
�¨¨áâ¥àáâ¢® ®¡à §®¢ ¨ï �®áá¨©áª®© �¥¤¥à æ¨¨
�®¢®á¨¡¨àáª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â

�ëáè¨© ª®««¥¤¦ ¨ä®à¬ â¨ª¨

�. �. �®â ¯®¢

�¥®à¨ï ¨ä®à¬ æ¨¨.

�®¤¨à®¢ ¨e ¤¨áªà¥âëå ¢¥à®ïâ®áâëå

¨áâ®ç¨ª®¢

�ç¥¡®¥ ¯®á®¡¨¥

�®¢®á¨¡¨àáª
1999



�ç¥¡®¥ ¯®á®¡¨¥ ¯à¥¤ § ç¥® ¤«ï áâã¤¥â®¢ â¥å¨ç¥áª®£® ä -
ªã«ìâ¥â  ���,   â ª¦¥ áâã¤¥â®¢-¬ â¥¬ â¨ª®¢, á¯¥æ¨ «¨§¨àãîé¨åáï
¢ ®¡« áâ¨ â¥®à¨¨ ¨ä®à¬ æ¨¨. � ¥¬ ¨§«®¦¥ ªãàá «¥ªæ¨© "�¥®à¨ï
¨ä®à¬ æ¨¨ ¨ ª®¤¨à®¢ ¨¥", ç¨â ¥¬ë©  ¢â®à®¬   â¥å¨ç¥áª®¬ ä -
ªã«ìâ¥â¥ ���.

�®á®¡¨¥ á®¤¥à¦¨â ®¯¨á ¨¥ ®á®¢ëå ¬¥â®¤®¢ á¦ â¨ï ¤¨áªà¥âëå
¤ ëå ¨ ®æ¥ª¨ ¨å íää¥ªâ¨¢®áâ¨. �¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¤®¯®«-
¥ ¯à¨¬¥à ¬¨ ¨ § ¤ ç ¬¨.

�¥æ¥§¥âë: ¤-à â¥å.  ãª, ¯à®ä. �. �. �ï¡ª®,
ª ¤. â¥å.  ãª �. �. �¨®®¢.



�à¥¤¨á«®¢¨¥

�®¡ëâ¨¥¬, ¯®«®¦¨¢è¨¬  ç «® á®¢à¥¬¥®© â¥®à¨¨ ¨ä®à¬ æ¨¨, áç¨-
â ¥âáï ¯®ï¢«¥¨¥ áâ âì¨ �«®¤  �¥®  "� â¥¬ â¨ç¥áª ï â¥®à¨ï á¢ï-
§¨" ¢ 1948 £. �  áâ®ïé¥¥ ¢à¥¬ï â¥®à¨ï ¨ä®à¬ æ¨¨ ï¢«ï¥âáï ¤¨ -
¬¨ç® à áâãé¥© ®¡« áâìî ¬ â¥¬ â¨ª¨, çâ® ®¡ãá«®¢«¥® ¡ëáâàë¬ à §-
¢¨â¨¥¬ â¥å¨ç¥áª¨å áà¥¤áâ¢ ¯¥à¥¤ ç¨ ¨ ®¡à ¡®âª¨ ¨ä®à¬ æ¨¨. � â¥-
®à¨¨ ¨ä®à¬ æ¨¨ ®â®áïâ á«¥¤ãîé¨¥ á¢ï§ ë¥ ®¡é®áâìî ¯à®¨áå®-
¦¤¥¨ï ¨ ¬¥â®¤®¢ ®¡« áâ¨  ãª¨: ®¡à ¡®âªã ¥¯à¥àë¢ëå á¨£ «®¢,
á¦ â¨¥ ¤¨áªà¥âëå ¤ ëå, ¯®¨áª ¨ á®àâ¨à®¢ªã ¨ä®à¬ æ¨¨, â¥®à¨î
¨á¯à ¢«ïîé¨å ®è¨¡ª¨ ª®¤®¢, ªà¨¯â®£à ä¨î,   â ª¦¥ ¤àã£¨¥ ¢®¯à®áë,
à á¯®«®¦¥ë¥   áâëª¥ â¥®à¨¨ ¨ä®à¬ æ¨¨ ¨ ª« áá¨ç¥áª¨å ¬ â¥¬ -
â¨ç¥áª¨å ¤¨áæ¨¯«¨. �  áâ®ïé¥¬ ¨§¤ ¨¨ à áá¬®âà¥ë ¥ª®â®àë¥
¯à®¡«¥¬ë ª®¤¨à®¢ ¨ï (á¦ â¨ï) ¤¨áªà¥âëå ¢¥à®ïâ®áâëå ¨áâ®ç¨-
ª®¢ (£« ¢ë 2{4) ¨ ¯à®áâ¥©è¨¥ ¯®ïâ¨ï, á¢ï§ ë¥ á ¯¥à¥¤ ç¥© ¨ä®à-
¬ æ¨¨ ¯® ª  «ã á¢ï§¨ ¨ ª®¤ ¬¨, ¨á¯à ¢«ïîé¨¬¨ ®è¨¡ª¨ (£« ¢  5).

�¯¨á ë¥ ¢ ¯®á®¡¨¨ ¬¥â®¤ë ª®¤¨à®¢ ¨ï è¨à®ª® ¨á¯®«ì§ãîâáï  
¯à ªâ¨ª¥. � ç áâ®áâ¨, ¡®«ìè¨áâ¢®  àå¨¢ â®à®¢ ®á®¢ ®   áå¥¬¥
ª®¤¨à®¢ ¨ï �¥¬¯¥« {�¨¢ ,  à¨ä¬¥â¨ç¥áª®¬ ¨«¨ ¨â¥à¢ «ì®¬ ª®¤¨-
à®¢ ¨¨, ª®â®àë¥ ¨§«®¦¥ë ¢ £« ¢ å 3 ¨ 4. � ¯à ªâ¨ç¥áª®© â®çª¨
§à¥¨ï  ¨¡®«¥¥ ¢ ¦ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ¬¥â®¤  á¦ â¨ï ¤ ëå
ï¢«ïîâáï áâ®¨¬®áâì ª®¤¨à®¢ ¨ï (®¡ê¥¬ á¦ âëå ¤ ëå), á«®¦®áâì
ª®¤¨à®¢ ¨ï (¢à¥¬ï ®¡à ¡®âª¨ ¤ ëå) ¨ ®¡ê¥¬ ¯ ¬ïâ¨, ª®â®àë© ¨á-
¯®«ì§ã¥âáï ¢ ¯à®æ¥áá¥ à ¡®âë  «£®à¨â¬ . �  áâ®ïé¥¬ ¯®á®¡¨¨ ¤®ª -
§ ë â¥®à¥â¨ç¥áª¨¥ ®æ¥ª¨ â®«ìª® ¤«ï ¯¥à¢®© å à ªâ¥à¨áâ¨ª¨ | áâ®-
¨¬®áâ¨ ª®¤¨à®¢ ¨ï. �æ¥ª¨ á«®¦®áâ¨ ¢ëç¨á«¥¨© ¤«ï ¡®«ìè¨áâ¢ 
à áá¬®âà¥ëå  «£®à¨â¬®¢ ç¨â â¥«¨ ¬®£ãâ ¯®«ãç¨âì á ¬®áâ®ïâ¥«ì®.

�á®¢ë¬ ¨áâ®ç¨ª®¬ ¤«ï ¯¥à¢ëå ç¥âëà¥å £« ¢ ¯®á®¡¨ï ¯®á«ã¦¨-
«¨ ª¨£¨ [6] ¨ [7]. �¥ª®â®àë¥ ¢®¯à®áë, à áá¬®âà¥ë¥ ¢ £« ¢ å 1 ¨ 3,
¯®¤à®¡® ¨§«®¦¥ë á â®çª¨ §à¥¨ï â¥®à¨¨ ¢¥à®ïâ®áâ¨ ¢ ãç¥¡¨ª¥ [2].
�áá«¥¤®¢ ¨¥ ¥ª®â®àëå ¢®¯à®á®¢ ¨§ £« ¢ 1, 2 ¨ 5 á â®çª¨ §à¥¨ï  «-
£¥¡àë ¨ ¤¨áªà¥â®© ¬ â¥¬ â¨ª¨ ¬®¦®  ©â¨ ¢ [4], [5] ¨ [8]. �á®¢ë¬
¨áâ®ç¨ª®¬ ¤«ï £« ¢ë 5 ¯®á«ã¦¨«  ª¨£  [10], íâ¨ ¦¥ ¢®¯à®áë á £®-
à §¤® ¡®«¥¥ ®¡é¨å ¯®§¨æ¨© ¯®¤à®¡® à áá¬®âà¥ë ¢ ãç¥¡¨ª å [3] ¨ [9].
�¨£¨ [1] ¨ [10] ¢ ¯®¯ã«ïà®© ä®à¬¥ § ª®¬ïâ ç¨â â¥«ï á ®á®¢ë¬¨
¨¤¥ï¬¨ ¨ ¯®ïâ¨ï¬¨ â¥®à¨¨ ¨ä®à¬ æ¨¨ ¨ ª®¤¨à®¢ ¨ï.

�¢â®à ¡« £®¤ à¨â �. �. �ï¡ª®, �. �. �¨®®¢ , �. �. � à®¢ã,
�. �. � á¨«ì¥¢ã §  § ¬¥ç ¨ï ¨ ãâ®ç¥¨ï, ª®â®àë¥ á¯®á®¡áâ¢®¢ «¨
¯®¢ëè¥¨î ª ç¥áâ¢  ¨§«®¦¥¨ï ¬ â¥à¨ « .
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1. �á®¢ë â¥®à¨¨ ¨ä®à¬ æ¨¨

1.1. �¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ¨§ â¥®à¨¨ ¢¥à®ïâ®áâ¨

�á¯®¬¨¬ ®á®¢ë¥ ®¯à¥¤¥«¥¨ï â¥®à¨¨ ¢¥à®ïâ®áâ¨, ª®â®àë¥ ¡ã-
¤ãâ ¨á¯®«ì§®¢ âìáï ¢ ¤ «ì¥©è¥¬. �ãáâì 
 | ¯à®áâà áâ¢® í«¥¬¥-
â àëå á®¡ëâ¨©, F | ¥ª®â®à ï á®¢®ªã¯®áâì ¯®¤¬®¦¥áâ¢ 
.

�®¦¥áâ¢® F  §ë¢ ¥âáï �- «£¥¡à®© , ¥á«¨
1) 
 2 F ;
2) ¨§ A1; A2; : : :Ai : : : 2 F á«¥¤ã¥â, çâ® \1i=1Ai 2 F ;
3) ¨§ A1; A2 2 F á«¥¤ã¥â, çâ® A1nA2 2 F .
�«¥¬¥âë F  §ë¢ îâ á®¡ëâ¨ï¬¨. �á«¨ A1 ¨ A2 | á®¡ëâ¨ï, â®
A1[A2 = 
n((
nA1)\ (
nA1)) | â®¦¥ á®¡ëâ¨¥. �à¨ïâë ®¡®§ ç¥¨ï
A1 + A2 = A1 [A2 ¨ A1A2 = A1 \A2.

�¥à®ïâ®áâìî  §ë¢ ¥âáï ¥®âà¨æ â¥«ì ï äãªæ¨ï p : F ! [0; 1],
®¡« ¤ îé ï á¢®©áâ¢ ¬¨:
1) p(
) = 1;

2) ¥á«¨ Ai \Aj = ; ¤«ï ¢á¥å i 6= j, â® p(
P1

i=1Ai) =
P1

i=1 p(Ai):
�à®©ª  (
; F; p)  §ë¢ ¥âáï ¢¥à®ïâ®áâë¬ ¯à®áâà áâ¢®¬.
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�®¡ëâ¨ï A1; A2 2 F  §ë¢ îâ ¥§ ¢¨á¨¬ë¬¨, ¥á«¨ p(A1A2) =
p(A1)p(A2). �®¡ëâ¨ï A1; A2; : : : ; An 2 F  §ë¢ îâ ¥§ ¢¨á¨¬ë¬¨ ¢
á®¢®ªã¯®áâ¨, ¥á«¨ p(A1A2 : : :An) = p(A1)p(A2) : : : p(An).

� §¡¨¥¨¥¬ á®¡ëâ¨ï C ¡ã¤¥¬  §ë¢ âì ¬®¦¥áâ¢®
A = fA1; A2; : : : ; Ang � F , ¥á«¨ ¢ë¯®«¥ë ãá«®¢¨ï
1) Ai \Aj = ;;
2) [iAi = C.
�á«¨ C = 
, â® ¬®¦¥áâ¢® A ¡ã¤¥¬  §ë¢ âì ¯à®áâ® à §¡¨¥¨¥¬.

� §¡¨¥¨ï A = fA1; A2; : : : ; Ang ¨ B = fB1; B2; : : : ; Bmg  §ë¢ îâáï
¥§ ¢¨á¨¬ë¬¨, ¥á«¨ ¤«ï ¢á¥å i; j á®¡ëâ¨ï Ai ¨ Bj ¥§ ¢¨á¨¬ë.

�¥à®ïâ®áâìî á®¡ëâ¨ï A1 ¯à¨ ãá«®¢¨¨ A2  §ë¢ ¥âáï ¢¥«¨ç¨ 
p(A1jA2) = p(A1A2)=p(A2).

�ãáâì A = fA1; A2; : : : ; Ang | à §¡¨¥¨¥ á®¡ëâ¨ï C, â®£¤  á¯à ¢¥¤-
«¨¢  ä®à¬ã«  ¯®«®© ¢¥à®ïâ®áâ¨

p(BC) =
X
i

p(BjAi)p(Ai);

£¤¥ B 2 F | ¯à®¨§¢®«ì®¥ á®¡ëâ¨¥.
�«ãç ©®© ¢¥«¨ç¨®© �  §ë¢ ¥âáï äãªæ¨ï � : 
! R, ¥á«¨

fa 2 
 : �(a) < tg 2 F ¤«ï ¢á¥å t 2 R.
� ¯¥à¥ç¨á«¥ëå ¨¦¥ ãâ¢¥à¦¤¥¨ïå ¯®¤à §ã¬¥¢ ¥âáï, çâ® á«ãç © ï
¢¥«¨ç¨  ¨¬¥¥â ª®¥ç®¥ ç¨á«® § ç¥¨©. � ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬
à áá¬ âà¨¢ âì â®«ìª® â ª¨¥ á«ãç ©ë¥ ¢¥«¨ç¨ë.

� â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ¨¥¬ á«ãç ©®© ¢¥«¨ç¨ë �  §ë¢ ¥âáï

M� =
X
i

xip(fa 2 
 : �(a) = xig) =
X
i

�(Ai)p(Ai);

£¤¥ Ai = fa 2 
 : �(a) = xig.
�¨á¯¥àá¨¥© á«ãç ©®© ¢¥«¨ç¨ë  §ë¢ ¥âáï D� =M�2 � (M�)2:
�«ãç ©ë¥ ¢¥«¨ç¨ë �1; �2; : : : ; �n  §ë¢ îâáï ¥§ ¢¨á¨¬ë¬¨, ¥á«¨

á®¡ëâ¨ï A1 = fa 2 
 : �1(a) = x1g; A2 = fa 2 
 : �2(a) = x2g; : : : ; An =
fa 2 
 : �n(a) = xng ¥§ ¢¨á¨¬ë ¢ á®¢®ªã¯®áâ¨ ¤«ï ¢á¥¢®§¬®¦ëå
x1; x2; : : : ; xn 2 R.

�¯à ¢¥¤«¨¢ë à ¢¥áâ¢ :
M (�1 + �2) =M�1 +M�2 | ¤«ï ¯à®¨§¢®«ìëå á«ãç ©ëå ¢¥«¨ç¨,
D(�1 + �2) = D�1 +D�2 | ¤«ï ¥§ ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨.

�à®¬¥ â®£®, ¥á«¨ �1 � �2 ¤«ï ¢á¥å a 2 
, â® M�1 �M�2.
�«ãç ©ë¥ ¢¥«¨ç¨ë �1 ¨ �2  §ë¢ îâáï ®¤¨ ª®¢® à á¯à¥¤¥«¥ë-

¬¨ ¥á«¨ p(fa 2 
 : �1(a) = xg) = p(fa 2 
 : �2(a) = xg) ¤«ï ¢á¥å
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x 2 R. � â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ¨ï ¨ ¤¨á¯¥àá¨¨ ®¤¨ ª®¢® à á¯à¥¤¥-
«¥ëå á«ãç ©ëå ¢¥«¨ç¨ á®¢¯ ¤ îâ.

1.2. �âà®¯¨ï ª ª ¬¥à  ¥®¯à¥¤¥«¥®áâ¨ ®¯ëâ 

� ¤ ç  íâ®£® ¯ãªâ  á®áâ®¨â ¢ ®¯à¥¤¥«¥¨¨ ª®«¨ç¥áâ¢  ¨ä®à¬ -
æ¨¨, ª®â®àãî ¯à¨®á¨â à¥§ã«ìâ â ®¯ëâ , ¨¬¥îé¥£® ¥áª®«ìª® á«ãç ©-
ëå ¨áå®¤®¢. �àã£¨¬¨ á«®¢ ¬¨, ¯ãáâì A = fA1; A2; : : : ; Akg | ¥ª®-
â®à®¥ à §¡¨¥¨¥ (®¯ëâ, ¨¬¥îé¨© ¨áå®¤ë A1; A2; : : : ; Ak ). � ¬ ã¦-
® ®¯à¥¤¥«¨âì äãªæ¨î H(A), ª®â®à ï ¬®¦¥â á«ã¦¨âì ¬¥à®© ¥®¯à¥-
¤¥«¥®áâ¨ à §¡¨¥¨ï A ¨«¨ ª®«¨ç¥áâ¢  ¨ä®à¬ æ¨¨, ¯®ï¢«ïîé¥©-
áï ¢ à¥§ã«ìâ â¥ ¢ë¯®«¥¨ï ®¯ëâ  A. � á ¥ ¨â¥à¥áã¥â á®¤¥à¦ -
¨¥ ®¯ëâ  A, ¨ ¬ë áç¨â ¥¬, çâ® íâà®¯¨ï (¥®¯à¥¤¥«¥®áâì) ®¯ë-
â  A § ¢¨á¨â â®«ìª® ®â ¢¥à®ïâ®áâ¥© ¥£® ¨áå®¤®¢, â. ¥. H(A) =
h(p(A1); p(A2); : : : ; p(Ak)).

� ç «  ¯à¥¤¯®«®¦¨¬, çâ® ¢á¥ ¨áå®¤ë ®¯ëâ  A à ¢®¢¥à®ïâë, â®-
£¤  H(A) = h(1=k; 1=k; : : :; 1=k) = �(k). �áâ¥áâ¢¥® ¯à¥¤¯®«®¦¨âì,
çâ® ®¯ëâ, ¨¬¥îé¨© ¡®«ìè¥¥ ç¨á«® à ¢®¢¥à®ïâëå ¨áå®¤®¢, ¨¬¥¥â
¡®«ìèãî ¥®¯à¥¤¥«¥®áâì, ¯®íâ®¬ã �(k) | ¢®§à áâ îé ï äãªæ¨ï.
�ãáâì ®¯ëâ B á®áâ®¨â ¢ ¯®á«¥¤®¢ â¥«ì®¬ ¢ë¯®«¥¨¨ ¤¢ãå ¥§ ¢¨-
á¨¬ëå íªá¯¥à¨¬¥â®¢ A0 ¨ A00, ¨¬¥îé¨å ¯® k à ¢®¢¥à®ïâëå ¨áå®-
¤®¢. �®£¤  ®¯ëâ B ¨¬¥¥â k2 à ¢®¢¥à®ïâëå ¨áå®¤®¢, ¨ ¥£® ¥®¯à¥-
¤¥«¥®áâì à ¢  áã¬¬¥ ¥®¯à¥¤¥«¥®áâ¥© ®¯ëâ®¢ A0 ¨ A00. �® ¥áâì
H(B) = H(A0) +H(A00) ¨ �(k2) = 2�(k). � «®£¨çë¬ ®¡à §®¬ § ª«î-
ç ¥¬, çâ® �(ki) = i�(k) ¤«ï ¢á¥å æ¥«ëå i > 0. �®ª ¦¥¬, çâ® ¥¤¨áâ¢¥-
®© á â®ç®áâìî ¤® ã¬®¦¥¨ï   ¯®áâ®ïãî äãªæ¨¥©, ã¤®¢«¥â¢®àï-
îé¥© íâ¨¬ ãá«®¢¨ï¬, ï¢«ï¥âáï logk1, â. ¥. �(k) = C logk, £¤¥ C > 0 |
ª®áâ â .

�ãáâì n > 1 ¨ a > 2 | æ¥«ë¥ ç¨á« . � ©¤¥âáï â ª®¥  âãà «ì®¥ m,
çâ® á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

2m � an < 2m+1:

�®£¤  ¨§ ¬®®â®®áâ¨ äãªæ¨¨ � ¨¬¥¥¬ m�(2) � n�(a) < (m+1)�(2):
�à®¬¥ â®£®, m � n log a < m + 1: �§ ¤¢ãå ¯®á«¥¤¨å ¥à ¢¥áâ¢ ¯®«ã-
ç ¥¬ �����(a)log a

� �(2)

���� � 1

m
:

�¢¥«¨ç¨¢ ï n, ç¨á«® m ¬®¦® á¤¥« âì áª®«ì ã£®¤® ¡®«ìè¨¬. �®£¤ 
¨§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢  á«¥¤ã¥â, çâ® �(a) = �(2) loga. �®áª®«ìªã

1�¤¥áì ¨ ¤ «¥¥ «®£ à¨ä¬ ¡¥à¥âáï ¯® ®á®¢ ¨î 2.
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¤«ï § ¯¨á¨ à¥§ã«ìâ â  ®¯ëâ  á ¤¢ã¬ï à ¢®¢¥à®ïâë¬¨ ¨áå®¤ ¬¨ ¤®-
áâ â®ç® ®¤®£® ¡¨â , ¥®¯à¥¤¥«¥®áâì â ª®£® ®¯ëâ  ã¤®¡® áç¨â âì
à ¢®© 1, â. ¥. �(2) = 1.

�ãáâì ®¯ëâ A ¨¬¥¥â k ¨áå®¤®¢, ¢¥à®ïâ®áâ¨ ª®â®àëå à ¢ë ¥ª®â®-

àë¬ à æ¨® «ìë¬ ç¨á« ¬ pi. �®£¤  H(A) = h

�
m1

n
; m2

n
; : : : ; mk

n

�
; £¤¥

mi | æ¥«ë¥,   n | ®¡é¨© § ¬¥ â¥«ì ç¨á¥« pi. � áá¬®âà¨¬ ®¯ëâ B,
¨¬¥îé¨© n à ¢®¢¥à®ïâëå ¨áå®¤®¢. �£àã¯¯¨àã¥¬ ¨áå®¤ë ®¯ëâ  B ¢ k
£àã¯¯ â ª, çâ®¡ë i-ï £àã¯¯  ¨¬¥«  ¢¥à®ïâ®áâì mi

n
. �®£¤  ¨áå®¤ ®¯ëâ 

B ¬®¦® ãª § âì, ®¯à¥¤¥«¨¢ á ç «  £àã¯¯ã, ¢ ª®â®àãî ¯®¯ « ¤ ë©
¨áå®¤,   § â¥¬  ©¤ï ¬¥áâ® ã¦®£® ¨áå®¤  ¢ íâ®© £àã¯¯¥. �®áª®«ìªã
¨áå®¤ë ®¯ëâ®¢, á®¤¥à¦ é¨åáï ¢ ª ¦¤®© £àã¯¯¥, à ¢®¢¥à®ïâë ¨ ®¯ëâ
¯® ®¯à¥¤¥«¥¨î ¬¥áâ  ã¦®£® ¨áå®¤  ¢ i-© £àã¯¯¥ ã¦® ¯à®¢®¤¨âì á
¢¥à®ïâ®áâìî mi

n
, á¯à ¢¥¤«¨¢  ä®à¬ã« 

h

�
1

n
; : : : ;

1

n

�
= h

�
m1

n
;
m2

n
; : : : ;

mk

n

�
+
m1

n
h

�
1

m1
; : : : ;

1

m1

�
+ : : :

: : :+
mk

n
h

�
1

mk

; : : : ;
1

mk

�
:

�®£¤ 

h

�
m1

n
;
m2

n
; : : : ;

mk

n

�
= logn�m1

n
logm1�: : :�mk

n
logmk =

kX
i=1

mi

n
log

n

mi

:

�áâ¥áâ¢¥® ¯à¥¤¯®«®¦¨âì, çâ® äãªæ¨ï h ¥¯à¥àë¢  ¯® ¢á¥¬ á¢®¨¬
 à£ã¬¥â ¬. �§ íâ®£® á«¥¤ã¥â, çâ® ¯à¥¤ë¤ãé ï ä®à¬ã«  ¢¥à  ¨ ¤«ï
®¯ëâ®¢ á ¨àà æ¨® «ìë¬¨ ¢¥à®ïâ®áâï¬¨ ¨áå®¤®¢.

�  ®á®¢ ¨¨ ¯à®¢¥¤¥ëå ¢ëè¥ à ááã¦¤¥¨© ®¯à¥¤¥«¨¬ íâà®-
¯¨î (¥®¯à¥¤¥«¥®áâì) à §¡¨¥¨ï A = fA1; A2; : : : ; Akg á«¥¤ãîé¨¬
®¡à §®¬2:

H(A) = �
kX
i=1

p(Ai) log p(Ai):

� ¬¥â¨¬, çâ® H(A) � 0 ¨ H(A) = 0 â®«ìª® â®£¤ , ª®£¤   ©¤¥âáï í«¥-
¬¥â à §¡¨¥¨ï Ai á ¢¥à®ïâ®áâìî p(Ai) = 1.

2�â® ®¯à¥¤¥«¥¨¥ íâà®¯¨¨ ¡ë«® ¢¢¥¤¥® �. �¥®®¬.
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1.3. �¢®©áâ¢  íâà®¯¨¨ ¨ ¨ä®à¬ æ¨¨

�â¢¥à¦¤¥¨¥ 1.1. �ãáâì A = fA1; A2; : : : ; Akg | à §¡¨¥¨¥, â®£¤ 
H(A) � log k.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äãªæ¨î f(x) = �x logx. f(x) ¢ë¯ã-
ª«  ¢¢¥àå ¯à¨ x > 0, â ª ª ª f 00(x) = � 1

x ln 2 < 0. �®£¤  ¤«ï äãªæ¨¨ f

¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® �¥á¥ : ¥á«¨
Pk

i=1 �i = 1 ¨ �i > 0, â®

kX
i=1

�if(xi) � f

� kX
i=1

�ixi

�
:

�ãáâì �i = 1=k,   xi = p(Ai). �®£¤ 

H(A) = k

kX
i=1

1

k
f(p(Ai)) � kf

� kX
i=1

p(Ai)

k

�
=

= �k
� kX
i=1

p(Ai)

k

�
log

� kX
i=1

p(Ai)

k

�
= logk:

�â¢¥à¦¤¥¨¥ ¤®ª § ®.
�ãáâì Bj 2 F ; ®¯à¥¤¥«¨¬ ãá«®¢ãî íâà®¯¨î H(AjBj) à ¢¥áâ¢®¬

H(AjBj) = �
X
i

p(AijBj) log p(AijBj):

�ãáâì A = fA1; A2; : : : ; Akg ¨ B = fB1; B2; : : : ; Bng | à §¡¨¥¨ï.
�âà®¯¨¥© A ¯à¨ § ¤ ®¬ B  §ë¢ ¥âáï

H(AjB) =
X
j

p(Bj)H(AjBj):

� ¬¥â¨¬, çâ® H(AjA) = 0.
�¥à¥§ AB ¡ã¤¥¬ ®¡®§ ç âì à §¡¨¥¨¥, á®áâ®ïé¥¥ ¨§ ¢á¥¢®§¬®¦ëå

á®¡ëâ¨© ¢¨¤  AiBj , £¤¥ i = 1 : : :k, j = 1 : : :n.

�â¢¥à¦¤¥¨¥ 1.2. �ãáâì A = fA1; : : : ; Akg ¨ B = fB1; : : : ; Bng |
à §¡¨¥¨ï, â®£¤  H(AB) = H(B) +H(AjB):
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�®ª § â¥«ìáâ¢®.

H(AB) = �
X
i;j

p(AiBj) logp(AiBj) =

= �
X
i;j

p(AiBj)(log p(AijBj) + logp(Bj)) =

= �
X
j

�
p(Bj)

X
i

p(AijBj) log p(AijBj)

�
�
X
j

�
logp(Bj)

X
i

p(AiBj)

�
=

= H(AjB) +H(B):

�®á«¥¤¥¥ à ¢¥áâ¢® á«¥¤ã¥â ¨§ ä®à¬ã«ë ¯®«®© ¢¥à®ïâ®áâ¨X
i

p(AiBj) =
X
i

p(Ai)p(Bj jAi) = p(Bj)

¨ ®¯à¥¤¥«¥¨ï H(AjB). �â¢¥à¦¤¥¨¥ ¤®ª § ®.
�  ¬®¦¥áâ¢¥ à §¡¨¥¨© ¯à®áâà áâ¢  
 ®¯à¥¤¥«¨¬ ç áâ¨çë© ¯®-

àï¤®ª: B � A (B ¨ä®à¬ â¨¢¥¥ A), ¥á«¨ BA = B.

�â¢¥à¦¤¥¨¥ 1.3. �ãáâì A;B;C | à §¡¨¥¨ï, B � C. �®£¤ 
H(AjB) � H(AjC):

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î BC = B, â®£¤  CmBj = Bj ¨«¨
CmBj = ;. �®áª®«ìªã ¬®¦¥áâ¢  Cm ¥ ¯¥à¥á¥ª îâáï, â® ¤«ï ª ¦¤®£®
Bj  ©¤¥âáï ¥¤¨áâ¢¥®¥ Cm â ª®¥, çâ® Bj = CmBj . �®¦¥áâ¢® ç¨-
á¥« j, ¤«ï ª®â®àëå Bj = CmBj , ®¡®§ ç¨¬ ç¥à¥§ j(m). �¢¥¤¥¬ ®¡®§ -
ç¥¨¥ Bm

j = Bj , ¥á«¨ j 2 j(m). �®£¤  Cm =
P

j(m)B
m
j ¨ á¯à ¢¥¤«¨¢ë

á®®â®è¥¨ï

�
X
j(m)

p(AiB
m
j ) log p(AijBm

j ) = �p(Cm)
X
j(m)

p(Bm
j )

p(Cm)
p(AijBm

j ) log p(AijBm
j ) �

� �
�X
j(m)

p(Bm
j )p(AijBm

j )

�
log

 P
j(m) p(B

m
j )p(AijBm

j )

p(Cm)

�
�

� �p(CmAi) log p(AijCm);
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£¤¥ ¯¥à¢®¥ ¥à ¢¥áâ¢® á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢  �¥á¥  ¤«ï äãªæ¨¨
�x logx (á¬. ãâ¢¥à¦¤¥¨¥ 1.1), ¢â®à®¥ | ¯® ä®à¬ã«¥ ¯®«®© ¢¥à®ïâ-
®áâ¨.

�®£¤ 

H(AjB) = �
X
i

X
m

X
j(m)

p(AiB
m
j ) log p(AijBm

j ) �

� �
X
i

X
m

p(CmAi) log p(AijCm) = H(AjC):

�â¢¥à¦¤¥¨¥ ¤®ª § ®.

�«¥¤áâ¢¨¥ 1.1. H(AjB) � H(A).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ C = f
g. �¥âàã¤® ã¡¥¤¨âìáï, çâ®
H(AjC) = H(A) ¨ ¤«ï ¢á¥å à §¡¨¥¨© B ¢ë¯®«¥® B � C. �®£¤ 
¥à ¢¥áâ¢® H(AjB) � H(A) á«¥¤ã¥â ¨§ ¯à¥¤ë¤ãé¥£® ãâ¢¥à¦¤¥¨ï.

�ä®à¬ æ¨¥© à §¡¨¥¨ï A ®â®á¨â¥«ì® à §¡¨¥¨ï B  §ë¢ ¥âáï

I(A;B) = H(A)�H(AjB):

� ¬¥â¨¬, çâ® I(A;A) = H(A).

�«¥¤áâ¢¨¥ 1.2. �á«¨ B � C, â® I(A;B) � I(A;C).

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï ¯®«ãç ¥âáï ¨§ ®¯à¥¤¥«¥¨ï ¢¥«¨ç¨ë
I(A;B) ¨ ãâ¢¥à¦¤¥¨ï 1.3.

1.4. �¬¯¨à¨ç¥áª ï íâà®¯¨ï ¨ ç¨á«® á®ç¥â ¨©

�ãáâì A = fa1; a2; : : : ; akg | ª®¥çë©  «ä ¢¨â. �ãáâì ¨áâ®ç¨ª
S ¯®à®¦¤ ¥â á«ãç ©ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¡ãª¢  «ä ¢¨â  A. �á«¨
¢¥à®ïâ®áâì ¯®ï¢«¥¨ï ¡ãª¢ë ¥ § ¢¨á¨â ®â ¯à¥¤ë¤ãé¨å ¡ãª¢, â® S

 §ë¢ îâ ¨áâ®ç¨ª®¬ �¥àã««¨. � ª®© ¨áâ®ç¨ª ¬®¦® áç¨â âì à §-
¡¨¥¨¥¬ S = fA1; A2; : : : ; Akg, £¤¥ á®¡ëâ¨¥ Ai á®áâ®¨â ¢ ¯®ï¢«¥¨¨ ¡ã-
ª¢ë ai. �¡ëç® ¡ãª¢ã ai ¨ á®¡ëâ¨¥ Ai ®â®¦¤¥áâ¢«ïîâ ¨ ¯¨èãâ p(ai),
¯®¤à §ã¬¥¢ ï p(Ai). �¯à¥¤¥«¥¨¥ ¨áâ®ç¨ª  ®¡é¥£® ¢¨¤  ¡ã¤¥â ¤ ® ¢
£« ¢¥ 3.

�ãáâì x 2 An | ¥ª®â®à®¥ á«®¢® ¨§ n ¡ãª¢  «ä ¢¨â  A, ri(x) |
ª®«¨ç¥áâ¢® ¢å®¦¤¥¨© ¡ãª¢ë ai ¢ á«®¢® x. �®£¤  ri(x)=n | ç áâ®â 
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¢å®¦¤¥¨© ¡ãª¢ë ai ¢ á«®¢® x. �¯à¥¤¥«¨¬ í¬¯¨à¨ç¥áªãî íâà®¯¨î
F (x) á«®¢  x à ¢¥áâ¢®¬

F (x) = �
kX
i=1

ri(x)

n
log

ri(x)

n
:

�â¢¥à¦¤¥¨¥ 1.4. �ãáâì A = fa1; a2; : : : ; akg | ª®¥çë©  «ä ¢¨â,
S | ¨áâ®ç¨ª �¥àã««¨, ¯®à®¦¤ îé¨© ¡ãª¢ë  «ä ¢¨â  A á ¢¥à®ïâ-
®áâï¬¨ p(ai). �®£¤ 

j
X
x2An

p(x)F (x)�H(S)j � k � 1

n ln 2
:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬  ¡®à á«ãç ©ëå ¢¥«¨ç¨ �ij(x):

�ij(x) =

�
1; ¥á«¨   j-¬ ¬¥áâ¥ ¢ á«®¢¥ x  å®¤¨âáï ai;
0 | ¢ ®áâ «ìëå á«ãç ïå.

�®£¤ 

M�ij(x) =
X
x2An

p(x)�ij(x) =
X
x2An

p(x1) : : : p(xn)�
i
j(x) =

X
xj=ai

p(x1) : : : p(xj�1)p(ai) : : : p(xn) = p(ai):

�®áª®«ìªã (�ij(x))
2 = �ij(x), á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

D�ij (x) =M (�ij(x))
2 � (M�ij(x))

2 = p(ai)� p(ai)
2:

�à®¬¥ â®£®, ri(x) =
Pn

j=1 �
i
j(x). �® ®¯à¥¤¥«¥¨î ¨áâ®ç¨ª  �¥àã««¨

S á«ãç ©ë¥ ¢¥«¨ç¨ë �i1; �
i
2; : : : ; �

i
n | ¥§ ¢¨á¨¬ë. �®£¤ 

X
x2An

p(x)ri(x) =Mri(x) =

nX
j=1

M�ij(x) = np(ai); (1:1)

X
x2An

p(x)(ri(x))
2 �

�X
x2An

p(x)ri(x)

�2

= Dri(x) =

=

nX
j=1

D�ij (x) = n(p(ai)� (p(ai))
2):
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�âªã¤ X
x2An

p(x)(ri(x))
2 = Dri(x) + (Mri(x))

2 = n2p(ai)
2 + n(p(ai)� (p(ai))

2):

(1:2)
�§ (1.1) á«¥¤ã¥â, çâ®

H(S) = �
kX
i=1

X
x2An

p(x)
ri(x)

n
logp(ai) = �

X
x2An

p(x)

kX
i=1

ri(x)

n
log p(ai):

�®£¤ 

�
X
x2An

p(x)F (x) +H(S) =
X
x2An

p(x)

kX
i=1

ri(x)

n
log

ri(x)

np(ai)
: (1:3)

�®ª ¦¥¬ ¥à ¢¥áâ¢®

�
X
x2An

p(x)F (x) +H(S) � k � 1

n ln 2
:

�§ (1.1) á«¥¤ã¥â, çâ®

X
x2An

p(x)

kX
i=1

ri(x)

n
= 1:

�ãªæ¨ï logx ¢ë¯ãª«  ¢¢¥àå, â®£¤  ¨§ ¥à ¢¥áâ¢  �¥á¥ , (1.2) ¨
(1.3) ¨¬¥¥¬

�
X
x2An

p(x)F (x) +H(S) � log

�X
x2An

p(x)

kX
i=1

r2i (x)

n2p(ai)

�
=

= log

� kX
i=1

(p(ai) +
1� p(ai)

n
)

�
= log(1 +

k � 1

n
):

�à¨¬¥¨¢ ¥à ¢¥áâ¢® ln(1+x) � x, ¯®«ãç ¥¬ ¨áª®¬®¥ ¥à ¢¥áâ¢®.
�®ª ¦¥¬, çâ®

P
x2An p(x)F (x) � H(S) � 0: �®áª®«ìªã äãªæ¨ï

�x logx ¢ë¯ãª«  ¢¢¥àå ¨
P

x2An p(x) = 1, ¨§ (1.3), ¥à ¢¥áâ¢  �¥-
á¥  ¨ (1.1) ¯®«ãç ¥¬

X
x2An

p(x)F (x)�H(S) = �
X
x2An

p(x)

kX
i=1

ri(x)

n
log

ri(x)

np(ai)
=
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=

kX
i=1

p(ai)

�X
x2An

p(x)

�
� ri(x)

np(ai)
log

ri(x)

np(ai)

��
�

kX
i=1

p(ai)

�
�
�X
x2An

p(x)ri(x)

np(ai)

�
log

�X
x2An

p(x)ri(x)

np(ai)

��
=

=

kX
i=1

p(ai)(1 log1) = 0:

�â¢¥à¦¤¥¨¥ ¤®ª § ®.
�à¥¤¯®«®¦¨¬, çâ®  ¬ â®ç® ¨§¢¥áâë ç áâ®âë ¢å®¦¤¥¨© ¡ãª¢

ai 2 A ¢ á«®¢® x 2 An. �æ¥¨¬ ª®«¨ç¥áâ¢® ¨ä®à¬ æ¨¨, ª®â®à ï
¥®¡å®¤¨¬  ¤«ï ¢®ááâ ®¢«¥¨ï á«®¢ , ¥á«¨ ¨§¢¥áâ¥ ¥£® ç áâ®âë©
á®áâ ¢. �ãáâì T (x) = fy 2 An : ri(y) = ri(x) ¤«ï ¢á¥å i = 1 : : :kg |
¬®¦¥áâ¢® á«®¢, ¨¬¥îé¨å â®â ¦¥ ç áâ®âë© á®áâ ¢, çâ® ¨ á«®¢® x.
�®£¤  çâ®¡ë ®¤®§ ç® ãª § âì á«®¢® y 2 T , ã¦® ¥ ¬¥¥¥ log jT j
¤¢®¨çëå § ª®¢ 3. � ç¥ ¤¢ã¬ à §ë¬ á«®¢ ¬ ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì
®¤¨ ¨ â®â ¦¥ ª®¤ (ãª § â¥«ì). �æ¥¨¬ ¢¥«¨ç¨ã log jT j.

�â¢¥à¦¤¥¨¥ 1.5. �ãáâì x 2 An, â®£¤  F (x) � 1
n
log jT (x)j = �(n);

£¤¥ �(n) � 0; �(n) = O

�
logn
n

�
.

�®ª § â¥«ìáâ¢®. � ª ¨§¢¥áâ®, ç¨á«® á®ç¥â ¨© ¨§ n í«¥¬¥â®¢ ¯®
r1(x); r2(x); : : : rk(x) í«¥¬¥â®¢ k à §«¨çëå ¢¨¤®¢ à ¢ï¥âáï

jT (x)j = n!

r1(x)!r2(x)! : : : rk(x)!
:4

�§ ä®à¬ã«ë �â¨à«¨£  n! = nne�n
p
2�n(1 + o(1)) ¯®«ãç ¥¬ à ¢¥áâ¢ 

jT (x)j = nner1(x)+:::+rk(x)

enr1(x)r1(x) : : : rk(x)rk(x)

p
2�n(1 + o(1))p

(2�)kr1(x) : : : rk(x)(1 + o(1))k
=

=

�
n

r1(x)

�r1� n

r2(x)

�r2
: : :

�
n

rk(x)

�rks 2�n

(2�)kr1(x)r2(x) : : : rk(x)
(1+o(1)):

3�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ ç¥à¥§ jAj ®¡®§ ç ¥âáï ç¨á«® í«¥¬¥â®¢ ¬®¦¥áâ¢  A.
4�¤¥áì 0! = 1 = 1!, ¯®íâ®¬ã ¢ ¤¢ãå ä®à¬ã« å ¨¦¥, ¥á«¨ ç¨á«® ri = 0 ¢ § ¬¥ -

â¥«¥, â® ¥£® á«¥¤ã¥â § ¬¥¨âì   1.
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�®£¤ 

1

n
log jT j =

kX
i=1

ri(x)

n
log

n

ri(x)
+

1

2n

kX
i=1

log
n

ri(x)
� k � 1

2n
logn +O

�
1

n

�
:

�â¢¥à¦¤¥¨¥ ¤®ª § ®.
�«¥¤®¢ â¥«ì®, çâ®¡ë ãª § âì á«®¢® xn 2 An ¨§¢¥áâ®£® ç áâ®â®£®

á®áâ ¢ , ¥®¡å®¤¨¬® § âà â¨âì ¥ ¬¥¥¥ nF (x) ¡¨â®¢. � ª¨¬ ®¡à §®¬,
¨§ ãâ¢¥à¦¤¥¨© 1.4, 1.5 ¬ë ¯®«ãç¨«¨ ¢â®à®© á¯®á®¡ ®¯à¥¤¥«¥¨ï í-
âà®¯¨¨ H(S) = limn!1MF (xn) = limn!1 1

n
M log jT (xn)j, £¤¥ xn 2 An,

â. ¥. H(S) | ¬¨¨¬ «ì®¥ áà¥¤¥¥ ª®«¨ç¥áâ¢® ¤¢®¨çëå § ª®¢, ª®-
â®àë¥ ¥®¡å®¤¨¬® § âà â¨âì ¤«ï § ¯¨á¨ ¡ãª¢ë ¢ á«®¢¥, ¯®à®¦¤¥®¬
¨áâ®ç¨ª®¬ S.

2. �®¡ãª¢¥®¥ ª®¤¨à®¢ ¨¥

2.1. �à¥ä¨ªáë¥ ª®¤ë ¨ ¥à ¢¥áâ¢® �à äâ 

�ãáâì E = f0; 1g, ®¡®§ ç¨¬ ç¥à¥§ E� = [1i=1Ei ¬®¦¥áâ¢® ¢á¥å
ª®¥çëå  ¡®à®¢ 0 ¨ 1. �ãáâì A = fa1; a2; : : : ; ai; : : :g | ¥ª®â®àë©
 «ä ¢¨â.

�®¤¨à®¢ ¨¥¬ (ª®¤®¬)5  §ë¢ ¥âáï ¨ê¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥
f : A ! E�. f(ai)  §ë¢ ¥âáï ª®¤®¬ ¡ãª¢ë ai, ¨«¨ ª®¤®¢ë¬ á«®¢®¬.
�¥à¥§ jf(ai)j ¡ã¤¥¬ ®¡®§ ç âì ¤«¨ã ª®¤®¢®£® á«®¢ .

�®¤¨à®¢ ¨¥ f  §ë¢ ¥âáï ¤¥è¨äàã¥¬ë¬, ¥á«¨ ¯à®¨§¢®«ì ï ¯®-
á«¥¤®¢ â¥«ì®áâì ª®¤®¢ëå á«®¢ f(ai1 )f(ai2 ) : : : f(ain ), § ¯¨á ëå á«¨â-
®, ®¤®§ ç® à §¤¥«ï¥âáï   ª®¤®¢ë¥ á«®¢ .

�®¤¨à®¢ ¨¥ f  §ë¢ ¥âáï ¯à¥ä¨ªáë¬, ¥á«¨ ¨ª ª®¥ ª®¤®¢®¥ á«®¢®
f(ai) ¥ ï¢«ï¥âáï ¯à¥ä¨ªá®¬ ( ç «®¬) ¤àã£®£® ª®¤®¢®£® á«®¢  f(aj).

� ¯à¨¬¥à, ª®¤, á®¤¥à¦ é¨© ¤¢  ª®¤®¢ëå á«®¢  0 ¨ 10, ï¢«ï¥âáï
¯à¥ä¨ªáë¬; ª®¤, á®¤¥à¦ é¨© ¤¢  ª®¤®¢ëå á«®¢  0 ¨ 01, ï¢«ï¥âáï
¤¥è¨äàã¥¬ë¬, ® ¥ ¯à¥ä¨ªáë¬;   ª®¤, ¨¬¥îé¨© ª®¤®¢ë¥ á«®¢  0, 1
¨ 10, ¥ ï¢«ï¥âáï ¨ ¯à¥ä¨ªáë¬, ¨ ¤¥è¨äàã¥¬ë¬.

�¥âàã¤® § ¬¥â¨âì, çâ® ª ¦¤ë© ¯à¥ä¨ªáë© ª®¤ ï¢«ï¥âáï ¤¥è¨-
äàã¥¬ë¬, ®¡à â®¥ ¥¢¥à®.

� áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ ¡¨ à®¥ ¤¥à¥¢®. � ¦¤®¥ «¥¢®¥ à¥¡à®
¤¥à¥¢  ¯®¬¥â¨¬ ã«¥¬, ¯à ¢®¥ | ¥¤¨¨æ¥©. �®£¤  ª ¦¤®© ¢¥àè¨¥

5�®¤®¬ ®¡ëç®  §ë¢ îâ ¨ ¬®¦¥áâ¢® ª®¤®¢ëå á«®¢.
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¤¥à¥¢  ¡ã¤¥â á®¯®áâ ¢«¥  ¡®à ¨§ 0 ¨ 1 (ª®¤ ¢¥àè¨ë), ®¯¨áë¢ îé¨©
¯ãâì ®â ª®àï ¤® ¢¥àè¨ë, ª ª ¯®ª § ®   à¨á. 1.
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�¨á. 1

�ã¯¨ª®¢ë¥ ¢¥àè¨ë ¤¥à¥¢   §ë¢ îâáï «¨áâìï¬¨. �ãáâì x | ¥-
ª®â®à ï ¢¥àè¨  ¤¥à¥¢ , â®£¤    ¯ãâ¨ ®â ª®àï ¤¥à¥¢  ¤® x à á¯®«®-
¦¥ë â¥ ¨ â®«ìª® â¥ ¢¥àè¨ë, ª®¤ë ª®â®àëå ï¢«ïîâáï ¯à¥ä¨ªá ¬¨
ª®¤  x. �«¥¤®¢ â¥«ì®, ª®¤ ®¤®© «¨áâ®¢®© ¢¥àè¨ë ¥ ¬®¦¥â ¡ëâì
¯à¥ä¨ªá®¬ ª®¤  ¤àã£®© «¨áâ®¢®© ¢¥àè¨ë. � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢®
ª®¤®¢ «¨áâì¥¢ ¤¥à¥¢  ¯à¥¤áâ ¢«ï¥â á®¡®© ¥ª®â®àë© ¯à¥ä¨ªáë© ª®¤.
�¥âàã¤® § ¬¥â¨âì, çâ® ¢¥à® ¨ ®¡à â®¥: ¯à®¨§¢®«ìë© ¯à¥ä¨ªáë©
ª®¤ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®¤¬®¦¥áâ¢® ª®¤®¢ «¨áâì¥¢ ¥ª®â®à®£® ¤¥à¥-
¢ .

�¥®à¥¬  2.1. �ãáâì l1; l2; : : : ; ln | æ¥«ë¥ ¯®«®¦¨â¥«ìë¥ ç¨á« , â®-
£¤  ¤«ï áãé¥áâ¢®¢ ¨ï ¯à¥ä¨ªá®£® ª®¤  á ¤«¨ ¬¨ á«®¢ l1; l2; : : : ; ln
¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¢ë¯®«¥¨ï ¥à ¢¥áâ¢  �à äâ Pn

j=1 2
�lj � 1.
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�®ª § â¥«ìáâ¢®. �¥à¥¯¨è¥¬ ¥à ¢¥áâ¢® �à äâ  ¢ ¢¨¤¥

lX
i=1

si2
�i � 1; (2:1)

£¤¥ si | ª®«¨ç¥áâ¢® ç¨á¥« l1; : : : ; ln, à ¢ëå i, l = max lj .
�®áâà®¨¬ ¨áª®¬ë©  ¡®à ª®¤®¢ëå á«®¢ ¯® ¨¤ãªæ¨¨. �§ (2.1) á«¥¤ã-

¥â, çâ® s1 � 2. �ç¥¢¨¤®, çâ® ¯®áâà®¨âì ¯à¥ä¨ªáë© ª®¤, ¢ª«îç îé¨©
¥ ¡®«¥¥ ¤¢ãå ª®¤®¢ëå á«®¢ ¤«¨ë 1, ¢®§¬®¦®. �ãáâì ¯à¥ä¨ªáë©
ª®¤, ¢ª«îç îé¨© si ª®¤®¢ëå á«®¢ ¤«¨ë i, i < k, ¯®áâà®¥. �§ ¥à -
¢¥áâ¢  (2.1) á«¥¤ã¥â, çâ®

Pk
i=1 si2

�i � 1 ¨

sk � 2k �
k�1X
i=1

si2
k�i: (2:2)

� áá¬®âà¨¬ Ek | ¬®¦¥áâ¢® ¢á¥å ¤¢®¨çëå á«®¢ ¤«¨ë k, jEkj = 2k.
� ¦¤®¥ ¢ë¡à ®¥ ª®¤®¢®¥ á«®¢® ¤«¨ë i < k ï¢«ï¥âáï ¯à¥ä¨ªá®¬ 2k�i

ª®¤®¢ëå á«®¢ ¤«¨ë k. �®£¤  ¢á¥ ª®¤®¢ë¥ á«®¢  ï¢«ïîâáï ¯à¥ä¨ªá -
¬¨ ¥ ¡®«¥¥, ç¥¬

Pk�1
i=1 si2

k�i á«®¢ ¤«¨ë k. �«¥¤®¢ â¥«ì®, ¬ë ¬®¦¥¬

¤®¡ ¢¨âì ¢® ¬®¦¥áâ¢® ª®¤®¢ëå á«®¢ 2k �Pk�1
i=1 si2

k�i á«®¢ ¤«¨ë k,
á®åà ¨¢ á¢®©áâ¢® ¯à¥ä¨ªá®áâ¨. �®£¤  áãé¥áâ¢®¢ ¨¥ ª®¤ , ã¤®¢«¥-
â¢®àïîé¥£® ãá«®¢¨î â¥®à¥¬ë, á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢  (2.2).

�ãáâì ¨¬¥¥âáï ¥ª®â®àë© ¯à¥ä¨ªáë© ª®¤; ¯®ª ¦¥¬, çâ® ¤«¨ë ¥£®
ª®¤®¢ëå á«®¢ ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã �à äâ . �ãáâì l | ¬ ªá¨-
¬ «ì ï ¤«¨  ª®¤®¢®£® á«®¢  ¨ si | ª®«¨ç¥áâ¢® ª®¤®¢ëå á«®¢ ¤«¨-
ë i. �ãáâì Tj � El | ¬®¦¥áâ¢® ¤¢®¨çëå á«®¢ ¤«¨ë l, ¯à¥ä¨ªá®¬
ª®â®àëå ï¢«ï¥âáï j-®¥ ª®¤®¢®¥ á«®¢® ¤«¨ë lj .

�®ª ¦¥¬, çâ® Tj1\Tj2 = ;. � áá¬®âà¨¬ x| ¯à®¨§¢®«ì®¥ ¤¢®¨ç®¥
á«®¢® ¤«¨ë l. �ãáâì ¤¢  ª®¤®¢ëå á«®¢  ï¢«ïîâáï ¯à¥ä¨ªá ¬¨ x. �ç¥-
¢¨¤®, çâ® ¡®«¥¥ ª®à®âª®¥ ¨§ ¨å ï¢«ï¥âáï ¯à¥ä¨ªá®¬ ¡®«¥¥ ¤«¨®£®.
� íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ª®¤ ¯à¥ä¨ªáë©. �â ª, Tj1 \ Tj2 = ; ¨
Tj � El. �®£¤ 

nX
j=1

jTjj � jElj = 2l:

�®áª®«ìªã jTjj = 2l�lj , ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«ãç ¥¬ ¥à ¢¥-

áâ¢®
nX

j=1

2l�lj � 2l:
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�¥®à¥¬  ¤®ª §  .
�. � ª¬¨««  ¤®ª § « ¢ 1956 £., çâ® ¥à ¢¥áâ¢® �à äâ  á¯à ¢¥¤-

«¨¢® ¤«ï ¯à®¨§¢®«ì®£® ¤¥è¨äàã¥¬®£® ª®¤ . � ª¨¬ ®¡à §®¬, ¤«ï ª -
¦¤®£® ¤¥è¨äàã¥¬®£® ª®¤   ©¤¥âáï ¯à¥ä¨ªáë© ª®¤ á â¥¬¨ ¦¥ ¤«¨-
 ¬¨ ª®¤®¢ëå á«®¢. �â® ¯®§¢®«ï¥â  ¬ ®£à ¨ç¨âìáï ¢ ¤ «ì¥©è¥¬
¨áá«¥¤®¢ ¨¥¬ â®«ìª® ¯à¥ä¨ªáëå ª®¤®¢.

2.2. �à¥ä¨ªáë¥ ª®¤ë  âãà «ì®£® àï¤ 

�á®, çâ® ®¡ëç ï ¤¢®¨ç ï § ¯¨áì  âãà «ìëå ç¨á¥« (Bin) ¥
ï¢«ï¥âáï ¯à¥ä¨ªáë¬ ª®¤®¬. � ¯à¨¬¥à, Bin(2) = 10 ï¢«ï¥âáï ¯à¥-
ä¨ªá®¬ Bin(5) = 101. �à®áâ¥©è¨¬ á¯®á®¡®¬ ¯à¥®¡à §®¢ ¨ï ®¡ëç®©
¤¢®¨ç®© § ¯¨á¨ ¢ ¯à¥ä¨ªáë© ª®¤ ï¢«ï¥âáï ¤®¡ ¢«¥¨¥ ¯¥à¥¤ ¤¢®¨ç-
®© § ¯¨áìî ¡«®ª  ¨§ ã«¥©, à ¢®£® ¯® ¤«¨¥ ¤¢®¨ç®© § ¯¨á¨ ç¨á« .
�¤ ª® â ª®© ª®¤ ã¢¥«¨ç¨¢ ¥â ¤«¨ã § ¯¨á¨ ¢ ¤¢  à § . � íâ®¬ ¯ãªâ¥
¬ë à áá¬®âà¨¬ ¯à¨¬¥àë ¡®«¥¥ á«®¦ëå, ® ¨ ¡®«¥¥ ª®à®âª¨å ¯à¥ä¨ªá-
ëå ª®¤®¢  âãà «ìëå ç¨á¥«. �¢¥¤¥¬ ¥áª®«ìª® ®¡®§ ç¥¨©.
D(n) | ¯®á«¥¤®¢ â¥«ì®áâì ¨§ n ¥¤¨¨æ á ã«¥¬ ¢ ª®æ¥ (D(2) = 110).
B(n) | ¤¢®¨ç ï § ¯¨áì ç¨á«  n ¡¥§ ¯¥à¢®£® á¨¬¢®«  (B(5) = 01,
B(12) = 100, B(1) = B(0) = ;).
Bd(n) | ¤¢®¨ç ï § ¯¨áì ç¨á«  n, ¨á¯®«ì§ãîé ï à®¢® d á¨¬¢®«®¢.
� ¯à¨¬¥à, B4(5) = 0101.
�ãáâì �d(n) = blognc � d, ¢ ç áâ®áâ¨, �0(n) = blognc = jB(n)j ¯à¨
n � 1.
�¢¥¤¥¬ ®¡®§ ç¥¨¥ �kd(n) = �d(�

k�1
d (n)), £¤¥ �1d(n) = �d(n).

�«¥¤ãîé¨© ª®¤ El  âãà «ìëå ç¨á¥« ¯à¨ ¤«¥¦¨â �. �« ©¥áã.
El(0) = 10, El(1) = 11 ¨ ¯à¨ n � 2,
El(n) = 0 : : :0Bin(�0(n) + 1)B(n);
£¤¥ ª®«¨ç¥áâ¢® ã«¥© ¯¥à¥¤ Bin(�0(n) + 1) à ¢ï¥âáï �0(�0(n) + 1).
� ¯à¨¬¥à, El(2) = 0 10 0; El(3) = 0 10 1; El(5) = 0 11 01; El(62) =
00 110 11110. �à¨ ª®¤¨à®¢ ¨¨ ç¨á¥« ª®¤®¬ �« ©¥á  ã¤®¡® ¯®«ì§®-
¢ âìáï á®®â®è¥¨ï¬¨: �0(�0(n) + 1) = jBin(�0(n) + 1)j � 1 ¨ �0(n) =
jB(n)j.

�â¢¥à¦¤¥¨¥ 2.1. �à¨ n > 1

jEl(n)j = blognc + 2blog(blognc + 1)c + 1 � logn+ 2 log logn+ 3:

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥¨© ¨¬¥¥¬ jB(n)j = blognc,
jBin(�0(n)+1)j = blog(blognc+1)c+1 � log logn+2 ¨ �0((�0(n)+1)) =
blog(blog nc+ 1)c � log logn + 1. �â¢¥à¦¤¥¨¥ ¤®ª § ®.
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�á«¨ n = 1 : : :255, ã¤®¡® ¨á¯®«ì§®¢ âì ª®¤ El0(n) = B3(�0(n))B(n).
� ¯à¨¬¥à, El0(1) = 000; El0(5) = 010 01; El0(62) = 101 11110.

�«¥¤ãîé¨© ª®¤ Lev ¡ë« ¯à¥¤«®¦¥ �. �. �¥¢¥èâ¥©®¬. �á«¨
�k0(n) = 0, â®

Lev(n) = D(k)B(�k�20 (n)) : : :B(�0(n))B(n):

� ¯à¨¬¥à, Lev(0) = 0; Lev(1) = 10; Lev(5) = 1110 0 01; Lev(62) =
11110 0 01 11110.

�à¥®¡à §®¢ ¨¥ ¤¢®¨ç®© § ¯¨á¨ ç¨á«  ¢ ª®¤ �¥¢¥èâ¥©  ®áãé¥-
áâ¢«ï¥âáï ç¥à¥§¢ëç ©® ¯à®áâ®, ¯®áª®«ìªã �0(n) = jB(n)j, �20(n) =
jB(�0(n))j ¨ â ª ¤ «¥¥. �¥ª®¤¨à®¢ ¨¥ ª®¤  �¥¢¥èâ¥©  ¯à®¨§¢®-
¤¨âáï ¢ ®¡à â®¬ ¯®àï¤ª¥, ¯à¨ç¥¬ ç¨á«® ¨â¥à æ¨© k à ¢ï¥âáï ç¨á«ã
¥¤¨¨æ ¤® ¯¥à¢®£® ã«ï.

�«¥¤ãîé¥¥ á¥¬¥©áâ¢® ª®¤®¢ ¯à¥¤«®¦¨« �. �â®ãâ. �ãáâì d � 2 ¨
�kd(n) < 2d. �®£¤  Std(n) = 0Bd(n), ¥á«¨ n < 2d, ¨
Std(n) = D(k)Bd(�

k
d(n))B(�

k�1
d (n)) : : :B(�d(n))B(n), ¥á«¨ n � 2d.

� ¯à¨¬¥à, St2(0) = 0 00; St2(1) = 0 01; St2(5) = 10 00 01; St2(62) =
10 11 11110 ¨ St3(0) = 0 000; St3(1) = 0 001; St3(5) = 0 101; St3(62) =
10 010 11110.

�®¤¨à®¢ ¨¥ ¨ ¤¥ª®¤¨à®¢ ¨¥ ç¨á¥« ª®¤®¬ �â®ãâ  ¯®¤®¡®   -
«®£¨çë¬ ¯à®æ¥¤ãà ¬ ª®¤  �¥¢¥èâ¥© . �ã¦® ¨á¯®«ì§®¢ âì, çâ®
�d(n) = jB(n)j � d, �2d(n) = jB(�d(n))j � d ¨ â. ¤. �¥âàã¤® ¯®ª -
§ âì, çâ® ¯à¨ n ! 1 jLev(n)j = logn + (1 + o(1)) log logn ¨ jStd(n)j =
logn+ (1 + o(1)) log logn.

�®¦¥â ®ª § âìáï ¯®«¥§ë¬ ã¯à®é¥ë© ª®¤ �â®ãâ :
St0d(n) = 0Bd(n), ¥á«¨ n < 2d, ¨
St0d(n) = D(�d(n))B(n), ¥á«¨ n � 2d.
� ¯à¨¬¥à, St02(5) = 10 01; St02(10) = 110 010; St02(62) = 1110 11110 ¨
St03(5) = 0 101; St03(10) = 10 010; St03(62) = 110 11110.

�â¢¥à¦¤¥¨¥ 2.2. �®¤ë  âãà «ì®£® àï¤  El;El0; Lev; Std; St0d |
¯à¥ä¨ªáë¥.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ ¤«ï ª®¤  �¥¢¥èâ¥© .
�ãáâì n1; n2 2 N ; ¯®ª ¦¥¬, çâ® ª®¤®¢®¥ á«®¢® Lev(n1) ¥ ï¢«ï¥â-
áï ¯à¥ä¨ªá®¬ ª®¤®¢®£® á«®¢  Lev(n2). �ãáâì �k10 (n1) = �k20 (n2) = 0.
�á«¨ k1 6= k2, â®£¤  Lev(n1) ¥ ï¢«ï¥âáï ¯à¥ä¨ªá®¬ Lev(n2), ¯®áª®«ì-
ªã D(k1) | ¥ ¯à¥ä¨ªá D(k2).
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�ãáâì k1 = k2 ¨ �k0(n1) = �k0(n2); : : : ; �
i+1
0 (n1) = �i+10 (n2),

® �i0(n1) 6= �i0(n2). �®áª®«ìªã �i+10 (n) = jB(�i0(n))j, â®
jB(�i0(n1))j = jB(�i0(n2))j. �®£¤  jD(k)B(�k�20 (n1)) : : :B(�

i
0(n1))j =

jD(k)B(�k�20 (n2)) : : :B(�
i
0(n2))j, ® D(k)B(�k�20 (n1)) : : :B(�

i
0(n1)) 6=

D(k)B(�k�20 (n2)) : : :B(�
i
0(n2)). �® ¥áâì D(k)B(�k�20 (n1)) : : :B(�

i
0(n1))

¥ ï¢«ï¥âáï ¯à¥ä¨ªá®¬ ª®¤®¢®£® á«®¢  Lev(n2). � â¥¬ ¡®«¥¥ Lev(n1)
| ¥ ¯à¥ä¨ªá Lev(n2). � ª¨¬ ®¡à §®¬, Lev(n1) ¬®¦¥â ®ª § âìáï ¯à¥-
ä¨ªá®¬ Lev(n2), â®«ìª® ¥á«¨ Lev(n1) = Lev(n2). �â® ¥¢®§¬®¦®, ¥á«¨
n1 ¨ n2 à §«¨çë, â ª ª ª B(n1) 6= B(n2) ¯à¨ n1 > 1 ¨«¨ n2 > 1. �à®¬¥
â®£®, Lev(0) 6= Lev(1).

�ë ¤®ª § «¨, çâ® ª®¤ �¥¢¥èâ¥©  ¯à¥ä¨ªáë©. �«ï ¤àã£¨å ¯¥-
à¥ç¨á«¥ëå ª®¤®¢ ãâ¢¥à¦¤¥¨¥ ¬®¦® ¤®ª § âì   «®£¨ç®.

2.3. �ã¬¥à æ¨ï ¤¢®¨çëå á«®¢ § ¤ ®£® ¢¥á 

� áá¬®âà¨¬ § ¤ çã ã¬¥à æ¨¨ í«¥¬¥â®¢ ¬®¦¥áâ¢  S(k; n) � En,
á®áâ®ïé¥£® ¨§ ¤¢®¨çëå á«®¢ ¤«¨ë n, á®¤¥à¦ é¨å à®¢® ¯® k ¥¤¨¨æ.

�¯®àï¤®ç¨¬ ¬®¦¥áâ¢® S(k; n) «¥ªá¨ª®£à ä¨ç¥áª¨. �ãáâì
t(x1x2 : : :xi) | ª®«¨ç¥áâ¢® á«®¢ ¨§ S(k; n), ¨¬¥îé¨å ¯à¥ä¨ªá

x1x2 : : :xi. �á®, çâ® t(x1x2 : : :xi�10) = Cm
n�i, £¤¥ m = k �Pi�1

j=1 xj |
ª®«¨ç¥áâ¢® ¥á®¤¥à¦ é¨åáï ¢ ¯à¥ä¨ªá¥ ¥¤¨¨æ. �¡®§ ç¨¬ ç¥à¥§ L(x)
®¬¥à á«®¢  x 2 S(k; n) ¢ «¥ªá¨ª®£à ä¨ç¥áª®¬ ¯®àï¤ª¥. � ¬¥â¨¬,
çâ® L(x) =

Pn
i=1 xit(x1x2 : : :xi�10). �®£¤  L(x) =

Pn
i=1 xiC

mi

n�i, £¤¥
mi = k �Pi�1

j=1 xj. �®áª®«ìªã jS(k; n)j = Ck
n, â® ¤«ï § ¯¨á¨ ç¨á«  L(x)

¤®áâ â®ç® blogCk
nc + 1 ¤¢®¨çëå § ª®¢.

2.4. �â®¨¬®áâì ¨ ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï. �¥®à¥¬ 

�¥® 

�ãáâì S | ¨áâ®ç¨ª �¥àã««¨ á  «ä ¢¨â®¬ A = fa1; : : : ; akg ¨ ¢¥-
à®ïâ®áâï¬¨ ¯®ï¢«¥¨ï ¡ãª¢ p(a1); : : : ; p(ak). � íâ®© £« ¢¥ à¥çì ¯®©¤¥â
â®«ìª® ®¡ ¨áâ®ç¨ª å �¥àã««¨, ¨ £®¢®àï ®¡ ¨áâ®ç¨ª¥ S, ¬ë ¡ã¤¥¬
¨¬¥âì ¢ ¢¨¤ã ¨áâ®ç¨ª �¥àã««¨ S.
�âà®¯¨¥© ¨áâ®ç¨ª  �¥àã««¨ S  §ë¢ ¥âáï ¢¥«¨ç¨  H(S) =

�Pk
i=1 p(ai) log p(ai):

�â®¨¬®áâìî ª®¤¨à®¢ ¨ï f ¨áâ®ç¨ª  S á  «ä ¢¨â®¬ A  §ë¢ ¥âáï
¢¥«¨ç¨  C(f; S) =

Pk

i=1 p(ai)jf(ai)j:
�§¡ëâ®ç®áâìî ª®¤¨à®¢ ¨ï f ¨áâ®ç¨ª  S á  «ä ¢¨â®¬ A  §ë¢ -
¥âáï ¢¥«¨ç¨  R(f; S) = C(f; S) �H(S):

�®ª ¦¥¬ â¥®à¥¬ã ª®¤¨à®¢ ¨ï�¥®  ¤«ï ¨áâ®ç¨ª®¢ �¥àã««¨.
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�¥®à¥¬  2.2.

1) �«ï ¯à®¨§¢®«ì®£® ¨áâ®ç¨ª  S ¨ ¯à¥ä¨ªá®£® ª®¤  f ¨§¡ëâ®ç-
®áâì ª®¤¨à®¢ ¨ï ¥®âà¨æ â¥«ì , â. ¥. R(f; S) � 0.

2) �«ï ª ¦¤®£® ¨áâ®ç¨ª  S  ©¤¥âáï ¯à¥ä¨ªáë© ª®¤ f á ¨§¡ë-
â®ç®áâìî, ¥ ¯à¥¢ëè îé¥© ¥¤¨¨æë, â. ¥. R(f; S) � 1.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë:

�R(f; S) = H(S) �C(f; S) =

kX
i=1

p(ai) log

�
1

p(ai)2jf(ai)j

�
:

�®áª®«ìªã
Pk

i=1 p(ai) = 1 ¨ log | ¢ë¯ãª« ï ¢¢¥àå äãªæ¨ï, â® ¨§
¥à ¢¥áâ¢  �¥á¥  ¯®«ãç ¥¬

�R(f; S) � log

� kX
i=1

2�jf(ai)j
�
:

�§ ¥à ¢¥áâ¢  �à äâ  (â¥®à¥¬  2.1) á«¥¤ã¥â, çâ®
Pk

i=1 2
�jf(ai)j � 1.

�®£¤  �R(f; S) � 0, ¨ ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.
�ãáâì li = dlog 1

p(ai)
e. �®£¤ 

kX
i=1

2�li �
kX
i=1

2
� log 1

p(a
i
) =

kX
i=1

p(ai) = 1;

â. ¥. ç¨á«  li ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã �à äâ . �®£¤  ¨§ â¥®à¥-
¬ë 2.1 á«¥¤ã¥â, çâ®  ©¤¥âáï ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ f â ª®¥, çâ®
jf(ai)j = li. �æ¥¨¬ ¨§¡ëâ®ç®áâì íâ®£® ª®¤¨à®¢ ¨ï

R(f; S) =

kX
i=1

p(ai)

�
dlog 1

p(ai)
e � log

1

p(ai)

�
�

kX
i=1

p(ai) = 1: (2:3)

�¥®à¥¬  ¤®ª §  .

2.5. �à¥ä¨ªáë¥ ª®¤ë �¥® , �¨«ì¡¥àâ {�ãà ,

�¥® {� ®

�®áâà®¨¬ ª®¤ �¥® , ®¡« ¤ îé¨© á¢®©áâ¢®¬ jf(ai)j = dlog 1
p(ai)

e.
�à®ã¬¥àã¥¬ ¡ãª¢ë  «ä ¢¨â  â ª, çâ®¡ë p(a1) � p(a2) : : : � p(ak) > 0.
�¯à¥¤¥«¨¬ ç¨á«  �i ¯® ¨¤ãªæ¨¨: �1 = 0; �i+1 = �i + p(ai). �á®, çâ®
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0 � �i < 1, 1 � i � k. � ª ç¥áâ¢¥ ª®¤®¢®£® á«®¢  f(ai) ¢®§ì¬¥¬ ¯¥à¢ë¥
¯®á«¥ § ¯ïâ®© dlog 1

p(ai)
e ¤¢®¨çëå § ª®¢ ç¨á«  �i.

� ¯à¨¬¥à, ¯ãáâì p(a1) = 1=2; p(a2) = 1=3; p(a3) = 1=8; p(a4) = 1=24.
�®£¤  ¢ ¤¢®¨ç®© § ¯¨á¨ �1 = 0; 000::; �2 = 0; 1000::; �3 = 0; 1101::; �4 =
0; 11110::. �® ®¯à¥¤¥«¥¨î ª®¤  �¥®  ¯®«ãç ¥¬ f(a1) = 0; f(a2) =
10; f(a3) = 110; f(a4) = 11110:

�â¢¥à¦¤¥¨¥ 2.3. �®¤ �¥®  f | ¯à¥ä¨ªáë©, R(f; S) � 1.

�®ª § â¥«ìáâ¢®. �¥à¢ë¥ ¯®á«¥ § ¯ïâ®© n ¤¢®¨çëå § ª®¢ ç¨á¥« a

¨ b (1 > a > b > 0) á®¢¯ ¤ îâ, ¥á«¨ ¨ â®«ìª® ¥á«¨ a� b < 2�n.
�ãáâì j > i, â®£¤ 

�j � �i � p(ai) = 2� log(1=p(ai)) � 2�dlog(1=p(ai))e = 2�jf(ai)j:

�. ¥. ¯¥à¢ë¥ ¯®á«¥ § ¯ïâ®© jf(ai)j ¤¢®¨çëå § ª®¢ ç¨á«  �j ¥ á®-
¢¯ ¤ îâ á f(ai). �®áª®«ìªã p(aj) � p(ai), â® jf(aj)j � jf(ai)j, ¨ ¯à¥-
ä¨ªá®áâì ª®¤  �¥®  ¤®ª §  . �¥à ¢¥áâ¢® R(f; S) � 1 á«¥¤ã¥â
¨§ (2.3). �â¢¥à¦¤¥¨¥ ¤®ª § ®.

�®¢®àïâ, çâ® ª®¤¨à®¢ ¨¥ f á®åà ï¥â ¯®àï¤®ª, ¥á«¨ ¨§ i < j á«¥¤ã-
¥â, çâ® f(ai) < f(aj) (¨¬¥¥âáï ¢ ¢¨¤ã «¥ªá¨ª®£à ä¨ç¥áª¨© ¯®àï¤®ª  
E�). � áá¬®âà¨¬ ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ �¨«ì¡¥àâ {�ãà , ª®â®à®¥
á®åà ï¥â ¯®àï¤®ª ¨ ®¡« ¤ ¥â ¥¡®«ìè®© ¨§¡ëâ®ç®áâìî. �¯à¥¤¥«¨¬
¯® ¨¤ãªæ¨¨ ç¨á«  �0i: �01 = p(a1)=2; �

0
i+1 = �0i + (p(ai) + p(ai+1))=2,

1 � i � k. �á®, çâ® 0 < �0i < 1. � ª ç¥áâ¢¥ ª®¤®¢®£® á«®¢  f(ai)
¢®§ì¬¥¬ ¯¥à¢ë¥ ¯®á«¥ § ¯ïâ®© dlog 1

p(ai)
e+1 ¤¢®¨çëå § ª®¢ ç¨á«  �0i.

�®áª®«ìªã ¯à¨ i < j ¨¬¥¥¬ �0i < �0j, â® ¨ f(ai) < f(aj ).

�â¢¥à¦¤¥¨¥ 2.4. �®¤¨à®¢ ¨¥ �¨«ì¡¥àâ {�ãà  f | ¯à¥ä¨ªá®¥,
R(f; S) � 2.

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ãâ¢¥à-
¦¤¥¨ï 2.3.

� áá¬®âà¨¬ ¯®áâà®¥¨¥ ª®¤  �¥® {� ®. �à®ã¬¥àã¥¬ ¡ãª¢ë
 «ä ¢¨â  â ª, çâ®¡ë p(a1) � p(a2) � : : : � p(ak) > 0. � §¤¥«¨¬  «-
ä ¢¨â   ¤¢¥ ç áâ¨, ¨¬¥îé¨¥  ¨¡®«¥¥ ¡«¨§ª¨¥ ¢¥à®ïâ®áâ¨, ¥ ¬¥ïï
¯®àï¤ª  ¡ãª¢. � ¯¨è¥¬ 0 ¢ ª ç¥áâ¢¥ ¯¥à¢®£® á¨¬¢®«  ª®¤  ¤«ï ¢á¥å
¡ãª¢ ¯¥à¢®© ¯®«®¢¨ë  «ä ¢¨â  ¨ 1 ¢ ª ç¥áâ¢¥ ¯¥à¢®£® á¨¬¢®«  ª®¤ 
¤«ï ¢á¥å ¡ãª¢ ¢â®à®© ¯®«®¢¨ë. � ¦¤ãî ¨§ ¤¢ãå ¯®«®¢¨  «ä ¢¨â 
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¤¥«¨¬ ®¯ïâì   ¤¢¥ ç áâ¨ á ¢®§¬®¦® ¡«¨§ª®© ¢¥à®ïâ®áâìî ¨ ¯à¨¯¨-
áë¢ ¥¬ ª ª®¤ã ¯¥à¢ëå ç áâ¥© 0, ª ª®¤ã ¢â®àëå ç áâ¥© | 1. �à®æ¥áá
¤¥«¥¨ï ¯à®¤®«¦ ¥¬ ¯®ª  ¢ ª ¦¤®© ¨§ ç áâ¥© ¥ ®áâ ¥âáï «¨èì ¯® ®¤-
®© ¡ãª¢¥. �®¤ �¥® {� ® ¯à¥ä¨ªáë©, ¯®áª®«ìªã ª®¤®¢ë¥ á«®¢ 
®ª §ë¢ îâáï ª®¤ ¬¨ «¨áâ®¢ëå ¢¥àè¨ ¥ª®â®à®£® ¤¢®¨ç®£® ¤¥à¥¢ .

� ¯à¨¬¥à, ¯ãáâì p(a1) = 0; 3; p(a2) = 0; 2; p(a3) = p(a4) =
0; 15; p(a5) = p(a6) = 0; 1. �®áâà®¨¬ ª®¤ �¥® {� ® f ¤«ï íâ®-
£® ¨áâ®ç¨ª . �®¤®¢®¥ ¤¥à¥¢® ¨§®¡à ¦¥®   à¨á. 2. �®«ãç ¥¬ ª®¤®-
¢ë¥ á«®¢ : f(a1) = 00; f(a2) = 01; f(a3) = 100; f(a4) = 101; f(a5) =
110; f(a6) = 111.
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a1; a2; a3; a4; a5; a6

a1; a2

a1 a2

a3; a4; a5; a6

a3; a4 a5; a6

a3 a4 a5 a6

�¨á. 2

�â¢¥à¦¤¥¨¥ 2.5. �«ï ¯à®¨§¢®«ì®£® ¨áâ®ç¨ª  S á  «ä ¢¨â®¬ A =
fa1; : : : ; akg, ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï �¥® {� ® ¥ ¯à¥¢ëè ¥â
¨§¡ëâ®ç®áâ¨ ª®¤¨à®¢ ¨ï �¥® .

�®ª § â¥«ìáâ¢®. �ãáâì f | ª®¤¨à®¢ ¨¥ �¥® {� ® ¨áâ®ç¨-
ª  S. � ¬¥â¨¬, çâ® ¥á«¨ ¢á¥ p(ai) = 2�mi , £¤¥ mi | æ¥«ë¥ i = 1 : : :k,
â® jf(ai)j = mi. �¥©áâ¢¨â¥«ì®, ¥á«¨ p(ai) = 2�mi , mi | æ¥«ë¥ ¨ ¢¥à®-
ïâ®áâ¨ ¡ãª¢ ai i = 1 : : :k ã¯®àï¤®ç¥ë ¯® ã¡ë¢ ¨î, â®  «ä ¢¨â A
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¬®¦®, ¥ ¬¥ïï ¯®àï¤ª  ¡ãª¢, à §¤¥«¨âì   ¤¢¥ ç áâ¨, ¢¥à®ïâ®áâ¨
ª®â®àëå à ¢ë. �ç¥¢¨¤®, çâ® ¤«ï ª ¦¤®© ¨§ ç áâ¥©  «ä ¢¨â  ¢¥à®
â® ¦¥ á ¬®¥. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬, çâ® ¢á¥ ¢ë¤¥«¥ë¥   k-®©
¨â¥à æ¨¨ ç áâ¨  «ä ¢¨â  ¨¬¥îâ ®¤¨ ª®¢ë¥ ¢¥à®ïâ®áâ¨, à ¢ë¥ 2�k.
�«¥¤®¢ â¥«ì®, ¡ãª¢  ai, ¨¬¥îé ï ¢¥à®ïâ®áâì p(ai) = 2�mi , ¢ë¤¥«ï-
¥âáï   mi-®¬ è £¥ ¨ jf(ai)j = mi. �. ¥. ¥á«¨ mi æ¥«ë¥, â® ãâ¢¥à¦¤¥¨¥
¢¥à®.

�ãáâì ç¨á«  mi ¥ æ¥«ë¥. �¢¥¤¥¬ ®¡®§ ç¥¨¥ p0(ai) =

2�dmie. �®£¤ 
Pk

i=1 p
0(ai) � 1: �®¡ ¢¨¬ ª  «ä ¢¨âã A áâ®«ì-

ª® ¡ãª¢ ak+1; ak+2; : : : ; ak0 á ¢¥à®ïâ®áâï¬¨ p0(ak+j) = p0(ak), çâ®¡ëPk0

i=1 p
0(ai) = 1: �®áâà®¨¬ ª®¤¨à®¢ ¨¥ �¥® {� ® f 0 ¤«ï ¨áâ®ç-

¨ª  S0 á  «ä ¢¨â®¬ A0 = fa1; : : : ; ak0g ¨ ¢¥à®ïâ®áâï¬¨ ¡ãª¢ p0(ai).
�® ¯®áâà®¥¨î k0 � k ¨ p(ai) � p0(ai) ¯à¨ i = 1 : : :k. �®£¤  ¯®á«¥
ª ¦¤®£® ¤¥«¥¨ï   ç áâ¨  «ä ¢¨â®¢ A ¨ A0 ç áâì  «ä ¢¨â  A ¡ã¤¥â
á®¤¥à¦ âì ¥ ¡®«ìè¥ ¡ãª¢, ç¥¬ á®®â¢¥âáâ¢ãîé ï ç áâì  «ä ¢¨â  A0.
�«¥¤®¢ â¥«ì®,

jf(ai)j � jf 0(ai)j ¯à¨ i � k: (2:4)

�® jf 0(ai)j = dlog 1
p(ai)

e ¯à¨ i � k, â® ¥áâì jf 0(ai)j = jg(ai)j ¯à¨ i � k,

£¤¥ g | ª®¤ �¥®  ¨áâ®ç¨ª  S. �®£¤  ¨§ ¥à ¢¥áâ¢  (2.4) á«¥¤ã¥â,
çâ® C(f; S) � C(g; S), ¨ ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

2.6. �¯â¨¬ «ì®¥ ª®¤¨à®¢ ¨¥, ª®¤ � ää¬  

�à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ f0  §ë¢ ¥âáï ®¯â¨¬ «ìë¬ ¤«ï ¨áâ®ç-
¨ª  S, ¥á«¨ ¤«ï ª ¦¤®£® ¯à¥ä¨ªá®£® ª®¤¨à®¢ ¨ï f ¨áâ®ç¨ª  S

á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® R(f0; S) � R(f; S).
�«ï ª ¦¤®£® ¨áâ®ç¨ª  áãé¥áâ¢ã¥â ®¯â¨¬ «ìë© ª®¤, ¯®áª®«ìªã

¬®¦¥áâ¢® ¯à¥ä¨ªáëå ª®¤®¢ ¨áâ®ç¨ª  á ¨§¡ëâ®ç®áâìî, ¬¥ìè¥©
«¨¡® à ¢®© 1, ¥¯ãáâ® ¨ ª®¥ç®. �¤¨ ¨áâ®ç¨ª ¬®¦¥â ¨¬¥âì ¥-
áª®«ìª® ®¯â¨¬ «ìëå ª®¤®¢ á à §ë¬¨  ¡®à ¬¨ ¤«¨ ª®¤®¢ëå á«®¢.

�â¢¥à¦¤¥¨¥ 2.6. �ãáâì S | ¥ª®â®àë© ¨áâ®ç¨ª á  «ä ¢¨â®¬
A = fa1; a2; : : : ; akg ¨ ã¯®àï¤®ç¥ë¬¨ ¢¥à®ïâ®áâï¬¨ ¯®ï¢«¥¨ï ¡ãª¢:
p(a1) � p(a2) � : : : � p(ak) > 0. �®£¤   ©¤¥âáï â ª®© ®¯â¨¬ «ìë©
ª®¤ f0 ¨áâ®ç¨ª  S, çâ® jf0(a1)j � jf0(a2)j � : : : � jf(ak�1)j = jf0(ak)j.
�à¨ç¥¬ ª®¤®¢ë¥ á«®¢  f(ak�1) ¨ f(ak) ®â«¨ç îâáï â®«ìª® ¯®á«¥¤¨¬
á¨¬¢®«®¬.

�®ª § â¥«ìáâ¢®. �ãáâì f | ¥ª®â®à®¥ ®¯â¨¬ «ì®¥ ª®¤¨à®¢ ¨¥ ¨á-
â®ç¨ª  S ¨ jf(ai)j > jf(aj)j ¤«ï ¥ª®â®àëå i < j. �á«¨ p(ai) > p(aj),
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â®, ¯®¬¥ï¢ ¬¥áâ ¬¨ ª®¤®¢ë¥ á«®¢  f(ai) ¨ f(aj), ¬ë ¯®«ãç¨¬ ª®¤, ¨¬¥-
îé¨© ¬¥ìèãî áâ®¨¬®áâì, çâ® ¯à®â¨¢®à¥ç¨â ®¯â¨¬ «ì®áâ¨ f . �á«¨
p(ai) = p(aj), â®, ¯®¬¥ï¢ ¬¥áâ ¬¨ ª®¤®¢ë¥ á«®¢  f(ai) ¨ f(aj ), ¬ë ¯®-
«ãç¨¬ ª®¤ â®© ¦¥ áâ®¨¬®áâ¨. �® ¥áâì áãé¥áâ¢ã¥â ®¯â¨¬ «ìë© ª®¤ f0,
¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

jf0(a1)j � jf0(a2)j � : : : � jf0(ak)j:

�ãáâì ¥ áãé¥áâ¢ã¥â ª®¤®¢®£® á«®¢  f0(ai), ®â«¨ç®£® ®â f0(ak) â®«ìª®
¯®á«¥¤¨¬ á¨¬¢®«®¬. �§¬¥¨¬ ª®¤®¢®¥ á«®¢® f0(ak), ã¤ «¨¢ ¯®á«¥¤-
¨© á¨¬¢®«. �®á«¥ íâ®£® ¯à¥®¡à §®¢ ¨ï ¢á¥ ª®¤®¢ë¥ á«®¢  ®áâ ãâáï
à §«¨çë¬¨, ¨ ª®¤ ®áâ ¥âáï ¯à¥ä¨ªáë¬, â ª ª ª f0(ak) ¡ë«® á -
¬ë¬ ¤«¨ë¬ ª®¤®¢ë¬ á«®¢®¬. �â®¨¬®áâì ¯®«ãç¨¢è¥£®áï ª®¤¨à®¢ -
¨ï   p(ak) ¬¥ìè¥ áâ®¨¬®áâ¨ ¨áå®¤®£® ª®¤¨à®¢ ¨ï, çâ® ¯à®â¨¢®-
à¥ç¨â ®¯â¨¬ «ì®áâ¨ ª®¤  f0. �. ¥. ¯à¥¤¯®«®¦¥¨¥ ¡ë«® ¥¢¥àë¬ ¨
 ©¤¥âáï ª®¤®¢®¥ á«®¢® f0(ai), ®â«¨ç îé¨¥áï ®â f0(ak) â®«ìª® ¯®á«¥¤-
¨¬ á¨¬¢®«®¬. �®£¤ 

jf0(ai)j = jf0(ai+1)j = : : : = jf0(ak)j;

¨, ¯®¬¥ï¢ ¬¥áâ ¬¨ ª®¤®¢ë¥ á«®¢  f0(ai) ¨ f0(ak�1), ¬ë ¥ ¨§¬¥¨¬
áâ®¨¬®áâ¨ ª®¤¨à®¢ ¨ï. �â¢¥à¦¤¥¨¥ ¤®ª § ®.

�¯à¥¤¥«¨¬ ¯à®æ¥¤ãàã á¦ â¨ï ¨áâ®ç¨ª  S á  «ä ¢¨â®¬ A =
fa1; a2; : : : ; akg, á®áâ®ïéãî ¢ á«¨ï¨¨ ¤¢ãå  ¨¬¥¥¥ ¢¥à®ïâëå ¡ãª¢.
1) �¥à¥ã¬¥àã¥¬ ¡ãª¢ë ai â ª, çâ®¡ë p(a1) � p(a2) � : : : � p(ak).
2) �ãáâì A0 = fa01; a02; : : : ; a0k�1g, ®¯à¥¤¥«¨¬ ¨áâ®ç¨ª S0 á  «ä ¢¨â®¬ A0

¨ ¢¥à®ïâ®áâï¬¨ ¡ãª¢ p(a0i) = p(ai) ¯à¨ i < k � 1 ¨ p(a0k�1) = p(ak�1) +
p(ak).

�¢¥¤¥¬ ®¡®§ ç¥¨¥ S(i) = (S(i�1))0. �® ®¯à¥¤¥«¥¨î ¯à®æ¥¤ãàë
á¦ â¨ï  «ä ¢¨â ¨áâ®ç¨ª  S(i) á®¤¥à¦¨â k � i ¡ãª¢. �®áâà®¨¬ ª®¤
� ää¬   h ¯® ¨¤ãªæ¨¨. �«ä ¢¨â ¨áâ®ç¨ª  S(k�2) á®áâ®¨â ¨§ ¤¢ãå
¡ãª¢ ak�21 ¨ ak�22 . �ãáâì

h(k�2)(ak�21 ) = 0; h(k�2)(ak�22 ) = 1:

�ãáâì h(i+1) | ¯à¥ä¨ªáë© ª®¤ ¨áâ®ç¨ª  S(i+1) | ã¦¥ ¨§¢¥áâ¥. �®-
áª®«ìªã S(i+1) = (S(i))0 ¨ ¯® ¯®áâà®¥¨î  ©¤¥âáï ¡ãª¢  ai+1j 2 Ai+1

â ª ï, çâ® p(ai+1j ) = p(aik�i�1) + p(aik�i), ¬®¦® ®¯à¥¤¥«¨âì

h(i)(aik�i�1) = h(i+1)(ai+1j )0 ¨ h(i)(aik�i) = h(i+1)(ai+1j )1:
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�®¤®¢ë¥ á«®¢  ¤«ï ®áâ «ìëå ¡ãª¢, ¢¥à®ïâ®áâ¨ ª®â®àëå ¥ ¨§¬¥¨-
«¨áì, ®áâ ¢¨¬ ¯à¥¦¨¬¨, â. ¥. h(i)(aim) = h(i+1)(ai+1m ). �á®, çâ® ¨§
¯à¥ä¨ªá®áâ¨ ª®¤  h(i+1) á«¥¤ã¥â ¯à¥ä¨ªá®áâì ª®¤  hi . �®«ãç¥ë©
¯® ¨¤ãªæ¨¨ ª®¤ h = h(0) | ¨áª®¬ë© ª®¤ � ää¬   ¤«ï ¨áâ®ç¨ª  S.

�®áâà®¨¬,  ¯à¨¬¥à, ª®¤ � ää¬   ¤«ï ¨áâ®ç¨ª  á ¢¥à®ïâ®-
áâï¬¨ ¯®ï¢«¥¨ï ¡ãª¢ p(a1) = 0; 3; p(a2) = 0; 2; p(a3) = p(a4) =
0; 15; p(a5) = p(a6) = 0; 1. �à®æ¥áá ¯®áâà®¥¨ï ª®¤  ¨§®¡à ¦¥ ¢ ¢¨¤¥
¤¥à¥¢    à¨á. 3. �«¥¢  ®â ¢¥àè¨ë ãª §   á®®â¢¥âáâ¢ãîé ï ¥© ¡ã-
ª¢ ,   á¯à ¢  | ¢¥à®ïâ®áâì ¡ãª¢ë. �®¤®¢ë¥ á«®¢  f(a1) = 00; f(a2) =
10; f(a3) = 010; f(a4) = 011; f(a5) = 110; f(a6) = 111 ®ª §ë¢ îâáï ª®-
¤ ¬¨ «¨áâ®¢ëå ¢¥àè¨ ¤¥à¥¢ , çâ® ¯®¤â¢¥à¦¤ ¥â ¯à¥ä¨ªá®áâì ª®¤ 
� ää¬  .

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

A
A
A
A
A
A
A
A
A

T
T
T
T
T
T
T

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

A
A
A
A
A
A
A
A
A

T
T
T
T
T
T
TT

a1

a3 a4 a5 a6

a20; 3 0; 3 0; 2 0; 2

0; 10; 10; 150; 15

0; 6 0; 4b
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�¨á. 3

�¥®à¥¬  2.3. �®¤ � ää¬   ï¢«ï¥âáï ®¯â¨¬ «ìë¬.

�®ª § â¥«ìáâ¢®. �ãáâì S | ¨áâ®ç¨ª á  «ä ¢¨â®¬ A =
fa1; a2; : : : ; akg ¨ ¢¥à®ïâ®áâï¬¨ p(a1); p(a2); : : : ; p(ak) ¯®ï¢«¥¨ï ¡ãª¢.
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�®ª ¦¥¬ ¯® ¨¤ãªæ¨¨, çâ® ª®¤ë h(k�2); : : : ; h(i); : : : ; h(0) ï¢«ïîâáï
®¯â¨¬ «ìë¬¨ ¤«ï ¨áâ®ç¨ª®¢ S(k�2); : : : ; S(i); : : : ; S á®®â¢¥âáâ¢¥®.

�®¤ h(k�2) ï¢«ï¥âáï ®¯â¨¬ «ìë¬, ¯®áª®«ìªã ®¡  ª®¤®¢ëå á«®¢ 
¨¬¥îâ ¬¨¨¬ «ìãî ¤«¨ã 1.

�ãáâì ª®¤ h(i+1) | ®¯â¨¬ «ìë© ¤«ï ¨áâ®ç¨ª  S(i+1). �®ª ¦¥¬
®â ¯à®â¨¢®£®, çâ® ª®¤ h(i) | ®¯â¨¬ «ìë© ¤«ï ¨áâ®ç¨ª  S(i). �ãáâì
fai1; ai2; : : : ; aik�ig |  «ä ¢¨â ¨áâ®ç¨ª  S(i) ¨ p(ai1) � p(ai2) � : : : �
p(aik�i). �§ ãâ¢¥à¦¤¥¨ï 2.6 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ®¯â¨¬ «ìë© ª®¤
f ¨áâ®ç¨ª  S(i), ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

jf(ai1)j � jf(ai2)j � : : : � jf(aik�i�1)j = jf(aik�i)j;
¯à¨ç¥¬ ª®¤®¢ë¥ á«®¢  f(aik�i�1) ¨ f(aik�i) ®â«¨ç îâáï â®«ìª® ¯®á«¥¤-

¨¬ á¨¬¢®«®¬. � áá¬®âà¨¬ ¨áâ®ç¨ª S(i+1); ¯® ®¯à¥¤¥«¥¨î ¯à®æ¥-
¤ãàë á¦ â¨ï ¨áâ®ç¨ª  ¨¬¥¥¬ p(ai+1j ) = p(aij) ¯à¨ j < k � i � 1 ¨

p(ai+1k�i�1) = p(aik�i�1) + p(aik�i). �¯à¥¤¥«¨¬ ª®¤ f 0 ¨áâ®ç¨ª  S(i+1)

á«¥¤ãîé¨¬ ®¡à §®¬:

f 0(ai+1j ) = f(aij) ¯à¨ j < k � i � 1:

� ª®¤®¢®¥ á«®¢® f 0(ai+1k�i�1) ¯®«ãç¨¬ ¨§ ª®¤®¢®£® á«®¢  f 0(aik�i) ã¤ «¥-
¨¥¬ ¯®á«¥¤¥£® á¨¬¢®« . �®áª®«ìªã ª®¤ f ï¢«ï¥âáï ¯à¥ä¨ªáë¬ ¨
ª®¤®¢®¥ á«®¢® f(aik�i) ¨¬¥«®  ¨¡®«ìèãî ¤«¨ã, â® ¯®«ãç¥ë© ª®¤ f 0

â®¦¥ ï¢«ï¥âáï ¯à¥ä¨ªáë¬. �® ®¯à¥¤¥«¥¨î áâ®¨¬®áâ¨ ª®¤¨à®¢ ¨ï
á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

C(f 0; S(i+1)) =
k�iX
j=1

jf 0(ai+1j )jp(ai+1j ) = C(f; S(i)) + jf 0(ai+1k�i�1)jp(ai+1k�i�1)�

�jf(aik�i�1)jp(aik�i�1) � jf(aik�i)jp(aik�i) = C(f; S(i)) � p(ai+1k�i�1):

� «®£¨ç® ¯®«ãç ¥¬, çâ®

C(h(i+1); S(i+1)) = C(h(i); S(i))� p(ai+1k�i�1):

�®£¤  ¨§ ¤¢ãå ¯à¥¤ë¤ãé¨å à ¢¥áâ¢ ¨ ¯à¥¤¯®«®¦¥¨ï ® ¥®¯â¨¬ «ì-
®áâ¨ h(i) ¨¬¥¥¬

C(h(i+1); S(i+1))� C(f 0; S(i+1)) = C(h(i); S(i))� C(f; S(i)) > 0:

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â ®¯â¨¬ «ì®áâ¨ ª®¤  h(i+1). �¥®-
à¥¬  ¤®ª §  .
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3. �«®ç®¥ ¨ ¥¡«®ç®¥ ª®¤¨à®¢ ¨¥

3.1. �â æ¨® àë¥ ¨áâ®ç¨ª¨. �âà®¯¨ï áâ æ¨® à®£® ¨á-

â®ç¨ª 

�ãáâì A = fa1; a2; : : : ; akg | ª®¥çë©  «ä ¢¨â. � áá¬®âà¨¬ ¢ ª -
ç¥áâ¢¥ ¯à®áâà áâ¢  á®¡ëâ¨© 
 ¬®¦¥áâ¢® ¡¥áª®¥çëå (¢ ®¡¥ áâ®à®ë)
¯®á«¥¤®¢ â¥«ì®áâ¥© ¡ãª¢  «ä ¢¨â  A, â. ¥. 
 = A1. �ãáâì Sji � A1

á®áâ®¨â ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¥©, ¨¬¥îé¨å   j-®¬ ¬¥áâ¥ ¡ãª¢ã ai. �á-
®, çâ® ¬®¦¥áâ¢® Sj = fSji gi=1:::k ï¢«ï¥âáï à §¡¨¥¨¥¬ A1.

�áâ®ç¨ª S ®¯à¥¤¥«ï¥âáï ª ª ¬®¦¥áâ¢® à §¡¨¥¨© Sj á á®¢®ªã¯-
®áâìî ¢á¥¢®§¬®¦ëå ãá«®¢ëå ¢¥à®ïâ®áâ¥© í«¥¬¥â®¢ à §¡¨¥¨©
p(Sj0i0 jS

j1
i1
: : :S

jn
in
) ¨ p(Sji ).

�áâ®ç¨ª S  §ë¢ ¥âáï áâ æ¨® àë¬, ¥á«¨ ¢¥à®ïâ®-
áâ¨ p(Sj0i0 jS

j1
i1
: : :S

jn
in
) ¨ p(Sji ) ¥§ ¢¨á¨¬ë ®â®á¨â¥«ì® á¤¢¨£®¢, â. ¥.

á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

p(Sj0i0 jS
j1
i1
: : :S

jn
in
) = p(S0i0 jSj1�j0i1

: : :S
jn�j0
in

); p(Sj0i ) = p(S0i ):

�á«¨ S | áâ æ¨® àë© ¨áâ®ç¨ª, â® á®¡ëâ¨ï S1i1S
2
i2
: : :Snin ®¡ëç®

®â®¦¤¥áâ¢«ïîâáï á á®®â¢¥âáâ¢ãîé¨¬¨  ¡®à ¬¨ ¡ãª¢ ai1ai2 : : : ain ¨
¢¬¥áâ® p(Sj+nin

jSji0S
j+1
i1

: : :S
j+n�1
in�1

) ¯¨èãâ p(ain jai0ai1 : : : ain�1 ), ¯®¤à §ã-
¬¥¢ ï ¯®¤ íâ¨¬ ¢¥à®ïâ®áâì ¯®ï¢«¥¨ï ¡ãª¢ë ain ¯®á«¥  ¡®à  ¡ãª¢
ai0ai1 : : : ain�1 .

�â¢¥à¦¤¥¨¥ 3.1. �ãáâì S | áâ æ¨® àë© ¨áâ®ç¨ª, â®£¤  ¯®-
á«¥¤®¢ â¥«ì®áâì �n = H(SnjS1S2 : : :Sn�1) ¬®®â®® ã¡ë¢ ¥â.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã S | áâ æ¨® àë© ¨áâ®ç¨ª, â® ¤«ï
¢á¥¢®§¬®¦ëå i1; : : : ; in á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

p(Sn+1in
jS2i1S3i2 : : :Snin�1 ) = p(Snin jS1i1S2i2 : : :Sn�1in�1

);

p(S2i1S
3
i2
: : : Sn+1in

) = p(S1i1S
2
i2
: : :Snin ):

�®£¤ 
H(SnjS1S2 : : :Sn�1) = H(Sn+1jS2S3 : : : Sn): (3:1)

�®áª®«ìªã S1S2 : : : Sn � S2S3 : : : Sn, â® ¨§ ãâ¢¥à¦¤¥¨ï 1.3 á«¥¤ã¥â,
çâ®

H(Sn+1jS1S2 : : :Sn) � H(Sn+1jS2S3 : : : Sn):
�§ (3.1) ¨ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.
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�â¢¥à¦¤¥¨¥ 3.2. �ãáâì S | áâ æ¨® àë© ¨áâ®ç¨ª, â®£¤ 

lim
n!1

1

n
H(S1S2 : : : Sn) = lim

n!1
H(SnjS1S2 : : :Sn�1):

�®ª § â¥«ìáâ¢®. �ãáâì �n = H(SnjS1S2 : : :Sn�1). �§ ®¯à¥¤¥«¥-
¨ï íâà®¯¨¨ á«¥¤ã¥â, çâ® �n � 0. �§ ãâ¢¥à¦¤¥¨ï 3.1 á«¥¤ã¥â, çâ®
¯®á«¥¤®¢ â¥«ì®áâì �n ¬®®â®® ã¡ë¢ ¥â. �®£¤  áãé¥áâ¢ã¥â ¯à¥¤¥«
limn!1 �n � 0.

�®ª ¦¥¬ ¯® ¨¤ãªæ¨¨, çâ® H(S1S2 : : :Sn) =
Pn

i=1 �i. �® ®¯à¥¤¥«¥-

¨î H(S1) = �1. �ãáâì H(S1S2 : : : Sn�1) =
Pn�1

i=1 �i, â®£¤  ¨§ ãâ¢¥à-
¦¤¥¨ï 1.2 ¨¬¥¥¬

H(S1S2 : : : Sn) = H(S1S2 : : : Sn�1) +H(SnjS1S2 : : : Sn�1) = �n +

n�1X
i=1

�i:

�§¢¥áâ®, çâ® ¯à¥¤¥« áà¥¤¥£®  à¨ä¬¥â¨ç¥áª®£® ¯®á«¥¤®¢ â¥«ì®áâ¨
à ¢¥ ¯à¥¤¥«ã ¯®á«¥¤®¢ â¥«ì®áâ¨, ¯®íâ®¬ã

lim
n!1

1

n

nX
i=1

�i = lim
n!1

�n:

�â¢¥à¦¤¥¨¥ ¤®ª § ®.
�âà®¯¨¥© áâ æ¨® à®£® ¨áâ®ç¨ª  S  §ë¢ ¥âáï ¢¥«¨ç¨ 

H(S) = lim
n!1

H(SnjS1S2 : : :Sn�1):

�â æ¨® àë© ¨áâ®ç¨ª S  §ë¢ ¥âáï ¨áâ®ç¨ª®¬ �¥àã««¨, ¥á«¨
p(Sji jSj1i1 S

j2
i2
: : :S

jn
in
) = p(Sji ). �àã£¨¬¨ á«®¢ ¬¨, S | ¨áâ®ç¨ª �¥àã«-

«¨, ¥á«¨ ¢¥à®ïâ®áâì ¯®ï¢«¥¨ï ¡ãª¢ë ¥ § ¢¨á¨â ¨ ®â ¬¥áâ  ¢ ¯®-
á«¥¤®¢ â¥«ì®áâ¨, ¨ ®â ¯à¥¤ë¤ãé¨å ¡ãª¢. �«ï ¨áâ®ç¨ª  �¥àã««¨
®¢®¥ ®¯à¥¤¥«¥¨¥ íâà®¯¨¨ á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥¨¥¬, ¨á¯®«ì§®¢ ¢-
è¨¬áï à ¥¥:

H(S) = H(S1) = �
kX
i=1

p(S1i ) log p(S
1
i ) = �

kX
i=1

p(ai) logp(ai):

�â æ¨® àë© ¨áâ®ç¨ª S  §ë¢ ¥âáï¬ àª®¢áª¨¬ ¨áâ®ç¨ª®¬ r-£®
¯®àï¤ª , ¥á«¨

p(Sji jSj�nin
S
j�n+1
in�1

: : :S
j�1
i1

) = p(Sji jSj�rir
S
j�r+1
ir�1

: : : S
j�1
i1

)
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¯à¨ r � n. �àã£¨¬¨ á«®¢ ¬¨, ¢¥à®ïâ®áâì ¯®ï¢«¥¨ï á«¥¤ãîé¥© ¡ãª¢ë
§ ¢¨á¨â â®«ìª® ®â r ¯à¥¤ë¤ãé¨å. �á«¨ S | ¬ àª®¢áª¨© ¨áâ®ç¨ª r-£®
¯®àï¤ª , â®

H(S) = H(Sr+1jS1S2 : : : Sr) =
= �

X
i1:::ir+1

p(S1i1S
2
i2
: : :SrirS

r+1
ir+1

) logp(Sr+1ir+1
jS1i1S2i2 : : :Srir ) =

�
X

i1:::ir+1

p(ai1 : : : air+1) logp(air+1 jai1 : : :air): (3:2)

�à®ã¬¥àã¥¬ ¯®¤àï¤ ¢á¥ ¢®§¬®¦ë¥ á«®¢  ¨§ r ¡ãª¢ si = ai1 : : : air .
�«®¢  si  §ë¢ îâáï á®áâ®ï¨ï¬¨ ¬ àª®¢áª®£® ¨áâ®ç¨ª  S r-£® ¯®-
àï¤ª . �à¨ ¯®ï¢«¥¨¨ ª ¦¤®© ®¢®© ¡ãª¢ë ¨áâ®ç¨ª S ¯¥à¥å®¤¨â ¢
®¢®¥ á®áâ®ï¨¥

si = ai1 : : :air ! sj = ai2 : : :air+1 :

�®¦® ®¯à¥¤¥«¨âì ¬ àª®¢áª¨© ¨áâ®ç¨ª ®¡é¥£® ¢¨¤ , á®áâ®ï¨ï ª®â®-
à®£® ¥ á¢ï§ ë á  ¡®à ¬¨ ¨§ ä¨ªá¨à®¢ ®£® ç¨á«  ¡ãª¢.

� àª®¢áª¨© ¨áâ®ç¨ª  §ë¢ ¥âáï íà£®¤¨ç¥áª¨¬, ¥á«¨ ¢¥à®ïâ®áâì
¯¥à¥å®¤  ç¥à¥§ ¯à®¨§¢®«ì®¥ (¡®«ìè¥¥ ¥ª®â®à®£® ä¨ªá¨à®¢ ®£® ç¨-
á«  m) ç¨á«® è £®¢ ¨§ ª ¦¤®£® á®áâ®ï¨ï si ¢ ¯à®¨§¢®«ì®¥ á®áâ®ï¨¥
sj ¡®«ìè¥ ã«ï.

�á«¨ ¤«ï ¥ª®â®à®£® íà£®¤¨ç¥áª®£® ¬ àª®¢áª®£® ¨áâ®ç¨ª  á n á®-
áâ®ï¨ï¬¨ ¨§¢¥áâë â®«ìª® ¢¥à®ïâ®áâ¨ ¯¥à¥å®¤  ¨§ ®¤®£® á®áâ®ï¨ï
¢ ¤àã£®¥, â® ¢¥à®ïâ®áâ¨ ¥£® á®áâ®ï¨© ¬®¦® ¯®«ãç¨âì ¨§ á¨áâ¥¬ë
ãà ¢¥¨©

nX
j=1

p(sj)p(sijsj) = p(si);

nX
j=1

p(sj) = 1: (3:3)

�ãáâì S | ¬ àª®¢áª¨© ¨áâ®ç¨ª ¯¥à¢®£® ¯®àï¤ª  á  «ä ¢¨â®¬
fa1; : : : ; akg, ¨ ¢¥à®ïâ®áâ¨ p(aijaj) ¯®ï¢«¥¨ï ¡ãª¢ë ai ¢á«¥¤ §  ¡ãª¢®©
aj § ¯¨á ë ¢ ¬ âà¨æ¥ Q = fqijg, £¤¥ qij = p(aijaj). �®£¤  ¢¥à®ïâ®áâ¨
p(ai) ¬®¦® ¢ëç¨á«¨âì ¨§ ãà ¢¥¨ï Qp = p, £¤¥ p = (p(a1); : : : ; p(ak)),

ãç¨âë¢ ï, çâ®
Pk

i=1 p(ai) = 1.
M àª®¢áª¨© ¨áâ®ç¨ª ¬®¦® ¯®«®áâìî § ¤ âì  ¡®à®¬ ¥£® á®áâ®-

ï¨© s1; : : : ; sn, ¬ âà¨æ¥© ¢¥à®ïâ®áâ¥© ¯¥à¥å®¤  ¨§ ®¤®£® á®áâ®ï¨ï

¢ ¤àã£®¥ p(sijsj) ¨  ¡®à®¬ ¢¥à®ïâ®áâ¥© ¯®à®¦¤¥¨ï ¡ãª¢ ¢ ª ¦¤®¬
¨§ á®áâ®ï¨© p(a1jsj); : : : ; p(akjsj) 1 � j � n. �á«¨ áç¨â âì, çâ® ¯®á«¥-
¤®¢ â¥«ì®áâ¨, ¯®à®¦¤ ¥¬ë¥ ¨áâ®ç¨ª®¬, ¡¥áª®¥çë â®«ìª® ¢ ®¤ã

29



áâ®à®ã, â. ¥. ¨¬¥îâ  ç «®, â® ¤«ï ¯®«®£® ®¯à¥¤¥«¥¨ï ¨áâ®ç¨ª 
ã¦® § ¤ âì ¥é¥  ç «ì®¥ á®áâ®ï¨¥.

� §¤¥«¨¬ ¡¥áª®¥çãî ¯®á«¥¤®¢ â¥«ì®áâì ¡ãª¢, ¯®à®¦¤¥ãî
¬ àª®¢áª¨¬ ¨áâ®ç¨ª®¬ S á á®áâ®ï¨ï¬¨ s1; : : : ; sn   n ¯®¤¯®á«¥¤®¢ -
â¥«ì®áâ¥©, ª ¦¤ ï ¨§ ª®â®àëå á®áâ®¨â ¨§ ¡ãª¢, ¯®à®¦¤¥ëå ¢ ®¯à¥-
¤¥«¥®¬ á®áâ®ï¨¨ sj . �®áª®«ìªã ¢¥à®ïâ®áâì ¯®ï¢«¥¨ï ®ç¥à¥¤®©
¡ãª¢ë § ¢¨á¨â â®«ìª® ®â á®áâ®ï¨ï ¨áâ®ç¨ª , â® ¡ãª¢ë j-© ¯®á«¥-
¤®¢ â¥«ì®áâ¨ ¯®ï¢«ïîâáï ¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  á ¢¥à®ïâ®áâï¬¨
p(aijsj). �¬¥ï ¢ ¢¨¤ã íâ®â ä ªâ, £®¢®àïâ, çâ® ¬ àª®¢áª¨© ¨áâ®ç¨ª
à §¤¥«ï¥âáï   n ¨áâ®ç¨ª®¢ �¥àã««¨, ª ¦¤ë© ¨§ ª®â®àëå ®¯à¥¤¥«ï-
¥âáï  ¡®à®¬ ãá«®¢ëå ¢¥à®ïâ®áâ¥© p(a1jsj); : : : ; p(akjsj) 1 � j � n, ¨
®¡« ¤ ¥â íâà®¯¨¥©

Hj(S) = �
kX
i=1

p(aijsj) logp(aijsj):

�§ ä®à¬ã«ë (3.2) ¯®«ãç ¥¬ ä®à¬ã«ã ¤«ï íâà®¯¨¨ ¬ àª®¢áª®£® ¨áâ®ç-
¨ª  S á á®áâ®ï¨ï¬¨ s1; : : : ; sn:

H(S) = �
nX
j=1

p(sj)

kX
i=1

p(aijsj) logp(aijsj) = �
nX

j=1

p(sj)Hj(S):

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì®áâì, ¯®à®¦¤¥ãî ¬ àª®¢áª¨¬ ¨áâ®ç-
¨ª®¬, ¬®¦® íää¥ªâ¨¢® ª®¤¨à®¢ âì, à §¤¥«ïï ¥¥ ¯® ç¨á«ã á®áâ®ï¨©
  n ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¥© ¨ ª®¤¨àãï ª ¦¤ãî ¨§ ¨å ®â¤¥«ì® «î-
¡ë¬ ¨§ ¯®¡ãª¢¥ëå ª®¤®¢, ®¯¨á ëå ¢ ¯à¥¤ë¤ãé¥© £« ¢¥.

3.2. �«®ç®¥ ª®¤¨à®¢ ¨¥ ¨ â¥®à¥¬  ª®¤¨à®¢ ¨ï�¥® 

�¢¥¤¥¬ ®¡é¥¥ ¯®ïâ¨¥ ª®¤¨à®¢ ¨ï. �ãáâì A = fa1; a2; : : : ; akg ¨
E = f0; 1g. A� = [1i=1Ai | ¬®¦¥áâ¢® ª®¥çëå ¯®á«¥¤®¢ â¥«ì®áâ¥©
¡ãª¢  «ä ¢¨â  A, ¨ E� | ¬®¦¥áâ¢® ª®¥çëå ¤¢®¨çëå ¯®á«¥¤®¢ -
â¥«ì®áâ¥©.

�®¤¨à®¢ ¨¥¬ (ª®¤®¬)  §ë¢ ¥âáï ¨ê¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥
f : A� ! E�.

�®¡ãª¢¥ë¥ ¤¥è¨äàã¥¬ë¥ ª®¤ë f : A ! E� ï¢«ïîâáï ç áâë¬
á«ãç ¥¬ ª®¤¨à®¢ ¨ï, ®¯à¥¤¥«¥®£® ¢ëè¥, ¯®áª®«ìªã ¢®§¬®¦® ¤®-

®¯à¥¤¥«¥¨¥ f(ai1ai2 : : :ain) = f(ai1 )f(ai2 ) : : : f(ain ).
�®¤¨à®¢ ¨¥ f  §ë¢ ¥âáï m-¡«®çë¬ , ¥á«¨ f : Am ! E�. � íâ®¬

á«ãç ¥ ª®¤®¬ á«®¢  ¯à®¨§¢®«ì®© ¤«¨ë ï¢«ï¥âáï ª®ª â¥ æ¨ï ª®¤®¢
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¡«®ª®¢, á®áâ ¢«ïîé¨å ¤ ®¥ á«®¢®. �á«¨ ª®¤¨àã¥¬®¥ á«®¢® ¥ à §¤¥-
«ï¥âáï   æ¥«®¥ ç¨á«® ¡«®ª®¢ ¤«¨®© m, â® ¥£® ã¦® ¤®¯®«¨âì ¯à®-
¨§¢®«ìë¬ ®¡à §®¬ ¨ ¢ ª®æ¥ ª®¤  á«®¢  ¯à¨¯¨á âì ç¨á«® ¤®¡ ¢«¥ëå
¡ãª¢.

�®¤¨à®¢ ¨¥ f  §ë¢ ¥âáï ¯à¥ä¨ªáë¬, ¥á«¨ ¤«ï «î¡ëå ¤¢ãå á«®¢
x; y 2 An ®¤¨ ª®¢®© ¤«¨ë f(x) ¥ ï¢«ï¥âáï ¯à¥ä¨ªá®¬ f(y).

�â®¨¬®áâìî ª®¤¨à®¢ ¨ï f áâ æ¨® à®£® ¨áâ®ç¨ª  S á  «ä ¢¨-
â®¬ A  §ë¢ ¥âáï C(f; S) = lim supn!1Cn(f; S); £¤¥

Cn(f; S) =
1

n

X
x2An

p(x)jf(x)j:

� ç áâ®áâ¨, ¤«ï n-¡«®ç®£® ª®¤¨à®¢ ¨ï f ¨¬¥¥¬ C(f; S) = Cn(f; S):
�§¡ëâ®ç®áâìî ª®¤¨à®¢ ¨ï f áâ æ¨® à®£® ¨áâ®ç¨ª  S  §ë-

¢ ¥âáï
R(f; S) = C(f; S) �H(S):

�ë â ª¦¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨¥ Rn(f; S) = Cn(f; S)�H(S):

�¥®à¥¬  3.1.

1) �«ï ª ¦¤®£® áâ æ¨® à®£® ¨áâ®ç¨ª  S á  «ä ¢¨â®¬ A ¨ ¯à®-
¨§¢®«ì®£® ¯à¥ä¨ªá®£® ª®¤  f ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï ¥®âà¨æ -
â¥«ì , â. ¥. R(f; S) � 0.

2) �«ï ª ¦¤®£® áâ æ¨® à®£® ¨áâ®ç¨ª  S á  «ä ¢¨â®¬ A  ©-
¤¥âáï ¡«®ç®¥ ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ á® áª®«ì ã£®¤® ¬ «®© ¨§¡ëâ®ç-
®áâìî. 6

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬  «ä ¢¨â B = fb1; b2; : : : ; bjAjmg, ª -
¦¤ ï ¡ãª¢  ª®â®à®£® ï¢«ï¥âáï ¡«®ª®¬ ¨§ m ¡ãª¢  «ä ¢¨â  A, â. ¥.
bj = ai1ai2 : : :aim . � áá¬®âà¨¬ ¨áâ®ç¨ª Z(m) á  «ä ¢¨â®¬ B, ¯à¨ç¥¬
Zi(m) = S1+(i�1)m : : :Sm+(i�1)m . �áâ®ç¨ª Z(m) | áâ æ¨® àë©, ¯®-
áª®«ìªã ¨áâ®ç¨ª S | áâ æ¨® àë©. �ãáâì f : A� ! E� | ¯à¥ä¨ªá-
®¥ ª®¤¨à®¢ ¨¥, â®£¤  fm | áã¦¥¨¥ ª®¤  f    «ä ¢¨â B = Am � A�

| ï¢«ï¥âáï ¯®¡ãª¢¥ë¬ ¯à¥ä¨ªáë¬ ª®¤®¬. �§ â¥®à¥¬ë 2.2 á«¥¤ã¥â
¥à ¢¥áâ¢®

0 �
X
x2B

p(x)jfm(x)j �H(Z1(m)) =
X
x2Am

p(x)jf(x)j �H(S1 : : :Sm):

6 �¥®à¥¬  3.1 ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ â¥®à¥¬ë ª®¤¨à®¢ ¨ï �¥® , ª®â®-

à ï ¡ã¤¥â áä®à¬ã«¨à®¢   ¢ £« ¢¥ 5.
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� §¤¥«¨¬ ¯®á«¥¤îî ä®à¬ã«ã   m ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ m!1:

lim sup
m!1

1

m

X
x2Am

p(x)jf(x)j � lim
m!1

1

m
H(S1 : : :Sm) � 0:

�®£¤  ¨§ ãâ¢¥à¦¤¥¨ï 3.2 ¨ ®¯à¥¤¥«¥¨ï áâ®¨¬®áâ¨ ª®¤¨à®¢ ¨ï á«¥-
¤ã¥â, çâ® C(f; S) �H(S) � 0. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.

� ¤àã£®© áâ®à®ë, ¨§ â¥®à¥¬ë 2.2 á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® ¨áâ®ç-
¨ª   ©¤¥âáï ¯®¡ãª¢¥ë© ¯à¥ä¨ªáë© ª®¤, ¨§¡ëâ®ç®áâì ª®â®à®£®
¥ ¯à¥¢ëè ¥â 1. �® ¥áâì áãé¥áâ¢ã¥â â ª®© ª®¤ fm : B ! E�, çâ®
R(fm; Z

1(m)) � 1. �®£¤ 
P

x2Am p(x)jfm(x)j �H(S1 : : :Sm) � 1 ¨

1

m

X
x2Am

p(x)jf(x)j �H(S) � 1

m
+

1

m
H(S1 : : :Sm)�H(S): (3:4)

�§ ãâ¢¥à¦¤¥¨ï 3.2 á«¥¤ã¥â, çâ® ¢¥«¨ç¨ã 1
m
H(S1 : : : Sm)�H(S) ¬®¦®

á¤¥« âì áª®«ì ã£®¤® ¬ «®© ¯à¨m!1. � ¬¥â¨¬, çâ® fm |m-¡«®ç®¥
ª®¤¨à®¢ ¨¥ ¯® ®¯à¥¤¥«¥¨î. �¥®à¥¬  ¤®ª §  .

�«¥¤áâ¢¨¥ 3.1. �ãáâì S | ¨áâ®ç¨ª �¥àã««¨, â®£¤   ©¤¥âáï m-
¡«®çë© ª®¤ fm â ª®©, çâ® R(f; S) � 1

m
.

�®ª § â¥«ìáâ¢®. �«ï ¨áâ®ç¨ª  �¥àã««¨ S á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

H(S1 : : :Sm) = H(S1) +H(S2) + : : :+H(Sm) = mH(S);

â®£¤  ¨áª®¬®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢  (3.4).

3.3. �¥¡«®ç®¥ ª®¤¨à®¢ ¨¥, ¥£® íâà®¯¨ï ¨ áâ®¨¬®áâì

� ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥ ¡ë«® à áá¬®âà¥® ª®¤¨à®¢ ¨¥, ª®â®à®¥ ¡«®-
ª¨ ¨§ ¯®áâ®ï®£® ç¨á«  ¡ãª¢ ®â®¡à ¦ ¥â ¢ ª®¤®¢ë¥ á«®¢  à §«¨ç®©
¤«¨ë. � íâ®¬ ¯ãªâ¥ ¬ë à áá¬®âà¨¬ ª®¤¨à®¢ ¨¥, áâ ¢ïé¥¥ ¢ á®-
®â¢¥âáâ¢¨¥ á«®¢ ¬ à §«¨ç®© ¤«¨ë ª®¤®¢ë¥ á«®¢  ®¤¨ ª®¢®© ¤«¨-
ë. � ª®¥ ª®¤¨à®¢ ¨¥  §ë¢ îâ ª®¤¨à®¢ ¨¥¬ â¨¯  VB ¢ ®â«¨ç¨¥ ®â
¡«®ç®£® ª®¤¨à®¢ ¨ï, ¨¬¥îé¥£® â¨¯ BV. �®¦® â ª¦¥ à áá¬ âà¨¢ âì
ª®¤¨à®¢ ¨¥ â¨¯  VV, ª®â®à®¥ á«®¢  ¯¥à¥¬¥®© ¤«¨ë ®â®¡à ¦ ¥â ¢
á«®¢  ¯¥à¥¬¥®© ¤«¨ë.

�ãáâì ¨¬¥¥âáï ¨áâ®ç¨ª S á  «ä ¢¨â®¬ A = fa1; : : : ; akg. �ãáâì
� | ¥ª®â®à®¥ ¤¥à¥¢®, ª ¦¤ ï ¢¥àè¨  ª®â®à®£® ¨¬¥¥â k áë®¢¥©.
� ¦¤®¬ã ¨§ k  ¯à ¢«¥¨© ¤¢¨¦¥¨ï ¯® ¤¥à¥¢ã ¯®áâ ¢¨¬ ¢ á®®â¢¥â-
áâ¢¨¥ ®¤ã ¨§ ¡ãª¢  «ä ¢¨â . � ¦¤ãî ¢¥àè¨ã ¤¥à¥¢  � ®â®¦¤¥áâ¢¨¬
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á® á«®¢®¬  «ä ¢¨â  A, ®¯¨áë¢ îé¨¬ ¯ãâì ¨§ ª®àï ¤¥à¥¢  ¢ ¥£® ¢¥à-
è¨ã. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥àè¨  x 2 � ¨¬¥¥â ¢¥à®ïâ®áâì p(x),
ª®â®à ï à ¢  ¢¥à®ïâ®áâ¨ á«®¢  x 2 A�, ¯®à®¦¤¥®£® ¨áâ®ç¨ª®¬
S. �¡®§ ç¨¬ ç¥à¥§ �0 ¬®¦¥áâ¢® «¨áâ®¢ëå ¢¥àè¨ ¤¥à¥¢  � ¨ ç¥à¥§
d(�) | áà¥¤îî ¢ëá®âã ¤¥à¥¢ , â. ¥. d(�) =

P
x2�0 p(x)jxj.

�â¢¥à¦¤¥¨¥ 3.3. �ãáâì S | ¨áâ®ç¨ª �¥àã««¨ á  «ä ¢¨â®¬
A = fa1; : : : ; akg ¨ � | ¥ª®â®à®¥ k-¨ç®¥ ¤¥à¥¢®. �®£¤  á¯à ¢¥¤«¨-
¢ë à ¢¥áâ¢ :

1)
P

x2�0 p(x) = 1,
2) d(�) =

P
x2� p(x),

3) H(S) = � 1
d(�)

P
x2�0 p(x) log p(x).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢á¥ âà¨ à ¢¥áâ¢  ¨¤ãªæ¨¥© ¯® ¤¥à¥¢ã.
�ãáâì ¤¥à¥¢® � á®áâ®¨â â®«ìª® ¨§ ª®àï ¨ «¨áâ®¢ëå ¢¥àè¨. �®£¤ 
à ¢¥áâ¢  1{3 á¯à ¢¥¤«¨¢ë, ¯®áª®«ìªã ¢¥à®ïâ®áâì ª®àï à ¢  0,  
¢¥à®ïâ®áâ¨ «¨áâ®¢ëå ¢¥àè¨ á®¢¯ ¤ îâ á ¢¥à®ïâ®áâï¬¨ ¡ãª¢. �ãáâì
à ¢¥áâ¢  1{3 á¯à ¢¥¤«¨¢ë ¤«ï ¤¥à¥¢  �. �ãáâì �0 | ¬®¦¥áâ¢®
«¨áâ®¢ ¤¥à¥¢  � ¨ y 2 �0. �®¡ ¢¨¬ ª ¤¥à¥¢ã � «¨áâ®¢ë¥ ¢¥àè¨ë
ya1; ya2; : : : ; yak. �®«ãç¥®¥ ¤¥à¥¢® ®¡®§ ç¨¬ ç¥à¥§ �. �®áª®«ìªã
S | ¨áâ®ç¨ª �¥àã««¨, â® p(yai) = p(y)p(ai) ¨

X
x2�0

p(x) =
X
x2�0

p(x) � p(y) +

kX
i=1

p(yai) = 1;

â. ¥. ¯¥à¢®¥ à ¢¥áâ¢® ¤®ª § ®. �¬¥¥¬

X
x2�0

p(x)jxj �
X
x2�0

p(x)jxj =
kX
i=1

p(yai)jyaij � p(y)jyj =

=

kX
i=1

p(y)p(ai)(jyj+ 1)� p(y)jyj = p(y);

X
x2�

p(x) �
X
x2�

p(x) =

kX
i=1

p(yai) = p(y): (3:5)

�§ ¤¢ãå ¯®á«¥¤¨å à ¢¥áâ¢ ¨ ¯à¥¤¯®«®¦¥¨ï ¨¤ãªæ¨¨ á«¥¤ã¥â, çâ®X
x2�

p(x) =
X
x2�0

p(x)jxj:
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�§ (3.5) ¯®«ãç ¥¬ à ¢¥áâ¢®

H(S)
X
x2�

p(x)�H(S)
X
x2�

p(x) = H(S)p(y):

�® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨ ¨¬¥¥¬

H(S)
X
x2�

p(x) = �
X
x2�0

p(x) log p(x):

�®£¤ 
H(S)

X
x2�

p(x) = �
X
x2�0

p(x) logp(x) +H(S)p(y) =

�
X
x2�0

p(x) log p(x)�
kX
i=1

p(yai) logp(ai) = �
X
x2�0

p(x) logp(x)+

+

kX
i=1

(p(yai) log p(yai)�p(yai) logp(ai))�p(y) log p(y) = �
X
x2�0

p(x) log p(x):

�â¢¥à¦¤¥¨¥ ¤®ª § ®.
�ãáâì � | k-¨ç®¥ ¤¥à¥¢®, ¢¥àè¨ë ª®â®à®£® á®®â¢¥âáâ¢ãîâ á«®-

¢ ¬ ¨§ ¡ãª¢  «ä ¢¨â  A = fa1; : : : ; akg. �®áª®«ìªã
P

x2�0 p(x) = 1, â®
¬®¦¥áâ¢® �0 ¬®¦® áç¨â âì ¥ª®â®àë¬  «ä ¢¨â®¬. � áá¬®âà¨¬ ¯à®-
¨§¢®«ì®¥ ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ f : �0 ! E�. �â®¡à ¦¥¨¥ f ¬®¦-
® ¤®®¯à¥¤¥«¨âì   ¢á¥¬ ¬®¦¥áâ¢¥ A� â ª ¦¥, ª ª íâ® ¡ë«® á¤¥« ®
¢ëè¥ ¤«ï ¡«®ç®£® ª®¤ . �á«¨ ¢á¥ «¨áâë ¤¥à¥¢  � ¨¬¥îâ ®¤¨ ª®¢ãî
¢ëá®âã, â® f | ¡«®ç®¥ ª®¤¨à®¢ ¨¥ ¨«¨ ª®¤¨à®¢ ¨¥ â¨¯  BV. �á«¨
«¨áâ®¢ë¥ ¢¥àè¨ë ¨¬¥îâ à §«¨çãî ¢ëá®âã,   ª®¤®¢ë¥ á«®¢  ¨¬¥îâ
®¤¨ ª®¢ãî ¤«¨ã, â® f | ª®¤¨à®¢ ¨¥ â¨¯  VB.

�â¢¥à¦¤¥¨¥ 3.4. �ãáâì S | ¨áâ®ç¨ª �¥àã««¨ á  «ä ¢¨â®¬
A = fa1; : : : ; akg, ¨ � | k-¨ç®¥ ¤¥à¥¢®, f : �0 ! E� | ¯à¥ä¨ªá®¥
ª®¤¨à®¢ ¨¥ 7. �®£¤ 

C(f; S) =
1

d(�)

X
x2�0

p(x)jf(x)j: (3:6)

7�â¢¥à¦¤¥¨¥ 3.4 á¯à ¢¥¤«¨¢® ¤«ï ¯à®¨§¢®«ì®£® ¬ àª®¢áª®£® ¨áâ®ç¨ª .
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�®ª § â¥«ìáâ¢®. �à®æ¥¤ãàã ª®¤¨à®¢ ¨ï ¯®à®¦¤ ¥¬®© ¨áâ®ç¨ª®¬
S ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯à¥¤¥«ï¥â á«ãç ©®¥ ¤¢¨¦¥¨¥ ¯® ¤¥à¥¢ã �,
 ç¨ ï á ª®àï. �á«¨ ai | ¯¥à¢ ï ¡ãª¢  ¯®á«¥¤®¢ â¥«ì®áâ¨, â® ¯¥-
à¥å®¤¨¬ ª i-â®¬ã áëã ª®àï ¨ â. ¤., ¯®ª  ¥ ¤®áâ¨£¥¬ «¨áâ®¢®© ¢¥à-
è¨ë, ®â ª®â®à®© ¢¥à¥¬áï ª ª®àî ¨  ç¥¬ á ç « . �â®â ¯à®æ¥áá
®¯¨áë¢ ¥âáï ¥ª®â®àë¬ ¨áâ®ç¨ª®¬ S� á  «ä ¢¨â®¬ �. �á«¨ S | ¨á-
â®ç¨ª �¥àã««¨, â® S� | ¬ àª®¢áª¨© ¨áâ®ç¨ª ¯¥à¢®£® ¯®àï¤ª , â ª
ª ª ¢¥à®ïâ®áâì ¯¥à¥å®¤  ª á«¥¤ãîé¥© ¢¥àè¨¥ ¤¥à¥¢  § ¢¨á¨â â®«ìª®
®â â¥ªãé¥© ¢¥àè¨ë. �à¨ç¥¬ á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ :

p�(xjy) = p(ai), ¥á«¨ x = yai ¨ y 62 �0,
p�(xjy) = 0, ¥á«¨ x 6= yai ¨ y 62 �0,
p�(xjy) = p(ai), ¥á«¨ x = ai ¨ y 2 �0,
p�(xjy) = 0, ¥á«¨ x 6= ai ¨ y 2 �0,
£¤¥ p�(xjy) | ãá«®¢ë¥ ¢¥à®ïâ®áâ¨ ¯®à®¦¤¥¨ï ¡ãª¢ ¨áâ®ç¨ª®¬

S�. �¨á«  p�(x), x 2 � ¤®«¦ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ ãà ¢¥¨©
(3.3). �®£¤  á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 8<

:
p�(xai) =

P
y2� p�(xaijy)p�(y) = p(ai)p�(x);

p�(ai) =
P

y2� p�(aijy)p�(y) =
P

y2�0 p(ai)p�(y);P
x2� p�(x) = 1:

�§ ãâ¢¥à¦¤¥¨ï 3.3 á«¥¤ã¥â, çâ®
P

x2�0 p(x) = 1 ¨
P

x2� p(x) =
d(�). �®£¤  à¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨© |

p�(x) =
1

d(�)
p(x): (3:7)

�ãáâì f : �0 ! E� | ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ ¨áâ®ç¨ª  S. � â® ¦¥
¢à¥¬ï f ¬®¦® à áá¬ âà¨¢ âì ª ª ®â®¡à ¦¥¨¥ ¨§ � ¢ E� [ ;, ®¯à¥-
¤¥«¨¢ f(x) = ; ¯à¨ x 2 �n�0. �®£¤  ®â®¡à ¦¥¨¥ f ¬®¦® áç¨â âì
¯®¡ãª¢¥ë¬ ª®¤¨à®¢ ¨¥¬ ¨áâ®ç¨ª  S�, ¯®à®¦¤ îé¥£® â¥ ¦¥ ¯®-
á«¥¤®¢ â¥«ì®áâ¨, çâ® ¨ ¨áâ®ç¨ª S. �®£¤ 

C(f; S) = C(f; S�) =
X
x2�

p�(x)jf(x)j =
X
x2�0

p�(x)jf(x)j:

�§ (3.7) ¨ ¯®á«¥¤¥£® à ¢¥áâ¢  á«¥¤ã¥â à ¢¥áâ¢® (3.6). �â¢¥à¦¤¥¨¥
¤®ª § ®.
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3.4. �®¤¨à®¢ ¨¥ �®¤ ª 

�ãáâì S | áâ æ¨® àë© ¨áâ®ç¨ª á  «ä ¢¨â®¬ A = fa1; : : : ; akg ¨
m > 0 | æ¥«®¥. �®áâà®¨¬ ¯® ¨¤ãªæ¨¨ k-¨ç®¥ ¤¥à¥¢® �,  ç¨ ï á ¤¥-
à¥¢ , á®áâ®ïé¥£® â®«ìª® ¨§ ª®àï. �ãáâì ¯®áâà®¥® ¥ª®â®à®¥ k-¨ç®¥
¤¥à¥¢® �, ¢¥à®ïâ®áâ¨ ¢¥àè¨ ª®â®à®£® ®¯à¥¤¥«ïîâáï ¨áâ®ç¨ª®¬ S.
�ë¡¥à¥¬ «¨áâ x 2 �0 á  ¨¡®«ìè¥© ¢¥à®ïâ®áâìî ¨ ¤®¡ ¢¨¬ ¢á¥å ¥£®
áë®¢¥© ª ¤¥à¥¢ã �. �ã¤¥¬ ¯®¢â®àïâì íâã ¯à®æ¥¤ãàã, ¯®ª  ç¨á«® «¨áâ®¢
¤¥à¥¢  ¥ ¯à¥¢ëè ¥â 2m. �á¥¬ «¨áâ ¬ ¯®«ãç¥®£® ¤¥à¥¢  � ¯à¨¯¨è¥¬
¢ ª ç¥áâ¢¥ ª®¤®¢®£® á«®¢  à §«¨çë¥ ¤¢®¨çë¥ á«®¢  ¤«¨ë m. � ª¨¬
®¡à §®¬ ¬ë ¯®«ãç¨¬ ª®¤¨à®¢ ¨¥ f : �0 ! Em â¨¯  VB, ¯à¥¤«®¦¥®¥
�. �. �®¤ ª®¬ ¢ 1969 £®¤ã 8. �®áâà®¨¬,  ¯à¨¬¥à, ª®¤¨à®¢ ¨¥ �®¤ ª 
á ¤«¨®© ª®¤®¢ëå á«®¢ m = 3 ¤«ï ¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ®áâï-
¬¨ ¡ãª¢ p(a1) = 2=5, p(a2) = 3=5. �  à¨á. 4 ¨§®¡à ¦¥® ¨áª®¬®¥ ¤¥à¥¢®
�, ¡ãª¢  a1 á®®â¢¥âáâ¢ã¥â «¥¢®¬ã  ¯à ¢«¥¨î, a2 | ¯à ¢®¬ã. �ï¤®¬
á ª ¦¤®© ¢¥àè¨®© ¤¥à¥¢  ãª §   ¥¥ ¢¥à®ïâ®áâì.
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8� «®£¨çë© ¬¥â®¤ ª®¤¨à®¢ ¨ï ¡ë« ¯à¥¤«®¦¥ �. �. � áâí«®¬ ¢ 1967 £.
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�ë ¯®«ãç¨«¨ á«¥¤ãîé¨© ª®¤: f(a1a1) = 000; f(a1a2a1) =
001; f(a1a2a2) = 010; f(a2a1a1) = 011; f(a2a1a2) = 100; f(a2a2a1) = 101;
f(a2a2a2a1) = 110; f(a2a2a2a2) = 111.

�â¢¥à¦¤¥¨¥ 3.5. �ãáâì S | ¨áâ®ç¨ª �¥àã««¨ á  «ä ¢¨â®¬ A =
fa1; : : : ; akg ¨ p(ak) = minp(ai) > 0. �ãáâì f | ª®¤¨à®¢ ¨¥ �®¤ ª  ¨
� | ¤¥à¥¢®, á®®â¢¥âáâ¢ãîé¥¥ ª®¤ã. �®£¤ 

R(f; S) � � logp(ak)
d(�)

:

�®ª § â¥«ìáâ¢®. �ãáâì x 2 �0. �®ª ¦¥¬ ®â ¯à®â¨¢®£®, çâ®

2mp(x) � 1=p(ak): (3:8)

�ãáâì p(xak) = p(x)p(ak) > 1=2m. �® ¯®áâà®¥¨î ¥á«¨ y 2 �0, â®
y = zai ¨ p(z) � p(x). �®£¤  p(y) = p(z)p(ai) � p(xak). �¡®§ ç¨¬ ç¥à¥§
��0 ®¡ê¥¤¨¥¨¥ ¬®¦¥áâ¢  �0 ¨ áë®¢¥© ¢¥àè¨ë x. �® ®¯à¥¤¥«¥¨î
ª®¤¨à®¢ ¨ï �®¤ ª  ¨¬¥¥¬ j ��0j > 2m. �®£¤ X

y2��0

p(y) > 2mp(xak) > 1;

çâ® ¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥¨î 3.3. �. ¥. ä®à¬ã«  (3.8) ¤®ª §  . �§
ãâ¢¥à¦¤¥¨© 3.3, 3.4 ¨ ä®à¬ã«ë (3.8) ¯®«ãç ¥¬

R(f; S) = C(f; S)�H(S) =
1

d(�)

X
x2�0

p(x)jf(x)j+ 1

d(�)

X
x2�0

p(x) logp(x) =

=
1

d(�)

X
x2�0

p(x) log(2mp(x)) � 1

d(�)
log

1

p(ak)

X
x2�0

p(x) = � log p(ak)
d(�)

:

�â¢¥à¦¤¥¨¥ ¤®ª § ®.

3.5. �à¨ä¬¥â¨ç¥áª®¥ ª®¤¨à®¢ ¨¥

�á®¢ ï ¨¤¥ï  à¨ä¬¥â¨ç¥áª®£® ª®¤¨à®¢ ¨ï á®áâ®¨â ¢ á«¥¤ãî-
é¥¬  ¡«î¤¥¨¨. �ãáâì S | ¬ àª®¢áª¨© ¨áâ®ç¨ª á  «ä ¢¨â®¬
A = fa1; : : : ; akg. �¯®àï¤®ç¨¬ ¢á¥  ¡®àë ¨§ n ¡ãª¢  «ä ¢¨â  A «¥ª-
á¨ª®£à ä¨ç¥áª¨, â. ¥. ai1 ; ai2; : : : ; ain � aj1 ; aj2; : : : ; ajn , ¥á«¨ ik = jk
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¯à¨ k < l ¨ il � jl. �«ï ª ¦¤®£® á«®¢  x 2 An ®¯à¥¤¥«¨¬ ¢¥«¨ç¨ë
L(x) =

P
y�x;y2An

p(y) ¨ R(x) = L(x) + p(x).

� ª ¦¤®¬ ¯®«ã¨â¥à¢ «¥ ¤«¨ë I, I � 1  ©¤¥âáï ¤¢®¨ç®-
à æ¨® «ì®¥ ç¨á«® á® § ¬¥ â¥«¥¬ 2d� log Ie, ¯®áª®«ìªã à §®áâì ¬¥-
¦¤ã ¤¢ã¬ï «î¡ë¬¨ ¡«¨¦ ©è¨¬¨ ç¨á« ¬¨ á â ª¨¬ § ¬¥ â¥«¥¬ ¥
¯à¥¢®áå®¤¨â I (2�d� log Ie � 2log I = I). �®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®-
¬ã á«®¢ã x 2 An ¤¢®¨ç®-à æ¨® «ì®¥ ç¨á«® q(x) 2 [L(x); R(x)) á®
§ ¬¥ â¥«¥¬ 2d� log p(x)e. � ª ç¥áâ¢¥ ª®¤  f(x) à áá¬®âà¨¬ ¤¢®¨çãî
§ ¯¨áì ç¨á«¨â¥«ï ç¨á«  q(x) á ¨á¯®«ì§®¢ ¨¥¬ d� log p(x)e ¤¢®¨çëå
á¨¬¢®«®¢, â. ¥.

jf(x)j = d� log p(x)e: (3:9)

�®áª®«ìªã ¯®«ã¨â¥à¢ «ë [L(x); R(x)), á®®â¢¥âáâ¢ãîé¨¥ à §«¨çë¬
¯®á«¥¤®¢ â¥«ì®áâï¬ x ®¤¨ ª®¢®© ¤«¨ë, ¥ ¯¥à¥á¥ª îâáï, â®
jf(xai)j > jf(x)j ¨ ¢á¥ ç¨á«  q(x), x 2 An ¯®¯ à® à §«¨çë, â. ¥.
®â®¡à ¦¥¨¥ f : An ! E� ¨ê¥ªâ¨¢®. �á«¨ p(aijsj) < 1=2 ¤«ï ¢á¥å
ai 2 A ¨ sj | á®áâ®ï¨© ¨áâ®ç¨ª  S, â® jf(xai)j > jf(x)j ¨ ®â®¡à ¦¥-
¨¥ f : A� ! E�, ®ª §ë¢ ¥âáï ¨ê¥ªâ¨¢ë¬.9 �æ¥¨¬ ¨§¡ëâ®ç®áâì
ª®¤¨à®¢ ¨ï f . �§ (3.9) ¨¬¥¥¬

Cn(f; S) =
1

n

X
x2An

p(x)d� log p(x)e:

�®£¤    «®£¨ç® ¥à ¢¥áâ¢ã (3.4) ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«ãç -
¥¬, çâ®

R(f; S) = lim
n!1

1

n

X
x2An

p(x)(log p(x) + d� log p(x)e)+

+ lim
n!1

(
1

n
H(S1 : : : Sn) �H(S)) = 0:

� á®¦ «¥¨î, ¢ â ª®¬ ¢¨¤¥  à¨ä¬¥â¨ç¥áª®¥ ª®¤¨à®¢ ¨¥ ¥ ¬®-
¦¥â ¯à¨¬¥ïâìáï   ¯à ªâ¨ª¥, ¯®áª®«ìªã âà¥¡ã¥¬ ï â®ç®áâì ¢ëç¨á«¥-
¨© ¡ëáâà® à áâ¥â á ã¢¥«¨ç¥¨¥¬ ¤«¨ë ª®¤¨àã¥¬®© ¯®á«¥¤®¢ â¥«ì®-
áâ¨. �¨¦¥ ¡ã¤¥â ®¯¨á    ¨¡®«¥¥ ¨§¢¥áâ ï ¯à ªâ¨ç¥áª ï à¥ «¨§ æ¨ï
 à¨ä¬¥â¨ç¥áª®£® ª®¤¨à®¢ ¨ï, ¯à¥¤«®¦¥ ï �. �¨áá ¥®¬ ¢ 1976 £.

9�®¤¨à®¢ ¨¥ f ¬®¦® á¤¥« âì ¯à¥ä¨ªáë¬, ã¤«¨¨¢ ª ¦¤®¥ ª®¤®¢®¥ á«®¢®  

®¤¨ á¨¬¢®«, ª ª íâ® á¤¥« ® ¢ ª®¤¥ �¨«ì¡¥àâ {�ãà .
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�â®â ¬¥â®¤ ¨á¯®«ì§ã¥â  à¨ä¬¥â¨ç¥áª¨¥ ¢ëç¨á«¥¨ï á ç¨á« ¬¨, ¤¢®¨ç-
 ï § ¯¨áì ª®â®àëå á®¤¥à¦¨â ¥ ¡®«¥¥ t ¤¢®¨çëå § ª®¢. �¥«®¥ ç¨á«®
t > 0 ï¢«ï¥âáï ¯ à ¬¥âà®¬ ª®¤¨à®¢ ¨ï. �«ï ã¯à®é¥¨ï ¢ëç¨á«¥¨©
¯®«®¦¨¬, çâ® S | ¨áâ®ç¨ª �¥àã««¨ ¨ p(ai) � 1=4 ¤«ï ¢á¥å 1 � i � k.
�¯à¥¤¥«¨¬ ¢¥«¨ç¨ë �1 = 0, �i = �i�1 + p(ai�1). � §¤¥«¨¬ ¯®«ã¨-
â¥à¢ « [0; 1)   ¯®«ã¨â¥à¢ «ë i(ai) = [l(ai); r(ai)), £¤¥ l(ai) = b�i2tc=2t
¨ r(ai) = b�i+12tc=2t. � ¦¤®© ¡ãª¢¥ ai 2 A á®®â¢¥âáâ¢ã¥â i-ë© ¯®«ã-
¨â¥à¢ «, ¤«¨  ª®â®à®£® ¯à¨¡«¨§¨â¥«ì® à ¢  p(ai). �ãáâì ai1 |
¯¥à¢ ï ¡ãª¢  ª®¤¨àã¥¬®£® á«®¢  x 2 An. �®áª®«ìªã p(ai) � 1=4, ¢®§-
¬®¦ë âà¨ á«ãç ï:
1) i(ai1) � [0; 1=2);
2) i(ai1) � [1=2; 1);
3) i(ai1) � [1=4; 3=4).

�ãáâì I(x) | ¯®«ã¨â¥à¢ «, á®®â¢¥âáâ¢ãîé¨© á«®¢ã x 2 An; ¢ ¯¥à-
¢®¬ á«ãç ¥ ¨¬¥¥¬ I(x) � i(ai1 ) � [0; 1=2). �®£¤  ¢á¥ ç¨á«  q 2 I(x)
¨¬¥îâ 0 ¯¥à¢ë¬ á¨¬¢®«®¬ ¯®á«¥ § ¯ïâ®©. �®íâ®¬ã 0 | ¯¥à¢ë© á¨¬-
¢®« ª®¤  f(x). �® ¢â®à®¬ á«ãç ¥ ¯¥à¢ë¬ á¨¬¢®«®¬ ª®¤  f(x) ï¢«ï¥âáï
1. � âà¥âì¥¬ á«ãç ¥ ¯¥à¢ë© á¨¬¢®« ¯®ª  ¥¨§¢¥áâ¥.

�à®¢¥¤¥¬ ®¯¥à æ¨î ¨§¬¥¥¨ï ¬ áèâ ¡  (à áâï¦¥¨ï) ¯®«ã¨â¥à-
¢ « . � ¯¥à¢®¬ á«ãç ¥ ®¢ë© ¯®«ã¨â¥à¢ « | [2l(ai1); 2r(ai1)).

PPPPPPPPPPPP

l(ai1) r(ai1)

�® ¢â®à®¬ á«ãç ¥ | [2l(ai1)� 1; 2r(ai1) � 1).

������������

l(ai1) r(ai1)
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� âà¥âì¥¬ á«ãç ¥ | [2l(ai1)� 1=2; 2r(ai1) � 1=2).

l(ai1 ) r(ai1)

Q
Q
Q
Q
QQ

�
�

�
�

��

� ª ¦¤®¬ á«ãç ¥ ®¢ë© ¯®«ã¨â¥à¢ « ¤«¨¥¥ ¯®«ã¨â¥à¢ «  i(ai1)
¢ ¤¢  à § . �ã¤¥¬ ¯à®¤®«¦ âì ¯à®æ¥¤ãàã ¨§¬¥¥¨ï ¬ áèâ ¡  ¤® â¥å
¯®à, ¯®ª  à áâïãâë© ¯®«ã¨â¥à¢ « ãª« ¤ë¢ ¥âáï æ¥«¨ª®¬ ¢ ¯à ¢ãî,
«¥¢ãî ¨«¨ áà¥¤îî ¯®«®¢¨ã ¯®«ã¨â¥à¢ «  [0; 1). �à¨ à áâï¦¥¨¨
«¥¢®© ¯®«®¢¨ë ¯®«ã¨â¥à¢ «  [0; 1) ¡ã¤¥¬ ¯à¨¯¨áë¢ âì 0 ¢ ª ç¥áâ¥
á«¥¤ãîé¥£® á¨¬¢®«  ª®¤  f(x), ¯à¨ à áâï¦¥¨¨ ¯à ¢®© ¯®«®¢¨ë [0; 1)
¡ã¤¥¬ ¯à¨¯¨áë¢ âì 1. �á«¨ ¯¥à¥¤ à áâï¦¥¨¥¬ «¥¢®© (¯à ¢®©) ¯®«®¢¨-
ë [0; 1) â¥ªãé¨© ¯®«ã¨â¥à¢ « ®ª §ë¢ «áï h à § ¢ áà¥¤¥© ¯®«®¢¨¥,
â® ¯®á«¥ ã«ï (¥¤¨¨æë) ã¦® ¯à¨¯¨á âì h ¥¤¨¨æ (ã«¥©), â. ¥. ¢
æ¥«®¬ 01 : : :1 (10 : : :0).

� ¨â®£¥ ¯®«ãç¨¬ ¯®«ã¨â¥à¢ « [l=2t; r=2t), £¤¥ l ¨ r| æ¥«ë¥, 0 � l <

r � 2t ¨ r�l > 2t�2. �§ [l=2t; r=2t) ¢ë¤¥«¨¬ ¯®«ã¨â¥à¢ «, á®®â¢¥âáâ¢ã-
îé¨© ai2 | ¢â®à®© ¡ãª¢¥ á«®¢  x: i(ai1ai2) = [l(ai1ai2); r(ai1ai2)), £¤¥
l(ai1ai2) = (l+ b(r� l)�i2c)=2t ¨ r(ai1ai2) = (l+ b(r� l)�1+i2c)=2t. �à®¤¥-
« ¥¬ á ¯®«ã¨â¥à¢ «®¬ i(ai1ai2) â¥ ¦¥ ®¯¥à æ¨¨ ¨§¬¥¥¨ï ¬ áèâ ¡ ,
çâ® ¨ á ¯®«ã¨â¥à¢ «®¬ i(ai1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬  ç «® ª®¤  f(x),
á®®â¢¥âáâ¢ãîé¥¥ ¤¢ã¬  ç «ìë¬ ¡ãª¢ ¬. �ë¯®«¨¢ â ªãî ¦¥ ¯à®æ¥-
¤ãàã ¤«ï ¡ãª¢ ai3 ; ai4; : : :ain , ¯®«ãç¨¬ ª®¤ f(x). �á«¨ á®®â¢¥âáâ¢ãîé¨©
¯®á«¥¤¥© ¡ãª¢¥ ¯®«ã¨â¥à¢ « ¯®á«¥ à áâï¦¥¨ï ¥ á®¢¯ ¤ ¥â á [0; 1),
â® ª ª®¤ã ã¦® ¯à¨¯¨á âì ¥é¥ ¤¢  á¨¬¢®« , ãª §ë¢ îé¨å, ¢ ª ª®©
ç¥â¢¥àâ¨ [0; 1)  å®¤¨âáï ¯®á«¥¤¥¥ ç¨á«® l=2t.
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�

�
�

�
�
�

@
@
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@
@HHHHHHHHHHHHHHHHHHHHHHHH������������

l(a4) r(a4)

l(a4a1) r(a4a1)

l(a4a1a5) r(a4a1a5)

�¨á. 5

�§ ¯à®æ¥¤ãàë  à¨ä¬¥â¨ç¥áª®£® ª®¤¨à®¢ ¨ï ¥¯®áà¥¤áâ¢¥® ¢ë-
â¥ª ¥â á«¥¤ãîé¥¥ § ¬¥ç ¨¥.

� ¬¥ç ¨¥ 3.1. �®«ã¨â¥à¢ «ë, á®®â¢¥âáâ¢ãîé¨¥ á«®¢ ¬ ®¤¨ ª®-
¢®© ¤«¨ë, ¥ ¯¥à¥á¥ª îâáï. �®®â¢¥âáâ¢ãîé¨© á«®¢ã x ¯®«ã¨â¥à-
¢ « æ¥«¨ª®¬ á®¤¥à¦¨âáï ¢ ¯®«ã¨â¥à¢ « å, á®®â¢¥âáâ¢ãîé¨å ¯à®-
¨§¢®«ì®¬ã  ç «ã á«®¢  x.

� áá¬®âà¨¬ ¯à¨¬¥à  à¨ä¬¥â¨ç¥áª®£® ª®¤¨à®¢ ¨ï (t = 4) á«®-
¢  a4a1a2, ¯®à®¦¤¥®£® ¨áâ®ç¨ª®¬ �¥àã««¨ á  «ä ¢¨â®¬ A =
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fa1; a2; a3; a4; a5g ¨ ¢¥à®ïâ®áâï¬¨ ¯®ï¢«¥¨ï ¡ãª¢ p(a1) = p(a3) = 1=4,
p(a2) = p(a4) = p(a5) = 1=6.

�®«ãç ¥¬ à ¢¥áâ¢ :

l(a4) =
b16�2=3c

16
= 10

16
, r(a4) =

b16�5=6c
16

= 13
16
,

l(a4a1) =
b12�0c
16 = 0, r(a4a1) =

b12=4c
16 = 3

16 ,

l(a4a1a5) =
b12�5=6c

16 = 10
16 , r(a4a1a5) =

b12�1c
16 = 12

16 .
�à®æ¥áá ¯®áâà®¥¨ï  à¨ä¬¥â¨ç¥áª®£® ª®¤  ¨§®¡à ¦¥   à¨á. 5. �®-

«ãç ¥¬ f(a4a1a5) = 1010101.
�â®¡ë ¤¥ª®¤¨à®¢ âì  à¨ä¬¥â¨ç¥áª¨© ª®¤, ã¦® ¯®áâà®¨âì á«®¢®,

¨¬¥îé¥¥ § ¤ ë© ª®¤. � ç¥¬ ¤¥ª®¤¨à®¢ âì ª®¤®¢®¥ á«®¢® 1010101.
�¥à¢ë© á¨¬¢®« ª®¤®¢®£® á«®¢  1, á«¥¤®¢ â¥«ì®, ¯¥à¢ ï ¡ãª¢  § ª®¤¨-
à®¢ ®£® á«®¢  a3, a4 ¨«¨ a5. �«¥¤ãîé¨© á¨¬¢®« 0, ¯®íâ®¬ã ¯¥à¢ ï
¡ãª¢  § ª®¤¨à®¢ ®£® á«®¢  a3 ¨«¨ a4. � ª ª ª âà¥â¨© á¨¬¢®« 1, ¬ë
§ ª«îç ¥¬, çâ® ¯¥à¢ ï ¡ãª¢  | a4. �à®æ¥áá ¤¥ª®¤¨à®¢ ¨ï ¨§®¡à ¦¥
  à¨á. 6.

��
��

��
��

��
��

HH
HH

HH
HH

HH
HH

��
��

��
��

��
��

a4

a4

a3

a3 a5

a4

a2 a4

a5a3a1

�¨á. 6

�®á«¥ ¯®¢â®à¥¨ï ¯à®æ¥¤ãàë ª®¤¨à®¢ ¨ï á¨¬¢®«  a4 (á¬. ¯à¨¬¥à
¢ëè¥) à §¤¥«¨¬ ¯®«ãç¥ë© ¯®«ã¨â¥à¢ «   ç áâ¨, á®®â¢¥âáâ¢ãîé¨¥
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¡ãª¢ ¬ a1, a2, a3, a4 , a5, ¨ ®¯à¥¤¥«¨¬ ¢â®àãî ¡ãª¢ã § ª®¤¨à®¢ ®£®
á«®¢    «®£¨çë¬ ®¡à §®¬.

3.6. �§¡ëâ®ç®áâì  à¨ä¬¥â¨ç¥áª®£® ª®¤¨à®¢ ¨ï

� ¯¨è¥¬ ä®à¬ «ì® à¥ªãàà¥âë¥ ä®à¬ã«ë, ®¯à¥¤¥«ïîé¨¥ ¯à®-
æ¥¤ãàã  à¨ä¬¥â¨ç¥áª®£® ª®¤¨à®¢ ¨ï. �ãáâì x | ¥ª®â®à®¥ á«®¢® ¢
 «ä ¢¨â¥ A. �¡®§ ç¨¬ ç¥à¥§ xai á«®¢®, ¯®«ãç¥®¥ ¨§ x ¤®¡ ¢«¥¨¥¬
¡ãª¢ë ai. �ãáâì d(x) | ª®«¨ç¥áâ¢® ¨§¬¥¥¨© ¬ áèâ ¡  ¯à¨ ª®¤¨à®-
¢ ¨¨ á«®¢  x; L(x) ¨ R(x) | «¥¢ ï ¨ ¯à ¢ ï £à ¨æ  ¯®«ã¨â¥à¢ « ,
á®®â¢¥âáâ¢ãîé¥£® ¯®á«¥¤®¢ â¥«ì®áâ¨ x ¢ ¯¥à¢® ç «ì®¬ ¬ áèâ ¡¥
(L(x) 6= l(x)!). �®£¤   à¨ä¬¥â¨ç¥áª®¥ ª®¤¨à®¢ ¨¥ ®¯à¥¤¥«ï¥âáï á«¥-
¤ãîé¨¬¨ ä®à¬ã« ¬¨: R(;) = 1, L(;) = 0, d(;) = 0,
1) I(x) = R(x)� L(x),
2) I(xai) = (b�i+1I(x)2d(x)+tc � b�iI(x)2d(x)+tc)=2d(x)+t;
3) 1=4 < I(x)2d(x) � 1,
4) L(xai) = L(x) + b�iI(x)2d(x)+tc=2d(x)+t.

�à¨ä¬¥â¨ç¥áª¨¬ ª®¤®¬ á«®¢  ï¢«ï¥âáï § ¯¨áì ç¨á«  bL(x)2d(x)+2c,
¨á¯®«ì§ãîé ï à®¢® d(x) + 2 ¤¢®¨çëå § ª®¢, â. ¥.
5) f(x) = Bd(x)+2bL(x)2d(x)+2c.

�â¢¥à¦¤¥¨¥ 3.6. �ãáâì A = fa1; : : : ; akg |  «ä ¢¨â, ¨ ¤«ï ¢á¥å
1 � i � k ¢ë¯®«¥ë ¥à ¢¥áâ¢  1=2t�2 � p(ai) � 1=4. �®£¤  ®â®¡à -
¦¥¨¥ f , ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã« ¬¨ 1{5, ï¢«ï¥âáï ¯à¥ä¨ªáë¬ ª®¤¨à®-
¢ ¨¥¬.

�®ª § â¥«ìáâ¢®. �ãáâì x | ¯à®¨§¢®«ì®¥ á«®¢® ¢  «ä ¢¨â¥ A. �§ 3
¯®«ãç ¥¬ ¥à ¢¥áâ¢®

L(x) + 2�d(x)�2 � L(x) + I(x) = R(x): (3:10)

�ãáâì a; b 2 E� ¨ a | ¯à¥ä¨ªá b, â®£¤  ¤¢®¨çë¥ ç¨á«  u = 0; a ¨
v = 0; b ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã

u � v � u+ 2�jaj: (3:11)

�®ª ¦¥¬ ®â ¯à®â¨¢®£®, çâ® ®â®¡à ¦¥¨¥ f ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à¥-
ä¨ªá®áâ¨. �ãáâì x; y 2 A� | ¥ª®â®àë¥ á«®¢  ¨ f(x) | ¯à¥ä¨ªá f(y).
�®áª®«ìªã jf(x)j = d(x) + 2, â® ¨§ (3.10) ¨ (3.11) ¯®«ãç ¥¬

L(x) � L(y) � L(x) + 2�d(x)�2 � R(x);
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â. ¥. ¯®«ã¨â¥à¢ «ë [L(x); R(x)) ¨ [L(y); R(y)) ¯¥à¥á¥ª îâáï. �§ § -
¬¥ç ¨ï 3.1 ¢ëâ¥ª ¥â, çâ® á«®¢® x ï¢«ï¥âáï ¯à¥ä¨ªá®¬ á«®¢  y (¯à®-
â¨¢®¯®«®¦®¥ ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® f(x) | ¯à¥ä¨ªá f(y)). � ª¨¬
®¡à §®¬, ¥á«¨ x 6= y ¨ jxj = jyj, â® f(x) | ¥ ¯à¥ä¨ªá f(y). �á«¨
[L(x); R(x)) ¨ [L(y); R(y)) ¯¥à¥á¥ª îâáï, â® ¨§ § ¬¥ç ¨ï 3.1 á«¥¤ã¥â,
çâ® [L(y); R(y)) � [L(x); R(x)), ® d(x) < d(y), â ª ª ª p(ai) � 1=4.
� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥¨¥ f ¨ê¥ªâ¨¢®.

�¥®à¥¬  3.2. �ãáâì S | ¨áâ®ç¨ª �¥àã««¨ á  «ä ¢¨â®¬ A =
fa1; : : : ; akg. �ãáâì ¤«ï ¢á¥å i, 1 � i � k ¢ë¯®«¥ë ¥à ¢¥áâ¢ 
1=2t�3 � p(ai) � 1=4 10. �®£¤ 

R(f; S) � k �Pk
i=1 log p(ai)

2t�2
;

£¤¥ f |  à¨ä¬¥â¨ç¥áª®¥ ª®¤¨à®¢ ¨¥ á ¯ à ¬¥âà®¬ t.

�®ª § â¥«ìáâ¢®. �ãáâì x = ai1 : : :ain . �¢¥¤¥¬ ®¡®§ ç¥¨¥ xm1 =
ai1 : : : aim ¯à¨ m � n. �®ª ¦¥¬ ¬¥â®¤®¬ ¨¤ãªæ¨¨, çâ®

I(xn1 ) >

nY
j=1

(p(aij ) � 1=2t�2): (3:12)

�§ à ¢¥áâ¢  2 ¨¬¥¥¬

I(ai1 ) =
1

2t
(b�i1+12tc � b�i12tc) > p(ai1)� 1=2t:

�ãáâì ¥à ¢¥áâ¢® (3.12) ¢¥à® ¤«ï n� 1, â®£¤  ¨§ 2 ¨ 3 ¯®«ãç ¥¬

I(xn1 ) = I(xn�11 ain) =
1

2d(x
n�1

1
)+t

(bI(xn�11 )�in+12
d(xn�1

1
)+tc�

�bI(xn�11 )�in2
d(xn�1

1
)+tc) > I(xn�11 )

�
p(ain) �

1

I(xn�11 )2d(x
n�1

1
)+t

�
�

� I(xn�11 )(p(ain)�
1

2t�2
);

10�£à ¨ç¥¨¥ p(ai) � 1=4 ¥áãé¥áâ¢¥® ¤«ï ¬¥â®¤  ª®¤¨à®¢ ¨ï, ® ã¤®¡® ¯à¨

¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë.
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â. ¥. ¥à ¢¥áâ¢® (3.12) ¤®ª § ®. �§ 3 ¨ (3.12) á«¥¤ã¥â, çâ®

1 > 2d(x
n

1
)

nY
j=1

(p(aij )� 1=2t�2);

®âªã¤ 

d(xn1 ) < �
nX
j=1

log(p(aij ) � 1=2t�2):

�  ¯à®áâà áâ¢¥ á®¡ëâ¨© An ®¯à¥¤¥«¨¬ á«ãç ©ë¥ ¢¥«¨ç¨ë
�j : A

n ! R, 1 � j � n à ¢¥áâ¢ ¬¨

�j(x
n
1 ) = � log(p(aij )� 1=2t�2):

�®áª®«ìªã S | ¨áâ®ç¨ª �¥àã««¨, â® �j ¥§ ¢¨á¨¬ë ¨ ®¤¨ ª®¢®
à á¯à¥¤¥«¥ë. �®£¤  ¨§ á¢®©áâ¢ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ¨ï ¯®«ãç ¥¬

1

n
Md(xn1 ) <

1

n
M

nX
j=1

�j(x
n
1 ) =M�1(x

n
1 ) = �

kX
i=1

p(ai) log(p(ai) � 1

2t�2
) =

�
kX
i=1

(p(ai)� 1

2t�2
) log(p(ai)� 1

2t�2
)� 1

2t�2

kX
i=1

log(p(ai)� 1

2t�2
): (3:13)

�ãªæ¨ï �x logx ¢®§à áâ ¥â ¯à¨ 0 < x < e�1. �§ ãá«®¢¨ï ¨¬¥¥¬ p(ai) �
1=4 < e�1, â®£¤ 

H(S) = �
kX
i=1

p(ai) log p(ai) > �
kX
i=1

(p(ai) � 1

2t�2
) log(p(ai)� 1

2t�2
):

(3:14)
�ãáâì f |  à¨ä¬¥â¨ç¥áª®¥ ª®¤¨à®¢ ¨¥ á ¯ à ¬¥âà®¬ t; ¨§ ä®à¬ã-
«ë 5 ¨¬¥¥¬ jf(xn1 )j = d(xn1 ) + 2. �æ¥¨¬ ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï f ,
¨á¯®«ì§ãï ä®à¬ã«ë (3.13) ¨ (3.14):

R(f; S) = lim
n!1

1

n

X
x2An

p(x)jf(x)j �H(S) =

= lim
n!1

(
1

n
Md(xn1 ) +

2

n
)�H(S) < � 1

2t�2

kX
i=1

log(p(ai)� 1

2t�2
): (3:15)

�§ ãá«®¢¨ï ¨¬¥¥¬ p(ai) � 1=2t�3, â®£¤  p(ai) � 1=2t�2 � p(ai)=2 ¨
� log(p(ai) � 1=2t�2) � 1 � logp(ai). �§ (3.15) ¨ ¯®á«¥¤¥£® à ¢¥áâ¢ 
á«¥¤ã¥â § ª«îç¥¨¥ â¥®à¥¬ë.
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4. �¨¢¥àá «ì®¥ ª®¤¨à®¢ ¨¥

4.1. �¯â¨¬ «ì®¥ ã¨¢¥àá «ì®¥ ª®¤¨à®¢ ¨¥

� ¯à¥¤ë¤ãé¨å £« ¢ å ¡ë«® à áá¬®âà¥® ª®¤¨à®¢ ¨¥ ¯®á«¥¤®¢ -
â¥«ì®áâ¥©, ¯®à®¦¤¥ëå ¨§¢¥áâë¬ ¨áâ®ç¨ª®¬. �¥¯¥àì  á ¡ã¤¥â
¨â¥à¥á®¢ âì ¡®«¥¥ á«®¦ ï § ¤ ç  | ª®¤¨à®¢ ¨¥ ¯®á«¥¤®¢ â¥«ì®-
áâ¥©, ¯®à®¦¤¥ëå ¨áâ®ç¨ª®¬ S, ¯à® ª®â®àë© ¨§¢¥áâ® «¨èì â®, çâ®
® ¯à¨ ¤«¥¦¨â ¥ª®â®à®¬ã ¬®¦¥áâ¢ã S. �ã¤¥¬ áç¨â âì, çâ® ¢á¥ ¨á-
â®ç¨ª¨ S 2 S ¨¬¥îâ ®¤¨ ª®¢ë©  «ä ¢¨â A = fa1; : : : ; akg.

�§¡ëâ®ç®áâìî ª®¤¨à®¢ ¨ï f   ¬®¦¥áâ¢¥ ¨áâ®ç¨ª®¢ S ¡ã-
¤¥¬  §ë¢ âì ¢¥«¨ç¨ã R(f;S) = supS2S R(f; S).

�¢¥¤¥¬ ®¡®§ ç¥¨¥

Rn(f;S) = sup
S2S

Rn(f; S) = sup
S2S

�
1

n
(M jf(x)j)�H(S)

�
:

�®£¤  R(f;S) = lim supn!1Rn(f;S).
�¯â¨¬ «ìë¬ ã¨¢¥àá «ìë¬   S ª®¤¨à®¢ ¨¥¬ ¡ã¤¥¬  §ë¢ âì

¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ f0, ¥á«¨ ¤«ï ¢á¥å æ¥«ëå n > 0 ¨ ¯à®¨§¢®«ì®£®
¯à¥ä¨ªá®£® ª®¤¨à®¢ ¨ï f ¢¥à® ¥à ¢¥áâ¢® Rn(f0;S) � Rn(f;S).

� ¤ «ì¥©è¥¬ ¬ë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ ¢ ª ç¥áâ¢¥ S ¬®¦¥-
áâ¢  ¢á¥å ¨áâ®ç¨ª®¢ �¥àã««¨ á  «ä ¢¨â®¬ A.

�¥®à¥¬  4.1. �ãáâì S | ¬®¦¥áâ¢® ¨áâ®ç¨ª®¢ �¥àã««¨ á  «ä -
¢¨â®¬ A = fa1; : : : ; akg. �®£¤  ¤«ï ®¯â¨¬ «ì®£® ã¨¢¥àá «ì®£®   S
ª®¤¨à®¢ ¨ï f0 á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

R(f0(x);S) = (k � 1) logn

2n
+ O(

1

n
)

¯à¨ n!1 11.

�®ª § â¥«ìáâ¢®. � ¬ ¯® ¤®¡¨âáï ¨â¥£à « �¨à¨å«¥, ª®â®àë© ¥-
âàã¤® ¢ëç¨á«¨âì ¬¥â®¤®¬ ¨¤ãªæ¨¨ ¯® k. �ãáâì ri > �1 ¨ 1 � i � k,
â®£¤ Z

U

: : :

Z
%r11 : : : %

rk�1
k�1 (1 � %1 � : : :� %k�1)rk d% =

�(r1 + 1) : : :�(rk + 1)

�(
Pk

i=1 ri + k)
;

(4:1)

11�¥®à¥¬  4.1 ¤®ª §   �. �. �à¨ç¥¢áª¨¬ ¢ 1970 £. � «®£¨ç ï â¥®à¥¬  ¤«ï

¬ àª®¢áª¨å ¨áâ®ç¨ª®¢ ¤®ª §   �. �. �à®ä¨¬®¢ë¬ ¢ 1974 £.

46



£¤¥ U = f% 2 Rk�1 : %i > 0;
Pk�1

i=1 %i < 1g. �¤¥áì �(r) | £ ¬¬ -äãªæ¨ï
�©«¥à , �(r + 1) = r!, ¥á«¨ r |  âãà «ì®¥ ç¨á«®. � ¦¤®¬ã ¨áâ®ç-
¨ªã �¥àã««¨ S 2 S ¢§ ¨¬®-®¤®§ ç® á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à % 2 U ,
£¤¥ %i = pS(ai) | ¢¥à®ïâ®áâì ¯®à®¦¤¥¨ï ¨áâ®ç¨ª®¬ S ¡ãª¢ë ai. �
¤ «ì¥©è¥¬ ç¥à¥§ p(x; %), £¤¥ ç¥à¥§ x 2 An ¨ % 2 U ¡ã¤¥¬ ®¡®§ ç âì
¢¥à®ïâ®áâì á«®¢  x, ¯®à®¦¤¥®£® ¨áâ®ç¨ª®¬ �¥àã««¨ á ¢¥à®ïâ®-
áâï¬¨ ¯®ï¢«¥¨ï ¡ãª¢ %1; %2; : : : ; %k�1; 1�

Pk�1
i=1 %i. �®£¤ 

p(x; %) = %r11 : : : %
rk�1
k�1 (1 � %1 � : : :� %k�1)rk ; (4:2)

£¤¥ ri | ª®«¨ç¥áâ¢® ¢å®¦¤¥¨© ¡ãª¢ë ai ¢ á«®¢® x. �¡®§ ç¨¬ ç¥à¥§
Rn(f; %) ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï f   ¨áâ®ç¨ª¥ �¥àã««¨ á à á¯à¥-
¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥© %,   ç¥à¥§ H(%) | íâà®¯¨î íâ®£® ¨áâ®ç¨ª .
�®£¤ 

Rn(f; %) =
1

n

X
x2An

p(x; %)jf(x)j �H(%): (4:3)

�¯à¥¤¥«¨¬ áà¥¤îî ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï f   ¬®¦¥áâ¢¥ ¨áâ®ç-
¨ª®¢ S á«¥¤ãîé¨¬ ®¡à §®¬:

�Rn(f;S) = 1

�(U )

Z
U

: : :

Z
Rn(f; %) d%; £¤¥ �(U ) =

Z
U

: : :

Z
1 d%:

�§ ¬®®â®®áâ¨ ®¯¥à æ¨¨ ¨â¥£à¨à®¢ ¨ï á«¥¤ãîâ ¥à ¢¥áâ¢ 

Rn(f;S) = sup
%2U

Rn(f; %) =
1

�(U )

Z
U

: : :

Z
sup
%2U

Rn(f; %) d% �

� 1

�(U )

Z
U

: : :

Z
Rn(f; %) d% � 1

�(U )

Z
U

: : :

Z
inf
%2U

Rn(f; %) d% = inf
%2U

Rn(f; %):

�. ¥. ¤«ï ¯à®¨§¢®«ì®£® ¯à¥ä¨ªá®£® ª®¤  f á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

Rn(f;S) � �Rn(f; S) � inf
S2S

Rn(f; S): (4:4)

�§ (4.3) ¨¬¥¥¬

n �Rn(f;S) =
1

�(U )

Z
U

: : :

Z
(
X
x2An

p(x; %)jf(x)j � nH(%)) d% =

=
X
x2An

jf(x)j
�

1

�(U )

Z
U

: : :

Z
p(x; %) d%

�
� n

�(U )

Z
U

: : :

Z
H(%) d%: (4:5)
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�¢¥¤¥¬ ®¡®§ ç¥¨¥

p̂(x) =
1

�(U )

Z
U

: : :

Z
p(x; %) d%; (4:6)

â®£¤  X
x2An

p̂(x) =
1

�(U )

Z
U

: : :

Z X
x2An

p(x; %) d% = 1:

� ª¨¬ ®¡à §®¬, ¢¥«¨ç¨ë p̂(x) ¬®¦® áç¨â âì ¢¥à®ïâ®áâï¬¨ ¯®à®¦¤¥-
¨ï ¡ãª¢ x ¥ª®â®àë¬ ¨áâ®ç¨ª®¬ �¥àã««¨ Ŝ á  «ä ¢¨â®¬An. �¢¥¤¥¬
®¡®§ ç¥¨¥

C(n) = H(Ŝ)� n

�(U )

Z
U

: : :

Z
H(%) d%;

â®£¤  ¨§ à ¢¥áâ¢  (4.5) ¯®«ãç ¥¬

n �Rn(f;S) =
X
x2An

jf(x)jp̂(x)�H(Ŝ) + C(n): (4:7)

�§ â¥®à¥¬ë 2.2 ¨§¢¥áâ®, çâ®X
x2An

jf(x)jp̂(x) �H(Ŝ) � 0:

� ¤àã£®© áâ®à®ë, ¨§ ãâ¢¥à¦¤¥¨ï 2.3 ¤«ï ª®¤¨à®¢ ¨ï �¥®  f̂

¨áâ®ç¨ª  Ŝ ¨¬¥¥¬
jf̂ (x)j = d� log p̂(x)e; (4:8)X

x2An

jf̂(x)jp̂(x) �H(Ŝ) � 1:

�®£¤  ¨§ (4.7) ¯®«ãç ¥¬ ¥à ¢¥áâ¢ 

�Rn(f;S) � C(n)=n ¨ �Rn(f̂ ;S) � (1 + C(n))=n; (4:9)

£¤¥ f | ¯à®¨§¢®«ì®¥ ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥,   f̂ | ª®¤¨à®¢ ¨¥
�¥® .

�æ¥¨¬ ¢¥«¨ç¨ã infS2S Rn(f̂ ;S). �§ ä®à¬ã«ë �¨à¨å«¥ (4.1) ¯à¨
ri = 0, 1 � i � k ¯®«ãç ¥¬ à ¢¥áâ¢®Z

U

: : :

Z
1 d% =

1

(k � 1)!
:
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�§ ä®à¬ã« (4.1) ¨ (4.2) ¨¬¥¥¬Z
U

: : :

Z
p(x; %) d% =

r1!r2! : : : rk!

(
Pk

i=1 ri + k � 1)!
;

£¤¥ ri | ç¨á«® ¢å®¦¤¥¨© ¡ãª¢ë ai ¢ á«®¢® x 2 An. �§ ä®à¬ã« (4.6) ¨
(4.8) ¯®«ãç ¥¬

jf̂ (x)j = d� log p̂(x)e � log

 R
U
: : :
R
1 d%R

U
: : :
R
p(x; %) d%

!
= log

�
(n+ k � 1)!

r1!r2! : : :rk!(k � 1)!

�
:

�§ ãâ¢¥à¦¤¥¨ï 1.5 á«¥¤ã¥â, çâ®

log

�
(n+ k � 1)!

r1!r2! : : :rk!(k � 1)!

�
= log

�
n!

r1!r2! : : : rk!

�
+

+ log

�
(n+ k � 1)!

(k � 1)!n!

�
� nF (x) +

1

2

kX
i=1

log
n

ri
� k � 1

2
logn+

+(k � 1) log
n

k � 1
+ c � nF (x) +

k � 1

2
logn + c0;

£¤¥ c; c0 | ¥ª®â®àë¥ ¯®áâ®ïë¥ 12. �®£¤  ¨§ ãâ¢¥à¦¤¥¨ï 1.4 ¨ ¯®-
á«¥¤¥£® ¥à ¢¥áâ¢  ¤«ï ¯à®¨§¢®«ì®£® S 2 S ¯à¨ n!1 ¨¬¥¥¬

Rn(f̂ ; S) =
1

n

X
x2An

jf̂ (x)jp(x)�H(S) � k � 1

2n
logn+

c0

n
+

+
X
x2An

F (x)p(x)�H(S) � k � 1

2n
logn+

c0

n
;

â. ¥. infS2S Rn(f̂ ;S) � k�1
2n logn+O(1=n). �ãáâì f0 | ®¯â¨¬ «ì®¥ ã¨-

¢¥àá «ì®¥   S ª®¤¨à®¢ ¨¥, â®£¤  ¨§ ä®à¬ã« (4.4), (4.9) ¨ ¯®á«¥¤¥£®
¥à ¢¥áâ¢  ¯®«ãç ¥¬

Rn(f0;S) � �Rn(f0;S) �
C(n)

n
� �Rn(f̂ ;S)�

1

n
�

� inf
S2S

Rn(f̂ ;S)� 1

n
� k � 1

2n
logn+ O(1=n):

12� ª ¨ ¢ ãâ¢¥à¦¤¥¨¨ 1.5, ri = 0 ¢ § ¬¥ â¥«¥ á«¥¤ã¥â áç¨â âì ¥¤¨¨æ¥©.
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�®ª ¦¥¬ â¥¯¥àì, çâ® áãé¥áâ¢ã¥â â ª®¥ ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ f1, çâ®
Rn(f1; S) � k�1

2n
logn+ O(1=n). � ç «  ¯®ª ¦¥¬, çâ®  ©¤ãâáï â ª¨¥

¯®áâ®ï ï C ¨ ¯à¥ä¨ªá®¥ ª®¤¨à®¢ ¨¥ f1, çâ®

jf1(x)j = nF (x) +
k � 1

2
logn +C: (4:10)

�® â¥®à¥¬¥ 2.1 ¤«ï íâ®£® ¤®áâ â®ç® ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì ¥à -
¢¥áâ¢  �à äâ  X

x2An

2�jf1(x)j � 1: (4:11)

�ãáâì r = (r1 : : : rk), ri � 0 | æ¥«ë¥ ¨
Pk

i=1 ri = n. �¡®§ ç¨¬ ç¥à¥§
G(r) ¬®¦¥áâ¢® á«®¢ x 2 An, á®¤¥à¦ é¨å ¯® ri ¡ãª¢ ai. �®£¤  ¨§
ãâ¢¥à¦¤¥¨ï 1.5 ¨¬¥¥¬ à ¢¥áâ¢®

log jG(r)j = log

�
n!

r1! : : : rk!

�
= nF (x) +

1

2

kX
i=1

log
n

ri
� k � 1

2
logn+C0(r);

£¤¥ x 2 G(r) ¨ C0(r) � C0, C0 > 0| ¯®áâ®ï ï. �à®¬¥ â®£®, F (x), ¨,
á«¥¤®¢ â¥«ì®, jf1(x)j ®¤¨ ª®¢ë ¤«ï ¢á¥å x 2 G(x). �®£¤  ¨§ (4.10)
¯®«ãç ¥¬ à ¢¥áâ¢ X

x2An

2�jf1(x)j =
X

r1+:::+rk=n;ri�0
jG(r)j2�jf1(x)j =

=
X

r1+:::+rk=n;ri�0
2
1

2

P
k

i=1
log(n=ri)�(k�1) logn+C0(r)�C =

=
X

r1+:::+rk=n;ri�0
2C

0(r)�C 1

nk�1

r
n

r1

n

r2
: : :

n

rk
: (4:12)

�ãªæ¨ï g(%1%2 : : : %k�1) = 1p
%1%2:::%k�1(1�%1�:::�%k�1)

¬®®â®  ¯® ª -

¦¤®© ¨§ ¯¥à¥¬¥ëå ¢ ®ªà¥áâ®áâ¨ 0, ªà®¬¥ â®£®, ¨§ (4.1) á«¥¤ã¥â, çâ®
¥á®¡áâ¢¥ë© ¨â¥£à « �¨¬   äãªæ¨¨ g(%1%2 : : : %k�1) áå®¤¨âáï ¢

®¡« áâ¨ U = f% 2 Rk�1 : %i > 0;
Pk�1

i=1 %i < 1g. �®íâ®¬ã áã¬¬ë �¨¬  
(4.12) äãªæ¨¨ g(%1%2 : : : %k�1) áå®¤ïâáï ª ¨â¥£à «ã ®â íâ®© äãªæ¨¨
¯® ®¡« áâ¨ U , â. ¥.

X
r1+:::+rk=n;ri�0

1

nk�1

r
n

r1

n

r2
: : :

n

rk
=
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=
X

r1

n
+:::+

r
k�1

n
�1;ri�0

1

nk�1
1q

r1
n
r2
n
: : :

rk�1
n

(1� r1
n
� : : :� rk�1

n
)
=

=

Z
U

: : :

Z
1p

%1%2 : : : %k�1(1� %1 � : : :� %k�1)
d%+�(n) =

(
p
�)k

�(k=2)
+�(n);

£¤¥ �(n) ! 0. �®£¤ , ¢ë¡¨à ï C � 1 + C0(r) + log

�
(
p
�)k

�(k=2)

�
, ¯®«ãç ¥¬

¥à ¢¥áâ¢®

lim
n!1

X
x2An

2�jf1(x)j � 1

2
;

â. ¥. ª®¤¨à®¢ ¨¥ f1 ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã �à äâ  (4.11) ¯à¨
n ! 1. �§ (4.10) ¨ ãâ¢¥à¦¤¥¨ï 1.4 ¤«ï ¯à®¨§¢®«ì®£® ¨áâ®ç¨ª 
S 2 S ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

Rn(f1; S) � k � 1

2n
logn+O(1=n):

�®áª®«ìªã f0 | ®¯â¨¬ «ì®¥ ã¨¢¥àá «ì®¥   S ª®¤¨à®¢ ¨¥, â®
Rn(f0; S) � Rn(f1; S) ¨ â¥®à¥¬  ¤®ª §  .

� ¬¥â¨¬, çâ® ¤«ï ª ¦¤®£® ¨áâ®ç¨ª  �¥àã««¨ S  ©¤¥âáï â ª®¥
n-¡«®ç®¥ ª®¤¨à®¢ ¨¥ fS , çâ® Rn(fS ; S) � 1

n
(â¥®à¥¬  3.1). � ª¨¬

®¡à §®¬, ®¯â¨¬ «ì®¥ ã¨¢¥àá «ì®¥   S ª®¤¨à®¢ ¨¥ f0 ¥ ï¢«ï¥âáï
®¯â¨¬ «ìë¬ ¤«ï ª ¦¤®£® ¨áâ®ç¨ª  S 2 S ¢ ®â¤¥«ì®áâ¨ ¥á¬®âàï
  â® çâ® R(f0;S) = 0.

4.2. �®¤¨à®¢ ¨¥ � ¡ª¨ {�¨â¨£®ä 

� â¥®à¥¬¥ 4.1 ãáâ ®¢«¥  ¨§¡ëâ®ç®áâì ®¯â¨¬ «ì®£® ã¨¢¥àá «ì-
®£® ª®¤¨à®¢ ¨ï, ® ¥ ¯à¥¤«®¦¥® á¯®á®¡  ¯®áâà®¥¨ï íâ®£® ª®¤¨à®-
¢ ¨ï. �¨¦¥ ¡ã¤¥â ®¯¨á  ¯à¥¤«®¦¥ë© �. �. �¨â¨£®ä®¬ ¢ 1966 £.
á¯®á®¡ ¯®áâà®¥¨ï ã¨¢¥àá «ì®£® ª®¤¨à®¢ ¨ï, ¡«¨§ª®£® ª ®¯â¨¬ «ì-
®¬ã. �. �. � ¡ª¨ ¢ 1971 £. ¯à¥¤«®¦¨« ®¡« ¤ îé¨© ¯®«¨®¬¨ «ì®©
âàã¤®¥¬ª®áâìî  «£®à¨â¬ ¢ëç¨á«¥¨ï ª®¤®¢ëå á«®¢.

� áá¬®âà¨¬  «ä ¢¨â A = fa0; a1g, á®áâ®ïé¨© ¨§ ¤¢ãå ¡ãª¢. �ãáâì
x 2 An; ç¥à¥§ r(x) ®¡®§ ç¨¬ ª®«¨ç¥áâ¢® ¡ãª¢ a1 ¢ á«®¢¥ x. �ãáâì
S(n; r) = fx 2 An; r(x) = rg | ¬®¦¥áâ¢® á«®¢ ¤«¨ë n, á®¤¥à¦ é¨å
à®¢® ¯® r ¡ãª¢ a1. � ¯. 2.3 ¯à¥¤«®¦¥  ã¬¥à æ¨ï ¬®¦¥áâ¢  S(n; r),
â. ¥. ¢§ ¨¬®®¤®§ ç®¥ ®â®¡à ¦¥¨¥ L(x) : S(n; r) ! [1 : : :Cr

n]. �«ï
ª ¦¤®£® x 2 An n-¡«®çë© ª®¤ � ¡ª¨ {�¨â¨£®ä  fn(x) ®¯à¥¤¥«ï¥â-
áï à ¢¥áâ¢®¬

fn(x) = Bd1 (r)Bd2 (L(x));
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£¤¥ d1 = blognc+ 1 ¨ d2 = blogCr
nc+1, Bd(n) | ¤¢®¨ç ï § ¯¨áì ç¨á« 

n, ¨á¯®«ì§ãîé ï à®¢® d á¨¬¢®«®¢.

�â¢¥à¦¤¥¨¥ 4.1. �ãáâì S | ¬®¦¥áâ¢® ¨áâ®ç¨ª®¢ �¥àã««¨ á
 «ä ¢¨â®¬ A = fa0; a1g ¨ fn | ª®¤¨à®¢ ¨¥ � ¡ª¨ -�¨â¨£®ä , â®-
£¤ 

Rn(f;S) � C + logn

n
;

£¤¥ C | ¥ª®â®à ï ¯®áâ®ï ï.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥¨ï ª®¤¨à®¢ ¨ï f ¯®«ãç ¥¬

jfn(x)j � logCr(x)
n + logn+ 2:

�§ ãâ¢¥à¦¤¥¨ï 1.5 á«¥¤ã¥â, çâ® F (x) � 1
n
logC

r(x)
n ; â®£¤  ¤«ï ¯à®¨§-

¢®«ì®£® ¨áâ®ç¨ª  S 2 S ¨§ ¤¢ãå ¯®á«¥¤¨å ¥à ¢¥áâ¢ ¨¬¥¥¬

Rn(fn; S) =
1

n

X
x2An

p(x)jf(x)j�H(S) �
X
x2An

p(x)F (x)+
logn + 2

n
�H(S)

(4:13)
� ãâ¢¥à¦¤¥¨¨ 1.4 ¤«ï ¯à®¨§¢®«ì®£® ¨áâ®ç¨ª  �¥àã««¨ S ¤®ª § ®
à ¢¥áâ¢® jPx2An p(x)F (x) �H(S)j = O(1=n). � ª¨¬ ®¡à §®¬, ãâ¢¥à-
¦¤¥¨¥ á«¥¤ã¥â ¨§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¨ (4.13).

4.3. �â¥à¢ «ì®¥ ª®¤¨à®¢ ¨¥

� íâ®¬ ¯ãªâ¥ ¬ë à áá¬®âà¨¬ ã¨¢¥àá «ì®¥ ª®¤¨à®¢ ¨¥, ª®â®-
à®¥  §ë¢ ¥âáï ¨â¥à¢ «ìë¬. �® ®â«¨ç ¥âáï ¯à®áâ®â®© à¥ «¨§ æ¨¨
¨ ®ª §ë¢ ¥âáï íää¥ªâ¨¢ë¬ ¯à¨ ª®¤¨à®¢ ¨¨ ¨áâ®ç¨ª®¢ á ¡®«ìè¨¬
 «ä ¢¨â®¬ ¨«¨ á ç áâ® ¯®¢â®àïîé¨¬¨áï á¥à¨ï¬¨ ®¤¨ ª®¢ëå ¡ãª¢.
� ¨â¥à¢ «ì®¬ ª®¤¨à®¢ ¨¨ ª ¦¤ ï ¡ãª¢  ¨áå®¤®© ¯®á«¥¤®¢ â¥«ì-
®áâ¨ § ¬¥ï¥âáï   ç¨á«®, à ¢®¥ ª®«¨ç¥áâ¢ã ¡ãª¢ ¤® ¯à¥¤ë¤ãé¥£®
¢ª«îç¥¨ï â®© ¦¥ ¡ãª¢ë. � ¯à¨¬¥à, á«®¢®

(a1a2a3)a3a3a3a2a2a2a1a1a1a3 (4:14)

¡ã¤¥â ¯à¥®¡à §®¢ ® ¢ ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« (:::)0004008006. �§-
¢¥áâë ¤¢¥ ¬®¤¨ä¨ª æ¨¨ íâ®£® ¬¥â®¤ , ¯®§¢®«ïîé¨¥ ã¬¥ìè¨âì áâ®-
¨¬®áâì ª®¤¨à®¢ ¨ï. �¥à¢ ï ¨§ ¨å ¡ë«  ¯à¥¤«®¦¥  �. �. �ï¡ª® ¢
1980 £. ¨  §¢   ¨¬ ¬¥â®¤®¬ "áâ®¯ª¨ ª¨£". �¥â®¤ "áâ®¯ª¨ ª¨£" ®â«¨-
ç ¥âáï ®â ¨â¥à¢ «ì®£® ª®¤¨à®¢ ¨ï â¥¬, çâ® ¢¬¥áâ® ç¨á«  ¢á¥å ¡ãª¢
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¬¥¦¤ã ¤¢ã¬ï ®¤¨ ª®¢ë¬¨ ãª §ë¢ ¥âáï ç¨á«® à §«¨çëå ¡ãª¢ ¬¥¦¤ã
¨¬¨. � ª, á«®¢® (4.14) ¡ã¤¥â ¯à¥®¡à §®¢ ® ¢ (:::)0001002002. �àã£ ï
¬®¤¨ä¨ª æ¨ï (IFC) § ª«îç ¥âáï ¢ â®¬, çâ® â¥¯¥àì ¡ãª¢  ¢ ¨áå®¤®¬
á«®¢¥ § ¬¥ï¥âáï ç¨á«®¬ ¡ãª¢ á ¡®«ìè¨¬¨ ®¬¥à ¬¨, à §¤¥«ïîé¨¬¨
â¥ªãé¥¥ ¨ ¯à¥¤ë¤ãé¥¥ ¢ª«îç¥¨¥ ¡ãª¢ë. � ¯à¨¬¥à, á«®¢® (4.14) ¡ã-
¤¥â ¯à¥®¡à §®¢ ® ¢ âà¨ ¯®á«¥¤®¢ â¥«ì®áâ¨, á®®â¢¥âáâ¢ãîé¨¥ âàñ¬
à §«¨çë¬ ¡ãª¢ ¬: a3 : (:::)0000, a2 : (:::)400, a1 : (:::)800. �¥ª®¤¨à®-
¢ ¨¥ ã¦®  ç¨ âì á ¯¥à¢®© ¡ãª¢ë  «ä ¢¨â , ®áâ ¢«ïï ¤«ï ¤àã£¨å
¡ãª¢ á®®â¢¥âáâ¢ãîé¥¥ ª®«¨ç¥áâ¢® ¯ãáâëå ¬¥áâ.

�«ï ª®¤¨à®¢ ¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¨á¥«, ª®â®à ï ¯®«ãç ¥âáï
¨§ ¨áå®¤®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®á«¥ § ¬¥ë ¡ãª¢ ç¨á« ¬¨, ¬®¦®
¨á¯®«ì§®¢ âì ¯à®¨§¢®«ìë© ¯à¥ä¨ªáë© ª®¤  âãà «ìëå ç¨á¥«. �
ç áâ®áâ¨, ¬®¦® ¯à¨¬¥¨âì ª®¤ �« ©¥á  (á¬. ¯. 2.2). �®£¤  ¨â¥à-
¢ «ìë© ª®¤ á«®¢  x = ai1 : : :ain ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬

f(x) = El(k1)El(k2) : : :El(kn);

£¤¥ kj = min
l<j;ij=il

(j � l � 1) | ª®«¨ç¥áâ¢® ¡ãª¢ ¬¥¦¤ã aij ¨ ¡«¨¦ ©è¥©

â ª®© ¦¥ ¡ãª¢®©.
�«ï ãáâà ¥¨ï ¥®¯à¥¤¥«¥®áâ¨ ¯à¨ ª®¤¨à®¢ ¨¨¨ ¯¥à¢®£® ¯®-

ï¢«¥¨ï ¡ãª¢ë ¢ á«®¢¥ ¬®¦®,  ¯à¨¬¥à, ¢  ç «® ª ¦¤®£® á«®¢  ¤®-
¡ ¢«ïâì á¯¨á®ª ¡ãª¢  «ä ¢¨â  ª ª ¢ (4.14).

�¥®à¥¬  4.2. �ãáâì S | ¬®¦¥áâ¢® ¨áâ®ç¨ª®¢ �¥àã««¨ á  «ä -
¢¨â®¬ A = fa1; : : : ; akg,   f | ¨â¥à¢ «ì®¥ ª®¤¨à®¢ ¨¥ 13. �®£¤ 

R(f;S) � 2 log logk + 3:

�®ª § â¥«ìáâ¢®. �§ ãâ¢¥à¦¤¥¨ï 2.1 ¯à¨ n > 1 á«¥¤ã¥â ¥à ¢¥áâ¢®

jEl(n)j � logn+ 2 log logn+ 3

¨ jEl(0)j = jEl(1)j = 2: �ãáâì x 2 An ¨ ¡ãª¢  ai ¢áâà¥ç ¥âáï ¢ á«®¢¥
x ri à §   t1; t2; :::; tri ¬¥áâ å. �®£¤  ª®«¨ç¥áâ¢® ¡¨â®¢, § âà ç¥®¥
  ª®¤¨à®¢ ¨¥ ¢á¥å, §  ¨áª«îç¥¨¥¬ ¯¥à¢®£®, ¢å®¦¤¥¨© ¡ãª¢ë ai, ¥
¯à¥¢ëè ¥â

ri�1X
j=1

(log(tj+1 � tj) + 2log log(tj+1 � tj) + 3);

13�¥®à¥¬  4.2 ¤®ª §   �. �. �ï¡ª® ¢ 1980 £.
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£¤¥ log log1 = 0 ¨ log logn = log logn ¯à¨ n > 1. �®£¤  ¨§ (4.14) ¨
¥à ¢¥áâ¢  �¥á¥  ¤«ï ¢ë¯ãª«ëå ¢¢¥àå äãªæ¨© logx ¨ log logx ¯®-
«ãç ¥¬, çâ® ª®«¨ç¥áâ¢® ¡¨â®¢, § âà ç¥ëå   ª®¤¨à®¢ ¨¥ ¢á¥£® á«®¢ 
x, §  ¨áª«îç¥¨¥¬ ¯¥à¢ëå ¢å®¦¤¥¨© ª ¦¤®© ¡ãª¢ë ¥ ¯à¥¢ëè ¥â

kX
i=1

ri

ri�1X
j=1

1

ri
(log(tj+1 � tj) + 2log log(tj+1 � tj)) + 3n �

3n+n

kX
i=1

ri

n
log

n

ri
+2n

kX
i=1

ri

n
log log

n

ri
� n(3+2 log log k)+n

kX
i=1

ri

n
log

n

ri
:

�®£¤  ¨§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢  ¯®«ãç ¥¬

1

n
jf(x)j � F (x) � 2 log logk + 3 +

C0(k)
n

;

£¤¥ C0(k) | áâ®¨¬®áâì ª®¤¨à®¢ ¨ï ¯¥à¢ëå ¢å®¦¤¥¨© k ¡ãª¢  «ä ¢¨-
â  A. �§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢  ¨ ãâ¢¥à¦¤¥¨ï 1.4 ¤«ï ¯à®¨§¢®«ì-
®£® S 2 S ¨¬¥¥¬

Rn(f; S) = Cn(f; S)�H(S) � 1

n

X
x2An

p(x)jf(x)j�
X
x2An

p(x)F (x)+
k � 1

n ln 2
�

2 log log k + 3 +
C0(k) + (k � 1) log e

n
:

�®£¤  R(f;S) = lim supn!1Rn(f;S) � 2 log log k+3. �¥®à¥¬  ¤®ª §  .

4.4. �å¥¬  ª®¤¨à®¢ ¨ï �¥¬¯¥« {�¨¢ 

� 1977 ¨ 1978 £. �. �¥¬¯¥«®¬ ¨ �. �¨¢®¬ ¡ë«¨ ¯à¥¤«®¦¥ë ¤¢ 
¬¥â®¤  ã¨¢¥àá «ì®£® ª®¤¨à®¢ ¨ï. �  áâ®ïé¥¥ ¢à¥¬ï ¨§¢¥áâ® ¬®-
¦¥áâ¢® ¬®¤¨ä¨ª æ¨© íâ¨å  «£®à¨â¬®¢. �¨¦¥ ¡ã¤ãâ ®¯¨á ë ¤¢  ¨á-
å®¤ëå ¬¥â®¤  ¨ ¬®¤¨ä¨ª æ¨ï, ¯à¥¤«®¦¥ ï �. �. �¥«ç¥¬ ¢ 1984 £.

�ãáâì A = fa1; : : : ; akg | ¥ª®â®àë©  «ä ¢¨â ¨ x 2 An. �¥à¥§ xrl
®¡®§ ç¨¬ á«®¢®, á®áâ®ïé¥¥ ¨§ ¡ãª¢ á«®¢  x = ai1 : : :ain ,  ç¨ ï á l-®©
¨ § ª ç¨¢ ï r-®©, â. ¥. xrl = ail : : :air . �å¥¬  ª®¤¨à®¢ ¨ï, ¯à¥¤«®-
¦¥ ï �. �¥¬¯¥«®¬ ¨ �. �¨¢®¬ ¢ 1977 £. (¢ ¤ «ì¥©è¥¬ ¨¬¥ã¥¬ ï
LZ77) á®áâ®¨â ¢ à §¤¥«¥¨¨ ª®¤¨àã¥¬®£® á«®¢  xn1 2 An   ¯®¤á«®¢  �i,
i = 1 : : :m ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã. �ãáâì  ç «® á«®¢  xn1 ã¦¥ à §-
¤¥«¥®   ¯®¤á«®¢ , â® ¥áâì ¯à¥¤áâ ¢«ï¥â á®¡®© ª®ª â¥ æ¨î ¯®¤á«®¢
�1�2 : : :�i ¨ xn1 = �1 : : :�ix

n
li
. �ë¡¥à¥¬ á«¥¤ãîé¥¥ ¯®¤á«®¢® �i+1 = xrili
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ª ª  ¨¡®«¥¥ ¤«¨®¥  ç «® ®áâ âª  xnli , ª®â®à®¥ ã¦¥ ¢áâà¥ç « áì ¢

xri�11 , â® ¥áâì
�i+1 = xrili = xni+ri�lini

;

£¤¥ ni < li. �®¤®¬ ª ¦¤®£® ¯®¤á«®¢  �i+1 ¡ã¤¥â ¯ à  ç¨á¥« (ni; ri �
li + 1). � ¯à¨¬¥à, á«®¢® (a1a2)a2a1a2a1a1a2a1a2a1a2 à §¤¥«ï¥âáï  
¯®¤á«®¢  a2; a1a2; a1; a1a2a1; a2a1a2 ¨ ª®¤¨àã¥âáï ¯®á«¥¤®¢ â¥«ì®áâìî
¯ à ç¨á¥« (2; 1); (1; 2); (1;1); (4;3); (3; 3). �¥à¢®¥ ç¨á«® ¢ ª ¦¤®© ¯ à¥
æ¥«¥á®®¡à §® § ¯¨áë¢ âì ¢ ¤¢®¨ç®¬ ¢¨¤¥ á ¨á¯®«ì§®¢ ¨¥¬ à®¢®
blog lic+1 ¡¨â®¢, ¢â®à®¥ ¬®¦® ª®¤¨à®¢ âì ¯à®¨§¢®«ìë¬ ¯à¥ä¨ªáë¬
ª®¤®¬ ç¨á¥«  âãà «ì®£® àï¤ .

�å¥¬  ª®¤¨à®¢ ¨ï, ¯à¥¤«®¦¥ ï �. �¥¬¯¥«®¬ ¨ �. �¨¢®¬ ¢
1978 £®¤ã (¢ ¤ «ì¥©è¥¬ ¨¬¥ã¥¬ ï LZ78) ®â«¨ç ¥âáï ®â ®¯¨á -
®© ¢ëè¥ â¥¬, çâ®   ª ¦¤®¬ è £¥ ¢ë¡¨à ¥âáï  ¨¡®«¥¥ ¤«¨®¥
 ç «® ®áâ âª  xnli , ª®â®à®¥ á®¢¯ ¤ ¥â á ¥ª®â®àë¬ ã¦¥ ¢ë¤¥«¥-
ë¬ ¯®¤á«®¢®¬ �j, j < i, ¨ ª ¥¬ã ¤®¡ ¢«ï¥âáï ¥é¥ ®¤  ¡ã-
ª¢ , â® ¥áâì �i+1 = �japi . �®¤®¬ ¯®¤á«®¢  �i+1 ¡ã¤¥â ¯ à  ç¨á¥«
(j; pi). � ¯à¨¬¥à, á«®¢® a2a1a2a1a1a2a1a2a1 à §¤¥«ï¥âáï   ¯®¤á«®¢ 
a2; a1; a2a1; a1a2; a1a2a1 ¨ ª®¤¨àã¥âáï ¯®á«¥¤®¢ â¥«ì®áâìî ¯ à ç¨á¥«
(0; 2); (0; 1); (1; 1); (2; 2); (4;1).

�®¤¨à®¢ ¨¥ f , ¯®áâà®¥®¥ ¯® áå¥¬¥ LZ78, ®¯à¥¤¥«¨¬ ª ª ¯®á«¥-
¤®¢ â¥«ì®áâì ¯ à ç¨á¥« (ji; pi), ¯à¨ç¥¬ ¯¥à¢®¥ ç¨á«® ¯ àë § ¯¨á ®
¢ ¤¢®¨ç®¬ ¢¨¤¥ á ¨á¯®«ì§®¢ ¨¥¬ di = blog ic + 1 ¡¨â®¢,   ¢â®à®¥ |
d = blog kc + 1 ¡¨â®¢. �. ¥. ¥á«¨ x = �1 : : :�m, â® ª®¤¨à®¢ ¨¥, ¯®áâà®-
¥®¥ ¯® áå¥¬¥ LZ78, ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬

f(x) = Bd1 (j1)Bd(p1)Bd2 (j2)Bd(p2) : : :Bdm (jm)Bd(pm):

�®£¤ 

jf(x)j �
mX
i=1

(log i + log k + 2) � m(logm+ logk + 2): (4:15)

�®¤¨ä¨ª æ¨ï �¥«ç  | LZW ®â«¨ç ¥âáï ®â LZ78 â¥¬, çâ®  
ª ¦¤®¬ è £¥ ¢ë¡¨à ¥âáï �i+1 â ª, çâ®¡ë �i+1 = �japi , j < i,
£¤¥ api | ¯¥à¢ ï ¡ãª¢  ¯®¤á«®¢  �j+1, â® ¥áâì api ¥¯®áà¥¤áâ¢¥-
® á«¥¤ã¥â §  �j ¢ á«®¢¥ xn1 . �®¤®¬ ¯®¤á«®¢  �i+1 ¡ã¤¥â ç¨-
á«® j. � ¯à¨¬¥à, á«®¢® (a2)(a1)a2a1a2a1a1a2a1a2a1 à §¤¥«ï¥âáï   ¯®¤-

á«®¢  a2a1; a2a1; a1a2; a1a2a1 ¨ ª®¤¨àã¥âáï ¯®á«¥¤®¢ â¥«ì®áâìî ç¨á¥«
1; 1; 2; 5.

�æ¥¨¬ ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï ¯® áå¥¬¥ LZ78.
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�¥®à¥¬  4.3. �ãáâì S | ¬®¦¥áâ¢® ¨áâ®ç¨ª®¢ �¥àã««¨ á  «ä -
¢¨â®¬ A = fa1; : : : ; akg ¨ f | ª®¤¨à®¢ ¨¥, ¯®áâà®¥®¥ ¯® áå¥¬¥
LZ78 14. �®£¤  R(f;S) = 0.

�®ª § â¥«ìáâ¢®. �æ¥¨¬ í¬¯¨à¨ç¥áªãî íâà®¯¨î á«®¢  x 2 An.
�ãáâì a0 6= ai, £¤¥ i = 1 : : :k. � áá¬®âà¨¬ á«®¢® x̂ = �̂1:::�̂m, £¤¥
�̂i = �ia0. �«®¢® x̂ ®â«¨ç ¥âáï ®â x â¥¬, çâ® ¯®¤á«®¢  �i à §¤¥«¥ë ¢
¥¬ ¡ãª¢ ¬¨ a0, ª®â®àë¥ ¨£à îâ à®«ì § ¯ïâ®©. � áá¬®âà¨¬ ¬®¦¥áâ¢®
T = f� : [1:::m]! [1:::m]�¢§ ¨¬®®¤®§ ç®g ¯¥à¥áâ ®¢®ª ¤«¨ë m.
�á¥ á«®¢  y(� ) = �̂�(1):::�̂�(m) à §«¨çë, ¯®áª®«ìªã ¢ á®®â¢¥âáâ¢¨¨ á®
áå¥¬®© LZ78 ¢á¥ á«®¢  �i ¯®«ãç îâáï à §«¨çë¬¨ ¨ ¥ á®¤¥à¦ â ¤®¡ -
¢®ç®© ¡ãª¢ë a0.

�®«¨ç¥áâ¢® à §«¨çëå ¯¥à¥áâ ®¢®ª y(� ) ¥ ¯à¥¢®áå®¤¨â ç¨á«  ¢á¥-
¢®§¬®¦ëå à §«¨çëå ¯¥à¥áâ ®¢®ª ¡ãª¢ ¢ á«®¢¥ x̂, â® ¥áâì

m! � (n+ r0)!

r0!r1!r2!:::rk!
;

£¤¥ ri | ª®«¨ç¥áâ¢® ¢ª«îç¥¨© ¡ãª¢ë ai, i = 0 : : :k, ¢ á«®¢¥ x̂. �ç¨âë-
¢ ï, çâ® r0 = m ¨ ª®«¨ç¥áâ¢® ¢ª«îç¥¨© ¡ãª¢ë ai, i = 1 : : :k, ¢ á«®¢ å
x̂ ¨ x á®¢¯ ¤ ¥â, ¨§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢  ¨ ãâ¢¥à¦¤¥¨ï 1.5 ¨¬¥¥¬

F (x) � 1

n
log

n!

r1!r2!:::rk!
� 1

n
log

n!(m!)2

(m + n)!
: (4:16)

�§ ä®à¬ã«ë �â¨à«¨£  á«¥¤ã¥â, çâ®

log
n!(m!)2

(m + n)!
� m logm �m log

n

m
�C0m;

£¤¥ C0 > 0 | ¥ª®â®à ï ¯®áâ®ï ï. �®£¤  ¨§ (4.15), (4.16) ¨ ¯à¥¤ë¤ã-
é¥£® ¥à ¢¥áâ¢  ¨¬¥¥¬

1

n
jf(x)j � F (x) � m

n
log

n

m
+ (C0 + 2 + log k)

m

n
:

�«ï ¯à®¨§¢®«ì®£® ¨áâ®ç¨ª  S 2 S ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ ãâ¢¥à-
¦¤¥¨ï 1.4 ¯®«ãç ¥¬ ¥à ¢¥áâ¢ 

Rn(f; S) = Cn(f; S) �H(S) � 1

n

X
x2An

p(x)jf(x)j�

14�¥®à¥¬  4.3 ¢¥à  â ª¦¥ ¤«ï áå¥¬ ª®¤¨à®¢ ¨ï LZ77, LZW ¨ ¬ àª®¢áª¨å

¨áâ®ç¨ª®¢.
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�
X
x2An

p(x)F (x) +
k � 1

n ln 2
� m

n
log

n

m
+ C

m

n
;

£¤¥ C > 0 | ¥ª®â®à ï ¯®áâ®ï ï.
�®áª®«ìªã ¤«¨ë ¯®¤á«®¢ j�ij ! 1 ¯à¨ i ! 1, â® m

n
! 0 ¯à¨

n!1. �®£¤  ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  § ª«îç ¥¬, çâ® Rn(f; S) ! 0
¯à¨ n!1. �®áª®«ìªã ¨áâ®ç¨ª S 2 S ¯à®¨§¢®«ìë©, â® R(f;S) = 0.
�¥®à¥¬  ¤®ª §  .

5. �¥à¥¤ ç  á®®¡é¥¨© ¯® ª  « ¬ á¢ï§¨,

¤®¯ãáª îé¨¬ ®è¨¡ª¨

5.1. �  « á¢ï§¨ ¨ ¥£® ¯à®¯ãáª ï á¯®á®¡®áâì

� íâ®© £« ¢¥ ¬ë à áá¬®âà¨¬ ¯à®¡«¥¬ã ¯¥à¥¤ ç¨ á®®¡é¥¨©, â. ¥.
á«®¢, ¯®à®¦¤¥ëå ¥ª®â®àë¬ ¨áâ®ç¨ª®¬, ¯® ¤®¯ãáª îé¥¬ã ®è¨¡-
ª¨ ª  «ã á¢ï§¨. � ¨¡®«¥¥ ¯à®áâë¬ á¯®á®¡®¬ ¡®àì¡ë á ®è¨¡ª ¬¨ ¯à¨
¯¥à¥¤ ç¥ á®®¡é¥¨© ï¢«ï¥âáï ¬®£®ªà â®¥ ¯®¢â®à¥¨¥ ¯¥à¥¤ ®© ¡ã-
ª¢ë. � ¯à¨¬¥à, ¢¬¥áâ® 01101 ¬®¦® ¯¥à¥¤ ¢ âì 000111111000111. � -
ª®© ¬¥â®¤ ¥íää¥ªâ¨¢¥, ¯®áª®«ìªã ¢ ¥áª®«ìª® à § ã¢¥«¨ç¨¢ ¥â ¤«¨-
ã á®®¡é¥¨ï. � è¥© § ¤ ç¥© ï¢«ï¥âáï ¯®áâà®¥¨¥ ª®¤¨à®¢ ¨ï, á ®¤-
®© áâ®à®ë, ã¬¥ìè îé¥£® ¢®§¬®¦®áâì ¨áª ¦¥¨ï á®®¡é¥¨ï ¯à¨
¯¥à¥¤ ç¥,   á ¤àã£®© áâ®à®ë, ¥ á«¨èª®¬ ã¤«¨ïîé¥£® á®®¡é¥¨¥.
�ää¥ªâ¨¢ë¥ ¬¥â®¤ë ª®¤¨à®¢ ¨ï ¡ã¤ãâ ¯à¥¤«®¦¥ë ¨¦¥,   ¢ ç -
«¥ ¬ë à áá¬®âà¨¬ ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì ¨áª ¦¥¨ï á®®¡é¥¨©.

�¨áªà¥âë¬ ª  «®¬ (á¢ï§¨) L  §ë¢ ¥âáï ¯ à  ¨§  «ä ¢¨â  A =
fa1; : : : ; akg   ¢å®¤¥ ª  «  ¨  «ä ¢¨â  B = fb1; : : : ; bmg   ¢ëå®¤¥
ª  «  á  ¡®à®¬ ¢¥à®ïâ®áâ¥© p(yjx) ¯®«ãç¥¨ï á®®¡é¥¨ï y 2 Bn

¯à¨ ¯¥à¥¤ ç¥ á®®¡é¥¨ï x 2 An.
�á«¨ á®®¡é¥¨ï   ¢å®¤¥ ª  «  ¯®à®¦¤ îâáï ¥ª®â®àë¬ ¨áâ®ç¨-

ª®¬ SA á  «ä ¢¨â®¬ A, â® á®®¡é¥¨ï   ¢ëå®¤¥ ª  «  ¬®¦® áç¨-
â âì ¯®à®¦¤¥ë¬¨ ¨áâ®ç¨ª®¬ SB = L(SA), £¤¥ ¢¥à®ïâ®áâì ¯®à®-
¦¤¥¨ï ¨áâ®ç¨ª®¬ SB á®®¡é¥¨ï y ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥: p(y) =P

x2A�
p(yjx)p(x).

�¨áªà¥âë© ª  «  §ë¢ ¥âáï ª  «®¬ ¡¥§ ¯ ¬ïâ¨, ¥á«¨

p(bi1 : : : bin jaj1 : : : ajn) =
nY
t=1

p(bitjajt)

¤«ï ¯à®¨§¢®«ìëå á«®¢ bi1 : : : bin ¨ aj1 : : : ajn .
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�  « ¡¥§ ¯ ¬ïâ¨ ¯®«®áâìî ®¯à¥¤¥«ï¥âáï  «ä ¢¨â ¬¨ A   ¢å®-
¤¥, B   ¢ëå®¤¥ ª  «  ¨ ¬ âà¨æ¥© P ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© pij =
p(bijaj). �á«¨ m = k ¨ P | ¥¤¨¨ç ï ¬ âà¨æ , â® ª  « ¥ ¨áª ¦ ¥â
á®®¡é¥¨ï. � ¬¥â¨¬, çâ® ¥á«¨ L| ª  « ¡¥§ ¯ ¬ïâ¨ ¨ SA | ¨áâ®ç¨ª
�¥àã««¨, â® ¨ SB = L(SA) ï¢«ï¥âáï ¨áâ®ç¨ª®¬ �¥àã««¨.

�à®¯ãáª®© á¯®á®¡®áâìî ª  «  ¡¥§ ¯ ¬ïâ¨ L  §ë¢ ¥âáï ¢¥«¨ç¨-
 

c(L) = sup I(SA; SB);

£¤¥ sup ¡¥à¥âáï ¯® ¢á¥¬ ¨áâ®ç¨ª ¬ �¥àã««¨ SA á  «ä ¢¨â®¬ A,  
SB = L(SA).

� ¤ «ì¥©è¥¬ ¬ë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ ª  «®¢ ¡¥§ ¯ ¬ïâ¨ á
 «ä ¢¨â ¬¨ ¨§ ¤¢ãå ¡ãª¢   ¢å®¤¥ ¨ ¢ëå®¤¥ ª  « . �¢®¨çë© ª  «
¡¥§ ¯ ¬ïâ¨  §ë¢ ¥âáï á¨¬¬¥âà¨çë¬, ¥á«¨ ¬ âà¨æ  P ¯¥à¥å®¤ëå
¢¥à®ïâ®áâ¥© á¨¬¬¥âà¨ç .

�â¢¥à¦¤¥¨¥ 5.1. �ãáâì L | á¨¬¬¥âà¨çë© ª  « ¡¥§ ¯ ¬ïâ¨ á
 «ä ¢¨â ¬¨ A = fa0; a1g   ¢å®¤¥ ¨ B = fb0; b1g   ¢ëå®¤¥ ª  « .
�ãáâì p(b0ja0) = p(b1ja1) = p, â®£¤  c(L) = 1+p logp+(1�p) log(1�p).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© ¨áâ®ç¨ª �¥àã««¨ SA
á  «ä ¢¨â®¬ A = fa0; a1g ¨ SB = L(SA). �ãáâì p(a1) = q ¨ p(a0) = 1�q,
â®£¤ 

p(b1) = p(a1)p(b1ja1) + p(a0)p(b1ja0) = pq + (1� p)(1� q);

p(b0) = 1� p(b1) = p+ q � 2pq:

�§ ®¯à¥¤¥«¥¨ï ãá«®¢®© íâà®¯¨¨ ¨¬¥¥¬

H(SB ja0) = H(SB ja1) = �p log p� (1� p) log(1 � p)

¨

H(SB jSA) = p(a0)H(SB ja0)+p(a1)H(SB ja1) = �p logp�(1�p) log(1�p):
(5:1)

�® ®¯à¥¤¥«¥¨î ¨ä®à¬ æ¨¨ ¨¬¥¥¬ I(SA ; SB) = H(SB) � H(SB jSA):
� ¨§ ãâ¢¥à¦¤¥¨ï 1.1 á«¥¤ã¥â, çâ® maxH(SB) = 1 ¤®áâ¨£ ¥âáï ¯à¨
p(b0) = p(b1) = 1=2. �®£¤  ¨§ (5.1) ¨ ®¯à¥¤¥«¥¨ï ¨ä®à¬ æ¨¨ ¯®«ãç ¥¬

c(L) = maxI(SA; SB) = 1 + p logp+ (1� p) log(1� p):
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�â¢¥à¦¤¥¨¥ ¤®ª § ®.

5.2. �¥®à¥¬  ª®¤¨à®¢ ¨ï �¥® 

�ãáâì S | áâ æ¨® àë© ¨áâ®ç¨ª á  «ä ¢¨â®¬ A = fa0; a1g,   L|
ª  « ¡¥§ ¯ ¬ïâ¨ á  «ä ¢¨â ¬¨ A = fa0; a1g   ¢å®¤¥ ¨ B = fb0; b1g
  ¢ëå®¤¥ ª  « . �è¨¡ª®© ¯¥à¥¤ ç¨ ¡ã¤¥¬  §ë¢ âì ¯®«ãç¥¨¥ ¡ã-
ª¢ë b1 ¯à¨ ¯¥à¥¤ ç¥ ¡ãª¢ë a0 ¨ ¯®«ãç¥¨¥ b0 ¯à¨ ¯¥à¥¤ ç¥ ¡ãª¢ë a1.
�¡®§ ç¨¬ ç¥à¥§ q(L; S) áà¥¤îî ¢¥à®ïâ®áâì ®è¨¡ª¨ ¯à¨ ¯¥à¥¤ ç¥ ¯®
ª  «ã L á®®¡é¥¨© ¨áâ®ç¨ª  S:

q(L; S) = p(a0)p(b1ja0) + p(a1)p(b0ja1): (5:2)

� ¬¥ç ¨¥ 5.1. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ®
q(L; S) � 1=2.

� ¯à®â¨¢®¬ á«ãç ¥ ¬®¦® ¯®¬¥ïâì ¬¥áâ ¬¨ ¡ãª¢ë b0 ¨ b1, ¯®á«¥ ç¥£®
áà¥¤ïï ¢¥à®ïâ®áâì ®è¨¡ª¨ ¯¥à¥¤ ç¨ áâ ¥â à ¢®© 1� q(L; S).

�¥®à¥¬  5.1. (�¡à é¥¨¥ â¥®à¥¬ë ª®¤¨à®¢ ¨ï) 15. �ãáâì L | ª -
 « ¡¥§ ¯ ¬ïâ¨ á  «ä ¢¨â ¬¨ A = fa0; a1g   ¢å®¤¥ ¨ B = fb0; b1g  
¢ëå®¤¥ ª  «  ¨ 1 � c1 > c(L). �®£¤   ©¤¥âáï " > 0 â ª®¥, çâ® ¤«ï
ª ¦¤®£® áâ æ¨® à®£® ¨áâ®ç¨ª  SA á  «ä ¢¨â®¬ A ¨ íâà®¯¨¥©
H(SA) � c1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® q(L; SA) > ".

�®ª § â¥«ìáâ¢®. �ãáâì S0A | ¨áâ®ç¨ª �¥àã««¨ á  «ä ¢¨â®¬ A,
¯®à®¦¤ îé¨© ¡ãª¢ë a0 ¨ a1 á â¥¬¨ ¦¥ ¢¥à®ïâ®áâï¬¨, çâ® ¨ ¨áâ®ç¨ª
SA. �§ ä®à¬ã«ë (5.2) ¢¨¤®, çâ® q(L; S0A) = q(L; SA). �¢¥¤¥¬ ®¡®§ -
ç¥¨ï p1 = p(a0jb1) ¨ p0 = p(a1jb0). �®£¤ 

q(L; SA) = p(a0)p(b1ja0) + p(a1)p(b0ja1) =

= p(a0b1) + p(a1b0) = p(b1)p1 + p(b0)p0:

�ãáâì h(x) = �x logx � (1 � x) log(1 � x). �§ ®¯à¥¤¥«¥¨ï ãá«®¢®©
íâà®¯¨¨ ¨¬¥¥¬

H(S0Ajb0) = �p0 logp0 � (1� p0) log(1� p0) = h(p0);

H(S0Ajb1) = �p1 logp1 � (1� p1) log(1� p1) = h(p1);

15�¥®à¥¬  5.1 ¡ë«  ¤®ª §   �. �. � ® ¢ 1952 £. � «®£¨ç ï â¥®à¥¬  á¯à ¢¥¤-

«¨¢  ¤«ï ¨áâ®ç¨ª®¢ á ª®¥çë¬  «ä ¢¨â®¬ ¨ ¤«ï è¨à®ª®£® ª« áá  ¤¨áªà¥âëå

ª  «®¢ (á¬. [3]).
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H(S0AjSB) = p(b0)h(p0) + p(b1)h(p1);

£¤¥ SB = L(S0A).
�ãªæ¨ï h(x) ¢ë¯ãª«  ¢¢¥àå   ¨â¥à¢ «¥ (0; 1), â ª ª ª h00(x) =

� 1
x ln 2 +

1
(x�1) ln 2 < 0. �®£¤  ¨§ ¥à ¢¥áâ¢  �¥á¥  á«¥¤ã¥â, çâ®

H(S0AjSB) � h(p(b0)p0 + p(b1)p1) = h(q(L; SA)):

�§ ®¯à¥¤¥«¥¨ï ¯à®¯ãáª®© á¯®á®¡®áâ¨ ª  «  ¨ á«¥¤áâ¢¨ï 1.1 ¯®«ã-
ç¨¬ ¥à ¢¥áâ¢ 

c(L) � I(S0A; SB) = H(S0A) �H(S0AjSB) � H(SA)� h(q(L; SA)):

�®£¤ 
h(q(L; SA)) � c1 � c(L);

¯à¨ç¥¬ 0 < c1 � c(L) � 1 ¨§ ãá«®¢¨ï â¥®à¥¬ë ¨ 0 � q(L; SA) � 1=2
¨§ § ¬¥ç ¨ï 5.1. �ãªæ¨ï h(x) ¬®®â®® ¢®§à áâ ¥â   ¨â¥à¢ «¥
(0; 1=2) ¨ ¯à¨¨¬ ¥â ¢á¥¢®§¬®¦ë¥ § ç¥¨ï ¢ ¨â¥à¢ «¥ (0; 1). �®-
£¤  ¤«ï ®¡à â®© äãªæ¨¨ h�1(y) ¯®«ãç ¥¬ ¥à ¢¥áâ¢® q(L; SA) �
h�1(c1 � c(L)) = " > 0. �¥®à¥¬  ¤®ª §  .

�ã¤¥¬  §ë¢ âì à ¢®¡«®çë¬ ª®¤¨à®¢ ¨¥¬ ¨ê¥ªâ¨¢®¥ ®â®¡à -
¦¥¨¥ f : Dm ! En. �ãáâì SD | ¥ª®â®àë© áâ æ¨® àë© ¨áâ®ç¨ª,
¯®à®¦¤ îé¨© á«®¢  x 2 D�. �®¦¥áâ¢® f(x) 2 E� ¤¢®¨çëå á«®¢ á ¢¥-
à®ïâ®áâï¬¨ p(f(x)jf(y)) = p(xjy) ®¯à¥¤¥«ï¥â áâ æ¨® àë© ¨áâ®ç¨ª
Ŝ = f(SD) á  «ä ¢¨â®¬ E. �®áª®«ìªã f | ¨ê¥ªâ¨¢ ï äãªæ¨ï, â®
f(x) 2 En ¬®¦® ®¤®§ ç® ®¯à¥¤¥«¨âì ¯® x 2 Dm ¨  ®¡®à®â. �®£¤ 
á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

H(S1D : : : SmD jŜ1 : : : Ŝn) = H(Ŝ1 : : : ŜnjS1D : : :SmD ) = 0:

�§ ãâ¢¥à¦¤¥¨ï 1.2 ¨ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯®«ãç ¥¬, çâ®
H(Ŝ1 : : : Ŝn) = H(S1D : : :SmD ) ¨ H(Ŝ1 : : : Ŝkn) = H(S1D : : :SkmD ) ¤«ï æ¥«ëå
k > 0. �®£¤  ¨§ ®¯à¥¤¥«¥¨ï íâà®¯¨¨ ¨áâ®ç¨ª  ¨ ãâ¢¥à¦¤¥¨ï 3.2
¨¬¥¥¬

H(SD) = lim
k!1

1

km
H(S1D : : :SkmD ) = lim

k!1
n

kmn
H(Ŝ1 : : : Ŝkn) =

n

m
H(Ŝ);

â. ¥.
H(SD) = C(f; S)H(Ŝ):16 (5:3)

16�®à¬ã«  (5.3)   «®£¨ç  ä®à¬ã«¥ 3 ¨§ ãâ¢¥à¦¤¥¨ï 3.3 ¨ á¯à ¢¥¤«¨¢  ¤«ï

¯à®¨§¢®«ì®£® ¡«®ç®£® ª®¤¨à®¢ ¨ï.
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�à¥¤¯®«®¦¨¬, çâ® ¬ë ª®¤¨àã¥¬ à ¢®¡«®çë¬ ª®¤¨à®¢ ¨¥¬ f á®-
®¡é¥¨ï, ¯®à®¦¤¥ë¥ áâ æ¨® àë¬ ¨áâ®ç¨ª®¬ S, ¨ ¯¥à¥¤ ¥¬ ª®¤®-
¢ë¥ á«®¢  ¯® ª  «ã ¡¥§ ¯ ¬ïâ¨ L. �®£¤  ¨§ â¥®à¥¬ë 5.1 ¨ à ¢¥áâ¢ 
(5.3) ¯®«ãç ¥¬ á«¥¤áâ¢¨¥.

�«¥¤áâ¢¨¥ 5.1. �ãáâì 1 � c1 > c(L), â®£¤   ©¤¥âáï â ª®¥ " > 0,
çâ® ¤«ï ª ¦¤®£® ¨áâ®ç¨ª  S, íâà®¯¨ï ª®â®à®£® ã¤®¢«¥â¢®àï¥â ¥-
à ¢¥áâ¢ã C(f; S) � H(S)=c1, áà¥¤ïï ¢¥à®ïâ®áâì ®è¨¡ª¨ ¯à¨ ¯¥à¥-
¤ ç¥ ª®¤®¢®£® á¨¬¢®«  ¥ ¬¥ìè¥ ".

�¤ ª® ®è¨¡ª¨ ¯à¨ ¯¥à¥¤ ç¥ ª®¤®¢ëå á¨¬¢®«®¢ ¥é¥ ¥ ®§ ç îâ ¥-
¢®§¬®¦®áâ¨ ¯à ¢¨«ì®£® ¤¥ª®¤¨à®¢ ¨ï á®®¡é¥¨©. � ¯à¨¬¥à, ¥á«¨
à ¢®¡«®ç®¥ ª®¤¨à®¢ ¨¥ f : E ! E3 ¯à®áâ® ãâà ¨¢ ¥â ¢á¥ á¨¬¢®«ë
(f(0) = 000; f(1) = 111), â® ®¤¨®çë¥ ®è¨¡ª¨ ¯à¨ ¯¥à¥¤ ç¥ ª®¤®¢ëå
á«®¢ ¬®£ãâ ¡ëâì ¨á¯à ¢«¥ë. � áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ à ¢®¡«®ç®¥
ª®¤¨à®¢ ¨¥ f : Dm ! En. �¡®§ ç¨¬ ç¥à¥§ F (x) � En ¬®¦¥áâ¢®
¢á¥å ¤¢®¨çëå á«®¢ ¤«¨ë n, ª®â®àë¥ ¤¥ª®¤¨àãîâáï ª ª x. �à¥¤ïï
¢¥à®ïâ®áâì q(f; L; S) ®è¨¡ª¨, ª®â®à ï ¡ã¤¥â ¤®¯ãé¥  ¯à¨ ¯¥à¥¤ ç¥ ¯®
ª  «ã L á«®¢, ¯®à®¦¤¥ëå ¨áâ®ç¨ª®¬ S ¨ § ª®¤¨à®¢ ëå ª®¤®¬
f , ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬

q(f; L; S) =
X
x2Dm

p(x)

� X
y 62F (x)

p(yjf(x))
�
:

�«¥¤ãîé ï â¥®à¥¬  ãâ¢¥à¦¤ ¥â, çâ® ¢®§¬®¦   ¤¥¦ ï ¯¥à¥¤ -
ç  á®®¡é¥¨© ¨áâ®ç¨ª  S ¯® ¤®¯ãáª îé¥¬ã ®è¨¡ª¨ ª  «ã L, ¥á«¨
á®®¡é¥¨ï ¨áâ®ç¨ª  S ¯à¥¤¢ à¨â¥«ì® á¯¥æ¨ «ìë¬ ®¡à §®¬ § ª®¤¨-
à®¢ ë.

�¥®à¥¬  5.2. (�¥®à¥¬  ª®¤¨à®¢ ¨ï �¥® ) 17. �ãáâì L | ª  «
¡¥§ ¯ ¬ïâ¨, 0 < c1 < c(L), S | áâ æ¨® àë© ¨áâ®ç¨ª. �®£¤  ¤«ï
¯à®¨§¢®«ì®£® " > 0  ©¤¥âáï à ¢®¡«®ç®¥ ª®¤¨à®¢ ¨¥ f â ª®¥, çâ®
C(f; S) � H(S)=c1 ¨ q(f; L; S) < ".

�®¤à®¡®¥ ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [3].

17�¥®à¥¬  5.2 ¡ë«  áä®à¬ã«¨à®¢   �. �¥®®¬ ¢ 1948 £., ¯¥à¢®¥ áâà®£®¥ ¤®ª -

§ â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¡ë«® ¤ ® �. � ©áâ¥©®¬ ¢ 1954 £.
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5.3. �®¤ë, ¨á¯à ¢«ïîé¨¥ ®è¨¡ª¨

�¥®à¥¬  ª®¤¨à®¢ ¨ï �¥®  ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ¨¥ ª®¤¨à®-
¢ ¨ï, ®¡¥á¯¥ç¨¢ îé¥£®  ¤¥¦ãî ¯¥à¥¤ çã á®®¡é¥¨©, ® ¥ ¯à¥¤-
« £ ¥â ª®áâàãªâ¨¢®£® á¯®á®¡  ¯®áâà®¥¨ï â ª®£® ª®¤¨à®¢ ¨ï. �®-
áª®«ìªã á®®¡é¥¨ï, ¯®à®¦¤ ¥¬ë¥ ¨áâ®ç¨ª®¬ S á ¯à®¨§¢®«ìë¬  «ä -
¢¨â®¬, ¬®¦® § ª®¤¨à®¢ âì ¤¢®¨çë¬¨ á«®¢ ¬¨, â® ¤®áâ â®ç® ®£à ¨-
ç¨âìáï à áá¬®âà¥¨¥¬ à ¢®¡«®ç®£® ª®¤¨à®¢ ¨ï ¢¨¤  f : Em ! En,
£¤¥ m � n. � ª®¥ ª®¤¨à®¢ ¨¥  §ë¢ îâ (n;m)-ª®¤¨à®¢ ¨¥¬ 18. �®-
¤ë, ®¡¥á¯¥ç¨¢ îé¨¥  ¤¥¦ãî ¯¥à¥¤ çã á®®¡é¥¨© ¯® ª  «ã á¢ï§¨,
 §ë¢ îâ ª®¤ ¬¨, ¨á¯à ¢«ïîé¨¬¨ ®è¨¡ª¨ . �§¢¥áâë ª®¤ë, ¨á¯à -
¢«ïîé¨¥ ®è¨¡ª¨ à §«¨ç®£® â¨¯ , ® ¬ë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬
(n;m)-ª®¤®¢, ¨á¯à ¢«ïîé¨å ®¤¨®çë¥ ¨«¨ ªà âë¥ ®è¨¡ª¨ ¢ ª®¤®¢ëå
á«®¢ å.

�®¢®àïâ, çâ® (n;m)-ª®¤¨à®¢ ¨¥ f ¨á¯à ¢«ï¥â l ®è¨¡®ª, ¥á«¨ áãé¥-
áâ¢ã¥â  «£®à¨â¬, ¯®§¢®«ïîé¨© ®¯à¥¤¥«¨âì ¯¥à¥¤ ®¥ ª®¤®¢®¥ á«®¢®
f(x) 2 En, ª®£¤  ¢ ¥¬ ¥ ¡®«¥¥ l ¤¢®¨çëå § ª®¢ ¨§¬¥¥ë   ¯à®â¨-
¢®¯®«®¦ë¥.

� ¨¡®«¥¥ ¯à®áâë¬¨ ¯à¨¬¥à ¬¨ ª®¤®¢, ¨á¯à ¢«ïîé¨å ®è¨¡ª¨,
ï¢«ïîâáï ª®¤ë á ¯à®¢¥àª®©   ç¥â®áâì. � áá¬®âà¨¬ (u1; u2; u3) 2 E3;
®¯à¥¤¥«¨¬ ç¨á«  u4; u5; u6 2 E â ª, çâ®¡ë áã¬¬ë s1 = u1 + u2 + u4,
s2 = u1 + u3 + u5 ¨ s3 = u2 + u3 + u6 ¡ë«¨ ç¥âë¬¨. �¡¥¤¨¬áï, çâ®
ª®¤¨à®¢ ¨¥ f : E3 ! E6, á®¯®áâ ¢«ïîé¥¥ âà®©ª ¬ (u1; u2; u3) è¥áâ¥à-
ª¨ (u1; u2; u3; u4; u5; u6) ¯® ãª § ®¬ã ¯à ¢¨«ã, ¨á¯à ¢«ï¥â ®¤¨®çë¥
®è¨¡ª¨. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯à®¨§®©¤¥â ®è¨¡ª  ¢ á¨¬¢®«¥ u1, â® áã¬-
¬ë s1 ¨ s2 áâ ãâ ¥ç¥âë¬¨, ¥á«¨ ¢ á¨¬¢®«¥ u2 | â® s1 ¨ s3 áâ ãâ
¥ç¥âë¬¨, ¢ u3 | s2 ¨ s3, ¢ u4 | s1, ¢ u5 | s2, ¢ u6 | s3. �. ¥.
¢á¥ ®¤¨®çë¥ ®è¨¡ª¨ ¯à¨¢®¤ïâ ª à §ë¬ ¨§¬¥¥¨ï¬ ç¥â®áâ¨ áã¬¬
s1, s2 ¨ s3 ¨, § ç¨â, ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥ë ¨ ¨á¯à ¢«¥ë. �è¨¡ªã
áà §ã ¢ ¤¢ãå á¨¬¢®« å ã¦¥ ¥ ã¤ ¥âáï ¨á¯à ¢¨âì. � ¯à¨¬¥à, ®è¨¡ªã ¢
á¨¬¢®« å u4 ¨ u5 ¥«ì§ï ®â«¨ç¨âì ®â ®è¨¡ª¨ ¢ u1. �  à¨ä¬¥â¨ª¥ ¯® ¬®-
¤ã«î 2 ª®¤¨à®¢ ¨¥ f § ¯¨áë¢ ¥âáï ¯à®é¥: u4 = u1 + u2, u5 = u1 + u3
¨ u6 = u2 + u3. � ¤ «ì¥©è¥¬ ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¢á¥ ®¯¥à æ¨¨ á
í«¥¬¥â ¬¨ En ¯à®¢®¤ïâáï ¯® ¬®¤ã«î 2.

�®®¡é¥ (n;m)-ª®¤¨à®¢ ¨¥ á ¯à®¢¥àª®©   ç¥â®áâì ®¯à¥¤¥«ï¥âáï
á¨áâ¥¬®© à ¢¥áâ¢ v = f(u):

vi = ui ¯à¨ 1 � i � m;

vi+m = bi1u1 + bi2u2 + : : :+ bimum (5:4)

18(n;m)-ª®¤®¬ ®¡ëç®  §ë¢ îâ ¬®¦¥áâ¢® ª®¤®¢ëå á«®¢.

62



¯à¨ 1 � i � n � m ¨ bij 2 E. �. ¥. ª ¦¤®¥ ª®¤®¢®¥ á«®¢® v 2 f(Em)
ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨© 19

bi1v1 + bi2v2 + : : :+ bimvm + vi+m = 0;

£¤¥ 1 � i � n�m ¨«¨ Bv = 0, £¤¥ B |¬ âà¨æ  à §¬¥à®áâ¨ (n�m)�n,

B =

0
BB@

b11 b12 : : : b1m 1 0 : : : 0
b21 b22 : : : b2m 0 1 : : : 0
: : : : : : : : : : : : : : : : : : : : : : : :

bn�m1 b22 : : : bn�mm 0 0 : : : 1

1
CCA :

� âà¨æ  B  §ë¢ ¥âáï ¯à®¢¥à®ç®© ¬ âà¨æ¥© ª®¤¨à®¢ ¨ï f , ¯¥à-
¢ë¥ m á¨¬¢®«®¢ ª®¤  | v1 : : : vm  §ë¢ îâáï | ¨ä®à¬ æ¨®ë¬¨,  
®áâ «ìë¥ n�m á¨¬¢®«®¢ | vm+1 : : : vn |  §ë¢ îâáï ¯à®¢¥à®çë¬¨.

�ãáâì á«®¢® v0 2 En ®â«¨ç ¥âáï ®â ª®¤®¢®£® á«®¢  v 2 En i-ë¬
¤¢®¨çë¬ § ª®¬, â®£¤  v0+v = ei, £¤¥ ei | ¢¥ªâ®à ¨§ ã«¥© ¨ ¥¤¨¨æë
  i-®¬ ¬¥áâ¥. �§ «¨¥©®áâ¨ ®¯¥à æ¨¨ ã¬®¦¥¨ï ¬ âà¨æ ¯®«ãç ¥¬
à ¢¥áâ¢®

Bv0 = Bv0 +Bv = Bei = bi;

£¤¥ bi | i-ë© áâ®«¡¥æ ¬ âà¨æë B. �á«¨ ¢á¥ áâ®«¡æë bi, i = 1 : : :n ¬ -
âà¨æë B à §«¨çë ¬¥¦¤ã á®¡®© ¨ ®â«¨çë ®â ã«¥¢®£® áâ®«¡æ , â® ¬ë
¢á¥£¤  ¬®¦¥¬ ®¯à¥¤¥«¨âì, ¢ ª ª®¬ á¨¬¢®«¥ ª®¤®¢®£® á«®¢  ¤®¯ãé¥ 
®è¨¡ª , ¨ ¨á¯à ¢¨âì ¥¥.

�â¢¥à¦¤¥¨¥ 5.2. �á«¨ n � m � log(n + 1), â®  ©¤¥âáï (n;m)-ª®¤,
¨á¯à ¢«ïîé¨© ®¤¨®çë¥ ®è¨¡ª¨.

�®ª § â¥«ìáâ¢®. �§ áª § ®£® ¢ëè¥ ïá®, çâ® (n;m)-ª®¤ f , ®¯à¥¤¥-
«¥ë© á¨áâ¥¬®© ãà ¢¥¨© (5.4), ¨á¯à ¢«ï¥â ®¤¨®çë¥ ®è¨¡ª¨, ¥á«¨
¢á¥ áâ®«¡æë ¥£® ¯à®¢¥à®ç®© ¬ âà¨æë à §«¨çë¥ ¨ ¥ã«¥¢ë¥. � -
ª¨¬ ®¡à §®¬, ¤®áâ â®ç® ¤®ª § âì áãé¥áâ¢®¢ ¨¥ ¬ âà¨æë à §¬¥à®-
áâ¨ (n�m)�n, ¢á¥ áâ®«¡æë ª®â®à®© ¥ã«¥¢ë¥ ¨ à §«¨çë¥. �ç¥¢¨¤®,
jEn�mj = 2n�m, â. ¥. ¨¬¥¥âáï 2n�m � 1 à §«¨çëå ¥ã«¥¢ëå áâ®«¡-
æ®¢ ¤«¨ë n �m. �®áª®«ìªã ¥à ¢¥áâ¢® 2n�m � 1 � n íª¢¨¢ «¥â®
¥à ¢¥áâ¢ã n�m � log(n+ 1), â® ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

� ª ç¥áâ¢¥ áâ®«¡æ  bi ¯à®¢¥à®ç®© ¬ âà¨æë B ã¤®¡® ¢ë¡à âì
Bn�m(i) | ¤¢®¨çãî § ¯¨áì ç¨á«  i, ¨á¯®«ì§ãîéãî à®¢® n�m ¡¨â®¢.

19�¯¥à æ¨¨ + ¨ - ¢  à¨ä¬¥â¨ª¥ ¯® ¬®¤ã«î 2 á®¢¯ ¤ îâ.
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�á«¨ v|ª®¤®¢®¥ á«®¢® ¨ v0+v = ei, â®, ã¬®¦ ï ¬ âà¨æã B   áâ®«¡¥æ
v0, áà §ã ¯®«ãç ¥¬ ®¬¥à ¯®§¨æ¨¨, ¢ ª®â®à®© ¯à®¨§®è«  ®è¨¡ª :

Bv0 = B(v0 + v) = Bei = Bn�m(i):

�à¨ â ª®¬ ®¯à¥¤¥«¥¨¨ ¬ âà¨æë B ¯à®¢¥à®çë¥ ¨ ¨ä®à¬ æ¨®ë¥
á¨¬¢®«ë à á¯®«®¦¥ë ¢ ¡¥á¯®àï¤ª¥, ® íâ® ¥ ãá«®¦ï¥â ª®¤¨à®¢ ¨¥.
� ¯à¨¬¥à, ¯à®¢¥à®ç®© ¤«ï (7; 4)-ª®¤  ï¢«ï¥âáï ¬ âà¨æ 

B =

0
@ 0 0 0 1 1 1 1

0 1 1 0 0 1 1
1 0 1 0 1 0 1

1
A :

1-©, 2-© ¨ 4-© á¨¬¢®«ë | ¯à®¢¥à®çë¥,   ®áâ «ìë¥ | ¨ä®à¬ -
æ¨®ë¥. � ¯à¨¬¥à, ª®¤®¬ á«®¢  1011 ï¢«ï¥âáï á«®¢® v = 0110011
(¯à®¢¥à®çë¥ á¨¬¢®«ë ¯®¤ç¥àªãâë). �ãáâì ¯®«ãç¥® á®®¡é¥¨¥ v0 =
0010011, â®£¤  Bv0 = 010, â. ¥. ®è¨¡ª  ¢® ¢â®à®¬ á¨¬¢®«¥.

�®¤ë á ¯à®¢¥àª®©   ç¥â®áâì, ¯à®¢¥à®ç ï ¬ âà¨æ  ª®â®àëå á®-
¤¥à¦¨â ¢á¥ ¢®§¬®¦ë¥ ¥ã«¥¢ë¥ áâ®«¡æë ( ª ª ¢ ¯à¨¬¥à¥ ¢ëè¥),  -
§ë¢ îâáï ª®¤ ¬¨ �í¬¬¨£ .

5.4. �à ¨æë �í¬¬¨£  ¨ � àè ¬®¢ {�¨«ì¡¥àâ 

� íâ®¬ ¯ãªâ¥ ¬ë ¢ëïá¨¬, ¯à¨ ª ª¨å § ç¥¨ïå m;n ¨ l ¬®£ãâ
áãé¥áâ¢®¢ âì (n;m)-ª®¤ë, ¨á¯à ¢«ïîé¨¥ l ®è¨¡®ª.

�ãáâì v; u 2 En, â®£¤  à ááâ®ï¨¥¬ �í¬¬¨£  ¬¥¦¤ã v ¨ u  -
§ë¢ ¥âáï ¢¥«¨ç¨  d(u; v), à ¢ ï ç¨á«ã ¯®§¨æ¨©, ¢ ª®â®àëå á«®¢  u

¨ v ®â«¨ç îâáï. � ¬¥â¨¬, çâ® ª®¤¨à®¢ ¨¥, ¨á¯à ¢«ïîé¥¥ l ®è¨¡®ª,
¤¥ª®¤¨àã¥â á«®¢® v 2 En â ª ¦¥, ª ª ¨ ª®¤®¢®¥ á«®¢® u 2 En, ¥á«¨
d(u; v) � l.

�¥®à¥¬  5.3. (£à ¨æ  �í¬¬¨£ ). �«ï ª ¦¤®£® (n;m)-ª®¤ , ¨á¯à -
¢«ïîé¥£® l ®è¨¡®ª, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

n �m � log(

lX
i=0

Ci
n):

�®ª § â¥«ìáâ¢®. �ãáâì f | ¥ª®â®à®¥ (n;m)-ª®¤¨à®¢ ¨¥ ¨ x 2 Em.
�¡®§ ç¨¬ ç¥à¥§ F (x) � En ¬®¦¥áâ¢® á«®¢, ª®â®àë¥ ¤¥ª®¤¨àãîâáï
ª ª x. �¡®§ ç¨¬ ç¥à¥§ F i(x) � En ¬®¦¥áâ¢® á«®¢ ¤«¨ë n, ®â«¨ç î-

é¨åáï ®â á«®¢  f(x) ¢ i ¯®§¨æ¨ïå, â. ¥. F i(x) = fy 2 En : d(f(x); y) = ig.
�®áª®«ìªã f ¨á¯à ¢«ï¥â l ®è¨¡®ª, â® F i(x) � F (x) ¯à¨ 0 � i � l. �à®¬¥
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â®£®, F i(x) \ F j(x) = ; ¯à¨ i 6= j ¨ jF i(x)j = Ci
n. �®£¤ 

jF (x)j �
lX

i=0

jF i(x)j =
lX

i=0

Ci
n: (5:5)

�á®, çâ® ¥á«¨ x 6= x0, â® F (x) \ F (x0) = ;, ¨ ¨§ ¥à ¢¥áâ¢  (5.5)
¯®«ãç ¥¬

2n �
X
x2Em

jF (x)j � 2m
lX

i=0

Ci
n:

�âáî¤  á«¥¤ã¥â ¨áª®¬®¥ ¥à ¢¥áâ¢®

n �m � log(

lX
i=0

Ci
n):

�¥®à¥¬  ¤®ª §  .
�§ â¥®à¥¬ë 5.3 ¨ ãâ¢¥à¦¤¥¨ï 5.2 á«¥¤ã¥â, çâ® (n;m)-ª®¤, ¨á¯à -

¢«ïîé¨© ®¤¨®çë¥ ®è¨¡ª¨, áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
n�m � log(1 + n).

�¥®à¥¬  5.4. (£à ¨æ  � àè ¬®¢ {�¨«ì¡¥àâ ) 20. �á«¨

n�m � log(

2l�1X
i=0

Ci
n);

â®  ©¤¥âáï (n;m)-ª®¤, ¨á¯à ¢«ïîé¨© l ®è¨¡®ª.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ áãé¥áâ¢®¢ ¨¥ (n;m)-ª®¤  á ¯à®¢¥àª®©
  ç¥â®áâì, ¨á¯à ¢«ïîé¥£® l ®è¨¡®ª. �«ï íâ®£® ¤®áâ â®ç® ¯®áâà®¨âì
¬ âà¨æã B à §¬¥à®áâ¨ (n�m)�n, ®¡« ¤ îéãî á«¥¤ãîé¨¬ á¢®©áâ¢®¬:
¥á«¨ u 2 En | ª®¤®¢oe á«®¢o ¨ v 6= v0 â ª®¢ë, çâ® d(u; v) � l ¨ d(u; v0) �
l, â® Bv 6= Bv0. �â® ¯®§¢®«¨â ®¯à¥¤¥«¨âì ¯à®¨§¢®«ìë¥ l0 � l ®è¨¡®ª ¢
¯à®¨§¢®«ì®¬ ª®¤®¢®¬ á«®¢¥.

�á®, çâ® Bu0 =
Pl0

i=1 bij , £¤¥ bij | áâ®«¡æë ¬ âà¨æë B ¨ ij |
®¬¥à  ¯®§¨æ¨©, ¢ ª®â®àëå á«®¢® u0 ¨ ª®¤®¢®¥ á«®¢® u ®â«¨ç îâáï.
�«¥¤®¢ â¥«ì® ¤®áâ â®ç® ¯®áâà®¨âì ¬®¦¥áâ¢® Un � En�m áâ®«¡æ®¢

¬ âà¨æë B, ã¤®¢«¥â¢®àïîé¥¥ á¢®©áâ¢ ¬:

20�¥®à¥¬  5.4 ¤®ª §   �. �. � àè ¬®¢ë¬ ¢ 1957 £.
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1) jUnj = n;
2) bi 6= 0, bi 6= bj ¯à¨ i 6= j, £¤¥ bi 2 Un;

3)
Pl1

j=1 bij 6=
Pl2

k=1 bik , £¤¥ l1; l2 � l, bi 2 Un ¨  ¡®àë ¨¤¥ªá®¢ fijg ¨
fikg à §«¨çë.

�ãáâì U � En, ®¡®§ ç¨¬ ç¥à¥§ L(U ) ¬®¦¥áâ¢® ¢á¥¢®§¬®¦ëå
áã¬¬ ¨§ ¥ ¡®«¥¥ ç¥¬ 2l � 1 í«¥¬¥â®¢ ¬®¦¥áâ¢  U , â. ¥.

L(U ) = f
l0X

k=1

bik : bik 2 U; 0 � l0 � 2l � 1g:

�®£¤ 

jL(U )j �
2l�1X
i=0

Ci
jUj: (5:6)

�ã¤¥¬ áâà®¨âì ¬®¦¥áâ¢  Uk, jUkj = k, k � n, ®¡« ¤ îé¨¥ á¢®©áâ¢ ¬¨
2 ¨ 3, ¯® ¨¤ãªæ¨¨. �®«®¦¨¬ U1 = fe1g. �ãáâì ¯®áâà®¥® ¬®¦¥áâ¢®
Uk, k < n. �®£¤  ¨§ ¥à ¢¥áâ¢ (5.6) ¨ 2n�m � P2l�1

i=0 Ci
n ¨ ¨§ ãá«®¢¨ï

â¥®à¥¬ë ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

jL(Uk)j �
2l�1X
i=0

Ci
k �

2l�1X
i=0

Ci
n � 2n�m:

� ª¨¬ ®¡à §®¬,  ©¤¥âáï ¢¥ªâ®à bk+1 2 En�mnL(Uk). �ç¥¢¨¤®, ¬®-
¦¥áâ¢® Uk+1 = Uk [ fbk+1g ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2. �§ ®¯à¥¤¥«¥¨ï

L(Uk) á«¥¤ã¥â, çâ® bk+1 6=
Pl0

k=1 bik ¯à¨ 0 � l0 � 2l � 1. �®£¤ 

bk+1 +

l1X
j=1

bij 6=
l2X
k=1

bik;

£¤¥ l1 � l � 1 ¨ l2 � l, â. ¥. ¬®¦¥áâ¢® Uk+1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 3.
�à¨ k = n� 1 Uk+1 = Un | ¨áª®¬®¥ ¬®¦¥áâ¢®. �¥®à¥¬  ¤®ª §  .
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� ¤ ç¨

1. �ãáâì A ¨ B | à §¡¨¥¨ï; ¤®ª § âì, çâ®:
 ) ¥á«¨ A ¨ B | ¥§ ¢¨á¨¬ë, â® H(AjB) = H(A) ¨ I(A;B) = 0;
¡) ¥á«¨ A � B, â® H(B) � H(A), H(AjB) = 0 ¨ I(A;B) = H(A).

2. �ãáâì A, B ¨ C | à §¡¨¥¨ï; ¤®ª § âì ãâ¢¥à¦¤¥¨ï:
 ) H(ABjC) = H(AjC) +H(BjAC);
¡) H(BAjCA) � H(BjC);
¢) I(BC;A) + I(B;C) = I(AC;B) + I(A;C);
£) ¨§ I(A;BC) = I(A;B) á«¥¤ã¥â, çâ® I(C;AB) = I(C;B);
¤) ¥á«¨ A ¨ B ¥§ ¢¨á¨¬ë, â® I(AB;C) � I(A;C) + I(B;C).

3. �ãáâì A;B;C;D | à §¡¨¥¨ï, ¯à¨ç¥¬ AD ¨ BC ¥§ ¢¨á¨¬ë, C ¨
D ¥§ ¢¨á¨¬ë, â®£¤  H(ABjCD) = H(AjD) +H(BjC).
4. �ãáâì A = fA1; A2g ¨ B = fB1; B2g| à §¡¨¥¨ï, ¢ëç¨á«¨âì I(A;B)
¥á«¨

 ) p(A1B1) = 1=8, p(A1B2) = 1=16, p(A2B1) = 3=16, p(A2B2) = 10=16;
¡) p(B1) = 2=3, p(B2) = 1=3, p(A1jB1) = 1=4, p(A1jB2) = 3=4,
p(A2jB1) = 3=4, p(A2jB2) = 1=4;
¢) p(B1) = 2=3, p(B2) = 1=3, p(A1jB1) = 1=2, p(A1jB2) = 1,
p(A2jB1) = 1=2, p(A2jB2) = 0.

5. � ©â¨ ª®¤ë El, Lev, St2 ¨ St3 ç¨á¥«
 ) 7, ¡) 12, ¢) 74, £) 69, ¥) 134.

6. � ©â¨ ç¨á«® x, ¥á«¨
 )El(x) = 001010001; ¡)El(x) = 0011000101;
¢)Lev(x) = 111100001101; £)Lev(x) = 11101110;
¤)St2(x) = 101100111; ¥)St2(x) = 110001000000100;
¦)St3(x) = 1001010011; §)St3(x) = 1010100001110:

7. � ©â¨  ¡®à  âãà «ìëå ç¨á¥« x1; x2; : : :, ¥á«¨
 ) El(x) = 0110000101100100100000010100100110;
¡) Lev(x) = 1110000111100001001111010001101.

8. �®áâà®¨âì ª®¤ �¥®  ¨ ¢ëç¨á«¨âì áâ®¨¬®áâì ª®¤¨à®¢ ¨ï ¤«ï
¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ®áâï¬¨ ¡ãª¢

 ) 0,4; 0,2; 0,2; 0,1; 0,1;
¡) 0,3; 0,2; 0,15; 0,15; 0,1; 0,1 .

9. �®áâà®¨âì ª®¤ë �¥® {� ® ¨ � ää¬   ¨ ¢ëç¨á«¨âì áâ®¨¬®-
áâ¨ ª®¤¨à®¢ ¨ï ¤«ï ¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ®áâï¬¨ ¡ãª¢

 ) 0,4; 0,1; 0,1; 0,1; 0,1; 0,1; 0,1; ¡) 0,3; 0,3; 0,15; 0,15; 0,1;
¢) 0,3; 0,2; 0,2; 0,15; 0,15; £) 0,4; 0,25; 0,1; 0,1; 0,1; 0,05 .
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10. �®áâà®¨âì ª®¤ �¨«ì¡¥àâ {�ãà  ¨ ¢ëç¨á«¨âì áâ®¨¬®áâì ª®¤¨à®¢ -
¨ï ¤«ï ¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ®áâï¬¨ ¡ãª¢ (¡ãª¢ë ã¯®àï¤®ç¥-
ë ¯® ¢®§à áâ ¨î ®¬¥à®¢)

 ) 0,1; 0,4; 0,2; 0,1; 0,2;
¡) 0,1; 0,25; 0,3; 0,25; 0,1.

11. �®áâà®¨âì ª®¤ë �¥®  ¨ � ää¬   ¨ ¢ëç¨á«¨âì ¨§¡ëâ®ç®áâì
ª®¤¨à®¢ ¨ï ¤«ï ¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ®áâï¬¨ ¡ãª¢

 ) 1/4; 1/4; 1/8; 1/8; 1/16; 1/16; 1/16; 1/16;
¡) 7/16; 5/16; 3/16; 1/16.

12. �®ª § âì, çâ® ¤«ï ª®¤®¢ � ää¬   ¨ �¥® {� ® ¥à ¢¥áâ¢®
�à äâ  ¯à¥¢à é ¥âáï ¢ à ¢¥áâ¢®.
13. �à¨¢¥áâ¨ ¯à¨¬¥à ¨áâ®ç¨ª  �¥àã««¨, ¨¬¥îé¥£® ª®¤ë � ää¬  
á à §«¨çë¬¨  ¡®à ¬¨ ¤«¨ ª®¤®¢ëå á«®¢.
14. �ëç¨á«¨âì íâà®¯¨î ¬ àª®¢áª®£® ¨áâ®ç¨ª  ¯¥à¢®£® ¯®àï¤ª , ¥á«¨
§ ¤   ¬ âà¨æ  P ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (pij = p(aijaj)):

 ) P =

0
@ 1=2 1 1=4

1=4 0 0
1=4 0 3=4

1
A; ¡) P =

0
@ 2=3 0 1=2

1=6 2=3 1=2
1=6 1=3 0

1
A;

¢) P =

0
@ 1=3 1=6 1=2

2=3 1=3 0
0 1=2 1=2

1
A; £) P =

0
@ 1=2 1=3 1=2

1=4 1=3 1=2
1=4 1=3 0

1
A.

15. �®áâà®¨âì ¡«®çë© ª®¤ � ää¬   á ¡«®ª ¬¨ ¤«¨®© 3 ¨ ¢ë-
ç¨á«¨âì ¥£® ¨§¡ëâ®ç®áâì ¤«ï ¨áâ®ç¨ª®¢ �¥àã««¨ á ¢¥à®ïâ®áâï¬¨
¡ãª¢

 ) p(a1) = 8=9, p(a2) = 1=9;
¡) p(a1) = 6=7, p(a2) = 1=7.

16. �®áâà®¨âì ¡«®çë¥ ª®¤ë � ää¬   á ¡«®ª ¬¨ ¤«¨®© 2 ¤«ï ¨á-
â®ç¨ª®¢ ¨§ § ¤ ç¨ 14, ¢ëç¨á«¨âì áâ®¨¬®áâì ª®¤¨à®¢ ¨ï.
17. �®áâà®¨âì ¡«®çë© ª®¤ � ää¬   á ¡«®ª ¬¨ ¤«¨®© 3 ¤«ï ¬ àª®¢-
áª®£® ¨áâ®ç¨ª  ¯¥à¢®£® ¯®àï¤ª  á ¬ âà¨æ¥© ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

P =

�
1=3 3=4
2=3 1=4

�
. �ëç¨á«¨âì ¨§¡ëâ®ç®áâì ª®¤¨à®¢ ¨ï.

18. �®áâà®¨âì ª®¤¨à®¢ ¨¥ �®¤ ª  á ¤«¨®© ª®¤®¢®£® á«®¢  m = 2 ¨
¢ëç¨á«¨âì áâ®¨¬®áâì ª®¤¨à®¢ ¨ï ¤«ï ¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ-
®áâï¬¨ ¡ãª¢

 ) p(a1) = 3=10, p(a2) = 7=10;
¡) p(a1) = 2=5, p(a2) = 3=5.

19. �®áâà®¨âì ª®¤¨à®¢ ¨¥ �®¤ ª  á ¤«¨®© ª®¤®¢®£® á«®¢  m = 3 ¨
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¢ëç¨á«¨âì áâ®¨¬®áâì ª®¤¨à®¢ ¨ï ¤«ï ¨áâ®ç¨ª  �¥àã««¨ á ¢¥à®ïâ-
®áâï¬¨ ¡ãª¢

 ) p(a1) = 1=3, p(a2) = 2=3;
¡) p(a1) = 1=4, p(a2) = 3=4;
¢) p(a1) = 1=8, p(a2) = 7=8.

20. � ©â¨  à¨ä¬¥â¨ç¥áª¨© ª®¤ (t = 4) á«®¢  x, ¯®à®¦¤¥®£® ¨áâ®ç-
¨ª®¬ �¥àã««¨, á ¢¥à®ïâ®áâï¬¨ ¡ãª¢

 ) p(a1) = p(a3) = 1=4; p(a2) = p(a4) = p(a5) = 1=6; x = a5a4a4;
¡) p(a1) = p(a3) = 1=4; p(a2) = p(a4) = p(a5) = 1=6; x = a3a2a1;
¢) p(a1) = p(a2) = 1=6; p(a3) = p(a4) = 1=3; x = a1a2a4a4;
£) p(a1) = p(a2) = 1=6; p(a3) = p(a4) = 1=3; x = a3a1a1a4.

21. �¯à¥¤¥«¨âì á«®¢®, ¯®à®¦¤¥®¥ ¨áâ®ç¨ª®¬ ¨§ § ¤ ç¨ 20, ), ¥á«¨
 à¨ä¬¥â¨ç¥áª¨© ª®¤ (t = 4) á«®¢  | 01010001.
22. �¯à¥¤¥«¨âì á«®¢®, ¯®à®¦¤¥®¥ ¨áâ®ç¨ª®¬ ¨§ § ¤ ç¨ 20,¢), ¥á«¨
 à¨ä¬¥â¨ç¥áª¨© ª®¤ (t = 4) á«®¢  | 11100101.
23. � ª®¤¨à®¢ âì (¢ ¢¨¤¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ æ¥«ëå ç¨á¥«) ¨â¥à¢ «ì-
ë¬ ª®¤¨à®¢ ¨¥¬, ª®¤¨à®¢ ¨¥¬ "áâ®¯ª  ª¨£" ¨ ª®¤¨à®¢ ¨¥¬ IFC
á«®¢®

 ) (ABCD)AABCADABBC; ¡) (ABCD)BDAAACCACDB;
¢) (ABCD)BACACCDADA; £) (ABCD)DADCCACCABD.

24. �¥ª®¤¨à®¢ âì § ª®¤¨à®¢ ®¥ "áâ®¯ª®© ª¨£" á«®¢® ¢  «ä ¢¨â¥ ¨§
ç¥âëà¥å ¡ãª¢:

 ) 0102231313; ¡) 1320332000.
25. � ¯®¬®éìî áå¥¬ë ª®¤¨à®¢ ¨ï LZ77 ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®á«¥¤®-
¢ â¥«ì®áâ¨ ¯ à æ¥«ëå ç¨á¥« á«®¢®

 ) (01)00110010110; ¡) (01)11010101010101.
26. � ¯®¬®éìî áå¥¬ë ª®¤¨à®¢ ¨ï LZ78 ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®á«¥¤®-
¢ â¥«ì®áâ¨ ¯ à æ¥«ëå ç¨á¥« á«®¢®

 ) 00110001011; ¡) 11010101010.
27. � ¯®¬®éìî áå¥¬ë ª®¤¨à®¢ ¨ï LZW ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®á«¥¤®-
¢ â¥«ì®áâ¨ æ¥«ëå ç¨á¥« á«®¢®

 ) (0,0,1,1)010110011; ¡) (1,1,0,0)111010100.
28. � ©â¨ ¯à®¯ãáªãî á¯®á®¡®áâì ª  «  ¡¥§ ¯ ¬ïâ¨ á ¬ âà¨æ¥© P

¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

 ) P =

�
1 1=3
0 2=3

�
; ¡) P =

0
@ 1� p� q q

p p

q 1� p� q

1
A;
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¢) P =

0
@ 1� p p 0

0 1� p p

p 0 1� p

1
A.

29. �ãáâì (7,4)-ª®¤ ¨¬¥¥â ¯à®¢¥à®çãî ¬ âà¨æã

B =

0
@ 0 0 0 1 1 1 1

0 1 1 0 0 1 1
1 0 1 0 1 0 1

1
A :

�à¨ ãá«®¢¨¨, çâ® ¯à¨ ¯¥à¥¤ ç¥ ¡ë«® ¤®¯ãé¥® ¥ ¡®«¥¥ ®¤®© ®è¨¡ª¨,
®¯à¥¤¥«¨âì ª®¤®¢®¥ á«®¢®, ¥á«¨ ¯®«ãç¥®

 ) 1101011; ¡) 1011010;
¢) 1001011; £) 0100011.

30. �®áâà®¨âì ¯à®¢¥à®çãî ¬ âà¨æã (6,3)-ª®¤ , ¨á¯à ¢«ïîé¥£® ®¤¨-
®çë¥ ®è¨¡ª¨.
31. �®áâà®¨âì ¯à®¢¥à®çãî ¬ âà¨æã (9,5)-ª®¤ , ¨á¯à ¢«ïîé¥£® ®¤¨-
®çë¥ ®è¨¡ª¨.
32. �®áâà®¨âì ¯à®¢¥à®çãî ¬ âà¨æã (8,2)-ª®¤ , ¨á¯à ¢«ïîé¥£® ¤¢®©-
ë¥ ®è¨¡ª¨.
33. �®áâà®¨âì ¯à®¢¥à®çãî ¬ âà¨æã (10,3)-ª®¤ , ¨á¯à ¢«ïîé¥£® ¤¢®©-
ë¥ ®è¨¡ª¨.
34. �®ª § âì, çâ® ¤«ï áª®«ì ã£®¤® ¬ «®£® " > 0  ©¤¥âáï ª®¤ f ,
¨á¯à ¢«ïîé¨© l ®è¨¡®ª, á® áâ®¨¬®áâìî ª®¤¨à®¢ ¨ï ¥ ¯à¥¢ëè îé¥©
1 + ".
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