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Preface

Feedback processes abound in nature and, over the last few decades, the word feedback, like
compurer, has found its way into our language far more pervasively than most others of technological
origin. The conceptual framework far the theory of feedback and that of the discipline in which it s
embedded —control systems engineering-have developed only since World War I1. When our first
edition was published, in 1967, the subject of linear continuous-time (or anafsg) control systems had
already attained a high level of maturity, and it was {(and remains) often designated classical control by
the cenoscienti. This was also the early development period for the digital computer and discrete-time
data control processes and applications, during which courses and books 1n “sampled-data” control
systemns became more prevalent. Computer-controlled and digital control systems are now the terminol-
ogy of choice for control systems that include digital computers or microprocessors.

[n this second edition, as in the first, we present a concise, yet quite comprehensive, treatment of
the fundamentals of feedback and comirol system theory and applications, for engineers, physical,
hiological and behavioral scientists, economists, mathematicians and students of these disciplines.
Knowledge of basic calculus, and some physics are the only prerequisites. The necessary mathematical
tools beyond calculus, and the physical and nonphysical principles and models used in applications, are
developed throughout the text and in the numerous solved problems.

We have modernized the material in several significant ways in this new edition. We have first of all
inciuded discrete-time (digilal) data signals, elements and control systems throughout the book,
primarily in conjunction with treatments of their continuous-time {analog) counterparts, rather than in
separate chapters or sections. In contrast, these subjects have for the most part heen maintained
pedagogically distinct in most other textbooks. Wherever possible, we have integrated these subjects, at
the introductory level, in a uniffed exposition of continuous-time and discrete-time control system
concepts. The emphasis remains on continuous-time and linear control systems, particularly in the
solved prcblems, but we believe our approach takes much of the mystique out of the methodologic
differences between the analog and digital control systemn worlds. In addition, we have updated and
modernized the nomenclature, introduced state variable representations (tnodels) and used them in a
strengthened chapter introducing nonlinear control systems, as well as in a substantially modernized
chapter introducing advanced control systems concepls. We have also solved numerous analog and
digital control system analysis and design problems using special purpose computer software. illustrat-
ing the power and facility of these new tools.

The book is designed for use as a text in a formal course, as a supplement to other textbooks, as a
reference or as a self-study manual. The quite comprehensive index and highly struzctured format should
facilitate use by any type of readership, Each new topic is introduced either by section or by chapter,
and each chapter concludes with numerous solved problems consisting of extensions and proofs of the
theory, and applications from various fields.

Los Angeles, Irvine and JosepH J. DisTEFANO, 111
Redondo Beach, California ALLEN R. STUBBERUD
March, 1990 IVAN 1, WILLIAMS
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Chapter 1

Introduction

1.1 CONTROL SYSTEMS: WHAT THEY ARE

In modern usage the word sysrem has many meanings. So let us hegin by defining what we mean
when we use this word in this book, first abstractly then slightly more specifically in relation to scientific
literature.

Definition 1.1a: A system is an arrangement, set, or collection of things connected or related in such
a manner as to form an entirety or whole.

Definition 1.1b: A system is an arrangement of physical components connected or related in such a
manner as to form and/or act as an entive unit.

The word control is usually taken to mean regulate, direct, or convmand, Combining the above
definitions, we have

Definition 1.2: A control system is an arrangement of physical components connected or related in
such a manner as to cornmand, direct, or regulate itself or another system.

In the most abstract sense it 1s possible to consider every physical object a control system.
Everything alters its environment in some manner, if not actively then passively—like a mircor direcring
a beam of light shining on it at some acute angle. The mirror (Fig. 1-1} may be considered an
elementary control system, controlling the beam of light according to the simple equation ““the angle of
reflection & equals the angle of incidence o.”

Reflected P
Reflected Beam N /
: efle
Il;:::?‘ Beam — i — Mirror
~
')', ~ Light
Source
/ p " —T— Adjustable
Light ~ { > 8 | - ——=—- Serew
Source L S i ~ ‘.:
:?‘ ~ o ’1“ 7 Mirror 77 A AL
{ \\./ ) f % Reference ///
I ; .‘-iurf:ls'«// ; 1.
- - o)
Fig. 1-1 Fig. 1-2

In engineering and science we usually restrict the meaning of control systems to apply to those
systems whose major {unction is to dynramically or actively command, direct, or regulate. The system
shown in Fig. 1-2, consisting of a mirror pivoted at one end and adjusted up and down with a screw at
the other end. is properly termed a conrrof system. The angle of reftected light is regulated by means of
the screw,

It is important to note, however, that control systems of interest for analysis or design purposes
include not only those manufactured by humans, but those that normally exist in nature, and control
systems with both manufactured and natural components.

1



2 INTRODUCTION [CHAP. 1

1.2 EXAMPLES OF CONTROL SYSTEMS

Control systems abound in our environment. But before exemplifying this, we define two terms:
input and outpur, which help in identifying, delineating, or defining a control system.

Defmition 1.3: The input is the stimulus, excitation or command applied fo a control system,
typically from an external energy source, usually in order to produce a specified
response from the control system.

Definition 1.4: The output is the actual response obtained from a control system. It may or may not
be equal to the specified response implied by the input.

Inputs and oufputs can have many different forms. Inputs, for example, may be physical variables,
or more abstract quantities such as reference, setpoint, or desired values for the output of the control
system.

The purpose of the control system wsually identifies or defines the output and input. [f the output
and inpul are given, it is possible to identify, delineate, or define the nature of the system components.

Control systems may have more than one input or output. Often all inputs and outputs are well
defined by the system description. But sometimes they are not. For exampie, an atmospheric electrical
storm may intermitlently interfere with radio reception, producing an unwanted output from a
loudspeaker in the form of static. This “noise™ output is part of the total output as defined above, but
for the purpose of simply identifying a system, spuricus inputs producing undesirable outputs are not
normally considered as inputs and outputs in the system description. However, it is usually necessary to
carefully consider these extra inputs and outputs when the system is examined in detail.

The terms input and cutput also may be used in the description of any type of system, whether or
not it is a control system, and a control system may be part of a larger system, in which case it is called

a subsystem or control subsystem. and its inputs and outputs may then be internal variables of the larger
system.

EXAMPLE 1.1. An efectric swirch is a manufactured control system, controlling the flow of electricity. By
definition, the apparatus or person flipping the switch is not a part of this control system.

Flipping the switck on or off may be considered as the input. That is, the input can be in one of two states, on
or off. The output 1s the flow or nonflow (two states) of electricity.

The electric switch is one of the most rudimentary control systems.

EXAMPLE 1.2. A thermostatically comtrolled heater or furnace awtomatically regulating the temperature of a room or
enclosure is a control system. The input to this system is a reference temperature, usually specificd by appropriately
setting a thermostat. The output is the actual temperature of the room or enclosure,

When the thermostat detects that the output is less than the input, the furnace provides heat vntil the
temperature of the enclosure becomes equal to the reference input. Then the furnace is automatically turned off.
When the temperature falls somewhalt below the reference temperature, the furnace is turned on again.

EXAMPLE 1.3. The seemingly simple act of peinting at an object with a finger requires a biological contro] system
consisting chiefly of the eyes, the arm, hand and finger, and the brain. The input is the precise directon of the
object (Inoving or not) with respect to some reference, and the output is the actual pointed direction with respect to
the same reference.

EXAMPLE 1.4. A part of the hurnan temperature control system is the perspiration system. When the temperature
of the air exterior 1o the skin becomes too high the sweat glands secrete heavily, inducing cooling of the skin by
evaporation, Secretions are reduced when the desired cooling effect is achieved, or when the air temperature falls
sufficiently.

The input to this system may be “normal” or comfortable skin lemperature, a “‘setpoini,” or the air
temperature, 2 physical variable. The output is the actual skin temperature.
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EXAMPLE 1.5. The control system consisting of @ person driving an antomobile has components which are clearty
both manufactured and biological. The driver wants Lo keep the automobile in the appropriate lane of the roadway.
He or she accomplishes this by constantly watching the direction of the automobile with respect to the direction of
the road. In this case, the direction or heading of the road, represented by the painted guide line or lines on either
side of the lane may be considered as the input. The heading of the automobile is the output of the system. The
driver controls this output by constantly measuring it with his or her eyes and brain, and correcting it with his or
her hands on the steering wheel. The major components of this control system are the driver's hands, eves and
brain, and the vehicle.

1.3 OPEN-LOOP AND CLOSED-LOOP CONTROIL SYSTEMS

Control systems are classified into two general categories: open-foop and closed-loop systems. The
distinction is determined by the control action, that quantity responsible for activating the system to
produce the output.

The term control action is classical in the control systems literacure, but the word acrion in this
expression does not always direcily imply change, motion, or activity. For example, the control action in
a system designed to have an object hit a target is usvally the disrance between the object and the 1arget.
Distance, as such, is not an action, but action (motion) is implied here, because the goal of such a
control system is to reduce this distance to zero.

Definition 1.5: An open-loop control system is one in which the control action is independent of the
output.
Definition 1.6: A closed-loop control systern is one in which the control action is somehow

dependent on the output.

Two outsianding features of open-loop control systems are:

1. Their ability to perform accurately is determined by their calibration. To calibrate means to
establish or reestablish the input-output relation to obtain a desired system accuracy.

2. They are not usually troubled with problems of insiability, a concept to be subsequently
discussed n detail.

Closed-loop control systems are more commonly called feedback control systems, and are consid-
ered in more detail beginning in the next section.

To classify a control system as open-loop or closed-loop, we must distinguish clearly the compo-
nents of the system from components that interact with but are not part of the system. For example, the
driver in Example 1.5 was defined as part of that control system, but a2 human operator may or may not
be a component of a system.

EXAMPLE 1.8. Most quromatic roasters are open-loop sysicms because they are controlled by a timer. The time
required lo make “good toast” must be estimated by the user, who is not part of the system. Control over the
quality of toast {the output) is removed once the time, which is both the input and the control action, has been set.
The time is typically set by means of a calibrated dial or switch.

EXAMPLE 1.7. An auropilor mechanism and the airplane it controls 15 a closed-loop (feedback) control systemn., Its
purpoese is to maintain a specified airplane heading, despitc atmospheric changes. It performs this task by
continuously measuring the actual airplane heading, and automaticatly adjusting the airplane control surfaces
(rudder, ailerons, etc) so as to bring the actual airplane heading into correspondence with the specified heading.
The human pilot or operator who presets the autopilot is not part of the control system.
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14 FEEDBACK

Feedback is that charactenistic of closed-loop control systems which distinguishes them from
open-loop systems.

Definition 1.7 Feedback is that property of a closed-loop system which permits the output (or
some other controlled variable) to be compared with the input to the system (or an
input to some other internally situated compenent or subsystem) so that the
apptopriate control action may be formed as some function of the output and input.

More generally, feedback is said to exist in a system when a closed sequence of cause-and-effect
relations exists between system variables.

EXAMPLE 1.8. The concept of feedback 15 clearly illustrated by the autopilot mechanism of Example 1.7. The
input is the specified heading, which may be set on a dial or other instrument of the airplane control pancl, and the
output is the actual heading, as determined by automatic navigation instruments. A comparison device continu-
ously monitors the input and cutput. When the twe are in correspondence, control action is not required. When a
difference exists between the input and output, the comparison device delivers a control action signal 1o the
controller, the auntopilot mechanism. The controller provides the appropriate signals to the control surfaces of the
airplane to reduce the input-output difference. Feedback may be effected by mechanical or electrical connections
from the navigation instruments, measuring the heading, (o the comparison device. In practice, the comparison
device may be integrated within the autopilot mechanism.

1.5 CHARACTERISTICS OF FEEDBACK

The presence of feedback typically imparts the following properties to a system.

1. Increased accuracy. For example, the ability to faithfully reproduce the input. This property is
illustrated throughout the text.

2. Tendency toward oscillation or instability. This all-important characteristic 1s considered in
detail in Chapters 5 and 9 through 19.

3. Reduced sensitivity of the ratio of output to input to variations in system parameters and other
characteristics (Chapter 9).

4. Reduced eflects of nonlineanties {Chapters 3 and 19).

5. Reduced effects of external disturbances or noise {Chapters 7, 9, and 10).

6. Increased bandwidth. The bandwidth of a system is a frequency response measure of how well

the system responds to (or filters) variations {or frequencies) in the input signal (Chapters 6, 10,
12, and 15 through 18).

1.6 ANALOG AND DIGITAL CONTROL SYSTEMS

The signals in a control system, for example, the input and the output waveforms, are typically
functions of some independent variable, usually lime, denoted ¢.

Definition 1.8: A signal dependent on a continuum of values of the independent variable 7 is called
a continuous-time signal or, more generaily, a continuous-data signal or (less fre-
quently) an analog signal.

Definition 1.9: A signal defined at, or ol interest ai, only discrete (distinct) instants of the
independent variable ¢ (upen which it depends} is called a discrete-time, a discrete-
data, a sampled-data, or a digital signal.
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We remark that digital is a somewhat more specialized term, particularly in other contexts. We use
it as a synonym here because it is the convention in the control systems literature.

EXAMPLE 18. The continuous, sinuscidally varying voltage o(¢) or allernating current /(¢) available from an
ordinary household electrical receptable is a continuous-time (analog) signal, because it is defined at each and every
instant of tme r electrical power is available from that outlet.

EXAMPLE 1.10. If a lamp is connected to the receptacle in Cxample 1.9, and it is swilched on and then
immediately off every minute, the light from the lamp is a discrete-time signal, on enly for an instant every minute.

EXAMPLE 1.11. The mecan temperature T in a room at precisely 8 A.M. (08 hours) each day is a discrete-time
signal. This signal may be denoted in several ways, depending on the application; for example T(8) for the
temperatuze at 8 o’clock—rather than another time: T(1), T(2),... for the temperature at 8 o'clock on day 1, day 2,
etc., or, equivalently, using a subscript notation, 7}, T, ete. Note that these discrete-time signals are sampled values
of a continuous-time signal, the mean temperature of the room at all times, denoted 7(r).

EXAMPLE 1.12. The signals inside digital computers and microprocessors are inherently discrete-time, or
discrete-data, or digital {or digitally coded) signals. At their most basic level, they are typically in the form of
sequences of vollages, currents, light intensities, or other physical variables, at either of two constant levels, for
example, +15 V; light-on, light-off; etc. These binary signals are usually represented in alpbanumeric form
{(numbers, letters, or other characters) at the inputs and outputs of such digital devices. On the other hand, the
signals of analog computers and other analog devices are continuous-time.

Control systems can be classified according to the types of signals they process: continuous-time
(analog), discrete-time (digital), or a combination of both (hybrid).

Definition 1.10:  Continuous-time control systems, also called continuous-data coutrol systems, or
analog control systems, contain or process only conlinuous-time (analog) signals and
components.

Definition 1.11: Discrete-time control systems, also called discrete-data control systems, or sampled-
data control systems, have discrete-time signals or components at one or more points
in the system.

We note that discrete-time control systems can have continuous-time as well as discrete-time
signals; that is, they can be hybrid. The distinguishing factor is that & discrete-time or digital control
system must include at least one discrete-data signal. Also, digital control systems, particularly of
sampled-data type, often have both open-loop and closed-loop modes of operation.

EXAMPLE 1.13. A target tracking and following system, such as the one described in Example 1.3 (tracking and
pointing at an object with a finger), is usually considered an analog or continuous-time conirol system, because the
distance between the “ tracker” (finger) and the target is a continuous function of time, and the objective of such a
control system is o continuowsly follow the targel. The system consisting of a persen driving an automobile
(Example 1.5) falls in the same category. Strictly speaking, however, tracking systems, both natural and manufac-
tured, can have digital signals or components. For example, conirel signals from the brain are often treated as
“pulsed” or discrete-time data in more detailed models whick include the brain, and digital computers or
microprocessors have replaced many analog components in vehicle control systems and tracking mechanisms.

EXAMPLE 1.14. A closer look at the thermostatically contrelled heating system of Example 1.2 indicates that it
is actually a sampled-data control system, with both digital and analog components and signals. If the desired room
tfemperature is, say, 68°F (22°C) on the thermostat and the room temperature falls below, say, 66°F, the thermostat
switching system closes the circuit to the furnace (an analog device), turning it on until the temperature of the room
reaches, say, 70°F. Then the switching system automatically twmns the furnace off until the room temperature again
fails below 66°F. This control system is actually operating open-loop between switching instants, when the
thermostal turns the furnace on or off, but overall operation is considered closed-loop. The thermostat receives a
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continuous-time signal at its input, the actual room temperature, and it delivers a discrete-time (binary) switching
signal at its output, tuming the furnace on or off. Actual room temperature thus varies continuously between 66°
and 70°F, and meqn temperature is controlled at about 68°F, the setpoint of the thermostat.

The terms discrete-time and discrete-data, sampled-data, and continuous-ime and continuous-data
are often abbreviated as discrere, sampled, and continuous in the remainder of the book, wherever the
meaning is unambiguous. Digital or analog is also used in place of discrete (sampled) or continuous
where appropriate and when the meaning is clear from the context,

1.7 THE CONTROL SYSTEMS ENGINEERING PROBLEM

Control systems engineering consists of analysis and design of control syslems configurations,

Analysis is the investigation of the properties of an existing system. The design problem is the
choice and arrangement of system components to perform a specific task,

Two methods exist for design:

1. Design by analysis
2. Design by synthesis

Design by anmalysis is accomplished by modifying the characteristics of an existing or standard
system configuration, and design by synthesis by defining the form of the systern directly from its
specifications.

1.8 CONTROL SYSTEM MODELS OR REPRESENTATIONS

To solve a control systems problem, we must put the specifications or description of the system
configuration and its components into a form amenable to analysis or design.

Three basic representations (models) of components and systems are used extensively in the study
of control systems:

1. Mathematical models, in the form of differential equations, difference equations, and /or other
mathematical relations, for example, Laplace- and :z-transforms

2. Block diagrams
3. Signal flow graphs

Mathematical models of control systems are developed in Chapters 3 and 4. Block diagrams and
signal flow graphs are shorthand, graphical representations of either the schematic diagram of a system,
or the set of mathématical equations characterizing its parts. Block diagrams are considered in detail in
Chapters 2 and 7, and signal flow graphs in Chapter 8.

Mathematical models are needed when quantiiative relationships are required, for example, to
represent the detailed behavior of the output of a feedback system to a given input. Development of
mathematical models is usually based on principles from the physical, biological, social, or information
sciences, depending on the control system application area, and the complexity of such models varies
widely. One class of models, commonly called lirear systems, has found very broad application in
control system science. Techniques for solving linear system models are well established and docu-
mented in the literature of applied mathematics and engineering, and the major focus of this book is
linear feedback control systems, their analysis and their design. Continuous-time (continuous, analog)
systems are emphasized, but discrete-time (discrete, digital) systems techniques are also developed
throughout the text, in a unifying but not exhaustive manner. Techniques for analysis and design of
ronfinear control systems are the subject of Chapter 19, by way of introduction to this more complex
subject.
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In order 10 communicate with as many readers as possible, the material in this book is developed
from basic principles in the sciences and applied mathematics, and specific applications in various
engineering and other disciplines are presented in the examples and in the solved problems at the end of
each chapter,

Solved Problems

INPUT AND OUTPUT

L1,

i+

]

1.2.

1.3,

14.

Identify the input and output for the pivoted, adjustable mirror of Fig. 1-2.

The nput i3 the angle of inclination of the mirror 8, varied by turting the screw. The output is the
angular position of the refiected beam # + a from the reference surface,

Identify a possible input and a possible output for a rotational generator of electricity.

The input may be the rotational speed of the prime mover (e.g., a steam turbine), in revolutions per
minute. Assuming the generator has no load attached to its ouwtput terminals, the output may be the
induced voltage at the output terminals.

Alternatively, the input can be expressed as angular momenium of the prime mover shaft, and the
ontput in units of electrical power (watts) with a load attached to the generator.

Identify the input and output for an automnatic washing machine.

Many washing machines operate in the following manner. After the clothes have been put into the
machine, the soap or detergent, bleach, and water are entered in the proper amounts. The wash and spin
cycle-time is then set om a timer and the washer is energized. When the cycle is completed, the machine
shuts itself off.

If the proper amounis of detergent, bleach, and water, and the appropriate temperature of the water
are predetermined or specified by the machine manufacturer, or automatically entered by the machine
itsell, then the input 1s the time (in minutes) for the wash and spin ¢ycle. The timer is usually set by a
human operator.

The output of a washing machine is more difficult to identify. Let us define clean as the absence of
foreign substances from the items to be washed. Then we can identify the output as the percentage of
cleanliness. At the start of a cycle the output is less than 100%, and at the end of a cycle the output is
ideally equal to 100% (clean clothes are not always obtained),

For most coin-operated machines the cycle-time is preset, and the machine begins operating when the
coin is entered. In this case, the percentage of cleanliness can be controlled by adjusting the amounts of
detergent, bleach, water, and the temperature of the water. We may consider all of these quantities as
inputs.

Other combinations of inputs and outputs are also possible.

Identify the organ-system components, and the input and output, and describe the operation of
the biological control system consisting of a human being reaching for an object.

The basic components of this intentionally oversimplified control system description are the brain, arm
and hand, and eyes.

The brain sends the required nervous system signal to the arm and hand to reach for the object. This
signal is amplified in the muscles of the arm and hand, which serve as power actuators for the system, The
eyes are employed as 2 sensing device, continuously *“feeding back”™ ihe position of the hand to the brain.

Hand position is the output for the system. The input is object position.
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The objective of the control system is to reduce the distance between hand position and object position
to zero. Figure 1-3 is a schematic diagram. The dashed lines and arrows represent the direction of

information fAow.
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Fig. 1-3

OPEN-LOOP AND CLOSED-LOOP SYSTEMS

1.5.

1.6

1.7.

vt

Mathead

Explain how a closed-loop automatic washing machine might operate.

Assume all quantities described as possible inputs in Problem 1.3, namely cycle-time, water volume,
water temperaturc, amount of detergent, and amount of bleach, can be adjusted by devices such as valves
and heaters.

A closed-loop automatic washer might continuously or penodically measurc the percentage of
cleantiness {output} of the itemns being washing, adjust the input quantities accordingly, and turmn itsell off
when 100% cleanliness has been achieved.

How are the following open-loop systems calibrated: (@) automatic washing machine,
{#) automatic toaster, {c} voltmeter?

{a) Automatic washing machines are calibrated by estimating any combination of the [ollowing input
quantities; {13 amount of detergent, (2) amount of bleach or other additives, {3) amount of water,
(4) temperature of the water, (5) cycle-time.

On some washing machines one or more of these inputs is (are) predetermined. The remaining
quantities must be estimated by the user and depend upon factors such as degree of hardness of the
water, type of detergent, and type or strength of the bleach or other additives. Once this calibration
has been determined for a specific type of wash (e.g., all white clothes, very dirty clothes). it does not
normally bave 1o be redetermined during the lifetime of the machine. If the machine breaks down and
replacement parts are installed, recalibration may be necessary.

(b) Although the timer dial for most automatic toasters is calibrated by the manufacturer (e.g., light-
medium-dark), the amount of heat produced by the heating element may vary over a wide range. In
addition, the efficiency of the heating element normally deteriorates with age. Hence the amount of
time required for “good toast” must be cstimated by the user, and this setting usually must be
periodically readjusied. At first, the toast is usually too light or too dark. After several successively
different estimates, the required toasting time for a desired quality of toast is obtained.

(¢} In general, a voltmeter is calibrated by comparing it with a known-voltage standard source, and
appropriately marking the reading scale at specified intervals.

Identify the control action in the systems of Problems 1.1, 1.2, and 1.4.

For the mirror system of Problem 1.1 the control action is cqual to the input, that is, the angle of
inclination of the mirror #. For the generator of Problem 1.2 the control action is equal to the input, the
rotational speed or angular momentum of the prime mover shaft. The contro! action of the human reaching
system of Problem 1.4 is equal to the distance betwzen hand and object position.
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1.8. Which of the control systems in Problems 1.1, 1.2, and 1.4 are open-loop? Closed-loop?

=l
:ﬁ Since the control action is equal to the input for the systems of Problems 1.1 and 1.2, no feedback
mhcaa eXists and the systems are open-loop. The human reaching system of Problem 1.4 is closed-ioop because the
control action is dependent upon the output, hand position.

1.9. Identify the control action in Examples 1.1 through 1.5.

The control action for the electric switch of Example 1.1 is equal to the input, the on or off command.
The control action for the heating systemy of Example 1.2 is equal 10 the difference between the reference
and actual room temperatures. For the finger pointing system of Example 1.3, the control action is equal to
the difference between the actual and pointed direction of the object. The perspiration system of Example
1.4 has its control action equal to the difference between the “normal” and actual skin surface temperature.
The difference between the direction of the road and the heading of the automobile is the control action for
the human driver and automobile system of Example 1.5,

1.10. Which of the control systems in Examples 1.1 through 1.5 are open-loop? Closed-loop?

The electric switch of Example 1.1 is open-loop because the control action is equal to the input, and
therefore independent of the outpur. For the remaining Examples 1.2 through 1.5 the control action is
clearly a function of the output. Hence they are closed-loop systems.

FEEDBACK

L11. Consider the voltage divider network of Fig. 1-4. The output is &, and the input is ;.

¥l i
athcad

+

o1

Fig. 1-4

(2) Wrile an equation for v, as a function of v;, R, and R,. That is, write an equation for v,
which yields an open-loop system.
{6) Write an equation for v, in closed-loop form, that is, v, as a function of o,, v,, R, and
R,.
This problem illustrates how a passive network can be characterized as either an open-loap
or a closed-loop system.

(¢) From Ohm’s law and Kirchhoff's voliage and current laws we have

R.i . Y
[ =
e Y
R,
Therefore vy = o= f(v, R, Ry)
2 (R1+R2)1 1o Ry Ry

(6) Writing the current / in a slightly different form, we have i = (p, — v,)/R,. Hence

R 01—02 R: R2
Uy == iy R, - ?' o= ?] va=f(v, 0y, Ry, Ry}
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Explain how the classical economic concept known as the Law of Supply and Demand can be
interpreted as a feedback control system. Choose the market price (selling price) of a particular
item as the output of the system, and assume the objective of the system is to maintain price
stability.

The Law can be stated in the following manner. The market demand for the item decreases as its price
increases. The market supply usually increases as its price increases. The Law of Supply and Demand says
that a stable market price 15 achieved if and only if the supply is equal to the demand.

The manner in which the price is regulated by the supply and the demand can be described with
feedback control concepts. Let us choose the following four basic elements for cur system: the Supplier, the
Demander, the Pricer, and the Market where the item is bought and sold. (In reality, these elements
generally represent very complicated processes.)

The input to our idealized economic system is price siabifity the “desired” cutput. A more convenicnt
way 10 describe this input is zere price fluctuarion. The output is the actual market price.

The system operates as follows; The Pricer reccives a command (zero) for price stability. I't estimates a
price for the Market transaction with the help of information from its memory or records of past
transactions. This price causes the Supplier to produce or supply a certain aumber of items, and the
Demander to demand a number of items. The difference between the supply and the demand is the contrel
action for this system. If the control action is nonzero, that is, if the supply is not equal to the demand, the
Pricer ipitiates a change in the market price in a direction which makes the supply eventually equal to the
demand. Hence both the Supplier and the Demander may be considered the feedback, since they determine
the control action.

MISCELLANEOUS PROBLEMS

1.13.

1.14.

{a) Explain the operation of ordinary traffic signals which control automobile traffic at roadway
intersections. (b) Why are they open-loop control systems? (¢) How can traffic be controlled
more efficiently? () Why is the system of (¢) closed-loop?

(a) Traffic lights control the low of traffic by successively confronting the traffic in a particular direction
{e.g., north-south) with a red (stop} and then a green (go) light. When one direction has the green
signal, the cross traffic in the other direction {east-west) has the red. Most traffic signal red and green
light intervals are predetermined by a calibrated timing mechanism.

(B) Conrtrol systems operated by preset timing mechanisms are open-leop. The control actien is equal to
the input, the red and green intervals.

(¢) Besides preveating collisions, it is a function of traffic signals to generally control the volume of
traffic. For the open-loop system described above, the volume of traffic does not influence the preset
red and preen timing intervals, In order to make traffic flow more smoothly, the green light timing
interval must be made longer than the red in the direction contaiming the greater traffic volume. Often
a traffic officer performs this task.

The ideal system would automatically measure the volume of traffic in all directions, using
appropriate sensing devices, compare them, and use the difference to control the red and green time
intervals, an ideal task for a computer.

(d) The system of (¢) is closed-Joop because the control action (the difference between the volume of
traffic in each direction) is a function of the output {actual traffic volume flowing past the intersection
in each direction).

{a) Describe, in a simplified way, the components and variables of the biological control system
involved in walking in a prescribed direction. {(b) Why is walking a closed-loop operation?
(¢} Under what conditions would the human walking apparatus become an open-loop system? A
sampled-data system? Assume the person has normal vision.

{a) The major components involved in walking are the brain, eyes, and legs and feet. The input may be
chosen as the desired walk direction, and the output the actual walk direction. The control action is
determined by the eyes, which detect the difference between the input and output and send this
information to the brain. The brain commands the legs and [eet to walk in the prescribed direction.

{(b) Walking is a closed-loop operation because the control action is a function of the cutput.
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(¢} Tf the eyes are closed, the feedback loop is broken and the system becomes open-loop. If the eyes are
opened and closed periodically, the system becomes a sampled-data one, and walking is usually more
accurately controlled than with the eves always closed.

1.15. Devise a control system to fill a container with water after it is emptied through a stopcock at the
bottom. The system must automatically shut off the water when the container is filled.

The simplified schematic diazram {Fig. 1-5) illusirates the principle of the ordinary toilet tank filling

system.
LLLAASAA, 2 7
—— Pulleys
l~— Cord
— Stopper
6 Water ~
l \‘ Ball
Float | .—— Container
s — Stopcock
Water %

Fig. 1-5

The ball floats on the water. As the ball pets closer to the top of the container, the stopper decreascs
the flow of water. When the container becomes full, the stopper shuts off the flow of water.

1.16. Devise a simple control system which automatically turns on a room lamp at dusk, and turns it
off in daylight.

A simple system that accomplishes this task is shown in Fig. 1-6.

At dusk, the photocell, which Functions as a light-sensitive switch, closes the lamp circuit, thereby
lighting the room. The lamp stays lighted uniil daylight, at which time the photocell detects the bright
putdoor light and opens the lamp circuit.

-~
Heating & | | Bread
Element E.% t
=N
tech L=
=,

Detector
facing 1 . = Color
stdoors Adjustment
> | X

Fig. 1-6 Fig. 1-7

B

Room

1.17. Devise a closed-loop aviomatic toaster.

Assume each heating element supplies the same amount of heat 1o both sides of the bread, and toast
quality can be determined by its color. A simplified schematic diagram of one possible way to apply the
feedback principle to a toaster is shown in Fig, I-7. Only one side of the toaster is illustrated.
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1.18.

1.20.

1.2

1.22.

1.23.
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The toaster is initizlly calibrated for a desired toast quality by means of the color adjustment knob.
This setting never needs readjustment unless the toast quality criterion chanpes. When the switch is clased,
the bread is toasted unii] the ¢olor detector “sees” the desired color. Then the switch is automatically
opened by means of the feedback linkage, which may be electrical or mechanical.

Is the voltage divider network in Problem 1.11 an analog or digital device? Also, are the input
and cutput analog or digital signals?

It is clcarly an analog device, as are all electrical networks consisting only of passive elements such as
resistors, capacitors, and inductors. The voltage source v 1s considered an external input to this network. If
il produces a continuous signal, for example, from a battery or alternating power source, the output is a
continucus or analog signal, However, il the voltage source ¢, is a discrete-time or digital signal, then so is
the output &, =v, R,/ { R + R;). Ako, if a switch were included in the circuit, in series with an analog
voltage source, intermitient opening and closing of the switch would penerate a sampled waveform of the
voltage source v, and therefore a sampled or discrelc-time output from this analog network.

Is the systern that controls the total cash value of a bank account a continuous or a discrete-time
system? Why? Assume a deposit is made only once, and no withdrawals are made.

1f the bank pays no interest and extracts no fees for maintaining the account (like puiting your money
“under the mattress™), the system controlling the total cash value of the account can be considered
continuous, because the value is always the same. Most banks, however, pay interest periodically, for
example, daily, monthly, or yearly, and the value of the account therefore changes peniodically. ar discrete
times. In this case, the system controlling the cash value of the account 13 a discrete system. Assuming no
withdrawals, the interest is added to the principle cach time the account cams interest, called compounding.
and the account value continues 1o grow without bound (the “greatest invention of mankind,” a comment
attributed to Einstein).

What rppe of control system, open-loop or closed-loop, continuous or discrete, is used by an
ordinary stock market investor, whose abjective is to profit from his or her investment.

Stock market investors typically follow the progress of their stocks, for example, their prices,
periodically, They might check the bid and ask prices daily, with their broker or the dally newspaper, or
more or less often, depending upon individual circumstances. In any case, they periodically sample the
pricing signals and therefore the system is sampled-data, or discrete-time. However, stock prices normally
rise and fall between sampling times and therefore the system operales open-loop during these periods. The
feedback loop is closed only when the investor makes his or her periodic observations and acts upon the
information received, which may be to buy, sell, or do oothing. Thus overall control is closed-loop. The
measurement {sampling) process could, of course, be handied tnore efficiently using a computer, which also
can be programed to make decisions based on the information it receives. In this casc the control system
remains discrete-time, but not only because there 1s a digital computer in the control leop. Bid and ask
prices do not change continuously but are inherently discrete-time signals,

Supplementary Problems
Identify the input and output for an automatic temperature-regulating oven.
Identify the input and ocutput for an automatic refriperator.

Identify an input and an output for an electric automatic coffeemaker. Iz this system open-loop or
closed-loop?
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1.24.

1.25.

1.26.

127

128

1.29.

1.30.

131

132,

133.

1.34.

1.35.

Devise a control system to automatically raise and lower a Lift-bridge to permit ships to pass. No
continuous human operator is permissible. The system must function entirely autornatically.

Explain the operation and identify the pertinent quantities and components of an automatic, radar-con-
trolled antiaircraft gun. Assume that no operator is required except to ipitially put the system into an
operational mode.

How can the ¢lectrical network of Fig. 1-8 be given a feedback control system interpretation? Is this system
analog or digital?

+

Voltage
Source v ) § R Yy

Fig. 1-8

Devise 4 control system for positioning the rudder of a ship from a control room located far from the
rudder. The objective of the control system is to sieer the ship in a desired heading.

What inputs in addition to the command for a desired heading would you expect to find acting on the
system of Problem 1.277

Can the application of “*laissez faire capitalism™ to an economic system be interpreted as a feedback control
system? Why? How about “socialism™ in it purest form? Why?

Does the operation of a stock exchange, for example, buying and selling equities, fit the model of the Law
of Supply and Demand described in Problern 1.127 How?

Does a purely socialistic economic system fit the model of the Law of Supply and Demand described in
Problem 1.12? Why (or why not)?

Which control systems in Problems 1.1 through 1.4 and 1.12 through 1.17 are digital or sampled-dala and
which are continucus or analog? Define the continuous signals and the discrete signals in each system.

Explain why esconomic control systems based on data obtained from typical accounting procedures are
sampled-data control systems? Are they open-loop or closed-loop?

Is a rotating antenna radar system, which normally receives range and directional data once each
revolution, an analog or a digital system?

What type of control system is involved in the treatment of a patient by a doctor, based on data obhtained
from laboratory analysis of a sample of the patient’s tlood?
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Answers to Some Supplementary Problems

1.21. The input is the reference temperature. The output is the actual oven temperature.
1.22.  The input is the relerence temperature. The culpat is the actual refrigerator temperature.

1.23.  One possible input for the automatic electric coffeemaker is the amount of coffee used. In addition, most
coffeemakers have a dial which can be set for weak, medium, or strong coffee. This sctting usually regulates
a timing mechanism. The brewing time is therefore another possible input. The output of any coffeemaker
can be chosen as coffee sirength. The coffeemakers described above are open-loop.



Chapter 2

Control Systems Terminology

2.1 BLOCK DIAGRAMS: FUNDAMENTALS

A block diagram is a shorthand, pictorial representation of the cause-and-effect relationship
between the input and output of a physical system. It provides a convenient and useful method for
characterizing the functional relationships among the various components of a control system. System
components are alternatively called elements of the system. The simplest form of the block diagram is
the single block, with one input and one output, as shown in Fig. 2-1.

Block

Input Output

Fig. 2-1

The interior of the rectangle representing the block usually contains a description of or the name of
the element, or the symbol for the mathematical operation to be performed on the input to yield the
output. The arrows represent the direction of information or signal flow.

EXAMPLE 2.1

dz
(a) Input Control Output r d ¥ = dt
——————

Element [ " () " 7

Fig. 2-2

The operations of addition and subtraction have a special representation, The block becomes a
small circle, called a summing point, with the appropriate plus or minus sign associated with the arrows

entering the circle. The output is the algebraic sum of the inputs. Any number of inputs may enter a
sumiming point.

EXAMPLE 2.2
z
J:
(@) T _.:{f'“\‘_ ;r—-—y' i) x -i:!/_‘\ SC—E' ie) x + £ty +oaz
+ — +
Y Y ¥
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Some authors put a cross in the circle: (Fig, 2-4)

Fig. 2-4

This notation is avoided here because it 1s sometimes confused with the multiplication operation.

In order to have the same signal or variable be an input to more than one block or summing point,
a takeoff point is vsed. This permits the signal to proceed unaltered along several different paths to
several destinations,

EXAMPLE 2.3

Takeoff Point
{a) % x H = z
Takeoff Point

Fig. 2-5

2.2 BLOCK DIAGRAMS OF CONTINUQUS (ANALOG) FEEDBACK CONTROL SYSTEMS

The blocks representing the various components of a control system are connected in a fashion
which characterizes their functional relationships within the system. The basic configuration of a simple
closed-loop (feedback) control system with a single input and a single output (abbreviated SISQO) is
illustrated in Fig. 2-6 for a system with continuous signals caly.

Disturbance

Control
. Signal .
Actuating or
Reference (Error) Manipulated [FINE Controlled
Input N\ Signal Variable Output
r * e=rzb c

Primary
Feedback

Signal

FEEDBACK PATH

Fig. 2-6

We emphasize that the arrows of the closed toop, connecting one block with another, represent the
direction of flow of control energy or information, which is not usually the main source of energy for the
system. For example, the major source of energy for the thermostatically controlled furnace of Example
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1.2 is often chemical, from burning fuel ail, coal, or gas. But this energy source would not appear in the
closed control loop of the system.

23 TERMINOLOGY OF THE CLOSED-LOOP BLOCK DIAGRAM

It is immportant that the terms used in the closed-loop block diagram be clearly understood.

Lowercase lefters are used to represent the input and output variables of each element as well as the
symbols for the blocks g,. g;. and h. These quantities represent functions of time, unless otherwise
specified.

EXAMPLE 24. r=r(n)

In subsequent chapters, we use capital letters to denote Laplace transformed or z-transformed
quantities, as functions of the complex variable s, or z, respectively, or Fourier transformed quantities
(frequency functions), as functions of the pure imaginary variable jw. Functions of s or z are often
abbreviated to the capital letter appearing alone. Frequency functions are never abbreviated.

EXAMPLE 2.5. R({s) may be abbreviated as R, or F(z) as F. B(,w) is never abbreviated.

The letters 7, ¢, e, etc,, were chosen to preserve the generic nature of the block diagram. This
convention is now classical.

Definition 2.1: The plant {or process, or controlled system) g, is the system, subsystem, process, or
object controlled by the feedback conirol system.

Definition 2.2 The controlled output ¢ is the output variable of the plant, under the control of the
feedback control system.

Definition 2.3 The forward path is the transmission path from the summing point to the controlled
output c.
Definition 2.4: The feedforward (control) elements g, are the components of the forward path that

generate the control signal & or m applied to the plant. Nete: Feedforward elements
typically include controller(s), compensator(s) (or equalization elements), and/or
amplifiers.

Definition 2.5: The conirol signal # (or manipulated variable m) is the output signal of the
feedforward elements g, applied as input to the plant g,.

Definition 2.6: The feedback path is the transmission path from the controlled output ¢ back to the
sumining point,

Definition 2.7: The feedback elements A establish the functional relationship between the con-
trolled output ¢ and the primary feedback signal b. Noie: Feedback elements
typically include sensors of the controlled output ¢, compensators, and for con-
troller elements.

Definition 2.8: The reference input r is an external signal applied ta the feedback control system,
usually at the first summing point, in order to command a specified action of the
plant. It usually represents ideal (or desired) plant ouiput behavior.
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Definition 2.9: The primary feedback signal b is a function of the controlled output ¢, algebraicaily
summed with the reference input # 10 obtain the actuating (error) signal ¢, that is,
r+b=-e Note: An open-foop system has no primary feedback signal.

Definition 2.1¢:  The actuating {or error} signal is the reference input signal r plus or minus Lhe
primary feedback signal &. The controf action is generated by the acluatiag {error)
signal 1n a feedback conirol system (see Definitions 1.5 and 1.6). Nete: In an
open-lpop system, which has no feedback, the actuating signal is equal to .,

Definition 211 Negative feedback means the summing point is a subtractor, that is, e=r— 0.
Positive feedback means the summing point is an adder, that is. e = r + b.

24 BLOCK DIAGRAMS OF DISCRETE-TIME (SAMPLED-DATA, DIGITAL) COMPONENTS,
CONTROL SYSTEMS, AND COMPUTER-CONTROLLED SYSTEMS

A discrete-time (sampled-duta or digital ) controf system was defined in Definition 1.11 as one having
discrete-time signals or components at one or more points in the system. We introduce several common
discrete-time system components first, and then illustrate some of the ways they are interconnected in
digital control systems. We remnd the reader here that discrefe-time is often abbreviated as discrere in
this book, and comtinuous-time as continuous, wherever the meaning is unambiguous.

EXAMPLE 2.6. A digital computer or microprocessor is a discrete-time {discrete or digital) device, 4 common
component in digital control systems. The internal and external signals of a digital computer are typically
discrete-time or digitally coded.

EXAMPLE 2.7. A discrete system component (or componcnts) with discrete-time input u{:. ) and discrete-ume
output p(f, ) signals, where 1, are discrete instants of time, £ —1,2,.... ctc., may be represented by a block
diagram, as shown in Fig. 2-7.

u(t,) Discrete-Time yit,)
—
Discrete-Time or System Discrete-Time

Input Output

Many digital control systems contain both continnous and discrete components. One or more
devices known as samplers, and others known as holds, are usually included in such systems.

Definition 2.12: A sampler 15 a device that converts a continuous-time signal, say w(¢), inlo a
discrete-time signal, denoted #%*(¢), consisting of a sequence of values of the signal
atl the instaols ¢, #,..... that s, w(s)), u(f,). .., etc.

Ideal samplers are usually represented schematically by a switch, as shown in Fig. 2-8, where the
switch is normally open excepl at the instants ¢, ¢,. etc., when it is closed for an instant. The switch also
may be represented as enclosed in a block, as shown in Fig. 2-9.
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1 *
_ ui 1] / ¥ wlt) / w0
i

Iy

Fig. 2-8

Fig. 2-9

EXAMPLE 2.8. The input signal of an ideal sampler and a few samples of the output signal are illustrated in Fig.
2-10. This type of signal is often called a sempled-data signal.

uir) wl7,)
wi i)
f, s

Lo 4 [P Iy oty

Fig. 2-10

Discrete-data signals u(¢,) are often written more simply with the index k as the only argument,
that is, u#(k), and the sequence u(#;), u(ty),..., etc., becomes w(1), u(2)..... etc. This notation is
introduced in Chapter 3. Although sampling rates are in general nonuniform, as in Example 2.8,
uniform sampling is the rule in this book, that is, t, ., ~ ¢, =T for all k.

Definition 2.13: A hoid, or data hold, device is one that converts the discrete-time output of a
sampler into a particular kind of continuous-time or analog signal.

EXAMPLE 2.9. A zero-order hold (or simple hold} is one that maintains (i.e., holds) the value of u(z,) constant
until the next sampling time 1, ,;, as shown in Fig. 2-11. Note that the output yyp{7) of the zero-order hold is
continuous, except at the sampling times. This type of signal is called a piecewise-continuous signal.

el 1)

Yuolt)

Definition 2.14:  An anaiog-to-digital (A /D) converter is a device that converts an analog or
continuous stgnal into a discrete or digital signal,
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Definition 2.15; A digital-to-analog (D /A) converter is a device that converts a discrete or digital
signal into a continuous-time or analog signal.

EXAMPLE 2.10. The sampler in Example 2.8 (Figs. 2-9 and 2-10) is an A/D converter,

EXAMPLE 2.11. The zero-order hold in Example 2.9 (Figs. 2-17 and 2-12) is a D /A converter.

Samplers and zero-order holds are commonly used A/D and D/A converters, but they are not the
only types available, Some D /A converters, in particular, are more complex.

EXAMPLE 2.12, Digital computers or microprocessors are pften used to contrel continuous plants or processcs.
A/D and D/A converters are typically required in such applications, to convert signais from the plant to digital
signals, and to convert the digital signal from the computer into a control signal for the analog plant The joint
operation of these elements is usually synchronized by a clock and the resulting controiler is sometimes called a
digital filter, as illustrated in Fig, 2-13.

Fig. 2-13

Definition 2.16: A computer-confrolled system includes a computer as the primary control element,

The most common computer-controlled sysiems have digital computers controlling analog or
continuous processes. In this case, A /D and D /A converters are needed, as illustrated in Fig. 2-14.

pormm—— "—- ------------- 1
'

!

' 1

H i

] 1

I—Controllcr—~—|

Fig. 2-14

The clock may be omitted from the diagram, as it synchronizes but is not an explicit part of signal
flow in the control loop. Also, the summing junction and reference input are sometimes oritted from
the diagram, because they may be implemented in the computer.

25 SUPPLEMENTARY TERMINOLOGY

Several other terms require definition and illustration at this time. Others are presented in
subsequent chapters, as needed.
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Definition 2.17: A transducer s a device that converts one energy form into another.

For example, one of the most common transducers in control systems applications is the pofen-
tiometer, which converts mechanical position into an electrical voliage (Fig. 2-15).

+ | Arm
Fositi
: v .r:]l)t::n Position Voltage
Input Qutput
Reference Patanti +
Voltage - +0 v FPotentiometer >
Source : Valtags
r Output
& > o
Schematic Block Diagram
Fig. 2-15
Definition 2.18; The command @ is an input signal, usnally equal to the reference input ». But when

the energy form of the command v is not the same as that of the primary feedback

b, a transducer is required between the command v and the reference input » as
shown in Fig. 2-16(a),

Reference Input
Command T - Input v | Transducer
v £ r
Transducer ¢
(a) (d)
Fig. 2-16
Definition 2.19: When the feedhack element consists of a transducer, and a transducer is required at

the input, that part of the control system illustrated in Fig. 2-16{d) is called the
error detector.

Deftnition 2.20: A stimulus, or test input, is any externally (exogenously) introduced input signal
affecting the controlled output ¢, Nore: The reference input » is an example of a
stimulus, but it 15 not the only kind of stimulus.

Definition 2.21: A disturbance n (or noise input) is an undesired stimulus or input signal affecting
the value of the controlled outpur ¢. It may enter the plant with & or s, as shown in

the block diagram of Fig. 2-6, or at the first summing point, or via another
intermediate point.

Definition 2.22; The time response of a system, subsystem, or element is the output as a function of
ume, usually following application of a prescribed input under specified operating
conditions.

Definition 2.23: A multivariable system is one with more than one input (multiinpug, MI-), more than
one output {multiontput, -MO), or hoth (multiinput-multicutput, MIMQ).
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Definition 2.24: The term controller in a feedback conirol system is often associated with the
elements of the forward path, between the actuating (errar) signal e and the control
variable w. But it also somettrnes includes the summing point, the feedback
elements, or both, and some authors use the term controller and compensator
synonymously. The context should eliminate ambiguity.

The following five definitions are examples of control laws, or control algorithms.

Definition 2.25: An on-off controller {two-position, binary controller) has only two possible values at
its output «, depending on the input e to the controller.

EXAMPLE 2.13. A binary contreller may have an output u= +1 when the error signal is positive, that is, e > 0,
and wu= —1 when e < 0.

Definition 2.26: A proportional {P) controller has an output u proportional te its input e, that is,
u = K e, where K is a proportionality constant.

Definition 2.27: A derivative (D) controller has an output proportional to the derivative of its input
e, that is, ¥ = K de/d:, where X, is a proportionality constant.

Definition 2.28:  An integral {I) controller has an output u propoertional to the integral of its input e,
that is, w = K, [e(?) dt, where K, is a proportionality constant.

Definition 2.2%: PD, PIL, DI, and PID controllers are combinations of proportional ( P), derivative
(D), and integral (§) conitrollers.

EXAMPLE 2.14. The output u of a PID controller has the form:

de
Hpp = er+ Kﬂ-d_f

The output of a PID controller has the form;

de
Uppy = Kpe + KDE + K,fe(r) ot

2.6 SERVOMECHANISMS

The specialized feedback control system called a servomechanism deserves special atiention, due (o
its prevalence in industrial applications and control systems literature.

Definition 2.30: A servomechanism is a power-amplifying feedback control sysiem in which the
controlled variable ¢ is mechanical position, or a time derivative of position such as
velocity or acceleration.

EXAMPLE 2.15. An automobile power-steering apparatus is a servomechanism. The command input is the
angular position of the steering wheel. A small rotational torque applied to the stecring wheel is amplified
hydraulically, resulting in a force adequate to modify the output, the angular position of the front wheels. The
block diagram of such a system may be represented by Fig, 2-17. Negative feedback is necessary in order to return
the control valve to the neutral position, reducing the torque from the hydraulic amplifier to zero when the desired
wheel position has been achieved.
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,— Control Elements: g, —_| Plant

Gear T Control Hydraulie Drive | “ | Wheels ¢
Angular Ratio r € Valve Amplifier Linkage [£) Angular
position = position
of the b of the
steering wheel road wheels
Feedback
Linkage
h
Fig. 2-17

2.7 REGULATORS

Definition 2.31: A regulator or regulating system is a feedback control system in which the reference
input or command is constant for long periods of time, often for the entire time
interval during which the system is operational. Such an input is often called a

setpoint.

A regulator differs from a servomechanism in that the primary function of a regulator is usually to
maintain a constant controlled output, while that of a servomechanism is most often ta cause the output
of the system to follow a varying input.

Solved Problems

BLOCK DIAGRAMS

2.1. Consider the following equations in which x,, x,...., x, are vanables, and a,, ¢,,..., a, are
general coefficients or mathematical operators:
{(8) xy=ayx;+a,x,—5
(B) x,=ax ‘tax,+ - +a, 1%, ,

Draw a block diagram for each equation, identifving all blocks, inputs, and outputs.

{a) [In the form the equation is written, x, is the output., The terms on the right-hand side of the equation
are combined at a summing point, as shown in Fig. 2-18.

The a,x, term is represented by a single block, with x; as its input and #,x, as its outpnt.
Therefore the coefficient 4, is put inside the block, as shown in Fig, 2-19. @, may represent any
mathematical operation. For exarnple, if a;, were a constant, the block operation would be *“multiply
the input x, by the constant 2,.” It is usually clear from the description or context of 2 problem what
is meant by the symbol, operator, or description inside the block.

a2y Ty
] — zy ay a1z
5

Fig. 2-18 Fig, 2-19
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The a;x, term is represented in the same manner,
The block diagram for the entire equation is therefore shown in Tig. 2.20.

{b) Following the same linc of reasoning as in part {a), the block diagram for

X, =% X+ 00 Fa, 1%,
is shown in Fig. 2-21.
x a,x
1 al 1*1
x a;xr
! = O Ll *a
.
2 agxs .
‘l + - 23 :
i 2,
b
Fig. 2-21

Fig. 2-20

2.2, Draw block diagrams for each of the following equations:

ol
=  dx dx, dx,
Mathcad (a) xz-—*allT;) {b) x3=-‘ﬁ—2+-;;r—-—xl (¢) x4=fx3d.!

{¢) Two operations are specified by this equation, a4, and differentiation d/dr. Therefore the block
diagram contains two blecks, as shown in Fig. 2-22. Note the order of the blocks.

d:t:,
z, z, 2,

%y d dt d\
a —_— a(—
; "\at/

Fig. 2-23

Now, if a, were a constant, the @, block could be combined with the 4/d¢ block, as shown in
Fig. 2-23, since no confusion about the order of the blocks would result, But, if @, were an unknown
operator, the reversal of blocks d/dr and @, would not necessarily result in an output equal 1o x,, as

shown in Fig. 2-24.

ot a,x, d

Fig, 2-24

(#) The + and — operations indicate the need for a summing point. The differentiation operation can be
treated as in part (@), or by combining two first derivative operations inte one sccond derivative
operator block, giving two different block diagrams for the equation for x5, as shown in Fig, 2-25,
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dx, dx,
ol d dt xy a4 dt
dt l | oat
+ +
~ x3 = } Zy
d?x, |+ dz, d2z, 1+
Zg a Ti?ﬂ_\(/ ] d_ dt d 2
dt? T dt
Fig. 2-25

{c) The integration operation can be represented in block diagram form as Fig. 2-26.

= fdt o

Fig. 226

2.3. Draw a block diagram for the pivoted, adjustable mirror mechanism of Section 1.1 with the
output identified as in Problem 1.1. Assume that each 360° rotation of the screw raises or lowers
the mirror k degrees. Identify all the signals and components of the control system in the

diagram.
The schematic diagram of the sysiem is repeated in Fig, 2-27 for convenience,

Light
Source

;-—--_‘_._

/Reference ///
Surf
255

Fig. 2-27

Whereas the input was defined as # in Problem 1.1, the specifications for this problem imply an input
equal to the number of rotations of the screw. Let » be the number of rotations of the screw such that n =0
when # = 0°. Therefore n and & can be related by a block described by the constant k, since # = kn, as

shown in Fig, 2-28.

Pivoted
Mirror
n k [} [ 9 24
rotations degrees

Fig_ 2-28 Fig. 2-29
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The output of the system was determined in Problem 1.1 as 8 + «. But since the light source is directed
parallel to the reference surface, then a= 8. Thercfore the output is equal to 28, and the mirror can be
represented by a constant equal to 2 in a block, as shown in Fig. 2-29.

The complete open-loop block diagram is given by Fig. 2-30. For this simple example we also note that
the output 2¢ is equal to 2&n rotations of the screw. This vields the simpler block diagram of Fig. 2-31.

Pivoted
Screw Mirror Directed angle of
the reflected beam
n } egrees o 2 26 n 2%k degrees 26
rotations rotation | degrees degrees rotations rotation degrees
Fig. 2-30 Fig, 2-31

2.4. Draw an open-loop and a closed-loop block diagram for the voltage divider network of Problem
1.11.

The open-loop equation was determined in Problem i.11 as o, =(R,/(R, + R;)ju,, where vy is the
input and v, is the output. Thercfore the block is represented by R, /( R, + R,) (Fig. 2-323, and clearly the
operation is muliiplication.

The closed-loop equation is

(Rz‘ (R; '
= — |y —| = |m=
RL,. Rl,

R\
R, J (o, ~ 1)

The actuating signal is ¢, — v,. The closed-loop negative feedback block diagram is easily constructed with
the only Block represented by K, /R,, as shown in Fig. 2-33.

Uy 4N\ TV E Vg
| &
b Ry Vo
Fig, 2-32 Fig. 2-33

2.5. Draw a block diagram for the electric switch of Example 1.1 (see Problems 1.9 and 1.10).

Both the input and output are binary {two-state) variables. The switch is represented by a block, and
the electrical power source the switch controls is nat part of the control system. One possible open-loop
block diagram is given by Fig. 2-34.

on Power on
—_— ————— tput
Input o Switch e Outpu
Fig. 2-34

For example, suppose the power source is an electrical current source. Then the hlock diagram for the
switch might take the form of Fig. 2-35, where {again) the current source is not part of the control system,
the input to the switch block is shovn as a mechanical linkage to a simple “knife” switch, and the output is
a nonzero current only when the switch is closed (on). Otherwise it is zero {off}.
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2.6.

Mechanically
Operated
Switch
On Current On
INPUT - OUTPUT
ali) j | Current O
Fig 2-35

Draw simple block diagrams for the control systems in Examples 1.2 through 1.5,

From Problem 1.10 we note that these systems are closed-loop, and from Problem 1.9 the actuating
signal (control action) for the system in each example is equal to the input minus the output. Therefore
negative feedback exists in each system.

For the thermostatically controlled furnace of Example 1.2, the thermostai can be chosen as the
summing point, since this is the device that determines whether or not the fumace is turned on. The
enclosure environment {cutside) temperature may be treated as a noise input acting directly on the
enclosure.

The eves may be represented by a summing point in beth the human peinting system of Example 1.3
and the driver-automobile system of Example 1.5. The eyes perform the function of monitoring the input
and output.

For the perspiration system of Example 1.4, the summing poiat is not so casily defined. For the sake of
simplicity lct us call it the nervous system.

The block diagrams are easily constructed as shown below from the information given above and the
list of components, inputs, and outputs given in the examples.

The arrows between components in the block diagrams of the biological systems in Examples 1.3
through 1.5 represent electrical, chemical, or mechanical signals controlled by the central nervous sysiem.

Actual
Thermostat Enclosure
+ " Enclo | Temperature

Reference
Temperature
(Setpoint)

Example 1.2
e ) PR Painted
- “{ '} #  Brain » and Direction
Ohject Finger
T¥rection -

Example 1.3



28 CONTROL $YSTEMS TERMINOLOGY [CHAP.2

Nervous Actusl
Systam Bkin
+ Temperature
Sweat Skin ’
Normal Glands
Skin -
Temperaturs
or
Alr
Temperature
Example 1.4
Eyes Stoer] Aut bile
+ T Ing
Brain » Harnds Wheel and Heading -
Raad Automobile
Heading —
Example 1.5

BLOCK DIAGRAMS OF FEEDBACK CONTROL SYSTEMS

2.7. Draw a block diagram for the water-filling system described in Problem 1.15. Which component
%! or components comprise the plant? The controller? The feedback?

Mathcad The container is the plant because the water level of the container is being controlled (see Definition
2.1). The stopper valve may be chosen as the control element; and the ball-float, cord, and associated
linkagc as the feedback elements. The block diagram is given in Fig. 2-36.

C
ontrol Element Flow Plant Actual Water
5 TN\ e Rate Level
Reference % ;
Water Level -
(Full) b

Feedback Elements

Fig. 2-36

The fecdback is negative because the water flow rate to the container must decrease as the water Jevel
rises in the container.

2.8. Draw a simple block diagram for the feedback control system of Examples 1.7 and 1.8, the
airplane with an autopilot.

The plant for this system is the airplane, including its control surfaces and navigational instruments.
The controiler is the autopilot mechanism, and the summing point is the comparison device. The feedback
linkage may be simply represented by an arrow from the output to the summing point, as this linkage is not
well defined in Example 1.8.

The autopilot provides contro! signals to operate the control surfaces (rudder, flaps, ¢tc.). These signals
may be denoted uy, 4;,....
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The simplest block diagram for this fecdback system is given in Fig. 2-37.

Pl
sl “ L Actual Airplane
r -+ s’ Heading
o) ——e] Autopiiot . Airplane m—
L T
Fig. 2-37

SERVOMECHANISMS

2.9,

Draw a schematic and a block diagram from the following description of a pesition servomecha-
rism whose function is to open and close a water valve.

At the input of the system there is a rotating-type potentiometer connected across a battery
voltage source. Its movable (third) terminal i1s calibrated in terms of angular position (in
radians). This output terminal is electrically connected to one terminal of a voltage amplifier
called a servoamplifier. The servoamplifier supplies enough output power to operate an electric
motor called a servomotor. The servomoter is mechanically linked with the water valve in a
manner which permits the valve to be opened or closed by the motor.

Assume the loading effect of the valve on the motor 1s negligible; that is, it does not “resist”
the motor, A 360° rotation of the motor shaft completely opens the valve. In addition, the
movable terminal of a second potentiometer connected in parallel at its fixed terminals with the
input potentiometer is mechanically connected to the motor shaft. It is electrically connected to
the remaining input terminal of the servoamplifier. The potentiometer ratios are set so that they
are equal when the valve is closed.

When a command is given to open the valve, the servomotor rotates in the appropriate
direction. As the valve opens, the second potentiometer, called the feedback porentiometer,
rotates in the same direction as the input potentiometer. It stops when the potentiometer ratios
are again equal.

A schematic diagram (Fig, 2-38) is easily drawn from the preceding description, Mechanical connec-
tions are shown as dashed lines.

______ Mechaniell ==
g Valve
v radians |
Battery -+ |
Voltage = Servo- + Servo- | | ¢ |
Source —T Amplifier E motor radians

Input  Feedback
Pot. Pot.

Fig. 2-38'

The biock diagram for this system (Fig. 2-39) is casily drawn from the schematic diagram.
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Input Feedforward
Transducer Control Element Plant Load
y Input r + u c
t, Potenti- Servo- Servo- ——— Valve
radians ometer | Yolts \_/ volts |Amplifier| yolts motor radians

volts

Feedback

Elements

Feedback
Potenti-
ometer

Fig, 2-39

2.19. Draw a block diagram for the elementary speed control system (velocity servamechanism) given

in Fig. 2-40.
Input
Pot.
v radians/sec
Battery -4 3 o i i ¢
Voltage = e Amplifier Generator u Motor —\-]-— =
Source — 1]‘t radians/sec |
YoIts
Motor  (TOUOTOT |
_ Field |
Winding |
inding .7.1|I [
+ Battery |
|
R |
volts
Tachometer
Fig. 2-40

The potentiometer is a rotating-type, calibrated in radians per seconds, and the prime-mover
speed, motor field winding, and input potentiometer currents are constant functions of time. No
load is attached 1o the motor shaft.

[——— Conlrol Elements
Flant
e _-lant
Ky Input F 4 ] e
r—— Amnlif » Mat: .
radians/sec| Pot. volts volts mpiifier Generator volts e radians/sec
h
valta
Feedbarck
Elemenls
Tachometer

Fig 2-41
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The batiery voliage sources {or both the input polentiometer and moter field winding, and the
prime-mover source for the generator are not part of the control loop of this servomechanism. The output
of each of these sources is a constant function of time, and can be accounted for in the mathematical
description of the input potentiometer, generator, and motor, respectively, Therefore the block diagram for
this system is given in Fig. 2-41.

MISCELLANEOUS PROBLEMS

2.1L

2.12.

Draw a block diagram for the photocell light switch system described in Problem 1.16. The hght
intensity in the room must be maintained at a level greater than or equal to a prespecified level.

One way of describing this system is with two inputs, one input chosen as minimum reference
room-light intensity #, and the second as reom sunlight intensity r,. The output ¢ is actual room-light
intensity.

The room is the plant. The manipulated variable {control signal) is the amount of light supplied 1o the
room from both the lamp and the sun. The photocell and the lamp are the control elements because they
control room-light intensity. Assume the minimum reference room-light intensity #, is equal to the intensity
of room-light supplied hy the lighted lamp alope. A biock diagram for this system is given in Fig. 2-42.

Fy

I Photoeell F—tcee] La
e = v, off me

Fig. 2-42

The system is clearly open-loop. The actuating signal e 15 independent of the output ¢, and 1s equal to
the differznce between the two inputs: # — . When e <0, /=0 (the Light is off). When e> 0, /=7 (the
Light is on).

Draw a block diagram for the closed-loop traffic signal system described in Problem 1.13.

Plant A
Roadway in -
’— Control Elements —] direction A vT\"ch
+ Red-green
020 oy T Time Trafiic u
r=10 \’ j Interval Signal
— Computer
Plant B Trafic
Roadway in Volume B
direction B

Fig. 2-43
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This system has two outputs, the volume of traffic passing the intersection in one direction (the 4
direction), and the volume passing the intersection in the other direction (the B direction). The mput is the
command for equal traffic volumes in directions A4 and B; that is, the input is zero volume difference.

Suppose we call the mechanism for computing the appropriate red and green timing intervals the
Red-Green Time Interval Compnter. This device, in addition to the traffic signal, makes up the control
elements. The plants are the roadway in direction 4 and the roadway in direction B. The block diagram of
this traffic regwlator is given in Fig. 2-43,

213, Draw a block diagram itlustrating the economic Law of Supply and Demand, as described in
Problem 1.12.

The block diagram is given by Fig. 2-44,

b, = supply

- Supplier

0 +
r= i L u c
Pricer —
Zero market \_/ e xereg Actual market
price fluctuation = price
b, = demand
. A —
Fig. 2-44

2,14, The following very simplified model of the biclogical mechanism regulating human arterial blood
pressure is an example of a feedback control svstem.

A well-regulated pressure must be maintained in the blood vessels (arteries, arterioles, and
capillaries) supplying the tissues, so that blood flow is adequately maintained, This pressure is
usually measured in the aorta (an artery) and is called the #food pressure p. 1t is not constant and
normally has a range of 70130 mm of mercury (mm Hg) in aduits. Let us assume that p is
equal to 100 mm Hg (on the average) in a normal individual.

A fundamental model of circulatory physiology is the following equation for arterial blocd
pressure:

p={p
where Q is the cardiac outpur, or the volume flow rate of blood from the heart to the aorta, and p
is the peripheral resistance offered to blood flow by the arterioles. Under normal conditions, p is
approximately inversely proportional to the fourth power of the diameter ¢ of the vessels
{arterioles).

Now 4 is helieved to be controlled by the wvasomoter center (VMC) of the brain, with
increased activity of the VMC decreasing 4, and vice versa. Although several factors affect VMC
activity, the baroreceptor cells of the arieriaf sinus are helieved to be the most important.
Baroreceptor activity inhibits the VMC, and therefore functions in 2 negative feedback mode.
According to this theory, if p increases, the baroreceptors send signals along the vagus and
glossopharyngeal nerves to the VMC, decreasing its activity. This results in an increase in
arteriole diameter d, a decrease in peripheral resistance p, and (assuming constant cardiac output
() a corresponding drop in blood pressure p. This feedback network probably regulates, at least
in part, blood pressure in the aorta.

Drraw a block diagram of this feedback control system, identifying all signals and compo-
nents.
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Let the aorta be the plant, represented by Q (cardiac ontput); the VMC and ariericles may be chosen
as the controller; the baroreceptors are the feedback elements. The input p, is thc average normal
(reference) blood pressure, 100 mm Hg, The output p is the actual blood pressure. Sinec p = k{1/d >,
where & is a proportionality constant, the arterioles can be represented in the block by &(-)% The block
diagram is given in Fig, 2-45.

|-—-— —— Control Elements ﬁ Plant
Po + N\ Vl&fnn:::or 1/d Arterioles P Aorta P
Average reference p A (VMC) k(+)4 Q Actual
blood pressure — ( blood pressure
100 mm Hg |
—— Vagus and
Glossopharyngeal
Nerves
Baroreceptors |e—o

Feedback Sensor Elements

Fig. 2-45

2.15. The thyroid gland, an endocrine (internally secreting) gland located in the neck in the human,
secretes thyroxine into the bloodstream. The bloodstream is the signal transmission system for
most of the endocrine glands, just as conductive wires are the transmission system for the flow of
electrical current, or pipes and tubes may be the transmission system for hydrodynamic fluid
flow.

Like most human physiological processes, the production of thyroxine by the thyroid gland
is automatically controlled. The amount of thyroxine in the bloodstream is regulated in part by a
hormone secreted by the anterior piruitary, an endocrine gland suspended from the base of the
brain. This “control” hormone is appropriately called thyroid stimulating hormone (TSH). In a
simplified view of this control system, when the level of thyroxine in the circulatory system is
higher than that required by the organism, TSH secretion is inhibited {reduced), causing a
reduction in the activity of the thyroid. Hence less thyroxine is released by the thyraotd.

Draw a block diagram of the simplified system described, identifying all components and
signals.

Let the plant be the thyreid pgland, with the comtrolled variable the level of thyroxine in the
bloodstream. The pituitary gland.is the controller, and the manipulated variable is the ameunt of TSH it
secretes. The block diagram is given in Fig. 2-46.

+ 7N Pituitary TSH Thyroid
Normal Gland | Gland Blood
Thyroxine -_ Thyroxine
Level Level
Fig. 2-46

We reemphasize that this is a very simplified view of this biological control system, as was that in the
previous preblem.
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2.16. What type of controller is included in the more realistic thermostatically controlled heating
system described in Example 1,147

The thermostat-furnace controller has a binary output: furnace (full) on, or furmace ofl. Therefore it is
an on-off controller. But it is not as simple as the sign-sensing binary controller of Example 2.13. The
thermostat switch turns the furnace on when room temperature falls to 2° below its setpoint of 68°F
{22°(C), and turns it off when it rises to 2° above its setpoint.

Graphically, the characteristic curve of such a controller has the form given in Fig. 2-47.

Fig. 2-47

This is called a hysteresis characteristic curve, becausc its output has a “memony”: that is, the

switching points depend on whether the input e is rising or falling when the controller switches states from
on to off, or off to on.

2.17. Skeich the error, control, and controlled cutput signals as functions of time and discuss how tLhe
on-off controller of Problem 2.16 maintains the average room temperature specified by the
setpoint (68°F) of the thermostat?

The signals e(¢), w(?), and c(r} typically have the form shown in Fig. 2-48, assuming the tcmperature
was colder than 66°F at the start.

elt)

e S

uir}

”“77{’///// 777 77

o) I I
70" ol Eat
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2,18

.19,

2.20.

1,11

.22

.1,

2.24.

225,

2.26.

The room temperatute c(¢) 15 constantly varying. In each switching interval of the controller, it rises at
an approximately constant rate, from 66° to 70°, or falls at an approximately constant rate, from 70° to
66°. The average temperature of the room is the mean value of this function ¢(¢), which is approximately
68°F.

What major advantage does a computer-controlled system have over an analog system?

The controller {control law) in a computer-controlled system is typically implemented by means of
software, rather than hardware, Therefore the class of control laws that can be implemented conveniently is
substantially increased.

Supplementary Problems

The schematic diagram of a semiconductor voltage amplifier called an emirrer follower is given in Fig. 2-49.
An equivalent circuit for this amplifier is shown in Fig, 2-50, where r, is the internal resistance of, and
g is a parameter of the particular semiconductor. Draw both an open-loop and a closed-loop block diagram

for this circuit with an input &, and an output w,,,,.

+ o

+ B+
e Battery 4

Supply

“n Ry v
Ohms ™

ol

o Yo = Pin T Vuw

Fig. 2-49 Fig. 2-50

Draw a block diagram for the human walking system of Problem 1.14.

Drraw a block diagram for the human reaching system described in Problem 1.4.
Draw a block diagram for the automatic temperature-regulated oven of Problem 1.21.
Draw a block diagram for the closed-loop automatic toaster of Problem 1.17.

State the common dimensional units for the input and outpul of the fellowing transducers: {«) accelerome-
ter, {b) generator of electricity, (¢) thermistor (temperature-sensitive resistor), {4) thermocouple.

Which systems in Problems 2.1 through 2.8 and 2.11 through 2.21 are servomechanisms?

The endocrine gland known as the adrenal correx is located on top of each kidney (two parts). It secretes
several hormones, one of which is cortisel, Cortisol plays an important part in regulating the metabolism of
carbohydrates, proteins, and fats, particularly in times of stress. Cortisol production is controtled by
adrenocorticotrophic hormone {ACTH) from the anterior pitwitary gland. High blood cortisol nhibits
ACTH production. Draw a block diagram of this simplified feedback control system.
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2.27.

2.28.

2.29,

2.30.

3

232

.33

2.19.

CONTROL SYSTEMS TERMINOLOGY [CHAP.2

Draw block diagrams for each of the following elements, first with voltage » as input and current / as
oulput, and then vice versa: {a) resistance R, (b) capacitance C, {¢) inductance L.

Diraw block diagrams for each of the following mechanical systems, where force is the input and position
the output: (g} a dashpat, (#) a spring, {¢) a mass, {d) a mass, spring, and dashpot connected in series and
fastened at one end (mass position is the output).

Draw a block diagram of a (a) parallel, (&) series R-L-C petwork.
Which systems described in the problems of this chapter are regulators?

What type of sampled-data system described in this chapter might be used in implementing a device or
algorithm for approximating the integral of a continvons function «(1), using the well-known rectangular
tule, or rectangular integration technique?

Diraw a simple block diagram of a computer-controlled system in which a digital computer is used to
conlrol an analog plant or process, with the summing poiat and reference input implemented in software in
the computer.

What type of controller is the stopper valve of the water-filling, system of Problem 2.7?

What types of controllers are included in: {a) each of the servomechanisms of Problems 2.9 and 2.10, (b)
the traffic regulator of Problem 2.127

Answers to Supplementary Problems

The equivalent circuit for the emitter follower has the same form as the voltage divider network of Problem
1.11. Therefore the open-leop equation for the ouiput is
pRy

b = (v, -y )=i____”L v
out IP+RK m ol rp+(]+ﬂ]RK n

and the open-loop block diagram s given in fig. 2-51.

Yin Ry Vout
rp + (1 + )R

Fig. 2-51

The closed-loop output equation is simply

bRy
l”out = + R (Uln - L’Oul)
.3

nly VYout

Fig. 2-52
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2.20,
2 Control Element Plant
yes
Legs
1) Brain and -
Desired Feet Actual
Walk = Walk
Direction Direction
221.
g Control Element Plant
yes
Arm
20 Brain and -
Object Hand Hand
Position = Position
2.22
Control Elements
Pl
Thermostat i
4 = ) Switch |—"—+| Heater Oven
Reference off u Oven
Oven st Temperature
Temperature b
When e > 0 (r > b), the switch turns the heater on. When e < 0, the heater is turned off.
1.23.
Control Elements
DC‘elo.r | Plant
) Switch |———{ Toast Bread
Desired off u Toast
Toast - Color
Color
224. (a) The input to an accelerometer is aceeleration. The output is displacement of a mass, voltage, or
another quantity proportional to acceleration.
(k) See Problem 1.2
(¢} The input to a thermistor is temperature, The oulput is an electrical quantity measured in ohms, volts,
or amperes.
(d) The input 10 a thermocouple is a temperature difference. The output is a voltage.
2.25. The following problems describe servomechanisms: Examples 1.3 and 1.3 in Problem 2.6, and Problems 2.7,

2.8, 217, and 2.21.
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226,
+ N\ ACTH Adrenal
Pituitary -
Normal Cortex Blood
Cortisol o Cortisol
Level Level

230. The systems of Examples 1.2 and 1.4 in Problem 2.6, and the sysiems of Problems 2.7, 2.8, 212, 2.13, 2.14,
2.15, 222, 2.23, and 2.26 are regulators.

231. The sampler and zerc-order hold device of Example 2.9 performs part of the process required for
rectangular integration. For this simplest numerical integration algorithm, the “area under the curve” (ie,
the integral} is approximated by small rectangles of height u(r,} and width 7, . —z,. This result could be
obtained by first multiplying the output of the hold device u*(¢} by the widih of the interval ¢, ,, — £,,
when w*{¢}is on the interval between ¢, and ¢, , |. The sum of these products is the desired result.

232,

233. If the stopper valve is a simple one of the type that can be only fully open or fully closed, it is an en-off
controfler. But if it is that type that closes graduelly as the tank fills, it is a proporfional controller.



Chapter 3

Differential Equations, Difference Equations,
and Linear Systems

3.1 SYSTEM EQUATIONS

A property common to all basic laws of physics is that centain fundamental quantities can be
defined by numerical values. The physical laws define relationships between these fundamental
quantities and are usually represented by equations.

EXAMPLE 3.1. The scalar version of Newton's second law states thal, if a force of magnitude f is applied to a
mass of M units, the acceleration @ of the mass is related to f by the equation f= Ma.

EXAMPLE 3.2. Ohm’s law states that, if a voltage of magnitude v is applied across a resistor of R units, the
current i through the resistor is related to v by the equation v = Ri.

Many nonphysical laws can also be represented by equations.

EXAMPLE 3.3. The compound interest law states that, if an amount P(() is deposited for n equal periods of time
at an interest raie f for each ume period, the amount will grow to a value of Pin)= POy1 + 1"

3.2 DIFFERENTIAL EQUATIONS AND DIFFERENCE EQUATIONS

Two classes of equations with broad application in the descriprion of systems are differential
equations and difference equations.

Definition 3.1: A differential equation is any algebraic or transcendental equality which involves
¢ither differentials or derivatives.

Differential equations are useful for relating rates of change of variables and other parameters.

EXAMPLE 3.4, Newtoen's second law (Example 3.1) can be wrilten alternatively as a relationship between foree f,
mass M, and the rate of change of the velocity v of the mass with respect (o time 4, that is, f= M{dv/di).

EXAMPLE 35 Obm's law (Example 3.2) can be written alternatively as a relationship between voltage o,
resistance R, and the time rate of passage of charge through the resistor, that is, v = R(dg/ar).

EXAMPLE 3.6, The diffusion equation in one dimension describes the relationship between the time rate of
change of 2 quantity T in an object (e.g., heal concentration in an iron bar) and the positional rate of change of T
dT/dx =k(dT/3¢), where k is a proporticnality constant, x is a position variable, and ¢ is time.

Defmmition 3.2: A difference equation is an algebraic or transcendental equality which involves more
ithan one value of the dependent variable(s) corresponding to more than one value
of at least one of the independent variable(s). The dependent variables do not
mvolve either diflferentials or derivatives.

Difference equations are useful for relating the evolution of variables (or parameters) from one
discrete instant of time (or other independent variable) to another.

3
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EXAMPLE 3.7. The compound interest law of Example 3.3 can be written alternatively as a difference equation
relationship between P(4), the amount of money after & periods of time, and P(k + 1), the amount of money after
&k + 1 periods of time, that is, P(k + 1)=(1 + IP¢k).

3.3 PARTIAL AND ORDINARY DIFFERENTIAL EQUATIONS

Definition 3.3: A partial differential equation is an equality involving one or more dependent and
wwo or more independent variables, together with partial derivatives of the depen-
dent with respect to the independent variables.

Definition 3.4: An ordinary (total) differential equation is an equality involving one or more
dependent variables, one independent variable, and one or more derivatives of the
dependent variables with respect to the independent variable.

EXAMPLE 3.8. The diffusion equation 87/8x =k{3T/31) is a partial diffcrential equation. T=T(x, 1} is the
dependent variable, which represents the concentration of some quantity at some position and some time in the
object. The independent variable x defines the position in the object, and the independent variable 1 defines the
time.

EXAMPLE 3.9. Newton's second law (Example 3.4) is an ordinary differential equation: f= M{dv/dr). The
velocity v = v(t) and the force f= f(r) are dependent variables, and the time r is the independent variable.

EXAMPLE 3.10. Ohm's law (Example 3.5) is an ordinary differential equation: v= R{dg/d!). The charge
g = g{t) and the voltage v = v(t) are dependent variables, and the time f is the independent variable.

EXAMPLE 3.11. A differential equation of the form:

ay Ay d
a,,—‘};n— +u,_, F + +al—‘§ +a{,y=u{r)
or, more compactly,
"od'y(t
Y a, y(.)=u(r) (3.1)
jm0 @
where . 4,,..., @, are constants, is an ordinary differential equation. y(r) and u(¢) are dependent variables, and

1 is the independent variable.

3.4 TIME VARIABILITY AND TIME INVARIANCE

In the remainder of this chapter, rime is the only independent varniable, unless otherwise specified.
This variable is normally designated i, except that in difference equations the discrete vanable & is
often used, as an abbreviation for the time instant ¢, (see Example 1.11 and Section 2.5); that is, y(k)
is used instead of y{(7,), etc.

A term of a differential or difference equation consists of products and/or quotients of explicit
functions of the independent variable, the dependent variables, and, for differential equations, deriva-
tives of the dependent variables.

[n the definitions of this and the next section, the term equation refers to either a differential
equation or a difference equation.

Definition 3.5 A time-variable equation is an equation in which one or more terms depend
explicitly on the independen| variable time.

Definition 3.6: A fime-invariant equation is an equation in which none of the terms depends
explicitly on the independent variable time.



CHAP 3] DIFFERENTIAL AND DIFFERENCE EQUATIONS, AND LINEAR SYSTEMS 41

EXAMPLE 3.12. The difference equation kp(k + 2) + p(k) = u(k), where w and y are dependent vanables, is
time-variable because the term ky(k + 2} depends explicitly on the coefficient &, which represents the time #,.

EXAMPLE 3.13. Any differential equation of the form:

" diy m dr“
Za,-F= ):b.?r (3.2}
T
where the coefficients ey, a,,....a,, By, b,..., b, are constants, is time-invariant. The equation depends implicitly

on I, via the dependent variables 4 and y and their derivatives.

3.5 LINEAR AND NONLINEAR DIFFERENTIAL AND DIFFERENCE EQUATIONS

Definstion 1.7 A linear termn is one which is first degree in the dependent variables and their
denvatives.

Definition 3.8: A linear equation is an equation consisting of a sum of linear terms. All others are
nonlinear equations.

If any term of a differential equation contains higher powers, praducts, or transcendental functions
of the dependent variables, it is nonlinear. Such terms include {(dy/dt)’, u(dy/dt), and sin u, respec-
tively. For example, (5/cost)(d’y/di?) is a term of first degree in the dependent variable y, and
2uy(dy/dt) is a term of fifth degree in the dependent variables u and y,

EXAMPLE 3.14. The ordinary differential equations (dy/de)’ + y=0 and d’y/dt’ + cos y = 0 arc nonlinear
because (dy/dt)? is second degree in the first equation, and cos y in the second equation is nor first degree, which
is true of all transcendental functions.

EXAMPLE 3.15. The difference equation y(k+ D+ u{k+ Dyplk+ 1+ p(k)=u(k), in which v and » are
dependent variables, is a nonlinear difference equation because u(k + 1) y({k + 1) is second degree in u and y. This
type of nonlinear eguation is sometimes called bifinegr in u and v,

EXAMPLE 3.16. Any difference cquation
" "
Ya(k)ylk+i)= ) b(k)u(k+i) (3.3}
im0 i=0

in which the coefficients a,(k) and & (k) depend only upon the independent variable k, is a linear difference

equation.

EXAMPLE 3.17. Any ordinary differential equation
n dy n» d'u
{t)— = blt)-—— 3.4
e -Eoog (54

where the coefficients a,(z) and &,(¢) depend only upon the independent variable 7, is a linear differential equation.

3.6 THE DIFFERENTIAL OPERATOR D AND THE CHARACTERISTIC EQUATION

Consider the nth-order linear constant-coefficient differential equation

d"y d"_ly d)’
0 +aw—lF+'”+alI+aDy:H (35)




42 DIFFERENTIAL AND DIFFERENCE EQUATIONS, AND LINEAR SYSTEMS [CHAP. 3

It is convenient to define a differential operator

b d
dt
and more generally an ath-order differential operator
d "
Dr= —
dr”

The differential equation can now be written as
D'y+a, D" lp+ - +aDy+agy=u

or (D"+a, D"+ - +aD+ay)y=u

Definition 3.9: The polynomial in D:
D'+a, D4 +aD+a, {3.6)
is called the characteristic polynomial.

Definition 3.10. The equation
D"+a, D" '+ --- +aD+ay=0 (3.7)
is called the characteristic equation.

The fundamental theorem of algebra states that the characienistic equation has exactly n solutions
D=D.D=D,.. . ., D = D These n solutions (also called roots) are not necessarily distinet.
EXAMPLE 3.18. Consider the differential equation

dly
— — 4+ 2y=
a " 3 & T

The characteristic polynomial is P2+ 3D + 2. The characteristic equation is D2+ 3D +2=0,
which has the two distinct roots: D= —1 and D= =2

3.7 LINEAR INDEPENDENCE AND FUNDAMENTAL SETS

Definition 3.11: A set of n functions of time f,(1), £,{¢),..., f,(¢} is called linearly independent if the

only set of constants ¢, ¢3,..., ¢, for which
ah(t) e fhlt)+ -+ fl1) =0
for all r are the constants ¢, =¢;= -.- =¢, =0

EXAMPLE 23.19. The functions + and 1? are linearly independent functions since
cg¥ et =it +¢t) =0

implies that ¢, /c; = —t. There are no conséanss that satisfy this relationship.

A homogeneous nth-order linear differential equation of the form:

n dfy
g™

has at least one set of a linearly independent solutions.
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Definition 3.12:  Any set of n Hnearly independent solutions of a homogeneous sth-order linear
differential equation is called a fundamental set.

There is no unique fundamental set. From a given fundamental set other fundamental sets ¢an be
generated by the following technique. Suppose that y,(¢), y;(f)...., ¥,(r) is a fundamental set for an
nth-order linear differential equation. Then a set of »n functions z,(z), z,(1),.... 2, (¢t} can be formed:

0= £ aun(0). 2200 = L arn (1)1, = L a0 (3.8)

where the a, are a set of n? constants. Each z,(1) is a solution of the differential equation. This set of »
solutions is a fundamen:al ser if the determinant

a i a4y,
an 4 2y £0
%] a, Qun

EXAMPLE 3.20. The equation for simple harmonic motion, d2y/dt? + w?y = 0, has as a fundamental set
$ = sinwt V7 = COS !
A second fundamental set is*

zy = coswt +f sinw! = e zy = coswl — fsinuy = ™™

Distinct Roots

If the characteristic equation

has distinct roots D, Dy, ..., D,, then a fundamental set for the homogeneous equation

=

T

d’y
a,— =90
L
is the set of funclions y, =e® y, =% |y =D

n

EXAMPLE 3.21. The differential equation

d’y _dy
—5 +3—-+2y=0
ac a7
has the charactenstic equation D? + 3D + 2 =0 whose roots are D=1, = —1 and D = D, = —2. A fundamental

set for this equationis y,=¢ "and y, =¢ ¥,
Repeated Roots

If the characteristic equation has repeated roots, then for each root D; of multiplicity n, (i.c., #
roots equal to D,) there are n; elements of the fundamental set ¢ 27, 1e2, .. ("l P,

]

EXAMPLE 3.22. The equaticn

*The complex exponentrul funciion €, where w = u + jo [or real ¢ and ©, and =y — 1, is defined in complex variable theory by
™ = g“{cost + ysine). Thecefore ¢ * ' = cos wir + jsinwr.
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with characteristic equation D? + 2D +1 =0, has the repeated root D= —1, and a fundamental set consisting of
e "and e .

3.8 SOLUTION OF LINEAR CONSTANT-COEFFICIENT ORDINARY
DIFFERENTIAL EQUATIONS

Consider the class of differential equations of the form;

moody m 'y

Ea-—=zb

. — 3.9
o rdri oy Jdr; ( )

where the ceefficients 4, and b, are constant, u = u(1) (the inpur) is a known time funciion, and y = y(t)
(the outpur} is the unknown sofution of the equarion. If this equation describes a physical system, then
generally m < n. and » 1s called the order of the differential equation. To completely specify the
problem so that « unique solution y(¢) can be obtained, two additional items must be specified: (1) the
interval of time over which a solution is desired and (2) a set of » initiaf conditions for y{t) and its first
n — 1 derivatives. The ume interval for the class of problems considered is defined by 0 < ¢ < 4 oo, This
interval 1s used in the remainder of this book unless otherwise specified. The set of initial conditions is
a” -ly
- Fl"
A problem defined over this interval and with these initial conditions is calied an initial value problem.
The solution of a differential equation of this class can be divided into two parts, a free response
and a forced response. The sum of these two responses constitutes the roral response, or solution p(1). of
the equation.

dy

J’(O), E ;-o'

(3.10)

re=d

3.9 THE FREE RESPONSE

The free response of a differential equation is the solution of the differential equation when the
input u(#) is identically zero.
I the input u{z) is identically zero, then the differential equation has the form:

L dfy
— =0 Ky,
igﬂa[ ar’ { )

The solution y(¢) of such an equation depends only on the » initial conditions in Equation (3.10).

EXAMPLE 3.23. The solution of the homogencous first-order differential equation dy/dr + y = 0 with iniiial
condition ¥(0)=c, is y(1)=ce ' This can be verified by direct substitution. ce™* is the free response of any
differential equation of the form dy/dt + y =  with the initial cendition p(0) = ¢.

The free response of a differential equation can always be written as a linear combination of the
elements of a fundamental set. That is, if wi{r), »,(¢). ..., y,(1) 15 a fundamental set, then amy free
response y,{¢} of the differential equation can be represented as

n

ralty= L ey (o) (3.12)
p]
where the constanmts ¢, are determined in terms of the initial conditions
d_)’ " Iy
y({)),:i: "“’-_'___df"”l
r=i} =}
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from the set of n algebraic equations

- dy Ty, d" 'y mod"y,
y0)= Y ey0),—| =Ye=—| | =Le—T (3.13)
i=1 dt .o o1 4| dtn! —g iml dr® ! (et

The linear independence of the y,(¢) guarantees that a solution to these equations can be obtained for
€1 €1 ivny

EXAMPLE 3.24. The free response y,{t) of the differential equation

d’y  dy

— +3—+2y=

a? g T
with initial conditions y(0) =0, {dy/dl)|,., =1 is determined by letting

sty =ee e

where ¢, and ¢, are unknown coefficients and ¢ and ¢ ¥

Since y,(r) must satisfy the initial conditions, that is,

are a fundamenial set for the equation (Example 3.21).

dy, (1) dy
di T,

then ¢; =1 and ¢, = — 1. The free response is therefore given by y (f)=¢e" " — ¢~

YD) =p(@)=0=¢ +¢, =1=—¢ —2¢

=i
r

3.10 THE FORCED RESPONSE

The forced response y,(¢) of a differential equation is the solution of the differential equation when
all the initial conditions

dt:r--ly
2 el

y(fl)-%

=0 r=0
are identically zero.

The implication of this definition is that the forced response depends only on the input u(r). The
Jorced response for a linear constant-coefficient ordinary differential eguation can be written in terms of

a convolution integral (see Example 3.38):

m dfu(T)]dT (3‘!4)

wle) = '!;):W(! ) [ 'gobi dr!

where w(r— ) is the weighting function (or kernel) of the differential equorion. This form of the
convolution integral assumes that the weighting function describes a causal system (see Definition 3,22).
This assumptlion is maintained below.

The weighting function of a linear constant-coefficient ordinary differential equation can be writien

as
n
wit)= Eciyf(t) t=0
-1
=0 t<( (3.13)
where ¢,..., ¢, are constants and the set of functions y(¢), y;(¢),..., ¥,(¢) is a fundamental set of the

differential equation. It should be noted that w{(¢) is @ free response of the differential equation and
therefore requires n initial conditions for complete specification. These conditions fix the values of the
constants ¢, ¢,,...,¢,. The initial conditions which all weighting functions of linear differential
equations must satisfy are

d"lw

=0,
dln—l

Fe}

d" tw

w{0)=0, U,...,F

~1 (3.16)

=}

at|,_,
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EXAMPLE 3.25. The weighting function of the differential equation

T I

is a linear combination of ¢ " and ¢ (a fundamenial set of the equation). That is,

w(t)=ce ' +ee

¢, and ¢, are determined from the two algebraic equations

dw

0)=0=c, +0c, —
w(0) o+ s "

=1l=-¢ - 2¢,
i=0

The solution is ¢, =1, ¢, = ~ 1, and the weighting function is w(fy=¢ ‘- ¢ ¥

EXAMPLE 3.26. For the differential equation of Example 3.25, if u(r) = 1, then the forced response v, (1) of the
cquation is

.]"h{l')=j[;"w(f—1-)u(,r]d1,___'l|;f[e L AR 1“_”] dr

1
=e"f,e’d-r—e zrf;ez'df=5(1—2e"+e'1’)
0 0

311 THE TOTAL RESPONSE

The total response of a linear constant-coefficient differential equation is the sum of the free
response and the forced response.

EXAMPLE 3.27. The total response v(r) of the differential equation

&’y
— +t3—+2y=1
ar’ a7

with initial conditions y(() =0 and {dv/dr)],_, =1 is the sum of the free response »,{(7) determined in Example
3.24 and the forced response y,(f) determined in Example 3.26, Thus

1 1 _
AN =R epd=(e me M)+ (1-2e fre M) e (1)

312 THE STEADY STATE AND TRANSIENT RESPONSES

The sready stuie response and transient response are another pair of quantities whose sum is equal to
the total response. These terms are often used for specifying control system performance. They are
defined as follows.

Definition 3.13: The steady state response is that part of the tolal response which does nat approach
zero as time approaches infinity.

Definition 3.14.  The transient response is that part of the total response which approaches zero as
lime approaches infinity.

EXAMPLE 3.2B. The total respense for the differential equation in Example 3.27 was determined as y = 1 — L¢g .

Clearly, the steady state response is given by y, =1. Singe lim, _ [~ 1e ‘]=0, the transient response is
—— L1,

yp=—3e L



CHAP. 3] DIFFERENTIAL AND DIFFERENCE EQUATIONS, AND LINEAR SYSTEMS 97

313 SINGULARITY FUNCTIONS: STEPS, RAMPS, AND IMPULSES

In the study of control systems and the equations which describe them, a particular family of
functions called singufarity functions is used extensively. Each member of this famuly 1s related to the
others by one or more integrations or differentiations. The three most widely used singularity functions
are the wunit step, the unir impulse, and the unit ramp.

Definition 3.15; A unit step function 1(: — #,) is defined by

{ 1 for >4,
— = 3.17
We=rd=lo  for 1<y, (3.17)
The unit step function s illustrated in Fig. 3-1.
1(r} — K¢ = &ry
Unit Step Unit Rammp N v
D ! at
i
1
|
| t—ty t | t=1, 1 I 3t t
t=0 t=0
Fig. 3-1 Fig. 3-2 Fig. 3-3
Definition 3.16: A unit ramp function is the integral of a unit step function
' r—i for t>1¢
1(r-t,) dr= { ° ° 3.18
f__m ( o) 0 for t<1, ( )
The unit ramp function is illustrated in Fig. 3-2,
Definition 3.I7: A unit impuise function 5(7) may be defined by
Lz} — 1(r~ Ar)
8(1)= 1 319
" a:ﬁ’u[ A (3:49)
Atz

where 1(1) is the unit step function.

The pair {i;: g } may be abbreviated by A — 0, meaning that As approaches zero from the

right. The quotient in brackets represents a rectangle of height 1 /A¢ and width Ar as shown in Fig, 3-3.
The limiting process produces a function whose height approaches infinity and width approaches zero.
The area under the curve is equal to 1 for all values of Ar. That is,

f°° 8(i)di=1

— a0

The unit impulse function has the following very important property:

Screening Property: The integral of the product of a unit impulse function §(r — 15} and a function
f(1), continuous at ¢ = ¢, over an interval which includes ¢, is equal to the function

*In a formal sense. Equation (3./9) defines the one-sided derivative of the unit step function. But neither the limit nor the
derivative exist in the ordinary mathematical sense. However, Definition 3.17 is satisfactory for the purposes of this book, and
many others.
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f(¢) evaluated au ¢, that is,
[7 1@y 8- 10y dr = f(x,) (3.20)
—ix

Definition 3.18: The unit impulse response of a system is the output y(¢) of the system when the
input u#(¢)=4&(¢) and all initial conditions are zero.

EXAMPLE 3.29. i the input-outpul relationship of a linear system is given by the convolution integral

#n) =f0’w(:- ryu(r) dr

then the unit impulse response p;(+) of the system is

0 =-’:w(:—1‘)5(1‘)dr=f_mmw(r—1')3(f) dr=w(1) (3.2

since w(t—71)=0for 7> ¢, &) =0 for 7 <0, and the screening property of the unit impulse has been used to
evaluate the integral,

Definition 3.19: The unit step response is the output y{t) when the input u(r) = 1{+) and all initial
conditions are zero.

Definition 3.0  The unit ramp response is the output y(:} when the input w{zy=1¢ for >0,
u(t)=0 for ¢ <0, and all initial conditions are zero.

314 SECOND-ORDER SYSTEMS

In the study of control systems, linzar constant-coefficient second-order differential equations of the

form:
2

4 dy

?': +2§wﬂj: + @iy = wlu (3.22)
are important because higher-order systems can often be approximated by second-order systems. The
constant { is called the damping ratio, and the constant «, is called the undamped natural frequency of
the system. The forced response of this equation for inputs u belonging to the class of singularity
functions is of particular interest. That is, the forced response to a unit impulse, unit step, or unit ramp
is the same as the wnit impulse response, unit step response, or umit ramp response of a system
represented by this equation.

Assuming that 0 £ { < 1, the characteristic equation for Equation (3.22) is

Dz+2§wﬂ3+w3=(p+§wn~jw,,y1_;z](p+§wn+jw,,1;1-gz)=0

Hence the raots are

D= —tw +jel -t = —a+ju, D= —fw —joyl—{ = —a—ju,
where o ={w,_ is called the damping coefficient, and w,= w1 -{? is called the damped natural
frequency, a is the inverse of the time constant 7 of the system, thatis, r=1/a.
The weighting function of Equation (3.22) is w(r) = (1w )e” * sin w,r. The unit step response is
given by

—af

f w,.e 4
y,(r}=fw(f-—'r)wfldu'=1— sin{wyt +¢) (3.23)
0
where ¢ = tan ™~ w,/a).
Figure 3-4 is a parametric representation of the unit step response. Note that the abscissa of this
family of curves is normalized time w,?, and the parameter defining gach curve is the damping ratio ¢{.
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Fig. 34

3.15 STATE VARIABLE REPRESENTATION OF SYSTEMS DESCRIBED BY LINEAR
DIFFERENTIAL EQUATIONS

In some problems of feedback and control, it is more convenient to describe a system by a set of
first-order differential equations rather than by one or more nth-order differential equations. One
reason is that quite general and powerful results from vector-matrin algebra can then be easily applied
in deriving solutions for the differential equations.
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EXAMPLE 3.30. Consider the differential equation form of Newton's second law, f= M{d x/dr*). It is clear
from the meanings of velocity v and acceleration u that this second-order equation can be replaced by two
first-order equations, = dx /dr and = M{dv /dt).

There are numerous ways to transform nth-order differential equations into n first-order equations.
One of these is quite prevalent in the literature, and straightforward, and we introduce only this
transformation here, to illustrate the approach. Consider the nth-order, single-input linear constant-
coefficient differential equation

L] d’y
L=t
This equation can always be replaced by the following » first-order differential equations:
dx,
@ M
dx,
@
dxy
4
dx, 1 |nz! 1
i a—"{i%a,-x,-+,1+ ;:u (3.24q)
where we have chosen x| = y. Using vector-matrix notation, this sel of equations can be written as
[dax, 1 [ N 71 [0 ]
I 0 1 0 ce 0 x| 0
ey ;
o =1 ° 0 b v ol PR (3.24p)
. . . . . . . 0
d.;,r ay a, ay Uy 1
R0 B T | R I

or, more compactly, as

dx
— = Ax + bu (3.24c)
di

In Equation {3.24c) x = x(1) is called the state vector, with » time functions x,(#), x,{¢),..., x,(¢f} as its

elements. called the state variables of the system. The scalar input of the system is u(¢).
More generally, multiinput-muitiourput (MIMO) systems described by one or more linear constant-
coefficient differential equations can be represented by a vector-matrix differential equation of the form:

— 9 - R - — —

dx,
— a4y i || X by by e by, || ¢
et
dx,
— a a,; 4 X b b s by ||
df — pa | 3 in 2 ¥ 21 2 2 2 (325“)
ax,
L) an T 2., X, bn]. b.nl Tt bm' u,
Lar | L 1| R 1L
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or, more compactly, as

D o Ax+ B (3.255)
dt X u

In Equation (3.255) x is defined as in Equation (3.24c), A is the n X n matrix of constants a,,, and B 1s
the n X r matrix of constants b,, each given in Equation (3.25a), and u is an r-vector of input
functions,

The Transition Matrix

The maltrix equation

=40

where @ is an n X n mairix of time functions, called the mansition matrix of the differential equation
(3.24¢) or ( 3.25b). has a special role in the solution of vector-matrix differential equations like Equation
(3.25h). If T is the aXn identity or unit matrix, and ®(0) =/ is the initial condition of this
homogeneous equation, the transition matrix has the special solution: ©(z) = e*". In this case ¢* is an
n X n matrix function defined by the infinite series:

AMr A
At _ — e
e =1+ A1+ Y + 3 +
® also has the property, called the rransition property, that for all ¢, z,, and ry2 (7, — 1,)®(1,— 1) =

To solve the differential equation (3.24) or (3.25), the time interval of interest must be specified, for
example, 0 <7< +o00, and an initial condition vector x(0) is also needed. In this case, the general

solution of Equation {3.25) is
x(1) = ex(0) + f e C-DBu(r) dr (3.26)
]

The initial condition x(0)} is sometimes referred to as the state of the system at time t = 0. From
Equation (3.26) we see that knowledge of x(0), and the input u(¢) on the interval ) < ¢ < + », are
adequate 1o completely determine the state variables for all time ¢ = 0. Actually, knowledge of the state
of the system at anp time ¢, 0 < " < + a¢, and knowledge of the input u(r), ¢ < ¢ < + oo, are adequate
to completely define the state vector x(1) at all subsequent times 1 = t'.

3.16 SOLUTION OF LINEAR CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

Consider the class of difference equations

L m
Yaylk+iy= 3 bu(k+i) (3.27)
i=0 im0
where k is the integer-valued discrete-time variable, the coefficients @, and 4, are constant, 4, and a,
are nonzero, the input #(k) is a known time sequence, and the output y{&} is the unknown sequence
sclution of the equation. Since y(k + n) is an explicit function of y(k), y(k + 13..., y{k + n~1), then
n is the order of the difference equation. To obtain a unique solution for y(k), two additional items
must be specified, the time sequence over which a solution is desired, and a set of » initial conditions
for y(k). The time sequence for the c¢lass of problems treated in this book is the set of nonnegative
integers, that is, k =0.1,2,... . The set of initial conditions is

20}, »(1),...,y(n-1) (3.28)

A problem defined over this time sequence and with these initial conditions is called an initial value
problem.
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Consider the nth-order linear constant-coefficient difference equation
ylk+nY+a, ylk+n-1}+ - +aplk+1)+ay{k)=u(k) (3.29)
It is convenient to define a shift operator Z by the equation
Z[y(k)] = y(k+1)
By repeated application of this operation, we obtain
27 [y(0)] = Z{Z[ . Z[y(k)] .. )] =y + )
Similarly, a unity operator { is defined by
Fy(k)] =y(k)
and Z°%= [ The operator Z has the following important algebraic properties:
1. For constant ¢, Z[cp(k)f= cZ]y(k)]
2. Z7plky + x(k) =27 p(k)) + Z7(x (k)]
The difference equation can thus be written as
Z (U +a, 27 [pE)] + - +aZ[p(K)] +aop(k) =ulk)
or (Z"+a, 2" '+ - +a,Z +ay) [ y(k)] = u(k)
The equation
Z"+a"_12"_1+-'-+alz+ao=0 (3.j0)

is called the charncteristic equation of the difference equation, and, by the fundamental theorem of
algebra, it has exactly n solutions: Z=2,,Z2=2,,...,2=27 .

EXAMPLE 3.31. Consider the difference equation
5 i
pk+2)+ —éy(k-l»l) + gy(k) =ul k)
The characteristic equation is Z2 + 2Z + ! =0 with two solutions, Z= -} and Z= -1,

A homogeneous nih-order linear difference equation has at least one set of » linearly independent
solutions. Any such set is called a fundamental set. As with differential equations, fundamental sets are
not unique,

If the characteristic equation has distinct soots Z,, Z,...., Z,. a fundamental set for the homoge-
neous equalion

Yaylk+i)=0 (3.31)
[}
is the set of functions Z}f. Z5.. .., Zk

EXAMPLE 3.32. The difference equation
3 1
ylk+23+ Ey(k+1) + Ey(k)=0

bas the characteristic equation 714 %Z +L=0,withroots Z=Z, = ~ { and Z=17Z;, = — 1. A fundamental set of
this equation is y,(k) = (— 1) and y, (k) ={—~ 1),

[f the characteristic equation has repeated roots, then for each root Z, of multiplicity »,, there are
n, elements of the fundamental set ZX, kZF, ... kn~1Z} kM7IZK

EXAMPLE 3.33. The equation y(k +2) + ytk + 1) + Lp{ k) = 0 with the repeated root Z= — | has a fundamen-
tal set consisting of {— 1)* and k(- 1"

The free response of a difference equation of the form of Equation (3.27)} is the solution when the
input sequence is identically zero. The equation then has the form of Equation (3.37) and its solution
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depends only on the » initial conditions (3.28). If y{(k), y,(k),..., y,(k) is a fundamental set, then
any free response of the difference equation {3.27) can be represented as

2= L enlh)

where the constants ¢, are determined in terms of the initial conditions y,(0) from the set of » algebraic
equations:

y(0) = )n: ¢,7,(0)

5 = T enl)

Yn—= L enln-1) (3.32)

im1

The linear independence of the y.(k) guarantees a solution for ¢, 5, ....¢,.

EXAMPLE 3.34. The free response of the difference equation y{k + 2) + Ip{k + 1) + ty{k) = u(k) with initial
conditions y{0) =0 and (1) =1 is determined by letting

ol 5 ool

where ¢, and ¢, are unknown coefficients and (— $)* and (- 4)* are a fundamental set for the equation (Example
3.32). Since y, (k) must satisfy the initial conditions, that is,
2O =y(0)=0=¢ +¢,
1 1
)=y =1=-z4- 3¢
then ¢, = —6 and ¢, = 6. The free response is therefore given by y, (k) = —6(— $)* + 6(— H*.

The forced response y,{k) of a difference equation is its solution when all initial conditions
¥y, y(1),..., y(n—1) are zero. It can be written in terms of a convolution sum:

k=1 m
p(k) = 3 wik *J‘){E&;HUH)} k=010 (3.43)
S=0 i}
where w(k —j) is the weighting sequence of the difference equation. Note that y,{0) = 0 by definition of
the forced response, and w(k —j)=0 for £ < (see Section 3.19. If u(j)=86(s)=1 for j=0, and
§(j)=0 for j+0, the special input called the Kronecker delta sequence, then the forced response
¥k ) = y(k) is calied the Kronecker delta response.
The weighting sequence of a linear constant-coefficient difference equation can be written as

" M)
wik—1{)= (& 3.34
( ) !E:l HHM(!)y"'( ) ( )

where y (k). y5(k)...., ¥, (k) is a fundamental set of the difference equation, M(7) is the determinant:

w(I+1)  pUI+1) - oy (I1+1)
M) = yl(!:+ 2} )’2(!':“" 2) y,.(!:+2)
yds’“) J’z(f’*'") - y,.(!;Ln}

and M, (7) is the cofactor of the last element in the jth column of M(/).
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EXAMPLE 3.35. Consider the difference equation y(k + 2) + 13(k + 1)+ Lp(k) = u(k). The weighting sequence
is given by
M(1) M, (1)

where (k) = (- DY k) =(- D M) =—(- " Mh)=(- 1"}, and

wik—1) =

Mu;_(‘%)i] (‘%)M Aoney
Ly R

w0 o)

As for continupus systems, the total response of a diflerence equation is the sum of the free and
forced responses of the equation. The transient response of a difference equation is that part of the total
response which approaches zero as time approaches infinity. That part of the total response which does
not approach zero is called the steady state response.

Therefore

3.17 STATE VARIABLE REPRESENTATION OF SYSTEMS DESCRIBED BY LINEAR
DIFFERENCE EQUATIONS

As with differential equations in Section 3.15, it is often useful to describe a system by a set of
first-order difference equations, rather than by one or more nth-order difference equations.

EXAMPLE 3.36. The second-order difference equation

5 1
ylk+ 2+ op(k+ 1)+ op(k) =u(k)
can be written as the two first-order equations:
x{k+1)=x,(k}
5 1
xy(k+1)= 'Exz(") - g’f](k) +ul k)

where we have chosen x,(k) = p(k).

Consider the nth-order, single-input, linear constant-coefficient difference equation
i aylk+iy=ulk)
im0
This equation can always be replaced by the following » first-order difference equations:
x(k+1)=x,(k)
xy(k+1) = x;{k)

xolk+ 1) = x, (k)
1 [n-l 1
x,(k+1)=~ ;—-[ Y a,le(k)] + a—u(k) (3.35q)

nli=0

where we have chosen x,(k) = (k). Using vector-matrix notation, this set of equations can be written
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as the vector-matrix difference equation

xy(k + 1) 0 : ! 0 x (k) 0
k+1 : . . k .
e ) 0 =O0 L e (2am)
. ) . 1 ‘
I“(k+1) —ay/a, —ay/a, - —a,_,/a, xn(k) 1/a,
or, more compactly, as
x(k +1) = Ax(k) + bu (3.35¢)

In these equations, x(k ) is an n-vector element of a time sequence called the state vector, made up of
scalar elements x,(k), x,(k),..., x,(k} called the state variables of the system at time &.

In general, muitiinput-multioutpur (MIMO) systems described by one or more linear constant-coel-
ficient difference equations can be represented by

x(k + 1) = Ax(k) + Bu(k) (3.36)

where x(k) is the state vector of the system, as above, A is an n X n matrix of constants a;,. and B is
an n X r matrix of constants b, ;, each defined as in Equation (3.25a), and u{k) is an r-vector element
of a (multiple) input sequence. Given a time sequence of interest k =0,1,2,..., and an imitial condition
vector x(0), the solution of Equation {J.36) can be written as
k-1
x(k)=A*x(0) + } A '~Bu(j) (3.37}
i=0
Note that Equation ( 3.37) has a form similar to Equation (3.26). In general, however, 4% need not have
the properties of a transition matrix of a differential equation. But there 1s one very important case
when A* does have such properties, that is, where A* is a transition matrix. This case provides the basis
for discretization of differential equations, as illustrated next.

Discretization of Differential Equations

Consider a differential system described by Equation (3.26). Suppose it is only necessary 1o have
knowledge of the state variables at periodic time instants 1= 0, T.27,..., kT, ..., . In this case, the
following sequence of state vectors can be writlen as

x(T)=e""x(0) + fre‘(r_”Bu(f} dr
0

x(2T) = e4™x(T) + e‘rfzre“”r_”Bu['r) dr
T

kT
X(KT) = e*Tx((k = 1)T} +e4*=07 [ o4T="py( 1) dr
(k- 1T
If we suppress the parameter T, use the abbreviation x(k) = x{kT'), and define a new input sequence by
kT
ur(k} = eAka( +h eA[TP‘r]B“(T) dr
kT
then the set of solution equations above can be replaced by the single vector-matrix difference equation

x(k+1)=ex(k)+u'(k) (3.38)

Note that 4" =e77 is 4 transition matrix in Equation ( 3.38).
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3.13 LINEARITY AND SUPERPOSITION

The concept of lincarity has been presented in Definition 3.8 as a property of differential and
difference equations. In this section, linearity is discussed as a property of general systems, with onc
independent variable, time ¢, In Chapters 1 and 2, the concepts of system, input, and output were
defined. The following definition of linearity is based on these eatlier definitions.

Definition 3.21: If all imitial conditions in the system are zero, that is, if the system is completely at
rest, then the system is a linear system if it has the following property:
{a} 1If an input u,(¢) produces an output y,(+), and
(b) an input u,(r) produces an output y,(z),

(¢) then input cyu(¢} + c,u,(¢) produces an output ¢, y,{1) + c,»,{¢) for all pairs
of inputs w,(¢) and u,(¢) and all pairs of constants ¢; and c,.

Lingar systems can often be represented by linear differential or difference equations.

EXAMPLE 3.37. A system is finegr if its input-ouiput relationship can be described by the linear differential
equation

m d'u
=Y b,{:)}-; (3.39)

fu}

R dl
Y a(n
-0 dt

where y = p() is the system output and uw = w(s} is the system input.

EXAMPLE 3.38. A system is linear if its input-output relationship can be described by the convolution integral

(1) -f"';w(;, Yulr)dr (3.40)

where w{t, v} 15 the weighting function, which embodies the internal physical properties of the system, y(r} is the
output, and u(¢) is the input.

The relationship between the systems of Examples 3.37 and 3.38 is discussed in Section 3.10.
The concept of linearity is often expressed by the principle of superposition.

Principle of Superposition: The response y(f) of a linear system due to several inpuls
(1), y(t). ..., u, (1} acting simultaneously is equal to the sum of the responses of each input
acting alone, when ali initial conditions in the system are zero. That is, if y,(r) is the response due
to the input #,(¢), then

y()= T o)

EXAMPLE 3.39. A linear system is described by the linear algebraic equation

y{t)=2u (1) +u,(r)

where u (1) =+ and u,(r) = +* are inputs, and p{#) is the output. When u(#) = and w,(1) = 0, then p{(2) = p ()
=2¢ When u(1)=0 and u,{t)=1, then p(t)=p{r)=1> The total output resulting from w{f)=: and
uy{7) = ¢* is then equal to

y(1) =p{2) + () =20+ 17

The principle of superposition follows directly from the definition of linearity (Definition 3.21), Any
system which satisfies the principle of superposition is linear.
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3.19 CAUSALITY AND PHYSICALLY REALIZABLE SYSTEMS

The properties of a physical system restrict the form of its output. This restriction is embodied in
the concept of causality.

Definition 3.22: A system in which time is the independent variable is called causal if the cutput
depends only on the present and past values of the input. That is, if (1) is the
output, then y(¢) depends only on the input w{r) for values of < 1.

The implication of Definition 3.22 is that a causaf system is one which cannot anticipate what its
future input will be. Accordingly, causal systems are sometimes called physically realizable systems. An
important consequence of causality (physical realizability} is that the weighting function w{r,7) of a
causal linear continuous system is identically zero for 73 ¢; that is, future values of the input are
weighted zero. For causal discrete systems, the weighting sequence w(k —j) =0 for j > k.

Solved Problems

SYSTEM EQUATIONS

3.1. Faraday's law states that the voltage v induced between the terminals of an inductor is equal to
the time rate of change of fux linkages. (A flux linkage is defined as one line of magnetic flux
linking one turn of the winding of the inductor.} Suppose it is experimentally determined that
the number of ftux linkages A is related 1o the current i in the inductor as shown in Fig. 3-5. The
curve is approximately a straight line for -7, <i < I;. Determine a differential equation, valid
for — I, < i = [, which relates the induced voltage v and current /.

|
_——— =
-

—— = - —..—J\{l

Fig. 3-5

Faraday's law can be written as v = dA /dr. It is seen from the graph that

Aq
iy

where L= A, /f, is called the inductance of the inductor. The equation relating v and { is obtained by
substituting Zi for A;

u=—=—(ﬂ)'L_; where — [ <v<l
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3.2. Determine a differential equation relating the voltage v(r) and the current i{¢) for ¢ =0 for the
electrical network given in Fig, 3-6. Assume the capacitor is uncharged at ¢ =0, the current i is
zero a1 ¢ =0, and the switch S closes at 1= 0.

+
Yoltage

ROuUrce ¥

Fig_ 3-6

By Kirchhoff's voltage law, the applied voltage o) is equal to the sum of the voliage drops vp, oy,
and v, across the resistor R, the inductor L, and the capacitor €, respectively, Thus

di | P
U=UR+I’;_+UC=R‘.+LE+ELf(T)dT

To eliminate the integral, both sides of the eguation are differentiated with respect to time, resulting in the
desired diflereniial equation:
L d%i X d i @
- + — T = =
et d C 4

3.3. Kepler's first two laws of planetary motion state that:

1. The orbit of a planet is an ellipse with the sun at a focus of the ellipse,
2. The radius vector drawn from the sun (o a planel sweeps over equal areas in equal times.
Find a pair of differential equations that describes the motion of a planet about the sun, using
Kepler's first two laws.
From Kepler's first law, the motion of a planet satisfies the equation of an ellipse:
P
r= —
l+ecosd

where r and @ are defined in Fig. 3-7, and p=#*/a = a(l —¢?).

In an infinitesimal 1ime 4t the angle 8 increases by an amount 48, The area swepl out by r over the
period dr is therefore equal o dd = Lr? dfl. The rate at which the area is swept owl by r is constant
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34.

{Kepler's second law), Hence
di 1 _d# df

2 227 _

— = —=r'— = onslant or pi— =k

a2 a dt

The first differential equation is obtained by differentiating, this result with respect to time:
drds 48 drd8 4%

=0

__+ —— —
0 of dr dr rda‘z

Yr—— hri— =
aa "Il
The second equation is obtained by differentiating the equation of the ellipse:

dr a8
dr dt

pesiné
{1+ ecosd)

Using the results that d8/di = k/r? and (1 + ecos8) = p/r, dr/dt can be rewritten as

dr ek
— = —ginf

dt p
Differentiating again and replacing r2(d8 /dr) with k yiclds

4% e[ k2
% = (;) F cos@
But cos@ =(1/¢) p/r— 1). Hence

dr k?
drr pre

P k&
250
r r Pr

Substituting r{d8/dt)’ for k?/r’, we obtain the required second differential equation:

pr?

d*r AT T d'r A k?
S« S

A mathematical model for a feature of nervous system organization called lareral inhibition has
been produced as a result of the work of several authors [2, 3, 4]. Lateral inhibitory phenomena
can be simply described as inhibitory electrical interaction among laterally spaced, neighboring
neurons {nerve cells). Each neuron in this model has a response ¢, measured by the frequency of
discharge of pulses in its axon (the connection “cable” or * wire™), The response is determined by
an excitation r supplied by an external stimulus, and is diminished by whatever inhibitory
influences are acting on the neurons as a result of the activity of neighboring neurons. In a
system of n neurons, the steady state response of the kth neuron is given by

m
CL=r— Z 4, _.C,
i=1

where the constant g, _; is the inhibitory coefficient of the action of neuron i on k, It depends
only on the scparation of the & th and ith neurons, and can be interpreted as a spatial weighting
Sfunction. In additien, a,,=a _,, (symmetrical spatial interaction).

{a) If the cffect of neuron i on % is not immediately felt, but exhibits a small time lag Az, how
should this model be modified?

(b} If the input r,(r) is determined only by the output ¢,, At seconds prior to 1 [r(2) =
¢, (1 — At)], determine an approximate differential equation for the system of part (a).

(@) The equation becomes

(1) =rl) - T a1 A1)

=1
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(b) Substituting £, {7 — A¢) for r(1),

Ck(;) —Ck{r_&,) == iﬂﬁdfq(f—af)

=]

Dividing both sides by A¢,
e (1) —c(r—Ae) -
Y =-Z ( As

i=1

)c,(!—ﬁr)

The left-hand side is approximately equal to dr, /dr for small At. If we additionally assume that
¢ (t — Ar) = ¢ (¢) for small Ar, then we get the approximate differential equation

dc, [ Oy
dr +,.>;1( At )c’(t)#o

3.5. Determine a mathematical equation describing the sampled-data output of the ideal sampler
described in Definition 2.12 and Example 2.8.

A convenient representation of the output of an ideal sampler is based on an extension of the concept
of the unit impulse function 8(1) into an impalse train, defined for ¢ = Q as the function

mp(r) =8(r) +8(r—n) + 81— )+ = L 81— 4)
k=0
where ¢, =0 and ¢, ,, > 1,. The sampled signal u*{¢) is then given by
o
W) =u(ymp () =u(e) L 8(¢—1,)
k=0

The utility of this representation is developed beginning in Chapter 4, following the introduction of
transform methods.

3.6. Show how the simple R-C network given in Fig. 3-8 can be used to approximate the sample and
{zero-order) hold function described in Example 2.9.

This system element operates as follows. When the sampling switch § is closed, the capacitor C is
charged through the resistor R, and the voltage across C approaches the input u(¢). When § is opened, the
capacitor cannot release ils charge, because the curcent (charge) has nowhere to dissipate, so it Rolds its
voltage until the next time S is closed. If we describe the opening and closing of the switch by the simple

M
_~ ’
A
. WA .
ult) flx) -T_ C Finl £}
Fig. 3-8

function:
mg(1) = 1 if § is closed
s 0 if § is open
we can say the current through R and C is modulared by mg(r). In these lerms, we can write

i = mo( 20
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3

and, since i = Cdy,/dt, the differential equation for this circuit 1s

o ={ u-yfm)m ()
d RC 177
We note that this is a #ime-varying differential equation, due to the multiplicative function mg(/) on the
right-hand side. Also, as RC becomes smaller, that is, 1 /RC becomes larger, dyyg/dt becomes targer and
the capacitor charges faster. Thus a smaller RC in this circuit creates a better approximation of the sample
and hold function.

If the sampler in the previous problem is ideal, and the sampling rate is uniform, with period T,
what is the differential equation?

The ideat sampler impulse train modulating function m(f) was defined in Problem 3.5. Thus the
diflerential equation of the sample and hold becomes

dyyo Vo) o
" —[ T )E)B(r kT)

In this idealization, impulses replace custent pulses.

CLASSIFICATIONS OF DIFFERENTIAL EQUATIONS

38.

39.

Classify the following differential equations according to whether they are ordinary or partial.
Indicate the dependent and independent variables.

dx dy 0 N
(a) bk A A x = x(1) y=p(1)
af 3
{b) a+a—y+x+_}r—0 f=f(x,y)
4] df N o dx
(C) E E =0 f—x +.£JTI
df_ e dy
@) —=x f=7R)+ —

(a) Ordinary; independent vaniable #; dependent variables x and y.

(&) Partial; independent variables x and y; dependent variable f.

() Since df/3x=2x, then (d/de)[df/dx] = 2dx/dty=0, which is an ordinary differential equation;
independent variable «; dependent variable x.

{(d) df/dx=2y(dy/dx)+dly/dx® = x, which is an ordinary differential equation; independent variable
x; dependent vatiable .

Classify the foliowing linear differential equations according to whether they are time-variable or
time-invariant. Indicate any fime-variable terms.

diy 1 \d¥ 1

(@ Zzriy=0  © (m)w*(m*“
d 5 1y

by Z&»=0 (d) —7 +fcost)y=0

(a) Time-invariant.

(b)Y (d/dn(s*y) =2y + 1 (dv/di) = 0, Dividing through by ¢, #(dv/di) + 2y =0 which is lime-variable.
The time-variable tere is 1(dy /di).

(¢) Multiplying through by r+ 1, we obtain d?y/dr? + y = 0 which is time-invariant.

(4} Time-variable. The time-variable term is {cos £} y.
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3.10. Classify the following differential equations according to whether they are linear or nonlinear.
Indicate the dependent and independent vanables and any nonlinear terms.

d) d?

y ¥ .
(a) fg+y=0 y=y(1) (d) (msr)7“—2+(51n2r)y=0 y=y()
dy dly
{(b) y— +¥y=0  y=y() {e) (cosy)—5 +sin2y=0 y=r{1)
dr dr
dy d?y
(€) }_I_+}r1=g y=y(1) (f) (cosx)?+sin2x=0 v=p(1), x=x(1)

(g} Linear; independent variable r; dependent variable y.

(#} Nonlinear; independent variable ¢; dependent variable y; nonlinear term y({dv/dr),

{¢) Nonlinear; independent variable ¢ dependent variable y; nonlinear term %,

(d) Linear; independent variable ¢; dependent variable y.

{e) Nonlinear; independent variable 7; dependent variable y; nonlinear terms (cos y) d*y/dr* and sin2y.

(/) Noclinear: independent variable (; dependent variables x and y; nonlinear terms {cos x} d*y/dr’
and sinlx.

3.11. Why are ali transcendental functions not of first degres?

Transcendental functions, such as the logarithmic, trigonometric, and hyperbolic functions and their
corresponding inverses, are not of first degree because they are either defined by or can be written as infinite
seriecs. Hence their degree is in general equal to infiniry. For example,

2n -1 X3 15

- = -1 X

where the first term is first degree, the second is third degree, and s0 on.

THE CHARACTERISTIC EQUATION

3.12. Find the characteristic polynomial and characteristic equation for each system:

o1
§ dy dy  dYy _
&u (a) F+9}F+7y=u (b) F+9F+Ty=smu

(a) Putling D"=d"/di" for n=2 and n =4, the characteristic polynomial is D*+ 9D? + 7. and the
characteristic equation is B* + 80 + 7=0.

(&) Ahhough the equation given in part (5} is nonlinear by Defimition 3.8 {the term sin« is not first
degree in 1}, we can treat it as a linear equation if we arbitrarily put sin « = x, and treat x as a second
dependent variable representing the input. In this case, part (b} has the same answer as
part (a).

3.13. Determine the solution of the characteristic equation of the preceding problem.

wl

Let D? = E. Then D* = E?, and the characteristic equation becomes quadratic:

9453 -9+ /353
E2+9E+7=0 E=-—3 and  D=i| ————

Mabhced
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LINEAR INDEPENDENCE AND FUNDAMENTAL SETS

3.14. Show that a sufficient condition for a set of n functions fi, f,,..., f, to be linearly independent
is that the determinant

fl fz fn

# &

dr dt dt
du-lfl dﬂ—lfz du—ln
din ! dr"! dr!

be nonzero. This determinant is called the Wronskian of the functions f|, f,...., f,

"

Assuming the f, are diffcrentiable at least # — 1 times, ket 7 — 1 derivatives of

C1f1+(,'2f2+ e +Cnﬁ‘=0

be formed as follows, where the ¢, are unknown constants:

€ i +¢ % + I wl 0

Ve T dr " d

an- ]fl " lfz dan lf,,
c, 21 + ¢ 21 R 21 ={}

These equations may be considered as » simultaneous linear homogeneous equations in the n unknown
constants ¢,, ¢;,..., ¢,, with coefficients given by the elements of the Wronskian. It is well known that these
equations have a nonzere solution for ¢, c,,..., ¢, (i, not all ¢, are equal to zero} if and only if the
determinant of the coefficients {the Wronskian) is equal to zero. Hence if the Wronskian is nonzero, then
the only solution for ¢, 6y,..., ¢, is the degenerate one, ¢; = ¢; = -+ = ¢ = 0. Clearly, this is equivalert
to saying that il the Wronskian is nonzero the functions f,, f;,..., f, are linearly independent, since the
only solution tlo ¢, f, + ¢ 5+ -+« +¢ f,=0isthen ¢, =y =¢3= -+ = ¢, =0 Hence a sufficient condi-
ion for the linear independence of £y, f3...., f, is that the Wronskian be nonzerc. This condition is not
necessary; that is, there exist sets of lincarly independent functions for which the Wronskian /s zero.

3.15. Show that the function 1, ¢, ¢ are linearly independent.
The Wronskian of these three functions {see Problem 3.14) is

t p3

1 I
0 1 2
0 0

=2

Since the Wronskian is nonzero, the functions are linearly independent.

316. Determine a fundamental set for the differential equations:

dy d% & dy dy &
45— 48— +dy=uy by —= +4—> 46—
ar’ di? a7 ®) dr? de? dt
(a) The characteristic polynomial is D*+ 5D° + §P + 4, which can be written in factored form as
(D +2(D+ 2D+ 1) Corresponding to the root Dy = —1 there is a solutior ¢™', and

athcad (a}

+d4y=u
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corresponding to the repeated root Dy = £}, = —2 are the two solutions e~ ¥ and re”%". The three
solutions constitute a fundamental set.

(b} The characteristic polynomial is D? 4+ 4D% + 6D + 4, which can be written in factored form as
polyn
(D+1+;XD+1~,¥D+2).
A fundamental set is then =1~/ o'~ 1+ and ¢~ 7.

3.17. For the differential equations of Problem 3.16, find fundamental sets different from those found

=l in Problem 3.16,
% (a) Choose any 3 X 3 nonzero determinant, say

Using the eiements of the first row as coefficients a;; for the fundamental set ¢/, ¢~ 2", 1¢~* found in
Problem 3.16, form

=e 4 leT VeV
Using the second row, form

=—3 "4+ Qe ¥
From the third row, form

Zy=e 4 de M2

The functions z), z,, and z; constitute a fundamental set.
(b) For this equation generate the second fundamental set by letting

2y

=g
1 1 e‘f'+ef’)
R e R TR B T
Z, = —¢ + <€ =¢
P2 2 2
CoSf—Fsins+ cost+fsins B
=-e ! 2 =¢ "cost

D ocvene_ Y i 8"
=— - —e =¢
Y 2 2

_,[cost+jsint—cost+fsint
€ 7

The coeflicient determinant in this case is

1 0 0

0 L ! 1
2 ? =

o 1 1 2
2j 2
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SOLUTION OF LINEAR CONSTANT-COEFFICIENT ORDINARY
DIFFERENTIAL EQUATIONS

3.18. Show that any free response y,(1) = L4 . ¢, v, (¢) satisfies E7_,a,(d'v/dt') = 0

By the definition of a fundamental set, y,(#), £ =1,2,..., n, salisfies L} _ne (d'y, /dr') = 0.

Suhbstituting 7 _ ¢, y, (1) into this differential equation yields

al n " d:’ %
L e E L s ’)] E Ea:dr{fﬂyx(f)) YolXa }dlft)j}=

i={ fml) ] k=1 i=0

The last equality is obtained because the term in the brackets is zero for all k.

3.19, Show that the forced response given by Equation (3.14)

m diu(r
yle)= fw r—-r)[ ; ( )ldf

:-O

satisfies the differential equation
"4 m  diy
E ai-_)f' = bl_;_
g dr ieo 4ar
For simplification, let r{f) = L™  b,(d u/de’). Then y (1) = fgw(t — rir(7)dr and

dy, dw
% ﬂj;(;ir('r) dr+w(t—7)r (-r)

-La—(—zr( Ydr+0-r(t)

Similarly,
Bzw(r—'r) 4" by, 2" it — 1)
7 —f r(-r) dr,..., s =_£)—_":3?_—'_|__r(7)d7
since, by Bquation (3.76),
Fwlt—1)
ar

d'w(t)
dt’

={) for (=012, . ,n-12
te=i

The nth derivative is

4"y, (I"wlr 1) A" twl{t—1)
e e O

37"

since, by Equation {3.76),
3" w(r-r)
3;!{-1

_ a4 ()

dri) =1

=0

LN}

The summation of the n derivatives is

" d'y, n B’w(x —1)
;-n 4 ar f {--n ar r(vydr+r(t)
Finally, making the change of variables 1 — 7 = & in the bracketed term yields

o dw(8) 2 dw(d)

Z a; - E — =0
o ap fp a'B
because w(#) is a free response (see Section 3.10 and Problem 3. 18) Hence
E g—— =1(sr) = E b{

P=10 im0

-r(l)=fu Iwlizn) . ) dr+ (1)

65
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Find the free response of the differential equation

d’y dly dy
+4—= +6— +4dy=u
e ta T
with initial conditions y(0) =1, (dy/d!)[,.o= 0, and (d*y /dt?}{,un= —1.

From the results of Problems 3.16 and 3.17, a fundamental set for this equation is ™%, ¢ ' cost,
e~ ' sin 1. Hence the ree response can be written as

¥ (1) =ee ¥ + e cost+ eye sing
The initial conditions provide the following set of algebraic equations for ¢, ¢;, ¢3¢

2 %y,
¥, (0} = +e=1 _5,_0=_2c]_82+03=0 de?

=4c —2c,= -1

i=0
from which ¢, = 4, ¢, = 4, ¢; = 3. Therefore the free response is

1 1
¥, {r) =§e_h +5e'rcosr+ Ee"sint

Find the weighting function of the differential equation

dty dy du
—T A Hay=3—
4{"r y 3df 2u

The characteristic equation is D* + 4D + 4 = (D + 2)* = 0 with the repeated roo1 D= -2. A funda-
mental set is therefore given by ¢™ ', fe %', and the weighting function has the form

wit) =ce * +cte ¥
with the initial conditions

chw
w(O)——‘[c]e 2’+c2re-'2‘]|r_0-=(:,-={]' 7 =[—2.‘:,9'2r+cge'2'——2sz€"”]3‘{_0=

¢}

Thus wi{) = te?

Find the forced response of the differential equation (Problem 3.21):
diy du
s 44—+ 4y=3—+2
dt’ a7 3 a
where u(r)y=e ¥, 120,

The forced response is given by Equation (3.714) as
du du
I I 3
yh(‘}‘f;“‘("_”[j'}; + Zu] dr= 3.{)\-\:(!—7); dr+2";w(r—r)ud7
Integrating the first integral by parts,

] 4 , 2 W

= w(Q)u(r) ~w()u(0) - ['———= “’(’ ) g

But w(0) = 0; hence the forced response can be written as

)= f[ i ( }+2w(r-'r)]u(1') dr — Iw(1)u(0)
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From Preblem 3.21, w(t — 1) ={f—r)e 2"~ hence

[_JJW(.I‘“?)

3 +2w(r—'r)] =3¢ W D—4r—r1)e W M
T

and the forced response is
- ‘ - 3ar - U T - ! T dr -
(1) =3¢ 2’]92'9 ¥ dr —dge 2'feze Ydr 4+ de 2'f-rele' o= 3 Y
a 1} 0

- 7[9_2; _ e—3r _ !e—ZF]

3.23. Find the output y of a system described by the differential equation
d’y  dy
— +3—+2y=1+1
di’ a7
with initial conditions p(0)= 0 and (dy/dt)|,_,= 1.
Let u, =1, u, = ¢, The response y due to , alone was determined in Example 3.27as y; = (1 —e ™).
The free response y, for the differcntial equation was found in Example 324 to be y, =" — ¢, The
forced response duve to u, is given by Equation {3./4}. Using the weighting function determined in
Exarmple 3.25, the forced response due to w; is
»n= f‘w(r —t)u;(1) dr= f‘[e‘“'” - U= g gy
0 0
i 1 1
=e ' fretdr—e Y| v dr=—[de " —e ¥ +2t~3
A frerar=l |
Thus the forced response is
1
Ya=MW +yz=3[4e_'—3e' Ly, PR 1]
and the total response is
1
Y=y, ty= E{Be"' -7 + 2t~ 1}
3.24. Find the iransient and steady siate responses of a sysiem described by the differential equation
dly  dy
—+3—+2p=1+
dr? ar Y
with the initial conditions y(0) =0 and (dy /dt)|,_,= 1.
The total response for this equation was determined in Problem 3.23 as
1
y= z[Se"’ - T ¥ +24-1]
Since lim, . [4(8e " — Te~ )] =0, the transient response is yr= 1(8e *— 7e~?"). The steady state rc-
sponse is y, = (2r - 1).
SINGULARITY FUNCTIONS
3.25. Evaluate: (a) [&%8(r—6)dr, (b) [§sint8(e— Ty dr,

{a) Using the screening property of the unit impulse function, [J¢28(r — 6) dt = 17|, _, = 36.
(k) Since the interval of integration < ¢ < 4 does not include the position of the unit impulse function
t=17, then fisintd(r— N dt=0.
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3.26, Show that the unit step response y,(¢) of a causal linear systemy described by the convolution
integral
w()= [wlt—r)u(r) dr
0
is related to the unit impulse response y;(7) by the equation y {t) = f{ys{r} dr.
The unit step response is given by p (1} = [§w(¢ — r)u(r)dr, where I{r) is a unit step function. In
Example 3.29 it was shown that p,(r)} = w(r). Hence
(1) = [mCe=1)ule) dr= [(i=r)dr
(] (i
Now make the change of variable # =t — r. Then dr= ~d§, r =0 implies # = ¢, v =1t implies # =0, and
the integral becomes
0 1
H=- #) df = 8) de
n(?) _’:}’s( ) foya( )

3.27. Show that the unit ramp response (1) of a causal linear systemn described by the convolution
integral (see Problem 3.26) is related to the unit impulse response y,(¢} and the unit step
response y,(#) by the equation

' L T .
)= [y(ryds = [ ["5(8) dbar
Proceeding as in Problem 3.26 with w(¢ — r) = y{¢t — 1) and r changed 10 r — 1’, we get
’ ! ¢’
3(1) = [t —ayrde = [~V n() dr' = [ly() dv' = [n(s) dr
From Problem 3.26, the frst term can be written as f{y(7") dv’' = y,(¥). The second term can be
integrated by parts, yielding
[rw(ryd =en(v)ly— [n(r) dr
0 o
where dy, (7'} =);(7"ydr’. Therefore
2 =08y = ol(0) + ['(r) ar = [n(7) a7
(! 0
Again using the result of Problem 326, we obtain the required equation.
SECOND-ORDER SYSTEMS

3.28. Show that the weighting function of the second-order differential equation

2
% + Ifw"% +wly=wiu
is given by w(1) = (1/w,)e ' sinw,t, where a ={w,. w,;= 0"1/174_§?, 0<{=<1l
The characteristic equation
DY+ 2w, D+ WP =0
has the roots
D= —fu, +jo 1 -1 = —a+ju,
D= ~fw, — jo1 =7 = —a—Ja,
One fundamental set is p, = ¢~ Ye/*¢', y, =™ Me™>'; and the weighting function can be written as

W(I} == Cle--ure—;u,ar + cze—mejwd!
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329,

3.30.

where ¢, and ¢, are, as yet, unknown coefficients. w(r} can be rewritten as
w(2) = e™%[ ¢, 008wyl — je, sinw,? + €5 COS Wyt + jog Sinw, 1]
={c +o)e Meosul+ j(c,—o)e ™ sinw,t
=Ade ™coswt+ Be”  sinwyt
where A = ¢, + ¢, and B = j{e; — ¢;) are unknown coefficients determned from the initial conditions given
by Equation (3./6). That is,
- —af —ar o =
w(0) IAe ® cos W, + Be™ ™ sin “’df]le-n =A4=0
aw

and —
dt |,

= Be M[“’d COS w ! —ﬂSil'lwd.f]L_u =Bu,=1

Hence w(1) = —e " sinw,s
]

Determine the damping ratio {, undamped natural frequency w,, damped natural frequency «w,,
damping coefficient a, and time constant r for the following second-order system:

Dividing both sides of the equation by 2, dy/dt* + 2(dy/dt) + 4y = 4u. Comparing the coefficients
of this equation with those of Equation ( 3.22), we obtain 2{w, — 2 and w? — 4 with the sclutions w, = 2 and

{=31=05 Nowew=wyil-{?=v3,a=tw,=1,and r=1/a=1

The overshoot of a second-order system in response to a unit step input is the difference between
the maximum value attained by the output and the steady state solution. Determine the
overshoot for the system of Problem 3.29 using the normalized family of curves given in Section
114

Since the damping ratio of this system is { = 0.5, the normalized curve corresponding to § = 0.5 is used,
This curve has its maximum value (peak) at «,¢=3.4. From Problem 3.29, w, = 2; hence the time 1, at
which the peak occurs is 1, =3.4/w,=3.4/2=1.7 sec. The value attained at this time is 1.17, and the
overshoot is 1.17 ~1.00=0.17.

STATE VARIABLE REPRESENTATION OF SYSTEMS DESCRIBED BY LINEAR
DIFFERENTIAL AND DIFFERENCE EQUATIONS

331

Put the differential equation

dy

"
with initial conditions y(0) =1 and (dy/dt})|,., = — 1. into state variable form. Then develop a
solution for the resulting vector-matrix equation in the form of Equation (3.26) and, from this

specify the free response and the forced response. Also, for u(r) =1, specify the transient and
steady state responses.

Letting x, =y and dx, /df = x,, the state variable representation is dx, /dt = x, with x,(0}=1, and
dxy/dt = u with x,{0) = - 1. The matrices 4 and B in the gencral equation form (3.25) are

_10 1 _|0
A'[o 0] b‘[l]
Since 4* =0 for & = 2, the transition matrix is

Ar _ = 1 I
e’ =F+ At [0 l]
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and the solution of the state variable equation can be writien as

] L EOR I R Gl R
or, after multiplying the matrices in cach term,

xl(rJ-1—:+f0'(;—«r)u(r) dr

(i} =-1 +f‘u(f) dr
0
The free responses are
x (r)=1-1
x,{1) = -1
and the forced responses are

xip(0) = (1= 7)ulx) dr

x5, (1) = f;ru(-r) dr

For wit)=1, x;{1)=1—-¢+ 2/2 and x%,(8)= —1+ ¢ The trunsient responses are x;7(¢t) =0 and x,7(¢)
— 0 and the steady siate responses are x,, (¢} =1—1t+12/2 and y, (1) = -1+t

Show that the weighting sequence of the difference equation (3.29) has the form of Equation
(3.34).

The technique used to solve this problem is called variation of parameters. It is assumed that the forced
response of Equation {3.29) has the form:
(k)= ¥ ¢, (k)3 (k)
F=1
where y(k)..... ¥,(k) is a fundamental set of solutions and ¢,(k),..., ¢, (k) is a set of unknown
time-variable parameters to be determined. Since y,(3) = 0 for any forced response of a difference equation,
then ¢,(0) = 0,...,¢,{(0) = 0. The parameter ¢,(k + 1) is written as ¢,{(k + 1) = ¢, (k) + Ac (k). Thus

L n

wlk+1) =Y ¢, (k)y(k+1)+{ ¥ ac,(k)y(k+1)
=1 =1 i

The increments Ac{k),. .., Ac, {k) are chosen such that the term in the brackets is zero. This process is
then repeated for y,(k + 2) so that

k4D = X e (k) (k+2)+| 3 8, (k) y(k+2)
=1 i

[ i=1
Again the bracketed term is made zero by choice of the increments Ac (k). ..., Ac¢, (k). Similar expressions
are generated for y,(k+ 3), p{k +4),..., »(k+n—1). Finally,

]

wlk+n)y=13% c(k)y(k+n)+ i Ac,{k)y,(k+n}

=1 =1

In this last expression, the bracketed term is not sei to zero. Now the summation in Equation ( 3.29) is

n

i awlk+i)=Y e (k) ):: ay{k+i}+a, f: Ae, (k) y,(k + n) =u(k)

i=0 =1 1) =1
Since each element of the fundamental set is a free response, then

Zaryf(k+i) =0
im0
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for each j. A set of n linear algebraic equations in » unknowns has thus been generated:

ﬁ Ac,(k)y,(k+1)=0

i=1

i Ac,(k)y(k+2)=0

j=1

¥ e, (k)3 (k+a) = u(%)
= .
Now Ac;(k) can be written as J
where M(k) is the determinant
plk+1) wnlk+ly - pli+1)
M(k) = nlk+2) p(k+) - ket D)
mm@num)ﬁ (K tn)

M (k) is the cofactor of the last clement in the jth column of this determinant. The paramcters
c{k},...,c, (k) are thus given by

k-1 MAD u(d)
<o M(]) a,

k-1
(k)= % Ac (i) =
=0

The forced response then becomes

wh - 58 s S 0

=1 (=0

—ZZ WMWP”

This last equation is in the form of a convolution sum with weighting sequence

" M(J
wk-1)= ¥ - ;;(f))yj(k)

=1

LINEARITY AND SUPERPOSITION
3.33. Using the definition of linearity, Definition 3.21, show that any differential equation of the form:

Y a(0) 2 -y

'S dr'
where y is the output and « is the input, is linear.

Let u, and &, be two arbitrary inputs, and let p, and ), be the corresponding outputs. Then, with all
initial conditions equal to zero,

= d)ﬁ

n dl’yz
= d f]— =
an ani( )i =

I-O
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Now form
il d'y, - d*ys
oy + ey = c,[ ¥ a,(!)W] + cz[E al(r)?-]

i=0 =0

d di("l)’l) - d'(e;3,)
’"Ean(f)T + E:Uﬂ;(f)T
n dl'

E a;(0) (o +cp)

!
(=0 dt

l

Since this equation holds for all ¢, and ¢,, the equation 15 linear.

Show that a system described by the convolution integral
[}
wey= [ wit,mhulr) dr
— o

is linear, y 1s the output and u the input.

Let w, and u, be two arbitrary inputs and let
= wlenym(rydr  y= 7wt myu(n)dr
— o0 — o0
Now let ) + ¢,u, be a third input and form

f_mmw(!,r)[qal(*r) + cy105( 7}] d7=c'1fmmw(1, )u(7)dr+ czf_xww(t, rYu,(T) dr

=ty

Since this relationship holds for all ¢, and ¢,, ihe convolution imtegral is a linear operation (or
transformation).

Use the Principle of Superposition to determine the output y of Fig. 3-9.

J:g = cos 2t J:g = t2
u, =sint + d + - y

L= | de /

Fig. 3-9

For ty=u,=0, y; = 5(d/dt)(sin 1} =5cosst. For uy =u;=0, y,=5{d/dr)vos2¢) = —10sin2¢. For
t = u; =0, y; = — 5% Therefore

Y=y +¥+y=5(cosr—2sin2s— 1?)

A linear system is described by the weighting function
w(t,7t)=e """ forall 1,7

Suppose the system is excited by an input
w(t)=+ forall r

Find the output y{r),
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The output is given by the convolution integral {Example 3.38):

=]
y(r) =f_:e"'" "'Td1'-=f:we'“""1'df+_£ el""Trds

o0
-e”’f’ erdr+ e"f e rdr

— 1

e et ] efert-r -] =2

CAUSALITY

3.37.

1.38.

1.39.

3.40.

341.

342,

343

.44,

Two systems are defined by the relationships between their inputs and outputs as follows:

System 1: The input is u(#) and at the same instant of time the output is y(r)=u(r+T), T>0.
System 2: The input is u(#) and at the same instant of time the output is p{¢)=u(1 —T), 7> 0.

Are either of these systems causal?

In System 1, the output depends only on the input T seconds in the future, Thus it is not causal. An
operation of this type is called prediction.

In System 2, the output depends only on the inpot T seconds in the past. Thus it is causal. An
operation of this type is called a time defay.

Supplementary Problems

Which of the following terms are first degree in the dependent variable y = y(r)? (@) (%, (b) tan ,
(cycost, (d) e ", (&) te™",

Show that a system defined by the equation y = s + b, where y is the output, « is the input, and »t and b
are nonzero constanis, is nonlinear according Lo Definition 3.21.

Show that any differential equation of the form
H d"y m d
t)—/— = b{rt
Tal0: =X

|'u
1
i=0 im0 dr

satisfies Definition 3.21. (See Example 3.37 and Problem 3.33).

Show that the functions cost and sin ¢ are linearly independent.
Show that the functions sin ar and sin k¢, where n and & are integers, are linearly independent if n # k.

Show that the functions ¢ and ¢* constitute a fundamental set for the differential equation

dy &
P - 2r— 4+ 2p =0
dr? a7
Find a fundamental set for
d3 d2
4 +6 o Zlf-y— + 26y =u

— 46—+
de? dr? 4



Chapter 4

The Laplace Transform and the z-Transform

41 INTRODUCTION

Several techniques used 1n solving engineering problems are based on the replacement of functions
of a real variable (usually ume or distance} by certain frequency-dependent representations, or by
functions of a complex variable dependent upon frequency. A typical example is the use of Fourier
series to solve certain elecirical problems. One such problem consists of finding the current in some part
of a linear electrical network in which the input voltage is a periodic or repeating waveform. The
periodic voltage may be replaced by iis Fourier series representation, and the current produced by each
term of the series can then be determined. The total current is the sum of the individual currents
(superposition). This technique often resulis in a substantial savings in computational effort.

Two very important transformation techniques for linear control system analysis are presented in
this chapter: the Laplace transform and the z-transform. The Laplace transform relates time functions to
frequency-dependent functions of a complex variable. The :z-transform relates time sequences to a
different, but related, type of frequency-dependent function. Applications of these mathematical
transformations to solving linear constant-coefficient differential and difference equations are also
discussed here. Together these methods provide the basis for the analysis and design techniques
developed in subsequent chapters.

4.2 THE LAPLACE TRANSFORM

The Laplace transform is defined in the following manner:
Definition 4.1: Let f{+) be a real function of a real variable ¢ defined for ¢ > 0. Then

.?[f(r)]EF(s)ETli_.rr:a'[Tf(t)e‘"dt=j:f(r)e"'d; O<e<T

«—+0
is called the Laplace transform of f(r). s is a complex variable defined by
§ =0+ jw, where g and o are real variables® and j=v—1.

Note that the lower limit on the integral is r = ¢ > 0. This definition of the lower limit is sometimes
useful in dealing with functions that are discontinuous at r = 0. When expliciz use is made of this limit,
it will be abbrevialed 7= lim__ ,e =07, as shown above in the integral on the right.

The real vaniable ¢ always denotes time.

Deftnition 4.2; If f{¢) is defined and single-valued for 7 > 0 and F{o) is absolutely convergent for
some real number ¢, that is,

2] T
[T e di= tim [7]f(e)le" > dr < + 2 O<e<T
[ T—o ¢

e—+0

then f(#) is Laplace transformable for Re{s) > .

*The real part o of a complex variable s is often written as Re{x) (the seal part of r) and the imaginary part w as Im(s) {the
imaginary part of 5). Parentheses are placed around s only when there is a possibility of confusion,

74
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EXAMPLE 4.1. The function ¢” " is Laplace transformable since

o o 1 1
e e % dt = p i1t Jy — Pt = e < 4
f{rl ' J; —(1~5) I
ifl+a,>00rog,> -1
EXAMPLE 4.2. The Laplace transform of ¢ ' is
o
o -
Zle ']= “le gt = I I for Re(s)> -1
[ ] fo.e ¢ G+ o S+I «(s)

43 THE INVERSE LAPLACE TRANSFORM

The Laplace transform transforms a problem from the real variable time domain into the complex
variable s-domain. After a solution of the transformed problem has been obtained in terms of s, it is
necessary to “invert” this transform to obtain the time domain solution. The transformation from the
s-domain into the r-domain is called the inverse Laplace transform.

Definition 4.3: Let F(35) be the Laplace transform of a function f(r), > 0. The contour ntegral
1 €+ fors
-1 = = g
LYUF(s)] =f(1) h}_f(_pc Fls)e™ds

where j=v -1 and ¢ >0, (g, as given in Definition 4.2), is called the inverse
Laplace transform of F(s).

It is seldom necessary in practice to perform the contour integration defined in Definition 4.3. For
applications of the Laplace transform in this book, it is never necessary, A simple technique for
evaluating the inverse transform fer most control system problems is presented in Section 4.8.

44 SOME PROPERTIES OF THE LAPLACE TRANSFORM AND ITS INVERSE

The Laplace transform and its inverse have several important properties which can be used
advantageously in the solution of linear constant-coefficient differential equations. They are:

1. The Laplace transform is a linear transformation between functions defined in the r-domain
and functions defined in the s-domain, That is, if F\(s) and F,(s) are the Laplace transforms
of f(1)and [,(¢), respectively, then a,F,(s) + a,F, (s} is the Laplace transform of a,f,(¢) +
a, (¢}, where a, and a, are arbitrary constants.

2. The inverse Laplace transform is a linear transformation between functions defined in the
s~domain and functions defined in the /-domain. That is, if f,(¢r) and f5(1) are the nverse
Laplace transforms of Fi(s) and F(s), respectively, then b, fi(2) + b, f,(r) 15 the inverse
Laplace transform of & F,(s)+ b, Fy(s), where b; and b, are arbitrary constants.

3. The Laplace transform of the derivative df /dr of a function f(r) whose Laplace transform is
F(s)is

a1 .
.Q’[E] =sF(s)—-f(0")

where (07} is the initial value of f(#), evaluated as the one-sided limit of f(:) as !
approaches zero from positive values.
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The Laplace transform of the integral [4f() dr of a function f{¢) whose Laplace transform is
F(s)is

.Ef’[ff d—r] F(s)

The initial value f{0*) of the function f(#) whose Laplace transform is £(s) is
FOTY=lim f(¢) = hm sF(s) >0
(0 oo

This relation is called the Initiai Vaiue Theorem.
The final vafue fiec) of the function f(r) whose Laplace transform is F(s) is

flo0) = lim f(1) = lim sF()

if lim, , . f(¢) exists. This relation is called the Final Value Theorem.
The Laplace transform of a function f(¢/a) (Time Scaling} is

=aF(as}

!
7|3
a
where F(s5)=217(1)
The inverse Laplace transform of the function F(s/a) ( Frequency Scaling) is

& ‘[F(i ] =af(at)
a
where L7 F(s) = f(2).

The Laplace transform of the function f(t — T} (Time Delay), where T>0and f(r—7)=0
fortr<T,is

L1~ T)) = e *TF(s)
where F(s)=2[f(1)].
The Laplace transform of the function e™*'f(¢) 1s given by
L[ef(¢)| = F(s+a)
where F(s)}=%[/(1)] (Complex Translation).

The Laplace transform of the product of rwo functions f(t) and f5(¢} is given by the complex
convolution integral

1 ¢+ Foo
-g[fl(f)fz(f)] = 5-‘?;-[;—;30 Flw)F(s-w)do

where Fi(s) =2 {1} F(s)=2[fL,{]

The inverse Laplace transform of the product of the two transferms F|(5) and F,(s5) is given by
the convelution integrals

£ RO B = [ A f—'r)d'r—ffz( D filt=r)dr
where 2 [ Fi(5)] = fi(1), L[ Fa(5)] = /(1)

EXAMPLE 4.3. The Laplace transforms of the functions ™' and e ¥ are L[e /]=1/(s + 1} Z[e =
1/{s + 2). Then, by Property 1,

5 N : L, 3 1 25+ 5
Fl3e —e =38 1] Ll = T - 7 T T
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EXAMPLE 4.4. The inverse Laplace transforms of the functions 1/{s + 1) and 1,/(s + 3) are

_Qo—l 1 -pf g—l 1 ]=e-3r
s+1 543

1 1
= -1 _ 47! O, WL I P
o [s+l s+3] 2 [s+1} [s+3] £ ¢

EXAMPLE 4.5. The Laplace transform of (d/df)(e™") can bs determined by application of Property 3. Since
PLle "1=1A5+1) and lim,_ g™ ' =1, then

el

Then, by Property 2,

1—1
3+1 S s+l

EXAMPLE 4.6. The Laplace transform of jje " d7 can be determined by application of Property 4. Since

Fle "1=1/(s+ 1), then
. !
3’[1{-}9 dr] s(s-i—]) s(s+ 1)

EXAMPLE 4.7. The Laplace transform of e~ is #[e~¥]=1/(s ~3). The initial value of ¢ * can be
determined by the Initial Valve Theorem as

=1

1
Eme ¥ = lim s(
=0 $—+ a0 s+73

EXAMPLE 4.8. The Laplace transform of the function (1 —e™*) is 1/5(s t 1). The final value of this function
can be determined from the Final Yalue Theorem as

! l1-e%)=1
.r-l-n;( ) 5—-0 s(s-i-l)

EXAMPLE 4.9. The Laplace transform of =’ is 1 /(s + 1). The Laplace transform of e * can be determined by
application of Property 7 (Time Scaling), where a = i:

a _l 1 1
113w | s

EXAMPLE 4.10. The inverse transform of 1/(s+1) is ¢ ‘. The inverse tramsform of 1/(is+1) can be
determined by application of Property 8§ {Frequency Scaling):

EXAMPLE 4.11. The Laplace transform of the function e7' is 1 /(s + 1). The Laplacc transform of the function
defined as

£y = {en 2 1>

12

can be determined by Property %, with T'=2:
—2s

LUO) e 2le T~

EXAMPLE 4.12. The Laplace transform of cost is s/{s? +1). The Laplace transform of £ % cos! can be
determined from Property 10 with a = 2:
s+2 s+2

& 2 —_ N
Le *cosd] (s+2)°+1 s +45+5
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EXAMPLE 4.13. The Laplace transform of the product e *'cos ¢ can be determined by application of Property
11 {Complex Convolution). That is, since F[e *]=1/(s+ 2) and L[costi=5/(s> + 1), then

1 Ct ine w 1 i s+ 2
Fle Teost]l=— H’m(-',—h-](- — —de=37
2ojdi e\ + 1 5w+ sc+ds + 8

The details of this contour integration are not carried out here because they are 100 complicated (see. e.g..
Reference [1]) and unnecessary. The Laplace transform of ¢ *' cos¢ was very simply determined in Example 4.12
using Property 10. There are, however, many instances in more advanced treatments of automatic controf in which
complex convolution can be used effectively.

EXAMPLE 4.14. The inverse Laplace transform of the function F{s)=1s/(s + 1}{(s? + 1) can be determined by
application of Property 12. Since & 145+ N]=¢ " and ¥ '{s/(s* + 1)] = cos 1, then

CoL vy s
& Ll[;ﬁ)lsz+l)]='[:e—“ Neosrdr—e ’E_e’cosrdr=%(cosr+sinz—e )

4.5 SHORT TABLE OF LAPLACE TRANSFORMS

Table 4.1 15 a short table of Laplace transforms. It is not complete, but when used in conjunction
with the properties of the Laplace transform described in Section 4.4 and the partial fraction expansion
techniques described in Section 4.7, it is adequate to handle all of the problems in this book. A more
complete table of Laplace transform pairs is found in Appendix A.

TABLE 4.1
Time Function Laplace Transform
Unit Impulse (0 L
1
Unit Seep 1) -
s
) 1
Unit Ramp ‘ ;—2
n!
Polynomial " IE
1
Exponential e
s+a
Lt
Sine Wave Sin o - 3
W
5
Cosine Wave €os wi -
§° 4+ W
int
Damped Sine Wave £ “sinwe —_—
{(s5+a) +uw
s+a
Damped Cosine Wave ¢ ¥ coswl - .
{s+a} +u

Table 4.1 can be used 1o find both Laplace transforms and inverse Laplace transforms. To find the
Laplacc transform of a time function which can be represented by some combination of the elementary
functions given in Table 4.1, the appropriate transforms are chosen from the table and are combined
using the properties in Section 4.4.
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EXAMPLE 4.15. The Laplace transform of the function f{r}=¢ * + sin{s —2) + 1% % is determined as
follows. The Laplace transforms of ¢ * sin71, and ? are given in the table as

,?[e""]=5+4 .,St"[sinr]=sg_i_l 3’[:9]=5—2}
Application of Properties 9 and 10, respectively, vields
e 2
..‘é’[sin(f--Z}]-s-z_rl ..?’[rze'z*]=(£—+2—j
Then Property 1 {Linganty) gives
e 2

1
g[f(t)]=s+4+jz+l+(g+2)]

To find the inverse of the transform of a combination of those in Table 4.1, the corresponding time
functions (inverse transforms} are determined from the table and combined appropnately using the
properties in Section 4.4,

EXAMPLE &4.16. The inverse Laplace transform of F{s)={[(s + 2)/s* 4+ 4]-¢™* can he determined as follows.
F(s) is first rewritten as

( se”? 2e™*
Sy=—— + ——
) st+4 5T+ 4
Now
5 2
F 1[ s ]=c052r 2 = =sin2¢
5544 st 4
Application of Property 9 for > 1 yields
Ll e cos2({z—1) & ! ¢ sinZ{r—1)
= - = 31 —
44 2 +4

Then Property 2 (Lineanity)} gives
L F(s)]=cos2(1~1) +sin2(r 1} >1
=0 <l

4.6 APPLICATION OF LAPLACE TRANSFORMS TO THE SOLUTION OF LINFAR
CONSTANT-COEFFICIENT DIFFERENTIAL EQUATIONS

The application of Laplace transforms to the solution of linear constant-coefficient differential
equations is of major importance in linear conirol system problems. Two classes of equations of general
interest are treated in this section. The first of these has the form:

n d"y
Ya—>=u (4.1)
e 'S
where v is the output, u 15 the input, the coefficients a, a,,..., a,_,. are constants, and a, — 1. The
initial conditions for this equation are written as
d*y
F Eyok k=01,...,8—-1
! t=0*

where yf are constants. The Laplace transform of Equation (4.7) is given by

i[a.(sjlf'(f)— j)_:lf"'l"‘yé)]=b’(3) (4.2)
kw

=0
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and the transform of the output is

r =1
a5 1Rk
vs) B EMTTW
Y(5)= " + 7 (4“3)
Y as Y asf
i=0 i=

Note that the right side of Equation (4.3) is the sum of two terms: a term dependent only on the input
transform, and a term dependent only on the initial conditions. In addition, note that the denominater
of both terms in Equation {4.3), that is,
n

Z as' =s"+ an_ls"'l + - +as+a,

i=0
is the characteristic polvnomial of Equation (4./) (see Section 3.6).

The time solution y(¢) of Equation (4./) is the inverse Laplace transform of ¥(s), that is,

n -1
1-1-k k
- Uis) o E}Eg“"s » »
Y as Y as'
i=0 =0

The first term on the right is the forced response and the second term is the free response of the system
represented by Equation (4.1).

Direct subsiitution into Equations (4.2), (4.3), and (4.4) vields the transform of the differential
equation, the solution transform ¥(s), or the time solution y{!), respectively. But it is often easier to
directly apply the properties of Section 4.4 to determine these gquantities, especially when the order of
the differential equation 15 low.

EXAMPLE 4.17. The Laplace transform of the differential equation

d’y 2P :
—= +3— + 2p=1(¢) = unit st
ar tig t 3= 10) = wnitstep
with inittal conditions y{0* )= —1 and (dv/dr}|,_;-= 2 can be written directly from Equation (4.2) by first
identifying #, a,. and p}: n=2, w=-1, ¥ =2, a,=2, g, =3, a,=1. Substitution of these values into
Equation (4.2) yields
, 1 , ~(s*+s5-1)
2V + sV + 1) + (s Y+s-2}=; or {s"+W+Y¥=——"7—""—

It should be noted that when i = § in Equation (4.2), the summation interior to the brackets is, by definition,

r--1 kw -]
Y| = ¥ =0
k=0l._q  A=0

The Laplace transform of the differential equation can also be determined in the following manner. The
transform of &%y /dt” is given by

d’ X dy
_?[d—r':] =s2¥(s) — sp(0*) ~ o

This equation is a direct consequence of Property 3, Section 4.4 (see Problem 4.17). With this information the
wansform of the differential equation can be determined by applying Property 1 (Linearity) of Section 4.4; that is,

d-y dy
— +3— 42
dt ¥

&
dr?

5

“‘?[H vl | vt s metn) - 2
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The output transform ¥{s) is determined by rearranging the previous equation and is

——(.f +S—l)

The output time solution p(¢) is the inverse transform of ¥{s). A method for determining the inverse transform of
functions like ¥(4) above is presented in Sections 4.7 and 4.8.
Now consider constant-coefficient equations of the form:

¥ a2y

i P
- At T tdr

m di'
L . (4.5)

where y is the output,  is the input, ,=1, and m < n. The Laplace transform of Equation (4.5) 1s
given by

> [a,-(s"r(s) > y)] > [b,- SU(s) - ):]] (4.)

Feid =0

where uf = (d*u/di*)|,.¢+ The output transform ¥(s) is

m ) m o i—1 n i1
Y bs' L Xbs My Y Xas iy
Y(s) = | 52— lU(s) - =255 + A (4.7)
Y as Y as Y as
i=0 f=0 i=0

The time solution yp(7) is the inverse Laplace transform of Y(s):

sti z Ebjr 1- kug z E s l—kk

y(e) = 52— S—U(s) - im0 km9 N == _ (4.8)
2 aa's Z ar'sl: Z ai.s;
i=0 i=0 =10

The first term on the right is the forced responise, and the second term is the free response of a system
represented by Equation (4.5).

Note that the Laplace transform ¥{s) of the output y(r) consists of ratios of polynomials in the
complex vaniable 5. Such ratios are generally called rational (glgebraic) functions. If all initial conditions
in Eq. (4.8) are zero and U{s) = 1, (4.8) gives the unir impulse response. The denominator of each term
in {4.8) is the characteristic pelynomial of the sysiem.

For problems in which initial conditions are not specified on p{t) but on some other parameter of
the system (such as the initial voltage across a capacitor not appearing at the output), y&, k=10,1,...,
n — 1, must be derived using the available information. For systems represented in the form of Equation
(4.5), that is, including derivative terms in u, computation of ¥ will also depend on uj. Problem 4.38
illustrates these points.

The restriction n> m in Equation {(4.5) is based on the fact that real systems have a smoothing
effect on their input. By a smoothing effect, it is meant that variations in the input are made less
prenounced (at least no more proncunced) by the action of the system on the input. Since a
differentiator generates the slope of a time function, if accentuates the vanations of the function. An
integrator, on the other hand, sums the area under the curve of a time function over an interval of time
and thus averages {(smooths) the variations of the function.

In Equation (4.5), the output p is related to the input & by an operation which includes m
differentiations and # integrations of the input. Hence, in order that there be a smoothing effect (at
least no accentuation of the variations} between the input and the output, there must be more {at least
as many) integrations than differentiations; that is, » = m.
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EXAMPLE 4.18. A certain system is described by the differential equation
dly  du

- \ =0
dit  dr

r=0'

Woy=2

where the input 1 is graphed in Fig. 4-1. The corresponding functions du/dr and

y(r)=£’+Lf%dadﬂ=j:_u{ﬁ)d8

are also shown, Note from these graphs that differentiation of u accentuates the variations in & while integration
smooths them.

adu '} T
= - (8) 49
“ t di ! J{’Iu

| [ p—— ] p———y  — 1 — -
I
|
!
A A !
T [ T i T T T i

Fig, 4-1

(-]
&l

-

L=

za

g

EXAMPLE 4.19. Consider a system described by the differential equation

dy dy du

= +3 - +1ly=—+]

it a a7
with initial conditions y{' =1, 3} = 0. If the input is given by u(¢) = ¢~ ¥, then the Laplace transform of the output
¥(t) can be obtained by direct application of Equation {4.7) by first identifying m, n, a,. b, and u3: n =2, a,=2,
ay=3 ay=1 m=1 u,=1lim, _ e *=1. b, =3, b, = 1. Substitution of these values into Equation { 4.7} yiclds

it+3 1 s+3 1
Yis}=|= ] : T2
gPe 3542/ s+ 4 sSb3sa 2 st r3se2

This transform can also be obtained by direct application of Properties 1 and 3 of Section 4.4 to the differential
equatien, as was done in Example 4.17.

The linear constant-coeffictent vector-matrix differential equations discussed in Section 3.15 also
can be solved by Laplace ransform techniques, as illustrated in the following example.

EXAMPLE 4.20. Consider the vector-matrix differential equation of Problem 3.31:
=Ax + bu

where

dr
ORI IR I B HIELE

and with u = 1( 03, the unit step function. The Laplace transform of the vector-matrix form of this equation is

sX(s) — x(0) = AX(s5) + %b

where X(s) is the vector Laplace transform whose components are the Laplace transforms of the components of
x{r). This can be rewritten as

[sF — AVX(s) = x(0) + tl;b
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where T is the identity or wnit matrix. The Laplace wansform of the solution vector x(r} can thus be written as
1
X(s) = [sI - 4] 'x(0) + —[J - A] "D
5
where [-]! represents the inverse of the matrix. Since

PR |
sf—A [0 s]
then
1
I G KA
[sf Al 52[0 ]

£

Substituting for [sf — A)~?, x(0), and b gives

s=1 1
T 3
3 s
X(s)= 1 + 1
s 52

where the first term is the Laplace transform of the free response, and the second term is the Laplace transform of
the forced response. Using Table 4.1, the Laplace transform of these vectors can be inverted term by term,
providing the solution vector:

HLIGEIEYI?:
x(r)—[ 1) +¢ ]

4.7 PARTIAL FRACTION EXPANSIONS

In Section 4.6 it was shown that the Laplace transforms encountered in the solution of linear
constant-coefficient differential equations are rational functions of s (i.e., ratios of polynomials in 5). In
this section an important representation of rational functions, the partial fraction expansion, is
presented. It will be shown in the next section that this representation greatly simplifies the inversion of
the Laplace transform of a rational function.

Consider the rational function

m
Z bys'
F(s) = 50— (4.9)
2 a.s
i=0
where ¢, =1 and » = m. By the fundamental theorem of algebra, the denominator polynomial equation
L
Yas'=0
i=0
has n roots. Some of these roots may be repeated.

EXAMPLE 4.21. The polynomial s° + 5s + 85 + 4 has three roots: —2, —2, —1. —2 is a vepeated root,

Suppose the denominator pelynomial equation above has n, roots equal to —p,, n, roots equal to
—P3...., 1, 100ts equal to —p,, where L7_.n, = n, Then

E a.l'sj = 1_{(‘? +p1’)"i

i=0
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The rational function F(s) can then be written as
m
Z b.l's':
Fis)= _r_*i__

_]—I (5 +p1’)m

The partial fraction expansion representation of the rational function F(s} is
F(s)=b,+ Z L" (4.10a)
i1 5=1 (5 "'P‘:)
where 4, = 0 unless m = n. The coefficients c,, are given by
1 4t

(;-____)ngnuk[ s+p)"F(s)] (4.10b)
s=-p;

Cix =

The particular coefficients ¢, i=1,2,...,r, are called the residues of F(s) at ~p, i=1,2,...,r. If
none of the roots are repeated, then

=h + 4.1
Fl) ,>_:1 s+2; (4.112)
where ca={s+p)F(s)|,-_,, (4.11b)

EXAMPLE 4.22. Consider the rational function
sT 42542 s2425+2

)= a3 " Ge DG+

The partial Fraction expansion of F(s) is
2
s+2

F(s)=

The numerator coefficient of 5! is b, = 1. The coefficients ¢, and ¢;; are determined from Equation {4.//b) as

1y F(s)| st+25+72 .
g+ =— =
n=(s ) (5)_p-~1 Tt 2 o
DF(s)| 242542 ,
= + - = —
3 =(s+2) F(s - —2 s+ 1 L
1 2
Hence Flsy=1+— -
541 42
EXAMPLE 4.23 Consider the rational funcilion
1

F(s)= ————
() (s+1)(s+2)
The partial fraction expansion of F(s) is

€2 a1
3 +
.s+1 (s+1) s+ 2

F(s)=b+
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The coefficients by, ¢/, ¢,3, €5 are given by

=0

d
c"-E(3+1)2F‘(J:) ) =-1
f=—1 i=—1
2 1
Clz=(s+1) F(S)L__l=";‘;'—'§ =1
pa —]
en =(s+ D F(s)l,. _,=
1 1 1
Thus F(s)=-

+ +
s+l (s+1)Y  s+2

48 INVERSE TRANSFORMS USING PARTIAL FRACTION EXPANSIONS

In Section 4.6 it was shown that the solution to a linear constant-coefficieni ordinary differential
equation can be determined by finding the inverse Laplace transform of a rational function. The general
form of this operation can be written using Equation (4.10) as

f:b,.:’

T R RS M . PSRN 5 ): Tttt (4.02)
Y g, =0 k=1 {5+ P) i=1 k=1
§={}

where 8(1) is the unit impulse function and b, = 0 unless m = n. We remark that the rightmost term in
Equation (4.12) is the general form of the unit impulse response for Equation (4.5).

ot

ewe EXAMPLE 4.24. The inverse Laplace transform of the function
P 22542
)= G622
is given by
42542

1 2 1 2
-1 - o1 _ -1 B ISR IR | SR R, PR
# (s+1)(s+2)] ot [1+3+1 s+2 £z {s+1] ¥ [s+2] 8(1) ve 2

which is the unit impulse response for the differential equation:

dly  dy d*s  du
— 43— dy=— +2— +
dr? sdr 2y dt? +2d: u

EXAMPLE 4.25. The inverse Laplace transform of the function

1
o) = i D

is given by

. 1 P 1 1
[(:+1)3(s+2)y [_S+1+(s+l)2+s+2]

-Jg-[ !

5+ 2

i

= —eg "+l T+e

s+1 (_,-+]) ] te
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49 THE z-TRANSFORM

The z-transform ts used to describe signals and components in discrete-time control systems. [t is
defined as {ollows:

Defenition 4.4: Let { /(k}} denote a real-valued sequence f(0), f(1), f(2),..., or equivaiently, f{k)
for k=0,1,2,... . Then

2{f(k)) =F(z)= ¥ f(k)z

k=0
is called the z-transform of { f{A)}. =z is 8 complex variable defined by z =p + jv,
where p and » are real variables and j=v—1.
Remark 1: The kth term of the series in this definition is always the kth element of the
sequence being z-transformed times z~*.
Remark 2: Often { f(k)} is defined over equally spaced times: 0, T,27,..., kT,..., where T is

a fixed time interval. The resulting sequence is thus sometimes written as { f(kT)},
or f(kT) k=0,1,2,..., and Z{f(kT)} =LF.of(kT)z" % but the dependence on
T is uvsually suppressed. We use the variable arguments k& and 47 interchangeably
for time sequences, when there is no ambiguity.

Remark 3: The z-wransform is defined differently by some authors, as the transformation
2= ¢, which amounts to a simple exponential change of variables between the
complex variable z = p + j» and the complex variable s=e¢ + fw in the Laplace
transform domain, where T is the sampling period of the discrete-time system. This
definition implies a sequence { f(k)}, or { f(kT)}, obtained by ideal sampling
{sometimes called impudse sampling) of a continuous signal f(¢) at uniformly spaced
umes kT, k=1,2,.... Then s=Inz/T, and our definition abave, that i1s, F(z)=
L oJ(kTYz ™%, follows directly from the result of Problem 4.39. Additional rela-
tionships between continuous and discrete-time systems, particularly for systems
with hoth types of elements, are developed further beginning in Chapter 6.

EXAMPLE 4.26. Theseries F(z)=1+z"'4+z°2+ --- 42 %+ ... is the z-transform of the sequence f{k) = I,
k=012 ...

If the rate of increase in the terms of the sequence { f(k)} is no greater than that of some geometric
series as k& approaches infinity, then { f{k)} is said to be of exponential erder, In this case, there exists a
real number 7 such that

Hﬂ=§ﬁﬂf*

converges for |z] > r. r is called the radius of convergence of the senes. If r is finite, the sequence
{ f{k)} is called z-fransformable.

EXAMPLE 4.27. The series in Example 4.26 is convergent for |z} > 1 and can be written in closed form as the
function

1
F(z)=T—_—z—_~T for |z| >1

Il F{z) exists for |z| > ¢, then the integral and derivative of F(z) can be evaluated by operating term by term
on the defining series. In addition, if

()= T filkhe & for jol>n
km}

and F(z)= Ef_,(k}z“ for )2\ >n
k=0
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then
o k e &
F()E(z)= L (Efl(k-i)fz(i))f“= )3 [ fz(kfi)fl(f)]z'*
k=01 im0 kw3 =g

The term Lf_, f,(k — i) /2(f) is called the convolution sum of the sequences { £,(k}} and { f;(¥}}, where the radius
of convergence is the larger of the two radii of convergence of Fi{z) and F(2).

EXAMPLE 4.28. The derivative of the series in Example 4.26 is
ff= I I Sk Uy 'l R

dz
The indefinite integral is

fF(z)dz=z+lnz—z"+

EXAMPLE 4.29. The z-transform of the sequence f,(k)=2% &k =0,1,2,..., is
Fz(z)=l+22_] +427 4 ..
for |z} > 2. Let F(z) be the z-transform in Example 4.26. Then
] k o
F(z2)R(z)= Y (): 1*--'2*‘];-*- Y (' -1z % for |z} >2

k=D =0 =0

The z-transform of the sequence f(k}= A%, k=0,1,2,..., where 4 is any finite complex number.
is
Z{A*) =144+ 4%+ -
1 z

T1-Az' z-4
where the radius of convergence r = |4[. By suitable choice of A, the most common types of sequences
can be defined and their z-transforms generated from this relationship.

EXAMPLE 4.30. For 4 =e"7, the sequence { A% is the sampled exponental 1, e*", ¢?7,.. | and the z-trans-

form of this sequence is
1
AL Rl

with radius of convergence r = |&*7 |.
The z-transform has an inverse very similar to that of the Laplace transform.

Definition 4.5 Let C be a circle centered at the origin of the z-plane and with radins greater than
the radius of convergence of the z-transform F(z). Then

1
2 F(2)] = { fk)}} = Z—wj;F(z)z"_ldz
is the inverse of the z-fransform F(z).

In practice, it is seldom necessary to perform the contour integration in Definition 4.5. For
applications of z-transforms in this book, it is never necessary. The properties and technigues in the
remainder of this section are adequate to evaluate the inverse transform for most discrete-time control
system problems.

Following are some additional properties of the z-transform and its inverse which can be used
advantageously in discrete-time control system problems.

1. The z-transform and its inverse are linear transformations between the time domain and the
z-domain. Therefore, if { fi(k)} and F(z) are a transform pair and if { f;(k)} and F(z)area
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transform pair. then {a, fi(k) + a,f,(k)} and a,F(2) + a,F,(z) are a transform pair for any
a; and «,.

2. If F{z)is the z-transform of the sequence F(D), £(1), f(2)....,then
2"F(z) =2 {0) — 2" (1) = -+ = zf(n—1)

is the z-transform of the sequence f(n), f(n+ 1), f(n+2),..., for n> 1 Note that the kth
element of this sequence is f(n + k).

3. The initial term f(0) of the sequence { f(k)} whose z-transform is F(z) is
S0} = tim (1-z7')F(z) = F(o0)
]

This relation is called the Initial Value Theorem

4. Let the sequence { f(k)} have the z-transform F(z), with radius of convergence < 1.
Then the final value f{o0) of the sequence is given by

flod=tm{1-2"YF(z)
=1
if the limit exists. This relation is called the Final Value Theorem.
5. The inverse z-transform of the function F(z/a) (Frequency Scaling) is
Z
Z“[F(E)]=a*f(k) k=0,1,2,...

where Z '[F(z))={ f{k)}.

6. If F(z) is the z-transform of the sequence f{0). f(1), f(2),..., then z "'F(z) is the z-transform
of the time-shifted sequence f(—1), f(0), f(1),..., where f(—1) = 0. This relationship is called
the Shift Theorem,

EXAMPLE 4.31. The z-transforms of the sequences {(})*) and {(4)*} are 2{(})*} =2/(z - 1), and Z{(})*)

= /(2 — 1). Then, by Property 1,
14 1y 3z z
{3 =] [z} V= -
) -l

EXAMPLE 4.32. The inverse z-transforms of the functions z/{z + 1) and z/(z - }) are

743 21 T lz-4 4
Then. by Property 1,
Z 1[2_2_ _4j_]=22_1[ : }_4’2‘{ : ]2{2(_—3)*-—4(}_)k}
7+ -1 2+ 11 2 4

EXAMPLE 4,33. The :-transform of the sequence 1,1, },...,(3)%,... is z/(z — {). Then, by Property 2, the
z-transform of the sequence §,4,... (L) *2,. . is

, z , 1 :z
S P L Sl

EXAMPLE 4.34. The z-transform of ((1)*} is z/{z ~ 1). The initial value of {(1)*} can be determined by the
Initial Value Theorem as

i (€' - 3 0= 257) -

k—D 1= oo
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EXAMPLE 4.35., The z-transform of the sequence {1 —(})*} is 1z/(2% - % + %) The final value of this

sequence can be determined from the Final Vatue Theerem as

EXAMPLE 4.36. The inverse z-transform of z/(z— 1) is {(})*}. The inverse transform of (%}/{% -y is
2 = ().

For the types of conirol problems considered in this book, the resulting z-transforms are rational
algebraic functions of z, as illustrated below, and there are two practical methods for inverting them.
The first is a numerical technique, generating a power series expansion by long division.

Suppose the z-transform has the form:

bz"+ b, 2" - bzt by

F(z}=
( ) anz"+an_lz"_1+ - taz+ag
1

It is easily rewritien in powers of z7° as

B o+b, 27+ o +hyz"
F(z) =

-1 e —
da,ta, z7 + +ag:z

A

by multiplying each term by z =", Then, by long division, the denominator is divided into the numerator,
vielding a polynomial in z "' of the form: .
b a

n -1

bn_l_ z_1+--'

b,
Flz}=— +—
i a

n "

a,

EXAMPLE 4.37. The z-transform z/{z — 1) is rewritien as 1/{1 — z "} /2) which, by long division, has the form:
1 1 1y’
— =1+ =]zt + —)2“2+- ,
1-27%/2 2 2

For the second inversion method, F(z) is first expanded into a special partial fraction form and
each term is inverted using the properties previously discussed.

Table 4.2 is a short table of z-transform pairs. When used in conjunction with the properties of the
z-transform described earlier, and the partial fraction expansion techniques described in Section 4.7, it

Table 4.2
kth Term of the Time Sequence z-Transform
1 at %, 0 elsewhere 2Tk
(Kronecker delta sequence)
z
1 {umt step sequence) o1
z
k (unit ramp sequence) 3
(z-1)
A* (for complex numbers A) . jA
dk Az
(z—4)°
(k+l)(k+2)---(k+n-].)Ak z"
{(n-1)! (z—4)"
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is adequate to handle all the problems in this book. A more complete table of z-transform pairs is given
in Appendix B. '

The final transform pair in Table 42 can be used to generate many other useful transforms by
proper chowce of A and use of Property 1.

The following examples illustrate how z-transforms can be inverted using the parnial fraction
expansion method.

EXAMPLE 4.38. To invert the z-trapsform F(z)=1/(z + 1){z + 2), we form the pariial fraction expansion of
F(z)/z:
F(z) 1 ;. -1 ;i
z Hz+D(z+2) 2z z+1 242

Then

1 z 1 =
F{z}ﬂz—

+_
z+1 2242

which can be inverted term by term as

f(0)=¢

f(k)"“(—l)**'%(—l)k forall kz1

EXAMPLE 4.38. To invert F{(z)=1/(z + 1}}{z + 2), we take the partial fraction expansion of F(z)/z:

F(z) 1} 0 -1 ~1
== 4 + 5 +
I z 4+l (z+1) z+2

Then

1 z 1 =z
F(Z)’E—(Hl)z T 2742

f(k)=—k(-1)*—%(-2)* forall % 21and f(0) =0

EXAMPLE 4.40. Using the last transform pair in Table 4.2, the z-transform of the sequence {k%/2} can be
generated by noting the following transform pairs:

{(l_cjlikﬁl)}'*( 2’

2 - 1)’
F4
{k}eo 7
(z-1)
r4
(1} o
Since
k+D{(k+2} &P 3
e krd K3
i) 2 2
then, by Property 1,
Z{.‘c2 2 3 z z 2(z+1)/2
2}_(7.-1)3 2(z-1Y -1  (z-1)°

Linear nth-order constant-coefficient diflerence equations can be solved using z-transform methods
by a procedure virtually identical to that used to solve diflerential equations by Laplace transform
methods. This is illustrated step by step in the following example.
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EXAMPLE 4.41. The difference equation
5 1
x(k + 2) + gx(k + 1) + gx(k) =1

with initial conditions x(0) =0 and x(1)=1 is z-transformed by applying Properties 1 and 2. By Property 1
{Linearity}):

z{x(k+2)+%x(k+1}+%x(k)}=‘7{x(k+2)} +%2{x(k+1)} +%.z{x(k)} - 2{1}

By Property 2, if Z[x(k)]= X¥(2), then
Zix(k+1)} =2X(2) — 2x(0) = zX( )
Z{x(k+2)} =22X(2) - 22x(0) - zx(1) = 13X(z) - 2

From Table 4.2, the z-iransform of the unit step sequence is
rd
Z{l)=——

z—1
Dircct substitution of these expressions into the transformed equation then gives
z

2+E +1 Y -
Ptz 6) {z) 7=—

Thus the z-transform X(z) of the solution sequence x(k) is
z

+ =
Pafz4r (o124 i+ })

X(z) = X, (2} + X, (z)

Note that the first term X,(z) results from the imtial conditions and the second term X, (z) results from the input
sequence. Thus the inverse of the first term is the free response, and the inverse of the second term is the forced
response. The first term can be inverted by forming the partial fraction expansion

X,(2) 1 6 6
z =zz+1z+i;=nz+§+z+§
From this,
z z
Xa(z)=—6z+é Y

and from Tablec 4.2, the inverse of X, (z) (the frec response) is

1% 1y
xu(k)a~6(—i) +6{—§] k=0,1,2,...

Similarly, to find the forced response, the following partial fraction expansion is formed:
X.(2) 1
: (-Dler)l+d)
p e

+ +
2-1 z+%  z+4

Thus

X,(2) iz . 4z 3z
Z - —
i -1 z+4% z+}

Then, from Table 4.2, the mverse of X,(z) (the forced response) is

H ny 9y 1t
xh(k)-5+4{_5) —E(—a) k=0,1,2,.‘.
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The total response x(k) is

1 R 134
x(k}sxa(k)+x,,(k)=£—2(—§ +5(§) k=012, ..

Linear constant-coefficient vector-matrix difference equations presented in Section 3.17 can also be
solved by z-transform techniques, as illustrated in the foliowing example.

EXAMPLE 4.42. Consider the difference equation of Example 4.41 written in state variable form (see Example
3.36):

x(k+1) = x,(k)
x(k+1=— zxz(k) - %xl(k] +1

with initial conditions x,(@) = 0 and x,(0) = 1. In vector-matrix form, these two equations are written as

x(k + 1) = Ax( k) + bu( k)

I E H R W R

u(k) =1 The z-transform of the vector-matrix form of the equation 1s

where

2X{z) —2x(0) = AX(z)} + %b

where X(:) is a vector-valued z-transform whose componeuts are the z-transforms of the corresponding compo-
penis of the state veclor x(k). This transformed equation can be rewritter as

2z
(z2f —A)X(z) =zx({0) + -—-l—b
z—
where 7 is the idenuty or unit matrix. The z-transform of the solution vector x(k) is

X(2) = z(27 — A) " 'x{0) + ;j—l(zI—A)_lb

where (-} represents the inverse of the matrix. Since

z -1

then
1 z+ i 1
[-A) '= & —— ¢
(z ) z+§z+§l—% z}
Substituting for (zf — 4)™!, x(0), and b yields
z 2
Z24dz+d (z-1)(22+1z+1)
X(z)= 22 + 22
22+dz4d (z~1) (2 +1z+14)

where the first term is the z-transform of the free response and the second of the forced response. Using the partial
fraction expansion method and Table 4.2, the inverse of this z-transform is

i
x{(k}= ’1 k=0,1,2,...
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4.10 DETERMINING ROOTS OF POLYNOMIALS

The results of Sections 4.7, 4.8, and 4.9 indicate that finding the solution of linear constant-coeffi-
cient differential and difference equations by transform techniques generally requires the determination
of the roots of polynomial equations of the form:

n
Q.(s)= Las'=0
im0
where a, =1, 4, 4,,...,a,_,, are real constants and s is replaced by z for z-transform polynomials.
The roots of a second-order polynomial equation s? + a,5 + a4, = 0 can be obtained directly from
the quadratic formula and are given by

—a, + yaf - 4a, —a, — yal - da,
5 = 5 $3= )

But for higher-order polynomials such analytical expressions do not, in general, exist. The expressions
that do exist are very complicated. Fortunately, numerical techniques exist for determining these roots,
To aid in the use of these numerical techniques, the following general properties of @, (s) are given:

1. If a repeated toot of multiplicity »; is counted as n, roots, then Q, (5} =0 has exacily n roots
(Fundamental theorem of algebra).

2. If @,(s) is divided by the factor s + p until a consiant remainder is obtained, the remainder is

Qal(=p).

s+ p is afactor of Q,(s)if and only if @ (—p)=0[-pisarcot of Q,(s)=10]

If 6+ ju (0, real) is a root of @,(5) =0, then 6 — jw is also a root of Q,(s)=0.

If n is odd, @,.(s)= 0 has at least one real root.

The number of positive real roots of @,(s) = 0 cannot exceed the number of variations in sign
of the coefficients in the polynomial Q,(s), and the number of negative roots cannot exceed the
number of variations in sign of the coefficients of Q,(—s) (Descartes’ rule of signs).

A

Of the techniques available for iteratively determining the roots of a polynomial equation (or
equivalently the factors of the polynomial), some can determine only real roots and others both real and
complex roots. Both types are presented below.

Horner’'s Method

This method can be used to determine the real roots of the polynomial equation @ (5)=0. The
steps to be followed are:

1. Evaluate @, (s) for real integer values of 5, s =0, £ 1, + 2...., until for two consecutive integer
values such as &, and A, + 1, @, (kg) and (2, (&, + 1) have opposite signs. A real root then lies
bhetween £, and k;+ 1. Assume this root is positive withount loss of generality. A first
approximation of the root is taken to be k. Corrections to this approximation are obtained in
the remaining steps.

2. Determine a sequence of polynomials Q)(s) using the recursive relationship

k il .
QL+1(5)=Q:',(—% +s)= P ARTL I=0,1,2,... (4.13)
10 i—0
where Q%(s) = @,(5), and the values k,, /=1,2,..., are generated in Step 3.
3. Determine the integer k, at €ach iteration by evaluating Q/(s) for real values of s given by

s=k/10, k=0,1,2,...,9. For two consecutive values of k, say kX, and k,,,, the values
Q,(k,/107y and @ (k,,,/10') have opposite signs.
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4. Repeat until the desired accuracy of the root has been achieved. The approximation of the real

root after the Mth iteration is given by
kf
Sy = — {4.14)
i=0 10

Each iteration increases the accuracy of the approximation by one decimal place.

Newton's Method

This method can determine real roots of the polynomial equation Q,{5}=0. The steps to be
followed are:

1. Obtain a first approximation s, of a root by making an “educated” guess, or by a technique
such as the one in Step 1 of Horner’s method.

2. Generate a sequence of improved approximations until the desired accuracy is achieved by the
recursive relationship

QH('S)
Sy ERT T
s\ @Ol
which can be rewritlen as
n
Z (‘ - I)ars;
St = 2 (4.15)

n
2 iasf ™!

iml
where /=0,1,2,....

This method does not provide a measure of the accuracy of the approximation. Indeed, there is no
guarantee that the approximations converge to the corract value.

Lin-Bairstow Method

This method can determine both real and complex roots of the polynomial equation Q (s) =1}
More exactly, this method determines quadraric factors of @,(s) from which two roots can he
determined by the quadratic formula. The roots can, of course, be either real or complex. The steps to
be followed are:

1. Obiain a first approximation of a quadratic factor
52+ oS+ ag
of Q,(5)=1L7 ,a,s' by some method, perhaps an “educated” guess. Corrections to this
approximation are obtained in the remaining steps.
2. Generate a set of constants &,_,, b,_4,.... bg. b_, b_, from the recursive relationship

ba-zﬂﬂ.“ﬂxbl 1~ agb,

where b,=h,_,=0,and i=n,n-1,....10

3. Generate a set of constants ¢, _,, ¢, _;..... ¢, ¢, from the recursive relationship

e
Ciy = by = oo — gy

where c,=¢,_,=0,and i=n,n-1....,1.
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4. Solve the two simultaneous equations
ooy +c ha,=b_,
(—ayeq — age) Y dey +cpBag=b_,
for Ae, and Aa,. The new approximation of the quadratic factor is
s34 (o + Aay)s + (e + Aag)
5. Repeat Steps 1 through 4 for the quadratic factor obtained in Step 4, until successive
approximations are sufficiently close.

This method does not provide a measure of the accuracy of the approximation. Indeed, there is no
guarantee that the approximations converge o the correct value.

Root-Lacus Method

This method can be used to determine hoth real and complex roots of the polynomial equation
Q,(s) = 0. The technique is discussed in Chapter 13.

4.11 COMPLEX PLANE: POLE-ZERO MAPS

The rational functions F(r) for continuous systems czn he rewritten as

b, 3 (b/b)s' b ﬁ (s+2,)

F(5)= i—on ]
Y as Il(s+2)
imD im

where the terms s + z, are factors of the numerator polynomial and the terms s + p, are factors of the
denominator polynomial, with a,=1. If « is replaced by z, F(z) represents a system function for
discrete-time systems.

Definition 4.6: Those values of the complex vanable s for which |F(s}| {absolute value of F(s)] is
zero are called the zeros of F(s).

Definition 4.7: Those values of the complex variable s for which |F{s)| is infinite are called the
poles of F(s).

EXAMPLE 4.43. Let F(5) be given by
257 -25-4
Fs) = s+ 552+ 85+ 6
which can be rewritten as
s+ D{s-2)
- (s+D{s+1+)s+1-5}

F(s)

F(s) has finite zeros at s= ~1 and s=2, and a zero at s = oo, F{s) has finite poles at 5= -3, s= —1— . and
= —1+/

Poles and zeros are complex numbers determined by two real variables, one representing the real
part and the other the imaginary part of the complex number. A pole or zero can therefore be
represented as a point in rectangular cocrdinates. The abscissa of this point represents the real part and
the ordinare the imaginary part. In the s-plane, the abscissa is called the o-axis and the ordinate the
jw-axis. In the z-plane, the abscissa is called the p-axis and the ordinate the jv-axis. The planes defined
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by these coordinate systems are generally called the complex plane (s-plane or z-plane). That half of the
complex plane in which Re(s) <0 or Re{z)} < 0 15 called the left half of the s-plane or z-plane (LHP),
and that hall in which Re(s) > 0 or Re(z) > 0 is called the right half of the s-plane or ;-plane (RHP).
That portion of the z-plane in which }z| <1 is called (the interior of) the unit circle in the z-plane.

The location of a pole in the complex plane is denoted symbolically by a cross (X)), and the
location of a zero by a small circle (O}. The s-plane including the locations of the finite poles and zeros
of F(s) is called the pele-zero map of F(s5). A similar comment holds for the z-plane,

EXAMPLE 4.44. The rational function
+1 -2
Fo)= oo D
(r+ 3)(5' +1+):)(s+-1 -}

has finite poles s= —3, 5= —1 —j,and ¢+ = — 1 +, and finite zeras s = — 1 and v = 2. The pole-zero map of F(s)
is shown in Fig. 4-2.

Ju axin i
[ Oapap—
i i
1
|
¥ i Y F i Y
1 t T =
-3 -2 =1 1 2 § o axis
I
L
Fig. 42

4.12 GRAPHICAL EYALUATION OF RESIDUES*

Let F(s) be a rational function written in its factored form;

brnﬁ (s+2)
F(s)=—""——
n (s+p)

fmi
Since F(5) is a complex function, it can be written in polar form as
F(s)=|F(s)le®=|F(s)|/4

where |F(s5)| is the absolute value of F(s) and ¢ = arg F(s) = tan™'{Im F(s)/Re F(s)].
F(s) can further be written in terms of the polar forms of the factors s+ z, and s + p, as

bmnI5+zf| (/i n
Fls)m —aml " [th»,-,— Z%]
ITis+epd dal =l

i=1

where s +2,= |s+z| /¢, and s+p. = |s+p)] fc}:”,.

*While 5 is used 10 represent the complex variable in this section, i is not intended to represent the Laplace variable only but
rather to be a general complex variable and the discussion is applicable to beth the Laplace and =-transforms.
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Each complex number 5, z,, p;, s+ z,, and s + p, can be represented by a vector in the s-plane. If p
is a general complex number, then the vector representing p has magnitude |p| and direction defined by
the angle

Imp
Rep

¢-=tan'1[

measured counterclockwise from the positive g-axis.

A typical pole —p, and zero —z, are shown in Fig. 4-3, along with a general complex variable s.
The sum vectors s + z, and 5 + p, are also shown. Note that the veclor s + z, is a vector which starts at
the zero — z, and terminates at s, and s + p, starts at the pole —p, and terminalies at s.

Jo axis

—z, —%;

&tz

- axis

—P

-r s+ p;

Fig. 4-3

For distinct poles of the rational function F(s), the residue ¢,; = ¢, of the pole —p, is given by

b,,(s+pk>f11(s+z.-)

lEI(HP,-)

i=1

Ck=(5+pk)F(j)|_'__p&=
=2

These residues can be determined by the following graphical procedure:

I. Plot the pole-zero map of (s + p, ) F(s).

2. Draw vectors on this map starting at the poles and zeros of (s + p,) F{s), and terminating at
— py- Measure the magnitude (in the scale of the pole-zero map} of these vectors and the angles
of the vectors measured from the positive teal axis in the counterclockwise direction.

3. Obtain the magnitude [c,] of the residue ¢, as the product of b, and the magnitudes of the
vectors from the zeros to —p,, divided by the product of the magnitudes of the vectors from
the poles to —p,.

4. Determine the angle ¢, of the residue ¢, as the sum of the angles of the vectors from the zeros
10 —p,, minus the sum of the angles of the vectors from the poles to —p,. This is true for
positive b,,. If b, is negative, then add 180° to this angle.

The residue ¢, is given in polar form by

Oy = |egle = |Ck|,_’ Ps

€, = leylcos , + fleg[sin g,

or in rectangular form by

This graphical technique is not directly applicable for evaluating residues of multiple poles.
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4.13 SECOND-ORDER SYSTEMS
As indicated in Section 3.14, many control systems can be described or approximaled by the
general second-order differential equation
dly dy
pe) + ZQ'NHE +wly=wlu

The positive coefficient w, is called the undamped natural frequency and the coefficient { is the damping
ratio of the system.

The Laplace transform of y(z), when the initial conditions are zero, is
w?
Y = ——— U
(s) 32+2§wns+w§} (+)
where U{s) =2[u(r)]. The poles of the function Y{(s)/U(s) = w;/(s? + 2{w,s + w}} are
—
s=—fw, tayti-1
Note that:
1. If { > 1, both poles are negative and real.
If § = 1, the poles are equal, negative, and real (s = ~w,}.
If 0 < { < 1. the poles are complex conjugates with negative real parts (s = —{w, + jw, 1 - 7).
If ¢ =0, the poles are imaginary and complex conjugate (5= +juw,).
If ¢ <0, the poles are in the right half of the s-plane {(RHP).

Al A

Of particular interest in this book is Case 3, representing an underdamped second-order system. The
poles are complex conjugates with negative real parts and are located at

s=—$uw, +juwl—§?
or at $=—atjuy

where 1/a = 1/{w, is called the time constant of the system and w, = w,/1 —{’ is called the damped
natural frequency of the system. For fixed ,, Fig. 4-4 shows the locus of these poles as a function of {,
0 <t < 1. The locus is a semicircle of radius w,. The angle & is related to the damping ratic by

f=cos™1¢.
ju axis
j‘l’n

—————— jua

o axis

—juq

__ju"

A similar description for second-order systems described by difference equations does not exist in
such a simple and useful form.
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Solved Problems

LAPLACE TRANSFORMS FROM THE DEFINITION

4.1. Show that the unit step function 1(r) is Laplace transformable and determine its Laplace
transform.

Direct substitution into the equation of Definition 4.2 yields

od

0 1 1
fm|1(:)|e_"°' d:=f eTdr=— —g N =— < +m
o+ o & | @
for 6, > 0. The Laplace transform is given by Definition 4.1;
.S."[l(r)]"fml'(r)e""a’:=*le“’m=l for Res>0
o+ 5 - 5

4.2. Show that the unit ramp function ¢ is Laplace transformable and determine its Laplace
transform.

Direct substitution into the equation of Definition 4.2 vields

o e~ Yol i
tle™ " dit = —at— 1) =S <+
r(r o @ (oY o %
for o, > 0. The Laplace transform is given by Definition 4.1:
o e w 1
.?[:]=f te Vdt=—(-st—1)| ==  for Res>0
0~ s e 5

4.3. Show thart the sine function sin ¢ is Laplace transformable and determine its Laplace transform.

The integral j’,;"f [sin t{e” °v" dt can be evaluated by writing the integral over the positive half cycles of

sin{ as
(1) ayn
" o
f sinte 0 dr=———[e ™" +1]
e gy +1
for n even, and over negative half-cycles of sin¢ as
(s lim, B
—f sinte” O dr = — [e " +1)
nw [ +1
for » odd. Then
0 e "1 =
f Isin rje” " dt = —5—— } £ %""
[ % +1 ,Z0

The summation converges for ¢7°0" < 1 or a; > 0 and can be written in closed form as

had 1
—ogRw —
L e
® \ 14+ g %" t
—% =
Then ~£}° |sin t|e dat e | <t o0 for >0

a8

1

o 5241

e *(—ssinz - cost)
st+1

Finally, #(sint]= [ sinte *dt = for Res>0
“'l'
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4.4. Show that the Laplace transform of the unit impulse function is given by £[8(1)}= 1.
Direct substitution of Equation (3.19) into the equation of Definition 4.1 yields

. ) —1(r—An) —u
fua(r)e dr-f mo{ - ]e dt

ool ) ml(f—ﬁf) 111 € ars
f e " di f ——e Mdt| = lim —|- -
dt—*ﬂ 0+ At ar—0 &1 5 ]
where the Laplace transform of 1(1) is 1/5, as shown in Problem 4.1, and the second term is cbtained using
Property 9. Now

(A1s)  (Aas)y’ .

—&rs 1
€ 1-Ars+ o m

{see Reference [1]). Thus

1
L8] = = - —la,_
[3()] = Jim i vi Clnl 3

ar—o Ar| s 5

e “] 1 (M):+(M)szv”']=1

PROPERTIES OF THE LAPLACE TRANSFORM AND ITS INVERSE

45. Show that Zla,fi{t)+a,,(t)=a,F(s)+a,F{s), where Fi(s)=2[f()] and F{s}=
ZLL1:(2)) (Property 1).

By definition,

g[ﬂlfl(t) + alf:(")] = j(‘:[ﬁfl(f) + ﬂzfz(f)]e""d';
=fmalf1(r)e‘“dr+fmazfz(;)e—n dr
ot o+

- alj:f,(r)e‘"dr+alf:fz(r)e"”d:
=a, L[ fi(N)] + 6, L[ /(1)) =a,F(s) +a,F(s)

4.6. Show that £ [a,F(5) + a:F(5)] = a,f,(#) + a-f>(t), where ¥ [Fi(s)] = f,(r) and
£ lin(”] = f,(1) (Property 2).

By definition,
l + i
f'hﬁnn+%5uﬂ=5fffmhmun+%aunwm
T} ¥e-joc

1 « + foor o+ joo
=_— Fi(s)e"ds+ —— F(s)e ds
zwmedﬂe f " F(s)e

1 ¢+ oo - 1 £+ joo 5
=a|3 Jf F(s)e ds] +a2[2wf Fis)e'ds

= joo

=g L [ R(s)] +a, 2 [ R{s)] = a fi(¢) + a2 5(7)

4.7. Show that the Laplace transform of the denvative df/dr of a function f(t) is given by
Lldf/dt] = sF(5)— f(0*), where F(s)=2]f(1)] (Property 3).

By definition,
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48.

49.

4.10.

Integraling by parts,

H Tdf L1 3 [ ".I'rT r 1 +
Tlimae at dt = T}i‘mao fle)e |, +s_[ f(n)e df]- ~f(0") +5F(s)

where lim, _, 5 f{e}=f(0*).

Show that
F(s)

t
¥ dr|=
e
where F(s)=2°[f(t)] (Property 4).
By definition and a change in the order of integrations, we have
2l fryarl = (" [r(rydre=at= {"f(2) [T drd
[fof(T) ‘r] j;+j;f(f) re " dt J;‘f(-r)fT e " dedr

e T Fls
L Fo)
5

- f:f(f)[ ~e ] dr=["4(7)

Show that f(07)=lim,_ f(¢)=lim, , sF(s), where F(5)}=.2[ f(1}] (Property 5}.
From Problem 4.7,
df
.E"[Fr] =sF(s)—f(0") =

T

L3

, rdf _
]imm[ ;{—;e at
-0

Now let £ — <o, that is,

4
lim [sF{s)—f{0*}] = lim [ lim T—fe""d:
] s t:? e dt

Since (he Yimiting processes can be interchanped, we have

df df

. . T T

h h -1 = H H -

3—0“:0[?'-%[ de‘e dfl TIHIIBDJ: d![sl—l-n:ce )df
£ — [ St

But lim, | _e” ' =0. Hence the right side of the equation is zero and lim, _, _sF{s)=f(0").
Show that if lim, , . f(¢) exists then f{oo) =lm, _ f(¢)=lim,_ 45F(s), where F(s)=2[f(¢}]

(Property 6).
From Problem 4.7,

af . T,
.?[dl]=sF(s)—f(0 )—Tli.m?}: —e
Now let 5 — 0, that is,

T—om~e
=0

rdf
li F _ + = | H -
:_-mo[s (s) —f(0*)] I]J_.mo[ lim s d:}
Since the Limiting processes can be interchanged, we have

rdf rdf rdf

].i ]-l —e df = l- _( ]_i - d == h _._d = _ 0+

r—%lTAmEI dfe jl Tlomsoj; dt s—irl!le ) f T“mgn'i dr f f(CO) f( )
— - —

Adding #(0™) to both sides of the last equation yields lim, _, ,sF{s) = f(co) if floo)=1m,_ _ f(!) exists.
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4.11.

412,

4.13.

4.14.

4.15.

THE LAPLACE TRANSFORM AND THE z-TRANSFORM

Show that £[ f{t/a)]= aF(as), where F(s}=2[f(1)] (Property 7).

By dehnition, 2[f{t/a)) = [§3/(t/are ” dit. Making the change of variable 7 = 1/a,

9[!(2)] =aj;:f(-r)e @ fr = aF( as)

Show that %~ '[F(s/a)] = af(at), where f(1) =% "'[F(s)} (Property 8).

By definition,
¥ 1 + joo Ly
LB ETRHE
[ o Ztrjf,___m @ e ds

Making the change of variable & = s/a,

y—i[r(z) . fc*““F(u)e‘-‘t“'ldu=af(a:}

- 27’] - jon

[CHAP. 4

Show that 2[f(t — T) =e 5TF(s), whete f(1 — T)=0for t < T and F(5) =5 f(¢)] (Property

9).
By definition,
LU=} = [ S(1-T)e™ dr= [T f(1~T)e " de
0* r
Making the change of variable # =~ T,

L[ (e-T)] =Lff{8)e""‘e"rdﬂ = e TF(s)

Show that e ?*f(1)] = F(s + a), where F(5) = %[ f(¢)] (Property 10).
By deiinition,

2le (i) = [Teun e di= [T1(e O = (s +a)

Show Lhat

l C -+

3’[f1(‘)fz(f” = -2?}‘{(—;:0 Flw)F(s—-w)dw
where F(s} =2 fi{1)) and F,(s) =] fo(1)] (Property 11).
By definition,
LA L] 2_’:}'1(:)_{3(:)3‘“ dt

Bui

1 £+

H1) = ar—jfc_:ﬂ(w)e”‘dw

Hence

1 bl L]
LIADAD] = '2;}f+ fc_; Flw)e ' dufy(t)ye " dt

Interchanging the order of integrations yields

1 £ =+ joo w0
FLA(AR(D]) = E}‘j; _J; ﬁ(w}f;*,f;(f)e_”_"'-"drdw
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4.16.

4.17.

Since 32, (rye” UM dt = F (s — w),

1 £+ jou
LUDL =5 [ F(@) Bs 0] du

Show that

LHFOERG)] = [ )l — ) dr

THE LAPLACE TRANSFORM AND THE z-TRANSFORM

where f,(£) = # Y Fy(s)] and f,(1) ="} Fy(s)] (Property 12).

By definition,

1 o+ foo
£ REOREO =5 [ R Bs)eds

But F(s)= [{Ffiirye " dr. Hence

1 b -]
& \[F(s)E(s)] = ;jfc__:fo,fl(v)e'“ drFy(s)e" ds

Interchanging the order of integrations yields

o 1 [ ]
FHE()E(9)] =f0+ Z;j-{;_; F(s)e" =" dsf(7) dr

Since
[ Ry s f (e 1)
25 e o 1 2
then LU EG) ()] = [T (DA dr= [ () (e dr

where the second equality is true since f,(t—r)=0Tfor r>¢

Show that

i-1

di
f[d—jl =5Y(s) - Y sV

io=(}

for > 0, where Y(s)=2[y(1)] and y§ = (d*y/dt*}|, ¢

This result can be shown by mathematical induction. For i =1,

y[%] =sY(5) — p(0%) =s¥(s) — )

as shown in Problem 4.7. Now assume the result holds for i = n — 1, that is,

L ]
.se[ y

|
Then Z[d"y/dt"] can be written as

For the special case 7= 2, we have Z[dy/dt?] =52Y(s) — 5 — .

d"y df{d" 'y
g =5 — =
[d:"] [dz( a‘r"“)‘

n—1 n—1
SERNOEY m] S MY
\ k=0 k=0

47 ly

dﬁ—ly

n-1
=5""'F(s) = L s
k=0

=0

103
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LAPLACE TRANSFORMS AND THEIR INVERSE FROM THE TABLE OF TRANSFORM PAIRS
4.18. Find the Laplace transform of f(¢)=2e ‘cosl0t — %+ 6e ¢ for 1 >0,

From the table of transform pairs,

s+1 P 41 P 1
——— I4 —_— T = —_—
(s+1)* +10? (=3 [e1=13

Using Property 9, #[e V"% = ¢7!% /(s + 1). Using Property 1,

FLle "coslOt] =

- . s+ 1) 4 6e'™
-?[f(l)]=2-s-a[£ 'cosl[}t]—.?[r‘]+6.?[e u m']=m —? +m-

4.19. Find the inverse Laplace transform of

F( ) Ze—O.Ss s—=1
s = —
sT—6s4+13  sP—25+2
for r > 0.
2 2 s—1 s—1
sT-6s+13  (5-3V+22 s'=25+2  (s-1V+1
The inverse transforms are determined directly from Table 4.1 as
-1 1 P -1 s—1
——=—— | = e sinlt K| 1 =¢" cos¢
(s—3) +22 {(s-1)+1
Using Property 9, then Property 2, results in
—e'cost 0<r=05

f(!)s{e”'“’ sin2(f~ 0.5) — e cost t>05

LAPLACE TRANSFORMS OF LINEAR CONSTANT-COEFFICIENT
DIFFERENTIAL EQUATIONS

4.20. Determine the output transform Y{s) for the differential equation

)
[ dly dty dy d%u
&“ —3+3—2*—+6y=—2—u
dt dt dt dt
where y = output, v = input, and initial conditions are
dy d’y
At R e
=0 t=0*
Using Property 3 or the result of Problem 4.17, the Laplace transforms of the terms of the equation are
given as
d’ | dy d’y
213 o2 Y e __ 7 = o3 -
.Sf’[ 1= Y(3) - s3p(0h) s v 5*¥(s) -1
r=0
dy] &
[F =52¥(s) —sp{0*) - % o = s2¥(s)
dy | . du 5 . du
z —d?-=3]?'(s)—y(0 }=s5¥(s) L4 el el U{s) — su{0 )_E.-o*

where ¥Y(5)=2[p(¢)] and U(s) =[u(#)). The Laplace transform of the given equation can now be
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written as
&’y [ a%y [ab'
| — | +3&F) 5 | -&| | +6&
[ dr |4 dt 1]
=57F(5) =1+ 352Y(5) - s¥(s) + 6Y(5)
d*u] . o du
- ? ~F[u] =s2U(s) — su(0") - . - U(s)
Solving for Y(s), we obtain
du
t-nus) N0 - 1

¥(s)

TP 1352546 $4352-5+6  $4352-546
4.21. What part of the solution of Problem 4.20 is the transform of the free response? The forced

Lyl response?
n.(ﬁw The wansform of the {ree response ¥ {(s) is that part of the ovtput transform Y{s) which does not
depend on the input w(¢), its derivatives or its transform; thal is,

1
4 ™
o(5) 432546
The transform of the forced response Y,(s) is that part of Y(s) which depends on u{¢), its derivative and
its transform; that is,
du

(52— 1) U(s) “"(THE,_W

Y L 3 —
o(s) P2+32-54+46 P2 +35P-5+6

4.22. What is the characteristic polynomial for the differential equation of Problems 4.20 and 4.217?

£l The characteristic polynomial is the denominator polynomial which is common to the transforms of
SN the free and forced responses (se¢ Problem 4.21), that is, the polynomial s? + 352 — s + 6.

4.23. Determine the output transform Y(s) of the system of Problem 4.20 for an input w(¢) = 5sin .

= From Table 4.1, U(s) = 2{u(t)] =L [5sin 1] = 5 /(s + 1).
- The initial values of w(s) and du/dt are w{0*) =lim,  45sint =0, (du/dt)|,mg=lim, L g5 cost =5.
Substituting these values into the output transform ¥(s) given in Problem 4.20,
-9

S s T TR

PARTIAL FRACTION EXPANSIONS
4.24. A rational function F{s) can be represented by

ib;‘si P
Fis)= 2% =p+ ¥ § —% (4.104)

= r
l-[(_g+pi)n" jml k=] (5"',0,)
i-1
where the second form is the partial fraction expansion of F(s). Show that the constants ¢, are
given by
1 n—k
ffk=_—,'T;[(5+p.-)"'F(s)] (4.10p)
(n,— k) ds™

5= _PJ
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4.25.

4.26.
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Let (s + p, ) be the factor of interest and form
Lo (s+p)e,
(s+p)"F(s)=(s+p)"0,+ L ¥ —L—~
i—1k=1 ($+p)
This can be rewritten as

(s+p)"F(s)=(s+p)"b, + E 2 M
oram (s+p)"

. o (S+P)n}r.‘k i n, -
+ E z - ra Z (5+Pj) ! k",-‘k
imi+1k=1 (5+p) k=1
ant
Now form &F[(Vrp,) ’F(S)] o,
)

Note that the first three terms on the right-hand side of (5 + p, )" F(s) will bave a factor s+ p, in the
numerator ¢ven alter being differentiated n, - / times (/=1,2,..., n;) and thus these three terms become
zero when evaluated at s = — p,. Therefore

o —f ! L

i d”; ! )
Z;;z:[k’:l‘“wf ]

F[(ﬁ +pj)“’F(.i‘)]

=R 1=—p

- X (";_k)(”;_k—l)"*(f—k+l){s+p})[' P

k=1 se =,

Except for that term in the summation for which &=/, all the other terms are zero since they contain
factors s + p,. Then

_,((:r+p} " F(s )] =(nj—!)(nj—!—l)v‘-(l)ci,

I=-p

dsll

t
or {" ) dr"_‘[(s+p’ ’F( )]
i=—p
Expand Y(s) of Example 4.17 in a partial fraction expansion.
¥{s) can be rewntten with the denominator polynomial in factored form as

—-(s*+s5-1)

Vis)=— . "

(<) s(s+ 1}{s + 2)

The partial fraction expansion of Y{s) is [see Equation (4.11)]

! €3
¥(s) = +—+
(1) =b, s+1 s+2
where f#, = 0,

—{s*+s-1) 1 —(s*+s5-1) . —(s*+s-1) 1
DEGENGen| T2 T T sGrn | T TR VR S
1 1 1

Thus Y(s)= - ———

25 s+1 2As+2)

Expand ¥{s) of Example 4.19 in a partial fraction expansion,
Y(s5) can be rewritten with the denominator polynomial in factored form as

s2+95+19

) T GA DG+ D(s+4)
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The partial fraction expansion of ¥{s} is [see Equation {4./1)]

u n q

= + +
M) =bt T et
where b, =0,
s34+ 95+ 19 11 4+ 05+ 19 5
':”_(s+2)(s--:T) -—:-T Czl_(s+l)(s+4) s 2
2+ 95+19 1
BEGTNGY| T 6
11 5 1
Thus ¥(s)

T3(s+1) As+2 6(s+4)

INVERSE LAPLACE TRANSFORMS USING PARTIAL FRACTION EXPANSIONS
4.27. Determine y(7) for the system of Example 4.17.

25 From the result of Problem 4.25, the transform of p{s) can be written as

Mathead 1 l __"l
Lyl =¥s)=5. -7~ 2(s + 2)

Therefore
1'2;'_1 1 P 1
o) = 2 5 B 5+1

4.28. Determine p{t} for the system of Example 4.19.

1.9:’—' ! ]1 2e ! a ]
R =_[1 - —e ? =
2 vz gl ] !

From the result of Problem 4.26, the transform of y(7) can be written as

5 i
0] =¥(s) = As+1) 2As+2)  6(s+4)
Therek B
erefore ¥1) = 3¢ 2 6"

ROOTS OF POLYNOMIALS
4,29, Find an approximation of a real root of the polynomial equation
Oi(s)=5>—32+45-5=0
to an accuracy of three significant figures using Horner's method.
By Descartes’ rule of signs, (,(s) has three variations in the signs of its coefficients {1 to -3, -3 to 4,
and 4 to —5). Thus thers may be three positive real roots. 0,{—s)= —3’— 35 — 45— 5 has no sign

changes; therefore @,(s) has no negative real roets and only real valoes of 5 greater than zero need be
considered.

Step 1 —We have 0,0y = =5, 5(1)= -3, {2} = -1, @:(H =7 Thereforc ky =2 and the first
approximation is s, =k, = 2.

Step 2— Determine Qi(s) as

OUs) =082 +s)=(2+sY = 32+5) +4(2+5) - 5=5"+3s7 +4s -1
Step 3I—QL0) = ~1, Qi) = —0.569, QL(F) = —0072, Q4(3)=0497 Hence k, =02 and 5, = k,

+k =22
Now repeat Step 2 to determine Q3(s):

Q) =QM02+5) =(02+5) + 30245+ 402+5) -1 =35> + 3,657 + 5.325 - 0.072
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Repeating Step 3: Q3(0) = - 0.072, @3(1/100) = —0.018, @%(2/100) = 0.036. Hence k, = 0.01 and
5, =k, + k + &k, =221 which is an approximation of the rool accurate to three significant figures.

4.30. Find an approximation of a real root of the polynomial equation given in Problem 4.29 using
Newton’s method. Perform four iterations and compare the result with the solution of Probiem
4.29.

The sequence of approximalions is defined by letting n =3, ay =1, g, = —3, ¢, =4, and gy = — 5 in
the recursive relationship of Newton's method {Equation (4. 15)). The result is

2 -3 +5
=T 6T d 1=0,1,2,...
Let the first guess be s, = 0. Then
5 3557 - 3(3.55)° + 5
ST B 355 - 6(355) + 4

2(1.25)° - 3(1.25) +5 ; A2.76)° - 3(2.76)° + 5
27 3125 - 6(1.25) + 4 T 3276 — 6(2.76) + 4

The next iteration yields s; = 2.22 and the sequence is converging.

4.31. Find an approximation of a quadratic factor of the polynornial
Oi{s)=5*~3:2+45-5
of Problems 4.29 and 4.30, using the Lin-Bairstow method. Pecform two iterations.

Step 1 —Choose as a first approximation the factor 5> — 5 + 2.
The constants needed in Step 2 are oy = —1, ¢y =2, n =3, a; =1, ;= -3, g, =4, g, = -5
Step 2—From the recursive relationship

bj —p=a albl—l - anl

i=n.n-1,..,1,0, the following constants are formed:
by =a,=1 by=ay+ b= -2
b_y=ay+b,— 25 =0 b =gy +b_ | —2b5=-1
Step 3—From the recursive relationship
oy = b~ e, mage
i=n,n—1,..1, the following constanis are determined:
ag=H=1 co=by+e =1
Step 4—The simultaneous equations
co by + ¢ Bay=b_,
(—oyeg — agey) day + g dag=h_,
can now be written as
—da; + day =10
— 340 - Ay = -1

whose solution is Aay = 1, Aag =1, and the new approximation of the quadratic factor is

s2— 07554+ 2.25
If Steps 1 through 4 are repeated for @, = —0.75, ay = 2.25, the second iteration produces

52— 0.7861s + 2.2583
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POLE-ZERO MAPS

4.32. Determine all of the poles and zeros of F(s) = (32~ 16)/(s* - 7s* — 30s%).

i The finite peles of F(s) are the roots of the denominator polvnomial equation

Matread -t - 302 =M s+ 3)(s-10) =0
Therefore s =0, s = ~3, and 5 = 10 are the finite poles of F(s). s = 0 1s a triple root of the equation and 15
called a triple pole of F(s). These are the only values of 5 for which |F{s)| is infinite and are all the poles of
F{s). The finite zeros of F(s) are the roots of the numerator polynomial equation

2 -16=(r—4)(s+4) =0

Therefore s =4 and 5= —4 are the finite zeros of F(s5). As {s| = o, F(s)=1/5" = (. Then F(s) has a
triple zero at s =g,

4,33, Draw a pole-zero map for the function of Problem 4.32.

2 From the solution of Problem 4.32, F{s) has finite zeros at s=4 and s = ~ 4, and finite poles at s =0

e, {atriple pole), s= —3 and 5 = 10. The pole-zero map is shown in Fig,. 4-5.

fu axis

— triple pole

LR HiE]
g

T e o~ T -
-5 5 10

Fig. 4-5

4.34. Using the graphical technique, evaluate the residues of the function
20

F(s)= (s+10)(s+1+){s+1—J)

The pole-zero map of F(s) is shown in Fig. 4-6.

Ju Bxis

1862 20"

i f

20

- axis

~§

Fig. 4.6

Included in this pole-zero map are the vector displacements between the poles. For example, 4 is the
vector displacement of the pole s = —10 relative to the pole s = —1 + . Clearly then, —4 is the vector
displacement of the pole s = —1 +J relative to the pole s = — 1.

The magnitude of the residue at the pole = —10 is

20

4| [B] ~ (5.07)(9.07)

The angle ¢, of the residue at 5= — 10 is the negative of the sum of the angles of 4 and B, that is,
¢, = —[186°20 + 173°40] = — 360°. Hence ¢, = 0,243.

=0.243

byt =
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The magnitude of the residue at the pole s= —1 4+ is
20 20
=1.102

1= e T e

The angle ¢, of the residue at the pole s = —1 + is the negative of the sums of the angles of — 4 and C

&, = ~ [6°20° + 90%) = - 96°20". Hence c; = 1.102 / — 06°20'= -{0.128 — j1.095,
The magnitude of the residue at the pole s = =1~ is
20

[63] % 1.102
o)== ——=1.
PU-BI-Cl (907)(2)

The angle ¢, of the tesidue at the pole s = —1 — is the negative of the sum of the angles of — 8 and — C:

¢y = —[—90° - 6°20=9620". Hence ¢, = 1‘102{_’96°20’= —{.128 + J1.095.
Note that the residues ¢, and ¢, of the complex conjugate poles arc also complex conjugates. This is
always true for the residues of complex conjugate poles.

SECOND-ORDER SYSTEMS
4.35. Determine {a} the undamped natural frequency w,, (b} the damping ratio {, (¢} the time

constant 7, {d ) the damped natural frequency w,, (#) characteristic equation for the second-order

-

W system given by
d’y _dy
—5 +3— +9=9%u
dr? ar 7

Comparing this cquation with the definitions of Section 4.13, we have
2
(a) w =9%o0rw =3 rad/sec (¢) :r=§—=§sec (e} 7 +5:+9=0
wﬂ‘

(d) w,=wyl—¢ =1.66rad/sec

(f)) 2§‘w"=50r§'=2—w

H

4.36. How and why can the following system be approximaied by a second-order system?
d’ d? d
4 4 —):- + 20y =20u

<l
Mathcad dta +]2 drz +22d
When the inital conditions on y{f) and its derivatives are zero, the output wansform is
20
{s)

& = ¥{(s) = U
[x(5]=Y(s) T+ 1257+ 225 + 20

where U(s) = [u(t)). This can be rewritten as
0 1 s 80 U(s)
Yo =lsv0 53+2s+2]U“] * H(}2+zs+2)
The constant factor &2 of the second term is § times the constant factor i of the first term. The output y{r)

will then be dominated by the time function
@gwl (s}
41 sTh242

The output transform ¥{s} can then be approximated by this second term; that is,

80 Uls) F
Y(s) = H(?+25+2] =(ﬁ+2;+2)“5)

The second-order approximation is d2p/dt? + 2(dy /dr) + 2y = 2u.

In Chapter 6 i1 will be shown that the output y(¢) of a time-invariant linear causal system with

437
all initial conditions equal to zero is related to the input w(¢) in the Laplace transform domain
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by the equation Y(5) = P(s)U(s), where P(s) is called the transfer function of the system. Show
that p(r), the inverse Laplace transform of P(s), is equal to the weighting function w(t) of a
system described by the constant-coefficient differential equation

" dfy

a,—— = U

!
-0 dt

The forced response for a system described by the above equation is given by Equation ( 3./5), with all
& =0 except i, = 1:

wWiy= 'E‘ w{t—1hu(7) dr

and w(r = r)is the weighting function of the differential equation.
The inverse Laplace transform of Y{s) = P{s)L/(s} is easily determined from the convolution integral
of Property 12 as

1) =L [¥(5)] =& [P()U(s)] =f0’,,o(r—«)u(r} dr

Hence 'f;w(r—r]u('r)drzj;p(r—r)u(T)dr or w(t}=p(1)

MISCELLANEOUS PROBLEMS
4.38. For the R-C network in Fig. 4-7:

(a) Find a differential equation which relates the output voltage y and the input voliage u.

(£} Let the imtial voltage across the capacitor € be 4= 1 volt with the polarity shown, and
let w=2e¢™" Using the Laplace translorm technique, find y.

TN

Input _
voltage « C:) g R=1 ¥

Fig. 4-7

{a) From Kirchhofl’s voltage law
1 f. ) .
u=r,+ Ej;:drﬂ— Ri=c¢y+ J;m‘r-!-l'
But y= Ri= Therefore u=uv,+ f{ydt+ p. Differentiating both sides of this integral equation
yields the differential equation ¥+ y =i
() The Laplace transform of the differcntial equation found in part (a) is
sY(s) = p(0%) + ¥(s) =sU(s) — u(07)
where U(s) =227 1=2/(5+1) and uw({0*)=1lim, L 2¢e ' =2. To find (0 "), limits are taken on
both sides of the original voltage equation:

w(0°) = mu(i) = lim

Uo+ fn'yd: +_v(r)J =t +1{0")

Hence y(0')=u{D") - 4,=2 -1 =1. The transform of y{s) is then
25 1 2 2 1 2 1
= — 3 + — = - — 4
s+ 1 (s+1) s+1  s+41 (s+ 1) s+1
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Finally,

t

= —2te” +e”

y(t)=.9"1{— s+1

2 Py
(s+1)’} '

4.39. Dectermine the Laplace transform of the output of the ideal sampler described in Problem 3.5,

From Definition 4.1 and Eguation { 3. 20), the screening property of the unit impulse, we have

U*(s) = J:e‘”b"(r) di = f:e‘”é:ou(r) 8(t—kT) at

o o o
= Zf e Yu(t) 8(r—kT)dr= Y. & *Tu(kT)
k=079 k=0

4.40. Compare the result of Problem 4.39 with the :z-transform of the sampled signal w(k7T),
k=0,1.2,....

By definition the z-transform of the sampled signal is

=]

U(2y=Y w(kryz *

k=0

This result could have been obtained directly by substituting z = ¢*” in the result of Problem 4.39.

d.41. Prove the Shift Theorem {Property 6, Section 4.9).
By definition,
-]
{f(k)) =F(z)= L flk):7*
k=0
If we define a new, shified sequence by g{0) = f{~1)=0and g(k)=f(x - 1), k=12, .., then

2{gk)) = T gkt = Togl)e 7= B f— 1)z
K=}

=0 f=0

{see Remark 1 following Definition 4.4). Now let &k be redefined as & =4 — 1 in the last equation. Then

S{fk-D}= X =t o)

k= —1 L

=Y -0z M+ ! if(k)z"*

k=0
=z0.0+z! § FlkYr % =z2"'F(z)
k=0

Note that repeated application of this result gives

Z[f(k~j)] =27'F(z)

Supplementary Problems
442, Show that £ —#f{1)] = dF(s5)/ds. where F(5)=2F[f{1)].

4.43. Using the convolution integral find the inverse transform of 1 /s{s + 2).



CHAP. 4] THE LAPLACE TRANSFORM AND THE z-TRANSFORM 113

4.44. Determine the final value of the function f(r) whose Laplace transform is
As+1)
Poy=
s(s+3}(s+5)
445,  Determine the jnitial value of the function f{r) whose Laplace transform is

F 45
()= P27+ 9+ 6

4.46. Find the partial fraction expansion of the function F{s)=10,/(s+ 4)(s + 2)".

4.47. Find the inverse Laplace transform f(1) of the function F(s)=10/{s+ 4}s + 2)°.

4.48. Solve Problem 3.24 using the Laplace transform technique.

449, Using the Laplace wansform technique, find the forced response of the differential equation
diy

dy d
E{::+4;;+4_}'=3E +2n

where u(t)=e" ¥, 1> 0. Compare this solution with that oblained in Problem 3.26.

4.50. Using the Laplace transform technigue, find the transient and steady state responses of the system
described by the differential equation dly/dr®+ 3(dy/dt) +2y =1 with initial conditions p(0*) and
(dy/d1)|;mo=1.

451,  Using the Laplace iransform technique, find the unit impulse response of the system described by the
differential equation dy/de’ + dy/dt = .

Answers to Some Supplementary Problems

443, ll-e7)

444, %
445, 0
w5 P 5 5 5
. A i — + _
(s+2)' 2As+2)’ Hs+2} Hs+49)
Stlem¥  Srem Sem se™
447 f(H)= - + -

2 P4 4 4

449, p(t)=Te ¥ —Te ¥ — T~ U
450, Transient response = Ze~' — 2e” . Steady state response = 4.

451 p(t)=1-cost



Chapter 5

Stability

5.1 STABILITY DEFINITIONS

The stability of a continuous or discrete-time system is determined by its response to inputs or
disturbances. Intuitively, a stable systemn is one that remains at rest unless excited by an external source
and returns to rest if all excitations are removed. Stability can be precisely defined in terms of the
impulse response 3%(¢) of a continuous system, or Kronecker delta response y(k) of a discrete-time
system (see Sections 3.13 and 3.16), as follows:

Definition S.1a: A continuous system (discrete-time system) is stable if its impulse response y(t)
(Kronecker delta response y,{k)) approaches zero as time approaches infinity,

Alternatively, the defimition of a stable system can be based upon the response of the system lo
bounded inputs, that is, inputs whose magnitudes are [ess than some finite value for all time.

Definition 5.1b: A continuous or discrete-time system is stable if every bounded input produces a
bounded output.

Consideration of the degree of stability of a system often provides valuable information about its
behavior. That is, if it is stable, how close is it to being unstable? This is the concept of relative stability.
Usually, relative stability is expressed in terms of some allowable variation of a particular system
parameter, over which the system remains stable. More precise definitions of relative stability indicators
are presented in later chapters. Stahility of nonlinear systems is treated in Chapter 19.

5.2 CHARACTERISTIC ROOT LOCATIONS FOR CONTINUOUS SYSTEMS

A major result of Chapters 3 and 4 is that the impulse response of a linear time-invariant
continucus system is a sum of exponential time functions whose exponents are the roots of the sysiem
characteristic equation {sce Equation 4.12). A necessary and sufficient condition for the system to be stable
is that the real parts of the roots of the characteristic equation have negative real parts. This ensures that
the impulse response will decay exponentially with time.

If the system has some roots with real parts equal to zero, but none with positive real parts, the
system is said to be marginally stable. In this instance, the impulse response does not decay 1o zero,
although it is bounded. but certain other inputs will produce unbounded outputs. Therefore marginally
stable systems are unstable.

EXAMPLE 5.1. The system described by the Laplace transformed differential cquation,

(st + 1} F(s) = U(s)
has the characteristic equation
s2+41=0

This equation has the two roots +/. Since these roots have zero real paris, the system is not stable. It is, however,
marginally stable since the equation has no roots with positive real paris. In response 1o most inpuls or
disturbances, the system oscillates with a bounded output. However, if the input is u = sin ¢, the output will contain
a term of the farm: y = rcesyt, which is unbounded,

114
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53 ROUTH STABILITY CRITERION

The Routh criterion is a method for determining continuous system stability, for systems with an
nth-order characteristic equation of the form:

as5"+a, s"1+ - dast+ag=0

The criterion is applied using a Routh table defined as follows:

n

j' aﬂ a"_“z al’l"4
st el anls 4,
b b, bs
o €

..................

where a_, a .., ag are the coefficients of the characteristic equation and

n—1r-

G, 1, g~ Gud,_3 Ay 1@y 4~ Ay,
b, = b, = elc.
Q.- an—l
bia,_ y—a, b, b, —a, by
o=—— = —————= elc.
b by

The table is continued horizontally and vertically until only zeros are obtained. Any row can be
multiplied by a positive conslant before the next row is computed without disturbing the properties of
the table.

The Routh Criterion: A/ the roots of the characterisiic equation have negative real parts if and only if
the elements of the first column of the Routh rable have the same sign, Otherwise, the number of roots with
positive real parts is equal 1o the number of changes of sign.

EXAMPLE 5.2.
246524125+ 8=0
g 1 12 ¢
g? 6 8§ 0
s @4 g

50 8

Since there are no changes of sign in the first column of the table, all the roots of the equation have negative real
parts.

Often it is desirable to determine a range of values of a particular system parameler for which the
system is stable. This can be accomplished by writing the inequalities that ensure that there is no change
of sign in the first column of the Routh 1able for the system. These inequalities then specify the range of
allowable values of the parameter.

EXAMPLE 5.3.
S +32 435414+ K=0

For no sign changss in the first colurnm, it is necessary that the conditions § — K> 0, 1 + K > 0 be satisfied. Thus
the characteristic equation has roots with negative real parts if —1 < K < 8, the simultaneous solution of these two
inequalities.
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A row of zeros for the s! row of the Routh table indicates that the polynomial has a pair of roots
which satisfy the auxiliary equation formed as follows:
As*+ B =10
where A and B are the first and second elements of the 52 row.
To continue the table, the zeros in the s* row are replaced with the coefficients of the derivative of
the auxiliary equation. The derivative of the auxiliary equation is
245+ 0=10

The coefficients 24 and 0 are then entered into the s' row and the table is continued as described
above.

EXAMPLE 5.4. In the previous example, the s row is zero if K =38. In this case, the auxiliary equation is
35? 4+ 9 = 0 Therefore two of the roots of the characteristic equation are s = £ _,-'ﬁ .

54 HURWITZ STABILITY CRITERION

The Hurwitz criterion is another method for determining whether all the roots of the characteristic
equation of a continuous system have negative real parts. This criterion is applied using determinants
formed from the coefficients of the characteristic equation. [t is assumed that the first coeflicient, a,, is

positive. The determinants A, i=1,2,..., n— 1, are formed as the principal minor determinants of the
determinant
ay if n odd 0
a, . a,_ .
nmt Tasd a, il neven
[al if 7 odd } 0
a, a,_ .
4, = g, if neven
D a”_l a" IR R 0
0 . D R 0
0 ------------------------------------ ao
The determinants are thus formed as follows.
dy=a,.,
A _ an—l an—-] -
2 |a, a,. 3 =hp 19, Gpl, s
Ilgi'l—l an—3 n—35
= | & '/ a — . 2 . 2
63_ n "= medl=a, 1@, 28, 3T a8, T, 5T a8, 37 @, 4a,
0 @y =73

and soonupto &, ;.
Hurwitz Criterion: Al the roois of the characteristic equation have negarive real parts if and only if
A >0,i=12,....n

EXAMPLE 5.5. For n=3,

125} dg 0
2 a; dg
S;=la; o O|=aea,—ajuy, i, = a; a |~ 9281 7 Gody, 4, =a,
0 a; 4

Thus all the roots of the characteristic equation have negative real parts if

a, >0 a,a, —aya; >0 a,0,dq — aja; >0
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5.5 CONTINUED FRACTION STABILITY CRITERION
This criterion is applied to the characteristic equation of a continuous sysiem by forming a
continued fraction from the odd and even portions of the equation, in the following manner. Let
P(s)=a,s"+a, " '+ - +as+a,
Ou(s) = a,s™ +a, p5" T
Qr(s)=a, " Ha, T

Form the fraction @,/0Q,, and then divide the denominator into the numerator and inverl the
remainder, to form a continued fraction as follows:

a,.a a,.a
n“n-3 - il B 1 -
an—l‘ S" 2+ an—d-——h s” ‘+...
Q,(s} a,s a,_, a

Qz(S) a2, ¥ 2,

A—t

=hs+ I
hys +

haes +

1
h,s

If Ay, h,,..., k, are all positive, then all the roots of Q(s) =0 have negative real parts.

EXAMPLE 5.6.
O{s) =37+ 852+ 125+ 8
32
sy S+ 1 37
0u(s) 65748 6 6248
1 1
=Es+ 7] i
IES_F?';'

Since all the coefficients of 5 in the continued fraction are positive, that is, & =1 h, =& and k, =4, all the
roots of the polynomial equation Q(s) =0 have negative 1eal parts.

5.6 STABILITY CRITERIA FOR DISCRETE-TIME SYSTEMS

The stability of discrete systems is determined by the roots of the discrete system characteristic
equation

Qlz)=a,z"+a, 2" '+ - +az4+ay=0 (5.1)

However, in this case the stability region is defined by the wnit circle |z| =1 in the z-plane. A necessary
and sufficient condition for system stability is that all the roots of the characieristic equation have a
magnitude less than one, that is, be within the unir circle. This ensures that the Kronecker delta response
decays with time.



118 STABILITY [CHAP. 5

A stability criterion for discrete systems similar to the Routh criterion is called the Jury test. For
this test, the coefficients of the characteristic equation are first arranged in the Jury array:

row
Lla a a dy-1 4a
2 14, 4y G 4@ a4y
3 | & b, b, b,_,
4 bll—l bn-—2 bﬂ-3 bﬂ
3 ¢y C €y Cu_n
6 | ¢, €aa Cuoa Co
2n—51|nr " n r
2n—4 e} Ty Ly s
2n—3 [ 5o 5 5y
where
b, = Qg Gn & CL = b{) bu—l—k
k al[ ak k bn_] bk
s_"o §! S_"o L s_"'o n
s 1 n T N

The first 1wo rows are written using the characteristic equation coefficients and the next two rows are
computed using the determinant relationships shown above. The process is continued with each
succeeding pair of rows having one less column than the previous pair until row 2n — 3 is computed,
which only has three entries. The array is then terminated.

Jury Test: Necessary and sufficient conditions for the roots of Q(2) =10 to have magnitudes less than
ane are;

Q(1)=0
>0 for aeven
e(-1) {{0 for n odd

lagl < a,
[&g) > |8,

lcal > [¢, ol

[rol = r3]

[$ol > 15l
Note that if the (1) or {(—1) conditions above are not satisfied, the system is unstable and it is not
necessary 1o construct the array.

EXAMPLE 5.7. For Q(z) =324+ 22+ 2% + 2+ 1 =0 (n even),
Q(1)=342+1+1+1=8>0
O(-1=3-2+1-1+1=2>0
Thus the Jury array must be completed as

oW

1 1 1 1 23
2 3 2 1 11
3 -8 -5 -1 -1

4 -1 -1 -5 -8B

5 63 318 1
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The remaining test condition constraints are therefore
jagl =1<3=a,
bl = —8F > | = 1] =54l
gl =63 >11=|c,_,|

Since all the constraints of the Jury test are satisfied, all the roots of the characteristic equation ase within the nnit
circle and the system is stable.

The w-Transform

The stability of a linear discrete-time system expressed in the z-domain also can be determined
using the s-plane methods developed for continuous systems (e.g., Routh, Hurwitz). The following
bilinear transformation of the complex variable z inte the new complex variable w given by the
equivalent expressions:

1+w

= 5.2

r=1 (5.2)

z—1 (53)
YT ’

transforms the interior of the unit circle in the z-plane onto the left half of the w-plane. Therefore the
stability of a discrete-time system with characteristic polynomial @(z) can be determined by examining
the locations of the roots of

Q(w) =Q(z)|z—(1+»')/(l =0

in the w-plane, treating w like s and using s-plane techniques to establish stability properties. This
transformation is developed more extensively in Chapter 10 and is also used in subsequent frequency
domain analysis and design chapters.

EXAMPLE 5.8. The polynomial equation

27+ 2724924+ 1 =0
=

is the characteristic equation of a discrete-time system. To test for roots outside the unit circle [z] = 1, which wonld
signify instability, we set

ol

14w

1-w
which, afler some algebraic manipulation, leads to a new characteristic equation in w:

Wi+ 6wl + 12w+ 8=0
This equation was found to bave roots only in the left half of the compiex plane in Example 5.2. Therefore the
original discrete-time system is stable,

Solved Problems

STABILITY DEFINITIONS

5.1. The impulse responses of several linear continuous systems are given below. For each case
=i+ determine if the impulse response represents a stable or an uastable system,

mancas (@) k() =e " (B) k{t)=te ", (e} h(t)Y=1,(d) A(1)=e *sinds, (e} hA(1) =sinwt.

If the impulse response decays to zero as time approaches infinity, the system is stable. As can be seen
in Fig. 5-1, the impulse responses (a), (b), and () decay to zevo as time approaches infinity and therefore
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5.2.

5.3.
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h(D) i jh{ﬂ}

(a) (&) (e}

hit) hit)

i) (e
Fig. 5-1

represent stable systems. Since the impulse responses (¢) and {¢) do not approach zero, they represent
unstable systems.

If a step function is applied at the input of a continuous system and the output remains below a
certain level for all time, is the system stable?

The system is net nccessarily stable since the oulput must be bounded for every bounded input, A
bounded output to one specific bounded input does not ensure stability.

I a step function is applied at the input of a continuous sysiem and the output is of the form
y = ¢, is the system stable or unstable?

The system is unstable since a bounded input preduced an unbounded output.

CHARACTERISTIC ROOT LOCATIONS FOR CONTINUOUS SYSTEMS

54,

The roots of the characteristic equations of several systems are given below. Determine in each
case if the set of roots represents stable, marginally stable, or unstable systems.

(ay —1,-2 (dy =-144,-1-j4 (g) —6,—47
(b) -1, +1 (6) —2+/,—-2-72j -2 (h) —2+35,-2-35.-2
(ci —~3-20 (fy 2,-1,-3 ¢y -5 5,—1,1

The sets of roots {a), (d), and (h) represent stable systems since all the roots have negative real parts.
The sets of roots (¢} and {¢) represent marginally stable systems since ali the roots have ncopositive real
parts, that is, zeto or negative. The sets (&), (/) (£), and (i) represent unsiable systems since each has at
least one root with a positive real part.
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85. A systern has poles at —1 and —5 and zeros at 1 and —2. Is the system stable?

The system is stable since the poles are the roots of the system characteristic equation (Chapter 3)
which have negative real parts. The fact that the system has a zero with a positive real part does not affect
its stability.

5.6. Determine if the system with the following characteristic equation is stable:
(s+1){s+2)(s—3)=0.

This characteristic equation has the roots —1, — 2, and 3 and therefore represents an unstable system
since there is a positive real root.

8.7. The differential equation of an integralor may be written as follows: dy/dt = u. Determine if an
integralor is stable.

The characteristic equation of this system is s = 0. Since the root does not have a negative real part, an
integrator is not stable. Since it has no roots with positive real parts, an integrator is marginally stable.

58. Determine a bounded input which will produce an unbounded output from an integrator.

The input == 1 will produce the outpat y = ¢, which is unboundad.

ROUTH STABILITY CRITERION
8.9, Determine if the following characteristic equation represents a stable system:
$2+452+85+12=0
The Routh table for this system is

s 11 8
£ ] 412
§ 5 0
s¢ |12

Since there are no changes of sign in the first column, all the roots of the characteristic equation have
negative real parts and the system is stable.

5.10. Determine if the following characteristic equation has any roots with positive real parts:
s+ P—5s—-1=0
Note that the coefficient of the 5° term is zero. The Routh table for this equation is

s 1 0 -1

s£11 -1 0

st 1 -1

s 0 0
new s 2 0

£ -1

The presence of the zeros in the 5! row indicates that the characteristic equation has two roots which satisfy

the auxiliary equation formed from the 2 row as follows: s2 — 1 = 0. The roots of this equation are +1
and —1.

The new s’ row was formed using the coefficients from the derivative of the auxiliary equation:
25 — 0 =10. Since there is one change of sign, the characteristic equation has one root with a positive real
part, the one at +1 determined from the auxiliary equation,
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5.11. The characteristic equation of a given system is

s+ 6 + 1152+ 65+ K=0

What restrictions must be placed upon the parameter K in order to ensure that the system is
stable?

The Routh table for this system is

st 1 il K
5 6 & O
82 10 K 0
. &) ~ 6K
¥

10
5" K

For the system to be stable, 60 — 6K >0, or K< 10, and X > 0. Thus 0 < K <10.

5.12. Construct a Routh table and determine the number of roots with positive real parts for the
equation
25+ 452 +45+12=0

The Routh table for this equation is given helow. Here the s* row was divided by 4 before the 5* row
was compuied. The s' row was then divided by 2 before the s* row was computed.

= o I

2

5 1
-1

3

Since there ase \wo changes of sigh in the first column of the Routh Lable, the equation above has two roots
with positive real parts.

HURWITZ STABILITY CRITERION
5.13. Determine if the characteristic equation below represents a stable or an unstable system.

24857+ 145 +24=0
The Hurwitz determinants for this system are

§ 24 0
a,=[1 14 o|]=212 a2=|f Mls  a=8
0 8 24

Since each determinant is positive, the system is stable. Note that the general formulation of Example 5.5
could have been used to check the stability in this case by substituting the appropriate values for the
coefficients ay, ¢, a;, and a;.

5.14. For what range of values of X is the system with the following characteristic equation stable?

2+ Ks+2K—-1=0
The Hurwitz determinants for this system are

K 0

=11 2k-1

=2K - K=K(2K-1) A =K

In order for these determinants to be positive, it is necessary that K > 0 and 2K - 1 > 0. Thus the system is
stable if K> L
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5.15. A system is designed 10 give satisfactory performance when a particular amplifier gain K =2,
Determine how much K can vary before the system becomes unstable if the characteristic
equation is

S+ (4+K)s*+65+16+8K=0

Substituting the coefficients of the given equation into the general Hurwitz conditions of Example 3.5
results in the following requirements for stability:

4+K>0 (4+K)6—(16+8K) >0 {4+ KW6)(16+8K) — (16 + 8K)? > 0

Assuming the amplifier gain K cannot be negative, the first condition is satisfied. The second and third
conditions are sausfied if X is less than 4. Hence with an amplifier gain design value of 2, the sysiem coultd
tolerate an increase in gain of a factor of 2 before it would become unstable. The gain could alse drop to
zero without causing instability.

$.16. Determine the Hurwiiz conditions for stability of the following general fourth-order characteris-
tic equation, assuming a, is positive.
a;s*+asP4asitas+a,=0
The Hurwitz determinants are
ay 2y 0
a, a4, 4a,

Bg= 0 a, a

fum B e ]

. 2 2
= ay(aya)ay— a;a5) — ajaya,

g, ¢ 4y

g3 4 O

Ay=|ds 02 Ay|=gya,a, — apei—a,ai
0 ay ay

A= ay |

2% g, ay| T P81 Ay

ﬁl =dy

The conditions for stability are then

a, >0 2185 —a,a;, > 0 a,d:a, —apgal —agal > a;{ aya,8, — a0l) ~ alaga, > 0

5.17. Is the system with the following characteristic equation stable?

s+ 35t + 65T 4 05+ 12 =0

Substituting the appropriate values for the coefficients in the general conditions of Problem 5.16, we
have

i»0 18-9>90 162-108—-8L#*0 3648 - 432} - 972320

Since the last two condilions are not satisfied, the system is unstable.

CONTINUED FRACTION STABILITY CRITERION
5.18. Repeat Problem 5.9 using the continued fraction stability criterion.

The polynomial Q(s)=s* + 457 + 85 + 12 is divided into the two parts:

Os)=sT 48 Qyls)=ds?+12
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The continued fraction for Q,(5)/@,(5) is

Oi(s) 57+ 8s
0,(s) 452 +12

. 53 1 1
—— O — +_—-—
4siv12 474 1

1
=3

Sionce all the coefficients of 5 are positive, the polynomial has all its toots in the left half-plane and the
system with the characteristic equation Q{s) = 0 is stable.

5.19. Determine bounds upon the parameter K for which a system with the following characteristic
equation is stable:
s34+ 1452+ S5+ K =0
0(s) £+3%s 1  (56-K/14)s 1 1
= -t —— = —s+
0,(3) 14s*+K 14 145° + K 14 14 - 1
e 70 E O
K
For the sysiem to be stable, the following conditions must be satisfied: 56 — K/14 > 0 and X > 0, that is,
D« K< 784
5.20. Derive conditions for ail the roots of a general third-order polynomial to have negative real
parts.
For Q(s)=a,5° + a,52 + a5 + ay,
Quls) ay'tas a; e —aeg/m)s a4 1
-t 3 = —_— + —-——?—-——— =—y - - - 1
Q,(5) aet+a, a, a;5° + ag 4, a3 i .
| @) —asap/a, | iy~ aydo/a, s
gy
The conditions for all the roots of ((s) to have negative real parts are then
a a a, —aya,/d
_3 - 0 z - 0 1 3 D/ 1 - 0
a; g ~ a3dq/My 4,
Thus if a, 15 positive, the required conditions are a,, g,, a, > 0 and a,a; — @44, > 0. Note that if a; is not
positive, J(s) should be multiplied by —1 before checking the above conditions.
5.21. s the system with the following characteristic equation stable?
4457+ 857+ 165+ 32=0
Qs) 487432 1 4s? + 32
o = o m———
0.() T 4’ +16s 4 45 + 16s
1 I 1 1
S T T e 1
Pt a3 ‘H_}H i
4 —1is
Since the coefficients of 5 are not all positive, the system is unstable.
DISCRETE-TIME SYSTEMS
5.22. Is the system with the following characteristic equation stable?

Exg
a

Q(z)=z*+227+3z2+z41=0
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5.24.

Applying the Jury test, with n = 4 (even),

e()=14+2+3+1+1=8>0
G(-1)=1-2+3-1+1=2>0

The Jury array must be constructed, as follows:

row

1 1 1 321
2 1 2 311
3 0 -1 61

4 1 0 -1 0

5 -1 1 0

The Jury test constraints are
g =L L1 =14,
by =0#1=1]b,_,i

leol =1 =1]>0=|e,_,}

Since all the constraints are not satisfied, the system is unstable.

Is the system with the following characteristic equation stable?
O(2)=2z*+223+3224+24+1=0
Applying the Jury test, with # = 4 (even),
(1 =2+42+3+1+1=9>0
Q(-1)=2-2+3-1+1=3>0
The Jury array must be constructed, as follows:

ow

N N

The \est constraints are
lag| =1 <2=a,
|bo| =3 >0=b |

feot =9> 0= [c,_1!

Since all the constraints are satisfied, the system is stable.

Is the system with the following characteristic equation stable?
P(z)=22+3:4+322+ 321+ 224 1=0
Applying the Jury test, with 7 = 5 (odd),
A1) =1+3+3+3+2+1=13>0
(-1 =-1+43-3+3-2+1=1>0

Since n is odd, Q(— 1) must be less than zero for the system to be stable. Therefore the system is unstable.
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MISCELLANEOUS PROBLEMS

5.25.

5.26.

5.27.

5.28.

If a zero appears in the first column of the Routh table, is the system necessarily unstable?

Strictly speaking, a zero in the first column must be interpreted as having no sign, that 15, neither
positive nor negative. Consequently, all the elements of the first column cannot have the same sign if one of
them is zero, and the system is unstable. In some cases, a zero in the first column indicates the presence of
two roots of equal magnitude but opposite sign (see Problem 5.10). [n other cases, it indicates the presence
of one or more roots with zero real parts. Thus a characteristic equation having one or more roots with zero
real parts and no roots with positive real paris wilt produce 2 Routh table io which all the elemenis of the
first column do not have the same sign and do oot have any sign changes.

Prove thatl a continuouws system is unstable if any coefficients of the charactenistic equation are
Fi- 118

The characteristic equation may be written in the form
(s=5)(s=5)s=5) (s-5)=0

where 5,, 5;,.... 5, are the roots of the equation. If this equation is multiplied out, # new equations can be

obtained relating the roots and the coefficients of the characteristic equation in the usual form. Thus
@, _ a

LT ROR L
a a

n "

a8 +a, "'+ 4a,=0 or §"+

and the relations are

a4, 1 " a2 o a qy_y i u 7 g "
T =_'E~9n—'-2 E‘ef‘i‘;'_ = E Z E‘EJSJSA!--W_"("U Fpfr o0 5y
“s =1 =1 el " =l =1 k=1 %n
iwj [EJE XY
The coefficients a,, |, 4,_3...., ay all have the same sign as 4, and are nonzero if all the roots s, 5,,..., 5,

have negative real parts. The only way any one of the coefficients can be zero 1s for one or more of the roots
to have zero or positive real parts. In either case, the system would be unstable.

Prove that a continuous system is unstable if all the coefficients of the characteristic equation do
not have the same sign.

From the relations presented in Problemn 5.26, it can be seen thal the coefficients a,_ . 4a,_...... @,
have the same sign as g, if all the roots 5, 5;,.... 5, bave negative real parts. The only way any of these
coefficients may differ in sign from a, is for one or more of the roots to have a positive real part. Thus the
system is necessarily unstable if all the coefficients do not have the same sign. Note that a system is nos
necessarily stable if all the coefficients do have the same sign.

Can the conlinuous system stability criteria presented in this chapter be applied 10 continuous
sysiems which contain time delays?

No they cannot be directly applied because systems which contain time delays do not have characteris-
ti equations of the required form, that is, finite polynomials in 5. For example, the following characterisiic
equation represents a system which contains a time delay:

st4+s+e*T =0
Strictly speaking, this equation has an infinite number of roots. However, in some cases an approximation
may be employed for e™*T 1o give useful, although not entirely accurate, information concerning system
stability. To illustrate, let ¢~ *7 in the equation above be replaced by the first two terms of its Taylor series.
The equation then becomes
s2+s+1-sT=0 or $2+{l-T)s5+1=0

One of the stability criteria of this chapter may then be applied to this approximation of the characteristic
equation.
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5.29.

5.30.

kg |

Mathead

531

532

533,

5.30.

5.31,

5.32.

5.33.

Determine an approximate upper limit on the time delay in order that the system discussed in
the solution of Problem 5.28 be stable.

Employing the approximate equation s + {1 — T)s + 1 = 0, the Hurwitz determinants are A, =4, =
1 — T. Hence for the system to be stable, the time delay T must be less than 1.

Supplementary Problems

For each characteristic polynomial, determine if it represents a stable or an unstable system.
(a) 25*+85"+10s7+10s+20 () s*+6s* +1057 +55+24 (e) s*+ 857 +2457 + 325+ 16
() £+7247T5+46 (d) $*-2s2+4s5+6 (f) st+4s*+8s%+16

For what values of K does the polynomial s' + (4 + K)s? + 65 + 12 have rools with negative real parts?

How many roots with positive real parts does each polynomial have?
(¢) sP+s—s+1 (b)) s*+2:°+22+25+1 () sP+s2-2 (d) s'-s*-25+2

(e) SP+s57+s5+6

For what positive value of K does the polynomial s* + 85 + 2452 + 325 + K have roots with zero real
parts? What are these roots?

Answers to Supplementary Problems
{b) and () represent stable systems; (a), (¢), (d), and {f) represent unstable systems.
K> -2
(@) 2,(£)0,(c) 1, (d) 2, (e) 2

K=80, s=+/2



Chapter 6

Transfer Functions

6.1 DEFINITION OF A CONTINUOUS SYSTEM TRANSFER FUNCTION

As shown in Chapters 3 and 4, the respanse of a time-invariant linear system can be separated into
two parts: the forced response and the free response. This is true for both continuous and discreie
systems. We consider continuous transfer funciions firsi, and for single-input, single-output systems
only. Equation (4.8} clearly illustrates this division for the most gencral constant-coefficient, linear,
ordinary differential equation. The forced response includes terms due to initial values u} of the input,
and the free response depends only on initial conditions yf on the output. If terms due to a/f initial
values, that is, u} and p¥, are lumped together, Equation (4.8) can be written as

ot rt
y(t)=2" ‘[( Yos) Y a,-s‘) U(s) + (terms due to a/f initial values w5, y*)
im0 im0
or, in transform notation, as
Y(5) = ( Y bstf Y a,-s‘)U(s) + (terms due to a#/ initial values uf, y¥)
i={} i=1{)

The transfer function P(s)} of a contimious system is defined as that factor in the equation for ¥{(s)
multiplying the transform of the input I{s). For the system described above, the transfer function is

bs™+b, s 4 o+ by

P(s)= E‘, bs! i a,s=

vt = as"+a, 5"+ - tay
the denominator is the characteristic polynomial, and the transform of the response may be rewritien as
Y(s) = P(s}U(s) + (terms due to a/ initial values uf, yf)

If the gquantity {lerms due to alf initial values uf, y&) is zero, the Laplace transform of the output
¥{s) in response to an input U(s) is given by

Y(s)=P(s)U(s)

If the system is at rest prior to application of the input, that is, d*y/dt* =0, k=0.1,...,n -1, for
t < 0, then

(terms due to aff initial values uf, yf) =0

and the output as a function of time y(¢) is simply the inverse transform of P(s)U(s).

It is emphasized that not all transfer functions are rational algebraic expressions. For example, the
transfer function of a continuous system including time delays contains terms of the form e *7 (eg,
Problem 5.28). The transfer function of an element representing a pure time delay is P(5) = ¢~ "7, where
T is the time delay in units of time.

Since the formation of the output transform Y(s) is purely an algebraic multiplication of P(s) and
U(s) when (terms due to ali initial values uf, y&)= 0, the multiplication is commutative; that is,

¥F(s) = U(s)P(s)=P(s)U(s) (6.1)
128
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6.2 PROPERTIES OF A CONTINUOUS SYSTEM TRANSFER FUNCTION
The transfer function of a continuous system has several useful properties:

1. It is the Laplace transform of its impulse response y;(r), ¢ = 0. That is, if the input to a system
with transfer function P(s) is an impulse and all initial values are zero the transform of the
output is P(s).

2. The system transfer function can be determined from the system differential equation by taking
the Laplace transform and ignoring all terms arising from initial vakues, The transfer function
Pqs) is then given by

Y(s)
P(s)= —

3. The system differential equation can be obtained from the transfer function by replacing the s

variable with the differential operator D defined by D= d/dr.

4. The stability of a time-invariant linear system can be determined from the characteristic
equation (see Chapter 5). The denominator of the system transfer function is the characteristic
polynomiai. Consequently, for continuous systems, if all the roots of the denominator have
negative real parts, the system is stable.

5. The roots of the denominator are the system poles and the roots of the numerator are the
system zeros {see Chapter 4). The system transfer function can then be specified te within a
constant by specifying the system poles and zeros. This constant, usually denoted by K| is the
system gain factor. As was described in Chapter 4, Section 4.11, the system poles and zeros can
be represented schematically by a pole-zero map in the s-plane.

6. If the system transfer function has no poles or zeros with positive real parts, the system is a
minimum phase system.

EXAMPLE 6.1. Consider the system with the differential equation dy /dr + 2y = du/dt + u.

The Laplace transform version of this equation with all initial values set equal to zero is (s + 2)¥ (s} =
{5+ 1U(s).

The system transfer function is thus given by P(s)= ¥(3)/U{s)= (s + 1) /(s + 2).

EXAMPLE 6.2. Given P(s) =(2s + 1)/(s* + 5 + 1), the system differential equation is

a’y oy du
u or Dly+Dp+y=2Du+ or —5t— 4y=2—+
Y Y Mt a4’ ar

2D+1

Sy

EXAMPLE 6.3. The transfer function P(¢) = K(s + a)/(s + b){s + ¢) can be specified by giving the zero location
—a, the pole locations —b and — ¢, and the gain factor K.

6.3 TRANSFER FUNCTIONS OF CONTINUOUS CONTROL SYSTEM COMPENSATORS
AND CONTROLLERS

The transfer functions of four common control system components are presented below. Typical
mechanizations of three of these transfer functions, using R-C networks, are presented in the solved
problems.

EXAMPLE 6.4. The general transfer function of a continuous system lead compensator is

s+ta
s+ b

Plea(s) = b>a (6.2}

This compensator has a zero at 5= —¢ and a pole at s= —b.
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EXAMPLE 6.5. The general transfer function of a continuous system lag compensator is

P als+5) b
Lag(s - b(5+0) >a (63)
However, in this case the zero is at s = — b and the pole is at 5 = —a. The gain factor a/b is included because of

the way it is usually mechanized {Problem &.13).

EXAMPLE 6.6. The general transfer function of a continuous system lag-lead compensator 15
(s+a,}s+b)

Pl = G r )

by > ay, by >y (6.4}

This compensator has two zeros and two poles. For mechanization consideratiens, the restriction o 6, = b a. s
usually imposed (Problem 6.14).

EXAMPLE 6.7. The transfer function of the PID controller of Example 2.14 is

UP[D(‘;) K! KD32+KF3+K.‘
Ppm(s)z———E(s) =KP+KDs-rT=——————S (6.5)

This controller has two zeros and one pole. It is similar to the lag-lead compensator of the previous example except
that the smallest pole is at the origin (an integrator) and it does not have the second pole. It is typically mechanized
in an analog or digital computer.

6.4 CONTINUOUS SYSTEM TIME RESPONSE
The Laplace transform of the response of a continuous system to a specific input is given by
Y(s} = P(s)U(s)

when all initial conditions are zero. The inverse transform y(1) =5 '[P(s)U(s)] is then the lime
response and y(z) may be determined by finding the poles of P(s)L/(s) and evaluating the residues at
these poles (when there are no multiple poles). Therefore y{t) depends on both the poles and zeros of
the transfer function and the poles and zeros of the input.

The residues can be determined graphically from a pole-zere map of ¥(s), constructed from the
pole-zero map of P(s) by simply adding the poles and zeros of U(s). Graphical evaluation of the
residues may then be performed as described in Chapter 4, Section 4.12.

6.5 CONTINUOUS SYSTEM FREQUENCY RESPONSE

The steady state response of a continuous system to sinusoidal inputs can be determined from the
system transfer function. For the special case of a step function input of amplitude A, often called a d.c.
input, the Laplace transform of the system output is given by

A
Y(s)=P(s)—
5

If the system 15 stable, the steady state response is a step function of amplitude AP(0), since this s
the residue at the input pole. The amplitude of the input signal is thus multiplied by P{0) to determine
the amplitude of the output. P(0) is therefore the d.c. gain of the system.

Note that for an unstable system such as an integrator (P(5) = 1/5), a steady stale response does
not always exist. If the input to an integrator is a step function, the owtput is a ramp, which is
unbounded (see Problems 5.7 and 5.8). For this reason, nlegrators are sometimes said to have infinite
d.c. gain.

The steady state response of a stable system te an input w = Asinwr is given by

Yoo = AP (ju) |sin(w! +¢)
where |P( jw)| = magnitude of P(jw), ¢ = arg P( fw), and the complex number P(jw) is determined
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from P(s) by replacing s by jw (see Problem 6.20). The system output has the same frequency as the
input and can be obtained by multiplying the magnitude of the input by |P( jw}| and shifting the phase
angle of the input by arg P(jw). The magnitude |P(jw)| and angle arg £(jw) for all w together define
the system frequency response. The magnitude |P( jw)| is the gain of the sysiem for sinusocidal inputs
with frequency w.

The system frequency response can be determined graphically in the s-plane from a pole-zero map
of P(s) in the same manner as the graphical calculation of residues. In this instance, however, the
magnitude and phase angle of P(s) are computed at a point on the jw axis by measuring the
magnitudes and angles of the vectors drawn from the poles and zeros of P(s) to the point on the jw
axis.

EXAMPLE 6.8. Consider the system with the transfer function

PO = D6+
Referring to Fig. 6-1, the magnitude and angle of P(jw) for @=1 ar¢ computed in the s-plane as follows. The
magnitude of P(f1)is

1

P(fl}|=—=—== =0.316
Ju
i1
v Vi
26.6° 45°
o o o
-2 -1
Fig. 6-1

and the angle is
arg P(j1) = —26.6° —45° = = 71.6°

EXAMPLE 8.9. The system [requency response is usually represented by two graphs {see Fig. 6-1): one of
|P(jw)| as a function of w and one of arg P{ ju) as a function of w«. For the transfer function of Example 6.8,
P(s)=1/(s + 1)(5s + 2), these graphs are easily determined by plotting the values of |P( jw)| and arg P{ jw) for
several values of w as shown below.

o ¢ 0.5 1.0 2.0 4.0 8.0
1PC ) 0.5 0.433 0316 0.158 0.054 3015
arg P( jw) 0 —40.6° —-71.6° —108.5° —1394° —158.9°
P 4 a 10
P o | ' e
0.5 s
0.4 - - 80"
0.3 4 — 1204
0.2 - 160"
0.1 - 200
6 , —— .. 2 Pl
0 2 1 8 ] 1]

Fig, 6-2
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6.6 DISCRETE-TIME SYSTEM TRANSFER FUNCTIONS,
COMPENSATORS AND TIME RESPONSES

The transfer function P(z) for a discrete-time system is defined as that facter in the equation for
the transform of the output ¥(z) that multiplies the transform of the input {/(z). If all terms due to
initial conditions are zero, then the system response to an input U{z) is given by: Y(z)= P(2)U(z) in
the z-domain, and { y(k)} = 2~ [P(z)U(2)] in the time-domain.

The transfer function of a discrete-time system has the following properties:

1. P(z)is the z-transform of its Kronecker delta response y;(k), k=0,1,....
2. The system difference equation can be obtained from P(z) by replacing the z vartable with the
shift operator Z defined for any integers & and n by
Z [ y(k)] =p(k+n) (6.6)
3. The denominator of P(z) is the system characteristic pelynomial. Consequently, if all the roots
of the denominator are within the unit circle of the z-plane, the system is stable.
4. The roots of the denominator are system poles and the roots of the numerator are the system
zeros. P(z) can be specified by specifying the system poles and zeros and the gain factor X:
Kiz+z )z+2;) - (z+ 2z,
(z+2)(z+2) (2 41,) (57)

(z+p Hz+py) - (2+p)

The system poles and zeros can be represented schematically by a pole-zero map in the z-plane.
The pole-zero map of the oulput response can be constructed from the pole-zero map of P(z)
by including the poles and zeros of the input U(z).

5. The order of the denominator polynonual of the transfer function of a causal (physically
realizable) discrete-time system must be greater than or equal to the order of the numerator
polynomial.

6. The steady state response of a discrete-time system to a unit step input is called the d.¢c. gain
and is given by the Final Value Thecrem (Section 4.9):

P(z)=

z
lim y(k) = lim[ P(z)
k—+oc FA H -

lI=P{1) (6.8)

EXAMPLE 6.10. Consider a discrete-time system characterized by the difference equation
Phk+2)+11p(k+ 1) +03p(k) =u(k+2) + C2u(k+ 1)
The z-transform version of this equation with all initial conditions set equal to zero is
(22 +1.12+ 03 V() =(:2+02:)U{2)
The system transfer funetion is given by
2(z+0.2) 2{z+0.2)
24112403 (z+05)(z +086)

P(1)=

This systern has a zero at —0.2 and two poles, at —0.5 and —0.6. Since the poles are inside the unit circle, the
sysiem is stable. The d.c. gain is
1{1.2)

P} = (15)(16)

0.5

EXAMPLE 6.11. The general transfer function of a digital lead compensator is

Kicalz—2)
Pl,ead(z)= zr.':'pr (6'9)
I-p.
This compensator has & zero at 2 = z_ and a pole at z = p,. Its steady state gain is
Kyeall —2.)
Plaa(l) = —""— — (6.40)

C1-p
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The gain factor K4 is included in the transfer function to adjust its gain at a given « to a desired value. In
Problem 12.13, for example, X, .., is chosen to render the steady state gain of Py, (at w = 0} equal to that of its
analog counterpart.

EXAMPLE 6.12. The general transfer function of a digital lag compensator is
(-p}z-z)
(1 - Z(_)(Z - p()

This compensator has a zero at 2 =r_and a pole at z=p_. The gain factor (1 — p.)/(1 — 2.} is included so that the
low frequency or steady state gain P, (1) =1, analogous to the continuous-time lag compensator.

P ,(2)= 5, <p (6.11)

EXAMPLE 6.13. Digital lag and lead compensators can be designed directly from s-domain specifications by
using the transform between the 5- and z-domains defined by z = e*T. That is, the poles and zeros of

» s+a 4 P a(s+b)
Lc"d(s)_ﬁ-b an Lag:b(rra)
can be mapped according to z=¢*". For the lead compensator, the zero at s = —¢ maps into the zero at
z=7z, =e *7 and the pole at s = —b maps into the pole at z=p. =¢ 7. This gives
, z—e T
Plead(z)=z_e_,a,r (6'!2)
Sirmlarly,
1—e T\fz—e "
Pias(z)=(1_e—.ar)(z _e—ar) (6.13)

Note that P/ _{1)=1.

This transformation is only one of many possible for digital lead and lag compensators, or any type
of compensators for that matter. Another variant of the lead compensator is iflustrated in Problems
1213 through 12.15.

An example of how Equation (6.73) can be used in applications is given in Example 12.7.

6.7 DISCRETE-TIME SYSTEM FREQUENCY RESPONSE

The steady state response to an inpul sequence { u(k} = AsinwkT } of a stable discreie-time system
with transfer function P(z) is given by

Vs = A|P(77 ) |sin(wkT + ) k=0,1,2,... (6.14)

where |P(e/°7)| is the magnitude of P(e/*T), ¢ = arg P(e/“T), and the complex function P(e/™*7) is
determined from P(z) by replacing z by /7 (see Problem 6.40). The system output is a sequence of
samples of a sinusoid with the same frequency as the input sinusoid. The output sequence is obtained
by multiplying the magnitude A of the input by {P(e/“T)| and shifting the phase angle of the input by
arg P(e/“7). The magnitude |P(e/T)| and phase angle arg P(e/7), for all w, together define the
discrete-time system frequency response function. The magnitude |P(e/“7)| is the gain of the system for
sinusoidal inputs with angular frequency w.

A discrete-time system frequency response function can be delermined in the z-plane from a
pole-zero map of P(z) in the same manner as the graphical calculation of residues (Section 4.12). In this
instance, however, the magnitude and phase angle are computed on the e/*7 circle (the unit circle), by
measuring the magnitude and angle of the vectors drawn from the poles and zeros of P to the point on
the unit circle. Since P(e/7T) is periodic in w, with period 2% /T, the frequency response function need
only be determined over the angular frequency range —#/T < w <#/T. Also, since the magnitude
function is an even function of w, and the phase angle is an odd function of w, actual computations
need only be performed over half this angular frequency range, that is, 0 < 0 < #/T.
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6.8 COMBINING CONTINUQUS-TIME AND DISCRETE-TIME ELEMENTS

Thus far the z-transform has been used mainly to describe systems and elements which operate on
and produce only discrete-time signals, and the Laplace transform has been used only for continuous-
time systemns and elemenis. with continucus-time input and output signals. However, many control
systems include both types of elements. Some of the important relationships between the z-transform
and the Laplace transform are developed here, io facilitate analysis and design of mixed
{continuous /discrete) systems.

Discrete-time signals arise esther from the sampling of continuous-time signals. or as the output of
inherently discrete-time system components, such as digital computers. If a continuous-time signal (1)
with Laplace transform ¥(s) is sampled uniformly, with period 7. the resulting sequence of samples
vikT) k=10,1.2,.... can be written as

_y(kr)=L_f"”’”’v(s]e-*”ats k=0,1.2....
277 de i
where ¢ > o, (see Definition 4.3). The z-transform of this sequence is Y*(z) =17 ,v(k7)z * (Defini-
tion 4.4) which, as shown in Problem 6.41, can be written as

| R, ( 1 i
L S S | —
Y*(z) 2”[ " Y(.s][ e )ds (6.15)
for the region of convergence {z] > e*”. This relationship between the Laplace transform and the
z-transform can be evaluated by application of Cauchy's integral law }1]. However. in practice. it is
usually not necessary o use this complex analvsis approach.

The continuous-time function (1) =% '[Y{s)] can be determined from Y(s) and a table of
Lapiace transforms. and the time variable ¢ is then repiaced by kT. providing the 4 th element of the
desired sequence:

yAT) =2 [¥()]],_,r

Then the z-transform of the sequence v(kT). k=10,1.2, ... is generated by referring to a table of
z-transforms. which vields the desired result:

Y*) =3 {p(kT)} == {& '[Y()]]. 0] (6.16)
Thus, in Equation {6.16), the symbolic operations ¥ ! and < represent straightforward table

lockups, and |,.,; generates the sequence to be z-transformed.
A common combinatien of discrete-time and continuous-time elements and signals is shown in Fig,
6-3.

y*(1)
—-
Y*(z)

utr) u*(r)
Ul(s) U*(z)

Xyolt)

Xyol s)
Fig 6-3

If the hold circuit is a zero-order hold. then as shown in Problem 6.42, 1he discrete-time transfer

function from U*{z} to Y*(z) is given by
Y*(z) j
= {l=- )3 — : (6.17)
U*() \ S rmir)

In practice. the sampler at the output, generating »*(f) in Fig. 6-3. may not exist. However, it is
sometimes convenient to assume one cxists al that point, for purposes of analysis {(see. e.g.. Problem
10.13). When this 15 done, the sampler 15 often called a fietitious sampler.

[f both the mput and output of a system like the one shown in Fig. 6-3 are continuous-time signals,
and the input is subsequently sampled. then Equation (6.17) generates a discrete-time transfer function

P(s) i
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which relates the input at the sampling times T,27,... to the output at the same sampling times.
However, this discrete-time system transfer function does no? relate input and output signals at times +
beiween sampling times, that is, for kT <r<(k+ 1T, &=0,1,2,....

EXAMPLE 6.14. [n Fig. 6-3, if the hold circuit is a zerc-order hold and P(s)=1/(s + 1), then from Equation
{6.17), the discrete-time transfer function of the mixed-element subsystem is

:Ei; s(]—z'l)z{fl(s(sil))‘,_kr}

r-.&?‘}

=(1-:1% {(l(f) - e_l)[;-n}
(1= Y2 {1(kT) - *7}
= (=) Z{UKT)] -2 e 4T)]

=(1—z-‘)[ e =]

=(1-—z'1)Z{.‘f’_1(%— ! )

s+ i

1-= l1-¢ 'z
=(z;1)(zj1)[i:: T]
_1- e::

Solved Problems

TRANSFER FUNCTION DEFINITIONS

6.1.  What is the transfer functien of a system whose input and output are related by the following
differential equation?
d’y  dy du
— +3—4+dy =+ —
di? 3 dt 2y =u dt

Taking the Laplace transform of this equation, ignoring terms due to initial conditions, we obtain
ST¥(5) + 35¥(s) + 2Y{s) = U(s) + sU(s)
This equation can be written as
s+1
s)= [32 +3542 ]U(s)
The transfer function of 1his system is therefore given by
s+1

7 - - =

() s2+3s+2

6.2. A particular system containing a time delay has the differential equation (d/dt) (1) + y(t)=
w{t — T). Find the transfer function of this system.

The Laplace transform of the differential equation, ignering terms due to initial conditions, is
s¥(s) + Y(sy=e *TU(s). ¥(5) and ¥(s) are related by the following function of s, which is the system
transfer function

Y(s) e

U(s)  s+1

P(s) =
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6.3. The position y of a moving object of constant mass M is related to the total force f applied to

6.4

the object by the differential equation M(d’y/dt?) = f, Determine the transfer function relating
the position 1o the applied force.

Taking the Laplace transform of the differential equation, we obtain Ms2¥(s) = F(5). The transfer
function relating ¥(s) to F(s) is therefore P(s) = ¥{5)/F(s)=1/Ms".

A motor cennected to a load with inertia J and viscous friction B produces a torque
proportional to the input current i If the differential equation for the motor and load is
J(d*0/di*) + B(d8/dr) = Ki, determine the transfer function between the input current / and
the shaft position #.

The Laplace transform version of the differential equation is {Js + Bs)Y8(s) = K/(s), and the required
transfer function is P{s}=8(5)/I{s)= K/s(Js + B,

PROPERTIES OF TRANSFER FUNCTIONS

6.5,

6.6.

6.7.

6.8.

An impulse is applied at the input of a continuous system and the output is observed to be the
time function e~%. Find the transfer function of this system.

The transfer function is Pis) = Y{s}/U(s) and U/{s) =1 for u{t) = &(¢). Therelore

1
P(S) = Y(I) =m

The impulse response of a certain continuous system is the sinusoidal signal sin ¢. Determine the
systemn transfer function and differential equation,

The system transfer function is the Laplace transform of its impulse response, P{s) =1/(s? + 1). Then
P(D)=y/u=1/(D'+ 1), Dly+y=uordiy/d +y=u

The step response of a given system is y=1—Ie 7"+ 3¢ — 1¢™% What is the transfer
function of this system?

Since the denvative of a step is an impulse {see Definition 3.17), the impulse response for this system is
plo)=dy/di=3je""—3e '+ e "
The Laplace transform of p(r) is the desired transfer function. Thus

1 -3 4 s+8
+ + =
s+1  s+2  s+4 (s+1)s5+2D(s+4)

Pls)=

Note that an alternative solution would be to compute the Laplace transform of y and then multiply
by s to determine P(s), since a multiplication by 5 in the s-domain is equivalent to differentiation in the
time domain.

Determine if the transfer function P(s) =(2s + 1)/(s?+ s + 1) represents a stable or an unsta-
ble systein.

The characteristic equation of the system is obtained by setling the denominator polynomial to zero,
that is, s + s + 1 =0. The characteristic equation may then be tested using one of the stability criteria
described in Chapter 5. The Routh table for this system is given by

Since there are no sign changes in the first column, the system is siable.
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6.9. Does the transfer function P(s)=(5+4)/(5s+ 1)(s + 2)(s — 1) represent a stable or an unstable
system?

The stability of the system is determined by the roots of the denominator polynomial, that is, the pofes
of the system. Here the denominator is in Factored form and the poles are located at s = —1, — 2, + 1. Since
there is one pole with a positive real part, the system is unstable.

6.10. What is the transfer function of a system with a gain factor of 2 and a pole-zero map in the
s-plane as shown in Fig. 6-47

The transfer function has a 2ero at — 1 and poles at —2 and the origin. Hence the transfer function is

P{sy=2(s +1)/3(s + 2).
Ju I
s-plane R F
: ' s-plane
1 |
i |
»* s ————- ¢ - a
-2 =1 -3 ] il
| !
| |
6_ I
N —j
Fig. 6-4 Fig. 6-5

6.11. Determine the transier function of a system with a gain factor of 3 and the pole-zero map shown

=1 in Fig. 6-5

&.d The wansfer function has zeros at —2 1§ and poles at —3 and at —1 +;. The transfer function is
therefore P(s)=3s+ 2+ }s+2-)/(s + s+ 1+ 0s+1 -]

TRANSFER FUNCTIONS OF CONTINUOUS CONTROL SYSTEM COMPONENTS

6.12. An R-C network mechanization of a lead compensator is shown in Fig. 6-6. Find its transfer
function.

Fig. 6-6

Assuming the circuit 1s not loaded, that is, no current flows through the output terminals, Kirchhoffs
current law for the output node yields

c d N I i
= (6~ 1) 'EI(U'_UO)ER_,UU
The Laplace transform of this equation (with zero initial conditions) is

; 1
Cs[ ¥V (s) = ¥(s)] + E[V,-(S) - ¥(s)] = R—zVo(s}
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The transfer function is
Fol(3) Cs+1/R, s+a
Visy C+1/R+1/R, s+b

where g =1/R,C and b=1/R,C+1/R,C.

Prewa =

6.13. Determine the transfer function of the R-C network mechanization of the lag compensator

v-ri shown in Fig. 6-T.
R,

: AWM 1

/_{\\ ¢

k,

+0a

Tl

Fig. 6-7

Kirchhofl®s voltage law for the loop yields the equation
| R .
iR, + ELidr+ iR;=v,
whese Laplace transform is
1
(R Rt )10 = 0
The output voltage is given by
1
o) =( Rt )10
Cs

The transfer function of the lag network is therefore

K} R, +1/Cy a(s+b) 1 1
= = where g= ———— Y —

Vi(s) R +R,+1/Cs b(s+a) (R +R;)C R,C

Pr=

6.14. Derive the transfer function of the R-C network mechanization of the lag-lead compensator

".'li shown in Fig. 6-8.
] R|

Y
;s + —1

v

of
ol

Fig. 6-8
Equating currents at the outpat node a yields
1 d ‘
FI(U;' — ) +CIE(U;"'U0) il

The voltage v, and the current i are related by

1 .
— Jidt + iR, =
C;fn ™
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Taking the Laplace transform of these two equations (with zero initial conditions) and eliminating f(5)
results in the equation

-’:_1+C]S [V;'(J“)'Vn(j)]=%
The transfer function of the network is therefore
1 1
P, - Vn(f)z (5+R1C1)(S+m] =(5+“1)(5+b:)
70 Sl+( L )+ 1 (s+b)(s +ay)
R.C,  RC,  RC R,.C,R,C,
where
1 1 1
a, = RC ha,=ah bl+a2=al+bz+m by = RC,

6.15. Find the transfer function of the simple 1ag network shown in Fig. 6-9.

This network is a special case of the lag compensation network of Problem 6.13 with R, set equal 1o
zero. Hence the transfer function is given hy

Y(sy  1/Cs 1/RC

P(s) = Vi(s) R+1/Ci  s+1/RC

R R,
o A < o AAAAAR Y AR ' <
+ MWW e + g J- ] +
" /—;\ L - v i T . /Tz\\ (:2 vy
o o ° d o

Fig, 6-9 Fig. 6-10

6.16. Determine the transfer function of two simple lag networks connected in series as shown in Fig.
zix 6-10.

athcad The twe loop equalions are

, 1 fe . N
Ry + aL(t,—JZ)df—U,

1
Ry + Cfazdu f(; —i)di=

Using the Laplace transformation and solving the two loop equations for F,(s), we obtain

7.(s) Cys¥(s)
s -
: RIRCGs + (RO, - RIG t RyGy)s+1

The output voltage is given by v, =(1/G, )f:‘z dr. Thus
0

Vo(s) 1
Vis) RRGG + (R +RG+RGYs+1

CONTINUOQUS SYSTEM TIME RESPONSE

6.17. What is the unit step response of a continuons system whose transfer function has a zero at —1,
a pole at -2, and a gain factor of 2?
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The Laplace translorm of the output is given by Y(s) = P(s)U(s). Here

2(s+1) ] 2(3+1) 1 1
12 Us) =5 I P o

P(s)=
Evaluating the invers¢ transform of the pattial fraction expansion of ¥(s) gives pit) =1 + ¢~ 2"

6.18. Graphically evaluate the unit step response of a continuous system whose transfer function 1s
given by

(s+2}

PO o567 9)

The pole-zero map of the cutput is obtained by adding the poles and zeros of the input to the pole-zero
map of the transfer function. The output pole-zero map therefore has poles at 0, — 0.5, and —4 and a zero
at — 2 as shown in Fig, 6-11.

Ju

polea of P(s) 7\ s-planhe
N /O . I o
-4 -2 -3
zero of P(s) ——-/ \L pole due te the input

Fig. 6-11

The residue for the pole at the origin is

2
Rl —=1 =[°
For the pole at =0.5,
R = ——-—-—-—-— ={}. T = ]
| R 05(3.5) 0.85 arg R, 180
For the pole a1 -4,
2
Ry| = ———= =0143 R,=—180°
I 3| 4(3.5) alg ~y 8

The time response is therefore p(¢) = R, + Rye™ 0% 4 Rye ¥ =1 - (0.85% 0% — 0.143¢
6.19. Evaluate the unit step response of the system of Problem 6.11.
ﬁ The Laplace transform of the system output is
athca

Ws+2+5)(s+2-4)
s(s+M(s+1+)(s+1-5)

¥(s} = P(s)U(s) =

Expanding Y(s) into partial fractions yields

R, R, R,
+ +
s+3  s+l+j s+1-j

R,
Y(s)=—+
s
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where
_32+2-j) s ao_ S-2) _ -3
I+l 2 Po(-1-)2- (-2 W
3(~1+/)(-1-j) -2 H(1+25)(1) —3(? A
=\ J

2T (=24 )(-2-5) 5 CTEA-1pE) 20

(7+5)

Evaluating the inverse Laplace transform,

5 2 Iy2 5 2 W2
I . —if -1+ ) SRS ) S i T TR
y=77 5 e [e +e ] 2 5¢ 5 € cos( ¢+ 8)

where § = —tan"![4]= ~-8.13°

CONTINUOUS SYSTEM FREQUENCY RESPONSE

6.20.

6.21.

=Y
Mathead

6.22.

_v;li
Mathead

6.23.

e

Prove that the steady state output of a stable system with transfer function P(s) and input
= Asinws is given by

v =A|P(ju)|sin{wr+9¢)  where ¢=arg P(Jjw)

The Laplace transform of the cutput is Y{(s5) = P(s)}U{s} = P(5)jAw/{s? + w®)).

When this transform is expanded into partial fractions, there will be terms due to the poles of P(s)
and two terms due to the poles of the input (s = i w). Since the system is stable, all time functions
resulting from the poles of P(s) decay to zero as time approaches infimity. Thus the steady state output
contains ooly the time functions resulting from the terms in the partial fraction expansion duc to the poles
of the input. The Laplace transform of the steady s1ate outpin is therefore

AP( jw) . AP(~jw)
2j(s~jw)  =2j(s+jw)

-Y.{‘( j‘) =

The inverse transform of this equation is
plRg it _ o= Fbg—ut

3 =A|P(jw)|sin{wr + &)  where ¢ =arg P( ju)
7

y,-h=AIP(fw)l[

Find the d.c. gain of each of the systems represented by the following transfer functions:

o ~ 10 B {5+ 8)
(@ P&=7 ) PO =TTpnay 9 PO Ginnes

The d.c. gain is given by P(0). Then (g) P{0)=1, (b) P{0) =35, (¢} P(0O)=1.

Evaluate the gain and phase shift of P(s)=2/(s+ 2y forw =1, 2, and 10.

The gain of P{s) is given by |P{jw)] =2/V¥w’ +4. For w=1, |P(jl)] = 2/v5 =10.894; for w=2,
[P = 2/V8 =0.707; for w = 10, |P(f10)] = 2/v104 = 0.196.

The phase shift of the transfer function is the phase angle of P( jw), arg P{jw) = —tan 'w/2. Far
w=1,arg P(jl)= —tan" !4 = —26.6°; for « =2, arg P{/2) = —tan"'1 = —45°; for w = 10, arg P(j10) =
—tan~'5 = —78.7°.

Sketch the graphs of |P(jw)| and arg P( jw) as a function of frequency for the transfer function
of Problem 6.22.

In addition to the values calculated in Problem 6.22 for | P( jw)| and arg P¢ jw), the values for w=0
will also be useful: |P{j0)| =22 =1, arg P(j0)=—tan ' 0 =10,

As w becomes large, |P(jw)| asymptotically approaches zere while arg P{ jw) asymplotically ap-
proaches ~ 90°. The graphs representing the frequency response of P(s) are shown in Fig, 6-12.
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| R
|P{j)i

1.n~|

O -
0.5
0.4 =~

0.2

=407

- a0

_ pot -

arg P(ju)
Fig. 6-12

DISCRETE-TIME SYSTEM TRANSFER FUNCTIONS AND TIME RESPONSES

6.24.

6.25.

The Kronecker delta response of a discrete-time system is given by y;(k) =1 for all £ > 0. What
is its transfer function?

The transfer function is the z-transform of the Kronecker delta response, as given in Example 4.26.:
Ploy=1l+z" 42724+ '+ ..
To detcrmine a pole-zere representation of P(z), note that
P(z)—:=P(z2)

or {z-DP(:)=:
50 that
z
P(z) = o1
Alternatively, note that the Kronecker delta response is the unit step sequence, which has the z-transform
z
P =17

(see Table 4.2).

The Kranecker delta response of a particular discrete system is given by yu(k) ={0.5)" for k = 0.
What is i1s transfer function?

The form of the Kronecker delta response indicates the presence of a single pole at 0.5, The Krenccker
dclta response of a system with a single pole and no zere has no output at k¥ = 0. That is,

1 . )
=27 4052 140252 4 - (08" T+
z— 0.5

Consequently, the transfer function must bave a zere in the numerator to advance the output sequence one
sample intcrval. That is,

p z
(2) =53
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6.26.

6.27.

i+

Mathcad

What is the difference equation lor a system whose transfer function is

z=01
P(2)= 2003702
Replacing 2" with Z7, we get
Z-0t
P2y = oaz 02

Then
(Z-00u(k) w(k+1}-01(k)
YRy =P(Z)ulk) = e 5am 02~ 271032+ 02

and, by cross multiplying,
=D+ 03v(A+ D) +0.25(kY=ulk+1) —0.1u(k)

What is the transfer function of a discrete system with a gain factor of 2, zeros at 0.2 and —0.3,
and poles at 0.5, 0.6, and —0.4? Is it stable?

The transfer function is
Az-02)(z+0.5)
(z—05M:z-06){:+04)

P{z}=

Since all the system poles are inside the unit circle. the system is stable.

MISCELLANEOUS PROBLEMS

6.28.

A d.e. (direct curreni) motor is shown schematically in Fig. 6-13, L and R represent the
inductance and resistance of the motor armature circuit, and the voltage v, represents the
generated back e.m.f. {electromotive force) which is proportional to the shaft velocity 48 /dt. The
torque T generated by the motor is proportional to the armature current /. The inertia J
represents the combined inertia of the motor armature and the load, and B is the total viscous
friction acting on the output shaft. Determine the transfer function between the input voltage V
and the angular positien @ of the output shaft.

Motor Armature Circuit Inertial Load

L R
O—KWU\_Avﬂ'e"v"'u"'c’ —
+
. +
N Shaft

Input : " = Q
Voltage C) %=X Angle

o

Fig. 6-13

The differential equaticns of the motor armature circuit and the inertial load are

di 4 a6 df
RE+LE =L-‘—K}E' and KI!IBJE? ] BE
Taking the Laplacc transform of £ach equation, ignoring initial conditions,
(R+sL)YI=V—Ks8 and KJI=(Js'+Bs5)®

Solving these equations simultanecusly for the transfer function between ¥ and 8, we have
o K K/iL

f

VT (asT+ Be)(Is+R)+ K,K;s  s[s’=(B/J+R/LYs + BRAJL+ K, K,/JL]
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6.29. The back e.m.f generated by the armature circuit of a d.c. machine is proportional to the angular
velocity of its shaft, as noted in the problem above. This principle is utilized in the d.c.
tachometer shown schematically in Fig. 6-14, where o, 15 the voltage generated by the armature,
L is the armature inductance, R is the armature resistance, and v, is the output voltage. If X
i5 the proportionality constant between v, and shaft velocity d8/dt, that is, v, = K {d8/4dt),
determine the transfer function between the shaft position ® and the output voltage ¥,. The
output load is represented by a resistance R; and R; + R_ =R,

Fig. 6-14

The Laplace transformed equation representing the tachometer is /(R +5L)= K, 58, The output
voltage is given by

R, K56
W=1R, = R +-sL
The transfer function of the d.c. tachometer is then
V. RK s
9 L (_erR/LJ

6.30. A simple mechanical gccelerometer is shown in Fig. 6-15. The position y of the mass M with
respect to the accelerometer case is proportional to the acceleration of the case. What is the
transfer function between the input acceleration A {a=d?%x/dr*) and the output ¥?

——= r = case position
= Y| b
K B “Case
M
Spring m—
Fig. 6-15

Equating the sum of the forces acting on the mass M to its inertial acceleration, we obtain

1

dy d-

_B_ _ K~ e M_..._ _
&t Y drzf'y %)
Mdzy 3@ K wdzx M
— + H— + P = — =
ot dt- dar y = dt- a

where « is the input acceleration. The zero initial condition transformed equation is
{(Ms?+ Bs+ K)Y=MA
The transfer function of the accelerometer is therefore
14 1
A A (B/M)s+K/M
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6.31.

A differential equation describing the dynamic operation of the one-degree-of-freedom gyroscope
shown in Fig. 6-16 is

where w is the angular velocity of the gyroscope about the input axis, 8 is the angular position of
the spin axis—the measured output of the gyroscope, H is angular momentum stored in the
spinning wheel, J is the inertia of the wheel about the output axis, B is the viscous friction
coefficient about the output axis, and K is the spring constant of the restraining spring attached
to the spin axis.

output axis

—C -— input axis
w

‘Wheel spins at
constant
velocity

cese — 4
— P
E’kh)/ ;

~8pin axis

Fig. 6-16

(@) Determine the transfer function relating the Laplace translorms of » and 8, and show that
the steady state cutput is propertionat to the magnitude of a constant rate input. This type
of gyroscope 15 called a rate gyro.

(#) Determine the transfer function between w and # with the restraining spring removed
( K = 0). Since here the output is proportional to the integral of the input rate, this type of
gyroscope is called an integrating gyro.

{a) The zero initial condition transform of the gyroscope differential equation is
(Js'+ Bs+ K)8=H3
where 8 and  are the Laplace transforms of # and w, respectively. The transfer function relating €
and £ is therefore
8 H
0 (I +Bs+K)

For a constant or d.¢. rate input w,, the magaitude of the steady state output 8, can be obtained by
multiplying the input by the d.c. gain of the transfer function, which in this case is H/K. Thus the
steady stale output is proportional to the magnitude of the rate input, that is, 8, = ( H/K)w,.

(&) Setting K equal to zero in the transfer function of (a) yelds 8/8 = H/s(Js + B). This transfer
function now has a pole at the origin, so that an integration is obtained between the input £ and the
output &, The output is thus proportional to the integral of the input rate or, equivalently, the input
angle.

6,32, A differential equation approximating the rolationat dynamics of a rigid vehicle moving in the

atmosphere 1s
6
J—5 —NL6=T
dr?
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6.34.
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where 8 is the vehicle attitude angle, J is its inertia, N is the normal-force cocfficient, L is the
distance from the center of gravity to the center of pressure, and T is any applied torque (see
Fig. 6-17}. Determine the transfer funclion between an applied torque and the vehicle attitude
angle.

velocity with
respect to the
atmosphere

- center of
gravity

Fig. 6-17

The zero initial condition, transformed system differential equation is
(Js* -NLYB =T

The desired transfer function is
2] 1 1/

T J*-NL s* -NL/A

Note that if NL is positive (center of pressure forward of the vehicle center of gravity), the system is
unstable becavse there is a pole in the right half-plane at s =/NL/7. If NL is negative, the poles are
imaginary and the system is escilfatory (marginally stable). However, aerodynamic damping terms not
included in the differential equation arc actually present and perform the function of damping out any
oscillations.

Pressure receptors called barorecepiors measure changes in arterial blood pressure, as outlined in
Problem 2.14. They are shown as a block in the feedback path of the bloek diagram determined
in the solution of that problem. The frequency b(r) zt which signals (action potenuals) move
along the vagus and glossopharyngeal nerves from the baroreceptors to the vasomolor center
(VMC) in the brain is proportional to arterial blood pressure p plus the time rate of change of
blood pressure. Determine the form of the transfer function for the baroreceptors.

From the description given above, the equation for b is

dp

b=l p~+k,—

P 2

where k, and k, are constants, and p is bleod pressure. [ p should not be eonfused herg with the netation
p(t), the inverse Laplace transform of P(s) introduced in this chapter as a general representation for a
transler function,] The Laplace transform of the above equation, with zero initial conditions, is

B=kP+k,sP=P(k +k,;5)

The transfer function of the barorecepiors is therefore B/P = k| + k,5. We again remind the reader that P
represents the transform of arterial blood pressure in this problem,

Consider the transfer function €, /R, for the biclogical system described in Problem 3.4{4) by
the equaticns

e 1) =rdr) - i a, y0;(1— A1)
=1

for k=1,2,..., n. Explain how C, /R, may be computed.
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6.35,

6.36.

Taking the Laplace transform of the above equations, ignoring initial conditions, yields the following
set of equations:

n
Co=R,~ Y a,_Ge ™™
=]
for k =1,2,.. , n If all n equations were written down, we would kave n equations in » unknowns (C, for
k=1,2,..., n). The general solution for any C; in terms of the inputs R, can then be determined using the
standard teckniques for solving simultanecus equations. Let D represent the determinant of the coefficient
matrix:

1+ aoe-.idr a_le-sﬂr e ﬂl—ne_'lm
D= ale-shr 1+ aee—sdr . az_"e-sﬂl
aﬂ_le—s&i ﬂ,le—s:&r 14+ a.2 sar
Then in general,
D,
C, = —
b

where 1), is the determinant of the coefficient matrix with the i th column replaced by
R,

Rﬂ
The transfer function C, /R, is then determined by setting all the inputs except R, egual to zero,
computing C, from the formula above, and dividing C, by R,.

Can you determine the s-domain transfer function of the ideal sampler described in Problemns 3.5
and 4.397 Why?

No. From the results of Problem 4.39, the output transformt U{s) of the ideal sampler is

o
Us)y= Y e *Tu(kT)
k=0
It is not possible to factor out the transform U/(s) of the input signal w(#) applied to the sampler, because
the sampler is not a time-invariant system clement. Therefore it cannot be descnibed by an ordinary transfer
Tunction.

Based on the developments of the sampler and zero-arder hold function given in Problems 3.5,
3.6, 3.7, and 4.39, design an idealization of the zero-order hold transfer function.

In Problem 3.7, impulses in m,(¢) replaced the current pulses modulated by m (1) in Problem 3.6.
Then, by the scrzening property of the unit impulse, Equation {3.20), the integral of each impulse is the
value of u(r) at the sampling instant kT, A=0,1,..., etc. Therefore it is logical to replace the capacitor
(and resistor) in the approximate hold circuit of Problem 3.6 by an integrator, which has the Laplace
transform 1/s. To complete the design, the output of the hold must be equal to u at each sampling time,
not u -y, therefore we need a function that auwtomatically resets the integrator to zero after each
sampling period. The transfer function of such a device is given by the “pulse” transfer function:

1
Panl(s) = (L= ¢7"7)

Then we can write the transform of the output of the ideal hold device as

1 o
Yao($) = Puo()U*(s) = —(1 - e"T)kEGe"r“(kT}
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Can you determine the s-domain transfer function of the ideal sampler and ideal zero-order hold
combination of the previous problem? Why?

No. It is not possible to factor out the wansform Uis) of u(s) applied 1o the sampler. Again, the
sampler is not a time-invanant device,

The simple lag circuit of Fig. 6-3, with a switch .S in the input line, was described 1n Problent 3.6
as an approximate sample and zero-order hold device, and idealized in Problem 6,36, Why is this
the case, and under what circumstances?
The transfer function of the simple lag was shown in Problem 6-15 o be
1/RC
s+ 1/RC

If RC =« 1, P(s) can be approximated as F(s) =1, and the capacitor ideally holds the output constant
until the next sample time,

P{s)=

Show that for a rational function P(z) to be the transfer function of a causal discrete-time
system, the order of its denominator polynomial must be equal to or greater than the order of its
numerator polynomial (Property 6, Section 6.6).

In Section .16 we saw that a discrete-time system is causal if its weighting sequence wik) =0 for
k < 0. Lel P(z), the system transfer function, have the form-

b +b, 27 4 bzt by

n n-1
a,z2" ta, |z + oo gz tay

where g, # 0 and &, # 0. The weighting sequence w(k) can be generated by inverting P{z), using the long
division technique of Section 4.9.
We first divide the numerator and denominator of P({z) by z™, thus forming:
B, tby 27+ "

n-nm n-m-1 —-m
L +a, .,z + etz

P(:z)=
()=~
Dividing the denominator of P{z} into its numerator then gives

SERIEEN

Ay

bman— 1

)zm-n--1+ o a

2

The coeflicient of z~* in this expansion of P{z) is w(k), and we sce that w{k) =0 for k < n — st and

by,
win—m)=— »0

For causality, w(k)=0for k <0, therefore r—mz0and nz m,

Show that the steady state response of a stable discrete-time system to an input sequence
u(k)=AsinwkT, k=0,1,2,..., is given by

Vo= A|P(e77) [sin(wkT + &) k=0,1,2,... (6.14)

where P(z) 1s the system transfer function.

Since the system is linear, if this result is true for A =1, then it is true for arbitrary values of 4. To
simplify the arguments, an input u'{k)=¢/**7, £k =0,1,2,..., is used. By noting that

wW(k) =T = coswkT + j sinwkT

the response of the system 10 {u'(%k)} is a complex combination of the responses to {coswkT} and
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6.41.

{sinwkT}, where the imaginary part is the response to {sinwk7 }. From Table 4.2 the z-transform of
{er* T} is
Z
7 — T
Thus the z-transform of the system output ¥'{z) is

Y{z) = P(2)—

- e;uT
To invert Y'(z), we form the partial fraction expansion of

Yz} - P(2) -
z Z—e

This expansion consists of terms due to the poles of P(z) and a term due to the pole at z = ¢/“7, Therefore
PehT
F{z) =z| ¥ terms duc to poles of P(z) + ’(_7‘?”3
and

{y(k)} =2zt [zz terms due to poles of P(z}] +{P(e™Tye™ 7}
Since the svstem is stable, the first term vanishes as & becomes large and

Vi = P(e,r'uT)e;ukT = | P(E‘MT} |£jlwk}'+¢;

=|P(eT)|{cos (wkT = ¢} +/sin(wkT+¢)]  k=0,1.2,...
where ¢ = arg P(e/*7). The steady state response to the input sinwkT is the imaginary part of y,, or
Yo =| P(e™T}|sin{ kT + ¢) k=0,1,2,...

Show that, if a continuous-time function y(¢) with Laplace transform ¥Y(s) is sampled uniformly
with period 7T, the z-transform of the resulting sequence of samples ¥*(z) is related to ¥{s) by
Equation (6.15).

From Definition 4.3;

¢+ foo

y(t) = L Y{s)e" ds

21Tj —faq
where ¢ > @;,. Uniformly sampling y(7) generates the samples p(AT), k=0,1,2,.... Therefore
£+ foi

1
kT) = — 4 sat k=0,1,2,...
RT) = = [T V(e ds k=012,
The z-transform of this sequence is
hd ad z * e .
()= T y(kT)et= Lo [Ty s

k=0 k=0 277 de—poo

and after interchanging summation and integration,

1 €+ foo =
Y(2) = ij TEY(s) Y e Tak g

2nj Je—jon k=0
Now
Z ek Tk o z (est-—l)
k=0 k=0
is a geometric series, which converges if Je*Tz~!| < 1. In this case,
=~ T,-1}* L
T
E (fT27h) = ] —e7z-!
k=0

The inequality |e'"z7![ <1 implies that {z] > |¢*7|. On the integration contour, [¢°7| = |¢!"*/)7| = ¢!T
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Thus the series converges for |z| > e7. Therefore

1 C ot 1
Y‘ = — Y -
(2) z«;-l-,w ()7

for |z| > ¢'7, which is Equation (6.13).

Show that if the hold circuit in Fig. 6-3 is a zero-order hold, the discrete-time transfer function is
given by Equation (6.17).

Let p(r) =% [ P(s)). Then, using the convolution integral {Definition 3.23), the output of P{s) can
be written as

$e) = [pli=rhzuol(r) do

Since x,.4(1) 1s the output of a zero-order hold, it is constant over each sampling interval. Thus ¥(r) can be
written as

(1) =£Tp(r—r)x(0) d-r+f:rp(r_1-)x(1) dr+ -

+f(_j_nrp(t— T)x[(j—Z)T] d*r+fr plt—r)x[(j-1)T]dr
(/-yT [WE VY

where (j — 1)T <t £;T. Now

F— 1

i

yUT) = ¥ ([:*"Tp(jr— ) dr | x(uT)

i=0
By letting # =T — r, the integral can be rewritten as

O (T -1y dr= p(8) 48

iF (s—i—hT

G-yt
where i =0,1,2,3,..., j — 1. Now, defining A(#)= jp(#)d8 and k= —1or j=4k + 1 vields

-iT i —1)T f—i - 13T hk—1 v 13T FEEIYA
[O77 poyas= [V p(oyas - [V p(oy as= [ p(9) 8- [ " p(8) us
(y—+—- 1T g o o 0

=h[{k—i+ 1)T]-af[{k—i)T]
Therefore we can write

k k
y(k+DT] =L h[(k=i+DT]x(iT) - .): (k= i)T]x(iT)

i=0

Using the relationship between the convolution sum and the product of z-transforms in Section 4.9, the
Shift Theorem {Property 6, Section 4.9}, and the definition of the z-transform, the z-transform of the last
equation is

Y z)=zH*(2) X*(2) — H*(2} X*(2)

where ¥*(z) is the z-transform of the sequence y(kT), A=0,1,2,..., H*(z) is the z-transform of
JATp(8yde, £=0,1,2,..., and X*(z) is the z-wransform of x(kT), k=0,1,2, ... Rearranging terms
yields

=(1 -2 ) H*(2)
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r-H’“}

6.43. Compare the solution in Problem 642 with that in Problem 6.37. What is fundamentally
different about Problem 6.42, thereby permitting the use of linear frequency domain methods on
this problem?

Then, since 4(7) = £ p(#) 0, L[h(1)] = P(s)/s and
") =(1—z")3{"?](‘n(5))

k)

The presence of a sampler at the output of P(s) permits the use of z-domain transfer functions for the
combination of the samplet, zero-order hold, and P(s).

Supplementary Problems

6.44. Determine the transfer function of the R-C network shown in Fig. 6-18

+
+ RL Yout
Yin R(; RK
o——=e ‘ o
Fig. 6-18 Fig. 6-19

6.45. An equivalent circujt of an electronic amphifier is shown in Fig, 6-19. What is its transfer function?
6.46. Find the transfer function of a system having the impulse response p(f) =7 (1 — sin¢).

647. A sinusoidal input x=12sin2! is applied to a system with the transfer function P(s)=2/5(s+ 1.
Determine the steady state output y,..

6.48. Find the step respense of a system having the transfer function £(s) =4/(s2 — 1)(s* + 1).

6.49. Determine which of the follewing transfer functions represent stable systems and which represent unstable

syslems:
(s-1) (s+2)s—2)
@ PO=Gipeivg O POCE0G D6
5 Plsy= oD (d) P(s)=
(s+2){s +4) (s +s+1)(s+1)°
5(s+ 10)
(e) P(s)~

(s+3)s°—5+10)

6.50. Use the Final Value Theorem (Chapier 4) to show that the steady state value of the output of a stable
system in response 1o a unit siep input is equal to the d.c. gain of the system.
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6.51.

6.52,

6.53.

6.54.

6.55.

6.56.

6.4,

6.45.

6.46,

647

6.48.

6.49.

6.51.

6.53.

TRANSFER FUNCTIONS [CHAP. 6

Determine the transfer function of two of the networks shown in Problem 6.44 coonected in cascade
(series).

Examine the literature for the transfer functions of two- and three-degree-of-freedom gyros and compare
them with the one-degree-of-freedom gyro of Problem 6.31.

Determine the ramp response of a system having the transfer function P{s)=(s+ 1)/(s + 2).

Show that if a systemn described by
"ody M diy

La b

im0 A Zo o dl

for m < n is at rest prior to application of the input, that is, d*y/di* =0, k=01, ... n ~ 1, for ¢t <0, then
(terms due to a/f initial values uf, »5)=0
( Hint; Iniggrate the differential equation » times from ¢ =lim, ; ,.¢¢ W 1, and then let 1 —~0*))

Determine the frequency response of the ideal zero-order hold (ZOH) device, with transfer function given
in Problem 6.36, and sketch the gain and phase characteristics.

A zero-order hold was defined in Defigition 2.13 and Example 2.9. A first-order hold maintains the slope of
the function defined by the last two valoes of the sampler output, until the next sample time. Determine the
discrete-time transfer function from U/*(z) to ¥*(z) for the subsystem in Fig. 6-3, with a first-order hold
element.

Answers to Supplementary Problems

Vs 5

Vi s+1/RC

Vout _ _"['RL

Vo (R, +RIRCs+{p+1}R, +R,+R,;

25+l
(s+1){s'+2542)

P(s) =
¥, = 0.707sin(2r — 135%)

y=—4+e '+ +2coss

(b) and {¢) represent stable systems; {a), {c). and (¢) represent unstable systems.

Vi s?

Vv, ¥+ (3/RC)s+ 1/RC?

2t

y=1i-ie ¥+ ke
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6.55, Tsin( w7 /2)
: - -T2
P( juw) [ 72 e
[Pyl
4 P
218 Fno 2w LP
T T
' Y — A & —t- 4
Pl 4n
T T
- 180 .|
Fig, P6-55
656.  Y'(z)

_'_
I T s

I(G(s) 1 G(s))

r-kT]



Chapter 7

Block Diagram Algebra and Transfer Functions
of Systems

7.1 INTRODUCTION

It is pointed cut in Chapters 1 and 2 that the block diagram is a shorthand, graphical representation
of a physical system, illustrating the functional relationships among its components, This latter feature
permits evaluation of the contributions of the individual elements to the overall performance of the
sysiem.

In this chapter we first investigate these relationships in more detail, utilizing the frequency domain
and transfer function concepts developed in preceding chapters. Then we develop methods for reducing
complicated block diagrams to manageable forms so that they may be used to predict the overall
performance of a system.

7.2 REVIEW OF FUNDAMENTALS

In general, a block diagram consists of a specific configuration of four types of elements: blocks,
summing points, takeoff points, and arrows representing unidirectional signal flow:

Summing Block

Point Takeoff
x + {-\ rFy Block z Point z
& Description e
=
v
e ]
Fig 7-1

The meaning of each element should be clear from Fig. 7-1.
Time-domain quaniities are represented by lowercase letters.

EXAMPLE 7.1. r=r(s) for continuous signals, and rir, ) or r(k), k=12, for discrete-time signals.

Capital letters in this chapter are used for Laplace transforms, or z-transforms. The argument s or z
is often suppressed, to sumplify the notation, if the context is clear, or if the results presented are the
same for both Laplace {continuous-time system) and z-{(discrete-time systemjtransfer function domains.

EXAMPLE 7.2. R=R{s)or R=R(z).

The basic feedback control system configuration presented in Chapter 2 is reproduced in Fig. 7-2,
with all guantities in abbreviated transform notation.

154
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N
R + /_\l E = R=B G, U Gg C
+ Forward Path
B
H
Feedback Path
Fig. 7-2

155

The quantities G,, G,. and # are the transfer functions of the components in the blocks, They may

be either Laplace or z-transform transfer functions.

EXAMPLE 7.3. ¢\ =U/Eor U=GE

It is important to note that thesc results apply either to Laplace transform er to z-transform
transfer functions, but not necessarily to rmixed continuous/discrete block diagrams that include
samplers. Samplers are linear devices, but they are not time-invaniant. Therefore they cannot be
characterized by an ordinary s-domain transfer function, as defined in Chapter 6. See Problem 7.38 for
some exceptions, and Section 6.8 for 4 more extensive discussion of mixed continuous /discrete systems.

7.3 BLOCKS IN CASCADE

Any finite number of blocks in series may be algebraically combined by multiplication of transfer
functions. That is, » components or blocks with transfer functions G, G,...., G, connected in cascade

are equivalent to a single element G with a transfer function given by
]
G=6,-G, Gy G,=]]G,
i—1

The symbol for multiplication “-™ is omitted when no confusion results.

EXAMPLE 7.4

E G, M Gs c E

|

G\Gy ——

Fig, 7-3
Multiplication of transfer functions is commutative; that is,
GG, = G0,
for any / or j.

EXAMPLE 7.5,

GoGy

Fig. 7-4

(7.1)

(7.2)

Loading effects (interaction of one transfer function upon its neighbor) must be accounted for in
the dervation of the individual transfer functions before blocks can be cascaded. (See Problem 7.4.)
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7.4 CANONICAL FORM OF A FEEDBACK CONTROL SYSTEM

The two blocks in the forward path of the feedback system of Fig. 7-2 may be combined. Letting
G = G,G,, the resulting configuration is called the canonieal form of a feedback contrel system. G and
H are not necessacily unigue for a particular system.

The following definitions refer to Fig. 7-5.

R +/\ E G C
B
H
Fig, 7-5
Definition 7.1 G = direct transfer function = forward transfer function

Definition 7.2: H = feedback transfer function

Definition 7.3: GH = loop transfer function = open-loop transfer function
Defmition 7.4 C/R = closed-loop transfer function = control ratio
Definition 7.5 E /R = actuating signal ratio = error ratio

Definition 7.6: B /R = primary feedback ratio

In the following equations, the — sign refers to a positive feedback system, and the + sign refers to
a negative feedback system:

C G

_ = (7.3}
R 1x+GH

E 1 .

- = (7.4)
R 1xGH

B GH .
—_= {7.5}
R 1+GH

The denominator of C/R determines the characreristic equation of the system, which is usually
determined from 1 + GH = 0 or, equivalently,

Doyt Noy =1 (7.6)

where D, is the denominator and N, is the numerator of GH, unless a pole of G cancels a zero of H
(see Problem 7.9). Relations (7.1) through (7.6) are valid for both continuous (s-domain) and discrete
{ z-domain} systems,

7.5 BLOCK DMAGRAM TRANSFORMATION THEOREMS

Block diagrams of complicated control systems may be simplified using easity derivable transforma-
tions. The first important transformation, combining hlocks in cascade, has already been presented in
Section 7.3. It is repeated for completeness in the chart illustrating the transformation theorems (Fig.
7-6). The letter P is used to represent any transfer function, and W, X. Y, Z denote any transformed
signals.
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Transformation

Equation

Block Diagram

Equivalent Block

Diagram

Combining Blocks
in Cascade

Y = (P,P)X

Py * P.

PPy

Combining Blocks
in Parallel; or
Eliminating a
Forward Loop

Y = P, X + P X

Removing a Block
from a Forward
Path

Y = P,X = P,X

P,

Py

X _pzp |——

I
P
|

Eliminating a
Feedback Loop

Y = Py(X = P,Y)

Removing a Block
from a Feedback
Loop

Y = P,(X  P,Y)

T |
Py

Rearranging
Summing Points

6b

Rearranging
Summing Points

Moving a Summing
Point Ahead of a
Block

Moving a Summing
Point Beyond a
Block

Fig. 7-6
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Transformation Equation Block Diagram Equil;z;lent Block
agram
X P ¥ X 2 P Y
Moving a Takeoff
9 | Point Ahead of a Y = PX
Block Y ¥
e ] — P
X P Y X P Y
Moving a Takeoff
10| Point Beyond a Y = PX
Block C. S | X 1
P
X +r~ Z
X o Z,
Moving a Takeoff ]1 Z 5 o =
11| Point Ahead of a Z=X*¥ Y %
Summing Point
‘ .
z
Moving a Takeoff
12 Point Beyond a Z=X=Y
Summing Point

Fig. 7-6  Centinued

7.6 UNITY FEEDBACK SYSTEMS

Definition 7.7: A unity feedback system 1s one in which the primary feedback b is identically equai
to the controlied output ¢

EXAMPLE 7.8. A =1 for a linear, unity feedback system (Fig. 7-7).

R ~ E = [

o

Fig. 7-7

Any feedback system with only linear time-invariunt elemenis can be put into the form of a unity
feedback system by using Transformation 5.

EXAMPLE 7.7.

R+ G c R

GH —

b [

H
+

Fig. 7-8
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The characteristic equation for the unity feedback system, determined from 1+ G =0, is
D.+ N, =0 (7.7)

where D, is the denominator and N, the numerator of G.

7.7 SUPERPOSITION OF MULTIPLE INPUTS

Sometimes it is necessary to evaluate system performance when several inputs are simultaneously
applied at different points of the system.

When multiple inputs are present in a lnear system, each is treated mdependently of the others.
The cutput due to all stimuli acting together is found in the following manner. We assume zero initial
conditions, as we seek the sysiem response only to inputs.

Step 1:  Set all inputs except ane equal to zero.

Step 2: Transform the block diagram 1o canonical form, using the transformations of Section 7.5.
Step X Calculate the response due to the chosen input acting alone,

Step 4:  Repeat Steps 1 to 3 for each of the remaining inputs.

Step 5:  Algebraically add alt of the responses (outputs) determined in Steps 1 to 4. This sum is the
total output of the system with all inputs acting simultaneously.

We reemphasize here that the above superposition process is dependent on the system being linear.

EXAMPLE 7.8, We determine the output € due to inputs &/ and R for Fig. 7-9.

/L”
R _+ G, - G, ¢

St

Fig. 7-9

Step 1: Put /=0
Step L The system reduces to

C
R s 5 fi GG, R =

T

Step X: By Equation {7.3), the output Cy due to input R is Cp = [G, G, /(1 + GG, )] R.
Step4a:  Put R=0D.
Step db:  Put —1 into a block, representing the negative feedback effect:

U
g
s, ), Gs

Rearrange the block diagram:

U + Gy Cy
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Eet the —1 block be absorbed into the summing point:

U + N\ G, Cy
'\‘_/ :

Stepde: By Equation (7.3), the output C;; due to input U is . =[G, /A1 + GG U
Step 5 The total output is

C=CR+C‘{J=

1+ A G‘:
— = _|rR+ U=|——|[G,R~U
1+GIGE] {1+G163] 1+ 6,6 [G ]

7.8 REDUCTION OF COMPLICATED BLOCK DIAGRAMS

The block diagram of a practical feedback centrol system is often quite complicated. [t may include
several feedback or feedforward loops, and multiple inputs. By means of systematic block diagram
reduction, every multiple loop linear feedback system may be reduced to canonical form. The
techniques developed in the preceding paragraphs provide the necessary tools.

The following genera!l steps may be used as a basic approach in the reduction of complicated block
diagrams. Each step refers to specific transformations listed in Fig. 7-6.

Step 1: Combine all cascade blocks using Transformation 1.

Step 22 Combine all parallel blocks using Transformation 2.

Step 3;  Eliminate all minor feedback loops using Transformation 4.

Step 4:  Shift summing points to the left and takeoff points to the right of the major 1oop, using
Transformations 7, 10, and 12,

Step 5:  Repeat Sieps-l 10 4 unti! the canonical form has been achieved for a particular input.
Step 6: Repeat Steps 1 to 3 for each input, as required.

Transformations 3, 3, 6, 8, 9, and 11 are sometimes useful, and experience with the reduction
technique will determine their application,

EXAMPLE 7.9. Let us reduce the block diagram (Fig. 7-10) to canonical form.

Gy
/14“ c
G, G.‘ GI L L U

Step 1:

Gl G‘ = GIG‘




CHAP. 7

i

1l

Step 2:
Gy
+
+
Gy
Step 3:
+
G,G,
+
H,
Step 4:  Does not apply.
Step 5:
BTy G,Gy
Gy + G
1 - G,GH, AT

H,

Step & Does not apply.

BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS
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G,G,
1-G,GH,
B /"\ 'GlG‘(G"‘{' G;)
1— G,GH,
H,

An occasional requirement of block diagram reduction is the isolation of a particular block in a
feedback or feedforward loop. This may be desirable to more easily examine the effect of a particular
block on the overall system.

Isclation of a hlock generally may be accomplished by applying the same reduction steps to the
system, but usually in a different order. Also, the block to be isolated cannot be combined with any

athers.

Rearranging Summing Points {Transformation 6) and Transformations 8, 9, and 11 are especially

useful for isolating blocks.

EXAMPLE 7.10. Let us reduce the block diagram of Example 7.9, isolating block H|.

Steps 1 and 2:

R =+

+

T

1

G\G,

Gy + Gy
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We do nat apply Step 3 at this time, but go dircetly to Step 4, moving takeoff point / beyond block G, + Gy

2
) G,G, Gy + Gy 1.2

H,

H,

We may now rearrange summing points 7 and 2 and combine the cascade blocks in the forward loop using
Trans[ormation 6, then Transformation 1:

A . 2 1
E LMy G1G4(Gy + Gy) g
+ —
H,
1
Hl Gg T Ga
Step 3:
R + /N GGGy + Gy) C
1+ GG Hy(Gy + Gy
+
1
H

Finally, we apply Transformation 5 to remove 1 /(G, + ;) from the feedback loop:

R + /N GG, C
Gyt Gy 1F 0,G,H;(G, ¥ Gy

H,

Note that the same result could have been obtained after applving Step 2 by moving takeoff point 2 afead of
G, + G, instead of takeofl point [ beyond G, + G,. Blck G, + G, has the same cffcet on the control ratio C/R
whether it directly follows R or directly precedes C.
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Solved Problems

BLOCKS IN CASCADE

7.1. Prove Equation (7.1) for blocks in cascade.

The block diagram for n transfer functions &), G,, ..., G, in cascade is given in Fig. 7-1L.
X X X X, X
1 Gl 2 Gz B e - G" +1
Fig, 7-11

The output transiorm for any block is cqual to the input transform multiplied by the transler function
{see Section 6.1). Therefore X, = X6, X, =XG,,..., X, = X,_,G,_. X,,; = X,G,. Combining these
equations, we have

X = X0, =X,_,6,.,G,= - =XGG: - G, 6,
Dividing both sides by X,, we obtain X,, /X, = GG, - - G, _,G,.

7.2, Prove the commutativity of hlocks in cascade, Equation (7.2).

Consider twe blocks in cascade (Fig. 7-12);

X; Xi+1 Xj+1

G'i Gj

Fig. 7-12

(X,G,)G, = X,G,G,. Dividing both sides by X,, X .,/X,=G,G,.

Also, X,,, = G{(G,X,) = G,G, X,. Dividing again by X,, X,_, /X, = G,G,. Thus G,G, = G,G..

This result is extended by mathematical induction to any finitc number of transfer functions (blocks)
in cascade.

From Equation (4.) we have X, =X ( =G X, and X, =X _,6,=G X, Therefore X, =

7.3. Find X, /X, for each of the systems in Fig. 7-13.

Xl 10 X? 1 X!‘l xl 1 x2 10 Xn
(a) g+ 1 g1 (b) =1 s+1
(C) Xl —10 XZ 1 XS l:i X!'l
g+ 1 =3 8

Fig. 7-13

{a) One way to work this problem is to first write X, in terms of X:

¥ ( 10 )X
Tl a1

L 1]

Y D [ ) 10
R P (e

Muitiplving out and dividing both sides by X, we have X /X, =10,/(s* — I).

Then write X, in terms of X;:
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A shorter method is as follows. We know from Equation (7.4) that two blocks can be reduced to
one by simply multiplying their transfer functions. Also, the transfer function of a single block is its
output-to-input transform. Hence

X, 1 4/ 10 10
?1_(1:—1](34»1)_.92—-1

(5) This system has the same transfer function determined in part (a) because multiplication of transfer
functions is commutative.,
X, —-10y/ 1 ) 1.4] -14
X, _(s+1)(s—1 s ) os(s7-1)

{¢) By Equation (7.1), we have
74. The transfer function of Fig. 7-14a is w,/(s + w,), where w,=1/RC. Is the transfer function of
Fig. 7-14h equal to wl/(s + wy)2? Why?

E
o N M\U‘\'ﬁ _ ~
Input T ¢ Output
o . O
Fig. 7-14a
° AV MW o
R R
Input —— — Chutput
o —
Fig. 7-14b

No. If two networks are connected in series (Fig. 7-15) the second loads the first by drawing current
from it. Therefare Equation (7.1) cannot be directly apphed to the cornbined system. The correct transfer
function for the connected networks is wl /(s + Juys + w2) (see Problem 6.16), and this is #er equal to

(o, /(5 + wy))?.

R

R t
o A ——W————
N L

¢ |

.

1 I

Network 1 Conmlzcting Network 2
Points

Fig. 7-15

[ F—

CANONICAL FEEDBACK CONTROL SYSTEMS
7.5. Prove Equation (7,3), C/R=G/(1 + GH).

The equations describing the canonical feedback system are taken directly from Fig. 7-16. They are
given by E= RF¥ B, B= HC, and C = GE. Substituting one into the other, we have

C=G{RF¥B)=G({RFHC)
=GRF GHC =GR + (FGHC)
Subtracting { ¥ GHC) from both sides, we obtain € + GHC =GR or C/R = G /(1 + GH),
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B
H
Fig. 7-16

7.6, Prove Equation (7.4), E/R=1/(1 £+ GH).

From the preceding problem, we have £= RT B, B= HC, and U= GE.
Then E=RFHC-RFHGE, EX GHE=R, and E/R=1/(12 GH).

7.7. Prove Equation (7.5), B/R=GH /(1 + GH).

From E=R+ B, B= HC, and C=GF, we obtain B= HGE=TIG(R ¥ By=GHR T GHB.
Then B+ GHB=GHR, B=GHR/(1 + GH),and B/R=GH/(1 + GH}.

7.8. Prove Equation (7.6), Dyt Ny =0

7.9.

The characteristic equation is usually obtained by setting 1 + GH =0. (See Problem 7.9 for an

exceplion.) Putting GH = N, /D, we obiain D, + Ny, =0.

Determine (&) the loop transfer function, {(b) the control ratio, (c) the error ratio, (d} the
primary feedback ratio, (e) the characteristic equation, for the feedback control system in which
K, and K, are constants (Fig. 7-17).

(a)

)

(<)

(4)

(e)

R + "\ E K, c
s(s +p)
+
Kzs
Fig. 7-17
The loop transfer funciion is equal to GH.
a KK,
Hence GH=|———|Ky5=—
s(s+p) s+p

The control ratio, or closed-lcop transfer function, is given by Equation (7.3) {with a minus sign for
positive feedback);
C' G K,

R 1-GH s(s+p-KK,)

The error ratio, or actuating signal ratio, is given hy Equation (7.4);
E 1 1 s+ p
R 1-GH 1-KK/As+p) s+p-KK,
The primary feedback ratio is given by Equation (7.5):
B GH KK,
RO1-GH s+p- KK,

The characteristic equation is given by the denominator of C/R above, s(s + p — K, K;) = 0. In this
case, 1 - GH =5+ p— K, K, =0, which is nor the characteristic equation, because the pole s of ¢
cancels the zero s of H.
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BLOCK DIAGRAM TRANSFORMATIONS
7.10. Prove the equivalence of the block diagrams for Transformation 2 (Section 7.5).

The equation in the second columa, ¥ = P, X = P, X, povems the construction of the hlock diagram in
the third column, as shown. Rewrite this equation as ¥ = (P, + P,)X. The equivalent block diagram in the

last column 1s clearly the representation of this form of the equation (Fig. 7-18)

x__ e v
Fig. 7-18
7.11. Repeat Problem 7.10 for Transformation 3.
Rewrie Y=P X+t A, Xas¥Y=(P /P,)F X+ P, X The block diagram for this form of the equation is
clearly given in Fig, 7-19.
(P
> = | PoX
X P PoX Py |\P:/ "% -~ Y
2 ?’; s
Fig. 7-19

712, Repeat Problem 7.10 for Transformation 3,
We have ¥ =P [XF BY]1= 5 Bl{1/P.)X F Y] The block diagram for the latter form is given in Fig.

7-20.
Y.

Fig, 7-20

7.13. Repeat Problem 7.10 for Transformation 7.
We have Z=PX + ¥=P[X 4 {1/P)Y], which yields the block diagram given in Fig. 7-21.

X + P

-

L
P

Fig. 7-21

7.14. Repeat Problem 7.10 for Transformation 8,
Wehave Z=P(X + Y}=PX+ PY, whose block diagram is clearly given in Fig. 7-22.



CHAP. 7} BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS 167

P

Fig. 7-22

UNITY FEEDBACK SYSTEMS

7.15. Reduce the block diagram given in Fig. 7-23 to unity f{eedback form and find the system
£l characteristic equation.

Mathead R g (—-\ 1 l C
s+l #
1
e+ 2
Fig, 7.23
Combining, the blocks in the forward path, we obtain Fig. 7-24.
R + T\ 1 C
- s(s+1)
1
s+ 2
Fig. 7-24
Applying Transformation 5, we have Fig, 7-25,
R + 1 C
o+3 FAESVIEY)
Fig. 7-25
By Equation {7.7), the characteristic equation for this system is s(s | D)(s +2) 4 1=0or s + 35> +
Is+1=0.
MULTIPLE INPUTS AND QUTPUTS
7.16. Determine the output C due to U, U, and R for Fig. 7-26.
=is U,
+
Mathead
R +r\ G, + G C
+
H, )& H,

7
U,

Fig. 7-26
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Let U} = U, = 0. After combining the cascaded blocks, we obtain Fig, 7-27, where Cy is the output due
1o R acting alone. Applying Equation (7.3) to this system, Cp =[G, G,/(1 — GG, I H;)1R.

R + C
O GG, E
+
H\H,
Fig. 7-27

Now let R= {; =0. The block diagram is now given in Fig. 7-28, where C, is the response due to U
acting alone. Rearranging the blocks, we have Fig. 729 From Equation (7.3), we get C) =

[Go/ (1 — GG, By o)L,

C,

Ul
+
il ={) Gy

HH,
Fig. 7-28
U, "'_('_\ G, C,
+
G,H,H,
Fig. 7-29

Finally, let R = U, =0. The block diagram is given in Fig. 7-30, where C, is the response due to U4
acting alone. Rearranging the blocks, we get Fig. 7-31. Hence G, = [G\G, Hy /(1 - GG, H H)U,.

Cy

Cy

GG,y
H, { )< H,
\ﬁ
U2
Fig, 7-30
U,
g - tEEeN G\G.H,
+
H,

Fig. 7-31
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By superposition, the total cutput is

GG, R~ GU + 6\ G H U,
1- G,G, 1, 1,

C=Cr+C +C=

7.17. Figure 7-32 is an example of a multiinput-multioutput system. Determine C; and C, due to R,

and R,.
R, + ™\ G, C,
Gy
Gy
R + = C
. U 2
Fig. 7-32

First put the block diagram in the form of Fig, 7-13, ignoring the output ;.

R, + G, C,
GG O)— &
@
RE

Fig. 7-33

Letting R, = 0 and combining the summing points, we get Fig, 7-24.

R, + G, Cyy

G2GsGy

Fig. 7-34

Hence C,,, the output at C; due to R, alone, is Cy; = Gy R, /{1 — G,G;G5G,). For R; =0, we have Fig.
7-35.

R c
2 +? o —G,G5G, 12
G,
Fig. 7-35

Hence C;; = — GGG, R, /(1 — G,G,G3G,) is the output at € due to R, alone. Thus C; = 6, + G, =
(G1Ry ~ G1GyGe Ry )/ (1 — G1G(hGy).
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Now we reduce the original block diagram, ignoring output . First we obtain Fig. 7-36.

R C.
2+ N G, 2

| GGy Y G Yo Gy |
\‘{.
R,

Fig. 7-36

Then we obtain the block diagram given in Fig. 7.37. Hence G, = G, R, /(L — G,G,0,G,). Next,
letting R, =0, we obtain Fig. 7-38. Hence G, = —G,G,G, R /(1 — G0,G;0,). Finally, Co=Cp, + G =
(G Ry — GGG Ry )/ (L — GGGy ).

Ry + G Ca
o 4
L
GGGy
Fig. 7-37
R C
. +'? _616264 &
Gy
Fig. 7-3%

BLOCK DIAGRAM REDUCTION

7.18. Reduce the block diagram given in Fig. 7-39 to canonical form, and find the output transform C.
K is a constant.

R +,/~\ +/\ x 1 C

0.1

Fig, 7-39

First we combine the cascade blocks of the forward path and apply Transformation 4 to the innermost
feedback loop to obtain Fig. 7-40.

R +

K
I+Es+1

0.1

Fig. 7-40

Equation (7.3) or the reapplication of Transformation 4 vields C= KR/[(1 + K)s + {1 + 0.1K)].
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7.19.  Reduce the block diagram of Fig, 7-39 to canonical form, isolating block K in the forward loop.

=l

%ﬂ By Transformation 9 we can move the takeofl point ahead of the 1 /(s + 1) block (Fig. 7-41):
£

1 C
K s+ 1
1
. s+1
1
01 s+ 1
Fig. 7-41
Applying Transformations 1 and 66, we get Fig. 7-42.
R + ™\ 1 C
K s+1
+ 8
s+ 1
+
0.1
a1
Fig 7-42
Now we can apply Transformation 2 to the feedback loops, resulting in the final form given in
Fig. 7-43.
Yol |
s+ 0.1
s+ 1
Fig. 7-43

7.20. Reduce the block diagram given in Fig. 7-44 10 open-loop form.

J\ -
B 6 (e G, G, LO)y—E

A T- +
. Hl

a

Gy

Fig. 7-44
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First, moving the leftmost summing point beyond G, {Transformation 8), we obtain Fig. 7-45.

/E b
E 6, |—~(a) (e G

G,

Fig. 745

Next, moving takeoff point 2 beyond G, we get Fig. 7-46.

GI. = d u [ G’ b
+ i
B 5
G,
: GH,
Fig. 7-46

Now, using Transformation 6, and then Transformation 2, to combine the two lower feedback joops
{from (G, A, ) entering 4 and e, we obtain Fig, 7-47,

A e : G‘ y
-+
- [1
Gy
H,
B—*(°) ¢ &
1 \&r —*]" 1
-~
3l
-G, G,H,
Fig. 7-47
Applying Transformation 4 to this inner toop, the system becomes
H,
R o+ N B +M_C
G" NAY! fe (el ‘l-.- :ﬁ

+

Gy
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Again, applying Transformation 4 10 the remaining feedback loop yiclds

R GyGy +
G 1= GG, + GoHy + 1

=W

- Gy

Finally, Transformation 1 and 2 give the open-loop block diagram;

R G646y + Gy — G1GoG H, + GoG H, + G3G4G H; c
1= G,Gafl, + Gyl + GyGally

MISCELLANEOUS PROBLEMS

7.21.

7.22.

7.23.

Show that simple block diagram Transformation 1 of Section 7.5 (combining blocks in cascade)
is not valid if the first block is (or includes) a sampler.

The outpwt transform {/*(s) of an ideal sampler was determined in Problem 4.39 as

[ #]
UH(s) = 3 e u(kT)
&—0
Taking, [*(s) as the input of block P, of Transformation 1 of the table, the cutput transform ¥7s) of block
P is
Y(s) = A{s)U(s) = P(s) L e u(kT)
k=0

Clearly, the input transform X(s) = U(s) cannot be factored from the right-hand sidc of Y(s), that is,
Y(5} # F(s)U(5). The same problem occurs if P| includes other clements, as well as a sampler,

Why is the characteristic equation invariant under block diagram transformation?

Block diagram transformations are determined by rearranging the input-output equations of one or
more of the subsystems that make up the total sysiem. Therefore the final transformed system 15 governed
by the same equations, probably arranged in a different manner than those for the ariginal system.

Now, the characteristic equation is determined from the denominator of the ovcrall system transfer
function set equal to zero, Factoring or other rearrangement of the numerator and denominator of the
system transfer function clearly does not change it, nor does it alter the denominator set equal to zero.

Prove that the transfer function represented by C/R in Equation (7.3) can be approximated by
+1/H when |G| or |GH| are very large.

il
Dividing the numerator and denominator of G/(1 = GH) by &, we get l;’ ( p; + H], Then

o Jc ) 1 1
fim [~|= lim 1 = % T
G| 2 s Y
2k
Dividing by GH and taking the limit, we obtain
1

C i 1
fim [—]= fim | = | = a—
icHi~= | R| 16Hi—e| 1 1 H
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7.25,
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Assume that the characteristics of G change radically or unpredictably during system operation,
Lsing the results of the previous problem, show how the system should be designed so that the
output C can always be predicted reasonably well,

In problem 7.23 we found that

Thus C— 2 R/H as GH| — 20, or C is independent of G for large [GH|. Hence the system should he
designed so that |GH| = 1.

Determine the transfer function of the system in Fig, 7-48, Then let H, = 1/G, and H, - 1/G,.

ot C
Gy (]) Gy
H, H,y
Hy
Fig. 7-48
Reducing the inner loops, we have Fig. 7-49,
R =N G, G, C
1- G,H, 1~- G,H,
H,
Fig. 7-49

Applying Transformation 4 again, we obtain Fig. 7-30.

R G]G’ C
(1= G;H )1 = G4H,) + G,G:H,

Fig. 7-50

Now put I, =1/G, and H,=1/G,. This yields
0,0, 1

c
R(I-D)(- h+ 6l A,

7.26. Show that Fig. 7-51 is valid.

® |

8+ py

Fig. 7-51
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From thc openloop diagram, wc have =R/ (s t p;). Rearranging, (s ~p)C=R and C=
(1/3){ R — p,C). The closed-loop diagram follows from this equation,

7.27. Prove Fig. 7-52.

+
R 8+ c — R Z — P +/I\C

8 + py B s+ py N

Fig, 7-52

This problem illustrates how a finite zero may be removed from a block.

From the forward-loop diagram. C =R + (z;~ p,yR/¢s - p.). Rearranging,

r

A i s+p 4z —py B -
R P A T TP
\ s py St P ¥

This mathematical equivalence clearly proves the equivalence of the block diagrams.

7.28. Assume that linear approximations in the form of transfer lunctions are available for each block
of the Supply and Demand System of Problem 2.13, and that the system can be represented by

Fig. 7-53.
Supplier
Hg
+ Pricer_ Market
R + C
i Demander
Hp
Fig. 7-53

Determine the overall transier function of the system.

Block diagram Transformation 4, applied twice to this system, gives Fig. 7-34.

Hg

1) B+ GpO

| G
_/ | 14 GpGuHp K
L ey
(2) R [ GpGu C_
) | 1+ GpGyutp — GpGyHs -
Fig. 7-54

Gipl7
Hence the transfer function for the linearized Supply and Demand madel is: Sl

I + GPGM( Hy— ”S) ‘
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Supplementary Problems

7.29. Determine C/R for each system in Fig. 7-55.

G,

_*

(@) R _T e — —
H,

Gy

+

(b) R + ™\ - G + C
+

(ﬁ) R 3 ‘/—\ GI s

H,

Fig. 7-55

7.30. Consider the blood pressure regulator described in Problem 2.14. Assume the vasomotor center (VMC) can
be described by a linear transfer function G,(s), and the baroreceptors by the transfer function &5 + 4,
(see Problem 6.33). Transform the block diagram into its simplest. unity feedback form.

7.31. Reduce Fig. 7-56 to canonucal form.

Hj =

Fig. 7-56



CHAP. 7] BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS 177

7.32. Determine € for the system represented by Fig. 7-57.

+
R,

Fig. 7-57

7.33.  Give an cxample of two fcedback systems in canonical form having identical control ratios C/R but
different G and #f components.

7.34. Determine C /R, for the system given in Fig. 7-58.

H,
Ry
R = +
1 +<) G, + Gy - -+ Gs C
Hy
H,
Fig. 7-58

7.35. Determine the complete output €, with both inputs R, and R, acting simultaneously, for the system given
in the preceding problem.

T.36. Determing C/R [or the system represented by Fig, 7-59.

Hy

R _+ ™\ G, +$ G, + Gy G, c

H, H,

Fig. 7-59
737.  Determine the characteristic equation for cach of the sysiems of Problems (a) 7.32, {b) 7.35, (¢} 7.36.

7.38. What block diagram transformation rules in the table of Section 7.5 permit the inclusion of a sampler?
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7.29.

7.30.

731

732,

.34

7.35.

7.36.

7.37.

BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS [CHAP. 7
Answers to Supplementary Problems
Sce Problem 815
1 e | Nonlinearity

Reference kys + ky QGyy(kye + ky) k(- Actual

Blood = Blood
Pressure Pressure

R + N GGy
1+ G,G:H, T O;H, G,

G,G,R, + G,R, — G, R, — G,G, IR,
1+ GH, + GG, H,

C Gi(1+ GzH.’!)
R, Y+ GyH,+ G H, + GGG H,

2

c GGG, R, + Gy(1 + G, H,) R,
14 G+ G+ GGG T

GG,6,6,q

c
R (14 6,G.H )L+ GG, H,) + GG, H,

(a) L+G, I, +GGH =0
(Y L~ GyHy + Gy Hy + GGy H, = 0

() {14 GGy RN + GyGy Hy) + GGy Hy = 0.

The results of Problem 7.21 indicate that any transformation that involves any producr of two or more
transforms is not valid if a sampler is included. But all those that simply involve the sum or difference
of signals are valid, that is, Transformations 6, 11, and 12, Each reprcsents a simple rearrangement of
signals as a linear-sum, and addition is a commutative opcration, even for sampled signals, that is

Z=X+Y=V¥V+ X



Chapter 8

Signal Flow Graphs

8.1 INTRODUCTION

The most extensively used graphical representation of a feedback control system is the block
diagram, presented in Chapters 2 and 7. In this chapter we consider another model, the signal flow
graph.

A signal Row graph is a pictonial representation of the simultaneous equations describing a system.
It graphically displays the transmission of signals through the system, as does the block diagram, But it
is easier to draw and therefore easier to manipulate than the block diagram.

The properties of signat flow graphs are presented in the next few sections. The remainder of the
chapter treats applications.

82 FUNDAMENTALS OF SIGNAL FLOW GRAPHS

Let us first consider the simple equation

X,=4,X (8.1)
The variables X, and X, can be funciions of time, complex frequency, or any other quantity. They may
even be constants, which are * variables” in the mathematical sense.

For signal flow graphs, A4,, is a2 mathematical operator mapping X, into X, and is called the
transmission function. For example, 4,, may be a constant, in which case X, is a constant times X, in
Equation (8.1 ); if X, and X, are functions of 5 or z, A,, may be a transfer function A, (s)or 4,,.(z).

The signal flow graph for Equation (8./) is given in Fig. 8-1. This is the simplest form of a signal
flow graph. Nole that the variables X, and X, are represented by a small dot called a node, and the
transnussion function A, is represented by a line with an arrow, called a branch.

Node Ay Node
» >~ -
X, Branch X,

Fig. 8-1

Every variable in a signal flow graph is designated by a node, and every transmission function by a
branch. Branches are always unidirectional. The arrow denotes the direction of signal flow.

EXAMPLE 8.1. Ohm's law states that E= RJ, where E is a voltage, [ a current, and R a resistance. The signal
flow graph for this equation is given in Fig, 8-2.

Fig. 8-2

1719
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83 SIGNAL FLOW GRAPH ALGEBRA

1. The Addition Rule
The value of the variable designated by a node is equal to the sum of all signals entering the node,
In other words, the equation
L
X= L 4,%,
i=1

is represented by Fig, §-3.

X,

Fig. 8-3

EXAMPLE 8.2. The signal flow graph for the equation of a line in rectangular cocrdinates, ¥ = mX + b, is given
in Fig. 8-4. Since b, the ¥Y-axis intercept, is a constant it may represent a node (variable) or a transmission funetion.

2. The Transmission Rule

The value of the variable designated by a node is transmitted on every branch leaving that node, In
other words, the equation
X =A4,X, i=1,2,...,n, k fixed

is represented by Fig. 8-5.

Fig 8-5
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EXAMPLE 8.3. The signal flow graph of the simulianeous equations ¥ = 3.X, Z= —4X is given in Fig. 8-6.

3 Y
X
Fig. 86

3. The Multiplication Rule

A cascaded (series) connection of »n — 1 branches with transmission functions
A Ay, Ay ooy Apgn -y €30 be replaced by a single branch with a new transmission function equal to
the product of the old ones. That is,

Xy=Ay Ay Ay - Aoy 4y
The signal flow graph equivalence is represented by Fig. 8-7.
Ag[ Aﬂ(n—‘] AztA32 Au(n-—“
—— e — e — = > > il
Xl Xz xn-l Xn Xl Xﬂ
Fig. 8-7

EXAMPLE 8.4. The signal flow graph of the simultaneous equations ¥ = 10X, Z = —20Y is given in Fig. 8-8.

10 —20 -

- . - - which reduces to .—-——-—Lﬂ

Y Z X Z
Fig. 8-8

X

84 DEFINITIONS

The following terminology is frequently used in signal flow graph theory. The examples associated
with each definition refer to Fig, 8-9.

Ay
Asz
Az Ajz A
XI' X\__‘/X’ X“
Ay
Fig. 3-9
Definition 8.1 A path is a continuous, unidirectional succession of branches along which no node is

passed more than once. For example, X, to X, to X; to X, X, to X; and back to
X,, and X, to X, to X, are paths.

Definition 8.2 An input node or source is a node with only outgoing branches. For example, X, is
an input node.
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Definition 8.3: An output node or sink is a node with only incoming branches. For example., X, is
an output node.

Definition 8.4; A forward path is a path from the input node to the output node. For example, X,
te X; to X; to X, and X, to X, to X, are forward paths.

Definition 8.5 A feedback path or feedback loop is a path which originates and terminates on the
same node. For example, X, to X; and back to X, is a feedback path.

Definition 8.6: A self-loop is a feedback loop consisting of a single branch. For example, 4, is a
self-loop.
Definitian 8.7 The gain of a branch is the transmission function of that branch when the

transmission function is a multiplicative operator. For example, A,; is the gain of
the self-loop if 4., is a constant or transfer function.

Definition 8.8: The path gain is the product of the branch gains encountered in traversing a path.
For example, the path gain of the forward path from X, to X; to X; t0o X, is
Andpdg.

Definition 8.9: The loop gain is the product of the branch gains of the loop. For example, the loop
gain of the feedback loop from X, to X, and back to X, is 4,45,

Very often, a vanable in a system is a function of the output variable. The canonical feedback
system is an obvious example. In this case, if the stgnal flow graph were to be drawn directly from the
equations, the “ocutput node” would require an outgoing branch, contrary to the definition. This
problem may be remedied by adding a branch with a transmission function of unity entering a
“dommy” node. For example, the two graphs in Fig. 8-10 are equivalent, and Y, is an output node.
Note that ¥, = Y,

Dummy
-':1_21 _ Agy -~ - Ay Age 1 Node
Y, AL, Ys Y, Y2 ¥, ¥,
23

Fig. 8-10

8.5 CONSTRUCTION OF SIGNAL FLOW GRAPHS

The signal flow graph of a linear feedback centrol system whose components are specified by
noninteracting transfer functions can he constructed by direct reference to the block diagram of the
system, Each variable of the block diagram becomes a node and each block becomes a branch.

EXAMPLE 8.5. The block diagram of the canonical feedback control system is given in Fig, 8-11.

Fig. 8-11
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The signal flow graph is easily constructed from Fig, 8-12. Note that the — or + sign of the summing point is
associated with H.

[

ae
L
]
QQ
) py
1
et ]

-

x

Fig. 8-12

The signal fiow graph of a system described by a set of simultanecus equations can be construcied
in the following general manner.

1. Write the system equations in the form

Xy =An X+ A X+ -+ 4, X

X, =A X +A X+ - +4 X

mn .

An equation for X is not required if X) is an input node.

2. Arrange the m or # (whichever is larger) nodes from left to right. The nodes may be rearranged
if the required loops later appear oo cumbersome.

3. Connect the nodes by the appropriate branches A,,, A,,, etc.
If the desired output node has outgoing branches, add a dummy node and a unity gain branch.
5. Rearrange the nodes and /or loops in the graph to achieve maximum pictonial clanty.

EXAMPLE 8.6. Let us construct a signal flow graph for the simple resistance network given n Fig. 8-13. There

are five variables, o, v., ¥y, i, and 5. &, is known. We can write four independent equations from Kirchhoff’s
voltage and current laws. Proceeding from left 1o right in the schematic, we have

. 1 1 . . - l 1 .
i = ' - z ty vy = Ryi) — Rjiy ip= A vy — X 2 vy = Ry,
1 1 2 2

A

pa

S
+o

¥y

LN\t
S
%
W
»
w&

Fig, 8-13

Laying out the five nodes in the same order with 5, as an input node, and concecting the nodes with the
appropriate branches, we get Fig. 8-14. If we wish to consider v; as an ouiput node, we must add a unity gain

~1/R, —R, —1/R,

1R, R, IR, R,
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branch and another node, vielding Fig 8-15. No rearrangement of the nodes is necessary, We have one forward
path and three feedback loops clearly in evidence.

VR, ~R, —1/R,

Y A SV 73V N N

Wy i] ¥y 12 Vy s
Fig. 815

Note that signal flow graph representations of equations are not unique. For example, the addition
of a unity gain branch foliowed by a dummy node changes the graph, but not the equations it
represents.

86 THE GENERAL INPUT-OUTPUT GAIN FORMULA

We found in Chapter 7 that we can reduce complicated block diagrams to canonical form, from
which the control ratio is easily wrntten as

C G

R 1+GH

It is possible to simplify signal flow graphs in a manner similar to that of block diagram reduction.
But it is also possible, and much less time-consuming, to write down the input-output relationship by
inspection from the original signal flow graph. This can be accomplished using the formula presented
below. This formula can also be applied directly to block diagrams, but the signal flow graph
representation is easier to read—especially when the block diagram is very complicated.

Let us denote the ratio of the input variable to the output vaniable by 7. For linear feedback control
systems, T = C/R. For the general signal flow graph presented in preceding paragraphs T= X, /X,
where X is the output and X, is the ioput.

The general formula for any signal flow graph is

. L PA,
A

(8.2)

where P, = the ith forward path gain
P, = jth possible product of k nontouching loop gains

A=1-(-D)'LLp,
ko j
=1-LPi+ LPy— TPyt
J i /

= 1 — (sum of all loop gains) + (sum of all gain products of two nontouching loops})
— (sum of all gain products of three nontouching loops) + - - -

A, = 4 evaluated with all loops touching F, eliminated

Two loops, paths, or a loop and a path are said to be nontouching if they have no nodes in commen.

& is called the signal flow graph determinant or characteristic funetion, since A =0 is the system
characteristic equation.

The application of Equation (8.2) is considerably more straightforward than it appears. The
following examples illustrate this poiat.

EXAMPLE 8.7, Let us first apply Equation (8.2) to the signal flow graph of the canonical feedback systern (Fig.
§-16).
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1 G

¥

e
=3
C
9]
Tyl

There is only one forward path; hence
P=C
P=P=... =0
There is only one (feedback} loop. Hence

P, =FGH
P,=0 j¥*1 k#1
Then
A=1-P,=1+GH and A =1-0=1
Finally,

185

EXAMPLE 8.8. The signal flow graph of the resistance network of Example 8.6 is shown in Fig 8-17 Let us

apply Equation {82} to this graph and determine the voltage gain 7= v, /v, of the resistance network,

_lfRL —R3 “"lf‘Rg

S 1 vy i V3 Tz
Fig. 8-17
There is one forward path (Fig. 8-18). Hence the forward path gain is
R;R,
' RR,
/R, R, /R, R,
t"; ; v i iy - A v
Fig, 8-18

There are three feedback loops (Fig. 8-19). Hence the loop gains are

R, R, R,
PIIE_‘R_I Pn“_R_Z P31=_R_2
—1/R, -R, —1/R,

Locp 1 Loop 2 Loop 3

Rig. 8-19
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There are twe nontouching loops, loops 1 and 3. Hence
RyR,

P, ; = gain product of the only twe nontouching loops = P, - P, = TR
L2

There are no three loops that do not touch. Therefore

Ry
A=l —{P 4+ Py +P )+ Py=1+—=+—+—214¢
( 11 21 31) 12 Rl R2 R2 R1R2

R,Ry+ R R, + RiRy+ Ry Ry + RyR,
- RlRZ

Since all Yoops touch the forward path, A, = 1. Finally,
vy P4, RiR,
w6, A RR,+RR,+RR,+R,R,+R,R,

87 TRANSFER FUNCTION COMPUTATION OF CASCADED COMPONENTS

Loading effecis of interacting components require little special attention using signal flow graphs.
Simply combine the graphs of the components at their normal joining points {output node of one to the
input node of another), account for loading by adding new loops at the joined nodes, and compute the
overall gain using Equation (&.7). This procedure is best illustrated by example.

EXAMPLE 8.9. Assume that two identical resistance networks are to be cascaded and used as the control
clements in the forward loop of a control system. The networks are simple voltage dividers of the form given in Fig.

8-20.

B,
o PAW— \
+

Ty ’/'_I.\\ Rg Vy

+0

Q!
&1

-

Fig. 8-20

Two independent equations for this network are

1 [ 1
t'l-(i-)ul—(ﬁ—}uz and vy, = Ry
1 1

The signal flow graph is easily drawn (Fig. 8-21). The gain of this network is, by inspection, equal to

a_ R
Y R, + R,
—1/R,
YAV
L) i Uy
Fig. 8-21

Il we were to ignore loading, the overall gain of iwo cascaded networks would simply be determined by multiplying
the individual gains:

(2 . B
v, Ri + RE+2RR,
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This answer is incorrect. We prove this in the following manner. When the two identical networks are cascaded, we
note that the result is equivalent to the network of Example 8.6, with R, — R| and R, = R, (Fig, 8-22).

R, ] Ry
—— WY A o
TN =
" By B, vy
o o
Fig. 8-22

The signal flow graph of this network was also determined in Exarnple 8.6 {Fig, 8-23).

—1/R, —R, -1/R,
. s iz, s l .
;1 - El ;z_ B "2 Uy 3
Fig. 8-13

We observe that the feedback branch — R, in Fig. 8-23 does not appear in the signal flow graph of the
cascaded signal flow graphs of the individual neiworks connecied from node o, to v} (Fig. 8-24). This means that,
as a result of connccting the two networks, the sccond one loads the first, changing the equation for v; from

U, = R w v, = Ry, — Rqiy
~1/R, —~UR,
v w0\ o [ i
v i vz = v V=4 v = vy
Fig. 8-24

This result could also have been obtained by directly writing the equations for the combined networks. In this case,
only the equation for v, would have changed form.
The gain of the combined networks was determined in Example 8.8 as

vy R?
v, RI+RZ4+3IRR,
when R, is set equal to R, and R, is set equal to R,. We observe that

022 R% ‘.#33
n] RE+RI42RR,

It is good general practice to calculate the gain of cascaded networks directly from the combined
signal flow graph, Most practical control system components load each other when connected in series.

88 BLOCK DIAGRAM REDUCTION USING SIGNAL FLOW GRAPHS
AND THE GENERAL INPUT-QOUTPUT GAIN FORMULA

Often, the easiest way to determine the control ratio of a complicated block diagram is to translate
the block diagram into a signal flow graph and apply Equation (8.2). Takeoff points and summing
points must be separated by a unity gain branch in the signal flow graph when using Equation (§.2).
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If the elements G and H of a canonical feedback representation are desired, Equation (8.2) also
provides this information. The direct transfer function is

G= )_:mF {8.3)

The loop transfer function is
GH=4A-1 (8.4)

Equations (& 3) and (8.4} are solved simultaneously for ¢ and H, and the canonical feedback control
system is drawn from the result.

EXAMPLE 8.10. Let us determine the control ratio /R and the canonical block diagram of the feedback
contral system of Example 7.9 {Fig. 8-23).

Gy
+
+ + + c
£ G, Gy >~ G, i
- +
H =
H, =
Fig. §-25
The signal flow graph is given in Fig. 8-26. There are two forward paths:
P] = GngG4 PQ = GIGJG,i
R 1 1 C
There are three feedback loops:
P, = GG H, Py =~ GGG Py = -GGG,
There are no contouching loops, and all toops touch both forward paths; theo
4 =1 =1
Therefore the control ratio is
- C  PA +PA, GGG, + GGy
R A "1~ G,G,H, + G,G-G, H, + GGG, H,

G\G(G, + Gy}
1= GG, H, + G,G,G, Hy + GGGy 1
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From Equations {8.3) and (&8.4), we have
G=G,G (G, +G,) and GH = G\G,(G,H, + G, H, — H\)
H=§£ _ (G2 + Gy) Hy— Hy
G Gy + Gy

Therefore

The canonical block diagram is therefore given in Fig. 8-27.

L |

+ C
E ) G1G,(Gy + Gy)

(G + Gy)Hy — Hy
G’+ G‘

Fig. 8-27

The negative summing point sign for the feedback loop is a result of using a positive sign in the GH formula
above. If this is not obvious, refer to Equation (7.1) and its explanation in Section 7.4.

The block diagram above may be put into the final form of Fxamples 7.9 or 7.10 by using the transformation
theorems of Section 7.5,

Solved Problems

SIGNAL FLOW GRAPH ALGEBRA AND DEFINITIONS
8.1. Simplify the signal flow graphs given in Fig. 8-28.

A A B
e e
X, X, X, - X, X, X,

(a) {b) (e}

Fig. 8-28
(¢) Clearly, X; = 4X, + BX, = {4 + B)X,. Therefore we have

A+B
Xy Xy

(b} Wehave X,=BX and X, = 4X,. Hence X, = BAX,, or X, = 4BX,, yielding

X, Xl

or

{c) If A and B are multiplicative operators (e.g., constants ot transfer functions), we have X, = AX, +
BX, ={A/{1 - B)) X,. Hence the signal flow graph becomes

I~

1-8

4
| B
3
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8.2, Draw signal flow graphs for the block diagrams in Problem 7.3 and reduce them by the
multiplication rule (Fig. 8-29).

10 1 10
@y o &+l . s—-1 - . s -1 o
X, X, X, X, X,
_1 _16 _10
g—~1 8a+1 #2 -1
fa)] ———————— = - »
=10 1 14 _ =14
© s+1 s — 1 ® a{a2 — 1}
¢ — - & -~ - -~ @ =
X, X, X, X, X, X,
Fip. 829

8.3. Consider the signal flow graph in Fig. 8-30.

Agy
X1 Xﬂ Xs le
Fig. 8-30

(a) Draw the signal flow graph for the system equivalent to that graphed in Fig. 8-30, hut in
which X, becomes &#X, (£ constant) and X, X,, and X, remain the same.

(b) Repeat part (a) for the case in which X, and X, become k, X, and &,X;, and X, and X,
remain the same (k, and &, are constants).

This problem illustrates the fundamentals of a techmque that can be used for scaling
vanables.

{a) TFor the system to remain the same when a node variable is multiplied by a constant, all signals
entering the node must be multiplied by the same constant, and all signals leaving the nede divided by
that constant. Since X, X;, and X, must remain the same, the branches are modified (Fig. 8-31).

Ak
X, X, kX, X,
Fig. 8-31

{b) Substitute k; X, for X, and k., X; for X, {Fig. 8-32)

j-cll
ko
Ky
o
iy

el
[
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It is clear from the graph that A, bacomes kA, A5, becomes (ki k,)As. Ay, becomes
(ky/k4)Aay. and A, becomes (1 /&) A, (Fig. 8-33).

kA anlk,

FoA, (he/k)A e Agolls
X, kX:  keXs X,
Fig, 8-33

8.4. Consider the signal flow graph given in Fig. 8-34.

Fig. 8-34

Identify the {a) input node, (b) output node, (c) forward paths, {d} feedback paths,
() self-loop. Determine the ( /) loop gains of the feedback loops, { g) path gains of the forward
paths.

(a} X,
(&) X
(¢) X to X, to X, t0 X t0oX; 100X, 0710k,
X to X, to X, to X}
X toX; oX, 10 ;10X 10X, toX;
X, to X, 0 X;; X, to X, to Xy, X, toX,104X,; X,10X,1t00X talX
Xyto X;to X, to X, to X; to Xy, X to X, to Xs; X to X; to X,;
XA WA WA LXK LHoXioXtoX tod 00X
{ed X, to X,
() Apdy; ApAyg Asqdysy AgsAsgs AseAgr AgsArgAsr: Ay A Ay Ay
Ay Ay Ags Az Ayt Aqy Az Asg Ags Azq Az
(g) ASEAIBASQAHA'J&; A'fl; AdlASJAErSA?b

(d)

SIGNAL FLOW GRAPH CONSTRUCTION

8.5. Consider the following equations in which x,, x,,..., x, are variables and a,, a,,.... 2, are
coefficients or mathematical operators:
-1
(a) xy=ax +a,x;+5 () x,= Eakxk+5
k=1

What are the minimum number of nodes and the minimum number of branches required to
construct the signal flow graphs of these equations? Draw the graphs,

{a) There are four variables in this ¢quation: x, x,, x,, and + 3. Therefore a minimum of {four nodes are
required. There are three coefficients or transmission functions on the right-hand side of the equation:
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a), a;, and ¥ 1. Hence a minimum of three branches are required. A minimat signal flow graph is
shown in Fig. 8-35(a).

(=)

(b}
Fig. 8-35

(4) There are n+ 1 variables: x,, x;,..., x,, and 5; and there are » coefficients: a,, a,,....4,_,, and 1.
Therefore a minimal signal flow graph 15 shown in Fig. 8-35(5).

8.6. Draw signal fiow graphs for
dx, dx, dx,
{a) xz=a1(?) (b) x3=~;‘7+?—x1 {c) x4=fx3dt

(@) The operations called for in this equation are ¢, and d/dr. Let the equation be written as

Xy = a; - {(d/dr) x,). Since there are two operations, we may define a new variable dx, /dt and use it
as an intermediate node, The signal flow graph is given in Fig. 8-36,

g
- dt o .
xy d;, ;2
r
Fig. 8-36

(b) Similarly, x, = {(d?/dt* )} x,) + (d/dr} x,} — x,. Therefore we obtain Fig,_ 8-37

| IS
B

Fig. 8-37

(c) The operation is integration. Let the operator be denoted by [ dr. The signal flow graph is given in Fig.
8-38.

fd:

Fig. 8-38
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8.7. Construct the signal flow graph for the following set of simultaneous equations:
Xy =Ayx; + Ayx; Xy = Ay + Appxy + Ay x, Xy =Agx; + Aux,

There are four variables: x;,..., x,. Hence four nodes are required. Arranging them from left to right
and connecting them with the appropriale branches, we obtain Fig. 8-39.

Fig. 8-39

A neater way to arrange this graph is shown in Fig, 8-40.

Fig,. 8-40

8.8, Draw a signal flow graph for the resistance network shown in Fig. 8-41 in which 6,(0) = 04(0) = 0.

rfi v, is the voltage across C.
Mathcat

-, TCE vy

Fig. 8-41

ol

L
Q)

The five variables are v, v, 1y, 4, and i,; and v, is the input. The four independent equations derived
from Kirchhoff*s voltage and current laws are

1 1 1 . 1 A
i =|— —| = =-— g dt-—1id
n (Rl)vl (Rl)"z ) CIJ;)IL Cj;'z !
. 1 I LR
12=(E)uz—(}—!)v3 U;Baj‘;lzdf

The signal fiow graph can be drawn directly from these equations (Fig, 8-42).
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-1/R, (=¥/Cy) J at —1/R,

R, 1/, J:r di 1R, {1/Cy) J: dt 1
;l - '1‘1 1"2 1‘2 - ’;3 g
Fig, 8-42
In Laplace transform rotation, the signal flow graph is given in Fig. §-43.
—1/R, —1/a€, ~1/R,
- 1{_&1 IJ'ECI lfRE 1;802 1
vi L vy I Vs Vs
Fig. 8-43
THE GENERAL INPUT-OUTPUT GAIN FORMULA
89. The transformed equations for the mechanical system given in Fig. 8-44 are
(i) FH+kx,={(Ms>+fis+k)X
(ii) kX = (Mys?+fis+ k + k) X,
%
é Xy X, -—
é k2 kl
? IO M, I — M, le—F
Z fa | fi
772222222
Fig, 8-44

where F is force, M 15 mass, & is spring constant, f is friction, and X is displacement.
Determune X, /F using Equation (8.2).

There are three variables: X, X,, and F. Thercfore we need three nodes. In order 1o draw the signal
flow graph, divide Equation (i) by A and Equation (ii) by B, where 4 = Ms* + fis + k. and B = M,s2 +

Fys+ Ky + ko
1 F kl}X_X
( i} (A) "'“(Ar 2T A

. k)
(iv) {E)){]:X;
Therefore the signal flow graph is given in Fig. 8-45.

ky /A
. 1/A m
F - 'i'l Xﬂ

Fig. 8-45

The forward path gain is P, =k, /4B The feedback loop gain is P, =k{/4B. then A=1- P, =
(4B — &’)/AB and A, = 1. Finally,
XE Plal kl kl

F a ‘.A_B—_E= (Mi-Fz"fH+k1](M232+f25+k1+k1)—k1ﬁ
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8.10. Determine the transfer function for the block diagram in Problem 7.20 by signal flow graph
techniques,

The signal flow graph, Fig. 8-46, is drawn directly from Fig. 7-44. There are two forward paths. The
path gains are P, = G,G,G; and P, = G,. The three feedback loop gains are P, = — G, Hy, Py, = GG, H,,
and Py, = —G,G,H,. No loops are nontouching. Hence A =1~ (P, + Py, + P,;). Also, &, = 1; and since
ne loops touch the nodes of P, A; = A, Thus

T Plﬁl + Pzﬁz 616263 + G‘ + GZG4H1 - GIG}G‘ Hl + GIG3G4H1
4 - 1+ Gy H, - GG, Hy + GG, H,

|

¥

Y
ae

Fig. 8-46

8.11. Determine the transfer function V,/V, from the signal flow graph of Problem 8.8

I

i The single forward path gain is 1/(s°R,R,C,C,). The loop gains of the three feedback loops are

Mathead Py = —1/(sRC) Poy= —1/(sR,C)), and Py, = — 1/(sR,C;). The gain product of the only two non-
touching loops is P, = P,, - Py, = 1/(s*R,R,C,C,). Hence

s R RYCIC, + s( REC,C, + R RCC, + R R,CE) + RyCy

d=1~(P,+ Py +P)+ P, =
( 11 21 31) 11 SZRlRl;c'lzcz

Since all loops touch the forward path, 4, = 1. Finally,

V, P4, 1

7

V, T 8 SRRCG+S(RC+ RG +RC) + 1

8.12. Solve Problem 7.16 with signal flow graph techniques.
The signal flow graph is drawn directly from Fig, 7-26, as shown in Fig. 8-47:

e
o ]

Fig. 8-47
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With U, = [L =0, we have Fig. 8-48. Then P, = GG, and P, = GG, H\H, Hemee A =1- P, =1-
G G,HH, & =1,and

PAR GGy R

Co=TR=
R A 1 - G,G, H H,
. 1 GG 1,
’ u CR
H\Hy
Fig. 8-48
MNow put [, = R = 0 (Fig. 8-49),
" 1 Ga 1 _
v, €
G.H H,
Fig. 8-49
Then P, = G,, P,, = G,GyH,H,, A=1- G,G, H, H,, A, =1, and
¢, = TU, ol
VAT GG R,
Now put R = U, = 0 (Fig. 8-50).
1 GG H, 1
U, &
H,
Fig. 8-50

Then Pt = GIGIHIF Pll - G]GZHIHE' A=]1- GIG2HIH2! &1 = 1, ancl
244, GG AU,

Cy = TU,
2 2 A 1- G,G.H,H,

Finally, we have
GG, R+ U, + G, HU,
1-6,G,HH,

C=Cp+C 4+ Cy=

TRANSFER FUNCTION COMPUTATION OF CASCADED COMPONENTS

8.13. Determine the transfer function for two of the networks in cascade shown in Fig. 8-51.

T
;
+Q
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In Laplace transform notation the network becomes Fig, 8-52.

1/aC
- IL - °
+ n +
T p
Vs A R v,

el
ol

Fig. 8-52

By Kirchhoff's laws, we have I, = sCV, — sCV; and ¥, = RI|. The signal flow graph is given in Fig. 8.53.
—sC

» Y
L€} 1y V2

Fig. 8-53

For two neiworks in cascade (Fig. 8-54) the ¥, equation is also dependent on /,: ¥, = R} — Rf,. Hence
two networks are joined at node 2 (Fig. 8-55) and a feedback loop (— R, ) is added between [, and ¥, (Fig.

8-56).
C c
o I 2 It . .
! 1 " +
/ITN‘ /‘_‘_ﬁ
v, ! R ? R ¥,
Fig. 8-34
VI
vy

Fig. 8-56

Then P, =s?RIC?, P, =Py = -sRC, P,=P,;-P,=sRWC?, A=1-—(P, +P, +P)+P.=
1 +3sRC +$7R*C?, A =1, and

P4, 5’
& 2+ (3/RC)s+1/(RC)
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8.14. Two resistance networks in the form of that in Example 8,6 are to be used for control elements

v

cad

in the forward path of a control system. They are 10 be cascaded and shall have identical
respective component values as shown in Fig. 8-57. Find v, /v, using Equation (§.2).

ke
-]
£
L2
ke
-
o

+ ¢

+ 8

y -
TN L N L e L TN
1}1 Rs R‘ Vs
: i el - b ‘5
Fig. 8-57
There are ming vanables: v,, vy, o4, B, Us, &, is, iy, and iy, Bight independent equations are
) 1 1 ) 1 1
Iy = Fl h — ‘_R_l Uy T = ‘E vy — E Uy
by = Ryi, — R,i, vy = Ryiy — Ryiy
1 1 1 1
I2= —R;-z' U - E Uy ™ —RTE Uy — R_z g
vy =R, iy — Ry vy = Ryi,

Only the equation for v; is different from these of the single network of Example 8.6; it has an extra term,
( — R4éy). Therefore the signal flow diagram for each network alone (Exampie 8.6) may be joined at node
ty, and an extra branch of gain — R, drawn from /; to »,. The resulting signal flow graph for the double
network is given in Fig. 8-58.

~UVR, -Ry <-UR, -R, ~—-UR, ~-R, —UR,
R, R, VR, R, VR, Ry UR, R, 1
v i vz ) vy ty vy i Vs vs
Fig. 8-58

The voliage gain T =u, /v, is calculated from Equation (3.2) as follows. One forward path yieids
P = (R,R,/R R;). The gains of the seven feedback loops are Py, = — R, /R, =P, P, = R;/R; =P,
Py=-R,/R;=P; and F,, = —R, /R,

There are 15 gain products of two nontouching joops. From left to nght, we have

R.R, R3 ¢l R\R, RyR,

P,= Po=—— P,= Por=r-— Py,=

12 Rle 42 Rle T2 R1R2 1,2z Rle 122 Rl Rz
R,R RyR R\ RyR R}
Pzz"j—;‘ Fy= 22 Psz’(_s] = 324 Plaa= .

R1 Rsz Rz Rz R1R2

R\ R,R, R,R, R,\’ R,R,

Po=] — P bl P = P - i ——

n ( Rl ) 52 R] Rz o2 R_j 11,2 RI 15,2 R]Rz

There are 10 pain products of three aontouching loops. From left to right, we have

R%h‘.4 R3R3 R%R, R;Ri R3R§
Poy= Py = Py =

- — Pyy = - _— - —
" RIR, ¥ RR} RIR, R,R} RIR,
RIR RiR RiR RiR R,R2
Pyy= ~ : ; Po= - i : Ppy= — : : P93="3—: P10_3"3—:
R R3 R3R, R R} R R} R R
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There is one gain product of four nontouching loops: P, = Py, Py P Py = ( Ry R, /R R
Therefore the determinant is
7 5 10
A=1- EP;'1+ Eﬂ'z_ E %3+P14
=1 i=1 f=1

RR,+RR,+R,R,+ R,R,+6R,R, +2R3+ R} R,R,~R} RI+R}+R;R,
+ + Y I
RR, Ry R}

Since all loops touch the forward path, &4; =1 and
Pb, (R.R,)
A (RiR,) + RI RyR; + RyRy+ RyRy + R3+ R3) + RE( R+ R\R; + R{R, + RyR,)
+2R R, R+ R R,RL+ 6R R, R R,

BLOCK DIAGRAM REDUCTION
815, Determine C/R for each system shown in Fig. 8-59 using Equation (8.2).

Gy

+

(e) % g 9,

oY

(h) = G,

_+_
v A
alle
v+
(=

ay

(c} R

H; |+

Fig. 8-59

{a) The signal flow graph is given in Fig, 8-60. The two forward path gains are P, = G., P, = G,. The two
feedback loop gains are P, = G,H,, P,, = G, H,. Then

Ad=1—-(P, +Py)=1-GH—GH,
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Gs

e N\

H,

¥
. -

Fig. 8-60

Now, 4, =1 and A; = 1 because both paths touch the feedback loops at both interior nodes. Hence
C  PA P4, G, + G,
R A 1- G H, - G,H,

{b) The signal flow graph is given in Fig. 8-61. Again, we have P, = G, and P, = G,. But now there is
only one feedback loop, and Py = G, H;; then A =1 — G, H,. The forward path through G, clearly
touches the feedback loop at nodes a and b; thus A, = 1. The forward path through G, touches the
feedback loop at node a; then A, = 1. Hence

C PA+PA, G +G

R A 1 - G,H,

»E

Fig. 8-61

(¢} The signal flow graph is given in Fig. 8-62. Agatn, we have P, =G|, P,=G,, P, =G \H,, A=1—
G, H,, and A, = 1. But the feedback path does not touch the forward path through G, at amy node,
Therefore A, =4 =1 - G, H, and

C }?1‘&1+P252 61+Gz(1”GLH1)
R A 1~ G,H,

- ]

This problem illustrates the importance of separating summing points and takeoff points with a
branch of unity gain when applying Equation (8.2).

8.16. Find the transfer function C/R for the system shown in Fig. 8-63 in which K is a constant.
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-
ay

0l =

Fig. 8-63

The signal flow graph is given in Fig. 8-64. The only forward path gain is

felm) e

Fig. 8-64

The two fecdback loop gains are P, =(1/5}-(—s°)= —s and P, = -~ 0.1K/s. There are no nontouching

loops. Hence
2+ 57— 01K

‘5=1_(P11+P21)=f A

C P4 K
R A (s+a)(s?+s+01K)

8.17. Solve Problem 7.18 using signal flow graph techniques.
The signal flow graph is given in Fig. 8-63.

Fig. B-65
Applying the multiplication and addition rules, we obtain Fig, 8-66. Now
K K(s+01 K{(s+0.1)
P = Py =~ ( —-——)- ﬁ=1+7( A =1,
s+1 s+1 s=1
.4
- 1 _ g+ 1 - 1 -~
c
—(g+0.1)

Fig 8-66
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and
PAR KR
C=TR= =
A (1+K)s+1+0.1K
8.18. Find C/R [for the control system given in Fig. §-67.
+ T g
Gg ™ Gy e
A c

Fig. 8-67

The signal Row graph is given in Fig. 8.68. The iwo forward path gains are P = GGG, and
P, = G,G,. The five feedback loop gains are P, = G,Gy Hy, Py = GGy M, Py = = GGGy, Py = G,
and Py, = - G,G,. Hence

A=1—(Py+Py+ Py F Py + Py) =1+ GGG — GG H - GG H, — G H, + GG,

e

and &, = A, = 1, Finally,

C  PA +PA, G,G,G, + G,G,
R A T 14+ 6,6,6, - GG, H, — GG, - G H, + GG,

8.19. Determine C/R for the system given in Fig. 8-69. Then put &, = G\, H,.

(o]
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The signal flow graph is given in Fig. §-70. We have P, = G,G,, A= Gy(fy, Py = — G, H,, 4=1+
Gy My, Ay =4,=1,and

C PIAI+P2'&2 GE(GI+GE)
R A 1+ G H,
. 1 . Gy . Gz . 1

B
%
e

Fig. 870
Putting G, = G,C, H,, we obtain C/R = G,G, and the system transfer function becomes open-loop.
8.20. Determine the elements for a canonical feedback system for the system of Problem 8.10.

From Problem 810, P, = GGGy, P =Gy, A=1+ G, Jh — G\G, H, + G,G, H,, 4, =1, and 4, =4,
From Equation (8 3) we have

2
G= Y PA =G,G,G,+ Gy~ GGy Hy — GGG, Hy + G2GGy Hy
=1

and from Eguation (84} we obrain

& - 1 GQHL - G162H1 + G;Gg Hz

H= =
G GGG, + st GO Hy — GiGyG B, + G,G,G H,

Supplementary Problems

8.21. Find C/R for Fig. 8-71, using Equation {8.2}).

Fig. 8-71

822, Determinc a set of canonical feedback system tramsfer functions for the preceding problem, using
Equations {&.3) and (8.4).
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8.23. Scale the signal flow graph in Fig. 8-72 so that X, becomes X, /2 (see Problem 8.3).

Fig. 8-72

8.24. Draw a signal flow graph for several nodes of the lateral inhibition system described in Problem
3.4 by the equation

"
Cp =0~ E qy_C,
i=1
8.25. Draw a signal Aow graph for the system presented in Problem 7.31.
8.26. Draw a sighal flow graph for the system presented in Problem 7.32.

8.27. Determine C /R, from Equation (&82) for the signal flow graph drawn in Problem &.26.

8.28. Draw a signal flow graph for the electrical network in Fig. 8-73.

i Current
1 Source
\/
R 7 aig N
A AW o
I + - Ry *
nput ; .
Voltage v, /ti\ R, //Tg\‘ R, g Output
Sauree -
. * o

a = constant
Fig. 8-73

8.29. Determine ¥,/¥, from Equation (8.2) for the network of Problem 8.28,

830. Determine the clernents for a canonical feedback system for the network of Problem 828, using Equations
(83) and (8.4)

831. Draw the signal flow graph for the analog computer circuit in Fig 8-74.
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x
7 2y _dy
4 dez dt v
-
8
2
dy :
dt
—D— = integrator and —D— = inverter k = constant
inverter multiplier
Fig. 8-74

205

832, Scale the analog compuier circuit of Problem §.31 so that p becomes 10y, dy /di becomes 20(dy//dt), and

42y /dt® becomes 5{d%y/de?).

Answers to Supplementary Problems

8-21- Pl = 616264; Pl = GIG::_G,@, P“ = G|G4 Hl' P21 = _G;G:‘_Gtin? le = - GIGBGd- H:. A =1- 6164H1 +

GGG . + GGG, H,, and &) = A, = 1. Therefore
C  PRA +PA, GG (G, + Gy)

R A - 1= G1G4[H1 - Hz(G'_? - Gx)l

1 1
. A-1 H,
8.21. G=P‘La1+PZAz:GlG4{(Jg+G}) }[szrj’z_ GETG}
B.23.
4
X, 1 m vz X,
X, 14X,

Fig. 8-76
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824,
Te—1 i LT
.
1 1
—ay -y — &
- ] 1L
Cx—1 c i+l
Fig. 8-77
8.25.
" 1
R
8.26.
c -GG, H,
827,

Ry 1+GH, + GGH,

[CHAP. 8
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8.28.
_I/RI "‘Rs _]JRE
- LR R, 1 R
v, o - 1y "
Fig. 8-30
v, R,R, +aR,R,
82. T R, +RR,+RE,+R,R, + Ry R, —aR,R,
830. G=R,(R,+aR,)

8.31.

8.32.

. R(R,+ Ry + Ry +RR, +R,R,(1—a)
- RA(RJ"'“Rz)
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Chapter 9

System Sensitivity Measures and Classification
of Feedback Systems

9.1 INTRODUCTION

In earlier chapters the concepts of feedback and feedback systems have been emphasized. Since a
system with a given transfer function can be synthesized in either an open-loop or a closed-loop
configuration, a closed-loop (feedback) configuration must have some desirable properties which an
open-loop configuration does not have.

[n this chapter some of the properties of feedback and feedback systems are further discussed, and
quantitative measures of the effectiveness of feedback are developed in terms of the concepts of
sensitjvity and error constants.

9.2 SENSITIVITY OF TRANSFER FUNCTIONS AND FREQUENCY RESPONSE FUNCFIONS
TO SYSTEM PARAMETERS

An early step in the analysis or design of a control system is the generation of models for the
various elements in the sysiem. If the system is linear and time-invariant, two useful mathematical
models for these elements are the transfer funcrion and the frequency response function {see Chapier 6).

The transfer function is fixed when its parameters are specified, and the values given to these
parameters are called nominal values. They are rarely, if ever, known exactly, so nominal values are
actually approximations to true parameter values. The corresponding transfer function is called the
nominal wansfer function, The accuracy of the model then depends in pan, on how closely these
nominal parameter values approximate the real system parameters they represent, and also how much
these parameters deviate from nominal values during the course of system operation. The sensitivity of a
system 1o its parameters is a measure of how much the system transfer function differs from its nominal
when each of its parameters differs from its nominal value.

System sensitivity can also be defined and analyzed in terms of the frequency response function.
The frequency response function of a continuous sysiem can be determined directly from the transfer
function of the system, if it is known, by replacing the complex variable ¢ in the transfer function by
jw. For discrete-time systerns, the frequency response function is obtained by replacing z by ¢/“7. Thus
the frequency response function is defined by the same parameters as those of the transfer function, and
its accuracy is determined by the accuracy of these parameters. The {requency response function can
alternatively be defined by graphs of its magnitude and phase- angle, both plotted as a function of the
real frequency w. These graphs are often determined experimentally, and in many cases cannot be
defined by a finite number of parameters. Hence an infinite number of values of amplitude and phase
angle (values for all {requencies) define the frequency response function. The sensitivity of the system is
in this case a measure of the amouat by which its frequency response function differs from its nominal
when the frequency response function of an element of the system differs from its nominal value.

Consider the mathematical model 7(%) (transfler function or frequency response function) of a
linear time-invariant system, written in polar form as

T(k)=T(k)} e (9.1)

where & is a parameter upon which 7(%) depends. Usually both {T{k)| and ¢, depend on k, and k isa
real or complex parameter of the system.

208
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Definition 9.1 For the mathematical model T(k), with & regarded as the only parameter, the
sensitivity of T(k) with respect to the parameter & is defined by

oy dIT(K)  aT(k)/T(k) dT(k) &
T gk dksk de T(k)

(9.2)

In some treatments of this subject, S7* is called the relative sensitivity, or normalized sensitivity,
because it represents the variation d7T relative to the nominal T, for a variation gk relative to the
nominal k. S7% is also sometimes called the Bode sensitivity.

Definition 9.2 The sensitivity of the magnitude of T(k) with respect to the parameler k is defined
by
din|T(k)| dT(R)/|T(R)| dT(R)| &
dink dk/k dk T(k)]

S{r{k” =

{9.3)

Definition 8.3 The sensitivity of the phase angle &, of T(k) with respect to the parameter & is
defined by
dingy dor/dpr ddr k

! - = o (9.4)
dink  dk/k  dk ¢

The sensitivities of T(k) = |T(k)|e’*7, the magnitude |T(k}|. and the phase angle ¢, with respect
o the parameter k are related by the expression
ST = SJI‘T(Hi + jorSPT (9.5)

Note that, in general, 5" and S are complex numbers. In the special but very important case
where & is real, then both SI*Y and S+ are real. When 87} =0, 7(k) is insensitive to &.

EXAMPLE 8.1, Consider the frequency response function
T(p)=e™

where pu = k. The magnitude of T(g)}is |[T(p)] =1, and the phase angle of T{(u)is b7 = — wp.
The sensitivity of T(p) with respect to the parameter p. is

d(e ™) p
Tin -
5 d, e

I

The sensitivity of the magnitude of T(p) with respect to the parameter u is

4w »
g AT(p)]

The sensitivity of the phase angle of T(p) with respect to the parameter p is

Fim)l =
%

dp
Sfrg__?_‘ﬁ. = _w__—"'_ =1
dp 7 —wp
Note that

.5;17“'” +j¢TS,?T - —juj.l. = S:'(N

The following development is in terms of transfer functions. However, everything is applicable to
frequency response functions (for continuous systems) by simply replacing s in all equations by jw, or
z =¢’*7 for discrete systems.

A special but very important class of system transfer functions has the form:

A, + kA,

e Bt 0.6
A, + kA, (9:6)
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where & is a parameter and A4,, 4;, A,, and A, are polynomials in s (or z). This type of dependence
between a parameter k¥ and a transfer function T is general enough to include many of the systems
considered in this book.

For a transfer function with the form of Equation (9.6), the sensitivity of T with respect fo the
parameter k is given by

aT k  k{dyd;— A4

In general, ST is a function of the complex variable s (or z).

EXAMPLE 9.2. The transfer function of the discrete-time system given im Fig. 9-1 is

C K
T=—

R D+(a+b)+abzr+K

Fig. 9-1

If K is the parameter of interest (£ = K}, we group terms in T as follows:

K
r= [22+(a+8)z2 +abz]| + K

Comparing T with Equation (9.6), we see that
A =0 A,=1 A3=z3 +-(a-+ b)zz+abz A, =1
If a is the parameter of interest (k = g), T can be rewritten as
K
7= 3 T =, —
[27+ 622+ K] +al27 + bz]

Comparing this expression with Equation { 9.6) we see that

A=K A, =0 .43=23+b52+K A4=22+bz

If & is the parameter of interest (k = 5), T can be rewritten as

K
T= 3
[23+az’ + K]+ b[2" + az]

Again comparing this expression with Equation ( 9.6), we see that

A=K A, =0 Ay =2 +azt+ K A=zt +az

EXAMPLE 9.3. For the lead network shown in Fig. 9-2 the transfer function is

E, 1+ RCs

E ~ 1+RCs

T
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=L}
4 R +
E R Ey
! {11
1!
— C —
[+ 3 -]
Fig. 9-2
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If C {capacitance) is the parameter of interest, we write 7= (1 + C({Rs)}/[2 + C(Rs)]. Comparing this expression

e with Equation (9.6), wesee that 4, =1, 4, =Rs, 4, =12, A, =Rs.

Mithesa EXAMPLE 9.4. For the system of Example 92 the sensitivity of T with respect 10 K is

B K[Z+(a+b)2*+abz]

T

1

KT KDt (a+ byt abz v K]

The sensitivity of T with respect 1o the parameter a is

s —aK (2} + b2)

1+

K

-1

The sensitivity of T with respect to the parameter b is

N K[z3+bzz+K+a(zl+bz)] -

2+ b+ K

a2+ bz)

Sy

EXAMPLE 9.5. For the lead network of Fig. 9-2 the sensitivity of T with respect to the capacitance C is

C(2Rs — Rs) RCs

2

-bK( 2} + az) -1
_K[23+azz+K+b(zz+az‘)_] B 2 +al+ K
b(z% +az)

1

22+ {a+b):* +abz

15
-

< T2+ RCs)(1+ RCs) (24 RCs)(1+ RCs) (1~ 2/RCs)(1 + 1/RCs)

mathcad EXAMPLE 9.6. The open-loop and closed-loop systems given in Fig. 9-3 bave the same plant and the same

overall system transfer function for K= 2.

Plant
¢y - K K(s+1)(s +8) P 1 .
(R)1 T st ds+ 5 R ®+4s+5 (s + 1)(e+ 3)
Plant
g 37 iy —— o it -
R/,  &#+48+3+K R \TJ (s+1)(s +3) C
Fig. 9-3

Although these systems are precisely equivalent for K =2, their properties differ significantly for small (and
large) deviations of X from K = 2. The transfer function of the first system is

o L

R AT aces

Comparing this expression with Equation (9.6) gives 4, =0, 4,=1, 4, =57 + 45+ 5, 4, = 0. Substituting these



Wl
iy
+

lathcad

)

ahcad

212 SYSTEM SENSITIVITY OF FEEDBACK SYSTEMS [CHAP. 9

values inte Equation (9.7), we obtain

2 .
Siv = fr(._‘;_'— 4s *5_). -
(s +4s+5)K

for all X.
The transfer function of the second system is

] K
S
Rl s*14s5+3+K

Comparing this expression with Equation (2.6) yields A4, =0, 4, =1, A, =s*+ ds+ 3, A, = . Substituting these
values into Equation {(2.7), we obtain

K(524-4s+3) 1
(s +ds+3+K)K) 1+K/(s"+ds=3)

For K=2, Sh=1/1+2/(s+s+ 3
Note that the sensitivity of the open-loop system 7; is fixed at 1 for all values of gain K. On the other hand,
the closed-loop sensitivity is a function of K and the complex variable 5. Thus 7 may be adjusted in a design
problem by varying K or maintaining the frequencies of the input function within an appropriate range.
For w < 3 rad/scc, the sensitivity of the closed-loop system is
1 3

= _|=—=0.6
1+5 5

5L =

Sk

Thus the feedback system is 40% less sensitive than the open-loop system for low frequencies. For high frequencies,
the sensitivity of the closed-ioop system approaches 1, the same as that of the open-loop system.

EXAMPLE 9.7. Suppose G is a frequency response function, either G( jw) for a continuous system, or G(e*T)
for a discrete-time system. The frequency response function for the unity feedback system (continuous or
discrete-time) given in Fig. 9-4 is related to the forward-loop frequency response function & by

c |C| G |Gle/?e
e = | — e.m:,m = = -
R 146 1+ )Gle*s
. G
R 4 ] c
Fig, 9-4

where ¢ is the phase angle of C/R and ¢ is the phase angle of G. The sensitivity of C/R with respect to |G| is
given by

gon HCE/R) 1GL e Gl
1l 4Gl C/R (14 |Gles)’  |Gle/*
1+ |Gle#s
1 1
T1-(Gle® 1+G (98)

Note that for large |G| the sensitivity of £/R to || is relatively small.

EXAMPLE 9.8. Suppose the system of Example 9.7 is continuous, that w=1, and for some given G jw),
Gjl) =1+ Then |G(jw)| =v2, ¢&; =m/4 rad, (C/R)jow) = + 1, [(C/R)( j)| = V10 /3, and ¢, = 0.3215
rad.

Using the result of the previous example, the sensitivity of {C/R) jw) with respect te |G{ jw)| is

sompa_ L _ 2L
1G{ jw}| 2+ 5 15
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Then from Equation (9.5) we have

2 1
T ;i P, — A4 — e =
Sflé;‘(‘:f{f)rwu = ; =04 %/RSIC-'((;-')I - ; SIC-‘CEL)I - 5(0_3215) 0.622

These real values of sensitivity mean that a 10% change in |G{ jw)| will produce a 4% change in |(C/R) jw)| and a
~6.22% change in ¢ /5.

A qualitative attribute of a system related to its sensitivity is its robustmess. A system is said to be
robust when its operation is insensitive to parameter variations. Robustness may be characterized in
terms of the sensitivity of its transfer or frequency response function, or of a set of performance indices
to system parameters.

9.3 OUTPUT SENSITIVITY TO PARAMETERS FOR DIFFERENTIAL AND DIFFERENCE
EQUATION MODELS

The concept of sensitivity is also applicable to system models expressed in the time domain. The
sensitivity of the model output y to any parameter p is given by

E¥ = gr = f_gn_}.’_). - % - gjiio.
7 dlinp) dpfp dpy
Since the model is defined in the time domain, the sensitivity is usually found by solving for the output
»(2) in the ume domain. The derivative dy/dp is sometimes called the output sensitivity coefficient,
which is generally a function of time, as is the sensitivity S).

EXAMPLE 9.9. We determine the sensitivity of the output yp(¢) = x{f) to the parameter a for the differential
system & = qax + u. The sensitivity is

dva dva

Sy

To determine S, consider the rime derivative of dx/da, and interchange the order of differentiation, that is,

dfdx d {dx d

alz)-alz) -
Now define a new variable v = dx/da. Then

d dx
£a="&a(ax+u)=a-&; +1-x=artx

The sensitivity function S} can then be found by first solving the system differential equation for x{¢), because x{1)

is the forcing funciion in the differential equation for v(r) above. The required solutions were developed in Section
3.15 as

x(r)y=e""2(0) + fote"”"”u(r) dr

and v(t) =ffe"“””x('r) dr

because »(0) = 0. The time-varying output sensitivity is computed from these two functions as
dx a ao(t)
T dax  x(D)

EXAMPLE 8.10. For the discrete system defined by
x(k+1) =ax(k) +u(k)
y{k) = ex{k)
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we determine the sensitivily of the output y to the parameter  as follows. Let

dx(k
v(k) = in(a)
Then
dx(k+1) a
o{k+1) = Ja =aa[ax(k}+u(k)]
ax(k)
=x(k)+a ” =avlk) + x(K)
dy(k)  dex(k) ax( k)
and 27~ 7a "~ aa = cv( k)

Thus, to determine S, we first solve the two discrete equations:
x(k+1) =ax(k) +u(k)
plk+1) =av(k) + x(k)
(e.g., see Section 3.17. Then
L o a(k)
YT da Wl (k)

9.4 CLASSIFICATION OF CONTINUOUS FEEDBACK SYSTEMS BY TYPE

Consider the class of canonical feedback systems defined by Fig. 9-5. For continuous systems, the
open-ioop transfer function may be written as

K[l(s+z)
i=1

iljmp,-)

Qy

H fe=

Fig 9-5

where K is a constant, m < n, and —z, and - p, are the finite zeros and poles, respectively, of GH. If
there are 4 zeros and b poles at the ongin. then

mM—da

Ko [T (s+z)

GH = —'=

n

sb]j (s +p,)

—

In the remainder of this chapter, only systems for which b > g are considered, and /=b— q.
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A canonical feedback system whose open-loop transfer function can be written in
the form:

CKITG2) g "
o e = p.(s) (9.9)
s TT (s+p,)

i=1

where /=0 and -z, and —p, are the nonzero finite zeros and poles of GH,
respectively, is called a type ! system.

The system defined by Fig. 9-6 is a qvpe 2 system.

o e O 8(s +1)

R sis + 2)

ay

Fig, 9.6

EXAMPLE 812, The system defined by Fig. 9-7 1s a fupe { sysrem.

EXAMPLE 9.13.

s2+2s+2

Qy

1
8

Fig. 9-7

The system defined by Fig. 9-8 is a type 0 system.

10
(8+ 2)(s2+ 28+ 3) C

Fig. 9-%

2.5 POSITION ERROR CONSTANTS FOR CONTINUOUS UNITY FEEDBACK SYSTEMS

One criterion of the effectivencss of {eedback in a stable type ! wnity feedback system is the position
{step) error constant. 11 1s a measure of the steady state error between the input and output when the
input is 4 unit step function, that is, the differcnce between the input and output when the system is in
steady state and the input is a step.
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Definition 9.5: The position error constant X, of a type / unity feedback system is defined as

KB, (0)
i _ KBi(s) L for =0
Ky=limG(s)=lim 5~ 5O (9.10)
00 fori>0Q

The steady state error of a stable type ! unity feedback system when the input is a unit step
function [e(s0) =1 — ¢(oo0}] is related to the position error constant by

1
e{oo) = lim e(¢) = T
-4 r

(9.11)

EXAMPLE 9.14. The position error constant for a type 0 system is finite. That is,

KB (0)
B,(0)

ol <%0

The steady state error for a type (0 syslem is nonzerc and finite.

EXAMPLE 9.15. The position error constant for a type 1 system is
KB,(0)

K = hm =
7 soo0 58,(0) ®

Therefore the steady state error is #(c0) =1/(1 + K,,) = 0.

EXAMPLE 9.16. The position error constant for a type 2 system is
KB(s)
— m e —
Fos=0 3 By (5)

Therefore the steady state error is e(o0) = 1/(1 + K} = 0.

9.6 VELOCITY ERROR CONSTANTS FOR CONTINUOUS UNITY FEEDBACK SYSTEMS

Another criterion of the effectiveness of feadback in a stable type I unity feedback system is the
velocity (ramp) error constant. It is & measure of the steady state error between the input and output of
the system when the input is a unit ramp function.

Defmition 9.6; The velocity error constant X, of a stable type ! unity feedback system is defined as
0 for I=0

K,=limsG(s) =1l KB, (s) KE,(0) for =1 (9.12)
o= limsG(s T 0B, () | B0 o tT '
) for I>1

The steady state error of a stable type / unity feedback system when the input is a unit ramp
function is related to the velocity error constant by

e(oo} = lim e(r)=—;— (9.13)

I—ag »
EXAMPLE 9.17. The velocity efrror constant for 2 type 0 system is K, = 0. Hence the steady state error is infinite.

EXAMPLE 9.18. The velocity error constant for a type 1 system, X, = KB,(0)/8,(0), is finite. Therefore the
steady state crror is nonzero and finite.
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EXAMPLE 9.19. The velocity error constant for a type 2 system is infinite. Therefore the steady state error is
zero.

9.7 ACCELERATION ERROR CONSTANTS FOR CONTINUQUS UNITY
FEEDBACK SYSTEMS

A third criterion of the effectiveness of feedback in a siable type ! unity feedback system is the
acceleration ( parabolic) error constant. It is a measure of the steady state error of the system when the
input is a unit parabolic function; that is, r=¢%/2 and R=1/s°

Definition 9.7; The acceleration error constant K of a stable type !/ unity feedback system is

defined as
0 for /=0,1
KB KB {0
K, = lims%G(s) = lim 1*21(-‘) = 1(9) for I=2 (9.14)
50 s—0 5B, (s) B,(0}

[ for {>2

The steady siate error of a siable type ! unity feedback system when the input is a unit parabolic
function is related to the acceleration error constant by

e{oc) = lim e(.':'}=Ki (9.15}

[ o0 a

EXAMPLE 9.20. The acceleration error constant for a type 0 system is K, = 0. Hence the steady state error is
infinite.

EXAMPLE 9.21. The acceleration error constant for a type 1 system is K, = 0. Hence the steady state error is
infinite.

EXAMPLE 9.22. The acceleration error constant for a type 2 system, K, = KB, (0)/B,(0), is finite. Hence the
steady state error is nonzero and finite.

9.8 ERROR CONSTANTS FOR DISCRETE UNITY FEEDBACK SYSTEMS
The open-loop transfer function for a type ! discrete system can be written as
K(z+2z2)--{z2+2,) KB/(z)

GH = ; = ,
(z=1)(z+p)(2+p) (z2-1)By(2)

where /> 0 and —z; and —p, are the nonunity zeros and poles of GH in the z-plane.
All the results developed for continuous unity feedback systems in Sections 9.5 through 9.7 are the
same for discrete systems with this open-loop transfer function.

99 SUMMARY TABLE FOR CONTINUOUS AND DISCRETE-TIME UNITY
FEEDBACK SYSTEMS

In Table 9.1 the error constanis are given in terms of a, where o = 0 for continuous systems, and
a = ] for discrete-time systems. For continuous systems 7= 1 in the steady state error.
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TABLE 9.1
Input Unit Step Unit Ramp Unit Parabola
i Steady Steady © Steady
System State State : State
Type ! K, Error K, Error K, Error
. KB(a) 1
Type ¢ ' Bi(a) 1K, 0 w i I &0
Type I | ™ 0 KBi(a) il 0 e
By(a) K,
' KB{a) T
Type 2 ! w ] e )] Baa) X

9.10 ERROR CONSTANTS FOR MORE GENERAL SYSTEMS

The resolts of Sections 9.5 through 9.9 are only applicable to stable unity feedback linear systems.
They can be readily extended, however, to more general stable linear systems. In Fig. 9-9, T, represents
the transfer function of a desired (ideal) system, and C /R represents the iransfer function of the actual
system (an approximation of T,). R is the input to both systems, and F is the difference (the error)
between the desired outpul and the actual output. For this more general system, three error constants
are defined below and are related to the steady state error.

Ideal System
C
T, :
Actual System
+
> c ket .
R R c\/ E
Fig. 9-9
Definition 9.8: The step error constant X is defined for continuous systems as
i
K 5 = ﬁcl ( 9.7 6}
mlr.- =
=D o R

The steady state error for the general system when the input is a unit step function is related to K|
by

1
e(c0) = lime{t) = — (9.47)
= oo Kj
Definition 9.9; The ramp error constant X, 1s defined for continuous systems as
1
K = 1 r (9.18)
lim —|7,— —
s—0 8 R

The steady state error for the general systemn when the input is a unit ramp function is related to K,
by 1
¢e{x) = lim e(£]=? (9.19)

=0 r
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Definition 9.10: The parabolic error constant K, is defined for continuous systems as

1
Kpa= 1 C
hm — |7, - —

50 52 R

(9.20)

The steady state error for the general system when the input is a unit parabolic function is related
to K,, by

e(oe) = lime(¢) = (9.21)

1
oo K‘Uﬂ

EXAMPLE 9.23. The nonunity feedback system given in Fig. 9-10 has the transfer function C/R =2/(s> + 25 +
4). If the desired transfer function which € /R approximates is T, = 1, then
C s{s+2)

YR AsP+2s+4)

pl S 2 2 =
R 2+2 C
s+1
Fig. 9-10
Therefore
1 1
K= s(y+2) == K. = o1 s(5+2) 4
lim | s e Bm — |
so0| Hs™+25+4) s»0 8| 2(s%+ 25+ 4)
) 1
Kpa= i 1 s(s+2) =0
% Ast+ 25+ 4)

EXAMPLE 9.24. For the system of Example 923 the steady state crrors duc to a unit step inpui, a unit ramp
input, and a unit parabolic input ¢an be found using the results of that example. For a unit step input,
e(0y=1/K =0, For a unit ramp input, e{ec)=1/K =1 For a unit parabolic input, e(ec) = 1/K,, = oo.

To establish relationships between the general error constants X, K,, and K, and the error
constants K. K. and K_ for unity feedback systems, we let the actual system be a continuous unity
feedback system and let the desired system have a unity transfer function. That is, we let

=1 d ¢ ¢
“= an R 146G
Therefore
1
K,=—r——7=1+1lmG(s)=1+K, (9.22)
i 5—+0
| 1+6
1
K= —7 7 = limsG(s) =K, (9.29)
lim —( ) .
s—h[}-j' ]+G
1 - !
K, = BRES! =311}%}5'G(s)=Ka (9.24)
lim —4———)
5—:[)“.}' 1+G.
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Solved Problems

SYSTEM CONFIGURATIONS

9.1. A given piant has the transfer function ;. A system 1s desired which includes G, as the output
element and has a transfer function C/R. Show that, if no constraints {such as stability} are
placed on the compensating clements, then such a system can be synthesized as cither an
open-loop or a unity feedback system.

[f the system can be synthesized as an open-loop system, then it wiil have the configuration given in
Fig. 9-11, where G, is an unknown compensating element. The system transfer function is € /R = GGy,
from which G} = (C/R)/G,. This value for ;] permits synthesis of C /R as an open-loop system.

— G M
c
Fig, 9-11
If the system can be synthesized as a unity feedback system, then it will have the configuration given in
Fig. 9-12.
+
R /\: G, - G, _E
Fig. 9-12

The system transfer function is /R = GG, /(1 + (7,(,) from which

1 C/R ]
_E(TTE/_R

1

This value for G, permits synthesis of C/R as a unity feedback system.

9.2. Using the results of Problem 9.1, show how the system transfer function C/R =2/(s* + 5+ 2}
which includes as 1ts cutput element the plamt G, =1/s(s + 1) can be synthesized as () an
open-loop system, {b) a unity feedback system.

(a) For the open-loop sysiem,
L C/R s(s+1)
(’1 - _?_:..... =g o
75 s+s+ 2

and the system block diagram is given in Fig. 9-13.

= 2s(s + 1) 1
R s2+8+2 'l s(s+1)

ar

Fig. 9-13

(&) For the unity feedback system,

1 C/R 2/(s+32
SR ey 24 2

G\ 1-C/R (s ts12 2}/ (s" s+ 2)

and the system block diagram is given in Fig. 6-14.

G,

II
[
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Fig. 5-14

TRANSFER FUNCTION SENSITIVITY

93, The two systems given in Fig. 9-15 have the same transfer function when K, = K, = 104.

221

ﬁ T, [ < K\R, 100
. JI zjﬁ T 140.009K,K,
. ( C ( K, ) K, 100
) koo = -
AR/, K:_im 1+0.09K, /11 +0.09K,
- -+ +
Kl - K! 'C'" R K] R’ —C"
0.0099 | 0.09 0.09 |
Fig. 9-15

Compare the sensitivities of these two systems with respect to parameter X, for nominal values
K, =K, = 10.
For the first system, T, = K, X, /[1 + K,(0.0099K,)]. Comparing this expression with Equation (9.6)
yvields 4, =0, 4,=K,, 4, =1, A, =0.0099K,. Substituting these values inte Equation {%.7), we obiain
<7 KK, 1
K (1 +0.0099K,K,)( K, Ky} 1+ 0.0099K, K,

—0.01  for K, =K,=100

For the second system,
K, K K,
1+ 0.091{2) Ti+ 3.09K, + 0.09K, + 00081 K, X,
Comparing this expression with Equation (9.6} yields 4, =10, 4, =K,, 4, =1+ 009K, A, =009+
0.008L K. Subsiitating these values into Equation £9.7}, we have
. K K,(1 + 0.09K;) _ 1 _
A {14 0.09K){1 +0.09K, )( K, K,) 1+0.09K,

! Kl
TZ =
1 +0.09K,

0.1 for K, =K,=100
A 10% variation in K, will approximately produce a 0.1% variation in 7; and a 1% variation in T;.
Thus the second system T is 10 times more sensitive to vagiations in K, than is the first system 7.

94. The closed-loop system given in Fig. 9-16 1s defined in terms of the frequency response function

of the feedforward element G'( jw).

s o Gl
R(je) ?ﬁ -

Fig. 9-16

G(4w)

i-l-—(f-(j;)- C(jw)

%(?'w) =




222 SYSTEM SENSITIVITY OF FEEDBACK SYSTEMS [CHAP. 9

Suppose that G( jw)=1/(jw+ 1). In Chapter 15 it is shown that the frequency response
functions 1,/{ fw + 1) can be approximated by the straight line graphs of magnitude and phase of
G{ jw) given in Fig. 9-17.

§ 20 log)y 1G(4u)] 4 Phase angle ¢

w=1 »

—=i

—a/2

Fig. 9-17

At w=1 the true values of 20log,,|G( jw)| and ¢ are —3 and — /4. respectively. For
w =1, find:

(a) The sensituvity of [(C/R¥ jw)| with respect to |G( jw)|.
(#) Using the result of part {a), determine an approximate value for the errorin [(C/RH jw)|
caused by using the straight-line approximations for 1 /( jw + 1}

(@) Using Equation (%.8) the sensitivity of (C/R) jw) with respect to |G{ jw)| is given by

SUCARI 1 - 1 _ 2 —juw
166 e 1+G6(ju) Z+jw 4+ w

Since |G jo:}| is real,
2

ERE/RK el = R QU RHy o
[Lel Py 1G] g 4+ o

For w=1, S/ 500 =04,

(#) For o =1, the exact value of |G (jw)] is 1G(jw)| = l/\/i_l =0.707. The approximate value taken from
the graph is |G{(yw)| = 1. Then the percentage error in the appreximation is 100{1 — 0.70T) /0,707 =
41.4%. The approximate percentage error in [(C/R)(jw)| is 41.4 SIS/ RN = 16 6%

Ry |

9.5, Show that the sensitivities of T(k) = {T{k}|e’*7, the magnitude |T(k)|, and the phase angle ¢,
with respect to parumeter & are related by
S]HW = SR 4 o - SEr [Equation (2.5)]
Using Equation (9.2},
s _d1n T(k) _d In[| T( k) et _ d{Im|T(k)| +jor]
* dInk dlnk dlnk
dIn[T(k)}  deé, dW|T(k)|  ding,
= +J = +ier
dnk dink dlnk dlnk
Note that if k is real, then §I™*) and $P7 are both real, and

S:” = Re S:"(.il 'b?'S.?T = lm S&T(RI

= 70+ jo 52

9.6. Show that the sensitivity of the transfer function T = (A4, + k4,)/(A; + kA,) with respect to the
parameter k is given by 8] =k (A, 4, —~ A A/ (A + kA XA + kA,).
By definition, the sensitivity of T with respect 10 the parameter & is
dInT 4T &
SAT = - — . —
dink dk T
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Now
AT A Ay + kA — A A +hAy)  Apdy - Ad,
& (A4, + k'44)2 o .(\’43 + -"‘Aq]z

Thus
AyA, - A A, k(A4 + k4 k{A4,4, - 4,4}

¥

* (A:.+.chd)2‘ Ay + kA, _.(A3+kAd](AL+kA1)

9.7. Consider the system of Example 9.6 with the addition of a load disturbance and a noise input as
shown in Fig. 9-18. Show that the feedback controller improves the outpul sensitivity to the
noise input and the load disturbance,

Noise Input Plant Load Disturbance
Nis) Lis)
r O Ral ; ' /l\ (
G+ +3) Nl
Fig. 9-18

For the open-loop system, the output due 10 the noise input and load disturbance is

i
C(J) = L(S) + m:\;{j‘)

independent of the action of open-loop controller. For the closed-loop system,

s+ 1}s+3 1
el - e Nes)

For low frequencies the closed-loop system atteniates both the load disturbance and the noise input,
compared to the open-loop system. In particular, the closed-loop system has steady state or d.c. gain:

244545

3 1
C(0) = - L{0) + - N(D)
5 5
while the open-loop system has
1
C(0) = L{0) + SN(O)

At high frequencies these gains are approximately equal.

SYSTEM OUTPUT SENSITIVITY IN THE TIME DOMAIN
9.8. For the system defined by
X =A(p)x + B(pju
y=C{p)x
show that the matrix of output sensttivities

dy,
ap;
is determined by solution of the differential equations
i=Ax+un (9.25)
: a4 JB
V=dAV+ —x+ —u (9.26)

ap ap
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. ¥ gC
with — [=C¥V+—x (9.27)
ap; dp
b [ ax ax,
V=i, |=—=|—
where UU] ap 2>,

that is, I/ is the matrix of sensitivity functions. The derivative of the sensitivity function v, 18
given by

o dfax)
o 2(2)

Assuming the state variables have continwous derivatives, we can interchange the order of total
and partial differentiation, so that

. d |dx,
0|2
In matrix form,
I’:?—i———i[Ax+Bu]=ﬁf—x+A:;—§+a—Bu
dp ap ap ap dp
Since V= dx/dp, we have
) dA iB
V=AV+3;X+§;“
Then
dy dCx aC a% adC
s~ 7 =3—px+ca—p:(:r/+?l;x

Note that, in the above equations, the partial derivative of a matrix with respect to the vector
p is understood to generatc a series of matrices, each one of which, when muliiplied by x,
generates a column in the resulting matrix. That is, (34 /3 p)x is a matrix with jth column
(d4/@p)x. This is easily verified by writing cut all the scalar equations explicitly and
differentiating term by term.

SYSTEMS CLASSIFICATION BY TYPE

2.9

The canonical feedback system is represented by Fig, 9-12.

+

M
R '\T/_ B -

H =

Fig. 9-19
Classify this system according to type if

1
{a) G=— H=1
K

) G=s(s+3) H s+2
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2
{ey G= m H=5+35
24 4
(d) G= (2s+ 1) {4s+ 1) = 4s(3s+ 1}
4 1
(€) G=3(5+3_} =7
1
{a) GH= S tupe 1
s 1)
&) M= ey el
As+5)
{c) Gi= ;q—z—;:--hTS; tepe O
9% 1
@ e D s+ D s D s+ d) 7!
4
{(e) GH= m type 2

9.10. C(lassify the system given in Fig. 9-20 by type.

e | g2 s+1
R N (s +3)2 (s + 2) :
a2+a+1
s(a+2) o
Fig, 9-20

The open-loop transfer function of this system is
SHs+ (5P w541 {5+ D575+ 1)

S+ DG+ S+ s+

Therelore it 15 a type 2 system.
ERROR CONSTANTS AND STEADY STATE ERRORS

9.11. Show that the steady state error e(oc) of a stable type [ unity feedback system when the inpuf is
a unit step function is related to the position error constant hy

1
eloo)= lim el =175
P

The error ratio (Definition 7.5) for a unity negative feedback system is given by Equation (7.4) with
H=1 thatis, E/R=1/(1+ G). For R=1/s, E=(1/5)1/(1 + G)). From the Final Value Theorem, we
obtain

I3

i : s - 1 B
¢(o0) = limsE(s) = shi'é('s[u ()] ) T l+im, G(s) 14K

r

where we have used the definition K, =lim__, G(s).
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9.42. Show that the steady state error e(oo) of a stable type / unity feedback system with a unit ramp

function input is related to the velocity error constant by e(oo) =lm, _ e(¢) =1 /K.

We have E/R=1/(1+ G), and E=(1/s)(1/(1 + G)) for R =1/5. Since G = KB,(5)/5'B;(5} by

Definition 9.4,
£ 1 s'B{s)
52| $'By(5) + KB(5)

B,(s)
sB,(s) + KB/(5) /57!

where { — 1 2 0. Now we can us¢ the Final Value Theorem, as was done in the previous problem, because
the condition for the application of this theorem is satisfied. That is, for > 0 we have

For /> 0, we have

sE(s) =

0 for I»1
e(o0) = Lim sE(s) = B2(0) _
sr0 XB.(0) for 1=1

B,(0) and B,({0} are nonzero and finite by Definition 9.4; hence the limit exists (i.e, it is finite).
We cannot evoke the Final Value Theorem for the case [ = 0 because

1 B(s)
SE(5))1p = ;[m

and the limit as s — 0 of the quantity on the right docs not exist. However, we may use the following
argument for { = 0. Since the system is stable, B,(5}+ KB;(s) =0 has roots only in the left half-plane.
Therefore E can be written with its denominator in the general factored form:

- B:(-'*')
‘yznir-l(s +p1)“r

where Re{ p) > 0 and T]_ | n, = n — a (see Definition 9.4), that is, some roots may be repeated. Expanding
E into partial fractions [Equation (4.!0a)], we obtain

¢ ¢ room ¢
E=24+-24 —*
i =1 k=1 {8+ p;)
where b, in Equation {410a) is zero because the degree of the denominator is greater than that of the
numerator {m < n). Inverting E(s) (Section 4.8), we get
e(t) =exttcg+ 3, E ~th e e
] k=l - 1)

Since Re( p,) > 0 and ¢, and ¢, ate finite nonzero constants ( E is a rational algebraic expression), then
e(co} = lim e{r) = lim (rypt) + 0y =00
i *o {-=o0

Collecting results, we have

oo for =0

5,(0)
fi =1

e{oo) XB.(0) or
0 for I>1
Equivalently,
0 for I=0
1 KB, (0)

for I=1

e{0) B,(0)

oc for I>1
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These three values for 1 /e(cc) define K,; thus

1
9(00) = ?

-

9.13. For Fig. 9-21 find the position, velocity, and acceleration error constants.

z | T¥a se+1) c

Fig 9-21

Position error constant:

K lim & H Wst2)
p_rl_',]}, (5)__Tl_.n};,c(s+l](s+4) =

Velocity error constant:

Hy+2
K, = ]iﬂ:]&‘G{S) = 1 )

—— 2 3
o (s (s 1 4

Acceleration error constant:

X i <26 i ds(s+2)
ﬂ*s—?‘(l)s (3}_3—{‘% (S+1)(S+4) -

9.14. For the sysiem in Problem 9.13, find the steady state error for (a) a unit step input, (£) & unit
ramp input, (¢) a unit parabolic input.
(a) The steady statc error for a unit step input is given by e(®)=1/(1+ K,}. Using the result of
Problem 9.13 yields e(oc) =141 + c0) =0
(b) The steady state error for a unit ramp input is piven by e(o0) = 1/K,. Again using the result of
Problem 9.13, we get e(xc) =1,
(¢} The steady state error for a wnit parabolic input is given by e{a) =1/K,. Then e(0)=1/0= .

9.15. Figure 9-22 approximately represents a differentiator. Its transfer function is C/R =
Ks/[s(7s+ 1)+ K. Note that im, _ 5 ,_, ,C/R =35, that is, C/R is a pure differentiator in the
limit. Find the step, ramp, and parabolic error constants for this sysiem, where the ideal system
T, is assumed to be a differentiator.

Fig. 9-22
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Using the notation of Section 9.10, T, =5 and T,— C/R=s%{rs + 1)/[s(7s + 1) + K|. Applying
Definitions 9.8, 9.9, and 9.10 vields

1 1
Ke=> _T C] B . sHrs+ 1) [
lim | T, — — im | ———
s=0 R a-—st)[.s(‘r.s+l)+K
1 1
K = o1 ¢ [ s(rs+1) =%
P—%;ln_i} }l—?}r[s('rs+l)+[(
1 1
Kpa=—71 c1- . TS+ i =K
iy [Tf i] ,'L“L[:@: =%

9.16. Find the steady state value of the difference (error) between the outputs of a pure differentiator
and the approximate differentiator of the previous problem for (a) a unit step input, (b} a unit
ramp input, {¢) a unit parabolic input.

From Problem 915, K, = oz, K, = o0, and K}m =K.
{a) The steady state error for a unit step input is e{ec) =1/K, =0
{b) The steady state error [or a unit ramp mput is e{oo) =1/K =0,
(c) The steady state error for a unit parabolic input is e{o0)=1/K,.=1/K.

9.17. Given the stable type 2 unity feedback system shown in Fig. 9-23. find (a} the po__zili()nl, velnc%ly,

and acceleration error constants, (&) the steady state error when the input is R = Plaie + PR
d(s+1)
si(s + 2) E
Fig. 9-23

{a) Using the last row of Table 9.1 (sype 2 systems), the error constants are K, = o0, K, =,
K, =dl)/2="2

(/) The steady state crrors for unit stcp, unit ramp, and unit parabolic inpuls are obtained from the same
row of the table and arc given by e,(c0) = 0 for a unit step; e,(oo) = 0 for a unit ramp; ey(xc) = &

for a unit parabola.

Since the system 1s linear, the errors can be superimposed. Thus the steady state error when the input 15
1 1

3
R= Pl + 247 is given by efoo) =3¢, (m0) -~ e;(0a) + Le (o0} =13,
5 &

Supplementary Problems
9.18. Prove the validity of Equation {977 { Hint: See Problems 9.11 and 9.12.)
9.19. Prove the validity of Equation (9.7/9). { Hint: See Problems 9.11 and 9.12.)

9.20. Prove the validity of Equation ( 9.21). { Hint: See Problems 9.11 and 912}
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921. Determine the sensitivity of the system in Problem 7.9, 1o variations in each of the parameters X, K, and
p individually.

922 Generate an expression, in terms of the sensitivities determined in Problem 9.21, which relates the total
variation in the transfer function of the system in Problem 7.9 10 variations in K, K;, and p.

923, Show that the steady state error e{o0) of a stable type { unity feedback system with a unit parabolic input is
related to the acceleration error constant by eoo) = lim, | ,e(¢:) = 1/K,. { Hini: See Problem 9.12.)

924, Verify Equations (9.26) and {$.27) by performing all differentiations on the full set of scalar simultaneous
differential equations making up Equation (9.25).

Answers to Some Supplementary Problems

s+p SR _ K\ X, CR 4

—_— S’; e —
s+p—-KK, 2 s+p- KK, 4 s+p—- KK,

9.21. S¢/°=

922, QE- {s+p)AK, + (K K, )AK; —phAp
R .§+p—- K]Kz




Chapter 10

Analysis and Design of Feedback Control
Systems: Objectives and Methods

10.1 INTRODUCTION

The basic concepts, mathematical Lools, and properties of feedback control systems have been
presented in the first nine chapters. Attention is now focused on our major goal: analyvsis and design of
feedback control systems.

The methods presented in the next gight chapters are incar techniques, applicable to linear models.
However, under appropriate circumstances, one or more can also be used for some nonlinear control
system problems, thereby generating approximate designs when the particular method is sufficiently
robust. Techniques for solving control system problems represented by nonlinear models are introduced
in Chapter 19.

This chapter is mainly devoted to making exphcit the objectives and to describing briefly the
methodology of analysis and design. It also includes one digital system design approach, in Section 10.8,
that can be considered independenily of the several approaches developed in subsequent chapters.

10.2 OBJECTIVES OF ANALYSIS

The three predominant objectives of feedback control systems analysis are the determination of the
following system characteristics:

1. The degree or extent of system stability

2. The steady state performance

3. The transient performance

Knowing wheiher a system is absolutely stable or not is insufficient information for most purposes.

If a system is stable, we usually want 10 know how close it is to being unstable, We need to determine
its relative stability.

In Chapter 3 we learned that the complete solution of the equations describing a system may be
split into two parts. The first, the steady stale response, is that part of the complete solution which does
nol approach zero as time approaches infinity. The second, the transient response, is that part of the
complete selution which approaches zero (or decays) as time approaches infinity. We shall soon see that

there is a strong correlation between relative stability and transient response of feedback control
systems.

10.3 METHODS OF ANALYSIS
The general procedure for analyzing a linear control system 1s the following:
1. Determine the equations or transfer function for each system component.

2. Choose a scheme for representing the system (block diagram or signal flow graphy.

3. Formulate the sysiem model by approprately connecting the components {blocks, or nodes and
branches),

4. Determme the system response characteristics,

Several methods are available for determining the response characteristics of linear systems. Direct
solution of the system equations may be employed to find the steady state and transient solutions

230
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{Chapters 3 and 4). This technigue can be cumbersome for higher than second-order systems, and
relative stability is difficult to study in the time-domain.

Four primarily graphical methods are available to the conirol system analyst which are simpler and
more direct than time-domain methods for practical linear models of feedback control systems. They
are:

The Root-Locus Method
Bode-Plot Representations

Nyquist Diagrams
Nichols Charts

el

The latter three are frequency-domain techniques. All four are considered in detail tn Chapters 13,
15, 11, and 17, respectively,

104 DESIGN OBJECTIVES

The basic goal of control system design is meeting performance specifications. Performance
specifications are the constraints put on system response characteristics. They may be stated in any
number of ways. Generally they take two forms:

1. Frequency-domain specifications (pertinent quantities expressed as functions of frequency)

2. Time-domain specifications {in terms of time response)

The desired system characteristics may be prescribed in either or both of the above forms. In
general, they specify three important properties of dynamic systems:

1. Speed of response

2. Relative stability

3. System accuracy or allowable error

Frequency-domain specifications for both continnous and discrete-time systems are often stated in

one or more of the following seven ways. To maintain generality, we define a unified open-loop
frequeney response function GH(w):

GH( jw) for continuous systerns

GH(w) = (10.7)

GH{e”T) for discrete-time systems

1. Gain Margin

Gain margin, a measure of relative stability, is defined as the magnitude of the reciprocal of the
open-loop transfer function, evaluated at the frequency «, at which the phase angle (see chapter 6) 15
—180°. That is,

1
gain margin = m {10.2)
where arg GH(w,} = —180° = — 7 radians and w, is called the phase crossover frequency.

2. Phase Margin ¢p,,

Phase margin ¢py,. a measure of relative stability, is defined as 180° plus the phase angle ¢, of the
open-loop transfer function at unity gain. That is,

dpm = [180 + arg GH(w, )] degrees {10.3)

where JGH{w;}j=1 and «, is called the gain crossover frequency.
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EXAMPLE 10.1. The gain and phase margins of a typical continuous-time feedback control system are illustrated
in Fig. 10-1.

IGH(w) 4

I3

8TE GH(u) 4 I i

—y
i —
et

Phase margin
- — - — D N §

3. Delay Time T,

Delay time T,, interpreted as a frequency-domain specification, is a measure of the speed of
response, and is given by
dy

Tw)= T (10.4)

where vy = arg (C/R). The average value of T,{w) over the frequencies of interest is usually specified.

4. Bandwidth (BW)

Roughly speaking, the bandwidth of a system was defined in Chapter 1 as that range of frequencies
over which the system responds satisfactorily.

Satisfactory performance is determined by the application and the characteristics of the particular
system. For example, audio amplifiers are often compared on the basis of their bandwidth. An ideal
high-fidelity audio amplifier has a flar frequency response from 20 to 20,000 Hz. That is, it has a
passband or bandwidth of 1,980 Hz (usually rounded off to 20,000 Hz). Flat frequency response means
that the magnitude ratio of output to inpult is essentially constant over the bandwidth. Hence signals in
the audio spectrum are faithfully reproduced by a 20,000-Hz bandwidth amplifier. The magnitude ratio
15 the absolute value of the system frequency response function.

The frequency response of a high-fidelity audio amplifier is shown in Fig. 10-2. The magnitude ratio
is 0.707 of, or approximately 3 db below, its maximum at the cutoff frequencies

fa=20H2  f,~=20,000Hz

Magnitade §
ratio
db
! b
3db adb
I[ I
| '.
| I
i 1
. i b~
20 20,000
fes fa

Fig. 10-2
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“db™ is the abbreviation for decibel, defined by the following equation:
db = 201log,,( magnitude ratio) (10.5)

Often the bandwidth of a system is defined as that range of frequencies over which the magnttude
ratio does not differ by more than —3 db from is value at a specified frequency. But not always. In
general, the precise meaning of bandwidth is made clear by the problem description. In any case,
bandwidth is generaily a measure of the speed of response of a system.

The gain crossover frequency w, defined in Equation (/0.3} is often a good approximation for the
bandwidth of a closed-loop system.

The notion of signal sampling, and of uniform sampling time T, were introduced in Chapters 1 and
2 (especially in Section 2.4), for systems containing both discrete-time and continuous-time signals, and
both types of elements, including samplers, hold devices and computers. The value of T is a design
parameter for such systems and its choice is governed by both accuracy and cost considerations. The
sampling theorem [9,10] provides an upper bound on T, by requiring the sampling rate to be at least

twice that of the highest frequency component f, .. of the sampled signal, that is, T < in

" Y
practice, we might use the cutoff freqtljency f.» (as in Fig. 10-2) for f,,,. and a practical rule-of-thumb

=T=
]-Off:Z 6f cl .
even smaller T valugs. On the other hand, the largest value of T consistent with the specifications

usually yields the lowest cost for system components.

might be to choose T in the range . Other design requirements, however, may requite

5. Cutoff Rate

The cutoff rate is the frequency rate at which the magnitude ratio decreascs beyond the cutofl
frequency w.. For example, the cutoff rate may be specified as 6 db /octave. An octave is a factor-of-two
change in frequency.

6. Resonance Peak Mp

The resonance peak M, a measure of relative stability, is the maximum value of the magnitude of '
the closed-loop frequency response. That is,

C
M, = max -\ (i0.6)

R

7. Resonant Frequency «,

The resonant frequency w, 1s the frequency at which M, occurs.

EXAMPLE 10.2. The bandwidth BW, cutofl frequency w,, resonance peak M,, and resonant frequency «, for an
underdamped second-order continuous system are illustrated in Fig, 10-3.

c¥




234 ANALYSIS AND DESIGN QF FEEDBACK CONTROL SYSTEMS [CHAP. 10

Time-domain specifications are customanly defined in terms of unit step, ramp, and parabolic
responses. Each response has a steady state and a transient component.

Steady state performance, 1n terms of steady state error, 18 a measure of system accuracy when a
specific input is applied. Figures of merit for steady state performance are, for example, the error
constants K, K, and X, defined in Chapter 9.

Transient performance is often described in terms of the unit step funcuion response. Typical
specifications are:

1. Overshoot

The overshoot is the maximum difference between the transieni and steady state solutions for a unit
step input. It is a measure of relative stability and is often represented as a percentage of the final valve
of the output (steady state solution).

The following four specifications are measurcs of the speed of response.

2. Delay Time 7}

The delay time T, interpreted as a time-domain specification, is often defined as the time required
for the response to a unit step input to reach 50% of its final value.

3. Rise Time T,

The rise time T, is customarily defined as the time required for the response to a unit step input to
rise from 10 to 90 percent of its final value.

4. Settling Time T,

The settling time 7, is most often defined as the time required for the response to a unit step input
to reach and remain within a specified percentage (frequently 2 or 5%) of its final value.

5. Dominant Time Constant

The dominant time constant 1, an alternative measure for settling time, is often defined as the time
constant associated with the term that dominates the transiem response.

The dominant time constant is defined in terms of the exponentially decaying character of the
transient response. For example, for first and second-order underdamped continuous systems,
the transient terms have the form 4e™™ and Ae ™ "cos{w,i + ¢, respectively {a > 0). In each case, the
decay is governed by e~ The time constant 7 is defined as the time at which the exponent —a¢ = —1,
that is, when the exponential reaches 37% of its initial value. Hence + = 1 /a.

For continuous feedback control systems of order higher than two, the dominant time constant can
sometimes be estimated from the time constant of an underdamped second-order system which
approximates the higher system. Since

1
Ts — (10.7)
{w, '
{ and w, (Chapter 3) are the two most significant figures of merit, defined for second-order but often
useful for higher-order systems, Specifications are often given in terms of { and w,.

This concept is developed more fully for both continuous and discrete-time systems in Chapter 14,

in terms of dominant pole-zero approximations.

EXAMPLE 10.3. The plot of the unit step response of an underdamped continuous second-order system in Fig.
10-4 illustrates time-domain specifications.
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10.5 SYSTEM COMPENSATION

We assume first that G and H are fixed configurations of components over which the designer has
no control. To meet performance specifications for feedback control systems, appropriate compensation
components (scmetimes called equafizers) are normally introduced into the system. Compensation
components may consist of either passive or active clements, several of which were discussed in
Chapters 2 and 6. They may be introduced into the forward path (cascade compensation), or the
feedback path ( feedback compensation}, as shown in Fig. 10-5:

E oY G Cascade - ¢ c,_
= Compensation b =
H |e
+
R ;/_L - G ¢ .
‘ Feedback H

Compensation |

Fig. 10-5

Feedback compensation may also ovcur in minor feedback loops (Fig. 10-6).

Cc

Y

Fig. 10-6
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Compensators are normally designed so that the overall system (continuous or discrete) has an
acceptable transient response, and hence stability characteristics, and a desired or accepiable steady
state accuracy {Chapter 9). These objectives are often conflicting, because small steady state errors
usually require large open-loop gains, which typically degrade system stability. For this reason, simple
compensator elements are often combined in a single design. They typically consist of combinations of
components that modify the gain X and /or time constants 7, or otherwise add zeres or poles to GH.
Passive compensators include passive physical elements such as resistive-capacitive networks, to modify
K (K < 1), time constants, zeros, or poles; lag, lead, and log-fead networks are examples (Chapter 6},
The most common active compensator is the amplifier (K> 1). A very general one is the PID
(proportional-integral-derivative) contreller discussed in Chapter 2 and 6 (Examples 2.14 and 6.7),
commanly used in the design of both analog (continuous) and discrete-time (digital) systems.

10.6 DESIGN METHODS

Design by analysis is the design scheme developed in this book, because it is generally a more
practical approach, with the exception that direct design of digital systems, discussed in Section 10.8, is
a true synthesis technique. The previously mentioned analysis methods, renterated below, are applied to
design in Chapters 12, 14, 16, and 18.

1. Nyquist Plot (Chapter 12)
2. Root-Locus (Chapter 14)
3. Bode Plow (Chapters 16)

4. Nichols Chart (Chapter 18}

Control system analysis and design procedures based on these methods have besen automated in
special-purpese computer software packages called Computer-Aided Design (CADY) packages.

Of the four methods listed above, the Nyquist, Bode, and Nichols methods are frequency response
technigques, because 1n each of them the properties of GH{w), that is, GH( jw) for continuous systems
or GH{e™™T) for discrete-time systems [Equation (/@.1)}, are explered graphically as a function of
angular frequency w. More importantly, analysis and design using these methods is performed in
fundamentally the same manner for continucus and discrete-time systems, as illustrated in subsequent
chapters. The only differences (in specific details) stem from the fact that the stability region for
continuous systems is the left half of the s-plune, and that for discrete-time systems is the unit circle in
the z-plane. A 1ransformation of variables, however, called the w-transform, permits analysis and design
of discrete-time systems using specific results developed for continuous systems. We present the major
features and the results for the w-transform in the next section, for use in analysis and design of control
systems in subsequent chapiers.

10.7 THE w-TRANSFORM FOR DISCRETE-TIME SYSTEMS ANALYSIS AND DESIGN USING
CONTINUOUS SYSTEM METHODS

The w-transform was defined in Chapter 5 for stability analysis of discrete-time systems. It is a
bilinear transformation between the complex w-plane and the complex z-plane defined by the pair:

z—1 1+w
=
z+1 1—-w

W=

(10.8)

where 7 = p + jr. The complex variable w is defined as

w=Rew+,jImw {10.9)
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The following relations among these variables are useful in the analysis and design of discrete-time
control systems:

2 ?_
1. Rew = Fi—;—}z-p%f (10.10)
2y

2. Imw= e (10.17)

3. If|z] <1, then Rew <0 (20.12)

4. If|zj=1,then Rew=10 (20.43)

5. If[z} > 1, then Rew > 0 (10.14)
6. On the unit circle of the z-plane:

z=e’"=cos wT +jsinwT (10.15)

p+pi=cos?wl +sin’wl =1 (f0.16)

w=jp:1 (10.17)

Thus the region inside the unit circle in the z-plane maps into the left half of the w-plane (LHP); the
region outside the unit circle maps into the right half of the w-plane (RHP); and the unit circle maps
onto the imaginary axis of the w-plane. Also, rational functions of z map into rational functions of w.

For these reasons, absolute and relative stability properties of discreie sysiems can be determined
using methods developed for continuous systems in the s-plane. Specifically, for frequency response
analysis and design of discreie-time systems in the w-plane, we generally treat the w-planc as if i1 were
the s-plane. However, we must account for distortions in certain mappings, pariicularly angular
frequency, when interpreting the results.

From Equation (76.17), we define an angular frequency w, on the imaginary axis in the w-plane by

v

p+1

= (10.18)

Mw
This new angular frequency w,, in the w-plane is related to the true angular frequency w in the z-plane
by
wi 2 )

=tan— o = —tan"~ 10.19
w, 5 ¥ ) 7 W, ( )

The following properties of w, are useful in plotting functions for frequency response analysis in the
w-plane:

1. If w=0, then @, = 0 (10.20)
o
2. Ifw—i?,(henww——n +ac (10.21)
ki
3 If w-» —?,then W, = —oC (1¢.22)
ks T
4. The range — Fe<T 1s mapped into the range —oc < @, < + 00 (70.23)

Algorithm for Frequency Response Analysis and Design Using the w-Transform
The procedure is summarized as follows:
1. Substitute (1 +w)/(1 ~ w) for z in the open-loop transfer function GH(z):
GH(ZHZ-(nw)/u—w; = GH'(w) (10.24)
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2. Generate frequency response curves, that is, Nygumst Plots. Bode Plots, ete., for
GH (w)lc,.. = GH'jw,) (10.25)

3. Analyze relative stability properties of the system in the w-plane (as if it were the s-planc), For
example. determine gain and phase margins, crossover frequencies, the closed-loop frequency response.
the handwidth, or any other desired frequency-response-related characteristics.

4. Transform w-plane critical frequencies {(values of ) determined in Step 3 nto angular
frequencies (values of «) in the true frequency domain (z-plane), using Equation (10.19).

5. If this is a design problem, design appropriate compensators to modify GH'( juw, ) 10 satisly
performance specifications.

This algorithm is developed turther and applied in Chapters 15 through 18.

EXAMPLE 10.4. The open-loop transfer function

(z=1) /100
(z D= z+4)
is transformed into the w-domain by substituting = =(1 ~ w)/(1 — w) In the expression for GH{z}, which vields
—6{w — 1} /100

GH) = e ey (o + 3

GH{z) = {10.26)

(10.27)

Relative stability analysis of GH'(w) ts postponcd until Chapter B3,

10.8 ALGEBRAIC DESIGN OF DIGITAL SYSTEMS, INCLUDING DEADBEAT SYSTEMS

When digital computers or microprocessors are componenis of a discrete-time system, compen-
sators can be readily implemented in softwarc or firmware. thereby facilitating direct design of the
system by algebraic solution for the transfer function of the compensator that satisfies given design
objectives. For example, suppose we wish to consiruct a systcm having a given closed-loop transfer
function /R, which might be defined by requisite closed-logp characteristics such as bandwidth,
steady state gain, responsc time, etc. Then, given the plant transfer function &,(z}. the required forward
loop compensator G (z) can be deterrmined [rom the relation for the closed-loop transfer function of
the canonical svstermn given in Section 7.5:

C GG, (16.28)
= 4.2
R 1+4GG.H '
Then the required compensator is determined by solving for G (2):
C/R
Gi= (10.29)
G,(1 - HC/R)

EXAMPLE 10.5. The unity feedback (f/= 1) system in Fig. L0-7, with ¥ = {.1-sec uniform and synchronous
sampling, is required to have a steady stale gain (C/R)(1) =1 and a rise time 7] of 2 sec or less,

R(z)

O— @

Fig, 10-7
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The simplest /R that satisfies the requirements is (C/R) = 1. Howcver, the required compensator would be

C
Y B 1 205
Y o oy
z—[]z(_)

GZ(I—EJ]

which has infinite gain. a zero at z= 0.5, and no peles, which 1s unrcalizable. For realizability {Section 6.6), G,
must have at least as many poles as zeres. Consequently, even with cancellation of the poles and zeros of G, by
zeros and poles of G|, C/R must contain at least » —m poles, where a 18 the number of poles and m is the
number of zeros of G,.

The simplest realizable C /R has the form:

4 K

R -4

As shown in Problem 10.10, the rise time for a first-order discrete-time system, like the one given by C/R above, is

7T In}
T <
7 lna
Solving for a, we get
11T 172
=|—- =|— = () 8959
‘ [9] [ 9]
Then
C K K

R z-a z-008959
and, for the steady state gan (C/R}1) tobe 1, K=1 —0.8959 = 0.104]. Therefore the required compensator is

C 0.1041
o R ____ . — 08959 _ 0.1041(z - 0.5)
P (1 TR —
2( _E) :-050 2—0.8959)

We see that &, has added a pole 10 G,G; al z =1, making the systemn type 1. This is due to the requirement that
the steady stale gain equal 1.

Deadbear systems are a class of discrete-time systems that can be readily designed vsing the direct
approach described above. By definition, the closed-loop transiemt response of a deadbeat system has
finite length. that is, it becomes zero, and remains zero, after a finite number of sampie times. In
response to a step input. the output of such a system is constant at each sample time after a fintte
period. This is termed a deadbeat response.

EXAMPLE 10.6. For a unity feedback system with forward transfer function
Kilz+:
6.0y = Kilzr2)
(z+p)(z+p.)

introduction of a feedforward compensator with

_ (z+p Hz+p)
(z-Ki)(z+2)

Gi(z)

results in the closed-loop transfer {unction:
c GG, K,

R 146G, :

The impulse respense of this system is ¢(0) =K, and c(k)—0 for & > 0. The step response is o(0)= 0 and
efky=K for k=10
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In general, systems can be designed to exhibit a deadbeat response with a transient response n —m
samples long, where m is the number of zeros and n is the number of poles of the plant. However, to
avoid intersample ripple (periodic or aperiodic variations) in mixed continuous/discrete-time systems,
where G,(z) has a continuous input and /or output, the zeros of G,(z) should not be cancelled by the
compensalor as in Example 10.5. The transient response in these cases is a minimum of » samples in
length and the closed loop transfer function has » poles at z =0.

EXAMPLE 10.7. For a system with
K(z+0.5)
Ga(2) = (z—02)(z2-04)
let
{z—02}z-04)
Gil2) = (z+a)(z+5)
Then
C_ GG _ K(z+05)
R 1+G6G, (z+a)z+b)+K{(z+0.5)
K{(z:+03%)

Tt (u b+ K)z+ab+ 05K

For a deadbeat response, we choose

K{z+05)

2

C_
R’= z

and thereforc

a+b+K=0
ab+05K=0

There are many possible solutions for 4, &, and X and one is =03, b= —0.75, and K= 045.

If it is required that the closed-loop system be type /, it is necessary that G,(2)G,;(2) contain { poles at z=1.
If G,(z) has the required number of poles, they should be retained, that is, not cancelled by zeros of Gy(z) If
G,(z) does not have all the required poles at z = 1, they can be added in G,(2).

EXAMPLE 10.8. For the system with
K
Gy(z) = .1

suppose a 1ype 2 closed-loop system with deadbeat response is desired. This can be achieved with a compensator of
the form:
z+a

G](Z)= 21

which adds a pole at z=1. Then
C GG, K(z+a) _ K(z+a)
RT1+GG, (:-1V+Kk(z+a) 2Z2+{K-Dz+1+Ka

If a deadbeat response is desired, we must have
€ K{z+a)
O

and therefore K—2=0and 1 + Ka =, giving K=2 and a= —0.5.
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Solved Problems

10.1. The graph of Fig. 10-8 represents the input-output characteristic of a controller-amplifier for a
feedback control system whose other components are linear. What is the linear range of e(s} for
this systern?

mit) §
molo
m—_ {
L ——— ' )
::‘ f t 1
S R D SR R J @
| ' i : L s 4 o
| | i i
: P it Ty
1 e B
———————————— —m,
Fig. 10-8

The amplifier-controller aperates linearly over the approximale range —e; < e < ¢,.

10.2. Determine the gain margin for the system in which GH( jw) =1/(jw + 1)

ol
=3 Writing GH{ jw) in polar form, we have
Mathuad i
GH(jw) = ———3 —-3tan"'w arg GH( jw) = -3tan '@
(w?+1)
Then -3tan~'w = —m, w, = tan(m/3) = 1.732. Hence, by Equation (/(.2}, gain margin = 1 /}GH{ ju, )|

=8

10.3. Determine the phase margin for the system of Problem 10.2.

£ We have
1

Mathcad . _ -

|GH( jw)| = __(wz A 1)3/2 1

only when w = w = 0. Therefore

dpy = 180° 4 (—3tan~' 0) = 180° = « radians

10.4. Determine the average value of T,(w) over the frequency range 0 £ w <10 for C/R =juw/
it (jw+1). T,(e)is given by Equation (/0.4).

C 7 -dy d 1
Mathcad - Y ==t -1 d T —_—— = -1 =
v argR(jw) 3 an”lw an " (w) o dw[mn w] o
Theref Ave () = — [P o1
¢ - =0,
erefor vg T, (w ok 150 sec

10.5. Determine the bandwidth for the system with transfer function {(C/R)(s) =1/(s + 1).

I+
T We have
1

Mathcad

<
|R(Jw)

w41

A sketch of [(C/R)X jw)| versus o is given in Fig. 10-9.
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Falk

@, is determined from 1/yw? + 1 = 0.707. Since |(C/R)jw)| is a strictly decreasing function of
positive frequency, we have BW = «w, = 1 rad.

10.6. How many octaves are between {«) 200 Hz and 800 Hz, (#} 200 Hz and 100 Hz, (¢) 10,048
ﬁ rad/sec (rps) and 100 Hz?
mheae (@) Two oclaves.

{h) One octave.
(¢} f=uw;2m=10,048/2% = 1600 Hz. Hence there are four ociaves between 10,048 rps and 100 Hz.

10.7. Determine the resonance peak M, and the resonant frequency w, for the system whose transfer
rls  function is (C/R¥s)=5/(s*+ 25+ 5).

Mathcad iE(J"") - _ 5 = 5
R -0t +2jw+ 5] ot —6u? + 25
Setting the derivative of |(C/R){ juw| equal to zero, we get w, = t V3. Therefore
C C
. N

10.8. The output in response to a unt step function input for a particular continuous control system is
it (1) =1—¢7 ' What is the delay time T,?
The oulput is given as a function of time. Therefore, the time-domain definition of 7, presented in

Section 10.4 is applicable. The final value of the output is lim, _, _c(¢)=1. Hence T, (at 50% of the final
value) is the solution of 0.5=1— ¢~ ", and is equal io log,(2), or 0.693.

Mwthcad

10.9. Find the rise time T, for ¢(2)=1—e7%

—f
a At 10% of the final value, 0.1 =1 — ¢™t; hence ¢, = 0.104 sec. At 90% of the final value, 0.9 =1 - ¢™ 73,
Mathcad

thus ¢, = 2.302 sec. Then 7, = 2.302 — 0.104 = 2198 sec.

10.10. Determine the rise time of the first-order discrete system

i P(z)=(1-a)/{z—a) with |a] <1.

For a step input, the output transform is
(1-a)z
M) =P = iy

and the time response is p(k)=1-a* for k=0,1,.... Since p{oo} =1, the rise time 7, is the time
required for this unit step response to go from 0.1 to 0.9. Since the sampled response may not have the
exact values 0.1 and 0.9, we must find the sampled values that bound these values. Thus, for the lower
value, y(k)<901l or 1 —a*<0.1 and therefore a* = 0.9. Similarly for p(k + L/T)=1-a** "7 > 039,
a* T <0l
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Dividing the two expressions, we get

PAMCAEE
PUE
1
or T —
e 9
Then, by taking logarithms of both sides, we get
Tlot
Ls——
Ina

Verify the six properties of the w-transform in Section 10.7, Equations {10.10) through (10.17).
From w=(z-1)/(z+ 1) and z=p+»,

p+jr—1  (p—Ll4+jj)(p+1-jv) pHri-1 ‘ 2y
w= - = ; oy N1 2 i
g+ip+1l  (p+ltje){p+1-j2) prt ety 2u+ 1 a4+ 2ut+ 1)

Thus
n2+r2—1
1. Rew-m =g,
2y
2. Imw=;2—4_—"2-12—'1—4:—l =,
3, {z] < 1 means u? + »* < 1, which implies o, < 0
4, [z| =1 means p? + »> = 1, which implies ¢, =0

|z| > 1 means 2 + »* > 1, which implies v, > 0

The sixth property follows from elementary trigonometric identities.

Show thal the transformed angnlar frequency w,, is related to the real frequency w by Equation
(10,19

From Problem 10.11, }z] =1 also implies that w = j[v/(p+ 1)] = jw, {Equation (10.17)]. But |z] =1
implies that z = ¢™7 = cos wT + jsinwT = u + jv {Equation (70.15)). Therefore

sinwT

Q= cosewl+1

Finally, substituting the following half-angle identities of trigonometry into the last expression:

24i MT) wl T
sm( 3 .L‘cs( 5 ) sinw

T T
cosz(%) ~sin2(%) = cos wT

we have
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10.13. For the umformly and synchronously sampled system given in Fig, 10-10, detcrmine G,(z) so
that the system is type 1 with a deadbeat response.

Zero-Order Hold

R | T—e¥ B
— O e )
Fig, 10-10

The forward loop z-transform, assuming ficritious sampling of the output c{!) (see Section 6.8), is
determined from Equation (4.9).

Iz Kiz+z)
Hoof (=Dz-¢ )

where
l-eT-Te T
T-e7-1

Let G((z) bave the form G (z) ={z —e T)/{z+ b). Then, il we also assume a fictitious sampler at the
input r(¢), we can determine the closed-loop z-domain transfer function:

C GG, Kiz+z)
R 1+4GG (2-z+b)~K(z+2z)
_ K{ztz)
22+ (b 1+K)z-b+ Kz

K,=K(T-e7-1) and 5=

For a deadbeat response, b -1+ K, =0{b=1-K)and —b~ Kz, =0( 1: K, - Kz, =0). Then
1

K =
L4z

2

and b=1-K,=-
1tz

Since Ky =K{T+e¢ "-1),
K 1 1
T T T O (e D) T )
For this system, with continucus input and ontput signals, (C/R){ z}) determined above gives the closed-loop
input-cutput relationship at the sampling times only.

Supplementary Problems

10.14. Determine the phase margin for GH = 2(s + 1) /5.
=it

10.15. Find the bandwidth for GH = 60/s(s + 2)(s t 6) for the closed-loop system.
Mathoad

10.16. Calculate the gain and phase margin for GI#F =432 /s(s° + 135 + 115},

10.17. Calculate the phase margin and bandwidth for GH = 640 /s{s + 43 s + 16) for thr closed-loop system.
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Answers to Supplementary Problems

10.14. ¢py = 65.5°
10.15. BW = 3 rad /sec
10.16. Gain margin = 3.4, phase margin = 65°

10.17. ¢pp = 17°, BW = 5.5 rad/sec



Chapter 11

Nyquist Analysis

11.1  INTRODUCTION

Nyguist analysis, a frequency response method, is essentially a graphical procedure for determining
absolute and relative stability of closed-loop control systems. Information about stability is available
directly from a graph of the open-loop frequency response function GH(w), once the feedback system
has been put into canonical form.

Nyquist methods are applicable to both continuous and discrete-time control systems, and the
methodological development for Nyquist analysis is presented here for both types of systems, with some
emphasis given 10 continuous systems, for pedagogical purposes.

There are several reasons why the Nyquist method may be chosen to determine information about
system stability. The methods of Chapter 5 (Routh, Hurwitz, eic.) are often inadequate because, with
few exceptions, they can only be used for determining absolute stability, and are only applicable to
systems whose characteristic equation is a finite polyriomiaf in s or z. For example, when a signal is
delaved by T seconds somewhere in the loop of a continucus system, exponential terms of the form
e~ ¥ appear in the characteristic cquation. The methods of Chapter 5 can be applied to such systems if
e T is approximated by a few terms of the power series

T3t Ti?

-Ts _ 1 _
e =1-Ts+ 2 3

but this technique vields only approximate stability information. The Nyquist method handles systems
with time delays without the necessity of approximations, and hence yields exaet results about both
absolute and relative stability of the system.

Nyquist techniques are also wseful for obtaining informmation about transfer functions of compo-
nents or sysiems from experimental frequency response data. The Polar Plot (Section 11.5) may be
directly graphed from sinuscidal steady slate measurements on the components making up the
open-loop transfer function. This feature is very useful in the determination of system stability
charactenstics when transfer functions of loop components are not available in analytic form. or when
physical systems are to be tested and evaluated experimentally.

In the next several sections we present the mathematical preliminaries and technigues necessary for
generating Polar Plots and Nyquist Stability Plots of feedback control systems, and the mathematical
basis and properties of the Nyquist Stability Criterion. The remaining sections of this chapter deal with
the interpretation and uses of Nyquist analysis for the determination of refative stability and evaluation
of the closed-loop frequency response.

11.2 PLOTTING COMPLEX FUNCTIONS OF A COMPLEX VARIABLE

A real function of a real variable is easily graphed on a single set of coordinate axes. For example.
the real function f(x). x real, is easily plotted in rectangular coordinates with x as the abscissa and
f(x} as the ordinate. A complex function of a complex variable, such as the transfer function P(s) with
$ = 0 + jw, cannot be plotted on a single set of coordinates.

The complex variable 5= o + jw depends on two independent quartities, the real and imaginary
paris of s. Hence s cannot be represented by a line. The complex function P(s) also has real and
imaginary parts. It too cannot be graphed in a single dimension. Similarly, the complex variable
z=p+jr and discrete-time system complex transfer functions P(:} cannot be graphed in one
dimension.

246



CHAP. 11] NYQUIST ANALYSIS 247

In general, in order to plot P(s) with s = 0 + jw, two two-dimensional graphs are required. The first
is a graph of fw versus o called the s-plane, the same set of coordinates as those used for plothing
pole-zero maps in Chapter 4. The second is the imaginary part of P(s) (Im P} versus the real part of
P(s) (Re P) called the P{s)-plane. The corresponding coordinate planes for discrete-time systems are
the z-plane and the P(z)-plane.

The correspondence between points in the two planes is called a mapping or wansformation. For
example, points in the s-plane are mapped into points of the P(s)-plane by the function P (Fig. 11-1).

4 ju AIimP
Mapping
—— o~ T —
P P ~—
ff” P(Cu.:l

L &

L)
2 Re P

s-plane P(s)-plane ¢
Fig. 11-.1

In general, only a very specific locus of points in the s-plane (or the z-planc) is mapped into the
P(s)plane [or the P{z)}-plane]. For Nyquist Stability Plots this locus is called the Nyguist Parh, the
subject of Section 11.7.

For the special case o=10, s=jw, the s-plane degenerates into a line, and P(jw} may be
represented in a P(jw)-plane with w as a parameter. Pelar Ploss are constructed in the P( jw)-plane
from this line (5 = jw) in the s-plane.

EXAMPLE 11.1. Consider the complex function Pi{s)=s? + 1. The point 5, = 2 + j4 is mapped into the point
P(sg)=P(2+ 4 =(2+j47 + 1= —11 + 16 (Fig. 11-2).

B 4Im P

Ar--—98 Flag) - ——- 1¢

[ Y7 T

ay

Fig. 11-2

11.3 DEFINITIONS

The following definitions are required in subsequent sections.
Definition 11.1: If the derivative of P at 5, defined by

dp
ds

= lim
§—+ap

{P(S) _P(So)j:

s=tp §F— 35

exists at all points in a region of the s-plane, that is, if the limit is finite and unique,
then P is analyfic in that region [same definition for P(z) in the z-plane. with =z
replacing s and z, replacing s,).
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Transfer functions of practical physical systems {those considered in this book) are analytic in the
finite s-plane (or finite z-plane) except at the poles of P(s) [or poles of P({z)]. In subsequent
developments, when there is no danger of ambiguity, and when a given statement applics to both P(s)
and P(z), then P(s) or P({z) may be abbreviated as P with no argument,

Defimition 11.2: A point at which P [P{s) or P(z)]is not analytic is a singular peint or singularity of
P [P(s)or P(z2)).

A pole of P [P{s)or P(z)]is a singular point.

Definition 11.3: A closed contour in a complex plane is a continuous curve beginning and ending at
the same point (Fig. 11-3).

4 Im

Closed
Contour

Fig. 11-3

Definition 11.4: All points to the right of a contour as it is traversed in a prescribed direction are
said to be enclosed by it (Fig. 11-4).

AIm Alm

,\,\ Enclosed
)
4

Re \“ Re
Enclosed ._//

\__/
Fig. 11-4
Definition 11.5: A clockwise {CW) traverse sround a contour 18 defined as the positive direction
{Fig. 11-3).
ﬁl. Im 4 Im
Positive

Ditection Nggati\re
/— ?“\ /—\Dw<tion
( )" teow &

Fig. 11-5

Definition 116: A closed coniour in the P-plane is said to make » positive encirclements of the
origin if a radial line drawn from the origin to a point on the P curve rotates in a
clockwise {CW) direction through 360# degrees in completely traversing the closed
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path. If the path is traversed in a counterclockwise (CCW) direction, a negative
encirclement is obtained. The total number ol encirclements N, is ¢qual to the CW
minus the CCW encirclements.

EXAMPLE 11.2. The P-plane contour in Fig, 11-6 encircles the origin once. That is, N, = L. Beginning at point
a, we rotale a radial line from the origin 1o the contour in a CW direction to point ¢. The angle subtended is
+270°. From ¢ to 4 the angle increases, then decreases, and the sum total is 0°. From & to ¢ and back to d apain,
the angle swept out by the radial line is again 0°. 4 to ¢ is 0° and ¢ lo # is clearly - 90°. Hence the total angle is
270° + 90° = 360°, Therefore Ny = 1.

114 PROPERTIES OF THE MAPPING P(s) or P(z)

All mappings P [P(s} or P(z)] considered in the remainder of this chapter have the following
properties.

1.

P is a single-valued function. That is, every point in the s-plane (or the z-plane) maps into one
and only one point in the P-plane.

s-plane ( z-plane) contours avoid singular points of P.

P is analytic except possibly at a finite number of points (singularities) in the s-plane (or the
z-plane}).

Every closed contour in the s-plane {or the z-plane) maps into a closed contour in the P-plane.

P is a4 conformal mapping. This means that the direction of and the angle betweén any two
intersecting curves at their point of intetsection in the s-plane (or the z-plane) are preserved by
the mapping of these curves into the P-plane.

The mapping P abeys the principle of arguments. That is, the total number of encirclements N of
the origin made by a closed P contour in the P-plane, mapped from a closed s-plane (or
z-plane) contour, is equal to the number of zeros Z; minus the number of poles P, of P
enclosed by the the s-plane (or z-plane) contour. That is,

Ny=Z,— Py (11.1)

IT the orgin is enclosed by the P contour, then N, > Q. If the origin is not enclosed by the P
contour, then N; < 0. That is,

enclosed = N, >0

not enclosed = N, < 0

The sign of N, is casily determined by shading the region to the right of the contour in the
prescribed direction. If the origin falls in a shaded region, N, > 0; if not, ¥; < 0.

EXAMPLE 11.3. The principle of conformal mapping is illustrated in Fig. 11-7. Curves £ and (; are mapped
into €} and Cy. The angle between the tangents to these curves at s, and P({s,} is equal to «, and the curves tum
right at 5, and at P(s, )}, as indicated by the arrows in both graphs.
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dImP

ay

Fig 11-7

EXAMPLE 11.4. A cerlain transfer function P(s) is known (o have onc zero in the right half of the s-plane, and
this zero is enclosed by the s-plane contour mapped inte the P{s)-plane in Fig. 11-8 Points s, 4.5, and
P{s)), P(s;), P(s;) determine the directions of their respective contours. The shaded region to the right of the
P(s)-plane contour indicates that A, < 0, since the origin does not lie in the shaded region. But, clearly, the P(s)
contour encircles the origin onee in 2 CCW direction. Hence Ny = —1. Thus the number of poles of P(s) enclosed
by the s-plane contour is Py =Z, - Ny=1—-(-1}=2

AImP

P(gg)
P(s;)
Origin L
Re P
P(s)
11.5 POLAR PLOTS

A continuous system transfer function P(s) may be represented in the frequency domain as a
sinusoidal transfer function by substituting jo for s in the expression for P(s). The resulting form
P( jw) is a complex function of the single variable . Therefore it may be pletted in two dimensions,
with w as a parameter, and written in the following equivalent forms:

4 ju

ay

Fig. 11-8

Polar Form: Pjo)=|P(je)}|/ ¢(w) (11.2)
Euler Form:  P(je) =|P{jw}|{cos¢(w) +jsind(w)) (11.3)

[P jw)| is the magnitude of the complex function P( jw), and ¢( jw) is its phase angle, arg P(jw).
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|P{ juw)|cos p{w) is the real pare, and |P( jw)|sin¢(w) is the imaginary part of P(jw). Therefore
P( jw) may also be written as

Rectangular or Complex Form: Pljw)=ReP{jw)+jIm P{jw) ({1.4)

A Polar Plot of P{jw) is a graph of Im P(jw) versus Re P(jw) in the finite portion of the
P(jw)-plane for — oo < w < oo. At singular points of P(jw) (poles on the jo-axis), |P(jw)}| — 0. A
Polar Plot may also be generated on polar coordinate paper. The magnitude and phase angle of P( jw)
are plotted with w varying from — oo to +00.

The locus of P{jw} is identical on either rectangular or polar coordinates. The choice of coordinate
system may depend on whether P( jw) is available in analytic form or as experimental data. If P(jo) is
expressed analytically, the choice of coordinates depends on whether it is easier to write P(jw) in the
form of Equation (/1.2), in which case polar coordinates are used, or in the form of Equation (//.4) for
rectangular coordinates. Experimental data on P( jw) are usually expressed in terms of magnitude and
phase angle. In this case, polar coordinates are the natural choice.

EXAMPLE 11.5. The Polar Plots in Fig. 11-9 are identical; only the coordinate systems are different.

4 Im P(jw) dop=20" cmP;I‘“te
Rectangular :’ma *
Coordinates -
.'_ I
Im P{jug) ! \90 ) ol0g)
. . S
Re Pljug Re P{ju) ¢ = 180° ¢ =10°
& =290°
P(ju) = ReP{ja) + j Im P{ju) P(ju) = |P{ju)| {lw)

Fig. 11-9

For discrete-time systems, Polar Plots are defined in the frequency domain in the same manner.
Recall that we can write z = ¢*7 (see Section 4.9). Therefore a discrete transfer function P{z) = P(e*")
and, if we set 5 =jw, P(z) becomes P(e/*"), The Polar Plot of P(e/7T) is 2 graph of Im P(e/*7)
versus Re P(e/*7) in the finite portion of the P(e/*7T)-plane, for — o < w < oo.

We often discuss Polar Plots, their properties, and many results dependent on these in subsequent
sections in a unified manner for both continuous and discrete-time systems. Te do this, we adopt for
our general transfer fuaction P the unified representation for frequency response functions given in
Equation (70.1) for GH, that is, we use the generic representation P(w) defined by

P(jw) for continuous systems

Pa)-|

P{eT) for discrete-time systems

In these terms, Equations (/1.2) through (11.4) become

Ple)=|P(w)|/¢(w) ={P(w)]{cosp{w) +jsind{w)} = Re P{w) +jIm P{w)



252 NYQUIST ANALYSIS [CHAP. 11

We use this unified notation in much of the remainder of this chapter, and in subsequent chapters,
particularfy where the results are applicable to both continuous and discrete-time systems,

11.6 PROPERTIES OF POLAR PLOTS
The following are several useful properties of Polar Plots of P(w) [P{ jw) or P{e”™TY).
1. The Polar Plot for

Plw)+a

where ¢ is any complex constant, is identical to the plot for P(w) with the origin of coordinates
shifted to the point —a= —(Rea+jIma).

2. The Polar Plot of the transfer function of 2 time-invariant, linear system exhibits conjugate
spmmetry. That is, the graph for — oo < w < 0 is the mirror image about the horizontal axis of
the graph for 0 < w < ot

3. The Polar Plot may be constructed directly from a Bode Plot (Chapter 13), if one is available.

Values of magnitude and phase angle at various frequencies w on the Bode Plot represent
points along the locus of the Polar Plot.

4. Constant increments of frequency are not generally separated by equal intervals along the Polar
Plot.

EXAMPLE 11.6. Fora=1 and P= GH, the Polar Piot of the function [ + GH is given by the plot for GH, with
the origin of coordinates shifted to the peint —1 + 0 in rectangular coordinates (Fig. 11-10),

Im [1+ GH]4 4Im GH
|
|
|
f
| Re GH
ReGH =17 Re GH = 0 Re [1+GhH]
|
|
|
Fig. 11-10

EXAMPLE 11.7. To illustrate plotting of a transfer function, consider the open-loop continuous system transier
function

1
GH(s) = 77

Letting 5 = jw and rewniting GH{ jw) in the form of Equation ({/.2) (polar form), we have
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For w=10, w=1, and w — oo

GH{j0)=1/0°
GH( 1) =(1/2)/ —45°
im GH{ jw) =0/ -90°

[~ a]

Substitution of several other positive values of w yields a semicircular locus for 05 w < oo. The graph for
— oo < @ < 0 {5 the mirror image about the diameter of this semicircle. It is shown in Fig. 11-11 by a dashed line.
Notz the strikingly unequal increments of Erequency between the arcs ab and be.

$p=90°
w=—1
//’_‘-h-“‘\
P ~
/ hY
/ \
/ 4
e wz0la
= *w 1 :—_o
“ Blo) #=0
>
l'v)/
b
w=1
IGHuH = \/_jﬁ
5= —§0° ¢lw] = —tan-1g
Fig. 11-11

Polar Plots are not very difficult to sketch for very simple transfer functions, although they are
usually a little more difficult to determine for discrete-time systems, as illustrated in Example 11.11. But
the computations can be very laborious for complicated P(s} or P(z). On the other hand, widely
available computer programs for frequency response analysis, or more generally for ploiting complex
functions of a complex variable, typically generate accurate Polar Plots quite conveniently.

11.7 THE NYQUIST PATH

For continuous systems, the Nyguist Path is a closed contour in the s-plane, enclosing the entire
right half of the s-plane (RHP). For discrete-time systems, the corresponding Nyquist Path encloses the
entire z-plane owside the unit circle.

For continuous systems, in order thail the Nyquist Path should niot pass through any poles of P(s),
small semicircies along the imaginary axis or at the origin of P(+) are required in the path if P(s) has
poles on the jw-axis or at the origin. The radii p of these small circles are interpreted as approaching
zero in the limit,

To enclose the RHP at infinity, and thus any poles in the interior of the RHP, a large semicircular
path is drawn in the RHP and the radius R of this semicircle is interpreted as being infinite in the limit.
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The generalized Nyquist Path in the s-plane is illustrated by the s-plane contour in Fig. 11-12, It is
apparent that every pole and zero of P(s)} in the RHP is enclosed by the Nyquist Path when it is mapped

into the P{s)-plane.

Possible
Pales
of P(3)

5 plane

ay

The various portions of the Nyquist Path can be described analytically in the following manner.

Path ab:
Path bc:

Path ¢d:
Path def:

Path E:
Path gh:

Path hi:
Path jja:

5s=jw 0 <w<w,

5= lim ( jog + pe’?) -90° <8 <90°
a—0

§=jw Wy €0 <o

5= lim Re” +90° <f < -90°
R=ac

g:jw —oo<m<—-m0

s= lim (—jwﬂ+pe*"‘9) —90° < § < 90°
p—0

5 =jw —wy<w<{

s= lim pe?* -90° <8 <90°
p=0

(11.5)
(11.6)

(11.7)
(11.8)

(£/.9)
(11.10)

({111
(11.12)

The generalized Nyquist Path in the z-plane is given in Fig. 11-13. Every pole and zero of P(z)
outside the unit circle is enclosed by the Nyquist Path when it is mapped into the P(z}-plane. In
traversing the unit circle as a function of increasing angular frequency w, any poles of P(z) on the unit
circle. which may include “integrators” at z=1 {corresponding to z=¢%7=1 when s=0), are
excluded by infinitesimal circular arcs. For example, one pair of complex conjugate poles on the unit
circle is shown in Fig. 11-13, circumvented by arcs of radius p — 0. The remainder of the z-plane

outside the unit circle is enclosed by the large circle of radius R - co shown in Fig. 11-13.
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The unit circle in the z-plane has a practical feature not shared by the Nyquist Path in the s-plane.
one that facilitates drawing Polar Plots, as well as having other consequences in designing digital
systems. First, we define the angular sampling frequency w, =27 /T (radians per unit time). The
advantage is that the vnit circle repeats itself every angular sampling frequency w, as @ increases. This
15 shown in Fig. 11-14(a), which illustrates that the portion of the jw-axis in the s-plane belween

s-Plane 2-Plane
Juw 44
‘l"
7=t 2o 4
i3
2 .. 1
w= 17 w=0
v i
R
__J,_ZL
o,
(a) W=
2w i radians
¥, = _T'{ time '
ij . ! ¢ e 900
0 $ = +180° $ =0°
b 3 a b
. B{e)
— = ¢ radians .
il *u,
“
s 1/9 ()
{h) ¢ = 270° or - 90°

Fig 11-14
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—jw,/2 and +jo /2 maps into the entire unit circle in the z-plane. This property is useful in drawing
Polar Plots of functions P(z) = P(e/*T), because the same Polar Plot is obtained for
nw, sw<(n+l)e, forany n=+1,42,.... Also, since the circular arc from « =0 0 « /2 is the
mirror image of that from o= —w /2 to 0, the function P(e/*T) need only be evaluated from
w= —w,/2 10 0 10 obtain a complete Polar Plot, taking advantage of the symmetry of the mapping
{Property 2, Section 11.6).

[t is sometimes also convenient to treat the Polar Plot mapping as a function of «T rather than c.
Then the strip —(w,/2)T < wT < 0 is equivalent to —7 < T < 0 (in radians), because «_ /2 = n/T; this
strip is mapped into the lower half of the unit circle in polar coordinates, from — 180° (-« radians) to
0° or radians [Fig. 11-14{5)].

11.8 THE NYQUIST STABILITY PLOT

The Nyquist Stability Plot, an extension of the Polar Plot, is a mapping of the entire Nyquist Path
into the P-plane. It is constructed using the mapping properties of Sections 11.4 and 11.6 and, for
continuous systems, Equations (/1.5) through {/7.8) and Equation (i/.12). A carefully drawn sketch is
sufficient for most purposes.

A general construction procedure is outlined for continuous systems in the following steps.

Step I: Check P{s) for poles on the jw-axis and at the ongin.

Step 2: Using Equation (71.5) through (/1.7), sketch the image of path ad in the P(s)y-plane. If
there are no poles on the jw-axis, Equation (//.6) need not be employed. In this case, Step
2 should read: Sketch the Polar Plot of P(jw).

Step 3: Draw the mirror image about the real axis Re P of the sketch resulting from Step 2. This is
the mapping of path fi.

Step 4: Use Equation (/1.8) to plot the image of path def. This path at infiniiy usually plots into a
point in the P{s)-plane.

Step 5: Employ Equation (/7.12) to plot the image of path ja.

Step 6: Connect all curves drawn in the previous steps. Recall that the image of a closed contour
is closed. The conformal mapping property helps by determining the image in the
P(s)-plane of the corner angles of the semicircles in the Nyquist Path.

The procedure is similar for discrete-time systems, with the Nyquist Path given in Fig. 11-13
mstead, as illustrated in Example 11.11 and Problems 11.65 theough 11.72.

11.9 NYQUIST STABILITY PLOTS OF PRACTICAL FEERDBACK CONTROL SYSTEMS

For Nyquist stability analysis of linear feedback control systems, P{w) is equal to the open-loop
transfer function GH(w}. The most common control systems encountered in practice are those classified
as type 0,1,2,. .., 7 sysiems (Chapter 9).

EXAMPLE 11.8. Typr 0 continuous system

1
GH{S‘) = S-I-—l

By definition, a type O system has no poles at the origin. This particular system has no poles on the juw-axis.
The Nyquist Path is given in Fig. 11-15.
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f Frequency
w=1
Fig. 11-15 Fig. 11-16

The Polar Plot for this loop transfer function was constructed in Example 11.7, and it is shown in Fig. 11-16.
This plot is the image of the jw-axis, or path fad of the Nyquist Path, in the GH(s)-plane. The semicircular path def
at infinity is mapped into the GH(s)-plane ia the following manner. Equation (1/.8) implies substitution of
s =1lim, __ Re? into the expression for GH(s), where 90° < 8 < --90°. Hence

1

CH( Moy = CH ) = o2
R—w

By the elementary properties of limits,

1
H .
GH(w) = lim [Ref’+l
But since [a + 5| > | [a] — |b| |, then
GH( h.m| m( ! 0
| GH ()| = ReP + 1| rom R—l)_

and the infinite semicircle plots into a point at the origin. Of course, this computation was unnecessary for this
simple example because the Polar Plot produces a completely closed contour in the GH(s)-plane. In fact, Polar
Plots of all sype O spstems exhibit this property. The Nyquist Stability Plot is a replica of the Polar Plot with the
axes relabeled, and is given in Fig, 11-17.

4Im GH
/..-‘---..\
// AN
\/GH(0) =1
GH(=)[ 1 I
Re GH
Fig. 11-17
EXAMPLE 11.9. Type ] continuous sysiem
GH !
(s}~ s{s+ 1)

There is one pole at the origin. The Nyquist Path is given in Fig. 11-18.
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Fig. 11-18

Path ad: 5 = jw for 0 < @ < oo, and
1 1

je(je+1) oo +1

GH( jw) = / —90° —tan"w

At extreme values of w we have
lim GH( jw) = / —90° lim GH( ; =0/ —180°
m (jw)=roc im ( joo)

As w increases in the interval 0 < @ < oo, the magnitude of GH decreases from oo to 0 and the phase angle
decreases steadily from —90° to —180° Therefore the contour does not cross the negative real axis, but
approaches it from below as shown in Fig. 11-19.

4Im GH

d!
w=rm Re GH

Incresaing
[

Fig. 11-19 Fig. 11-20

Path f77" is the mitror image about Re GH of path a’'d’. Since points d’ and f’ meet at the origin, the origin is
clearly the image of path def. Application of Fquation (/1.8 is therefore unnecessary.
Path ja; 5 =lim, _ope’’ for —90° < # < %0°, and

1 1
: By — 1: = | = P . _
}T};GH( pe?) = hm{pef'{pef’+1)] ph-%[pef‘] m-e w/ -8

p—0

where we have used the fact that (pe’® + 1) = 1 as p — 0. Hence path jja maps into a semicircle of infinite radius.
For point i, GH= ooéiﬂ:; for point j, GH = o0 /0°; and for point a, GH = oo/ —°. The resulting Nyquist
Stability Plot is given in Fig. 11-20.

Path ' j'a’ could alsc have been determined in the following manner, The Nyquist Path makes a 90° turn to
the right at point /; heace by conformal mapping, a 90° right turn must be made at i* in the GH(s)-plane. The
same goes for point a’. Since both i’ and 4’ are points at infinity, and since the Nyquist Stability Plot must be a
closed contour, a CW semicircle of infinite radius must join point i° to point ¢’
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Type { Continuous Systems

The Nyquist Stability Plot of a type / system includes / infinite semicircles in its path, There are
180/ degrees in the connecting arc at infinity of the GH(s)-plane.

EXAMPLE 11.10. The type 3 system with
1
H -
GH(s) Ss+1)
has three infinite semicircles in its Nyquist Stability Plot (Fig. 11-21).

& ImGH

Re G}f

Discrete-Time Systems

Nyquist Stability Plots of discrete-time systems are drawn in the same manner as above, the only
; difference being that the Nygquist Path is that given in Fig. 11-13, instead of Fig. 11-12.

gﬂ EXAMPLE 11.11. Consider the type 1 digital control system with open-loop transfer function
K/4
(z-1)(z-1)
The Polar Plot of GH is determined by first mapping the lower haif of the unit circle in the z-plane into the
GH-plane. Thas is readily accomplished with the aid of the mapping illusirated in Fig. 11-14{4), that is, we evaluate

GH(e’T) for increasing values of T, from —180° 10 0° (or — 7 to O radians). For given values of K and T, say
K=1and T=1,

GH(z) =

K/4 1/4
@D T (e D)
For hand calculations, a combination of the Polar Form, Euler Form, and Complex Form are useful in evaluating

GH(e’T) at different values of o, because /7 = 1 /wT(rad) = cos(wT’) +j sin(wT) = Re(e/*7) + j Im{e/~T). At
w= —grad (—180%), we have

GH( ) =

, o 025/ 0°
GH(e ') Gﬁ[lg 180-) (1/~180° _1/0")(1/—180" 'é/oo)
0.25 0.25
T (~1+j0- D{-14j0- %) - (-2(-1)
~0.083/0°
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Then, at w = 270°,
GH{ ™) = GH(e™r"/) = - 025/ 0
(1 - -1/ 0 )1/ -1 /)

0.25 0.25
(=-D{=j-1) 44

2(0.25)
= ——/180° —tan '(3) ~0.158/ —108.4°
V10 / (3)

Similarly, we find that GH(e/*"} does not exist, but lim, 5, .GH{e/*) = lim, _ (GH{e™) = w@‘

To complete the sketch of this half of the Polar Plot, we need to evaluate GH(#/“) at a few more values of w.
We teadily find GH{e /') =159 /90.5°, GH(e/*/'?) =1.8/127°, and GH(e "/*) = 0.779/159°. The result
is shown as the dashed curve from a’ 10 & in Fig, 11-22, the mapping of a to b in Fig. 11-13 The remaining
portion of the Polar Plot, for w =010 #, from g’ to a' in Fig. 11-22, is the mirror image of g’ 1o & about the real
axis, by Property 2 of Section 11.6. This portion, from g’ to a’, is drawn as a solid curve, kecping with the
convention that the Polar Plot is highlighted for positive values of w, 0 < T < (2n - l)w, n=1,2,....

4 Im GH
b
———————— -.---————lu-._‘
t ~
1 N
\ Y
("
\ \
\ 1
! 3\
\ 06 T “
b} o4t i
\ 1
. 02] 4

—,—_—q-————‘ o
£

-1 =08 — 2 ——— g ¢
-12 -1 =08 —~Dé et U.OS?- "'f Re GH
- I
—04t |
U6+ "
Polar Ploy 1 J
forQ = w < (3 — 1)m !
n=1.2 .. /
,f
’p’
4’,

"

Fig. 11-22

The Nyquist Stability Plot is determined by completing the mapping of Fig. 11-13 segments b to . ¢ to d, 4
to ¢. and f to g, to the GH-plane, Using the mapping ptoperties of Section 11.4 and limit calculaiions, GH(e'™}

makes a right turn at ¥, from co/90° (0 0o /0° at ¢, then to 0/0° at 4" and at &', and oo /0° at /" 10 00 / —90°
al g, using limit operations for radii p and R in Fig. 11.13. For example, im,_ GH(z=1+ pe’?y for
—90° < # < 0°, provides the mapping of the arc from 6 to ¢ in Fig. 11-13 into the arc from &’ (ooé')ﬂ“] to ¢ (oc[(]“}
in Fig. 11-22. - o

11.10 THE NYQUIST STABILITY CRITERION

A linear closed-loop continuous control system is absolutely stable if the roots of the characteristic
equation have negative real parts (Section 5.2). Equivalently, the poles of the claosed-loop transfer
funciion, or the zeres of the denominator, 1 + GH(s), of the closed-loop transfer function, must lie in
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the left-half plane (LHP). For continuous systems, the Nyquist Stability Criterion establishes the
number of zeros of 1 + GH(s) in the RHP directly from the Nyquist Stability Plot of GH{s). For
discrete-iime control systems, the Nyquist Stability Criterion establishes the number of zeros of
1+ GH{(z) outside the unit circle of the z-plane, the region of instability for discrete systems.

For either class of systems, continuous or discrete-time, the Nyquist Stability Criterion mayv be
stated as follows,

Nyquist Stabilicy Criterion
The closed-loop control system whose open-loop transfer function is GH is stable if and only 1if
N=-P, =0 (27.13)
where

{ number of poles (> 0) of GH in the RHP for continuous systems

| number of poles (= 0) of GH outside the unit circle (of the z-plane) for discrete-time systems

N = total number of CW encirclements of the (—1,0) point {i.e.,, GH = —1} in the

By

1I|

GH-plane {continuous or discrete)

It N > 0, the number of zeros Z, of 1 + GH in the RHP for continuous systems, or sutside the unit
circle for discrete systems, is determined by

If ¥ <0, the (—1,0) point is not enclosed by the Nyquist Stability Plot. Therefore ¥ < 0 if the
region to the right of the contour in the prescribed direction does not include the ( —1,0) point. Shading
this region helps significantly in determining whether N < 0.

If N <0 and P, = (), then the system is absclutely stable if and only if ¥ - 0; that is, if and only if
the (— 1,0} point does not lie in the shaded region.

EXAMPLE 11.12. The Nyquist Stability Plot for GH{s)= 1/5(s ~ 1) was delermined in Example 11.9 and is
shown in Fig. 11-23. The region to the right of the contour has been shaded. Clearly, the (— 1,0) point 1s not in the
shaded region; therefore it is not enclosed by the contour and so N = 0. The poles of GH{s) are at s =0 and
s = —1, neither of which are in the RHP; hence P, = 0. Thus

N=-F=10
and the system is absolutely stable,
A Im GH A Im GH
57 4T
\ ) %
» \ f
P \ ” Lo .
(=1, 0) ; Re GH ]\ (=1,0) 7 Re GH
/ ¥
» % /
— g & N L |
Fig. 11-23 Fig. 11-24

EXAMPLE 11.13. The Nyquist Stability Plot for GH(s) = 1 /s(s — 1) is given in Fig 11-24. The region to the
right of the contour has been shaded and the (~1,0) paint is enclosed; then & > 0. {It is clear that N =1.) The
poles of GH are at 5 =0 and s= +1, the latter pole being in the RHP. Hence F=1.
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N # — P, indicates that the system is wastable. From Equation (/7.14) we have
Z,=N+P =2
zeros of 1 + GH in the REP.

Fagt

Mathcad EXAMPLE 11.14. The Nyqguist Stability Plot for the discrete-time open-loop transfer function
K/4

(z—-1){z—0.5)

was determined in Example 11.11 and is repeated in Fig, 11-25 for K= 1. The region to the right of the contour has
been shaded and the {—1,0) point is not enclosed for K =1. Thus ¥ = { and from Equation (77./3) there are no
poles outside the unit circle of the z-plane, thatis, £, = 0. Hence ¥ = ~ £, = 0 and the system is therefore stable.

GH{z) =

Im GH

S8 =] =08 = /" Re GH

Polar Plot
for0 < w < (2n — 1)7 =
n=112,...

Fig. 11-25

11.11 RELATIVE STABILITY

The results in this section and the next are stated in terms of GH(w), for cither continuous
[GH( jw)] or discrete-time [GH(e/“7)] systems.

The relative stability of a feedback control system is readily determined from the Polar or Nyquist
Stability Plot.

The (angular) phase crossover frequency w, is that frequency at which the phase angle of GH(w) is
—180°, that 1s, the frequency at which the Polar Plot crosses the negative real axis. The gain margin is
given by

1

gain margin = —————
|GH(w, )|

These quantities are illustrated in Fig. 11-26,
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& Im GH Im GH
/Unit Circle
GH(u,) R -1,0) .
Re GH ‘[\ AN Re GH
5
GH(u,)
e |GH ()| N
Fig. 11-26 Fig. 11-27

The (angular) gain crossover frequency w, is that frequency ai which |GH{w}| =1. The phase
margin ¢, 15 the angle by which the Polar Plot must be rotated to cause it to pass through the {—1,0)
point. It is given by

Gy = [180 + arg GH(w, )] degrees

These quantities are illustrated in Fig. 11-27.

11.12 M- AND N-CIRCLES*

The closed-loop frequency response of a unity feedback control system is given by

[ Im(C/R) w)
/lan [_—_Rc(C/R](w)] (11.15)

The magnitude and phase angle characteristics of the closed-loop frequency response of a unity
feedback control system can be determined directly from the Polar Plot of G(w). This is accomplished
by first drawing lines of constant magnitude, called M-circles, and lines of constant phase angle, called
N-circles, directly onto the G(w)-plane, where

C Glw)

9716w T

Glw)
1+ G(w)

_ Gl(w)

M= 17 6{e) (11.16)
 Im{C/R)(w)

N = Re(C/R)(w) (11.17)

The intersection of the Polar Plot with a particular M-circle yields the value of M at the frequency
w of G{w) at the point of intersection. The intersection of the Polar Plot with a particular N-circle
yields the valve of N at the frequency w of G(w) at the intersection point. M versus o and N versus w
are easily plotted from these points.

*The letter symbols M, N used in this section for M- and N-circles are not equal 1o and should not be confused with the
manipulated variable M = M(y) defined in Chapter 2 and with the number of encirclements N of the { - 1.0 point of Section
11.10. Tt is unforiunate that the same symbols have been used to signify more than one quantity. But in the interest of being
consistent with mosi other conirel system texts, we have maintained the terminology of the classical literature and have now
pointed this out 1o the reader.
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Several M-circles are superimposed on a typical Polar Plot in the G(w)-plane in Fig. 11-28.

Im G

1
/ M<1

/

Fig. 11-28

The radius of an M-circle is given by

M
dius of M-circle = 1118
radius of M-circle IMZ—l‘ { )
The center of an M-circle always lies on the Re G{w)-axis. The center point is given by
Al
center of M-circle = (m ,0) (11.19)

The resonance peak M, is given by the largest value of M of the M-circle(s) tangent to the Polar
Plot. (There may be mote than one tangency.)
The damping ratie { for a second-order continuous system with 0 < { < 0.707 is related to M, by

1
M =

oo -2

Several N-tircles are superimposed on the Polar Plot shown in Fig, 11-29. The radius of an N-circle
is given by

({1.20)

1 132
. circle— 1/ = + | — '

radius of N-circle y ( ZN) (11.21})
The center of an N-circle always falls on the line Re G(w) = — L. The center point is given by

1 1
f N-ci =|=-=,— .
center of N-circle ( 3 'ZN) (11.22)



CHAP. 11] NYQUIST ANALYSIS

+N

Solved Problems

COMPLEX FUNCTIONS OF A COMPLEX VARIABLE
11.1. What are the values of P{s)=1/(s%+ 1) for s, =2, 5, =44, and 5, =2+ j4?

1 1 1 1
P(5)=P(2) = —— = — +j0 P(s)=P(j4) = ———— = — — +,0
(5)=P(2) i s (5;)=P(4) i+ TR
1
P(s,) = P(2 + j4) = -
(-5'3) ( J ) [2+j4)2+1 11 +j16

1/ a°
B = — /0°—1246°
(1)’ +(16)2/tan"(16/— 11) 19-4Z—i

=0.0514/ —124.6° = -0.0514/ 5534° = —0.0292 — j0.0423

263

11.2. Map the imaginary axis in the s-plane onto the P{s)-plane, using the mapping function

P(s)=s%

We have s = ju, — 00 < w < oo. Therefore P{ jw) = { jw)! = — «’. Now when w— — 0, P(jw)— — 0
(or — oo®, if you prefer). When w — + 06, P(jw) — —oo; and when w = 0, P(j0) =0. Thus as jw increases
along the negative imaginary axis from —joo toward j0, P( jw) increases along the nepative reo! axis from
—oo to 0. When jw increases from 0 to +jes, P(jw) decreases back to — oo, again along the negative

reql axis. The mapping is plotted in the following manner (Fig. 11-30):

M _ ATm P(w)
Imaginary 1=
Axis
= jus 7 .
e o P{—jw) Re P(ju)
0 - P P(i0)
—jw

Fig. 11-30
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The two lines in the P(jw)-plane are actually superimposed, but they are shown here separated for
clarity.

11.3. Map the rectangular region in the s-plane bounded by the lines w =0, 6 =0, w=1, and 5= 2
onto the P{s)-plane using the transformation P(s)=s+1—j2.

We have
w=10 Ploy=(o+1)—;2 w=1; Plo+jl)y={a+1)—t
a=10: Pljwy=1+{w-2) g=2: PR+je)=3+j{w—2)

Sioce o varies over all real numbers (- co < 0 < o) on the line w =0,30does 6 + 1 on P{a)=(o+ 1) —j2.
Therefore w =0 maps onto the line —;2 in the P(s)-plane. Similarly, ¢ =0 maps onto the line P(s) =1,
w =1 maps onto the line P(s)= —/1, and o= 2 onto the line P(s)=13. The resulting transformation is
illustrated in Fig. 11-31.

1 juw AIm P(s)

il

2 o i i Re Pls)

—1F---

s-plane P(g)-plane

Fig. 11-31

This type of mapping is called a translation mapping. Note that the mapping would be exactly the
same if 5 = o + jw were replaced by z = + jv in this example,

114. Find the derivative of P(5) = s? at the points s = s, and s,= 1.

P(s)—Pls 2 -5}
=]jm[g]=h’m[ ¢ = lim (s +5,) = 25,
=1y 5=3g 5= Jn =5, | §— 8 =iy

dP
ds

At s, =1, we have (dP/ds)|,_, = 2. Similarly, if P{z) =z*, (dP/dz)|,_, = 2

ANALYTIC FUNCTIONS AND SINGULARITIES

1L5. Is P(s)=s? an analytic function in any region of the s-plane? If so, which region?

From the preceding problem (dP/ds)),_, =2s,. Hence 5% is analytic wherever 2s, is finite {Definition
11.1). Thus 52 is analytic in the entire finite region of the s-plane. Such functions are often cailed entire
functions, Similarly, z? is analytic in the entire finite region of the z-plane,

11.6. Is P(s)=1/s analytic in any region of the s-plane?
1/5-1 —(s— -1
- lim [#F m l_(____l] ot
=y | £ s=39| 555(8 —55) 85

This derivatve is unigue and finite for all s, # 0. Hence 1 /5 is analytic at all points in the s-plane except
the origin, s =3, = The point s = 0 is a singularizy {pole) of 1/5. Singulanities other than poles exist, but
not in the transfer functions of ordinary control system components.

dP
ds

T gy
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11.7. Is P(s) = |s12 analytic in any region of the s-plane?

11.8,

119,

First pul s =0 + jw, 55 = o, + joy. Then
ap |0 + foof* = oo + jug|*
& ey u-wu[(o +jw) = (o5 +jog)
(0-6)(s+0a) +(w—w){wteu)
(o0—a) +j(w—a)

If the limit exists it must be unique and should not depend on how s approaches s, or equivalently how
[(o — &) + j{w — uy)] approaches zero. So first let 5 — 5, along the jw-axis and obtain

APl g [T wdetw)
df =3 W g f(m - (‘,ﬂ)
F=dg

= lim
[(? - 60 )+ ples—wg)] = B

= —f2uwy

Now let s — s, along the g-axis; that is,

dar G- o+
Lo B [( % )( %)}=2%
ds gy O *a 99—

Hence the limit does nor exisl for arbitrary nonzero values of a, and wy, and therefore {s|* is not analytic
anywhere in the s-plane except possibly at the origin. When 5, =0,

dP . [lslz— , [(ij)(ﬂ—fw)
—! =1m = lim | ——————"
ds|,_p s—0 5 s—0 0+ jw

Therefore P{s) = |s|* is analytic only at the origin, s = 0.

If P(s)is analytic at s,, prove that it must be continuous at s,. That is, show that lim,_,,DP(s)
= P(s4).

Since
P(s}-Plsy)

{5=3) L= s)

P(s)— P(s) =
for 5 # 5, then

P(s) - P(sg) 4P
—_—1- kK — = | — D=
O[ (‘!"sﬂ) -""l‘)-;l.(r‘:‘s SO) df I.U—fsu U 0

exists by hypothesis [i.e., P(s) is analytic]. Thercfore
lim [ P(s) — P(5)] =0 or lim P(s)=P(5,)
=3

=iy

lim [2(s5) ~ P(s)] = lim

Ssy

becanse (4P /ds)|

i=sq

Polynomial functions are defined by Q(5)=a,5"+a, s" '+ -+« +a,5+ a,, where g, # 0, n
is a positive integer called the degree of the polynomial, and ay, 4,,..., 2, are constants. Prove
that @(s) is analytic in every bounded (finile) region of the s-plane.

First consider s*;

d § —s{]' H -1 -2 -2 w1 n-1
—[s"] = -hm(.r" R - N R il O )=mo
dy smig 30| TS =8y
Thus 5" is analytic In every finite region of the s-plane. Then, by mathematicat induction, 5771, 5”72, ., 5

are also analytic. Hence, by the elementary theorems on limits of sums and products, we see that s) 5
analytic in every finite region of the s-plane.
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11.10. Rational aslgebraic functions are defined by P{s)= N(s)/D(s), where N(s) and D(s) are
polynomials. Show that F(s} is analytic at every point 5 where D{s)} # 0; that is, prove that the
transfer functions of control system elements that take the form of rational algebraic functions
are analytic except at their poles.

The overwhelming majority of linear control system elements are in this category. The fundamental
theorem of algebra, *a polynomial of degree » has n zeros and can be expressed as a product of » linear
factors,” helps to put £(s) in a form more recognizable as a conirol system transfer function; that is, P(s)
can be written in the familiar form

~ N(s)  bysT b, 3" -ty b(s+zl)(s+zz)---(s+zm)

P(SJ— ” -
D(s) ~ as"ta,ys" ¥ tay  a,(s+p)s+p) - (5+p)
where —2,, — 7z,,..., — Z, are zeros, —p,, — p3,..., — p, are poles, and m < n.
From the identity given by
N(sy N(sp)

By~ Dle) = D) DGy PN = M)} = M(so)(D(s) = D(5,))]

where D(s) + 0, we get

M) Msy)
dP i D(2) D(sy)
ds l_\u—s—-r?u 5 5

N 1 N(S) 'V(So)
A TR TTES) (D( 0)[

oz

- 1 N(s) - N(s,) _ N(sy) D(S)_D(SU)}

_JLTQ_D(s) 55 s—so | D(8YD(sy) §— 3, )

- lim 1] - lim [N(s) - N{s;) — m [ N(sp) ] - tim [D(S) - D(s;)
s—wg | DOsY | 1y -5 s=sg | D(8)D{s,) | w3y 5 — 5

1 AN N(s,) dD

CD(n) b, D) &,

where we have used the results of Problems 11.8, 11.9, and Definition 11.]. Therefore the derivative of P(s)
exists { P(s) is analytic) for all points 5 where D{s) % Q.

Note that we have determined a formula for the derivative of s rational algebraic function (the last
part of the above equation) in terms of the derivatives of its numerator and denominator, in addition to
solving the required problem.

11.11. Prove that ¢ ' is analytic in every bounded region of the s-plane.

In complex variable theory e ™*7 is defined by the power series
2 (—3T)*
Py k!

By the ratio test, as k — o0 we have
(—s1) /it
(—sr)“‘/[k+1)!

k+1
—sT

Hence the radius of convergence of this power series is infinite. The sum of a power series is analytic within
its radius of convergence. Thus ¢™*7 is analytic in every bounded region of the s-plane.
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11.12. Prove that e *7P(s) is analytic wherever P(s) is analytic. Hence systems containing a combina-
tion of rational algebraic transfer functions and time-delay operators (i.e., ¢™*7) are analytic
except at the poles of the system.

By Problem 11.11, ¢ *7 is analytic in every bounded region of the s-planc; and by Problem 11.140,
P{s) is analytic except at its poles. Now

e )] = lm ["'”P(f) - e"”f'(sn)]

ds t=t, T F &
P(sY—P(s) { o T —gm5T]
= lim [e""r( —~————( ) 50) ) + P(su)l —
F—ay 5§ — j'u . F— Sﬁ ]

9P d
—e | R (e )

F=rg i=rp

Therefore ¢ *"P(s} is amalytic wherever P(s) is analytic.

11.13. Consider the function given by P(s) = e*7(s2+ 25+ 3)/(s? — 25 + 2). Where are the singulari-
ties of this function? Where is (1) analytic?

The singular points are at the poles of P(s). Since 57— 25+ 2= (3 -1 = f1})(s = 1 — j1), the two poles
arcgivenby —p, =1 -1 and ~p, =1+ /1. P{5) 1% analytic in every bounded region of the s-plane exeept

at the poiats s = —p; and 5= - p,.

CONTOURS AND ENCIRCLEMENTS
11.14. What points are enclosed by the following contours (Fig. 11-323?

= D
=/

a
\

Fig, 11-32

By shading the region to the right ol each contour as it is traversed in the presenbed direction, we get
Fig. 11-33. All points in the shadad regions are enclosed.

===
>

ﬁ
\

(b)
Fig. 11-33
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11.15. What contours of Problem 11.14 are closed?
Clearly, 1he contour of part (6) is closed. The contour of part {a) may or may not close upon itsclf at

infinity in the complex plane. This cannot be determined from the given graph,

11.16. Whart s the direction {positive or negative) of each contour in Problem 11.14{«) and (5)?

Using the origin as a base, cach contour is directed in the counterclockwise, negutive direction about
the origin.

11.17. Determine the number of encirclements ¥, of the origin for the contour in Fig. 11-34.

- -/ 1:{;

Fig. 11-34

Beginning a1 the point @, we rofate a radial linc from the origin to the contour in the direction of the
arrows, Three counterclockwise rotations of 360° result in the radial line retuming 1o the point a. Hence
Ny= - 3.

11.18. Determine the number of encirclements N, of the origin for the contour in Fig. 11-35.

4 Tm

Re

Fig. 11-35 Fig. 11-36

Beginning at point a, +180° is swept oul by the contour when £ is reached for the first time. In going

from A to ¢ and back to b, the net angular gain is zero. Returning to a from 4 yields +180° Thus
N,= +1.
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11.19.

Determine the number of encirclements N of the (— 1.0} point {i.e., the —1 point on the real
axis) for the contour of Problem 11.17.

Again beginning at point g, we rotate a radial line from the (— 1,00 point to the contour in the
direclion of the arrows as shown in Fig. 11-36. In going from a to b to ¢, the radial line sweeps out
somewhat less than —360°. But from ¢ to d and back to b, the angle increases again toward the value
rcached in going only from a to b. Then from & 10 ¢ to @ the resultant angle is — 360°. Thus N = - 1.

PROPERTIES OF THE MAPPING F£

1.20.

11.21.

11.22,

Are the following functions single-valued: (a) P(s) =352, (b) P(s)=s""?
(2) Substitution of any complex number 5 into P{s) =5 yields a unique valuc for P(s). Hence P(s5) =5°
is a single-valued function.
(b} In polar form we have 5= |s]e**, where § = arg(s). Thereforc v%2 = |5]""e”*/?. Now if we increase 8
by 2« wc return to the same point 5. But
P(S) - |S|l/2£)‘(9+ 2l |j|1/1{,;ﬁ/'3c,,m _ P(!‘)t"m

which s another point in the P(s)-plane. Hence P(s) =5""* has two points in the P(s)}-plane for
every point in the s-planc. It is not a single-valued function: it is 2 multiple-vaiued Tanction (with two
values).

Prove thal every closed contour containing no singular points of P(s} in the s-plane maps inlo a
closed contous in the P{s)-plane.

Suppose not. Then at some point 5; where the s-plane contour closes upon itself the P(s)-plane
contour is not closed. This means that one (nonsingular) point 5, in the s-plane is mapped into more than
one point in the P{s)-plane (the images of the point s,} This contradicts the fact that P(s) s a
single-valued function (Property 1, Section 11.4).

Prove that P is a conformal mapping wherever P is analytic and 4F/ds * 0.

Consider two curves: € in the s-plane and 7, the image of C, in the P{s)-plane. Let the curve in the
s-plan¢ be described by a parameter ¢; that is, each ¢ corresponds to a point 5 = s({¢) along the curve C.
Hence ¢’ is described by P(s(r)] in the P(s)-planc. The denvatives ds/dt and dP/di represent tangent
vectors to corresponding points on  and C'. Now

dP[s{¢}] _ds dP(s)
di Pi-‘)—”{-‘-:l}-_ dt ds

A

where we have used the fact that P is analytic at some point 5, = s(£,). Pul dP/dr = ne'®, dP/di= re',
and ds/dr= re’” Then

r](ju)‘?’mw = ’2(5(}) ' fs( 50) g 001 - atig)]

Equating angles, we have ¢(s;) =0(s,) + a(sy) = §(5;) + arg( dP/ds)|..,,. and we see that the tangent to
€ at s, is rotated through an angle arg(dP/ds)|,_, at P(sy) on € in the P(s)-plane

Now consider two curves €, and C, intersecting at s, with images ) and (7 in the P{s)-plane (Fig.
11-37).

Let 8, be the angle of inclination of the tangent 10 ;. and 8, for C,. Then the angles of inclination for
C/ and C7 are 8, + arg(dP/ds)|,.,, and 8, + arg(dP /ds)|,_, . Therelore the angle (8, — 6,) hetween C
and (; is equal in magnitude and sensc to the angle between C; and G,

dpP dar

g, + arg—- -0, - arg—- =4 -8,

F=yy 5=y

Note that arg{dP /ds)|, _ « 18 indeterminate if {aP/ds)|, —
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q{?

Fig. 11-37

11.23. Show that P(s)=¢ 7 is conformal in every bounded region of the s-plane.

e *7 is analytic (Problem 11.11). Moreover, (d/ds)e *7)= —Te 7 #( in any bounded {finite)
region of the s-plane. Then by Problem 11.22, P(s)=¢"°T is conformal.

11.24. Show that P(s}e *" is conformal for rational P{s) and dP/ds + 0.
By Problem 11.12, Pe 37 is analytic except at the poles of P. By Problem 11.12,

d daPr dP
—[ P 3T = P —iF _ L -sT
[Pe TY=¢ PTe e ( : TP)

Suppose {d/ds)[Pe *7] = 0. Then since e™°7 + 0 for any finite 5, we have dP/ds — TP = ) whose general
solution is P(s)=ke*’, k constant. But P is rational and °7 is not. Hence {d/ds)[Pe 7] = 0.

11.25. Two s-plane contours C, and C, intersect in a 90° angle in Fig. 11-38. The analytic function
P(s) maps these conlours into the P(s)-plane and 4P /ds # 0 at s, Sketch the image of contour
C, in a neighborhoed of P(s;). The image of C, is alse given.

4ImpP

Plsg)

F

ay

=2}
o
oy

Fig. 11-38

By Problem 11.22, P is conformal; hence the angle between ) and (3 1s 90°. Since (| makes a left
turn onto G at 8, then CF must also turn left at P(s,) (Fig. 11-39).
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4Im P

] Py

&
~Y

Fig. 11-39

11.26. Prove Equation ({1.1): Ny=2Z,— P,

The bulk of the proof is somewhat more involved than can he handled with the complex-variable
theory presented in this book. So we assume knowledge of a well-known theorem of functions of a complex
variable and continue from there. The theorem states that if C is a closed contour in the s-plang, P(s) an
analytic function on C and within C except for possible poles, and P{s} = 0 on ¢, then

1 P(s)
ET;L P(s) @w=Z -k

where 7, is the total number of zeros inside C, F; the 1otal number of poles inside C, and P’ = 4P /ds.
Multiple poles and zeros are counted onc for onc; that is, a double pole at a2 point is two poles of the total,

a iriple zero is three zeros of the total.
Now since d[ln P{s)]=[P'(s)}/P(s))ds and In P(s) = In|P(s)] + jarg P(s), we have

1

P} 1 1
Z_Wf([ Ps) ] ds=2TU_fcd[ln P(s)] =§j[]n P(s)]

1
2‘”} []n| P(s)|+jarg P( s)]

4 [

1 1
=gj[in|f‘(a')|] +gj[1argf’(3)]

< «

Now since In|P(s)| returns to its original value when we go once around C, the first term in the last
equation is zero. Hence

1
Z{)_PD=E_,;[3-"BP(5)]

¢

Since C is closed, the image of ¢ in the P(s)-plane is closed, and the net change in the angle arg P(s)
around the P(s) contour is 2= times the number of encirclements N, of the origin in the P{s)-ptane, Then
Zy~ Fy,=2Nym/2n = N;. This result is often called rhe principle of the argument. Notic that this result
would be the same if we replaced s by z in all of the above, Therefore Equation {/{./) is valid for
discrete-time systems as weil.

11.27. Determine the number A, of P-plane contour encirclements for the complex-plane contour
mapped into the P-plane shown in Fig. 11-40.
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4 Im

¥ Contour encioses

i 2 poles and 1 zera

|

$ -
| Re
*

|

Fig 11-40

Py =2, Z,=1 Therefore Ny=1-2= -1,

11.28. Determine the number of zeros Z,; enclosed by the complex-plane contour in Fig, 11-41, where
PQ = 5.

| Im P

Fig. 11-41

N,=1 was computed in Problem 11.18 for the given P-plane contour. Since Py =35, then 7, =
N +P,=1+5=6.

11.29. Determine the number of poles P, enclosed by the compiex-plane contour in Fig, 11-42, where
Z,=0.

Im 4 Tm F
P
T T (

Fig. 11-42

=]

m

ty
oY

Clearly, N,= —1. Hence Py=Z, - N;=0+1=1.

11.30. Determine N, [Equation (/1./}] for the transfer function (transformation) and s-plane contour
of Fig. 11-43.
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b o
2
) ) ke
g
Fig, 11-43

The pole-zero map of P{s} is given in Fig. 11-44. Hence three poles (two at s = 0 and one at 5= —1)

and no zeros are enclosed by the contour. Thus £,=3, Z, =0, and N;= -3,
1
. " o -
-5 —1 _T 2.1 o
[
Fig. 11-44

11.31. Is the origin enclosed by the contour in Fig. 11-457

-

Fig. 11-45

Y

The region to the right of the contour has been shaded. The origin {alls in a shaded region and is
thcrefore enclosed by the contour.

11.32. What is the sign of Nj in Problem 11,317

Since the origin is enclosed by the contour in a clockwise direction, N, > 0.

POLAR PLOTS
11.33. Prove Property 1 of Section 11.6.
Let P{w)= Py(w) +,P{w) and ¢ =a, + ja,, where Pi(w). Po(w), @, and a, are real. Then

Plw) +a={Pw) +a)) +j(Pale) +a;)
and the image of any point (P(w), P(w)) in the P(w)-plane 8 (P {w)+ a), Po(w)+a,) in the
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(P{w)+ «)-plane. Hence the image of a P(w) contour is simply a translation {see Problem 11.3). Clearly,
translation of the contour by a umts is equivalent to translation of the axes {origin) by —« units.

Prove Property 2 of Section 11.6.

The transfer function P{s) of a constant-coeflicient linear system is, in gemeral, a ratio of polynomials
with constant coefficients. The complex roots of such polynomials occur in conjugate pairs; that is, if a +jb
is a root, then a—jb is also a root. If we let an asterisk (*) represent complex conjugation, then
a+jb={(a- jb)y*, and if a=0, then jb={-jb)*. Therefore P(jw)=P(—jw)* or P{—juw)= P(ju)*
Graphically this means that the plot for P{—jw) is the mirror image about the real axis of the plot for
P( jw) since only the imaginary part of P( jw) changes sign.

Sketch the Polar Plot of each of the following complex functions:
(a) P(jw)=u? /45°, (b) P(jw) = w*(cos45° + jsind5°), (c) P(jw)=0.707? + 0.707ju.

(@) w? /45° is in the form of Equation (/1.2). Hence polar coordinates are used in Fig. 11-46.
(8)  P{jw) = (cos45° + 5ind5°) = o (0.707 + 0.707j)
That is, P{jw) is in the form of Equation ({{.3) or ({{.4). Hence rectangular coordinates is the

natural choice as shown in Fig. 11.47.
Notc that this graph is identical with that of part (a) except for the coordinates. In fact,

W (0.707 + 0,707/} = o’ /45°.
{c} CQlearly, (¢} is identical with (&}, and therefore with (a). Among other things, this problem has
illustrated how a complex function of frequency w ¢an be written in three different but mathemati-

cally and graphically identical forms: the polar form, Equation (17.2); the irigonometric or Euler
Jform, Equation (f!.3); and the equivalent rectangular (complex) form, Equation {(11.4).

450 ‘f,a we=*x 41m P{w) /L(: ‘e
o 2, R <
N ,_/é. 0.70T3 - -~ - — Iun_ug
e :
oA ol L meray
0.707.2
f —90°
Fig. 11-46 Fig. 11-47

18.36. Sketch the Polar Piot of

Pljw)=0.7072(1+7) +1

The Polar Plot of 0.707w?(1 + j) was drawn in Problem 11 35(4). By Property 1 of Section 11.6, the

required Polar Plot is given by that of Problem 11.35(%) with its origin shifted to ~a= —~1 as shown in
Fig. 11-48.

4ImP

/’:ta

Fig. 11-48
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11.37. Construct a Polar Plot from the set of graphs of the magnitude and phase angle of P{ jw) in Fig.
11-49, representing the frequency response of a linear constant-coefficient system.

[P(jw)| 4
) X
1 8 1 ' 5 w
dlw) b
1 4 3 4 5
™
-80° 4
— 1807+
Fig. 11-49

The graphs shown above differ little from Bode representations, discussed in detail in Chapter 15. The
Polar Plot is constructed by mapping this set of graphs into the P( jw)-plane. It {s only necessary to choose
values of w and corresponding values of |P{ jw)| and ¢(w) from the graphs and plot these points in the
P{ jw)-plane. For example at w =0, |P{ ju)| = 10 and ¢{w) = 0. The resulting Polar Plot is given in Fig.

11-50.
§o=90¢
w =
/’_.--"" p— e —
P ~
v \\
/
/ \
w= —2.5{ \
_— \‘-.. =
2180 S P L Pi0)=10 p=0°

w=25

Areasing W

¥ ¢ =270°
Fig. 11-50
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The portion of the graph for — oo < w < 0 has been drawn using the property of conjugate symmetry
(Section 11.6).

11.38. Sketch the Polar Plot for

GH(s) = p>0

s*s+p)

Substituting fw for 5, and applying Equation (1.2}, we obtain

1
GH{ jw) =—57———
Fat(ju+p)
L/ —tan (e/p)
=——/ ~tan {w/p
ol + p?

For w =0 and w — oo, we have
GH{ jOy =/ 0O° im GH{ jw) =0/ —%°
(" ) w50 (J ) L_

Clearly, as w increases from zero to infimity, the phase angle remains negative and decreases to - 90°, and
the magnilude decreases monotonically to zero, Thus the Polar Plot may be sketched as shown in Fig.
11-51. The dashed line represents the mirror image of the plot for 0 < w < oo (Section 11.6, Property 2).
hence it is the Polar Plot for —w < w <.

b p=90"
"’ '-u“
— o l" e — Ao
¢ =180 b= ® e e e=0

1

%&ingu-

yo = —90°
Fig, 11-51
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THE NYQUIST PATH

11.39. Prove that the infinite semicircle, portion def of the Nyquist Path, maps into the origin P(s) =0
in the P{s)-plune for all transfer functions of the form:

K
P(s):—n—.-—-—-—-—
I—I(5+Pj)
=1
where 1 > 0. K is a constant, and —p; is any finite pole.
For n >0,
‘ lim P{Re!*)|=}P()|= lim |—~——o
"= "==| [1(Re®+5,)
im]
IX] . K]
= fim ——— < lim =0

R—oo . — )
.I—l1 |Re# +p * rIIIR— il
Since |P(oc)| < 0, then clearly |P{oc)| = 0.

11.40. Prove that the infinite semicircle, portion def of the Nyquist Path, maps into the origin P(5) =0
in the P(s)-plane for all transfer functions of the form:

Kﬁ(s+z;.)
P(s}= =1
l_[(5+Pi)

i=1
where m < n, K is a constant, and —p, and —z; are finite poles and zeros, respectively.

For m < n,

m
KT (Re”+ 1)
lim | ——t

A2 TT(Re” +p,) ]

fum 1

Jim P( Re™)|=|P(co)|

m m
K1 TT 1Re” + 2 KITTIR+ 12l
- Fm}

& 7 Sﬂl.im — =0
-y i —
_l_lliRe’”ﬂJ.-l ® _l‘lllﬂ'— |2l
y- j=

I
=7
2

Since |P{o0)| < 0, then |P{c0)| =0

NYQUIST STABILITY PLOTS
11.41. Prove that a continuous type [ system includes / infinite semicircles in the locus of its Nyquist
Stability Plot. That is, show that portion ija of the Nyquist Path maps into an arc of 1807 degrees
at infinity in the P(s)-plane.
The transfer function of a continuous type ! system has the form:
By(s)
$'B.(s)

where B,(0) and B,(0) are finite and nonzero. If we Jet By(s)/B,(s) = F(5), then

Py =T

P(s) =
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where F(0) is finite and nonzero. Now put s=pe”, as required by Equation (i12). Clearly,
lim, _, F(pe’) = F(0). Then P(pe®)=F(pe”)/de/” and

Iin':)P(pef”)=co-e_’m -9 <h g +°
fryy
At = —90°, the limit is oo - /™. At = +90°, the limit is oo - ¢ /*. Hence the angle subtended in the

P{s)-plane, by mapping the locus of the infinitesimal semicircle of the Nyquist Path in the neighborhood of
the otigin in the s-plane, is 907~ {—90{) = 180/ degrees, which represents { infinite semicircles in the

P(s)-plane.

11.42. Sketch the Nyquist Stability Plot for the open-loop transfer function given by
1

(s +p)(s+p;)

The Nyquist Path for this type 0 syslem is shown in Fig. 11-52.

GH(s)= Pu p2>0

ju b Im GH
d
f_ Ra G-{f
& e - GH(0) = 1/p. Pz
/
Fig. 11-52 Fig. 11-53

Since there are no poles on the jw-axis, Step 2 of Section 118 indicates that the Polar Plot of GH{ jw)
yields the image of path a4 (and hence fad) in the GH{s)-plane. Letting 5 = jo for 0 < w < 0, we get

GHjw) = '(fm+p.)1(jw+sz B v’(w"+pﬂl(w"+P§'} /_m_‘(i] ] m_i(i)

1
GH{ j0) = P /0 lim GH( jw) = 0/ 180°

I F2

For 0 < w < o0, the Polar Plot passes through the third and fourth quadrants because $ = —[tan ‘'(w/p,)
+ tan '(w/p,)] varies from 0° 10 180° when w increases.

From Problem 11,39, path def plots inlo the origin P{s) = 0. Therefore the Nyquist Stability Plot is a
replica of the Polar Plot. This is easily sketched from the above derivations, and is shown in Fig 11-53.

11.43. Sketch the Nyquist Stability Plot for GH(s)=1/s.

=+

’? The Nyquist Path for this simple type 1 system is shown in Fig. 11-54.
athe nd

fa Im GH I-
il
-
~

]
£ ‘ "\
o ) o= o) Ly Re GH
- &, f ’ -

Fig. 11-54 Fig 1155
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11.44.

Forpathaz‘,s=jw,0<w<oo,a.nd
1 1
CH{ jw)=—=—/ -90° lim GH( jw) = -90° lim GH{ jw) =0/ —90°
( jw) P lim GH( jw) =0/ Jim GH{ jw) =0/

Path def maps into the origin {see Problem 11.39).
Path {7 is the mirror - image of a'd’ about the real axis.
The image of path ijg is determined from Equation (/1.i2), by letting s=1imp__upe”. where
- 90° <@ < W
1
lim GH{ pe®) = lim [—e""’] =w-e =0/ -8
r—{ ( ) a0 P L
For point i, # = —90°; then / maps into i at oo / 9%0°. At point j, # =0°; then j maps into j* at 0o /0°.
Similarly, « maps into &' at o0/ —90° Path 'j’a’ could also have been obtained from the conformal
mapping property of the transformation as explained in Example 11.9 plus the statement proved in

Problem 11.41.
The resulting Nyquist Stability Plot is shown in Fig. 11-35.

Sketch the Nyquist Stability Plot for GH{(s)=1/s(s + p,Xs+p,), py, po >0

The Nyquist Path for this type 1 system is the same as that for the preceding problem. For path ad,
= jw, 0 < w< oo, and

1 1 w W
GH(j“)= } p ; =— —%“—tan“'(-—*)—ta.n'l(m—)
Ju(jw+pjo+p;) wf(w2+pf](w2+p§) / P 2!
: ;i - _ o im : - _ - ]
}inocﬂ( jwl=o0/ -9 Jfim GH(ju) =0/ -270° =0/ +%0

Since the phase angle changes sign as w increases, the plot crosses the real axis. At intermediate values of
frequency, the phase angle ¢ is within the range —9° < ¢ < —270°. Hence the plot is 1n the second and
third quadrants. An asymptote of GH( jw) for w—0 is found by writing G/(jw) as a real plus an
imaginary part, and then taking the limit ay w — 0

~{p +p1) N A pp—o?) i GH( ju) = -(p+p) ~ joo
(+p ) +p]) oo’ +p]) (e +p) =m0 pipi

Hence the line GH = —(p, +p,)/pi pi is an asymptote of the Polar Plot. L
Path def maps into the origin (see Problem 11.39). Path /%' is the mirror image of a'd” about the real

GH{ jw) =

axis. Path i'j’a’ is most easily determined by the conformal mapping property and the fact that a type 1
system has ore infinite senticircle in its path (Problem 11.41). The resulting Nyquist Stability Plot is shown
in Fig. 11-56.

Im GH |
i
1T~ “«
l \
} \
1l\ GH(=) \y" -
N2 [ReGH
/
GH(ju) /
aL_______,/
L —(p;+ py
75 |

Fig 11-56
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11.45. Sketch the Nyguist Stability Plot for GH(s)=1/5%

The Nyqust Path for this type 2 system is the same as that for the preceding probltem, except there are
two poles at the origin instead of one. For ad,

1 1 . : , . /_’
GH( ju) = ;_Zw_z = ol / 180° ‘!Jrr.noGH( jw) =/ 180° wll.n:o GH{ ju) =0/ 180°

The Polar Plot clearly lies along the negative real axis, increasing from — oo to 0 as « increases. Path def

maps into the origin and path ijz maps into two infinite semicircles at infinity (see Problem 11.41). Since the
Nyquist Path makes right turns at ¢ and «, so does the Nyquist Stability Plot at /' and a'. The resulting,
locus is shown in Fig. 11-57.

Im GH §

Fig. 11-57

11.46. Sketch the Nyquist Stability Plot for GH(s}=1/s(s+ p), p > 0.

The Nyquist Path for this type 2 system is the same as that for the previous problem. For ad.

1 1 w
GH( ju) = ——— - —180°—r.an"(—-)
Futjetp)  wo? +p? P

li GH( juw) = 00/ ~180° lim GH{ jw) =0/ =270°
Jum GH{ jw) (ju)

it == 0
For 0 < @ < o the phase angle varies continuously from — 180° to — 270°; thus the plot lies in the second
quadrant. The remainder of the Nyquist Path is mapped into the GH-plane as in the preceding problem.
The resulting Nyquist Stability Plot is shown in Fig. 11-58,

Im GH &

1

-~ T
V4 RN
// \
' “‘Iﬂ‘
e’ | GHU GH{<) \

i -
! ‘--—"‘.‘-, d’lc‘lf‘ ; He GH
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11.47. Sketch the Nyquist Stability Plot for GH{(s}=1/5s%s+p), p> 0.

There are four poles at the origin in the s-plane, and the Nyquist Path is the same as that of the
previgus problem. The Polar Plot for this system was determined in Problem 1138, The remainder of the
Nyquist Path is mapped uvsing the results of Problems 1139 and 11.41, and the conformal mapping
property. The resulting Nyquist Stability Plot is given in Fig. 11-39.

& »=00°

—_— ™~
/ e ~—~. N
e // \\ \
;s \\ \
/ !/ \ \\
[ 4 /,——ﬂ--.\% \\ \
¢ = 180° I u_w/ "‘---...-l_

nereasing o
v / /
AN \\ ///
<
\ \\ // s
\"'\ -

i _ :
- | \ \_/a’ ! 7
\\ \ ! ! /

ye=—90°
Fig. 11-59

11.48. Sketch the Nyquist Stability Plot for GH(s)=¢~ "/(s + p), p> 0.

The ¢ ™ term represents a time delay of T seconds in the forward or feedback path. For example, a
signal flow graph of such a system can be represented as in Fig, 11-60,
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The Nyquist Stability Plot for 1 /(s + 1) was drawn in Example 11.8. The plot is modified by inclusion
of the ¢ ™ term in the following manner. For path ad,

PRkl 1 W 1
GH( jw) =~ = —tan'l(—)—Tw GH{ jO =—/ 0°
( jw) Jatp y'!wz—i—pl/ ; {0 P

The limit of GH{jw) as w— o does not exist. But lim_ _, |GH(jw)| =0 and |GH{, jw)| decreases
monotonically as « increases. The phase angle term

(w) = —tan"( %) - Tw

revolves repeatedly about the origin between 0° and —360° as w increases. Therefore the Polar Plot is a
decreasing spifal, beginning at (1,/p)/0° and approaching the origin in a CW direction. The points where

the locus crosses the negative real axis are determined by leting ¢ = —180° = —» radians:
%)
-7 = —tau'l(—’) - Tw,
p

or w, = p tan{ Tw, ), which is easily solved when p and T are known. The remainder of the Nyquist Path is
mapped using the results of Problems 11.41 and 11.42. The Nyquist Stability Plot is shown in Fig. 11-61.
The image of path fa (s = —jw) has been omitted for clarity.

Im GH |

-

e
Re CH

>
=

Fig. 11-61

11.49. Sketch the Nyquist Stability Plot for GH(s)=1/(s2+ a?).

The poles of GH(s)are at s = 1 ja= + juw,;. The Nyquist Path for this system is therefore as shown in
Fig. 11-62.
For path ab, w < a2 and

: 1 [ ; L o : ; °
GH(Jw)=u—2_wEfﬂ GH(]O)=;~5 0 jl_r:‘GH(_;w)=co 0

For path be, let 5 =ja + pe™, —90° <8 < 30°; then

1
. A M _ 1 = e i _ v _ o
:T:)GH(J0+ pe’) = lim [__“_u_—._pef'?(Zja+per) joe =0/ —8"-90

p=0
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Im GH }
’/”’-_““\\
// \
v GHiw s
' SHUN e GHOM v

! Re EH

Fig, 11-63

At # = —90° the limit is o¢c /0% at §=0° i1 is oo{—9(]°; at #=90° 1t is w0/ — 180",

For path ¢d, w > a and

m GH( jw) = 00 / 180°

lim GH( jw) =0/ 180°
W o

Path def maps into the origin by Problem 11.39, and f'g'#'a’ is the mirror image of a'b'c'd’ about the
real axis. The resulting Nvquist Stability Plot is shown in Fig. 11-63.

11.50.
The Nyquist Path for this type 1 system is th
Juw—

4

2,
y + zy

Sketch the Nvquist Stability Plot for GH{(s)={(s—z)/s(s+p). z;. p> 0.

¢ same as that for Problem 11.43. For path ad.

wip t_zl_}

GH ) = 2 o= p)

where we have used

L] B
w‘ W+ P'

Pi o

tan 'x + tan” 'y = tan~! XE¥
an~ Yy + = tan o
an~ y=ta T
Now
1
Iim GH{ jw) =00/ +90° GH{ § = = 50" Iim GH{ § =0£‘ - 90"
w—{ {Jw) (J Po ) mipe; wl'x. (f“"]

Thus the locus comes down in the first quadrant. crosses the positive teal axis into the fourth quadrant, and

approaches the origin from an angle of —90°.

Path def maps into the origin, and ija maps into one¢ scmicircle at infinity, The resulting plot is shown

in Fig 11-64.

3

Fig. 1

1-64
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NYQUIST STABILITY CRITERION

11.51.

11.52.

Prove the Nyquist Stahility Criterion,

FEquation {/1.1) states that the number of CW encirclements N, of the origin made by a closed #
conteur in the P-plane, mapped from a closed complex-plane contour, is equal to the number of 2eros Z,
minus the number of poles F, of P enclosed by the complex-plane contour: N = 7, — F,. This has heen
proven in Probterm 11.26.

Now let # =1+ GH. Then the origin for 1 + G/ in the Gil-plane is at GH = - 1. {S¢¢ Example 11.6
and Problem 11.33)) Hence let N denote the number of CW encirclements of this - 140 =(-1,0) point,
and let the complex-planc contour be the Nyquist Path defined in Section 11.7. Then N = 2, — F,, where
Z, and F, arc the number of zeros and poles of 1 + 4 cnclosed by the Nyquist Path. B, is also the
number of poles of G enclosed, since if GH=N/D. then 1l + GH=14 N/D=(D+ ¥)/D. That is. Glf
and 1 + GH have the same denominator.

We know from Chapter 5 that a continuous {or discrete) feedback system is absolutely stable if and
only if the zeros of the characteristic polynomial 1+ G/ (the roots of the charactenistic equation
1 + GH =0) arc 10 the LHP {or umt circle), that is, Z, = 0. Therefore N = — £, and clearly Py = 0.

Extend the Nyquist Stability Criterion to a larger class of continuous linear systems than those
already considered in this chapter.

The Nyquist Stability Criterion has been extended by Desoer [3]. The following statement is a
modification of this generalization, found with its proof in the reference.

A Generalized Nyquist Stability Criterion: Consider the linear time-invariant system deseribed by the
block diagram in Fig. 11-65. If g(7) satisfies the conditions given below and the Nyquist Stability Plof of
G{s) dnes not enclose the {—1,0) point, then the system is stable. If the (—1.0) point is enclosed. the
system is unstahle.

e + e(t) e(t)

/\i\ g(t)

Fig. 11-65

G (3) represents a causal, incar fime-invanant system clement.
2. The input-output relationship for g(z) is

c(r):Cd(()+j;;g(t—1')e(‘r) dr t>0

where ¢, (7)., the free response of the system g(t}, is bounded far all r = 0 and a1l initial conditions, and
approaches a iinite value dependent upon the initial conditions as ¢ 7 co.

3. The unit impulse response g{¢) is

gt1) =[k+g ()

where & = £}, I{1) is the unit step fuaction, g (1} is bounded and integrable for all 1 > 0. and g,(r} —+ 0
as { — 0.

These conditions are fulfilled very often by physical systems described by ordinary and partial
differential equations, and differential-difference equations, The form of the closed-loop black diagram
given in Fig. 11-65 15 not necessanly restrictive. Many systems of interest can be transformed into this
configuration.
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11.53. Suppose the Nyquist Path for GH{s) =1/5(s + p} were modified so that the pole at the origin is
enclosed as shown in Fig. 11-66. How does this modify application of the Nyquist Stability

Criterion?

ay

Fig. 11-66 Fig. 11-67

The Polar Plot remains the same, but the image of path ija makes Jefr instead of right turns at i’ and
a', just as in the Nvquist Path. The Nyquist Stability Plot is therefore given by Fig. 11-67. Clearly, N = —1.
But since the pole of GH at the origin is enclesed by the Nyquist Path, then P, =1, and Z, =N+ £, =
—1+1 =0. Therefore the system is stable, Application of the Nyquist Stability Criterion does not depend

on the path chosen in the s-plane.

11.54. Is the system of Problem 11.42 stable or unstable?

Shading the region to the right of the contour in the prescribed direction yields Fig. 11-68_ It is clear
that N =0 The {—1,0) point is not in the shaded region. Now, since p, > 0 and p, >0, then Py =10
Therefore N = —F, =0, or Z; =N + B, =0, and the system is stable.

im GH 4 Im GH 4
| 52
e
—— I \\
e
/f \ ‘ \
4 \ |
l A\ | \
(-1,0) \ ezw Gﬁﬂ))l Y o _f_:l..O) = 17" -
= 1/p1Ps] Re GH R " Re GH
GH(s)| /
‘uﬂﬁy“/
¥~
| a’
Fig. 11-68 Fig. 11-69

11.55. Is the system of Problem 11.43 stable or unstable?

ol
o The region to the right of the contour has been shaded in Fig, 11-69. The ( - 1,0) point is not enclosed,

SIS  and N =0, Since B, =0, then Z,= B, + ¥ =0, and the system is stable.
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11.56. Determine the stability of the system of Problem 11.44.

The region to the right of the contour has been shaded in Fig. 11-70. I the (— 1,0) point Lies to the left
of point k, then N = 0;if it lies to the right, then N = 1. Since Py =0, then 7 = { or 1. Hence the system is

stable if and only if the (—1,0) point lies to the left of point k. Point & can be determined by solving for
GH( juw, ), where

e e o = — Unstable
I =(py+ pa) Region for
e ] the (—1,0) Point
172
Fig. 11-70

11.57. Deiermine the stability of the system of Problem 11.46.

The region to the right of the contour bas been shaded in Tig. 11-71. Clearly, N =1, £, =10, and
Z, =1+ 0=1. Hence the system is unstable for all g > (.

Im GH %

Fig. 11-71
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11.58. Determine the stability of the system of Problem 11.47.

The region to the right of the contour has been shaded in Fig. 11-72.
It is clear that ¥ > (. Since F,, = 0 for p > 0, then N % — P,. Hence the system is unstable.

b p=190°

Fik x \
¢ = 180° ' [ (—1,0} u_u, --.._4“--'\-_1'
- | | 3 a’ ' _[ ¢;—6°
(il e
\ Increasing / f

/
\\ \\ // /
W N iy 4

N \""---..___ __..4""/ ” o

s et >
‘N.._______-___-______/
y¢=-—90°
Fig. 11-72

RELATIVE STABILITY

11.59. Determine: (a) the phase crossover frequency w,. (£) the gain crossover frequency w,, (¢) the
£k gain margin, and (d) the phase margin for the system of Problem 11.44 with p, =1 and p, = §.

Mathcaz (a) Letting w =, , we have
1-2a

-z —n 3w,
() = mre - tan~'w, - tan"12w,,-=——é-— —tan | ——

or 3u, /(1 — 2a) = tan(x/2) = oo. Hence w, =41 = 0.707.

(8) From |GH(w,)| =1, we have 1/;.,1{(@% 1 1){w? + 0.25) =1 or w, =0.82.

(¢) The gain margin 1/|GH{w, )| is easily determined from the graph, as shown in Fig. 11-73. It can also
be calculated analytically: |GH{w,)| = |GH( j0.707)} = 4/3; hence gain margin = 3 /4.
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Im GH | Im Gﬂl—
{I’
Unit ™
Circle “~

w = 0.82
wy = 0,7071

-2,0) -1 Re GH
) \/w*
L
o

— t —

Fig. 11-73

{d) The phase margin is easily determined from the graph, or calculated analytically:
arg GH{w } = arg GH{0.82) = —90° — tan"%{0.82) — tan~'(1.64) = — 187 §°

Hence dpy = 130° + arg GH{w, ) = — 7.8°. Negaiive phase margin means that the system is unstable.

11.60. Determine the gain and phase margins for the system of Problem 11.43 (GH = 1/5).

The Nyquist 5tability Plot of 1 /s never crosses the negative real axis as shown in Fig 11-74; hence the
gain margin is undefined for this system. The phase margin is ¢, = 90°,

M- AND N-CIRCLES

11.61. Prove Equations (//.!/8) and (/7.19), which give the radius and center of an M-circle,
respectively.

Let (;{w) = x+jy. Then

G(w)
1+ G(w)

£+ )y
1+ x+yy

Squaring both sides and rearranging yields
2 2 2
(T (M e
- M Y 1- M?
M) Mo\
x+(}"2_1) +y2=( ) M>1

M -1
For M = constant, these are equations of circles with radii |M/(M? — 1)jand centers
at (- MM - 1),0).

11.62. Prove Equation (/1.20).

The transfer function G for the second-order continuous system whose signal flow graph is shown in
Fig. 11-75 is G = w!/5(5 + 2{w,). Now

2 w:

0
1+¢

M? =

(w,“: e )2 + 4{2{.:3{.32
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=
%]
=

e
(91 ]

Fig. 11-75

To find w,, we maximize the above expression:
w:[Z(w,f —w')(-2w) + szwfu]

[( mf - mz)z + dfzwfwzr

2 () -

from which w = w, = w1 - 23*. Hence for 0 < { < 0.707,

1/2
1

+ 4% (1 - 20 - 281 - §2

ZE&

M,

]

| e - ai(1- 2]
11.63. Prove Equations {/1.21) and (/1.22), which give the radius and center of an N-circle.
Let G(w)=x + jv. Then

C(w) x2+x+y2 +jy . Im{C/R)(w) _ ¥
R(0)  (1+x) +5 Re{C/R)(w)  aitx+y

which yields

142 142 1] 1
S RSP

For N equal 10 a constant parameter, this is the equation of a circle with radius \/; + (1/2¥ )" and center
at (- 1,1/2N).

11.64. Find M, and { for the unity feedback system given by G =1/5(s + 1).

The general open-loop transfer function for the second-order system is G =w?/s(s+ 2tw,). Then

w, =1, { =05 and M, =1/Q8/1 - {*)=10.866.

MISCELLANEOUS PROBLEMS

11.65. Determine the Polar Plot for
F4

P(z)=

z—-1
for a sampling period T'=1.

The solution requires mapping the stnp from —jw, /2 to jw /2 on the jw-axis of the s-place or,
equivalently, w= —# to w = radians on the unit circle of the zr-plane, into the P{e/)-plane. We have
Ple*™y=05/0° and P{e’°)= 00/ 190°. Evaluation of P{e’“) for several values of w between —=#
and 0 results in a straight line parallef to the imaginary axis in the P-plane, as shown in Fig. 11-76, where
the segments a to b and g to 2 map the corresponding segments of the unit circle in Fig, 11-13.
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Im P
4
b
t
w="20
]
|
i
;.: , Jo= i radian_sr
'Y N Re P
F-)
{f’«;!
>
w =10
| &
Fig. 11-76

11.66. Determine the Polar Plot of the type O discrete-time system open-loop transfer function

EitA D(z+ 4K
- z{z+1)

GH(z)

for K=1and T=1.

In this case, the Polar Plot has been drawn by computer, as illustrated in Fig. 11-77. The computer
program evaluates GH{ e/} for values of wT = w in the range -7 to # radians, scparales cach result into
real and imaginary parts {Complex Form), and then generates the rectangular plot from these coordinates.

Im GH
3

031 T
'.f

Fig. 11-77

11.67. Determine the Polar Plot of the type 1 discrete-time system open-loop transfer function

.ﬁ, K(z+1)

CHEZ) = G D+ )

for K=1and T=1.
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As in Problem 11.66, the Polar Mot given in Fig. 11-78 was generated by computer, exactly in the same
manner as deseribed in the previous problem.

Im GH

Re EH

Fig. 11-78

11.68. Determine the absolute stability of the system given in Examples 11.11 and 11.14, for X > 2 and
T=1
The Nyquist Stability Plot for K =2 is given in Fig 11-79. The region to the tight has been shaded
and the plot goes directly through (-1,0). Thus N> 0 and N # — F,, which is zero for this problem.
Therefore the system is marginally stable for X =2, For K> 2, the (—1,0) point is completely enclosed,
N =1, and the closed-loop system is unstable.

Im GH

Re GH

Fig. 11.79
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11.69. Determine the Nyqeist Stability Piot of the system given in Problem 11.65.

We note that P{z) = z/(z — 1) has a pole at 1, so we must begin by mapping the segment b to ¢ of the
infinitesimal semicircle near z =1 in Fig. 11-13 into the P-plane. Overall, we bave a conformal mapping, so
the plot must tura right at #'. Between b and ¢, z=1 + pe’®, with ¢ incrcasing from —90° to 0°.
Therefore

14 pe’* _ 1
P(l~pert) = —— d  limP(1-pef)=— =0/ -
(1=pe) pe’ = b0 (1 —pe) lim, Lppe® ¢

Therefore the arc from b to ¢ in the z-plane maps into the infinite semicizcle » to ¢, from +90° back to
0°, shown in Fig 11-8(. To ohtain the mapping of the line from ¢ to 4 in Fig. 11-13, we note that this is the
mapping of P(z) from z =1/0° 1o z = 00 /0° (constant angle ¢), that is,

o 14a . 1+a
P(=x/0° 1o alinzo‘l—-+a_l)=hm( )=1 0°

&« — oo x

where we have replaced z in P{z) by 1 + a, in obtaining the Lmit, The resulting mappieg is shown as the
line from ¢ to d' {00 -+ 1) in TFig. 11-R0.

Im P

¥ i Re P

s

P

Fig. 11-80

The infinite circle from 0° to —360°, from 4 to ¢ in Fig. 11-13, maps into an infinitesimal semigircle
around the point z=1 in the P-plane, because

el el

R
vy = =
P(REJ ) Re’®. 1 1
EN —
R

and P—1 as R — oo for any ¢, and a few evaluations of arg P( Re/*) at values of ¢ between 0° and
—360° show that the limit is approached from values in the first quadrant of F* when 0 < ¢ < — 180°, and
the fourth quadrant when —180° <¢ < —360°, with P(Re”#)=1/(1+1/R) <1 for R>0 at ¢=180°.
The resulting arc is shown as &' to ¢’ in Fig, 11-80.

Arc ¢' 1o f' in Fig. 11-80 is obtained in the same manrer as that for ¢’ to &', taking the limits of
(a+1)/x as & — 0 and 0. And the final closure of the Nvguist Stability Plot, arc f' to g’, is obtained in
the same manuer as that from " to ¢, as shown.
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11.70.

1.7,

11.72,

For GH =P=2z/({z - 1) in Problecm 11.69, is the closed-loop system stable?

The region to the right of the contour in Fig. 11-80 has been shaded and it does not enclose the (— 1,1
point, Therefore ¥ < (. The only pole of GH is at z =1, which is not outside the unit circle. Thus P, =0,
N = —P,=0, and the system is absolutely stable,

Determine the stability of the system given in Problem 11.66.

The open-loop transfer lunction is

H+1)(: +3)
N

The Polar Plot of GH is given in Fig. 11-77, which is the mapping of args ¢ to d and g to ¢ of Fig. 11-13,
There are no poles of GH on the unit circle, so the infinitesimal arcs & to ¢ and f to g in Fig, 11-13 are not
needed. Setting z =1 + a and using the same limiting procedures illustrated in Problem 11.70, the straight
lines to and from infinity, 5 to  and ¢ to f in Fig. 11-13, map into the lines from » 10 4 and e to f
hetween Re GHY and 2. Similarly, with z replaced by 1 + Re#* and R — oo, the infinile arc from d to ¢
maps into the infinitesimal semicircle about Re GH = {. all as shown in Fig. 11-81.

Im GH
0.3 ‘_—*"-—...-_-‘
- ~
027 o N
L4
A
0.1 -';' d' 3 _
A A N : B b e
T T v, ‘ L
0T 02 SN 03 0306 " g, gH
0.1+ (4
0.2
0.3

Fig. 11-81

The (— 1,3 point is not enclosed by this contour, as shown, &N =0, P, =0, and the closed-loop system
15 absolutely stahle.

Determine the siability of the system given in Problem 11.67.

The open-loop transier function is

L CE
(- D(z+)(z+1)

The Polar Plot of GH is given in Fig 11-78. Completion of the closed contour mapping of the exterior of
the unit circle in the z-plane (Fig. 11-13) closely parallels that described in Problem 11.69 and Example
11.11. In this case. the (—1,3) poini is enclosed once by the contour, that is, ¥ =1. Since P, =0 and
Zy =N+ Py =1, then one zero of 1 + GH is outside the unit circle of the z-plane and the closed-loop
svstem is therefore unstable (Fig. 11-82).

GH =
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11.73.

11.74.

11.75.

11.76.

11.78.

11.79.

11.80.

gl 1

Mathcad
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Fig. 11-82

Supplementary Problems

Let T=2 and p=73 in the system of Problem 11.48. Is this system stable?

Is the system of Problem 11.49 stable or unstable?

Is the system of Problem 11.50 stable or unstablc?

Kis+ s +2)

Sketch the Polar Plot for GH =

Sketch tbe Polar Plot for GH =

s’ (s+p s +py)

K

2 Zi B

(s+p)(s+p)(s+p)

Find the closed-loop frequency response of the unity feedback system described by G =

using M- and N-circles,

K{s+2)

Sketch the Polar Ploi for GH =

> {

B0

s s p)(s+p)(s+ps)

Sketch the Nyquist Stability Plot for GH =

Ke D

S(s+1)

20 B> 0,

/" ReGH

10(s +0.5)

sHs+ s+ 10)7
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11.82.

11.83.

11.84,

11.85.

11.86.

11.87.

11.88,

11.39.

11.90.

11.91.

11.92.

11.93.

11.M,

11.73.

11.74.

11.75.

s+z
Sketch the Polar Plot for GH = ————, z,, p, > 0.
s{s+p)
s+ 2z
Skctch the Polar Plot for GH = 2L p, > Q

s(s+p){s+p)

Sketch the Polar Plot for GH = . g0
sHs+p}s+p)
it
Sketch the Polar Plot for GH = —, T e ()
s'(s+p}
Sketch the Polar Plot for GH ik 0
etch the Polar Plot for = L P
Ss+p)(s+p) T
{5+ z2)(s+25)
Sketch the Polar Plot for GH = — cz.p =0
s+ p )5+ p)(s +py)
Sketch the Polar Plot for GH K 1]
etch the Polar Plot for - . >0
s} s+ p)s+ps)
(s+2)
Sketch the Polar Plot for GH = — » 7. p, >0
s s+ p)(s+py)
+ 2y
Sketch the Polar Plot for G = (——, z,,p, >0
s*(s+p)
e (s+12)
Sketch the Polar Plot for GH = — - - , o, o >0
si(s+p1)
e (s +1z)
Sketch the Polar Plot for GH= ——-- - —— -, 5,a,b>0.
s*{s*+a){sT+ k)
(s—z)
Skeich the Polar Plot for GH= ———, z;, p, > 0.
s'(s+p)
s
Sketch the Polar Plot for GH = —————— p >0
(s+p)s—p)

The various portions of the Nyquist Path for continuous systems are iflustrated in Fig. 11-12 and the
different segments are defined mathematically by BEquations ({1.5) through (71./2). Write the correspond-
ing equations for each segment of the Nyquist Path for the discrete-time systems piven int Fig. 11-13. (One
of these was given in Example 11.11. Also see Problems 11.69 and 11.70.)

Answers to Some Supplementary Problems
Yeas
Unstable

Unstable
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1.77.

11.79,

11.80.
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Chapter 12

Nyquist Design

12.1 DESIGN PHILOSOPHY

Design by analysis in the frequency domain using Nyquist techniques is performed in the same
general manner as all other design methods in this book: appropriate compensation networks are
introduced in the forward or feedback paths and the behavior of the resulting system is critically
analyzed and reanalyzed. In this manner, the Polar Plot is shaped and reshaped until performance
specifications are met. The procedure is greatly facilitated when computer programs for gemerating
Polar Plots are used.

Since the Polar Plot is a graph of the open-loop frequency response function GH(w ), many types of
compensation components can be used in either the forward or feedback path, becoming part of either
G or H. Often, compensation in only one path, or a combination of both cascade and [eedback
compensation, can be used to satisfy specifications. Cascade compensation i1s emphasized in this
chapter.

12,2 GAIN FACTOR COMPENSATION

1t was pointed out in Chapter 5 that an unstable feedback system can sometimes be stabilized, or a
stable system destabilized, by appropriately adjusting the gain factor K of GH. The root-locus method
of Chapters 13 and 14 vividly illustrates this phenomenon, but it 1s also evidenced in Nyquist Stability
Plots.

EXAMPLE 12.1. Figure 12-1 indicates an unstable conriruous system when the gain factor is X, where

K,

GH(§)=—— Py K >0 P=0 N=2
(5) S(S+p])(5+_p2) P P 1 ]
AIm GH
—
~
b Y
N\
\
\
e ; Re GH
/
KZK, //
S g
Fig. 12-1

A sufficient decrease in the gain factor 1o K, { K, < K ) stabilizes the system, as illustrated in Fig 12-2
K,
s(s+p)(s+p)

Further decrease of K does not alter stability.

GH(s) = D<K, <K, P=0 N=0

259
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kIm GH

{—1,0)71/ Re GH

Fig. 12-2

EXAMPLE 12.2. The type 1 discrete-time control sysiem with

1
G-y
is unstable, as shown in Fig. 11-79 and Problem 11.68. That is, the open-loop transfer function
K/4

was found 10 be unstable for K » 2. Thercfore gain factor compensation can be used to stabilize GH,. by
attenuating the gain factor X, =1 of GH, by a factor less thas 0.5. For example, if the attenvator is given a value
of 0.25, the resuliing GH = GH, would have the Nyquist Stability Plot in Fig. 11-25, shown ir Example 11.14 to
represent a stable system,

GH

EXAMPLE 12.3. The s1able region for the { —1,0) point in Fig, 12-3 is indicated by the portion of the real axis in
the unshaded area.

K(s+2)(s +2,)

GH{s) = — ,2,> 0 >0 B,=0
() s3s+p)(s+p)(s+p5) R é "
AIm GH
,--"-_-_""'--...
~
~ \'\

N A | weon
\ Stable Region /

for the (—1,0) /
\ Point
N '4
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If the {— 1.0} point falls in the stable region, an increase or decrease in K can cause entough shift in the GH contour
to the left or the right to destabilize the system. This can happen because a shaded (unsiable) region appears both
to the left and the right of the unshaded (stable) region. This phenomenon is called conditional stabiliry.

Although absclute stability can often be altered by adjustment of the gain factor alone. other

performance criteria such as those concerned with refative stability usually require additional compen-
salors.

12.3 GAIN FACTOR COMPENSATION USING M-CIRCLES

The gain factor X of & for a unity feedback system can be determined for a specific resonanl peak
M, by the following procedure which entails drawing the Polar Plot once only.

Step 1: Draw the Polar Plot of {f{w) for X =1.
Step 2:  Calculate ¥, given by

\I'p=sin"(i) (12.1)

Im G 4 Im&Gh

P - ﬂ Gle)
B Re & r
1
1

Fig. 12-4 Fig. 12.3

Step 4: Draw the M, circle tangent to both G(w) and line AB at C. Then draw a line CD
perpendicular te the real axis shown in the example Polar Plot shown in Fig. 12-3.

Step 5: Measure the length of line AD along the real axis. The required gain factor K for the
specified M, is given by

1
K, = —
M length of line AD

(12.2)

If the Polar Plot of G for a gain factor K’ other than K =1 is already available. it is not necessary

1o repeat this plot for X = 1. Simply apply Steps 2 through § and use the following formula for the gain
factor necessary 10 achieve the specified M,

KI'
Ky = —
*  length of line AD

(12.3)
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124 LEAD COMPENSATION

The transfer function for a continuous system lead network, presented in Equation (6.2), is
s+a

P -
lead s+ b

where a < b. The Polar Plot of P, for 0 < w < s¢ is shown in Fig. 12-6.

“ Im PLead
(Pm.,rm
ﬁf/ Poesdt =}
tash, 0) 1.0 Re Ppead
Fig. 126

For some systems in which lead compensaltion is applicable, appropriate choice of the zero at —a
and the pole at ~§ permits an increase in the open-loop gain factor K, providing greater accuracy (and
sometimes stability), without adversely affecting transient performance. Conversely, for a given K,
transient performance can be improved. In some cases, both steady state and transient response can be
favorably modified with lead compensaltion.

The lead network provides compensation by wvirtue of its phase lead property in the low-to-
medium-frequency range and its negligible attenvation at high frequencies. The low-lto-medium-
frequency range is defined as the vicinity of the resonant frequency w,. Several lead networks md) be
cascaded if a large phase lead is required.

Lead compensation generally increases the handwidth of a system.

=l

r&d EXAMPLE 12.4. The Polar Plot for

Kl
s(s+p M5+ p2)
is given in Fig. 12-7. The system is stable and the phase margin ¢py i5 greater than 45°. For a given application,
By is 100 large. causing a longer than desired delay time 7, in the system transient response. The steady state
error is also 100 large. That is, the velocity errer constant X, is too small by a factor of A > 1. We shall modify this

system by a combination of gain factor compensation, 10 meet the sicady state specification, and phase lead
compensation, 10 improve the transient response. Assuming H(s) =1, Equation (9./2)} vields

GH\(s) = Ki.p.p>0

K.= Iilr[l]IsGH,(s)]. =

1P
4 Im GHl
(-1.0) N
¥ -
h Re GH
Unit & ¢ !
Circle
G.Hlfw}

Fig. 127
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AK,
and hence AK, =

P
Putting K, =A K|, the open-loop ransfer function becomes

K,

CHy= ————————
s(s+m)(stpm)
The systemn represented by GH, has the desired velocity constant K, , = AK,|.
Let us now consider what would happen to X,, of GH, il a lead nctwork were introduced. The lead network
acts like an attenuator al low frequencies. That is,

1 = il A
im | sGH. - P < AKX,
jl U[‘F 2(‘5) L,ead(s)] 2 Bl

since a/b < 1. Therefore if a lead network is used to modify the transient response, the gain factor K| of GH, must
be increased A{b/a) limes in order to meet the steady state requirement. The gain factor part of the total
compensation should therefore be larger than that which would be called for if only the steady state specification
has to be met. Hence we medify G5, yielding

___AK(b/a)
Cs(s4 p s+ )

As is often the case, increasing the gain factor by an amount as large as A(b /) times destabilizes the system. as
shown in the Polar Plots of GH,, GH,., and GH, in Fig. 12-8.

3

$Im GH

(-1}

-

Re GH

GH,

GH,

GH,
Fig. 12-8

Now let us insert the lead network and determine its effects. GH; becomes
AK (b/a)(s+ a)
s(s+pMs+p)(s+5)

First, lim, _ fsGH,{5)]=AK,  convinces us that the steady siate specification has beer mct. In fact. in the very
low frequency region we have

GH,

AK,
ju( jw+py(jw+py)
= GH,

Hence the A, contour is almost coincident with the GH, contour in the very low frequency range.
1n the very high lrequency region,

G}h( jU)L‘, very small =

AKl(b/“)
ju(je+p)(je-p:)

Therefore the GH, contour is almost coincident with GH; for very high frequencies.

GHQ(_}'-LJ)I” very large = = GH;
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In the mid-frequency range, where the phase lead property of the lead network substantialty alters the phase
characteristic of GH,, the GH, contour bends away [rom the G, and loward the GH, locus as w is increased.
This effect is better understood if we write GH, in the [ollowing form:

O AK (b/a)
GH ) = S e T ) Gt )

= GHy( ju) - Ppoyal o) = GHL{ jo) *| Proaa jo) |{ ¢{w)

where [P (@)= (e’ +a”) (0 +5) . ¢(w) =t w/a) — tan” Na/b), a/b <P y(jw)<1, 0°<
${w) < 90°. Therefore the lead network medifics GH; as follows, G, is shifted downwards beginning at GH.( foo)
in a counterclockwise direction foward GH, due to the positive phase contribution of Py, [0° < ¢{w) < 90°]. In
addition, it is attenuated [0 < | P 4( jw)| < 1]. The resulting Polar Plot for GH, is illustrated in Fig. 12-9.

ju+a
jw+h

b Im GH

Re GH

|
| J
r

el on,

([6H
I

I
Fig. 12-9

The system represented by GH, is clearly stable, and &py 15 less than 45°, reducing the delay time T, of the
original sysiem represented by GH,. By a trial-and-error procedure, the zero at —a and the pole at —4 can he

chosen such that a specific M, can be achieved.

A block diagram of the fully compensated system is shown in Fig. 12-10. Unity feedback 15 shown for
convenience only.

R s + a 2\__1_3_ GH _ K’ C
s+b a ' s(e+p)(e+py) -
Lead Gain-factor Original Loop
Network Amplifier Transfer Function
Fig. 12-10

125 LAG COMPENSATION

The transfer function for a continuous system lag network, presented in Equation (6.3), is
s+ b
s+ da

4

P ==
Lagz b

where ¢ < b. The Polar Plot of P, for 0 <« < oo is shown in Fig. 12-11.
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dIm P,

{a/b, 0) (L9
Prag(™ Prag® Re P,
E

Fig, 12-11

The lag network usually provides compensation by virtue of its attenvation property in the high
frequency portion of the Polar Plot, since Py (0)=1and P, ()= a/b < 1, Several lag networks can
be cascaded to provide even higher attenuation, if required. The phase lag contribution of the lag
network is often restricted by design to the very low frequency range. Several general effects of lag
compensation are:

1. The bandwidth of the system is usuaily decreased.

2. The dominant time constant r of the system is usually increased, producing a more sluggish

systemn.

3. For a given relative stability, the value of the error constant is increased.

For a given value of error constant, relative stability is improved.

The procedure for using lag compensation to improve system performance is essentially the same as
that for lead compensation.

v |
&n EXAMPLE 12,5. Let us redesign the system of Example 12.4 using gain factor plus leg compensation. The
" original open-loop transfer function is

— .Kl —
~s(s+p)s+py)

The gain factor compensation transfer function is

GH,

Ak
T (s ¥ p )5+ py)

Since P, ,,(0) =1, introduction of the lag network after the steady staie criterion has been met by gamn factor
compensation does not require an additional increase in gain factor.
Introducing the lag network, we get

GH,

, AK(a/b)(s+b)
s+ s +p)(s+a)
Now li_l:I‘ll [sGH{(s)] =AK,

where X, = K, /p, p,. Therelore the steady state specification is met by GH;.
In the very low frequency region,

K,
Jaf ju+p Y jw +p;)

Hence GH{ is almost coincident with GH, at very low frequencics, with the lag property of this petwork
manifesting itself in this range.
In the very high frequency region,

GH{(."“J)L vary small = "GHZ(J-“)

Aa/b)K,
Ju(ja +p ) jw+p;)

Therefore, the GH; contour lies above ot below the GH; contour in the range, if A > b/a or A < h/a, respecuvely.
If A=b/a, the GH{ and GH, contours coincide.

GH;(j”)lwvcfy Ia.rg,ez =l(a/b)GH](Jw)
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In the mid-Trequency range, the atienuation effect of Py, increases as w becomces larger, and there is relalively

small phasc lag.

The resulting Polar Plot (with A = &/&) and a block diagram of the fully compensated system are given in

Figs 1212 and 12-13.

4 Tm GH
Unit
Cirele ——
- ~
//
A
2
/ L
(—1.0)I / ok
/ !
/ j
4
) l[J
1 :
e\ oo, leH,
| I
Fig. 12-12
R a|l e+ 51 = = 43 K, o
3[- +a] g - Gl = S p06+rn -
Lag Gain-factor Original Loop
Network Amplifier Transfer Function
Fig. 12-13

126 LAG-LEAD COMPENSATION
The transfer function for a continuous systein lag-lead network, presented in Equation (6.4), is

(s+a)(s+by)
B s+ b)(s+ay)
where ab,/ba, =1, b /a, = by/a,> 1, a, b, > 0. The Polar Plot of P;; for 0 < w < oo is shown in
Fig. 12-14.

ﬂ Im PLL

Prif0) = Pyyiw}

Fig. 1214

Lag-lead compensation has all of the advantages of both lag compensation and lead compensation,
and only a minimum of their usually undesirable characteristics, Satisfaction of muny system specifica-
tions is possible without the burden of excessive bandwidth and small dominant time constanis.
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It is not easy to generalize about the application of lag-lead compensation or to preseribe a method
for its employment, especially using Nyquist techniques. But, for illustrative purposes, we can describe
how it alters the properties of a simple type 2 system in the following example.

EXAMPLE 12.6. The Nyquist Stability Plot for
== LK=>0
Ssvp) 0T

is given in Fig. 12-15. Clearly, the system is unstable, and no amount of gain factor compensation can stabilize it

because the contour for 0 < w < oo always lies above the negative real axis. Lag compensation is also inapplicable
for basically the same reason.

AIm GH

Im GHL&BG “
- —_—— -
~ N Effect of Lead
/ \\ Compensation
I (=1,0)
ey v -

| a
\ R | Re GH w Re GHyeag
/

Fig. 12-15 Fig. 12-16

Lead compensation may succeed in stabilizing the system, as shown in Fig. 12-16. But the desired application
for the compensated system may call for a lower bandwidth than can be achieved with a ead network.
Ii a lag-lead network is used. the open-loop transfer function becomes

K(s+a)(s+b)

GH\, =
s s+ p s+ 8)(5 + ay)

and the Polar Plot is shown in Fig. 12-17. This system 15 conditionally stable if the (— 1,0} peint falls on the real
axis in the unshaded region. By trial and error, the parameters of the lag-lead network can be chosen 1o yield good
transient and steady state performance for this previously unstable system, and the bandwidth will be smaller than
that of the lead-compensated system. A computer program comntrol system design (CAD) package, or any program
that readily pencrates Polar Plots, can be used to help accomplish this task quickly and effectively.

Im GHyy,

Re GH,,

Fig. 12-17
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127 OTHER COMPENSATION SCHEMES AND COMBINATIONS OF COMPENSATORS

Many other types of physical networks can be used to compensate feedback controf systems.
Compensation networks can also be implemented in software, as part of the contrel algorithm in a
computer-controllied system. PID controllers are a popular class of such controllers (see Examples 2.14
and 6.7 and Section 10.5).

Combinations of gain factors and lead or lag networks were used as compensators in Examples 12.4
and 12.5, and a lag-lead compensator alone was used in Example 12.6 Other combinations are also
feasible and effective, particularly where steady state error requirements cannot be met by gain factor
compensation alone, This is often the case when the open-loop transfer function has too few
“integrators,” that is, denominator terms of the form s’ for continuous systems, or (z — 1) for
discrete-time systems as illustrated in the next example.

EXAMPLE 12.7. Our goal is to determine an appropriate compensator {7,(z} for the digital system shown in
Fig. 12-18. The resulting closed-loop system must meet the following performance specilications:

1. Steady state error el=)=1 — (e} = (102, for a unit ramp input.
2. Phase margin ¢ipyy = 30,
3. Gain crossover frequency w, = 10 rad /scc.*

Compensation

Fig, 12-18

The sampling period for this system is 7= 0.1 sec (sampling angular frequency w, = 27 /0.1 = 207 rad /sec).

We note first that the plant is a type Q system, because there is no “integrator” term of the form (z — 1Y in
the denominator of Gz} for {z | (see Section 9.8). To meet the first performance specification, it is
immediately clear that the overall open-loop system bype must be increased by a factor of at least 1, that is, the
compensated system must be at lcast type 1, to achieve a finite steady state ercor for a unit ramp input. Therefore
we add a single pole al z =1, as G, as a first step in determining appropriate compensation:

3zt D{z+4)

G162 = 8z(z-1)(z+3)

Now, from the table in Section 9.9, the steady stale error for a unit ramp input is e(e)= 7 /K, , and the velocity
error constant is K, = 3(2X3}/8(3) = 3. Thercfore e(=) = 0.15, which is larger than the value of 0.02 required by
performance specification 1.
The nexi cbyvious question is whether the addition of gain factor compensation would be sufficient to
complete the design, This would require a gain increase hy ai least a f[aclor of A — O.]/(0.0Q)(%—) = E vielding
15 45(z+1)(z+4%)

GGy = — G,Gj =
VTR T 162(z— 1Mz 4+ 1)

To check the remaining performance criteria (2 and 3) the gain crossover frequency «, and phase margin ¢, can
be evaluated from their defining equations in Section 11,11, We have

Pon = [180 + arg GGy (w, )] degrees
and w, satisfies the equation
|6iGy{ ) [=1

Now, @, and ¢py could be determingd graphically from a Nyquist Stability Plot of G}’G,, as illustrated in Fig.
11-16. But a less difficult task is to solve for w, and ¢py, [Tom their defining equations, preferably using a computer

*See Problem 12,16 for further discussion of this performance specification and its relationship 0 system fardwidth BW.



CHAP. 12 NYQUIST DESIGN 309

program capable of complex numerical calculations. This can be done by first substituting e*<7 for 7 in G["G,(2).
using the Polar Form, Euler Form, and /or Complex Form substitutions [Equations (/7.2) through (//1.4)], and
then solving for w, T such that |G]"G,| = 1. Trial-and-error solution for w, T can be helpfu! in this regard, which we
used to find w, T = 2.54 rad after several trials, resulting in &G {w) = —0.72 + 0.7 and

0.7
- o _ -1y _ = _ &

Clearly, w, =2.54,0.1=254>10 rad/sec salisfies performance specification 3, but nor the phase margin
requirement 2, because ¢p, = —44.4 3 30°, the negative phase margin also indicating that the closed-loep system
with G{'G, is unstable.

Introduction of a fog compensator might solve the remaining constraint, because i increases the phase margin
wilhout affecting the steady state error. The transfer function of a digital lag compensator was given in Example

6.12, Equation {(6.//), as
1-pifz-12z,
Pug(z)=(1_’ )[z—p] (12.4)

where z < p. Note that Py, (1)= P, (¢’*) =1, which explains why the lag network does not affect the stcady
state response of this type 1 system. The Polar Plot of P;,, is shown in Fig. 12-26.

The problem now is to choose appropriate values of z, and p to render ¢py, = 30° and w, = 10 rad /sec.
Again, we accomplished this readily by trial and error, using a computer to evaluvate the simultaneous solution for
z, and p, of the two relations |G,/ G,(10)] =1 and

$p = [180+ arg Gy G, (10) ] 2 30°

where G G, = P ,{G["C;). These equations have maltiple solutions and, often. good choices for p. and z, are
values ¢lose to 1, because F ., then has minimal effect on the phase of (G, at higher frequencies. The pole and
zero of Py, effectively cancel each other at high frequencies when their values are close 1o 1. After several trials, we
obtained @ = 0.86 and b =10.97, and a final compensator:

1.59{ r — 0.86)
(z~1)(z-057)
The resulting Polar Plot (for 0 < w < «) for the compensated system G,G, is shown with ¢p, > 30° in Fig. 12-19.

Gi(z)=6/"(2) =

Im G,G,
3
1.5+
Lnn L__._
Cirdle g,.-"'

P4

b — —» He G,U;

\ Pry
Y
b —{L.5
LY
.,

'\.‘q‘-- _

-1

GIGZ
=13t
Fig. 12-19

Example 12.7 is reworked by root-locus techniques in Example 14.5, and also by Bode methods in
Example 16.6. the latter solution using the w-transform introduced in Section 10.7.
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Solved Problems
FACTOR COMPENSATION
Consider the open-loop transfer function GH = —3/(s + 1)(s + 2). [s the systemn represented by

G H stable or unstable?

Unstable, The characteristic equation is determined from 1 + GH =0 and is givn by 57 + 35 -1 =0.
Since all the coefficients do not have the same sign, the system is unstable (see Problem 5.27).

Determine the minimum value of gain factor to stabilize the system of the previous problem.

Let GH be written as GH = K/(s + 1){s + 2). Then the characteristic equation is s? + 35+ 2 + K=0
and the Routh table {see Section 5.3} is

5? 1 2+X)
st 3 0
s 2+ K)

Hence the minimum gain factor for stability is K = — 2 + ¢, where ¢ is any small positive number.

The solution of the previous problem also tells us that the system of Problems 12.1 and 12.2 is
stable for all K> —2. Sketch Polar Plots of this system, superimposed on the same coordinate
axes, for K, = —3 and X;= —1. What general comments can you make about the transient

* response of the stable system? Assume it is a unity feedback system.

124.

The required Polar Plots are shown in Fig. 12-20. The M-circle tangent to the plot for K = —1 has
infinite radius; thus M, = 1. This means that the peak overshoot is zero (no overshoot}, and the system is
either cntically damped or overdamped.

4 Im GH

—% o (-1, 0) -5 T Re GH
i

\\ \‘_1 \\

\ '

\ /

N /
~
el SR d
Fig. 12-20

Is the system represented by the characteristic equation s>+ 352+ 35+ 1 + X =0 ever condi-
tionally stable? Why?

Yes. The gain faclor range for stability of this system was determined in Example 53 as —1 < K< 8.
Since both limits are finite, an increase in the gain factor above § or a decrease below —1 destabilizes the
system.
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12.S. Determine the gain factor X of a unity feedback system whose open-loop transfer function is
given by G=K/(s + 1)(s + 2) for a resonant peak specified by M, =2,
From Equation (12.1) we have ¥, = sin” (1) = 30°, The Lne AB drawn at an angle of 30° below the
negative real axis is shown in Fig. 12-21, a replica of Fig. 12-20 for K= - 1.

ImGa

Folar Plot
M=z for K=-1 -7

Fig. 12-21

The circle denoted by M, = 2 has been drawn tangent to both AB and the Polar Plot of K= 1. Using
the scale of this Polar Plot, line AD has a length equal to 0.76. Therefore Equation (/2.3) vields

K’ -1

K S =
Mo lengthof AD 0.76

1t is also possible to compute a positive value of gain for M, =2 from a Polar Plot of G(s) for any positive
value of K. The Polar Plot for K= 1 is the same gs that io Fig, 12-21, but rotated by 180°.

MISCELLANEOQUS COMPENSATION
12.6. What kind of compensation is possible for a system whose Polar Plot is given by Fig. 12-23?
Lead, lag-lead, and simple gain faclor compensation are capable of stabilizing the systern and

improving the relative stability.

Im GH |

-1,0 Re GH

/f\
~NLS

Fig, 12-22

12.7. Consider the unity feedback system whose open-loop transfer function is given by
Kl

—_— LK >0
s{s+a) @

G=
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How would the inclusion of a minor feedback loop with a transfer function K,s (K, > 0), as
shown in the block diagram in Fig. 12-23, affect the transient and steady state performance of
the system?

Fig. 12-23

Combining the blocks in the inner loop yiclds a new umity feedback systern with an open-loop transfer
function

K
s(s+a+ K K,)

1]

The Polar Plots for G and 7 are sketched in Fig. 12-24.

Im 4

[
=
=
[

Glw) G ()

Fig, 12-24

The phase margin is clearly larger for the two-loop feedback system G'. Hence the peak overshoot is
smaller, or the damping ratio is farger, and the transicnt response is superior to that of the uncompensated
systemn, The stgady state performance however, is gengrally slightly worse. For a unit step input the steady
state error 1s zero, as for any type 1 system. But the stcady state error for a unit ramp or velocity input 1s
larger [see Equations {2.4) and (9.5)}. The compensation scheme illustrated by this problem is called
derivative or tachometric feedback, and the control algorithm is derivative (DY control.

12.8. Determine a type of compensator that yields a phase margin of approximately 45° when added
to the fixed system components defined by

4
=
s(5%+ 325+ 64)

An additional requirement is that the high-frequency response of the compensated system is to
be approximately the same as that of the uncompensated system.

The Polar Plot for GH is sketched in Fig. 12-25, 1t is very close to the negative imaginary axis for
almost all values of w.
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12.9.

12.10.

¥

Mathead

Im GH ‘;
T 7] T
(-1,0) Re GH
e A
7
lag-plus- 4
in-facto.
compensated /%
;ystemL[\
i
| GH{w)
|
Fig, 12-25

The phase margin is almost 90°, and either an increase in gain facior and /or a lag compensator is
capable of satisfying the phase margin requirement. But since the lag vetwork may be designed to provide
attenuation at high frequencies and lag in the low-frequency range, a combination of both would be ideal
and sufficient (see Example 12.5), as shown in Fig. 12-25. Of course a lag-plus-gain factor compensator is
not necessary for meeting the design requirements. There are probably an infinite number of different
networks or transfer functions capable of satisfying these specifications. The lag network and amplifier,
however, are convenient due to their standardization, availability, and ease of synthesis.

Outline the design of a servomechanism capable of following a constant velocity input with zero
steady state error and approximately 25% maximum overshoot in the transient staie. The fixed
plant is given by G, = 50/s%(s + 5).

Since the plant is type 2, it is capable of following a constant velocity input with zero steady state error
(see Chapter 9). However, the closed-loop systermn is unstable for any value of gain factor (see Example
12,6). Since no demands on bandwidth have been made, lead compensation should be sufficient (again see
Example 12.6) to stabilize the system and meet the transient specification. But two lead networks in series
are probably required because the phase margin of the unstable system is negative, and 25% overshoot is
equivalent io about +45° phase margin. Most standard lead networks have 3 maximum phase lead of
approximately 54° (sec Fig. 16-2).

Detailed design would be very tedious using Nyquisi analysis, if performed manually, because the
Polar Plot usually must be drawn in some detail several times before converging 10 a satisfactory solution,
IF a computer is not available to facilitate this pro¢ess, this problem may be solved much more easily using
the design methods introduced in Chapters 14, 16, and 18. Actually, two compensating lead networks, cach
with a transfer funciion of approximately P, ., = (s + 3) /(s + 20), would satisfy the specifications. If the
maximum steady state aceeleration error were also specified, a preamplifier would be required with the lead
networks. For example, if K, = 50, then a preamplifier of gain 5¢20,/3)? would be needed. This preamplifier
should be placed between the two lead petworks to prevent, or minimize, loading cffects (sec Section 8.7).

Outline a design for a unity feedback system with a plant given by

G 2000
2 s(s+5)(s+10)

and the performance specifications:

(1) ppe =45°,
() K, =50
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(3) The bandwidth BW of the compensated system must be approximately equal to or not
much greater than that of the uncompensated system, because high-frequency “noise”

disturbances are present under normal operating conditions,

(4) The compensated system should not respond shuggishly; that is the predominant time
constant  of the system must be maintained at a value approximately the same as that of

the uncompensated system.

A simple calculation clearly shows that the uncompensated system is unstable (e.g., try the Routh test).
Therefore compensation is mandatory. But due to the stringent nature of the specifications, a detailed
design for this system using Nyquist techniques requires too much effort, if done manually. The techniques
of the next few chapters provide a much simpler solution. However, analysis of the problem statement

indicates the kind of compensation needed.

For G;, K, =lim_ _, ;5G,{s) = 40. Therefore satisfaction of {2) requires a gain compensation of 5/4.
But an increase in gain only makes the system more unstable. Therefore additional compensation is
necessary. Lead compensation is probably inadequate due to (3), and lag compensation is not possible due
to (4). Thus it appears that a lag-lead network and an amplifier would most likely satisfy all criteria. The lag
portion of the lag-lead network would satisfy (3), and the lead portion (4) and (1)

What is the effect on the Polar Plot of the system
"
[1(s+2)
GH = %._
_l_I1 (s+p)

where m<a, 0<z,<, 0gp, < oo, when & finite nonzero poles are included in GH, in

addition to the original n poles?

For low frequencies the Polar Plot is modified in magnitude only, since

l_.[(5+zl) nzi H

jml

lim GH' = lim | =2 = = lim GH

r (=0 n+k n+k

»t @ n+k
lim arg GH'{w)= Lim [E tan_l(—) - Y tan!
w0 -1

Land N P 1

- ——— = lim argGH — —

2 2 w0

k
-0
[1Gs+p) Me (T1n)°
j=1 i=l i=1

For high frequencies addition of k poles reduces the phase angle of GH by k# /2 radians, since

2

Therefore the portion of the Polar Plot near the origin is rotated clockwise by &kw/2 degrees when k poles

are added.

Draw the Polar Plot of the digital lag compensator given by Equation (/2.4):

1_Pr £z,
Pm(z)=(l_z)[z_p] z,<p,

Let z, = 0.86 and p_= 0.97, 10 simplify the task.
At w=0, Pl =P (e)=P 1)=1 At wT=m,
l_P{')[_l_zr] lhz‘_p(_-(p:-zt)

1~z | =1-n| 1-zp+(p-2)

Pl.ag(ej') =(

=c=10

2

At a few intermediate values, Py, (e/*)=0.02—0.03 and Py (e/’)=02-j0.012. The resulting
Polar Plot, for 0 < T < o radians is shown in Fig, 12-26. It is instructive to compare this Polar Plot of the

digital lag compensator with its continuous-time equivalent in Fig, 12-11.
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0.075%
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02 04106 G8 RePy,,
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Fig. 12-26

12,13, Draw the Polar Plot of the particular digital fead compensator:

ay|i—e ®flz-e""
'Pl,ead(z)z(g) 1—e T ||l z—e-*7

or e\fl—e*Thil-e@\ a4
Pl.ead(er )=PLtad(1)=(-b) 1—e Tl 1 8T z-t;-cl
The remainder of the plot has been drawn by computer, by evalnating P; . ,{1/9) for values of the angle ¢

in the range 0 < ¢ < # radians, for specific values a =1 and &= 2. The result is given in Fig. 12-27, which
should be compared with Fig. 12-6, the Polar Plot of a continuous sysiem lead network.

where a < b,
We have

Im Ppeag

E

Re P ou
ELIANE

_02 4
_03 -
0.4 4

~05 4

Fig. 12-27

This form of the general digital lead compensator, given in Equation (6.9), has a gain factor
X a [ 1-e" ”T]
) e
This compensator is a direct digital analog of the continucus lead compensater P, =(s+a}/(s+#). in

which the zeros and poles at —a and — b in the s-plane have been transformed directly into zeros and poles
in z-plane z, = ¢ *7 and p, = ¢ *7, and the steady state gain (at o = 0) has been preserved as a/b.

12.14. The closed-loop continuous system with both gain factor and lead compensation shown in Fig.
12-28 is stable, with a damping ratio { = 0.7 and dominant time constant = =45 sec (see
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Lead Gain
Network Attenuator Plant

Fig. 12-28

Sections 4.13 and 10.4). Redesign this system, replacing the controller {including summing
Junction) with a digital computer, and any other needed components for analog-digital data
conversion. The new system should have approximately the same dynamic characteristics,

The sampling rate of the digital components must be safficiently fast to reproduce the signals
accurately. The natural frequency w, is estimated from Equation (16.7) as w, = 1 /81 = 1 Z/(0.){4.5) = 0317
rad /sec. For a continuous system with this «w,, a safe angular sampling frequency w, = 20w, = 6.35 = 2w
rad/sec, equivalent to f, = 1 Hz, because w, = 27/ Therefore we choose T=1 sec.

We now replace the continuous lead compensator by the digital lead compensator given in Problem

12.13:
» a (l—e Tyl z—e 97
Lcad(z.)_(b)\l_e.ar. Z_t’.’_'br

H —0.82}

= (.55
[ z—-014

where a=02 and »=2 from Fip. 12-28. The factor of 0.55 can be obtained with the gain factor

compensator for the continuous system, K =0.81, yiclding an overall factor of 0.55 (0.81) =45 The

resulting design also needs samplers in the feedback and the input paths, and a zero-order hold in the

forward path, all as shown in Fig. 12-29.

Digital Computer Zero-Order
Hold Plant

10/

T =1 sec

o c(1)

Fig. 12-29

The digital transfer function P ,(7) can bc implemented for digital computation as a difference
equation between the input and output of Py 4, using the methods described in Section 4.9, That is, write
Pienaf2) as a function of z7! instead of z, and treat z ! as a unit time-shift operator. Combining the gain
factor 0.45 with P, 4, we obtain

04503971 w{k)
1-0tdz"t (k) — (k)

0.48P ., =

Then, cross-multiplying terms and letting : lu(k)=u{k — 1), etc, we obtain the desired difference
equation:

w( k) = 0ldu(k— 1) +0.45[r(k) — c(k)] - 0.39]r(k— 1) — e(k - 1)]

12.15. Digitize the remaining continuous components in Fig. 12-29 and compare the Polar Plot of: (a)
the original continuous plant without compensation, G,(s) =1/s%, (k) the compensated system
of Fig. 12-28, & ,(.(s), and (¢} the digital system of Fig. 12-30, ¢ ,G,(2).
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The combination of the zero-order hold and the plant G,(s)}=1/5? can be digitized using Equation

{6.9):
z—1 i1 ]
o= TR
z * 1=&T

___i’_"i( z+1 0.5(z+_1_}
(-1 (z-1)

2
The closed-loop discrete-time equivalent system is shown in Fig. 12-30.
Nyquisi Stability Plots (not shown) would indicate that the compensated systems are absolutely stable.
To check relative stability, the Polar Plots of the three systems are shown superimposed in Fig, 12-31, for
« > 0 only. The phase margin of G,G,({s) is fp,; = 53°, a substantial improvement over that of G,(s). The
Polar Plots for G,G,(s) and G,G,(z) are quite similar, over a wide range of «, and the phase margin for
G,G: (2) is still quite good, Ppy =377,

Im

/’

Re

GGl 5}

Fig. 12-31

12.16. Determine the closed-loop system bandwidth BW of the compensated system designed in

i+

Mathcad

Example 12.7.

Performance specification 3 was given in terms of the gain crossover frequency w;, as w; > 10 rad,/sec.
This may appear somewhat unrealistic, or artificial, given that a specific phase margin @py =[180+
arg G1f{w,)] degrees was also given in performance specification 2. Actually, the bandwidith (BW) of the
closed-loop system would be the more likely frequency of interest in control system design. (These design
criteria are discussed in Chapter 10.) However, as noted in Section 10.4, it 15 often the case that wy is a
good approximation of the closed-loop system bandwidth BW, when it is given its common interpretation
as the range of frequencies over which the magnitude ratio of the system, which in this case means {C/R|,
does not fall more than 3 db from its steady state value, at =0 (2 = 1). For this problem

159z~ 0.86)
U z-1){z-097)
_ e+ 1)(z 44}

2 Sz(z+%)
C 6,6,
R 1+GG,
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12.20.

12.21.

1222

12,23

1217

12.18.

12.21.

12.22.
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We easily find that

o5 ()

M —_ = m| — —_—

w0l B 71 ( R

Now, 3 db down from 1 is $.707 [see Equation ({0.5)]. Therefore the BW is the {requency wyy that satisfics
the equaticn:

= (.707

Flom)

We quickly obtain the solution wgy, = 10.724 rad /sec by trial and error using a computer to evaluate the
magnitude ratio at a few values of w in the vicimty of w, = 10. Thus the approximation w, = wpy is
confirmed as a good one for the problem solved in Example 12.7.

Supplementary Problems
Determine a positive value of gain factor K when M, = 2 for the system of Problem 12.5,
Prove Equation {12.1).
Prove Equations (12.2) and (12.3).

Design a compensator which yields a phasc margin of approximatcly 45° for the system defined by
GH = 84/5(s+ 2){s + 6).

Design a compensator which yields a phase margin of about 40° and a velocity constant K, = 40 for the
system defined by GH = {d % 10%) /5(s + 20)(s + 100).

What kind of compensation can be used to yvield a maximum overshoot of 20% for the systemn defined by
GH = {4 % 10*) /5% (s + 100?

Show that the addition of k finite zeros (2, # 0) 10 the system of Problem 12.11 rotates the high-frequency
purtion of the Polar Plot by &= /2 radians in the counterclockwise direction.

Answers to Some Supplementary Problems

K=312
» s+ 30
el T 120

p s+ 20 lif ired
s = T 00" no preamplifier require

Lag-lead, and possibly lead plus gain factor compensation.



Chapter 13

Root-Locus Analysis

13.1 INTRODUCTION

It was shown in Chapters 4 and & that the poles of a transfer function can be displayed graphically
in the s-plane or z-plane by means of a pole-zero map. An analytical method is presented in this chapter
for displaving the location of the poles of the closed-loop transfer function

G
1+ GH

a5 a function of the gain factor K (see Sections 6.2 and 6.6) of the epen-loop transfer function GH. This
method, called roor-focus analysis, requires that only the location of the poles and zeros of GH be
known, and does not require factorization of the characteristic polynomial.

Root-locus techniques permit accurate computation of the time-domain response in addition to
yielding readily available frequency response information.

The following discussion of root-locus analysis applies identically 10 continuous systems in the
s-plane and discrete-time systems in the z-plane.

13.2 VARIATION OF CLOSED-LOOP SYSTEM POLES: THE ROOT-LOCUS

Consider the canonical feedback control system given in Fig. 13-1. The closed-loop transfer
function is

H =

Fig, 13-1

Let the open-loop transfer function GH be represented by
GH KN
B

where ¥ and D are {inite polynomials in the complex variable 5 or z and K is the open-loop gain
factor. The closed-loop transfer function then becomes

C G GD

R 1+KN/D D+KN
The closed-loop poles are roots of the characteristic equation
D+KN=0 (13.1)

In general the location of these roots in the s-plane or z-plane changes as the open-loop gain factor K is
varied, A locus of these roots plotted in the s-plane or z-plane as a function of K is called a root-locus.

For K equal to zero, the roots of Equation (13.7) are the roots of the polynomial D, which are the
same as the poles of the open-loop transfer function GH. If K becomes very large, the roots approach
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those of the polynomial N, the open-loop zeros. Thus, as X s increased from zero to infinity, the loci of
the closed-loop poles originate from the open-loop poles and terminatie at the open-loop zeros.

EXAMPLE 13.1. Constder the continuous system open-loop transfer function
KN(s} K(s+1) K(s+1)
T D(s) sM+2s s(s+2)

GH

For H =1, the closed-loop transfer function is
C K(s+1)
R 2 +2s+K(s+1)

The closed-loop poles of this sysiem are easily determined by facloring the denomnator polynomial:
p= 32+ K} +y1+1iK?
—_—
p= 42+ K) —141K°

The locus of these rools plotted as a function of K (for X > () is shown in the s-plane in Fig. 13-2. As observed in
the figure, this root-locus has two branches: one for a closed-loop pole which moves from the open-loop pole at the
origin 1o the open-loop zero at — 1, and from the open-loop pole at — 2 to the open-loop zero at — og.

4 Ju
)
] vy
— = il —
1 1 1l I
x X MM
. G
Fig. 13-2

In the example above, the root-locus is constructed by factoring the denominator polynomizl of the
system closed-loop transfer function. In the following sections, techniques are described which permit

construction of root-loci without the need for {actorization.

13.3 ANGLE AND MAGNITUDE CRITERIA

In order for a branch of a root-locus to pass through a particular point p, in the complex plang, 1t
is necessary that p; be a root of the characteristic Equation (/3.1) for some real value of XK. That is,

D(p,) +KN(p)=0 (13.2)
KN
or, equivalently, = % =-1 (13.3)
1

Therefore the complex number GH( p,) must have a phase angle of 180° + 360/°, where / is an
arbitrary integer. Thus we have the angle criterion

arg GH( p,} = 180° + 360f° = (2{ + 1) = radians I=0,+1.+£2,... (13.4a)

which can also be wrliten as

N{p,)

1=0,+1,+2,. . {134b)
D(Pl)

{(214-1)« radians for K>0
arg

2iw radians for K<0
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In order for p, to be a closed-loop pole of the system, on the root-locus, it is necessary that
Equation (/3. 3) be satisfied with regard to magnitude in addition to phase angle. That is, K must have
the particular value that satisfies the magnitude criterion: |GH(p }=1, or

D(Pl}
N(Pl}

The angle and magnilude of GH at any point in the complex s- or z-plane can be determined
graphically as described in Sections 4.12 and 6.5. In this way, it is possible to construct the root-locus
manually by a trial-and-error procedure of testing points in the complex plane. That is, the root-locus 1s
drawn through all points which satisfy the angle criterion, Equation ({3.4h), and the magnitude
criterion is used to deiermine the values of X at points along the loci. Digital computer programs for
routinely plotting root-loci are widely available, However, manual construction is simplified consider-
ably, using certain shortcuts or construction rules as described in the following sections.

K| = (13.5)

134 NUMBER OF LOCI

The number of loci, that is, the number of branches of the root-locus. is equal o the number of
poles of the open-loop transfer funclion GIf {for n = m),

EXAMPLE 13.2. The open-loop transfer function of the discrete-time system GH{z) = K{z + })/z7(z+ }) has
three poles. Hence there are three loci in the root-locus plot.

13.5 REAL AXIS LOC]

Those sections of the root-locus on the real axis in the complex plane are determined by counting
the total number of finite poles and zeros of GH 10 the right of the points 1n question. The following
rule depends on whether the open-loop gain factor X is positive or negative,

Rule for K> 10
Points of the root-locus on the real axis lie to the left of an odd number of finite poles and zeros.

Rude for K<
Points of the root-locus on the real axis lie to the left of an even number of finite poles and zeres.

If no points on the real axis lie to the left of an odd number of finite poles and zeros. then no
portion of the reot-locus for K > 0 lies on the real axis. A similar statement is true for K < 0.

EXAMPLE 13.3. Consider the pole-zero map of an open-loop transfer function ¢H shown in Fig. 13-3. Since all
the poinis on the real axis between 0 and — 1 and between —1 and —2 lie to the left of an odd number of finitc
poles and zeros, these points are on the root-locus for X > 0. The portion of the real axis between — 0 and — 4 lies
to the left of an odd number of finite poles and zeros; hence these points are also on the root-locus for K = 0. All
portions of the root-locus for £ > 0 on the real axis are illustrated in Fig. 13-4 All remaining portions of the real
axis, that is, between — 2 and — 4 and between () and oo, he on the root-locus for K < (0

4 Im 4 1Im
X T ¥ X Ti
———— O+ ——— - Gt -
- -2 1 Re -4 -2 -1 Re
x el x -
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13.6 ASYMPTOTES

For large distances from the origin in the complex plane, the branches of a root-locus approach a
set of straight-line asymptotes. These asymptotes emanate from a point in the complex plane on the real
axis called the center of asymptotes o, given by

L] m
E Pi— Z zl'
o, = — f=1 =1 (13.6)
n—m
where —p, are the poles, —z, are the zeros, n is the number of poles, and m the number of zeros of
GH.

The angles between the asymptotes and the real axis are given by

(27 + 1)180
————— degrees for X>0
g={ "-" (13.7)
(26)180 ’
degrees for K<0
n—m

for I=0,1,2,.... n — m ~ 1. This results in a number of asymptotes equal to n — m.

EXAMPLE 13.4. The center of asymptotes for GH = K{s5 + 2)/s%(s + 4) is located at
4-2
o= =
Since n— m=3 — 1 =2, there are two asymptotes. Their angles with the real axis are 90° and 270°, for K> 0, as
shown in Fig. 13.5.

[ fw
1
90° Double pole
~ pol
-4 -2 \_1'\%:_1 re

|
|

Fig 13-5

13.7 BREAKAWAY POINTS

A breakaway point g, is a point on the real axis where two or more branches of the root-locus
depart from or arrive at the real axis. Two branches leaving the real axis are illustrated in the root-locus
plot in Fig, 13-6. Two branches coming onto the real axis are illustrated in Fig. 13-7,

Im & Im

e L Naum
] l Re \‘ Re
|

Fig, 13-6 Fig, 13-7

The location of the breakaway point can be determined by solving the following equation for o,
n 1 i 1

)M =X (13.8)

jml (op+p;) im1 (oy+2,}

where —p, and —z, are the poles and zeros of GH, respectively. The solution of this equation requires
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factorization of an (n + m — 1)-order polynomial in ¢,. Consequently, the breakaway point can only be
easily determined analyvically for relatively simple GH. However, an approximate lecation can often be
determined intuitively; then an iterative process can be used to solve the equation more exactly (see
Problem 13.20). Computer programs for factorization of polynomials could also be applied.

EXAMPLE 13.5. To determine the breakaway points for GH = K/5(s + 1)(s + 2}, the [ollowing equation must be
solved for a,:

1 1 1
—+

+ =0
g, a,+1 o4+2

(o,+ )0, +2)+0,(a,+2) +a,(0,+1)} =0

which reduces to 3a? + 60, + 2 = 0} whose roots are s, = —0.423, — 1.577.

Applying the real axis rule of Section 13.5 for K> 0 indicates that there are branches of the root-locus between
0 and —1 and between — oo and —2. Therefore the root at —0.423 is a breakaway point. as shown in Fig. 13-8.
The value a0, = — 1.577 represents a breakaway on the root-locus for negative values of K since the portion of the
real axis between —1 and -2 is on the root-locus for K < 0.

fu

[
iy d

'

L
1
—
[
af

Fig. 13-8

13.8 DEPARTURE AND ARRIVAL ANGLES
The departure angle of the root-locus from a complex pole is given by
G, =180° + arg GH' (13.9)
where arg GH’ is the phase angle of GH computed at the complex pole, but ignoring the contribution of

that particular pole.

EXAMPLE 13.6. Consider the continuous system open-loop transfer function
K(s+2)
(s414/)(s+1-j)

GH K>0

The departure angle of the root-locus from the complex pole at s = -1 +; is determined as follows. The angle of
GH for s = —1 +/, ignering the contribution of the pole at s = ~1 +, is —~45°, Therefore the departure angle is

fp = 180° — 45° = 135°
and 1s illustrated in Fig. 13-9.

135° “ Juw

)

N ,___,Ie"
|
|

—_———y—i

Fig. 13-9



=i
=Y

124 ROCT-LOCUS ANALYSIS [CHAP. 13

The angle of arrival of the root-locus at a complex zero is given by
#, = 180° — arg GH"” (13.10)

where arg GH” 1s the phase angle of GH at the complex zero, ignoting the effect of that zero.

EXAMPLE 13.7. Consider the discrete-time system open-loop transfer function

K-
2{z+1)

The arrival angle of the root-locus for the complex zere al z=j is #, = 180° — (—45°)=225° as shown in
Fig. 13-10.

i
226
j

=t

Fig, 13-10

=¥

13.9 CONSTRUCTION OF THE ROOT-LOCUS

A root-locus plot may be easily and accurately sketched using the construction rules of Sections
13.4 through 13.8, An efficient procedure is the following. First, determine the portions of the root-locus
on the real axis. Second, compule the center and angles of the asymptotes and draw the asymptotes on
the plot. Then determine the departure and arrival angles at complex poles and zeros (if any) and
indicate them on the plot. Next, make a rough sketch of the branches of the root-locus so that each
branch of the locus cither terminates at a zero or approaches infinity along one of the asymptotes. The
accuracy of this last step should of course improve with experience.

The accuracy of the plot may be improved by applying the angle critenion in the vicinity of the
estimated branch locations. The rule of Section 13.7 can also be applied to determine the exact location
of breakaway points,

The magnitude criterion of Section 13.3 is used to determine the values of X along the branches of
the root-locus.

Since complex poles must occur in complex conjugate pairs (assuming real cocfficients for the
numerator and denominator polynomials of GH'}, the root-locus 15 symmetric about the real axis. Thus
it 1s sufficient to plot only the upper half of the root-locus. However, il must be remembered that, in
doing this, the lower halves of open-loop complex poles and zeros must be included when applying the
magnitude and angle criteria.

Often, for analysis or design purposes, an accurate plot of the root-locus is required only in certain
regions of the complex plane. In this case, the angle and magnitude criteria need only be applied in
those regions of interest after a rough sketch has established the general shape of the plot. Of course, if
a computer and appropriate software are available, plotting of even very complex root-loci can be a
simple matter.

EXAMPLE 13.8. The root-locus for the closed-loop continuous system with open-loop transfer function
H= K>10
s(s+2){(5+4)

is constructed as follows. Applying the real axis nule of Section 13.5, the portions of the real axis between 0 and -2
and between — 4 and — oo lie on the root-locus for K > Q. The center of asymptoles is determined from Equation
(J36)lobe g = (2+4)/3= -2, and there are three asymptotes located ai angles of 8§ = 60°, 180°, and 300°.
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Since two branches of the root-locus for K> § come together on the real axis between 0 and ~ 2, a breakaway
poini exists on that portion of the real axis. Hence the root-locus for K > D may be sketched by estimating the
location of the breakaway point and continuing the branches of the root-locus to the asymptotes, as shown in Fig,
13-11. To improve the accuracy of this plot, the exact location of the breakaway point is determined from Equation
(13.8):

1 1 i

—+ + =0
g d+2 o, +4

which simplifies to 30] + 120, + 8 = 0. The appropriate solution of this equation is o, = —(.845.

Fig. 13-11

The angle criterion is applied to points in the vicinity of the approximate root-locus to improve the accuracy of
the location of the branches in the complex part of the s-plane; the magnitude criterion is used to determine the
values of K along the root-locus. The resulting root-locus plot for X > 0 is shown in Fig. 13-12.

}'wly
K =18

K =1

+ K =T

at

Fig, 13-12

The root-locus for K < 0 is constructed in a similar manner. In this case, however, the portions of the real axis
between 0 and co and between —2 and —4 lie on the root-locus; the breakaway point is located at —3.155; and
the asymptotes have angles of 0°, 120°, and 240°. The root-locus for X < 0 is shown in Fig. 13-13,
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21

A -

¥

=J14

Fig. 13-13

13.10 THE CLOSED-LOOP TRANSFER FUNCTION AND THE TIME-DOMAIN RESPONSE

The closed-loop ransfer function C/R is easily determined from the root-locus plot for a specified
value of open-loop gain factor K. From this, the time-domain response c(7) may be determined for a
given Laplace transformable input r(¢) for continuovs systems by inversion of {s). For discrete
systems, ¢(k) can be similarly determined by inversion of C(z).

Consider the closed-loop transfer function C/R for the canonical unity (negative) feedback system

< G 13.11)

R 1+G (13
Open-loop transfer functions which are rational algebraic expressions can be written (for continuouns
systems) as

__K_N__K(s+z,)(s+zz)---(s+zm)
D (s+p)s+p) - (s+p,)

G has the same form for discrete-time systems, with z replacing s in Equation (/3./2). In Equation
(13.12), -z, are the zeros, — p, are the poles of G, m < n, and N and D are polynomials whose roots

are —z, and —p,, respectively. Then

(13.12)

C KN

R DvRN (13.03)
and it is clear that /R and & have the same zeros but not the same poles (unless K = (). Hence

E_ Kis+z)s+2z,) - (s+z,)
R (s+os+ay) - (s+e,)

where —a, denote the n closed-loop poles. The location of these poles is by definition determined
directly from the root-locus plot for a specified value of open-lcop gain K.

EXAMPLE 13.9. Consider the continuous system whose open-loop transfer function is
K(s+2
KD ko

(s+1)

The root-locus plot is given in Fig. 13414,



CHAP. 13] ROOT-LOCUS ANALYSIS 327

1‘ ia

2

Fig. 13-14

Several values of gain factor K are shown al points on the loci denoted by smaif triangies. These points are the
closed-ioop poles corresponding to the specified values of K, For K = 2, the closed-loop poles are —a; = —2 +j and
—ay = —2 — j. Therefore

C As+2)

E=(s+2+j)(s+2—-_,i)

When the system 1s not unity feedback, then

¢ ¢ (13.14
R 14 GH 14)
KN
and GH = —- (13.15)

The closed-loop poles may be determined directly from the root-locus for a given X, but the
closed-loop zeros are not equal to the open-loop zeros. The open-loop zeros must be computed
separately by clearing fractions in Equation (13.14).

EXAMPLE 13.10. Consider the continuous system described by
K(s+2 1 K(s+2
oKD 1 KGe)
s+1 s+1 (s+1)
C K{s+1{s+2) K{is+1)s+2)
and —_—= 3 =
R (s+1)'+k(s+2) (s+a)(s+m)

The roat-locus plot for this example is the same as that for Example 13.9. Hence for X=2, # =2+ and
a, =2 — 5. Thus

- (s5+2+Ms+2-5)

¢ As+)(s+2)
R

EXAMPLE 13.71. For the discrete-ume system with GH(z) = K/z(z — 1), the root-locus for K> 0 is shown in
Fig. 13-15. For K = 0.25, the roots are at z = (.5 and the closed-loop transfer function is
C 0.25

R (r-03)

Fig, 13-15
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13.11 GAIN AND PHASE MARGINS FROM THE ROOT-LOCUS

The gain margin is the factor by which the gain factor X can be multiplied before the closed-loop
system becomes unstable. It can be determined from the root-locus using the following formula:
value of K at the stability bonndary

o 13.16
gain margin design value of K ( )

where the stability boundary is the jw-axis in the s-plane, or the unit circle in the z-plane. If the
root-locus does not ¢ross the stability boundary, the gain margin is infinite.

EXAMPLE 13.12. Consider the continuous system in Fig. 13-16. The desipn value for the gain factor is 8,
producing the closed-loep poles (denoted by small triangles) shown in the root-locus of Fig. 13-17. The gain factor
at the jw-axis crossing is 64; hence the gain margin for this system is 64,8 = 8.

R T~ 8 C
(s + 2)3 S 3 poles.,
= K=%8
i
Fig. 13-16 Fig, 13-17

EXAMPLE 13.13. The root-locus for the discrete-time system of Example 13.11 crosses the stability boundary
(unit circle} for K= 1. For a design value of K = 0.25, the gain margin is 1 /025 =4,

The phase margin can also be determined from the root-locus. In this case it is necessary to find the
point «, on the stability boundary for which |GH|=1 for the design value of K; that is,

1D{w, ) /N0, = K gegign

It is usually necessary to use a trial-and-error procedure to locate w,. The phase margin is then
computed from arg GH(w,) as

dpag = [180° + arg GH{ w, )| degrees {13.17)

EXAMPLE 13.14. For the system of Example 1312, |GH(w, )| = [8,/(jw; + 2)*| = 1 when w, = 0; the phase angle
of GH{0) is 0°. The phase margin is therefore 180°.

EXAMPLE 13.15. For the continuous system of Fig, 13-18, the root-locus is shown in Fig. 13-19. The point on
the jw-axis for which |GH{w )| = 24/jw,(jw, + 9 =1 is at @, =1.35; the anple of GH{1.35) is —1296°.
Therefore the phase margin is ppy = 180 — 129.6° = 5(4°,

L | 24 : <
8(s + 4)2

Fig. 13-18
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Fig. 13-19

13.12  DAMPING RATIO FROM THE ROOT-1L.OCUS FOR CONTINUOUS SYSTEMS

The gain factor K required to give a specified damping ratio { (or vice versa} for the second-order
continugus system

B K
T (s +p s+ py)

is easily determined from the root-locus. Simply draw a line from the origin at an angle of plus or minus
# with the negative real axis, where

GH K.p,.p,>10

#=cos ¢ (13.18)

(See Section 4.13.) The gain factor at the point of intersection with the root-locus is the required value
of K, This procedurs can be applied to any pair of complex conjugate poles, for systems of second or
higher order. For higher-order systems, the damping ratio determined by this procedure for a specific
pair of complex poles does not necessarily determine the damping (predominant time constant) of the
system.

EXAMPLE 13.16. Consider the third-order system of Example 13.15. The damping ratio { of the complex poles
for K= 24 is casily determincd by drawing a line from the origin to the point on the root-locus where K =24, as
shown in Fig. 13-20. The angle # is measured as 60°; hence

f=cos@=035

This value of { is a good approximation for the damping of the third-order system with K =24 hecause the
complex poles dominate the response,

o
K =24 12
K =24 %9,
e % '—1.33\ T s
Fig. 13-20
Solved Problems

YARIATION OF SYSTEM CLOSED-LOOP POLES

13.1. Determine the closed-loop transfer functien and the charactesistic equation of the vnity negative
feedback contral system whose open-loop transfer function is G =K (s + 2)/(s + 115 + 4).
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The closed-loop transfer function is

C G K(s+2)

R 146G (s+1)(s+4) +K(s+2)

The characteristic equation is obtained by setting the denominator polynomial equal to zero:

(s+1(s+4)+K(s5+2)=0

13.2. How would the closed-loop poles of the system of Froblem 13.1 be determined for K = 2 from its
root-locus plot?

The root-locus is a plot of the closed-loop poles of the feedback system as a function of K. Therefore
the closed-loop poles for K =2 are determined by the points on the root-locus which correspond to X = 2
(one point on each branch of the locus).

13.3. How can a root-locus be employed to factor the polynomial 52 + 65 + 187

Since the root-locus is a plot of the roots of the characteristic equation of a system, Equation (13.7), as
a function of its open-loop gain factor, the roots of the above polynomial can be determined from the
root-locus of any system whaose characteristic polynomial is equivalent to it far some value of K. For
example, the root-locus for GH = K/s(s + 6) factors the characteristic polynomial s + 65 + X. For K =18
this polynomial is equivalent 1o the one we desire to factor. Thus the desired roots are located on (his
root-locus at the points corresponding to K =18

Note that other forms for GH could be chosen, such as GH = K/(5 + 2){s + 4) whose closed-loop
characteristic polynomial corresponds to the one we wish to factor, but now for XK= 10.

ANGLE AND MAGNITUDE CRITERIA

13.4. Show that the point p, = —0.5 satisfies the angle criterion, Equation (3.4}, and the magnitude
<1+ cniterion, Equation (/3.5), when K= 1.5 in the open-loop transfer function of Example 13.1.

K(p +1) 1.5(0.5) . 1.5(0.5)
D -0.5(1.5
or (2) =‘ ( )|=l.5=K
N(p) 0.3
Thus as illustrated on the root-locus piot of Example 13.1, the point p; = — 0.5 is on the root-locus and is a

closed-loop pole for K= 1.5,

13.5. Determine the angle and magnitude of GH{ j2) for GH = K/s{s + 2)?. What value of X satisfies
IGH(j2)| =17

K| 1K
GH( 2} = a:gGH(j2)={_180° for K>0 on( 2| - JKL K]

j2( 2+ 2 o0° for K<0 2A8) 16
and for |GH( j2)| = 1 it is necessary that |K| = 16.
13.6. [Illustrate the graphical composition of arg GH( j2) and [GH( f2)| in Problem 13.5.

IX) |K]
arg GH( j2) = —90° — 45° — 45° = —180° |GH( j2)| = - -
A7) 16
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Ju g

Fig. 13-21

13.7. Show that the point p, = —1 + j3 is on the root-locus for

K
CH() = (s s +ay K70

and determine K at this point.
ar N(p) -arg 1
*D(p) BB +B)

The angle criterion, Equation (73.4h), is thus satisfied for K > 0 and the point p, = —1 + /'3 is on the
root-locus. From Equation (f3.5),

PRVASNEN L)
1

= - 90° - 60° - 30° = — 180°

=y/3(4)12 =12

NUMBER OF LOCI
13.8. Why must the number of loci equal the number of open-loop poles for m < n?

Each branch of the root-locus represents the locus of one closed-loop pole. Consequentty there must be
as many branches or loci as there are closed-loop poles. Since the number of closed-loep poles is equal to
the number of open-loop poles for m < n, the number of loci must equal the number of open-loop poles.

13.9. How many loci are in the root-locus for
K(z+3)(z+14)
2(z+3+j/2)(z- 5 -i/2)
Since the number of open-loop poles is three, there are three loci 1 the root-locus plot.

GH{z)=

REAL AXIS LOCI
13.10. Prove the real axis loci rules.

For any point on the real axis, the angle contributed to arg GH by any real axis pole or zero is either
0° or 180°, depending on whether or not the point is to the right or to the left of the pole or zero. The total
angle contributed to arg GH{s) by a pair of complex poles or zeros is zero because

arg(s+ o +jw ) + arg(s + 0, — jw ) =0
for all real values of . Thus arg GH(s) for real values of s (s = ¢) may be written as
arg GH(0) =180n, + arg K

where s, is the total number of finite poles and zeros to the right of . In order to satisfy the angle
criterion, », must be odd for positive X and even for negative K. Thus for X > (), points of the root-locus
on the real axis lie to the left of an odd number of finite poles and zeros; and for K <0, points of the
root-locus on the real axis lie to the left of an even number of finite poles and zeros.
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13.11. Determine which parts of the real axis are on the root-locus of
K(s+2)
s+ s+ 3+)(s+3-))

The points on the real axis which lie to the left of an odd number of finite poles and zeros are only
those points between —1 and —2. Therefore by the rule for K > (), only the portion of real axis between
—1 and —2 lies on the reot-locus.

K>0

oH

13.12. Which parts of the real axis are on the root-locus for
K

He —
s(s+1)(s+2)

Points on the real axis between 0 and — 1 and between —1 and -2 lie to the left of an odd number of
poles and zeros and therefore are on the root-locus for X > G

K=0

ASYMPTOTES
13.13. Prove that the angles of the asymptotes are given by

(27+ 1)180

EEPe— degrees for K>0

= 137
A (24)180 ( )
~———- degrees for K<{
H—m

For points s [ar frorn the origin i the s-plane, the angle contributed to arg GH by cach of i zeros is
arg(s +2, )f|,|:.|z,| = arg(s)
Similarly, the angle contributed to arg GH by each of n poles is approximately equal to - arg (5). Thercfore

MN(s
arg[ S| = ~(r=m) sy = ~(n-m

where 8 = arg{s). In order for 5 tc be on the root-locus the angle criterion, Equation (13.48), must be
satisfied. Thus

N{s) (2f+1)n for K>0
g =-(n-m)g=
D(s,) (28 = for K=<0
and, since += radians { + 180°) are the same angle in the s-plane, then
(2/+ 13180
——— degrees for K>0
8= n—m
(2)180
— degrees for X<0
7=

The proof is similar for the z-plane.

13.14. Show that the center of asymptotes is given by

" "
Z pt - Z 'zl
0= — T (13.6)
n—m
The points on the root-locus satisfy the characteristic equation D+ KN =10, or
ST b 8T o Al T K(ST s +aD] =0
Dividing by the numerator polynomial N(s), this becomes
T (byoy )5 T K0
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{same for the z-plane, with z replacing ). When the first coefficient of a polynomial is unity, the second
coefficient is equal to minus the sum of the roots (see Problem 5.26). Thus from D(s)=0, b,_, =E/_, p.
From N(s)=0, a,,_, =X™,z:and —(h,_, —a,,_,) is equal 1o the sum of n — m roots of the characteris-
tic equation.

Now for large values of K and correspondingly large distances from the origin these » — m roots
approach the straight-line asymplotes and, along the asymptotes, the sum of the n — m roots is equal fo
~(Byoy = Gpy_y) Since b _, — a,_, is a real number, the asymptotes must intersect at a point on the real
axis. The center of asymptotes is therefore given by the point on the real axis where n — m equal roots add
up to —{h,_, —a,_,) Thus

n m
R re-Lz
g = — -1 " Q1 =_1—1 iml
‘ n—m n—m
For a more detailed proof, see reference {6].

13.15. Find the angles and cenler of, and sketch the asymptotes for

GH = Kis+2) K>0
(s D(s+3EN(s+3-j)s+4)

The center of asymptotes 15

14345+3—j+4-2
=" a-1 -
There are three asymptotes located at angles of B = 60°, 180°, and 300° as shown in Fig, 13-22.

/ + fw
/ i
/
X £ "
A .
- —3y -2 1 a
x \\ —i1
N t-n
S
Fig. 13-22

13.16. Sketch the asymptotes for K >0 and K <0 for

_ K
H= s(s+2)(s+ 1+ s+1-})

The center of asymptotes is g, = — (0 +2+1+,+1—/)/4= -1
For K> 0, the angles of the asymptotes are 8 = 459, 135%, 225°, and 315° as shown in Fig. 13-23.
For K <, the angles of the asymptotes are 8 = 0°, 90°, 1807, and 270° as shown in Fig. 13-24.

" [ JI% Vs ’ H f ¥
™. K >0 ; K<o |
s r !
. w A4 i X i
AN - '
N % an-
45"“'\ . 4 \1 -
-2 2N 3 % 1 -
v |
s N, R I
P 4 X \-<;'1 jl( X
e .. I
s " I
e b

Fig. 13-23 Fig. 13-24
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BREAKAWAY POINTS

13.17. Show that a breakaway point o, satisfies
H ] L ]

r =X (13.8)

1=1(Ub+p;} ,=1(oh+zf)

A breakaway point is a point on the real axis where the gain factor K along the real axis porticn of the
root-loecus is a maximum for poles leaving the real axis, or & minimum for poles coming onto the real axis,
{see Section 13.2). The gain factor along the root-locus is given by

D

135
v (135)

x|

On the real axis, s = o (or z =) and the magnitude signs may be dropped becausc D{s) and N{z) are
hoth real. Then
Do)
CON( o)
Te find the value of ¢ for which K is a maximum or minimu, the derivative of X with respect fo a is set

equal to zerg: )
dK d {0+p])-..(U+Pﬂ)

E=B‘_a (a+z2)---(a+z,) =

By repeated differentiation and factonzation, this can be wriiten as
daKk n 1 [ b{a) l ” i
do T (o+p) [ NMa)] Ti(o+z)

Finally, dividing both sides by D{a}/N(a) yiclds the required result.

Do _
N{a)

13.18. Determine the breakaway point for GH = K/s(s + 3)%.

The breakaway point satisfies
1 1 1
— — — =0
v 3

+
o, dg,+3 o,

from which ¢, = - L.

13.19. Find the breakaway point for
K{s+2)

GH = (s+1+jv/§)(s+l—j*f3]

From Equation (13.8),
1 1 1
— + - .
g+ 1+3 g +1-43  0,+2

which gives o] + 40, = 0. This equation has the solution o, = 0 and 5, = - 4; g, = —4 is a breakaway point
for K > 0 and o, = 0is a breakaway point for K < 0. as shown in Fig. 13-25.

fr-u ' J‘s-.‘
K =0 ; NS K <o

F—iv3

Fig. 13-25
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13.20.

Find the breakaway point between 0 and -1 for
K

CH = T DG 3 + 4)

The breakaway point must satisfy
1 1 1 1 0
-+ + + =
o, (0,+1) (0,+3) (o,+4)

If this cquation were simplified, a third-order polynomial would be obtained. To avoid solving a third-order
polynemial, the following procedure may be used. As a first guess. assume o, = — 0.5 and uvse this value in
the two terms for the poles furthest from the breakaway point. Then

1 1 1 1

—t—— +— 4+ — =0
o, o,+1 25 335
which simplifies to o7 + 3.92a, + 1.46 = 0 and has the root ¢, = —0.43 between 0 and — 1. This value is
used to obtain & better approximation as follows:
: ! : —1 0 P +3.99 1.496 =0 0.424
T+ o o— 4 - +3.990, + 1.496 = = 0
o o, +1 257 3.57 % % O

The second computation did not result in a value much different from the first. A reasonable first guess
can often result in a fairly accurate approximation with oaly one computation.

DEPARTURE AND ARRIVAL ANGLES

13.21.

13.22.

13.23,

13.24.

=l

Mathcad

Show that the departure angle of the root-locus from a complex pole is given by
f,=180° + arg GH’ (I3.9)

Congider a circle of infinitesimally small radius around the complex pole. Clearly, the phase angle
arg GH' of GH, ncglecting the contribution of the complex pole, is constant around this crcle. If 8,
represents the departure angle, the total phase angle of GH at the point on the circle where the root-locus
crosses it is
arg GH = arg GH' — 0,

since —#,, is the phase angle contributed to arg GH by the complex pole. In order to satisfy the angle
criterion, arg GH = arg GH' — 05 = 180° or &, = 180° + arg GH’ since +180° and —180° are cquivalent.

Determine the relationship between the departure angle from a complex pole for K > 0 with that
for K <0,

Since arg Gff’ changes by 180° if K changes from a positive number to a negative one. the departure
angle for K < 0 is 180° different from the departure angle for K > 0.

Show that the arrival angle at a complex zero satisfies
, = 180° — arg GH" (13.10)
In the same manner as in the solution 10 Problem 13.21, the phase angle of GH n the vicinity of the

complex zero is given by arg GH = arg GH" + 8, since 8, is the phase angle contributed to arg GH by the
complex zero. Then applying the angle criterion yields &, = 180° — arg GH”.

Graphically determine arg GH' and compute the departure angle of the root-locus from the
complex pole al 5= -2+ for

K
s+ s +2— )5+ 24))

From Fig, 13-26, arg GH' = —135° — 90° = ~ 225°; and 8, = 180° — 225° = —45° as shown in Fig.
13-27.

GH K=>0




336 ROOT-LOCUS ANALYSIS (CHAP. 13

}.U “ _]"w
T H H
1 N =
1357
I > S -

[+ 807

,“—-)——— -+ —il % —;i

Fig. 13-26 Fig. 13-27

13.25. Determine the departure angles from the complex poles and the arrival angles at the complex
zeros for the open-loop transfer function

Kis+1+j§ +1—7
o= Ns+1-J) K>0
s(s+2j)(s—2j]

For the complex pole at =1 j,
arg GH' =45° + 71.6° = 90° — %0° = —63.4° and B, = 180° — 63.4° = 116.6°

Since the root-locus is symmetric about the real axis, the departure angle from the pole at s= -2 is
—114.6°. For the complex zero s = —1 +§,

arg GH" = 90°% — 108.4° —135° - 225 = ~18 4° and 8, =180° — (- 18.4°) =198.4°

Thus the arrival angle at the complex zero 5= —1 —j is 8, = —198.4°.

CONSTRUCTION OF THE ROOT-LOCUS

13.26. Construct the root-locus for

i K
GH = - - K>0
= GG r2=)(+2+))
The real axis from —1 1o — oo is on the root-locus. The center of asymptotes 1s at
—1-24j-2-;
o = 3’ - 167

There are three asymptotes {n — m = 3), located al angles of 60°, 180°, and 300°. The departure angle from
the complex pole at s = — 2 + j computed in Problem 13.24 {5 —45°. A sketch of the resulting root-locus is
shown in Fig. 13-28. An accurate root-locus plot is obtained by checking the angle criterion at points along
the skeiched branches, adjusting the Jocation of the branches if necessary, and then applying the magnitude
criterion to determine the values of K at selected points along the branches. The completed root-locus is
shown in Fig. 13-20.

b

T

v
= -
o - e
1l ! I
a ' E
- g ' ; -
o ] —4 -3 o

Fig. 13-28 Fig, 13-29
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13.27. Sketch the branches of the root-locus for the transfer function

~ K(s+2) K50
CH = 35 )G +3 ) >

The real axis between —1 and — 2 is on the root-locus (Problem 13.11). There are two asymplotes with
angles of 90° and 270°_ The center of asymptotes is easily computed as o, = ~ 2.5 and the departure angle
from the complex pole at s = — 3 + § as 72°. By symmetry, the departure angle from the pole at —3 — is
—72°, The branches of the root-locus may therefore be sketched as shown in Fig. 13-30.

Jud

+i2

Fig. 13-30

13.28, Construct the root-locus for K > 0 and K < for the transfer funclion

:.H— K
GH =
Mathcad s{s+1){(s+3)(s+4)
For this transfer function the center of asymptotes is simply . = —2; and s — m = 4. Therefore for

K > 0 the asymptotes have angles of 459, 135°, 225° and 315°. The real axis sections between 0 and —1
and between —3 and —4 lie on the root-locus for K> 0 and it was determined in Problem 13.20 that a
breakaway point is located at 0, = —0.424, From the symmetry of the pole locations, another breakaway
point js located at —3.576. This can be verified by substituting this value into the relation for the
breakaway point, Equation (7 3.8). The completed root-locus for K > 0is shown in Fig. 13-31.

For K <0, the asymptotes have angles of 0°, 90°, 180°, and 270°. In this case the real axis portions
between = and (, between —1 and — 3, and betweer -4 and - oo are on the root-locus. There is only one
breakaway peint, located at — 2. The completed root-locus for X < 0 is shown in Fig. 13-32.

2 =
T K =-10 a oo
1} 4 1}
e i o
-4 -3 '~2" -1 T
K=-10 -
THK=-%0 -2
LK~ -130 -3

Fig. 13-31 Fig. 1332
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13.29. Construct the reot-locus for X > 0 for the discrete system transfer function
K{z—-05)
(z-1)°

This root-locus has two loci and one asymptote. The root-locus lies on the real axis for z < 0.5. The
breakaway points are at 7 = 0 and z = 1. The completed root-locus is shown in Fig. 13-33,

GH(z}=

Fid
[

—0.5 0.5 1 B

Fig. 13-33

13.30. Construct the root-locus for K > 0 for the discrete system transfer function

GH(z) = (z+05)(z—1.5)

This root-locus has two branches and two asymptotes. The breakaway point and the center of
asymptotes are at z = 0.5. The root-locus is shown in Fig. 13-34.

jr
///FP__“““)L\K =1
-
/s ™
/ AY
/ N
{ A
! " K=1 \l N
li -0.5 T 15 u
\ /
\ /
AY
\ /
~ //
~
\..‘__‘_ ""/Jr
Fig. 13-34

13.31. Construct the root-locus for K > 0 for the discrete-time system with H =1 and forward transfer

Fot function
- K(z+3)(z+1)




CHAP. 13} ROOT-LOCUS ANALYSIS 339

The system has one more pole than zero, so the rool-locus has only one agsympiote, along the negative
real axis. The root-locus is on the real axis between 0 and 1, between — § and — 1, and (o the left of ~1.
Breakaway points are located between 0 and 1 and to the left of —1. By trial and error {or computer
solution), breakaway points are found al z =0.383 and z = —2.22.

The root-locus is an ellipse between the breakaway points at z = 0383 and 7 = —2.22. The point on
the jr-axis, where arg G(z) = — 180° is found by trial and error to be z = j0.85. Similarly, the peint on the
line z = —1 4+ j», where arg G(z) = —180° is z= —1 +1.26. The root-locus is drawn in Fig. 153-35. The
gain factor along the root-locus is determined graphically from the pole-zero map or analytically by
evaluating G'(z).

¥

Fig. 13-35
THE CLOSED-LOOP TRANSFER FUNCTION AND THE TIME-DOMAIN RESPONSE

13.32. Determine the closed-loop transfer function of the continuous system of Example 138 for
K =48, given the following transfer functions for H: (@) H=1, (b) H=4/(s+1) {c}
H={(s+1)/{s+2).

From the root-locus plot of Example 13.8, the closed-loop poles for K = 4B are located at s = — 6,
Jj2.83, and —-j2.83. For H=1,
48 C GH 45

S Gy ™M RIS oR TG e -8 (s +289)
For H=4/(s +1),
co 22+ 4 EL i( GH ) - BPs+1)
s(s+2)(5+4) RTH\1+GH]  (s+6)(s-/283)(s+,2.83)
For H=(s+1)/{s+ 2),
G 48 and € _ 48(s + 2)
IR R ™ (s (s + 6)(s _283(s + j283)

Note that in this last case there are four closed-loop poles, while GH has only three poles. This is due to the
cancellation of a pole of & by a zero of H.

13.33. Determine the unit step response of the system of Example 13.1 with K =15,

The closed-loop transfer function of this system is
C 15(s+1)
R (s+05)(s+3)
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For R=1/5,
1.5(5 + 1} 1 ~-0.6 -4
= &= — o —e———= 4
s{s+03)(s+3) 5 35+05 s+3

and the unit step response is ¥~ [C(s)) =c(s)=1-0.6e ™ —Dde ¥

Determine the relationship between the closed-loop zeros and the poles and zeros of G and A,
assuming there are no cancellations.

Let G=N/D, and H=N,/D,, where N, and D, arc numerator (zeros) amd denominator (poles)
polynomials of G, and N; and D, are the numerator and denominator polynomials of #. Then

¢ G N.D,

R 1+GH DD +NMN

Thus the closed-loop zeros are equal to the zeros of G and the poles of H.

GAIN AND PHASE MARGINS

13.35.
i)

13.36.

13.37.

13.38.

Find the gain margin of the system of Example 13.8 for K = 6.

The gain factor at the jw-axis crossover is 48, as shown in Fig. 13-12. Hence the gain margin is
48/6 = 8,

Show how a Routh table (Section 5.3) can be used to determine the frequency and the gain at the
Jw-axis crossover.

In Section 5.3 it was potnled out that a row of zeros in the s' row of the Rouih table indicates that the
polynomial has a pair of roots which satisfy the auxiliary equation As* + B =0, where A and B are the first
and second elements of the s? row. If 4 and B have the same sign, the coots of the auxiliary equation are
imaginary (on the jw-axis). Thus if a Routh table is constructed for the characterisiic eguation of a system,
the values of K and w corresponding to jw-axis crossovers can be determined. For example, vonsider the
system with the open-loop transfer functios

K
GH = ———
s(s+2)
The charactecistic equation for this system is

P47+ 45+ K=0
The Routh table for the characteristic polynomial is

5 1 4
s? 4 K
st 16— K)/4

s? K

The s! row is zero for X =16, The auxiliary equation then becomes

452 +16=0
Thus for K = 16 the characteristic equation has solutions {closed-loop poles) at 5 = +;2, and the root-locus
crosses the jw-axis at 2.

Determine the phase margin for the system of Example 13.8 (Figure 13-12) for K = 6.

First, the pomnt on the jw-axis for which |GH(jw)|=1 is ound by trial and error to be j0.7. Then
arg GH( 0.7 is computed as —120°. Hence the phase margin is 180° — 120° = 60”.

Is it necessary to construct the entire root-locus in order to determine the gain and phase
margins of a system?
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No. Only one point on the root-locus is required o determine the gain margin. This peint, at w,_,
where the root-locus crosses the stability boundary, can be determined by trial and error or by the use of a
Routh table as described in Problem 13.36. To determine the phase margin, it is only necessary to
determine the point on the stability boundary where |GH{ jw)| = 1. Although the entire root-locus plot is
not necessary, it can often be helpful, especially in the case of multiple stability boundary crossings.

DAMPING RATIO FROM THE ROOT-LOCUS FOR CONTINUOUS SYSTEMS

13.39.

13.40.

13.41.
;‘I
13.42.

13.43.

13.44.

13.45.

Prove Equation (/3. 18).
The roots of 5% + 2fw,s + w? are 5, , = —{u, + ja,y1 — {*. Then
R
(il=ls)] = §$70p + wp(l %) =,

and arg s, = Ftan (Y1 - {2 /5] = 180° + 6
or s, ; =,/ 180° 1 8. Thus cos§ = {w,/w, =.

Determine the positive value of gain which results in a damping ratic of .55 for the complex
poles on the root-locus shown in Fig. 13-12.

The angle of the desired poles is # = cos™ ! 0.55 = 56.6°. A line drawn from the origin at an angle of
55.67 with ihe negative real axis intersects the root-locus of Fig. 13-12 at K=7.

Find the damping ratio of the complex poles of Problem 13.26 for K = 3.5,

A line drawn from the root-locus at K = 3.5 to the origin makes an angle of 53° with the negative real
axis. Hence the damping ratio of the complex poles is { = cos 53° = 0.6.

Supplementary Problems

Determine the angle and magnitude of
16(s + 1)
s{s+ (s +4)

at the following points in the s-plane: (a) s=42, (b) s= -2+42, () £=—4+,2, (d) 5= -6,
(e)s= =3

GH

Determine the angle and magnitude of
20(s + 10 + j10)(s + 10 — j10)
(s+10)(s +15)(s + 25)

at the following points in the s-plane: (a) s=/10, {b) v =;20, {¢) 5= —10+ 420, (d) s= —20 + 20,
{e)s=—15+3

GH

For each transfer function, find the breakaway points on the root-locus:
K(s+5) K(s+1)

{(a) GH-= =m. {r) GH—W

SGrery O O

Find the departure angle of the root-locus from the pole at s = —10 + 710 for
K(s+8)

GiH = K=0
{5+ 1d)( s+ 10 + j10)(s + 10— ;10)
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13.46.

13.47.

13.48.

13.49.

13.50.

13.51.

13.52.

1342

13.43.

13.44.

13.45.

13.46.

13.47.

13.52.

ROOT-LOCUS ANALYSIS

Find the departure angle of the root-locus from the pole at s = —15 + 49 for

K
H = K
C (s+ 55+ 10)(s+ 15+ /9)(s + 15— j9) >0

Find the arrival angle of the root-locus to the zero at 5= —7 + 5 for
K(s+T+5){s+7~/5)
(s+ (s + 5s+10)

GH K=0

Construct the root-locus for X > 0 for the transfer function of Problem 13.44( a).
Construct the root-locus for K > 0 for the transfer function of Problem 13.44{¢).
Constnuct the root-locus for K > 0 for the (ransfer function of Problem 13.45.

Construct the root-locus for K = 0 for the transfer function of Problem 13 .46.

[CHAP. 13

Determine the gain and phase margins for the system with the open-loop transfer function of Problem

13.46 if the gain [actor K is set equal to 20,000.

Answers to Some Supplementary Problems

(a) argGH = —99°, |GH}=1.5; (b) argGH = —153°, |GH|=2.3; (¢) argGH = —232°, |GH|=18;

(d) arg GH = 0°, |GH|=1.7; {e) arg GH = — 180°, |GH| = 10.7

(a) arg GH = —38°, |GH|=068; (b) arg GH = —40°, |GH|=0.37; (c) arg GH = —41°, (GH|=0.60;

(d) arg GH = — 56°, |GH| = 0.95; () arg GH = +80°, |GH| = 6.3

(@) 0,= —2.25, —70T (b) 0, = —327, —6.73; (¢) 7,=0, -3

B, = 124°

B, =193°

8, = 28°

(rain margin = 3.7; phase margin = 102



Chapter 14

Root-Locus Design

14.1 THE DESIGN PROBLEM

The root-locus method can be quite effective in the design of either continuows or discrete-time
feedback control systems, because it graphically illusirates the variation of the system closed-loop poles
as a function of the open-loop gain factor K. In its simplest form, design is accomplished by choosing a
value of K which results in satisfactory closed-loop behavior. This is called gain factor compensation
(also see Section 12.2). Specifications on allowable steady state errors usually take the form of a
minimum value of K, expressed in terms of error constants, for example, K, K. and K, (Chapter 9).
If it i3 not possible to meet all system specifications using gain factor compensation alone, other forms
of compensation can be added to the system to alter the root-locus as needed, for example, lag, lead,
lag-lead networks, or PID contrellers.

In order to accomplish system design in the s-plane or the z-plane using root-locus techniques, it is
necessary to interpret the system specifications in terms of desired pole-zero configurations.

Digital computer programs for constructing root-loci ¢an be very helpful in system design. as well
as analysis as indicated in Chapter 13.

EXAMPLE 14.1. Consider the design of a continuous unity feedback system with the plant G = K/{s + 1){s + 3}
and the following specifications: (1) Overshoot less than 20%, (2) X, = 4, (3) 10 to 90% rise time less than 1 sec.
The root-locus for this system is shown in Fig. 14-1. The system closed-loop transfer function may be writien

as
C K
R s+ 2w s+ o’
' bju
K =18
K=13
=4
3
cos -1 D45
-3 -2 -1 y
4
Fig, 14-1

where { and w, can be determined from the root-locus for a given value of K. In order to satisfy the first
specification, { must be greater than 0.45 (see Fig. 3-4). Then from the root-locus we see that K must be less than
16 (see Section 13.12). For this system, X, is given by K/3. Thus in order to satisfy the secand specification, X
must be greater than 12. The rise time is a function of both { and w,. Suppose a trial value of K =13 is chosen. In
this case, { = 0.5, w, =4, and the rise time is 0.5 sec. Hence ail the specifications can be met by setting K =13,
Note that if the specification on X, was greater than 5.33, or the specification on rise time was less than 0,34 sec,
all the specifications could not be met by simply adjusting the open-locp gain factor.

43



344 ROOT-LOCUS DESIGN [CHAP. 14

14.2 CANCELLATION COMPENSATION

If the pole-zero configuration of the plant is such that the system specifications cannot be met by an
adjustment of the open-loop gain factor, a more complicated cascade compensator, as shown in Fig,
14-2, can be added to the system to cancel some or all of the poles and zeros of the plant. Due to
reahzability considerations, the compensator must have no more zeros than poles. Consequently, when
poles of the plant are cancelled by zeros of the compensator, the compensator also adds new poles to
the forward-loop transfer function, The philosophy of this compensation technique is then to replace
undesirable with desirable poles.

G, > G >

Cascade Plant
Compensator

Fig. 14-2

The difficulty encountered in applying this scheme 1s that it is not always apparent what open-loop
pole-zero configuratien is desirable from the standpoint of meeting specifications on closed-loop system
performance.

Some situations where caneellation compensation can be used to advantage are the following:

1. 1If the specifications on system rise time or bandwidth cannot be met without compensation,
cancellation of low-frequency poles and replacement with high-frequency poles is helpful.

2. If the specifications on allowable steady state errors cannot be met, 4 low-frequency pole can be
cancelled and replaced with a Jower-frequency pole, yielding a larger forward-loop gain at low
frequencies.

3. If poles with small damping ratios are present in the plant transfer function, they may be
cancelled and replaced with poles which have larger damping ratios.

14.3 PHASE COMPENSATION: LEAD AND LAG NETWORKS

A cascade compensator can be added to a system to alter the phase characteristics of the open-loop
transfer [unction in a manner which favorably affects system performance. These cffects were illustrated
in the frequency domain for lead, lag, and lag-lead networks using Polar Plots in Chapter 12, Sections
12.4 through 12.7, which summarize the general effects of these networks.

The pole-zero maps of continuous system lead and lag networks are shown in Figs. 14-3 and 14-4.
Note that a lead network makes a positive, and a lag network a negative phase contribution, A lag-lead

BIE Fraay = 85— 6y > 0 e GrE Py = 8y — 6y < O Y

PR LN

L+
o ¥
¥
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network may be obtained by appropriately combining a lag and a lead network in series, or from the
implementation described in Problem 6.14.

Since the compensated system root-locus is determined by the points in the complex plane for
which the phase angle of G = G,G, is equal to —180°, the branches of the locus can be moved by
proper selection of the phase angle contributed by the compensator. In general, lead compensation has
the effect of moving the loci to the left.

)
l&d EXAMPLE 14.2. The phase lead compensator G, = (s + 2)/{s + B} alters the root-locus of the system with the
plant G, = K/(s + 1), as illusirated in Fig. 14-5.

g 4 ju
Uncompensated Lead Compensated
[
: .3 - ad - -
-1 o -g ~2 -1 [
F
e Fig. 14-5

E csd EXAMPLE 14.3. The use of simple lag compensation (one pole at —1, no zero) to alter the breakaway angles
of a root-locus from a pair of complex poles is illustrated in Fig, 14-8.

§ Ju 4 Fe
174 T
k! H} 1
Pra = 731
Uncempenaated Simple Lag Compensated /

I!r
Ly 3
b .
F

1
o ¥
P

|
L]
1
Q¥

Fig 14-6

144 MAGNITUDE COMPENSATION AND COMBINATIONS OF COMPENSATORS

Compensation networks may be employed to alier the closed-loop magnitude characteristic
{((C/RYw)|) of a feedback control system. The low-frequency characteristic can be modified by
addition of a low-frequency pole-zero pair, or dipole, in such a manner that high-frequency behavior is
essentially unaltered.

EXAMPLE 14.4. The continuous system root-locus for GH = K /s{s + 2)? is shown in Fig. 14-7.

Let us assume that this system has a satisfactory transient response with K = 3, but the resulting velocity error
constant, K, =0.75, is too small. We can increase K, to 5 withount seriously affecting the transient response by
adding the compensator G, = (5 + 0.1)/(s + 0.015) since

0.75(0.1)

K =KG\(0) = —or =5
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Ju &

Fig. 14-7 Fig. 14-8

The resulting root-locus s shown in Fig. 14-8. The high-frequency portion of the root-locus and the transient
response are essentially unaffected because the closed-loop transfer function has a low-frequency pole-zero pair
which approximately cancel each ather.

A low-frequency dipole for magnitude compensation of continuous systems can be synthesized with
the pole at the origin using a proportional plus integral (PI) compensator, as shown in Fig. 14-9, with
transfer function

s+ K,
G, =
A
- K;fl
+
~
Fig. 14-9

Combinations of various compensation schemes are sometimes needed to satisfy competing
requirements on steady state and transient response performance specifications, as illustrated in the
following example. This example, solved by root-locus methods, is a rework of a desipn problem solved

i+ by Nyquist methods in Example 12.7, and Bode methods in Example 16.6.

1% EXAMPLE 14.5. Our goal is to determine an appropriate compensator (,{z} for the discrete-time unity feedback
systermn with

3(z v 1){z+1%}
3z(z +0.5)

The resulting closed-loop system must satisfy the following performance specifications;

Gz} =

1. Stcady state error less than or equal to (.02 for a unit ramp input
2. Phase margin = ¢y = 30°

3. Gain crossover frequency w; > 10 rad /sec, where T=10.1 sec.

In order to have a finite steady siate error with a ramp input, the system must be type 1. The compensation
must therefore provide a pole at z = 1. Consider the compensator

K

z—1

The forward-loop transfer function then becomes
3K (z+ 1)(z+ 1)

GiG,(z) = 8(z—1)z(z+0.5)

From Section 9.9, the velocity error coeflicient is
I +1)(1+4)
’ 8(1)(1+0.5)

= 0.667K,
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Now, in order for the system to have a steady state error of less than 0.02 with a ramp input, we must have
K, =5, or K, »7.5. To investigate the cffects of added gain, we consider the root-locus for

K(z+1)}{z+1)
H{z+05)(z-1)
where K = 3K, /8. This root-locus was construcied in Problem 13.31 and is repeated in Fig. 14-10.

G{G;(2) =

Fig, 14-10

At the point z= —0.18 + j0.98 where the root-locus crosses the unit circle, &, 7=1.75 rad and K=1.25
(K, = BK/3=13.33). Since this is less than the gain K, =7.5 needed to make K, =35, simple gain factor
compensation is insufficient.

The next step is to evaluate the magnitude and phase of G/G,(z) at the required minimum gain crossover
frequency, w; =10, or w, T =1 rad. This is the point z = e/*7 = ¢/ on the unit circle. At this point, |G{G,(e’)| =
1.66K and arg G{G,(e') = —142.5°, If the gain K were adjusted so that |G[G;(e’)] = 1, that is, X = 0.6, the phase
margin would be (180 — 142.5)° = 37.5% and the 30° requirement would be met. This requires that K, = 8K/3 =16,
and the velocity constant becomes K, = 0.667K, = 1.067.

To complete the design, additional gain must be added to increase the velocity constant to the required value
of 5 at low frequencies, without significantly altering the desired high-frequency characteristics obtained so far. This
requires an additional gain of 5/1.067 = 4.69, which can be supplied by a lag compensator. The lag compensator
should have a gain at z =1 that is 4,69 times as large as the gain at T = 1, without adding more than 7.5° phase
lag at wT =1, to satisfy the requirement for ¢py > 30°. If a value of 0.97 is chosen for the pole of the lag
compensator, the zero should be located so that

P l_zl
Leg 1 - 097

= 4.69

of, 2, <0.86. If we set z; = (.86, then

z-0861 (47 for z=1
Po|=—=|={" -
1P z—0.97' {0.95 for z=¢ («7=1)
d P < 0% %0 i
an arg P, = argl o097 = —§.25% or z=¢

The compensator then becomes
K (z-0.86)
oG-
Finally, for «,T =1, we need |G,Gy{e’)| =1, so K, =1.60/0.95=168, to account for the gain of the lag
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compensator at w7 = 1. The completed compensator is
1.68( z — 0.86)
“ GG
which is nearly the same design obtained by Nyquist methods in Example 12.7.

145 DOMINANT POLE-ZERO APPROXIMATIONS

The root-locus method offers the advantage of a graphical display of the system closed-loop poles
and zeros. Theoretically, the designer can determine the system response characteristics from the
closed-loop pole-zero map. Practically, however, this task becomes increasingly difficult for systems with
four or more poles and zeros. In some cases the problem can be considerably simplified if the response
15 dominated by two or three poles and zeros.

Effects on System Time Responses

The influence of a particular pole (or pair of complex poles) on the response is mainly determined
by two factors: the relative rate of decay of the transient term due to that pole, and the relative
magnitude of the residue at the pole,

For continuous systems, the real part o of the pole p determines the rate at which the transient term
due to that pole decays; the larger o, the faster the rate of decay. The relative magnitude of the residue
determines the percentage of the total response due to that particular pole.

EXAMPLE 14.6. Consider a system wilh closed-loop transfer function
C 5

R (s+1)(s+3)
The step response of this system is
c(ey=1-125e"+0.25 >
The term in the response due to the pole at 5, = 0, = —5 decays five times as fast as the term due 1o the pole at

s, = 0, = — 1. Furthermore, the residue at the pole at 5; = —5 is only ! that of the one at s, = — 1. Therefore for
most practical purposes the effect of the pole at 5, = - 5 can be ignored and the system approximated by

C 1

R s+l
The pole at 5, = — 5 has been removed from the transfer function and the numerator has been adjusted to maintain
the same steady state gan ((C/RKO) = 1). The response of the approximate system is ¢{#)=1 7"

EXAMPLE 14.7. The system with the closed-loop transfer function
C  55s+091)
R GG )
has the step response
e(1)=1+0125¢"" - 1125

In this case, the presence of a zero close to the pole at —1 significantly reduces the magnitude of the residue at that
pole. Consequently, it is the pole at — 5 which now dominates the response of the system. The closed-loop pole and
zero effectively cancel each other and (C/R)0) =1 so that an approximate transfer function is

C 5

R s+5

and the corresponding approximate step response is c =1 — e~ %,

For discrete-time systems with distinct (nonrepeated) poles p), p,,..., the transient portion (k)
of the response due to a pole p has the form yp(k)=p*, £ =0,1,2,... (see Table 4.2). Therefore each
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successive time sample is equal 10 the previous sample multiplied by p, that is,

yrik+ 1) =pyr(k)

The magnitude of a distinct pole therefore determines the decay rate of the transient response, with the
decay rate inversely proportional to |p|: the smaller the magnitude, the faster the rate of decay. For
example, poles near the unit circle decay more slowly than poles near the origin, since their magnitudes
are smaller.

For sysiems with repeated poles, the analysis is more complicated and approximations may not be
appropriate.

EXAMPLE 14.8. The discrete system with closed-loop transfer function
C 0.45z
R (z-01)(z-05)
has the step response
e(k)y=1-1125(0.5)" + 0.125(0.1)* k=0,1,2,...

For the term in the response due to the pole at 2 = 0.1, the sample value al time k is only 10% of the sample value
at lime k — 1, and i1 therefore decays five times faster than the term due to the pole at z = 0.5, The magnitude of
the residue at z=0.1 is 0125, which is one-ninth as large as the magnitude of the residue 1.125 at z =05,
Consequently, for many practical purposes, the pole at z = 0.1 can often be ignored and the system approximated
by

0.5
z-05%
where the numerator has been adjusted to maintain the same steady state gain

In

C
R

-

and the zero at z=1{ was deleted to maintain one more pole than zeros in the approximate system. This is
necessary 1o give the same initial delay (one sample time) in the approximate system as in the original system. The
step responsc of the approximate system is c(k) =1~ (0.5%, k=0,1,2,.._.

Effects on Other System Characteristics

The effect of a closed-loop real axis pele al —p <0 on the overshoot and rise time T, of a
continuous system also having complex poles —p_, — p* is illustrated in Figs. 14-11 and 14-12. For

£
L‘(.Z > 5 (}4.!)
"
50 -
T T
{8+ p& + 2iw,8 ol 1
30 g ‘
o /
Q 1
=]
: yd |
5 20 ; — .
g / ! (= [ 3] ____,....---"
10 V"
[T
LT
i |
1 £ 3 4 5 I T
Pl e,

Fig. 14-11
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=

R - SR
(& + p(s? 4 2lu,s + o)
T

10 to 90%% normalized rise time — «,7T,

Pr"’s.“‘u
Fig. 14-12

the overshoot and risc time approach that of a second-order system containing only complex poles (see
Fig. 3-4). Therefore p, can be neglected in determining overshoot and rise time if { > 0.5 and

».> 5|Rep| = 5w {14.2)

There is no overshoot if
2,<|Rep]) = {w, (14.3)

and the rise time approaches that of a fiest-order systern containing only the real axis pole.

The effect of a closed-loop real axis zero at —:z < { on the overshoot and rise time 7, of a
continuous system also having complex poles —p_ . —p* is illustrated in Figs. 14-13 and 14-14. These
graphs show thal z, can be neglected in determining overshoot and rise time if { > 0.5 and

z,>5|Rep,| = 5w, (14.4)
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EXAMPLE 14.9. The closed-loop transfer function of a particular continuous system is represented by the
pole-zero map shown in Fig. 14-15. Given that the steady state gain (C/R)(j0}=1, a dominant pole-zero

approximation is

C 4
R s2+25+4
ju d
Fi10
x
g
X THVE
-0 -5 -1 s
x +-iv3
—i5
X
+ =10
Fig. 14-15
This is a reasonable approximation because the pole and zero near s = —2 effectively cancel cach other and all

other poles and zeros satisfy Equations (74.2) and (/4.4) with —p. = —1 +3 and t =05
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146 POINT DESIGN

If a desired closed-loop pole position p; can be determined from the system specifications, the
system root-locus may be altered to ensure that a branch of the locus will pass through the required
point p,. The specification of a closed-loop pole a1 a particular point in the complex plane is called
point design. The technique is carried out using phase and magnitude compensation,

EXAMPLE 14.18. Consider the continuous plant
K

G, =——
! s(s+2)°

The closed-loop response must have a 10 to 90% rise time less than 1 sec, and an overshoot less than 20%. We
observe from Fig. 3-4 (hat these specifications are met if the closed-loop system has a dominant two-pole
configuration with ¢ = 0.5 and w, = 2. Thus p, is chosen at — 1 + /3 . which is a solution of

P+ 2appy + ey =0

for { =05 and w, =2 Clearly, p{f = -—l—j\ﬁ is the remaiming solution of this quadratic equation. The
orientation of p, with respect to the poles of ¢, is shown in Fig, 14-16.

F i jw

ﬁﬁﬁﬁﬁ v

1207
&

-2 -1

oy

Fig. 14-16

The phase angle of G, is —240° av p,. In order for a branch of the root-locus to pass through p,, the system
must be modified so that the phase angle of the compensated system is —180° at p,. This can be accomplished by

adding a cascade lead network having a phase angle of 240° — 180° = 60° at p,, which is satisfied by
s+1
Gi=Pas= 74

as shown in the pole-zero map of the compensated open-leop transfer function GG, in Fig. 14-17. The closed-loop
pole can now be located at p, by choosing a value for K which satisfies the root-locus magnitude eriterion.
Solution of Equation ({3.3) yields K = 14, The root-locus ¢or closed-loop pole-zero map of the compensated system
should be skeiched te check the validity of the dominant two-pole assumption. Figure 14-1R illustrates that the
poles at p; and p dominate the response.

P,

K — 16

&t

Fig. 14-17 Fig. 14-18
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147 FEEDBACK COMPENSATION

Addition of compensation elements to a feedback path of a control system can be emploved in
root-locus design in a manner similar to that discussed in the preceding sections, The compensation
elements affect the root-locus of the open-loop transfer function in the same manner. But, although the
root-locus 1s the same when the compensator is in cither the forward or feedback path, the closed-loop
transfer function may be significantly different. It was shown in Problem 13.34 that fcedback zeros do
not appear in the closed-toop transfer function, while feedback poles become zeros of the closed-loop
transfer function (assuming no cancellations).

EXAMPLE 14.11. Suppose 4 feedback compensator were added to a continuous system with the forward transfer
function

. K
GG A5

in an attempt to cancel the pole at —1 and replace it with a pole at — 6. Then the compensator would be
H={(s+1)/{s+6), GH would be given by GH = K/{(s +4)(s+ 3)(s+ 6) and the closed-loop transfer function
would become

¢ K(s+6)
R (s+D[(s+8)(s+5)(s+6) + K]

Although the pole at —1 is cancelled from GIY, it reappears as a closed-loap pole. Furthermore, the feedback pole
at —5 becomes a closed-loop zero. Consequently, the canceliation technigue does not work with a compensalor in the
Jeedbuck path.

EXAMPLE 14.12. The continuous sysiem block diagram in Fig. 14-19 ¢ontains two feedback paths.

® K C
8(s + 1)(s + 4)

Kz =

Fig. 14-19

K C
8(s + 1)(s + 4)

Kig+1 |

Fig. 14-2¢

These two paths may be combined, as shown in Fig, 14-20,

In this representation the feedback path contains a 7zero at s = —1/K,. This zero appears mm GH and
consequently affects the root-locus. However, it does not appear in the closed-loop transfer function, which
contains three poles no matter where the zero is located.

The fact that feedback zeros do not appear in the closed-loop transfer function may be used lo
advantage in the following manner. If closed-loop poles are desired at certain locations in the complex
plane, [eedback zeros can be placed at these points. Since branches of the root-locus will terminate on
these zeros, the desired closed-loop pole locations can be obtained by setting the open-loop gain factor
sufficiently high,
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EXAMPLE 14.13. The continuous system feedback compensator
st+25+4
{(s+6)
is added to the system with the forward-loop transfer function

B K
G“s(:+z)

in order to guarantee that the dominant closed-loop poles will be near 5= —1 + jﬁ . The resulting root-locus is
shown in Fig. 14-21.

§ju
1\
v
K =100
—e+ 2 e
K =100
J L

Fig. 14-21

If K is set at 100, the closed-loop transfer function is

c 100(s + 6)°
R (24 1.725+296}s? + 12.35 + 135)

and the dominant complex pole pair s, , = 0.86 + j1.5 are sufficiently close to — 1 +¥3.

Solved Problems

GAIN FACTOR COMPENSATION

14.1. Determine the value of the gain factor X for which the system with the open-loop (ransfer

~i+ function
»ﬁmw

K

CH = 572G+ 9)

has closed-loop poles with a damping ratio { = 0.5.

The closed-loop poles will have a damping ratio of 0.5 when they make an angle of 60° with the
negative real axis [Equation (/3./8)} The desired value of X is determined at the point where the
root-locus crosses the { =0.5 line in the s-plane. A sketch of the root-locus is shown in Fig. 14-22. The
desired value of X is 8.3,
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oy

Fig. 14-22 Fig, 14-23

14.2. Determine a value of K for which the system with the open-loop transfer function
K

(s+2)(s+3)

satisfies the following specifications: (@) X, = 2, (b) gain margin > 3.

GH =

For this system, X, is equal to X/12. Hence, in order to satisfy the first specification, K must be

greater than 24. The value of K at the jw-axis crossover of the root-loecus is equal to 100, as shown in Fig,
14-23. Then, in order to satisfy the second specification, K must be less than 100,/3 = 33.3. A value of K
that will satisfy both specifications is 30.

14.3. Determine a gain factor K for which the system in Example 13.11 has a gain margin of 2.

As shown in Fig. 13-15, the gain at the stability boundary is K = 1. Therefore, in order to have a gain
margin of 2, X must be 0.5,

CANCELLATION COMPENSATION

14.4. Can right-half s-plane poles of & plant be effectively cancelled by a compensator with a right-half
s-plane zero?

No. For example, suppose a particular plant has the transfer function

K

= —— K>0
G, s—1

and a cascade compensator is added with the transfer function G, = (s -- 1 +¢),/(s + 1). The ¢ term in the
transfer function represents any small error between the desired zero locationm at +1 and the actual
location. The closed-locp transfer function is then

C K(s—1+¢)

R P4+ Ks+Ke—K-1

By applying the Hurwitz or Routh Stability Critedon (Chapter 5) (¢ the denominator of this transfer
function, i1 can be seen that the system is unstable for amy value of X if ¢ is less than (1 + K)/K, which is
usually the case because ¢ represents the error in the desired zero location.

14.5. For the discrete-time unity feedback system with forward-loop transfer function

" z4+1
2 (z-1)

determine a compensator , that provides a deadbeat response for the closed-loop system,
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For a deadbeat response (Section 10.8), we want ali closed-loop poles at z = 0. A pole-zero map of the
system is shown in Fig. 14-24(a). If we cancel the pele at z = 0 and the zero at z = — 1, the root-locus wifl
go through z = 0, as shown in Fig. 14-24{ b). The resulting compensator is then

6= r+1
fl" 4 ¥
k=1
— . ——
-1 1 1 #
1y (h
Fig. 14-24
and the closed-loop transfer function is
C 66 1
R™1+GG, =
PHASE COMPENSATION
14.6. 1t is desired to add to a system a compensator with a zere at s = -1 to produce 60° phase lead
at s = — 2+ j3. How can the proper location of the pole be determined?

With reference to Fig. 14-3, we want the phase contribution of the network to be 6, — #, = 60°, From
Fig. 14-25, § =108°. Hence 8, = §, — 60° = 48° and the pole should be located at s = —4.7, as shown in
Fig. 14-25.

f:‘;.,

+s3

Fig. 14-25

14.7. Determine a compensator that will change the departure angle of the root-locus from the pole at
s=—05+; to —135° for the plant transfer function

G K
27 s{st+5+1.25)

The departure angle of the uncompensated system is —-27°. To change this to —135°, a lag
compensator with L08° phase lag at 5= —0.5 + j can be employed. The required amount of phase lag could
be supplied by a simpie lag compensator (one pole, no zero) with a pole at s = — (.18, as shown in Fig,
14-26{a}, or by two simple lags in cascade with two poles at s = —1.22, as shown in Fig. 14-26(#).
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ay
¥

{a) (B
Fig. 14-26

14.8. Determine a compensator for the discrete-time system with
K
GH{z)= —z(z myy
that provides a phase crossover frequency w, such that «w T=#/2 rad.

Arg GH at z=¢"/? = is determined from the pole-zero map in Fig. 14-27 as — 225°. In order for the

root-locus to pass through this point, we need to add 45° of phase lead, so that arg GIf = +180°. This can
be provided by the compensator

2
Preaa(2) =7

Jv
J| argGH o= -50° — 135° = - 2125¢

o0 E wso

t L -
-1 1 I

Fig. 14-27

The zero at z = (¢ provides W° of phase lead and the pole at - = — 1 provides 45° of lag, resulting in a net
lead of 45°.

MAGNITUDE COMPENSATION

14.9. In Example 14.4, the velocity error constant K, was increased by a factor of 6§ without
increasing the gain factor. How was this accomplished?

It was assumed that the compensator G, had a high-frequency gain of 1 and a low-frequency (d.c.)
gain of 6%. This compensator cannot be mechanized passively because a passive lag compensalor has a d.c.
gain of 1. Consequently, ¢, must include an amplifier. An alternative method would be to let G, be the

passive lag compensator
0.013 ( s+01 0
0.1 | 5+0015,

and then amplify the gain factor by 6. However, when root-locus techniques are employed it is usually
more convenient to assume the compensator just adds a pole and zero, as was done in Example 14.4.
Appropriate adjusiments can be made in the final stages of design to achieve the simplesi and /or least
expensive compensator mechanization.

Gi =
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DOMINANT POLE-ZERO APPROXIMATIONS

14.10.

14.11.

14.12.

=l

Mathead

14.13,

Determine the overshoot and rise time of the system with the transfer function
C 1
R (s+1D)(si+s+1)
For this system, w, =1, { =0.5, p =1, and p /{w, =2 From Fig. 14-11 the percentage overshoot is
abouwl 8%. The rise time from Fig. 14-12 is 2.4 sec. The corresponding numbers for a system with the

complex poles only are 18% and 1.6 sec. Thus the real axis pole reduces the overshoot and slows down the
Tesponse.

Determine the overshoot and nise time of the system with the transfer function
¢ s+ 1
R s*+s+1

For this system w, =1, { = 0.5, z,=1, and z,/{w, = 2. From Fig. 14-13 the percentage overshoot is
31%. From Fig. 14-14 the 10 10 %0% rise time is 1.0 sec. The corresponding numbers for a system without
the zero are 18% and 1.6 sec. The real axis zero thus increases the overshoot and decreases the rise time,
that is, speeds up the response.

What is a suitable dominant pole-zero approximation for the following systemn?
C 2(s +8)
R (s+D(s*+2s+3)(s+86)

The real axis pole at s= —6 and the real axis zero at s = — & satisfy Equations (!4.2) and (74.4),
respectively, with regard to the complex poles ({w, =1 and { > (1L.5) and therefore may be neglected. The
real axis pole at s = —1 and the complex poles cannot be neglected. Hence a suitable approaimation (with
the same d.c. gain) is

C 8

R 3(s+1)(s2+25+3)

Determine a dominant pole approximation for the discrete-time system with transfer function
C 0.16
R (z—02(z-08)

The step response is given by
(k) =1-133(08Y +0.3302)* k=0.1,2,...

The magnitude 0.33 of the residue at z = (0.2 is four times smaller than the magnitude 1.33 of the residue ai
z = 0.8 Also, the transient response due to the pole at z = 0.2 decays 0.8,/0.2 = 4 times faster than that for
the pole at z =0.8. Thus the approximale closed-loop system should only have a pole at z = (0.8. However,
to maintain a sysiem response delay of two samples {the original system has two more poles than zeros), it
is necessary to add a pole at z = 0 to the approximation. Then

C 02

R z{z— 0.8)_
The step response of the approximate system is

0 for k=0

Y=\ _12508)* for k>0

Note that the only effect of the pole at z = 0 on the response is ta delay 3t by onc sampie.
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POINT DESIGN
14.14. Determine K, a, and b so that the system with open-loop transfer function
% K(s+a)
Mathead - (s+8)(s+ 25 +4)
has a closed-loop pole at p, = -2+ /3.
The angle contributed to arg GH(s,) by the poles at s = —2and s = —41is -237° To satisly the angle
criterion, the angle contributions of the zero at s = —a and the pole s = —b must total — 180° — (- 237%)
= 57°. Since this is a positive angle, the zero must be farther to the right than the pole (b > a). Either @ or
b may be chosen arbitrarily as long as the remaining one can be fixed in the finite left-half s-plane to give a
total contribution of 57°. Lel a be set equal to 2, resulting in a 90° phase contribution. Then & must be
placed where the contribution of the pole is — 33°. A line drawn from p, at 33° intercepts the real axis at
6.6 = b, as shown in Fig. 14-28.
diw
4]
— 4 ?'a
by
5> %
% — -
68 —4 -2 o
Fig, 14.28
The necessary value of K required to satisfy the magnitude criterion at p, can now be computed using
the chosen values of 2 and & From the following calculation, the required value of K is
(p+ 6-6){P;_+ 2)°(py +4) -60
{r+2) b= -2453
14.15. Determine the required compensation for a system with the plani transfer function

_ K
O B+ 19)(s 7 20)

1o satisfy the following specifications: (a)} overshoot < 5%, () 10 to 90% rise time T, < 150
msec, {¢) K, > 6.

The first specification may be satisfied with a closed-loop transfer function whose response is
dominated by two complex poles with { = 0.7, as seen from Fig. 3-4. A wide variety of dominant pole-zero
configurations can satisfy the overshoot specification; but the two-pole configuration is vsually the simplest
obtanable form. We also see from Fig. 3-4 that, if { = 0.7, the normalized 10 to 90% nse tune is about
w, T, = 2.2, Thus, in order to satisfy the second specification with { = 0.7, we have T, =2.2/w, < 0.15 sec or
w, > 14.7 rad/sec.

But let us choose e, = 17 so as 1o achieve some margin with respect to the rise time specification. Other
closed-loop poles, which may appear in the final design, may slow down the response. Thus. in order to
satisfy the first two specifications, we shall design the system to have a dominant two-pole response with
{=07and w, ~17. An s-plane evaluation of arg (5 ( p, ), where p, = —12 + f12 (corresponding to § = 0.7,
w, = 17), yields arg &, ( py) = —243°. Then, to satisfy the angle criterion at p,, we must compensate the
systern with phase lead so that the total angle becomes —180°. Hence we add a cascade lead compensator
with 245° — 180° = 65° phase lead at p,. Arbitrarily placing the zero of the lead compensator at s= —8
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results in #, = 108° (see Fig. 14-3). Then, since we want 8, — §, = 65°, #, = 108° — 65° = 43°. Drawing a
line from p, to the real axis at the required 8, determines the pole location at 5 = —25. Addition of the
lead compensator with a= 8 and &= 25 yields an open-loop transfer function

K

{5+ 14} 5+ 20)(s5 + 25)

The value of K necessary to satisfy the magnitude criterion at p; is X = 3100. The resuliing positional
error constant for this design is K, = 3100/(14)(20)(25) = 0.444, which is substantiaily less than the
specified value of 6 or more. K, could be increased slightly by trying other design points (higher w,); but
the required K, cannot be achieved without some form of low-frequency magnitude compensation. The
required increase is 6/0.444 =135 and may be obtained with a low-frequency lag compensator with
b/a=13.5. The only other requirement is that @ and & for the lag compensator must be small encugh so as
not io affect the high-frequency design accomplished with the lead network. That is,

arg Py (py) =0
Let 6 =1 and a = (1074, Then the required compensator is
s+1
5+ 0074
To synthesize this compensalor using a conventional lag network with the transfer function
0.074{s+ 1)
s ™ 51007

an additional amplifier with a gain of 13.5 is required; equivalently, the design value of X chosen above
may be increased by 13.5. With either practical mechanization, the total open-loop transfer function is

3100{s + 1)
T 5+ 0.075)(s + 14)(s + 20)(s + 25)

The closed-loop peoles and zeros are shown in Fig. 14.29. The low-frequency pole and zero effectively
cancel each other. The real axis pole at s = — 3§ will slightly affect the response of the system because
p./tw, for this pole is only about 3 [Equation ([4.2)]. However, reference to Figs. 14-11 and 14-12 verify
that the overshoot and rise lime are still well within the specifications. If the system had been designed to
barely meet the required rise time specification with the dominant two-pole approximation, the presence of
the additional pele in the closed-loop transfer function may have slowed the response enough to dissatisfy
the specification.

GG iead =

GLag =

GH

t

£y == ;*."12
| <
! 7
I -
| o
| &
| &l
f—— L~
T —112 'I-' T
I =
I g
| X
I
DB ———- T-jl2
Fig. 14-29

FEEDBACK COMPENSATION
14.16. A positional control system with a tachometer feedback path has the block diagram shown in

=l

athowd

Fig. 14-30. Determine values of K, and K, which result in a system design which yields a 10 to
90% rise time of less than 1 sec and an overshoot of less than 20%.
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s(s + 2)(s + 4)

Ky =

Fig. 14-30

A straightforward way to accomplish this design is 10 determine a suitable design point in the s-plane
and use the point design technique. If the two feedback paths are combined, the block diagram shown in

Fig. 14-31 is obtained.

1

8(s + 2)(s + 4)

 J

AN
K] 8 k;) -+

Fig. 14-31

For this configuration
_ K)(s+ K /K;)

s(s+2)(s+4)
The zero location at s = — K, /K, appears in the feedback path and the gain factor is K. Thus for a fixed
zero location (ratio of K, /X,), a root-locus for the system may be constructed as a function of K. The
closed-loop transfer function will then coniain three poles, but no zeros. Rough sketches of the root-locus

(Fig. 14-32) reveal that if the ratio K /K, is set anywhere between 0 and 4, the closed-loop transfer
function will probably contain two complex poles (if X, is large enough) and a real axis pole near the value

GH

of — K, /K.
$ju & jw
' )

112 1ie
La— i i ¥—’ o > a4 Qe ————————
-4 _KE, -z @ -1 -z _K o

Ky 1" \ Ky
(a) {5
Fig. 14.32

A three-pole dominant confipuration may then be appropriate for the design. A value of § = 0.5 for the
complex poles will satisfy the overshoot requirement. For =03 and p./{w, =2, Fig. 1412 shows a
normalized ris¢ time w,7,=2.3. Thus 7, =2.3/0, < 1 sec or w, > 2.3 rad /sec. If p,/tw, tumns out to be
greater than 2, the rise time will be faster, and vice versa. In order to have a little margin in case p,/{w, is
smaller than 1, let us choose w, =2.6. The design point in the s-plane is therefore p; = —1.3+;2.3,
corresponding to § = 0.5 and w,=26.
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From Fig. 14-33, the contribution of the poles at s =0, —2, and -4 to arg GH( p,) is —233°. The
contribution of the zero must therefore be —180° — (—233°) = 53° at p, to satisfy the angle criterion at
. The zero location is determined at s= -3 by drawing a line from p, 1o the real axis at 53°. With
K, /Ky =3, the gain factor at p, for GH is 7.5. Thus the design values are K, =7.5 and &, =22.5. The
closed-loop real axis pole is to the left of, but near the zere located at s = — 3. Therefore p,/lw, for this
design is at least 3/1.3=23.

e
L4t i
iz
uo
3 E + 2 -
—4 -3 -2 —-1.3 L
Fig. 14-33

14.17. For the discrete-time system with forward-loop transfer function

- «
j‘!‘“ G2 = z(z—1)

determine a feedback compensator that yields a closed-loop sysiem with a deadbeat response.

For a deadbeat response (Section 10.8), the closed-loop transfer function must have all its poles at
z = 0. Since poles cancelled by feedback zeros appear in the closed-loop transfer function, let H have a zero
at z=0. This eliminates the pele at z =0 from the root-locus but it remains in the closed-loop transfer
function.

For realizability, H must also have at least one pole. If we place the pole of i at z= —1, the resulting
root-locus goes through z = 0, as shown in Fig. 14-34. Then, by setting K = 1, all the closed-loop poles are
located at z = (} and the system has a deadbeat response.

i

Fig. 14-34

Supplementary Problems

14.18. For the system with the open-loop transfer function GH = K{s + a)/(s> — 1}s + 5) determine X and a
such that the closed-loop system has dominant poles with { =0.5 and w, =2 What is the percentage
overshoot of the closed-loop system with these values of X and a?
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14,19, Determine a suitable compensator for the system with the plant transfer function
1
T s(s+ {5+ 4)

o satisfy the following specifications: (1) overshoot < 20%, (2) 10 to 0% rise time <1 see, (3) gain
mtargin = 5.

14.20. Determine suitable compensation for the system with the plant transfer function G, = 1 /x(s + 4)° to satisfy
the following specifications: {1} overshoot < 2(M%. (2) velocity error constant K, > L.

14.21. For the system shown in the block diagram of Fig. 14-33, determine K, and K. such that the system has

closed-loop poles at s = =2 + /2.
R + R 8 C
£ ik Q a3 (s + 4)(s + b) o
W K.z |=

Fig. 14-35

14.22. Determine a value of K for the system with the open-loop transfer Function GH = K /s(s? + 65 + 23) such
that the velocity error constant X, > 1, the closed-loop step response has no overshoot, and the gain
margin > 5.

14.23. Design a compensator for the system with the plant transfer function G, = 63 /5(s + T){s + 9} such that the
velocity error constant K, > 30, the overshoot is less than 20%, and the 10 to 90% rise time is lcss than 0.5
sec.

Answers to Supplementary Problems
14.18. K =11.25, a=1.6, overshoot = 38%. note that the system has a closed-loop zero at s = —a= —1.6.
14.19. G, =245+ 1 /(s + 8
14.20. G, =245+ 021 /(s + 003
1421. X,=1, K, =5
14.22. K=128

14.23. G, =3(s+0.5)/(s + 0.05)



Chapter 15

Bode Analysis

15.1 INTRODUCTION

The analysis of feedhack control systems using the Bode method is equivalent to Nyquist analysis
in that both techniques employ graphical representations of the open-loop frequency response function
GH{(w), where GH{w) refers to either a discrete-time or a continucus-time system. However, Bode plots
consist of two graphs: the magnitude of GH{w), and the phase angle of GH(w), both plotted as a
function of frequency w. Loganthmic scales are usually used for the frequency axes and for |GH{(w)|

Bode plots cleacly illustrate the relative stability of a system. In fact, gain and phase margins are
often defined in terms of Bode plots (see Example 10.1). These measures of relative stability can be
determined for a particular system with a minimum of computational effort using Bode plots, especially
for those cases where experimental frequency response data are available.

15.2 LOGARITHMIC SCALES AND BODE PLOTS

Logarithmic scales are used for Bode plols because they considerably simplify their construction,
manipulation. and interpretation.

A logarithmic scale is used for the «-axes (abscissas) because the magmitude and phase angle may
be graphed over a greater range of frequencies than with linear frequency axes, all frequencies being
egually emphasized, and such graphs for continuous-time systems often result in straight lines (Section
15.4),

The magnitude |P{w)| of any {requency response [unction P{w) for any value of w is ploited on a
logarithmic scale in devibel (db) units, where

db = 20log,,| P{w)] (15.1)

[Also see Equation (/0.4).]
EXAMPLE 15.1. [ |P(2)| = |GH(2)| = 10, the magnitude is 20tog,10 = 20 db.

Since the decibel is a loganthmic unit, the db magnitude of a frequency response function composed
of a product of terms is equal to the sum of the db magnitudes of the individual terms. Thus, when the
logarithmic scale is employed, the magnitude plot of a frequency response funclion expressible as a
product of more than cne term can be obtained by adding the individual db magnitude plots for each
product term.

The db magnitude versus log w plot is called the Bode magnitude plot, and the phase angle versus
log w plot is the Bode phase angle plot. The Bode magnitude plot is sometimes called the log-modulus
plot in the literature,

EXAMPLE 15.2. The Bode magnitude plot for the continwous-time frequency respense function

~100[1 + j(w/10)]
T 1+je

P(jw)

may be obtained by adding the Bode magnitude plots for: 100, 1 + j{w/10), and 1 /(1 + jw).
364
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153 THE BODE FORM AND THE BODE GAIN FOR CONTINUOUS-TIME SYSTEMS
It is convenient to use the so-called Bode form of a continuous-time frequency response function
when using Bode plots for analysis and design because of the asymptotic approximations in Section

15.4.
The Bode form for the function

K(jw+z jw+z,) - (jwt+z,)
() (jo +p ) jw +py) - (jo+p,)
where I is a nonnegative integer, is obtained by factoring out all z, and p; and rearranging it in the
form

[Kﬁzf//ﬁpi (A +je/2)(1+jesz;) - (1 +ju/z,)

i=1 I'f-]. (15.2)
(j) (1 +jus/p {1 +je/py) - (1 +ju/p,)
The Bode gain K is defined as the cocfficient of the numerator in Equation (15.2):
"
K[1:
Ky=—t (15.3)
il—_'!.pi

!, 154 BODE PLOTS OF SIMPLE CONTINUOUS-TIME FREQUENCY RESPONSE FUNCTIONS
AND THEIR ASYMPTOTIC APPROXIMATIONS

The constant K, has a magnitede | K|, a phase angle of 0° if X, is positive, and —180° if K is
negative. Therefore the Bode plots for K, are simply horizontal straight lines as shown in Figs. 15-1 and
15-2.

@
=3
E
x
£ ;
& 20 log o |Kyl
E
-]
o
» log,w
Fig. 15-1
&
© . Ky >0
= 6° o log g w
b=
o
L]
]
=
A
Ky =<0
—1I80°
Fig, 15-2

The frequency response function (or sinusoidal transfer function) for a pole of arder { at the origin is
1

(jo)’
The bode plots for this function are straight lines, as shown in Figs. 15-3 and 15-4.

(15.4)




366 BODE ANALYSIS [CHAP. 15
:(1]
40 M,
1
N o |
20 \
o \ I
g .
2
B o
L]
3
-~
=]
-z
- 40
B.1 0.2 {1 ] 1 > 5 1
Frequencey w, rad/sec
Fig. 15-3
0\3
1
il [‘tiﬁ‘]
r=1
90
[+
E;
= R -2
3 150
&
-]
oy
=3
N
0 0.2 05 1 2 5 16
Frequency u, rad/sec
Fig. 15-4
For a zero of order | ai the origin,
Y
(jw)". (15.5)

the Bode plots are the reflections about the 0-db and 0° lines of Figs. 15-3 and 15-4, as shown in Figs.

15-5 and 15-¢6.
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Fig. 15-6

Consider the single-pole transfer function p/(s+p), p>0. The Bode plots for its frequency

response function
1

14 jw/p
are given in Figs. 15-7 and 15-8. Note that the legarithmic frequency scale is normalized in terms of p.

(15.6)
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To determine the asymptotic approximutions for these Bode plots, we see that for w/p < 1, 0r w < p,

20log,; = 20log;, 1 =0 db

1
1+ jw/p

and for w/p =1, or @ > p,

b

1

1
1+jo/p|



CHAP. 15) BODE ANALYSIS 369

Therefore the Bode magnitude plot asymptotically approaches a horizontal straight line at 0 db as w/p
approaches zero and —-20log,,(@/p) as w/p approaches infinity (Fig. 15-7). Note that this high-
frequency asymptote is a straight line with a slope of — 20 db /decade, or —6 db/octave when plotted
on a logarithmic frequency scale as shown in Fig. 15-7. The two asymplotes intersect at the corner
frequency w» = p rad /sec. To determine the phase angle asymptote, we see that for w/p <1, or w < p,

( 1 ) 1(“’
arg| ——— | = —1an~ —) =0°
1t je/p P Hoep
and for w/p =1, or @ = p,
1 0
arg| ———— =—tan'1(— = —9(°
1+ je/p Plosp

Thus the Bode phase angle plot asvmptotically approaches 0° as w/p approaches zero, and —90° as
@ /p approaches infinity, as shown in Fig. 15-8. A negative-siope straight-linc asymptote can be used to
join the 0° asymptote and the —90° asymptote by drawing a line from the 0° asymptote af « =p/5 10
the —90° asymptote at w= 53p. Note that it is tangent 1o the exact curves at w = p.

The errors introduced by these asympiotic approximations are shown in Table 15-1 for the
single-pole transfer function at various frequencies.

1
Table 15-1. Asymptotic Errors for ————
1+jw/p
@ p/5 p/2 P 2p 5p
Magnitude error (db) -0.17 -0.96 -3 —{+.96 —-0.17
Phase angle error —11.3° —0.8° 0° +0.8° +11.3°

The Bode plots and their asymptotic approximations for the single-zere frequency response
function

1+ 2 (15.7)

4]

are shown 1n Figs_ 15-9 and 15-10.

20 loggoll + jw/z)]
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Fig. 15-9
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The Bode plots and their asymptotic approximations for the second-order frequency response
function with complex poles,
1

1+ 2bw/w, — (a/e,)

are shown in Figs. 15-11 and 15-12. Note that the damping ratio { is a parameter on these graphs.

The magnitude asvmptote shown in Fig, 15-11 has a corner frequency at w = w, and a high-frequency
slope twice that of the asymptote for the single-pole case of Fig. 15-7. The phase angle asymptote is
similar to that of Fig. 15-8 except that the high-frequency portion is at — 180° instead of —90° and the
point of tangency, or inflection, is at —90°,

The Bode plots for a pair of complex zeros are the reflections about the 0 db and 0° lines of those
for the complex poles.

Ost=l (15.8)

15.5 CONSTRUCTION OF BODE PLOTS FOR CONTINUOUS-TIME SYSTEMS

Bode plots of continuous-time frequency response functions can be constructed by summing the
magnitude and phase angle contributions of cach pole and zero {or pairs of complex poles and zeros).
The asymptotic approximations of these plots arc often sufficient. If more accurate plots are desired,
muny software packages are available for rapidly accomplishing this task,

For the general open-loop frequency response function

KB(.I +jl’.|.3/21)(1 +jw/:'2) e {1 +‘,!I(.¢/Zm)

GH( jw) = —— - - - (15.9)
(o) (1 +jw/p Y1 +ju/py) - (14 je/p,)
where {15 a4 positive inleger or zero, the magnitude and phase angle are given by
jw | Jw
20log,, |GH{ jw)| = 20log, |Kp| + 20l0g,o|l + — 1+ -+ +20log,,|1 + —
) Lo
201 ] 201 ! 201 {15.10)
+ Wlog,,—— ~ 20log,pm——— + -+ = Wlog, T ;
1 w)] FIL+ e/ P+ jeo/pl
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and

/- L Je) (e
argGH(Ju)=argKﬁ+arg]+;—]+---+arg1+——
1)

i Mmooy

1 1 1 J
— | tag| ———— 7| (15.11)

L (Jw) 1+ jw/p, 1 +jw/p, |

The Bode plots for each of the terms in Equations (f5./0) and ({5./1) were given in Figs. 15-1 to 15-12.

If GH{ jw) has cornplex poles or zeros, terms having a form similar to Equation (15.8) are simply added

to Equations (75./0) and (/5./1). The construction procedure is best illustrated by an example.

+ arg

EXAMPLE 15.3. The asymptotic Bode plots for the frequency response function
10(1 + ju)

GH( ju) = o
. . 2
(o)1 +josa — (/)]
10 R : ey
20 logo (10) ——\ /
I-"rJ ‘ 4
\mln“ + Jul ! e
| =38 4 i
s 1]
3 20 081 T 773 = |
&
- 20 T T -
; j 20 log,y
—40
— 80
0.1 0.2 04 1 2 4 10 20 40
Frequency o, rad/sec
Fig. 15-13
100°
5‘); :l z -
! arg (1 + ju)
09:
E | 1
2 "3(1 F juld = (.»'-IF)
© % : |
2 -50
-]
=
[« {
~100° i
ulwﬁ

n.i 0.2 0.4 1 2 4 10 20 40
Frequency o, rad/sec
Fig. 15-14
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are constructed using Equations (/5./() and (1511 ):
1

1+ jwsd— (w/4)°

2010g,,| GI1( jw)| = 201og,o10 + 201og,, /1 ~ jw] + 2010g,, ()’ +201ogyg
Ju

1
arg GH{ jw) = arg(1 + jw) + arg(1/{ jw)’) + ar
g GH( juw) = arg(1 1 jw) + arg(1/( j)°) g(1+'Jw/4—(w/4)2J
The graphs for each of the terms in these equations are obtained from Figs. 15-1 to 15-12 and are shown in Figs.
15-13 and 15-14. The asymptotic Bode plots for GH{ jw) are obtained by adding these curves, as shown in Figs.
15-15 and 15-16, where computer-generated Bode plots for the frequency response funciion are also given for

comparison with the asymptotic approximations.

db magnitude

T T T T T rrrrm T

|

I

I
21 0.5 1 5 10 50 100
Frequency w, rad/sec

Fig. 15-15

Phase angle

l Il
T | I L) T T T 11 frn

L
)1 0.5 1 5 10 50 100

Frequency w. rad/sec

Fig. 15-16

15.6 BODE PLOTS OF DISCRETE-TIME FREQUENCY RESPONSE FUNCTIONS
The factored form for the general open-loop discrete-time frequency response function is
K{e T+ z2){eT+25) - (e +2,,)

g § 15.12
(e + p We™ +p3) - (e 47, ()

GH{e') =
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Simple asymptotic approximations, similar to those in Section 15.4, do not cxist for the individual terms
in Equation (75./2). Thus there is no particular advantage to a Bode form of the type in Eguation
(15.2) for discrete-time systems. In general, computers provide the most convenient way to generate
Bode plots for discrete-time systems and several software packages exist to accomplish this task.

For the gencral open-loop frequency respanse function Equation (75.72). the magnitude and phase
angle are given by

20log,o|GH(e#T) | = 201log, | K|

+ 20log,gle“" + z,| + - -+ +20log,gle + 2|

+ 20log,, + - +20log,, (15.13)

——— -
Iejw +pli |e,_er+P”|
and

arg GH(e™T} = arg K + arg(e /™" + 2} + - -

1 1 ;
+arg( T+ z,,) +arg( ] + --- +arg J (715.14)

I‘ P 7.

T
e+ py

It is important 1o note that beth the magnitude and phase angle of discrete-time frequency response
functions are periodic in the real angular frequency variable w. This is true since

e_,.'m]"' — e_,r{u-l- 2k, THT _ e ,ine jlkw

thus ¢/~7 is periodic in the frequency domain with period 2a /7. Every term in both the magnitude and
phase angle is thus periodic. 1t is therefore only necessary to generate Bode plots over the angular range
—% < wi <7 radians; and the magnitude and phase angle are typically plotted as a function of the
angle «w ¥ rather than angular frequency w.

Another useful property of a discrete-time frequency response function is that the magnitude is an
even function of the frequency w (and «T') and the phase angle is an odd function of « (and @T).

EXAMPLE 15.4. The Bode plots for the discrete-time frequency response function

L gl :
. ol e +1)
GH’( e’ r) = (E_,_.fur'r I)(e__.-':.-?' t %](e.-’w'r +§

arc shown in Figs, 15-17 and 15-18.
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1577 RELATIVE STABILITY

The relative stability indicators “gain margin” and “phase margin” for both discrete-time and
continuous-time systems are defined in terms of the systern open-loop frequency response in Section
10.4. Consequently these parameters are easily determined from the Bode plots of GH(w) as illustrated
in Example 10.1, and in Example 15.4 above. Since 0 db corresponds to a magnitude of 1, the gain
margin is the number of decibels that |GH(w)| is below 0 db at the phase crossover frequency w,
(arg GH(w_) = —180°). The phase margin is the number of degrees arg GH(w) 15 above —180° at the
gain crossover [requency w, (JGH{w)|=1). Computer-gencrated Bode plots should be used to
accurately determine «, «, and the gain and phase margins.

In most cases positive gain and phase margins, as defined above, will ensure stability of the
closed-loop system. However, a Nyquist Stability Plot (Chapter 11) may be sketched, or one of the
methods of Chapter $ can be used to verify the absolute stability of the system.

EXAMPLE 15.5. The continuous-time system whose Bode plots are shown in Fig. 15-19 has a gain margin of
8 db and a phase margin of 40°.

20 log,p |GH (ju)]

() e e o s o ——— '_50
I
; i
o -2 | |-100° ,
3 | arg GH(jo) | | =
= - | =3
e | @
&0 [ | @
g -1 H | -150° @
= | Phase margin = 40° | | =
% I - ! P
| : |
~60 | N 1 —200°
| I t
! I |
-80 | : | —250°
. i |
321 I I B8 SR S H Rl H i 252 DRl B4 L S0 50 e s
0.2 04 1 v vy 10 20

Frequency w, rad/sec

Fig. 15-19



376 BODE ANALYSIS [CHAP. 15

EXAMPLE 15.8. For the system in Example 15.4, the gain margin is 3% dh, the angle at the phuase crossover
frequency w_ is w_ T =1.57 rad, the phase margin is 9%0°, and the angle at the gain crossover frequency oy is
o T =002 rad, all as llustrated in Figures 15-17 and £5-18,

158 CLOSED-LOOP FREQUENCY RESPONSE

Although there is no straightforward method for plotting the closed-loop frequency response
(C/RYw) from Bode plots of GH{), it may be approximated in the following manner, for both
continueus and discrete-time control systems. The closed-loop frequency response is given by

C Glw)
A GH{w)
If [GH(w) > 1,
C G{w) 1

it

RY Ny GH(@)  H{w)
If {GH(w)| < 1,
C e
E(w) |fofw:|«-1=6(u)

The open-loop frequency response of most systems is characterized by high gain for low frequencies and
decreasing gain for higher frequencies, due to the usual excess of poles aver zeros. Thus the closed-loop
frequency response for @ unity feedback system {H = 1) is approximated by a magnitude of 1 (0 db) and
phase angle of 0° for frequencies below the gain crossover frequency w,. For frequencies above w,, the
closed-loop frequency response may be approximated by the magnitude and phase angle of G(w). An
approximate closed-loop bandwidth for many systems is the gain crossover frequency w, (See Example
12.7)

EXAMPLE 15.7. Thc open-loop Bode magnitude plot and approximate closed-loop Bode magnitude plot for the
continuous-time unity feedback system represented by G'( jw) = 10 /jw(l + jw) are shown in Fig. 15-20.

20 log,q [GLjw)|

EAppmx;nml.s 20 logyo | U-l)]_\
o |

db magnitude
3

0.1 0.2 0.4 1.0 20 wy 4.0 10.0
Frequency w, rad/sec

Fig. 15-20
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1592 BODE ANALYSIS OF DISCRETE-TIME SYSTEMS USING THE wTRANSFORM

The w-transform discussed in Section 10.7 can be used in the Bode analysis of discrete-time
systems. The algorithm for Bode analysis using the w-transform is:

1. Substitute {1 + w)/(1 — w) for z in the open-loop transfer function GH(z):

GH(z)|,_ 1'» = GH'(w)

1—w

2. Let w=jw, and generate Bode plots for GH'( jw,, ), using the methods of Sections 15.3 through
15.5.

3. Analyze the relative stability of the system in the w-plane by determining the gain and phase
margins, the gain and phase crossover frequencies, the closed-loop frequency response, the
bandwidth, and /or any other frequency-related characteristics of interest.

4. Transform the critical frequencies determined in step 3 to the frequency domain of the z-plane

using the transformation ©7 = 2tan " lo,.

EXAMPLE 15.8. The cpen-loop transfer Function
ez + 1)

(z-D{z+3)(z+1}

GH{z) =

is fransformed into the w-domain by letting

1+w

= —

1—w
which yields
“elw—1)

CH W) = 5w )

Note, in particular, that the minus sign contributes 1807 of phase angle, and the zero at +1 contributes +90° at
w, = (7. The Bode plots of GH'( je, ) are shown in Figs. 13-21 and 15-22.

39 db = Gdin margin THr —20

)
I
3
db magnitude

- —80
- —100
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W L
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Fig. 15-21
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EXAMPLE 15.9. From the Bode pltots of Example 15.8, the gain margin in the w-domain is 39 db and the phase
crossover frequency is w,, = 1 rad /sec. Transforming back to the z-domain, the phase crossover frequency w, 18
obtained from

w T=2tan 'w_ =157 rad

Compare thesc results with those of Example 15.6, which are the same.

EXAMPLE 15.10. From the Bode plots of Example 158, the phase margin is 90° and the gain crossover
frequency is w,, = 0.01 rad,/sec. Transforming to the z-domain, the gain crossover frequency o, s obtained from

@ T=2tan 'w,, =0.02 rad
Compare these results with those of Example 15.6, which are the same,

With the wide availability of software for control systems analysis, use of the w-transform for Bode
analysis of discrete-time systems is usually unnecessary, However, for design by analysis, as discussed in
Chapier 16 where insight gained from continuous-time system design techniques is transferred to
discrete-time system design, the w-transform can be a very useful tool.

Solved Problems

LOGARITHMIC SCALES
15.1. Express the following quantities in decibel (db) units: (@) 2, (B) 4, (¢) 8, (d) 20, (e} 25, (f) 140.
From Equation (151},
db, = 20log,,2 = 20(0.301) = 6 .02 db, = 201og,,20 = 20(1.301) = 26.02

db,, = 2010g,4 = 20(0.602) = 12.04 db, = 201og,(25 = 20{1.398) = 27.96
db_~ 201og, ;8 — 20(0.903) = 18.06 db, = 2010g,,1 40 = 20(2.146) = 42.92
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Note that since 4 = 2 % 2, then for part (b) we have
20log, 4 = 201og,,2 + 20log,,2 = 12.04

and since 8 = 2 x 4, then for part (¢} we have

2010g,8 = 2010g,2 + 20log,4 = 6.02 + 12.04 = 18.06

THE BODE FORM AND THE BODE GAIN FOR CONTINUOUS-TIME SYSTEMS

15.2. Determine the Bode form and the Bode gain for the transfer function

-
ﬁ o K(s+2)
whoad T s2(s+4)(s+6)
Factoring 2 from the numerator, 4 and 6 from the denominator and putting s = juw results in the Bode
form

ot o) = —KLDO * jo/
IO T Gy (3 + jug )1+ ja/6)

The Bode gain is Ky = K/12.

15.3. When is the Bode gain equal to the d.c. gain (zero frequency magnitude) of a transfer function?

The Bode gain is equal to the d.c. gain of any transfer function with no poles or zeros at the origin
[{ =0 in Equation {15.2)].

BODE PLOTS OF SIMPLE FREQUENCY RESPONSE FUNCTIONS
15.4. Prove that the Bode Magnitude plot for (jw)' is a straight line.
The Bode magnitude plot for { jw)’ is a plot of 20log, w0’ versus logqw. Thus

d(20log ') 207 d(log,qu) .
d(log,ow) d(log o)

slope =

Since the slope is constant for any /, the Bode magnitude plot is a straight line.

15.5. Determine: (1) the conditions under which the Bode magnitude plot for a pair of complex poles

£l has a peak at a nonzero, finite value of w; and (2) the frequency at which the peak occurs.
Mathcad The Bode magnitude is given by
1
20log,,

1+28w/w, — (w/w,)

Since the logarithm is a monotonically increasing function, the magnitude in decibels has a peak
(maximumy} if and only if the magnitude itself is maximum. The magnitude squared, which is maximum
when the magnitude is maximum, is

1
[1 - (a/w, Y] + 4(3w/a,)?
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Taking the denivative of this function and setting it equal to zero yields
(40/0)[1 - (0/w,)] - 80/l
412 T

{[1=Cora Y] + attasu,)’)

&

(L

or 1—(—] -2{*=0

and the frequency at the peak is & = w;,,-”l_—.:?‘._ﬁ . Since w must be teal, by definition, the magnitude has a
peak at a nonzero value w only if 1 —2¢? > or { < 1/y2 =0.707. For { >0.707, the Bode magnitude is
monotomcally decreasing,

CONSTRUCTION OF BODE PLOTS FOR CONTINUOQUS-TIME SYSTEMS
15.6. Construct the asymptotic Bode plots for the frequency response function
1+jw/2— {w/2)
Jell +jw/0.5)(1 + jw/4)

GH({ ju) =

The asymptotic Bode plots are determined by summing the graphs of the asymptotic representations
for each of the terms of GH( Jw), as in equations (15./6) and (15.11). The asymptoics for each of these
terms are shown in Figs. 15-23 and 15-24 and the asymptotic Bode plots for GH( jw) in Figs. 15-25 and
15-26. The exacl Bade plots generated by computer are shown for comparison.

40
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15.7. Construct Bode plots for the frequency response function

Fagln 2
GH( jw) =
Mathtad (jo) Jol{l +juw/2)(1 + jw/5)

The asymptotic Bode plots are constructed by summing the asymptotic plots for each term of GH{ jw),
as in Equation (/5./0) and (15.1/), and are shown in Figs. 15-27 and 15-28 More accurate curves
determined numerically by computer are also plotted for comparison.
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Construct the Bode plots for the open-loop transfer function GH = 2(s + 2)/(s2 - 1).
With s = ju, the Bode form for this transfer function is

—4(1+ jw/2)

U = T )

This function has a right-half plane pole [due to the term 1/(1 — jw)] which is not one of the standard
functions introduced in Section 15.4, However, this function has the same magnitude as 1,/(1 + jw) and the
same phase angle as 1+ jw. Thus for a function of the form 1/(1 —jw/p), the magnitude can be
determined from Fig 13-7 and the phase angle from Fig. 15-10, For this problem the phase angls
contributions from the terms 1,/(1 + jw) and 1 /(1 — jw) cancel each other, The asymptotes for the Bode
magnitude plot are shown in Fig. 15-29 along with a more accurate Bode magnitude plot. The Bode phase
angle is determined solely from arg K, = arg{ — 4) — 180° and the zero at w = 2, as shown in Fig. 15-30.
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RELATIVE STABILITY

15.9.

15.10.

ol

Mathead

15.11.

ol

Mathiead

For the system with the open-loop transfer function of Problem 15.6, find w,, w,, the gain
margin, and the phase margin.

Using the exact magmitude curve shown in Fig. 15-25, the gain crossover frequency is w; = 0.62. The
phasc crossover frequency w, is indeterrninate because arg GH{ jw) never crosses —180°. (See Fig. 15-26.)
Arg GH{ fw,) = arg GH{ j0.62) is —129°. Hence the phase margin is —129° + 180° = 51°. Since w, is
indeterminate, the gain margin is also indeterminate.

Determine the gain and phase margins for the systems with the open-loop frequency response
function of Problem 15.7.

From Fig. 15-27, w; = 1.5; and from Fig, 15-28, arg GH( jw, ) = —144° Therefore the phase margin is
180° — 144° = 36°. From Fig 15-28, w, =32; and the gain margin is read from Fig 1527 as
= 201og,,|GH{ e, )| =11 db.

Determing the gain and phase margins for the system with the open-loop transfer function of
Problem 15.8.

From Fig. 15-19, w, = 2.3 rad /sec. From Fig, 15-30, arg GH{ jw,) = —127°. Hence the phase margin
is 180° — 127° = 53°, As shown in Fig. 15-30, arg GH(jw) approaches —1B0° as « decreases. Since
arg GH( jw) = — 1807 only at w = 0, then w = (. Therefore the gain margin 1s —20log | GH( juw, )= —12
db using the normal procedure. Although a negative gain margin indicates instability for most systems, this
system is stable, as verified by the Nyquist Stability Plot shown in Fig. 15-31. Remember that the system
has an open-loop right-half planc pole; but the zero of GH at — 2 acts to stabilize the svstem for K= 2.

Re GH

Fig. 15-31

CLOSED-LOOP FREQUENCY RESPONSE

15.12. For the system of Example 157 with H =1, determine the closed-loop frequency response

functton and compare the actual closed-loop Bode magnitude plot with the approximate one of
Example 15.7.
For this system, GH = 10/5(s + 1). Then
c 10
R s2+s5+10

C
d —{( )=
an r (7 1+ jo/10 — w2 /10
Therefore the closed-loop Bode magnitude plot corresponds to Fig. 15-11, with { =0.18 and w, =316,
From this plot the actual 3-db bandwidth 15 w/w_ =135 in normalized form; hence, since w,=3.16,
BW = 1.5(3.16) = 4.74 rad/sec. The approximate 3-db bandwidth determined from Fig, 15-20 of Example
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15.13.

oI+

=

15.7 is 3.7 rad/sec. Note that w, = 3.16 rad/sec for the closed-loop system corresponds very well with
w, = 3.1 rad/sec from Fig. 15-20. Thus the gain crossover frequency of the open-loop system corresponds
very well with «, of the closed-loop system, although the approximate 3-db bandwidth determined above is
not very accurate. The reason for this is that the approximate Bode magnitude plot of Fig. 15-20 does not
show the peaking that occurs in the exact curve.

For the discrete-time system with open-loop frequency response function
Hz+1){z+1)
GH{z)= H=1
() Bz(z—l)[z-l-%)

find the gain margin, phase margin, phase crossover angle, and gain crossover angle.

The Bode plots for this syslem are given in Figs. 15-32 and 15-33. The phase crossover angle w, T is
determined from Fig, 15.33 as 1.74 rad. The corresponding gain margin is found en Fig 15-32 as 11 db.
The gain crossover angle «, T is determined from Fig. 15-32 as 0.63 rad. The corresponding phase margin is
found on Fig. 15-33 as 57°.
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15.14.

15.15.

15.16.

15.17.

15.18.
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Supplementary Problems

Construct the Bode plats for the open-loop frequency response function
4( 1+ ja/ 2)

GHLIR) = 0V +or8)(1 +j0/10)

Construct the Bode plots and determine the gain and phase margins for the system with the open-loop
frequency response function

4

GH( jw) =
() (1 + o)L+ juy3)

Solve Problems 13.35 and 13.37 by construciing the Bode plots.

Work Problem 13.52 using Bode plots.

Work Problem 11.59 using Bode plots,



Chapter 16

Bode Design

16.1 DESIGN PHILOSOPHY

Design of a feedback control system using Bode techniques entails shaping and reshaping the Bode
magnitude and phase angle plots until the system specifications are satisfied. These specifications are
most conveniently expressed in terms of frequency-domain figures of merit such as gain and phase
margin for the transient performance and the error constants (Chapter 9 for the steady state
time-domain response.

Shaping the asymptotic Bode plots of continuous-time systems by adding cascade or feedback
compensation is a relatively simple procedure. Bede plots for several common continuous-time
compensation networks are presented in Sections 16.3, 16.4, and 16.5. With these graphs, the magnitude
and phase angle contributions of a particular compensator can be added directly to the uncompensated
systern Bode plots. Tt is usually necessary to correct the asympiotic Bode plots in the final stages of
design to accuralely verify satisfaction of the performance specifications.

Since simple asymptotic Bode plots do not exist for discrete-time systems, the shaping and
reshaping of Bode plots for discrete-time systems is usuwally not as simple and intuitive as for
continuous-time systems. However, by transforming the discrete-time transfer function into the w-plane,
design of discrete-time systems can be accomplished by continuous-time techniques.

16.2 GAIN FACTOR COMPENSATION

It is possible in some cases to satisfy all system specifications by simply adjusting the open-loop
gain factor K. Adjustment of the gain factor X does not affect the phase angle plot. It only shifts the
magnitude plot up or down to correspond to the increase or decrease in K. The simplest procedure is to
alter the db scale of the magnitude plot in accordance with the change in K instead of replotting the
curve. For example, if K is doubled, the db scale should be shifted down by 201og,,2 = 6.02 db.

When working with continuous-time Bode plots, it is more convenient to use the Bode gain:

K]__Iz‘.
Ks=—:r-—l
I—[P;

im]

where —p, and -z, are the finite poles and zeros of GH.

EXAMPLE 18.1. The Bode plots for

Ky

) = Gt ar®)
are shown in Fig, 16-1 for Ky=1,

The maximum amount K, may be increased to lmprove the system steady state performance without
decreasing the phase margin below 45° is determined as follows. In Fig. 16-1, the phase margin is 45° if the gain
crossover [requency w, is 2 rad/sec and the magnitude plot can be raised by as much as 9 db before w, becomes 2
rad/sec. Thus K, can be increased by 9 db without decreasing the phase margin below 43°.

387
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=t
ahcad 16,3 LEAD COMPENSATION FOR CONTINUOUS-TIME SYSTEMS

The lead compensator, presented in Sections 6.3 and 12.4, has the following Bode form frequency
response function:

BY1 +
Pyl je) = e/ 1)frj:j:/a) (16.1)

The Bode plots for this compensator, for various lead ratios a/b, are shown in Fig. 16-2. These graphs
llustrate that addition of a cascade lead compensator to a system lowers the overall magnitude curve in
the low-frequency region and raises the overail phase angle curve in the low-to-mid-frequency region.
Other properties of the lead compensator are discussed in Section 12.4.

The amount of low-frequency attenuation and phase lead produced by the lead compensator
depends on the lead ratio a/b. Maximum phase lead occurs at the frequency w,, = vab and is equal to

Pmax = (90 — 2tan ! Ja /b ) degrees (16.2)
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Lead compensation is normally used to increase the gain and/or phase margins of a system or
increase its bandwidth., An additional modification of the Bode gain K is usually required with lead
networks, as described in Section 12.4.

EXAMPLE 16.2. An uncompensated continuous-time system whose open-loop transfer function is

GIr H=1

- s{s+2){s+6)
is to be designed 1o meet the following performance specifications:

1. when the input is a ramp with slope (velocity) 2= rad /sec, the steady state position error must be less than
or equal to = /10 radians.
2 dpp =457 £ 5%
3. gain crossover frequency w; = 1 rad/sec.*
Lead compensation is appropriate, as previously cutlined in detail in Example 12.4. Transforming GH{ jw)
into Bode form,
2

Jo(1+jw/2)(1+ ju/6)

we note that the Bode gain K is equal to the velocity error constant K| = 2. The Bode plots for this system are
shown in Fig. 16-3.

GH( jw) =

*When using Bode technigues, closed-loop svstem handwidh specifications are often interpreted in terms of the gain crossover
[requency wy, which is gasily determined from the Bode magnilude plot. The bandwidth and w, are not generally equivalent; but,
when one increases or decreases, the other nsually follows. As noted in Sections 10.4. and 15.8 and Problem 12.16, w is ofien a
reasonable approximation for the handwidth.
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The steady state error e{oo) is given by Equation {2./2) as 1/K, fot a unit ramp function input. Therefore, if
e{ac) < x /10 radians and the ramp has a slope of 2# instead of 1, then the required velocity error constant is

27
a /10

K.= =20 sec

Thus a cascade amplifier with a gain of A =10, or 20 db, will satisly the steady state specification. Bui this gain
must be further increased after the lead network parameters are chosen, as described in Example 12.4. When the
Bode gain is increased by 20 db, the gain margin is —8 db and the phase margin — 28°, as read directly from the
plots of Fig. 16-3. Thercfore the lead compensator must be chasen to bring the phase margin to 45°. This requires a
large amount of phase lead. Furthermore, since addition of the lead compensator must be accompanied by an
increase in gain of h/a, the net effect is to increase the gain at mid and high frequencies, thus raising the gain
crossover frequency. Hence a phase margin of 43° has to be cstablished at a higher frequency, requining even more
phasc lead. For these reasons we add two cascaded lead networks (with the necessary isolation to reduce loading
effects, if required).

To determing the parameters of the lead compensator, assume that the Bode gain has been increased by 20 db
so that the 0-db linc is cffectively lowered by 20 db. If we choose b/g = 10, then the Jead compensator plus an
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additional Bede gain increase of (6/a)® for the two networks has the following combined form:

o (jesa)
[IDPLead{J'w}] - G"(Jw) B (1 +ju:/10i1)2

MNow we must choose an appropriate value for a. A useful method lor improving system stability is to try to cross
the (-db line at a slope of — 6 db/octave, Crossing at a slope of —12 db /octave usually results in too low a value
for the phase margin. If 4 is set equal fo 2. a sketch of the asymptotes reveals that the 0-db linc is crossed at —12
db foctave. If o =4, the 0-db line is crossed at a slope of —6 db/octave. The Bode magnitude and phase angle
plots for the system with @ = 4 rad /sec are shown in Fig. 16-4. The gain margin is 14 db and the phase margin is
50°. Thus the second specification is satisfed. The gain crossover frequency w, = 14 rad/sec is substantially higher
than the value specified, indicating that the system will respond a good deal faster than required by the third
specification. The compensated system block diagram is shown in Fig. 16-5. A properly designed amplifier may
additionally serve the purpose of load-effect isolation if it is placed berween the two lead networks.
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n%n 164 LAG COMPENSATION FOR CONTINUQUS-TIME SYSTEMS

The lag compensator, presented in Sections 6.3 and 12.5, has the following Bode form frequency

response function:
1+ jw/b

P]_ag(jw

The Bode plots for the lag compensator, for several lag ratios b/a, are shown in Figure 16-6. The
properties of this compensator are discussed in Section 12.5.
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EXAMPLE 16.3. Let us redesign the systermn of Example 16.2 using gain factor plus lag compensation, as
previously outlined in detail in Example 12.5. The uncompensated system is, again, represented by

pi
o1+ /D1 + ju/6)

GH( ju) =

and the specifications are

1. K, =20sec™!

D by = 45° 4 5°

3. w =1 rad/scc

As before, a Bode gain increase by a factor of 10, or 20 db, is required to satisfy the first (steady state)
specification. Henee the Bode plots of Fig, 16-3 should again be considered with the O-db line effectively lowered by

10 db. Addition of significant phase-lag at frequencies less than 0.1 rad /sec will lower the curve or effectively raise
the 0-db hine by an amount cotresponding o b/a. Thus the ratio 5/a must be choscn so that the resulting phase
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margin is 45°. From the Bode phase angle plot (Fig. 16-3) we see that a 457 phase margin is obtained if the gain
crossover frequency is w, = 1.3 rad/sec. From the Bode magnitude plot, this requires that the magnitude ¢urve be
lowered by 2 + 20 = 22 db. Thus a gain decrease of 22 db, or a factor of 14, is needed. This can be obtained using a
lag compensator with &/a = 14. The actual location of the compensator is arbitrary as long as the phase shift
produeced at w, is negligible. Values of ¢ =0.01 and & = 0.14 rad /sec are adequate. The compensated system block
diagram is shown in Fig. 16-7.

RUIU) X E..t?..”"ml‘!' 10 5 ._2 C(Jﬁi)
1 + jw/0.01 Jull + ju/2)(1 + ju/6)
Lag compensator Gain of A Uncompensated plant
Fig. 16-7

16.5 LAG-LEAD COMPENSATION FOR CONTINUOUS-TIME SYSTEMS

It is sometimes desirable, as discussed in Section 12.6, to simultaneously ernploy both lead and lag
compensation. Although one each of these two networks can be connected in series (o achieve the
desired effect, it is usually more convenient to mechanize the combined lag-lead compensator described
in Example 6.6. This compensator can be constructed with a single R-C network, as shown in Problem
6.14,

The Bode form of the frequency response function for the lag-lead compensator 1s

P (o) (1+j0/a))(1+jw/b,)
Jwl = : -
L (1 +jo/b ) (1 +jo/a,)
with b, > a,, b, > a, and a,b, = b,a,. A typical Bode magnitude plot in which 4, > b, 1s shown in Fig.
16-8. The Bode plots for a specific lag-lead compensatlor can be determined by combining the Bode

plots for the lag portion from Fig. 16-6 with those for the lead portion from Fig. 16-2. Additicnal
properties of the lag-lead compensator are discussed in Section 12.6.

20 loxw ].PLL "JI-I“

db magnitude

|
E
|

0.2 0.4 1 2 4 10 20 40

Frequency w, rad/sec

Fig. 16-8

EXAMPLE 18.4. Lzt us redesign the system of Example 16.2 using lag-lead compensation. Suppose, for example,
that we want the gain crossover frequency «, (approximate closed-loop bandwidth) to be greater than 2 rad/sec
but less than § rad /sec, with all the other specifications the same as Example 16.2. For this application, we shall see
that the lag-lead compensator has advantages over either lag or lead compensation. The uncompensated system is,
again, represented by

2
jo(l +jw/2)(1 + ju/6)

GH( jo) -
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The Bode plots are shown in Fig. 16-3. As in Example 16.2, a Bode gain increase of 20 db is required to satisfy the
specification on steady state performance. Once again refersing to Fig. 16-3 with the (-db line shilted down by 20
db to correspond to the Bode gain increase, the paramelters of the lag-lead compensator must be chosen to result in
a gain crossover frequency between 2 and 5 rad /sec, with a phase margin of about 43°. The phase angle plot of
Fig. 16-3 shows about —188° phase angle at approximately 4 rad/sec. Thus we need about 53° phase lead to
establish a 45° phase margin in that frequency range. Let us choose a lead ratio of a4, /b — 8.1 to make sure we
have enough phase lead. To place it in about the right frequency range, let a; = 0.8 and 5 = & rad /sec. The lag
porition must have the same ratio a,/8, = (0.1; but the lag portion must be sufficiently lower than «, so as not to
significantly reduce the phase lead obtained from the lead portion; &, = 0.2 and a, = 0.02 are adequate. The Bode
plots for the compensated system are shown in Fig. 16-9; and the block diagram is shown in Fig. 16-10.

We note that the lag-lead compensator produces no magmitude attenvation at either high or low frequencies.
Therefore a smaller gain factor adjustment {(as obtained with lag compensation in Example 16.3) and a smaller
bandwidth and gain crossover frequency (as that resulting from lead compensation in Example 162y are obtained
using lag-lead compensation.
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1566 BODE DESIGN OF DISCRETE-TIME SYSTEMS

Bode design of discrete-time systems is based on the same philosophy as Bode design of
continuous-time systerns in that #t entails shaping and reshaping the Bode magnitude and phase angle
plots untii the system specifications are met. But the effort involved can be substantially greater.

It is sometimes possible to satisfy specifications by simply adjusting the open-loop gain factor K, as
described in Section 16.2 for vontinuous-time systers.

EXAMPLE 16.5. Consider the discrete-time system of Example 15.4, with open-loop frequency response funciion

(e 1 1)°

(e — (T + 4} e + 1)

GH(eT) =

and H =1. Figures 16-11 and 16-12 are the Bode plots of GIf, drawn by computer, which illustrate the gain and

20

25 db I@a-p,{ 39 db =

i TTTH & ' Gain margin

N

35 db | } 1o

db magnitude

0.35 L1
LU I L T T T i1 5frn T | G B B BE DN [ - 160

001 T 0.05 01 1 T 5 10

Angle «T, radians
Fig. 16-11

90° = Phase margin 700

1
1
[ ]
i
o
Phase angle

e s o Wi s e e i

0,35} 1.11}
T

L) L L EL L] LB AL T L] TTrrrry _m

001 T 005 0.1 05 1 orT 5 10

Angle «T, radians

Fig. 16-12



=}
-3

396 BODE DESIGN [CHAP. 16

phase margins and the gain and phase crossover frequencies. We now show that gain factor compensation alone
can be used to satisfy the following sysiem specificaiions:

L. gy = 30°
2, 10 db < gain margin < 15 db.

From Fig, 16-12 we see if w, T can be increased 10 1.11 rad, then ¢p,, = 30°. To accomplish this, the gain must
be increased by 35 db. as shown in Fig. 16-11, resulting in a gain margin of 39 — 35 = 4 db, which is teo small. If
we increase the gain by only 25 db {incrcase K by a [actor of 18), then «, T =10.35 rad and the phase margin is 70°,
Note that changing X does not change w, T

For discrete-time sysiem design specifications which cannot be satisfied by gain factor compensa-
tion alone, Bode design in the z-domain is not as straightforward as in the s-domain. Continucus-time
system design methods can, however, be transferred 10 the design of discrete-time systems using the
wetransform. Based on developmenis in Sections 10.7 and 15.9, the design algorithm is as follows:

1. Substitute (1 +w)/(1 ~ w) for z in the open-loop transfer function GH{ z):
GH(Z)L-U Fwil Wy GH'(w)

2. Set w=ju_, and then transform critical frequencies in the performance specifications from the
z- to the w-domain, using:
wTl
w, = tan T
3. Develop continuous-time compensation (as in Sections 16.3 through 16.3) such that the system
in the w-domain satisfies the given specifications at the frequencies obtained in Step 2 (as if the
w-domain were the s-domain).

4. Transform the compensation elements obtained in Step 3 back to the z-domain to complete the
design. using w=(z — 13/(z+ 1}.

EXAMPLE 18.6. The unity feedback discrete-time system with open-loop transfer function
J(z+1)(z+1)
Gl2y=GH ()= —F—F=—
() () R z( z+ é)

and sampling period T =0.1 sec 15 1o he compensated so that it meets the following specifications:

I. The steady state error must be less than or equal to (.02 for a unit ramp input,
2. = 300
3. The gain crossover frequency «, must satisfy w; T2 1 rad.

This is a type 0 system and the steady state error for a unit ramp input is infinite (Section 9.9). Therefore the
compensation must contain a pole at z=1 and the new transfer function including this pole becomes
3 (z+1){z+}
SNIE NG E151)
Bz(z—1)(z+1)

From the table in Section 9.9 the steady state crror for the unit ramp is elx}=T/K , where K = GH(l) =
tim, . Az = [DGH(z} = 3. Thus, with e(*) = 0.15, the gain factor must be increascd by a factor of 15 /2 (17.5 dbl

The Bode plots for GH' are shown in Figs, 16-13 and 16-14. From Fig. 16-13, the angle at the gain crossover
frequency is «,T = (.68 rad and the phase margin 15 56°. Increusing the gain by 17.5 db weuld move the angle at
the gain crossover frequency to w T = 2.56 rad, but the phase margin would then become - 41°, destabilizing the
system. Gain factor compensation alone is apparently inadequate for this design problem.

To complete the design, we transform GH(z) into the w-domain, setting z = (1 + w)/(1 — w) and forming

1 : + w
Gy < L L))

I w(l+wi{l+w/)

The Bode plots for GH” are shown in Figs. 16-15 and 16-16.
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Following Step 2 above, the gain crossover frequency specification w7 1 rad is translormed into the w-plane
using
T

1
w,, = tan% -4 tana ={0.55 rad /sec

From Fig. 16-15 {or from w, | ~ tan(0.68,/2)] the gain crossover frequency is (.35 rad /sec and the phasc margin is
56° {as it was in the z-domain).

To satisfy the steady state error specification, the gain factor must be increased by at least 17.5 db (as noted
earlier), and to satisfy the remaininp specifications, the gain crossover frequency should be increased to at least 0.55
rad/sec (Fig. 16-16), and the phase angle at «, = 0.55 should be held to at least —150°. This Jast requirement
implies that no more than 6.5° of lag can be introduced at w, = 0.55 rad/sec. Note that this requires about 4.3-db
gain increase at w, = 0.55 rad/scc so that this frequency can become the gain crossover frequency.

Lag compensation can satisfy these specifications {Step 3). From Fig. 16-6, a lag ratio of b/a = 5 provides 14
db of attenuation at higher frequencies. To increase the gain crossover frequency, the gain factor is increased by
18.3 db, so that at w, = (155 there is a net increase of 4.3 db. This is clearly adequate to also satisfy the steady state
error specification {(17.5 db is needed).

Now the parameter g in the lag ratio can be chosen to salisfy the phase margin requirement. As noted above,
we must keep the phase lag of the compensator below 6.5° at w,. = 0.3 rad/sec. We note that the phase lag of the
lag compensator is

wT wl

= -i_ -1_
Pra = tan”t — —tan”' —

Thus, setting ¢;,, = —6.5° w=w, =055 rad/sec and &= S5a (as above), this equation is easily solved for a.
Choosing the smaller of the solutions generates a dipofe (a pole-zero pair) very near the origin of the w-plane, for
a=10.0157 We choose a = (1013 which gives only 6.2° of phase lag. Thus » = 0.075 and thc lag compensator in the
w-plane is given by

» ) ’{).015)(' w -+ L.075
e (%) = ( 0075 [\ w+ 0,015)
Py, is now transformed back to the z-domain (Step 4) by substituting w={z— 1}/(z + 1}. The result is
(2 — 0.86046°
P () =021182 ———
z— 0.97044 |

Combining this with the pole at z =1 and the gain factor increase of 18.3 db (a pain factor ratio increase of 8.22),
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the complete compensation clement G,(2) is

z — 0.86046
(z—1){z - 0.97044)

Gy(z) = 1.7417

The compensated control system is shown in Fig, 16-17. Note that this design is quite similar to those developed for
this same system and specifications in Examples 12.7 and 14.5.

Fig. 16-17

Solved Problems

GAIN FACTOR COMPENSATION

16.1. Determine the maximum value for the Bode gain Kz which will result in a gain margin of 6 db
or more and a phase margin of 45% or more for the system with the open-loop [requency
response function

Ky

GH{ ju) = —————
ju{l+jo/5)"

The Bede plots for this system with Ky = 1 are shown in Fig. 16-18.

The gain margin, measured at w, = 3 rad/scc, 1s 20 db. Thus the Bode gain can be raised by as much
as 20 — 6 =14 db and sull satisfy the gain margin requirement. However, the Bode phase angle plot
indicates that, for ép,, = 45°, the gain crossover frequency w. must be less than about 2 rad /sec. The
magnitude curve can be raised by as much as 7.5 db before w; exceeds 2 rad/sec. Thus the maximum value
of K satistying hoth specifications is 7.5 db, or 2.37.

16.2. Design the system of Problem 15.7, to have a phase margin of 35°,
;’:I-l-
The Bode phase angle plot in Fig. 15-28 indicates that the gain crossover frequency w, must he (1.9
Mathcas Fad /sec for 55° phase margin. From the Bode magnitude of Fip. 15-27, K, must be reduced by 6 db, or a
factor of 2, to achieve w, = 0.9 rad /sec and hence g, = 55°,

LEAD COMPENSATION
16.3. Show that the maximum phase lead of the lead compensatar [Equation ( /6.1 )] occurs at w,, = yab
and prove Equation {/6.2).
The phase angle of the lead compensator is ¢ = arg Py, 4(jw) =tan ' w/a —tan ‘w/b. Then
di 1 1

do a[l +(w/a)2] B b[l-'— (w/’b}zl

Sctting d¢/de cqual to zero vields w® = ab. Thus the maximum phase lead occurs at w,, = vab . Hence
$max = tan"'yb/a — tan~'\Ja/b. But since tan ' b/a = #/2 —tan~' \a/b, we have ¢, =
(90— 2tan '\Ja/h) degrees.
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16.4. What attenuation {magnitude} is produced by a lead compensator at the frequency of maximum
phase lead «,, = Vah?

The attenvation factor is given by

a {l1+b/a

TV tHam Y

(a/6){(1 +jyfb/a)
(1+)ya/b)

EP:.eud{J\/a_b) | =

R

16.5. Design compensation for the system
il 8

Maihcad GH(jw) = (1+jw)(1 +juw/3)°

which will vield an overall phase margin of 45° and the same gain crossover frequency w, as the
uncompensated system. The latter is essentially the same as designing for the same bandwidth, as
discussed in Section 15.8.
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The Bode plots for the uncompensated system are shown in Fig. 16-19.
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The gain crossover frequency wy is 3.4 rad /sec and the phase margin is 10°. The specifications can be
met with a cascade lead compensator and gain factor amplifier. Choosing « and A for the lead compensator
is somewhat arbitrary, as long as the phase lead at w, = 3.4 is sutficient to raise the phase margin from 10®
10 459, However, it is often desirable, for economic reasens, (0 minimize the low-frequency attenuation
obtained from the lead network by choosing the largest lead ratio a/b < 1 that will supply the required
amouni of phase lead. Assuming this is the case, the maximum lead ratio that will yield 45° — 10° = 35°
phase lead is about 0.3 from Fig. 16-2. Solution of Equation (/6.2) vields a value of a/8 =027, But we
shall use a/b= 0.3 because we have the curves available for this value in Fig. 16-2. We want to choose a
and & such that the maximum phase lead, which occurs at w,, = vab , is obtained al w, = 3.4 rad /sec. Thus
Yab = 3.4 Substituting @ = 0.35 into this equation and solving for &, we find = 6.2 and a = 1 .86. But this
compensator produces 201og,..1/6.2 /1.86 = 5.2 db attenuation at w, = 3.4 rad /sec (see Problem 16.4), Thus
an amplifier with a gain of 5.2 db, or 1.82, is required, in addition 1o the lead compensator, to maintain
at 3.4 rad /scc. The Bode plots for the compensated system are shown in Fig. 16-20 and the block diagram
in Fig. 16-21.
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R(jw) + 0.3(1 + ju/1.86) e . 8 Cljw)
1+ ju/6.2 i & (1 + jud(1 + ju/3)? =
Lead compensator Amplifier Uncompensated system
Fig. 16-21

LAG COMPENSATION
16.6. Whai is the maximum phase lag produced by the lag compensator [Equation (716.33]?
The phase angle of the lag compensator is

1 1

w 0w
arg PLag(Jw) =tan~ E —tan~ ; = —d4Ig PLcad(Jr_w)
Thus the maximum phase lag (pegative phase angle) of the lag compensator is the same as the maximum
phase lead of the lead compensator with the same values of 2 and ». Hence the maximum also oceurs at
w, =+ah and, from Equation (I5.2), we get

a
‘pmxz(%—han ’VE ] degrees
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Expressed in terms of the lag ratio b/, this equation becomes

b
B = {Ztaﬂ t ‘/ - - 90] degrees
a

16.7. Design compensation for the system of Problem 16.1 to satisfy the same specifications and, in
addition, 1o have a gain crossover frequency w, less than or equal to 1 rad /sec and a velocity
error constant K, > §,

The Bode plots for this system, shown in Fig. 16-18, indicate that w; = 1 rad/sec for K= 1.
Hence K, = K,=1 for w; = |. The gain and phase margin sequirements are easily met with any
Ky < 2.37; but the steady state specification requires K, = K> 5. Therefore a low-frequency
cascade lag compensator with 5 /a =5 can be used to increase K, to 5, while maintaining the
crossover frequency and the gain and phase margins at their previous values. A lag compensator
with & =0.5 and a = 0.1 satisfies this requirements, as shown in Fig. 16-22.

db magnitude

Frequency o, rad/sec

Phase angle

0.05 0.1 0.2 04 1 2 i 10
Frequency w, rad/sec
Fig. 16-22
5(1 + jw/0.5)
Jell +jw/0.1)1 +je/5Y

The compensated open-loop frequency respense function is

16.8. Design a discrete-time unity feedback systern, with the fixed plant
e 6.0 27 (z+1)
8= 3
“ (ev3)

Mathgad

satisfying the specifications: (1) K, = 4, (2) gain margin z 12 db, (3) phase margin > 45°.
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The specification on the position error constanl K, tequires a gain factor increase of 4. This transfer
function is transformed into the w-plane by lelling z = (1 + w),/(1 — w) thus forming

Giw) =" - -
i) (1+w%/3)
The Bode plots for this system, with the gain factor increased by 201og, ;4 = 12 db, arc shown in Fig.
16-23.

Compensated

Uneompensated

db magnitude

0.04 0.1 0.2 0.4 1 2 4 10

Frequency w,., rad/sec

0 — - e ——

| ¢ ] ! Uncompensated | -‘

| Compensated ]
7
|
2
_!

Phase angle

Frequency w, , rad/sec

Fig. 16-23

The gain margin is 6 db and the phase margin is 30°, These margins can be increased by adding a lag
compensator. To increase the gain margin by 12 db, the high-frequency magnitude must be reduced by 6
db, To raise the phase margin to 45°, w,,, must be lowered to 3.0 rad /sec or less, This requires 2 magnitude
attenuation of 3 db at that frequency. Therefore let us choose a lag ratio b/a =2 to yield a high-frequency
attennation of 20log,,2 =6 db. For a =01 and = 0.2 the phase margin is 65° and the gain margin is 12
db, as shown tn the compensated Bode plots of Fig, 16-23,

The compensated open-loop frequency response fuaction is

41 + jw, /0.2)
(1 +jw, /0131 +jw, )’

The compensation clement

4(1 +w/0.2)

Gilw) = = o

is transformed back to the z-demain by letting w={z ~ 1)/{z + 1) thus forming

N

Gi(z)=

24
11

3
i)

,_|-a e

(=-
L{z=%)
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LAG-LEAD COMPENSATION

16.9. Determine compensation for the system of Problem 16.5 that will result in a position error

constant K, = 10, ¢py > 45° and the same gain crossover frequency w, as the uncompensated
system.

The compensation determined in Problem 16.5 satisfies all the specifications except that X, is only 4.4
The lead compensator chosen in that problem has a low-frequency attenuation of 10.4 db, or a factor of
333, Let us replace the lead network with a lag-lead compensator, choosing ¢, = 1.86. b, = 6.2, and
a,/by = 0.3, The low-frequency magnitude becomes ab,/ba, =1, or 0 db, and the attenvation produced
by the lead network is crased, effectively raising K, For the system by a factor of 3.33 to 14.5. The lag
portion of the compensator should be placed at frequencies sufficiently low so that the phase margin is not
reduced below the specified value of 45°. This can be accomplished with a, =0.09 and b, =0.3. The
compensated system block diageam is shown in Fig, 16-24. Note that an amplifier with a gain of 1.82 is
included, as in Problem 16.5, to maintain w, = 3 4.

R(jw) a+juosna+junse | | o 8 Cle)
(1 + ju/0.09)(1 + ju/6.2) * i T ST G
Lag-lead compensator Amplifier Uncompensated system
Fig. 16-24
The compensated Bode plots are shown in Fig. 16-25.
et e mmamsazzy — - -~
g0 F+rf
‘8 |
ey ]
E
E 0}
£ |
o !
PP 544} 8L (L0 16 A I SO0 WA 5241 2t 118 i B3 000 SRR 141
0.04 0.1 0.2 0.4 1 2 4 10

Frequency w, rad/sec

0.04 0.1 0.2 0.4 1 2

Frequency w, rad/sec

Fig. 16-25
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16.10. Design cascade compensation for a unity feedback control system, with the plant

el |

Mathcad

1
Ja(V+jes/8)(1 +w/20)

Gy jw) =

to meet the following specifications:
{1y K, =100 (3} gain margin > 10 db
(2) @, =10rad/sec (4} phase margin ¢y = 45°

To satisfy the first specification, a Bode gain increase by a [actor of 100 is required since the
uncompensated K, = 1. The Bode plots for this system, with the gain increased to 100, are shown in Fig,
16-26.

5
~
=]
=]
=
-1
-1
E
L
=
1 2 4 10 29 “1 40 100
Frequency w, rad/sec
—100°
-
F-l.
g
& —200°
- )
[=™
—300° . PN 0110 6 5] 11D S e e e R 54 EFL e

40 100

Frequency u, rad/sec
Fig. 16-26

The gain crossover frequency w, = 23 rad/sec, the phase margin is —30°, and the pain marginis — 12
db. Lag compensation could be used to increase the gain and phase margins by reducing w,. However, wy
would have to be lowered to less than 8 rad/scc to achieve a 45° phase margin and to less than 6 rad /sec
for a 10-db gain margin. Conseguently, we would not satisfy the second specification. With lead
cempensation, an additional Bode gain increase by a factor of &/a would be required and w, would be
increased, thus requiring substantially more than the 75° phasc lead for w, = 23 rad /sec. These disadvan-
tages can be overcome using lag-lead compensation. The lead portion produces attenuation apd phase lead.
The Frequencies at which these effects occur must be positioned near w, so that w, is slightly reduced and
the phase margin is increased. Note that, although pure lead compensation increases w;, the kead portion of
lag-lead compensator decreases w; because the gain factor increase of b /g is unnecessary, thereby lowenng
the magnitude characteristic. The lead portion can be determined independently using the curves of Fig.
16-2; but it must be kept in mind that, when the Iag portion is included, the attenuation and phase lead
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may be somewhat reduced. Let us try a lead ratic of a; /b = 0.1, with g, = 5 and & = 50. The maximum
phase lead then occurs at 15.8 rad /sec. This enables the magnitude asympiote to cross the 0-db Line with a
slope of - 6 db/octave (sec Example 16.2). The compensated Bode plots are shown in Fig. 16-27 with o,
and b, chosen as 0.1 and 1.0 rad/see, respectively. The resulting parameters are w, = 12 rad /scc. gain
margin = 14 db, and ¢, = 52°, as shown on the graphs. The compensated open-loop frequency response
function is

100{1 + je){1 + jer /3)
Ju{l+ je 0161+ jw /81 - fw/200(1 w50}

db magnitude

20 " 40 100

0.2 0.4 1 2 4 10

Frequency w, rad/sec

100 = R R R R O EEE——————————————

Phase angle

Frequency w, rad/sec

Fig. 16-27

MISCELLANEOUS PROBLEM
16.11. The nominal frequency response function of a certain plant is
o 1
o) = T T e 8) (1 +Jw/20)

A feedback control svstem must be designed to control the output of this plant for a certain
application and 1t must satisfy the following frequency domain specifications:

(7} gain margin = 6 db
(2) phuse margin (¢ py ) > 30°

fn addition, it is known that the *fixed” parameters of the plant may vary slightly during
operation of the system. The effects of this variation on the system response must be minimized
over the frequency range of interest, which 1s 0 = w < 8§ rad /sec, and the actual requirement can
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be interpreted as a specification on the sensitivity of (C/R) jo) with 1espect 10 |G5( fe), that is,

(3) 20|logy, SE) | < ~10db for 0<w< 8rad/sec

11 is also known that the plant will be subjected to an uncontroliable, additive disturbance input,
represented in the frequency domain by U( jw). For this application, the system response to this
disturbance input must be suppressed in the frequency range 0 < < 8 rad /sec. Therefore the
design problem includes the additional constraint on the magnitude ratio of the output to the
disturbance input given by

< —20db for 0 <« = 8rad/sec

C
{4) 201ogy, 'E(J‘"-")

Design a system which satisfies these four specifications.

The general system configuration, which includes the possibility of cither or both cascade and fecdback
compensators, 1s shown in Fig. 16-28.

Uljw)
+
+ . + 1
G Gylje) = = - - e
RGe) 1 ) = AT+ jer20) Clio)
i Cascade Plant
compensator
H(jw) -+
Feedback
compensator
Fig. 16-28
From Fig. 16-28, we see that
Gz(f“’) G,G,( jw)

«
and —ﬁ(}m} = —

C
o= T GG H(ja)

UGG I jw)
In a manner similar to that of Example 9.7, it is easily shown that

SLOARI ey —l
Gk fel 14 GGy H( er)

If we assume that {G,G- F{ fur)l = 1 in the frequency range 0 < « < 8 rad/sec (this incquality must be
checked upon completion of the design and. i it is not sausfied, the cempensation may have o be
recomputed), then specification { 3) may be approximated by

| |
20] S[C/R]{ gty = 201 - . .
0511}| b 051[1‘ G1G, HY jeo) E

iz { ra |
= - 20%ogo| GG H( jw) | < —10db
or 20log,g| GG, H jw) | 2 10 db

Similarly, specification (4) can be approximated by

C | Gy ) |
201 = =Wlog,——————
Of1n DI(JM) BIOIGIGIH( fw)l

= 2010g,| Gy ( jw) | ~ 20log,g| GG, H{ jw) | = =20 db
or 2010g,0| GGy H( jw) | 2 [20 + 2010g,0] Go( jw) || db
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Specifications (3} and {4) can therefore be translated into the following combined form. We require that
the open-locp {requency response, GG, H{ jw), li¢ in a region on a Bode magnitude plot which simultane-
ously satisfies the two inequalities:

20log,,| GG, H( jw)] =10 db
20108,0| GG, H( jw) ! 2 [20+ 20104/ G, (jw) || db

This region lies above the broken line shown in the Bode magnitude plot in Fig. 16-29, which also includes
Bode plots of G,( jw). The design may be completed by determining compensation which satisfies the gain
and phase margin requirements, (/) and (2), subject to this magnitude constraint.

A 32-db increase in Bode gain, which is nccessary at w=8 rad/sec, would satisfy specifications (3}
and {4}, but not {7} and {2}. Therefore a more complicated compensation is required. For a second trial,
we find that the lag-lead compensation:

100(1 =+ jeor /2.5)(1 + jew s0.25)

(1 + e /25)( 1 + jw,/0.025)
results in a system with a gain margin of 6 db and gy, = 26°, as shown in Fig. 16-29. We see from the
figure that 10° to 13° more phase lead is necessary near w = 25 rad/sec and |G, H'(jw)| must be increased
by at leasi 2 db in the neighborhood of @ = 8 rad /scc to satisfy the magnitude constraint. If we introduce

an additional lead network and increase the Bode gain to compensate for the low-frequency attenuation of
the lead network, the compensation becomes

1 A je /10
G H"( jw) = 300( - -
L1 jw/30

G B ju) =

(1 +/0/2.5)(1 + juw/0.25)
(14 jw/25)(1 + jws0.025)

This results in a gain margin of 7 db, §p., = 30°, and satisfaction of specifications () and (#), as shown in
Fig. 16-29, The assumption that |GG, H{ jw)| > 1 for 0 £ w < 8 rad /sec is easily shown to be justified by

O 20 logyp [Galia)]
O 20 logy, |G H(ju) + Ga(fo)]
a 20 log,, 1GH” (ju) * G.(u)] i

db magnitude

30

—40

50

0.1 0.2 0.4 1 2 4 10 20 40
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@ Arg Gylje)

O Arg G H'(ju) » Gyliv)

f 4 Arg G H"(je)* Gslje)

=300 i a iy e P ey - e S e fi g et e
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Phase angle
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Fig. 16-29
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caleulating the actual values of the db magnitudes of

s C .
IS amd g Ge)

The compensator G, H”( jw) can be divided between the forward and feedback paths, or put all in one
path, depending on the form desired for (C/R)(jw) if such a form is specified by the application.

Supplementary Problems

Design a compensator for the system with the open-loop frequency response function
20

Jul{l + jw/10M1 + ju/25H1 + jw/40)

1o result in g closed-loop system with a gain margin of at least 10 db and a phase margin of at least 45°.

GH( jw) =

Determine a compensator for the system of Problem 161 which will result in the same gain and phase
margins but with a crossover frequency w, of at least 4 rad /sec.

Design a compensator for the system with the open-loop frequency response function
2

(1 +jw) |1 +w/10 - (0/4)

which will result in a closed-loop system with a gain margin of at least 6 db and 2 phase margin of at least
4G°.

GH( jw) =

Work Problem 12.9 using Bode plots. Assume a maximum of 25% oversheot will be ensured if the system
has a phase margin of at least 45°.

Work Problem 1210 using Bode plots.
Work Problem 12.20 using Bode plots.

Work Problem 12.21 using Bode plats.



Chapter 17

Nichols Chart Analysis

17.1 INTRODUCTION

Nichols chart analysis, a frequency response method, is a modification of the Nyquist and Bode
methods. The Nichals chare 15 essentially a transformation of the M- and M-circles on the Polar Plot
(Sectien 11.12) into nongircular M and N contours on a db magnitude versus phase angle plot in
rectangular coordinates. [f GH() represents the open-loop frequency response function of either a
conunuous-time or discrete-time system, then GH{w) plotted on a Nichols chart is called a Nichols
chart piat of GH(w). The relative stability of the closed-loop system is easily obtained from this graph.
The determination of absclute stability, however, is generally impractical with this method and either
the techniques of Chapter 5 or the Nyquist Stability Criterion (Section 11.10) are preferred.

The reasons for using Nichols chart analysis are the same as those for the other frequency response
methods, the Nyquist and Bode techniques, and are discussed in Chapters 11 and 15. The Nichols chart
plot has at least two advantages over the Polar Plot: (1) a much wider range of magnitudes can be
graphed because |GH(w)}| is plotted on a logarithmic scale; and (2) the graph of GH(w) is obtained by
algebraic summation of the individual magnitude and phasc angle contributions of its poles and zeros.
While both of these properties are also shared by Bode plots, |GH(w)| and arg GH({w) are included on a
single Nichols chart plot rather than on twe Bode plots.

Nichols chart techniques are useful for directly plotting (/R ) w) and are especially applicable in
system design, as shown in the next chapter.

17.2  db MAGNITUDE-PHASE ANGLE PLOTS

The polar form of both continuous-time and discrete-time open-loop frequency response functions

GH(w) =|GH{w}|/ arg GH(w) {17.1)

Definition 17.1: The db magnitude-phase angle plot of GH(«) is a graph of |GH{w}) in decibels,
versus arg GH{w), in degrees, on rectangular coordinates with w as a parameter.

is

EXAMPLE 17.1. The db magnitude-phase angle plot of the continuous-time open-loop frequency response

funciion
GH{juY=1+ju=V1+w /tan 'w

is shown in Fig, 17-1.

17.3 CONSTRUCTION OF db MAGNITUDE-PHASE ANGLE PLOTS

The db magnitude-phase angle plot for either a continuous-time or discrete-time system can be
constructed directly by evaluating 20 log, |GH( w)| and arg GH () in degrees, for a sufficient number of
values of w (or w7) and plotting the tesults in rectangular coordinates with the log magnitude as the
ordinate and the phase angle as the abscissa. Available software makes this a relatively simple process.

EXAMPLE 17.2. The db magnitude-phase angle plot of the open-loop frequency response function
_ L(erT+1)
GH(C"MT)= — 100( _ ) _ i
(=) (e (T 1)

is shown in Fig. 17-2. Note that w7 is the parameter along the curve.

411



412 NICHOLS CHART ANALYSIS [CHAP. 17

28+

20.0

24 GHIjo) = 1+ jo 15.0

dh magnitude

n an 10 g 50° 100°
Phase angle
Fig. 17-1

- 20
003
onn Y
wermsne el [
»—-—4(]
- .l
¥
L 60 2
E
I
- 80 2
£z
- — 100
L 120
- 140
- . . - — . . - 160
—400° - 3%0°  -30°  —250°  —200°  -150° —1K°  —50°

Phase angle

Fig. 17-2

A graphical approach to construction of db magnitude-phase angle plots is illustrated by
examining the technique for continuous-time systems.
First write GH( jw) in the Bede form (Section 15.3):
Kg(Y+jw/zy) - (1 +jw/2,,)
. ! R .
(jw) (1 +jw/p} - (1 4 ju/p,)

GH{ ju) =
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where { is a nonnegative integer, For K, > 0 [if K, <0, add —180° to arg GH( jw)),

jo Jig
20108, GH( jw) | = 2010g,0 K + 20Tog o1 + ——| + -~ - +20log,q L+~
1 o
1 1 1
+ 20logof — |+ 20log, o) — |+ - T20loge " (17.2)
(je) 1+ 2 1+— |
21 Fn
1 jw) (1+"-w‘ + [ i ]
arg GH( jw)=arg|1 + — | + -+ targ — arg| —
arg (}w) g 2, Z (}w]:
: ! (17.3)
targ—, + -+ +arg 7o :
1+~ 1+ —
2 Pn

Using, Equations (77.2) and (17.3), the db magnitude-phase angle plot of GH{( jw) is generaied by
summing the db magnitudes and phase angles of the poles and zeros, or pairs of poles and zeres when
they are complex conjugates.

The db magnitude-phase angle plot of X is a straight line parallel to the phase angle axis. The
ordinate of the straight hine is 20log,, K.

The db magnitude-phase angle plot for a pafe of order ! at the origin.

1
(jw)'

is a straight line parallel to the db magnitude axis with an abscissa —90/° as shown in Fig. 17-3. Note
that the parameter along the curve is w'.

(17.4)

a1 Lo
0.125
0.167 ¥ 18
02

0.25 12

0.33 |

Increasing wl

— .
L0 | =BT -0 —40r oM o

dh magnitude

i
1.4 | Phase angle

30

4.0 -12

5.0
a9 -

Bo

Fig 17-3
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The plot for a zero of order | at the origin,

(Jw)' (17.5)

is a straight line parallel to the db magnitude axis with an abscissa of 904°. The plot for ( jw) is the
diagonal mirror image about the origin of the plot for 1/( jw)" That is, for fixed « the db magnitude
and phase angle of 1/( jw) are the negatives of those for { jw)'.

The db magnitude-phase angle plot for a reaf pole,

1
1+ jw/p

is shown in Fig, 17-4. The shape of the graph is independent of p because the frequency parameter
along the curve is normalized to w/p.

p>0 (17.6)

Phase angle

- 100 - —G0* e —gp: w

—rimm a— 0

T

db magnitude

-20

- 28

Fig. 17-4

The plot for a real zero,
Jw

<

1+ z>10 (17.7)

is the diagonal mirror image about the origin of Fig. 17-4.
A set of db magnitude-phase angle plots of several pairs of complex conjugate poles.

1
1- (w/w")z +j2§(h]/l’.0u)

are shown in Fig. 17-5. For fixed {, the graphs are independent of «, because the frequency parameter
is normalized to w/w,.
The plots for complex comjugate zeros,

0<i<l (17.8)

1-(@3):;25“(3] 0<t<l (17.9)

n k) "o

are diagonal mirror images about the ongin of Fig. 17-5.
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Phase angle

db magnitude

=16

Fig. 17-5

EXAMPLE 17.3. The dh magnitude-phasc angle plot of
10(1 + jew/2)
(1 +jw]ﬁ— (0/2)2 +;’w/2]

is constructed by adding the db magnitudes and phase angles of the individual factors:

GA( jw) =

Juw 1 1
10 1+ — . =
2 1+ jw I =(w/2)" + jws2

Tabulation of thesc factors is helpful, as in Table 17.1. The first row contains the db magnitude and phase

Table 17.1
Frequency
@ 0 04 08 12 16 2 28 4 6 8
Term
19 0db 20 20 20 20 20 20 20 20 20
9° 0° 0° 0° 0° 0° 0° 0° 0° 0°
1472 0db 02 06 13 22 30 47 7 10 123
2 0° 11° 21° 31° 39 45° 540 63° 71° 76°
1 0db -06 -22 -38 -54 —70 -94 -123 -157 -181
1+ jw 0°  -21° -39° -50° -57° -63° -70° -—76° —8l° —83°
1 lod 03 06 09 19 0 ~48  -12  —195 -245
1—(w/2) +jwy2 | 09 -12° —26° —46° —68° —90° —126° -148° -—160° - 166°
e 20db 199 190 184 178 16 10.5 1.7 52 -103
Sum=GHU@) | "o 390 —aae —65°  —86°  —108° —142° —161° -170° —173°
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angle of the Bode gain K, = 10 for several frequency values. The db magmitude is 20 db and the phase angle is 0°
for all w. The second row contains the db magnitude and phase angle of the term (1 + jw/2) for the same values of
w. These were obtained from Fig. 17-4 by letting p =2 and taking the negatives of the values on the curve for the
frequencies in the table. The third row corresponds to the ferm 1/{1 + jw) and was also obtained from Fig. 17-4.
The fourth row was taken from the { = 0.5 curve of Fig. 17-5 by letting w, = 2. The sum of the db magnitudes and
phase angles of the individual terms for the frequencies in the table is given in the last row, These values are ploited
in Fig. 17-6. the db magnitude-phase angle plot of GH{ ju).

; F |
GHiju) L1 + 7u/2}

T el jur?

S & 12
23 /g
& ]
y B =
4 *
=
&
o
La =3
=)
i =
- - l T BT w1 ©
BRLLEE 120> -0 v
i
! Phase angle
: =4
!
~B
12
Fig. 17-6

17.4 RELATIVE STABILITY

The gain and phase margins for both continucus-time and discrete-time systems are readily
determined from the db magnitude-phase angle plot of GH(w).

The phase cressover frequency w, 15 the frequency at which the graph of GH(w) intersects the
—180° line on the db magnitude-phase angle plot. The gain margin in db is given by

gain margin = —201log,;|GH (w, )| db (17.10)

and is read directly from the db magnitude-phase angle plot.
The gain crossover frequency w, is the frequency at which the graph of GH{w) intersects the 0-db
line on the db magnitude-phase angle plot. The phase margin is given by

phase margin = [180 + arg GH{w, )] degrees

and can be read directly from the db magnitude-phase angle plot.

In most cases, positive gain and phase margios will ensure stability of the closed-loop system;
however, absolute stability should be established by some other means (for example, see Chapters 5 and
11) 1o guarantee that this is true.

EXAMPLE 17.4. For a stable system, the db magnitude-phase angle plot of GH(w) is shown in Fig. 17-7. The
gain margin is 15 db and the phase margin is 35°, as indicated.
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178 THE NICHOLS CHART

The remaining discussion is restricted to either continuous-time or discrete-time unity feedback
systems. The results are easily generalized to nonunity feedback systems, as illustrated in Example 17.9.
The closed-loop frequency response function of a unity feedback system may be written in polar

form as
c G(w) 1G()/ 95
Zi(“’) TTe o) 1+16(e) /4 (710
where ¢, = arg G{w).

The locus of points on a db magnitude-phase angle plot for which

C C
HOBHE

= M = constant

is defined by the equation
2 2

M
M2_1|G(u)|cos¢{;+-——=0 (17.12)

z
0 +
1G(w) P

For a fixed value of M, this locus can be plotted in three steps: (1} choose numerical values for |G{w}|;
(2) solve the resultant equations for ¢, excluding values of |G(w)| for which |cos ¢:|> 1: and (3) plot
the points obtained on a db magnitude-phase angle plot. Note that for fixed values of M and [G(w}, ¢
is multiple-valued because it appears in the equation as cos ¢;.

EXAMPLE 17.5. Thc locus of points for which

|5 |- 2
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or, equivalently,

=3dh

iC
2010g]“‘ E(w)

is graphed in Fig. 17-8. A similar curve appears at all odd multiples of 150° along the arg G{w) axis.

~1E0 I
-240 Ut 120 -90 —GD

db magnitude

Phase angle B

I.. C-
LA 20 |ug,l_,|§(m| = 1 db
‘ A

Fig. 17-%
The locus of points on a db magnitude-phase angle plot for which arg(C/R) w) is constant or,
equivalently,
C
tan argE(w) = N = constant
1s defined by the equation

1
G(w)|+cos¢c—xsin¢c=0 (17.13}

For a fixed value of N, this locus of points can be plotted in three steps: (1) choose values for ¢ (2)
solve the resultant equations for G(w): and (3) plot the points obtained on a db magnitude-phase angle

plot.

EXAMPLE 17.6. The tocus of points for which arg(C/R)(w) = — 60" or, equivalently,
C
tan[argﬁ(w)] =3

is praphed in Fig. 17-9. A similar curve appears at all multiples of 180° along the arg G {w) axis.

Phase angle

1 ot T

- .
- 180 -0 -l -3

db magnitude

¢
arg, E{u’ = &HO®

-2

Fig. 17-9
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A Nichols chart is a db magnitude-phase angle plot of the loci of constant db
magnitude and phase angle of (C/R) w), graphed as |G{ew)| versus arg G(w).

EXAMPLE 17.7. A Nichols chart is shown in Fig. 17-10. The range of arg G(w) on this chart is well suited to

control system analysis,

32

28

b2

20

16

1]

=260
240

Definition 17.3:

~220

-160
120
=100
80

Phase angle

Fig, 17-10

[unction P{w) superimposed on a Nichols chart.

17.6 CLOSED-LOOP FREQUENCY RESPONSE FUNCTIONS

-2

-28

0.25 db
~8a
0.5 db -
~
<
~5d
b db
7
N
/ NS"
2 db 105 *
3 db 9 &L
4 db \c'bb.
5 dt = 'y 0,
(7] ’Aﬂm
12 db
_5 40
—gdb
-0 db
—12 db
=18 db
o <
= =
T —24 db

db magnitude

A Nichols chart plot is a db magnitude-phase angle plot of a frequency response

The frequency response function (C/& ) w} of a unity feedback system can be determined from the
Nichols chart plot of G{w). Valucs of (C/R ¥} w)| indb and arg{C /&) w) are determined directly from
the plot as the points where the graph of G(w) intersects the graphs of loci of constant [{C/R ) w)| and

arg{C/R)}w).
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EXAMPLE 17.8. The Nichols chart plot of GH{w} for the continuous-time systermn of Example 17.3 is shown in
Fig. 17-11. Assuming that it is a unity leedback system (H = 1), values for {C/R¥w)| and arg{C/R)(w) are
obtained from this graph and plotted as 2 db magnitude-phase angle plot of {C/R)(w) in Fig. 17-12.

0.25 db
28
0.5.db =
= 24
2
9
1 db 4 0
0.8 .4 20
1.6 1.2
2
sg \ 16
2 db -~ ) 2
b e 12
3 db 2.8 2o /,?'ﬁﬂ
4 db
%, 8
d - 3 8
0
‘ an, )
2db 4, = t 5
_5db o 3
g db -0 &
-
. =
6 9 db R
“12 db a
f |
~18db | -16
o i‘: -20
2 g
I ~24 db
1 —-24
T 3 8§ 38 28 & % 2 g & o
| I 1 I .

Phase angle

Fig, 17-11

EXAMPLE 17.9. Assume that the system in Example £7.3 is not a unity feedback system and thal

10 w
Glw) = Hlwy=14+;—
(w) (1 +jo)[1 - (02 +jusi] (w)=1+3
C GH(w) 1 G(w)
Then (@)= H(m)[I+GH(w) ='ﬁm[1+c'f:5

where G'= GH. The db magnitude-phase angle plot of G*(«)/(1 + G'{«)) was derived in Example 17.8 and is
shown in Fig. 17-12 The db magnitude-phase angle plot of (C/R )} w) can be obtained by point-by-point addition
of the magnitude and phase angle of the pole 1/(1 + jw/2) to this graph. The magnitude and phase angle of
1/ + jw/2) can be obtained from Fig, 17-4 for p = 2. The result is shown in Fig 17-13
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e T

I Atreaging

_ _ rlw)

]
db magnitude

- 14

. -0
-240° -180- - 120 i hE
Phase angle
Fig. 17-12
4.8 4
/‘\0
e -{]D
1.2 4
Z8 gzl N
-
2
L« E
ot
€ = Gl £
A 1+ GH C -2 £
=16
-20
240 —1H0- -1 - Fiil -
Phase angle
Fig. 17-13
Solved Problems

db MAGNITUDE-PHASE ANGLE PLOTS

17.1. Show that the db magnitude-phase angle plot for a pole of order ! at the origin of the s-plane,
1/{ jw), is a straight line parallel to the db magnitude axis with an abscissa of —90/° for w > 0.

In polar form, jw=w / 90°, w = {} Therefore

1 1
Ef: — 9 w20

1 | 1
20log,,, m‘ =20 105]0;7 = —20log '

and arg 1/( jw) = —90/°. We see that arg1 /{ jw) is independent of w; hence the abscissa of the plot is a
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17.2.

ol

Mathgad

17.3.

NICHOLS CHART ANALYSIS [CHAP. 17

constant —90/°. In addition, for the region 0 < w = + o, the db magnitude ranges from + oo to — oo, Thus
the abscissa is fixed and the ordinate 1akes on all values. The resuit is a straight line as shown in Fig. 17.3.

Construct the db magnitude-phase angle plot for the continuous-time open-loop transfer
function

2

GH =
s{1+ 531+ 5/3)

The db magmtude of GH( jw) 13

2
20k0g,,| CH{ jw)| = Wlog,, — —-—
E|U| {J )l gm|;w||l F o[l 4+ je/3]

)
= 20log,,2 - Eﬂlog,.]lw\fl + ! \/1 ty

e —

wz
=602 - 1i}log,, wz(l + mz)(l + ?)

The phase angle of GH( jw) is

arg] GH( jo)] = - arg] jio] - arg[L + ju] - a:gll L
= ~5(° —1an ’w—lan"(—;ﬁ)

The db magnitude-phase angle plot is shown in Fig. 17-14.

Using the plots in Fig. 17-3 and Fig. 17-4, show how the plot in Fig. 17-14 can be approximated.
We rewrite GH( jw) as

1 | 1 j
Hijo)=(2 — |t . — || ——=
GH( jo) (](jw)(l+jw_)(l+jw/3J
The db magnitude of GH{ jw) 13

1
201og  JGH( jw) | = 201og,,2 + 2 og,| -

je

+ 20log,,

1 1
—— |+ 26log,g| ———
].+jw’ ©Bro 1+jw/3‘

The phase angle is

1 | 1
H{ i) = — -
arg GH( ju) = arg(2) + arg( jw) + arg( 1 +ju) + a:g( I +_jm/3)

We now construct Table 17.2.

The first row contains the db magnitude and phase angle of the Bode gain K, = 2. The second row
contains the db magnitude and phase angle of the term 1 /jw for several values of w. These are obtained
from Fig. 17-3 by letting { =1 and taking values from the curve for the frequencies given. The third row
corresponds to the term 1 /{1 + jw) and is obtained from Fig, 17-4 for p = 1, The fourth row corresponds o
the term 1/(1 + jw/3) and is obtained from Fig. 17-4 for p= 3. Each pair of entries in the final row is
obtained by summing, the db magnitudes and phase angles in each column and corresponds to the db
magnitude and phase angle of GH{ jw) for the given value of w. The values in the last row of this table are
then plotted (with the exception of the first) and these points are joined graphically 1o generate an
approximation of Fig, 17-14.
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|- 2K
- 24
|- 20
- 1%
12
-—s GJ
]
3
B
-4 E‘F
FPM E
—— —_ 0 FU
|
2]
£ . 3
£ -1
o
)
T : 2
Gl = SRS A o
- —12
L
T T + T T y . 20
-32a0* — 2y —1R}- — LG - 140 - - 120 —1Q0° —3*
Phase angle
Fig. 17-14
Table 17.2
Frequency
w 0 0.1 02 0.5 10 15 2.0 30
Term
5 6 db 6 6 3 6 & 6 6
0° 0° 0° 0°* 0° 0° e 0*
1 0o 20 14 6 0 -36 -6 -95
Jw -%0° -9  -%°  -9%°  -%° -9%° -9%° -9%0°
1 0 -01 =03 -10 -10 -52 -10 -10
1+ jw 0° -55° -11° -26° —45° -57° -63° —T72°
1 0 0 -01  -02 -05 10  -16 =30
1+ ju/3 0° -2° —4° ~9° -17.5° —26° —33°  —45°
. w0 5.9 19.6 10.8 25 ~38  —86 —165
Sum = GH
wm (o) | —op®  _g750 _108° 125 —1525° —~173° —186° —207°

423
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174. Construct the db magnitude-phase angle plot for the open-loop transfer function
4 4(s+0.5)
GH= 5~ -~
Mathced s5(st+ 25+ 4)
The frequency response function is
4 jw+ 0.5)

() ((ju)" +2jo +4)

GH( ju) =

A computer-generated db magnitude-phase angle plot of GH( fw) is shown in Fig. 17-15.

0.2

- 20

- 16

0.5

-1}
e s u
Gain =
margin e
4 g
£
-
- W
s L DL 4 0.8
GHUW = T (T + ford]
F -1z
F -16
-
!
)
2 ]
[
T T ‘ T 1 H T d
284 -2l B -240 — 220 —200 — 180" S 607 150
Phase angle
Fig. 17-15

17.5. Censtruct the db magnitude-phase angle plot for the discrete-time open-loop transfer function

=l

Mathcad GH{z})= -
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The open-loop frequency response function is
_3_ (Eju?' + l)(fju?"*" JJL)
8 (eT=1)(eT+1)

GH(e®T) =

A computer-generated db magnitude-phase angle plot of GH is shown in Fig, 17-16.

- 20
01
- 10
-0
5
=2
F-10 'E
o
i
E
ol
5P
F— 30
i1
r T T T T T - 40
—-90° —§8 -f6° —84° -—§2° —§0° 78"
Phase angle
Fig. 17-16

GAIN AND PHASE MARGINS

17.6. Determine the gain and phase margins for the system of Problem 17.2,

=l

The db magnitude-phase angle plot for the open-loop transfer {unction of this system is given in Fig.
matheag 17-14 (Problem 17.2). We see that the curve crosses the 0-db line at a phase angle of —162°. Thercfore the
phase margin is ¢p,, = 180° — 162° = 18°,

(The gain crossover frequency w| is determined by interpolating along the curve between w = 1.0 and
w = 1.5 which bound w, below and above, respectively. w, is approximately 1.2 rad /sec.)

The curve crosses the —180° line at a db magnitude of —6 db. Hence gain margin = ~ (-6} =6 db.

{The phase crossover frequency o, 13 determined by interpelating along the curve between w= 1.5 and
w = 2.0 which bound «,_ below and above. w, is approximately 1.75 rad /sec.)

17.7. Determine the gain and phase margins for the system of Problem 174,
ol

The db magnitude-phase angle plot for the open-loop transfer function of this system is given in Fig,
mathead 17-135 {Problem 17.4). We see that the curve crosses the 0-db line at a phase angle of —159°. Therefore the
phase margin is $pp = 180° — 159° = 21°,

(The gain crossover frequency w, is found by interpolating along the curve between w =10 and
w =15 which bound w, below and above, respectively. w, is approximately 1.2 rad /sec.)

The curve crosses the — 180° line at a db magnitude of — 3.1 db. Hence gain margin = 3.1 db.

(The phase crossover frequency w, is determined by interpolating between w = 1.5 and « = 2.0 which
bound «, below and above, respectively. w, is approximately 1.7 rad/sec)

17.8. Deiermine the gain and phase margins for the system defined by the open-loop frequency
response function

1+ jw/0.5

GH (jw) = |1 = (/20 + jus 2]
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db magnitude

1 + jw/0B r—a

GHGW = Ul[1 — (WZR + joadZ)

F-12

T T T T T T -0
- 180 — 160 —l40- —120% —19Q= — 83" —60* — 54~

Phase angle
Fig. 17-17

The db magnitude-phase angle plot of GH{ jw) is given in Fig. 17-17. We sce that the curve crosses the
0-db line at a phase angie of —140°. Hence the phasc margin is ¢p, = 180° — 140° = 40°.
The curve does not cross the —180° line for the range of db magnitudes in Fig. 17-17. However, as

w53,
Jw /0.5 8

GHU & —v——-——-————-i—lSG“

(ﬂ-\’) —jw(w/?.)z wz i

The curve approaches the —180° line asympiotically bul does not cross it. Therefore the gain margin is

indeterminate. This implics that the gain factor can be increased by any amount without producing
instability.

17.9. Determine the gain and phase margins for the discrete-time system of Problem 17.5.

Zh The db magnitude-phase angle plot for the open-loop transfer function of this system is giver in Fig.

MBS 17-16 (Problem 17.5). We sce that the curve crosses the O-db line at a phase angle of — §7°. Thereforc the
phase margin ¢p,, =~ 180° — 87° = 93¢,
The gain crossover angle «,T can be determined by interpolating along the curve between 7= 0.5
and w7 = 1.0 which bound w7 below and abaove, respectively. w,T'= 0.6 rad.
The curve never crosses the — 180° line, so the pain margin is indeterminate as is the phase crossover

angle,

NICHOLS CHART

17.10. Show that the locus of points on a db magnitude-phase angle plot for which the magnitude of
the closed-loop frequency response (C/R ) «) of either a continuous-time or discrete-time unity
feedback system equals a constant M is defined by Equation ({7.12).
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Using, Equation {{7.1§), {C/R ) w)| can be written as

‘g NE G (w) |/ g0
R 1+16(0)| /o,

Since |G{w)|/$, = |Glw)lcos &, + j|G (w)singy;, this can be rewritten as

[G{w) [cos dy; +j1G(w) |sindg
1+|G{w)|cos g +71G{w) |sing,

=)

f B - I T 3
[ 16(0)Feos’ ¢ +|G(w) | sin® : l6(e)f

V [L+16(a) [cosag]” +[G(w)'sintee | 1+21G(w)lcoss, +]G(w) [’

If we set the last expression equal to M, square both sides, and clear the fraction, we obtain
1 2 1
M2{|G(w) |’ +2/G(w) [cos & + 1] =]G(w)|
which can be written as
(M = D|G() [ +2M?G(w)|cos b, + M1 =0
Dividing by ( M — 1). we obtain Equation (17./2), as required.
17.11. Show that the locus of points on a db magnitude-phase angle plot for which the tangent of the

argument of the closed-loop frequency response function (C/R)w) of a unity feedback system
equals 2 constant N is defined by Equation (7,/3).

Using Equation ({7.11), arg(C/R)(w) can be written as

6(w)| /8,

C
arg[i ( m)] = arg| — e

L+ [6(0) ]/,
Sinee [G ()] 8y = G (w)kos & + /]G (w)isin gy,

|G () leos & +/1G () |sing,
T+1G(@) [cos g, +5G(w) [sing,

C
arg[i(w)l =arp

Multiplying nuemerator and denominator of the term in brackets by the complex conjugate of the
denominator yields

C
a:g[E{w)] = arg

(|G(w}}cos¢(;+_j|6(w) |sin¢{;](l + |G(l.d)ICOSl#‘r:_JI|G(W}ISiw
(141G(w)|cos ) +]G(w)['sin* &,

Since the denominator of the term in the last brackets is real, arg[(C/R)w)] is determined by the
numerator only. That is,

arg[%u)] = arg] (G (w)[eosdg + G (w) [sind, (1 +16G () |cos ¢, =5 Gl w) Ising, )]

= arg(G(@) |cos 9 +|G(w) | +/1G(w) [sin ]
using cos’ ¢, ~ sir¥ ¢, = 1. Therefore
[ C } |G(w)|sin,;
ten arg = (1) | = :
R [G(w) |eos b +[G(w) [

Equating this to N, cancelling the common {G{w}| term and clearing the fraction, we obtain

N[cosdy +|G(w) ]} =sing,

which can be rewritien in the form of Equation (i7.13), as required.

17.12. Construct the db magnitude-phase angle plot of the locus defined by Equation (/7.72) for db
magnitude of (C/R )} w) eqgual to é db.
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20log ), {C/RKw})| =6 db imphies that {C/R)(w)| =2 Therefore we let M =2 in Equation ({7.12)
and obtain

. 8 4
(G(w) [+ 516w} oosth, + 5 =0

as the cquaiion defining the locus. Since |cos ;| < 1. |G(w)| may take on only those values for which this
constraint 1s satisfied. To determine bounds of |4 {w)}, we let cos ¢ take on its two extreme values of plus
and minus unity. For cos ¢; = 1, the locus equation becomes

, 8
G+ 5 16(a) ]+ 5 =0

with solutions |G{w)|= — 2 and |GH(w}f= — 1. Since an absolute value cannot be negative, these solutions
arc discarded. This implies that the locus does not exist on the 0° line (in general, any line which is a
multiple of 360°), which corresponds to cos ¢, =1.

For cos ¢, = — 1. the locus equation becomes

g
GG} - 516(0) ]+ 5 =0

with solutions |G{w)| =2 and {G{w){= %. Thesc are valid solutions for |G{w)] and are the extreme values
which |G{w)| can assume.
Sobving the locus equation for cos ¢, we obtain

.
- [5 +16(w) ]

HIGCH
The curves oblained {rom this relationship are periodic with period 360°. The plot is restricted to a single
cycle in the vicinity of the ~ 180° line and is oblained by solving for &, at several values of G{w)| between
the hounds 2 and 2. The results are given in Table 17.3

Note that there are two values of ¢, whenever cos ¢ | < 1. The resulting plot is shown in Fig. 17-18.

CoSdy, =

Table 17.3
[GEw) 20og, o 1G{w)] COS b
20 6 db -1 - 180° —
1.59 4 -0910 —204.5° ~135.5°
1.26 2 -0.867 — 2089 -150.1°
1.0 0 —{.872 —209.2° —150.8°
Q.79 -2 —{0.928 ~2019° -158.1°
.67 -35 -1 —130° —

db magnitude

|
i
T

240 200 - 200 - 140 — 15~ _1e0v —120
Phase angle
Fig. 17.18
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17.13. Construct the db magnitude-phase angle plot of the locus defined by Equation (77./3) for
tanfarg{C /R w)]=N= — o0,

tanfarg(C/R)w)] = —oo implies that arg{(C/R)}w)= —-90+ &360°, k=0, +1,+12, ..., or
arg{C/RYw)=—270°+ k360°, k=0, 11, £2,.... We will plot only the cycle between —360° and 0°,
which corresponds to & = (. Setting N = — oo in Equation (17.13), we obtain the locus equation

IG(w}| +cosd; =0 or cosdy, = —|G(w)|
Since jcos ¢, | = 1. the locus exists only for 0 < [G{w)] < 1 o1, equivaiently,
- < 20log|G(w)| <0

To obtain the plot, we use the locns equation to calculate values of db magnitude of G(w)
corresponding to several values of ¢.. The results of these calculations ave given in Table 17.4. The desired
plot is shown in Fig. 17-19,

Table 174
b Cos g IG{w)] 200og,, |G (w))
—~ 180° — -1 1 0db
- 153° - 207 - 0.893 0.893 -1.0
—135° —-2225° -0.707 0707 -1
-120° - 240¢ 0.5 0.5 -6
—-110.7¢ —2493° —0.354 0.354 -9
- 1045 —255.3% —-025 025 -12
—100.3° - 259.8° -0178 0178 —15
- =] — 10
3
B
£
_g %
g
o
-1z °
- o-1n
M T T t T —— L -20
- 2RO - 266 -2y —220°  —208° -1807 -1 ~140° -120° =100

Phase angle

Fig. 17-19

CLOSED-LOOP FREQUENCY RESPONSE FUNCTIONS

17.14. Construct the db magnitude-phase angle plot of the closed-loop frequency response function
ol (C/RX jw) of the unity feedback system whose open-loop transfer function is

Mathcad 2

O )43

G( jw) _ & o 6
14 G(jw) (ju)3+4(jw)2+3jw+6 (6;4;2)_-Fﬁjw*w3)

(: .
E(Jw) =
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Therelore
20 logq E( jw}|= ml%mjg(ﬁ-") {1 = log,, - a 5
R | R (6 - 4°) + Bo— )
and a:g[g(jw}] = —tan"! M
R 6 — 4l

A computcr-gencrated db magnitude-phase angle plot of (C/R)( jw) is shown by the solid line in Fig,
17-20.

w
db magnitude

F -1e

- 30 —an - 240~ =240 -+ 160 -120- —RE: —qa0* n*

Phase angle
Fig. 17-20

17.15. Solve Problem 17.14 again, using the technique discussed in Section 17.6.

I+

- The Nichols chart plot of G( jw) 15 shown in Fig. 17-21. We determine vatues for the db magnitude of
mathead KO/ R jw)i and argl{ C/R){ ju)] by interpolating values of db magnitude and phase angle on the Nichols
chart plot for @ =0,02,0.5,1.0,1.25,1.5,2.0,3.0. These valucs are given in Table 17.5.

Table 17.5
C j c,
@ 20log), E(J‘"’) ;o ang E(F-")
0 0db 0°
0.2 0.2 -6°
0.5 1.2 —~15°
10 6.0 —42°
123 10.0 - 90°
1.5 6.0 —155°
20 -40 —194°
30 -150 —212°
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17.16.

17.17.

0.25 db
~20
0.5 db 2
i )
3
50 O
1 db 0.2
e (/] e
2 db Py
3 db 0.5 o AP
4 db 2
B
6 db N
3 40
12 db =
1.0 % o
_g db
1.5
—0 db
0 —12 db

3.0

~270°

~180°
_—-—c—"—"__-"______-
1F
—90°
=
e

160
140
120
100
80
60
40

0

[

=200
18

Phase angle

Fig, 17-21

32

20

12

—24

~28

db magnitude

431

The db magnitude-phase angle plot of (C/R)( jw), graphed using the values in the tablec, 15 illustrated
by the broken line in Fig. 17-20. The differences between the wwo curves is due 1o the interpelation

necessary to obtain values of db magnitude and phase angle.

Supplementary Problems

Construct the db magnitude-phase angle plot for the open-loop transfer functicn

e+ 2)
- s(s+D{s+3)

Construct the db magnitude-phase angle plot [or the open-loop transfer function

10

o= v /9 + 5/50)
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17.18. Construct the db magnitude-phase angle plot for the open-loop transfer function
1+5/72
T os(1 4 5)(1 4+ 5/8)(1 +5/20)

GH

17.19. Determine gain and phase margins for the system of Problem 17.17.
17.20. Determine the resonance peak M, and resonant frequency «, for the system whose open-loop transfer
function 1s
1
51 +5)(1+5/4)

GH
17.21. Determine the gan and phase crossover frequencies for the system of Problem 17.17.

17.22. Determine the resonance peak M, and the resonant frequency w, of the system in Problem 17.17.

17.23. Let the system of Problem 17.17 be a unity feedback system and construct the db magnitude-phase angle
plot of (C/RY jw).

Answers to Some Supplementary Problems
17.19. Gain margin = 9.5 db, $p,, = 23°
17.20. M, =13db, w, =09 rad/sec
17.21. @, =7 rad/sec, w, = 14.5 rad/sec

17.22. M,=8db. w, =72 rad/scc



Chapter 18

Nichols Chart Design

18.1 DESIGN PHILOSOPHY

Design by analysis in the frequency domain using Nichols chart techmiques is performed in the
same general manner as the design methods described in previous chaplers: appropriate compensation
networks are introduced in the forward and /or feedback paths and the hehavior of the resulting system
is critically analyzed. In this manner, the Nichols chart plot is shaped and reshaped until the
performance specifications are met. These specifications are most conveniently expressed in terms of
frequency-domain figures of merit such as gain and phase margin for transient performance and the
error constants {Chapter 9) for the steady state time-dotmain response.

The Nichols chart plot is a graph of the open-loop frequency response function GH(w). for a
continuous-time or discrete-time system. and compensation can be introduced in the forward and/or
feedback paths, thus changing G(w), H{w), or both. We emphasize that no single compensation scheme
is universally applicable.

18.2 GAIN FACTOR COMPENSATION

We have seen in several previous chapters (3, 12, 13, 16) that an unstable feedback system can
sometimes be stabilized, or a stable system destabilized, by adjustment of the gain factor X of GH.
Nichols chart plots are particularly well snited for determining gain factor adjustments. However, when
using Nichols techniques for continuous-time systems, it is more convenient to use the Bode gain Ky
(Section 15.3), expressed in decibels (db), than the gain factor K. Changes in X, and K. when given in
decibels, are equal.

EXAMPLE 18.1. The db magnitude-phase angle plot for an unstable continuous-time system, represented by
GH( jw) with the Bode gain K = 5, is shown in Fig. 18-1. The instability of this system can be verified by 4 sketch
of the Nyquist plot, or application of the Routh criterion. The Wyquist plot in Example 12.1 chapter 12, illustrates
the general shape for all Nyquist plots of systems with one pole at the origin and two real poles in the lefi-half
plane. This graph indicates that positive phase and gain margins guarantee stability and negative phase and gain
margins guarantee instability for such a system, which implies that a sufficient decrease in the Bode pain stabilizes
the system. If the Bode gain is decreased from 20log,,5db 10 201og,,2db, the system is stabilized. The db
magnitude-phase angle plot for the compensated system s shown in Fig. 18-2. Further decrease in gain does not
alter stability.

Note that the curves for K; =5 and K, = 2 have identical shapces, the only difference being that the ordinates
on the Kz =15 curve exceed those on the K, =2 curve hy 20lag,, (5/2) db. Therefore changing the gain on a db
magnitude-phase angle plot is accomplished by simply shifting the locus of GH{ jw) up or down by an appropriale
number of decibels,

Even though absolute stability can often be altered by gain factor adjustment, this form of
compensation is inadequate for most designs because other performance criteria such as those
concerned with relative stability cannot usually be met without the inclusion of other types of
compensators,
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183 GAIN FACTOR COMPENSATION USING CONSTANT AMPLITUDE CURVES

[CITAP. 18

db magnitude

The Nichols chart may be used 10 deternune the gain factor K (for a umity feedback svstem) for a
specified resonant peak M), {(in decibels). The following procedure requires drawing the db magnitude-
phase angle plot only once.

Step 1:

Step 2

Step 3:

EXAMPLE 18.2.

Draw the db magnitude-phase angle plot of G{w) for K = 1 on tracing paper. The scale of
the graph must he the same as that on the Nichols chart.

Overlay this plot on the Nichols chart so that the magnitude and phase angte scales of

each sheet are aligned.

Fix the Nichols chart and slide the plot up or down until it is just tangent to the constant
amplitnde curve of M, dh. The amount of shuft in decibels is the required value of K.

In Fig. 18-3(a). the db magnitude-phase angle plot of the open-loop [frequency response

function of 4 particular unity feedback svstem with K'=1 is shown superimposed on a Nichols charl. The desired
M, is 4 db. We see in Fig. 18-3(h) that, il the overlay is shifted upward by 4 db. then the resonant peak M, of the
system is 4 db, Thus the desired X is 4 db.
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oancaa 184 LEAD COMPENSATION FOR CONTINUOQUS-TIME SYSTEMS
The Bode form of the transfer function for a lead network is
3
(a/b)(l . )
Plg=—5 "~ (18.1)
1+ -
b

where a/b <1, The db magnitude-phase angle plots of Py, for several values of b/a and with the
normalized frequency w/a as the parameter are shown in Fig. 18-4.

For some systems in which lead compensation in the forward loop 15 applicable, appropriate choice
of a and & permits an increase in K, providing greater accuracy and less sensitivity, without adversely
affecting transient performance. Conversely, for a given Kg, the transient performance can be
improved. It is also possible to improve both the steady state and transient responses with lead
compensation.

The important properties of a lead network compensator are its phase lead contribution in the
low-to-medium-frequency range (the vicinity of the resonant frequency w,) and its negligible attenua-
tion at high {requencies. If a very large phase lead is required, several lead networks may be cascaded.

Lead compensation generally increases the bandwidth of a system.
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EXAMPLE 18.3. The uncompensated contingous-time unity feedback system whose open-leop transfer function
is

2

CH = s{L+3){1+5/3)

is to be designed to meel the following performance specifications:

L. When the input is a unit ramp function, the steady state position error musi be less than 0.25.
2 dpy =4
3. Resonancc peak =4 db,

Note that the Bode gain is equal 1o the velocity error constant K. Therefore the steady state error for the
uncompensated system is efe) = 1/K, = 1 [Equation (9.13)], From the db magnitude-phase angle plot of GH in
Fig. 18-5, we see that $py = 18° and M, =11 db.

The steady state error is too large by a factor of 2; therefore the Bode gain must be increased by a factor of 2
(6 db), Il we increase the Bode gain by 6 db, we obtain the plot labeled GH, in Fig. 18-3. The phase margin of GH,
is about zero and the resonant peak is near infinity. Therefore the system is on the verge of instability.
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Phase lcad compensation can be used to improve the relative stability of the system. The compensated
open-loop transfer function 1s

_ Kpla/D¥(1 + s/a) ~ 41 +s/a)
s(1+35)(1+s/NA+35/8)  s(1+5)(1 +5/3)(1 +5/8)

where K, = d{b/a) to satsfy the steady state error,

One way of satisfying the requirements on ¢py and M, is to add 40° to 30° of phase lzad to the Gf, curve in
the region 1 5 w < 2.5 without substantially changing the db magnitude. We have already chosen Kz =4(b/a) to
compensate for a/h in the lead network, Therefore we need conceen ourselves only with the effect that ihe [actor
(1 +5/a)/(1 + s/b) has on the GH, curve. Referring io Fig. 18-4, we see that in order to provide the necessary
phase lead we will require b/a > 10, We note that the curves of Fig, 18-4 include the effect of a/8 of the lead
network. Since we have already compensated for this, we must add 20 log,,(b/a) to the db magnitudes on the
curve In order 10 keep the db magnitude contribution of the lead network small in the region 1 < w < 2.5, we let
&/a =15 and choose a so that only the lower portion of the curve (w/a < 3.0) contributes in the region of interest
l <w < 25. In particular, we let a = 1.333. Then the compensated open-loop transfer function is

a1 +5/1.333)
T {1+ s)(1 + s/3)(1+5/20)

GH,

GH,
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The db magnitude-phase angle plot of G115 is shown in Fig. 18-5. We sce that @,y = 40.5% and M, = 4 db. Thus
the specifications are all met, We note, however, that the resonant frequency w,, of the compensated system is
about 2.25 rad /sec. For the uncampensaled system defined by (GH it is ahout 1.2 rad /sec. Thus the bandwidth

has been increased.

A block diagram of the fully compensated system is shown in Fig. 18-6.

B . o s+1383 ok " it c
4 s+ 20 d 8(1 + 8)(1 + &/3)
Lead Gain-factor Original Loop
Network Amplifier Transfer Funection
Fig. 18-6
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matncas 18.5  LAG COMPENSATION FOR CONTINUOUS-TIME SYSTEMS

The Bode form transfer function for a lag network is
1+s/b

P ="
L s/a

Phase angle
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where g <b. The db magnitude-phase angle plots of P, . for several values of b/a and with the
normalized frequency w/a as the pasameter are shown in Fig, 18-7.

The lag network provides compensation by attenoating the high-frequency portion of the db
magnitude-phase angle plot. Higher atienuation is provided by cascading several lag networks.

Several general effects of lag compensation are;

1. The bandwidth of the system is usually decreased.

2. The dominant time constant 7 of the system is usually increased, producing a more sluggish |
system.

3. For a given relanve stability, the value of the error constant is increased.

4. For a given error constant, relative stabitity is improved.

o The procedure for using lag compensation is essentially the same as that for lead compensation.

mathcaa EXAMPLE 18.4.  Let us redesign the systemn of Example 18.3 using gain factor plus Jag compensation. The steady
state specification is again satisfied by GH,. The db magnitude-phase angle plot of GH, is repeated in Fig. 18-8.
Since Py, (/0) = 1, introduction of the lag network after the steady state specification has been met by gain factor
compensation does not require an additional increase in gain factor,
Incorporating the lag network, we get the open-loop transfer function

4(1 + s /b)

GH, = e
s+ )1 +5/3)(1 + s/a)
oLg 3
- 28
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One way of salisfying the requirements on ¢,y and M, is to choose @ and b such that the GH, curve is aticnuated
by about 12 db in the region 0.7 £ w < 2.0 without substantial change in the phase angle. Since the lag network
introduces some phase lag, it is necessary to attenuate the curve more than 12 db. Referring to Fig. 18-7, we see
that if we choose b/o =6, a maximom of 15.5-db attenuation is possible. If we choose ¢ =0015, then at a
frequency w = 0.5 (w/2 = 33.33) 15.4 db of atienuation is obtained from the lag network, with a phase lag of — 9",

G H, can now be written as
41 + 5 /0.09)

T s(1+ )1 +5/3)(1 +5/0.015)
where b = 6a = 0.09. The db magnitude-phasc angle plot of GH, is given in Fig. 18-8. We scc that ¢py =41° and

M, =4, which satisfy the specifications. We note that the resonant frequency w, of the compensated system is
about (.5 rad /sec. For the uncompensated system defined by GH, w, is about 1.2 rad /sec. A biock diagram of

the fully compensated system is shown in Fig. 18-9.

GH,

R + 1 + 8/0.09 JEe & 2 c
1 + 8/0.015 g s(1+s)(1+8/8)
Lag Gain-factor Original Open-loop
Network Amplifier Transfer Function

Fig. 18-9

186 LAG-LEAD COMPENSATION
The Bode form transfer function for a lag-lead network is
1+s/a, {1 +5/B
(1 +5/a,)(1+ 5/b;) 82)

T (T+s/b)(1+5/a)
where b,/a, = b,/a,> 1. The db magnitude-phase angle plots of Py, for a few values of b;/4a,
{=b,/a,), when a,/a,=06,10,100, and with the normalized frequency w/a, are shown in Fig.

18-10¢ a), (b)), and {¢)
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Additional plots of P, for other values of &, /a; and a, /¢, can be obtained by combining plots of
lag networks (Fig. 18-7) and lead networks (Fig. 18-4).

Lag-lead compensation has all of the advantages of both lag and lead compensation and a
minimum of their usually undesirable characteristics. For example, system specifications can be satisfied
without excessive bandwidth or sluggish time response caused by phase lead or lag, respectively.

EXAMPLE 18.5. Let us redesign the system of Example 18.3 using gain factor plus lag-lead compensation. We
add the additional specification that the resonant frequency w, of the compensated system must be approximately
the same as that of the uncompensaied system, The steady state specification is again satisfied by

4
T a1 +5)(1 +5/3)
as shown in Example 18.3. Since P (/0) =1, introduction of the lzg-lead network does not require an additional
increase in gain factor.
Inserting the lag-lead network, we get the open-loop transfer function
41 +s/a,)(1 +s5/b;)
s(1+sY(1+35/3)01 +5/0)1 +5/a;)
From Fig. 18-5, we see that for the uncompensated system GH, w, = 1.2 rad /sec. From the db magnitude-phase
angle plot of GH, (Fig. 18-11) we see that, if GH,(j1.2) is attenuated by 6.5 db and has its phase increased by 20°,
the resonant frequency w, = 1.2 is shifted to M_ =4 db. Referring 1o Fig. 18-1Xa), we sce that the desired
attenuation and phasc lead are obtained with b, /¢, =b,/a, =3, a,/a; =10, and & /a; = 12. The constants a,,
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as, b, and b, are determined by noting that
w, 1.2
CERNA T =01 a, = 10a, =1 by=3a, =03 and b =13a, =3
G H, then becomes
41 +5)(1 +5/0.3) 4(1 +5/0.3)
S s(1+ )1 +s/D(+5/3) (1 +5/00)  5(1+5/3)°(1+5/01)
The complete db magnitude-phase angle plot of GH, is shown in Fig. 18-11, We see that ¢p, = 40.5°, M, =4 db,
and the resonant frequency w, = 1,15, Thus all specifications have been satisfied.

GH;

87 NICHOLS CHART DESIGN OF DISCRETE-TIME SYSTEMS

As with Bode methods (Section 16.6), design of discrete-time systems using Nichols charts is not as
straightforward as the design of continuous-time systems using either of these approaches. But, again,
the w-transform can facilitate the process as it did for Bode design of discrete-time systems. The
method is the same as that developed in Section 16.6.

EXAMPLE 18.6. The uncompensated discrete-time unity feedback system with plant transfer function

9 (z+1)°
STy

is 10 be designed to yield an overall phase margin of 40° and the same gain crossover frequency w, as the
uncompensated system. Since both of these specifications are in the frequency domain, we transform the problem
directly into the w-domain by substituting z = (1 + w)/(1 — w), thus forming

72
{w+ 1) (w+3)°

The db magnitude-phase angle plot fot this system s shown 1o Fig. 18-12. The gain crossover frequency obtained
from this plot is w,; = 3.4 rad /sec and the phase margin is 10°. A lead compensator with somewhat arbitrary a
and b can be chosen as long as the phase lead at w,; = 3.4 rad /sec is sufficient to raise the phase margin from 10°
1o 40°. The minimum A/a ratic that yields 30° of phase lead is about 3.3 from Fig. 18-4. We choose g and b so
that the maximum phase lead occurs at w,, = 3.4 rad /sec. From Section 16.3, this occurs when w,, = 3.4 = /gh.
Since &= 3.3a, we find b=627 and ¢ =1.90. This compensator produces about 20log, 1/6.27/1.90 =5 db of
atienuation at w,, = 3.4 rad/sec. Thus an amplifier with gain of 5.2 db, or gain factor 182, is required in addition
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to the lead compensator to maintain @, at 3.4 rad/sec. The w-domain transfer function for the compensator is
therefore given by

1.82( w + 1.90)
Gilw) = e

This is transformed back to the z-domain by letting w ={z — 1) /{z + 1), thus forming
0.7229( z + (.3007)
z+0.7222

Gl( 2) =
The compensated control system is shown in Fig. 18-13.

R =¥ C

Fig, 18-13
Solved Problems

GAIN FACTOR COMPENSATION
18.1. The db magnitude-phase angle plot of the open-loop continuous-time frequency response
Zl+  function 5
Kgl1 = (0/2)" + /2]
ju{l +jw/{].5)2{1 + jw/4)

1s shown in Fig. 18-14 for K;=1. The closed-loop system defined by GH( jw) is stable for
Kz =1, Determine a value of Ky for which the phase margin is 45°.

Mathcad GH(jw} =

5 - 20
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g = 180° + arg GH{ juz,), where w, is the gain crossover frequency. For ¢py =45°, o, must be
chosen so that arg GH{( jw;) = —135°, IF we draw a vertical line with abscissa of —135°, il intersects the
GH( jw) curve at a point ] = 0.25 rad /sec, where arg GH{( fw])= —135°. The ordinate of this point of
intersection is 10.5 db. If we decrease Ky by 10.5 db, the gain crossover frequency becomes w], and
pp = 45°. A decrease of 10.5 db implies that 20log, K, = —10.5, or K, =10"*%*2 =03 Further
decrease in K, increases ¢p, beyond 45°.

18.2. For the system in Problem 18.1, determine the value of Kz for which the system is stable and the
gain margin is 10 db.

Gain margin = - 20log,,|GH( jw, )| db, where w,_ is the phase crossover frequency. Referring 10 Fig.
18-14. we see that there are two phase crossover frequencies: w! = (.62 rad/sec and w)’ = 1.95 rad /sec. For
wl, = 0.62, we have 20 log,,|GH( jw,)| = — 3 db. Therefore the gain margin is 3 db. It can be increased to 10
db by shifting the GH{ jw} curve downward by 7 db. The phase crossover frequency «/ is the same in the
new position, but 20 log,,|GH( jw) )] = - 10 db. A gain decrease of 7 db implies that Kz = 10~ 7/% = 0.447.
Since the system is stable for Kg =1, it remains stable when the GH(jw) curve is shifted downward.
Absolute stahility is not affected unless the GH{ jw) curve is shifted upward and across the point defined by

0 db and — 1807, as would be necessary if — 20og,, GH{ jw? ) =10 db,

18.3. For the system of Problem 181, determine a value for K, such that: gain margin > 10 db,
Pppy = 45°.

In Problem 181, it was shown that ¢y, = 45° if K; < 0.3; in Problem 182, gain margin > 10 db il
K = 0447, Therefore both requirements can be satisfied by setting K, < 0.3. Note that if we had speeified
gain margin = 10 db and ¢g,, = 45°, then the specifications could not be met by gain factor compensation
alone.

18.4. Assume that the system of Problem 18.1 is a unity feedback system and determine a value for
K g such that the resonant pecak M, is 5 db.

ix
Withe ad | 5n
M, =5db| - 10
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The db magnitude-phase angle plot of GH{ jw) for K =1 is shown in Fig. 18-15 along with the locus
of points for which |[(C/R)jw)| =2 db (M, =2 db). We sep that if Kz is decreased by 8 db. the resulting
GH( je) curve is just tangent to the M, = 2 db curve. A decrease of 8 db implies that Kz =10 **" =0.40,

18.5. The db magnitude-phase angle plot of the open-loop frequency response function
K (1 + jw,0.5)
(o) [t = (e/2)* + ju2]

is given in Fig. 18-16 for Kz=0.5. The closed-loop system defined by GH{ jw) is stable for
Ky =0.5. Determine the value of Ky which maximizes the phase margin.

GH( juw) =

0.2
F20
F16
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Fig. 18-16

By = 180° + arg GH{ jw,), where w, is the gain crossover frequency. Referring to Fig. 18-16, we see
that arg GH{ jw) 1s always negative. Therefore 1f we maximize arg GH( jw,), $py will be maximized. Fig,
18-16 indicates that arg GH{ jo) is maximum when w = o] = (0.8 rad/sec and arg GH{( jw]) = —147°. The
ordinate of the poinl GH{ jw)) is 4.6 db. Therelore if K, is decreased by 4.6 db, the phase crossover
frequency becomes w); and ¢p, takes on ils maximum value: ¢y, = 180° + arg GH( jw() = 33" A
decrease of 4.6 db in K, implies that 20log,o( K5,/0.5) = —4.6 db or K,/0.5 =10 **% Then K, = 0.295.

18.6. For the system in Problem 18.5, determine a value of K for which the system is stable and the
gain margin is 8 db.
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Gain margin = —20log,,| GH( jw,_)| db. Referring to Fig. 18-16, we see that the gain margin is 3.1 db.
This can be increased to 8 db by shifting the curve down by 4.9 db. w_ remains the same, as it is
independent of X. A decrease of 4.9 db in K implies that 20)og,,( K /0.5y = —4.9 or Ky =0.254,

PHASE COMPENSATION

18.7. The db magnitude-phase angle plot of the open-loop transfer function G{jw) for a particular
oJs  unity feedback system has been determined experimentally as shown in Fig. 18-17. In addition,
the steady state error e(es) for a unit ramp function input was measurcd and found to he
e(ec) = 0.2. The open-loop transfer function is known to have a pole at the origin. Determine a
combination of phase lead plus gain compensation such that: M, = 3.5 db, ¢y = 40°, and the
steady state error for a unit ramp input is e(x) = 0.1.

Miathcad
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Fig. 18-17

Since e(os)=1/K, =1/K,. the steady state requirement can be satisfied by doubling K. The
compensation has the form

K(a/b)(1+s/a)
1+5/b
Hepce K; is doubled by letting K'(a/b)=12, or K" =2(k/a).
The db magnitude-phase angle plot for the gain compensated open-loop frequency response function
G ju)} =2G(jw)
is shown in Fig. 18-17. G,( jw) satisfies the steady state specification. To satisfy the specifications on M,
and ¢py,, the ¢,( jw) curve musi be shifted to the right by about 30° to 40° in the region 1.2 = w = 2.5

K'Preaa(jw) =



448

NICHOLS CHART DESIGN {CHAP. 18

withoul substantially changing the db magnitude. This is done by proper choice of a and b. Referring to
Fig. 18-4, we see that, for b/a = 10, 30° phase lead is obtained for w/a = 0.65. Since the Jead ratic a/b of
the lead network is taken into account by designing for the gain factor X' = 2(b/a) = 20, wc must add
2Hog(h/a) = 2log,, 10 = 20 db to all db magnitudes taken from Fig 18-4.

To obtain 30° or more phase lead in the frequency range of interest, we let @ = 2. For this choice we
have w =(2)0.65)=1.3 and obtain 30° phase lead. Since b/a=10, then »=20. The compensated
open-loop frequency response function is

21 +ju/2)

Gy jw) = mo(ﬁﬂ)

The db magnitude-phase angle plot of G,(jw) is shown in Fig. 18-17. We see that M, =40 db and
& ppg = 36% therefore the specifications are not satisfied by this compensation. We need to shift G5{jw) 5°
to 107 further to the right; hence additional phase lead is needed. Referring once more to Fig. 18-4, we
see that letting b/a = 15 increases the phase lead. Again, we let @ = 2; then b = 30. The db magnitude-
phase angle plot of

2(1 +jw/2)

Gy jw) = G}
Hljwy=— a3 (Jar)
is shown in Fig. 18-17. We see that ¢py, = 41° and M, = 3.5 db and hence the specifications arc met by
the compensation
21 +s/2)

0Prea = 777550

18.8. Solve Problem 18.7 using lag plus gain compensation.

db magnitude

& G {jw) Gain comp
0 7 4(jew) Phase and gain comp l— —-12
O G.(jw) Phase and gain comp

2.{1}5

T ! 1 | i lj
=22F 2000 —IR(® —180° - 140° - 1200 - ]00"%
Phase angle

Fig. 18-18
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18.9.

In Problem 18.7 we found that the Bode gain K, must be increased by a factor of 2 to satisfy the
sleady state specification. But the Bode gain of a lag network is

 1+s/b
lim P, = bn ——— =
$ov0 s—01l+4s/a
Therefore the compensation required in this problem has the form 2(1 + 5/2)/(1 + 5/b) where the twofold
gain Tactor increase is supplicd by an amplifier and 4 and » for the lag network must be chosen to satisfy
the requircments on M, and ¢py. The gain-compensated function is shown as &,{ jw) = 2G( ju) in Fig.
18-18; G({jw) must be shifted downward by 7 10 10 db in the region 0.7 < w 5 2.0, with no substantial
increase in phase lag, to meet the transient specifications.
Referring to Fig. 18-7, we see that, for b/a = 3, we ¢an obtain 2 maximum attenuation of 9.5 db. For
a= (.1, the phase lag is —153° at w=0.T(w/a=7) and —6° al w=2.0(w/c= 20), that is, the phase lag is
relatively small in the frequency region of interest. The db magnitude-phase angle plot for

AL+ jws03)y

Guljo) = e Gie)

is also shown in Fig. 18-18, with M, =35 db and ¢py =32 hence this system does not meet the
specifications. To decrease the phase lag introduced in the frequency region 0.7 = w < 2.0, we change a to
0.05 and & to 0.15. The phasc lag is now 9° at @ = 0.7 (w /g = 14). The db magnitude-phase angle plot for

A1 +jw/018)

Gs(ju)=— +je/0.05 Gljw)

is shown in Fig. 18-18. We see that M, =3.5 db and ¢y, = 41°. Thus the specifications are satisfied. The
desired compensation is given by

- 21+ 5/0.15)
lee ™ 1 +5/005

Solve Problem 18.7 using fag-fead plus gain compensation. In addition to the previous specifica-
tions, we require that the resonant frequency w, of the compensated system be approximately the
same as that for the uncompensated system.

In Problems 18.7 and 18.8 we found that the Bode gain Xz must be increased by a Factor of 2 to
satisfy the steady state specification. The frequency response function of the lag-lead plus gain compensa-
ton is therefore given by

21 +juw/ay)(1 + ju/b, )
(1+ /b1 +jw/az)

2P (Jw) =

We must now cheose a;, by, by, and a; 1o satisfy the requirements on M, ¢py and w,. Referring to Fig
18-17, we see that the resonant frequency for the uncompensated system is about 1.1 rad/sec. The db
magnitude-phase angle plot of G,{ jw) = 2G{ jw) shown in Fig. 18-19 indicates that, if the G,(jw) curve is
attenuated by 6.5 db and 10° of phase lead is added atl a frequency of w = 1.0 rad /sec, then the resulting
curve will be tangent to the M, =2 db curve at about 1 rad/sec. Referring to Fig. 18-10, if we let
b fu, =bs/a, =3, a, =6a,, and w/a, = 6.0 for w =1, we obtain the desired attenuation and phase lead.
Solving for the remaining parameters, we get g, =1/6=0.167, 6, =3a.=050, a, =64,=10, b, =3g
= 3.0. The db magnitude-phase angle plot for the resulting open-loop frequency response function

21+ jw)ll + jw/0.5)
(1 +jw/3)(1 + jur /0.167)

Ge{ jw) = G{ jw)

15 shown in Fig. 18-19, where M, =35 db, $py = 44°, and w, = 1.0 rad /sec. These values approximately
satisfy the specifications.
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18.10. Design compensation for the discrete-time system with open-loop transfer function

GH(z)=

K{(z+1)°
(z—D{z+ %)2

such that the foliowing performance specifications are satisfied:

1. gain margin > 6 db
phase margin ¢ py, > 45°

oM

velocity constant K, > 10

gain crossover frequency w, such that v, 7 < 1.6 rad

The Nichols chart plot of GH shown in Fig. 18-20 indicates that «,7=1.6 rad for K= —3 db. The
gain and phase margins are met if K < 4.7 db; but the steady state specification requires that K > 10.8 db
(gain factor of 3.47). Substituting z = (1 + w)/{1 — w), we transform the open-loop transfer function from

the z-domain to the w-domain, thus forming

36
GH'(w) = —

K
25 wil + w/.'))2
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In the w-domain the gain crossover frequency specification becomces
T
@, = tan - |~ 1.02 rad /sec

A low-frequency cascade lag compensator with 5/a =133 can be used to increase X, to 10, while

maintaining the gain crossover frequency w; and the gain and phase margins at their previous values. A lag
compensater with b=10.35 and a = 0.1 satisfies the requirements.
The lag compensator in the w-plane is

3.5(1 +w/035
Gi{w}= %‘;‘/{)—1_}
This is transformed back into the z-domain by substituting w = (z — 1)z + 1), thus forming
z—{) 4815
z—(.R182 )

The db magnitude-phase angle plot for the compensated discrete-time system is shown in Fig. 18-21.
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Supplementary Problems

Find a value of K, for which the system whose open-loop transfer function is
Kﬂ

T (1 + 572000 (1 + 5/250)

has a resonant peak A, of 1.4 db. Ans. Ky =1194,

GH

For the system of Problem 18.11, find gain plus lag compensation such that Mp = 1.7, ¢py 2 35°%, and
K. =50

For the system of Problem 18.11, find gain plus lead compensation such that M, < 1.7, ¢py, 2 307, and
K, = 50

For the system of Problem 18.11, fiad gain plus lag-lead compensation such that M, < 1.5, ¢py = 40°, and
K =106

1

Find gain plus lag compensation for the system whose open-loop transfer function is
Ky

Fr] . S—

s(L + 5/10)(1 + 5,/5)

such that X, = 30 and ¢py = 40°.

For the system of Problem 18.15, find gain plus lead compensation such that K, > 30 and ¢, = 45°. Hint.
Cadcade two lead compensation networks.

Find gain plus lead compensation for the system whose open-loop transfer function is

B
H o= R
v s{(1+5/2)
such that K, =20 and ¢, =45°,



Chapter 19

Introduction to Nonlinear Control Systems

19.1 INTRODUCTION

We have thus far confined the discussion to systems describable by linear time-invariant ordinary
differential or difference equation models or their transfer functions, excited by Laplace or z-transform-
able input functions. The techniques developed for studying these systems are relatively straightforward
and usually fead to practical control system designs. While it is probably true that no physical system is
exactly linear and time-invariant, such models are often adequate approximations and, as a result, the
linear system methods developed in this book have broad application. There are many situations,
however, for which linear represeatations are inappropriate and ronfinear models are required.

Theories and methods for analysis and design of nonlinear control systems constitute a large body
of knowledge, some of it quite complex. The purpose of this chapter is to introduce some of the
prevailing classical techniques, utilizing mathematics at about the same level as in earlier chapters.

Linear systems are defined in Definition 3.21. Any system that does not satisfy this definition is
nonlinear. The major difficulty with nonlinear systems, especially those described by nonlinear ordinary
differential or difference equations, is that analvtical or closed-form solutions are available only for very
few special cases, and these are typically not of practical interest in control system analysis or design.
Furthermore, unlike linear systems, for which free and forced responses can be determined separately
and the results superimposed to obtain the total response, free and forced responses of nonlinear
systems normally interact and cannot be studied separately, and superposition does not generally hold
for inputs or initial conditions.

In general, the charactenstic responses and stability of nonlinear systems depend gualitatively as
well as quantitatively on initial condition values, and the magnitude, shape, and form of system inputs.
On the other hand, time-domain solutions to nonlinear system equations usually can be obtained, for
specified inputs, parameters, and initial conditions, by computer simulation techniques. Algorithms and
software for simulation, a special topic cutside the scope of this book, are widely available and therefore
are not developed further here. Instead, we focus on several analytical methods for studying nonlinear
control systems.

Nonknear control system problems arise when the structare or fixed elements of the system are
inherently nonlinear, and/or nonlinear compensation is introduced into the system for the purpose of
improving its behavior. In either case, stability properties are a central issue.

EXAMPLE 19.1. Fig. 19-1{«) is a block diagram of a nonlinear feedback system contaiming two blocks. The
linear block 1s represented by the transfer function ¢, =1/D{D + 1), where D = d/dr is the differontia? operator.
D is used instead of s in this linear transfer function because the Laplace transform and its inverse are generally
not strictly applicable for nonlinear analysis of systems with both linear and nonlinear elements. Alternatively,
when using the describing function method (Section 19.3), an approximate frequency response technique, we

§ fied
N L : —

| DD+1) o tr=- !

- I I
Nonlinear Linear ' { -~
elements elements I 1 e

|
= -1
(a) ()
Fig. 19-1
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usually write

Gl jw)= . |
nUe) = e

The nonfinear biock N has the transfer characteristic f(¢) defined in Figure 19-1(5). Such nonlincarities are called
{plecewise-linear) saturation functions, described further in the mext section.

EXAMPLE 19.2. [f the carth is assumed spherical and all external forces other than gravity are negligible, then
the motion of an earth satellite lies in a plane called the erbi? piane. This motion is defined by the following set of
nonlinear differential equations (sce Problem 3.33:

a dr dt
reE + EE i 0 (transverse force equation)
d“.r dlg 2 k2 ‘

i f‘( E) = — F (radial force equation)

The satellite, together with any controller designed to modify ifs motion, constitutes a nonlinear control system.

Several popular methods for nonlinear analysis are summarized below.

192 LINEARIZED AND PIECEWISE-LINEARIZED APPROXIMATIONS
OF NONLINEAR SYSTEMS

Nonimear terms in differential or difference equations can sometimes be approximated by linear
terms or zero-order (constant) terms, over limited ranges of the sysiem responsc or system forcing
function. In either case, one or more linear differential or difference equations can be obtained as
approximations of the nonlinear system, valid over the same limited operating ranges.

EXAMPLE 18.3. Consider the spring-mass system of Fig. 19-2, where the spring force £{x) is a nonlinear
function of the displacement x measured from the rest position, as shown in Fig, 19-3.

The cquation of motion of the mass is M(d x/dr?) + f.(x) = 6. However, if the absolute magnitude of the
displaccment does not exceed x, then f (x) = kx. where & 1s a constant. In this case, the equation of motion is a
constant-coefficient linear equation given by M(dix/dr®) + kx — 0, valid for |x| < x;,.

Fsl)
kg ——#
—zy
Spring ——— ! X F

ww— |
]

Lo d kg

Fig. 19-2 Fi’g "

EXAMPLE 19.4. We again consider the system of Example 19.3, but now the displacement x exceeds x;,. To treat
this problem, let the spring force curve be approximated by three straight lines as shown in Fig. 19-4, a
piecewise-limear approximation of f,(x).

The system is then approximated by a piecewise-linear system: that is, the system is deseribed by the lincar
equation M(d”x/di*}+ kx =0 when |x] < x;. and by the equations M(d?x/di® )+ F, =0 when |x|> x;. The +
sign is used if x > x and the — sign if x < —x.

Nonlinear terms in a system ¢qualion are sometimes known in a form that can be easily expanded
in a series, for example, a Taylor or a Maclaurin series. In this manner, a nonlinear term can be
approximated by the first few terms of the senes, excluding terms higher than first degree.
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EXAMPLE 19.5. Consider the nonlinear equation describing the motion of 2 pendulum (sce Fig 19-3):

df ]

— + - sinf =0

dt {
where / is the length of the pendulum bob and g is the acceleration of gravity, [f small motions of the pendulum
about the “operating point” # =0 are of interest, then the cquation of motion can be linearized about this
operating point. This is done by forming a Taylor series expansion of the nonlincar term { g/)siné about the point
# = 0 and retaining only the first degree terms. The nonlincar equation is

a8 g 40 g = ¢ 4°
— t-sinf=—5 += Y —|—(sinf)
de* drt 1 & kv dt g
49 g ¢ 0
=—+2lb-—+ - |=
a’ ! ki

The linear equation is d*8/d1* + (g/1)8 =0, valid for small variations in 8.

[t is instructive to express the linearization process more formally for Taylor senies applications. to
better establish its applicability and limitations.

Taylor Series

The intinite senes expansion of a general nonlinear function f(x) can be quite useful in nonlinear
systems analysis. The function f{x) can be written as the following infinite series. expanded about the
poinl x:

d 1 42
(=D | Ryl e ot
= (x-x)" d¥
T e K A (19.1)

where (d*f/dx*)|,_; is the value of the kth derivative of f with respect 10 x evaluated at the point
x = X. Clearly, this expansion exists {is feasible) only if all the required derivatives exist.

If the sum of the terms of Equation (f%1) second-degree and higher-degree in (x — X} are
negligible compared with the sum of the firsi two terms, then we can write

L9 -
JOy=f(Z)+ 5] (x-%) (19.2)

X=X

This approximation usually works if x is “close enough” to ¥, or, equivalently, if x — X is “small
enough,” in which case higher-degree terms are refaiively small.
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Equation {/9.2) can be rewritten as

AL
) —f(F)=—] (x-%) (19.3)
Then if we define
Ax=x-Xx (19.4)
Af=f(x) - f(X) (19.5)
Equation { /2 3) becomes
Afe= il A
I:E; . x (19.6)

If x = x(¢) is a function of time ¢, or any ather independent variable, then in most applications ¢
can be treated as a fixed parameter when performing the lineanzation computations above, and
Ax=Ax(1)= x{(1) ~ x(1), ete.

EXAMPLE 19.6. Suppose p(f) = f[u(f)] represents a nonlinear system with input u(¢) and output y(r), where
t > 1, for some 1, and df/du exists for all u. If the normal operating conditions for this system are defined by the
input u=r and output y =, then small changes A y(r) = y(i) — ¥(¢) in output operation in response 10 small
changes in the input Ap(¢) = w(r) — #(r) can be expressed by the approximate linear relation

Ap(t) zdj—r Au(r) (19.7)

Ll PET-10

for t = 1.

Taylor Series for Vector Processes

Equations (/9.4} through {19.7) are readily generalized for nonlinear m-vector functions of
n-vector arguments, f(x), where

5 X

X

f= f.2 X = .2
A X,

and m and n are arbitrary. [n this case, Ax = x — x, Af ={(x) — f(x), and Equation (/9.6)} becomes

df
AM=— Ax (19.8)
dx| o
where df /dx is a matrix defined as
o0 8 4
a [T
— =] : : : (19.9}
dx : : : :
o  m 3,
ax,  dx, O,

EXAMPLE 19.7. For m =1 and n =12, Equation (/9.9) reduces to
A

K = 6‘x1 an
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and Bquation (19.8) is

af Ax, af
[Jxl 7, ”ale s (19.10)

Equation (75.70) represents the common case where a nonlinear scalar function f of two varables, say x, = x and
x, =y, are linearized about a point {X, 3} in the plane.

Linearization of Nonlinear Differential Equations

We follow the same procedure to linearize differential equations as we did above in linearizing
functions f{x). Consider a nonlinear differential system written in state variable form:

dx
-‘-ﬂ--—-f[x(f),u(r)] (19.11)

where the vector of » state variables x{¢) and the r-input vector w(z) ar¢ defined as in Chapier 3,
Equations ( 3.24) and (3.253), and ¢ > r,. In Equation (/9.1/1), f is an n-vector of nonlinear functions of
x(#) and u(1).
Simiiarly, nonlinear output equations may be written in vector {orm:
y(1) = glx(1)] (19.12}

where y(z) is an m-vector of outputs and g is an m-vector of nonlinear functions of x(r ).

EXAMPLE 19.8. One example of a nonlinear SISO differential system of the form of Equations (/9.11) and

(191 18
dx, )
_d'f_ =fi(x,u) = o ux; — €3]
dxz X

T _fz( u) =

4t %
y=g(x) =csxf

The linearized versions of Equations (/9.11) and (/9.12) are given by

d(m*—-ﬂ +ﬁ' (19.13)
dr x|y ot '
ay(:);;g- Ax (19.14)

X ¥ =E({)

where the partial derivative matrices in these equations are defined as in Equations (/9.9) and (/9.19),
each evaluated at the “point” {x,u}. The pair x = X{#) and & =u{¢) are actually functions of time, but
they are treated ltke “points™ in the indicated computations.

Linearized equations (19./3) and (/92./4) are usually interpreicd as follows. If the input is
perturbed or deviates from an “operating point” i 1) by a small enough amount Aw(r), generating small
encugh perturbations Ax({¢) in the state and small enough perturbations in the output Ay(s) about their
operating points, then the /inear equations (19.13) and {(/9.14) are reasonable approximation equations
for the perturbed states Ax(z) and perturbed outputs Ay(¢).

Linearized equations {/9./3) and {19 /4) are often called the (smalf) perturbation equations for the
nonlinear differential system. They are linear in Ax and (Au), because the coefficient matrices:

af o1 g

x=K(r} S |x=%in) .
ax =) du 7o dx

X =%({)

having been evaluated at X(r) and /or iK1}, are nor functions of Ax{¢) [or Au{1)].
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Linearized equations (19./3) and (/9.14) are also time-invarians if W(f} = a = constanl and X(¢) =X
= constant. In this case, all of the methods developed in this book for time-invariant ordinary
differential systems can be applied. Nevertheless, the results must be interpreted judiciously because,
again, the linearized moedel is an approximation, valid only for *“small enough™ perturbations about an
operating point and, generally speaking, “small enough™ perturbations are not always easy to ascertain,

EXAMPLE 19.9. The linearized {perturbation) equations for the system given in Example 19.8 are determined as
follows from Equations {19.13) and (19./4). For convenience, we first define

af af
axTIIN ox
etc., to simplify the notation. Then
d(Ax Gl d
(dt') - af‘ Ax, af‘ Ax +a—flAu —26,%, Ax, + qudx, + %, Au
*i 3
Similarly,
dan) _of W o
P e R i P P
€€ Cacy Ax
- Ay +0+0=———
{cg+ %) (ea+ X))
and the outpul perturbation equation is
3 ig

Axl Ax, =Z2cx, Axy

9%

Linearization of Nonlinear Discrete-Time Equations

The Taylor series linearization procedure can be applied 1o many discrete-time system problems,
but sufficient care must be taken 10 justify the existence of the series. The application is often justified if
the discrete-time equations represent reasonably well-behaved nonlinear processes, such as discrete-time
representations of continuous systerns with state variables expressed only at discrete-time instants.

EXAMPLE 19.10. The time-invariant discrete-time system represented by the nonlinear difference equation
x(k+ 1y=ax?(k), with o <0 and x() + 0, is easily kinearized, because the nonlinear term ax?(k) is a smooth
function of x. We have

k+ D =ax? (k) =f{x)
Af=f{x) = f(X)

af
4 =243
&x x=3 =

x(k)=x(k}+Ax(k)
Rk+1)=ax?(k)
Substitution of these equations into Equation (19.6) and rearranging terms yiclds
Ax(k+1)=2ax(k)Ax(k)

which is linear in Ax, bul time-varying in general.

193 PHASE PLANE METHODS

In Sections 3.15 and 4.6, the state variable form of linear differential equations was introduced and
shown to be a useful tool for analysis of linear systems. [n Section 19.2, this representation was applied
to nonlinear systems via the concept of linearization. In this section, phase plane methods are developed
for analyzing nonlinear differential equations in state vanable form, without the need for lincarization.
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A second-order differential equation of the form:
4 o (19.15
w ! (x' a ) 1)

can be rewritten as a pair of first-order differential equations, as in Section 3.15, by making the change
of vaniables x = x, and dx/dt = x,, yielding

dx,
I (19.16)
d?'o'z
?=f(xl,x2) (19.17)

The two-tuple, or pair of state variables (x;, x,), may be considered as a point in the plane. Since
x; and x, are functions of time, then as ¢ increases, (x,(7) (x,(¢)) describes a path or irafecrory in the
plane. This plane is called the phase plane, and the trajectory is a parametric plol of x, versus x,,
parametrized by r,
If we eliminate time as the independent variable in Equations (/9.716) and (19.17), we oblain the
first-order differential equation
dx, X,
dx, 1 Xys x5}

Solution of Equation (/9.18) for x, as a function of x, (or vice versa) defines a trajectory in the phase
plane. By solving this equation for various initial conditions on x; and x, and examining the resulting
phase plane trajectories, we can determine the behavior of the second-order system.

(18.18)

EXAMPLE 19.11. The differential equation

dix R a‘x)2 0
dr el
with the initial conditions x(0) = 0 and (dx/dt)|,_; = 1, can be replaced by the two first-order equations
dx;
_df_ =x; x(0) =0
dx,y
— = % x(0) =1
where x = x; and dx/dr = x,. Eliminating time as the independent variable, we obtain
x| Xy 1 dx,
== or dx = — —
dx; X3 Xz X2

Integration of this equation for the given initial conditions yields
) X3 dxé
f dx{=xl=—f — =-lnx, or x,=me¢ ™
X0 =0 x2{0)=1 X3

The phase plane trajectory defined by this equation is plotted in Fig. 19-6. Its direction in the phase plare is

“7 4
1.0

0.5+

0 05 1.0 1.5 20 25 &
Fig 19-6
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determined by noting that dx,/dt = —x <0 for all x, = 0. Therefore x, always decreases and we obiain the
trajectory shown.

On-Off Control Systems

A particularly useful application of phase plane methods is designing on-off controilers (Definition
2.25), for the special class of feedback control systems with linear continuous-time second-order plants,
as in Fig. 19-7 and Equation ({9./9).

e - 0 (19.19)
—ta—=u az .
a4
The initial conditions ¢(() and {dc/dt)}|,_, for Equation (19 79} are arbitrary. The on-off’ controller
with input e = r — ¢ generates the control signal # which attains only two values, u= 1.

I 4 "
£y .9“ ar “ Plam ol
Controller

Fig. 19.7

On-Off Controller Design Specifications

[f the reference input r is a unit step funciion applied al time zero, typical design specifications for
the system of Fig. 19-7 are the following. The control input & to the plant must drive the plant output
ety to oty =1, and its derivative dc/dr o {(dc/di),., = 0, simultanecusly, gnd in the minimum
possible time . The steady state error becomes zero at ¢’ and remains zero if the control signal is
turtied off (g =0).

Since ¢ 1s required to be minimum, this is an optimal control problem (see Section 20.5). It can be
shown that ¢ is minimized only if the control signal u switches values, from +1 to —1 or from —1 to
+1, at most once during the time interval 0 < ¢ < ",

On-Off Controller Design

In solving this design problem, it is convenient to use the grror e = r — ¢, where r= 1{1). as the
variable of interest, rather than the controlied output ¢, because e =0 and de/dr = 0 when ¢=1 and
de/dt = 0. Therefore requiring that the error ¢ and us derivative go fo zero in minimum time is
equivalent to our original problem.

To solve the problem. we first generate a differential equation for e:

de d( dec
& a €)= dt
de d% de de

with initial conditions e(0) =1 —¢(0} and (de/dr)|,-, = —(dc/dt)|,.,- Then we replace Equation
({9.20) with two first-order differential equations, by letting e = x| and de/df = x:

dx,
?=x1 {19.21)
dx

2 —ax,—u (19.22)

dt
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with initial conditions x (M =e@=1-c(0) and x,(0) = (de/dI)|,_o= — (dc/dt}|,_, Eliminating
time as the independent variable, we obtain
dx, ax, + u x,dx,

= - or dx, = -
idx, X, ax,+ u

(19.23)

This equation plus the initial conditions on x,(0) and x,(0) define a trajectory in the phase plane.

Since the control signal & switches {(+1 to —1 or —1 to +1) no more than once, we can separate
the trajectory into two parts, the first prior to the switching time and the second after switching. We
consider the second part first, as it terminates at the origin of the phase plane, x, = x, = We set
u= 41 in Equation (/9.23) and then integrate between a general set of imtial conditions x,{r) and
x,(1) and the terminal conditions x; = x, = 0. To perform the integraton, we consider four different
sets of initial conditions, each corresponding to one of the quadrants of the phase plane.

In the first quadrant, x, > 0 and x, > 0. Note that dx,/dr = x, > 0. Thus x, increases when x, is
in the first quadrant, and when x, goes to zero, x, cannat be zero. Therefore trajectories which start in
the first quadrant cannot terminate at the origin of the phase plane if w does not switch.

An identical argument holds when the initial conditions are in the third quadrant, that s, if x, <0
and x, <0, the trajectory cannot terminate at the origin if ¢ does not switch.

In the second quadrant, x;, <0 and x, > 0. Since dx,/dr = x, > (. x; will increase as long as
x, > 0. Since 4 >0, then —ox, <0 and thus dx,/dr <0 for u= +1 whenever x, > 0. Integration of
Equation (/9.23) with w= +1, initial conditions in the second quadrant, and terminal conditions
x; = x, = 0. yields

0 Xydx,
j‘O dxl = —‘xl(f)= —lef}ax2+ l

it x

= - .rzir) + % Infax, (1) + t] (19.24)

or x1(1)=L2[ax2—|—l—ln(ax1+])]
4 L214)
where x,{1) <0, x,(t) = 0. This equation defines a curve in the second quadrant of the phase plane
such that, for any point on this curve, the trajectory terminates at the origin if ¥ = +1. That is. the
control signal v = +1 drives x, and x, to zero simultaneously.

By an identical argument, there exists a curve in the fourth quadrant defined by

1) %ln[—axz(f) +1] (19.25)

x(t)=—

where x,(z) = 0, x,(¢) <0 such that for any (x,(¢), xo{1)} on this curve the control signal u= —1
drives x, and x, to zero simultaneously.

The curves defined by Equations (/9.24) and (/%.25) join at x, = x, =0 and together define the
switching curve for the on-off controller. The switching curve divides the entire phase plane into two
regions, as indicated in Fig. 19-8. The part of any trajectory after switching always starts on this curve,
moves along the curve, and terminates at x, = x, = 0.

Fig. 19-8
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Now we consider the part of the trajectory prior to switching. First, we explore a monotone
property of the switching curve. In the second quadrant, where w= +1, x, > 0, and the slope of the
curve 15 negative:

dx, 1 ]
—=—lat+—}<0
dx, X1,

In the fourth quadrant, where ¥ = -1, x, <, and
dx, 1
—=—ja—-—|<0
dx, X,

Therefore the slope of the entire switching curve is negative for all (x|, x;) on the curve, that is. the
swilching curve is menotone decreasing. Thus, corresponding to any specific value of x|, there is one and
only one corresponding value of x,. Because of the monotone property of the swiching curve. the
region above the switching curve 1s the same as the region to the right of the switching curve. that is, 1t
consists of the set of points (x,, x,) such that

LI ( 1} (19.26)
> - —+ —in + Y.
x, o T ainlax, _
when x, > 0 and
X 1
x> —— = —ln{—ax, + 1) (19.27)
a a

when x, < 0.

We consider the part of the trajectory prior to switching, when the conditions (x,(0). x,(0) lie
above the switching curve. For this case, u= +1 and the first part of the trajectory is obtained by
integration of Equation (/9.23) with = +1 between the initial conditions (x,(0), x,(0)} and an
arbitrary pair of points ( x,(1}, x,(¢}} which satisfy the inequalities (/9.26) and (/9.27). We obtain the
trajectory by integrating BEquation ( /8.23), which yields

" = xif) =) = - [0 | 1
I, =x, 1) —x = — —— =——=lax,+ 1 —Inlax,+ 1
X0 : l ! X0 X3+ 1 a’ ? (ax; +1) PN
x0) 1 x,{z) 1
or x, (1) =x{0) + - —Infax,(0) +1] - + —infax,(1) + 1] (19.28)
a i a ia

Note that this part of the trajectory has the same shape as that in Equation ( 79.24), but that it is shified
to the right. So, when x,(¢)=0, x,(1}= x(0) + (1 /a)[ x,(0) = (1 /a)In(ax,{0) + 1], which is greater
than 0 because of inequality (1¢.26).

Thus, when (x,(0), x,(0)) lies above the swilching curve, the on-off controller develops a control
sighal w= +1 and the resultant trajectory (x,(#), x,{¢)) is defined by Equation (/9.28). When this
trajectory intersects the switching curve, that is, when (x,(1}, x,{r)) satisfies Equations (/9.25) and
(79.28) simultaneously, the on-off controller switches the control signal to w = —1 and the trajectory
continues along the switching curve to the origin of the phase plane.

By identical reasoning, if the initial conditions lie below the switching curve, that is,

0 1
x,(0) < ~ -’fzi ) + ?ln[axz({]) +1]
when x,(0) = 0. or
0 1
x,{0) < — *{0) - ?ln[—axz((]) +1]

when x,(0) <0, then the on-off controller develops a control signal w= —1 and the trajectory
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(x5(1), x5(7)) satisfies

x(7) = x,(0) +

— Egln[—axz(i}) +1] -

x;(0) 1 x,(1) ——liln[—ﬂxz(f)'*'l] (29.29)
a a

When this trajectory intersects the switching curve, that is, when {x,(7), x,{z)) satisfies Equations
(19.24y and (19.29) simultaneously, the on-off controller switches the control signal to = +1 and the
trajectory moves along the switching curve in the second quadrant and terminates at the origin of the
phase plane.

Recalling that x, =e and x, = &, the switching logic of the on-off controller is as follows:

1
(a) Whené>0and e+ — ~— —ln(aé+ 1) >0, then u= +1
a

1
(b) Whené<0ang e+ +?1n(-aé+1)>0,lhenu=+l
1
(c) Whené>0and e+ —?-ln(aé+])<0,thenu=—l

(d) Whené<Oand e+ 3

Bmeos e omon | o,

1
+ —in(—aéd + 1) <0, then u= —1
a

EXAMPLE 19.12. For the feedback control system depicted in Fig. 19-7 and plant defined by Equation (/9./9)
with parameter @ = 1, the switching curve is defined by

e=—é¢=+In(é+1) for é>0
e=—é—In{~é+1) for é<0

and the switching logic for the on-off coniroller is given in Tahte 19.1.

Table 19.1
é=>10 fle)=e+é—In{é+1)>0 fiet=e+é+ln(—é+1)=0 u
~ No No No -1
No No Yes +1
No Yes No -1
No Yes Yes +1
Yes No No -1
Yes No Yes -1
Yes Yes No o+l
Yes Yes Yes i +1

Generalization

Phase plane methods apply to second-order systems. The approach has been generalized to third-
and higher-order systems, but the analysis is typicatly much more compiex. For example, to design
on-off controllers in this way for third-order systems, switching curves are replaced by switching
surfaces and the switching logic becomes far more exiensive than that given in Table 19.1 for
second-order systems.

194 LYAPUNOV'S STABILITY CRITERION

The stability criteria presented in Chapter 5 cannot be applied to nonlinear systems in general.
although they may be applicable if the system is linearized, as in Section 19.2, if the perturbations Ax
are small enough, and if @(¢) and x(¢) are constant, that is, if the linearized equations are time-
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invariant. A more general method is provided by the Lyapunov theory, for exploring the stability of
systern states x(z) and outputs ¥(t) in the time domain, for any size perturbations Ax(¢). It can be used
for both linear and nonlinear systems described by sets of simultaneous first-order ordinary differeniial
or difference equations, which we write concisely here in state variable form:

x=1{x,u) (19.30)

or x(k+1)=f[x{(k}u(k)] (19.31)

The following stability definitions are for unforced systems, that is, for u = 0. and for simplicity we
write x = F(x) or x(k + 1} =1{[x(k)].

A point x_ for which f{x ) =0 is called a singular point. A singular point x, is said to be stable if,
for any hyperspherical region 3, (e.g., a circle in two dimensions) of radius R centered at x, there
exists a hyperspherical region S, of radius r < R also centered at x, in which any motion x(1) of the
system beginning in §, remains in S ever afler.

A singular point x_ is asymptotically stable if it is stable and all trajectories {(maotions) x(¢) tend
toward x_ as time goes to infinity.

The Lyapunov stability criterion states that, if the origin is a singular point, then it is stable if a
Lyapunev function V(x) can be found with the following properties:

(a) V{(x)>0forall values nf x = 0 (19.32)
(p) dVrsdr <0 for all x, for continuous systems, or AV [x(k)) = Flx(4+ 1)) - Fx(k)] <0,
for all x, for discrete-time systems (79.33)

Furthermore, if dV/dr (or V') is never zero except at the origin, the origin is asympiorically siahle.

EXAMPLE 19.13. A nonlinear continuous system represented by

d®x  dx {dxy’
o a ) TR
or, equivalently, the pair of cqoations
dx, x4 .
72 R il

where x, = x, has a singular point al x, = x, = 0. The function ¥ =x] + x3 is positive for all x, and x,, except
x| = xy =0 where V= 0. The derivative

dv e, dxs

= =2x1—dr— + 2x27: =2xX, +2x1( —x, —xi-— A‘L] = —2xt - 243

is never positive. Therefore the origin is stable.

EXAMPLE 19.14. The nonlinear system shown in Fig. 19-9 is represented by the dilferential equations {with
x(H=—c(n)):
k= —x +x;

.= —flx +r)

4 “1 | Noalinear | /(*)
Element

Fig. 19-9
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Also, f(0)=0 for this particular nonlinear element. If ¢ is constant, we can make the changes of variables
x{=x, +r, xj;=x;+r, and the state equations become

= —x 4+ x

x = —f(x{)
The origin x/ = x; =0 is a singular point since % = &} =0 at the origin. The Lyapunov function is defined by
V=2 f{e)de+ x> Dforall x;, x; #0,if x{f{x;)>0for all x;+ 0. Differentiating, V.

V=2f(x{}& 4 2x505 =20 () -x{ 4 x8) 2x3/(x() = —2x{ F{x])

Thus, if we restrict x;f(x{)>0, to maintain >0, V<0 for x{# (. Therefore the system is stable for any
nonlinear e¢lement satisfyving the conditions

f10)=0
xfix{y=0  for x =0

Note that this result iy very general in that only the conditions above are required to assure stability.
If r is not constant, the solution for x(r} and x,(t) corresponding to 7(f) is in general not constant. But, if
the solution were known, the stability of the solution could be analyzed in a similar way.

EXAMPLE 19.15. For the discrete-time systern
%k + 1) =x,(k)
x(k+1) =~ f[x(4)]

‘where f(x,} is the saturation nonlnearity in Fig. 19-1{b), the origin is a singular point because x, (k)= x,{k) =0
implies x,(k +1y=x,(k+ 13)=0. Let V= x? + x%, which is greater than zero for all x,. x, # 0. Then

AV = xi(k+1) +x3(k+ 1) = 2} (k) — x3(k)
= x3(k) + 2 [x (k)] - <} (k) - x3(k)
= =xi(k) +*[x (k)]
Since f(x;) < x] for all x;, AV <0 for alf x,, x, and therefore the origin is stable,

Choosing Lyapunov Functions

For many problems, a convenient choice for the Lyapunov function V(x} is the scalar quadratic
form function V(%) = xTPx, where x7 is the transpose of the column vector x and P is a real symmetric
matrix, Te render ¥ > 0, the matrix P must be positive definite. By Sylvester’'s theorem [7], P is positive
definite if and only if all its discriminants are positive, that is,

£y >0
by Plz}O
Py Py
Pu Pan
- |20 (19.34)
‘Pnl nre Pm:

For continuous systems x = f(x), the derivative of F(x)}=xTPx is given by
P(x} =%x"Px + x"Px =1T(x) Px + x"Pf{(x)
For discrete systems, x(k + 1) = f{x( k)] and
AV{k)=V{k+1)— V(k)=xT{k+1)Px{k+1) —x"{k)Px(k)
=P [x{&)] PE[x(&)] ~x"(k) Px(k)
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1

EXAMPLE 19.16. For the system tepresented by k = Ax with A = [ ‘% ] let V=x"Px with P = [ 1 0]

Then ; .
;;.___XT[ATP+PA]x=xT“_§ _2]+[-§ _;”x
l'/=xT[_g -g]x=_xTQx

where Q=[—g _;]

Since P is positive definite, V' > 0 for all x # 0. The discriminants of ¢ are 4 and (24 — 9) = 15. Therefore Q is
positive definite and — ¢ 1s negative definitc, which guarantees that I <Q for all x # 0. The origin is therefore
asymplotically stable for this system.

19.5 FREQUENCY RESPONSE METHODS

Describing Functions

Describing functions are approximate frequency response functions for the nonlinear elements of a
system, which can be used to analyze the overall system using frequency response techniques developed
in earlier chapters.

A describing function is developed for a nonlinear element by analyzing its response to a sinusoidal
input A sin wf, which can be wntten as a Fourier series:

¥ B sin{nwt+¢,) (19.35)

A=1

The describing function is the ratio of the complex Fourier coefficient B,e/* of the fundamental
frequency of this output, to the amplitude A of the input. That is, the describing function is the complex
function of w, (B,/A)e’®, a [requency response function of an approximation of the nonlinear
element. Thus the describing function represents the effective gain of the nonlinear element at the
frequency of the input sinusoid.

In general, B, and ¢, are functions of both the input frequency @ = 27 /T and the input amplitude
A. Therefore we may write B, = B (A4, w), ¢, = ¢,{ 4. w) and the describing function as

B]e’*l - BI(A,w}eJ"‘“H"“’)

y (19.36)

F(A,w) =

To apply the method. we replace system nonlinearities by describing functicns and then apply the
frequency domain technmiques of Chapters 11, 12, and 15 through 18, with some modifications to
account for the dependence of B, and ¢, on 4.

EXAMPLE 19.17. The output of the nonlinear function f(e)=e> In response to an input e = A sinwe is

)
fle)=atsintwr= 7(1’ sinwf — sin' wi)

From Equation {19.34), the describing function for f{e) is
N( A il
(A==

Note that this nonlinearity produces no phase shift, so that ¢,(4,0)=0.
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Hysteresis

A common type of nonlinearity called hysteresis or backlash is shown in Fig. 19-10. In electrical
systems, it may occur due to nonlinear electromagnetic properties and, in mechanical systems, it may
result from backlash in gear trains or mechanical linkages. For another example, see Problem 2.16.

0.9 L —90°
Qutput 0.8 i _:g
0.7 . - —70°
| ¥ a
0.6 - — 60
NlA) 0.5+ b —50° @A)
Xd _ | :
Slope — K 0.4 - L - 40°
-d N . L 300
+ lnput 03 d Al 0
/a‘ 0.2 L - 20°
0.1 - - 10°
1 23 456 7 85
A
Fig. 19-10 Fig. 19-11

The describing function characteristic for hysteresis, normalized to dead zone parameter 4 =1 and
stope K = 1, is shown in Fig, 19-11. The phase lag ¢,(4) of this describing function is a function of the
input amplitude A4, but is independent of the input frequency .

The describing function technique is particularty well suited for analysis of continuous or discrete-
time systems containing a single nonlinear element, as illustrated in Fig. 19-12, with open-loop transfer
function GH = N(A, ©)G(w). Frequency response analysis of such systems typically entails first
determining whether there exist values of 4 and « that satisfy the characteristic equation, 1+
N(A, w)G{w)=0,0r

1
G =
(v) N(A, )
r € NM{J fle) ¢
-
Fig. 19-12

that is, values of A and « permitting oscillations. Nyquist, Bode, or Nichols chart plots of G and
—1/N separately can be used to resolve this problem, becanse the plots must intersect if such A4 and w
exist. Relative stability can also be evaluated from such plots, by determining the additional gain (gain
margin} and /or phase shift (phase margin) required to have the curves intersect.

It must be kept in mind that the describing function is only an approximation for the nonlinearity.
The accuracy of describing function methods, using frequency responsc analysis based on linear system
methods, depends upon the effective filtering by the plant G{w) of the (neglected) higher than
first-order harmonics produced by the nonlingarity. Since most plants have mare poles than zeros, it is
often a reasonable approximation.

EXAMPLE 19.18. Consider the systcm of Fig. 19-12 with (@) = 8 /jw{ ju + 2)? and the saturation nonlinearity
of Problem 19.17. Polar plots of G{w)and — 1 /N(A)} are shown in Fig. 19-13.
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Im

Re

Fig. 19-13

There are nc values of 4 and w for which the two plots intersect, indicating that the system is stable and
sustained oscillations of constant amplitude are no! possible. However, if the forward-loop gain were increased by a
factor of 2, from & 1o 16, the plots would intersect at (- -1,0) for w =2 and 0 < 4 < 1, and sustained oscillations
would be possible. Thus an approximate gain margin for this system is 2 (6 db).

Popov’s Stability Criterion

This criterion was developed for nonlinear feedback systems with a single nonlinear element in the
loop, for example, as shown in Fig. 19-12. Such systems are stable il the linear element G is stable,
ReG(w)> — 1 /K. and the nonlinear element f(e) satisfies the conditions: f(0)=0and 0 < f(e)/e < K
for ¢ + 0. Note that this criterion does not involve any approximations. Nyquist analysis is particularly
well suited for its application.

EXAMPLE 19.19. For the system of Fig. 19-12, with G = ] /{ jw + 1)*, the Polar Plot is shown in Fig. 19-14. For
all w, Re G = —1/4 Therefore the nonlinear system is stable if K <4, f(0) =0, and 0 < f(e)/e < K fore =0,

} [
1 /05
-1.0 -075-05 -0.25 025 05 075 10
o S ReG
w=1
Fig. 19-14

EXAMPLE 19.20. For the noniinear system ip Fig. 19-12, with a stable discrete-time plant G=1/2.
G(eTYy = ¢ T =coswl —jsinwT

The circular Polar Plot of & is shown in Fig. 19-15, and
Re G(e™") > ;Kl- for K=<1

Thus the sysiem is stable if f(H =0 and 0 < f{e)/e< K<1fore#0
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Fig. 19-15

Solved Problems

NONLINEAR CONTROL SYSTEMS

19.1. Several types of controf laws or control algorithms were presented in Defimtions 2.25 through
2.29. Which of these are nonlinear and which are linear, from the viewpoint of their input-output
charactenistics?

The on-off (binary) controller of Definition 2.25 is clearly nonlinear, its output being a discontinuous
function of its input. The remaining controllers, that is, the proportional (P), derivative (D), inlegral (1)
and PD, PI, D1, and PID controllers given in Definitions 2.26 through 2.29, are all linear. Each of their

outputs are defined by linear operations, or linear combinations of linear operations, on each of their
inputs.

19.2. Why 1s the thermostatically controlled heating system described in Problem 2.16 nonlinear?

The thermostat coniroller in this system is a nonlinear binary device, with a hysteresis input-output
charactenistic, as described in Problem 2,16, This controller regulates the room temperature outpul of this
control system in an oscillatory manner between upper and lower limits bracketing the desired temperature
setting. This type of behavior is characteristic of many nonlinear control systems.

LINEARIZED AND PIECEWISE-LINEAR SYSTEM APPROXIMATIONS

19.3. The differential equation of a certain physical system is given by

dy  dYy
il =0

The function f(y) is nonlinear, but it can be approximated by the piecewise-linear graph
illustrated in Fig. 19-16. Determine a piecewise-linear approximation for the nonlinear system
different:al equation.

Fig, 19-16
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The nonlinear system can be approximated by the following set of five linear equations over the
indicated ranges of y:

‘;—:f+ f:—f—l=0 y< =1
%+4Z—2~y—2=0 —2gy< -1
.‘;{+4.§:; —y+2=0 l<ys2

%:—{+4~£:—2:+1=0 2<y

19.4. A solution of the nonlinear differential equation

oI
d?y

Mathcad — +ycosy=u
ai? Y b

with input u = 0, is y = 0. Linearize the differential equation about this input and output vusing a
Taylor series expansion of the function d’y/dt” + y cos y — u about the point u =y =0.

The Taylor series expansion of cos y about y=01s

o ph | gt |
cos y = —1-==(cos p) =1-—yi4 .-
EO k? [dy" - 2!
42 2 3
Therefore E’;+ycosy—u=?r;+y(l—';—!+---)—u

Keeping only first-degree terms, the linearized equation is 4%y /dt? + y = u. This equation is valid only for
small deviations (perturbations) about the operating peint 4=y =0,

19.5. Write the perturbation equations determined in Example 19.9 in vector-matrix form. Why are
they linear? Under what conditions would they be time-invariant?

d{Ax, ) 3% e
i(—ai)—s di = 0;41({) o Ax + Cliz([]‘ﬁu
R ET iover R
3

Ay=[2e,%,{1) 0] Ax

These equations are linear because the matrices premultiplying Ax and Awx are independent of Ax and
& They would be time-invariant if the parameters ¢, ¢, . .., ¢ were constant and the “operating point” of
the system, for k= R{r) and x = ¥(r), were also constant. This would be the case if ¥ = constant.
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19.6. Derive the linearized Equations (19.13) and (/9.14) for the nonlinear differential system given
by (79.11) and (19.12).

We consider changes Ax in x as a result of changes Au in u, tach about operating points X and w.
respectively, that is,
(1) =%(r) + Ax(1)

u(t) =u(s} + Auls)

In these equations, ¢ is considered a parameter, held constant in the derivation. We therefore suppress r, for
convenience. Substitution of X 4+ Ax for x and @ + Au for u in {/9./]) gives

d“—di+d(ﬁx)—l‘+b u+An
dt di di =X+ 5.0 )

Now we expand this equation in a Taylor series about {X,u}, retaining oaly first-order terms:

af
Ax +

=y
w=irt d

dx  d{Ax) o dt
‘I-t- 7 =-i(1¢,|.1)+:gj—x

a—E )
=i

Then, since dX/d¢ = f(x,u), Equation {19.11) follows immediately after subtracting these cortesponding
terms from both sides of the equation above. Similarly, for

¥ =g(x)

78
A=F+—1 A
Jx

=y

_ _ dg
y=y+ﬂy=g(x+&x);g(i}+5—‘

A=K

Subtracting § from both sides finally gives

19.7. The equations describing the motion of an earth satellite in the orbit plane are

r 2
pr-

a zdr g 0 dr 'dﬁ)l k?
—_— _—— R - —_—

" d @ ac r{ di

{See Problem 3.3 and Example 192 for more details.) A satellite is in a nearly circular orbit

determined by r and 48 /df = w. An exactly circular orbit is defined by

r=r, = constant w = wy = constant

Since dr,/dr =0 and dw,/dr = 0, the first differential equation is eliminated for a circular orbit.
The second eguation reduces to rywi = k?/prf. Find a set of linear equations which approxi-
malely describes the differences

dr=r—1u, dw=w—wy
In the equations of motion we make the substitutions
r=r0+8r w=w0+3w

and obtain the equations

d + & d{r +8
(g + ba) 42 {n +3r)
dt ar

d*(n + 8r &
%—(fo+8r)(u{,+ﬁw)z= -
di plr+ér)y

(2 +8r) (wy+8w)=0
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We note that
d(r, +38r) d(8r) di(r,+8ry d?(8r) d(w, +8w) d{8w)
dr & dr? e dt T

since both r, and «, are constant. The first differential equation then becomes

d( 8w d( 8e d( &r d(8r
(dr)+(ar) (d,}"'z‘*’ﬂ (d;)+2 (d,)

Ly Bw=10

Since the differences 87, 8w and their derivatives are small, the second-order terms (8r¥ d(8w)/dt) and
2 d{8r)/dt) §w can be assumed negligible and eliminated. The resulting linear equation is

d{bw) . d(8r)
+ -
dt “ dt

o

which is one of the two desired equations. The second differential equation can be rewritten as

43 &r) : ,
i o — 2owgbw — rp(8w)” — widr - 2up(87)(8w) - (w)’8r
ko 2kér ‘
= - —5 — — + higher-order terms in &r and 8u
7 fy

where the right-hand side is the Taylor series expansion of —k/pr® about r,. All terms of order 2 and
greater in ér and Sw may again be assumed negligible and eliminated feaving the linear equation

ad2(8r) 2 g 25 1’ k  2kér
e b — wffe —aifr= -

In the problem statement we saw that rﬂwg = k/prg. Hence the final equation is

d*(&r) s 2kér
P 2w — widr= —

)
P

which is the second of the two desired linearized equations.

PHASE PLANE METHODS
19.8. Show the equation d?x/di* = f(x, dx/dt) can be equivalently described by a pair of first-order

differential equations.

We define a set of new variables: x, = x and x, = dx, /dt = dx/dt.

dx  d*x dxy dx) ( dx,
dr? dt dt ( ’ fix

= @ M\ Z

} =100 %)

The two desired equations are therefore

dx, dx

?=xz df =f{x. xz)

199. Show that the phase plane trajectory of the solution of the differential equation

it

Matheoad

d’x

? +x=0
with initial conditions x(0)=0 and (dx/dt)|,.o=1 is a circle of unit radius centered at the
origin.



CHAP,

19.19.

19] INTRODUCTION TO NONLINEAR CONTROL SYSTEMS 473

Letting x = x; and x, = dx, /dt, we obtain the pair of equations

dx,
E=x2 x(0)=0
dx;
?= —X) xI(O) =1

We eliminate time as the independent variable by writing
_—= - or X dy +x,dx, =0

Integrating this equation for the given initial conditions, we obtain

X X4
[Mxid+ [Cxag =i adadot=0 o xaxiel
0 1

which is the equation of a circle of unit radius centered at the origin.

Determine the equation of the phase plane trajectory of the equaiion
dix  dx
—_— + _— =
dt?  di

with the initial conditions x(3) = 0 and {dx/dr)|,_,= 1.

0

With x; = x and x, = dx, /dt we obtain the pair of first-order equations

dx,
ikt x(0}=0
dx,
? = -Xx, XE(U) =1

—— = — =] or dx, +dx,=0
Then

| R
f dxl‘+f dyj=x+x,-1=0 ar X +x,=1
0 1

which is the equation of a straight line, as shown in Fig. 19-17. The direction of the motion in the phase
plane is indicated by the arrow and is determined by noting that, initially, x,(0) = 1; therefore dx, /dt = 0
and x, is increasing, and dx;/dt < 0 and x, is decreasing. The trajectory ends at the point (x, x,)=(1.0),
where dx, /dt = dx, /dr = 0 and thus motion ierminates.

Fig. 19-17
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19.11. Design an on-off controller for the system given by Equation (19279} and Fig. 19-7, with ¢ = (.
For o = 0 in Equation {79.19), Equation (!9.23) becomes

Xydh,

dx| =
u

The swirching curve is generated by integrating this equation in the second quadrant with u= +1 and
terminating at the origin, yielding

x3(1) é?
x{)=- 5 or e=-—
and integrating in the fourth quadrant with u = —1 and terminating at the origin, yielding
x(f]=x§(r) or e=ﬁ
! 2 2

The switching curve is sketched in Fig. 19-18. The switching logic of this on-off controller is given in Table

19.2,

X, =¢
=
Fig. 19-18
Table 19.2
é>0 e+é2/2>0 e—82/2>0 u
No No No -1
No No Yes +1
No Yes No -1
No Yes Yes +1
Yes No No -1
Yes No Yes -1
Yes Yes No +1
Yes Yes Yes +1
LYAPUNOV'S STABILITY CRITERION
19.12. Find the singular poirts of the pair of equations
dx; ) dx,
?=smx2 ?=X1+X2

Singular points are found by setting sinx, =0 and x; + x, = 0. The first equation is satisfied by
xy=+nm n=012,.. . The second is satisfied by x, = — x,. Hence the singular points are defined by

x,=¥nw x,= tnw n=01,2,...

19.13. The ongin is a singular point for the pair of equations
dx,

X
— =ax, + bx — =¢x, tdx
@ 1 2 ! 1

dt



CHAP. 19] INTRODUCTION TO NONLINEAR CONTROL SYSTEMS 475

Using Lyapunov theory, find sufficient conditions on 4, b, ¢, and & such that the origin is
asymptotically stable.

We choose a function
Ve=x}+x3
which is positive for all x|, x5 except x; = x5 = 0. The tume derivative of V is

dv dx X5
i 2x1? + 2x1?;— =2ax? + 2bx,x; + 2ex, x5 + 2dx3

To make dV/de negative for all x,, x,, we might choose a <0, d< @, and b= —¢. In this casc.
v .
7 = Jax{ + 2dxi <0

except when x; = x, = (. Hence one set of sufficient conditions for asymptotic stability are a < 0, &< 0,
and b= —¢ There are other possible sotutions to this problem.

19.14. Determine sufficient conditions for the stability of the origin of the nonlinear discrete-time
system described by ‘

x(k+1)=x, (k) —f[x,(k)]
Let V[x(k)] = [x,(k)}]*, which is greater than O for all x # 0. Then

AV = xi(k+1) — x}(k) = (5, (k) — f[x (O] - xF (k)
f[xl(k)] \l
X

!

= —xl(k)f[xl(k)](l -
Therefare suificient conditions for AV 5 0 and thus stability of the system are

5 f(x) >0

fix) forall x
—_— g2
x)

19.15. Determine sufficient conditions for the stability of the system

x=Ax+bf(x))  where A=[_3 :;]bz[;]

Let ¥=x'Px and P=I$ ;],Then

V=x"(PA + ATP)x + xX"Pbf(x,) + f( x,)b'Px

=XT[ _a_ia% :g;_ﬁ x+2(a+2)x,f(x)+2c+ Dx, f{x)

To eliminate the cross-product term x, f{x,), set ¢= —2. Then
V=—x"0x+2(a-4)xf(x)
where ) = [:“‘3 4 ag] For ¢ >0, a = 8. The resulting V is

V= —32x +8x, f(x) = —8x$(4

_@)

Then V¥ < 0 and the system is stable if f(x,)/x, < 4 for all x, = 0.
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19.16. Determine sufficient conditions for slal:_)ility of the nonlinear discrete-time syslem
x(k+ 1) = Ax(k} + bf [x,(k)]
where 4 = [(1] _%] and b = [ _0].
Let ¥ = x"Px, where P = [‘C‘ ;] Then
A= Vx(k+1)] - ¥[x(£)] =x{k + 1) Px(k + 1) - x( k) Px{ k)
= [/ Da G0 + x(K)TAT] P{Ax( k) +bf [ 5, (£)]] - x( k)T Px(k)

=xT( ATPA — PIx + f{ x IO Phf(x,) + f( x )0TPAx + xTATPBSf( x,)

where

ATPA_P:[Q-OZC jj%;] and bPa=[-; 1-c¢]

Now, in order for ATP4 — P <0, we set a=2¢ and, to eliminate the cross-product term x, f{x,), we set
¢=1 Then 4"PA— P=0and

f(x) )
Av= [}.(11)]2 - 2x f{x) = —x -"l)(2 - _“_;
X
Sufficient conditions for AV < 0 and stability of the origin are then
(x
xf{(x)=z0 and fx) <2 forall x,.

*

FREQUENCY RESPONSE METHODS
19.17. Show that the describing function for the piecewise-linear saturation element in Example 19.1 is
given by
B 2 1 1 1

1 - .
——e/ = —|sin"'— + — cossin’ ' —
A " A A

We see from Fig 19-1(5) that, when the magnitude of the input is less than 1.0, the output equals the
input. When the input exceeds 1.0, then the output equals 1.0. Using the notation of Example 19.1, if
e{ i) = Asinwt A1

then f(#) is as shown in Fig. 19-19 and can be written as

EFES
A sinwit \rzsrsh

i in/w

f() =
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I )

y: I A sin wf
,1--.\/1/
:’ \

Fig. 19-19
The time 7) 15 oblained by noting that
Asi 1 Lgin 12
nwf = or f=—sin '—
SN w!, 1= 1 y
Similarly,
g 1 1 T 1 1 2z 1 1
tp=———sin '— tj=—+ —sin ' — tg=— — —sin '—
W ow A Wwoow A w w A

The magnitude B, and phase angle ¢, of the describing function are determined from the expression for

the first Fourier coefficient;
al

PL I

B=-/ "y sinwrds
7 /o

Since f(r} is an odd function, the phasc angle ¢, is zero. The integral defining B, can be rewritten as

w h a2 w 2.,
B = —f Asin‘wrde + —f SN Wil
70 m iy

w ' \ (A3 e . W Insu i
+ —f’A sinfwrdr - —f‘smmrdr + —f A sinfwr d

Ty T Jy,
f . 2w/ . 1 . . 5
But f'A smzwrd:=f " 4 sinfwrde = —f * A siner dr
1 iy 2 ty
£ . fy . 2w,
and f’smwrdrz —f‘sm wfdszfW “sin wt dt
i i3 f
We can thus write B, as
4o 4w 2 2 A
B =— " A sintwrdt + —fv/ “sin wr di = —[Aw:l - —sin2wr, + 2coswi
7 Yo 7 Iy L 2

Substituting ¢, = (1/w)sin " '(1/4) and simplifying, we obtain

8 2 Asia-! 1 .1
=— — 4
1= —[Asim” = 4 cossin
Finally, the describing function is
B 2. | N 1 ., ]
7 = o |sinT g + yeossinTi o

19.18. Determine the amplitude A and frequency « for which oscillations could be maintained in the
system of Example 19.18 with the forward-lcop gain increased to 32 from &
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The Polar Plots of
G(w) = ——
wy——
ju(jo+2)?
and —1/N(A) are shown in Fig, 19-20. The (wo loci intersect at A =2.5 and w = 2, the conditions for
oscillation.

Im

Fig. 19-20

19.19. Determine the amplitude and frequency of possible oscillations for the system of Fig. 19-12 with
zls  fle}=e¢" and

1
Mathcad G(w) S —
(ju+ 1)
From Example 19.17, the describing function for this nonlinearity is

_ 347 1 4
N(A) = e and - =

N 342
From the Polar Plots shown in Fig. 19-21, G{w) and —1/N intersect for w=1732 and 4 =3.27, the
conditions for oscillation.

Fig. 19-21

19.20. Determine the amplitude and frequency of possible oscillations for the system of Fig. 19-12, with
the hysteresis nonlinearity shown in Fig. 19-22, and G{w) = 2 /jw( jwo + 1).

The system block diagram can be manipulated as shown in Fig. 19-23, so that the hysteresis element ig
normalized, with a dead zone of 1 and a slope of 1. Figure 19-11 can then be used to construct the Polar
Piot of —1/N, shown in Fig 19-24 with the Polar Plot of 2G(w), rather than G(w), because the loop
transfer functien excluding the nonlincarity is 4G(w) /2 = 2G(w).
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5 c _,r‘ &) [
’ ] a G(w)
Fig, 19-23
Im
-1
b w Re
_ 1
NiA4) w=2
A=17
w=12
w =1
2w
Fig. 19-24

The two curves intersect for w = 1.2 rad /sec and 4 = 1.7, the condilions (or oscillation of the systen,
Nole that A is the amplitude of the input to the normalized nonlincanty. Therefore the amplitude for

oscillations 15 3.4, in terms of e,

Supplementary Problems

19.21. Detcrmine the phase plane trajectory of the solution of the differential equaticn

dx dx

dr®

et

+2— +4x=0

19.22. Using Lyapunov theory, find sufficient conditions on @, and a, which guarantee that the point x=0,

dx /dt = 0 is stable for the equation
dix

n

ot

dx
T

+apx =0



Chapter 20

Introduction to Advanced Topics in Control
Systems Analysis and Design

20.1 INTRODUCTION

This final chapter is an introduction to advanced topics in control systems science. Each subject is
discussed only briefly here to familiarize the reader with some of the terminology and mathematical
level of advanced methodologies. It should also provide some of the motivation for advanced study.
Time-domain state variable techniques, introduced in Chapters 3 and 4 and used extensively in Chapter
19, predominate in advanced methodological developments, mainly because they provide the basis for
solving broader classes of contrel system problems, including far meore complex problems than are
amenable 10 frequency-domain methods.

20.2 CONTROLLABILITY AND OBSERVABILITY

Much of modern control theory is developed in the time domain, rather than the frequency demain,
and the basic linear and time-invariant plant {controlled process) model is typically given a stare
varighle description (Chapter 3), Equation (3.25b): dx(¢)/dt = Ax(r) + Bui¢) for continuous system
plants, or Equation (3.26): x(k + 1) = Ax(k) + Bu{k) for discrete-time system plants. For either type
of model, the outpul equation may be written as ¥ = Cx, where y = y(2) or y{k), x = x(¢) or x(k), and
€ 15 a matrix of compatible dimension. We mention in passing that this basic model form is often used
to represent fime-varying linear systems, with matrices 4, B, or C having time-varying elements, and
{less often) nonfinear systems, with A, B, or C having elements that are functions of the state vector x.

The concept of controllabifity addresses the question of whether it is possible to controd or steer the
state (vector) x from the input u. Specifically, does there exist a physically realizable input u that ¢an be
applied 10 the plant over a finite period of time that will steer the entire state vector x (every one of the
n components of x) from any point x, in state space 10 any other point x,? If yes. the plant is
controilable; if no, it is uncontrollable.

The concept of observability is complementary to that of controllability. It addresses the question of
whether 1t 1s possible to determine all of the n components of the state vector x by measurement of the
output ¥ over a finite period of time. IF yes, the system is observable; if no, it is unobservable. Obviously,
if ¥ = x, that is, if all state vanables are measured, the system 1s observable. However. if ¥ # x and C is
not a square matrix, the plant may still be observable.

The controllability and observability properties of the plant have important practical consequences
in analysis and, mere importantly, design of modern feedback control systems. Intuitively, uncontroi-
lable plants cannot be steered arbitrarily, and it is impossible to know all of the state variables of
unobservable plants. These problems are clearly related, because together this means that unohservable
states {or state variahbles} cannot be individually controlled if the control variable w is required to be a
function of x. that is, if feedback control is needed.

Linear, time-invartant plant models in state variable form [Equations (J.25h) or (336} are
controllable if and only if the following controllability matrix has rank » (2 linearly independent
columns), where n s the number of state variables in the statle vector x:

{8 4 48 ... 47| (20.1)

Similarly, the plant model is observable if and only if the following observability matrix has

480
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vank r {# linearly independent rows):

C
CA

CA? (20.2)
CAn—]

EXAMPLE 20.1. Consider the following single-input single-output (SISO) plant maodel, with x = [2] and
ay,, 4>, 4y; each nonzero:
dx ay  an
dr = [ 0 ay

1+[(1}]u v=Cx=[1 0]x

To test if this model is controllable, we first evaluate the matrix given by Equation ( 20,/ ):

o -l 7]

ap
0

o] -el% -1l

where a = § = 0. This is clearly nor the case, because a =1 and 8= —1 /2, satisfies this equation. Therefore the
two columns of [B  AB] are lincarly dependent, the rank of [B AB]=1=#2=n, and this plant is thercfore
uncontroflable.

Similarly, from Equation (24.2),

By Definition 3.11, the two columns [{1)] and [ ] would be linearly independent if the only constants « and 8

for which

)14 8
cA o, 4y

For this matax, the only a and A for which a[l 0]+ Bla,; a,;,]=[0 0] are a=8=0, because a,,#10.

Therefore the rank of {f; is n = 2 and this plant is ohservable.

203 TIME-DOMAIN DESIGN OF FEEDBACK SYSTEMS (STATE FEEDBACK)

Destgn of many feedback cantrol systems may be accomplished using time-domain representations
and the concepts of controllability and observability discussed above. As noted in earlier chapters,
particularly Chapter 14, Root-Locus Design, bnear control system design is often performed by
manipulating the locations of the poles of the closed-loop transfer function (the roots of the characteris-
tic equation), using appropriate compensators in the feedforward or feedback path to meet performance
specifications. This approach is satisfaclory in many circumstances, but it has certain limitations that
can be overcome using a different design philosophy, called state feedback destgn. that permits arbitrary
pole placement, thereby providing substantially more fiexibility in design.

The basic idea underlying state feedback control system design is as follows for single-input
continuous plants dx/dt = Ax + Bu. The procedure is the same for discrete-time systems.

With reference to Fig. 2-1, we seek a state feedback control:

u=-Gx+r (20.3}
where G is a 1 X n feedback matnix of constant gaing (to be designed) and r is the reference input.
Combining these equations, the closed-loop system is given by

dx

-J=(A—BG)x+Br (20.4)
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If the plant is controllable, the matrix G exists that can yield any (arbitrary) set of desired roots for
the characteristic equation of this closed-loop system, represented by |Af — A ~ BG| =0, where the A
solutions of this deierminant equation are the roots. This is the basic result.

EXAMPLE 20.2. A block diagram of the state feedback system given by Equations (20.3) and (26.4) is shown 1a
Fig. 20-1.

Plant

— - -‘{l’;'--n-rh :

Constant Gain
Feedback Matnx

G

Fig. 20-1

To implement a state feedback design, the entire state vector x must somehow be made available,
either as x exactly, or as an adequate approximation, denoted R. If the output is ¥ = x, as in Fig. 20-1,
there obviously is no problem. But, if all states are not available as outputs, which 1s more common,
then observability of the plant model differential and output equations (dx/df = Ax + Bu and y = C'x)
1s required to obtain the needed state estimate or observer %. The equations for a typical state observer
system are given by

dx

—dr—={A—~LC)i:+Ly+Bu (20.5)
where 4, B, and C are matrices of the plant and output measurement systerns and L is an observer
design matrix to be determined in a particelar problem.

EXAMPLE 20.3. A detailed block dizgram of the state observer system given by Equation {20.5) is shown in Fig,
20-2, along with the plant and measurement system block diagram (upper portion) for generating the needed input
signals for the observer systera (lower pottion).

Plant

Observer

Fig. 20-2

EXAMPLE 20.4. Under suitable conditions, which include controllability and ohservahility of the plant to be
controlled, a separation principle applics and the state feedback portion {matnix ) and ohserver portion (matrix
L) of a state fcedback control system (with ¥+ x) can be desipoed independently. A block diagram of the
combined systems is shown in Fig, 20-3.
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Fig. 20-3

We have omiited many details in this introductory material, and state feedback ¢ontrol systems are
often more complex than described above,

204 CONTROL SYSTEMS WITH RANDOM INPUTS

System stimuli often include random or otherwise “unknown” components. This means that input
functions may sometimes be more appropriately described probabilistically than deterministically. Such
excitations are called random processes, System disturbances » (Definition 2.21), llustrated in several
previous chapters, are sometimes represented by random process models in modern control theory and
practice.

A random process can be viewed as a function of two variables, ¢ and 7, where ¢ represents time
and 5 a random event. The value of 7 is determined by chance.

EXAMPLE 20.5. A pariicular random process is dencted by x{r, ). The random event 7 is the result of tossing
an unbiased coin; heads or tails appears with equal probability. We define

a unit step function if n = heads
a unit ramp function 1if 5 = tails

X(f,n)z{

Thus x(¢, n) consists of two simple funclions but is a random process because chance dictates which [unction
QCCLS.

In practice, random processes consist of an infinity of possible time functions, called realizations,
and we usually cannot describe them as explicitly as the one in Example 20.5. Instead, they must be
described, in a statistical sense, by averages over all possible functions of time. The performance criteria
discussed previously have all been rclated to specific inputs (e.g., K, is defined for a unit step input, M,
and ¢py for sine waves). But satisfaction of performance specifications defined for one input signal
does not necessarily guarantee satisfaction for others, Therefore, for a randem input, we cannot design
for a particular signal, such as step function, but must design for the statistical average of random input
signals.

EXAMPLE 20.6. The unit feedhack system in Fig. 20-4 is excited by a random process input » haviog an infinity
of possibilities. We want to determine compensation so that the error e is not excessive, There are an infinity of
possibilities for r and, therefore, for e. Hence we cannot ask that cach possible error satisfy given performance
criteria but only that average errors be small. For instance, we might ask that G, be chosen from the set of all
causal systems such that, as time goes to infinity, the statistical average of ¢?(1) docs not exceed some constant, or
is minimized.

Fig. 20-4
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The study of random processes in control systems, often called stochastic contrel theory, is an
advanced level subject in applied mathematics.

20.5 OPTIMAL CONTROL SYSTEMS

The design problems discussed in earlier chapters are, in an elementary sense, optimal control
problems. The classical measures of system performance such as steady state error, gain margin, and
phase margin are essentially criteria of optimality, and control system compensators are designed to
meei these requirements. In more general optimal conirol problems, the system measure of perfor-
mance, or performance index, 18 not fixed beforehand. Instead, compensation is chosen so that the
performance index is maximized ot minimized. The value of the performance index is unknown until
the completion of the optimization process.

In many problems, the performance index is a measure or function of the error ¢(r) between the
actual and ideal responses. It is formulated in terms of the design parameters chosen, to optimize the
performance index, subject 10 existing physical constraints.

EXAMPLE 20.7. For the sysiem illustrated in Fig. 20-5 we want to find a K = 0 such that the integral of the
squarc of the error ¢ 15 minimized when the input is a unit step function. Since e = e{¢) is not constant, but a
function of time, we can formulate this problem as follows: Choose K = 0 such that f{"e*(¢) ¢ is minimized, where

e(ty=9%¢" [

R — e Tsin(VE -1 -l 1
T30 K sin{yK—-1/+tan " 'VK—-1)

K-1

Fig. 20-5

The solutien may be obtained for K> 1 using conventional minimization techniques of integral calculus, as
follows:

K 2
f (= [ Ple sin(VK-T1r+tan~ YK—1) &
3

Integration yields

_ - Nre

Lmeztz)dﬁ(i)(e_h)[‘l cos(2YK - 14+ 2tan” 'YK -1 —tun 1(—v'ﬁ))]m

i

K cos{2tan YK~ L —tan"}{—vK - 1))}
Tak-n| T K
But
cos(2tan” 'YK =1 —tan"}(—VK- 1)) = ~cos 3K -1 =3cosyK—1 —doos’VK - 1
IK-4
KK
Therefore
® 3K~ 4\ K (K-1D(K+4) K+4
f e (1) dt= 1+ = z =
o aK=-1) K? 4K-1) K 4K
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The first derivative of [Fe’{r) dt with respect to K is given by
CK 44 1

d
K\ 4K | K2

"

Apparently, [Z¢’(t) di decreascs monotonically as K increases. Therefore the aptimal value of K is K = a0, which
is of course unrealizable, For this value of K,

4K | s

Note also that the natural frequency w, of the optimal system is w, = VK = oo and the damping ratio & =1/w, =0,
making it marginally stable. Therefore only a suboptimal (less than optimaly system can be pracically realized and
its design depends cn the specific application.

- (K+4y )
im [ eX(s) di = lim{ ]

K= v N— o

Typical optimal control problems, however, arc much more complex than this simplc example and
they require more sophisticated mathematical techniques for their solution. We do little more here than
mention their existence.

206 ADAPTIVE CONTROIL SYSTEMS

In some contrel systems, certain parameters are either not constant, or they vary in an unknown
manner. In Chapter 9 we illustrated one way of minimizing the effccts of such contingencies by
designing for minimum sensitivity. If, however, parameter variations are large or very rapid, it may be
desirable to design for the capability of continuously measuring them and changing the compensation
so that systern performance criteria are always satisfied. This is called adaptive controf design.

EXAMPLE 20.8. Figure 20-6 depicts an example block diagram of an adaptive control system. The parameters 4
and B of the plant are known to vary with time. The block labeled “Identification and Paramcier Adjustment”
continuously measures the input w(¢) and output ¢(¢) of the plant 10 identify (quantify) the parameters A and B.
In this manner, « and & of the lead compensator are modified by the ocutput of this element to satisfy svstem
specifications. The design of the 1dentification and Parameter Adjustment block is the major problem of adaptive
control, another subject requining advanced knowledge of applied mathematics,

|
TR ——
T s+a |« RS Ry €
) T3 45+ B

Lead

Compensation

Fig. 20-6
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)

ﬁ.',. Some Laplace Transform Pairs Useful
for Control Systems Analysis

F(s) £(5) 1> 0
1 8it) unit impulse
e © (-1 delayed impulse
l - el
s+a ¢
1 1 n-1 wi =1.2 3
va) (n—l)!" ) n=1123,...
1 1 [T} - _ N N
(s+a)(s~b) b=a )
* 1 ut b b
Gra)sh) a-plee ™
5+2| 1 —ail — hr
Gra)s=b) b_a[(z,—ale “ =z - blem ™}
1 e--ur @ hr 8_”
+ +
(s+a){(s+b)s+0) (b—a)(c—a) (c—b)le-t) (a—clb-c)
s+ 2 (z—a)e ™ {z; —b)e br (z,—c)e
- . . J— - + - +
{(sta)(s+b)(s+c} (b-a)(c—a) (c—b)a-b) (a-c)b-0)
m -
e sinwt
5
T CO8 wl
5+ 2 FEE T .
32+J2' i sin(wt + ¢) d=tan" (w/z)

F5ing + wcosd

3 sin(wr +¢)
L
1 1 ‘
P EECE] —e " sinwt
(s+a) +w w

436
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487

{s+a) +o

F{s) J t>0
! Vo ters o
—_— —€ " BII Gy f =]l —
74 2t s ol @ ¢ L
s+ta
e “"coswt

.'i'+Zl

(s+4a) +

[z — a} + o
u——ie “sin{wt b}
(A

1
- 1t} vnit step
3
1
-e He—T) delayed step
5
1
(1 e T 1y - 1e—T) rectangular pulse
s
1 1
— l._ - uf
s{s+a) u( e
1 1 be “  ae ™
—_ —|1l- +
s(s+a)(s+h) ab b-a b-a,
s+ 0z ( b(z,—a)e"”+a(:1—h)e ”")
PR e S il -
s{s+a)s+b) ab( ' b-a b—a
——-—1 1
. — (1 — coswe
s{s” +w') w‘( @0
s+ 2z 25 zlz+{..12 N ‘ _1( )
—— 5= — - cos { w! = tan z
s(st +wt) w w? (i +¢) ¢ w/%
1 1
1 — - e ™ sin{w, s+ ¢)
ol

s(57 + 28w, + w7)

"

W, 00,

w,= {.\Jnf]. - {2 d=cos™ 't
1
- — (I — e ® — qre™ %)
s{s+a) 22
s+
— —lz, —ze “Hala—z e ¥
s(s+a)y a
1
2 f unit ramp
1
: —f{ar—1+e ¥
s*(s+a) 7( )
1 I"_l
— on=L23... | gm—s or=1
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3 Some z-Transform Pairs Usetul
for Control Systems Analysis

Fiz) kth term of time sequence f(k), k=01,2,...

2 F 1at &k, 0 elsewhere

(Kronecker delta sequence)

F4
o — e ahT
Te "'z

- kTe 7
(e Ty
T "Tz{z+e T .
( — ) (kr);e -akT
(Z e ca?}'

2" (k+1)(k+2)-~(k+n—1}‘4k
(z-A)" {a-1}!

{ A is any complex number)
. : i 1 {unit step sequence)
Tz .
— kT (unit ramp sequence)
{(z—1)
T z{z+1)
S (kT?
{z—1)

z" (k+1)(k+2)---(k+r-1)
(z-1)" (n=1)!
rsinw? .

S smnwkT
- —2zeoswl+ 1
z{z — coswT)
-, S cos wkT
- = 2rcoswl +1
wl o
e sinwT
e "M GnwkT

hd
27 =2ze “TeoswT+e 277

{z—e “TcoswT)

2T 270 “TooswF - e 27T e T eoswkT
1 Dior k=0
o N+ BY 1
(Z_U)(Z—b) __ug(ak.-I_bk—i) for k>0
a—
: k_bk
(z-a)(z-b) il Y
Hl-a) -
-a
(z-1}{z-a)
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Appendix C

SAMPLE Screens From
The Companion Interactive Outline

As described on the back cover, this book has a companion Interactive Schaum’s Outiine using
Mathcad® which is designed to help you leam the subject matter more quickly and effectively. The
Interactive Outline uses the LIVE-MATH environment of Mathcad technical calculation software to give you
on-screen access to approximately 100 representative solved problems from this book, along with summaries
of key theoretical points and electronic cross-referencing and hyperlinking. The following pages reproduce a
representative  sample of screens from the Interactive Outline and will help you understand the powerful
capahilities of this electronic leamning tool. Compare these screens with the associated solved problems from
this book (the correspoading page numbers are listed at the start of each problem) to see how one

complements the other.

In the Inreraciive Schawm's Chuiline, you'll find all related text, diagrams, and equations for a particular
solved problem together on your computer screen. As you can see on the following pages, all the math
appears in familiar notation, including units. The format differences you may notice between the printed
Schaum's Gurline and the fnieracrive Ouiline are designed to encourage your interaction with the material or

show vou alternate ways to solve challenging problems.

As you view the following pages, keep in mind that every number, formula, and graph shown is
campletely interactive when viewed on the computer screen. You can change the starting parameters of a
problem and watch as new output graphs are calculated before your eyes; you can change any equation and
immediately see the effect of the numerical calculations on the solution. Every equation, graph, and number
you see is available for experimentation. Each adapted solved problem becomes a worksheet you can modify
to solve dozens of related problems. The companion Interactive Outline thus will help you to learn and retain
the material taught in this book more effectively and can also serve as a working problem-solving 1ool.

The Mathcad icon shown on the right is printed throughout this Schawm’s Outline, indicating % !

which problems are included in the Interactive Outline. Mathcad

For more information about system requirements and the availahility of titles in Schawmn's Interactive

Outline Series, please see the back cover.

Mathcad is a registered trademark of MathSoft, Inc.
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Stability of Discrete-Time Systems
(Schaum's Feedback and Control Systems, 2nd ed., Solved Problem 5.22, pp. 124 - 125}

Statement

System
Parametars

Solution

Is the systern with the following characteristic equation stable?

z4+2‘z3+ 320 z+ 1.0=0

In this preblem, a numerical root-finding method is used which is justified
in detail in Appendix D. For now, you may want to just follow along, and
concentrate on the stability question. Create a vector ¢f the polynomial
coefficients, up to the n - 1 power in the equation, starting with the
zaroth-order term.

1.0] 1.0
coeff O z
3 i 22
L2 s
Coefficient of the nth power term: A -1

Find the number of coefficients in the vector, and create a subdiagonal
matrix of ones.

n = 0. length(coeff) - 2 CnHrn"—l
0 00
1 0 0 This is the subdiagonal matrix. For more
C=! information on the range variables angd matrix
101 functions used here, see A Mathcad Tutorial.
{ 001

Solve for the eigenvalues of the matrix constructed from € and the
coefficient vector. These are the roots of the equation.

Z -eigenvals (augmcnt(c .- Eij )
A

!
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The roots of the equation are

0.043 + 0.641i
-0.043 - 0.641i
0957 + 1.22%
|-0.957 - 1.227i

tn order to graph these solutions, index them with a range variable:
1 =0._length(Z) - 1
Since this is a discrete-time system, the stability requirement is that

the roots lie inside the unit circle. This will be graphed parametrically
using sines and cosines, so define the range for 6.

g -0,0.1'n..2'n

The Z-plare diagram for this system is

RT

N
Y,

X roots
™ Real axis

Because not all the roots are inside the unit circle, the system is unstable.
You should take time to carefully examine the numerical root-finding
technigue shown here; it will be used throughou! this Electrenic Book.

Also, try changing the numbers in the vector of coefficients, coeff. See
what sorts of discrete-time systems are stable. Can you find one? Can
you find one that's marginally stable? What happens when you change the
coefficient of the nth term, A?
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Lag Compensator
(Schaum's Feedback and Control Systems, 2nd ed., Solved Problems 6.13 and 6.16,
pp- 138 and 139)

Statement {a) Derive the transfer function of the R-C network implementation of the lag
compensator shown in the figure below. (b} Derive the transfer function of two
simple lag networks connected in cascade,

System +°—__"W“W“__r"_°+ .
£} ¢h
Parameters /"'T“\ C onm

K. WF=10"° farad

[

In order to graph the results, we use the following specific circuit element
values, which are defined globally with the graphs below.

R | =200 R 5 =50+Q C =25UF

Solution Kirchhoft's voltage iaw and constitutive relationships (Ohm's law) for the loop
yield the equation

t
Clo

(a) assuming zero initial conditions. Taking the Laplace transtform of these two
equations results in the equation

b
R R - s=V A5
prR2E C-S,] s i

Notice that this is the same expression which would have resulted if we
used the expression 1/{Ce8) for the impedance of the capacitor in

Kirchhoff's voltage law. Since the transfer function is the ratio of the output
to the input, find P s (8} = Vg{siV(s):

i
vV =R — -1
0( 2+C-S) {s)
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This gives

Compare this to the definition of a lag compensator given in Chapter 6. Here,

I |
e — .
™
(Rl g-RLl‘c R,C

where -a is the pole of the system. To graph the frequency response, define
a suitabie range for w.

By changing the valuas of circuit elements beiow, examine their effect on the
characteristics of the frequency response curves shown in the figures.

R l'—200-Q RE-'SU‘Q C=25uF
Magnitude Phase
| 0 = —
20
PLaGl )| o5 w3 (P LaGh -0))
| | deg
T —40H
¥ 10 100 1ooci1ot R 10 100 1o01°10*
(1}] w

Notice that these graphs are in semilog scale. We can see that this is a lag
coempensator from the graph of the phase: the response lags the input for all
frequencies. It is possible to examine the simple lag network by setting Rg

equal to zero.
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{b) Suppose we examine the sltuation in which two simple lag
networks are connected in cascade,

R S
: T T

Using a voitage divider and the Laplace transform expression for the
impedances,

simplifies to

Vi(RyCyst )

Vo=
2
2
s“R|-C 1 RpCoyt (R]Cl :R5Cy R 1-C2)~5+-1

Using a second voltage divider, we obtain

1
Coys hi
V0= 2 - 2
Ryt (RpCys+ 1)
Cz'S

Va

which, after expansion, becomes

Vi

V = _ - .
0
SR{-CRyCy+ (RyC +RyCos Ry-Colstl
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The expression for V; resiilts in the transfer function

P(s) =— !

2 ¢

Experiment with the two capacitor values tc see their eftect on the lag
compensator output.

C 1% 25-uF C 2'_2ll-pF
Magnitude Phase
| =y 0 e
ws(p(; o) |
P(U -I’.IJ} 05 H 'HE E.. E__JI_ 1004
~ deg
0 -2 ' -200 | | il 111 .
1 10 100 100C1*10 | 10 100 1001*10
w

w
Compare the single-stage and two-stage simple lag compensators:

. t
Psingle(s) '__(_li- [ Cos e 1j

"

: 1
P doublcts) = 5 - - e —
s R 1‘C ].RZ-C2+ |\R ].C 1 ;—RIC 5 R l'CZ,-"SJF 1

The second-ordert pole on the two-stage compensator greatly increases the
amount of lag achieved in phase. Think about how you would use this
information to best implement a compensator. Is the two-stage system
stable? What would you do if you wished to add lag to a circuit operating at

higher frequencies {notice that the response is almost zero at 1000
rad/sec)?
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Frequency vs. Time-Domain Specifications
(Schaum’s Feedback and Control Systemns, 2nd ed., Example Problems 10.2 and 10.3,
pp- 233 - 235)

Statement Using the second order system shown first in Chapter 3, compare the
freqguency and time-domain specifications and plots.

System rad
W, =100" =0.2 dB —1
Parameters n sec 6
(These parameters are defined globally next to the graphs at the end of the
problem, 59 you may experiment with them and watch the change in the
graphs simultanecusly.)
Solytion Beginning with the frequency-domain, examine the resonant peak, the cutoft

frequency, and the bandwidth. The equation for the magnitude of the impulse
rasponse of the canonical second-order system is

w
n
Y[S} e -
2 2
s +2Co s+

The magnitude of the response, in dB, is

MAG(®) = 20log( | Y(j -w}|)

To find the peak value, take the derivative, as was done in Chapter 19.

d . - . Wy \
D(w) =—|Y(j ‘@) Guess:  =ifl[{i>5,— .0,
dw 2 /

Find the frequency at which the derivative is zero.

o | = | root(D{®) , w)| mp=95.';:15-5‘-"-°-l
P sec

Check: D(m p) =8.93810 ° *sec

This is very close to zero, 50 ©p is a good approximation of the resonant
frequency.
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The magnitude of the resonance peak is given by
Mp-:|Y(j -mp)' M =2552

The magnitude of the peak could be used to calculate the bandwidth, but
since this is a lowpass systam, it's probably best to base the bandwidth
calculation on the valua of the transfar function at de.

In this case,
’Y(U-Eg)’ =1 ar, in decibels, MAG({}-EQ) =0-dB
5¢C SeC
]
ez
o, = oo |Y( ‘o) - /e W, =150958 ™4

c JE sec
Check:  MAG(w ) =-3.01

which corresponds, as we expect, to a 3 decibel drop. The bandwidth is equal
to the cutoff frequency, in this casa, since the first cutoff frequency is zero.

The time-domain output of the system is

5 u)n‘c"
wymw 4l -8 envelope(t) @ ——

g
y(t} =1 - envelope(t}-sin| @ yt+ atan
o,

In the time-domain, examine the overshoot and the dominant time constant.
The dominant time constant is given by inspectian of the sclution, from which
you can see that the transient response is the decaying exponentiat. The
time constant is the multiplier in this exponential, described as the function
envelope{t} above.

1 =0.05"sec
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The overshoot, as defined in Chapter 10, is the maximum difference between
the transient and steady state solutions for a unit step input. We can find this
value using derivatives and the root function, as above:

D{t) 3:d—Y(i) Guess: t - ©
dt w4

Find the time at which the derivative is zero.
1os =root( I t), 1) las =0.032sec

The value at this point is
value ::y(t OS) value = 1.527

The steady-state value is approximately the value after 5 time constants:
F —¥(51) F =0.995

So the overshoot is
overshoot = F- value

Now plot both the time and the frequency response, and display the various
specifications on the graphs with markers.

Create a time scale: t.=Osec, 1.4

To evenly space points on a logarithmic scale, use the following definitions to
create the frequency range.

number of points: N =100 i =0.N- 1
Olwg) 4

step size: r:=log| - —
2w, (N

range variable: @ 2.0, 10"

1
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10
||
MAG(mi) -—-——1-‘“"'1":/_ -bo-dB
dB ||
43.dB
Change -
L DOG
these: ! o 100
d “
Ta
o2 100725
SCC
=2
k|
tos T
1+ eavelope(t) R --: -_-IL- e e e s I B T value
1 — envelopet) | ' ' — e
. . _v _______________ 1-.37-R
¥y R .
-1
0 0.125 (.25

Experiment with the values of the natural frequency and the damping ratio
defined next to the graphs. As always, the accuracy of the answers you get
will depend somewhat on the guess value you chaose for the root-finding
routines. An effert has been made to build a guess which works far most
values, but be careful to check that answers make physical sense. You may
need to adjust the guess in socme extreme cases.

What happens to the various specifications as the damping ratio changes?
What about the natural frequency? What does this tell you in terms of
systern design?
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Nyquist Analysis of Time-Delayed Systems
(Schaum's Feedback and Control Systems, 2nd ed., Supplementary Problem 11.80, p. 296)

Statement Plot the Nyquist diagram fer the following for time delayed GH{s) shown below
e-N
System GH(s) - —
Parameters s(s+ 1)
Solution Parametrize the path in the s-plane in four pieces;
Number of points per segment: n - 500 m-0.n
Small deviation around pole: ¢ =2

Radius of semicircle in the g-plane;: R =100

Draw a semicircle around the pole on the jw-axis.

Draw a line on the jw-axis from small radius p to large radius R.

[ ™R-p)

n

‘P

n+m

1
|
J

Draw a semicircle of radius R.

. nim =N
i (_ .+E)
5 - Ree "

2n+m

Draw a line on the jw-axis from large radius R tc small radius p.

. m-(R- p) |

S"-n{m:‘]IRm.—".R-|

_ N
Close the path and index it: S Sgn k.=0.4n
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Here is the Nyquist diagram for this system. Each part of the path above is
mapped with a different line type (solid, dashed, etc.).

Imaginary GH{s) T

~6

Real GH(s)

Here's an expanded view of the cantral structure:

() é@

EIS)

The time delay introduces a diminishing spiral to the Nyquist plot of the
open-loop transfer function, which spirals in with increasing frequency along
the Nyquist path, and back out as the Nyquist path frequency retums to
zero. This spiral is superimposed upon the familiar structure you've seen
before for a type 1 system in Chapter 11.
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Gain Factor Compensation Using the Root Locus Method
(Schaum's Feedback and Control Systems, 2nd ed., Solved Problem 14.1, p. 354)

Statement

System
Parameters

Solution

Betermine the value of the gain factor K for which the system with the
open-loop transfer function GH(s} below has closed loop peles with a
damping ratio of {.

GH(s.K) = —— 2

s(s+4)(s+ 2)

The closed loop poles will have a damping ratio of § when they make an angle
of 6 degrees with the negative real axis, where @ is defined below.

0 ¢ - acos(tmq)
0 ¢ =60~deg

We need the value of K at which the root-logus crosses the £ line in the
s-plane, Do this graphicaily and analytically in order to verify the answer.
Refer to Chapter 13 to review how to plot reot-loci in Mathcad.

___Kk
s{s+4)(s+ 2}
X
s(s+4)(s+2)

C._GH(s)

R 1+ GH(s)

C_
ar, E_
I+

Load the Symbolic Processor from the Symbolle menu. Then, select the
expanded equation for C/R above, and choose Simplify from the Symbolic
ment. This produces the expression for the system characteristic equation

{Chapter 6} in the denominator:

Co K
R (33 + 68485 K)

2 2 - -
S+ 658 +Rsy Ki-O NOM oo 3
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Solving for the roots of this equation, as shown in Appendix D,

j=0.um oo -2 g
-K
coeff(K) =[-8 k=0.num . -1
-6
i:=0..500 K =L
' 10

RV = eigenva]s(augmenl(C,coeff(Ki)j)

The graph of the £ line i simply a graph of a line with a slope of 8 degrees,
where the angie was found above. Plot that line by defining x and y(x) and
including them on the root-locus plot.

x - 2.5,-24.0 y(x) -:m(-BO-x
p =75 Kp=7.5

Change p to see the direction in which the root locus moves with change in
gain. This moves the bhoxes on the trace.

6
5\

4 N
MRy ) 2 /
lm(Rk‘p) X
=)
w0 \

N \

—4

-3 -5 -4 -2 0 2

Re(Ry ) Re(R, }.x
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If you change the value of p so that cne of the boxes moves onto the
intersection point of the loci and the damping line, you'll find an appreximate
value for the desired gain factor, K. You can graphically read the value of s

at which the intersection cccurs. Use these values as starting guesses for
a Solve Block:

s = 05+08 K =75

Use the three constraints on the values of s and K:

Given

arp{s)y=n- 4 damping ratic constraint

arg(GH(s,K))=-1-n angle constraint (Chapter 13)

|GH(s,K){=1 magnitude constraint (Chapter 13}
[s) s} [-0.667 + 1.155i
L J'—-Fmd(s,K) -
K K 8.296

Check the solution:

arg(s) = 120+deg - 9§=120'deg
arg(GH(s.K)) =-1'x
|GH(s . K)| =1

You should try changing the required value of the damping ratio to see
the way the required gain compensation changes. If you do this,
remember that you may have to change the guess values for s and K to
get a correct answer from the Solve Block above. See A Mathcad
Tutorial for more infarmation on Solve Blocks.
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transformation, 119. 236, 377, 395
binary signal, 5
biclogical control systems, 2, 3, 7. 10,13, 27, 28. 32, 33, 35,
37,59, 146, 176
block, 15
block diagram, 15, 23, 154
reduction, 160, 164, 170, 187, 199
trapsformations, [36, [66
bleod pressure control system, 32
Bode
analysis, 364
analysis and design of discrete-time systems, 177, 395
design, 387
form, 365, 379
gain, 3635, 379, 387
magnitude ploy, 364
phase angle plot, 364
plots, 364, 379, 387
sensitivity, 209
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branch, 174
breakaway points, 322, 134

calibrate, 3
cancellation compensation, 344
canonical (form) feedback system. 156, 164
cascade compensation, 235
Cauchy’s integral law, 134
causal system, 45, 57, 73, 148
causality, 57, 73
cause-and-effect, 4
center of asympiotes, 322
characleristic equation, 42, 52, 62, 156, 184, 319
distinct roots, 43
repeated roots, 43
characteristic polynomial, 42, 62, R0, B], 128, 132
classification of control systems. 214, 224
clased contour, 248
clased-loop, 3, 9
frequency response, 376, 384, 419, 429
poles, 327, 329
transfer function, 155, 156, 326, 339
cofactor, 53
cofleemaker contral system, 12
command, 1, 21
compensation
active, 236
cancellation, 344, 355
cascade, 235
feedback. 235, 353, 350, 408
gain factar, 299, 301, 310, 343, 354, 187, 399. 413, 434,
444
lag. 304, 345, 392, 402, 433
lag-lead, 306, 311, 393, 405, 440
lead, 302, 311, 345, 388, 199, 435
magnitude, 345, 357
passive, 234
phase, 344, 356, 447
tachometric. 312
compensalors, analog and digiral
derivative { D), 312
mmegral (1, 22
lag. L30, 133, 138, 139, 314, 392, 43%
fag-lead, 130, 138, 393, 440
lead, 129, [32, 137, 210, 188, 435
PID, 22, 130, 0%
proportional (P), 22
complex
coavolution, 76, 102
form, 250
function, 246
plane, 95
translation, 76
component, 15
compound interest, 12, 19
computer-aided-design (CAD), 236
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computer controlled system, 20, 35
conditional stabitiry, 301
conformal mapping. 249, 272
comjugate symmetry, 252
continued [raction stability criterion, 117, 123
continuous-time (-data)

control system, 5

signal, 4
contour imegral, 75, 87
control, 1

action, 3, Y

algorithms (laws), 22, 469

ratio, 158

signal, 17

subsystem, 2

system, 1

syslemn engineering problem, é

system models, 6
controllability, 450

matnx, 480
controllable, 480
coptrolled

output, 17

system, 17

variable, 4
controliers, 22 (yvee ulso compensators, compensation)
convelution

intcgral, 4%, 56, 72, 76

sum, 53, 70, B7
cornet frequency, 369
cutoff

frequency, 232

rate, 233

D /A converter, 20, 38
damped natural frequency, 48, 98
damping

cocfficient, 48

ratio, 48, 98, 164, 329, 34
data held, 19
db magnitude, 364
db magnitude-phase angle plots, 411, 421
dc

gain, 130, 132

mput, 133

moelor, 143
deadbeat

response, 239, 355, 162

system. 239, 362
dead zone, 467
decibel, 232
degree of a polynomial, 267
delay iime, 232, 234
departure angles, 323, 335
derivalive controller, 22
Descartes’ rule of signs, 93, 107
describing functions, 466, 476
design

by analysis, &, 236

Bode, 387, 395

methods, 236

Nichals, 433, 441

Nyquist, 299

objectives, 231

point, 352, 35%
root-locus, 343
by synthesis, 6, 236
determinant, 33
differerce equations, 39, 51, 54, 69
differential equations, 39
linear, 41, 57, 62
nonlinear, 41, 62, 457
ordinary, 40
solutions, 44, 51, 65, 91, 104
time-invariant, 40, 61, 458
time-vanable {time-varving), 40, 61
differential operator, 42
diffusion equation, 19
digital
data, 4
filter, 20
lag compensaltos, 133, 314, 347
Jead compensator, 132, 315, 3l6
signnal (data), 4, 18
digital control sysiem, 5
digital-to-analog converter, 20, 18
dipale, 345
discrete-time {digital) data
signal, 4
vontrol syster, §
discrete-time {digital) system “integrators,” 254
discretization of differential equations. 55
disturbance, 21, 483
dominant pole-zero approximations, 348, 154, 358
dominant time constant, 234, 305, 306, 419

cconomic control systems, 10, 12, 13, 175
element, 15
emitter lollower, 33
enclosed, 248, 274
entire functions, 266
equalizers, 235
error
detector, 21
ratio, L38
signal, 18, 434
error constants, 218, 225
acceleration, 217, 227
parabelic, 219, 227
position, 216, 127
ramp, 216, 218, 227
step, 218, 227
velecity, 216, 227
Euler form, 25¢
expenmental [requency response data, 246, 231, 277
exponential order, 86
external disturbances, 2, 4

Faraday's law, 57

feedback, 3. 4, 9, 481
characteristics, 4
compensation, 235, 153, 481
loop. 182
path, 17, 182
potentiometer, 29
transfer function, 156

feedforward, 17

fictitious sampler, 134, 244



Final Value Theorem, 76, 88, 132
first-order hold, 152
forced response, 45, 66, 70, 80, 81, 91
forward

path, 17, 182

transfer function, 156
free response, 44, 66, 70, 80, 81, 91
frequency

corner, 369

cunoff, 232

damped natural, 48, 93

gain crossover, 231, 263, 416

phase erossover, 231, 262, 416

scaling, 76, 77

undamped natural, 48, 98
frequency-domain specifications, 231

methods for nonlinear systems, 466, 476
frequency response, 130, 133

conlinuous time, 130, 141

discrete-lime, 133, 142

methods for ponlinear sysiems, 466, 476
fundamental ser, 43, 52, 63, 73
fundamental theorem of algebra, 42, 83
furnace, 2

gain, 131, 133, 182

crossover frequency, 231, 263, 416

margin, 231, 241, 262, 328, 340, 375, 384, 186, 416, 425
gain factor, 129

compensation, 299, 310, 343, 387, 399, 433, 434, 444
general inpul-output gain formula, 184, 194
generalized Nyquist paths, 254
generator {electricaly, 7
generic transfer function, 251
graphical evaluation of residues, 96
gyroscope, 145

heading, 3

heater control, 2, 5

hoid, 19, 80, 134

homogencous differential equation, 42, 43, 44
hormone control systems, 33, 35

Horner’s method, 91, 107

Hurwitz stability criterion, 116, 122

hybrid control systerns, 5

hysteresis, 34, 467, 473

I-controller, 22
impulse train, 60
independent variahle, 4
initial
conditions, 44
value problem, 44, 51
initial value theorem, 76, 88
input, 2
node, 181
input-output gain formula, 184
insensitive, 209
instability, 4
integral controller, 22
intersample ripple, 240
inverse
Laplace transform, 75, 100, 107
z-transform, §7

INDEX

Tury
array, 118, 125
test, 118, 125

Kepler's Laws, 58
Kirchhoff's Laws, 58, 111, 183
Kronecker delta
respanse, 53, 91, 132, 142
sequence, 53, 89

lag
compensation, 304, 345
compensator, 130, 133, 392, 438
continuous, 130
digital, 133, 314

lag-lead compensator, 136, 306, 393, 447

Laplace transform, 74, 99, 486
properties, 75, 100
tables, 78, 486
lateral inhibition, 59
law of supply and demand, 10, 175
lead compensation, 302, 345

lead compensator, 129, 132, 345, 388, 435

continuous, 129

digital, 132, 315
left-half-plane, 96
liftbridge control system, 13
lighting control systern, 11, 31
Lin-Bairstow method, 94, 103
linear

differential equations, 41. 57, 62

equation, 41

system, 56

systern solutions, 65, 79

term, 41

transformation, 56, 75, 87
linearity, 56, 71
linearization

of nonlinear digital systems, 45§

of nonlinear equations, 457, 469
linearly dependent, 42, 481
linearly independent, 42, 63, 481
leading effects, 29, 153, 164, 187, 198
logarithmic scales, 364
laop gaim, 182
Lyapunov function, 464

Lyapunov's stability crilerion, 463, 474. 479

magnitude, 250
compensation, 345
criterion, 121

manipulated variable, 17

mapping, 247, 249, 266

marginally stable, 114

matrix exponential function, 51, 69

M-circles, 263, 290, 301

microprocessor, 18

MIMO, 2t
system, 50, 55, 167

minimum phase, 129

murroer, 1

mixed continuous/discrete systems, 134, 155

modulated signal, &0
multiinput-multioutput, 21, 30, 55, 171
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multiple inputs, 159, 167 performance specifications, 231, 484
multiple-valued function, 271 frequency-domain, 231
multiplication rule, 181 steady state, 234

multivanable system, 21 time-domain, 234

transient, 234, 484
perspiration control system, 2
perturbation equations, 457, 470
phase
angle, 250
compensation, 3d4
crossover frequency, 231, 262, 416
margin, 231, 241, 263, 328, 340, 375, 384, 386, 416, 425
plane, 438, 459, 572

N-cirches, 263, 290

negative encirclement, 249

negalive feedback, 18, 156
system, 156

Newton's methad, 94, 108

Newton's second law, 39

Nichols chart. 417, 419, 426

design, 433 hotocel]l detector, 1]
design of discrete-time systems, 443 pho che ¢ ec- g
e physically realizable, 57
] ogc i‘.rt} PI controller, 22

PIDy controller, 22, 130, 308
piecewise-continuous, 19
piecewise-linearization, 454, 469
pilot, 3
plani, 17
point design, 352, 359
pointing {(directional} control system, 2
polar form, 250
Polar Plod, 250, 276, 291

properties, 252, 276

noise input, 2, 21
nominal transfer function, 208
nonlinear
control systems, 453
differential system {of equations), 437
equalien, 41
output equations, 457
nth-order differential operator, 42
number of loci, 121
Nyquist

analysis, 246 poles, 95
design, 299 pole-zero map. 95, 109
> polynomial

Path, 253, 279, 287, 297

Stability Criterion, 260, 286

Stability Plots for continuous systems, 256, 279
Srability Plots for discrete-time (digital) systems, 259

factoring, 93, 330
functions, 93, 267, 330
Popov's Siability Criterion, 468

posilion
error constant, 215, 227
observability, 480 servomechanism, 22, 2%
matrix, 430 positive
observable, 480 definite matrix, 465
observer design matnix, 482 direction, 248
Ohm’s law, 319 encirclement, 248
on-off controller, 22, 34, 460 feedback, 18, 156
open-loop, 3, 9 feedback system, 156
frequency response function, 231, 232, 25t power sleering, 22
tratisfer function, 156, 231 prediction, 73
optimal conlrol systems, 460, 484 primary
order, 44 feedback ratio, 156
ordinary differential equation. 40 feedback signal. 18, 154
oscillation, 4 principle
ouwpat, 2 of arguments, 249, 273
rode, 182 of superpasition, 56, 72
sensitivity, 213 process, 17
oven temperature control, 12, 35 proportional controller, 22
overshoot, 49, 69, 214 Pis}-plane, 247

Ffz)-plane, 247

parabolic error constant, 219 pulse transfer function, 147

partial
differential equation, 40 radar controlled systems, 13
fraction expansion, 83, 83, 90, 105 radius of convergence, 86

path, 181 ramp error constani, 218
gain, 182 random

P-controller, 22 evenl, 483

PI} controller, 22 inpuis, 483

pendulum equations, 455 processes, 483

performance index, 484 rational (algebraic) functions, 81, 83, 89, 95, 96, 268
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real singularity functions, 47, 67
function, 246 sink, 182
variable, 246 sinusoidal transfer funclion, 246, 251
realizations, 483 5180, 16
reclangular form, 251 source, 181
reference input, 17 speed control system, 30
refrigeration control, 12 s-plane, 247
regulate, 1 Spring-mass system equations, 454
regulaumg, system, 23, 36 stability, 114, 464
regulator, 23 asymptotic, 464
relative stability, 114, 262, 289, 175, 3184, 416 continued fraction, 117, 123
residues, 84 criteria, 114, 463
graphical evaluation of, %6, 109, 140 Hurwitz, 116, 122
resonance peak, 233, 264 Jury test, 118, 125
nght-half-plane, 96 Lyapunov, 463, 479
rise time, 234, 242 marginal, 114
R-L-C networks, 36 Popov, 468
robust, 213 relative, (14
robusiness, 213 Routh, 115,121, 126
root-locus stare
analysis, 319 estimator, 482
consiruction, 324 feedback control design, 451
design, 343 observer, 482
roots, 42 space, 480
distinct, 43 variable representations (models), 50, 54, 55, 69, 457,
of polynomials, 93 464, 430
repeated, 43 vector, 50, 58
Routh Saability Criterion, 115, 12} vector solutions, 51, §5
Routh 1able, 121 steady state
rudder posilion conirol system, 13 errors, 225, 229

response, 46, 54
step crror constant. 2138
stimulus, 21
stochastic control theory, 484
stock macket investment control system, 12
subopiimal, 485
subsystera, 2
summing point, 13, 27
superposition, 56, 71, 159
switch {electric), 2, 26
switching curve, 461
Sylvester's theorem, 465

sampled-data control systems, 5, 36
sampled-data signal, 4, 19, 149
samplers, 18, 60, 112, 147, 155, 173, 177
samplers in control systems, 112, 147, 155,173, 177
sampling theorem, 233

satellite equations, 58, 454, 471
saturation function, 454

screening property, 47

second-order systems, 48, 68, 98, 110
self-loop, 182

sensitivity, 208

ctosed loop, 211, 407 system. 1
coefficient, 211
frequency response. 208, 221, 407 tachometer
normalized, 209 feedback, 165
open-loop, 211 transfer function, 144
output, 213 takeoff point, 16
relative, 209 Taylot series approximations, 455, 470
titne-domain, 213, 223 temperature contro] system, 5, 27, 34
transfer function, 208, 221 term, 40
separation principle, 482 test input, 21
servoamplifier, 29 thermostat, 2, 5, 27, 34
servomechanisms, 22, 29, 35 thermostatically conirolled system, 5
servomotor, 29 time
setpoint, 2, 6, 23 constant, 48
settling time, 234 delay, 73, 76, 126, 246, 284
shift operator, 52 response, 21, 130, 139
shift theorem. 88, 112 scaling, 76, 102
signal flow graphs, 179. 189 time domain
simple hold, 19 design, 481
singular point, 248, 464 response, 1, 55, 91, 104, 326, 339

singularity, 248 specifications, 234



512

time-invariant equations, 40, 458
time-variable (time-varying) equations, 40
toaster, 3, 35
toilet tank control system (WC), 11, 28 -
total response, 46, 54, 65, 67
traffic control system, 10, 31
trajectory, 459
transducers, 21, 35
transier functions, 128
continuous-time, 128, 135, 136
derivative of, 247
discrete-time, 132
feedback, 156
forward, 156
loop, 156
open-leop, 156
transform
inverse Laplace, 75
inverse z-, 87
Laplace, 74
-, 86
transformation, 247
transien! response, 46, 54
trapsition
matrix. 51
property, 51
translation mapping. 266
Lransmission
function, 179
rule, 180
type { system, 215

undamped natural {requency, 48, 98

unified open-loop frequency response funciion, 234, 251

uniform sampling, 233
unit ¢ircle, 117, 255, 3139
unit impulse
function, 47, 67
response, 48, 67, RS

INDEX

unit ramp
Function, 47, 68
response, 48, 68
unit step
function, 47, 68
response, 48, 68
unity
feedback systems, 158, 167, 301, 434
operator, 52
unobservable, 480
unstable, 114

valve control system, 29, 36
variation of parameters method, 70
vectof-matrix nolaton, 59, 69, 82
velociy
error conslant, 214
servomechanism, 30
voltage divider, 9

washing machine control systems, 7. §
weighting
function, 45, 36, 57
sequence, 53, 57, 70
Wronskian, 63
w-transform, 119, 236, 243, 177, 443, 450
design, 136, 377, 443, 450

zerc-order hold, 19, 60, 134, 147, 150, 151
zeT08, 95
z-plane, 247
z-transform, 86
inverse. 87, 92
properties of, §7
tables, 89, 488
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