3AITIOPI3bKUI HALIIOHAJIbHUM YHIBEPCUTET

ML.I. Kammenko, C.I1. llIBuaka, Kongpar’esa H.O.

BAPIALIVHE YUCJEHHS TA METOJIM ONTUMI3ALIT

HaBuansauii moci0HUK
JUIsl 31100yBaviB CTYIIEHS BUIIIOI OCBITH Marictpa
crienianbHOCTi «IIpuKinagHa MaTeMaTHKa
OCBITHBO-TIpodeciitHoT mporpamu «IIpukianaHa MmaTeMaTHKay

3aTBEP/IKEHO
Buenoto panoro 3HY
[Tpotokois Ne 12 Bix 23.06.2020

3anopixoKs

2020



VJIK: 517.9(075.8)
B

Bapiariiine 4ucieHHs Ta METOAM ONTHUMI3AIlli: HABYAJbHUN MOCIOHUK IS
3100yBayiB CTyHE€HS BHUINOI OCBITM Marictpa cnemiaibHocTi  «lIpuknagna
MaTeMaTHKa» OCBITHhO-TIpodeciitHoi mporpamu  «[Ipuknagna wmarematukay [
M.I. Knumenko, C.I1. HIBuaka. 3anopixxs: 3HY, 2020. 91 c.

HaBuanbHuii NmOCIOHMK MpU3HAYEHUN ISl JOMOMOTH CTYJE€HTaM y BHBUYEHHI
nucuuiuling «Bapialiiiine YucieHHs Ta METOU ONTUMI3AIlii».

[TociOHMK MICTUTH TEMaTHKY, IUIaHM, MEPEeNiK OCHOBHUX MOHITh Ta TEPMIHIB
IUist 000B’S3KOBOTO 3aCBO€HHS, TEOPETUUYHHUI Martepiaj, MNPUKIAIUA PO3B’sI3aHHA
3a/lay, MUTAHHS JJIs CaMOTNEPEeBIPKH Ta MPAKTUYHI 3aBAAaHHS IS 1HAWBIAYaTbHOTO
BUKOHAHHS.

3MiCT TMOCIOHMKA BIJMOBiZae poOOYid mporpami 3a3HaYeHOI HABYAIBHOI
JUCIUIUTIHY MIITOTOBKYU 3700yBaviB CTYIEHs BHILOI OCBITH MaricTpa CreniajbHOCTI
«IIpuknagna Marematvka»  OCBITHbO-TIpo(eciiiHoi  mporpamu  «lIpuxmanna
MaTeMaTHUKay.

Penensenr
C.M. I'pebeniok, 1. T. H., NOIEHT, 3aBiayBad Kadenpu GyHIaMEHTATbHOT MAaTEMaTHKH

BinnoBinanapHUI 3a BUITYCK
B.3. I'puwax, n.1.H., mpodecop, 3aBimyBau kadeapu NPHUKIATHOI MATEMATHKH 1
MEXaHIKH



3MICT

1 OCHOBHI NIOHSATTS BAPIAIIIMHOI'O YUCJEHHSA......................... 7
1.1 OynkmioHan. Bapiaiss QYHKIIOHATIA . ... .evueteeneeteeeeeaeeeeneeeneeeaneennnenns 7
1.2 [aTerpasibHi PYHKIIOHAIH Ta iX TAPEPEHIIHOBHICTB.vvvenveeeeeeeneeenieaneeannnnn 10
1.3 EKCTPEMYM (DYHKITIOHAIA. . ... uutseieeeeiieeeeeireeeeereeesnnseeeessnseesnnseesenssaeessnss sanseeens 12
1.4 OCHOBHI JIEMU BAPIAIIIHOTO YMCTECHHS .. ..t ueteennreeenneeenneeeanneeanneeeanneennns 13
1.5 HaiinpocrTima 3agayda BapianiiHoro yucienss. PiBusuusa Einepa.................. 16
1.6 Oxpemi BUNaJKkyu HAWIMPOCTIIIOT 3a/1a41l Bapial[liHOTO YUCAEHHS . ... .eeuueeenn.... 17
TTATAHHS JJIST CAMOTICPEBIPKI. .. v vt eeteeeneeteeanteeenteeenteeeenneeenneeennneeeanneennns 21
TIPAKTHUHT BABITAHHS . . . eevteetteeenteeettte e enteeeee e e e ete e eaeeenaneeenneeeenneann, 22
2 Y3ATAJIBHEHHSI HAWMITPOCTIIIOI 3AJAYI BAPIAIIIHHOI'O
UHUCIEHHSL. ... e 23
2.1 HeoOxigHa ymMoBa eKCTpeMyMy JiJisi (PYHKITIOHATIB, 110 3aJIe)KaTh Bij

KUTBKOX (DYHKIIIH . ..\t ttettt ettt e ettt et e e e e et e e et e et e e e e e e aae e enne e e aaaaeeaans 23
2.2 OyHKITIOHAH, 10 3aJIeKATh Bl MOXITHUX BUIIUX MOPSIKIB. ...ovveeennrnnns... 25
2.3 OyHKIIOHANH, 110 3aJIeKATh Bl QYHKIIH KUTHKOX 3MIHHUX ....vveeneeeennnnnnnn.. 27
2.4 KaHOHIYHUM BUTIIA PIBHAHD BHIICPA. ....ooviiii i, 29
TTATAHHS TSI CAMOTIEPEBIPKI . .\ vt eette e enteeenteeentaeeenteeeeaneeeneeeanneeannneeannens 32
TIPAKTHIHT BABITAHHS . ... tvteetee e eteeentte e eteeetee e eae e eane e e enaeenneeanneeeenneann, 32
3 BAPTAIIMHI 3AJAYI 3 PYXOMUMM MEXKAMM............................. 34
3.1 TIpUPOITHI KPATOBI YMOBH . .. ..t uteeeenteeenneeentaeeenneeeeneeennseeennneennnneennnns 34
3.2 3aranpHa BapialliifHa 3a71a4a 3 PYXOMUMHU MEKAMHE . ......eeurreennnreannneeannneennns 36
3.3 YMOBH TPAHCBEPCATTBHOCT L.+ vvvteeteeenteeenteeenteeeneeeaneeenneeanneeeaaneeeans 38
TTATAHHS TSI CAMOTIEPEBIPKHI . .\ vttt e enteeenteeentteeeteeeeneeaneeeaseeannneeannenns 41
TIPAKTHIHT BABITAHHS . ...\ vteetee e enteeettee e et e et e e ete e eaaeeeeteeenanaeanneeeanneann, 42
4 EKCTPEMAJILI 3 KYTOBUMU TOUYKAMM............coooiiiiiiiiiiiiien, 43
TTATAHHS TSI CAMOTIEPEBIPKH . .\ v ettt eenteeenteeentaeeenteeeeneeanneeeaneeanneeannenns 46
TIPAKTHIHT BABITAHHS . .. e vttt e eteeettee e et e et e e ete e eene e eteeeaneeenneeeeneanns 46
5 JOCTATHI YMOBU EKCTPEMYMY ®@YHKIHIOHAJIA...................... 48
ST (03 (S (o 01 Y £ T (<) 48
5.2 JlocTaTHSI yMOBA BEHEPIITPACCA. ...ttt e s 50
5.3 JIocTaTHS YMOBA JICIKAHIIPA. .. u ittt ettt e e ettt e e e eee e eeeiee e eeeee e eaaaens 52
[TATAHHS JUTST CAMOTICPEBIPKHI . .. . vveeeeentteeteeeteenteenee et eteetaeeeeeneeenneeneans 54
TTPAKTHYUHT BABITAHHSI. . . .. eveeeteenteeneeentte et et e e e eae e et e et e e et e aeenneeeneeans 54
6 BAPIAIIIAHI 3AJJAYI HA YMOBHUM EKCTPEMYM........................ 56
6.1 OCHOBHI THITH BapialifHUX 3214 HA YMOBHHH €KCTPEMYM. ... .evunreenreennnnnnns 56
6.2 HeoOxinHi yMOBHU ekcTpeMyMy (pyHKITIOHANA y 3a1a4i Jlarpamka.................. 57
CRCH 1001 (50070 (1§ 007 e 05 P T: Vi €2 o DN 60
TTATAHHS TSI CAMOTICPEBIPKH . . . et enetteteeeenntteeeennentee e eaneeeeaannaeeeennnaeeeanens 63
TIPAKTHIHI BABITAHHS . ...\ttt ettt et e ettt e e et e et e e et e eane e e ateeeaaneeeaneeeeneanns 63
7 IPAMI METOJU BAPIAIIIMHOTO YUCJEHHSA .............................. 65
7.1 CyTHICTb OpSIMUX METOAIB JOCIKEHHSI (PYHKI[IOHATIIB HA €KCTPEMYM........... 65

3



T2 METOM PITIIA. . . oot e e 66

7.3 CKIHUEHHO-PI3HUIEBUN METOM BIMIIepa.....ccvviiii i 68
7.4 MeTOH KaHTOPOBHUA. .. ...ttt ettt ettt et et e e e et e e e nee e aiaeenneas 69
[TATAHHS TSI CAMOTICPEBIPKHI . . v vt euteeeenteeenteeentteeeteeeenteeanaeeeanneeanneeannens 71
TIPAKTHUHT BABIIAHHS . .. etvveeetteeentteetee e eteeentee e ee e eneeeenaeenaneeennneeenneenns 71
8 BCTYII IO YUCEJBbHUX METO/IB ONITUMI3AII ®YHKIIIN

OJHIETI TA KNIBKOX 3BMIHHMX ...........ocoiiiiiiiiiie i 73
8.1 [TocTanoBKa 3a/1a4l OJJHOBUMIPHOT OTITHUMIBAIIIT. . 'uvveeneteeeeeeniieeanneennnanns 73
8.2 METOM IMXOTOMIT. .. e ettt ettt et et e et et e et e e e e e eaeaee 74
8.3 METOI 30TIOTOTO TICPEPIBY . -« v vt e entteentteeenteeenteeeenteeennneeaneeeaaneeanneeannenns 77
S RY, 55 Vo) O (10) 5 : L Lo § D 80
8.5 3aranbHa XapakTepUCTUKa METOAIB OaraTOBUMIPHOT OMTUMI3ALT. .. ...o'vveen.ne. 83
(SO I oT:0i 61332 3 410 (3 X0 )1 1 SR 85
[TUTAHHS TS CAMOTIEPEBIPKHI . . . vt eeeenteeteententeete et et e et et eeeneeneeeneeneene, 87
TIPAKTHUHT BABITAHHS . .. uvvteentte e eete et e e eteeete e e e e ae e e aaaeeeenneeanneeeannens 88
PEKOMEHOBAHA JIITEPATYPA ... 89
CIHAUCOK BUKOPUCTAHOI JIITEPATYPH..............oooiiiiiiiiiii, 90



BCTYII

BaxxnuBuM CKIIQOBUM  €JIEMEHTOM Npo(deciiiHOi MIArOTOBKH CY4aCHOIO
(paxiBUA-TIPUKIATHOIO MATEMATHKA € OBOJIOAIHHS anapaToM BaplalliifHOrO YMCIEHHS.
I[le o0OyMOBJIEHO MIMPOKMM 3aCTOCYBAaHHSM BapiallifHUX MPUHUUIIB MpHU
MaTeMaTUYHIA TOCTAHOBIII Ta PO3B’S3aHHI PI3HOMAHITHUX HAYKOBO-TEXHIYHUX
3amay. BapianiiiHi MeTtoau e(QEeKTUBHO BHKOPHCTOBYIOTHCS y TaKHX HaIpsMax
HAayKOBUX JOCHIIKEHb, K MeXaHlKa J1e(pOpMIBHOIO TBEpJOro TuIa, OloMeXaHiKa,
aepo- Ta riIpoJMHaMiKa, CTIMKICTb KOHCTPYKLIHA, T€Opisl TEMIONPOBIIHOCTI. 3HAHHS
BaplalliiHOTO YMCIEHHA € MIATPYHTAM IS BHUBYEHHS TEOpPli ONTUMAJIbHOTO
yIpaBJliHHS Ta ii 3aCTOCYBaHb, 10 HAOYJIM OCTAaHHIM YacOM JUHAMIYHOTO PO3BUTKY.

MeTo10 BUBUCHHSI HAaBUAJIBHOT AUCHUIUTIHU «BapiaifiiiHe 4YuCIeHHs] Ta METOIU
ONTUMI3aIli» € CUCTEeMAaTH3allis Ta OTPUMaHHS HOBUX 3HAHBb IIPO OCHOBHI TUIH 33724
Bapial[ifHOTO YKCIEHHS 1 ONTUMI3allli Ta METOAM MOIIYKY ONTHUMAJIbHUX PO3B’S3KIB,
OBOJIOJ[IHHS AHATITHYHUMHU Ta YHCEIBPHHUMH METOJaMHU pO3B’SI3aHHS 3aaad, M0
3BOJSATHCA 11O JTOCHIIKEHHS Ha eKCTpeMyM (YHKIIM 1 (yHKI[IOHATIB, pPO3IIUPEHHS
Kpyro3opy IIOJO0 3aCTOCYBaHHA METOJIB ONTHUMI3allii JUIsi MaTeMaTHU4YHOTO
MOJICTIOBAaHHS MPUKIAAHUX 3a7ad, T[OTJIMOJNICHHS CTYIACHTAMH TEOPETHYHUX
BIiZIOMOCTE i HaOyTTS HABMYOK Ta BMiHb 3aCTOCYBAaHHS MAaTEMaTHYHOTO amapary 3
OCHOBHUX PO3JUIIB MaTeMaTUYHOIO aHajidy, AU(EpeHIIaIbHUX PIBHAHb 1 PIBHSIHB
MaTeMaTH4HOi (Pi3uKH JIs PO3B’A3aHHS BapialliiHUX 3a/1ad.

OCHOBHHMMU 3aBAaHHSIMM BHBUEHHS AMCUMIUIIHM «Bapiamiiine uucieHHs Ta
METOJIH ONTUMI3AL» €:

— aKTyaji3allis 3HaHb 3 BapiallifHOTO YUCICHHS Ta METO1B ONTUMI3allii;

— cUCTeMaTH3allisl 3HaHb CTOCOBHO IIOCTAHOBOK 1 METOAMKH PpO3B’s3aHHS
eKCTpEeMaJIbHUX 3a]1a4, 3aCTOCYBaHHS MPSIMUX METO1B BaplaliiiHOro YUCICHHS;

— O3HAMOMJIEHHS 3 YHCEILHUMH METOJaMM ONTHUMI3alIli;

— 3aCTOCYBaHHsSI TEOPETHMUHUX 3HaHb JUIsI PO3B’SI3aHHS 3aJady 3HAXOJKCHHS
eKCTpEeMaJIbHUX 3HaueHb (PYHKIIIH 1 P yHKITIOHAITIB.

3rifHO0 3 BHUMOTaMH OCBITHBO-TIpO(peCiiHOI TporpaMu CTYACHT IOBHHEH
JOCATTH TAaKUX Pe3yJIbTaTiB HABUAHHS:

3HATH OCHOBHI MOHSATTS, IMOJOXKECHHS, 3a/1a41 Ta METOX BapialifHOTO YHCIICHHS
1 METO/1B OIITUMI3AIlll B MEXKAX TEM:

— HaWMOpOCTIIIa 3a7ja4a BapialiifHOro YMUCJICHHS Ta 11 y3araJbHEHHS;

— BapiamiiiHi 3a/1adi Ha MHOXHHI (QYHKIIH 3 PYXOMHMHU TPAaHUIISIMH, YMOBH
TPAHCBEPCATBHOCTI;

BapialliifHi 3a/1a4i 3 KyTOBUMH TOYKAMH;

— JIOCTaTHI YMOBH €KCTpeMyMy (YHKIIIOHATIB;

— BapiamiitHi 3a71a4i HAa YMOBHUN €KCTPEMYM;

IpSMi METOIM BapialiiHOTO YMCIICHHS,

METOIH OITUMI3AIIT;

BMITH pO3B’SI3yBaTH TUIOBI 33]]a4i 1O BUIE3a3HAYCHUX TEMaX, a Came:



— 3HaXOJUTU EKCTpeMasll HaWIMpOCTIIOi 3aJayl BaplallifHOrO YHCJIEHHS Ta
y3arajJbHEHOI HAMMPOCTIIIOT 3a/1a4l BapiallifHOTO YUCIICHHS;

— 3HAaXOJUTU EKCTpeMalll BapialiiHO1 3a/1aul Ha MHOKHHI (PYHKUIH 3 pyXOMUMH
TPaHULISIMH;

— 3HAaXOJUTH JJaMaH1 eKCTpemalti,

— BU3HAYATH TUI eKCTpeMyMy (PyHKIIIOHANA;

— 3HAaXOJUTHU eKcTpemai 3afaui Jlarpanxa;

— 3HAaXOJUTHU eKCTpeMali 130NepUMEeTPUYHOT 3a1a4i;

— 3HaXOJUTU EKCTpeMasl 3a JONOMOIOI MPSAMHX METOJIB BapialliiHOTrO
YHCJICHHSI,

— 3HAXOAUTHU eKCTpeMyM (YHKIIIT 32 TOMOMOTOI METO/I1B ONTUMI3aIlii;

— OyyBaTd MaTeMaTUYHY MOJACNIb 1 (OPMYIIIOBATH MATEeMaTUYHY MOCTAaHOBKY
BapialliifHo1 3a/1a4l Ta 3a/1a4i ONTUMI3allii;

— BUKOPUCTOBYBATH Cy4YacHI MaTeMaTHM4HI METOAM TMpH  JIOCHIIKEHHI
BapialliifHUX 3aj71a4 Ta 3a/1a4 ONTUMI3aIllii;

— TPOBOJMTH aHAII3 OTPUMAHUX aHATITUYHHUX PO3B’SI3KIB Ta pOOUTH BiMOBIIHI
BHUCHOBKH 3 TOYKH 30pYy BUXIJIHOT IPUKJIATHOT 3a/1a4i.

JIst yCIilHOTO OBOJIOJIIHHS JHUCIUIUTIHOI «Bapialiiine 4rclIeHHs Ta METOIH
ONTHUMI3aIlli» CTyJeHTaM HEOOXiJH1 3HAHHS 3 JUCIUIUIIH IUKIIB (QyHIaMEHTaIbHOI
Ta mnpodeciiiHol miAroToBku: «MaremaTHyHUN aHaIi3» (AudepeHiiaibHe Ta
1HTerpaJibHe YKMCICHHS (YHKI[IH OJHIET 3MIHHOT Ta 6araTboX HE3aJICKHUX 3MIHHHX ),
«/Iudepenianbai piBHSIHHS» (METOIU I1HTErpyBaHHSA AUEpPEHIIAIBHUX PIBHIHB
NEPIIOTO TIOPSAAKY, BHUIIMX TMOPAJKIB Ta CHCTeM Ju(depeHliaTbHUX pPIBHIHB);
«PiBHSIHHA MaTeMaTuyHOi (P13MKKW» (METOIM IHTETPYBaHHS DPIBHSIHb Y YaCTHHHHX
MOX1THHX).

VY HaBYabHOMY MOCIOHUKY BHUKJIA/ICH] Y CTUCIOMY BHUIJISIZII OCHOBH KJIACUYHOTO
BapialiifHOTO YKCJICHHS 3 ypaxyBaHHSM OCOOJHMBOCTEH Ta crmerudiku BapialliiHUX
3a/1a4, a TaKOXX EJEMCHTH YHCEIbHUX METOMIB OomTuMizallii (yHKIiH onHiel Ta
KUTBKOX 3MIHHHMX. 3a 3MICTOM HaBeJCHI Marepiajld BiANMOBIIAIOTh KIACHYHOMY
MOPSIIKY 3aCBOEHHSI OCHOB TEOPii BapialliiHOTO YMCIICHHS Ta METO(IB ONTUMI3aIlii.



1 OCHOBHI IOHSATTS BAPIAIIIMHOI'O YU CJIEHHS

ILnan:

1.1 ®dyunkuionan. Bapiauia gyHkiionana.

1.2 InrerpanbHi QpyHKI[IOHAIN Ta iX 1U(PEPEHLIHOBHICTD.

1.3 ExctpemyM (yHKIlIOHATA.

1.4 OcHoBHI JieMH BapiallifHOTO YMCIEHHS.

1.5 Haitnpocrima 3anava BapiauiitHoro unciaenHs. PiBusuus Einepa.
1.6 Okpemi BUNagKu HAUMPOCTIIIOT 3a/1a41 BaplaliitHOTO YUCIICHHS.

KaouoBi mnoHATTS Ta TepMiHM: I1HTerpadbHuUi (QyHKIIOHAN, 001acTb
BU3HAUEHHS (QYyHKILIOHANA, AOMycTUMa (YHKIS, BapilalliiiHe YWCICHHS, JIHIAHUN
(GyHKII0OHAJ, HEeNepepBHUI (PyHKILIOHAN, Bapiamis QyHKIIi, OJU3BKICTh (PYHKIIIH,
Bapialliss QpyHKIIOHANA, CUIBHUHN (c1aOKkuil) eKcTpeMyM (yHKIIOHANa, aOCOMIOTHUN
eKCTpeMyM, HalmpocTilia 3ajavya BaplalliiHOro 4McieHHs, piBHSHHS Eilnepa,
EKCTpEMaJb.

1.1 ®dynkuionan. Bapianis ¢pynkuionana

Oznauennss 1.1 Hexait 3agana peska (QyHKIIOHATbHA MHOXHHA M .
dyuknionagom J Ha MHOXHMHI M  Ha3uBaloTh BiOOpaX€HHS  JIaHOI
GyHKIIIOHAIPHOT MHOXXWHHU y MHOXUHY R mificHux uwucen. DyHKIIOHAIbHY
MHOXXMHY M Ha3uBaroTh 00J1aCTI0 BUZHAYEeHHS (pyHKIioHana J, a QyHkuii 3 miei
MHOKUHU — JOMYCTUMUMH (PYHKIIAMH.

Hapenemo npuknaau GyHKITIOHATIB.

1. Ha mHOXMHI M Bcix (QYHKIINA. BU3HAYEHUX HAa [0;1] MOJKHA 3aJaTu

dyHKIioHAN J (y)= y(O).
2. Ha MuHoxuni M HemepepBHUX Ta audepeHIIHOBHUX Ha [a;b] byHKIIH
b
MOXKHA 3aJ[aTH (yHKIIIOHAN J(y)zj 1+ y?dx, mo BHW3HAYA€E IOBKUHY KPHUBOi

a

y(x), a<x<b.

Oznauenns 1.2 BapianilinuM 4ucJIeHHSIM  Ha3WBAaIOTh MaTEMaTUYHY
TUCITUILTIHY, III0 BUBYA€ YMOBH, 32 AKUX (DYHKI[IOHAIN JOCITAIOTh CBOTX HAWOLTBIINX
Ta HAMMEHIINX 3HAYCHbD.

Ham Oynemo posrisgaTéd (QyHKIIOHANW, 3aJaHi HA HOPMOBAHOMY MPOCTOPi

Clapy PyHKwii y(X), Hemepepsrux Ha [a;b] 3 HOpMOIO ||y||C=f{;%3<|y(x)| Ta

HOPMOBAHOMY IIPOCTOPI C[la.b] HEMEpPEepBHUX Ta IU(PEPeHIIMOBHUX Ha [a;b] 3

HOPMOIO =max|y(x)|+ max|y'(x).
p Hyucl [a;b] ‘y( )‘ [a;b] ‘y ( )‘

IIpu nocmimkeHHl (QYHKIIIOHATIB BBOASATH TMOHSTTS, aHAJIOTIYHI BiIIMOBIIHUM
MOHATTAM JJ11 (PYHKIIIHM: HENEepEPBHICTh, AUPEPEHIIMOBHICTh, EKCTPEMYM TOIIIO.
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Osnavenns 1.3 ®dynkmionan J (y), BU3HAYEHUW HAa MHOXHHI M , Ha3uBaroTh

JiHifHEM, KO VY, Y, e M, Va2, R J(ayy, + o, Y, )= (V) + 2, (Y,).

Hanpuknaza, pyHkiionan J Iy dx € JIIHIHHUM, OCKUTBKH MAa€EMO:

b b
J (alyl + azyz) = J.(alyl + azyz)dx = al_[YldX + Olzj.yde = al‘] (yl) + 0523 (yz) .
a a a
OyHKIIT 3 HOPMOBAHOTO MPOCTOPY, IO BXOIATH JO0 00JIACTI BU3HAYCHHS
nesikoro (yHkiioHana, OyAeMoO Ha3MBaTH 1i TOYKaMH. Y HOPMOBAHOMY IPOCTOPI
MO>KHa BBECTH MOHATTS OKOJIY TOUYKHM Ta HENEPEPBHOCTI (PyHKIIIOHATA.
Oznauenss 1.4 Yucno Hyl — y2H HA3MBAIOTh BIACTAHHIO MIK TOYKaMHu Y, Ta Y,

HOpPMOBaHOro npocropy M.
Osnauenns 1.5 Hexaii €€R,&>0. g-0kojlOM TOUKM Y, HOPMOBaHOIO

npocropy M HazuBaroTh MHOXHHY O, (yO ) = {y eN: ||y -Y, || < 8} .

Axmo y o6nacTi BU3HAUCHHS (YHKIIOHATA PO3TISAIAETHCS KUTbKa HOPM, TO
KOKHIA 3 HHX BIANOBIJA€E BJIACHUN &-OKUT (PIKCOBAHOI TOYKM Y, 3 o0nacti

BU3HAUCHHS, HANPUKIAM, A QYHKIINA 3 TPOCTOpPY C[l MOYHa PO3IJIAIATH HOPMY

a;b]
IPOCTOPY C[a,b] :

OsHauenHs 1.6 CHIBHHM & -0KOJIOM TOYKH Y, eC[1 b] HA3HBAIOTh MHOXHHY

byHKITiHI
el max(ly=yo) =y~ ol <

[a;b]

Caa0KuM & -0K0JIOM I1i€1 K TOYKHA HA3UBAIOTh MHOXUHY (YHKITIH

{yec[ab r[ggly—yo|+rgg;1>]<lv’—vél=||y—vollcl<6}-

3 o3HaueHHsa 1.6 BUILIIMBae, MO OO CHJIBHOIO &-OKONy TOYKH Y, eC[la.b]

HaJIeXaTh YCl TOYKU JJAaHOTO MPOCTOPY, BIACTaHb SKUX BiJ TOYKU Y,, OOUUCIIEHA 32
HOPMOIO TIPOCTOPY C[a,b], € MeHIoOw ¢&. Cnabkuil ¢€-OKiI TOYKH Y, YTBOPIOIOTH

TOYKU TMPOCTOPY C[la,b], BIZICTAaHb SIKUX BIA TOYKHU Y,, OOUYMCIEHA 3a HOPMOIO

IPOCTOPY Cl[a;b] , € MEHIIIOIO 32 & .

TakuM YWHOM, CWJIBHHUU &£ -OKiJl BH3HAYA€ETHCS 3 TOYKH 30py OJIM3BKOCTI
GyHKITIH 32 HOPMOIO TPOCTOPY C[ v

MEepPUIOMY BHUIIAJIKy TOBOPATH MPO & - OJM3BKICTh HYJIbOBOr0 MOPSAAKY Ta & -OKLI
HYJbOBOI'0 MOPSAKY, Y IPYroMy — IIPO & - OJU3BKICTh NMEPHIOro MOPSIAKY Ta & -
OKUI NMepiioro nopsaky.

AHaNOT1YHO MOKHA BH3HAYUTH & -OJIM3BKICTh JOBLIBHOTO, K -TO MOPSAKY SIK

ab]? cmabKuil — 3a HOPMOIO TIPOCTOPY C[a o]



k
OIM3BKICTH 32 HOPMOIO TIPOCTOPY C[‘;;b] Uyl = Zmax‘y(") (x)‘ :
m=1

3 o3Hauenb 1.5 Ta 1.6 BumMBae, mo QyHKIIA 3 CIA0KOTO & -OKOJIY TOYKH Y,

3aBXK/JIM 3HAXOAUTHCH 1 B ii CUIBHOMY & -OKOJIL.
Oznauenns 1.7 ®dyskiionan J(y), BU3HAYEHUI HAa HOPMOBAHOMY IMPOCTOPI

M , Ha3uBalOTh HemepepBHUM y Toull Y, € M, ko 11 noBuibHOro O >0 icHye
TaKUM &-OKUT TOYKH Y,, IO JIJs JAOBUIBHOTO Y 3 IIbOTO & -OKOJIy BHUKOHYETHCS
HEPIiBHICTE |J (y)—-J3(Yo)|<6.

Oznauenns 1.8 V HopmoBanoMmy ¢yHKIIOHamsHOMY mpocTopi M BuGepemo
nesKy QyHKLIIIo Y, (X) Pizaumo & y(x) = y(x) - yO(X) MDK JOBUIBHOIO (DYHKIIIEIO
y(x) eM Tay, (X) Ha3MBAIOTh Bapiaui€ro QyHKii Y, (X)

PosrnsiHemo mnpupict ¢yHKIiOHaNA J(y), BU3HAUYEHOTO HAa HOPMOBAHOMY

pocTopi C[la;b], y TOUIll Y, IKUH BIJTIOBiIa€ Bapiallli HOro apryMeHTy oY :
AJ(y)=J(y+6y)-J(y). (1.1)
Hexaii #ioro Mo>xHa npeicTaBUTH y BUTJISII:
Al (y)=J(y+6y)—J(y)=3,(v.8y)+0(5Y), (1.2)

ae Jl(y,§y) — (yHKIIOHAJI, JTIHIAHUHN BIZHOCHO OV, a o(5y) — (yHKIIIOHAJI, 11O €

HECKIHYCHHO MaJIOl0 OUIBIII BUCOKOTO MOPSJIKY Y TMOPIBHSHHI 3 ||§ y|| npu ||5 y | —0.

Tyt Maemo Ha yBa3i HOpMY y IIPOCTOP1 C[la;b].

Oznavenns 1.9 fkmo mpupicT ¢yHKIIoHaTA J(y) MOXHA TIPEJCTaBUTU Y

Burisal (1.2), To e QyHKIioHAT Ha3UBalOTh AUpepeHUiioBHUM y Todri Y, a
niniiiauii BigHocHo 8y dyuxuionan J,(y,JY) Hasusaots nudepenuianom Ppeme
a00 cuiabHUM AudepeHIiagToMm.

[TonsTTsa nudepeHiioBHOCTI GyHKITIOHAIA 33 3MICTOM € aHAJIOTIYHUM ITOHSTTIO
nudepeHIInOBHOCTI (DYHKITI.

Osnauenns 1.10 Bapiauiero (nepmoro Bapiauiero) 6J(y,0y) dyHkuionana

J (y) y TOYIll Y Ha3UBAIOTh TPAHMITIO

- d|J %)
53(y,5y) = lim Y2 =3(y) _ Dy +asy)]
a—0 o da
TpaHUIs € (YHKIIOHATIOM, SKMA KOXHIM Bapiauii oYy mnpu dikcosaHomy Y

(1.3)

a=0"

CTaBUTH y BIIMOBIIHICTH IEAKE YACIO OJ .
Osnavenns 1.11 fAxmo ¢pyskiionan oJ (y,5 y) (1.3) € minitHAM BiTHOCHO OY,

TO loro Ha3uBawTh AudepenniaaoMm I'ato ado caadkum nudeperuianom.
Teopema 1.1 Axmo dyakmionan J (y) € nudepeHIIHoBHUM y TOUIll Y, TO HOTO
mudepentiian ["aTo y it Touti icHye Ta cmiBnanae 3 nudepenmianom Dperre.



JoBenennsi. Jloeaemo, mo 3 icHyBaHHs gudepeniiiana Opeme dyHKIioHana
J (y) y TO4lll Y BMIUIMBA€E iICHYBaHHS Yy LiH Toull QyHkuioHana ["ato, npudomy i

nudepeHIiaiy CliBIaAatoTh.
Bubepemo nesKy Bapiamio OY y Todli Y Ta 06YMCIMMO MPAHHMIIIO:

5J(y,5y):limJ (y+a-8y)-1J (y):lim Jl(y,a-éy)+o(a-5y):

a—0 o a—0 o

iim @10 oy (4. sy),

a—0 o
Tyt apyra piBHICTh BUKOHYETHCS, OCKUTBKH (yHKITIOHAT J (y) € AU epeHIIOBHUM,

TpEeTsl PIBHICTb Ma€ MicLe B CHJIy JIHIMHOCTI QyHKUioHana J, BigHOocHO OY. Ilpu

[[bOMY OTPHUMYEMO II%M =0, OCKIIBKH
a—> o
oy
imle(e9Y) ~|lsy] |,mM_H5yH 0=0.
a—0 104 a—0 Ha yH

JloBesieHa pIBHICTh CBIIUUTH MNpPO Te, IO TepIna Bapiallis §J(y,5y)
nudepeHIiiioBHOr0 (QyHKIIOHANA € (YHKIIOHAIOM, JIHIMHUM BIZHOCHO Bapiaiii
¢ynkuii 0Y, Tob6TO0 € audepenuianom I'aTo, Akuii cmiBmagae 3 AUQEPEHIIAIOM
Opewte.

TBepmxeHns, o0epHeHe maHiit TeopeMi, € HeBipHUM: nudepeniian ['ato moxe
icHyBaTH 1 y HequdepeHIiioBHOTo GpyHKITIOHAIIA.

JloBenena Teopema BH3HAYa€ KOPEKTHICTh HACTYIMHOTO O3HAYEHHS Bapiallii
¢dbyHKITIOHAA, 110 € aNbTePHATUBHUM O3HaueHHo 1.10.

Oznavenns 1.12 T'onoBHy, diHIAHY 1O BiJHOIICHHIO J0 Bapiamii QyHKIil O,

YaCTUHY TIPUPOCTY JudepeHIiioBHOro (yHKIlIOHATIA J(y), Ha3MBaOTh HOTO

Bapiauiero (mepworo Bapiauiero) 5J(y,5Y).
1.2 InTerpanbHi pyHkuiona u ta ix q1udepeHuiioBHicTh

OcHOBHUM 00’€KTOM JOCIIPKEHHS Yy BapialliiHOMY YHCJICHHI € ()yHKIIOHAIH,
3a7aHi y BUIMISAI iHTerpamiB. IX Ha3MBalOTh iHTerpajibHEUMH (QYHKLiOHAIAMMU.
[Tpuknagamu iHTETpaTbHUX (DYHKITIOHATIIB €:

:_TF(X, y,y')dx, J, :TF(x,y,y',...,y(”))dx,

ZIDIF(X’ V.2(x¥),2, (% y), 2, (x,y))dxdy.

3’sCcyeMO JIOCTaTHI YMOBHU ICHYBAaHHSI CHJIBHOTO Ta CIaOKOro AudepeHIlianiB y
IHTETpaTbHOTO (PYHKI[IOHAIA
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J =le(x,y,y')dx, (1.4)

3aJ]JaHOTO Ha HOPMOBaHOMY TIPOCTOPi C[a o]

Hexait F € nBiui audepeHIiiioBHOIO (YHKIIEIO CBOiX apryMEHTIB. 3HailnemMo

npupict ¢pynkuionana (1.4) Ha nesikiit dyHkuii y(X)e C[la b] -

Al =J(y+5y)-1J (y)=T[F(x,y+5y,y’+5y')—F(x,y,y')]dx.

3actocyBaBM A0 MmigiHTerpayiibHOi (PyHkuii dopmyny Teitnopa, oTpuMyeMo
HACTYMHUN BUPA3 AJisl IPUPOCTY PYHKITIOHATY:
b

: , Noeor ey , ’
AJ=I[FJ(X,V,Y)5y+Fy,(x,y,y)5y}+§IFw(x,y+95y,y+95y),(5y)zdx+

b b
+I Fr, (X, y+65y, y'+495y')-5y-5y’dx+%jFy’fy,(x, y+ 60y, y’+495y’)(5y’)2 dXx,

hi(s 6’6[0;1].

OuiHMMO OCTaHHI TPH JOJAHKU Yy TIPaBiil YaCTHUHI I[1€T PIBHOCTI.

b b
1 Fr(x,y+80y,y +65y")-(0y 2dx+ Fo (X, y+80y,y'+600y")-0y-oy'dx +
2 yy yy

1+ (s y’)z}dx <

b

+%JFy’fy'(x,y+95y,y’+<95y’)(5y) dx

a

<A]fon

a

<2A-(b—a)|sy| =o(5y).

VY 1mux HEpiBHOCTIX ||§ y|| € HOPMOIO IPOCTOPY C[ A= rB%?({Fy';Fy’; Fy’,’y'}.

a;b]?

Takum 4YMHOM, 0TpHMy€M0
Al = J. (%Y, Y)Sy+F(xy,y)sy' ]dx+o 5Y). (1.5)

Bukonaemo iHTerpyBaHHﬂ YaCTHHAMH JIPYTOTO JOJAHKa y MiJIHTErpalbHOMY BHpas3i
B (1.5), BpaxoByrouu mpu npomy, mo o'Yy'dx =d (5 y) . OTpuMaemo:

b b b
_[Fy'(x,y, y')-5y-dx+jF;,(x, Y, y')-éy'-dx=IF;(x,y,y’)-5y-dx+

I— y’,(x,y,y’)}-dy-éx.

ITizcraBuBmM e pe3ynprat y (1.5), Mmaemo

(xy.Y)

d I ’ ’ ! b
Al = I[ X,y Y)- dx( y,(x,y,y)) -5ydx+Fy,(x,y,y)-5y‘a+o(§y).
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[lepuri 1Ba 1ogaHKU y MpaBiil YACTHHI Ii€1 PIBHOCTI € (PYHKIIOHAJIOM, JIIHIHHUM
BIIHOCHO Bapiailii QpyHKIii oY, 0(5 y) — HECKIHYEHHO Malla BHIIOTO MOPSIAKY IO
BigHOmEeHHIO 10 OY npu 0y — 0.

TakuM yuHOM, AUGEPEHIINOBHICTh IHTErpajibHOro  (QyHkiioHana (1.4)
noBefieHO 1 3HaijeHo Woro mgudepeniian peme. lleit nudepeniian MoxHa

3aMMcaTu y BUTIIAL:
b

Jl(y,5y):.|.[Fy'(x,y,y')—%(Fy',(x,y,y’))}-&ydx+Fy',(x,y,y')-éy‘:.
a
[Ipu upbomy mnst icHyBaHHs audepenuiana Ppeme Qyskiionana (1.4) moctaTHbo,
mo6 i#oro migiHTerpanbHa ¢GyHKIL F (X, Y, y’) Oyna JABIYl HemepepBHO
nudepeHIiiioBHOIO (QYHKIIEIO CBOIX apryMEHTIB.

Jns icHyBanHs naudepenuiana ['aTo goctaTHIMM € YMOBU HENEPEPBHOCTI
bynkmii F (X, Y, y') Ta 11 YaCTUHHUX MMOXIAHUX Fy' Ta Fy',.

3HaiiieMo 3a 03Ha4YeHHSM Bapiailito gyHkiionana (1.4):

b
5J (y,5y)—;—aDF(x,y+a§y,y’+a5y’)}dx

b
I(Fy’ﬁy +F,8y')dx.
a=0 2
3naiinena Bapiaiis Qyskiionana (1.4) (audepenmian [MaTo) cmiBnmagae 3

oTpuMaHuM paHniiie nudepenuianom Opemre, TOOTO
b

! !’ d ! ! ! !
5J (y,5y)=I[Fy(x,y,y )—&(Fy,(x,y,y ))}-5ydx+Fy,(x,y,y )-5y‘:.

a

1.3 EkcTpemyMm ¢QyHKIioHAIa

Osnauenns 1.13 ®ynkmionan J (y), BU3HAYCHUHM Ha MPOCTOPI C[la.b], JOCSITaEe

CHJIBHOTO (c1a0Kk0ro) MiHiMymy Ha QyHKLii Y, (X)eC1 SKIIO 3HANACTHCS TaKui

[a;b]°
CWIbHUM (cnabkuil) & -okul QpyHKUii Y, (X), 10 JIJIs1 AOBUTHHOT ) yHKITIT y(x) 3 [IBOTO
£ -OKOJIY BUKOHY€EThCS HEPIiBHICTH J (y) >J (yo). SIKI0 1aHa HEPIBHICTH € CTPOTO¥O,

TO MIHIMYM Ha3WBaIOTh CTPOTUM.

AHANOTIYHUM YUHOM BHU3HAYAIOTh CHJIBbHHUI (cJa0Kuiil) MakcuMyM. Y IIbOMY
BUITQJIKy TIOBHHHAa BHUKOHYBAaTHCS HEpiBHICTH J (y) <J (yo). CunbHi  (cimabki)
MIHIMYMH Ta MaKCUMYMHU 00’ €IHYIOTh i/l 3arajJbHOI0 Ha3BOIO CHJIbHMIA (C1a0Kuii)
eKCTPEeMYM.

Oynkuio Y, (X), 0 HaJa€ CWIbHHKA (CTaOKuil) ekcTpeMyM (YHKIIOHATY

J(y), Ha3WMBalOTh TOYKOK CWJIBHOI0 (CJAa0KOro) eKcTpeMymMy JaHOIo

dyHKITIOHATA.
Osnavenns 1.14 ®dynkiionan J (y), BU3HAYCHUU Ha JCSKid (DYHKITIOHATBHIN

MHOXUHI M, nocarae nHa ¢yakuii Yy, €M riao6anbHoro a6o adCOJIOTHOIO
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minimymy, skmo J(Y,)<J(y) VyeM. s ruaoGaiabHoro (aGcoaroTHOrO)

MAaKCHMYMY Yy OCTaHHII HEPIBHOCTI 3HaK 3MIHIOEThCSA Ha MPOTUIICKHUM.
Ockinbku Oyzib-sika TOUKa 3 cIabKoro &-okomay QyHKuii Y,(X) omHouacHo

HaJICKUTh ii CWIIBHOMY & -OKOJY, TO OyAb-SIKUN CHIBHUN eKCTpeMyM (yHKIIOHaIa
OJTHOYACHO € TaKOX HOro CIa0KUM EKCTPEMyMOM, MpOTe CIAOKUl eKCTpeMyM
¢yHKII0HAIAa HE 000B’A3KOBO € HOr0 CUIIBHUM €KCTpeMyMOM. Lle MOsCHIOEThCS THUM,
mo (¢yHkiii, OJU3bKI 3a CBOIMHM 3HAaY€HHSIMHU (Taki, 10 HaJEXaTh CUIBHOMY & -
OKOJIY), MOKYTh MaTH 3HAUH1 BIAXWJICHHS Yy 3HAYCHHSX 1X MOXIJHUX, 110, B CBOIO
4yepry, Moke BIUIMHYTH Ha 3Ha4eHHs (yHKIIOHaNa. 3 I[bOTO BUILTUBAE, 110 OyIb-sIKa
HEOoOXiJTHa yMOBa CJIA0KOro €KCTpeMyMy (GYHKIIOHAJIA € OJHOYACHO HEOOXITHOIO
YMOBOIO HOTO CHJIBHOTO EKCTpeMyMy, a Oyab-fKa JIOCTaTHS yMOBa CHIJIBHOTO
eKCTpeMyMy (YHKI[IOHAJIa € OJHOYACHO JOCTaTHbOIO YMOBOIO HOro ciaabKoro
EKCTPEMYyMY.

Teopema 1.2 (HeobximHa ymoBa cjafkoro ekcrpeMymy (yHKIioHaJA).
SIxmo dynkiionan J (y) J0CATaE CIabKOro eKCTpEMYMY y BHYTPIIIHINA To4Ll Y, (X)

CBO€1 00ylacTi BU3HAYEHHS, MPUYOMY y IIill TOYIll iCHYe HOro Bapiailis, TO BOHa
JIOPIBHIOE HYJIIO IpU Y =Y, (X)

JoBenennsi. Hexait ¢ynkuionan J (y) Jocsirae ciaabKoro eKCTpEMyMy V
BHYTPIIIHINA TOYIl Y, (X) cBO€i oOusacTi BU3HaueHHs. [lpu dikcoBanux Y, (X) Ta OY
Oynemo oOuuCIIOBaTHM HOTO 3HAYEHHS HAa KPUBUX, M0 MAaloTh BUTIIA
y = yO(X) +a-0Yy. Ha mit MHOXUMHI QYHKIIH (yHKIIIOHAT MOXKHA PO3TIISIATH K
GbyHKIIII0 apryMeHTy & : g (a) =J (yo +a- §y).

3a yMOBOIO 1151 (DYHKLIIS 1OCSTAa€E EKCTpeMyMy Ipu Y =Y, (X), To0TO pu ¢ =0.
Tomy npu « =0 MoBUHHA BUKOHYBATHUCS HEOOX1THA YMOBA EKCTPEMYMY I PYHKITIT
9():

, d[JI(y+asy)]
Y (0) - lao=0.
da
BpaxoBytoun o3nauenns 1.10 papiamii pynkiionana J (y) , 3TTHO 3 IKHUM

53(y.6y)= d [J (yd;a5y)] -

OTPUMYEMO IIpH Y =Y, (X) piBHICTB O0J (yO ) =0, 1o # moTpidHO OyJI0 TOBECTH.

1.4 OcHoBHi JieMH BapianiiHOr0 YHUCICHHS
ChopmynroemMo Ta I0OBEIEMO JEMH, IO Y MOAAIBIIOMY OYIyTh BUKOPUCTAHI

JUTSL OTPUMaHHS HEOOX1THIUX YMOB €KCTPEMYMY IHTETPAIbHUX (DYHKITIOHAIIB.
Jlema 1.1 (JIema Jlarpanska). Sikmo dyuxuis f (X) e nenepepsHoro Ha [a;b]
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Ta sl JIOBUIBHOI HECKIHYEHHO AudepeHIiioBHOT (QyHKIIIT n(x), Takoi, IO Ha

Mexax Binpiska [a;b] n(a)= n(b) =0, BUKOHYETBCS PIBHICTh
jf x)dx =0, (1.6)

to f (X) =0 Ha BIAPI3KY [a; b].

JoBenennst. Hexaii X,e[a;b] ta f(x,)#0. Jdus BusHaueHocti npuitmemo
f (%, )>0.Ockinbku f(X) € HemepepBHOI, TO MOXHa BUOpAaTH AEAKHH IPOMDKOK
(C; d ) c (a; b), 1[0 MICTUTBh TOUYKY X, , Ha skoMy f (X) >0.

Posrasinemo yHkIiro
e, x>0,

¢00:{sto.

MorkHa moka3aTu, 110 JaHa (YHKLIS Ma€ MOXIIHI1 JOBUIBHOTO MOPSAKY Yy KOXHIN
TOUIll YHUCJIOBOi MPSAMOiI, TOMY (QYHKIIiS 77(X) = (o(x - C) - (o(d - X) TaKOXK €
HECKIHYEHHO AU(EPEHIIHOBHOIO 1 MPU I[bOMY HE JOPIBHIOE HYIIIO JIMIIE Ha (C; d),
TOOTO JUIsi He1 BUKOHAHA yMOBa n(a) = n(b) =0. Jlns BuOpaHOi TAKUM YHHOM n(x)

OTPUMYEMO:
b
jf X)dx = j x)dx >0,

OCKUIBKH TYT MiJiHTErpajibHa (YHKI[IS € HElepepBHOIO Ta JOAATHOK HAa MPOMIKKY
IHTErpyBaHHs (C; d ) Otpumane npotupivus 3 (1.11) goBoauTh Jiemy.

Jlema 1.1 Moxe OyTH y3araJbHEHOIO 1 Ha BUIAJIOK (PYHKIIM O0araTbox 3MiHHHX.
Hanpuknaz, y IBOBUMIpHOMY BUTIAJIKY € CIIPaBETMBHM HACTYITHE TBEPKESHHS:

Jlema 1.2 SAxmo ¢yHKITisA f(X,y) JBOX JIACHHUX 3MIHHMX € HEMEepPEepPBHOIO Yy
obmexxeHiit oomacti G mekapToBOI IVIOMUHM 3 Mekero L, Ta s moBiIbHOT PyHKIIIT
77(X, y) , HeckinueHHo nudepenmniioBroi y G, nenepepsroi y G U L, mo mopisaroe

Hylto Ha L, BUKOHYETBCS PIBHICTH ”f(x,y)-n(x,y)dxdyzo, To f(Xy)=
G
obnacti G.

Jlema 1.3 (Jlema [io0ya — Paiimona). Hexaii ¢ynxuii f(x) Ta g(x) e
HETMEePEPBHUMH HA BIIPI3KY [a; b] Ta JJI JOBUIBHOI HECKIHYEHHO AU(EpEHIIHOBHOT

Ha [a;b] dynxuii 7(x), Takoi, mwo 77( )=n(b)=0, Bukonyerscs piBHICTS

j[f X)+g(x)-7(x)]dx=0.

Toni gynkuis f(X) € HemepepsHo nudepenuiiiosroro Ha [a;b] i mpu upomy
f'(x)-g(x)=0,xe[a;b]. (1.7)
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JoBenennsi. OCKuUTbku QyHKIIS ( (X) € HENEPEPBHOIO Ha [a; b], TO BOHA Ma€
Ha I[OMY BIJPI3KY IMEPBICHY G(X), 10 BU3HAYAETHCS 3 TOYHICTIO JO JOBLIBHOI
CTaJioi, TOOTO G(X):GO(X) +C, ne GO(X) — neska (ikcoBaHa nepBicHa (PyHKIIT

g(x). Bubepemo crany C TakuM YMHOM, 1100 BHKOHYBaJIacs pPIBHICTb

I[f (x)-G(x) Jdx =0.

[TincTaBuBim croau Bupas mist G (X), 3HAXOIMMO 3HaueHHs ctajioi C:

T[f (x) —G(x)}dx:O:j[ f (x)—GO(x)]dx—iCdx:o:C _

_bflai[f(x)—Go(x)]dx.

Jnist noBuIbHOT (yHKIIIT n(x), 10 33JJ0BOJIbHSIE YMOBaM JIEMH, 32 (OPMYJIOIO
IHTETpyBaHHS YaCTUHAMH OTPUMYEMO:

Tg(X) -17(X)dx =TG’(X) 1(x)dx=[ G(x)-n(x)]

b

) —j‘G(x) ' (x)dx =

3BiICH BUILINBAE:
b b
I[f (x)-7'(x)+ g(x)-n(x)]dx:O:I[f (X)=G(x)]-n'(x)dx=0.
Bubepemo I[OBiJILHy byHKIT0 n(x), 110 3a/I0BOJILHSE YMOBaM JieMu. BBegemo

1
nosnayenns C, =-—— j n(x dX OyHKIis 5 I[n dt € HECKIHYECHHO

a
TUQEPEHIIIHOBHOIO 1 TIpU [BOMY f(a):§(b)—0. 3rifHO yMOB JIeMU i Hel
BUKOHYEThCS piBHICTh (1.13), ToMy BHKOHYyeTbcs 1 piBHICTH (1.16). Otrxe, 3
BpaxyBaHHIM CIIBBiIHOIICHHS & '(X) = n(x) —C,, orpumyemo:

10960 n(ex -, [ 109600

OcCKiTbKYM IpyTUi 1HTETpaj y JiBiH YaCTHHI OCTAaHHBOT PIBHOCTI JOPIBHIOE HYIIO, TO
JUTST TOBUTBHOT 77(X) BUKOHYETHCS PIBHICTB:

.:[[f(x)—G(X)]-n(X)dhO.

BukopucroByroun semy 1.1, orpumaemo f (X) -G (X) =0, xe [a;b] . OyHk1s
G(x) € mdepenuiiiosnoro i G'(x)=g(x). Tomy f(x) Takox € audepenuiiioBHoO
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ta f'(Xx)=g(x). 3 ocranHsoi piBHOCTI Ta HerepepsHOcTi GyHKUii §(X) BUIUIMBAE

TBEP/’KEHHS JIEMU.
1.5 Hajiinpocrima 3aga4ya papiauiiinoro yucjeHns. PiBussuus Eitnepa

PosrasiHemo 3a7auy npo 3HaXOMKEHHS eKCTpeMyMy (yHKIIIOHaIa

J (Y)=TF(X,y,y')dx, (1.8)

1
[a:b]

y(a):yl’ y(b):yz- (1.9)
Y  ¢dyskmionam  (1.8) F(X, Y, y’) OyneMo BBaKaTu JBiUl  HETNEPEPBHO

BH3HAYCHOr0 Ha MHOXHUHI QyHKIH Y(X)€C/ ., 110 3a10BONBHSIOTE YMOBAM:

nudepeHIiiioBHOIO (YHKIIIE€I0 CBOIX apryMEHTIB.
CdopmynboBaHy 3a7a4y Ha3WBAaIOTh HAWIPOCTINIOW 3aJa4yel0 BapiauniiiHoOro
YHCJICHHS.

Sk mokazano y n. 1.2, Bapianito ¢pyHkiionana (1.8) MoxHa 3anucatv y BUTIISIL
b

53(y,8y)= j (Fyoy+Fsy')dx. (1.10)
a
Tyt 0y — Bapiatis nonycTumMoi QyHKITIT y(x) , 0Y' — moxigHa mi€i Bapiarrii.
Ockutbku ymoBH (1.9) dikcyroTh 3HaYeHHS AOMYCTUMHX (YHKIIA Ha Mekax
BiJIpI3Ka I1HTErpYBaHHS [a; b], TOMy Bapiamist Oy QyHKIIi y(x) y IHUX TOYKax

MOBUHHA JIOPIBHIOBATH HYIIIO: O y|X:a =0 Y|X:b =0.

HeoOximHa yMOBa eKCTpeMyMy Y HaAUIPOCTIiNIii 3a7a4i Bapial(ifHOTO YUCICHHS
BU3HAYAETHCS HACTYITHOIO TEOPEMOIO.
Teopema 1.3 JIna toro, mo0 QyHKIisA Y,(x) HagaBana claOKuil eKCTpeMyM

dynakmionany (1.8), HeoOxigHO, IOO0 BOHA 3aJI0BOJIBHSIA JH(EPEHITIATEHOMY
PIBHSIHHIO
d
FV—&(Fy,)zo. (1.11)
Lle piBHsiHHA Ha3UBalOTH piBHAHHAM Eilsiepa nnsa gyukiionana (1.8). Y 3aransHomy
BUIAJKYy BOHO € 3BHYAWHUM JOUQEPEHINaTbHUM PIBHIHHSAM JAPYroro TMOPSAKY

BiTHOCHO (PyHKIIIT y(x).
JoBenennsi. BukopucraBmm HEOOXIIHY YMOBY CIA0KOTO EKCTpEMyMY
nudepeHIiiioBHOr0 (QyHKIlIOHAIa — PIBHICTh HYJIO Horo Bapiarii (Teopema 1.2), a

takox Bupa3 (1.10) mns Bapiamii iHTerpagpbHOro QyHKIIIOHANA, OTPHMAEMO:
b

53(y,5y)= j (f,0y+ .5y )dx=0. (1.12)

Jlane CHiBBIAHONICHHS BHUKOHYETHCS IS JOBUIBHOI Bapiarmii o yeC[la.b], 1o

JIOBOJIbHSIE KPAallOBIM YMOBaM = = TOMY YHCJIi BOHO BUKOHYETBCS
3a710BO € Kpaiio ogam 0Yy| =08Yy|  =0,yT0 CJli BOHO BUKOHY€ETBC
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1 17 JOBUIBHOI, HECKIHYEHHE YMCIIO pa3iB audepeHiiioBHoi ¢GyHKII oY, 110
3aJI0BOJIbHSAE ITUM yMoBaMm. Tomy, 3rimHo 3 Jjemow JlioOya — Paiimona 1.3 nus
IOBLUIBHOTO Xe[a; b] BUKOHY€ThCS piBHICTH (1.11), ToOTO KpuBa yO(X) 0 HaJac

cnabkuii ekcrpeMyMm (dynkiionany (1.8), moBUHHA 3aI0BONBHATH piBHAHHIO Eitnepa
JUTsL JaHOTO (DYHKITIOHAIA.

Piusiuas Einepa (1.11) BimoOpakae TakoX HEOOXIJHY YMOBY CHJIIBHOIO
excTpemyMmy it pynkiionana (1.8).

Oznauenns 1.15 Po3B’s3ku  piBHsHHsA Elnepa mnga gaHoro (QyHKIioHasIa
Ha3UBAIOTh EKCTPEMAJISIMHU 1IOT0 (PYHKIIOHATA.

Ockutbku ymoBa (1.11) € HeoOXigHOIO, TO TOYKU EKCTpeMyMmy (yHKIlIOHAa
CJIIJT IYKaTH cepe]] HOro eKCTpeMaliei.

/2
Mpukaag. 3Haiitn excrpemani Qyukuionama J(y)= I (y'2 — yz) dx, mo
0

3a710BOJIBHAIOTH Kpaitosi ymoen Yy (0)=0, y(7/2)=1[2].
Po3p’si3anns. Ockineku F (X, Y, y’) =y?—-y*, 10 F,=-2y, F,=2y,

y

d

—F, =2Y". Pipnsuus Eiinepa mae Burnsan y”+Yy =0. Horo 3aranbuuit po3s’ 130k

dx
y(x)=C,cosx+C,sinx. 3 rpannanux ymos obumcmoemo C, =0, C,=1. Omxe,

byHKITiS y(x) =SiN X eaMHa JIOMYCTHMA EKCTPEMalb.

1.6 Okpemi Bunaaku HainmpocTimoi 3aaa4i BapiauiiHOro YucjaeHHs!

PosristHemo po3B’si3aHHS piBHAHHS Eiiiepa s qesKUX THITIB IMiTIHTETpaTbHUX
BupasiB y pynkmionani (1.8).
1. Hexaii F wme sanexuts Big Yy', Tobro F=F (X, y). VY 1poMy BHUIIAIKY

piBnanHsa Elinepa naOysac Burmany F, =0, To0TO € CKiHYCHHUM pIBHAHHAM
BITHOCHO y(x). Po3B’s13kM 1IbOTO PIBHAHHS, SKIIO BOHU ICHYIOTh, MOXYTh HE

32JIOBOJILHATH 3aJJaHUM KpaoBUM yMOBaM ISl yHKITIT y( X) .
b
Ipuknaan. 3naiitu  excrpemani  QyHkmioHama — J ( y) = J. yldx, o
a

3aJI0BOJIBHSIIOTH KpalilOB1 YMOBH y(a) =Y, y(b) =Y,.
’ : — 3 — 22 —
Posp’sizamns.  Jlna  3amanoro  Qymkuiomana  F =y’ F =3y°, F, =0.
Otpumyemo piBusuHs Eitnepa 3y° =0, 3Bigku 3HAXOAMMO DIBHSHHS eKCTpeMai
y =0. Skmo xoua 6 oxgHe 3 uncen Y, abo Y, € BIAMIHHUAM Bil HYJS, TO Y MPOCTOPi
C[la;b] dyHKITIOHAT HE Ma€ eKCTpeMmaliel, sKi O 3aJ0BOJBHSIN 3aIaHUM KpPaHOBUM
yMOBaM.
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2. IlimiaTerpanpHuii BUpa3 (YHKIIOHAJIA JIIHIHHO 3aJeXUTh Big Y', TOOTO
F (X, Y, y’): P(X, y)+Q(X, y)- y'. YV upomy Bumanaky piBHsHHs Eitnepa HaOyBae
suraany P, +Q, -y —Q, —Q, -y'=0,a60 P, =Q,. lle piBHAHHA € CKIHYCHHUM, & HE
nudepeHIiaibHUM, TOMY HOro poO3B’SI30K MOXE 1 HE 3aJ0BOJIBHATU 3aJaHUM
KkpaioBum ymoBam. Skmo Bupas P(X,y)dx+Q(X,y)dy e nosuum audeperuianom,
10 piBHsHEA P, =Q, € ToTOKHICTIO. VY 1BOMY BHNAAKy Oyab-sKa (yHKIisA

y(x)e C[a p] € PO3B’SI3KOM JIaHOTO PIBHAHHS, TOGTO EKCTPeMAITIO GyHKIOHATA.

b
Ipuxknan. 3HaiiTh ekcTpeMani (QyHKIIOHANA Iy + yy 111(0)
a

3aJJ0BOJIbHSAIOTH KPAalOBUM YMOBaM y(a) =Y, y(b) =Y,.

Po3p’si3anns. PiBusnus Eiinepa ang panoro ¢yHkiioHany HaOyBae BUIIISAY
2y =0, to0to excrpemammio € Yy =0. Sxmo xoya 6 ogHe 3 uucen Yy, abo Yy, He

JIOPIBHIOE HYJIIO, TO 3a/1a4a HE Ma€ PO3B’SI3KIB.
3. IliminterpanpHuii Bupa3 ¢yHkiionana (1.8) 3amexuts juire Big Y, T0OTO

maemo F =F (y’). Ockinekn  F, =0, 10 3 piBuannsa Einepa mma  mamoro
: d : : :
¢GyHKITiOHATA d—(Fy,) =0 orpumyemo F, =CONSt — ckiHYeHHE PIBHAHHSA BiHOCHO
X

", BC1 PO3B’SI3KHU SIKOTO MOXHAa 3anucatu y surisini V' =C., ne C. — noBiIbHA cTajna.
’ 1» 1

Takum 4nHOM, Y JaHOMY BHUINAAKY €KCTpeMasiMH (PyHKIIOHANA € CIMEHCTBO MPSMUX
y=Cx+C,. Cranm C, Ta C, BU3Ha4atOThCs 3 3aJaHUX KPalOBUX YMOB.

1
Ipuxnan. 3HaiiTH ekcTpemani ¢QyHKIioHana J (y) = J. (y’2 + 2\/7 )dx, 110
0

3aJI0BOJIBHSIOTH KpailoB1 yMOBH y(O) =0, y(l) =

Po3p’si3aHHss. OCKUIBKM MiAIHTErpaJIbHUN BHpa3 3aJaHoro (QyHKIiOHaa
3aJIEKUTh JIMIIE Bix MOXimHOI Y', TO eKcTpeMal JaHoro (pyHKI[iOHANA € TiHIHHUMH

bynkuismn: y=Cx+C,. y(0)=C,=0, y(1)=C, +C,=2=C, =2. Orpumyemo
eKkcTpemManb Yy = 2X.
4. Tliginterpansuuii Bupa3 ¢yHkuioHana (1.8) He 3amexuth Bim Y, TOOTO

F=F (X, y'). Otpumyemo piBusiaas Eiinepa ;—X(Fy,) =0,a60 F,=C, ne C —crana

iHTerpyBanHs. Lle 3Buuaiine nudepeHiianbae piBHSIHHS MEPIIOTO MOPSIKY — NEPIInii
iHTeTpan piBHsAHHS Eitnepa.

IMpukaan. 3HaiiTn exctpemani (yHKIioHaIA J(y)

y(0)=0, y(1)=

Po3B’si3anns. [liginTerpansuuii Bupa3 y 3aganomMy (QyHKITIOHAII HE 3aJEKHUTh

O'——.H

(y + 2xy’ )dx SIKIIO
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Bil Yy, TOMYy 3aMmicTb pIBHSHHS Eiliepa MOXXe€MO BHUKOPHUCTATH HOro MepLIni

THTEerpa:
F,=C=2y'+2x=C.

Maemo nudepeHiianbHe piBHAHHA MEPIIOro NOPSAIKY, 3 IKOI0 3HAXOAUMO:

., C Cx x? x?
y :E—X, y:7—?+C1:C2X—?+C1.

C
TYT CZ :E.

BukopucToByoun KpaiioBl yMOBH, 3HaX0AMMO 3HaueHHs ctanux C; ta C,:

1 5
y(0)=C,=0,y(1)=C, —E:Z:CZ:E.

X2

Takum YUHOM, OTpUMAJIU CKCTpEMAJIb Y = E X——.

2

5. IigiaTerpansHuil Bupa3 ¢yHkuioHarta (1.8) He 3anexutb SBHO BiL X. Y
oMy Bunagky F =F (y, y'). PiBusinus Eitnepa nabyBae BUTTISILY:

' "__
F,—-F, - y-F, -y =0.
[ToMHOKUBIIHM OOWIABI YaCTHHU Iii€l piBHOCTI Ha ', MOXeMO 3amucatH ii y popmi:

d :
E%F—y-ﬁ):a

3BifcH OTPUMYEMO JUIS JAaHOTO BHIAAKY IepIIui iHTerpan piBHsHHsA Einepa y
urisigi F—y'- Fy, =C.

a 1 12
. : : Vity
Ipukaan. 3HaiiTu excrpemani QyHkiioHaiza J (y) = j—dx.
o VY
Po3p’si3aHHss. OCKUIBKM MiIHTETpabHUNA BUpa3 (PyHKIIIOHANAa HE 3aJICKHUTh
SIBHO BIJ] 3MIHHOI X, TO JJIg 3HAXOJ/DKEHHS €KCTpeMalied MOIIJILHO BUKOPHUCTATH
N s . , v :
nepumid interpan pisHsauus Eidnepa F-Yy'-F,=C. Jlng nanoro ¢ynxuionana

J1+y” '
f :—y, €):301 (I QU S S OtpumyeMo 3BuYaiiHe audepeHIiabHe
Jy ' y(1+ y’z)

PIBHSIHHSI TIEPIIIOTO TOPSIKY:

/1+ Y ) y"2 e
W ()

[TpuBoasian npobu y JiBil YacTHHI JaHOT PIBHOCTI IO CIUILHOTO 3HAMEHHHUKA, MICTs
MEPETBOPEHb OTPUMAEMO:

T
y(1+y”?)

1

:c:y@+yﬂ:cpqzai

19



bygemo miykatu po3B’S30K  AAHOrO  AUQPEPEHIIATBHOIO  pIBHSHHSA Y
napameTpuyHii popmi:

y’=ctgt,y—%—c sin’t, dy = C, sin 2t dt,

1+ ctg®
dx =B _Cisin2tdt = 2C, sin’tdt.
ctgt  ctgt

IaTerpyroun, 3HaxXoAUMO:
X =2C, [sin’tdt =C, (t = %sin 2tj +C,.

TakuM YMHOM, OTpUMAaJId pIBHSHHSA €KCTpeMasl BaplalidHoi 3axadl y
napameTpuuHii popmi:

x:Cl(t—%sinth+C2,

y=C,sin’t.
Ile piBHSHHSA CiIMEHCTBA [UKJIIOI/.
Jlo mocnikeHHs Ha eKCTpeMyM (YHKI[IOHaJla 3 IbOT0 MPHUKIAIAY 3BOJUTHCA
3a/1a4a Mpo OpaxiCTOXPOHY, 3MICTOBHA ITOCTAHOBKA K01 OyJla HaBEJICHA Y BCTYIII.
3ayBaXMMO, 110 Yy BWIAJKy KOJM TMiAIHTErpajbHUN BHUpa3 (yHIlloHana €
KBaJpaTHYHUM BITHOCHO BenMu4yuH Y Ta Y', To piBHsHHA Eitnepa € JiHIAHUM

IUQEepeHIliabHUM PIBHSAHHSAM JPYTOrO TMOPSAIKY, NMPH TOMY, IO HOTO MEPIIni
IHTEerpall € HeNiHIHHUM pPIBHSHHSAM IEPIIOTO MOPSAKY. ToMmMy s 3HaXOKEHHS
eKCTpeMaseil TyT 374eOUThIIOro JOIITPHO BUKOPHUCTOBYBATH —O€3MOCEPEIHBO
piBHsHHS Elinepa.

1
Ipuknaan. 3HaiiT excTpemani (QyHKIIOHATA J J. vy +y"? SKIIO
0

y(0)=0, y(1)=
Po3p’sizanns. IliginrerpanpHuii BUpa3 gaHoro ¢yHIlIOHAJA € KBaapaTHIHUM
BIIHOCHO Y Ta Y', TOMy, HE3BaXKal0uWd Ha Te, IIO BiH HE 3aJ€KUTh SBHO Bif X,

JOITbHO Oe3mocepeTHh0 BUKOPHCTATH PIBHSAHHS Eifnepa 3aMicTh MOro MepIioro
iHTerpana. OTpuMaeMo:

’ ! ! ! d ! "
F=yy+y? Fy:y,Fy,:y+2y,&(Fy,):y +2y".

PiBustnus Ednepa mis ¢pyHkmionana J (y) mae Burisig —2Y" =0, 3BigKu OTPUMYEMO
y =C,x+C,. 3 kpaiioBux ymM0oB 3Haxoqumo 3HaueHHs ctanux C, ta C,:

y(0)=C,=0,y(1)=C, =1.

TakuM 4YMHOM, IIIyKaHA €KCTpEeMasb Ma€ BUTISAT Y = X.
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N oo E

10.
11.
12.
13.
14.
15.

16.
17.
18.
19.
20.

21.
22.

23.

24,
25.

26.

217.
28.

IIuranus A5 caMmonepeBipKu

CdopmyiroBaTu 03HAUEHHS (PyHKLI1OHAIA.

Hagectu npuknaau GyHKIIOHATIB.

Sxi pyHkuionanu € niHiHMMEU? HaBecTu npuknanu.

CdopmymntoBaTy 03HAUYCHHS HEMEPEPBHOTO (PyHKIIIOHATIA.

Po3kpuTH 3MICT MOHATTS. HOPMOBAHOTO TIpocTopy. HaBecTn mpukiaam.

Busznaunt HOpMu y npoctopax C[a;b] Ta Cl[ ab]"

Sxi ¢pyHKIIT YTBOPIOIOTh CHJIBHUM Ta CIA0KUN & - OKOJM TOYKHM HOPMOBAHOIO
npocTopy?

[Ilo o3Hauae MOHATTA OJU3BKOCTI (YHKIIA HYIBOBOro, mepHioro, K-ro
MOPSIIKIB?

[Ilo Ha3MBalOTh BIACTaHHIO MK TOYKaMU HOpMoOBaHoro mnpoctopy? Hasectu
NPUKITA]IH.

[ousTTs AudepeHiiiioBHOCTI PyHKIIOHAA.

Hagpectu o3nauenns audepeniiana Opere.

Hapectu o3nauenns audepeniiana ['ato.

Hanatu o3nadeHHs Bapiairii ¢pyHKI[IOHANA.

Jns sxux @yskiioHanis nudepennianu @Opemre ta ['ato cniBnagaoTs?

Hagectu npukiaay iHTerpanbHUX (yHKI[IOHATIB.
b

3arnucaTH Bapiallifo iHTerpaabHuX (QyHKI[IOHATIB BUIY J :j f (X, Y, y')dx :

a
[TosicHUTH 3MICT MOHSITTSI CUJILHOTO Ta CJIA0KOTO €KCTpEeMYMIB (yHKITIOHAA.
Hapmatn o3HadeHHs 1106abHOTO eKCTpeMyMy (DYHKITIOHATIA.
CdopmynroBaTy Ta JOBECTH HEOOXITHY YMOBY €KCTpeMyMy (DYHKITIOHATA.
CdopmymnroBati Ta goBectu Jemy Jlarpamwka. HaBectu ii y3araipbHeHHS Ha
BUIIAJIOK MPOCTOPY (PYHKITIH TBOX 3MIHHHUX.
CdopmymroBatu Ta qoBectu Jemy JroOya — PalimoHa.

Oxapakrepu3yBaTd 00JIACTh BHU3HAUCHHS I1HTErpaJIbHOrO (YHKITIOHATA BHIY
b

J(y):_[f(x,y,y')dx.

a
Buxonsiuu 3 He0OXi1HOT yMOBU eKCcTpeMyMy (yHKIlIOHAa, OTPUMATH PIBHSHHS
Ennepa.
HanaTtu o3HadenHs exctpemaii QpyHKIioHAIA.
[losicauTn, nns sSKOro TUIy eKCTpemMymy piBHsSHHS Eilnepa Bupaxkae ioro
HEOOXITHY YMOBY.
VY sxux Bunaakax piBHsSHHS Eitnepa momyckae 6e3mocepenHiid mepexia a0 Horo
nepiroro inTerpany? HaBectu npukianu nepmx iHTerpainiB piBHsHHAS Eitnepa.
HaBectu npukiaau GyHKITIOHATIB, IS SKUX eKCTpeMalieil He ICHYE.
Uu Mae 3MicT BapiaiiiiHa 3aj1aya sl QyHKIIOHANA, MiAIHTErpaibHUN BUpa3 y
SKOMY € TIOBHUM JU(PEPEHITIANIOM JesKOi HyHKITIT?
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IIpakTu4Hi 3aBIaHHS

BimmykaTu ekctpeMani HacTynmHUX ¢yHKmioHamis [1,2]:

0

1. J(y):j(12xy—y'2)dx—>extr, y(-1)=1, y(0)=0.

-1

2. J(y)=|(4ycosx+y?—y?*)dx—extr, y(0)=0, y(x)=0.

N o=y

2

3. J(y)= [ (4ysinx+y?—y?) dx—extr; y(0)=y(z/2)=0.

o

2

4. 3(y)=[(xy’-y) dx>extr, y(1)=

1
1

5. J(y)::(ny+(x2+ey)y')dx—>extr, y(0)=0, y(1)=1.
6. J(y):.z.(y'2+2y’) dx >extr, y(1)=0, y(2)

1
1

7. J(y)::(xy’+y'2)dx—>extr, y(0)=0, y(2)

¥(2)=3.

N~

1.

1.

1

8. J(y)= :(y'2 +Xy) dx —extr; y(0)=y(1)=0.

7/2

9. J(y)= j(y'z—yz—xy) dx — extr; y(0) = y(z/2) =0.

0
1

10.J(y)= .(y’z + yy’+12xy) dx — extr; y(0)=y(1)=0.
0
11.J(y)= [ xy2dx — extr; y(1)=0, y(e)=1.

1

12.3(y) = [ x?y?dx > extr; y1)=3, y(2)=1.
1

13.J(y):2ﬂjy 1+y? dx—>extr, Y(X)=Yo Y(X)=VY,.

12 )
14.3(y)= |

12

1Y 4k — extr: y(0) =1, y(1/2)=+/3/2.

dx >extr, y(X)=Y, Y(X)=Y,.
TR Y y(X)=Ys Y(X%)=Y,
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2 Y3ATAJIBHEHHSI HAUITPOCTIIIOI 3AJTIAYI
BAPIAIIIMHOI'O YU CJIEHHS

ILnan:

2.1 HeoOxigHa yMoOBa eKCTpeMyMy i (DYHKIIOHAJIB, IO 3aJieaTh BiJ
KUTbKOX (DyHKIIIH.

2.2 OyHKIIOHANH, 1110 3aJIeKATh Bi MOXITHUX BUIIUX MOPSIKIB.

2.3 DyHKIIOHAIIU, 110 3aJIe’KaTh B QYHKLIM KUIbKOX 3MIHHUX.

2.4 KaHoHiyHuil Burisn piBHsiHb Eiinepa.

KuarouoBi moHaTTS Ta TepMiHM: cucrema piBHsHb Einepa, piBusinua Elinepa-
[Tyaccona, piBusinns Eiinepa-OcTporpajcskoro, kaHoHiuHa ¢popma piBHsIHb Eitnepa.

2.1 HeoOxinHa ymoBa ekcTpeMyMy Jjsi (PDYHKHIOHAJIB, IO 3aJIeXKATh Bil
KLIbKOX pyHKIIi

PosristHemo BuMagok, Kojau (PYHKI[IOHANT 3aJIeKUTh BiJl KITbKOX (DYHKIIIHM O/IHI€T

He3aJIC)KHOI 3MIHHO1, TOOTO BIH Ma€ BHUIJISII:
b

J(yl(X),yz(X)’-.-,yn(X))=IF(X,yl,yz,-.-,yn,yl',yz',---,yn')dx, (2.1)

a
ne F — naBiuli HemepepBHO audepeHmiiioBHa (YHKINS CBOiX apryMeHTIB
X, ¥, 1=12,...,n. Hexaii ¢yHkuionan (2.1) BuU3HAUEHHI HA MHOXHWHI BEKTOp-

byHKITIH Y:(yl,yz,...,yn), e QyHKmii yi(X), 1=12,...,N Hamexarb MIPOCTOPY
Cl

[a:b] Ta 3a0BOJIBHAIOTH 3aJaHUM KpaﬁOBHM YMOBaM:

{yl(a):yn’ Y2 (8) = Your s Yo (8) = You3 (2.2)

Y1(b) = Y12 yz(b): Yoor--a ¥y (b): Yno-
Jomyctumi Bapianii oY, i=12,...,n, mig QyHKIii yi(X), 1=12,...,N, MOBUHHI

1

(ab] BoHn Takox AOpIBHIOIOTH

TaKOXXK HajexkaTu QyHKIIOHATBRHOMY mpoctopy C

HYJIFO Ha MeXaX BiJIpi3ka IHTErpyBaHHs, OCKUIBKH y TOYKaX X=a Ta X=D ¢yHkiii
Y, (X), 1=12,...,n MaioTh (hikCOBaHI 3HAUCHHSI.
HeoOximqna ymoBa crnabkoro excrpemymy (GyHkiionana (2.1) BuU3Ha4aeThbCs

HACTYITHOIO TEOPEMOIO.
Teopema 2.1 Axmo ¢dynkmionan (2.1) mocsarae cmabkoro EKCTpeMyMy Ha

BEKTOP-()yHKIIii Y(X)=(y1(x),yz(x),...,yn(x)), To dynkuii Y, (x), i=12,...,n, €

pO3B’si3KaMu cucTeMu nudepeHiianTbHuX piBHSIHB Eitepa:

Fyi_:_x(py{):o, i=12,...n. (2.3)

JloBenenns. Jlisg  JOBUIBHUX  JONMYCTMMHX  Bapiauii  o0Y;,0Y,,...,0Y,
posrsiHeMo  QyHKUIIO  @(a, @y, )= (Y +8Y,, Y, + 4,0Y,,. . Y, + 2,5, ).
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Sxkio Ha BekTOp-PyHKIIT Y (X) = ( yl(x), Y, (X),..., Y, (X)) dbynkuionan (2.1) nocsirae
eKCTpeMyMy, TO (YHKIIS (p(al,az beeny an) MOBUHHA MATH €KCTPEMyM TIpHU

a,=a,=...=a, =0, T00TO TpH HYIHOBUX 3HAYCHHAX «,,1=1,2,...,N mMOBHHHA
- . .. 0@ :
BUKOHYBaTHUCS HEOOXIJHA YMOBa eKcTpeMymy AaHoi ¢pyHkuii — —=0,1=12,...,n.
i
Takum yMHOM, IPU HYJIBOBHUX 3HAYEHHIX ¢, 1=12,..., N oTpuMyeMo:

8(p_b Ndx =0 i —
a_ai_j(':yi 8y, +F -8y, )dx=0,i=12,...,n.

3acTocyBaBIIM 10 IUX piBHOCTEeW Jsemy J[roOya — Paiimona (jiemy 1.3),
OTpUMYEMO cucTeMy piBHAHB Eitnepa (2.3) s ¢yskmionana (2.1).
Oznauenns 2.1 bynb-sikuii po3B’si30k Y (X) =(y1(x), Y, (X),..., Y, (X)) CUCTEMH

a

piBHsaHb Elnepa nans  ¢yHkuionana (2.1) Ha3uBalOTh eKCTPEMAJIIO I[OTO
(pyHK1IOHAaNA.

Cuctema piBasHb FEitnepa (2.3) nmna dysakmionama (2.1) € cucremoro N
3BUYAWHUX Au(epeHmiaJbHuX PiBHSIHb MEPUIOrO TMOPAIKY, TOMY ii pPO3B’SI3KH —
eKCTpeMalll Y(X) mictaTe N goBuibHUX cranux C;,C,,...,C . lng iX BU3HAYEHHS

BUKOPUCTOBYIOTh KpaiioBi ymoBH (2.2).

T,

Mpuxnan. {i1s pysakiionana J (yl(x), Y, (X)) = J(yl'z +yr+ 2y1y2)dx 3HANTH

0
eKCTpeMalli, 110  3aJ0BOJIGHSIOTH  KpaloBI  YMOBH y1(0)=0, y2(0)=0,

T T
Y1 (E) =1, Y, [E] =-1[3].

Po3p’sizanns. IloOyayemo cucteMy piBHSHb Einlepa 1 3amaHoro
dbyHKITIOHANA:
F=y +y,’+2yy, F, =2y, F =2y, f,=2y], F, =2y,

d 14 d 4
d_X(FVi)ZZyl’ d—X(Fy,Z)zzyz.
[TincTaBuBmu y (2.3), OTpUMYEMO CUCTEMY:
{yz _ yll! — 0’
Y, =¥, =0.

Po3B’skeMo 1110 cucTeMy, 3BIBIIM il 40 OAHOTO piBHSAHHA. J[7ms 1mboro aBivi
poaAuQEPEHITIFOEMO TIepIIe PIBHSIHHSA CUCTEMH Ta 3a JOIMOMOTOI0 APYTOro PiBHSHHS

BUKITIOUMUMO 3 HbOro (yHKIIO Y,. OTpuMaEMO piBHAHHA yf“) — Y, =0. Kopesi ioro
xapakrepuctuanoro pisusuas K*—-1=0 k, =21 k,, =+i. 3a uumu KopeHsMH
3HaXOAUMO (DYHKIIIO yl(X) :

¥, (x)=C,chx+C,shx+C,cosx+C,sinx.
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3 meporo piBHSHHS CUCTEMH Y, =Y, 3HAXOIUMO VY, :
y,(x)=C,chx+C,shx—C,cosx—C,sinx.

Jns 3HaxomkeHHs cranux 1HTerpyBanns C,,C,,C;,C, BukopucraeMo Kpaiosi

YMOBHU:

¥:(0)=C

y,(0)= C C =0,

(
(j cehZicshZ+c, =1
2 2

T

T T
n(3)-eangrcamg-co

3 OTpUMaHO1 CUCTEMM JIIHIMHUX anredpaiunux piBHAHb 3Haxoaumo C, =C, =C, =0,

C,=1. Takum uYuMHOM, OTPUMAHO pIBHSAHHS €KCTpeMalll 3aJaHOro (yHKI[IOHajIa

Y (X)=(y,(x),Y,(x)), ze y, =sinx, y, =—sinx.
2.2 ®yHKUiOHAIH, 10 3aJ1e:KaTh Bi/Jl MOXiJHUX BUIIMX MOPSIKIB

Hexait dyHkiris F(y, y',y",...,y(n)) € HerepepBHO AUPEPEHIIHOBHOIO N + 2

pasu 3a cBoiMM aprymMmeHTamu ¢yHKIieto. Po3risaemo dyHKIioHan
b

J(y)=jF(y,y’,y”,...,y(“))dx, (2.4)

a

BU3HAYCHUN HA MHOXKHMHI N pa3iB HenepepBHO AUGEPEHIIMOBHUX Ha [a; b] byHKIIH

y( ) € C['; p]> IO 33/IOBOJILHSIOTH 3a/1aHUM KpallOBUM YMOBAaM:

y(a) = Y10 y'(a) =Yoo y(nil) (a) = Yina
Y(b) = Yoo y'(b) =Yors - y(n_l) (b) = Y2

Ockinbku OyIb-sIKa JOIMYCTHMA JUIsS JIaHOi BapiamiiHol 3amadi  (QyHKITiSA
y(x)+5y(x) MOBUHHA 3aJ0OBOJIGHATH YMOBHU (2.5), TO IOMyCTHMOIO Bapialfi€ro

(2.5)

byHKIII y(x) € noBuThbHA (DYHKIIA OY € C (ap]» 1O 33]10BOJIBHAE OJTHOPITHI KpairoBi

YMOBH:

{5y(ay:5y(a) .=0y"(a)=0, (2.6)

sy(b)=5y'(b)=...=5y"? (b)=0.
Busnaunmo HEOOXiIHY yYMOBY, sIKiii MOBUHHA 3a/I0BOJIBHITH (YHKITiS y(x) 3
JaHOT MHOYKWHH, 10 HAJIa€ eKCTpeMyM (pyHKIioHaTy (2.4).
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Teopema 2.2 fkmo dyskiionan (2.4), BU3BHaAUCHUN Ha MHOXHUHI (YHKIIN 3
10 3aJI0BOJIBHAIOTH KpailoBi yMoBHU (2.5), mocsirae eKCTpeMyMmy Ha JAesKid

Cn

[aib] >
bynxuii y(x)e C[Z;b] , T0 111 QyHKIis € po3s’s3koM piBusinnst Eiiiepa — Iyaccona:
d d? nd”

g ) e () (B G (Fe)=0- e

JoBenennsi. Hexail ¢ynkuis y(x) Hajmae exkcTpemyM ¢yHKiioHany (2.4).
Bubpapmu noBUTRHO Bapialiro oY, IO 3aJ0BOJIbHSE KpakoBi ymoBH (2.6), Ta

3a(iKCyBaBIlH ii, pO3TIsIHEMO (QYHKIIIIO
b

p(a)=1 (y+a-5y):jF(x, y+a-8y, Y +a-8y,....y" +a-5y(”))dx.
Ockutbku GyHKITIS y(x) HaJa€e excTpeMyMm (pyHkiioHany J (y), TO qo(a) JlocArae
exctpemymy nipu a =0, Tomy (p’(O) =0, T006TO OTPUMYEMO PIBHICTH
b

' (0)=] (Fy5y +F, Y +...+ Fy(n)éy(”))dx ~0. 2.8)

Hexait y(x)eCZ

(a:b] Y 1upoMy BUNAAKY, BHUKOPUCTaBIIM I1HTErpPyBaHHS

YaCTMHAMM Ta KpaiioBi yMOBH (2.6), OTpUMY€EMO:
e o[ 4(5)

Foydx=—|| —2% |sydx;

'!: vOY j [ ax |7

a

b d(E,) d?(F, LA (F
j R - (dXY) d(xzy)_”'Jr(_l) M oydx=0.

a

OcTtanHs pIBHICTH BUKOHYETHCS JIJISl TOBLUTBHOT HECKIHYEHHO NU(EPEHITIHOBaHOT
byHKIT O y(x) , TOMY, 3a JieMoro Jlarpamka, oTpuMyeMo piBHSIHHS (2.7).

Horo po3B’3K1 HAa3UBAIOThCS eKCTpeMansiMu GyHKITioHana (2.4).

Pipasinus Eiinepa — [lyaccona (2.7) € 3Bu4aitHuM qudepeHIlianbHIM PIBHSIHHIM
nopsAnKy 2n. Y WOro 3araibHOMY PO3B’SI3KY MPHUCYTHI 2N JOBUTBHUX CTalIUX, SIKi
BHU3HAYAIOTHCS 3 KpalioBUX yMOB (2.5).
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b
o . . 2
Mpukaan. 3uaiitu ekcrpemani GpyHkiionana J(y)= I(( y") +y? —2yx° )dx :
a
Po3p’si3anns. 3anumiemo st jgaHoro (QyHkIiioHana piBHsSHHS Elnepa —
[Tyaccona, j1st 4oro 3HaiiieMo HEOOX1AH1 MOXI1JHI.

d(F,.) A
F,=2y-2x*F,=F,=0;F, =2y ;d—)(;:Zy( ),

[TincraBuBIIU iX y piBHSHHS (2.7), OTPUMAEMO:
(6) — 3
yr-y=-X".
Kopensimu xapaktepuctuudoro pisHsHHa K°—1=0 111 oTpumaHOro niHilHOrO
HEOJIHOP1AHOTO Ju(epeHIIaIbHOTO PIBHAHHS 3 CTATMMU Koe(dillieHTaMH €

_1++/3i 1+/3i
2 2

3a KOPCHAMU XaPAKTCPUCTUIHOTI'O piBHHHHSI 3aIlIMIICMO p03B,${30K OI[HOpiI[HOFO

ki, =xLk;, =

’ k5,6 =

PIBHSIHHSI y(s) —-y=0:

: V3 V3

—Ce*+Ce*+e 2| C,cos2x+C,sin2x |+
0 1 2 3 2 4 2

(B /3

+e2| C, C0S=-X +C6sin7x .

YacTuHHUN PO3B’SI30K OTPUMAHOIO0 HEOJHOPIAHOTO piBHsAHHA Eiinepa -—
. S 3 2
[Tyaccona 3HaxoauMo 3a BUIJISAOM mpaBoi wactuHu: Y= AX +BX°+Cx+D.

HeBusnaueni koeillieHTH y IbOMY PO3B’SA3KY 3HAXOJHUMO IIJISIXOM IT1ICTAHOBKH
ioro y HeomHopigHe audepeHnianpHe piBHAHHA. [Ipu mpomy ortpumyemo: A=1,
pemTa Koedimientie popiBHioe nymo. Tomy §=X>, a ekcrpeMani 3aJaHOro
(yHKIIIOHaIa MalOTh BUIJISIA Y =Y, + V.

2.3 ®yHKUiOHAIH, 0 3aJ1e:KaTh Big PyHKUil KiTbKOX 3MiHHHX

3HaiiIeMO HEOOXIIHY YMOBY eKCTpeMyMy (YHKIIIOHANa, BH3HAYEHOTO Ha
MHOXXHHI (DYHKITIH, 10 3aJie’aTh BiJ KUIBKOX 3MIHHMX Ha MPUKIAIl QyHKI[IOHANIA,
00J1aCTIO BU3HAUCHHSA SKOTO € MHOXHHA (DYHKIIIN BUAY Z = Z(X, y), 3aNeKHUX Bif] 2

smiHHEX. [lam Oyaemo posmismatd QyHKIioHann J (Z), BU3HAYCHI Ha (YHKIIIX
Z=Z(X,y), nBiUi HemepepBHO IMMEPEHIIHOBHUX y meskiii obmacti D cRR?,
oOMeKeHIl 3aMKHEHOI0 KpuBOIO L, ToOTO dyHKITIOHATH BUIY

J(z)= ” F(xy.2(xY),2,(xY).2,(x,y))dxdy. (2.9)

Y (2.9) F e nBiui HenepepBHO MUQEPEHIIHOBAHOK (PYHKIIIEID CBOIX apryMEHTIB X
Ta Y.
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PosrnsHeMo 3amavuy Tpo 3HAXOJKEHHS eKcTpemMyMmy (dyHkmioHana (2.9),
BU3HAYEHOI'0 Ha MHOXHUHI (yHKLIH Z=Z(X,y), aki Ha Mexl L obmacti D

HaOyBalOTh 3a/laHUX 3HAUEHB, TOOTO
z(x,y)|L =o(x,Y), (2.10)
1e 3a/1aHa QyHKIis (p(x, y) BHU3HAYECHA HA KpuBIiH L.
JlonmycTUMUMU  BapiallisiMu Uil Z = Z(X, y) y JaHOMY BHMAJAKy € (QYHKIIL
o Z(X, y) , B4l nudepenniioBanl y obdnacti D, mo nopiBHIOIOTH HYJII0 Ha Mex1 L
NaHOT 00JacTi. 3anuieMo HeoOXinHy yMOBY ekcTpeMyMy GyHkuionana J(z):

5J:i(3(z+a-5z))

=0. 2.11
e (2.11)

a=0
Bupas nns Bapianii ¢pynkiionana (2.9) HaOyBae BUTIISIAY:

G,
5J :a(\] (z+a-62)) =ij(Fz5z+ F,op+F,50)dxdy,

a=0

ne p=12,,q=1,.

0 oF, 0 OF
OcKinbKH —(Fpéz) =—L07+F0p, —(Fqé'z) =— 02 +F,0q, orpumyemo:
OX OX oy oy

[[(F,6p+F,00)dxdy = H(%(Fp52)+%(ﬁéz)jdxdy—

oF oF
_U(a—;&JrEq&zjdxdy.
D
Jlo mepiioro 3 iHTerpaiiB y MpaBiii YaCTHHI OCTAaHHBOI PIBHOCTI 3aCTOCYEMO
dbopmyny I'piHa, 3TiIHO 3 KOO

”[@ - @j dxdy = I Pdx + Qdy.

Otpumaemo:

”( Féz 8y(Féz)jdxdy JF5zdy Fozdx= jéz Fdy — Fdx)

OCKLThKU Ha KOHTYp1 L, 7€ 3HaueHHs nonycTuMux (pyHKITii Z(X, ) € (iIKCOBaHNMH,

0z =0.

TakuMm YMHOM, MA€EMO:
oF, 8F
H(Fp5p+Fq5q)dxdy=—H£ x o Jb‘zdxdy
D D
HeoOxigHa ymMoBa eKCTpeMyMy (byHKuiOHana (2 9) HaOyBa€ BUTTISY:

5 = ”(F ——P_ J&dxdy 0. (2.12)
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OCKUTbKM NEpLINKA CIIBMHOXKHUK IT1JT 3HAaKOM 1HTerpana y (2.12) e nenepepBHUM, a
Bapiailisi 0Z € N0BUIbHOIO (DYHKIIIEIO, 110 MTPUKMAE HYJIbOBE 3HAUEHHS Ha KOHTYpi L,
TO 3T1JIHO JIeMH 1.2, MOBUHHA BUKOHYBATHUCS PIBHICTh

oF, OoF
F-—2-—4-0. (2.13)

ox oy
Otpumane nudepeHiiagbHe pIBHSHHS y YAaCTUHHUX TOXIJHUX Ha3UBAETHCS
piBussuHaM Eiisiepa — Octporpaacbkoro, a Oyab-akuil nudepenuiiioBanmii

PO3B’SI30K I[LOT'0 PIBHSAHHS — eKCTpeMaJLI0 (pyHknionaa (2.9).
Ipuxaan. 3anucatu piBHsHHA Eitnepa — Octporpajacekoro s ¢pyHKIiOHANIA

Hipixne J(z)= J‘J‘(zx2 + zyz)dxdy.

Posp’sizanns. Ockiibku p=12,,9=2,, 10 F (X, Y,Z, p,q) = p®+0°. 3Bigcu:

oF 2z oF 2
F=0F,=2p=22 F =2q=2% T0_p92 Tu_,02
OX oy X oxX~ oy oy
Pieusinns Eitnepa — Octporpancbkoro s pyHkiionana Jlipixie Ha0yBae BUTIISANY:
0’z 0z
—2 + —2 = 0 .
oX~ oy

Otpumanu piBHaHHsS Jlarmaca ans QyHkiii Z(X,y). TakuM YHHOM,

excTpemMasiMu GyHKioHana [ipixiie € rapMoHiuH1 QyHKIIII.
2.4 Kanoniunuii Burjsj pisusiub Eiliepa
OyHKIIOHATY
b
(Vi Yoreer ¥a) :IF (X, Y1, Yareees Yoo V1o Yooeees Vi ) AX, (2.14)
a

ne F — nBiui HemepepBHO nudepeHItiioBana GyHKIIis, BIAMOBIIa€ CHCTEMa PIBHSIHD
Ennepa:

Fm—ggéﬁzo,i:szqn. (2.15)

VY 3aranpHOMY BUIAJIKy cuctema (2.15) € cuctemoro, 110 CKJIAaEThCA 3 N 3BUYaAHHUX
nuepeHIliaTbHuX PIBHSIHD JPYroro MNOpsAKy. BBememo HOBI 3miHHI Z, =Y/,

i=12,...,n. Toni F, =F, . Orpumyemo cucremy, 1o CKIaIa€Thes 3 2N 3BHYANHAX

auQepeHITliaTbHIX PIBHSIHB IIEPIIOTO OPSIKY, eKBiBATCHTHY cucTeMi (2.15):

d(F
yi_Q:o,izl,z,...,n;
dx (2.16)
Y _siz12,..n.
L dx

Otpumana cucTeMa He € HOPMAJIBHOIO CHCTEMOIO A epeHIliaTbHUX PIBHSIHB, TOOTO
BOHA HE pO3B’A3aHA BigHOCHO mepmux moximumx. Hexait p,=F,,i=12,..,n.
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Busnaunuk wMatpumi I'ecce (MaTpuilli YacTMHHUX NOXIJHUX JAPYroro MOPSIKY)
¢ynkuii F 3a 3MiHHEME Y| chiBnajae 3 skoOiaHOM

op, op Py

oy Oy, Oy,

op, op, P
D(Py PorsPo) [ 2o 30

) ry 1 ayz ayn )

D(yl,yz’...,yn)

op, op, Op,

o %, O,

Sxmo 1ed BHU3HAYHUK HE JIOPIBHIOE HYIIO, TO 3TIJHO 3 TEOPEMOIO TIPO
icHyBaHHs oOepHeHoi (yHkuii, cuctema pismsub P, =F,,i=12,...,n, BuzHayae
CYKYIHICTb 3MIHHUX Y, SIK (DYHKIIIIO BBEEHUX 3MIHHUX P, !

Y =h (X, YisYoree-Yos Prs Pyseees pn), 1=12,...,n. (2.17)

Posrasinemo QyHkItiro

H=—f(XY Yo Yo 0y h))+ D hip; (2.18)
i1
Oyukaito (2.18) HazuBatoTh pyHkuiero I'aminbToHa Qynkiionana (2.14), a 3MiHHI
X, Yise-es Yos Ppseees P, — KAHOHIYHUMH 3MIHHUMH JJaHOTO (DyHKIIIOHAJIA.

Hpuxnan. [loGyayBatu dyukitito ['aminpToHa 11 GyHKITIOHATA
b

I(¥i¥2) = [ (3xy,ys” + 2% y3” + y,y, .

a

- P
Po3p’sizanns. Maemo p, = F, =6xy,y;, p, =F, =4e"y;. Toxi y; = GX;/ =h,,
1
Y, = % =h,. IlincraBuBmm oTpuMaHi Bupazu y (2.18), 3HaxXoaMMO (QYHKIIIIO
€
[amutpTOHA U1 3a1aHOTO (pyHKuiOHana'

p: W P SR I S
H=-| 3x + 2e” - + + = —
[ 1 36 Y, 166> ylyz) 6xy, 4e" 12xy, Tger

3 o3nauenHs pynkiii 'aminerona (2.18) BumiuBae, 1o ii moBHU qudepeHttiai

dH =—-dF + Zn: p,dy; + Zn: y/dp, =-F,dx - Zn: F, dy, — Zn: F,.dy; +
i=1 i=1 i=1 i=1

+ > pdy;+ > y/dp,.
i=1 i=1

Ockimexu P, =F,,i=1...,n, To Tperiii Ta YeTBepTHii JOJAHKH y MHpaBil JacTHHI

(2.19)

piBHOCTI (2.19) B3aemMHO 3HI/IIIIyIOTBC}I Tomy oTpumyemo HacTymHui Bupas it dH :
dH =-F dx - ZF dy,+Zyl’dpI _a—dX-i-Z—dyl Zﬁdpi .
OX it O, iz Op
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. ) oH oF oH oF oH .
3 OCTaHHBOI PIBHOCTI BHUILIMBAE: =— =— , =y,1=12,...,n.

ox - ox'oy, oy, op

3Bincn smaxommmo, mo F, =—-H ,y/=H_ . Ockinbku F, =F,=p,,z =Y/, 10 3

Z

cuctemMu (2.16) OTpUMYyeEMO HOPMaJIbHY CHUCTEMY 3BHYAaWHUX JU(epeHLIaTbHUuX
piBHSIHB, €KBiBaJICHTHY cucTeMi (2.15):

%:Z_H’i=l,2,...,n;

X .

d F;H (2.20)
ﬁ:——, i :1,2,--'1n

dx 8Yi

.

Cuctema (2.20) Ha3uBaeThcsi KaHOHIYHOIW0 ¢opmorw piBHsaHb Eilnepa
dynkuionana (2.14).

[lepmnii iHTETpaN CUCTEMH 3BUYAMHKMX JU(epeHLiaTbHUuX PIBHAHD € QYHKIIELO,
mo 30epirae crajge 3HA4Y€HHS B3J0BXK KOXHOI IHTErpajbHOI KPUBOI AAaHOI CUCTEMHU.
s Ttoro, mo6 nedxka audepeHuiiioBaHa ¢GyHKIIS Oyja NEpIIUM I1HTETpaIoM
CUCTEMH 3BUYAWHHMX JU(EpPCHIIATbHUX PIBHSAHB, HEOOXITHO Ta JOCTATHHO, 100
NOBHA MOXiAHA M€l (QYHKIII 3 BpaxXyBaHHAM JaHOI CHCTeMH Ju(epeHIiaTbHuX
PIBHSIHb TOTOXKHO JIOPIBHIOBaJa HYINIO. B okpeMux BuIajgkax MO)KHA BKa3aTH IMEpIIi
iHTerpanu cucremu (2.20), siKi € TaKOXK NEpIIMMHU iHTerpagaMu cuctemu (2.15).

Hexait mininterpanibauii Bupa3 y Qyskiionani (2.14) He 3anexuTs sIBHO Bl X,
10610 F =F (Y, Y, Yo Y11 Yareen ¥ ). Toni moBHa moxinHa ¢ynkuii I'aminsrona

HaOyBa€ BUTJTISIIY:

—‘ZHy. sz. (2.21)

[TizcTaBuBIIN BUpaA3H JJIs1 TIOXITHUX Hyi ta H, 3 cucremu (2.20) y piBnicts (2.21),

dH : :
OTPUMYEMO, IO d—EO, ToOTO (QyHKIA ['amMinbTOHA € CTaNol B30BXK KOXHOI
X

eKcTpeMalti (yl, yz,...,yn) dbyakmionana  (2.14). Takum  9uHOM,  SIKIIO
niginTerpanbHuil Bupa3 F ¢dynkumionana (2.14) He 3ajeXHTh SBHO BiJ X, TO HOro
¢yukiis [amMinpTOHa € mepinuM iHTerpaIoM CUcTeMH piBHsSHB Einepa (2.15).
3’scyeMo, 3a SKMX YMOB 3a/aHa (DyHKIIiS q)(yl,yz,...,yn, Py Pyisees pn), 10 HE
3aJIeKUTh SBHO Bl X € mepmuM iHTerpaioMm cuctemu (2.15). O6umciuMo moBHY
noxigHy (ynkmii @ 1o He3alekKHIH 3MIHHIK X, 3 BpaxyBaHHAM cuctemu (2.15).

OTpumaemo:
n dyI dp,
v Z( Yi dX p. dxj Z(CD H _q)piHya)'

i=1 i=1
n

Bupas [®, H]:Z((Dyini _(DpiHyi) Ha3MBaIOTh AyxkKol0 Ilyaccona ¢pynkuii @

i=1

do
ta H . Takum guHOM, I = [CI), H ] Mu noBeu HACTYITHE TBEPKCHHS.
X
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Teopema 2.3 Hudepenuiiiopana yHkuis  D(Y;, Yoo Yoo Py Porees Py) €
NEepIIUM IHTErpajoM sl KaHOHI14HOi (opmu piBHsAHb Eiinepa (2.20) toxmi 1 jume
TOJ1, KOJIU [q), H]:O.

IIuranHs A5 caMmonepeBipKu

1. Orpumatu piBHsHHs Eiinepa nis (yHKIIOHaNa, 10 3aJI€KUTHh BIJ KIUIBKOX
(GyHKUIHA OHIET 3MIHHOI.

2. SlkuM yMoOBaM MOBHWHHA 3aJl0BOJIBHSATH Bapiallis IHTETpajibHOTO (DYyHKIIOHANA,
10 3aJI€KUTh BiJl MOX1THUX BUIIUX MOPSJIKIB?

3. Otpumaru piBusanHs Eitnepa — [lyaccona.

4. Sxi yHKuii € excTpeManaMu pyHKIioHana J (y) =|f (X, Y, y’)dX , AKIIO0 KOT0

D ey T

miginTerpaabHa QyHKifis f (X, Y, y’) = f (y’)?
5. Otpumaru piBHaHHs FEitnepa — Octporpancekoro s (GyHKIIOHATIB, IO
3anexaTh BiJ GYHKIIIT JBOX 3MIHHUX.
6. Jns sxoro ¢ynkuionana piBHsHHS Einepa — OcTporpaJchkoro € piBHSHHSIM
Jlamtaca?
HanaTtu o3nauenns ¢pynkuii ['aminbToHA.
8. Hasectu cucremy piBHsiHb Eilsiepa y KaHOHIYHOMY BUTJISIIL.

~

IIpakTuyHi 3aBIaHHS

Bigmrykatu ekcrpemaii HacTynHuX QyHKIitioHams [1,2]:
2

Lo [(y+yi+y7) dxesextr; y,() =1 y,(2) =2, y,(1) =0, y,(2) =1.

1
[(2y1y, =2y +y7? —y7) dx—>extr; y,(0)=0, y,(7) =1, ¥,(0)=0,
0

2.
yz(ﬂ'):l-
/4
2 [ (2y,—4y; +y7? —y7) dx > extr; y,(0)=0, y,(7/4) =1, ¥,(0)=0,
' 0
Y2(7Z'/4):l-
1
T (@y-yE i /3) dxsextrs y, (1) =0, y,(-1) =2 y,(1)=1,
. -1
yz(_l):_l-
1
o JOE v -2yy,) dcoextr y,(0)=0, y,(1) =sh 1, ¥,(0) =0,
' 0
Y,(1) =-sh 1.
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(V2 +yZ+2y;y;) dx—>extr; ¥,(0) = y,(0)=0, y,()) =y,(1) =sh L.

4

(2y,cosx+2y; +2y;y; + Y7 + Yy ) dx —extr.

(V15 + yyy dx = extr; 3,(0) = y,(0) =1, () =e, y,(1)=1/e.

St — D e T O

3
)

I(y{yé —ylyz)dx —extr; ¥,(0)=1,(0)=0, y(z/2)=1, y,(7x/2)=-1.
0
7/2

[ (¥ + y2 +2y1y, +2y,y, +2y; ) dx > extr; ¥,(0) = y5(0) =1, ¥,(0) =1
0

Y, (7/2)=7/2, Y, (77/2):0’ y3(7z/2)=—7r/2.

1

°e‘xy”2dx —extr; y(0)=0, y'(0)=1, y(1) =e, y'(1) = 2e.

1
e’xy”zdx —extr; y(0)=1, y'(0)=1 y@)=y'D) =e.

1

:(x +1) y"*dx —>extr; y(0)=y'(0)=0, y(1) =1, y'(1) =2.

1

:(x+1) y"?dx —extr; y(0)=0, y()=In2, y'(0) =1, y'(1) =1/2.

[ (16y° —y" +X*) dx — extr.
%
1

[(y7?+y?) dx >extr; y(0)=0, y'(0)=1 y(1)=sh 1, y'())=ch 1.

1
(y™?+y?) dx—>extr; y(0)=1, y'(0)=0, y(l)=ch 1, y'1) =sh 1.
.
(240y - y"* Jdx — extr; y(-1) =1,y'(-1) =—4,5,y"(-1) =16,
-1

y(0)=0,y'(0)=0,y"(0) =0.

. Hanucatu piBuanns Eitnepa-OcTtporpaacekoro aist GpyHKIIIOHAIA

J[z(X,y)]=”H%] J{%j +2(£{—azy} —2zf (X, y)}xdy.
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3 BAPIAIIVHI 3AJIAYI 3 PYXOMUMM MEKAMU

ILian:

3.1 [IpupoaHi KpailoBl yMOBH.

3.2 3aranpHa BapialiiiHa 3a/1aya 3 pyXOMHUMH MEXaMHu.
3.3 YMOBH TpaHCBEPCATBLHOCTI.

KiaouyoBi mnoHATTA Ta TepMiHM: TMPUPOJAHI KpailoBl YMOBH, YMOBH
TPAHCBEPCATBHOCTI.

3.1 IllpupoaHi kpaiioBi yMoBH

Buime Oynu po3risiHyTi BapialiiiHi 3aiadi, y SKUX JonycTuUMi QyHKIT Oynu
BU3HAUEHI Ha (PIKCOBAaHOMY BIJIPI3KY [a; b] , IpY 1IbOMY OyiH 3a(iKCOBaH1 rpaHUYHI
TOYKH JIOMYCTUMHUX KPUBUX — TOUKHU A(a,y(a)) Ta B(b,y(b)). Posrnstnemo
BapialiiiHi 3ajgadi, y AKUX eKCTpeMyM (QYHKIIOHATa BHU3HAYAETHCS HA MHOXKHHI
(GyHKIIH, 3HaUEHHS IKUX Ha MeXax BIApi3Ka [a; b] HE € (PIKCOBAaHUMH.

Hexait moTpiOHO TOCTITUTH HA EKCTPEeMyM (DYHKITIOHAT
b
I =[FOxy,y)dx, (3.1)

BU3HAYCHWI Ha MHOXXWHI HemepepBHO nudepenmiioBannx Qynkmiin Yy(X). Ha
BIIMIHY BIJ PO3TJSHYTUX paHIIle 3aaad TyT BIACYTHI OOMEXEHHS Yy BHIJISAII
KpaliOBHX YMOB, 10 (DIKCYIOTh 3HAUYEHHS JOMyCTUMHUX (DYHKIIIH Ha MeXax BIAPIZKY
IHTeTpyBaHHS [a;b]. 3 reoMeTpuYHOi TOYKM 30py JaHa 3ajada IIoJIATaE Y
3HaXO/DKEHH1 KpHUBOi, IO € TpadikoM ¢GYHKIT, KIiHI[I SKOTO pPO3TaIloBaHI Ha
BEPTUKAIBHUX IPIMUX X=4a Ta X =D, ans skoi BignmoBigHe 3HadeHHs (QyHKI[IOHAIA
(3.1) € exkcrpemanbHuM. Bapialiiini 3aadi TaKOro THITY HAa3WBAIOTh 3aJadyaMM 3
PYXOMUMH Me:KaMU. Y TakuX 3ajadyax Bapiaimis oYy AomycTUMoi GyHKIIii y(x) yKe
He 3000B’s13aHa 3a/I0BOJILHSTH HYJIHOBHM KPailOBHM yMOBaM, SIK 1€ Majio MiCIe IS
HaWTpoCTimoi BapiamiiHol 3amadyi 3 (IKCOBAaHMMH MEXKaMH, a MOXXE IpUiMaTh
JOBUIbHI 3HAUCHHS HA KIHIAX Bipi3Ka [a; b] .

Hexait mininterpanbuumii Bupas y (3.1) € ABiul HemepepBHO nu(depeHIiiioBaHOO
¢yHKIIEI0 CBOiX apryMeHrtiB. Sk Oyno Tmoka3aHO paHilie, Meplia Bapialis
dynkiionana (2.1) mae BUTIIA;

5J(y,5y):j‘(%5y+ 2;5y'jdx (3.2)

3 HeoOXiqHOT YMOBH ekcTpeMyMy (yHKmioHana (3.1) — piBHOCTI HYJIIO HOTO Bapialtii

b
oF oF

BUTUIHBAE, 10 j[—é‘y +—0oy' [dx=0.
oy oy ]

4
a

34



L piBHICTh BUKOHYEThCS 1 JIJIs Bapialiil dY, 0 NPpUHAMaIOTh HYJIbOB1 3HAYEHHS HA
KIHISIX BIIPI3KY [a; b], Tomy Qynkuigs Y(X), Ha skiii yskumionan (3.1) gocsrae
€KCTpEMYMY, TIOBUHHA 33/I0BOJIBHATH piBHSAHHIO Elinepa:
oF d|oF
—-—| — |=0, (3.3)
dy dx{ oy
TOOTO BOHA MOBUHHA OYTH €KCTPEMAJLITIO TaHOTO (hyHKIIIOHATIA.
[Ticns iHTerpyBaHHA yacTUHAMU Bapiallig QyHkiionana (3.2) npuilMae BUTIS;

5J(y,5y):‘ﬂ%—%@;ﬂéydx+{2;5y} : (3.4)

a

[arerpan y mpasiii dactuni (3.4) Ha exctpemaini Y(X) HOpIBHIOE HYJIO, TOMY 3

b

piBHOCTI Hymto Bapiamii yskiionana (3.4) BUIUIMBAE, IO {Zjéy} =0. 3Biacu
OTPUMYEMO:

oF oF

7 oy(b)——

V'l oy

Ockimbkn Oy(b)Ta oOy(a) y 3amadi 3 PyXOMHUMH MeEXaMU MOXYTh NpUAMAaTH

oy(a)=0.

X=a

JOBUTBbHI 3HAYCHHS, TO OCTAHHS PIBHICTh BUKOHYETHCS Y BUMAAKY, KON
oF| oF
ay, Xx=b 8}/, X=a

Takum 4yrHOM, KpPHBi, Ha SKHX JIOCATAETHCS eKcTpeMyM (yHkiioHana (3.1) y
3a/1a4l 3 PyXOMHMH MeXaMH, TOBHUHHI 3aJ0BOJBHATH piBHsAHHIO Eitnepa (3.3) Ta

JO0MaTKOBUM yMoBaM (3.5) Ha Mexkax BIAPI3KY IHTETpyBaHHS [a;b]. YmoBu (3.5)

0. (3.5)

Ha3WBaIOTh MPUPOTHUMU KPAliOBUMH YMOBAMHU.

s dynkiionana (3.1) MO)KHA TTOCTAaBUTH TaKOX 3MIIIaHy 3a7a4y, Y SKid OJUH
KiHeIb rpadika mykKaHoi eKcTpemaii € ¢iKCOBaHUM, TOOTO 3aJlaHO KpalOBY YMOBY
Buny Y(a)=Y,, a iHmHMi KiHelb BITbHO MEPEMINIYEThCS B3IOBXK mpsimoi X=b. ¥V

TaKMX BHUIQJKaX Ha BUIBHOMY KIHIII KpHBOI IOBHMHHA BUKOHYBATHICS BIIIOBITHA
MIpUPOJHA KpalloBa yMOBa.
A

IMpukaan. 3uaiiti ekctpemani ¢pynkmionana J(y) = j (y’2 —y? +4ycos X)dx y
0

BapialiifHii 3a/1a4i 3 mpaBoro pyxoMoro Mexero, sikimo Y(0) =0,
Po3p’si3anns. Cxianemo piBHsiHHA Efnepa (2.3) mns manoro ¢yHKIiOHATY.
3Hax0IUMO BIAMOBIIHI ITOXITHI:

F_ —2Yy +4cosX; aF, = 2y’;i£aF’j =2y".
oy oy dx\ oy
PiBusiuus Eiinepa maOyBae Burmsamy: Y+ Y =2C0SX. 3araapbHUM pPO3B’SI3KOM
1poro piBasiHHSA € Y =C, cosX + C, sin X + Xsin X.
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=0.3

ITpuponHa KpaifoBa yMoBa y TOULl X =% Ma€ BUIJIAN 6_F’ =0 abo (2y') o

x=" 4
4

piBaocti Y(0)=0 Bummsae, mo C,=0. Tomi y'=C,cosx+sinx+ xcosx. Toxi

) C 1 T : V2

y'(—j =—~*+——=+ =0. 3sigcm 3Haxomumo C, =——-—1. TakuM 4YHHOM,
4) J2 2 a2 4

IIyKaHa eKCTpeMallb JJaHO1 BapiallifiHO1 3a7a4l Mae BUTJISIA:

y:xsinx—(%+1jsinx.

3.2 3arajabHa BapianiiiHa 3aJa4ya 3 pyXOMUMH MeKaMH

PosrnsiHemo 3amady qoCiiKeHHsT Ha eKCTpeMyM (yHKITioHaIa
b
J(y,a,b) = [F(x,y,y)dx, (3.6)
a

y BUMNAAKYy, KOJM Ha KiHII JONMYyCTUMUX KpuBHUX Y(X) HE HAKIQJCHO HIAKUX
OoOMeXeHb, TOOTO BOHU € BIIBHMUMH. Y IIbOMY BHITAAKy OOJAcCTh BHU3HAUYCHHS
JOMYCTUMUX (QYHKIINA HE € (PIKCOBAHOIO, a 3MIHIOETHCS y 3aJIEKHOCTI BiJ] BUOOpY
¢yukmii. Sxmo ¢yskmis  Y(X) € HemepepBHO IUQPEPEHIIHOBHOI HA BiIpPi3Ky
IHTErpyBaHHS [a;b], IMPUYOMY Ha HOTo Mexax X=a Ta X=Db icHyrors BigmoBimHi
OJIHOCTOPOHHI TOX1AHI, TO 10 (DYHKIIF0 MOXKHA MPOJOBXKUTH Ha OUTBIIUN BIAPI30K
[ao;bo] TaK, 110 TpoaoBxkeHa yHKIis Y(X) Oyme HenmepepBHO nupepeHITIHOBHOIO Ha

[ay;b, ]
BapiariiiHy 3amady 3 pyXOMHMH MEXaMH MOKHa C(HOPMYJIIOBaTH HACTYITHUM

gyuHOM. [loTpiOHO 3HaWTH excTpeMyM (QyHKIioHana (3.6) y mpocTopi C[lao;bo]

HelepepBHO IUQEPEHIIMOBHUX Ha BIIPI3KY [ao;bo] GyHKIIH TOpu 3HAYSHHSAX
nmapameTpiB 8, <a<b<b,.

1 . . . o .
Hopma mpoctopy C HE BpaxoBYy€ BIICTaHI MDK Mexamu Tpadikis

[a0;bo]
JomycTUMUX (YHKIIH, TOMY JUIsi AaHOi BapiamiiHOi 3amadi OJW3BKICTh (PYHKITIN
BU3HAYMMO 32 JIOTIOMOTOIO BifICTaHi 0, siKa JJIs AOBUTBHUX QYHKIINA Y(X) 3 MekaMu

A(a;y(a)), B(b; y(b)) ta §(X) 3 Mexamu A(E;y(d)), I_5>(5; y(f))) 3aJJa€ThCS PIBHICTIO
§'(x) - y'(x)]) + |AA| + BB,

Py, 9) = max(|50) - y(x)|+
ne T =[a;b]m[é;5].
Bennunna npupocTy (QyHKIIOHANA 3aJIeKUTh HE TUIBKU BiJ Bapiamii QyHKITII
Sy = ¥(x) — y(X), ane if Bix Bapiauii pyxomux Mex da=4a—a ta Sb=b—b.
Jlns ¢ikcoBaHuX Bapianii oy, 0a,0b  BusHaummo QyHKIi @(Q) =
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=J(y+ady,a+ada,b+aob). Sxmo o¢yukiis y(X) € TOYKOW EKCTPEeMyMy
dynxuionana (3.6), To ¢pynxuis ¢(«) nocsrarnme excrpemymy mpu o =0. Slkumo
IpU LBOMY go(a) nudepenuiioBHa y Touri =0, To (p'(O) =0.

Hexaii mimiaterpansauii Bupaz F(X,y,y) y dyskmionani (3.6) € naBigi
HEnepepBHO AU(EPEHIIHOBHOIO (PYHKIII€I0 BCIX CBOIX apryMeHTiB, a GyHKIis Y(X),
rpadik sAKOi OOMEKEHHH TOYKAMHU A(a; y(a)) Ta B(b; y(b)), HA/Ja€ CKCTPEMyM

¢ynkuionany (3.6). OyHkuis (p(a) Ma€ BUTIIAL:
b+adb

p(a)= I F(X,y+ady,y +ady')dx.

a+ada
3HalIemMo (p'(a), BUKOPUCTOBYIOUH (popMyny audepeHIlitoBaHHs I1HTErpaity 3a
napamMeTpoM, BpaxoBYIOYH, 110 BiJ Mapamerpy y JaHOMY BHUMAJKY 3aJeXaTh 1 MEX1

iHTeFPYBaHHSI. OTpI/IMaCMOZ
b+adh

¢'(a)= I F(x,y+adyy +ady)dx+F(x,y+ady,y +asy') ob —

X=| b+a5b
a+ada

—F(x,y+ady,y +asy’)| -da.

X=a+aoa

3BiICH 3HAXOAUMO:
b

, oF oF ., , .
¢(O):J‘{55y+w5y}dx+F(x,y,y)\x_b-5b—F(x,y,y)\X_a-5a. (3.7)

IlepeTBoprMO iHTerpan y mpaBiii yactuHi (3.7), BUKOHABIIM I1HTEIPYBaHHS 3a

JaCTUHAaMM. OTpI/IMa€MO:
b

o oF oOF ..l toF dfoF oF
![55“ay'gy}dx_ﬂa_&iay'ﬂayd“ay'5y |

a

(3.8)

Hexaii
Y, = §(b+8b) - y(b) = §(b + ob) - §(b) + §(b) - y(b) ~ §'(b)db + 5y(b).
Toni nist miBoi Mexi BIAPI3Ky IHTETPYBaHHS OTPHUMYEMO:
5y, =y(a+doa)-y(a)~y'(a)da+sy(a).

3 BpaxyBaHHSM IMX HAOIMKEHUX BUpa3iB (3.8) MOKHA 3allUCATH Y BUTJISII:

b oF d(oF
N
e -(5yb _ y/(B)ob) - gﬂ (Y, - §'(@)5a).

[TincTaBuBmu 1iet Bupas y (3.7), OTpUMaeMo:

¢'(0)= j———[

( aF] sp_ OF
N ), oy’
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Otpumanu BHpas, 1o € JIHIHHUM BiIHOCHO Bapialiit oY, da, dY,, ob, Yy, .

Bupa3s (p’(O) =5J(y,8y,6a,8Y,,6b, 5yb), 10 € JIHIHHUM BITHOCHO Bapiallii
¢yHkmii y(X) Ta Mex iIHTETpyBaHHS, Ha3UBalOTH Bapianico pynkuionana J(y,a,b)
(3.6) y 3amayi 3 pyXoMHMH Me:KaMH.

Q®opmyna (3.9) nns Bapiamii QyHKUIOHAjda Yy 3aj1adyl 3 PYXOMHUMH MeEKaMu
MICTHUTh SIK OKPEM1 BUIAJIKU:

— ¢opmyny mis Bapianii (yHKIIOHaNa y HAWOpOCTININ 3aaadi BaplaliifHOIo
yucieHHs (mpu  oa=0b=3y, =0y, =0);

— ¢dopmyny s Bapialii pyHKIIiOHaNA, 3aJJaHOTO Ha KPUBUX, MEXK1 SIKUX MOXKYThb
MePEMIIIIyBATUCS B3JI0BXK BEpTUKAIBHUX mpsiMux (da=o0b =0);

— Qopmyny ans Bapiatlii pyHKI[iOHaa, 33/1aHOTO Ha KPUBUX, MEXKI TKUX MOXYTh
TIEPEMIIIIYBATUCS B3/I0BX TOPU30OHTANBHUX NpsMEX (OY, =0Y, =0).

3.3 YMoBM TpaHCBePCAJbHOCTI

Hexait pynkiionan (3.6) 3a1aHo Ha HenepepBHO NU(EepeHIIHOBHUX (PYHKIIIAX,
Mexi rpadikiB skux po3mimeHi Ha ¢ikcoBanux kpuBux Y= f(X) ta y=g(x),
BU3HAUEHUX HA BIAPIZKY [ao;bo]. [TpuknagomM BapialiiHOi 3a7a4i 3 TAKOK 00JaCTIO
BU3HAYCHHs (YHKIlIOHAa € 3ajJada Mpo 3HAXO/DKCHHS BIJICTaHI MiX JBOMA
KPUBUMHU.

Sxmo Ha neskid pynkuii Y(X) dyHkmionan (3.6) mocsrae eKCTpeMyMmy, TO Iist
GYHKIIIST € TOYKOK EKCTpeMyMy cepell BCiX (yHKIHN, Tpadikud SKUX MalwTh 3
rpadikom Y(X) cmimbHI Mexi. 3Biacu BUIUMBae, Mo (QyHKImisS Y(X) MOBHHHA

3aJI0BOJILHATH piBHsIHHIO Elinepa nis ¢pynkirionana (3.6), To0TO MoBUHHA OyTH HOTO
exctpeMamuno. ToMmy y 3aranphiit dopmym (3.9) mias Bapiarii ¢yukmionana (3.6)
iHTerpaJl y TpaBiii YacTUHI JOpiBHIOE HymM0. HeoOXimHa ymoBa €KCTpEeMyMy
dynkiionana (3.6) HabyBa€e BUTIISY:

-]y (roy )
x=b x=b ay X=a ay

OF| sy, +(F ~ y,@Fj

oy’ oy’
Ockinbku KiHIi TpadikiB 1omycTUMUX GYHKIINA 3HAXOAATHCA Ha (IKCOBAaHUX KPUBHX
y="f(x) ta y=g(x), To Bapiauii oYy, =g'(b)ob, oy, = f'(a)da. Tomy ymona
(3.10) HaOyBae BUTIIAY:

{F +(g'—y’)2§lj 5b—(F +(f’—y')g;j

Ockinbku Bapiamii 0a Ta Ob € He3aneKHUMH, TO OTPEMYEMO PIBHOCTI:

oa=0. (3.10)

X=a

oa=0.

X=a

[F+(g’—y’)2§} =0;

A (3.11)
F fr—y' =0.
[ +( y)ay,la
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KpaiioBi ymoBu (3.11) Ha3uBaoTh yMoBaMu TpaHcBepcaiabHocTi. KpuBy Yy(X), mo
3a/I0BOJIbHAE  yYMOBaM  TpaHcBepcaidbHOCTI  (3.11), Ha3uBalTh KPHUBOIO,
TPaHCBePCaJbHOI0 10 KpuBuX Y =((X) Ta y= f(X).

Bu3HaunMMo reoMeTpuYHM 3MICT YMOB TPaHCBEPCANBbHOCTI AJiA ()YHKLI1OHAIB

b
Buny J(Y) :jA(X, Y1+ y?dx, me A(X,y) — HemepepBHa iBidi mudepenmiiioBHa

¢yHK1IsA CBOIX aprymMeHTiB. JlocmiauMo 1el pyHKIIOHAI Ha eKCTPEMYM Ha MHOXUHI
HenepepBHO NU(PEepeHIMOBHUX (QYHKIIN, KIHII TpadikiB SKUX 3HAXOASTHCS Ha
HerepepBHO nudepeniiiioBaux kpuBux y = f(x) ta y=g(x). Maemo:

F=AXY)1+Yy7; 0 ’ y

F
=AXY) ———;
oy 1+y"”
1+ gfy’

F +(g’_y¢)2y’_A(X,y)W .

3BiicH BUIUIMBAE, MO M1 (YHKIIOHATIB JAHOTO TUIY YMOBH TPAaHCBEPCATBHOCTI

!

. Takum

Ta, BigmosinHo, y'(a)=—
g'(b) f'(a)

YMHOM, YMOBH TPaHCBEPCAIBHOCTI €KCTpeMajell IaHoro (pyHKI[OHAy 10 KPHBHX

y="f(X) Ta y=g(X) BuUpaxarTh YMOBH IX OPTOrOHAJIBHOCTI JO IIMX KPUBHX Ha

MoykHa 3anucaTtu y Burisai Y'(b) =—

BIJIMTOBIIHMX MeXKaX Bipi3Ka IHTErpyBaHHSI.
PosrnsiHemMo BUIAmOK, KOJIM MeXi ekcrpemaneit QyHkiionana (3.6) MOXYTh
NepeMillyBaTUCh  B3JIOBX KPUBHX, 3aJaHUX y HesIBHIM  Qopmi, T0OTO

h(a,y,)=0; h,(b,y,)=0.

oh,
Jnst  KpuBoOi h(x,y)=0 OTPUMYEMO dy =— ah, X dx , 3BiIKH
Yoy
oh, oh,
oy, =— X Sa. Amanoriumo OTPUMYEMO OY, = — Xl sb.
T, R,
ay X=a ay x=b

[MincraBnsroun y (3.10), 3 BpaxyBaHHSM HE3aJC)KHOCTI Bapiariii oa ta ob
OTPUMAEMO YMOBH TPAHCBEPCATBLHOCTI JUISI JTAHOTO BHIIAIIKY:

oh, ,OF ) ah, oF ,
3525 -
v ¥ b (3.12)
[%[F_y,a:]_ahlalrj o

oy o) oxoy)

Hexail kiHIlI eKcTpemManeil MOXKYTh MEPEeMIIyBaTUCS B3J0BXK TOPU30HTAIHHUX
npsmux Y, =V, Y, =Y,. Toai oy, =0y, =0 13 piBHocTi (3.10) oTpuMmyeMO yMOBU
TPAHCBEPCAIBHOCTI JIJIsl JAHOT'O BUMAAKY Y BUTJISIAL:
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(F—y’ﬁFj :(F—y'aFj =0. (3.13)
ay’ X=a ay, x=b

VY Bunaaky, KOJM KIHII €KCTpeMajiel MOXKYyTh MEpEMIllyBaTUCh B3JI0BX
BEPTUKAIBHUX MpPAMUX X=a Ta X=Db, otpumyemo da=0, ob=0. Toxi 3 (3.10)
BUIUIUBAIOTh MPUPOJIHI KpaloBI YMOBH, 110 BXK€ OyJIM OTpUMAaH1 y MONEPEIHHOMY
naparpadi JUisi JaHOTO BUIMAJIKY:

oF| oF
ayr - ayl

Mpuxnag 1. 3naiiTu KpuUByY, MO 3’ €IHYE TOUKY A(O;O) 3 opsaMoro Y =1, nus

=0. (3.14)

X=a

b
skoi pynkuionan J(y)= I(Xy' +y"? )dX MOJKE JOCATaTH EKCTPEMYMY.
0

Po3B’si3aHHs. 3HaiiieMo CIMEMCTBO eKkcTpemajel jaaHoro (QyHkiioHana. J{ms
IILOT'O CKJIa/IEMO Ta PO3B’sikeMo piBHAHHS Eiinepa.

F=xy+ y’2;ﬁ =0; aF, = X + 2y’;i(aF,j =1+2y".
o oy dx | oy
PiBusuus Edinepa mae Bursaa: 1+ 2y"=0. 3Bijcu 3HAX0AMMO PIBHSAHHS CiMelCTBa
2
ekcTpeMasie (QyHKIlOHama: Y = —X? +Cx+C,. 3 xpaiioBoi ymoBu Y(0)=0

snaxonumo C, =0. Ha mpaBiii Mexi iHTerpyBaHHA Y =D BHKOHYETbCS yMOBa

=0.

!

TpaHcBepcanbHocTi (3.13): (F -y gjj

x=b

2
IIpu x=Db y’:—9+C1, F=b —E+C1 + —E+C1 ,aF,:b+2 —9+C1 .
2 2 2 oy 2
[TincraBnsiroud 1i BHpasd y YMOBY TpaHCBepcalbHOCTI mpu X=Db Ta
BpaxoBytoun, mo Y(b)=1, orpumaemo cuctemy aireOpaiyHuUX PIBHSIHbL BITHOCHO

HeBinomux C, ta b:

(602 o DJovrey-o

y(b) :—% +Ch=1.

P03B’s13y104H 1110 CUCTEMY 3 BpaxyBaHHsIM Toro, mo b >0, orpumyemo C, =1; b=2.

TakuM yuHOM, OTPUMYEMO PIBHSHHS €KCTpeMali JaHoi BapiaiiitHoi 3a1a4i y BUTIISA1
2

=——+X.
y 4

Tpuxaan 2. 3HalTH BifcTaHb Mix napabosoro Y = X* Ta npsamoro X—Yy =5 [2].
Po3B’si3anHs. 3a7aua 3BOJUTHCS J0 3HAXOKCHHS CKCTPEMAaJbHOTO 3HAYCHHS
¢dyHKIllOHANA
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J[y(x)]= j 1+ y’>dx — extr (3.15)
Xo

IpH yMOBi, IMO TiBMH KiHENb eKCTpeMali MOXKe pyXaTHCS Mo KpuBiii Yy =X, a
npaBuii — mo mpsmiit Y =X-95. Takum umHoM, maemo f (X) =X, g(X) =X—05.
3aranpHuii po3B’sa30K piBHAHHA Einepa — y =C X +C,, ne C, 1 C, — crami, siki Tpeda
BU3HAYUTH. Y MOBU TpaHcBepcasbHOCTI (3.11) MaroTh BUTIISA

2 ' y'
[\/1+ y*? +(2x-y") — v }

2 ' y'
[\/1+ y?+(1-y )W}

y(XO,Cl,CZ) (
y(%,C,C,)=9(

=0,

X=Xo

=0.

X=X,

PiBHsHHSA

Il
—n

X ),
)

HaOyBalOTh BUTIIALY
2
C X, +C, =X3,
Cx +C,=x -5
BpaxoByroun, mo Yy’ =C,, OTpUMyeMO CUCTEMY YOTHPHOX PIBHSIHB 3 YOTHPHOMA

C
J1+Cl +(2%,-C,)——==0,
J1+C;

C
J1+CZ +(1-C))—=—=0, (3.16)
\1+C/
C.X, +C, =X,

Cx +C, =% -5.
Poss’siskom cuctemu (3.16) e: C,=-1, C,=3/4, x,=1/2, x,=23/8.

23/8 238

Orxe, y=—x+3/4 1 J[y(x)]= J' «/1+(—1)2 dx =+/2 x :%.
Y2 12

PiBHsHHs ekcTpeMaini Y = —X+ 3/4. Bigcranp Mixk mapabosior0 Ta IpsSaMor0 JOPiBHIOE

1942 /8.

HeBizomumu C,,C,, Xy, X,

ITuTanHs A5 camMonepeBipku:

1. CdopmymntoBatu pupoHi KpaioBi yMOBH i PyHKITioHana J (y(x)) :
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o

o bd e

HagaTtu reomeTpuuHy 1HTEpIpETALIIO IPUPOJIHUX KPAaHOBUX YMOB.
CdopmymntoBaTu 3arajibHy BapialliiiHy 3a/iaqy 3 pyXOMUMU MEKaMH.

SIki kpalioBI yMOBH Ha3MBalOTh YMOBaMU TPAHCBEPCATIBHOCTI?

BkaxiTe ertanmu peanizaiii aJropuTMy pO3B’sI3yBaHHS BaplaliiHOI 3a1ayl 3
PYXOMHUMH MEXaMHU.

OTpuMat yMOBH TPAHCBEPCAIBHOCTI JUJI BUIAAKY, KOJIM MEX1 JOMYCTUMHX
KPUBHUX MOXYTh pyXaTHUCS B3JOBX KpPUBHX, PIBHSHHS SKMX 33JaHO Yy HESIBHIN

dopmi.

CdopmynoBaTu KpailoBi YMOBH AJIs BUMAJIKY, KOJIU MEX1 JOMYCTUMHUX KPUBHUX
MOXKYTb MEPEMIIIYBATHUCS B3/I0BXK BEPTHUKAIBHUX MPSIMHUX.

Y doMy mnonsira€ TEOMETPUYHUN 3MICT YMOB TpPaHCBEPCAIBHOCTI s

b
dyukuionanis suny J(y)= j A(X, y)y/1+ y?dx?

IIpakTu4Hi 3aBIaHHS

3Haiitn Haiikoporiy Bifcrans Big oukn A(—1,3) no npsmoi y =1-3x [1].
3Haiitn Haiikoporiy Bincranb Bix toukn A(—15) no napaGomn y* =x [1].
3HaiiTi HalKOPOTIIY BiACTaHE Mixk KoroM X’ + Yy =1 ta mpamoro X+ Yy =4 [1].

3Haiitn Haiikoporiy Bincranb Bix Toukn A(1,0) xo enincy 4x* +9y* =36 [1].

1
Jlocninuty Ha exctpemym dynkuionan J[y(x)]= JA y?y'?dX mpu yMoBi, o oauH
KiHEIlb JAOMYyCTUMHX KpuBHX € 3adikcoBanuM y Touri (0,0), a mpyruit KiHeinb

. 1
PYyXaeThes Mo NpaMiil Y = 5(3 —X).

Jlocmiaut Ha eKCTpeMyM (PyHKITIOHAT

/ 12
I[y(x)]= _[ dx —>extr; y(0)=0, y,=x —5.
3HaiiTH  KpuUBY, Ha  SKI  peami3yeTbcs  €KCTpeMyM  (yHKI[IOHAa

2
J[y(x)]= J (Xy'+ y'z)dx IpU YMOBI, 110 JIiBU# KiHEIb 1 3HAXOMUTHCS y TOYII
0
A(O,l) , a IPAaBUN — Ha MpAMIA X =2.
Cepen niHii, mo 3’€aHyr0Th Touky O (0,0) 3 kpuBo0 Y° =2 —X 3HAHTH Ty, SIKa
Xy

nae miniMym dynkuionana J [y(X)]= %J‘(yrz B yZ)dX |
0
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4 EKCTPEMAJII 3 KYTOBUMH TOYKAMHA

KiouoBi moHATTSE Ta TepMiHM: KyCOYHO Iajaka (yHKIIsS, KyToBa TOYKa,
yMoBH Benepmrpacca — Epamana.

VY BapiamiiHOMy YHMCJICHHI 3yCTpIUalOThCs 3ajadi, y AKUX 00JIacTh BU3HAUCHHS
($yHKII0OHAIA HE MOXkKe 0OMEXKYyBaTUCA HENEepepBHO TUpepeHUIHOBHUMU (YHKIIISIMU.
be3nocepeiHb0 3 MOCTAaHOBKM 3a/adyl MOKE BUIUIMBATH, 110 NoXigHa (yHKIII, Ha
AKIA  (PYHKIIOHANI JOCATAaE EKCTPEMYMY, Ma€ pPO3pUB MEPLIOTO THUILY Y JAESKIN
BHYTpIIIHIA TOUll X=C NPOMDKKY IHTErpyBaHHs. Y WIA TOYLI JIIBOCTOPOHHS
NOXIJJHA eKCTpeMalli He JOPIBHIOE ii MPaBOCTOPOHHIN MOXinHIA. Y TOH ke yac i nmpu
BIJICYTHOCTI JOJAATKOBUX YMOB JUIsl BapialiiHoil 3ajayi ii QyHKIIOHaT MOKe He MaTH
EeKCTpEeMYMIB cepejl HemepepBHO AudepeHIIMoBHUX (QYHKININ, a po3B’ 30K 3agadi
MOK€ MaTH KyTOB1 TOUKH, Y SIKUX MOXIJHA €KCTpEMasi Ma€ PO3PUB.

3HaiileMO YMOBH, SKUM TIOBMHHI 3aJIOBOJIBHATH TOYKH EKCTPEMYMY
(dyHKII0HaNA

J(y) = [F(xy,y)dx, (4.2)

SKITO0 WOTO 00JacTI0O BU3HAYECHHS € MHOXKMHA KYCOYHO TJIQJIKUX Ha [a;b] byHKIIIH.

[To-nepimie, kokHa Tiagka AUITHKA (QYHKINI, 110 Hagae eKCTpeMyM (yHKI[IOHATY
(4.1), noBuHHA 3a70BOJIbHATH piBHsAHHIO Eitnepa mis nporo dynkiionana. [To-apyre,
BUXOJIYU 3 HEOOXITHOT YMOBHM €KCTpeMyMy (QYyHKIIOHAlIa Ta PO3TISIAI0YU IPU
IIbOMY KYTOBY TOUYKY SK PYXOMY MEXY, MOKHa 3pOOUTH BHUCHOBOK MpPO T€, IO Y
KOKHIM KyTOBi# TOYIll X =C NMOBHUHHI BUKOHYBAaTHUCS YMOBH:

SVL I PR

oy x=c-0 oy x=C+0 (4.2)
oF|  oF
8y' x=C—-0 ayl x=C+0

Tyt 3anmc X =C —0 o3Ha4ae JTIBOCTOPOHHIO TPAHUIIIO BiMOBITHOTO BUPa3y y TOUII
X=C, a3anuc X=C+ 0 — BiIMOBITHO MPABOCTOPOHHIO TPAHUIIFO.

YmoBu (4.2), 10 TOBUHHI BUKOHYBAaTHCS y KyTOBid Toulli pyHkmionara (4.1),
Ha3MBalOTh yMOBaMu Beilepurpacca — Epamana.

TakuM YMHOM, anTOPUTM 3HAXO/DKEHHS eKcTpeManed ¢yHkuionana (4.1) 3
KyTOBUMH TOUKAMH CKJIQTA€THCA 3 HACTYITHUX KPOKIB.

1. Jlna 3amanoro ¢ynkiioHana 3amucyemo ymoBU Beliepmtpacca — Epamana.
Akmo 3 HUX BUIJIMBA€ YMOBAa HEMEPEPBHOCTI TMOXIAHOI eKcTpemai
y'(c—0)=y'(c+0), To ekcTpemai 3 KyTOBUMH TOYKAMH BIJACYTHI.

2. Y iHmomy pa3i ckimamaemo piBHsHHs Elimepa Ta 3HaxomuMo WOTO 3aralibHi
po3B’sskn Ha Bigpiskax [a;c] Ta [c;b] — Bignosimmo Y, =V,(x,C,,C,) ra

Y, = yZ(X’CS’C4)'
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3. Busznauaemo cram inrerpyBanns C,,C,,C,,C, 3 3amaHux KpaliOBUX YMOB
v,(@)=VY,, Y,(b)=Yy,, ymMOBH HemepepBHOCTI ekcTpeMayi y KyTOBid TOYIi
y,(c)=Y,(c) Ta ymoB Beiliepmtpacca — Epamana. ¥V pe3ynabTaTi OTpUMYyeEMO

)y, (x),xela;c|;
y= Y, (X),x e|c;b].
Hpuxnan 1. 3naliTu excTpeMani 3 KYTOBOIO TOYKOK Ui (PyHKIIIOHAa
4
J(y)=[y*(y' —2)" dx, sxmo y(0)=0, y(4)=4.
0

Po3p’si3anHs. 3anumemo yMoBM BeitepmTpacca—Epamana st JaHOro
(pyHK1IOHAaNA.

EKCTpEMallb:

al: [ 1 1 [ 14 14 14
=2y'(y' —2) +2y*(y' -2)=4y'(y' -1)(y' - 2);

Ty -2 - ay* (Y -0 -2) =y (V- 2)2- )
YmoBu Beiiepmirpacca — Epimana HaOyBaroTh BUTTISIAY:

{y'z(y’—Z)(2—3y’)\xco =y*(y'-2)(2-3y)

1
x=Cc+0

4y'(y =1y -2)_ ,=4y'(y-1(y'-2)
i piBHOCTI MOXXYTh BUKOHYBATHCS Y OJTHOMY 3 TPbOX BHUIIAJIKIB:
1. y'|x=c_0 =Y o Y UBOMY BHIIAJIKY MOX1JTHA eKCTpeMalli y Todli X=C €

HEMepEepPBHOI0, TOMY KYTOBI TOYKM BiICYTHI. OCKIIBKM IHTETpaJbHUM BHpa3 Y
(GyHKITIOHATI 3aNIeKUTh TUTBKH Bif Y, TO Horo ekctpemainb Mae Burisig Y =C X +C, .

x=C—0 x=C+0

Crami  iHTerpyBaHHS  3HAXOJMMO 3  KpalOBUX  YMOB: y(0)=C, =0,
y(4) =4C, =4 = C, =1. Orxe, piBHSIHHS eKCTPEMaJi Ha [0;4] Ma€ BUTIIST Y = X.

2. y'|x=c_0 =0; y'|X=c+0 =2. Ilpu Xe [O;C] PIBHSHHS CKCTpeMaji Mae BHIJISAL
y,(x)=Cx+C,, nmpu Xe [C;4] PIBHSHHS €KCTpeMaji 3alMIIeMO Yy BHIJIAII
Y, (X)=C,x+C,. 3 xkpaiioBoi ymoBu mpu X=0 s3naxomumo, mo Y,(0)=C,=0.
Maemo y,(X) =C.X. s IPSIMOT Y, (X) OTPUMYEMO:
y,(4)=4C,+C,=4=C,=4(1-C;); y,=Cx+4(1-C)); VY| . ,=¥1=C=0;
y’|X=C+O =C,=2. [linctaBuBmIM 3HAWJCHI 3HAYCHHS CTANUX IHTETPYBaHHI Y

piBHSIHHS ekcTpeMmanel, otpumaemo Y, =0, Y, =2X —4. 3Haiinemo KyToBy TOUKy C
y,(c)=Y,(c)=0=2c—-4=c=2. Ekctpemab 3 KyTOBOIO TOUYKOI Ma€ BHUTJISI:

_J0,xe[0;2];
y(x) _{2x—4 xe[24]
3.y |X o = 2,y |X oo = =0. AHaJOriYHO MOMEPEeIHLOMY BHIAAKY MPH X € [O C]

piBHSHHS ekcTpemani 3armumemo y Burisiai Y, (X) =C x+C,, npu Xe[c,4] Ma€EMO
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exkcrpemans  Y,(X)=C,x+C,. 3HaiinemMo 3HaueHHA CTaqUX IHTETPyBaHHS.
y,(00=0=C,=0=y,=C,x. 3 ymoBu Y,(4)=4 3naxomumo C, =4(1-C,). Toni
Y,(X)=C;x+4(1-C,). Y| ., =Y:=C,=2. Tomy Yy, =2X.
Hns  mpsmoi Y, (X) y;‘x=c+o =C,=0=Yy,=4. BuKOPUCTOBYIOUH YMOBY
HEMEpPepBHOCTI  EKCTpeMalll  Mpu X=C, 3HalIeMO  KyTOBYy  TOYKY:
y,(€)=Y,(c)=2c=4=c=2. OrpumManu eKkcTpeMajb 3 KyTOBOI TOYKOIO:
~ {ZX, x €[0;2];
" 4. xe[2;4].
Ha nenepepBHO audepeHIIHOBHIA ekcTpemanl Y =X 3HaueHHd (yHKIIOHaNa
4
J(y) mopiBHIOE jdX =4, Ha ekcTpeMalAx 3 KyToBoiO Toukoro J(y)=0. Ockinbku

0
migiaTerpagbHa QyHKIIA N1 AaHOTO (yHKIIOHATy € HeBim emHoro, To J(y)>0,

TOMY MIHIMYM (DYHKITIOHAJIa JOCSTA€ETHCS HAa EKCTPEMAJIsiX 3 KyTOBOIO TOUYKOIO.
Mpukaan 2. Bigmykatu 1amaHi ekcTpemaii QyHKIlioHaa

J[y(x)] :'Zf(y'4 —6y'2)dx, y(0)=0, y(2)=0,

y NMPUIYIICHHI, 110 Y' MOXE MaTh OJIHY TOUYKY 3JI0MY, siKa BIAMOBIAae abcuci X =C

[1].

. 2
Posp’sizanns. Ockinbkn F, =12y" —12 moxe NepeTBOPIOBATHCS B HyJlb, TO

HasSBHICTh 3JI0MIB €KCTpeMalli € MOxJauBorw. IlimiHTerpanbHa (QyHKINS 3a71€KHUTh
auuie Bix Y, ToMy ekctpemansmu € npsimi Y =C X +C,.

Hexan

y_=mx+n (0<x<c), y,=px+q (c<x<2).

3 rpaHUYHUX YMOB 3HaxoaumMo N =0, J=-2p, TaK 110

y =mx, y,=p(x-2). (4.3)
YMoBa HEMEPEPBHOCTI EKCTpeMali Aae
mc=p(c—-2). (4.4)
YmoBu Beiiepmrpacca—EpnMana HaOyBatoTh BUTTISIY:
F, =4y” 12y,

F-y'-F,=-3y"+6y".
Ockinbku Y =m, Yy’ = p, oTpuMaeMo
Am® —12m=4p°-12p,
{—:%m4 +6m*=-3p* +6p?,
abo
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(m-p) (m2+mp+ p2—3):0,

(m*—p?) (m*+p*-2)=0.

Jlpyre pismstHES B (4.5) Bigpasy mae m=p a6o m=—-p a6o mMm*+p°-2=0.

Po3B’si30k M= p mnoBuHEH OyTH BIKUHYTUH: TPU HBOMY EKCTpeMallb Mae

HETMEepepBHY MOXIAHY, a 13 yMOoBH (4.4) oTpumyemo, mo M =0, ToOTO eKkcTpemasb —
Bizpi3ok oci OX .

Takum umHOM, pO3B’si3aHHS cuctemMu (4.5) 3BOAUTHCA JI0 PO3B’SA3aHHS
HACTYITHUX CUCTEM PIBHSHb:
m=-p,
| w

m?>+mp+p°=3

(4.5)

{ i pt=2 4.7)

m®+mp+ p>=3.
Po3B’s130k cucrtemu (4.6): m = \/§, p= —\/5 1m= —\/5, p= \/§ Po3B’s130K cucremu
(4.7) m= p nmoBuHeH OyTH BinkuHyTHI. OTKE, M=—P 1 yMOBa HenepepBHOCTI (4.4)

mae c=1.
JlamaHi excTpemati 3 OJIHI€I0 TOYKOIO 3JI0MY MalOTh BUTJISI:

) J3x, 0<x<1, . ) /3%, 0<x<],

= 1 =

& —V3(x-2), 1<x<2 & V3(x-2), 1<x<2
I[v,00]1=3[y,(x)]=-18.

I[utanusa nis camonepeBipku

=

Sxi KpUBi Ha3UBAIOTh EKCTPEMAJISIMH 3 KYTOBUMH TOUKaMU?

CdopmymroBatu ymoBu Beliepmtpacca — Epamana.

3. JSxi eranu mnepenbavae ajropuTM 3HAXOJDKEHHsS EKCTpeMmaled 3 KyTOBHMH
TOYKaMu?

no

IpakTuyHi 3aBIaHHS

3HalTH JJaMaHi eKCTpeMaJi (K10 BOHH iCHYIOTh) JUTsl pyHKITioHamiB [1-3]:

=

J[y(¥)]= I(y’4 —~ 2y'2)dx —extr, y(0)=0, y(4)=2.

I[y()]= f(y’z +2xy -y Jdx > extr,  y(X,) =Yy Y(X)=V;.

Xo

no
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2

N [y(x)]=: y'z(y’—l)2 dx —>extr, y(0)=0, y(2)=1.

0

.J[y(x)]::(y’—l)z(y’+1)2dx—>extr, y(0)=0, y(4)=2.

CI[y]= [ (v +4xty =3y*)dx >extr,  Y(X,)=Yo Y(4)= Vi

Xo
1

CJI[y()]= : y* (1- y')2 dx > extr, y(-1)=0, y@)=1.

-1

xl4 ) , , ) 7Y
: J[y(x)]:j(y —6yy'—16y )dx—>extr, y(0) =0, y(Z]_l.

0
(W)
4+ y?

.J[y(x)]zj dx —>extr, y(3)=0, y(4)=+/5.

CI[y(x)]= I(Sy’z—yz)dx—thr, y(0)=0, y(a)=h.
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5 JOCTATHI YMOBHU EKCTPEMYMY ®YHKIIOHAJIA

IMnan:

5.1 Ilone exctpemaieil.

5.2 JloctaTtHs ymoBa Beitepitpacca.
5.3 JocrtatHi ymoBu Jlexxanapa.

KiouoBi moHATTS Ta TepMiHM: 1oJie €KCTpeMaliel, HaxWi MOojds y TOYI,
IIEHTpaJbHE TI0JIe eKcTpeMayie, ymoBa Sko6i, ¢yHkiis BeiepmTpacca, ymoBa
Jle:xxanzpa, JOCTaTHI YMOBHM CJIa0KOIO €KCTpEMyMY, JIOCTaTHI YMOBH CHJIBHOTO
EKCTPEMYMY

5.1 IloJsie ekcTpemaJieii

SAxio Ha koopauHaTHIN TiomuHl XOY depe3 KOKHY TOUKy nesikoi obnacti D
HNPOXOIUTH OJHA 1 TUIBKM O/IHA KpuBa ciMelictBa Y = Y(X,C), TO rOBOpSATH, 110 JaHE
CIMEHUCTBO KpUBHX YTBOPIO€E y obsiacti D moJie (BiaacHe mosie). KyroBuii koedirieHT
p(X,y) motmunoi mo KpuBoi cimeiictBa Y =Y(X,C), M0 MpOXOIUTH Yepe3 TOUKY

(x,y), HA3MBAIOTh HAXMJIOM MOJIA Yy TOYII (x,y). Hampuknan, Bcepeauni kpyra

x> +y? <a’ mpami y=2x+C yrBoproots none 3 HaxmwioM p(X,Yy)=2. CimeiictBo

napaboJl BCEpeIMHI IILOTO X Kpyra TOJisi HE YTBOPIOE, OCKIIBKH BCEpPEIUHI Ii€i
o0JacTi JaHi mapadoyi MepeTHHAIOTHCS.

SIkmio Bci kpuBi cimeiictBa Y = Y(X,C) mpoxoasars depes Aesky Touky (X,,Y,)
obnacti D, ToOTO YTBOPIOIOTH MyYOK KPUBUX 3 IIEHTPOM Y JIaHid TOUIll, TO BOHU HE
YTBOPIOIOTH BJIACHOTO TOJIsI y IiK oOmacti. [IpoTe, sKmio 1i KpuBI MOKPUBAIOTH
obnmacte D MOBHICTIO, IEPETHHAIOYNCH Y HIM TUTBKH B IIEHTP1 MyYKa, TO KaXYyTh, IO
cimeiictBo kpuBuXx Y =Y(X,C) yTBOpIOE HEeHTpPaJibHe TOJe 3 IICHTPOM Y TOHIl

(X,,Y,). Hanpukman, myuok cuuycoin y=Csinx mpu 0<X<a,a<sz yTBOpIOE
ueHTpanbHe nose. Tol xe nydok npu 0< X< a, a> 7 1nojis He YTBOPIOE.

Sxio BracHe abo IEHTpaAIBHE TM0JIe YTBOPEHE CIMEHCTBOM €KCTpeMaliel AesiKoi
BapialliitHoi 3a/1a4i, TO HOro Ha3WBAIOTh MOJIEM eKCTpeMaJiei.

Hexaii kpuBa Y =Y(X) € eKCTpeMa/UII0 BapiamiifHOI 3ajadi MpPO EKCTPEMyM
dyHKITIOHATA

J(y)=[F(xy,y)dx (5.1)

i mpu upomy Yy(a)=Y,, y(b) =y,. Ekctpemans y = y(X), sika mpoXoauTh Yepe3 TOUKH
A(a,y,) ta B(b,Y,), BXoZuTh 10 MO EKCTPEMAIIEHi, SIKIIO CIMEHCTBO EKCTpeMaIei
naHoro (yHKI[IOHAJa, 110 YTBOPIOE moiie, mpu Jeskomy 3HaueHHI C =C, MICTUTH
exctpeManb Y = Y(X). [Ipu mpoMy gaHa eKCTpeMasab He MOBUHHA MICTUTHCS Ha MEXi
obmacti D, y skiifi CiIMEHCTBO €KCTpeMalel yTBOPIOE TMoJie. Ko MydoK
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eKCTpeMaliel 3 IIEHTPOM y TodIll A YTBOPIOE TOJIE EKCTpeMalie y OKOJI1 eKCTpeMali
y = Y(X), 110 TPOXOUTH Yepe3 II0 TOUKY, TO MAEMO IICHTPAJIbHE MOJe, IKE MICTUTh

na"y exctpeManb Y(X). 3a mapameTp ciMelcTBa eKCTpeMaleil y JaHOMY BHIAIKY
MO>KHA B3ATH KYTOBUN KOE(DILIEHT TOTUYHOI JO KPUBHUX My4Ka y Touli A.

Mpuxnan. Jns  dyskmionany J(y) = J‘(y'2 —y)dx, ze y(0)=y(a)=0
0

MEPEBIPUTH, YU BXOJUTH Ayra ekctpemani Yy =0 y neHTpalibHE IoJIe eKcTpeMaliel 3
nentpoM y tourti O(0,0), skmo a< 7.

Po3p’si3anns. PiBHsnHs Elinepa nns gaHoro (¢yHKIIOHana Ma€ BUIIIA
y"+y=0. 3Biacu 3Haxomumo ¥oro po3B’si3ok Y =C,cosx+C,sinX. 3 kpaiioBux

ymoB otpumyemo Y(0)=0=C, =0, y=C,sinx.
Skmo a< 7z, 1o y(@)=C,sina=0=C, =0, y=0 — ekcrtpemaJb, 10 BXOAUTh
10 LIEHTPAIBHOTO MOJIS eKCTpeMalieid, yTBopeHoro kpuumu mydka Y =C,SinX.
Slkmo a>7, To cimeiictBo ekcrpemaneir Y =C,SINX monasi HEe YTBOPIOE,
OCKUIBKMA Ha BIJPI3KY IHTETPYBaHHS [0; a] Il KPUBI MEPETHHAIOTHCA Y TOYKaX,

BIIMIHHUX BIJ] IICHTPY Iy4Ka.

Mosna pgoBectd ymoBYy (Hampukiazn, [3]), ska mae 3MoOry BCTaHOBUTH
BXOJIPKCHHS eKCTpeMauti (yHKITIOHAJIA JI0 CKJIay TOJIS:

Teopema 5.1 Hexait [a;b] — BiApi3ok iHTerpyBaHHs (yHkIiioHana (5.1). ko

HETPUBiaJIHHUHI PO3B’ 130K U(X)piBHSHHS

az,j_i( 82F'j -u—i( 82,F,u'j:0, 5.2)
oy~ dx{ oyoy dx | dy'dy

KU JOPIBHIOE HYJIO MPU X =&, HE 00€epPTAETHCS B HYJb Y SAKiM-HEOyAb 1HIINA TOYII
BiZpi3Ka [a; b], TO EKCTpeMaslb BXOJHTH [0 ICHTPAIBHOTO TOJIS EKCTpeMayel 3

HeHTpoM y Touti (a;Y,).

Jlany yMOBY BXOJ/DKEHHSI €KCTpeMalsli J0 IICHTPAJIBHOTO IIOJIS EKCTpeMalieH
Ha3WBalOTh YMOBOI SIk00i, a piBHsIHHS (5.2) — piBHsIHHAM $1K00i.

IIpuxkaaa. BcraHoBUTH, YW BXOAUTH 10 ILEHTPAIBHOIO IMOJ E€KCTpemaliei

excTpemais Gpynkuionana J(y) = J‘(y'2 +y? +2x)dx, sixmo y(0) =0, y(a)=0.
0

Po3B’si3anHs. 3HaiieMo eKCTpeMallb MaHoro (pyHKIioHAsa, 0 3aJ0BOJBHSE
KpaiioBuM ymoBaM. PiBHsHHs Eiepa mae Burmsin y'—Yy=0. Horo sarambHum

po3e’siskoM € cimeiictBo exctpemaneit Y =C.chx+C,shx. Ins 3HaxomkeHHS
cramux C, Ta C, Bukopucraemo kpaeBi ymou. Y(0)=0=C =0,
y(@=0=C,sha=0=C, =0 npu a#0. Orpumanu exctpemans y =0.

3anmmmeMo piBHSHHS SK001. 3HaMAEMO HEOOXIIHI TSI IIHOTO YACTUHHI MOXI/THI:

49



2 2 2
6—F:2y, 8522’ 8F':0’ 8F':2y,’ 85
oy oy oyoy oy 2%
[Mincrapmstoun  y  (5.2), orpumyemo piBHsHHS SIko6i 2u—2u"=0. Tomi
u=Cchx+C,shx. Ockimekun u(0)=0, 10 C,=0,u=C,shx. Kpusi myuka

=2.

u = C,sh xneperunarors [O;a] mume y touni (0;0)mpu C, #0, a>0. Tomy ymoBa
ko061 BUKOHaHa, ekcTpeMaiab Y =0 BXOAUTH 0 HEHTPAIBHOTO MOJs €KCTpeMaliel 3
nentpoM y Toutti (0;0).

5.2 JoctaTHst ymoBa BeiiepmiTpacca

JlocnimKeHHsI TOCTaTHIX YMOB ICHYBaHHS €KCTpeMyMy (PYHKI[IOHAJIa € OuIbIl
CKJIAAHUMH, TPOTE, y HEeAKid MIpl aHAJIOTIYHUMHU JAOCHIIPKEHHIO Ha EKCTPEMyM
¢GyHKI1H 6araTtbox 3MIHHHUX.

Posrnsinemo ¢gyHkiionan

Iy(x)]= f F(x,y,y)dx, (5.3)
X0

je JomycTuMi (YHKIT 3aJ0BOJIBHAIOTE KpaiioBuM ymoBam Y(X) =Y, y(X2)= Y,.
Hexait ¢ynkmis y=Yy(X) € ekcTpeMajulo, M0 BXOIUTh JI0 ILEHTPAIBHOTO TIOJIS

eKcTpeMaliei, ToO0To NI Hei BUKOHaHa yMoBa SIko6i. Haxun motuunoi mo rpadika
miei GyHKI y TOYkax 3 KOOpAWHATaAMU (X; y), TOOTO HaXWJ TOJISI, Ma€ 3HAYCHHS

d . ... :
d_y = p(X, y) . Ha M CKCTpCMaJll IMAIHTCIpaJIbHA (I)YHKHUI y (53) Ma€ BUIIAL
X
1 ' dy .
F(X, y, p) . 3MIiHa 3HAUEHHS BEJIUYWHU y =— CIpHUYUHAEC 3MIHY 3HAYCHHIA

migiaTerpagsHoro Bupasy F(X,y,y’), npu [pomMy 3OIHCHIOETBCS Iepexim Ha
HACTYIHY JOMYCTHUMY €KCTpeMaib. Y IbOMY BHMAJAKy YACTUHHHUH MPUPICT QYHKIIT
F(x,y,y") 3a sminHoro Y’ mosnauumo A F(X,y,y). Le# mnpupict MmoxHa
IPEJICTABUTH Y BUTJISII:

oF
ayl

+ﬂ'Ay'1

y'=p

AyF( Y, P)=F(XY,y)-F(Xy,p)=(y' = p)

ne Ay’ — npupict noxigHoi Y, mpu f—>0 Ay’ —0.
[Tozmaunmo S -Ay'=E(X,Y, p,Y). Toxi 3 monepeaHp0i piBHOCTI OTPUMAEMO
oF
8y y'=p

Beemeny Takum umHOM dyHKIi0O E(X,Yy,p,Y) HasuBaoTh (yHKHicO

EXY,p,Y)=F(XVY,Y)-F(Xy,p)-(Y' - p) (5.4)

Beiiepmrpacca nis gyskiionana (5.3). J{nsg Bu3HaueHHs 3HaKy npupocty AJ [y(x)]
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poro (hyHKIiOHANAa TPH MEPEeXOoni Big eKkcTpemani y 3 piBHAHHAM Y =Y(X) 10
JesIKOi 0JIN3BKOI AOIMYCTUMOT excTpemaini [, 3anuiiemMo Horo y BUIIISIAL

AJ[y(x)] =JF(X, y,y')dx —jF(x, y,y")dx.

TyT KpUBOJIHINMHI 1HTETpaNy BUPaXXalOTh 3HAueHHsA (QyHkioHana (5.3), B3SATI
BIJIMOBIJHO B3JOBX KpuBuX [ Ta y. SIKuio Temep nmepelTu BiJl KpUBOi ¥ 10 KPUBOI

I, WO IPOXOAHTH ¥epe3 HepyXoMi ToukH 3 koopzanHatamu (X;;Y,) Ta (X,;Y,), 10
dyukmiro F(X,Y,Y’) MOXHa MpeacTaBUTH 3a A0MOMOI00 psaay Teiiopa:
oF
!
oy y=p
TOMY MpPUPICT PYHKIIOHAIA 3 TOYHICTIO /10 BIAKMHYTUX WieHIB psany Teisnopa MoxkHa
NPECTaBUTH Y BUTIISII:

A[Y(X)]=[|FO.y.y) = F(xy.p) = (¥' = p)

F(X1 Y, yl) = F(X’ Y p) + (y’ - p)

oF
oy'|,

y=p
BuxopucroByroun mo3HaueHHs (QyHKIiT BedepmTtpacca Ta mepexonsud  Bif
KPUBOJIIHIMHOTO 710 BU3BHAYEHOTO 1HTErpaia, OTPUMAEMO:

AJ[y(x)]= f E(x,y,p,Yy)dx.

Xo
O4eBUAHO, 10 TOCTATHHOI YMOBOIO MIHIMyMY ¢ yHKIIOHaNA (5.3) Ha KpUBIH ¥
Oyne ymoBa HeBim emHocTi QyHKIii Beepiurpacca E(X,Y,P,Y’), OCKIIbKH SKIIO

dx.

E(X,y,p,y)>0, 1o # AJ>0. BigmoBigHO, [OCTaTHI yMOBa MaKCHMyMY

BUpaxaTUMeThcs HepiBHICTIO E <0, ockinbku y nbomy Bunangky AJ <0. Ipu npomy
Ul CcTabKoro  MiHIMyMy  J0CTaTHbO, 100  HepiBHicTs  E(X,y,p,y’) >0

(E(X,y,p,Y") <0 mist c1abkoro MakCHMyMy) BUKOHYBaacs JJIs BCiX 3HaYeHb X, Y,
ONMU3BKUX 0 3HAYCHb X,y Ha JOCTIDKYBaHIl eKcTpemali, Ta Juis 3HadeHb Y,

om3bpKuX 10 P(X,Y) Ha TiH ke ekcTpemaii, ToOTO IS KPUBHX, OJM3BKUX JIO JTaHOT
. 1 P
eKCTpeMati 3a HOPMOIO IMPOCTOPY C[a_b] . J1J1sl CHIIBHOTO MiHIMYMY (MaKCHMYMY) IS %K

HEPIBHICTh MMOBUHHA BUKOHYBATHUCS ISl KPUBHX, OJIM3BKUX 1O JAHOT €KCTpeMali 3a
HOPMOIO IIPOCTOPY C[a;b] , TOOTO NJIs KPUBHX, IO € OJIM3bKUMU 32 OpAUHATAMHU, MPU
JTOBUIBHHX Y.

Takum YWHOM, IOCTATHIMHU I JOCATHEHHS (yHKImioHasoM J(Yy) ciabkoro
EKCTPEeMyMY Ha eKCTpeMalli ¥ 3 piBHSHHIM Y = Y(X) € HacTyIHI yMOBH:
1. KpuBa y € ekcTpemaiuito, 110 3aI0BOJIbHSE 3aJaHUM KPallOBUM YMOBaM.

2. Exctpemans y BXOAWTH [I0 IIEHTPAJIBHOTO TOJS EKCTpeMayie, ToOTo
BUKOHYEThCSI yMOBa SK0O1.
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3. @Oynkuis Betepmrpacca E(X,Y, p,y’) He 3MiHIOE 3HaKy y Bcix Todkax (X,Y),
ONMM3BKHUX 10 BIATOBIAHUX TOYOK KPUBOi y Ta JuIsl OMM3bKuX 10 P(X,Y) 3HaUYeHBb
y'. ¥V Bunagky minimymy E >0, mns makcumymy E <0.

Jlnst BUnajsiKky CWIIbHOTO eKcTpeMyMy ¢yHKIis Beitepmtpacca E(X,y, p,y’) He
3MIHIOE 3HAKy Yy BCiX Toukax (X,Y), OJM3bKHX 10 BIAMOBIJHUX TOYOK KPHMBOI ¥ Ta

IS IOBLUIBHUX 3HAYECHD V' .

CdopmynboBaHy JOCTaTHIO YMOBY €KCTpeMyMy (yHKI[IOHAJda Ha3UBalOTh
A0CTAaTHBOIO YMOBOIO Beiiepuurpacca.

Mpuxnaa. Jocnigutn Ha ekctpemyMm (yHkmioHan J (y(x)) = (xy' + y’z)dx,

O ey O

akmo y(0)=1, y(2)=0.
Po3B’si3anHs. 3HaliieMo ekcTpeMalb QyHKI[IOHATA, [0 3a/10BOJIbHSIE KPaioBUM
: . : 1 :
ymoBaM. PiBusiHuast Eitnepa ans manoro ¢yHKIiOHana Ma€ BUDISAL Y =5 3Bincu

2
. . X
OTPUMYEMO DIBHSIHHS CIMEHCTBa eKcTpemanieil Y = 7 +Cx+C,. y(0)=C, =1,

2

y(2)=-1+2C,+1=0; C,=0. Otpumanu piBHIHHSI eKcTpemam Y= _XZ +1.

[lepeBipuMo BHKOHAHHS yMOBH $IkoGi. 3armmemo piBrsHHS SIko6i. F =Xy + Yy,
O’F  O°F _ 0 0°F
ayZ 8yay! ! ay!ay!

3HaXOJMMO di(Zu') =0, 3Bigku orpumyemo: U=Cx+C,. u(0)=0=C, =0, tomy
X

U=Cx#0 na (0;2] npu C, #0. YmoBa SIko0i BUKOHYETBCS, TOMY EKCTpeMallb

=2. IliacTaBuBIIM OTpMMaHi YacTUHHI MoximgHi y (5.2),

BXOJHTH JIO IIEHTPAILHOTO TTOJISL.
3anumemo  mnus  gaHoro  (GyHkmioHany — gyskmiro  BeiepmTpacca.

F(X,y,p)=xp+ p°. F,=X+2p. Oynkuis (5.4) HaOysae BUIIAY:
E(x Y, p.y)=xy'+y” =xp—p° = (y' - p)(x+2p)=(y' - p)* 20.
[Mpu upomy 3Hak QyHkilii Beitepirpacca 30epiraeTbes A ITOBUTBHUX 3HAYCHB Y’ .

2
. X . ..
Ha ekctpemani y = 7 +1 dyukionan gocsrae CUIBLHOTO MIHIMYMY.

5.3 JocraTHs ymoBa Jlexkanapa

Hocmimkennss 3Haky ¢yHKuii BeliepmTpacca moB’si3aHe 3 JICIKUMU
o°F
2 )
o(y)
T0OTO 31 3HAKOM Apyroi moximuoi Gpyukmii F(X,y,Y') 3a 3miHHOIO Y’ Ha eKcTpemati
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y(x). Hus 1poro gomyctumo, mo ¢yHkmis F=F(X,y,y) € Tpuui
audepeHIiioBHoo 3a 3minHoW0 Y . Toxi 3a popmyoro Teinopa oTpuMyeMo:
' 2 2
, , oF y-p) OF
FOGYY)=FXxy,p)+ (Y -p)— +( ) —
yl., 2y,

e BenuyuHAa ( 3HaXomuThes Mk P Ta Y. Tomi, 3a O3HaYeHHAM (QYHKIIIT

Betiepmitpacca E(X,Y, p,y') MoXxHa 3anucatu piBHICTb
(y'-p) &°F
"2 )
2 ay)|,,

3Bincu BumuinBae, mo ¢yukmis E(X,Y, p,Yy’) 30epirae cBiit 3HaK, AKIO 30epirae
2

n2
oy,

[Mpu nmocmimkenHi Ha MiHiMyMm ymoBy E(X,y,p,y)>0 MoxHa 3aMiHUTH

E(X,y,p,Y)=

3HAaK BCJIMYHMHA

= I:y’y’ (X’ y’ q) )

ymoBow F,.(X,Y,0) >0 na excrpemani Y= Y(X), a Ipu TOCIIKCHHI HA MAKCUMYM
ymoBa E(X,y,p,y)<0 wmoxe Oyt 3aminenoro ymosoro F,..(X Y,q)<0 na

excrpemani Y = y(x). Taki yMOBH Ha3UBarOThCS yMoBaMu JlexkaHapa.
Ipuxnan 1. Hocninutu Ha E€KCTPEMYM byHKITIOHAT

e
J= J (y'2 + 2yy’—16y2)dx, sximo y(0) =y (1/2)=0.

0

Po3p’sizanns. PiBusaHs Elinmepa 111 maHoro (¢yHKIIOHAJIa Ma€ BUTJIAN
y"+16y =0. Horo 3aramphuii po3s’sizok Y =C, cos4x+C,sin4x. y(0)=C, =0,
y(Y 2) =C,sin2=0, tomy C,=0. Orpumyemo ekctpemans Y=0, i sKoi
NEepeBIpUMO BHUKOHAHHS yMOBHU SIk0o0i. 3amumemo mis JaHoro (yHKIrioHana
piBasHHs K061 U” +16uU=0.

3Bimcu U= Acosdx+ Asindx. u(0)=0=>A=0. u=Asindx=0 npu
A #0, xe (0;1/2]. Omxe, ymoBa SIko6i BukoHyerbes. F =Yy +2yy' —16y?,
Fy,y, =2>0 g gosineHOro Y', Tomy Ha excrpemam Y =0 ¢yHKIiOHaT mocsrae
CWJIBHOTO MIHIMYMY.

Mpukaan 2. JlocoiauT Ha eKCTpeMyM (pyHKITIOHAT

1
J [y(x)]=I(y'3—ay’) dx > extr, y(0)=0, y()=-2, (a— Oynb-ske milicHe
0

YHUCJTIO).
Po3p’si3anHs. OCKiIbKY MigiHTErpadbHa (DYHKIS 3aJeKUAThH JUIIe Big Y, TO

exctpemansimu € npsmi Y =C X+C,. Excrpemamiio, 1o 3aA0BOJIbHAE€ TpPaHUYHI
yMOBH, Oyme mpsiMa Y =—2X, siKa HAJEKHUTh O IEHTPAIBLHOIO IOJS eKCTpeMalieit
y=CX. Ha excrpemani Y=-2X maxun mons P=-2. 3maiinemo F,. =6Yy'. Ha
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exkcTpemani Y =-2X maemo F,. =-12<0, T00TO0 Ha JiHil Yy =-2X mocsAraerbcs

cnaOkuii MakcuMmyMm (¢yHKmioHana. J[ns JOBUTBHMX 3Ha4eHb Y' 3HAK BUpPa3y

F,, =6y’ He s30epiracthcs, OTXKe, JOCTaTHA YMOBA CHMIIBHOIO MAaKCUMyMYy He

BUKOHYETHCH.
®ynkuis Beitepmtpaca E(X, Y, p,Y') Mae Burisin

E(LY, P Y)=(Y' —p) (Y +2p).

Jns noBinbHUX 3Ha4YeHb Y' 3Hak Bupasy E(X,Y,p,Y’) He 30epiraerscs, OTXe,
JOCTAaTHSI YMOBa CHJIBHOTO MAaKCUMYMY HE BUKOHYEThCS. J[isi 3HaUeHb Y', OMU3bKUX
no p=-2, pyakmis E(X,y,p,y) <0, omke, Ha ekcTpeMani Y =—2X IOCITAETHCS
c1a0KUil MaKCUMYM.

Ha ekcrpemani Y =—-2X (yHKIiOHAI A0CsATa€E CIAOKOrO MAaKCHMYMY.

ITutanHs A5 caMmonepeBipKu

HanaTu 03Ha4eHHSI BIIACHOTO TOJIS, YTBOPEHOTO CIMEHCTBOM KPUBHX.

[I]o Ha3WBAOTh HAXHUJIOM TIOJISL Y TOYILi?

CdopmynroBaTi 03HaYSHHSI IIEHTPAIBHOTO TIOJIS.

Hapmatu o3HadeHHs MOJIsl eKCTpeMaei.

3anucaTtyu piBHSIHHA SAKOOI.

ChopmynoBatu yMOBY SIK001 BKJIIOYEHHS €KCTpeMayie 10 IEHTPaTbHOTO

OJIA.

3anucatu QyHKIi0 BelepimTpacca.

8. CdopmynoBatu JOCTaTHIO YMOBY Beiepmitpacca misg cinabkoro MiHIMyMY
¢dyHKITIOHATA.

9. CdopmyntoBaTd JIOCTaTHIO yMOBY Beliepmrpacca misi CHIBHOTO MIHIMyMY
¢dbyHKITIOHATA.

10. HaBectu ¢opmyiroBaHHS JOCTaTHROI YMOBH BeliepiiTpacca /sl CHIBHOTO Ta
c1a0KOro MaKCUMYMiB (DYHKITIOHAJIA.

11. CdopmymroBatu aoctaTHioO yMoBY Jlexxanapa s JOCHimKeHHsT (YyHKITIOHATY

Ha MIHIMYM Ta MaKCHUMYM.

ok whE

~

IpakTuyHi 3aBIaHHS

Hocminuty Ha ekctpemyMm pynkmionanu [1,3]:

1. J[y(x)]:j(xy’+y'2)dx—>extr, y(0)=1, y(2)=0.

2, J[y(x)]:j(y'z+2yy’—16y2)dx—>extr, a>0, y(0)=0, y(a)=0.
0
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3. J[y(x)]:iy’(l+x2y’) dx >extr, y(1)=3, y(2)=5.

/4

4. J[y(x)]= J‘(4y2 —y"? +8y) dx >extr, y(0)=-1 y(z/4)=0.

0
2

5. J[y(x)]::(xzy’2+12y2)dx—>extr, y) =1 y(2)=8.

1
1

6. J[y(x)]::(1+x)y'2 dx > extr, y(0)=0, y()=1.

0
a

7. J[y(x)]z'd—’f —sextr, y(0)=0, y(@)=b, a>0b>0.
oY

0
2

8. J [y(x)]:.

xy'* —2yy'3) dx > extr, y(1)=0, y(2)=1.

(
9. J[y(x)]::a'(l—e‘y'z)dx—>extr, y(0)=0, y(a)=b, a>0.

0

10.J[y(x)]::a' “1:/3/’2 dx —extr, y(0)=0, y(@)=y,.

11.J[y(x)]= j y’(1+ xzy’) dx > extr, y(-1)=1 y(2)=4.
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6 BAPIALIIIHI 3AJAYI HA YMOBHUH EKCTPEMYM

ILian:

6.1 OcHOBHI TUIK Bapial[IiHUX 3a/1a4 HA YMOBHHI €KCTPEMYM.

6.2 HeoOxigH1 ymMOBH eKkcTpeMyMy G yHKIIIOHANa y 3aaa4l Jlarpanxa.
6.3 [3omepumMerpuuHa 3aaaya.

KirouoBi moHATTS Ta TepMiHM: LUILOBUN (YHKILIOHAN, TOJIOHOMHI 3B’SI3KH,
nudepeHIiabHl 3B’ S3KM, 130MEpUMETPUYHI 3B’ A3KH, 3anaya Jlarpanxka, QyHKIis
Jlarpan)xa, MHOXXHUKH Jlarpanika, i30nepuMeTpuyHa 3a1aqa.

6.1 OcHOBHI THIIM BapianiiiHUX 327124 HA YMOBHMI eKCTpeMyM

Bapianiiini 3a7a4i, mo Oyiau po3risiHyTI paHille, XapakKTepU3yBaIucs TUM, IO
iX pO3B’S3KM MOBHMHHI OYyJIW 3aJ0BOJBHSATH KpalOBUM YMOBaM, MpOTEe y Oararbox
3a/layax, MOB’A3aHUX 3 JIOCHIDKEHHAM (YHKLIOHAIIB Ha €KCTPEMYM, Ha JOMYCTHUMI
G yHKIIT HAKJIaal0ThCS 1 1HIII 10JJaTKOB1 YMOBH, SIK1 HA3UBAIOTh 3B’ SI3KaMU.

Hexait notpi6HO 3HaTH eKcTpeMyM (PyHKIIOHAIA

J(¥) = F(x¥,y)dx (6.2)

Ha MHOXHUHI HETMepePBHO nrdepeHIiioBHUX BEKTOP-(YHKITIH
y(x)= ( Y, (X), Y, (X),..r Y, (X)) , 1110 3a/I0BOJILHSIOTH KpaHOBHM yYMOBaM
Y1(8) = Y11, ¥2(8) = Y00 Yo (@) = Yoo ¥2(0) = Y12, Y2 (0) = Yo Yo 0) = Vo, (6.2)

a TakoX yMOBaM 3B’S3KiB. YMOBH 3B’S3KiB  MOXYTh 3aJ0BOJBHATH  SIK
nudepeHIiaIbHUM CITiBB1THOIIEHHIM

9 (X Y Yoree Yo Vi Youen V) =051 =12, kK <, (6.3)
TaK 1 IHTETpaJIbHAUM PIBHOCTSIM
b
th (X, Yys Yoo Yoo V1o Yoo Yo )AX =Ly, =128, (6.4)

[Tpu npomMy noxiani y Bupasax (6.3) ta (6.4) MoxkyTh OyTH BiacyTHiMH. [[j1st 3B’ 3KiB
(6.3) BBaxkaemo, mo ¢yskmii g;,1=12,..,Kk € HenepepBHO mudepeHIiiioBHUMEU 3a
aprymentamd Yy, VY,,..,Yr, a paHr wMarpuii $ko0i 3a mUMH 3MIHHAUMH €
MaKCHMAaJIbHAM Ta JOpiBHIOE K. BBakaeThcs Takox, mo ¢yHKIT F,gi,hj € nBlYl

nudepeHIiiioBaHuMU, a KpailoBi yMoBH (6.2) y3ro/pKeH1 3 yMOBaMu 3B’ S3KY.

SIkmio y cniBBigHOIIEHHAX (6.3) QyHKIIT ¢, He 3a1ekaTh B MOXIIHUX, TO TaKi
3B’A3KM HA3UBAIOTh (PA30BUMH 00MeKeHHAMHU 200 rOJIOHOMHHMH 3B’ I3KAMU.

Oynkrionan (6.1) Ha3WBarOTh HILOBUM (YHKIiOHANAOM, nudepeHiianbHi
criBBigHOmEeHHS (6.3) — nudpepeHniaTbHIMH 3B’ A3KaMHU, a cIiBBiHOIICHHS (6.4) —
iHTerpajibHUMH 200 i30MepUMETPUYHUMH 3B’ SI3KAMH.

Hany 3amady, c@opMylnbOBaHy y 3araJlbHOMy BUIJISI, HA3WBAIOTh
BapianiiiHo0 3aja4yer0 Ha YMOBHUI ekcTpemyMm. Okpemuil BUIAIOK ITI€T 3a7adl,
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KOJIM Ha JONYCTHMY BEKTOp-(QYHKIIIO HakiIaaeHi jumie 3B’s3ku Buay (6.3),
Ha3uBaloTh 3agavero Jlarpawm:ka. Bapianiiiny 3amayy Ha yYMOBHHMH €KCTpEMYM 3
IHTErpaJIbHUMU 3B’ si3KaMHu (6.4) HA3UBaAIOTH i30M€PUMETPUYHOIO 32124 €Il0.

[Bonepumerpuuny 3anauy (6.1), (6.2), (6.4) MmoxxHa 3BecTH 10 3anadi Jlarpanxka,
BBIBIIM HOB1 (PYHKITI]

0,00 = [0 Y20 Yoo Yoo Voo Yoo V)AL =12, 5. (6.5)

Toxi 3amicTh i1HTErpajdbHUX CHiBBiAHOWIEHb (6.4) oTpuMaeMo audepeHuiaTbHI
3B’ SI3KU:

@/ (X)=h (XY, Yo Yo Vs Yoreen Y) =01 =12, (6.6)
6.2 Heo0xigni ymoBM excTpeMyMmy (pyHKIioHaua y 3aaa4i Jlarpan:ka

Busnaunmo HeoOXigHI yMOBH ekcTpemMyMy ¢yHKUioHana (6.1) 3 kpailoBUMH
ymoBaMu (6.2) Ta piBHSHHAMH 3B’s3KiB (6.3). [l 1poro modyayemMo JTOMOMIKHUM
(pyHKL10HaN

j(yl,yz,...,yn)zj.LF +Z;tj(x)gjjdx. (6.7)

k

Bupaz F + le (X)9; masuBaroTh pynkmicto Jlarpamka janoi Bapianiiinoi 3anadi,
-1

KoeQIieHTH A;(X) — MHOKHMKaMu Jlarpanxka.

PosrnsiHemMo HampocTimuii BUIMAIOK BapiaiiiHoi 3amgadi Jlarpanika, Kojiu
dynkiionan (6.1) 3aneXuTh BiJ ABOX HEBIIOMUX (YHKITIN y(x) Ta Z(X), 3aJaHe
onHe (azoBe OOMEXKEHHS, TOOTO PO3B’SA3yEMO BapialliiHy 3a7ady Ipo €KCTPEeMyM
¢dbyHKITIOHANA

b
J(y,2)= j F(x,y,2,y',2")dx (6.8)
3a HasIBHOCT1 KPallOBUX YMOB
y(@) =Y, y(0) =V, 2(a) = z,,2(b) = 7, (6.9)
Ta OOMEKEHHS
g(x,y,z)=0. (6.10)

OxpeMuM BUIIAJKOM I1i€1 331241 € 3a7ja4a PO re0Ie3uYHi JTiHii, e MOTpiOHO Ha
3a/laHili TOBEPXHI 3HAUTH KPUBY HAWMEHIO1 JOBKUHH, 10 3’ €IHYE 3a7aHl TOUKU. Y
3amadi (6.8) — (6.10) nomyctumumu QyHKIisME € mapu yHKIiH Y(X) Ta z(X), sKi
3aJ]al0Th MPOCTOPOBY KPHUBY, po3TamoBaHy Ha moBepxHi ((X,Yy,z)=0. dus Takoi
3a71a4i MO’KHa C(HOPMYITFOBATH HACTYITHY TEOPEMY.

Teopema 6.1 Skmio mapa ¢pyskuiin Y (X),Z (X), o HaIexars IPOCTOPY C[la;b], €
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2
6_gj #0, To icHye
0z

Taka Qynkuis A(X), mo mapa ¢yskiii Y (X), ' (X) € excTpeMamtio GyHKIiOHATA

J(y,2) :'[[F(x, y,2,Y,2") + A(X) - g(x,y,2)]dx. (6.11)

JoBenenHnsi. Po3risineMo BUNa0K, KOJIM piBHSAHHS 3B’ 53Ky (6.10) € po3B’s3HUM
BIZIHOCHO OJHI€1 3 3MIHHHUX, HaNpuUKIald, Z, TOOTO 3 HHOTO MOXHA OTPUMATH
Zz=¢@(X,y). Le piBHIHHS 103BOJIsIE€ 3BECTH AaHy 3ajady 10 BapiamiiiHOi 3amadi 3

2
pO3B’s13KOM Bapianiitnoi 3agaudi (6.8) — (6.10), mpuaomy (%}J + (

OIHI€I0 HEBiZOMOW GYHKIiEIO Y (X), MO € pO3B’I3KOM 3aiadi PO eKCTPEeMyM
(dyHKII0HaNA

b

J.F[x,y,go,g—f+%y']dx,

a
ne y(@)=y,,y(b)=y,. Tomy ¢yuxuis Yy (X)3ag0BonbHse piBHsHHIO Eitnepa mms
dyHkiioHana i€l 3agavi. JlaHe piBHSHHS MICIS HECKJIAIHUX MEPETBOPEHb MOXKHA

3aliucaTu y BI/IFJISIJIi:
oF _ i(aFj_ﬁ Jdo _d(oF)_,
oy \dx\éz') oz Joy dxloy '

!

: op 9,
3 1IbOTO PIBHSHHS, BPAaXOBYIOUH, [0 —— = — OTPUMYEMO:

y
z

oF | i(aFj_ﬁ 9 _dfoF)_q (6.12)
oy \dx\oz') oz )g, dx\oy

VY piBasiHHI (6.12) 3pobumo 3aminy:
A0 =1 i(aF)—a—F | (6.13)
g,\dx\oz') oz
3 BpaxyBaHHsAM (6.13) piBusHHS (6.12) npuitmMae BUTIIS;
EM(X)@_Q_E[GFJZO, (6.14)
oy oy dx\ oy
a piBHICTH (6.13) MOKHA 3anUCaTH y BUTIISIL:

oF 4,09 dfoF)_ o (6.15)
0z oz dx\oz'

PiBasinus (6.14) ta (6.15) sBasioTh co0oto piBHsSHHS Eitniepa misi 1OMOMI>XKHOTO

dyskmionara (6.11). Takum umbom, skmo ¢yrkmii Y (X),Z (X) € posB’si3koM
BapiamiitHoi 3amadi (6.8) — (6.10), To BOHU 3aI0BOJILHSAIOTH CHCTeMI piBHSAHB Efepa
— Jlarpamxka uist tonoMikHOTO (yHKITIoHaNna (6.11).

JlaHy TeopeMy MO)XHa y3araJbHUTH JUIs BapianiiiHoi 3amaui (6.1) — (6.3) mis
yHKIiOHama, MO 3a’nekuTh Bim N GyHkuin Y, (X), Y,(X),...,¥,(X) 3a HasBHOCTI
nudepeHiiaTbHuX 3B’ A3KiB.
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Teopema 6.2 Sxmo Bextop-pymkiia Y = (Y, (X),Y,(X),...,¥. (X)) 3 mpoctopy

C[la;b] € po3B’si3kOM BapiariiHoi 3amgadi (6.1) — (6.3), To icHyroTh Taki (QyHKIIT
A (X), 4, (X),..., 4, (X), mo Yy € eKCTPeMaILIIo JOmoMbKHOro dyHKIfioHana (6.7).

AJTOPUTM 3aCTOCYBaHHsSI HEOOXITHUX YMOB €KCTpeMymy (QyHKIIOHAIA Y
BapiamiiHii 3amadi (6.1) — (6.3) Ha yMOBHHI €KCTPEMYM CKJIAJA€ThCSA 3 HACTYITHHX
KpOKIB.

1. Jlns 3amanoi BapialiiiHoi 3aa4i 3anucyeMo (pyHkiiro Jlarpanxa

L:F+Zk:lj (X9, - (6.16)

2. Cknamaemo cucrtemy 3 piBHsHb Eilnepa — Jlarpanxka s JOMOMDKHOTO
¢ynkiionana (6.7) Ta ymoB 3B 513Ky (6.3):

oL df| oL )
a—&(ay{j_&l_l,z,...,n, (6.17)
9 (X, Y0, Yareeos Yoo Y10 Yoo ¥a) =0, ] =12, k.
3. 3naxommmo 3araibHUil po3B’si3ok cuctemu (6.17) v (Xx,C,,C,,...,C,.),
i=1 2, ..,n, 4;(X), 1=12,...k.

4. Busnauaemo 3HauenHs craimux C;,C,,..,C, 3 kpaiioBux ymoB (6.2) Ta

3amrcyeMo BUpas st orpumanoi excrpemani Y(X) =Y, (X), Y, (X),..., ¥, (X)) .
1
Ipuxaan. 3Haiitn excrpemans ¢yHkmionana J(Y,,Y,)= I(yl’z + y;z )dX, 110
0

3ajoBosibHsIe  KpaiioBum ymoBam  Y;(0)=2,y,(0) =0, y,(1) =2chl, y,(1) =2shl Ta
nudepeniiaTbHOMy 3B’ 513Ky Y, — Y, =0.
Po3p’sizanns. Oyukuis Jlarpanka qaHoi BapiamiitHoi 3agaui mae Buriisz (6.16):
L=y7 +y, + Ay~ ¥a).
3anumiemo cuctemy (6.17).

ﬂ:O;i:Zy{+Z;i(al_,}:2yl”+/1’; i: A oL 2y"i(al_]:2yg_

y, oyl dx y, oy oy

[TincTaBnstoun 111 BUpPaA3H, a TAKOXK DPIBHSHHA 3B’SI3KY g(yl, y2)= Y-V, y (6.17),

1

OTPUMYEMO CUCTEMY

2y + 1" =0;
—A-2y,=0;
Y1, -y, =0.

Po3B’s3aB11M 1110 CUCTEMY, TICIA BUKIIOUCHHS A OTPUMYEMO:
y,(x)=Cx+C, +C,e " +C,e;
y,(x)=C, —C,e " +C,e".

3HauYeHHS CTaJuX IHTErPYBAHHS BU3HAYA€MO 3 KPaOBUX YMOB:
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y,(0)=C,+C,+C, =2
¥,(0)=C, -C;+C, =0;
y,)=C,+C, +C,e*+Ce=e+e "™
y,()=C,-C.e" +Ce=e—e".
TakuM 4MHOM, €KCTpeMallb JaHOi BapialliHOl 3a/1a4ul HA YMOBHHI €KCTpeMyM
BHU3HAYAETHCS CIIBBITHOIICHHIMU:
y, =€ +e’;
{yz =—e " +e".

[ERy

w

0,000
H_I—‘_oo

Bapiamiiiny 3amauy Jlarpanxka oTpuMyeMo MPHU 3HAXOJKEHHI JIHIM HallMEHIOo1
JOBXHMHU (Te0fe3UYHUX JIiHIN), 10 Hayiexarb 3aaaHid moBepxHi ¢(X,y,z)=0 Ta
NPOXOASITh Yepe3 3aJaHi TOUKH (Xl,yl,zl) Ta (Xz,yz,zz). ko po3B’sA30K AaHOI

3ajadi mykatu y BUrsAl napu Qyskmiin Y= Yy(X),z =2z(X), TO oTpuMaemMo 3aaady

X
JIOCTDKEHHST Ha MiHiMyM QyHkmionana J(Y,z)2= J.\/1+ y?+z%dx 3a ymoBu

Xo

9(x,Y,2) =0 Ta kpatioumu ymoBamu Y(%,)=V;, (%) =2, y()=Y,, 2(%)=2,,
PO3B’SI30K KO 3HAXOJUTHCS 3TiTHO BUKIAIACHOTO BHIIE alTOPUTMY pPO3B’SI3yBaHHS
BapialiiiHoi 3agayui Jlarpamxa.

6.3 I3onepuMeTpuYHa 3a1a4a

PosristHemMo 0OYTOK JBOX BEIWMYMH X Ta Y Cyma SKHX JOPIBHIOE CTalIiid
BesimunHi |, T00T0 X+ Yy =1. Bimomo, 110 1ei 100yTok Mae MakCUMaJIbHE 3HAYCHHS,
AKIIO CIIBMHOXKHUKH € PIBHUMH MDK co0oro: X =Y. [Hakie MOXHa CKas3aTH, II0

cepell yCiX MPSIMOKYTHHUKIB, IO MAalOTh CTaJHi MEPUMETP, HAWOUIBITY IJIONTYy Mae€
KBagpar. SKmo mepedTH Bil BUMAAKY MHOTOKYTHHKA 31 CTAIMM TIEPUMETPOM [0
OuThII 3aranbHOI 3amadi nmpo ¢irypy, oOMexeHy 3aMKHEHOKO JIIHIEI0, OTPUMAEMO
BIZIOMY 130MIEPUMETPUYHY 3a/1a4y: Cepell BCIX 3aMKHECHUX KPUBHUX JAOBXKHUHM | 3HaiiTH
TaKy, IO OOMeXye MakcuManbHy IMiomry. OueBHIHO, IO MO IOy MOXHA

b
BHPA3UTH 3a JIOIOMOT0I0 OpMyJId S = j y(X)dX 3 101aTKOBOIO YMOBOIO

a

b 2
I 1+(ﬂj =1.
. dx

Jlany 3agady MOKHA y3araJbHUTH HACTYMHHM 4YMHOM. Hexal 3amani Tpuui
nudepenmiioBani 3a 3MmimEEMH X, Y Ta Yy ¢dyskumii F=F(X,y,y') Ta

G=G(x,y,Y), ne Xe[a;b]. [TotpiOHO cepen BCix momycTHMHUX (GYHKIIH Y = Y(X)

b
3HAWTH Ty, Ha SKid THTErpa J G(x,Y, y")dx npuiimae 3anane 3HaueHns K, To6To

a
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b
j G(x,y,y)dx=K, (6.18)
1 Ipy UbOMY (YHKI10HAT
b
J(Y() = [F(xy,y)dx (6.19)

J0CSIrae eKCTPEMaIbHOTO 3HAYCHHS.
Jlnst po3B’si3aHHsA 1€l 3a/1adi 3aCTOCOBYIOTh MeTo/1 Jlarpanxka, sIKUi moJsrae y
HactynHoMy. Ha ocHoB1 BupaziB (6.18) Ta (6.19) 6ynyemo nonoMikaui yHKITIOHAT

H(y(9) = [F(x, Y, y)dx+ 2[G(x,y, y)dx = [[F(x,y,y") + AG(x, ¥, y) Jix.

BBenemo mozHadeHHs 1S MiIIHTETpaIbHOTO BUPA3y:
Ly, Y, A) =F(xy,y) + AG(xy,y"), (6.20)
ae Xe[a;b]. Oyukuis (6.20) sBasie coboro (yHkuito Jlarpanxka i3onepuMeTpuyHOi

3amayl. MHoxHUK Jlarpanka A BU3HAYA€THCA y MPOIECT PO3B’I3aHHS 3aaul.
OcCKUIbKH HEOOXITHOK YMOBOIO ekcTpemymy dynkiionana H(y(X)) € piBHicTh
HYJIFO HOro Bapiamii, TO 3aja4a Npo YMOBHHI ekcTpemyM ¢yHKiioHana (6.19)
3BOJIUTHCS JI0 3a/1a4i po 6e3ymMoBHUH ekcTpemyM ¢yHkuionana H(y(X)) .
Teopema 6.3 Skmio gynkiis Y = y(X) peamizye ekctpemyM ¢dyHKIioHaa (6.19)
3a ymoBu (6.18), To icHye Takuii cranmii mapamerp A, mo Qyskmis Y(X) €
eKCTpeMaJlTto 71 (pyHKITioHaIa

H(y()) = [L(x, v, ¥, A)elx, (6.21)

a
ae L(x,y,Y',A) — dyskiis Jlarpanxka (6.20).
JoBenennsi. HeoOximHa ymoBa ekctpemymy ¢yHkionana H(y(x)) wae
purmsag: OH[y(X)]=0. Tomy, sxmo ¢ynkuis Yy=Yy(X) peanisye eKkcTpeMym

¢ynkiionama H [y(X)] , TO He0OXiJIHO, 11100 BOHA 3a710BOJIbHSIA piBHAHHS Eitnepa:

a_dfa)_,
oy dx{ oy’
[TincTaBnstoun croau Bupas (6.20), oTpumMaemo:
ﬁ—i oF + A @—i oG =0. (6.22)
oy dx{ oy’ oy dx\ oy’

Hacninok. Sxmo ¢yakmii F ta G He 3amexarh y SBHOMY BHUIJISAI Bin
apryMmeHnty X, tooto F=F (y, y'), G =G(y,Y"), To neprunii iHTErpaI A1t PIBHAHHS

(6.22) mae BurISA

oF _,3G
o' oy

F+AG -y’ y'=C.
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JlaHy TeopeMy MOKHA y3araJbHHUTH I BapialiiHoi 3aaadi (6.1), (6.2), (6.4) Ha
YMOBHHUH €KCTPEMYM 3 S IHTErpajibHUMU 3B’ sI3KaMu JUIsl (PYHKIIOHAIA, 1O 3aJI€KUTh
Bix N yskuii Y, (X), Y,(X),..., ¥, (X) y BUrIsai HacTymHOI TeOpeMHu.

Teopema 6.4 Sxmo ¢yskuii Y, (X), ¥,(X),...,Y,(X) HamaoTh excTpemMyMm
¢ynkmionany J(Y) y BapiamiiiHiii 3agaqi (6.1), (6.2), (6.4), To BOHU € eKCTpeMaIIMU
dyHKII0OHANA

H(yl,yz,...,yn):T(F +Zk:ﬂjhj]dx. (6.23)

Ipukaan. Buznauntu ekctpemali i3onepuMeTpuyHoi 3aaayvi [1]:
1

J[y(X),Z(X)]IJ(y’2+Z'2—4XZ’—4Z) dx, y(0)=0, z(0)=0, y(1)=1 z(1)=1,

0
1

I(y’z—xy’—z’z) dx =2. (6.24)
0
Po3p’si3anHs. CxiageMo JOMOMDKHHM (yHKITIOHAI

®:j[y’2 +2” —4xz'—4z+ﬂb(y’2 —xy’—z'z)]dx
0

Ta 3aMuIIeMO IS HhOTO CUCTEeMY PiBHsHBL Eitnepa

—%(2y’+ 21y'—2Ax) =0,

—4—1(22’—4x—2/12’):0,
dx
PO3B’A3YIOUH SKY, 3HAXOIHUMO
AX? +2C,x
A e S o
y(x) 4(1+2) T

C,x

3 KpalilOBUX YMOB OTPUMY€EMO:

01:3’17”, C,=0, C,=2(1-1), C, =0,

TaK 10

~ AX* +(31+4)x
O 4(1+ )

y(x)

z(x)=x.

JIlns 3HaXO/UKEHHS A BHKOPHUCTOBYEMO 130TIEPUMETPUUYHY YMOBY (6.24).
_2AX+31+4

4(1+ 1)

Ockinbkn y'(X) ,a 2'(x)=1, To 3Hax0AMMO
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lidx=2,

Jl- 21x+3/1+4) (2&x+3/1+4)x
| 16(1+4) 4(1+ 1)

3BIIKM MA€EMO PIBHSIHHS AJI1 BU3HAYEHHS A !

%(23/12 +467 +24)=48(A% +22+1).

3Bimen A, =-10/11 i A, =-12/11. TligcranoBkow y (6.24) MEepeKOHYEMOCH, IO

A, =—12/11 i3omepuMeTpuvHy YMOBY HE 3a10BOJbHSE, a A, = —10/11 3amoBosbHSIE.

aObrwbhE

o

~

[lykana ekcTpeMayib BUSHAYAETHCS PIBHSIHHAMU
7x —5x°

Y(X):T,

z(x)=x.
ITutanHs A5 caMmonepeBipKu

HaBectu npukiaau BapiamiiHux 3a7a4 Ha YMOBHHUI €KCTPEMYM.
CdopmymroBaTu Bapiaiiiiny 3anauy Jlarpanxa.

Hagectu popmyintoBaHHs 130MepUMETPUYHOI 3a/1a4l.

SIKMM YMHOM 130TICpUMETPUYHY 3a/1auy MOKHA 3BECTH JI0 3ajadi Jlarpanxka?
Hapectn xnacudikarito TUMIB 3B’S3KIB Y BapialliiHUX 3ajadyax Ha YMOBHUU
EKCTPEMYM.

Hanatn o3HauenHs ¢yHkmii  Jlarpamka g BapialliiHMX — 3ada4 3
nudepeHIiaIbHUMU Ta IHTETPaJIbHUMH THIIAMHU 3B’ S3KiB.

HaBectu anroputm po3B’si3aHHs BapialiiiHoi 3a1a4i Jlarpamxka.

ANTropuTM po3B’sI3aHHA 130MIEPUMETPUYHOT 3a1a4i.

IIpakTuyHi 3aBIaHHS
1

3HaliTH ekcTpeMaib 3amadi Jlarpamxka: J [y, Z] = I (y'2 + z) dx —extr, y(0)=1,

0

2(0)=1, y(1) =e, z(1) =e*+1, sxmo z—Yy*—x=0.

1

3HalTH ekcTpemMaib 3anadi Jlarpamka: J [y, Z] = I(y'z - 22) dx —extr, y(0)=0,

0

2(0)=1, y() =1 z(1) =2 , sxmo y-z>+1=0.

/2

3HaiiTu excTpemainp 3aaadi Jlarpamxka: J [y, Z] = J (y - 2'2) dx —extr, y(0)=3,

0

2(0)=1, y(#/2)=2, z(x/2)=0,saxmo y—2z°-2=0.
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9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8

9.9

9.1

1
3uaiitn excrpemanb 3amaui Jlarpamxa: J[y,z]= I y’2 +7° + X) dx — extr,

y(0)=0, z(0)=1, y(1)= =€’ +1, sxkmo y* -z°+1=0.

Binmykatun Haiikopormy Bigcrans Mibk Ttoukamu A(0,0,3) i B(L,1,-1) =na
noBepxHi 2X+2y+2—-3=0.

Binmykatu Haiikopormy Bigcrans Mibk Toukamu A(L,0,-1) i1 B(0,-1,1) =na
noBepxHi X+ Y+2=0.

Bimmykatu wmaiikopormy Bigcrans Mk Toukamu A(-511) i B(L1,-1) =na
noBepxHi X+2y+3z2=0.

3HaliTH HAWKOPOTINY BicTaHb MK ABoMa ToukamMu A(X,, Y, Z,) 1 B(X,,Y,;,Z;) Ha
nosepxHi @¢(X,Y,2) =0 (y 3aranpHOMY BUIJISI).

3HalTH eKCTpeMaJb i30mepuMeTpudHoi 3a1a4i [1,2]:

1 1
Jly]=|y dx—extr, y(0)=1, y(1) =6, jydx:3.
0

0
1

J[y]::(y’2+x2)dx—>extr, y(0)=0, y(1)=0, jyzdxzz_

0 0

L 1 & 1
)= yideoexr, y(0)=0. ym=7, !(y y*Jdx= .
J [y]:i 2dx — extr; }xy dx =0, y(0) =4, y(1) = 4.

2

J[y]=]x’y"dx — extr; jydx 2, y(1) =4, y(2) =1.

[N

J[y] =£X(y1— y, ) dx — extr; {yl’y;dx =-4/5, y,(0)=y,(0)=y,(1) =0,
y, (1) =2.

J[y]:i(yﬁyz) dx — extr; jylyzdx 0, y,(0)=y,(0)=0, y,(1) =1,

Yy, (1) =-3.

J [y]:iy’zdx—>extr; iy dx =1, ixy dx =0, y(0)=y(1)=0.

J[y] :iyl’y;_dx —> extr; c})xyldx :ixyzdx =0, y,(0)=y,1)=v,(0) =0,

yz(l) =1.
1 1 1
0 J[y]=Jy dx—extr; [y dx=-3/2, [xy dx=-2, y(0)=2, y(1) =-14
0 0 0

64



7 IPSIMI METOIU BAPIAIIMHOI'O YUCJEHHA

ILian:

7.1 CyTHICTh IPSMUX METOJIB TOCTIIKEHHS (PYHKIIIOHAIIB HA EKCTPEMYM.
7.2 Merop Pitna.

7.3 CkinueHHo-pi3HuueBuil meton Eitnepa.

7.4 Meton Kantoposuua.

KarouyoBi mnoHsiTTss Ta TepMiHM: HAOIMKEHUH pO3B’SA30K, KOOPAMHATHI
¢GyHKI1i, HEeBU3HAYEH] KOE(PIIEHTH, TOYHICTh HAOIMKEHOTO PO3B’SA3KY.

7.1 CyTHicTh IPAMMX METOAIB A0CTizKeHHS (PYHKIIOHAJIIB HA eKCTPEeMYM

HudepeniiaibHl piBHSAHHS, OTPUMAaH1 y Mpoleci po3B’sA3yBaHHsS BapialliiHUX
3a/lay, IHTerpyThCs Y CKIHUEHOMY BUIJISAL JIMILIE Y OKPEMUX BHUMaaKax. Y 3B S3KY 3
UM BHUHHMKA€ HEOOXIAHICTh y MOOYJOBI HAONMKEHUX METOAIB PO3B’sA3yBaHHS
BapialliiHuX 3a7a4, IKUMHU € MPSM1 METOU, 1[0 HE 3BOASATH PO3B’SI3aHHS BapialliiHo1
3a/1ayl 10 po3B’si3aHHs NU(epeHIiaTbHUX PIBHIHb.

Po3rnsiHeMo 3amady npo 3HaXOMKEHHS MiHIMyMY jAesikoro ¢yHkiioHana J (y) ,
BU3HAUEHOTO Ha MeBHIA MHOXUHI M nomyctumux kpuBuX. [Qns Toro, mob s
3aj1a4a Maja CEHC, CJA JOMYCTUTH, MmO Yy kimaci M iCHYIOTh KpuBi, ISl SKHUX
dyHKIIOHAT J (y) <400 1 mpu mpomy IinfJ (y) =0a >—00. Y 1IbOMY BUMNAJKY ICHYE

Taka IOCIIAOBHICTb KpPUBUX Y, VY,,..., Y, ,..., IO IimJ(yn)za. Taky

N—o0

MOCJIIIOBHICTh Ha3UBAIOTh MiHIMi3yI104 010 MOCTiIOBHICTIO.
k1o as MiHIMI3YH0401 TTOCTiAOBHOCTI {yn} ICHY€e rpaHM4YHa KpuBa Y,, TOOTO

limy, =Y,, i npu npomy IimJ(yn)zJ(yo), TO J(yo):a 1 KpuBa Y, € pO3B’SI3KOM

n—oo

naHoi 3agadi. OTxke, OTpUMaHHSA HAOIMKEHOTO PO3B’SA3KY BapialliiHOi 3a1adi
OpsSIMHUM METOJIOM Iependadae MoOyAOBY MIHIMI3YHOYOI ITOCTiAOBHOCTI {yn},
JIOBEJICHHS ICHYBaHHS Y Ili€i MOCIIJOBHOCTI T'PaHUYHOI KPUBOi Y, Ta JOBEICHHS

MoxIMBOCTI  rpanmunoro mepexomy limJ(y,)=J(y,). Ynenn wMinimisyrodoi
n—o0

MOCJTiTOBHOCTI {yn} MOKHA PO3TISIaTH SIK HAONMKEHI PO3B’SI3KM  BapialfiitHO1

3amaui. [lpsmi MeTogum pO3pI3HAIOTECS MDK €000 crocobamMu  MOOyI0BU
MIHIMI3yI04O01 MOCTiIOBHOCTI.

OcHoBHa i7ess MPSAMHUX METOMIB TIONsArae y TOMY, IO BapialiiiHa 3ajada
PO3TIIAIAETHCS SIK TPAaHUYHA ISl IESIKOT 3374l MPO eKCTpeMyM (PYHKIIiT CKIHUEHHOT
KUTbKOCTI 3MiHHUX. JJomycTiuma pyHKis Y(X) aeskoi BapiamidHOT 3aa4i MOKe OyTH

MPEICTABICHOI0 Yy BUIJISAAI CTEIEHEBOTO POy y(X):Zaan, pany @yp’e
n=0
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y(X) = % + Z(an cosnx +b, sin nX), a00, y 3araJlLHOMy BUMAJKY, (YHKIIOHATHHOTO
n=1

psaay BUAY
y(x) =2 a,¢,(x), (7.1)

ne {@,(X)} — nesixa Hanepen BuOpana cuctema (yHKI.

Jns Bu3HaueHHs GyHKIii Y(X), 3aAaHOI 32 JOMTOMOTOI0 TAKOTO PSITY, TOCTATHHO
BU3HAYUTH Bci Horo koedimienTu. 3HaueHHs ¢yHkiionana J(y) y JaHOMY BHUIAAKY
BU3HAYA€ThC KOEQIUIEHTAMM @, AAHOIO (PYHKIIOHAIBHOIO pAxy. TakuMm 4YUMHOM,
(yHKIIIOHAI MOKHA pO3IVIAJaTH K (YHKLIIO HECKIHYEHHOI KUIBKOCTI 3MIHHUX &,
n=12,...

3amada JociiKeHHS (YHKI[IOHAJa Ha EKCTPEeMyM SBIsie cO0OK0 3ajady
JOCHIDKEHHST Ha eKCTpeMyM (YHKIi HECKIHY€HHOi KUIbKOCTI 3MiHHUX. [lpu
3aCTOCYBaHHI MPSMUX METOMIB JaHa 3ajaya HaOJIMKEHO 3aMIHIOETHCS 3a/1auero Mpo

ekcTpeMyM (QYHKINIT CKIHYEHHOT KIJTbKOCT1 3MIHHUX IUISIXOM 3aMiHU Yy (DYHKITIOHATI
J(y) pany (7.1) ckinueHHoro kKombOiHamiero mepmux N ¢ynkuin ¢, (X),

k=1 2,..,N. IlpuxiagamMmu npsiMUX METOIB BapialliiHOTO YMCIICHHS € MeToJ PiTia
Ta CKIHYeHHO-pi3HuUIIeBU MeTo Eftnepa.

7.2 Metoa PiTa

OcHoBHa ines MeToay PiTna nossrae y Tomy, 1110 3HaueHHs QyHKIIIOHAIA
b
J(y) = [F(xy,y)dx (7.2)
a

PO3TIIAIA€THCSA HE HA JIOBUIBHUX JOMYCTUMHX KPUBHX, & TUIBKH Ha BCIX MOMJIMBHUX
JTIHIMHAX KOMOITHAITISIX BUTY

Y =230, 7.3

ne a;,1=12,..,n — HeBinOMi cTaii KOCQIWieHTH, @, @,,...,, — Iepii N QyHKIIH 3
JesKoi Harepes BUOpaHOi (PYHKIIOHANBHOI MOCTIAOBHOCTI. Taka MOCHiJOBHICTH
MOBMHHA OYyTM TOBHOIO, TOOTO Oyab-Aka pomycTuMa QYHKIL MOXe OyTu
aIPOKCMMOBAHOIO TIPH  BIJAMOBiIHOMY BHOOpi KoedimieHTiB a 1=12,...n,
TiHIAHOIO KoMOiHaIi€ero BUaY (7.3), TOOTO MOBUHHA BUKOHYBATHUCS PIBHICTH:

409~ 380,09

lim =0.
n—oo

NV . . 1
VY 111t piBHOCTI pO3TIASAAETHCS HOPpMA (DYHKITIOHATEHOTO TIPOCTOPY C[a;b] HEIEepPEPBHO

nudepeHIliioBHUX HA BIIPI3KY [a;b] byHKITIH.

Hnst toro, moO ¢ynkmis (7.3), mo € HAOMMKEHHSIM TOYHOTO PO3B’SI3KY
BapialiiHo1 3ajadi, Oyna JAOMyCTUMOIO, HEOOXigHO, MmO00 BOHA 3aJ0BOJIbHSIA
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3alaHUM KpalloBUM ymoBaM. Skmo KpailoBl yYMOBM BapialiiHOi 3ajadi €
omHopimHUMH, To GyHKOil @ (X),i=12,..,n, BUOMpalOTh Tak, 100 BOHH
3aJI0BOJIBHSUIM MM KpaioBMM ymoBaMm. Hampukman, anig BapianiiHOi 3agadi mpo
excTpeMyM (yHkmionana (7.2) npu kpaiioBux ymoBax Yy(a)=y(b) =0 ¢ynkuii ¢, (X)
BUOUpaoTh Tak, mod ¢ (a)=¢ (0)=0,i=12,..,n. Hanpukman, MoxHa B3SATH

iz(Xx—a)

@ (X) =sin ,i=1,2,..,n,a60 ¢ (x)=(x—a)(x-b), i=12,.,n.

ko KpaioBli YMOBU € HEOJHOPITHUMH, HaIpUKIIAJI,
y(@)=y, #0; y(b) =y, #0, To HabmmkeHnii po3B’s30K BapiamiiHOI 3a7a4i IIyKaOTh

y BUTJISAL
Yo (X) =, (X) + Zai¢i (x), (7.4)

ne ¢yHkuis  @,(X) 330BOJNBHAE  3aJaHMM ~ KpPaliOBUM  yMOBaM, TOOTO
o, (@)=Y, 0,(b)=Y,, a dyskuii ¢ (X),i=12,...,n, 3aA0BOJBHAIOTH OJHOPITHUM

KpaifoBuM ymoBam. Hanpukinaa, MmokHa BuOpatu ¢, (X) = %(X - a) +Y,.
—a

Ha ominiitanx komOiHamisix Buny (7.3) abo (7.4) dynkumionan J(y)
HepETBOPIOEThC v GyHKIito  f (ai,az,...,an) KOeQIUIeHTIB  &,,8,,...,a,. Ll
KoedimieHTH BUOUPAIOThCs Tak, mo0 ¢yukiis f mocsrama exctpemymy. Ipu npomy

BOHM BH3HAYAIOThCS 3a JIOMOMOrOI0 HEOOXIIHOI YMOBHU €KCTpEMyMy, TOOTO SIK
PO3B’SI3KM CUCTEMU alNreOpaiuHuX piBHSAHb

éL:OJzLZWUn (7.5)
oa

1
[TincraBnstoun 3HaiineHi 3 cuctemu (7.5) 3HaueHHS Koe(illleHTIB @, Y
arpokcuMmarito (7.3) abo (7.4), orpuMyeMoO HaOMMKEHUH PO3B’SA30K BapialliifHOT
3a7au4l.

GOynkmii @, (X),i1=12,..,n, Ha3uBaroTh O0a3ucCHUMH (KOOPAWHATHHMH,

NpooHMMHU) PYHKIISIMHU.
Ipuknan. 3HaiiTh 3a jgomoMoror MeTtony Pitma HaOmmkeHU po3B’ 30K

1
BapiarlifiHol 3a7a4i mpo excTpeMyM QyHkiionana J(y) = I(y'z +y + 2xy)dx, SIKIIO
0

y(0)=y(@)=0.

Po3p’sizanHs. byaemo mykatum HaOmwkeHWid po3B’si3ok y Burmsiai (7.3),
OCKiNbKH KpaiioBi yMoBH € omHOpimunmu. Bubepemo ¢ (X)= X' (x-1),i=12,...,n.
OOmexxuMocst 1BoMa OazucHUMH (QyHKIIIMHA, TOOTO mpuitMmemMo N=2. OTpumaemo
2, (X)=x(x-1), @,(x)=x*(x-1). Toxi HaGmuKeHMi PO3B’SI30K TAHOI BapiawiiHOI
3a/a4l Ma€ BUTJIS:

Y,(X) =a,x(x—-1) + aZXZ(X -1)= al(X2 —X)+ az(X3 - Xz) .
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Toximua Y, (X) =a,(2x —1) + a,(3x* — 2X) .
[TincraBuBImH 11i BUpa3u y ¢pyHkionan J(Y), micis iHTErpyBaHHSI OTPUMAEMO:

11 , 11 1, 1 1
J N=f(a,a,)=—a +—aa, +—a, ——a, ——a,.
(y,(x)) (a,a,) 3031 3Oa12 7% 631 102
of of
Cxknagemo cuctemy (7.5). Orpumaemo — =0, — =0 abo
0 oa,
i, .1 1
15 3% g
.2, .1
300 7%y
Po3B’sg3aBIIn 1aHy CUCTEMY, 3HAXOIUMO —ﬂ a —l
Y Y YT T

Taxkum unHOM, HAOJIMKEHHUM PO3B’ 30K BapialliiiHOT 3a/1aul Ma€ BUTJISI:

69 2 v s 2
200 == 0¢ =20 + 2= (¢ =),

7.3 CxinyenHo-pizHueBuii MeTox Eiinepa

OcHoBHa ijies cKkiHYeHHO-pizHuueBoro meroay Eiijiepa nonsrae y Tomy, 110
JOIYCTUMI KPHBI, Ha SAKUX 3a1aHuil pyHKIioHAT (7.2), apOKCUMYIOTHCS JIAMaHUMH,
CKJIAJICHUMH 3 3aJlaHOi KUIBKOCTI N BiApi3KiB. [IoTIM po3risimaroTbesi 3HAYEHHS
¢ yHKITIOHAJIa Ha TAKUX alTPOKCHUMAITISX.

PosristHeMo HaWmpocTilny BapialliiHy 3ajiady Mpo 3HAXOKCHHS CKCTPEMYMY
¢ynkiionana (7.2) 3 kpaiioBumu ymoBamu Yy(a)=Y,, y(b)=y,. 3HaueHHs
dbyHKITIOHaIa PO3TIIAIAIOTHECS Ha JIAMaHUX, CKJIQJCHUX 3 N BUIPI3KIB 3 3aJaHUMH
abcumcaMu  BepIIMH: X, =@, X, =X, + AX, X, =X + AX,...,X, =X, + NAX=Db, ne
_b-a

—
Ha takux mamanux ¢yskmionan (7.2) mepeTBOPIOEThCS Y (YHKIIIO
9(Y1s Yz Yoa) OpmmHAT Y = Y(X,), Y, = Y(X,),- You = Y(X,1) BEpLIMH NamMaHoi:

n-1 _
g(yl’yZ"“’yn—l):ZF(Xk’yk’%JAX. (7.6)
k=0 X

AX

Xn
Oyukuis  9(Y,, Yy, Y, ;) € HAOIMKEHHUM 3HAUCHHSM IHTErpany IF(X,y,y')dX,
Xo
OOYHUCICHOTO 3a (OPMYJIO0 MPSAMOKYTHHKIB. IToxXigHa Y’ mpu mbOMY 3aMIiHIOETHCS

)~ Yo — Yi .
AX
Opnunatua Y, Y,,...,Y,, BuOuparorbcs Tak, o0 ¢yHKiss g(Y,, Y, Y, 1)
nocsrana eKecTpeMyMy. BoHM BU3HAYaOTHCS 3 CHCTEMH PIBHSHD

pI3HHUIIEBUM CITiBBigHOMIEHHAM Y'(X,
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0 :
§=0,|=1, 2,.,n—1. (7.7)
i

IIpukaaa. BukopucToByrouM CKIHYEHHO-pi3HULEBHA MeTon Elnepa, 3HailTu
HaOJIMKEHUW PO3B’SI30K  BapialliifHOT 3ajladl  Mpo  eKCTpeMyM  (yHKIlIOHAJa

J[yl= J(y’z +y° +2xy)dx, sxmo y(0) =y(1)=0.

Po3B’s13anHs. BubGepemo 3a HaOIMKeHy eKCTpeMallb JJaMaHy, 1110 CKIaAaeThCs 3
5 BigpikiB (N=5). Tomi Ax= % =0,2. Maemo Y,=Yy(0)=0, vy, =Y(0,2),
Y, =Y(0,4), y,=¥(0,6), y, =Y¥(0,8), y. = y(1) =0. 3aminuBuiu QpyHKIIOHAT CyMOIO
3a GopMyJI0I0 NPAMOKYTHHUKIB, OTPUMA€EMO (YHKIIIIO YOTUPBOX 3MIHHUX Y, Y,, Vs,

Ys-
j(y'z +y° +2Xy)dXz g(yl,yz, y3,y4):
0

2 2 2
:K%j +(%) +yf+0,4y1+[%j +y

2 2
+o,8y2+[%j +y32+1,2y3+£0y—42j +yf+1,6y4]0,2.

3anuimieMo cucteMy piBHsHB (7.7) A 3HaXOKeHHs opauHar Y, i1=1,2, 3, 4.

a9 _ 2y1 _ 2(y2 — yl)
oy, 0,04 0,04
ag :2(y2_y1)_2(y4_y3)+2y2+0,8:o’

oy, 0,04 0,04

8g :2(y3_y2)_2(y4_y3)+2y3+1,2:0’

A 0,04 0,04

89 :2(y4_y3)_ 2y4 +2y4+1,620.

oy, 0,04 0,04

Po3B’s3yroun maHy cucremy piBHsHB, orpumyemo Y, =-0,0286; y, =-0,0505;
y, =-0,0580; vy,=-0,0444. Takum uuHOM, OTpPHMaHi HAOIIDKEHI 3HAYCHHS
eKcTpemalli JaHoi BapiamiiHOI 3amaui y By3ioBux toukax X, =0,2, X,=0,4,
X;=0,6, x,=0,8.

+2y, +0,4=0;

7.4 Metoa KantopoBuua

ITpu 3actocyBanHi Metoay Pitna mo ¢yHkiionanis J (u), IO 3aJIeKaTh Bl
GYHKITINA KITBKOX 3MIHHUX u(xl, Xy yeenr X, ), CIOYaTKy BUOMPAIOTh CUCTEMY Oa3MCHHX

(xoopanuatHux) QyHKLIH U, (X, X, X, ), Uy (X, Xp0ee X, )seees U (X0 %5400 X, ),

ceey
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MOTIM IIYKAalOTh HAOJMKEHUH pO3B’SA30K BaplallliHOI 3aJadyl y BUIISAIL JIHIAHOI

KOMOIHaI1i Zak (X, Xy, %, ), me Koediuientn ¢, € cramamu. Ilpn

3actocyBaHHl MeTony KaHTopoBHYa TakoX BHOMpAIOTh aHAJOTIYHY CHCTEMY
0a3ucHUX (QyHKIIN Ul(xi,xz,...,xn), UZ(Xi,Xz,...,Xn),..., Um(xl,xz,...,xn), ..., IpOTE
HaOJNMKEHUN PO3B’ 30K 6yz[y}0Tb y BUTJIS1

Zak (X0 %o e X, ) (7.8)

1e KoedilieHTn o, (Xi ) € HEBIIOMUMU (DYHKIISIMU OZHI€T 3 HE3AJIEKHUX 3MIHHUX X; .
®dynkrionan J (u) Ha MHOXXHH1 QYHKIIIH, 110 MatoTh BUTIIsA (7.8), 3aJIKUTH Big M
(GyHKIIH al(xi), az(xi), e am(xi) onHi€eT He3aNeKHOT 3MIHHOT X;. X BUOMPArOTH
TaK, OO QyHKIIOHAT J (um) J (al (X ) a, (X ) o Ol (Xi )) J0CATaB EKCTPEMYMY.

SIKIo MOKNIWBO 3AIMCHUTH TpaHWYHUK mepexix U=limu_, To 3a ymoBH
m-—o0

NOBHOTHU BUOpaHOi cucTeMu 0a3uCHUX (PYHKIIIM Ta HASBHOCTI €KCTPEMYMY Y JaHOTO
¢yHKIlIOHAIa MOXHa OTPUMATH TOYHUU PO3B’SA30K BapiamiiHoi 3amadi. bes
3MIIACHEHHS] TPAHUYHOTO TEPEeXOay OTPUMYEMO HAOIMKEHUN pO3B’A30K BapialliiiHOT
3anaul y Burisial (7.8). Lledt po3B’s30k y 3arajJbHOMY BHUMAJKY € TOYHINIMM, HIK
PO3B’SI30K, OTPUMAaHMK y pe3yJIbTaTi 3aCTOCYBaHHS METOYy PiTIia 3 Ti€l0 3K KUTBKICTIO
m OasucHux ¢yHkuii. ILle nmosicHoersess Tum, mo knac ¢yHkui Buny (7.8) €
IMUPIIUM, HDK aHaJoriyHa MHOKHMHA (YHKIIM 3 cTaluMu KoedilleHTaMH « ,

k=1...,m. Tomy cepen ¢pyukmiit Buay (7.8) MokHa miaiOpaT Kparili almpoKcuMaii
PO3B’sI3Ky BapiaiiiiHOi 3a7a4i MOPIBHAHO 3 MHOXXHHOIO JIHIMHUX KOMOIHAITIH
0a3ucHUX (PYHKIIIHA 3 CTATUMHU KOe]illieHTaMHu.

Ipuxnan. 3HaiiTH (QYHKITIO u(x, y), 0 HaJae eKCTpeMyM (YHKI[IOHATY

2 2
J[u] = au + au —2U |dxdy Ta nopiBHIOE HymIO Ha Mexi obmacti D,
5 | LOX oy

O0OMEKEHOT MPAMUMH Y = + X 1 x=1.

V3

Po3p’si3anns. [Ipu moGynoBi HabmmkeHoro po3B’s3ky (7.8) maHoi BapiamiitHO1
3a/1aul 0OMEXUMOCH OfHI€I0 Oa3ucHOI0 ¢GyHKIiew. [lepie HaOMMKEHHS PO3B’SI3KY

2
OyzemMo MIyKaTdu y BUTIISI ul(x, y) :a(X)Ul(X, y), ne Ul(X, y): y? —(%) . [pn

TakoMy BHOOpi 0a3ucHoi pyHkiii U, (X,Y)=0 Ha nmpsamux KpaiioBi ymoBu
1 p y= p y

f

OyIyTh BHKOHYBaTHCS Ha TpsMiii X=1, gakmo o (l)=0. [TincTaBUBIIKM BHpa3 s
ul(x,y) 3aMiCTh U(X,y) y (QyHKITIOHAIT J(u) MIiCJIsT IHTETPYBAaHHS 3a 3MIHHOIO Y

OTpUMYEMO (DYHKITIOHA, 110 3aJIeKUTh BiJl PYHKIIT OAHIET 3MIHHOT a(x):
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1
J(a(x))= %!(2@'2 +10x"a - &' + 30X’ +15x"ar ) dx.

PiBustnus Eitnepa it nporo pyHKIioHana Ma€e BUTIISA!

x’a" +5xa’ —5a = %

y , : 5 3
3aranbHUM PO3B’SI30K 1bOro piBHsHHA Mae Burmsg: o(X)=Cx+C,x -7
Ockuibku mpu X =0 po3B’sa30k 3anadi Mae Oytu ooMexennm, To C, =0. Crany C,

. 3
3HAXOAUMO 3 YMOBH a(1)=0, 3Bigku  C, :Z. TakuM YHMHOM, OTPUMYEMO

HaOJIMKEHUH PO3B’SI30K BapialliifHOI 3a/1a4l y BUTJISL
2

3 2 X

u(x,y)==(x-1 —| =
((xy)=4(x-1)y ( @j

IIuranHs A5 caMmonepeBipKu

1. ki Meroau Ha3UBaIOTh MPSIMUMH METOJIAMHU BapialiifHOTr0 YUCIEHHs?

2.  SIky mocnigoBHICTh HA3UBAIOTh MIHIMI3YIOUOIO?

3. 3 sSKuX eTamiB CKJIaJae€TbCd OTPUMAHHSA HAOJIMKEHOTO PO3B’SA3KY BaplaliiHOi
3a/1a4l IpPSIMUM METOJI0M?

4. Y yomy moJjsirae CyTHICTb MPSIMHUX METO/IIB BapialliitHOTO YUCICHHS ?

5. CdopmynoBaTu OCHOBHY iJiet0 MmeToay Pitia.

6. SIxi ¢pyHKIIi Ha3UBAaIOTh 0A3UCHUMHU?

7.  SIxi BUMOTH CTaBJIAThCA 10 Oa3ucHUX (PyHKINIH y Mmeroai Pitma?

8. VY uomy nossirae OCHOBHA i/iesl CKIHUEHHO-pi3HUIIEBOTO MeTony Eitnepa?

9. Jlnga sxkux (QyHKIIOHANIB BUKOPUCTaHHSA MeTonay Einepa € HaiOuUIbmI

e(heKTUBHUM?
10. V domy nossirae OCHOBHA BIAMIHHICTBh MeToTy KaHnTopoBrua Bim MmeToay Pitma?
11. Jlns po3B’si3aHHS SKUX BapiallliHUX 331249 3aCTOCOBYIOTH MeTol KanTopoBuya?
12. Yomy 3actocyBanHs Merony KaHTopoBHua y 3arajJibHOMY BHIAJKy JO3BOJISE
OTpUMaTH OUIBII TOYHY ampOKCHMAIIII0 PO3B’SI3Ky BaplaliiHOi 3amadi y
MOPiBHAHHS 3 MeTo oM PiTra?

IpakTuyHi 3aBIaHHS

1. Meronowm Eitnepa 3HaliTH HaOIMKEHUNA PO3B’ 30K 3a1a4l
(N —4mco JaHOK JamMaHo).

1
1.1, J[y] =j(y'2 +2y)dx —extr, y(0)=0,y())=0; n=2, n=4.
0
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2 2

1.2. J[y]= Q(xy'z—x—_1y2—2x2y)dx—>extr, y(1)=0,y(2)=0; n=2, n=3.
: X
1

2
1.3. J[yl= (Y’ +2xy+y?)dx > extr, y(0)=0,y(2)=0; n=2, n=3.
0
1

14. J[y]= .'(y'2 +1)dx — extr,

0

a)  y(0)=0y(1)=0;

b) y(0)=0,y(1)=1;, n=2,n=14

2. Mertonom Pitiia 3HaliTu HaOIMIKEHUM O3B’ 30K 3a1aul
(Bkazano Bup dynkmin Y, (X) Ta y,(X)).

2.1, J[y]:j(y'2+2y)dx—>extr,

0 y(0)=0,y1)=0; vy, =a,x(1-X), ¥, = a,Xx(1—X) + a,x*(1-X).
2.2. J[y]:'lf(y'z+2xy—x2y2)dx—>extr,

O y(0)=0,y)=0; vy, =ax(1-X), Y, =, Xx(1-X) +a,x*(1-X).
2.3. J[y]= j (y" —(l+ xz) y —2y)dx — extr,

’ y(-1) =0y =0; y,=a(1-x*), y, =1~ x") + &, (1-x").
2.4, J[y]:j(y'2 —y?+2xy)dx > extr, y(0)= 0y (1F 0y, =a (x—Xx%).

0

2
25, J[yl= J(y’z +y°+ 2xy)dx —extr, y(0) = y(2) =0;
0

y, =a,X(1-X), ¥, =a, X (1= X)+a, X (I X.
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8 BCTYII IO YUCEJBbHUX METO/IIB OITUMI3AIIIL
®YHKIIN OJHIET TA KVIBKOX 3MIHHUX
IMnan:
8.1 IlocTaHoBKa 3a/ia4i OAHOBUMIPHOI ONITUMI3aIlii.
8.2 Meroa quxoToMmii.
8.3 Merox 30510TOr0 MEpepizy.
8.4 Meton ®Pi6oHaYYI.
8.5 3arasipHa XapakTepHCTHUKA METOJIIB OaraTOBUMIPHOT ONTUMI3AIl].
8.6 I'pamieHTHI METOIU.

Kir0uoBi noHATTA Ta TepMiHM: yHIMOJAJbHA Ta MYJIbTUMOAAJIbHA (DYHKIIIS,
IHTEpBaJl HeBU3HaYeHOCTI, yucia d®idoHayuyi.

8.1 IlocTanoBKa 3a1a4i OTHOBUMIPHOI onTHMI3amil

3amayl OTHOBUMIpPHOI ONTHUMI3allii — 1€ 3aJadl MOUIYKY €KCTpeMyMy (YHKIIIi
onniei 3MiHHOI. Taki 3amadi BHUHUKAIOTH I Yac JOCHIJDKEHHsI TPOIECiB, IO
3aJIeXaTh BiJl OJIHIET CKasIpHOT BenMuuHA. KpiM TOTO, BOHH € CKJIaJOBOK YaCTUHOIO
0aratboX ITepalifHUX METOJIB PO3B’S3yBaHHS OUIbII CKIAIHUX ONTHUMI3alIHHUX
3aJ1ay MOIIYKY eKCTpeMyMiB (yHKIIIH O0araTboX 3MIHHUX.

3amaui miHIMIzamil QyHKIIT OJHIET 3MIHHOI MeTonamMH JaudepeHIiaTbHOTO
YHUCJICHHS JCTAJIbHO PO3IMIISIAIOTECS Y Kypcl MaTeMaTHYHOT'O aHali3y, MpoTe TaKi
METOJIM MaIOTh OOMEXEHE 3aCTOCYBaHHS 1 HE 3aBXK/IU € 3pYYHUMH JIJIs1 KOMIT IOTEPHOT
peaizaiii.

Jani po3rissHEMO METOAM ONTHMI3amli (QyHKIII OJHiel 3MIHHOI, IO HE
noTpeOyIOTh HEeMepepBHOT NU(PEPEHITIMOBHOCTI (PYHKIIIT Ta JO3BOJSIOTH €(EKTUBHY
peanizaiito Ha KOMIT OTepi. Bimomi mMeToau BiAIIyKaHHS €KCTPEMyMY HEIHIMHOT
GbyHKIT 3aleXHO Bl BUKOpHUCTaHOI 1HGoOpMaIi IS TOIIYKYy HaOIMKEHOTO
3HAYEHHS EKCTPEMYMY MO>KHA MOAUTUTH HA TPH TPYIIU:

1. Meroagu mpsMOro momyky (METOOHM HYJbOBOTO  MOPAIKY),  SIKi
BUKOPHUCTOBYIOTh TUTbKH 3HaUCHHSI () YHKIIII.

2. Meroau mepuioro MopsKy, SKi J0JaTKOBO BUKOPHCTOBYIOTH 1 3HAYCHHS
MePIOi MOXiTHOT.

3. Metoau Apyroro mopsiKy, ki BAKOPUCTOBYIOTh APYT1 MOX1AHI.

PosrysineMo 3ajady jocnimkenns Ha minmimym dymkuii f(X), xe[a;b]cR
(nocmimxenns Ha makcuMyM QyHKiii f (X) ekBiBaneHTHO HOCHIIKEHHIO HA MiHIMyM
bynxuii —f(X)). Ockinbkn Tounmit noxamehmit mimimym —f(X) na [a;b]
HEBIJIOMUH, TO HA3BEMO II€ MPOMDKOK iHTEPBAJIIOM HEBU3HAYECHOCTI.

Hexait X — Touka, y sKii f(X) J0csiTa€ MiHIMyMY Ha BiIpi3Ky [a; b].
Oyukiio f (X) X € R, Ha3UBarOTh YHIMOAAJILHOIO Ha BiIPi3KY [a; b], SIKIIIO BOHA €

HETIEPEPBHOIO HA [a; b] 1 ISl BCIX TOYOK X, Ta X,, a<X <X, <b, takux, mo mis
>x  f(x)<f(x), a ma x<x f(x)>f(x,). Oynkuii, mo He €
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YHIMOJJaJTbHUMH Ha [a; b], Ha3UBaIOTh MYJbLTHMOAAJIBLHUMM HA I[LOMY BIAPI3KY. 3

O3HAYEHHS YHIMOJAJIbHOI (PYHKIII1 BUIUIMBAE, III0 BOHA Ma€ €IMHUN MIHIMYM Ha
BIJIPI3KY [a; b], MPUYOMY 10 HBOTO BOHAa MOHOTOHHO CHaJa€, a MICHS HbOIO
MOHOTOHHO 3POCTaE.

PosrnstHemo pani 3acToCyBaHHS METO[IB IPSIMOrO MOIIYKY JJisi MiHIMi3amii
GyHKUIT OHIET 3MIHHOT Ha 33JaHOMY MPOMDKKY, IO MepeadayaroTh BUKOPUCTAHHS
JuIie 3HadeHb i€l QyHKUii. PO3pI3HAIOTH ABI IPyHd METOAIB HPSIMOTO MONIYKY.
Meroau macMBHOIO NMOLIYKY Iepe10avyaroTh, 0 TOUKU X, e[a;b], k=1 2,..,N,
BUOMPAIOTh OJHOMOMEHTHO 10 OOuYuciaeHHS (yHKUii y 1ux TOoYykax. biibm
epeKTUBHUMU 3 TOYKM 30py MOXJIMBOCTI JIOCATHEHHS 3a/laHOi TOYHOCTI
3HAXO/PKEHHS TOYKM MIHIMYMY € MeTOAM TWOCJAiZoBHOro momyky. I[lpu
3aCTOCYBaHHI LI€T TPYNU METOJIB TOUKHM X, BU3HAYAIOTHCS MOCIIOBHO, IPU LOMY
IUIsi BUOOPY HACTYMHOI TOYKM BHUKOPUCTOBYIOTH 3HAu€HHS (YHKIIi, OOYHUCIEH] Y
HoINepeHIX Toukax. Bubip HacTynmHOi TOUKM X, Ta OOYMCIIEHHS 3HAYEHHS (yHKIIT
f (X,) HasuBaroTH KpoxoMm mocmizoBHOro momyky. Ilicis N oGuncieHs 3HaueHb
QyHKIIT 3HAXOIATH IHTEpPBaNl NOBXHHOK |, y SKOMY rapaHTOBaHO 3HAXOIHTHCS

myKaHa Touka MimiMmymy X . Ileli iHTepBanm Ha3MBaKOTL  IHTEPBAJIOM
HEBM3HAYEHOCTi. YMOBOIO 3aKiHYEHHS OOYHCIIEHb MpPU 3aCTOCYBAHHI METOJIB
NpsIMOTO TIOIIYKY € BHKOHaHHS HepiBHOCTI |, <&, me & — 3amaHa MakcuMmalbHA

JIOTyCTUMA JOBKHUHA 1HTEPBATy HEBU3HAYEHOCTI.
[Ipu 3acTocyBaHHI METO[IB MPSIMOTO MONIYKY BHUKOPHUCTOBYIOTH NPOLEAYPY
BUKJIIOYeHHsI Biapi3ka. Bona monsrae y HactynHomy. Hexait Ha BiapizKy [a; b]

posramoBaHi Toukn C Ta O Tak, mo a<c<d<b 1 oOYMCIEeHO 3HAYEHHS
yHiMozanbHOi Ha [&; b]dyskuii: f(c) ta f(d). SAxmo f(c)< f(d), o x" [a;d],
a Bigpisok [d;b] moxna BukmOUnTH 3 MOmanbmoro posrmsay. Ipu f(c)> f(d)
poOGMMO BHCHOBOK, IO X € [C;b], a BIAPI30K [a;c] HaJajai MOXKHA HE PO3IJIAaTH.

OTxe, BHACHIOK 3aCTOCYBaHHS TPOILEAYPH BHKJIIOUCHHS Bipi3ka OTPUMYEMO
HOBHUH BIAPI30K, BKJIAJICHUM y momependiid. Lleli HOBUH BiApPI30K MICTUTH IIYKaHY
TOYKY MIiHIMyMy. MeETOIM TOCHIIIOBHOTO TOIIYKY BHUKOPHUCTOBYIOTH TMPOILEAYPY
BUKIIFOYCHHSI BIIpi3Ka Ha KOXXHOMY YEpProBOMYy KpOIll Takoro momryky. Jlami
PO3MIITHEMO OCHOBHI TaKi METOIH.

8.2 Metoa auxoromii
HatinpocrimuMm meTomom MiHiMi3amii GyHKIIT 0HIET 3MIHHOI, 1110 HE MOTpelye

OOYHMCIICHHS] TOXIAHOI, € MeToA aMXOoToMii ado gileHHsi Bigpizka HaBmij.
PosristHemo 1ielt MeTonm 3a yMOBH, IO (PYHKITis f(x) € YHIMOJAJIBHOIO Ha [a; b].

3HaiiIeMO pO3B’A30K 3a/Jadi OJHOBUMIPHOI omTuUMizamii (QyHKIil f(X) Ha [0;1]
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METOJIOM AMXOTOMIii (3a JOMOMOTOI0 3aMiHHU x:(b—a)t+a JOBUIBHUM BIAPI30K
[a;b] MOJKHA BiZIOOpa3UTH Ha [0;1]).

Hexaii Binomo, mo Ha K -My kpoui nociigossoro nowmyky X €[a ;b ]<[0:1]
(na mepuomy kpoui npu k=1 a, =0, b, =1). Ha sigpisky [a,;b, | nosxuna sixoro

a, +hb a, +hb

nopisuioe |, BUOMpaeMo ABi TOUKH: X, = -5 T1a X, :% +0,0e 0 —

BuOpaHe noctatHbo Mase uucio, 0<o<1l. Touku X, Ta X, pO3TallOBaHI Ha

a, +Db

BIJIPI3KY [ak; bk] CUMETPUYHO BIJTHOCHO MOT0 cepeuHu X :T". [Ticnst Bubopy

UX TOYOK OOYHMCIIOIOTH 3HAYEHHS f(Xkl) Ta f(sz) 1 BUKOHYIOTH MPOUEAYPY

BUKJIIOUCHHS BIApi3Ka, MOPIBHIOWOYM Il 3HAYE€HHA MDK co0oro. BHacnigok 1poro
OTPUMYEMO HOBHUM BIAPI30K [ak+1;bk+l]c[ak;bk]. Sxkmo nowxuHa |, HOBOrO
BIpI3Ka HE TMEPEBMILYE 3aJaHOr0 &, TO OOYUCIEHHS 3YNMUHSIOTH 1 MPUIMAIOTh

a,, +Db .
X = % VY iHIIOMY BUTIAJKY TEPEXOASTH 10 HACTYITHOTO, (k + 1) -T0 KPOKY.

(I, - 25)

| _
Ockinbku |, = % +0 abo |, —20= 5510 | —25= L —20

2k71 .

3 miel
PIBHOCTI OTPUMYEMO HAcTymHY (GOpMYIy Ui BU3HA4YeHHs JoBxuHH | Bimpizka

[ak; b, ] , SKHI OTpUMY€EMO Ha K -My KpOIIi 3aCTOCYBaHHS METOJIY JTUXOTOMIT:

|, —26
l, = kL

3 piBHOCTI (8.1) BUmHBaE, mwo |, — 26 npu K — oo, ane npu upomy |, > 25.

+20. (8.1)

Tomy BukoHaHHS HepiBHOCTI |, <&, IO CBITYATH TPO IOCSATHEHHS 3a/JaHOi

TOYHOCTI 3HAXOPKEHHS TOYKM MIHIMyMy X , MOIJIMBE JIMIIE 332 YMOBHM BHOODY
20<¢.

OTxe, METOJ TUXOTOMII MOJISArae y MOCIiJOBHIM MOOYI0BI Ha KOXHOMY K -My
KPOIIi MTOITYKY TOYOK

_a, +b

a, +b,
X,=——<—0 1a X, =——+=

+ 35, (8.2)

IO € CHMETPUYHAMH BiHOCHO Cepe/MHH Bimpiska [a, ;b ] 3 mosxunorwo |, . Iicas
BUKOHAHHs K -TO KpOKy 6ysie OTpUMaHo Biapizok [a,,; 0., ] Ta o6uncieno N =2k
3HaueHb ¢QyHkmii f (X) BuxopucrtoBytouun dopmyny (8.1) AOBXHHH iHTEpBay
HEBU3HAYEHOCTI] [ak; bk] i mpuiiHsiBIIM y Hil |, =1, oTpumyemo:
1-26 1-26
+20=—7—+
+1 I\V
2 2

K+l — k

2
3a3HaYMMO, IO MIC/s BUKIIOYCHHS Biapi3ka Ha K -My KpOIli aJrOpuTMy METOIY
AUXOTOMIi TOUKH X,, Ta X,, HaJleXaTb HOBOMY BIAPI3KY [ak+1; bk+1], NPUYOMY OJTHA 3

I, =1 20 .

N
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HUX € BHYTPIIIHBOIO sl Lboro Binpidka. Ilpore 3HayeHHs ¢yHKIIL f(x),

oOyucieHe y 1id Toulll, Yy METO/1 JIUXOTOMIi HE BUKOPHCTOBYIOTh JIJISl BUKJIFOUEHHS
BiJIpi3Ka Ha HACTYIMTHOMY KpOIIi, a 3J1iCHIOIOTh OOYUCIIEHHS Y ABOX HOBUX TOYKAX.

ANTOpUTM METONY.
1. OOGumcmutH X, X,, 32 popmynamu (8.2) (s nepmroi iteparnii kK =1).

2. OGuncnuty 3Havenns f (X, ), f (X,,) i nopisusy ix. Sxuwo
f (X )< f(X,), To mepeittu 1o Binpisky [a,,, =a,;b,; =X, ]; npn
f (X )> f(X.,) nepeiitu no Binpisky [a,,, =X} 0, =D ]
3. 3uaiiTm TOYHicTH 3a dopmynow &, =b, ., —4a,.,, 1e K — HOMep irepaii.
Ilpu ymoBi &, >& mOBepHyTHCS 10 Kpoky | i Bukomatm Hactymuy (K+1)-y
iTeparilo; KO &,,; < &, TO 3aBEPIINTHU MOUIYK .

. a.+b o e .
4. Tlokmactu X :% Ta 00uucauTH 3Ha4eHHs QpyHKkmii f = f (X )

2 . )
Ipuxaan. Po3p’a3atu 3a1auy Yy = X+— —>min, Xe [1; 2] 3 TouHicTio & =0,1.
X

Po3p’sizanns. Hexait 6 =0,02. Pozpaxynku HaBeneHo y tabmuii 8.1.

Ta0muns 8.1.
Howmep a, b, & = bk —a, Xq X, f ( Xkl) f (sz) [TopiBHSHHS

iTepartii,
k
1 1 2 1 1,48 | 1,52 | 2,39308 | 2,38565 f(xn)> f(Xlz)
2 1,48 2 0,52 1,72 | 1,76 | 2,39604 | 2,40566 f(x21)< f(Xzz)
3 1,48 | 1,76 0,28 1,6 1,64 | 2,38125 | 2,38361 f(x31)< f(st)
4 1,48 | 1,64 0,16 154 | 1,58 | 2,38331 | 2,38115 f(x41) > f(x42)
5 154 | 1,64 0,1 157 | 1,61 | 2,38139 | 2,38158 f(x51)< f(xsz)
6 1,57 | 1,64 0,07 0,07<0,1 — TOYHICTh JOCATHYTO

. . 157+1,64 . .

3wiman X' == = ~1,605, f'= f (X" =1,605)~2,3814.

[CHYIOTh METOAM TOCITIOBHOIO MOINYKY, Y SIKAHX Ha KOKHOMY K-My Kpoiii,
MoYnHaYM 3 K =2, 00YHMCIIIOIOTH JINIIE OAHE HOBE 3HAYEHHS (DYHKINT y TOYII, 110
HAJIEKUTh BIIPI3KY [ak+1; bk+1]. Ile 3HayeHHs, pa3oM 3 BxXKe OOYMCIEHUM Ha
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MONEePEeIHbOMY KpOLl 3HA4eHHSIM (QYHKUII y BHYTPILIHIA TOYIl BIApi3Ka [ak;bk]

BUKOPUCTOBYIOTh NMPHU BUKIIOYEHHI BIIpI3Ka HA HACTYMHOMY KpOIll MOCHIJOBHOIO
noimyky. OZHUM 3 TAKUX METOJIIB € METO/1 30JI0TOTO Mepepi3y.

8.3 MeToz 30J10TOr0 nepepiszy

PosrnstHemo Meton  MiHIMIZalli yHIMOJANnbHOT (YHKIII, IO Ja€ 3MOTyY
pPO3B’sI3aTU 3ajlauy MOIIYKY MIHIMYMY 3 33JlaHOI0 TOYHICTIO MPU MEHIIN KITbKOCTI
o0yuCleHb 3Ha4eHb QYHKII, SKHUIl HA3UBAIOTh METOJIOM 30J0TOTO NIEpepizy.

3o10THM mepepi3zoM BiApizka HA3UBAIOTh MOJILT I[LOTO Bipi3Ka HA JIB1 HEPIBHI
YaCTUHU TaK, 1100 BITHOIICHHS JOBXHHHU BChOTO BIIPi3Ka /10 JOBXKUHU MOTO OUIBIIOT
YaCTHHM JIOPIBHIOBAJa BIIHOMICHHIO JOBXWHU MOro OUIBIIOT YACTUHU 10 JOBXKHUHU
MEHIIO1.

Posrasitnemo K -uit kpok mociigoBHOro nomyky. 11[00 BUKITIOYMTH BiApi30K Ha
IbOMY KpOIll, TOTPIOHO TMOJUTUTH BIIPI30K [ak; bk] JIBOMa BHYTPIIIHIMUA TOYKaAMHU
X Ta X, (X, <X,) Ha Tpu yactuHH. L{i TOYkM BHOEpEMO CUMETPUYHO BIJHOCHO
cCepeMHU BiJIpi3Ka [ak; bk] Tak, 00 KOXKHA 3 HUX 3JIHCHIOBAJIa 30JI0TUH Tiepepi3
bOTO BiApi3Ka. Y IIbOMY BUIAJKYy BCEPEAMHI BiApI3Ka [ak+1; bk+1] 3HAXOAUTHUMETHCS
OJlHA 3 TOYOK X,; YU X,,, a 1HIIA TOYKa OyJe OJHUM 3 KIHIIB IbOro Binpizka. I[Ipu
[[bOMY BHYTPIIIHS TOYKa BlpI3Ka [am; bk+1] 3/IIHCHIOBaTUME HOTO 30JI0THI Tepepis,
1110 BUIUIMBAE 3 PIBHOCTI JOBXHMH B1IPI3KiB [ak; Xkl] Ta [sz; bk]. Takum unHOM, Ha

(k +1) -My Kpolll y OAHIM 3 TOUOK, X, YU X,,, OOUMCIIOBATH 3HAYECHHs (YHKI]

f (X) He oTpi6HO. IIpH 1[LOMY BiJHOIEHHS —— JOBKMH Bifpi3KiB 30epiracThcs Ha
k+1

KOXKHOMY KPOIIi TTOITYKY:

I I
= XL — 7 = const. (8.3)
Ik+1 k+2
Uucno 7 Ha3WBalOTh BiIHOLIEHHSAM 30J10TOr0 Mepepisy.

Metoa MoCiIOBHOTO MOMIYKY, Y SKOMY Ha K-My KpoIlli KOXHa 3 CHMETPUYHO
BUOpaHUX Ha BIAPI3KY [ak;bk] TOYOK X, X, 3AIHCHIOE 30J0TUH Iepepi3 ILbOro
BiJIpi3Ka, Ha3WBAIOTh METO0M 30J10TOr0 nmepepizy. IIpu 3acTocyBaHHI IIOTO METOTY
KOXHE BUKIIIOUCHHS Bi/Ipi3Ka 3MEHIIIYE BIAPI30K, IO 3aJUIIUBCA Y 7T pa3iB.

3HalileMO BETMUYMHY 7 BIJHOLICHHS 30JI0TOro nepepizy. OCKUIbKY TOUKU X, Ta
X, (X4 <X,,) BUOpaHI CHMETPUYHO BIJHOCHO CEpEIUHM BiApi3Ka [ak; bk], TO
BUKOHYETHCS PIBHICTD:

B = X =X — & =l — 1.

JIns BHU3HAYCHOCTI BBaKaTUMEMO, IO Ha K-my Kpomi BHOpaHO BiApi30K

[ak; sz]. Toni Ha (k +1) -My KpOIli OJIHIEIO0 3 TOYOK IMOALTY (IIpaBoi0) Oyne TouKa

X, Tomy momxuHa |, Biapizka, 1o BHOUpAEThCS HA (k +1) -My KpOIll IOPIBHIOE
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noBXUHI Binpiska [a; X, | 1 Bukonyerses pisnicts |, =1, —I,.,. IlincraBusum ueit
Bupas 1 | ., y popmyny (8.3), orpumyemo:

Ik — Ik+1 =7.

Ik+1 Ik - Ik+1

. 2 .
3BIJICH 3HAXOAUMO, IO T=—1 a6o 7° —7-1=0. Ile kBagpaTHE pPIBHSHHSI Ma€
z' —

++5
2

~1,618034.

€IMHUN JONATHUHN KOPiHb T =

Hexaii Bimpi3koM MiHimizarii yHiMomanbHoi ¢yHkitii f (X) € [0; 1] , TOOTO
a, =0, b =1, |, =1. Ha nepmomy kpoui nocinigoBHoro nomyky (K =1) Ha Bigpizky
[0;1] BuGepemo mBi ToukM: X, =3 +(1—ljbl =1—l Ta X,=4a, +E=1, 1110

T T T T

3M1MCHIOIOTH 30JI0TUH TIepepi3 BiApi3ka [O; 1]. OO6uncnumo 3HaueHHs GyHkmii f (X)
y LUX TOYKaX 1 BHKOHAEMO MPOLEAYPY BHUKIIOUEHHS BiApizka. Skmio
f (%)< f(xy,), To BUOHpaemo Bimpizok [a;;X,]|, ToOTO mpuiimaemo a, =a, =0,
b, = X,,, y IHIIOMY BHIIaAKy BHOEpEMO BiIpi30K [Xn; bl] , T00TO @, =X;;, b, =b =1.
[Tpu npoMy y mepiomMy BUNAAKY mpuiiMeMo X, = X;, Y APYroMy BHIAAKy — X, = X, .
Touka X, — 1e oJHa 3 TOUYOK, IO 3A1MCHIOIOTH 30JI0TUH Mepepi3 Bixpizka [az; bz],

BOHA € MEHIIOKI y TIEPIIOMY BHIAIKy Ta OUIBIIO y Apyromy. SIKIo IoBXHHA
OTPUMAHOTO BiJpi3Ka € OUIBIIO0, HDK 3a7aHa JOMyCTUMa TOBXKHHA & IHTEpBAIY
HEBU3HAYCHOCTI, TO MEPEXOJAUMO JI0 IPYroro KPOKy aJropuTMy, Ha SKOMY OIHA 3
TOYOK, X,, Y X,, — lIe TOUKa X,, a Ipyry MO>KHA 3HalTH gk &, + b, — X, . Ha upomy

KpPOIli OOYMCIIOEMO JHIIE OgHe 3HaueHHs QyHkii f (X) y TOYIll, IO €

CUMETPUYHOIO X, BIJHOCHO CEpPEAMHHU BIJpi3Ka [az;bz]. Skmo momxuHa |, mporo

BiJpi3Ka BUSBUJIACS MEHIIOIO 32 &, TO MOIIYK 3aBepUIeHO. 3a HaOIMKEHE 3HAYCHHS
. ) y a, +b,

TOYKH MIHIMyMY X TpHAMamTh ———.

Hexaii ma K-my kpomi, Kk >2, Bubpano Biapizox [ak; bk] 1 Y HbOMY BHOpaHO
TOuKy X,, IO 3/ilCHIOE 30J0THI Tlepepi3 wporo Bimpiska. 3nauenns f (X ) Bxke
o0yuciieHe Ha MomnepeaHboMy Kpolli. JIpyry Touky X, 30JI0TOro mepepizy 3HaiaemMo
3a ¢popmynorw: X, =a, +b, —X, .

OGuncnumo y wiif Touui snHawenns ¢ynkuii f(X). Skmo X <X, TO X, =% i
X, = X, , IHAKIIE X, =X, 1 X, =X, .

Hexaii nns BusHaueHocTi mpuitmemo X, <X, 1 X, =X, X, =X . Sxmo
f(Xq)< f(X), To BUGHpaemo Binpi3ok [a,; X,, |, ToOTO NpHiiMaemo, wo a,,; =a,,
Bt = X2 K = %o Opu (X )> f (X, ) BuGMpaemo Bimpisox [ X, ;b |, mpu npomy
&g =Xq DB,=b, X,=X,. Hoexuny |, HoBoro Bigpiska [ak+1; bk+1]
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HOPIBHIOEMO 3 BEIMUUHOIO ¢, SKmio | ., > &, To mponosxyemo momyk, [Ipu |, <&

IOLIYK 3aKiHYYEThCA 3a HAOMKEHE 3HAYEeHHA X TOYKM MIiHIMyMy HPUHMAaEMo
a, +b,
>
3riiHO 3 aNrOPUTMOM METOAY 30J0TOr0 Mepepizy, Ha NEPIIOMY KPOILll 3HaAUEHHS
¢yHKIII OOYMCIIOIOTH Y JBOX TOYKaX, a Ha KOXXHOMY 3 HACTYNHHUX KpOKIB
O0YMCITIOITh JuIe oaHe 3HadeHHs (yHkuii. Tomy micas K kpokiB anropurMa
3HayeHHs ¢yHKIT Oyae obumciaeHo y N =K +1 rtoukax. ITicis KOKHOTO KPOKY
IHTEpBaJI HEBHU3HAYCHOCTI 3MEHIIYEThCS y 7 pas3iB, TOMY AJs JOBXHHU | ., Bimpizka

[ak+1’ k+1] OTPUMYEMO, IO 1, :T_k: N-1 °

ANTOpUTM METONY.
1. Ha mepmiii itepanii K=1 mis mo4aTkoBOro Bipi3Ky [a; b] NPUIHATH
a, =a,b=D.

2. O6uncmuTH X\, X, 111 K =1 3a popmynamu:
3-5 J5-1
:—2 (bl_al)+al’ X = 2 (bl_a1)+al'

3. O6uuciny suauenns ynxuii f(x,,), f (X, ) i nopisrsTh ix. ko

3-+5
2

Xkl

f(x,)<f(X,), 0@, =2a,b,=X,; X = (b,—a,)+a,, X,, = X;; KO

f (X11)> f (X12)a TO &, = X;3,0, =By, Xp =X, Xy, :%

4. TlepeBipuTH YyMOBY 3aKiHYeHHS momyky: & =D, —a,. [Ipu ymoBi & > ¢ s
HOBOTO BIJIPI3KYy [az; b2] MOBEPHYTHUCS 10 KPOKY 2 1 BUKOHATH HACTYITHY (k +1) -y
1Tepalito; AKIIO & < &, TO 3aBEPLUIUTH MOIIYK.

a_, +b i f *
—L 2l 1a obuncanty 3HaveHHs pynkuii f = f (X )

(b,—a,)+a,.

5. Iokmactu X =

2 . )
Ipuxaan. Po3p’s3atu 3a1auy Yy = X+— —>min, Xe [1; 2] 3 TouHicTio &£ =0,1.
X

Po3B’s13anns. Po3paxyHnku HaBejeHo y Tabmuili 8.2.

Tabmuis 8.2.
Howmep [ak;bk] & = bk —a, X, X, f (Xkl) f (sz) [TopiBHSHHS
iTeparrii,
Kk
1 [1;2] 1 1,382 1,618 | 2,42916 | 2,38196 | f (X41)> f (%)
2 [1,382; 0,618 1,618 | 1,7639 | 2,38196 | 2,40671 f (%)< T (%)
2]
3 [1,382; 0,382 1,528 1,618 | 2,38462 | 2,38196 | f (Xg)> f(X5)
1,7639]
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[TponoBxeHHs Tabauui 8.2.

Howmep [ak;bk] & = bk —a,| X X, f (%) f (X,) [TopiBHSHHS
iTeparii, k

4 [1,528; 0,236 1,618 1,674 | 2,38196 | 2,38765 | f (X1) < T (X,,)
1,7639]

5 [1,528; 0,146 1,584 1,618 | 2,38111 | 2,38196 f (%)< T (%)
1,674]

6 [1,528; 0,09<0,1 0,09<0,1 — TOYHICTh TOCATHYTO
1,618]

3k X = 1’528;1’618 ~1573, f'= f (X =1,573)~2,3813

8.4 Metoa ®@iooHauui

Hexaii npy IOLIYKY TOYKH X € [0;1], y SIKi yHIMOJallbHA Ha IILOMY BIIPI3KY
yuxrrist f (X) J0CSITAa€ MIHIMYMY, MOKHA OOYMCIUTH 3HAYeHHs f (X) JUIIE Y JBOX

Toukax. Tomi OUIbII €(EKTUBHHUM € METOJl JIUXOTOMIi, OCKUIBKM BIH JI03BOJISE
3MEHIIUTH 1HTEpPBaJl HEBU3HAUCHOCTI Mai)ke BJBIYUI, @ METOJ 30JI0TOTO Mepepizy —

\/§+1

JuIie y pasiB. Y TOH ke yac, sIKIIIO MOYKHA OOYMCIIIOBATH 3HAYCHHS (yHKIIIT

f(X) BEJIUKY KUIBKICTh pa3iB, METOJ 30JI0TOr0 Mepepidy € eheKTUBHIMHNM, HIXK
METOJ AUXOTOMII.

[Ipu noBiABHIM 3amaHiit 3araidbHIM KiTbKOCTI oOumciaeHb N >2 3HaueHHS
Gyukmii f (X) MOKHA MOOYAyBaTH METOJ, 0 € OUIbIl €()eKTUBHUM Y TIOPIBHSAHHI 3
METOJIaMH JTUXOTOMIi Ta 30JI0TOrO Tmepepidy, skuii morpedye BukoHanHs N —1
KpokiB. BiH noeHye y cob6i mepeBaru CHMETPUYHOT'O PO3TAIIYBaHHS HOBUX TOUOK HA
BIZIPI3KY [ak ;bk] BIJIHOCHO HMOT0 CEpeIHWHHM, III0 Ma€ MICIIE Y METOJaX JUXOTOMIi Ta

: : : o |
30JI0TOrO Mepepi3y, 3 MOXJIMBICTIO 3MiHM HAa KOKHOMY KpOLi BiJHOLIEHHS ——

k+1
JIOBKHUH TIOTIEPEIHHOTO Ta HOBOT'O BIIPI3KiB HEBU3HAYCHOCTI. Y BHUIIAJIKy BHOOPY
HOBUX BHYTPIIITHIX TOYOK CUMETPUYHO BITHOCHO CEPEANHH TOMEPEIHBOTO 1HTEPBATY
HEBU3HAYCHOCTI JJII TPHOX IIOCHITOBHHX KPOKIB METOAY 30J0TOr0 Iepepizy
BUKOHY€eThCs cniBBigHomenns |, , =1, +1,,, k=2, 3, ....

Hexaii moTpibHO, Malo4u MOXKJIMBICTh OOYHMCIUTH 3HA4YEHHS (YHKIIT f(X) y
TOYKaX X, E[O;l], k=1,2,..,N, 3nalitu Touky X MiHIMyMy mi€i QyHKLi,
3BY3MBILM I1HTEpBaJ HEBM3HAUEHOCTI A0 HaiiMeHIIoi JoBXHHHU. Ha ocTaHHbOMY,
(N —1) -My KpOIll Ma€EMO BiAPI30K [aN_l,bN_l] noBxuHOO || ; 3 TBOMa BHYTpIIIHIMU
TOYKaMU Xy ; Ta Xy, PO3TAIOBAHUMH CUMETPUYHO CEpeUHI Biapi3Ka Ha JOCTATHHO

MaJtiil Bigcrani 20 MiK HMUMH. Y OUX TOUYKax 3HakjacHi 3HayeHHs QyHKIii f (XN_l)
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ta f(Xy). Ipuitmemo must BusHauenocti, mo f (X )< f(Xy). Toai wis HOBOrO
. . b _ IN*]. .
Binpiska [ay,by |, mwo mae nosxuny I == + 6, BHYTpilIHBOKO Oysie TOuKa X, , a

TOUKa X, , CHIBIAJAE 3 OAHI€IO 3 Horo Mex. TyT mpu BUOOP1 HAOIMKEHOIO 3HAUYEHHS
X' = Xy [OBXHMHA IHTEpBaJly HEBU3HAUYEHOCT1 JOPIBHIOBATHME IIOKM IO HEB1IOMIN
noexusi |y Bigpiska [ay,by |. Yepes |, moxua Bupasutn nosxuny |, =2l —26
BiJIpi3Ka [aN_l,bN_l]. Jamni, y BIAMOBIHOCTI 3 CIIBBIAHOIICHHIMHU MIX JIOBKHUHAMU
Bimpi3kiB |, =1, +1,,,, oTpumyemo:

v, =l +1y =3l -25, I ;=1 ,+I1,,=51,-40,....
VY 3arasbHOMY BUTJISIZII MAEMO:

Iy =F.ly —2FRJ, k=0,1,..,N -1 (8.4)
Tyt xoedinienTn F, BU3Ha4arOThCA PEKYPEHTHUM CIIBBIAHOLIEHHSM:
I:m:Fm—l-i_Fm—Z’ m:31---1N_11 F]_:Fz:l- (85)

Ockinbku npu k=N —1 gosxuna |, =1, =1 sigpiska [0;1] e Biomoro, To 3

dbopmynu (8.4) MOKHA 3HANUTH JOBKUHY 1HTEPBATy HEBU3HAYEHOCTI:
| F
I, == +26 2, (8.6)
" F F
N+1 N+1
IcHye anropuT™M METOy MPSMOTO TOIIYKY, IO 3aJ0BOJIBHSIE CIIBBITHOIICHHS

(8.6). Bci xoedinientn F, HamexaTe MHOXKHHI HaTypaJIbHUX YHCEN, iX Ha3MBaIOTh

gpcaamu ®@idonauui (F =1,F, =1F, =2,F, =3 F =5F,=8F, =13,...). Merop,
110 BUKOPUCTOBYe 4ncina PiboHaydi 1yt BUOOPY JAOBXKHUH BiApi3kiB |, 1, BigmoBigHO,

Touok X, K=1,2, .., N, y skux OOUHCIIOIOTh 3HAYCHHS MIiHIMi30BaHOT ()yHKIIIi
f (X) , Ha3uBaroTh MeToaoM PidoHay4i a00 METOIOM ONTHUMAIIBHOTO ITOCIIITIOBHOTO

TIOIITYKY.
SIkmo Ha mepuIoMy Kpolli MOIyKy iHTEepBaj HEBU3HAYEHOCTI Mae NoBkHHY |,

TO Yy BianmoBigHocTi 3 (8.4) Ta (8.6) noBxwuHa |, HOBOrO Bipi3Ka [a2 : bz] JIOPIBHIOE:

F F Fy,—F\F F .
l, =Fly —26F, , == ], 425NN TNTNZ - TN )y ()" 120
N+1 N+1 N+1 N-+1
Byz:eMo BBa)KaTU O JOCTaTHHO MaJIMM TakK, IO
F
I_l — _ N+ ] (87)
|2 I:N

Y 1mpoMy BHUIAAKy BUKOHAHHS MPOIENYPH BHUKIIOYEHHS BIApPi3Ka HA OCTAHHHOMY

(N —1) -My KpOIIll MOIIYKY NMPUBOJAUTH /O CIHIBMAJAaHHS BHYTPIMIHIX TOUYOK X, , Ta
F

Xy. Ipu |, =1 3 (8.7) 3naxomumo |, =—"—. Takum uunOM, BpaxoByrouu (8.5),
N+1

MaeMo, 10 Ha TEPIIOMY KpoIli BUOIP TOYOK, CHMETPUYHHUX BIIHOCHO CEpPEIUHU

BiZIpi3Ka [0;1] , MOYKHA BU3HAYUTH 33 POPMYTIaMH:
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F F, F
=L == x,=1-1,=1-— =_HL 'y <x,
I:N+1 I:N+1 N+1
, _ : F, FRo_ R
HpI/I‘IOMy B1ACTAHb MK HHUMU I[OplBHIOBaTI/IMe dl = X1 - X2 = F - F = F .

N-+1 N-+1 N-+1
[Ticas BUKOHAHHS HA LIbOMY KpOIll MPOUEAYpPU BUKIIOYEHHS BIApi3Ka OJHA 3 TOYOK,

X, 4d X,, OyAe TpaHMYHOIO TOYKOK HOBOI'O BIIPI3KY [az;ai], a apyra — HOro
. ves ! .
BHYTPINIHBOIO TOYKOI. Ilo3Haummo ii X, . [HIIAa BHYTpIIHA TOYKa Ha LbOMY

BIJIpI3Ky OBMHHA OyTH BUOPaHOIO CUMETPUYHO TOYLI1 XZ' BITHOCHO HOTO cepearHM.
AHaNOrIYHO 3IHCHIOEThCS BHOIp JIPyroi BHYTPIIIHHOI TOYKM HOBOTO BiApi3Ka Ha
BCIX HACTYIHUX KPOKaX MOUIYKY.

Ha i-my xpormi y BinmoBiHOCTI 3 piBHICTIO (8.4), y sKili MOTPiIOHO MPUHUHATH

k=N —i, ta pisuictio (8.6) mosxuna Binpiska [a;;b| mopismioe |, =—+21 . Ha
N-+1
i 1TD1 i FN+2—i .
LBOMY Kpoui AoBkuHA Binpiska [a;;b] smenmyerscst y T~ F paziB. Skiio

i+1 N +1—-i
BHYTPIIIHI TOYKH HA LIbOMY BIIPI3KYy MO3HAYUTU ¢; Ta [, TO AJiA iX 3HAXOKEHHS

MaeMO (pOpMYIIU:
F Fo .
o =a , B=a +— g < B, i=1..,N-1

|
N+1 N+1
Otxe, 3actocyBaHHsS MeTony DiOoHaydi mependadae ampiopHe BU3HAYCHHS

notpioHO1 KuibKOcTI N oOuuciieHb 3HaueHb (QyHKIIIT f(X) (a60 KUJIBKOCTI KPOKiB

nomryky). Benuunna N motpiObHa aig 341HCHEHHS MEPUIOr0 KPOKY ajiroOpUTMy s
BUOOPY Ha IIbOMY KpOIll TOYOK X; Ta X, MOJALIY BiJpi3Ka [aibl]
AJTOPUTM METOY.

b-a
1. O6paTtu uucio obuyucieHb N, BUKOPUCTOBYKOUH ¢opmyny F ., = , Je
g

[a; b] — TIOYATKOBHH BiJIPi30K, & — TOYHICTb.

2. [loknactu @, =a,b, =b ta oGuncnutn 3HaYeHHS TOYOK X,,,X,, mpu K =1 3a
dbopmymamu:
F

n+2—k

E
n+3-k n+3-Kk
3. O0uncnuTH 3Ha4YeHHS (QYHKIIT f(Xkl), f(X,) mpu k=1 i nopieusttn ix.

Skmo f (X, ) < f(X,), 10 @, =ay,b, =X} Xy =X mpu K=2, Xy = X35
skmo T (%,)> f(Xy,), 10 @, =X;,0, =b, X,y =X, X,, =X, mpu k=2.

4. Kpok 3 moBToputu K =n pas.
5 Tlpu k=n Ttouku X,,X,, CHIBOANAIOTh i BIAMOBINAIOTH CEpeNUHI Bipi3Ka,

TOMY IS TOro, MO0 3a0e3MeuuTH TOMabIlle CKOPOUYCHHS BiJpi3Ka, TOYKA
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OCTAaHHBOTO  OOYHMCJICHHS

0>0,0<<e¢.

(GyHKLII TepeMIllyeTbCs BIOPAaBO Ha  BEJIUYUHY

a.,+h

6. Ilokmactu X = L Ta o6uncnuTH 3Ha4eHHs QpyHkuii ' = f (X*)

Mpuxaan. Po3s’ssarn 3anady Y = X+— —> min, x €[1;2] 3 rounictio £ =0,1.
X

. 2—
Posp’szanns. Ockinbku F ,, >——=10, To n=5. Po3paxynku HaBeneHo y
tabaui 8.3.
Tabaug 8.3.
Howmep [ak b, ] X X, f ( Xkl) f ( X, ) [TopiBHSHHS
iTepanii, k
1 [1:2] 1,3846 | 1,6154 | 2,42783 | 238182 | f(x,)> f(x,)
2 [1,3846; 2] 16154 | 1,7692 | 2,38182 | 240816 | f(x,)< f(xy)
3 [1,3846; 1,7692] | 15384 | 1,6154 | 238346 | 238182 | f(x,)> f (xy,)
4 [1,5384;1,7692] | 1,6154 | 1,6923 | 2,38182 | 2339065 | f(x, )< f(xy,)
5 [1,5384; 1,6923] | 1,6154 | 1,6154 | 2,38182

OCKUIBKU Xg; = X,,, JUIs 3a0€3MeUeHHs] 3a/1aH0i TOYHOCTI MEPEMILIYEMO TOUYKY
OCTaHHBOrO0 OOYHMCIeHHS (YHKIT BOpaBo Ha BeduuyuHy KoHcTaHTu O =0,02:
X5, =1,6154+0,02=1,6354. O6uncimmo f (X, )= f (1,6354)~2,3831. Ockinbku

f(x5;)~2,38182< f (X, )= f(1,6354)~2,3831, 10 ocrarounmii Biapi3ok [a,;b;]=
= [1,5384; 1,6354]. 3a Touky MiHIMyMy TIPUAMAIOTh CEPEIUHY BIAPI3KY

i = 19384+1,6354 ~15869, f*=f (x* :1,5869) ~2,3811. TouHicTb
£=16354—15384=0,097 <0,1.

8.5 3arajibHa XapaKTepUCTHKA MeTO/AiB 6araToBUMIpHOI onTuMi3zamii

PosrisaeMo 3amauy 6e3yMoBHOI onTuMizamii Gyukmii f (X), 3aJaHol Ha TOYKax

X N-BUMipHOro eBKIigoBoro mpocropy E". Vei meromn momyky onTumizamiiHOT

3a;adl f(x)—>min IPUBOAATE J0 IMOOYJOBH JESKOI IOCHIAOBHOCTI TOYOK x°,

1 k - . : . :
,...,X ... 3 mpocropy E". EnmemeHTH 1i€i MociiZOBHOCTI MOBHHHI BixNoBizaTu

YMOBI MOHOTOHHOCTI f(X0)> f(x1)>...> f(Xk)>....

X

Taki MMOCIIITOBHOCTI TOYOK

k oss .
{X } Ha3WBaIOTh pPeJJAKCAIIMHUMM, a METOAM 1X MOOYJ0BU — METOAAMH CHYCKY. Y
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. . k
UX METOJAaX TOYKH TMOCIiOBHOCTI {X} 00UHCTIOIOTBCS 32 (POPMYJIIOIO

kil _ K K
XM =x"+av", me @ >0 — noBkuHAa KpOKy y HampsMKy Bektopa v eE",

. . . . k

k=0, 1, ...BigMiHHICTP METOIB CIYCKy IOJISITa€ y CIocobax BHOOPY V' Ta «, .
. . . k .

[IpoTte 111 BUKOHAHHS YMOBH MOHOTOHHOCTI ITOCTiTOBHOCTI {X } Ha BUOIP JTOBKUHU

KPOKY ¢, IIOBHHHI HAKJIaJaTUCs NEBH1 oOMexeHHs. Hanpuknax, nns MiHiMizamii

KBaJIpaTHUHOT () yHKITIT f(x):(DX,X)+(b,X) (TyT 1 Hajgam TO3HAYATUMEMO
cumBonoM (@,b) cxamspuuii 106yrox BekropiB acE" ta beE") , ne xeE",

beE", D — cuMerpuuHa J0aTHO BM3HA4Y€HAa MATPHIL, 110 3abe3Meuye OMyKIiCTh
Bau3 Qynxuii f (X), maemo:

f(xk+1):f(Xk+a-vk):(D(Xk+a-vk),xk+a-vk)+(b,xk+a-vk)=
= (Dv*.v*)a? + (2DK + b )+ (DX b )= S £7(x ) 4 ) o+
+(f’(x"),v")a+f(xk).
Tyr f”(x") — MaTpHLs APYTMX YaCTHHHHX MOXigHuX (Matpuus [ecce), a f ’(x") -

BEKTOp — rpaaieHT GpyHkitii f (X) y Touni X*. 3 0CTAaHHBOT PIBHOCTI 3HAXOUMO:
f (x"”)— f (xk)z(ka,vk)az +(2ka +b,vk)a :%( f ”(x")vk,vk)oc2 +

+(f’(xk),vk)a.
YMOBa MOHOTOHHOCTi f (Xkﬂ) < f (Xk ) BI/IKOHyeTBCH JJI1 TAKUX 3HAYCHb & , IO
0<a<_(2ka +b) . (f'(xk),vk)

(ka,vk) (f”(xk)vk,vk).

. k k k o
3BiACH BHUILIMBAE, IO (f’(x ),v )<O. Ile o3Havae, moO BEKTOP V , SAKUH BKa3zye

. K k+d :
HAIIPAMOK PYXy Bill TOYKM X O TOYKH X —, Ma€ PO3MIIIyBaTHCS y TOMY CaMOMY
. . . K .
nisnpocropi 3 E", mo i Bekrop (—f’(x )) Ta BHU3HAYAETHCS TINEPIUIOMIUHOI 3
. ] k
BekTopoM Hopmaiti f (X )

: k
3a3HauuMo, 10 (YHKIISA f(X) MAaKCHMAaJbHO 3MEHIIYETHCSA Y HANPSIMKY V',

SIKIIIO BUOpaTH

(2ka+b,vk) —(f’(xk),vk)
T 2(Dvv) :(f"(xk)vk,vk)'

BaxxnmBoio XapakTEpPUCTHKOI METOMIB CIYCKYy € IMBHIKICTh iX 301KHOCTI.
KaxyTtp, 1mo wMae wmicue JiHiliHa 30iKHicTH a00 30iXkKHiCTH 3i MBHAKICTIO
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k+1 * * .«
— X , I€ X — TOYKa MIHIMyMY

< qu" X

reoMeTpUYHOI Mporpecii, KO0 HX

yukmii f (X), 0<g<1 — gesaka koHncranTa. [IIBUAKICTh 301KHOCTI € HaAJiHiliHOIO,

kel X*H < qk ka _ X*

SIKINO HX , 1¢ ., >0 mpu Kk —>oo. lBuakicte 30DKHOCTI €

k+1

* * 2
KBa/IPATHYHOI0, SIKIIIO HX — X HSCHXk - X H , ¢>0.

8.6 I'pagienTHi MeTOIM

Haramaemo, mo rpamieHT ¢yHKIIi f(X) y Toumi X° € BEKTOpPOM,

KOMITOHEHTAMH SIKOTO € 4yacTUHHI roximgHi f (X) 10 BiJIMOBIIHUM 3MIHHUM. ['pajiieHT
bynkuii f(X) y Touui X GyaeMo mo3HauaTH f'(Xk) abo Vf (Xk).

. vee . k )
Bekrop rpanmienra gyukiii f (X) y TouIll X BKa3ye HaMpsSMOK HAaWIIBUJLIOTO
. e cee k . . o T
3pOCTaHHS 3HAYEHHS 1i€i QYHKIIT 3 TOUKH X , KPIM TOr0, BIH OPTOrOHAJIBHUM JIIHI]
(moBepxHi) piBHs GyHKIii f (X) , SIKa MMPOXOAUTh YEPE3 L0 TOUKY.

Bextop (—Vf (Xk )) — QaHTUTPANIEHT, HAMNpaBleHUH y OIK HAWIIBUAIIOTO

3MeHMIeHHsT QyHKIlii 3HaueHHs QyHkmii f (X) y Touni X*. SIkmo BuGpatH BekTop v
SK aHTUTPAIEHT Ii€i QyHKII], TO cXeMa ITepalifHOro MPOIECy Y METoAaX CIyCKY
HaOyBa€ BUTJTISIIY:
k k k
X' =x* —q VE (x), & >0, k=0, 1, .., (8.8)
ne k — Homep iTepartii.

Vi itepariiiini mpouecu omnrumisaiii Gpyskigi f (X), B SIKMX HAIpsIMOK PyXy Ha
KOKHOMY Kpolli K 30iraetbcs 3 aHTHrpagieHTOM a0o0 rpagieHToM (QyHKIT f(x) y
Touni X, HA3UBAIOTH rpagieHTHUMH Meroxamm. OCKUTBKM IUIS iX 3aCTOCYBAHHS
HEOOXITHUM € OOYMCIICHHS TMEPIINX IMOXI1THUX f(X), TO I METOIHU HAJEXaTh 10

ONTUMI3AIIHHUX METO/IB MEPIIOTO MOPSAKY. BOHH BIIPI3HAIOTHCS MIXK COOOIO JIMIIIE
criocobom Bubopy kpoky ¢, . Cepen cioco6iB BUOOPY ¢, HAHNOUIUPEHIIINMHU € JIBa:

3 MOAPIOICHHSAM KPOKY Ta ONTUMATBLHUM KPOKOM.

Y IepioMy BUIIAAKY y pasi mepexoy Big Toukd X 10 Touku X< s BHOODY
¢, TIEPEBIPSIOTH YMOBY

f(xk—aka(xk))— f(xk)g—g-aka(xk)

e & e(O;l) — JIOBLIBHO BUOpaHa CcTajia, OJHAKOBAa JJIs BCiX iTeparii. YmoBa (8.9)

2

, (8.9)

. k+1 . . cone
O3HAYa€ 3MCHINCHHS 3HA4YeHHsS (DyHKII f(X) y Touni X'~ y TMOpiBHAHHI 3 ii

.k
3HAYEHHSM y TOYIIl X .
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Y IpyroMy BHIAAKy HpH Mepexomi 3 Toukdm X< 10 Toukd X (yHKIis
MIHIMI3Y€ETbCS TIO ¢ . ['pajieHTHI METOAM 3 ONTUMAJIBHUM KPOKOM (¢ Ha3UBaIOTh
MeTOAAMM HAMIIBHUALIOIO I'PAIEHTHOIO CILYCKY.

PosrnstHemo  rpagieHTHI MeTOAM 3 JAPOOJEHHSAM  KPOKY. 3I1IHCHEHHs
iTepariiiHoro npouecy (8.8) Bumarae (GopMyJIIOBaHHs NpaBUWI BUOOPY KPOKY €, , 3

SIKOTO 3MEHINYEThCs 3HAUeHHS QyHKITii f (X), TOOTO BUKOHYETHCSI HEPIBHICTH:
f(xk —aka(xk))s F(x). (8.10)
Bubip manoro kpoky ¢, MOXe IPHUBECTU 10 HaJ3BMUYAIIHO BEJIIMKOI KUJIBKOCTI
iTepaiif, HeOOXITHUX JJISi JOCATHEHHS TOYKM MIHIMyMYy (YHKIIIT f(X). Bubip

BEJIMKOTO 3HAYEHHS LIbOTO KPOKY MOK€ MpUBECTU A0 nopyuieHHs: ymoBH (8.10) abo

k - . .
710 KOJIMBaHHA HAOMM>KeHb X BIAHOCHO HIYKaHOT1 TOYKU MIHIMYMY.
BennunHa Kpoky ¢, TOBHHHA BUOMpPATHUCA 3 YMOBU BUKOHaHHs BUMOTH (8.9).

Itepariiitanii mpomec (8.8) 3 BUOOPOM KpOKy «,, IO 33J0BONBHSE yMOBY (8.9),
BUKOHYIOTb 32 HACTYITHUM aJITOPUTMOM.

1. BuGupatots o >0.

2. Ha k-ii itepauii mnepeBipsrore ymoBy (8.9) 3 o, =a. Skmo ymoBa
BUKOHYETBCS, TO TIEPEXOJIATh J0 (k +1) -1 iTeparlii. [Hakie o 3MEHIIYETHCS
(mpobuthcsi) motu, MOKkM ymoBa (8.9) He Oyme BHUKOHAHA, IIICHS YOTO
NEePEXOATh J10 (k + 1) -1 iTeparii

IlepeBipka yMmoBH (8.9) Ha KOXHOMY KpOIll € JOCHTh TPYIAOMICTKOIO

pOLEypOI0, TOMY MOXHa BUKOpPUCTaTH mpouenypy (8.8) 3 mocTiiiHUM Ha BCiX

: . 1- . :
ITEpalisiX KpOKOM «Q, = =Tg, e & — Te XK came, mo 1y ¢opmyni (8.9), R —

KOHCTaHTa, TaKa, 1[0 HepiBHICTH Jlinmmuiis

[V (x) = Vi (y)|<RlIx- ] (8.11)

BUKOHYEThCS JUIs 10BiNbHUX X Ta Y 3 E".
VY Merolax HAWIIBHALIOIO I'PAJAIEHTHOIO CIYCKY ¢, BHUOMPAOTh Ha KOXKHIN
iTeparrii 3a yMOBH
f(x" — Vi (x")):min f (x" — aVi (xk)). (8.12)

a0
PosristHemo cxemy MeToay HAWMIBUAIIOTO TPai€EHTHOTO CITYCKY Ha (k +1) -
iTeparrii.
1. JUtst  3HaliIeHoi TOYKM X' pO3B’S3YIOTH 3amady  OJHOBUMIPHOI
ormrrumizartii (8.12) BiTHOCHO « .
2. 3HallIeHe @ € KpPOKOM «, IS (k +1) -1 iTepaillii, 10 BUKOHYEThCA 3a

cxemoro (8.8).
3a3HaunMMO, 10 OCKUIbKU ¢, BUOMPAIOTH 32 YMOBH MiHIMIi3alii ¢ yHKIIT

p(a)=f (xk —aVf (Xk ))
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TO a1  BUOpAaHOro  3HAYEHHS  «, IIOBUHHAa  BHUKOHYBaTUCS  PIBHICTb
k+1 k .
(p'(ak ) =—Vf (X " )-Vf (X ): 0, TOOTO HampsIMKK CIYCKY JAJISi JTBOX TOCIiJOBHHUX

iTepalliif MOBUHHI OyTH B3a€EMHO OPTOTOHAJIbHUMU.

30DKHICTh METOJIB TPAJIEHTHOIO CIYCKY BHU3HAUAETHCA TEOPEMOIO, SIKY
HaBEJEMO TYT O€3 J10BEICHHS.

Teopema 8.1 Axmo ¢yHkuisA f(X) € OOMEXEHOI 3HM3Yy, 1i TpaJi€HT

3a10BOJIbHsE YMOBY Jlimmmns (8.11) 1 kpok ¢, BUOMPaIOTh OAHUM 3 ONMCAHUX BUILE
CII0Cc06iB, TO IpPH HOBUTHHOMY IOYATKOBOMY HabmkeHHi X' IS IMOCTiTOBHOCTI
TOYOK {Xk } , o OyayeThes 3a hopmynoro (8.8), BUKOHYEThCS yMOBa II(!ll”Vf (k)” =0.

[Ipy npakTuuHii peanizauii iTepaniiHOro Mpolecy HOro 3aBeplIylOTh MpU
BUKOHAHHI YMOBH HVf (Xk )H <0, ne 0>0 — neske 3a7aHe YKUCIO, IO XapaKTEPU3YE

TOYHICTh OTPUMAHOTO PO3B’SI3KY.
IIutanHs A5 caMmonepeBipku

1. ki 3amadi BIZHOCSATHCS JO 3a7ad OJHOBUMIpHOI omnTuMizaiii? HaBectu
PUKJIIATH.

2. Hapmatm o3HayeHHs YHIMOJAIbHOI (YHKIT Ta HAaBECTH MPHUKIAAM TaKUX
byHKITIH.

3.  CdopmynoBatu HEOOXIIHI Ta JOCTaTHI YMOBH €KCTpeMyMy Au(epeHIiioBHOT
dbyHKII1T 0JTHIET 3MIHHO].

4. Hagectu kiacudikaIfiro METOIIB MOMIYKY €KCTPEMYMIB () YHKITIH.

5. Sxwuit iHTepBa HA3MBAIOTh IHTEPBAJIOM HEBH3HAUEHOCTI?

6. VY dYomy mojsrae OCHOBHA BIAMIHHICTh MDK METOJlaMH TIaCHBHOTO Ta
MIOCJTIZIOBHOTO TIOTITYKY?

7. Y yomy mousirae mpoleaypa BUKIIOYSHH BiApi3ka?

8. Oxapakrepu3yBaTH €TalH MPOIECY IOCIIIOBHOIO TOIIYKY IPH 3aCTOCYBaHHI
METOAY JTUXOTOMIi.

9. SIki eTanu BXOJATH JI0 aJITOPUTMY METOY 30JIOTOTO Tepepizy?

10. IIlo Ha3uBarOTH 30J0THM TepepizoM?

11. BkaxiTh IepeBarm METOAY 30JIOTOTO IIepepidy Yy IMOPIBHAHHI 3 METOI0M
TUXOTOMII. Y SIKHX BHIAQJKaX OUThII €()eKTUBHUM € METO TUXOTOMIi?

12. HaBenith peKypeHTHE CIHIBBIIHONIICHHS, SKE BU3HAYAE TOCIIIOBHICTh YHCEN
dibonayyi. BkaxiTh KiIbKa MEPIINX YJIEHIB I1€1 MOCTITOBHOCTI.

13. Sxi Kpoku BXOAATH 10 anroputMmy metony Pibonauyi?

14. IIlo Mo’kHa BiTHECTH JIO TIepeBar Ta HeIodikiB MmeToay DiboHnaqudi?

15. SIki mociiIoBHOCTI HA3MBAIOTh PEJIAKCAITHUMUA?

16. ki MeToam Ha3UBaIOTh METOJAMU CITYCKY?

17. BxaxiTh BUau 301)KHOCTI METO/IIB CITYCKY 3a 11 IIBUKICTIO.

18. HapaTtm o3HaueHHs rpazgieHTa GyHKINIT KUTBKOX 3MIHHMX Ta Matpuili ['ecce miel

byHKITII.
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19. ki Mmeronu GaraTOBUMIPHOI ONTUMI3ALIIT BITHOCATh A0 FPAIIEHTHUX?

20. flka ymoBa TmepeBipA€TbCA IMpPU 3aCTOCYBAHHI TPAJIEHTHUX METOMIB 3
noApiOJIEHHSIM KPOKY?

21. Slka ymoBa mepeBIpsIEThCS MPU BUKOHAHHI 1Tepaliil y METoJax HaWIIBHJLIOrO
IPaIEHTHOTO CITyCKY?

IIpakTuyHi 3aBIaHHS

Po3B’s13aTu 3amauy 3 Tounictio £ =0,1.
1. y=x"-3sinx—>min, xe[L2].

2. y=x'+x+1-min, xe[-10].

3. y:ex+g—>min, x €[0,5;1,5].
X
4. y=x"+e* > min, xe[-11,5].
5. y=xsinx—>min, x[-6;-4].
6. y:x+i3—>min, xe[1;2].
X

7. y=-Xx+2cosx—>min, xe[-3;-2].
2

8. y=%—>min, x €[-0,5;0,5].

9. y=x*-2x->min, xe[0,51,5].

10. y=x’+e—>min, xe[0;1]
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