Ecan uens N
MMeeT B3aWMHBIE MHAYKTUBHOCTH, TO Z; OyJleT HeBLIPOKIAECHHOH, eciH
TOJNbKO Za SABJSETCS MOJOKHUTETIbHO ONpeJeeHHOH.

Hatina /,, ncnonbays Boipaxkenue (11.18), MoxHo Hafiti [, Hcnonk-
sya Bblpaxenue (11.15), u V., ucnonsays Bbipa:xenune (11.17). 3arem
MOKHO onpelennTb Vi U [;, ucrnoabsys Bhipaxenus (11.13) u (11.16).
(OrmetnmM, uto [y ¥ V, MMelOT onpefiesieHHble 3HAYEH!HA.) DTHM MOXKHO
6HLTO 6Bl 3aKOHYHUTb aHANU3 Uend N ¢ HCNONMb30BaHHEM KOHTYPHOH CH-
cTeMbl ypaBHeHHH. 3aMeTHM, UTO KOHTYPHAs CHCTeMa BHIBOZHTCA CHa-
yana TIOJCTAHOBKOH OTHOLIEHMH v—i JJ1S1 3JEMEHTOB B YpaBHEHHE
3KH u 3ateM HCNONb30BaHMEM KOHTYPHOTO mnpeofpasoBaHus. B pe-
3yJIbTaTe MOXKHO BBIBECTH CHCTeMYy yPaBHEHH ceyeHHS] B TOUHOM COOT-
BeTCTBHH C TPUHUMNIOM JBOHCTBEHHOCTH.

Cuayana 3anuieM ypaBHennss 3KT B pacnpepenernoil copme

[Qu Qua 0] Iy

Qu Qu U [ 1| =100

rie Marpuua Ko3hHIHEeHTOB AB/sgeTCs TOH Ke caMoH, 4To M (hyHAaMeH-
TalbHas MaTpuua ceyeHui uenu N no ornowenmo K T. M3 stux ypas-
HEeHHH NOJY4YHM

Qi2/s=—CQuly, (11.19)
Qsz—‘inli—sz[z. (11.20)

Bumecto ypaBrennit 3KH M0:KHO HcMonb30BaTh Npeo0pa3oBaHye cedeHHs
Vi [er Q‘él Vb
Vy |= Qi b v. |’
V, 0 U 3
rie V, — BEeKTOp Hampsi:KeHHi, CBA3aHHHI ¢ BeTBAMH octoBa T, He
COJEPKALLIMH UCTOYHHKOB. K3 3THX ypaBHeHHH MoJydaeMm
Vi=QuVs+ QhVs, (11.21)
Vi=QlV,+ QhV,. (11.22)
Ecnn Y, — matpuua npoBogumocti R LC-31eMeHTOB B 1enu NV, T0 OTHO-
ieHue U—i Ha 3JeMeHTaX MOXKHO 3amMcarb B BHJE
[2=Y2V2- (11.23)

Tenepb coBceM HETPYAHO BLIBECTH CHCTeMY ypaBHEHHH CeyeHHs, KOTO-
pas ycTaHABJIMBaeT B3aUMOCBA3b Mexay Vy, I u V. Hcnonbsys Bhipa-
xenne (11.23) B (11.19), nonyuum Q;,Y 2V :=—CQu/. Iloacrasnsas gop-

8 N 1449
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myay (11.22) B noJsyderHoe Bblille BHIDAXKEHHUE, HMeeM
(QmYzQiz) Vb = Q1111 - Q12Y2Q~52V3. (1 1 24)

[lonyyeHHOe COOTHOLIEHHe SIBASIETCS Cucmemol ypasHeHul ceqeHus,
KOTopasl BK/TOY4AeT -1l -lepeMeHHble, Trle A, — YUCI0 HCTOYHHKOB
HanpsikeHus B uenu N. OfMeTuM, YTO p—fl,, PABHO PaHry LenH, MOJy-
yeHHO#l M3 N CTATMBaHHeM BceX HMCTOYHHMKOB HanpsxxkeHus. Marpuua
Ye=Q:.Y:Q!, B Buipawenuu (11.24) naswiBaetrcst mampuyell nposodu-
MOCILU Ceqerus.,

Ara matpuua 6yleT HeBHPOXIeHHOH, eciu N He HUMeeT B3aHMHbBIX
unaykTuBHOcTell. Ecnm N uMeeT B3auMHBle HHAYKTHBHOCTH, TO Y
Gy IeT HEBHIPOXKAEHHOH TOJNBKO B TOM Cay4ae, ecsid Y , MOJ0KHTENBHO OIl-
peleneHa,

Ecau onpeneneno V, ¢ ucrmosnb3oBanvem Boeipaxenust (11.24), To
MOKHO onpenenutb V,, ucnosb3ys Belpaxenue (11.22), u 3atem onpeze-
Juth [,, ucnonb3yst Belpaxenue (11.23). HakoHel, MOKHO onpenesuThb
I, 4V, us Beipaenuit (11.20) u (11.21) coorBercTBenHo. Teneps mpoust-
JIIOCTPUDYEM OlpefiesieHHe KOHTYPHOH CHCTeMbl YpaBHEHMH H CHCTeMbl
ypaBHEHHH CeuYeHHs.

TH 3

a ]

Puc. 11.3. DaekTpuueckas uens u ee rpad.

PaccmoTpuM wens, npefactaBiaennylo Ha puc. 11.3, a, rhe u (f)— enu-
HHUHas cTyneHdaras dyHkuus. I'pag stoit nenu nokasas Ha puc. 11.3, 6.
Bui6upaem octoB T, cocrosimuii u3 pebep 4, 5 u 6. 3aMeTHM, UTO OH CO-
JepPKUT HCTOUHHK HanpshKEHUs U He COTEPIKHT MCTOYHHKOB TOKa. DyH-
JaMeHTaJIbHble [MKJIOMAaTHYecKasi MaTpUlla M MaTpulla cedeHUH no oT-
HOUIEHHIO K ocToBy T JaHb! Hixke B TpeOyeMoll pacrnpesesieHHOH GopMe:

1 2 3 4 5 6
1 0 0 -1 —1 1]
B=| o0 1 0 1 0 ~1 |
0 01 -1 -1 0]

I =1 1 1 0 0]
Q= 1 0 1 0.
-1 1 0 0 0 1]
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M3 3TuX MaTpull noJaydaeM

B,=|1}
(o 1 0
Bu=lo 1 —i _1}'
(—1
Pu=] 0}'
0
Q1,={!],
(—1 1 1 0
Qp =[—1],

Tak:ke umeeMm

[1/3s 0 0 O
0 s 0 0
L=l o 01 of
0 001J
"3s 0 0 0]
0 1I/s 00
V2=l 0 1 of
0 0 0 1/

a Takxe v, (s)=2/s u i;(s)=1/s.

cnonbays 3TH cOOTHOIeHU B Beipaxennsx (11.18) u (11.24), mosy-
YHM KOHTYPHYIO CHCTeMy ypaBHEHHH M CHCTeMy ypaBHeHul cedenud,
KaK [0Ka3aHOo HHKeE:

Cucmema KoHMypos

l . 3
1+'§ -1 IZ(S) . ';
R 2
-1 s+2 0} 45(s) =5
Cucmema pa3pes3os
1 1 1
3S+l+-; —; 04(.8‘) _ 6—;
1 1|
5 1+ 3 vs(S) 5

8¢
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[pennonoxum, UTO Henb N He MMeeT HE3aBHCHMBIX HCTOUHHKOB Hamps-
xeHusi. Torna yno6Hoe onucanue N ¢ MOMOUIBIO Y3JIOBHIX HaNpsiKeHHH
Kax He3aBHCHMBIX [lepeMeHHBIX MOXHO MOJYYHTh CJEAYIOMHM 06pa3om:
IMycre A — maTpuua uHuMAeHL M UenH N, yceueHHas 10 BeplUHHE
v,. PaccMotpum pas6uenne marpuipl A B Buze A=[A,A;,], rae cron6-
unt Ay v Ay, cootBetcTBYIOT RLC-3/16eMEHTaM M HCTOUHHKAM TOKa. Ecin
I, n I 4—BekTOp-cTONOLK TOKOB B R LC-371eMEHTaX ¥ TOKH OT HCTOYHHKOB
ToKa, To ypaBHenHe 3TK 151 N MoxkHO 3anucarh B Bulie Ay [y=—A,/,.
Hmeem takxke I[,=Y;V;, rae Vy — Bekrop-crosi6ell HanpsiKeHHH Ha
RLC-aneMenTax, a Y; — COOTBETCTByOLlasi Marpulla NpPOBOAHMOCTeH.
Hanee, ysnopelv npeobpasosanueM Bhipaxenus (11.12) noayuaem

V], = A{lvm

rae V, — Bekrop-cToiben HanpsikeHHi B ysiax. Takum oBpasoM, Hs
ypaBnennii 3KT nonyvaem (A4,,Y,A%)V,=—A1sls.

[NonyueHHele ypaBHEeHHsT Ha3bIBAIOTCS Y3.4066IMIL YpasHenusmu. Mar-
puua A, YA}, HasuBaercst mampuyed yaroseix nposodumocmeii N.

11.8. MeTox cMelaHHBIX MepeMEHHbIX

B stom pasgene ofcyxniaercss anaiu3 lenefi ¢ NOMOWIBIO MeTOAS
CMELIAHHEIX NepeMeHHHX. B 3TOM MeToze, KOTOpHIfl siBJIsieTcsi 1O CyTH
KoMOHMHallHell KaK MEeTOAa KOHTYPOB, TaK H METOAA CeUeHHH, HEeKOTOPhIMH
HE33aBHCHMbLIMH N€PEMEHHBbIMH SABJSIIOTCS HaNpPsiXKeHHs!, a APYTHMH Hesa-
BHCHMBIMH NepeMeHHbIMH — TOKH. OTpaHHYHM Haille PacCMOTpeHHe
RLC-uensimu (6e3 B3aHMHBIX HHAYKTHBHOCTeR), CONEPIKAIHMH He3aBH-
CHMEle HCTOYHHKH TOK2 H HanpsikeHHsi. Ero MOXHO pacnpocTpaHuTh
HeNOoCPeACTBEHHO HAa UENH C B3aHMHLIMH HHIAYKTHBHOCTSIMH.

Paccmorpum cBsasuyio uens N. JonycTuM, uto sneMenThl N pas6uth
Ha JBa TakHX noiMHoxecTBa E; H E,, uto E; COAEPKHT BCE HCTOYHHKHU
HanpsixeHust, a E; — Bce ucTouHHkH Toka. Ilycts N| — uens, noay-
YeHHasi yaajenveM E; u3 nenn N, a N; nonyuyena cTArHBaHHeM Bcex
ssemenToB Ey. [lycts Ty — ocropHul Jec uenu Nj, a T — ocroB N|.
Torpa T=T, U T, sBaAsieTcs ocToBOM N. Mbl Bbl6Hpaem Takue Ty U T,

yto T CONEPXKHT BCE HCTOUHHKH HaNpsAXKeHHs, HO He COJIEP2AKHUT HCTOUHH-
KOB TOKa.

Onpenenum

T, — noxrpad Ty, comepxawnii Bce MeMeHTW u3 Ty, HCKJIOYas
HCTOYHHKH HANpSIKEHHS,;

T, — pononuenne T B Nj;
Ty — nononuenue Ty B N;;

Ty — noxrpad T, collepaiunii Bce sJeMeHTH us 7T, KpOMe HCTOu-
HUKOB TOKa,
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Pa3obbeM BeKTOP HanpsiXKEHHH Ha 3JeMeHTax V, H BeKTOP TOKOB
B 3JeMeHTaXx [/, ciaelyiouum o6pasom:

Vgl .
vy Iy
|V, 1
V,= v l,= L
vV, l,
L V) Ll

rae MHAekchl E, J, 1, 2,3 H4 OTHOCATCA K HCTOYHHKAM HamnpsiKeHHs

TOKa, a Takxe K aniementaM T, Ts, Ty u T; coorBeTcTBeHHO. Tenepnb Mbl
HLIeM onucanue Lenu N depe3 nepemennsle Vy u /,. Mcnoab3ysi MaTp Hitsl
B; u Q; no orHowenuio K T, MOXHO 3anucath ypaBHenus 3KH u 3KT
ClIeyIOIIHM 00pasoMm:

(T (T () (T) Ve
E'l 23 47 |

3[4 B 0 U o 07|, =[0] (11.25)
4{C D F 0 U 0i| Vs
JIG H KO0 0 U V4
Y s ]

I pumesarue. O6bsICHUTE NIPUCYTCTBHE HYNEBOH NMOAMATPHILI B cTONOLE,
cooTBeTcTBYIOLEM T ).

E1 2 3 A J |
E[U 0 0 —A —C —G |1, |_
1 lio U 0 —Bt —_Dt _HtJ ——[0] (11.26)

2{0 0 U O —F —K!

L3

PaccmoTpuM BTOpbie CHCTeMBl ypaBHeHH# B Buipaxennsix (11.25) u (11.26)
FV,4+V,=—CV,—DV,, (11.27)
I,—B'l;=D!'l,4 H'I,. (11.28)

Hcnonb3yss v—i-COOTHOLLIEHHSI, TONYYHM

Ve=2,1,, V,=2,1,, ,=Y,V,, 3=Y 3V;. Tenepb MoxHo 3anucarb Bhl-
paxenus (11.27) u (11.28) B Buze

FZ,1,+Z,1,=—CVz—DVy,, (11.29)
Y \V,—B'Y,V,=D'l,+ Hl,. (11.30)
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M3 konTypHOro npeo6pasoBaHus U [peoOpa3oBaHHs CeUeHUS HMEEM
l,=F'I,+K'I, (11.31)
Vy=—AV— BV, (11.32)

Teneps, noacraenss I, u VB Bolpaxenud (11.29) u (11.30) u rpynnupys
YJIEHbl, IOJNYYHM

| LA 115

—Dt Y,+BY,B||V, —BtY A Ht 1,
[oJsiyyeHHOE COOTHOILEHNE HA3bIBAETCS 2UbOPUOHOL cucmemoli WK cucme-
MOU YpasHeHull CO CMELIAHHbBIMU NePEMEHHbIMUL.

Hetpyano y6eantbest, uto ecau I, u V, onpejiesieHbl ¢ HCIIOJb30OBAHU-
€M ypaBHEHHH, [pUBEJEHHBIX Bbllle, TO BCe IPyTHEe IepeMeHHble MOXKHO
JIETKO BBIUHC/IHTDL, HCNOAb3ys BoipaxeHHs (11.25) u (11.26), a Takxke
KOHTYpHOe peofpa3oBaHue U NpeoGpa3oBaHHe CEUEHHS.

3ameTHM, 4TO METOJ CMENIaHHBIX [epPeMeHHBIX CBOAHTCS K KOHTYp-
HOMY MeTOAyY, ec/ii BuIOpaTh E1 = U E,=FE, U CBOAHTCS K METOJlY Ceue-
Husl, ecJH BoibpaTh Ey=FE, 0 E,= (¥, TIlle E — MHOXeCTBO 3JIEMEHTOB
uenu N. Hasnee cucTeMa ypaBHeHHH €O CMeIUaHHbIMH [lepeMeHHbIMH
BraoyaeT p(N{)+p (N;)—n,—n, nepemenHbix. OueBHAHO, UTO UYHCJIO
p(N)D-+n(N3) sasucur ot Buibopa E; U E,. Orciona Bo3HHKaeT npobJema
Takoro pasbuenus (E;, E,) cucreMsl s71eMeHToB E nenu N, uTobbl cyMMa
p (N{)+p (N3) 6ul1a 1o BO3SMOMKHOCTH MUHUMAMbHOA. MeToA nosydeHus
TaKOro pasbueHus o6CyxAaeTcs B CJeLYIOlleM pasiedse.

11.4. I'naBHoe pa3OueHHe rpada

B sToM pasaene onuckiBaercs riaBHOe pasGHeHHe rpada, BBeJeHHOe
B padote [11.7]. Kak Mbl yBHAHM, TJ1aBHOe pa3bueHHe rpada G onpenens-
eT pasbuenue (E;, E,) cucrembl peGep E rpada G, HcloNb30BaHHe KOTO-
pOTO B METO/le CMEMIAHHBIX [IePEMEHHBIX IPHBOAHT K MHHHMA/bHOMY YHC-
JIy HE3aBHCHMHIX IlepeMeHHbIX. Hallin paccy»k/J1eHHs1 OCHOBaHbI Ha pabo-
tax [11.7, 11.8].

Paccmotpnm cBasHbill Tpad G. Bcee ero noarpade!, Koropble SyayT
paccMaTpUBATLCA B 3TOM pasjene, SBJASIOTCA pefepHO-NOPOKIeHHBIMH
noarpagamu. [lostoMy noarpad u ero cucrema peGep 6yayT 0603Ha4aThb-
Cs1 OJHUM H TEM Xe CHMBOJIOM.

Paccmosnue d (T4, Ts) Mexay aBymsa ocroBamu Ti H T, Tpada G ou-
penensiercst Kak d(Ti, To)=IT1—T.l=]Ty—Til.

Takum o6pasom, d(T., Ts) paBHO uucay pebep, KOTOpble HMEIOTCA B
T, (T,) u xoropuix Her B T,(T,). Jlerko nokasarb, uro d(Ty, T.)=
=p (G)— Yucao obwux BerBedl Ty u Ta; d(Ty, To)=p (G)— Hucno ob-
mux xopa Ty u T',. ToBopAT, uTO OCTOBH T4 U T ABJSIIOTCS MAKCUMAABHO
yOaaernomu, ecan d(Ty, T2)z=d (T;, T;) ans moboit napbl octoBoB T'; H
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T; rpada G. Hanpumep, T1={2, 3, 4, 7} n Ty={l, 3, 5, 6} o6pasyior
napy MakCHMaJbHO YyIajJeHHBIX OCTOBOB rpacda, IpeicTaBJeHHOro Ha
puc. 11.4.

Teopema 11.4, Ilycto Ty u T, 06pasyioT napy MakKCHMaJbHO YRadeHHBIX OCTOBOB
cBsigHoro rpadga G.

1. ®ynpamenranpnbiii WHKA rpaga G no otHowerHio K T uid Ty, onpefeaeHHbIR
obiweit xoprod Ty u T'g, He cOQepKHUT OOLIMX BeTBEH 3THX OCTOBOB.

Puc. 11.4.

2. ®ynpamentanpHoe cedende rpada G no otHomeHuio k Ty u Tp, onpege-
JaenHoe obmeil BetBbio Ty M Ty, He COACPKUT OOWMX XOPA 3THX OCTOBOB.

oxasameascmso. 1. T1peanonoxuM, 4910 GyHAAMEHTAALHBI UMKA Tpada G no
oTHomenHio K Ty, onpefesleHHni#i obieli xopRok ¢, cofepxur obuylo Berss b. Toraa

paccrosinne d(Ty, Ts) Mexay Ta H octoBoM Tj paBHo (T1—b) |J ¢ yRoBaeTBOpsieT

.
coornomennio  d(Ty, To)=d(Ty, To)41, npotuBopedauieMy yTBepPKAEHHIO O MaK-
cAMaJbHOH yJjaJjeHHocTH Tj M T,

HokasatedbeTBO nm. 2 cylepyeT H3 NMPHHOMNA ABOACTBEHHOCTH.

[lyerb ¢ — obwas xopaa, a b — o6llas BeTBb /151 JIOOLIX JBYX OCTOBOB
T, u T,. Torpa nocnemoBarenbHocte P: cTie.T.e.Ty. . .;T* b, rue
T* o3nauaer au60 Ty, au60 T, HA3LIBAETCS 861800UMOLE nocaedosamens-
HOCMbI0 IJIMHON { OT o6lledl XopAbl ¢ 1o ofliell BeTBH b, eciu P umeer
cefyiollHe CBOHCTBA:

1. Ty, u T, BXOZAT B NOCJEAOBATENBHOCTh P onepeMeHHo.

2. e; HaxoguTcAd B (GYyHIAMEHTANbHOM I[HKJE [0 OTHOLIEeHHIO K Ty, of-
penesissieMOM XOpHOH ¢.

3. b HaxomuTcsl B (pyHAAMEHTAJLHOM CEUEHHHM II0 OTHOIUeHHIO K T*,
orpeessieMoM e;.

4. Eciin ¢; u ej,, BXomar B P B BHAe €;Tqej41, TAe To=T; unn T,
TO e; — Xopha Ty, a €41 — BeTBb T, H ej,i BXOIUT B pyHAaMeHTabHbIH
ITHKJ 10 OTHOLLIEHHIO K T, onpele/ieHHbIH e;. 3aMeHs s B 3TOM onpejee-
HHH LHUKJ Ha pas3pes, a BeTBb Ha XOPAY, MOXKHO, HCXOAS M3 HNpPHHIHNA
JBOHCTBEHHOCTH, ONpelesIHTh BHIBOJHMYIO MOCJIEJ0BATENBHOCTD OT o6LLel
BETBH K obulell Xopie. DaKTHYECKH ec/id P ABJAeTcsa BLIBOAMMON MocJe-
JOBaTeJIbHOCTBIO OT 001Ield XOpabl ¢ K ofllell BeTBH b, TO MOCJIe0BaTe/1b-
HOCTb P’, 3amucaHHas Kak u P, Ho B o6paTHOM nopsiiike, Gy AeT BLIBOIU-
MOH HOCJIeA0BAaTeNbHOCTBIO OT b K ¢. B KauecTBe mpuMepa paccMOTPHM
ocroet Th={1, 2, 3,7, 10} u T,={2, 6, 8, 11, 12} rpacda, npeacrabsien-
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Horo Ha pHc. 11.5. Pe6po b saBasietcs ofmedi xopaoit T, u T,, a pe6po
2 — o6meit BetBoio Ty H T, Toraa P : 5T,7T:8T,2 siBasieTcsl BHIBOJH-
Mol mocsefoBatesabHOCThIO OT 5 K 2, a P’ : 2T,8T,7T,5 — BHIBOAHMOH
I10CJIe/I0BaTeNbHOCTBIO OT 2 K 5.
Hycte Ty u T, obpasyioT napy
MaKCHMAJIBHO YJaJeHHBIX OCTOBOB.
[lpennonokuM, 4YTO CyIIECTBYeET
BBIBOJIMMAST  NOCJE€I0BATENbHOCTD
P: c¢T.eT, b pnuno#t 1 or obueit
XOpAbl ¢ K obmiel Bersn b. Toraa
Ti v T,, paBunle (Ty—b)Ue, 06-
pasyioT [apy MaKCHMalbHO YZa-
JIEHHBIX OCTOBOB, ISl KOTOPHIX € —
ofmas xopja, a b— obrias BeTBb.
Jlanee, o6ias BeTBb ¢, 6yJeT BXO-
JHTb B (GYHJAMEHTANbHBIA [HKJ
no otHOWeHHI0 K Ty, ompeneseH-
Puc. 11.5. HBI ofmelt xopaoit ¢. Ho 310
npoTHBOpeunT Teopeme 11.4. Ta-
KHM 00pa3soM, He CyIl[eCTByeT BHIBOAHMOH MOC/IeJ0BATeJbHOCTH MJIH-
Ho#t | ot ¢ K b. VI3 npuHuMnIa JBOHCTBEHHOCTH MOXKHO I10Ka3aTh, 4TO He
CyIIleCTBYeT BHIBOAHMOH MOC/E0BaTeJbHOCTH MJIHHOH | oT b K c.

Teopema 11.5. [Tycts ¢ — ofwas XopAa, a b — obllas BerBb mapnl 0cTOBOB T
u T, cBsasnoro rpada. Ecau Ty u T, sBJsSII0TCS MAaKCHMAIBHO Y/lafl€HHBIMH, TO He Cy-
l1leCTBYeT BEIBOAMMBIX MOCJeloBaTe bHOCTeR OT c K b H OT b K C.

Hoxasameascmeo. JIoKa3aTeNbCTBO NMPOBOJAMTCA MO HHAYKLUMH /I AJHMHBL BBIBO-
JIMMO# TOCJIe[IOBATeIbHOCTH N0 OTHOLIEHHUIO K Ji0G0fi Mape MaKCHMATbHO YJaJeHHBIX
OCTOBOB.

Kax 6blI0 NOKa3aHO BhIle, He CYIeCTBYeT BHIBOJHMON NOC/ae0BaTeIbHOCTH
JsnHOM | or o6luelt xop/sl K oflueil BeTBY Vs Ji060# Mapel MaKCHMaJIbHO yJaJIeHHbIX
OCTOBOB.

JlonycTHM, YTO He CYLUECTBYeT TaKOM IIOC/Te/loBaTeIbHOCTH JUIMHOH MeHbIle Yewm
£>>2. [1peAnoJokHM, YTO CYLIECTBYeT BHIBOAMMas nocaefloBatesbHocTb P: cTieToe,
Ty. . .exT*b nuusu k£ ot o6llelt XopAp ¢ K oblleil BeTBH b 115 HEKOTOPOH Maphl Mak-
cMMasbHO yaaseHHwix octoBoB Ty M T, Torna ona 6blia 6b1 KpaTtuafimeii Takolt mo-
CJIe/I0BaTeIbHOCTbIO, TaK KaK (HCXOAsl M3 NpENONONKeHHs1) He CYLIECTBYeT TaKOH Io-
CJ1e[I0BAaTeJbHOCTH JIJIMHBI, MeHbIUel Z.

Ecan T*=Ty, 10 T2 1 T1=(T1—b) |J ; 06pa3yioT Napy MaKCHMAJIBHO YAATEHHEIX
OCTCBOB, J/Is KOTOpHIX ¢ — ofluas xopja, a e, — ofujas BeTBb. Tak Kak P — Kpat-
yajilliasi TOC/AEJOBATEIBHOCTh JUIHHBL 2, MOXKHO NOKa8aTh, uto P’ : cTyeiTyesTy . . .
vr €41 T9es siBASIETCS BHIBOJMMOMH IOC/Ie[I0BATEBHOCTBIO OT C K €. Onnako P° umeer
JUIMHY £—1, W 3TO BeJleT K MPOTHBOPEYHIO, TaK KaK MHl NPEeJI0/araeM, YTo He CYLIecT-
ByeT TaKOH INOCJef0BATeNBLHOCTH JIHHEL k—I1.

Anasnoruuno ecin T*=Ty , 10 Ty u T3=(Ty—b)Je; 06pasyioT napy MaxcH-
MaJIbHO YJlaJIeHHbIX OCTOBOB, JUIsi KOTODHIX ¢ — oflias Xopja, a e, — obluast BeTBb.
CHoBa MOXHO NOKa3ath, uto P” : ¢Tye;T9eT,. . .p_1T1€, — BHIBOJAMMAs TOCJE/OBA-
TeJILHOCTb OT C K €. Tak Kak P” uMeer Jyuuy k—I, NPUXOJAHUM K MPOTHBOPEUHIO.

Takum 06pa3oM, He CYIIECTBYET BBIBOAUMOHN NOC/IELOBATENBHOCTH JIOGOH JJHHBI
oT o6uelt xopAnl K o6lue#i BeTBH 0CTOBOB T M Ty, AHAJIOTHYHO He CYLUECTBYeT BBIBOJH-
Mol nocJesioBaTebHOCTY JI060H JJIMHBL OT oflueil BeTBH K ofiueil xopje.
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Tlycte ¢ — obmas xopaa Ty u T» Ana 3ajaHHOR Napel MaKCHMaJlbHO

ynajeHHbIX JepeBbeB Ty u Th.

K — nmoarpad G, rpada G no OTHOIIEHHIO K ¢ — CTPOHUTCS CIeAYIO-
UM 06pasoM:

1. Tlycte L, — MHOXecTBO pebep B QyHAaMEHTAJbHOM IIHKJE OTHOCH-
tenbHO T, ompepenennoro ¢. Ilo Teopeme 11.4 mHOXecTBO L; He
COAEPXKHUT 00uyux BeTBel.

2. Tlyctb Ly — ob6befnHeHHe BceX QyHAAMEHTAJbHBIX [HKJOB M0 OTHO-
weHHIO K T,, Onpe/eJeHHbIX KaxAbM pebpoM B L. Ilo Teopeme 11.5
ob6benuHeHHe L, He cOfep:KUT OOUHX BeTBei.

3. Hcnonb3ys MHOTOKPATHO MPHBEJEHHYIO BHIIE CXeMY, MOXHO MOJy-
YyaTh MOCJENOBAaTeNbHOCTE MHOXeCTB pebep Lj, L,, ... A0 Tex mop,
oKa He AOCTUTHeM MHoxecTBa Lyii=Ly.

Torna moarpad, mopoxIeHHBIH HAa MHOxecTBe pebep Lj, HasbiBaercs

K-nodepagom G, no OTHOLIEHHIO K C.
3amensisi B MpUBEJEHHOMH BhIlIE KOHCTPYKIMH LHKJ CEYEHHEM, a XOp-

AY — BETBbIO, MOXHO H3 [OPHHUHNA JBOHCTBEHHOCTH ONpPEAeNHTDb

K-nodepa¢p G, no otHoweHHI0 K oOuled BeTBH b.

T rasusim nodepagom Gy o OTHOIUEHHIO K OOUIHM XOpAaM sIBJsieTcs
o6beauHenne K-noarpadgoB OTHOCHT2/ABHO Beex oOUHX XOpA. I'J1aBHBIM
noarpagoM G, MO OTHOLIEHHIO K OOLLHM BETBSIM SIBJsETCS OObeAHHEHHE
K-noarpacoB no OTHOIIEHHIO KO BceM OOmHM BeTBsM. Hanpumep, rua-
BHbIMH noarpadamu G, u G, rpada, npeacTaBjJeHHOro Ha puc. 11.4 mo
OTHOIIeHHIO K mape octoBoB T,={2, 3, 4, 7} u T.={l, 3, 5, 6}, aBa1-
I0TCH G]_={6, 7, 8}, Gzz{l, 2, 3}.

B pa6ore [11.7] nokasano, uto riashble noarpadul G; u G, HE HMEIOT
o6mux peGep. Eciu 6ol oHH HMesH oflilee peGpo, TO MOXHO ObLIO Obl MO-
CTPOWThb BLIBOZUMYIO TOCJEA0BATENbHOCTb OT OOlleH XOpAH K obuled
BETBH.

Taxkum o6pasoM, moGoii rpadp G cocTouT u3 Tpex moarpagos: G; —
raBHoro noArpada Mo OTHOLIEHHIO K o6wuM XopAaM, O, — IVIaBHOTO
noArpaga 1o OTHOIIEHHIO K o61uM BeTBaM, G, — noarpada G— (G, U Gy).
310 pasbuenue (G,, Gi, G,) rpada G Ha3bBaeTCsl eaasHoiM pasbuenuem
rpada G. Unrepecio otmerutsb [11.7], uTo rnaBHOe pasbuenue rpada
G elMHCTBEHHO H He 3aBHCHT OT BhIGOpAa MakCHMaJbHO YAaJeHHBIX OC-
TOBOB.

HexkoTopble osie3Hble CBOficTBa IMaBHBIX noarpados Gy, Gy, G, nepe-
gucaens HiXe. OHH ClefyloT H3 OnpejieJeHHH 3THX MOArpadoB.
Pl. G, copepxuT Bce ofllie XOPABI, HO HEe COAEPKHT OCLLHX BeTBed, G,
COAEPKHT Bce oOlLiHe BeTBH, HO He COJAEPKHUT OOLIMX XOpA.

P2. JIoGo#i ¢yHAAMEHTANbHBIA LKA 00 OTHOWeHHIO K T; uiu T,
onpejesieHHbIl pe6poM B G;, COCTOMT ToJbKo H3 pebep Gi.

P3. Jlio6oe dhynaamMeHTalbHOe cedeHHe no oTHoweHuo K Ty u T, on-
peneneHHoe peGpoM B G, COCTOHT TOIBKO u3 pebep Gs.

P4. TyNG, u T,NG; sBasoTcs OCTOBHHIMH JecaMu Gi.
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P5. T:NG. u T, NG, sBAsitoTcs ocToBaMu rpada G;, NONTyYEeHHOro CTs-

rHBaHHeM Bcex peGep, He BXOISIHX B U,.

P6. Jlro6oe pe6po, KOHIeBble BepIUHHbI KOTOPOTO SBJAIOTCH KOMIIOHEH-

tamu G;, Takxke NpHHAANEXHT G.

P7. Jlio6oe peGpo, KOHILEBbE BEPUIHHB KOTOPOIO SBJSIOTCS KOMIIOHEH-

tamu G, U Gy, Takxke npuHaanexutr G, UGy.

P8. T:NG, u T, N G, SBASIOTCS OCTOBHBIMH JlecaMu rpada Gy, NoTydeH-

HOTO BKJIOUeHHeM BceX peGep Gy u yaanenueM Bcex peGep G, (3T0 CROHCT-

BO MOXHO [0Ka3aThb, HCNOJb3ysl CBOM-

ctBo P3).

J 3ameruM, uto G;= ¢, eciu G He co-
u IEPXKHUT OGILHX XOpA, H G,=f, ecau G

He COJMEpXKHT OOILUX BETBEH,
Pas6ueHne MHOMXecTBa pefep £ rpa-
b ta @, BbITeKawilee H3 cBoficTBa Pl,

npejcTaBieHo Ha puc. 11.6. OHo caexyer
T T n3 Toro, urto Ey=AuDuyJ, E,=
=BUKUH7 E0=CUF7 I‘ﬂeElr E2 ”EO
03HayalT MHOXecTBa pebep Gy, G,, G
Puc. 11.6. cooTBeTcTBeHHO, OTMETHM, 4YTO, Kak
cneicTBHe cBOHCTB P4 u PS5, mosyuaem
|Al=1D| n |Bl=|KI|. PesyabTaTbl, npeicTaB/eHHble B NPeAUWECTBYIO-
UIHX OOCYXJAEHHAX, NPHBOAAT K CJAEAyioWlel Teopeme:

Teopema 11.6. IIns rpada G, nmeiowero (G, Gi, G;) B KauecTse IVIABHOTO pa3-
GHeHUst, noJyyaeMm

1) ecnn Gy, 1o p(GY<p(Gy);
2) eci Gy=), To Pp(Ga) >p(G), tae Gz — rpad, MONYUEHHBIH CTATHBAHHEM BCEX
pebep B (GyUG1); )
3) P (Go)=n (Gy), rme Gy nonyyeH cTaruBaHHeM Bcex peGep B Gy H yAaleHHeM Bcex
pebep B Go;
4) MaKCHMaJIbHOe PacCTOsIHHe MeXAy ABYMsl JIOGHIMH ocToBaMH pasho P (Gy)-+u (G3)-+
+0(Gp)-

Joxasameascmao. 1. U3 cBofictBa P4 H H3 Toro, 4TO [A|==|D|, nonyuaem p (G;)=
=|A[<|D{+{J], ecan Gi=Q=n (Gy).

2. U3 cBoiictsa P5 H 13 Toro, uto | B|= K|, noayuaem p (Go)=|B|+|H| >K, ecin
Gt =1 (Ga).

3. Us cpoiictBa P8 u u3 Toro, uto |C|=|F|, nonyuaem  p(Gg)=C=F=p (G,).

4. Makrcumanbhoe paccTosHHe MeXJy JIOCHIMH AByMs octoBamu G pasuo |A|-+

+B[+[C[=p (G)+1 (Ga)+p (G)-

[Tycts d,, — MakcHMalbHOE pacCTOSiHHE MEXAY ABYMs OCTOBaMH
rpada G, nycts (Gy, Gy, G2) — raBHoe pas6buenne G. Toraa M3 nokasau-
HO{ Bbillle TEOpeMbl HMeeM dp==p(G;)+u(G)-+p(G;). Ho n(Gy+
~+p(Gy) paBHO UMK/IOMaTHYECKOMY yncay rpada {G, U G;), noaydeHHoro
CTATHBaHHeM Bcex peGep B G (puc. 11.6). CaenoBarenbHo, Am=p (Gy)+
+u((GoU Gy)'). Tlyers E; u E, o6pasyoT NpoH3BOJLHOE pa3bHenHe
muoxectBa peGep £ rpagda G. Ilyers G, — noxrpad Ha muoXecTBe pebep
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E,, a G, — rpad, nonyuyeHHBIl cTATUBaHHEM Beex pebep B G,. B pabore
[11.8] nokazauo, uro d,<p(G,)+p(Gy).

3ametuM, 4t0 P (G,)+p (Gy) — 4HMCAO HE3ABHCHMBIX  TEPEMEHHBIX
B @HaJiM3e CO CMEIUAHHBLIMHM NepeMeHHbIMH, €C/IM HCIOJIb30BaTh pa3bue-
nue (E,, Ep) MHOXKectBa E. CneaoBare/IbHO, MOMKHO SaKJIOYHTh, YTO
dm -— MHHHMaJbHOE UYHCJIO HE3aBHCHMBIX I€PEMEHHBIX, TpeGyeMbX B
aHaJIM3e CO CMEIUAHHBIMH NepeMeHHBIMH. DTO YUCI0 MOKET ObITh MEHbLIEe
paHra ¥ LMKJoMaTHyeckoro yucia G. Takum o6pasoM, YHC/I0 He3aBUCH-
MbIX TEPEMEHHBIX B METO/Ie CMELIAHHLIX NepeMeHHBIX MOXKeT ObITh MEHblIle
Tpe6yeMOro Jjis MeTOJOB KOHTYPOB M cedyenuit. Hanpumep, rpad G na
puc. 11.4 umeer rnaBHoe pasbuenne Go,={4, 5}, G;={6, 7, 8}, G=
={I1, 2, 3}. MoxxHO npoBepuTh, uTO p==(G,)=1, N (G, UG,) =2, caemo-
BaTeJNbHO, dy,=3. TakuM 06pasoM, TOJBKO TPU HE3ABHCHMbIE MEPEMEH-
Hble TpebyloTes IJs aHa/Iu3a LenH Mo MeTOAY CMEIUAHHLIX TePeMeHHHX,
TOT/a Kak 00a MeTOZa KOHTYPOB U ceyeHUil TpeGyIOT 10 YeTHpe He3aBH-
CUMBIX TIePEMEHHBIX,

B paGore [11.8] d,, naseiBaercs monoaoeuseckoli cmenensro 606006L
nenu. Hekoropble HHTepecHble cBOficTBa Takux pasbuenuit (E,, Ey),
s Kotopbix P (G,)+p (Gp)=d,, obcyxpaiorcs B pabore [11.8].

Asrops! patot [11.7, 11.8] BHec/I HECKOJIBKO IIYBOKHUX PE3YJbTATOB
B TeopHio rpadoB. B paGore [11.9] o6cyskaaercs anropuT™ BHIUHC/IEHHS
IIaBHOTO ceyeHus rpaga. B pabore [11.10] pacnpocrpansiercs nonstue
«IJIaBHOe pa30HeHHe Ha MaTpOUJbI».

11.5. ¥YpaBHeHMSA COCTOSIHHS

B pasa. 11.2—11.4 pnst onucanus Lenu pacCMaTPUBAIHChH CHCTEMBI
KOHTYPHLIX YpaBHEHMH, ypaBHeHHW ceueHHMs] M ypaBHeHHIl CO CMelllaH-
HBIMH NlepeMeHHBIMH. Bo BpeMeHHOH 00JacTH 3TH ypaBHEHHUS SIBJAIOTCA
HHTerpoauddepeHIMalbHEIME. B faHHOM pasjesie Mbl ONMHCHIBAEM LEMH
B BuJle AnbdepeHIHaJbHEIX yPaBHeHHH NepBOro nopsaxa 6e3 MHTErpa-
J0B. OHOH M3 MPHYMH TAKOTO ONMCAHHS SBJAAETCS TO, YTO B MATEMaTH-
yecKOM JINTeparype UMeeTcsl Macca HHGOpPMALMH N0 pelueHHIO MOJI0GHbIX
ypaBHEHUH U CBOMCTBAM TaKHX pelleHHl, KOTOPhe MOXKHO JIEFKO HCIOJb-
30BaTh B paccMaTpUBaeMoOM cayydae. [lasee, mpejcTaBlieHHe COCTOSIHHA
siBJsieTcs foJlee OOIMM B TOM C/yyae, KOrJla OHO NPUMEHMMO K MEHSI0-
ILUMCS BO BPEMEHH H HeJIMHelHbiM liensiM. BHOBL orpaHMYnBaeM Halle
BHHMaHHe CIlelMaabHbIM KjaccoM RLC-Liene#l ¢ B3aNMHBIMH HHIYKTHB-
HOCTSIMM M HEe3aBHUCHMBIMM HCTOYHHKAMH TOKa W HaNpsiKeHHS.

YpaBHEHHUs COCTOSHHUS IJIEKTpHUecKOil uenu N GOpMyJNHDPYIOTCH ¢
HCTIOJb30BAHHEM B KaueCTBe NEPEeMEHHBIX NMPOU3BOAHBIX eMKOCTHBIX HAa-
NpsiKeHUH M HHAYKTHBHBIX TOKOB. O4YeBHAHO, UTO He BCE EMKOCTHLIE Ha-
NP sIKeHHs MOXHO BHIGPATh B KaUueCTBe He3aBHCUMbIX NlepeMEeHHBIX, MOTO-
My 4YTO B LIEMH MOTYT CYILECTBOBAaTb KOHTYPHI, COCTOSIIHE TOJbKO H3
eMKocTell. AHaJIOTHYHO He BCe HHAYKTHBHbIE TOKH MOXHO BmIGpaTh B
KauecTBe He3aBHCHMbIX NEPEMEHHbIX, TOTOMY YTO MOTYT CYILECTBOBATH
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CEYEHHs, COCTOSIIIHE TOJILKO M3 HHAYKTHUBHOCTefi. Kak u B ciyyae Me-

TOJOB KOHTYPa H CeYeHHsI, HCXOJAHEIM IyHKTOM JJIsl BHIBOAA YpaBHEHHH

COCTOSIHUS SIBJIIETCA BLIOOP COOTBETCTBYIOILETO OCTOBAa. B 4acTHOCTH,

BLIOHPAeM TAaKOH OCTOB, KOTOPBIH COJEPKHUT 1) Bce HCTOUHHKH HalpsxKe-

HUS M HH OJHOIO HCTOYHHKA TOKA, 2) HauGoJbllee BO3MOKHOE YHCJIO

eMKOCTeHl H 3) HauMeHbillee BO3MOXKHOE YHCJIO HHAYKTHBHOCTeH. OCTOB,

BLIOpAaHHBIE B COOTBETCTBHH C 3THMH I[paBWJaMH, Has3blBaeTcsl HOp-

MOAAbHOIM  Oepesonm.

Lua sagannoit uenu N nyers N; — moarpad uenmu N, KOTOpHii
COJEPKHT BCe HCTOUHMKH HaNpsKeHHST H eMKocTH, a N, — noarpag
nend N, KOTOPHIH COAEPIKHT BCE MCTOUYHUKH HANPSXKEHHS, EMKOCTH H
conporubyenus. HopManbHoe fepeBo uenu N MOXKHO BHOpaTh CleAyo-
muM o0pasom:

1. Cuauana Bel6paTh Tako# ocTOBHHIH Jtec T, u3 Ny, YTOGH OH cOAepKal
BCE HCTOYHHKH HAaMpsKeHHS.

2. 3arem BHIOpaTh TakoH ocToBHBIH Jec T, u3 N,, uto Th=T,.

3. K T, no6aBuTb CTOJBKO HHAYKTHBHOCTEH, CKOJILKO HEOOXOAHMO,
yTO6BI MONMY4UTh OcTOB T U3 N. [ToJiyueHHOE TaKHuM 06pa3soM AepeBo
AIBJIsIeTCS] HOPMAaJIbHBLIM JiepeBoM lienH N.

B xauecTBe MpUMepa HOPMaJIbHOE JAEPEBO LeMH, H306paXKeHHOH Ha PHC.

11.7, a, npeacrasJjeHo Ha puc. 11.7, 6.

7

Puc. 11.7.

a — uenp; 6 — HOpMaJIbHOe JepeBO UENH,

[Tocsie BoIGOpa HOpMaJIbHOTO fepeBa T namuM pas6ueHue BekTopa V,
HanpsiXeHHH S/1eMeHTa M BEeKTOpa /, TOKOB 3/IeMeHTa CJIEAYIOnIUM 06pa-

30M:
V, (1,
VF[V;]’ le= 1]

Ve Ve
Ve Ve
Vt_ VRt ’ Vt= VL[ !
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I e,
1 1

.= Cct , I, = Rl ,

" e T
Ilt 1!

rae ungekcH E, J, C, R u L oTHOCATCS K UCTOYHUKAM HampsiKeHHs, HC-
TOYHMKAM TOK3, €MKOCTSIM, Pe3HCTOpaM U UHAYKTHBHOCTSM COOTBETCT-
BeHHO, a HHIEKCH { U [ — K BeTBAM U Xopiam T COOTBETCTBEHHO.
3arem noamatpuuy Qp ¢yHIaMeHTaJbHOH MaTpPUUE CeYeHHH
Q;=I[U Q;;] moxuo pasbutb Tax:
Ceaszy -
C R L J

QEC QER QEL QEJ
Qcc Qv Q. Qo
0 QR R QRL QRJ
0 0 Q. Qu

Q,,= Bemeu + (11.33)

txmAalm

3ametuM, uto Qr.=0. Ecau Gul cyluectBoBana eMKOCTh B (hyHIaMeH-
TQJbHOM CEYeHHH MO OTHOLIEHHIO K HEKOTOPOMY CONpPOTHUBJEHHIO, TO
yAaJieHue 3TOTo COnpoTUBeHHs U3 T u no6aB/eHHe STOH eMKOCTH MpHBe-
JI0 GBI K TOMY, UTO B OCTOBe OBLJIO G Ha OJHY eMKOCTh GoJibile, UYeM B 7.
D10 NpoTHBOpeunso GH BHIGOPY HOpPMaJsbHOrO depeBa T. AHaMOrM4HO
MOXHO NMOKa3aTh, UTO Q;=0 u Q;,=0. W3 ypasuenuit 3KT Q;/z=0,
H OTCIOJA MOJIyYyaeM cCJelyollee:

Ir = = Qeclei = Qerlre = Qerdir = Qesls (11.34a)
Ieo=—Qcclci = Qcrlrt =Qcrl = Qcilys (11.346)
Ig,= = Qrrlrt = Qrelrt = Qrsls (11.34c)
I,= =Qud — Qi (11.344)

Hanee u3 npeo6pa3oBaHUs ceyeHUH mNoJyuaeMm

Ver=QkcVe+ Q6 cVers (11.354)
Var=QerVe+ QerVer +QkrVris (11.356)
V= QelVe+QciVeo +QriVa +00 Vi (11.35¢)
V) = QeVe v Qc,Ve, +QkVa, +Q4V,,- (11.354)

Hcnonk3ys s/1eMeHTHble COOTHOLIEHUS U—I W NpHBeJeHHbe BHILe Ypar -
HEHHUS, Mbl JOJIKHEL MOJMIYYUTh YPaBHEHUs COCTOSTHHSA, HCXOAA W3 POMS-
BOMHHX V¢ ¥ I, Bce Apyrue nepeMeHnble, He CBSI3aHHBIE C UCTOYHH-
KAMH, HEOBXOAHUMO HCKJIOUMTh.
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Jins emrocTelt HexKelaTesbHBIMH NepeMeHHBIMH aBastorcs g, Ve
H ¢y, a o uHaykTHBHOcTeH — Vi, I, u V,,. Uckmounm 5TH nepe-
veHHble. CHayana nepenuileM Bhlpaxenue (11.34, 6) B Buge

F] ‘
IC ] =—QCR1RI_'QCL1H'—QCJ].I'
L fct

3aTeM, HCMOJIB3Ysl COOTHOLUEHUs U—i LJIsl EeMKOCTel B PHBEJEHHBIX Bbl-

1€ BbIPpAXEHHAX
Ics _ [C; 0 ]i Vct]
le, - [0 Cjat Ve,

H noActaBass Vg, u3 ypaBHenus (11.35a), mosmyuum

i ;_t Vet =—Qcrlri—Qcrl1i—Qcsl s+ g*dit Ve, (11.36)

6=[U Qcc [ff‘ 2,] [gﬁc]‘

6'=—[U Qccl [gt ?:,] [8&]'

MoxHO nokasath, 4T0 § sBJIseTCs] MaTpUUEH NPOBOAUMOCTH CeYeHHIl
ueny, nosydeHHoH U3 N ylajleHueM BCEX XODIOBBIX 3JIEMEHTOB, 33 HC-
KJIIOUEHHEM €MKOCTEH U CTATHBAHHEM BCeX 3JIEMEHTOB JlepeBa, KPOME eM-
KOCTel.

AHasorHyHO, HcXols us ypaBHeHus (11.358) W Hcnmosb3ys v—i-co-

OTHOLLEHH S
[VLIJ_[LH th] i [ILZ]
Vil Ly Lyl 9t [1]

a 3atem 3amensisl I, w3 ypaBHenus (11.34r), MOXHO IOMYYHTD credylo-

uiee OTHOIUEHHE LIS MHAYKTHBHOCTEH:

< % (1) =QtVer+ QrlVipe + QL. Ve+ 2° ;—t (1), (11.37)

1ct+ Qcclcz"—' [U Qcc]

rae

rje

Ly L[ U
<z = —Qul [L” Lu] [—Qu]’

. Ly L[ O
g =_[U —QLL] [Ltl Ltt] [_QLJ}.

MoxHo nokasarb, 4T0 & ABMseTCs MaTPHULeil TOMHBIX CONPOTHBIEHHUI
UenH, MOMYYeHHOH YJIaJeHHEM BCeX XOPAOBHIX 3JEMEHTOB, KPOME HH-
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JYKTHBHOCTEH, H CTATHBAHHEM BCeX 3JIEMEHTOB JepeBa, KPOME HHIYK-
THBHOCTEH.

Tenepp HEOGXOAHMO HCKJIOUHTL [p, ¥ Vg, 3 ypaBrenu#t (11.36)

n (11.37). Jna 3Toro paccMOTpHUM CJEAYIOIMHE U—i-COOTHOLIEHHS:
I,=G Vi Vry=Rlp;. Tlocne noacranosku Vi, u [y, u3 ypaBHeHu#H
(11.356) u (11.34B) npuBeseHHBle Bhlllle ypaBHEHHs NDHMYT BHJ

Ip;=G,QkrVrt+ GQtrV e+ GQERV g, (11.38)
VRt=’—RtQRRIRl_RtQRLILl_RtQRJIJ- (11-39)

[ToacraBasia I, us Bhipaxenu# (11.38), (11.39), npuBoauM K BHAY

(U + RQrrG:QkR) Vit = —RQrrGQERV ¢t — RiQrrG.QERV s —
——RtQRLlLl_RtQRJlJ' (11.40)

[IpuBesieHHOe BbIlle ypaBHeHHE A7s1 Vg, MOXKHO PEIIHTh TOTJ4a H TOJIbKO
TOTJla, KOrjJa cyllecTByeT o6paTHas MaTpHua Ajs (U—i—RtQRRGlQRR)
DTy MATpHIy MOXKHO NpPeJACTaBHTbL B BHJE RtG rae G=G;+QprG Q%R
MozkHO nokasath, 4TO MaTpHUA Gt—i—QRRG,QRR SIBJISIeTCS MaTpuUlleli npo-
BOJHUMOCTH CEUeHHMI IenH, nojyyeHHoll u3 N ynajeHHeM BCceX XOPJOBBIX
3JIEMEHTOB, KPOME COINPOTHBJIEHHH, U CTACMBAaHHEM BCEX 3JIEMEHTOB Jie-
peBa, KpOMe CONpPOTHBJAEHHH. B TakoM ciyuyae maTpHIa, 06paTHas 3T0H,
cyiectByeT, H ypaBHeHue (11.40) MOXKHO PEIIHTb OTHOCHTENBHO Vpy.

Janee noacrasum B ypaBHenue (11.36) u (11.37) Ip, u Vpy B TOM
BHJE, B KAKOM OHH IOJyUYEHB! BBHIIE, H NOAYYHM CJeAyIOllHe ypaBHe-
HHSI COCTOSIHUS:

£ o[ 21
1 +[—f”" H } [o* :;] [H (11.41)

R = Rz “l‘ QtRRRtQRRy
Y =QcrR™'Qbr, # =—Qc1+QcrR'QRrR Qg1
=Q%.G Qg $=0Q6.— QLG 'QrG,Qtr=—57, (11.42)
=QcrRQrr, F*=—Qcs+QcrR™'Q%rR:Qxr;,
P*=Q%G'Qrsy 9" =Qh—QkG7'QrrG,Q%R-

Marpuusl € U & SBASIOTCS HEBHIPOXKAEHHHIMH B cilydae RLC-ueny,
H II03TOMY B TaKHX CJIy4YasX MOKHO nepenucath ypaBeenue (11.41) B Bu-

e
4 Ver v, [Vb [V
W{lu}_ [m]*‘ﬁ ]1@ 11}' (144

(11.43)
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Ornpenenus Ve; U I, u3 ypaBuenus (11.44), MOXXHO MoAyYHTb BCe OC-
TajlbHble HANpsXeHHs1 H TOKH, Ucxoas u3 Ve, 1,4, Vg n I, Te, xoro
HHTEpeCyloT JeTajlli, MOTYT oﬁpam’rbcn K paﬁoTaM [11. 11 11.121.
YpaBHeHHue cocTosiHuA (11.44) He nMpHBEAEHO K HOPMAJbHOH cpopme, TdK
KaK IMPHCYTCTBYIOT NMpOH3BoAHble OT Vi U [, Onpejiesnsisi HOBOE MHOXe-
CTBO [lepeMeHHBIX, MOXHO NpHBecTH ypaBHeHHe (11.44) K HOpMasIbHOMY
puay [11.11]. B xauectse nmpumepa paccCMOTPHM ILeNb, NMOKa3aHHYIO Ha
puc. 11.7, a. HopmanbHoe fepeBo Llenu NpeicTaBjeHo Ha puc. 11.7, 6.
Marpuua Qs; B opMe pa3bHeHHs  JlaHA HHXKeE:

2 5 6
3 1 0! ~1
<1 —-1f -1 01,
On= 4l 0| -1
7 0 1 1
Orciona nonyuaem
Q£c=[1]’ QRC=[O]’
Q£L=[0], QRL=[1L
QEJ'=[ '1]- QR.I:[I:"

Qcc“[—}]- QCL=l*(1)]’ QCJ’:[ (l)}

HC]‘IOJIbBYﬁ [IpUBEJICHHbIC Bhileé MaTPHLbI, IMOJYyYaeM

e 3 A} e[l e et

G“[l], R.:[O]'

e I I S FY e
?=[1], P*=[1], §8=[-1 0], §&*=[0].

YpaBHeHHS COCTOSIHHA LleMH, NpuBejeHHOH Ha puc. 11.7, mosyuaiorcs
C HCMOJb30BaHHeM ypaBHenus (11.41):

2 —1]o0][n 0 0 1] fo] o
d v
z[____~l 3] 9}3@[ 0 0] offesf+lo 1[—.’-]
0 ol tdlis] =1 ol =1llis] Lo [=1jt's

1] 0] —=
+—1] o]
ol o) %
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11.6. CaoiicTBOo HeycuJeHHS
B PE3UCTHBHBIX Lensix

Oty raaBy Mbl 3aBeplliaeM HHTEPECHbIM P HJIOKEeHHeM TeOpUH rpagoB
K HCC/AeJOBaHHUIO 3JEKTPHUECKHX LeMneH.

B Teopuu uenei XOpolluo H3BECTHO, YTO AJIS 33JaHHOH LielH, COCTOs1-
el H3 pe3HCTOPOB H HCTOYHMKOB, Be/IMYHHA HAaNpAXKeHHsA Ha BCeX
pe3HCTOpax He BhIllle CYMMbI BEJIMYMH HaMNpsiXKeHHH Ha HCTOYHHKaX. DTO
CBONCTBO PE3HCTHBHbIX CeTeH H3BECTHO KaK CB0LCMB0 Heycurenus. B atom
pasfiesie AaeTcs JAOKa3arTesbCTBO CBOHCTBA HeyCH/IeHHS. IJTO JOKasa-

TesibcTBO Garofaps Bosasepy [11.13] siBasiercs 4ucTO TEOpeTHKO-Tpa-
(hOBBIM.

HanoMHHM, 4TO LHKJ, B KOTOPOM Bce pebpa OpHEeHTHPOBAHE! OJHHA-
KOBO OTHOCHTEJIBHO OPHEHTAaLHH 3TOTr0 LHKJA, HA3bIBAETCS OpuUeHmupo-
sanubim yuxrom. Cedenne, B KOTOPOM Bee peGpa OPHEHTHPOBAHLI OJHHA-
KOBO MO OTHOIIEHMIO K OPHEHTAlUH 3TOr0 CeuyeHMs, HA3hIBAETCH OpLeH-
MUPOBAHHBIM CEHEHUEM.

JlokasaTesbCTBO HeycuJeHHsl, AaHHOe BoJiaBepoM, OCHOBaHO Ha
creLMajbHOM cJy4Yae JieMMbl MHHTH O pacKpacke ayr (teopema 10.31),
a MMEHHO Ha TOM, 4TO B OpPHEHTHPOBaHHOM rpade Kaxioe pe6po Haxo-

JuTcs aubo B OPHEHTHPOBAHHOM LHKJe, JH60 B OPHEHTHPOBAHHOM cede-
HMH, JuOO OTCYTCTBYeT B 0BOHX.

Teopema 11.7. Ija 3ajaHHOf LeNH HCTOYHHKOB H (THHeHMHHIX/HeJHHeRHEIX) IO-
JIOXHTEJILHEIX CONMPOTHBJEHHH BeJHYHHA TOKA B JIIOGOM CONPOTHBJEHHH C HYJIEBBIM
HAINpsDKEHHEM He GOJIplle CYMMbI BEJJHYHH TOKOB, TEKYWIHX Yepe3 HCTOYHHKH.

Hoxaszameascmeo. Tlyctb Bce 3/eMeHTH! C HYJIeBRIM NMAJEHHEM HANpPSXKEHHS HCKIIO-
yeHHl (KX MOXKHO PAacCMAaTPHBATh KaK KODOTKHe 3aMblKaHHs). [1ycTe HampasJieHus pac-
CMOTpEHH 1 3/JeMEHTOB BLIOPAHHEI TAK, YTO BCEe HANPSKEHHS Ha 3/1eMEHTaX IOJOXKHTENb-
Hel. Torja paccMOTPUM NPOH3BOJIBHOE CONPOTHBJIEHHE C HEHYJ/IeBhiM HanpsukeHHeM. He
MOXKET CyLIeCTBOBAaThb OPHEHTHPOBAHHOrO IHKJA, KOTOPHH cofepxas Obl TaKoe co-
ripotuBieHue. Eciau Ob! Takofl HalpaB/eHHHH WHKJ CYIEeCTBOBaJ, TO CyMMa BCeX
HaNpPsDKeHHH N0 3TOMY LMKy LenH Gelia 6b HeHYJNeBOH, UTO NPOTHBOPEUHT 3aKOHY.
Kupxroga nis HanpsokeHuii. [lostoMy, Kak 6bl10 NOKa3aHO paHblue, CYIECTBYET OpH-
eHTHPOBAHHOE CEYeHHe, KOTODOe COJePIKHT paccMaTpHBaeMoe conporuBfenue. ITycrs
TOK B PacCMATPHBAEMOM CONPOTHBJIEHHH paBeH [p. BuifepeM OpHeHTHPOBaHHOe ceue-
HHe, KOTOPOE COJEPIKHT 3TO CONpPOTHBJIeHHE. [TycTh R — MHOXKECTBO BCEX APYTHX €O-
IPOTHB/IEHHI B TOM CEYEHHH, a S — MHOXeCTBO BCeX HCTOUHHKOB B ceuenuH. Ilpn-

MeHss 3aKOH Kupxroga K ceyeHHIo, MoJyyaeMm io—i—z?ik—i—Zii.,:O. Tak Kaxk conpo-
ke SES

THBJIEHHS TOJOXUTEJBHH, TO U;220 JJIs KaXJ0ro conpotusaedns. Tak Kak Bce Hanps-
JKEHHSI TOJOMXHTENbHB!, TOK B KaXKJOM H3 CONPOTHBJIEHHH He OTpHIlaTeseH, H MOXKHO
3anHcaTh |io]+§]ik]—i—2iis=0. Orciona liolQZil}ngfsl- Yro u Tpe-
ke SeS SES seS

60BaNOCh JIOKa3aThb.
Crenyiomas TeopeMa sBASETCS ABOACTBEHHOM K JOKa3aHHOH Beume, JlOKa3aTeslncTBO
C/leAyeT H3 IPHHIHNA JABOMCTBEHHOCTH.

Teopema 11.8. [l 3ajaHHON LemH, COCTOAWEH H3 MCTOYHHKOB H (JIHHeAHbIX/
HeJIHHEHHbIX) MOJIOKHTEIbHBIX COTPOTHBJIEHHH, BeJHYHHA HANpSKEHHS Ha JoOOM H3
COTIPOTHBJICHH He GOJIbHIE CYMMB! BeTHUHHB HAIIPAXKEHHH HA BCeX HCTOYHHKAX.

PaGotw [11.14, 11.15] siBAstlOTCS OAHHMH H3 NEPBBIX, B KOTOPHX o6cykaaercd
CBOHCTBO HEYCHJIEHHS.
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11.7. 3ameuaHusi, KacarouHecs JHTepaTyphl

Jns panbHeHIIero H3ydeHHs CJefyeT B MNMePBYIO oUepelb PEKOMEH-
JoBatb paboty [11.16] mo TeopeTHKo-FpadOBOMY HCCIEAOBAHHIO 3JIEKT-
pudeckux uenei. Kpome toro, pekomenayeM pa6otst [11.17 u 11.19].
B pa6ore [11.11] MoxHO HalTH GoJiee AeTabHOE OGCY K IEHHE HEKOTOPHIX
TeM, MpPEACTABJEHHBLIX B JaHHOH r/jaBe, W B YACTHOCTH MX PaclpocTpa-
HeHHe Ha 6oJiee oOlLHMe KJacchl Lened.

Meton ananusa nenel, Ha3BaHHBIA Ouakonmukoli, OCHOBAHHBIH Ha
TIOHSITHH PasphiBa, GbLT BBeleH B paborax [11.20, 11.21]. Mx aBrop npu-
MEHHJI 3TO NOHSATHE AJIsl aHAJIN3a ONpelesIeHHOro KJacca uened. Ero noa-
XOJ OCHOBBLIBAETCH HA NOHATHSX, 3aMMCTBOBAHHBIX M3 TEH30DHOFO aHa-
ausa. B pa6orax [11.22--11.25] pasbAcHSIOTCS MOHATHS AHAKONTHKH H
JeJlaeTcsl OUeHb MHOFOe JIJIsI TOFO, 4TOOBI 3TOT MOAXOA cTanl 6osiee H3BeC-
TeH HHXeHepaM-3JIeKTPOTEXHUKaM. JIpyTrHe ONHUCaHU s AHAKONITHKH MOX-
HO HaiiTH B paborax [11.26—11.311].

B pa6ore [11.32] paccmarpuBaetcst oGofileHHasi GopMa aHanH3a Ha
OCHOBE CMeIlIaHHbIX NTepeMEHHbIX, KOTOpast BKJIIOYAET BCe CYIeCTBYIOLIHE
¢dopMbl (KpoMe IHAKONTHKH) B KauecTBe ClelHaNbHBIX clydaes. B pa-
6ote [11.33] Takxke Hceneayercsi BRIYHCINTENbHASA 3Q(heKTHBHOCTEL METO-
0B KOHTYPOB H CedeHHH. ABTODBHI 3THX pabOT NOKa3alH, 4TO BHIGOP
ONTHMAaJbHOrO METOJa aHalW3a TNpPHBEJAET K NOJydeHHIO HauGosee pas-
PEXEHHBIX MATPHL CONPOTHBJIEHHH KOHTYpa M IPOBOJHMOCTH CeHYeHHI.
Astopbl pa6otsi [11.34] ucrnionb3oBaan HIeH TeOpeTHKO-TpadoBOro moj-
xo0/la, B 0COGEHHOCTH TeopeMy Tessiexena u cnelHaNbHRIH ciaydall Jem-
MBI O pacKkpacke AYF JJisl BHISIBJIEHHS] HEKOTODBIX CBOHCTB HEJHMHEHHBIX
Herneil M HeJHHEMHBIX MHOTOIMOJIIOCHBIX PE3UCTHBHBIX LeIe.

YpaBHeHusi cocTosiHMsl A RLC-cXeM GbUIM BIEpBbie BbIBEASHBI
aBropamu pa6or [11.35, 11.36]. Psix crareit 661 nocBsiteH 06Cy K AECHHIO
¢OpMHPOBaHHSl YDaBHEHHH COCTOAHHS Vsl OOOOIIEHHBIX KJIACCOB aK-
tuBHBIX uened [11.37—11.39]. B pa6ore [11.16] ycranaBnuBaiorcs He-
0o6X0AMMbBIE M JOCTATOUHbIE YCJIOBMA A5 paspeiiuMocth RLC-ueneft,
coJlepKalllHX He3aBHCHMble HCTOYHHKH. Mcrosb3ys aToT noixod, HeKo-
TOpbIE aBTOPbI 0OCYXKJadH NMpPOGIeMy pa3pelIMMOCTH Lenefl st Gosee
obitero kJaacca nernet [11.37, 11.40].

TeopeTHKO-MATPOUAHOE H3YUEHHE EKTPHUECKUX Lenel GhicTPo pas-
BiHBAeTCs KaK IepCreKTHBHAS 00s1acTb HeeleoBanuil. OnpeneneHue aJe-
KTPHYECKOH LEMH OCHOBbIBaeTcs Ha rpadax. B kauecTBe oboGineHus
sToro noaxoaa B paborax [11.41-—11.43] BBoauTCcst MOHATHE «OGOGILEH-
HBbIE LIeNH», T. €. UenH, OCHOBAHHBIE HAa MATPOHAAX, U YCTAHABJIHBAKTCS
HeKOTOpble cBoficTBa TakuX uenell. Oxuiaercs, 4To Gosee AeTANBHOE
u3ydeHHe OOOGILEHHBIX Lernel AacT HOBBI HMITYJIbC HEKOTOPBIM KJ/IACCH-
YeCKHM HepelleHHbIM 3a/1a4aM TEOPHH JIEKTPHUECKHX lienel, B 4acTHOC-
TH 3aJ]ade CHHTe3a MHOTOMOJIIOCHOH Pe3UCTHBHOM LENU. ABTOPH PaGoThl
[11.44] nexaBHO paccMOTpeNTH MATPHLBI, HCIOJAB3YIOIIHe aareGpy Bau-
ra [11.45, 11.46], B kadecTBe WHCTPYMeHTAa HcCae0BaHHA. B paGore
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[11.47] uccnenyerca 3ajaua paspelIHMOCTH LEeNH C HCIOJAb30BAHHEM I10-
HSITUA «O6bEAMHEHHEe MATpOHAOB», a B pabore [11.48] bopmyanpyercs
eJUHBIH NMOAX0A K TpeM (hyHAaMEHTaJbHbIM Npo6JeMaM B TeOPHH Lenei
d MOKAa3bIBAeTCA, YTO BCE OHH CBOAATCA K 3ajaue olpeleseHHs Gazuca
o6BbEeAMHEHHA ABYX COOTBETCTBYIOILMM 06pa3oM BLIOPAHHBIX MAaTPOHIOB.

Teopus JMEKTPHUECKUX Lienell NMpoJoJaKaeT OCTABaThcs 6OraThiM He-
TOUYHHKOM MaTeMaTHYecKHX 3ajau. B paGorte [11.49] obcyxnaerca He-
CKOJIBKO TaKHX 3ajiad,

YnpaxHeHus

11.1, Martpuna nyreit P=[p;;] aepesa T ¢ cooTeTcTByIONe BEPWIHHON v, ONpesesn:
eTcA CaAefylouKM o6pasom: EC/H BETBb j ABAAETCHA €AHHCTBEHHHM nyTeM B T oT Bep-
WHHEL U; K Uy, TO p; ;=1 Had p;;/=—1 B 3aBHCHMOCTH OT TOr0, COOTBETCIBYET HJIH
HeT OpHeHTailHsi BeTBH HAIpPaBJEHHIO 3TOrO NMyTH, B MPOTHBHOM cayuae p;;~0. He-
MOJb3ys Y3J0Boe Mpeofpa3oBalHe, MoKaxiuTe, 4to P=(A—=1)!, rae A apaserca yce-
ueHHOH MaTpHUel WHuHAeHIHA T 1o BepluMHe U,, H BHBEJHTe TeopeMy b.12.
11.2. TloJyuHnTe KONTYPHYIO CHCTEMY YPABHEHHH NJaHApHON IeMH, HCMOJb3Ya AYeHKH
KaK He3aBHCHMblE ILHKJBL.
11.3. Iycts N — nianapras yens. [1ycTh IaHapHas Lemb N CTPOHTCS CAeAYIOUIHM
ofpasoM:

a) rpad N sBaserca pBoiictBenubiM rpadgy N. [lycTb e W €' fBAAIOTCA COOTBET-
CTBYIOUIHMH 3/JeMeHTaMH H3 N H N;

6) ecli e — pe3HCTOp BeaHumHOH R OM, TO & — pe3HCTOp BEJHUHHOM I/R QM;

B) €CJH e — eMKOCThb (HHAYKTHBHOCTb) BesHumnoi K dapan (rempm), 10 ¢ —
HHAYKTHBHOCTb (EMKOCTb) BeauuuHOH K reHpH (papan); ,

) eclB e — HCTOYHHK TOKa (HampsKeHHf) BeJHUHHOH g (f), TO € — HCTOYHHK
HanpseHHs (TOKa) BeJHYHHOH g (f).

Omnpelie/nTe OPHEHTALHH HCTOUHHKOB TOKA M HampsiKeHHsA B N Tak, 4To0bl KOHTYp-
Hele ypaBHeHus N (c AuefiKaMu, BHIGPAHHHMH B KauecTBe He3aBHCHMHIX LHK/IOB) CTa/lH
Y3JI0BLIME YpaBHeHHAMH N, rje nepeMeHHHe KOHTYPHBIX TOKOB 3aMEHAIOTCS MEpeMeH-
HBLIMH Y3JI0BBIX HANpsXeHHA. MOXKHO NPHHATbL, uTO Bee sideHKH H3 N OPHEHTHPOBaHbI
no uacosoii crpenke. (Llemu N u N, onpenenennble, KaK OMHCAHO BHIE, HA3BIBAOTCH
dsoticmeerHbIMU TIETISIMH.)
11.4, TMocTpoiiTe ABOMCTBEHNYIO NeMmb K LlelH, MoKa3anHoM Ha pHc. 11.8,

30m

50m
Pac. 11.8,
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11.5. OnpelenuTe Bce HANPSXKEHUS H TOKH B LeNH, npejcraBaeHroff Ha pue. 11.9,
HCNOJL3Ysl KOHTYDHBIl METOA aHaaH3a.

11.6. [ToBropute ynpaxHeHHe 11.5, Hcronb3yst MeTOAL! CEUEHHS H CMELUAHHHIX Mepe-
MEHHHX.

20m

Puc. 11.10.

11.7. Hahinure niasHoe pasbuenHe rpada, npeacrasjenHoro Ha puc. 11.10.

11.8. a) I[lonyuHTe ypaBHEHHS COCTOSIHHSI UeNH, nokasauHoft na puc. {1.11. 6) Bo-
pasuTe TOKH H HaNpsuKEHHs uepe3 De3HCTOPH, HCXOASt H3 NEPeMEHHHIX COCTOSTHHSL H
nepeMeHHBIX HCTOYHHKOB.

1castu(t)a) %m ng 10M§ d)t2 costuft)

411
H

Puc. 11.11.

11.9. [lopadkom caoxcHocmu d1eKTPHUECKON uend N sABJIseTcss MaKCHMAJbHOe YHCIO
Hauya/jbHbIX YCJIOBHH, KOTOphie MOXKHO BHIGpaTh Aas uend N. OHo coBmajaer ¢ Mak-
CHMAJIbHLIM YHCJIOM NHHAMHYeCKH HE3aBHCHMBIX TOKOB H HanpsiKeHHH Ha 3/1eMeHTax,
MIHOBEHHbi€ 3HAYeHHS! KOTOPhIX AOCTATOYHHI A/ TOr0, 4TOGH! ONpelesHTh MTHOBEHHOe
COCTOSIHHE lenH. Bosee TOro, OHO TaKkKe PaBHO YHC/IY COGCTBEHHHX 4acTOT uend N.

Hokaxure ciepyromee aist RLC-uenu:

a) [TopsanoK c/OXHOCTH N paBeH YHC/Y PeaKTHBHBIX S/€MEHTOB, MEHbLIIEMY CyM-
MH YHCEJ JHHEeHHO-He3aBHCHMBIX CEUEHHH, COCTOSIHX TOJNLKO H3 HHAYKTHBHOCTEH, H
yHCe/ JHHeHHO-He3aBHCHMBIX KOHTYPOB, COCTOSILIHX TOJNBKO H3 eMKOCTefi.

6) Yncao HeHyseBbiX COGCTBEHHH X 4acTOT Lend N paBHO MOPSAKY CJOKHOCTH N,
MEHbIIEMY CYMMbi YHCeJ] JIHHEHHO-He3ABHCHMBIX CEYeHHH, COCTOSIILHX TOJIBLKO H3
€MKOCTed, H YHCe/ JIHHEHHO-He3aBHCHMHIX lemnefl, COCTOSIMHX TOJbLKO H3 HHAYKTHB-
HoCTed.



12. Pe3dHCTHBHbIE 72-IOJIIOCHBIE
UuenH

12.1. Beenenne

llent HasbIBaeTCA M1-NMOJIOCHOMH, €CJIH OHA HMEET £ Tap JOCTYITHHIX 3a-
3KHMOB /ISl TOICOEAHHEH Ul BHELIHHX YCTPOHCTB, Hal[PHMEP HCTOYHHKOB
TOKa WJIH HanpsikeHHs. Kaxias mapa TakuX JOCTYIHEIX 3aKHMOB Ha-
3biBaeTcs noJocoM. QOUeBHAHO, YTO A-TIOJIOCHAS HENb MOXKET HMETh Max-
CHMYM 2n pasJHYHBIX TOJIOCHBIX 3a)XKHMOB, B C/lydae KOTJa KaxKAbH
MOJIIOC HMEeT CBOIO COOCTBEHHYIO Mapy 3a:KHMOB, H MHHHMYM n-+1 pa3-
JIMYHBIX TMOJIOCHBIX 3aXKHMOB. [loc/ieinnii ciiy4aii BO3SHHKaeT, HalpHMep,
KOTAa OIMH 3aXKHM SIBJAeTCA OOUHM A BCeX TOJMI0COB. BepIlinHB
N-MOJIIOCHON LI€NH, OTJIHYHEE OT MOJIIOCHBIX BXOAOB, HAa3HBAIOTCS GHYM-
perrumu sepuiunamy tend. Kaxapii MOMI0C A-NMOMIOCHON IEMH CBA3aH
¢ JIByMs TlepeMeHHLIMH — Ha-

|
|
JIIOCHBlE HanpsKeHHS H TOKH = 1
O6yAyT NMPHHHMATBCS B COOTBET- }
CTBHH C pHc. 12.1. |
IlpH mnpejAcTaBJeHHH fi-TIO- L _—
JIIOCHOH LIeNH B BHJE OpPHEHTH-
poBaHHOrO rpada KaxIbi ee +
noJsitoc 6yJieT paccMaTpHBAThCA Montoc 3
Kax pebpo, HasblBaeMoe no.roc-
HbiM pe6pom, CBA3LIBAIOLIHM CO-
OTBETCTBYIOLIHE 3aXKHMBI NOJII0-
ca. Tlo/mocHoe pe6po MOXKHO paccCMaTPHBATh B KaueCTBE BHELIHErO yCT-
poiicTBa, NOAKJIOYERHOTO K noJocy. [loarpad us mosmocHuIX peGep BMec-
TE C YKa3aHHEM IOJIOKHTEIbHBIX HJIH OTPHIATENbHEIX 32XKHMOB KaXk0T0
N0JII0CAa HA3BIBACTCSl NOAOCHOU KOH(uaypayuel n-TNOJIOCHOA NEmnH.
[loatocHOe pe6po MOXKET ObITh OPHEHTHPOBAHHEIM KaK OT IMOJOXKH-
TeJHHOIO 3aXKHMa K OTPHIAaTeJLbHOMY, TaK H HAoGOpOT.
B cooTBeTcTBHH ¢ 0603HaYeHHAMH NTOIIOCHOTO HANMpsXKeHHS H TOKa,
H3 puc. 12.1 10MXKHO GBITH OYEBHIHBIM, UTO AJIS NPEACTABJEHHOTO pa-
Hee BbIOOpa MOMIOCHOH OPHEHTAllHH MOJIOCHOE HalpsiKeHHEe COBIaJaeT
C HanpsiKeHHeM, CBSI3aHHBIM C IOJIOCHBIM peOpoM, a MOJIIOCHBIN TOK

—————————— i |
NpSAXKEHHeM MeXAy 3aXHMaMH 4 | . | 4
[OJIIOCA H TOKOM, TEKYIUIHM 4e- { vy }
pe3 nomoc. Ha pue. 12.1 npen- n [
onroc 1 Nonroc
CcTaBJieHa 3-MOJIOCHAs liemb ¢ ‘ | onioc 2
6 3axumamMu. CCBUIKH Ha IIo- !
AW\ i
|
[
|

Puc. 12.1. 3-mosocHan nens ¢ 6 3akAMaMH.
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MPOTHBOMOJIOKEH [0 HAMPaBJEHUIO TOKY, CBA3aHHOMY C IOJIOCHBIM
pe6poM. CoOTBETCTBYIOLLHE COOTHOILEHHS B MOc/eAHeM BbiGOpe OpHEH-
TAUMU [MOMIOCA OYEBUIHHL.

O n-nomocHO# LemM ¢ BHEIHUMM YCTPOHCTBAMH, MOAKJIOYEHHLIMH
K mojiocaM, 6yleM TOBOPUTL KaK O HAZPYMEHHOU n-nomocHol uyenu.
INMonaraem, yTo Harpy»eHHas n-MOJMIOCHAs UeMb ABJAETCA CBSA3HOM H
B Hell He CylEeCTBYeT BHYTPEHHUX BepIUMH. EcaH HarpyXeHHas noJoc-
Has Lenb He g9BJAETCA CBA3HOM, TO KaXAYI0 KOMIOHEHTY HarpyXeHHOH
CETH MOXHO PacCMaTpUBaTh OTAENbHO KaK MHOTOMOJIOCHYIO Lenb. Ecau
B MaHHoOH LeNM CYUECTBYIOT HEKOTOpble BHYTPEHHHME BepIUHMHbI, HX
MOXHO HMCKJIOYHTb npeofpasoBaHHeM TUMNa 3Be3la — TPEYTrOJbHHK H
MOJIyYUTh LeMb, SKBUBANEHTHYIO UCXOAHOH B CMbICJle OTHOLUEHHH MeX-
Ay TOJIKCHLIMH MepeMeHHbIMH. Takum o6pasoM, Mbl cAenann ABa H0-
MyLienus, He Hapyiiash o6LHOCTH paccmMoTpeHusi. Byaem npeanonararts
TaKXe, YTO B LeNU OTCYTCTBYIOT NapaJsesbHble npoBoaumoctd. Ecau
TakKue MPOBOAMMOCTH MMEIOTCS B LeMH, HX MOXHO CBeCTH K €JHHCTBEH-
HOH MPOBOAUMOCTH.

CpoiicTBa n-MOMIOCHBIX Lenell MOXHO ONucaTb JoGo# cUcTeMOl n
He3aBHCHUMBIX YpaBHeHHMH OT 21 nosocHbIX nepeMmeHHbX. Ocobblfl HH-
Tepec MpPeACTaBJASIOT MaTpHia MPOBOAMMOCTEH KOPOTKOTO 3aMblKaHHs
¥ MaTpHlla MOMHLIX CONMpPOTHBJEHHH XosocToro xofa. B onucanud ¢ no-
MOLIbLIO MaTpHUUbI MPOBOAMMOCTEH KOPOTKOrO 3aMblKaHHMA I1OJIOCHblE
HaNps>XKeHUs BLIOUPAIOTCA B KauyecTBe HE3aBUCHUMbIX IepeMEeHHbIX.
Mampuya nposodumocmeti kopomkozo 3ameikarus Y =ly;] apasercs
Marpunell mopsigka nXn, KoTopass MpeofpasyeT BEKTOP MOJIOCHBIX
HanpsiKeHu# Y, B BEKTOp MOMOCHBIX TOKOB [,. Takum obpasoM, uMeeM

YVp=I,. (12.1)

Ecnu Vy=lvy, v,,. . .,uplt u Ip=liy, i,,. .., i,]%, rae v; u ; nepemenHbie
HaMpsKeHHUs] U TOKA COOTBETCTBEHHO, CBSI3aHHbLIE C j-M [MOJIIOCOM, TOT-
A2 O4YeBHIHO, YTO
'k
Yry = Uj lo;=0 anm acex i

QU3NYeCKH 3TO O3HAYAET, YTO Yy; ABISETCS TOKOM, TEKYyLIUM vepes k-ii
noJiioe, Korga j-# moumoc BO30y»XKAaeTcs MCTOYHMKOM eIMHUYHOrO Ha-
NpsKeHUsl, NMpPUYEM BCe OCTaJbHBIE MOJI0CA CYUTAOTCH KOPOTKO3aMK-
HYTbIMH.

Heo6xoaumbiM yCIOBHEM CYLLECTBOBAHHSA MaTpHUbl MPOBOAUMOCTEM
SBJISIETCS] OTCYTCTBUE LHMKJOB B NOMIOCHOH KOHQHrypauuu. HMuaue oka-
JKETCSl HEBO3MOX(HbIM BbIGOP MOJMIOCHLIX Halpsi2keHHH B KauyecTBe Hesa-
BHCHMbIX MePeMeHHbIX.

B onucaHHH C NOMOLLBIO MAaTPHULbl MOJHLIX COMPOTHBJAEHHUH X0JOCTO-
ro Xojfa n-noJiOCHOH LeNM B KauyecTBe HE3aBUCHMbIX lepeMeHHbIX Bbl-
6upaloTcsl nojiiocHble ToKM. Mampuya noanvix conpomusaenutl x0A0c-
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moeo xoda yenu Z=Ilz;;] ectb nXn-marpuua, Koropas mpeoGpasyer
BEKTOD [OJIOCHBIX TOKOB [p B BEKTOP HOMIOCHBIX HampsiKeHud V.
TakuMm oOpa3oM, HMeeM

ZI,=V,. (12.9)

B 3TOM CJyuae MOXXHO 3amucarh

L lim=0 ana Bcex m = |

du3HUeCKH 3TO O3HAYaeT, YTO 2y, — HaMpskKeHHe Ha k-M MoJioce,
Korga j-il MOJIOC BO3OYMKAAETCs] HCTOUHHKOM €IHHHYHOrO TOKa, TpH-
yeM BCE OCTasbHbi€ HOJIOCH CYUHTAIOTCS PAa30MKHYThIMH.

Yro6bl CyulecTBOBAJIO ONHMCAHHE B BHAE MAaTPHUbI MOJHBIX COHPO-
THBJIEHUH, HEOOXOAUMO, uTCOBl B HArpyXKeHHOH A-MoMtocHOH uenu (xo-
Topasi NpeanoJaraercsl CBI3HOH) He ObIJIO CEeYEHHs], COCTOALIETO TOIBKO
U3 MOJIKCCHBIX pefep, IICCKOJbKY B TAaKOM OMHCAHMH HOJIOCHBIE TOKH
BeIOUPAIOTCA B KaueCTBe HEe3aBHCUMBIX MepeMeHHuIX. [Ipyrumu ciosa-
MH, AJIS CYLLECTBOBAHIS MaTpHIb! MOAHBIX CONPOTHBJAeHHH Tpefyercs,
uToOLl ceTh OGbljla CBSI3HOH.

Tertleps Mbl HpHCTyNaeM K BBIBOAY ypaBHeHu#H s Y- u Z-matpui
n-momecHof RLC-uenn N. CooTBeTCTBYIOWLYIO HATPYKEHHYIO Lenb GY-

1eM oGo3Hauath uyepes N.

Paccmorpum cHauana BBIBOJA Y -marpuubl nenu N. [lyets T osna-
4aer MoJICHy Kougurypauuwo uenu N. Kak u paHnbiue, morpeGyem,
yroObl 7' Gblla aUMKJ/HYECKOH, TaK YTO Ha Kax/oe HOJIOCHOE peGpo
MOXHO CCHLTATLCA KaK Ha HE3aBHCHMBIH HCTOUHMK HampsKeHHsa., Mel
fpeanoJiaraeM, uTo Kaxioe HOJoCHOe pefpo HampaB/eHO OT MOJOMKH-
TEJILHOTO 3aXHMa COOTBETCTBYIOLLETO I1010Ca K OTPHUATETbHOMY.

Ilycts Ty — Takoil octos uenu N, uto T spasercs moarpagom 7.
PeGpa noarpacda 7" Ha30BeM MOAOCHbIMU 6emesAMU, a OCTA/bHbE pedpa
Ty — nenoarocroimu semeamu. BasucHyio MaTPULLy CEUEHHEH HArpyKeH-
Holt nent N orHOcuTeNbHO Ty MOKHO 3alIMCaTL B BUAE

[——g:;év], raie noaMaTpHia Qf:l%_]
COOTBeTCTBYeT UenmH N, mpuueM CTPOKH (i COOTBETCTBYIOT HOMIOCHLIM
BETBSIM, a CTPOKH () -— HEIOJIOCHLIM BETBSIM,

[Tyctb Bekrtop-cTombunl Vp, Vi, V, onpenensiorest cienyrouium
ob6pasoMm: Vp — BekTOp MOMIOCHBIX HanpsuKeHHH, Vpp — BeKTOp Ha-
NpsiKeHUH Ha HEeMOJIIOCHBIX BeTBsAX, V, — BeKTOp HampsikeHHui Ha pe6-
pax B uenn N. [TycTb BeKTOpH TOKOB [p 1 [, onpenensitoTcs aHaMOrpy-
Ho. [Tyctb ¥, oBo3HauaeT Takyo AHArOHATBHYIO MATPHIYy NPOBOLHMOC-
Tefi peGep B uenu N, uTo

1,=Y,V,. (12.3)
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Tenepb MOXKHO 3alKcaTh MakCHMaJbHyio cuctemy ypasueruit 3KT ans
Harpy»KeHHo# wUenH N B cjepywoueM BHIE:

QU [ L) [0 @lug=l4] e

[ 25 = (5] = [&ua=[3]  aze
Takxe nosyuaeM cooTHOIIEHHe (npeo6pa3oBaHHe CedeHHs, TeopeMma
11.2)

[« 7]
ve_[Qz] et (12.5)
Hcnonsaysa dopmyaer (12.3) u (12.5) B Beipaxennu (12.4), noayuum
st 124
[Yzl'y'zz:l Vs or (126)
rie Yu=Q.\Y Q, Y,=QY Q:=Y4, Y.,,=Q,Y G

Marpuua

Y|V
y=QyQ;=|: 11 12:1
e Yar|Vae
HasmiBaeTcsl mampuyell nposodumocmell cewenus n-noocHoH uenu N
oTtHocHTesNbHO T'y. Pelias BTOpYIO 4YacTb cHcTeMbl ypaBHenuiH (12.6),
NOJyYHM
Ve =—YnY,V,. (12.7)

O1MeTHM, 4TO Y ,, ABJSIETCS HEBHIPOMKIEHHOH, Tak Kak Q, HMeeT Mak-
cUMaJ/IbHBIH paHr, a Y, sBJseTcs AHAaroHaJbHOH C HeHYJIeBBIMH 3Je-
MeHTaMH Ha auaroHaau. Mcnoawsys dopmyay (12.7) B neppoii uactu
cucreMsl ypaBHenuit (12.6), a umenuno Y, Vp-+Y,Vyhp=1,, nonyuaem

(yu_yuyz.zl 21) Vp= lp- (128)

Takum o6pasoM, MaTpHLa TNPOBOAHMOCTeHl KOPOTKOTO 3aMbIKaHHS V
uenu N 3ajaeTcsl BbipaxKeHHeMm

Y=Y, ,—Y, YaY,,. (12.9)
3ameTuM, 4TO ecaH NoJocHas KoHurypauus T umeer p>>1 KOMNOHEHT,

To Lenb N 6yner uMeTb n-+p no/ocHeIX BxoioB. Ecau p=1, 1o T Gy-

JeT octoBoM Lenu N. B atom cayuae T=T,, T. e. He GyHeT CyulecTBo-
BaTb HENOJIOCHBIX pebep, H uenb N Oyler Ha3biBaTbCA N-NOAOCHOU ye-
neio panea n. Moxuo yOemHTBCS, UTO MaTpHia NpoBoauMocTell Y Ko-
POTKOro 3aMbIKaHHA M-MOJIOCHOH LeNH paHra n sABJsieTcsl TakoH e,
KaK H MaTpHla NpoBoAUMOCTel ceueHHs Yy, H MO3TOMY VISl TAKOMH LENH

Y =Q,Y Q. (12.10)

3amernm, uTo B 00LIeM ciyuae Q; He ABasAeTcs Ga3HCHON MaTpHIei
ceyeHHsl Lenu N, XoTs akTHUYECKH OHa fABJsAeTcs NOoAMATpHLeH Oasuc-
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nofl MaTpHubl ceueHuidl nenu N no orHoweHuio K T,. OaHako Ha Q,
GyaeT BecbMa YJ0GHO CChLIATbC Kak Ha GasHCHYIO MaTPHIY CeYeHHH
uend N mo oTHoweHHIO K To. Ecan JonycTuTh npHcyTcTBHE pefep ¢
HYJIEBBIMH TIPOBOJAHMMOCTSIMH, TO MaTpHua (; (paKTHUECKH CTaHOBHTCS
fa3HCHOH MaTpHueH ceuennil uenu N.

Janee paccMOTpHUM BBIBOJ Z-MaTpHUBI n-nomocHod RLC-uemn N,
K ak u paHee, notpe6yeM, uTobbl Uenb N Gbljia CBSI3HOH, TakK YTO MOJIKOC-
HBle peGpa MOTYT CTaTh 4acThbiO0 KO-OCTOBA EPEBA HEKOTOPOro ocToBa Ty
uen N. ITomocHele peGpa 6yaeM HasblBaTb MOAOCHbIMU xopdamu, a
ocTaBiIHecs peGpa KO-OCTOBA — HENOAOCHbIMU Xopdamu. B sTom ciy-
yae MOMKHO I'OBOPHTb O KaXJIOM IIOJNIOCHOM PeGpe Kak O MpeACTaBJsiio-
11EM HEe3aBHCHMBIH HCTOUHHK TOKAa H OPHEHTHPOBATb €ro OT OTpHUATEb-
HOT'O 3aXKHMa IIOJII0CA K MOJIOKHTENbHOMY. Da3uCHYI0 UHKJIOMAaTHYeC-
KYI0 MaTpuuy uend N Mo OTHOWEHHIO K Ty MOXKHO 3almHcaTb B BHIE

[%—], rae noaMarpuua B,= [g—;]

COOTBETCTBYET N-TOJIOCHOH LenH N, NpHueM CTPOKH B; COOTBETCTBYIOT
IOJIIOCHBIM, @ CTPOKH B, — HENoJ/IOCHbIM XOpJaM.

Iycts Vp, V,, I, u I, onpefensiorcss Tak, Kak H panee. Kpome
TOrO, MyCTh [,,, — BEKTOp TOKOB B HENOJIOCHBIX XopAaX. Tenepb Mox«-
HO 3alHCaTh MaKCHMaJIbHYIO CHCTeMY He3aBHCHMbIX ypaBHeHHit 3KH

B CJEAYIOUIEM BHJE:
[§ﬁ§]LﬂZ]=[%} (12.11)

Ecnu Z, — AnaroHa/bHas MAarpHUA ITOJHBIX peGepHBIX CONPOTHBJIECHHH
B uenu N, TO

V,=Z,1,. (12.12)
Takke CyLIeCTBYeT COOTHOLIEHHE (KOHTYpHOe Npeo6pa3oBaHHE, Teo-
pema 11.2)
B 1t 1 P
Q=[E]b;} (12.13)

Hcnoabsys dopmyast (12.11) — (12.13), nonyuum
anle [1_1’] — KE] 12
|2 2] =15 (12.14)
rae Zy=B\Z,Bt, Z,,=B\Z,Bt=Z%, Z,,=B,Z,Bi.
Peruasi BTOpyIo 4acThb CHcTeMbl ypaBHeHH# (12.14), monyuum
l=—Z3ZyI,. (12.15)
MoXHO 3aMeTHTb, 4TO Z,, SIBJISETCS HEBBIPOKIEHHOH, MOCKOJBKY B,

HMEEeT MAaKCMMaJIbHBIH paHr, a Z, sIBsieTcsl QuaroHajJbHOH MaTpHueH
C HEHYJIEBBIM 3JEMEHTOM Ha JHaroHaJH.
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Puc. 12.2.

@ — DEeSHCTHBHAA 4-momocHan Uenb (BCe NPOBOZHMOCTH NaHbi B CHMeHCaX); 6 — MOMOCHas KOH-
OHIypauus UenH; & — pesHCTHRHAA 3-TIOMIOCHAA UEIlb; & ~— NOMIOCHAN KOHGHIYpPaUHR UelH.



Peaucmusnbie n-noaocrse yenu 251

Hakonen, wucnonsaysa dopmyay (12.15) B nepsoil yacTH CHCTeMbl
ypaBHenu#i (12.14), nomyunm

(Zyy =212 2y) 1, =V (12.16)

Takum o6pasoM, Marpuua Z NOJHBIX COMPOTHBJEHHI XOJOCTOTO XOAa
nenu N 3anaercs BeIpazKeHHEM

Z=2,—2,,257,,. (12.17)

Ecau uenb N He uMeeT KOHTYpPOB, TO OHa GymeT ocTooM Lenmu N W,
CJIeI0BaTeIbHO, NMOMoCHBle pefpa GyayT 06pa3oBbIBaTh COOTBETCTBYIO-
wui Ko-octoB. B 3TOM ciyuae HemoJocHble XOpAbl GYAYT OTCYTCTBO-
Bath H 0 lenyu N MOXKHO FOBOPUTb KaK O N-NOAOCHOL yenu ¢ yukiomamu-
weckum yucaom n. Takum o6pasoM, MaTpHua Z NOJHBIX CONPOTUBJIEHHI
XOJIOCTOTO XOfa n-NMOJMKCHOH LeNu ¢ IHUKJAOMaTHYECKHM UHCJAOM 1 3a-
JlaeTcsl BblpaKeHHeMm

Z=B,Z,B;. (12.18)

Kak u B ciyuae MaTpuip!l ; 6ynem HasbiBaTh B; 6asucHOl LMKJIOMAaTH-
yeckoil maTpuuet nenu N. Huxe Ha npumepax noka3aH BblBoj Y-
¥ Z-MaTpHll A-TIOJIOCHOH LeMH.

CHauaja BhuMCAMM Y-MaTpHIy CONPOTHUBJEHH{I 4-NMOJIOCHON Hend,
npejacTaBJaeHHoH Ha puc. 12.2, a. [lo/mocHas KOHGUIypalHs 3ToH Leny
nokasana Ha puc. 12.2, 6. Beifupasn pebpa (3.4) u (5.6) B KauecTBe
HETOMIOCHBIX BETBel, MOJYYHM MaTpHILY

Q,

Q = RN .

! [ QJ
Momoc 1 1 0 0 1 0 0 1
flomoc 2 0 0 o0 1 1 o0 1
INomoc 3 6 0 0 o0 1 1 1
= Monroc 4 0O 0 0 0 0 1 1
HenonwocHas eemss (3.4 0 L 0 1 1 1 1
Henontocros eemes (5,6)L 0 0 1 0 0 1 1

Ias s10it Lenu
Y, =diag [g12g34g56g14g25g37g17] =
=djag[l 11 21 2 1],

rjie gij — NMPOBOAMMOCTb pebpa (£, j), CBSI3bIBAIOLETO BEPIIHHBI i H f.
Tenepnb nosyuum
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Y, Y
Y ‘= 11 12]
Qfle Lyzl £
4 3 1 1]3 1
3 4 2 114 1
i1 2 4 3/4 3
41 1 3 313 3¢
3 4 4 3‘7 3
L1 1 3 3/3 4

MarpHua npoBoRMMOCTei KOPOTKOrO 3aMbIKaHHs 4-NOMIOCHOH 11eNH, 1o-
Ka3aHHOH Ha puc. 12.2, a, paercs BbIpaxkKeHHeM

Y= Yu_ylzyz Y21
51 23 —11 =2
1 23 29 1 —5
9] —11 2l 9
—2 -5 9 12

Tenepb pacCMOTPHM DE3HCTHBHYIO 3-NOJMIOCHYIO lienb, NOKA3aHHYIO Ha
puc. 12.2, a. TlosocHasi KOHGHUrypalus 3TOil [eNH NOKa3aHa Ha pHC.
12.2, e. Bbl6upaﬂ pe6po (4.6) B KauecTBe HEMNOJIOCHOH XOPAbL, MOJY-
yuM MaTpuuy B; B Bule

(1,2) (2.3) (3.4) (1.5) (2.6)(4.6)

lomoc 1 [ -1 -1 0 o0 0 0

- NMontac 2 0 -1 -1 0 0 0
Mosmoc 3 [ -1 0 0 -1 -1 0

HenomocHas xopda (4.6)L 0 1 1 0 -1 1

Marpuua Z, ang 5Toif leNH HMEET BHA

Z,=diag [r; n3 e s N6 Tad
=diag {1 2 2 1 1 I}
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Tenepb noJyiyyaem

Z, Z
BZB’= 1 12
47 LZZI 2'22
3 2 1] -2
2 4 0| -4
=1 1 0 3 1|
| -2 -4 1| 6

ManHI.la NOJIHBIX COl'lpOTHBJ'IEHHﬁ X0JIOCTOTrO XOfla 3TOMH IlenH

1’14 4 8
2=2,—2,l5'Zy=5| 4 8 4]
8 417

Kak MoxHo BHAeTh H3 Buipaxenuit (12.10) u (12.18), cpoiicta Y-ma-
TPHLLEL A-MIOJIIOCHOH LleNH PaHTa A i Z-MaTPHIB! TOH XKe LeNH C IHKJIOMa-
THYECKHM YHCJIOM 7 TECHO CBf3aHbl CO CBOHCTBAMH COOTBETCTBYIOLIHMX
Ga3sHCHOH MATpHilB! CeUeHHH M LIHKJIOMAaTHYeCKOH MAaTpHILBL.

B choenyiomem pasfene 3TOH I/aBel pacCMaTPHBAOTCA HECKOJBKO
CBOACTB 3THX MaTPHIL H 06CYXJAaloTCA NPOLEAYPH HX peaJH3alHH.

12.2. Y-maTpHIilbl pe3HCTHBHOW (71-NOIOCHO#
Lend paHra n

B sToM pasnesne o6cyxaaloTcsi HEKOTOpble BaXKHBle cBOHcTBa Y-Mat-
PHIL PE3UCTHBHBIX A-NMOJMIOCHBIX Hened paura n. OueBHAHO, YTO 3TH
n-noJitocHble 1enH umeior n+1 y3nos. IlosToMy MBI HX HasbIBaeM (n-}-
-1)-y3JI0BbIMH 7-MOJIOCHBIMA LiensiMH. Bo Bcex paccykieHHSX NPHHH-
MaeM, UTO B pacCMaTpPHBaeMOH LeNH He CYUleCTBYeT OTPHLATE/bHBIX
N POBOAHUMOCTEH.

12.2.1. Ocuopumie cBojicTBa

PaccMorpum (n-+1)-y3/n0By10 pe3HCTHBHYIO A-NOJIOCHYIO Lenb C No-
Jocnoit Koudurypaunedd T. U3 peipaxkenns (12.10) u3pectHo, yTo Mart-
pHlla npoBogumocTel Y KOpOTKOro 3aMblKaHHA lenH N 3anaercs BeIpa-
KeHHeM

Y =Q,6,Q; (12.19)

rie Q; — GasucHass MaTpHlla ceueHHH LenH N no orHoweHxio K T,
a G, — nHaroHajbHasi MaTpHIa peGepHEIX npoBoAnumocTefi. Hanpumep,



254 Taaea 12

Puc. 12.3. 6-