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Npeancnosue pegakTopa nepesoga

ITosiBnenue moHorpadun «JokazarenbcrBa n3 KHurn», Ha MOM B3IUISI,
SIBJISIETCS BBLOAIOLIIUMCS COOBITHEM: PENKO ObIBaeT, YTOOBl MaTEeMATHIeCKasl
kuura (He yueGHuK!) 3a 5 jner BbimepxKana 3 um3ganuss. Maptun Airsep u
[ronTep Ilurnep, OCHOBBIBAsCh HA MPEIJIOKEHUIX M peKoMeHaammsax [laymns
Opzéura, cobpair MHOTO 3aMeYaTeNbHBIX U YAUBATENbHBIX DE3YJILTATOB U3
pasIuuHbIX obnacTelf MaTeMaTWKH (TEOPUM YHCEJ, [EOMETPHHM, aHAIU3a,
KOMOMHATOPUKH, Teopuu rpadoB) U CyMenu ¢ GJIECKOM HU3JOXKUTL UX
NOJIHBIE, HO KPATKHE JOKA3aTe/IbCTBa, KOTOPbIE HCIIOIb3YIOT HEOXKUIAHHbIE
COYeTaHNsl DPAa3HODOINHBIX HAel. TeKCT yIaYHO MONMOJNHSIOT CO BKYCOM
oNoOpaHHbIE U CIELHANbHO IJIs 9TOX KHUCH CHEJAaHHBIE DUCYHKH.

B uem-To amanoramu «JlokazsatenbcTB u3 KHuru» OBbLIM 3HaAMEHHUTBIE
«Yucna u purypsl» Panemaxepa u Temnuna, a Tak:Ke HEKOTOPhIE KHUTY U3
uznasasiueiicss B CCCP cepun «Bubiamoreka MaTeMaTH4ecKOro Kpy»KKay.
OpHako B oTimyme OT HHMX Heab <«JloKasarenbcTB u3 KHurm» — He
CTOJIbKO H3JIOXKUTh KAKHE-TO YaCTH MaTeMaTHU4eCKHX TEeOPHUi, CKOJBKO
MpPEeIOCTaBUTh YUTATENIO BOBMOXKHOCTb HACIAAUTHLCS U3AIIECTBOM MaTeMa-
THYECKUX PACCyXKJIeHMi U MOYYBCTBOBATh €IUHCTBO 06/1aCTel MaTEMATUKH,
KaXKyIIuXcs JaJleKUMu Ipyr ot gpyra. Kpome toro, «/lokazarenncTBa u3
Kuuru» uHTEpecHBHI Uil 6cer JIobuTeNell MaTeMaTUKW, B TOM YHC/e JJIs
YBJIEYEHHBIX €10 IIKOJIbHIKOB (XOTS JOKa3aTe/IbCTBa B KHUT'E YaCTO CJIOXKHEe
peLIeHn OMMMINAIHBIX 33,184 B TPeBYIOT Gosblne 3HAHUHA), AJIs CTYAEHTOB,
ACIMPAHTOB, IIPEOJABATENEN U AJIsT MATEMATUKOB-IIpodeccuonasoB. C aToi
TOYKM 3PEHHUSI OHA HE MMEET aHAJIOTOB.

KoneyHo, Ha 0TOOp TeM MOBJIUSAIM BKycH [layns Dpaéia u ee aBTOPOB.
KoHeuHo, B Apyrux 06JaCTAX MATEMATUKH TOXKE €CTh KPACUBBIE TEOPEMBI C
3aMeyvaTesIbHBIMUA JOKa3aTelbCTBAMA. BO3MOXKHO, 3Ta KHUra CTUMYJIUDPYET
MX TOMYJIAPU3AIMIO.

Hagneroch, 4TO mpu mepeBoAe yAajIOCh COXPAHUTb HENPUHYKIEHHBIA
cTunb u3noxkenust aBropoB. C  wux cornacus 6b1 goGaBlNeH  psf
3aMevaHuil (Kak IpaBUIO — YTOOBI YIPOCTHTH MOHMMAHKME MATEpHala), a
TaKXKe DACUIMPEHBI CIHCKH JUTEPATYPHI K HECKOJBbKUM IJlaBaM (CCBUIKH,
no6GaBiIeHHbIE [IDU IIEPEBOIE, OTMEUEHBI 3BE3J0UKAMH).

Mocksa, Hos:6pb 2005 roga A.3ybxos



Npeancnosue

IMayne SDpném, scmomuuas adopusm [L.T.Xapau o Tom, 9rto mnsa
CKBEPHOIf MaTeMaTHKH He JOJIKHO OBbITh MeCTa, JIIobui rosoputsh o Kuure,
B KOTOpyIo Bor BKJIIOYaeT COBEpIIIEHHBIE N0KA3aTEIbCTBA, MATEMATHIECKUX
TeopeM. DPIEN FOBOPUJI TAKXKe, YTO Bbl He 00sI3aHbl BEPUTH B Bora, HO Kak
MaTeMaTHK Bbl HOJKHBI BepuTh B KHury. Heckonbko sler ToMy Hazaa Mbl
IPEIJIOKUIIN eMy HAIlUCATh [epBoe (1 JOCTATOYHO CKPOMHOE) IIPUBIMKeH e
K Knure. Ilayns ¢ 9HTY3Ma3MOM BOCIPUHS 3TY UAEI0 U, YTO XaPAKTEPHO
IJIs. Hero, HeMeJIJIeHHO HadaJl paboTy, 3aloJiHss CTPAHUILY 32 CTPaHUIel
CBOMMH IpeljioKeHUsaMH. Ilpennosarasoch, 4To Halla KHHra IOSBUTCS B
KadecTBe IoJapka K 85-neruio Dpaéma B mapre 1998 roma. K HecuacTsio.
seroMm 1996 roma ITayne ymep, 4TO He MO3BOJIMJIO BKJIIOYUTH €0 B CIIUCOK
Cc0aBTOPOB. BMecTO 3TOr0 MbI TOCBATUIIN €My 9Ty KHUTY.

[Tayns Opaém

Y Hac HeT ompefeseHUs] WU YETKOrO ONMCAHUS YCJIOBUHM BKJIIOYEHHUS
nokasarenbcTBa B Kuury. Bee, 94To MblI 37ech mpenjiaraeM, — IPUMEDHI,
KOTOpble BHIOPAHb! B HAAEXKAE HA TO, YTO YATATE/M PA3IEJIST HAIll BOCTOPT
OT OGrecTsimux uueld, TOHKON HHTYUUIMU U YOUBUTEJBLHBIX HAOIIOIEHUI.
Mpbr HazmeeMcsl TakKe, YTO YHUTATENM MOJIydYaT yIOBOJLCTBHE OT KHMHIH,
HECMOTDs Ha HECOBEPLIEHCTBO Haero u3joxenus. OTOOp [OKA3ATENbCTB
ObLI IPOM3BeNEH B 3HAYMUTENLHON CTElleHM IOL BJHsHMEM camoro Ilaymas
Opaéma. OH NpesIoKuiI MUPOKUR CIIUCOK TeM. MHOrue U3 J0Ka3aTeIbCTB
HaieHbl DpIEIeM WIM UHUIMUPOBAHBI €r0 YAUBUTEIBHON CIOCOOHOCTHIO
CTaBUTDb [IPABUJIbHBIE BOIPOCH! M BBLIABUTATH MPABUJIbHbIE TMIOTE3BI. Tak
YTO 3Ta KHUTA B OOJIBIION CTemeHU OTpakaeT B3Isabl [layns Dpnéa Ha
TO, KAKUM JOJIXKHO OBITh JOKA3aTeJbCTBO U3 KHuru.

Buibop TeM OrpaHHYHBAJICS HAIIUM JKeJaHWeM CIejaTh MaTepual
KHUTA OOCTYNHBIM JJI 4UTaTeslel, IOArOTOBKA KOTOPBLIX JIMIIbL B MaJIOH
CTENeHU BKJIIOYaeT TEXHUKY CTYIEeHTOB-MaTEeMaTHKOB IIOCJIEOHUX KYyPCOB.
HeMHoro cBenennit u3 TUHENRHOM aredpbl, OCHOBbLI AHAJIN3a U TEOPUU YHUCET,
JOBOJIHO IIPUJIMYHBIA OObEM 3JIeMEHTapHBIX MOHATHI M coobpakeHUi
U3 JUCKPETHON MATEeMaTHKM JOCTATOYHBI JJIs TOrO, YTOOBI NOHMMATD
HaIIMCaHHOe B 3TOH KHUIE U IIOJYy4aThb OT 3TOrO YOOBOJILCTBHUE.

Mg ype3BbIYaMHO 6IArONAPHBI MHOTMM JIIOASM, KOTOPBIE IIOMOTAJIN HAM
U [OJAJEPXKUBaIM Hac B pabore Haj 3TUM npoekToM. Cpemu HUX CTYAEHTHI
CeMMHAapa, Ha KOTOPOM Mbl OBCY2KIaM IPEIBAPUTEILHYI0 BEPCUI0 KHUIH:
Benno Aprtman, Credan Bpanar, Credan @enscuep. dau ['yaman, Toperen
Xengman u Xanc Munbke. Msr 6aromapast Maprpur Bapper, Xpucruany
Bpeccrnepy, Esrenmio TaspunoBy, Muxasmo Ecsury, Enke IToze u Hopy
Pambay 3a TeXHUYECKYI0 NOMOIIb B COCTABJIEHMM KHUTM. MBI MHOIHMM
06s:3aubl ToMy TpoTTEpy, KOTOPHIN MPOYUTAT PYKOIHUCH OT MEPBOM MO I0-
cinenHeit crpanunsl, Kapny X. XoddmaHy 3a ero yauBUTEbHBIE PUCYHKH,
u GoJiee BCero BeIMKOMY yirenmeMmy oT Hac [laymio Dpaémy.

Bepaun, mapr 1998 roza Mapmun Atenep, I'onmep M. [[uznep



ITpeducaosue x mpemovemy u3daru0

MpeancnoBne ko BTopomMmy nsgaHuio

TlepBoe M3ZaduWe STOM KHUTH IOJIYYHJIO YOUBUTENBHO TEIJIBIH IPUEM.
Bosmee Toro, MBI mONy4YHUIM HEOOBIYHO MHOIO IIHCEM, CONEPKAIINX
KOMMEHTapUM ¥ 3aMedyaHHWsi, yKa3aHWs Ha HEKOTOpble HEIOCTATKH,
a TakXKe [peIjioKeHUs 06 aJbTEDHATHUBHBIX [OKA3aTEeNbCTBAX U
PaCcCMOTPEHHH HOBBIX TeM. XOTs Mbl CTPEMUJINCH YBEKOBEYUTH O€3yIpEeYHbIe
JI0OKa3aTelIbCTBa, Hallle U3JI0YKEHHE He OBLIO TAKOBBIM.

Bropoe u3naHue naeT HaM GJIArONPUATHYIO BO3MOXKHOCTB IIPENCTABUTH
HOBYIO BEDPCHIO KHUIHM. B Hee BKJIIOUEHBI TPH IJOIOJHHUTENbHBIX IVIABBHI,
HeCKOJBbKO JPYTHX TIJIaB CyIIecTBeHHO mepepaboTanbl (B YaCTHOCTH,
[OpUBEJEHbl HOBBIE JIOKA3aTENbCTBA); BHECEHBI TakXKe OoJjiee MelKHe
HCIIPABJIEHUSI U yCOBEPIIEHCTBOBAHMS, MHOIHME M3 KOTODBIX OCHOBaHBI Ha
coBeTax yuTaTeneit. Kpome Toro, onyieHa ogHa U3 CTaphIX IJIaB O pobJjeMe
TpuHaAUATH Cdep: HOKA3aTEIBCTBO B Hel, KAK OKa3aJoCh, HYXKIAETCA B
JeTajisiX, KOTOpble HaM He YAAJIOCh HM3JIOKHUTH KDATKUM U 3JIETaHTHBIM
cnocoboM.

BrnaromapuM Bcex umTaTesel, KOTOpDble HAINCAJIM OT3BIBBI O IIEPBOM
HU3JAaHUM U, ClexoBaTenbHo, moMmoryiu HaM. Cpemu mHux Credan Bpannr,
Kpuctuan Dmmoinsy, Opren Dacrpoar, Jsuuen I'paitzep, Pomxep Xur-
Bpaysn, JIu JI.Kunep, Kpuctuan JleGod, Xaudpuz Jlenn, Hukonac Ileu,
Ixon Cxoyn, Bepuyand Baiicbax u mmozue mpyrue. Eme 6naromapum
3a nomomp ¥ moamepxkky Pyt Annesenst u Kapaa-@puapuxa Koxa us
uznarenscTBa Ulnpunrep (Teitimens6epr), Kpucroda Ditpuxa u TopcreHa
Xenbamana (Bepaun), a takke Kapna X. Xoddmana 3a HOBbIE TpeKpacHbIe
DPHUCYHKH.

Bepnun, centabps 2000 roxa Mapmun Atienep, I'onmep M. L[uzaep

MNpeancnosue Kk TpeTbemMy n3gaHuMio

Paborass HaI mepBHIM H3JZaHUEM ITOM KHWTH, BhimemuuMm B 1998 roxy,
MBI M HE MEYTAJIA O TOM ycCIleXe, KOTOPBIN OXKUJAJ HAI IPOEKT: IIePEBOIBI
Ha MHOTO fI3LIKOB, BOCTODP>KEHHBIE OTKJIHUKH OT DOJIBIIOTO YMCIIa YUTaTeIel
U PsiJi MHTEPECHBIX IPEIJIOXKEHU 00 yCOBEPIIEHCTBOBAHUAX, HOIOIHEHUIX
M HOBBIX T€MaX — BCE 9TO MOIJIO 3aHATh HAC HA MHOLHWE TOJHI.

B TpeTbe u3maHme BKIIIOYEHBI JBE HOBBIE IVIaBHI (O TOXKAECTBaX Diepa
s pasbueHHE M O TAaCOBAHHHM KapT), TPU JOKA3ATEILCTBA TEOPEMBI O
pane Diinepa BbLAENEHHI B OTHEIbHYIO IJIaBy, a TaKXXe CIEJIaHO MHOIO
JDYrAX W3MEHEHMi, HAIpHUMEep, BKJIIOYEHa TPAKTOBKA <«IE€PEYHC/IEHU
PalMOHANIbHBIX YUCel», npenioxenHas [ankunbiv, Bundom n HeromenoMm.
9710 moka Bee!

Mur 61aronapHBL BCEM, KTO MOAIEPKUBAJI IPOEKT B T€YEHHE IOCIIETHIX
[ATH JIeT ¥ Yeil BKJIA IO3BOJIAJI YIIYYIIUTh TPEThe U3NaHue. B gacTHOCTH,
MBI GiaromapuM Jlsuma Bessna, Anumepca Bobeprepa, Hurpuxa Bpscca,
IIxxona Kocrpeiia, Xniobepra Kanda, Tomrepa IIukepra, Asmcrepa
Cunkispa u Xepb6a Bunda.

Bepnun, uroas 2003 roxa Mapmun Atienep, I'onwmep M. L[ueaep



ITpeducaosue x pyccromy usdaruro

I'Ipe,n,mcnosme K PyCCKOMY unU3aHNtO

Ilocne Toro Kak aHMVIMHACKOE W3JaHWe KHUTH MOJNYYHJIO TaKOe 3aMe-
4YaTeJIbHOe [IPU3HAHWE, MBI HaJesJIUCh, YTO Hallla KHHUTa Oyner mepeBelieHa
Ha JpYTHUe PaCIpPOCTDAHEHHBIE SI3BIKK, OCOOEHHO B CTPaHAX C XOPOIIMMH
MaTeMaTU4YeCKUMM TPaIuumsaMu. 1109ToMy Hac OCOOEHHO paJyeT BHIXOZ B
CBeT U3JaHNS KHWUI'M Ha DYCCKOM SI3BIKE, U MBI HAJIEEMCS, YTO OHO ITO3BOJIUT
HaM DPAaCIpPOCTPAHUTDH HUIEN MATEMATHUYIECKON KPACOTHI U U3SAIIECTBA CPEIH
MHOTHMX PYCCKOSI3IYHBIX YHTaTEJIEH.

Pycckoe wusgmamme, koropoe Brl nepkure B pyKaX, COOTBETCTBYET
TpeTbeMy aHIVIMHACKOMY wu3laHuio. Mbl npusHaTenbHsl A. M. 3yOkoBy u
B. 1. CenuBanoBy 3a ux 607pmo#i TPyX, BHUMaHWE U 3HAHUSA, KOTOPHIE OHU
BJIOXKWIX B 3TOT IepeBox. 2K 1eM OT YuTaTeseil pycCKOro U3JIaHUA IHCEM C
NIpeJIJIOXKEHUSMHA ¥ KOMMEHTAPUSIMHU.

Bepiun, #Hos6ps 2005 roga Mapmun Atienep, I'onmep M. L[uzaep
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Mhasa 1 LLlectb poka3aTtenbCcTB OecKOHe4YHOCTU
MHOXXeCTBa MPOCTbIX Yucen

OueHb €CTECTBEHHO HAYaTh 3TH 3aMETKH, [O-BAAMMOMY, CTapedInuMm
[OKa3aTeNbCTBOM M3  KHHUrm, KOTOpoe  OOBIYHO  IIPHIKCHIBAIOT
Esknuay (Hawama, IX, cm. [5*]). OHo o0BGoCHOBBIBaeT GeCKOHEYHOCTH
I10CJIeJOBATEILHOCTH IIPOCTHIX YHCEIL.

B JokasarenbcTBo EBkimpa. s m000ro KOHEYHOrO MHOXKECTBA

npocTbix {pi,...,Pr} PACCMOTDHM YHCIO N = P1P2---Pr + 1. DT0 n
HMeeT IIPOCTO! JeNUTENb P, KOTOPHIN He COBIAJaeT HU C OJHUM U3 YHCEl
pi, ¢ = 1,...,7: B IPOTHUBHOM ciy4ae p ObLI OBl JenuTeNeM U N, U
NIPOM3BENEHUS P1P2 -+ - Pr H, CIEAOBATENbHO, PA3HOCTU N — P12 ...Dr = 1,
YTO HEBO3MOXKHO. I109TOMYy HHMKaKOoe KOHEYHOEe MHOXKECTBO {p1,...,Dr} He
MOXKET OBITh COBOKYITHOCTBIO BCEX IIPOCTBIX YHCEJ. a

3adukcupyem caenyromue obosnadenus: N = {1,2,3,...} — MHOKecTBO
HaTypaybHbIX wucend, Z = {...,—2,-1,0,1,2,...} — MHOXKeCTBO LEJBIX
qucen u P = {2,3,5,7,...} — MHOXKeCTBO IIPOCTHIX YHCEL.

Huke NpUBOIUTCA HECKOJBKO OPYTHX JOKA3aTENbCTB (BHIODAHHBIX K3
3HAYHUTEJbHO GONblLIe KONIEeKIUH); MBI HAJeeMcsl, YTO OHM IOHDPABSTCS
YUTATENIO [IOYTH TaK XK€, KaK M HaM. B HHMX HCIOJIB3YIOTCS DPa3jId4HbIE
IIOZIXOMbI, HO JIJIsI BCEX JOKA3aTeNILCTB ClleAyoupe 6a3uCHbIE HIeH SBIISAIOTCS
OOLIMMH: IOCHIENOBATENbLHOCTh HATYPAJbHBIX YHCEJ HEOrPDAHUYEHHO
BO3DACTaeT, KaXKJ0€ HAaTypPaJbHOe YHCIO N > 2 UMeeT MPOCTON JENIUTENb.
Bwmecre 3tu aBa dakra obycnosauBaioT beckoHedHoCTH P.

Bropoe nokasarensctBo mnpeanoxuin Kpucrman Tonpabax (B mucbMe
Jleonapay iepy B 1730 roxy), TpeTbe, BUOUMO, OTHOCUTCA K (DONBKIOPY,
YeTBepTOE HaieHo DitnepoM [3], msAToe HOKa3aTeNbCTBO mpeoxui [appn
Dropcrenbepr [4], a nocnennee npunagnexur Iaymo Jpaémy [2].

B Bropoe gokazareabcTBO. Bravaje paccMoTpuM wucaa Pepma F, =
n
22" +1,n =0,1,2,... Iokaxem, uTo JIr06BIe ABa uncia PepMma B3aHMMHO

Fo = 3 IIPOCTBI; OTCIOZIA CIAENYET, YTO YUCJIIO IIPOCTHIX ducell beckoreuHo. s sToro
;': 1= ?7 JOCTATOYHO JOKA3aTh PEKYPPEHTHOE COOTHOMIEHUE
2 =
F; = 257 n-1
Fy = 65537 [[Fx = Fo-2 (n2>1),
Fs = 641-6700417

k=0

Heckonbko nepsoix unucen Pepma

U3 KOTODOrO HEMEJJICEHHO BBITEKAeT HAllle yTBEPXKIEHWe: €CJIU T JeJINT,
ckaxkeM, Fy u F, (k < n), To m meaur 2 u mostoMy m pasHo 1 mam 2.
Ho pasencTBO M = 2 HEBO3MOXKHO, TaK Kak Bce uncia PepMa HedeTHHI.

Yrobsl OOKa3aTh PEKYPPEHTHOE COOTHONIEHHE, BOCIIOJIb3yeMCS
upnayknuer no n. Ina n = 1 umeem Fy = 3 u F; — 2 = 3. Teneps,
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n n—1

I1 7 ( II Fk)Fn (F —2)F, =
k=0 k=0

= (@ -1DE¥ +1) = 277 —1 = Fppu—2.

O

B Tperbe nokazartesbcTBO. IlpennosokuMm, yro P koHe4YHO M 4TO
p — HauboJsblllee IIPOCTOe YHCI0. PacCMOTPHUM TaK HAa3BIBAEMOE WUCAO
Mepcenna' 2P — 1 u mokaxkeMm, 4TO oGO TPOCTOH JeTUTENb  HYHUCIA
2P — 1 Gosbliie p, 9TO U AACT KejlaeMoe npoTtuBopedne. [Iycth ¢ — npocToit
Jenutesb 2P —1, tax uro 2P = 1 (mod q). ITockonbKy p — NpPOCTOE YHCIIO, ITO
O3HA4aeT, YTO JIEMEHT 2 MMeeT IOPANOK P B MYJIbTUILIMKATHUBHOM rpyIIle
Z,\{0} xone4Horo nons Z,. dra rpymnma couep>KuT g — 1 snementos. B cuny
TeopeMsl JlarpamaKa (CM. BCTaBKy Ha IOJSX) HOPSIOK JOBOro sjiemMeHTa
JIeJIUT TOPSIIOK TPYMIIBL, T.€. p | g — 1, u, 3Ha4uT, p < q. g

Tenepsr paccMOTPUM [I0OKa3aTEILCTBO,
3JIEMEHTHl MaTEMaTUIECKOrO aHAJIN3a.

B KOTOPOM HCIOJb3YIOTCA

B YerBeproe nokasarenbcTBo. llycrs 7(z):=#{p<z:peP} —
9HCAO0 IPOCTHIX, He MPEBOCXONAMMX JeACTBHTEILHOrO UHCIa Z.
ITepenymepyeM mpocTble 4ucia B P {p1,p2,p3,...} B BO3pacramouem
nopsiake. PaccMaTrpuBast HaTypaJibHbLN torapudm In z, 6yxeM nucrnonb30BaTh

Inz=("14
HU3BECTHOE M3 aHAJIN3a PABEHCTBO Inx = 1t t.

CpaBHUM Tenmeph IJIOMIAAb [OX rpadUKoM (YHKIUK f (t) = % c
[UIOIIAAbI0 107 rpaduKOM CTymeH4aTol dyHkuuu ¢(t) [t] (06 3TOM
IpreMe CM. TaKKe puiioxkenre K ri1. 2 Ha ¢. 19.) Tormanmpun <z <n+1

1 1 1 1
1 < 14+=-4+=+4+. —_— 4 -
nz < 1+ 3 + 3 + + ) +
1
< E —, roe cymma bGepercs mo BceM m € N, Bce

IIPOCThIE OEJIUTEIN KOTOPHIX HE 6osbiIe T.

Tak xak Ka2KJ10e TaKoe M MO2KHO e0uHCMBEHHDBIM o6pa,30M 3allucaThb B BUIE

[IPOU3BEIeHUS H ka, rie kp > 0, To cyMMa B IIPaBOil YacCTH PaBHA
p<z

11 (X %)

pEP k>0
p<z

HO,I]; 3HaAaKOM IIDOU3BEICHUA CTOS{T CYMMBI YJIE€HOB TI'€OMETPUYECKUX

IPOrpeccuii co 3HaMeHaTeNAMH 7 . CrienosaTesbHO,
()
k
we < [Tty - [1-2 - 112
pG]P’ b pep P k=1 Pk
p<z p<z

! Mapen Mepcenn (1588-1648) — cpanuysckuit MareMaTuK, busux u dunocod. —
ITpum. peo.

A

Teopema Jlarpanxka

Ecau G — xonennasa (myavmu-
naukemueras) epynna u U —
ee mnodzpynna, mo |U| (wucao
anemenmos U ) deaum |G.

B [JoxasareascTBo. Paccmor-
puM GUHAPHOE OTHOMIEHWE

a~b:e balel.

W3 ompegenesms rpymnmbl cie-
nyer, YTO ~ €CTb OTHOIIEHHE
skBuBajienTHOCTH. Coneprxamuit
JIEMEHT G KJACC SKBHUBAJIEHT-
HOCTH COBNAJAET C KJAaCcCOM
CMEXHOCTH

Ua={za:z € U}.

fAcro, uro |Ua| = |U|, nostomy
G pasbuBaeTcd Ha  KJacChl
9KBMBAJIECHTHOCTH, KaXKIAbId U3
KoTopeix umeer |U| simeMeHTOB.
Orcona gro |U]
nemut |G| O

BBITEKAET,

Yacrueiit caydait: nycrs U
{a,a?,...,a™} — umkamyeckas
TIOATPYNNa ¥ ™ — HAHMEHbIIEE
TIOJIOXKHTENBHOE LEJI0e HUHCIIO,
1 (rakoe
NOPAOKOM
asemenTa a). CornacHo Teopeme-
Jlarpasxa NOPSIIOK 3JIEMEHTa a

nenut nopsnok |G| rpynmn G.

Iis Koroporo a™
YHCIIO HA3LIBAETCS

I e

1 2 n n+l
Oynkmust f(t) = 1 n crynenyaTas
L

Py g(t) =
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«3anycxaem NAOCKUE KAMYWKY
6 beckonewrnocmbvs

ScHo, 9TO pr > k + 1, 1 mosTomy

Dk 1 1 k+1
—_— = 14— 14— = ——,
pr—1 +pk_]- - +k k
BCJIEACTBHUE YEro
w(z)
k+1
Inz < Bl m(z) + 1.
k=1 k

Oyukips Inz He orpanmuena. I[Tostomy 7(z) Toxke He orpaHudeHa, a 3TO
3HAYAT, YTO CYIIECTBYET OECKOHEYHO MHOI'O [IPOCTHIX HKCell. O

B Ilaroe nokasaTesibCTBO. Temeph mocie AHAJUTUYECKOIO JAJIUM
TOIOJIOTUYECKOe JOKA3aTEeNIbCTBO. PacCMOTpUM CIEAYIOIIYI0 3aHATHYIO
TOIOJIOTHIO Ha MHOXKeCTBe Z LesbIx yucen. [logoxum nns a, b € Z, b > 0,

Ngp={a+nb:neZ}.

Kaxnoe wmHOxecTBO N,p ecTb OeckoHeyHas B 0be  CTODOHBI
apudmeruyeckas nporpeccus. Hazosem mHOxkecTBo O C Z 0omkpuimoviM,
ecu O mycTo Wiy ecau i Kaxjoro a € O cymectByer Takoe b > 0, yto
Ngap € O. (3amxnymowmu HasbiBalOTCA MHOXKecTBa S C Z, NOIOJHEHUS
Z\S K KOTOpHIM OTKDBHITHI, I TOJBKO Takue MHOXKecTBa. — IIpum. ped.)
fcHo, 4TO O6beAUHEHUE OTKPBITHIX MHOXKECTB SIBJISIETCS OTKPHITHIM. Ecin
03,02 — otkpeiThie MHOXKecTBa U 6 € O1 N Oy, mpudeM Nyp, € O n
Ngp, € Oz pnst HeKOTOPBIX by, b2 € Z, T0 @ € Ng b5,  O1 N O2. IlosTomy
mob0e KOHEYHOE MepecedeHre OTKPBITHIX MHOXKECTB TOXKE OTKPBITO?. DTO
CeMeCTBO OTKPBHITHIX MHOXKECTB MHAYIUPYET TOMOJIOTHIO Ha Z.
Temneps orMeTuM aBa pakTa:

(A) JIro60e HemycTOE OTKPBHITOE MHOXKECTBO GECKOHEYHO.
(B) JIroboe MHOMXKeECTBO N, p ABISAETCH 32aMKHYTHIM.

B camom fente, (A) cnenyer u3 onpenenenus. Janee, 3aMeTuM, 4TO

b-1
Na,b = Z\UNa+i,b7

i=1

3HAYHUT, Ngp 3aMKHYTO KaK JONOJHEHHE K OTKPBITOMY MHOXKECTBY.

JIo cux mop 0 MPOCTHIX YUC/IaX MBI HE YIIOMUHAJIN; TellePb, HAKOHEI, OHU
MOSIBNISAIOTCS.

Tak xak n1060e 9nucio n # 1, —1 uMeeT HEKOTOPBIA IPOCTON JENUTENb D
U, ClIeIOBATEIbHO, COAePKUTCA B No p, MBI IPUXOAUM K BBIBOLY, YTO

Z\{1,-1} = | No,.

pEP

Ecm 6e1 P 6pu10 komewHo, T0 |Jpcp Nop OblIO 6B 33MKHYTO Kak
KOHEeYHOe OObeIUHEHWe 3aMKHYTHIX coriacHO (B) muoxects. ITostomy
{1, -1} xak momosiHeHHe K 3aMKHYTOMY MHOXECTBY OBIJIO Gbl OTKPHITHIM,
4TO mpoTuBopednt (A). O

2 W3 3TOr0 CBOMCTBA M TIPAaBUJI TEOPETHKO-MHOXKECTBEHHLIX ONEPALMil CIIeAyeT, YTO
ob6beauHeHHE KOHEYHOrO YHCJIA 3aMKHYTBHIX MHOXECTB 3aMKHYTO (KaK JOIOJIHEHHE K
[epecevyeHuIo uX AOTOoHeHuit). — ITpum. ped.
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B Illecroe gokazaTejbCTBO. Hallle 1mocienHee I0OKa3aTeJIbCTBO
3HAUHUTENBLHO 6oJlee  CONEpPXKATeNbHO H  ODOCHOBBIBAET HE  TOJBKO
GECKOHEYHOCTh MHOXKECTBA IIPOCTBHIX YHCEJI, HO M PAacCXOOUMOCTh pAIa
ZpEP %. IlepBoe [OKA3aTeNbCTBO 3TOrO BAXKHOIO pE3YJIbTATa OBLIO
osiy4eHo diiepoM (M OHO MO-CBOEMY MHTEPECHO), HO MPUBEIEHHOE HUXKE
J0Ka3aTeJIbCTBO, M300peTeHHoe DpAenieM, O4eHb KPACHUBO.

IIycets  p1,p2,P3,--- — TOC/IEIOBATENLHOCTh IIPOCTBHIX YHCET B
BO3PACTAlOEeM MOpsAKe. l[IpenmosioXKuM, 4YTO psL ZpGP% CXOIUTCH.
Torma cymiecTByeT Takoe HATypaJjbHOE 4YHUCIIO K, 9YTO

1
Di

<

N =

i>k+1

CrienoBaTenbHO, I IPOM3BOILHOIO HATYpaJIbHOrO 4yucia N

N N
i>k+1 Di
HasoeeMm pi,...,Dk MEABMU TIPOCTHIMHA YHUCIAMH, & Dk+1,Pk+2,--- —
604vWUMU TTIPOCTHIMU YHUCJIAMH.
IIycte Np — KOJIMYECTBO MOJIOXKUTENbHBIX Ienbx N < N, KOoTopble

IeNISTCa XOT Obl Ha OZHO GOJIBIIOE IIPOCTOE YHUCIO, U Ny, — KOJHAYeCTBO
[IOJIOXKUTEBHBIX HEJbX N < N, IMEIOIyX JINIIb MAJIble IIPOCThIE NeJINTENIH.
TIokaxkeMm, uro gy Hekoroporo N < 00 MMeeT MeCTO HEPaBEHCTBO

Nb+Ns < Na

KOTOpOe [JACT HaM KejlaeéMoe MPOTUBOpEYHEe, TaK KaK II0 OIpeIesIeHHIO
cymma Np + N, momxHa paBHAThCS N.

3aMeTHM, 4YTO [g—] PaBHO KOJIMYECTBY IOJIOXKHUTEJIBHBIX IEJIBIX JHCeJl

n < N, kpatHeix p; (cuMBonOM |z| 37ech Hm Jasee 0GO3HaYaeTCHa
HauboJIbIlee IIeNoe, He MPEBOCXOISAIEEe T, a CUMBOJIOM || — HamMeHbIIee

nenoe, KOoTopoe He MeHbiie z. — IIpum. nepes.). IlosTomy B cumy (1)
oIy 9aeM
N N
N< S [—J < =, @)
i>kt1 P 2

Tenepyr paccMoTpuMm N,. 3anumeM Kaxkaoe n < N, uMeromee JHIIb
MaJIble IIPOCTHIE Ie/TUTENH, B BUAE N = a,,b2, T/ie MHOXUTENb G, CBOGOJEH OT
KBaJIPATOB, T. €. KaXKJI0€ a5 €CTh IIPOU3BEIEHUE PA3AUNHBLL MAJIBIX IPOCTHIX
gucen. OTCIONa BBITEKAET, YTO UMeETCs POBHO 2F pasymyuHBIX CBOGOIHBIX OT
KBaapaToB MHOXuTesel. danee, Tak kak b, < \/n < VN, To cymecrByer
He 6osee v/ N pas3M4HBIX KBaAPATOB, MeHbIUX N, M [OITOMY

N, < 2kVN.
ITockonsky (2) CIIPABEIJINBO IJIL NPOU3B0AbH020 N, OCTAETCS JINIIb HAUTH

taxoe yucao N, uro 28/ N < % , wmm 2811 < /N, qust gero mocraTouso
nosioxxuts N = 22k+2, O
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Noctynat BepTpaHa

Ml BuZenu, YTO IOCJIENOBATENLHOCTb OPOCTHIX umcea 2,3,5,7,...
GeckoHedHa. UTOOHI MOKA3aTh, YTO Pa3MePHI JaKyH (IPOMEXKYTKOB MEXKIY
COCETHAMY YHCJIaM¥) B Hedl He OrpaHUYEHBI, 0603HAYNM depes

N=2.3.5-...-p

[IPOU3BEIEHNE BCEX IIPOCTHIX YKCEN, KOTOpPhie MeHble k + 2. 3aMeTuM, 9TO
HU OIHO M3 k 4ucel

N+2,N+3,N+4,...,N+kN+(k+1)

He SBJIAETCH IPOCTBHIM, TaK KAaK IIPOCThIE JEJUTENH JI0O0ro 4mciaa i =
2,3,...,k+ 1 mensnmie k + 2 u genast N; ciiefoBaTeIbHO, OHHU JEJIAT TaKXKe
N +i. C moMoIpIo 3TOro npueMa Mbl HaXOJIUM, Hanpumep, ais k = 10, aro
HHU OJHO W3 YHCeJI

2312,2313,2314,...,2321

He SIBJIAETCS IIPOCTHIM.

CyiecTBYIOT TaKKe BEPXHUE OLEHKH JJIs JIAKYH B [IOCJIEIOBATEIbHOCTH
mpocteix  umcesa. CorslacHO caMoil HM3BECTHOM OLEHKe, <«JIaKyHa g0
CJIeIYIOIMIETO IIPOCTOrO He MOXKeT ObITh Gosibllie dYHcia, € KOTOpOH
OHa HA4YMHAETCs». DTO yTBEDXKJEHHE HA3BIBAIOT IOCTYJaToM bBeprpana,
TaK KaK OHO OBIJIO BBICKa3aHO B (OpME IIPEIIOOMKEHWsS M IIPOBEPEHO
sMmoupudeckun ansa n < 3000000 dxosedom DBeprpanoMm. Bnepsoie
oHO ObL10 moka3aHO IladbuyTmem YeGbimésniM okono 1850 roma [5*].
3HauuTenbHO GoOJiee MPOCTOE MOKA3aTENbCTBO HAIle] WHIUMCKUHA TeHHi
Pamanymxan. [Joka3aTenbCTBO B Hammell KHHUre NpPUHAIJIEXKUT [laymio
Opaémy. OHO B34TO M3 ero mepBoil crarhu [1], omy6inkoBanHOR B 1932
rozay, Korga dpagmy 6u110 19 et

Hocrynar Beprpana.
Hasn waorcdozo n > 1 cywecmeyem makoe NPoOCMOE “UCAO P, “TNO
n <p<2n.

B JokasaresbcTBO. MBI IOJYyYMM [JOCTATOYHO XOPOIIYIO OIEHKY
6uHOMMabHOrO Ko3ddunuenTta (2:) M C ee IOMOIINBIO MOKAXKEM, UTO €CJIU
OBl OH He MMeJI IPOCTHIX JeJIUTENEH P, JIEXKAIUUIX MEXIY T U 21, TO OH OBLI
6B «CcaMIIKOM MaJi». Hallle paccy»kieHre COCTOMT U3 MSITH IIaroB.

(1) Buauane mokaxeM noctynaT Beprpana ama n < 4000. Jas sToro
HeT HeoOxomumocTH npoBepsATh 4000 BapHaHTOB: JOCTATOYHO (MCIOIB3Ysl
«npueM Jlanzay») IpOBEPHUTH, YTO

2,3,5,7,13,23,43, 83,163, 317,631, 1259, 2503, 4001

hasa 2

Hxo3ed Beprpan

Beweis eines Satzes von Tschebyschef.
Von P, Eroda in Budapest.

Far den zuerst von TsCMEBYSCHEF bewiesenen Satz, laut
dessen es zwischen einer natirlichen Zahl und ihrer zweifachen
stets wenigstens eine Primzahl gibt, liegen in der Litcratur mehrere
Reweise vor. Als cinfachsten kann man chne Zweifel den Beweis
von RAMANUJAN'Y) bezeichnen. ln seinem Werk Vuslesungen dber
Zahlentheorie (Leipaig, 1927), Band I, S. 66—68 gibt Herr Lanpau
einen besonders cinfachen Beweis for einen Saiz Qber die Anzahl
der Pri unter einer Grenze, aus welchem un-
mitteibar folgt, dad filr ein geeignetes g zwischen einer natrlichen
Zabl und ihrer g-fachen siets eine Primzahl liegl. Fir die augen-
blickiichen Zwacken des Herrn Lanpay kemmt es nicht auf die
numerische Bestimmung der im Beweis aufiretenden Konstanten
an; man liberzeug! sich aber durch eine numerische Verfolgung
des Beweises leicht, dab ¢ jedenfalls groBer als 2 ausfailt.

In den folgeaden Zeilen werde ich zeigen, dab man durch
eine Ve fung der dem L Bewels e liegen-
den Ideen zu einem Beweis des oben erwihinien TSCHEBYSCHEF-
schen Sawzes geiangen kanm, der — wie mir scheint —— an Ein-
fachkeit nicht hintzr dem RAmaNUjANschen Beweis steht. Griechische
RBuchstaben sollen im Folgenden ducchiwegs positise, lateinische
Buchstal { Zahlen cl ; die i g P ist
tur Primzahlen verbehalten.

1, Der Bincmalkoeftizient

1) Sx. Ramamvaax, A Proof of Beriraud's Postuiate, fournal of the In-
dian  Mathematical Society. 11 (1019). S i81—182 — Collecied Papers of
Szouvasa RaMaxusas (Cambndge, 1927), S. 208—200.
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<t poa
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€CTh [OCJIEJOBATEIBHOCTD IPOCTHIX YHCEJI, B KOTOPOM KaXKJA0€e MOCIeAYIONIee
MeHbllle YABOEHHOro npeabiaymero. [losTomy kaxkapiit uaTepsai {y : n <
y < 2n}, rme n < 4000, cOmEPKAUT OFHO U3 STUX 14 IPOCTHIX YHUCe.

(2) Hanee moxaxkeMm, 49TO

H p < 4°7! s Bcex BeIIECTBEHHBIX T > 2, (1)
p<z

3anuch Hps - D 371€Chb U B JaiibHeiIeM O3HavaeT, YTO Npou3BeaeHue 6epeTca
10 BCEM NPOCMbLM HHUCIAM P < I.

[IpuBeneHHOEe HIDKe JOKAa3aTeNbCTBO 3TOro (akTa HCIONb3YeT
HHIOYKIOUIO 00 Yucay npocteix. OHO He CONEPXKHUTCS B OPUTMHAJILHOM
crarbe DpAfia, HO TAKXKE NPUHAIJIEKUAT eMy (CM. DHCYHOK Ha HOJISX) H
sABnsAeTcsa uctuHHbIM JlokazarenncTBoM u3 Kuurm.

Bnauasie 3amMeTuM, 49TO eciud ¢ — HauboJiblmee MPOCTOE, HE IPEBOCXO-

nsuiee T, TO
[Mr=Tr = o <o
p<z p<gq
TakuM obGpa3oM, (1) JIOCTATOYHO IPOBEDUTh B CjIyd4ae T = @, rae q —

MPOCTOE YHCJIO.

Ecnu q = 2, M1 umeeM «2 < 4», Tak 4To 6a3a MHAYKIuH OOOCHOBaHA,
U MbI Jajiee OyAeM paccMaTpHUBATh HedeTHble yucia q = 2m + 1. Pasobbem
NpOW3BeJIEHUE Ha JIBE YACTH U yOeAMMCS B TOM, YTO

2m+1
Mr- e I » < a5 <amm = am
p<2m+1 p<m+1 m4+1<p<2m+1 m
JleficTBUTENBHO, HEPABEHCTBO
Il » <
p<m+1
CIIpaBE€OJIUBO B CHUJY IIPEAIIONOKEHUA WHIAYKIHH. Hepa.BeHCTBO

II » < (2"::1)

m+1<p<2m+1
BBITE€EKaeT U3 TOro, 4TO
2m +1\ _ (2m + 1)!
m " ml(m+1)!

€CTb IeJIoe YHCJO M YTO BCE BXOAAIIME B NPOM3BEJEHHe IPOCThle JHCIIa
SIBSAIOTCS AeNUTeNIMHU ducautens (2m+1)!, Ho Hi 0fHO U3 HUX He ABIIAETCS
Jenurenem 3HamenaTenst m!(m + 1)! Hakonen, HepaBeHCTBO

(2m+ 1) < oom
m

2m +1 . 2m+1
m m+1

BBITEKaeT U3 TOro, 4To
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cyTb nBa (paBHBIX!) CIATaEMBIX B CyMMe

2m+1

"‘Z"‘ <2m+1) _ grme

k=0 k

Teopema Jlexkaunapa
Wrak, coorHomrenue (1) JOKa3aHO IO MHIYKIIUM.

(3) CornacHo npuBeneHHON Ha MOJAX Teopeme JlexkaHZApa, Pa3yiOXKeHHe {Ipocmoe  wucno  p  ezodum

Gn)!
nin!

()

pa3. Kaxc,uoe cjlaraeMoe B 9TON CyMMe€ H€ IIPEBOCXOIOUT 1, TaK KaK OHO
ABJIAETCA LEJIBIM YHCJIOM KU

2n n 2n n
L,—J—%J < p_k"2<ﬁ_1) =2

Bonee Toro, ciaraemele, mjis KOTOphIX p° > 2n, paBmbr Hymo. [losTomy
Pa3JIoXKeHNe (21’:) COZEPKUT IIPOCTON MHOXUTEND P

= (2] -2[2) = o en

E>1

6uHOMBATbHOrO Ko dumuenTa (27) Ha POCTbIE MHOMKUTEJH

COOEP2KHUT D POBHO

pa3. CrnenoBaTebHO, HAMOOIbIIAS CTENEHb YUCIA P, KOTOPAs HEJIUT (2:),
He [IPeBOCXOMUT 2n. B "acTHOCTH, KasKIoe IpocToe p > +/2n MosBIseTCs B
pasnoxenun (°7) He 6ostee omEOTO pasa.

Kpome Toro (u 3T0, corylacHo DpAgmry, SBJISETCA KJIIOYOM K €ro
JIOKa3aTeJIbCTBY ), [IPOCTHIE P, YOBJIETBOPSIONME YCIOBHUIO %n <p<mn,
BOODIIE HE SABJISIIOTCS JEIUTEISAME YUCIIa (2:) HeiicTBUTENBHO, U3 YCIOBUS
3p > 2n cnenyer (mia n > 3, u, ClEeOBATENBHO, Wi p > 3), YTO U3
KDPATHBIX IIPOCTOrO P B KA4eCTBE MHOXKHUTEJEH B YHC/IATENb Ipobu %}
MOTYT BXOJWTH TOJIBKO P M 2p, B TO BpeMs KaK B 3HAMeHATeJle Mbl yKe
“MeeM JBa MHOXHTEJNS, PABHBIX P.

(4) Teneps mepefineM K OLEHKE (2:) Hns n > 3, ucronb3yst HEPABEHCTBO
co c. 20 B KadecTBe HIDKHeN OLIEHKH, MOJIydaeM

qn 2n
— < < 2n -
< (<1 11
p<V2n \/2n<p§§n
U, TaK KaK CyLIecTByeT He 6osiee v/2n mMpocThIX yuces p < v/ 2n, oTCoa s

n > 3 HaXOOUM:

qn < (2n)1+\/2_n . H
V2n<p<in

r - [I »

n<p<l2n

» - ][] »- 2)

n<p<l2n

(5) IIpemmonoxum Temepb, YTO MPOCTBIX YHUCEN B MIPOMEXYTKe n < p < 2n
He COZEPXKHUTCs, TaK YTO BTOpOe npousBeznenue B (2) pasuo 1. Iloxcrasnsas
(1) B (2), Haxomum

4n < (2n)1+\/2_n 4%11’

8 pasaovdicenue wucra n! Ha
NPOCTIBIE MHONCUMEAY, POSHO

> (=]

k>1
pas.

B JokasarenbcrBo. B npous-
Begennu n! = 1-2-3.....7m poBHO
2] commoxmrenet memarca
Ha p, uro naer |Z| mpocteix
MHOXHTENER P B PAaE3JIOXKEHUHU
n! Iaimee, [fgj umcen cpenu
1,...,n menarcs Ha p°, 9TO JAeT
eme ]_f;_! IPOCTHIX MHOMKHTENEH
P B Pa3JIOXKEHuu n!, U T. 1. O

IIpumepsr
(3)=2-5%-7-17-19-23
(33 =2%-3%-5%.17-19.23
3)=2%.3%.5.17-19-23-29
MOKa3bIBAIOT, YTO «OYE€Hb MAaJIbIE»
NPOCThIE MHOXHUTEIHU p < \/%
MOTYT BXOOUTb B Pa3JIOKEHHE
(2:) Cc GOJIbIIUMH CTENEeHSMH,
«MaJIble» IIPOCThIe U3 IPOMEXKYTKA
V2n<p< %n MOTYT OBITH TOJIBKO
B TEpBOH CTeNeHH, a IpOCThbIe
MHOXKHTENH U3 JIAKYHBI % n<p<n
BOODILE OTCTYTCTBYIOT.
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uIn .
43m < (2n)1+\/2_n’ (3)

4TO AJId JOCTATOYHO bonbmux n HeBepHO! B camoM nene, Tak kak a+1 < 22
IJIsI BCeX a > 2, TO

on = (¥2m)° < (| ¥2n] +1)° < 26l ¥7] < 96977 (4)
ITpu n > 50 (korga 18 < 2v/2n) u3 (3) u (4) BeITeKaeT, 9TO
92n < (zn)3(1+\/§ﬁ) < (26 ?/27»)3(l+m) _
_ 23/2_n(18+18m) < 92093nV2n _ 920(20)*/°

Mostomy (2n)Y/3 < 20, BenencTsme wero n < 4000. 3uauut, nus moboro
n > 4000 cyuecTByeT Takoe MPOCTOE HYUCJIO P, 4TO N < p < 2n. O

W3 mpuBemeHHOH Bble OUEHKH (2) TEM Ke CaMbIM CIOCOGOM MOXKHO
u3Bjedb bonabuee: 1iusa n > 4000

I pz2%,
n<p<2n

U [IO3TOMY B IIPOMEXKYTKE MeXIy N U 2n UMeeTCs He MeHee

1 n

logy, (237) = — — "
%% (2°") = Homni1

OpPOCTHIX dYHCel. DTO He CIAMIIKOM TIpy6as OleHKa: «HCTHHHOE» YHCJIO
IPOCTBIX YHCeN B YKa3aHHOM IPOMeEXXyTKe PABHO MpubausuTensHo n/ logn,
9YTO ClefyeT W3 <«33KOHA DPACIpENENeHHs] MPOCTBIX YHCEN», COLJIACHO
KOTOPOMY
. #{p < n: p npocroe}
lim
n—oo n/logn

cymecTByeT u paBeH 1 (3amuch #A 0603HaYaeT YHCIO 3JIEMEHTOB
MHOXKecTBa A). DTOT 3aMedaTeNbHBIX Pe3yibTaT ObLT BIEpBHIE JOKa3aH
AnamapoM u gme na Banne-Ilyccemom B 1896 romyl. Cenbepr m Dpmém
B 1948 romy HaILIM 3/IeMEHTApHOE [OKAa3aTENbCTBO 0€3 MCIIOJb30BAHUS
KOMIIJIEKCHOI'O AHAJIN3a, HO JJIMHHOE M CJIOXKHOE.

B 3akone pacmpeiesieHAs MPOCTHIX YUCEI TOCIeIHEE CJIOBO, OTHAKO, ellle
He cKa3aHO. Hampumep, 0Ka3aTeJbCTBO runore3bl Pumana (cm. c. 50),
OJIHOHM M3 IJIaBHBIX HEPENIEHHBIX MpOOJIeM MaTEeMAaTHKH, MOXKET IPHUBECTH
K CYLIIECTBEHHOMY YTOYHEHHIO OIIEHOK B TeOpeMe O IIPOCTHIX YHC/IaX.
Mo2xHO HaJAesaThCs TaKXKe Ha 3HaYHUTeNbHOe YCUIIeHHUe oCcTy1aTa Beprpana.
Hanpumep, cienyiomee npeIoxKeHue eme He JOKa3aHO:

1 BaxxupiM maromM Ha myTH K Teopeme Agxamapa u Base-Ilyccena 6butu paboTh
I1.J1.Yebrmména ([5*], [6*], cM. Takoke [7*]), M3 KOTOpPBIX CllefoBaJIO, YTO
#{p < n: p opocroe }

0,921 <
n/logn

< 1,106
U AOCTAaTO4HO Gonbmux n. OTMETHM TaK>Ke OLHMH U3 MOC/IEJHUX Pe3yabTaToB (cM. [8%]):

n .
<n:pnpocroe} < —————————npun>6
#{p < n: p npocroe} ogn 1 viogn """ 26

n
<n: cToe} > ———————————=mpu n > 59.
#{p < n : p npocroe} ogn 17 Jiogn "M 2
— ITpum. ped.
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B npomesicymxe mescdy n? u (n + 1)? eceeda matidemcs npocmoe
wucAo.

JononaurenpHyio nEGOPMAIMIO MOXKHO HaitTy B [3, c. 19] u [4, c. 248, 257].

ITpunnoxxenne: Hekotroprle oneHku

OI.[eHKH C MIOMOIIIBIO UHTErpaJjyioB

CymecTByeT 04eHb IPOCTOM, HO 3(hDEeKTUBHBINA METO.I OLICHUBAHKS CYMM

C TIOMOIIBI0O MHTETPAJIOB, HMCHOJIb30BaHHbIA Ha c¢. 11. lnsa onenHuBanus
20PMOHUNECKUTL YUCEN

n
H, = Z
k=1

1
PaccMOTpHMM IPUBEJIHHBIE Ha NONAX Tpaduku GyHKImi §

Hepa.BeHCTBO
n
< /
1

JIOKa3bIBAeTCA CpPaBHEHMEM obsacTé mox rpacduxom dbyskuuu f(t) =

1
(1 €t < n) ¢ obnacTbio, cOCTOSAMmMEH U3 TEMHBIX 3aIITPUXOBAHHBIX
OPSMOYTONLHUKOB, & HEPABEHCTBO

ol e

1 1
) Te] B TR

Eol M

n
Hy—1= )
k=2

| =

dt = logn

t

1 2
1 "
H,o—-=SY"=> [ 24t =1

— CpaBHEHHeM C 006JIaCThIO, COCTOAMEN U3 OOJIBLINX IPIMOYTOJBHUKOB U
BKJIIOYAIOMIEH CBETJIble 3aIITPUXOBaHHBIE YacTH. OObeauHss 3TU OIEeHKH,
MoJIyyaeM

1
logn—l-ﬁ < Hp, < logn + 1.

cooTHOmenueM lim in-

1. U3BectHbl Takxke (cM. [2]) 3HaduTEnBHO
n—oo logn
Jly4IIue OLEeHKH, HallpIMep

B uactaoctn, lim H, = o0, u nopsmok pocrta uyucen H, omuceiBaeTcs
n—oo

1 1 1
H, = logn+~v+

1 Bnmecy samuce O () obosnauaer
———+——40(=),

5n  T2n? T 120m4 T (n6>

rae v = 0,5772 — «KoHCTaHTa Diepas.

dyukumo g(n) Takyio, 9o |g(n)| <
¢Zs , TAe ¢ — HEKOTOpas KOHCTAaHTA.
Onenku dakTopuanos — ¢opmyna Crupiunra

Tot ke caMbIii METOZ, IPUMEHEHHBIN K CyMMe

n
log(n!) = log2+log3+...+logn = Zlogk,
k=2

NPUBOAMT K OLIGHKaM

log((n —1)!) < / logtdt < log(n!),
1
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Thasa 2

3aecs Bripaxkenue f(n) ~ g(n)

03HAYaeT, YTO

im £ _

1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6

1 7 21 35 35 21 7

Tpeyronsuauk [Mackans

1

1

¥ MHTerpaJi JJErKO BbIYUCIAETCA:

n
/ logtdt = [tlogt - t]
1
OTcroga MBI IOIyYaeM KakK OLEHKY CHU3Y IJis 1!

- n\n"
w5 eresnontt ()"
€

n
L= nlogn —n+ 1.

TaK U OILIEHKY CBEPXY

L 1 n\"
nl = n(n—1)! < nerlognntl = en(—) .
e

Ytobbl HaiiTm acuMOTOTHKY n!, Tpebyercs 6oJjiee TOHKMII aHAJIN3,
KOTODBI IPUBOIUT K dopmyse Cmupaunaa

n! ~ V2rn (E)n

e
U cHOBa cymecTBYIOT ee yTOYHEHHBIE BAPUAHTHI, HAIIPUMED:
n\" 1 1 139 1
' = Vomn (- 14—+ — — =1
n mm (e) ( + 12n + 288n2  5140n3 +0 (n4>)

OueHkn GMHOMHAJIIBHBIX KO3 DUIINEHTOB

Kak wu3BeCTHO, HENOCPEIACTBEHHO W3 ONpPEJeIeHAs OMHOMHAIIBLHBIX
k03P PUITHEHTOB (’,:) KakK 4ucia k-IoIMHOXKECTB N-MHOXKECTBA CIEAYET, ITO
nocnenoatensrocts (3), (1),-.., (3):

n
e cymmmpyerca u . (}) =27,
k=0

e cummerpruna: (3) = (,”,)-

13 yHKIMOHAILHOIO ypaBHEHHUS (',:) = "’—,’:’ﬂ(k’_‘l) JIETKO HaMiTH,

9TO M KaXOOro 7 OHHOMHAJIbHBIE KO03(hdUIHEHTH (',:) obpasyior
OCJIeAOBATEILHOCTh, KOTOpasi CHUMMETPpHYHA H  YHUMOJaavHa: —ee
3JIEMEHTHI BO3PACTAIOT NPH NPHUOIMKEHUM K CepPeJUHEe, TaK YTO CperHue
OuHOMUAJIbHBIE KO3(DDUITHEHTHI ABIAIOTCA HaNGOIbMUMY:

1= (@) < () <o < () = (i) > > () > () =1

U3 acumnrormyeckux GopMyn aas  (HaKTOPHAJIOB, YIOMSHYTBIX
BBIIIIE, MOXHO IOJNYYUTh OYEHb TOYHBIE ONEHKH JJisi OHHOMHAJIbHBIX
ko3¢ durmentos. OgHako B 3TOM KHHUre HaM IOHAJIODATCS JIUMIb JTOBOJIBHO
rpyOBIE M NPOCTHIE OLIEHKH, HAIPUMED, (Z) < 2™ nns Beex k. C mpyron

CTOPOHBI, IJId N > 2 UMeeM
n
n S 2_’
[n/2]) = n

IpUYeM PaBEHCTBO BBINOJHAETCA TOJIBKO IIDH N = 2. B YaCTHOCTH, IJIdA

n>1
n
(2n) > &
n) ~ 2n
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IleiicTBUTENIBHO, TaK KaK UEHTPAJIbHBLIN OMHOMHUAIBLHBIA KO3(pUIMEHT
(Ln'/‘2 J) SABJISIETCA MAKCHUMAJIbHBIM B I10CJI€IOBATEIbHOCTH

6+ ()} G)- () (2)

CyMMa BCEX T 3JIEMEHTOB KOTOPO! paBHa 2™, TO OH OOJibIIe CpPENHErO
3HaUEHUS JIEMEHTOB 3TOM IOCJIENOBATEILHOCTH, PABHOIO %

Haxkonen, orMeTuM elne OHHY BEDPXHIOI OLEHKY IJisi OMHOMMAJILHBIX
K03 PULIMEHTOB:

(n) _nr=1)..(n—k+1) _ n* _ n*

k k! = k! T 2k1

OHa, JOBOJILHO XOpOINa, IJIsl <«MaJIbIX» OMHOMHAJIBHBIX KO3 UIMEHTOB
M3 XBOCTOB 00pa3yeMOf MMM IOC/IEIOBATEJbHOCTH, €CJIM 7. BEJIHUKO IIO
CPaBHEHHIO C k.

Jlutepatypa

[1] ErRDGs P. Beweis eines Satzes von Tschebyschef. Acta Sci. Math. (Szeged),
5 (1930-32), 194-198.

[2] GrRanaM R.L., KNuTH D.E., PatasiNik O. Concrete Mathematics.
A Foundation for Computer Science. Addison-Wesley, Reading MA, 1989.
[Ectb pycckmit mepepon: I'psxem P., Kuyr ., Ilaramuuk O. Konxpemmas
mamemamuxa. Ocrosarue ungopmamuxu. M., Mup, 1998.]

[3] HarpY G. H., WRIGHT E. M. An Introduction to the Theory of Numbers,
5th edition. Oxford University Press, 1979.

[4] RiBenBOIM P. The New Book of Prime Number Records. Springer-Verlag,
New York, 1989.

[5*] CHEBYSHEV P.L. Mémoire sur les nombres premies. Mémoires des savants
étrangers de I’Acad. Imp. Sci. de St.-Pétersbourg, 1850, t.VII; J. de math.
pures et appl., I série, 1852, t.XVII; pycckuit nepeson: O npocmuz wuciaz.
B ¢6. Yebpuues I1. JI. Habpannwe mamemamunecxue mpyow, M.-JI., TUTTJI,
1946, c.53-72; HUabparnme mpydw, uaa-so AH CCCP, M., 1955, c.33-54.

[6*] CHEBYSHEV P. Sur la fonction qui détermine la totalité des nombers premiers
inférieurs a une limite donnée. — Ilpumoxxenue III x Teopum cpaBHeHwmix,
C.-Ilerepbypr, 1849; Mémoires des savants étrangers de I’Acad. Imp. Sci. de
St.-Pétersbourg, 1848, t.VI; J. de math. pures et appl., I série, 1852, t.XVII;
pycckuit nepesog; 06 onpedeaeruu YUCAG NPOCTBIT YUCEA, HE NPEBOCTOOAUUT
dannoti seaununtt. B 6. Uebmmés II.JI. H3bparnwe mamemamuuecxue
mpydu, M.-JI., TUTTJI, 1946, c.29-52, H36parnvie mpydu, usn-so AH CCCP,
1955, ¢.9-32.

[7*] DenoHE B.H. Ilemepbypacxas wxonra meopuu wucea. M.-JI, man-so AH
CCCP, 1947.

[8*] PaNAITOPOL L. Inequalities concerning the function w(x): Applications. Acta
Arithmetica, 2000, v.XCIV, Ne 4, 373-381.



hasa 3

(%) = 140° — enuncreennoe

pewenne gt k=3, £ =2

BuHoMunanbHble KoadhdunymneHTbl
(no4Tn) Hukorpa He saBNAOTCS
cTeneHsimMu

Y nmocrynara DBeprpana ectp yTo4YHeHHME, KOTOpPOE€ MPUBOAUT K
3aMedaTeJbHOMY De3yJbTaTy JJisi OMHOMHUAJIbHBIX KO3 duuuenTos. B 1892
rony CuibBecTp ciienyomuM obpa3oM ycuiaua noctyiaT Beprpana:

Ecau n > 2k, mo zomsa 6ot 00Ho u3 wucean,n—1,...,n —k+1
umeem npocmot deaumenn p, boavwudi k.

3aMeruM, 4TO B ciaydae n = 2k Mbl [OJy4aeM B TOYHOCTH IOCTYJIAT
Beprpana. B 1934 rony Dpném namen mius npengoxenuss CuiabBecTpa
KODOTKOE M 3JIEMEHTapHOe NOKA3aTEIbCTBO M3 KHHUIM, aHAJOrMYHOE €ro
JOKa3aTeJbCTBY IOCTyJaTa DeprpaHa. DKBHUBaJeHTHas (HOPMyJIHPOBKA
TeopeMbl CHJIbBECTDPA BHITJISIAUT CJIYyIOIUM 00pa3oM:

Bunomuanvuvil xosphuyuenm
ny _ n(n-1)---(n—-k+1)
k) k!

ecezda umeem npocmoti deaumennv p > k.

(n > 2k)

VilmMess B Buay 9TO 3aMedaHHe, OOpaTUMCH K JAPYroMy OpHIMaHTY

Opaéma. Korma (Z) PaBHO CTereHu mf? Jlerko BuEeThb, 4YTO npu k =

¢ = 2 cymecTByeT 0eCKOHEYHO MHOIO DeEIIeHMd ypaBHEHHS (3) = m?

n

12
HeitcrutensHo, ecnu (§) — KBagpaT, TO ((2"2 %) — roxe xBagpar: npu

nn—1) = 2m? CIIpaBeAJINBO PABEHCTBO
(2n —1)2%((2n - 1)2 —1) = (2n — 1)% - 4n(n — 1) = 2(2m(2n — 1))?,

TaK 4TO

((2n - 1)2) — (@m(2n - 1))
9

Hayunas c (2) = 62, MBI IIOJIYyYUM GECKOHEYHO MHOIO pemeHuﬁ; cleaymoliee

pellleHie ecThb (239) = 2042. OxHako 3TO He JaeT HaM BCeX peLIeHH.

Hanpumep, (%) = 352 naunnaer Apyryio cepuio pemenuii, kak u (15°) =
11892. UssectHo, uTo B cmydae k = 3 ypasmenme (3) = m? mmeer
enuHCTBeHHOe pemeHne n = 50, m = 140. Ho Ha 3TOM pemeHuns
ucyepnsiBaroTcs: st k > 4 u moboro ¢ > 2 peuneHdi#l He CyIIECTBYeT, H

9TO JOKa3aHO DPAENIEM C TIOMOIIBI0 OCTPOYMHOIO DACCYKACHMUS.

Teopema. Fcau l > 2 u 4 <k <n—4, mo ypusrenue

HE UMEEM DeuleHUl 8 UEABT YUCAAL.
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B [doxasaTenbcTBO. BHauale 3aMeTHM, YTO NOCTATOYHO PACCMOTPETDH
cnygait n > 2k, Tak xak (}) = (,”,). IIpeamonoxuM, 4To Teopema He
BepHa, T.e. BhlIo/HsieTcs paBercTBo (}) = mf. JlokasaTenscTso Toro, 4To

9TO IPUBOAMUT K IIPOTHUBOPEYHUIO, Pa300beM Ha YeThIpe IIyHKTA.

(1) TIo Teopeme CumbBecTpa GUHOMHMANBHBIN K03(DbUIUEHT (2) UMeeT
npocToit nenurens p, Gonpummit k, Tak uro p® memur n(n—1)---(n—k+1).
fcHO, 4TO JMUIIL ONWH W3 MHOXKHUTENEH T — ¢ MOXKeT ObITb KpaTeH p,
HOCKOTIBKY p > k, W, cllesioBaTenbHo, pb|n — i, B cuny wero

n > pt > kKt > k2

(2) PaccMmoTpuM NIpOWSBONBHBIN MHOXKHTENb T — j B YHCIAMTENe Xpobu
n(n—1)---(n—k+1)
(n-1) A ¥ 3aIIUIIEM €ro B BUIE

n—j=aymé, j=0,1,....,k—1, Q)

IJe a; He JeJIUTCA HU Ha KaKyl0O HeTPHUBHAJIbHYIO {-I0 CTeleHb. 3aMeTuw,
9TO corsiacHo m.(1) Bce mpOCThHIE JeTUTEIH a; He mpeBocxonar k. Tenepn
TIOKaXKeM, 9TO a; 7# j, €ClM & 7# j. JIs 9TOro IpezmonoKuM IPOTHBHOE,
T.e. YTO a; = a; JJII HEKOTOpbIX ¢ < j. Torma m; > m;+1mn

E o> (n—i)=(n—3) = aj(mf—mf) > a;((m; +1) —m})
> aﬂmﬁ'l > é(ajmg)l/z > f(n—k+1)1/2 >
> Z(%+1)1/2 > nl/2,

9TO IPOTHBOPEYHMT HepaBeHCTBY n > k2, momyuennomy B m. (1).

(3) anee mokaxkeM, UTO YHCHIA dg,Qq1,--.,0k—]1 OOPa3yIOT NEPECTAHOBKY
muoxectBa 1,2,...,k. (CormacHo Dpzémry, 3TO NEeHTPAJbHBIH MOMEHT
Zoka3aTenbcTBa.) Tak Kak u3 m. (2) MBIl y>Ke 3HaeM, 9TO BCE STH IHCIA
Pa3JIMYHBIL, TO JOCTATOYHO IOKA3aTh, YTO

agay -+ -0Qk_1 Jenut k!

Ioncrapnas n — j = ajmf, j =0,1,...,k — 1, B ypapuerne (}) = m?,
HoTy4JaeM
¢ ¢
apai - - ag—1(memy - - -my—1)* = klmt.

Coxkpaias o61Iue MHOXKHUTEIU YUCET My . . . Mi_1 U M, HAXOTUM
agay - - ap_1ut = k!ve,

opudem HO/I(u,v) = 1. Ocranoch JokasaTs, 9to v = 1. Ecium 30 He Tak,
TO ¥ MMeeT HeKOTODBIA mpocroil nemurenb p. Tak kak HO(u,v) = 1,
TO p JOMKeH OBbITH IPOCTHIM JENUTENIEM NPOU3BEINEeHHUs Qgdj -..dk_1 H,
crenoBaTenbHo, p < k. CorsacHo Teopeme Jlexanapa (cM. ¢. 17),

k! comepxut p B cTeneHu Z L%J . (2)
i>1

Tenepp oueHHM creneHb p B mpomsBemenmu n(n — 1)---(n — k + 1).
IIycTs @ — HaTypasnpHOe 4mclno, a 4ucia by < by < ... < b, — KpaTHbIe
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pt SJIEMEHTBI IIOC/IEZIOBATEILHOCTH 7,71 — 1,...,n — k+ 1. Torma b, =
b1 + (s — 1)p* u nosTomy

(s—l)pi = by—by < n—-(n—k+1) = k-1,

Mbl BHIEM, YTO HAIl AHAJIH3
COIJIACYETCS C PABEHCTBOM
(%) = 140%, Tax kax

50 = 2-52
49 = 1-72
48 = 3-42
n5-7-4=140.

OTKYJa CJIeOyeT, 9TO

< [k—-l

= |+1 < [§J+1.

WTak, [ KaXXJOro 41 dHCIO 3JIeMeHTOB, KpaTHBIX p°, cpemnd
n,...,n—k+1 (1, TeM caMbIM, cpeaH ag,Qi,...,0k—1) OTPAHUYEHO CBEPXY
BEJIMYUHOMN [f—] + 1. D10 O3HaYaeT, YTO CTENeHb P B IPOU3BEICHHU
aoa1 - - - ag—1 (aHasornuso TeopeMe JlexkaHIpa U3 IVI. 2) He IPEBOCXOJUT

-1

; (LSJ +1). 3)

CymMmuposanue B (3) ocraHaBIuBaeTcs Ha 1 = £—1, Tak KaK MHOXKUTEJIH
ag,ai,...,ak_1 He JelaTcs Ha /-e CTeleHH.
Vuuteias ouenku (2) u (3), MBI HaxomuM, YTO CTemeHb p B v He

IIPEBOCXOIUT
Sk k
S (&) S5 < o

U [IoJy4da€eM IIPOTHUBOpPEYHE, TaK KaK ‘Ue ectb {-s1 cremennb v. TeM caMbM

JIOKa3aHO, 4To v = 1 W 4ucaa ag,ai,...,0k—1 u3 (1) OpUHEMAOT Bee
3nauenud 1,2,...,k.

DTOro OOCTATOYHO, YTOOBI YCTAHOBUTH CHPABEIJIUBOCTH TEOPEMHI B
caydae £ = 2. [IeficTBUTENBHO, TaK KaK k > 4, TO OOUH U3 MHOXKHTeJei
a; IOJKeH paBHAThCA deThlpeM: a; = 4. Ho cornacso m. (2) ymena a; se
OensaTcs Ha KBaJApaThl.

ITosToMy Tenepb mpeamosnokum, 9to £ > 3.

(4) Tax xak k > 4, TO Ind HEKOTOPHIX ij,%2,%3 MBI JOJDKHBI MMETh
paBeHCTBa a;;, = 1, a;, =2, a;; =4, T.e.

n—1 =m'i, n—1i =2m€, n—1ig3 =4m§.

JlokazkeM, uto (n — i2)? # (n —41)(n — i3). IIpeanonoxus npoTHUBHOE,
nonmoxkuM b=n—doun—i =b—z,n—i3=b+y, rne 0 < |z|,|y| < k.
Torna

B =(b-z)(b+y), mm (y—z)b=uzy,
re PaBEeHCTBO T = Y, OYEBUAHO, HeBO3MOxKHO. Teneps corvtacho m.(1)
lzyl = bly—z[ 2 b > n—k > (k=1 > |z,

¥ MBI [IPUIINA K TPOTHUBOPEYHIO.

Urak, m% # mimgs; OpeamonoxuMm, 9T0 m3 > mym3 (B OPOTHBHOM
cnydae GymeM OeACTBOBATD AHAJIOTMYHO), M BBIIMIIEM HAINY MOCJEIHIOIO
LIE[IOYKY HEPaBEHCTB

2k—1)n > n’—(n—k+1)? > (n—ix)2—(n—i))(n—1i3) =
= 4[m§‘3 — (mlmg)l] > 4[{(mimsz + 1)2 - (mlmg)e] >

> 4mfimfL
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Tak kak £ > 3 and n > kf > k3 > 6k, To orciona oIy 9aeM
2k — )nmimaz > 4mim§ = Ln—i))(n—1i3) >

_ 2 _n? 2
> f(n—-k+1)* > 3(n 6) > 2n°.

Tanee, nockoapky m; < nl/¢ < nl/3 okonuaTenpHO HaxOmUAM
kn?/® > kmims > (k=1)mymg > n,

wa k2 > n. TlosyyeHHOE IPOTUBOPEYKe 3aBEPIIAeT JOKA3aTebCTBO. O

Jlntepartypa

[1] ErDOGs P. A theorem of Sylvester and Schur. J. London Math. Soc., 9 (1934),
282-288.

[2] ErDGs P. On a diophantine equation. J. London Math. Soc., 26 (1951),
176-178.

[3] SYLVESTER J. J. On arithmetical series. Messenger of Math. 21 (1892), 1-19,
87-120; Collected Mathematical Papers, Vol. 4, 1912, 687-731.
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IIvep ne Pepma

MpeacraBneHus 4ucen B BUAe CyMM
ABYX KBagpaToB

Kaxue wucaa mozym 6vims 3anucarss 8 sude cymm deyz xeadpamos?

Ota npobsema Takas K€ JDEBHAA, KaK M TeOpHUs 4UHCEN, a ee
pellleHue SBJIAeTCH KiaccuiecKuM. «TpyInHasi» 4acTh pelleHUsl COCTOWT
B JIOKa3aTeJIbCTBE TOIO, YTO KaKIoe Ipocroe 4ymcio Buaa 4m + 1 ectb
cymma aByx keagparoB. [.I.Xapnu numer, uro sta meopema Pepma
0 deyr %6adpamar <«BIOJHE CIPABEIJINBO CYUTAETCS ONHON u3 HauboJiiee
COBEpIIEHHBIX B apudMeTHKe».

TeM He MeHee, ee [OKa3aTeJbCTBO, NpPHUBENeHHOe B Hamed Kuure
Jloka3aTeabCTB, MOJIyYeHO COBCEM HEeNaBHO.

HauyneM ¢ HeGosibmoit moAroToBKy. Bo-nepBrIX, HAM HYXKHO pa3jnvaTh
[IPOCTOE YKCJIO P = 2, TPOCThie BuJa p = 4m+1, u npocThle Buga p = 4m+3.
Kaxk moe npocToe 41ciio IPHUHAIEXKUT POBHO OJHOMY U3 3THX TPeX KJIaCCOB.
[Tokaxkem (ucnosb3yst Meron EBkinma), 4To cymecTByeT 6eCKOHEYHO MHOTO
npocThiX umces Buma 4m + 3. B camMoM meise, HOIyCTHM, YTO KX YHCIIO
KOHEYHO, U 0003Ha4YMM HauboJiblllee IPOCTOe YUCIO Buaa 4m + 3 yepes py.
ITonoxus

Ni = 22.3.5.-..pp—1,
rme p1 = 2, pp = 3, p3 = 5,... — IOCIEIOBATEIbHOCTb BCEX IMPOCTBIX YHCE,
MBI HaliieM, 4TO
N = 3(mod 4);

mo3ToMy Nk TOJI2KHO UMETh IIPOCTON JeuTenb Buga 4m- 3, ¥ 9TOT mpocTol
IenuTesb 6omblne pr. TakuM 06pa3oM, MBI ITOJIyYMJIM IPOTHBOPEYHE.

B konie HacTosimielf rjlaBel MBI JIOKaXKeM TaKXKe, YTO CYLIECTBYET
6ECKOHEYHO MHOTrO IIPOCTHIX BUAa 4m + 1.

Ilepast Hamia JileMMa €CThb YaCTHBIA ClIy4yall HM3BECTHOIO <«3aKOHA
B3aumMHOCTH». OHa XapaKTepU3yeT MPOCThIe YUCHA, AJs KOTOPHIX —1 ecThb
KBaJpaT B 1oJie Zp, KOTOPOe ONUCaHO Ha BCTaBKe Ha c. 27.

Jlemma 1. Jlas npocmuvx p = 4m + 1 ypaenenue s> = —1 (modp) umeem
dsa pewenus s € {1,2,...,p—1}, daa p = 2 cywecmeyem odno maxoe
peweHrue, a 048 NPOCMHT wuces suda p = 4m-+3 pewenul He cyuecmeyem.

B Joka3aTrenbcTBO. B ciydae p = 2 pemenneM saBiserca s = 1. Jna
HedeTHBIX p BBedeM Ha {1,2,...,p — 1} OTHONIEHMEe SKBUBAJEHTHOCTH,
monaras KaXKIbl 9JIEMEHT JSKBHUBAJIEHTHBIM €0 aJNUTUBHOMY U
MYJIbTUIUIMKATUBHOMY OOpaTHBIM B Z,. ClemoBaTesbHO, «OOIIHe» KJIACCHI
3KBUBAJIEHTHOCTH OyJYT COAEP2KAThb YETHIPE dJIEMEHTA!

{.’E, _zsia _5}1
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TaK KaK TaKoO€ YeTbIPDEX3JIEMEHTHOE MHO2KEeCTBO COAEP2KHUT oba 06pa.THbIX
AJIA Ka2KJOro CBOEro 3JIEMEHTA. O,Z[H&KO €CJI1 HEKOTOpble M3 4YeThIPpeEX
JIEMEHTOB COBIIaIalOT, TO MOIIHOCTH (‘-II/ICJ'IO SJIeMeHTOB) KJlIaCcCa 3KBHBa-
JICHTHOCTH YMEHbIIIaeTCA:

® I = —I — HEBO3MOXKHO JjIsi HEYETHBIX P.
e T = T — SKBUBAJEHTHO CPaBHEHHIO I’ = 1, KOTOpPOe KMMeeT IBa
pellleHus, a UMEHHO, £ = 1 u £ = p — 1, U OPUBOJUT K KJIaccy

sKBuBaJieHTHOCTH {1,p — 1}, comepxkamemy IBa 3JI€MEHTA.

® I = —ZT — 3KBHUBAJIEHTHO CPaBHEHUIO 11}2 = —1. OHo MOXeT He UMeThb

PelleHn UK UMeTh ABa Pa3JIMYHbIX pelteHus {Zo,p — To}.

Muoxecteo {1,2,...,p — 1} umeer p — 1 sjeMeHTOB, U Mbl pa3Gumin
€ro Ha 4eTBEPKH (KJIaCChl 9KBUBAJIEHTHOCTH MOILIHOCTH 4) M OJHY WU JBe
napbl (KJIacChl 9KBUBAJEHTHOCTH MomHocTH 2). Ecim p — 1 = 4m + 2, To
MOXKET CYIeCTBOBATH JIMIIL oxHa napa {1,p — 1}, ocTaibHble — YeTBEPKH,
Tak 4To cpaBHeHme s?> = —1 (mod p) pemenuit He umeer. Eciu p — 1 = 4m,
TO B pa3bHeHHHM HMeeTCsl BTOpas Napa, KOTOpasi COJNEPKUT JBA HUCKOMBIX
pellleHus ypaBHeHus s = —1. O

ITpocTheie nous

Ecau p — mpocroe umcno, To MHOXecTBO Zp = {0,1,...,p — 1},
B KOTODOM OIIDENIEJIEHBI CJIOXKEHWE W YMHOXKEHHE <«II0 MOMYJIO P»,
obpa3yeT KOHeuyHOe mosie. HaM moTpebyioTcs Clenyolnye IIPOCThie
CBOIICTBa MHOXKECTBA Zp:

o llna x € Zp, x # 0, anpuTuBHbIA 0GpaTHBIA (KOTOPHIA MBI OGBIYHO
obo3HadaeM —z) Berynciasiercs mo gopmyne p—z € {1,2,...,p—1}.
Ecnu p > 2, T0 £ 1 —2 — pa3iuyHbIE JJIEMEHTHI MHOXKECTBA Zp.

o Kaxplit snement £ € Z,\{0} uMeer eIMHCTBEHHBIA MyJIbTHIIIZ-
KaTHUBHbIN 06paTHbLi T € Zy,\{0}, npuuem zZ = 1 (mod p).
W3 onpenenenns: MpOCTHIX HHCEN CllefyeT, YTO oTobpakeHue Z, —
Zyp: z — Tz, THBEKTHBHO Ajist moboro T # 0. [TosToMy Ha KOHeIHOM
MmHoxecTBe Zp\{0} OHO HO/KHO GBITH Tak¥Ke M CIOPBEKTUBHBIM,
BCJIGJICTBHE Yero JJis Kaxaoro T # 0 HaiimeTcs €IMHCTBEHHBIH
371eMeHT T Takoi, 4To Z = 1 (mod p).

e Ecu h = |£], T 0%,12,22,...,h? — pa3nuyUHBIE SJIEMEHTHI
MHOXeCTBa Z,. JleficTBUTeNbHO, W3 CpaBHeHWS I’ = Y2, wim

(z + y)(z — y) =0, cnenyer, gro mubo z = y, 1ubo T = —y.

Dt 1+ |E] snementon 02,1%,. .., h? Ha3HIBAIOT K6GOPATMUNHBIMU
8vMemamys 8 L.

ITonyTHO 3aMeTHM, YTO AJIsI BCEX IPOCTHIX YUCEN CYLIECTBYIOT PEUIeHUs
cpasrerns 2 +y* = —1 (mod p). HeitcrBuTensHo, B Z, cymecTsyeT |5 |+1
pasnmuHbx ugncen Buga —(1 + y2). DT ABa MHOXKECTBA UMEIOT HeIycToe
IepeceveHne, TaK KaK Zp COCTOUT JMIIb U3 P JIEMEHTOB, [I09TOMY [OJIZKHBI
CyIIeCTBOBATh Takue T U Y, uTo 2 = —(1 + y?) (mod p).

Hns p = 11 pa3buenue ectb
{1,10},{2,9,6,5},{3,8,4,7};
Ina p = 13 oHO uMeeT BUJ,
{1,12},{2,11,7,6}, {3,10,9,4},
u {5,8}, npuuem {5,8} naer asa

pewrenns s° = —1(mod13).
+]0 1 2 3 4
0{0 1 2 3 4
111 2 3 40
212 3 4 0 1
313 401 2
44 01 2 3
[0 1 2 3 4
00 0 00 0
110 1 2 3 4
20 2 4 1 3
3{0 3 1 4 2
il0 4 3 2 1

Crnoxxenne 1 yMHOXeHHE B Zs
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Irasa 4

Hnsa p =13, |/p| = 3 paccmorpum
mapy («',3') € {0,1,2,3}. M=

S =

~,

T

w N = O

/

y

5 cymma =’ — sy’ (mod13)
NPUHEMAET CIICAYIONMe SHAUCHHUS:

0o 1 2 3
0 8 3 11
1 9 4 12
2 10 5 0
3 11 6 1

JlemmMma 2. Hukaxoe wucro euda n = 4m + 3 neavsa npedcmasumsv 6 sude
cymmoe d8YT K6adpamos.

B JokazarenbCcTBO. 3aMeTHM, YTO KBAIPAT JIIOO0r0 YeTHOrO YHCIa eCTh
(2k)? = 4k* = 0(mod4), a Iua KBaIpPaTOB HEYETHBIX UHCEN HMeeM
(2k +1)2 = 4(k? + k) + 1 = 1 (mod 4). [TosTomy mr0bas cymMa KBaIpPATOB
cpaBHAMa 10 Moaynio 4 ¢ 0, 1 mnum 2. a

3HayuT, IpocThie p = 4m + 3 ABAAIOTCA <«IUIOXMMU», TaK 4TO Jajlee
MbI OyZeM 3aHUMATHCS CBOMCTBAMU «XOPOIIMX» MPOCTBHIX YMCEN BUIA P =
4m + 1. Ilo nyTu K IJIaBHOM TeopeMe CJIELyIOlee YTBEPXKIEHNUE SBJISETCS
KJIIOYEBBIM.

ITpengnoxkenune. Kastcdoe npocmoe wucao euda p = 4dm + 1 ecmv cymma
deyz xeadpamos, m.e. e2o movcHo npedcmasums 6 eude p = T2 + y2, 20e
z,y € N — nexomopwie namypasvroie wucaa.

Mgl puBesieM 34€Ch JBA NOKA3aTENbCTBA ITOrO MPEIJIOKEHNS; KaXKI0e
U3 HHX 3JIETAHTHO M HEOXKUIAHHO. [lepBoe IOKa3aTeNbCTBO OCHOBAHO Ha
[IOPA3WTENbHOM IIPUMEHEHWH <«HpuHIuna Jupuxsie», KOTOPBIA MBI yxKe
HesIBHO HCIIOJIb30BAJIM Ilepel JeMMOH 2 (IJOIOJHUTENbHO CM. I 22), u
TOHKHX IIEPEXOJaX K PACCYXKJEHUSM «II0 MOAYIIO p» ¥ obpaTHo. Ero maes
IPUHAIEXKUT HOPBEXKCKOMY TE€OPETHKO-JHCIOBUKY Akcemo Tys [6].

B JokasareascTBo. PaccmorpuM Takue mapst (z',y') menbix guces, 9to
0<z,y <prez,y €{01,...,]\/p|}. Ux ancno pasro (|/p] +1)%
TaK Kak |z] 4+ 1 > z npu = = /p, To 3T0 umcyo Gonbme p. CrrenoBaTenbHo,
Zns moboro s € Zy, 3Hadenns =’ — sy’, MoydyeHHbIe ¢ IOMOIIBIO BCEX Hap
(z',v'), me MoryT GBITH NONAPHO PA3IUYHBIMA 10 MOAY/O p. VIHave rosops,
JJIs KaXKIOro S CYIIECTBYIOT JBE Pa3jMyYHble Haphl

@y), (",9") € {0,1,...,|val}

AJ1s KOTOPBIX

' —sy = z'"—3sy” (modp).

Tenepb paccMOTPUM DAa3HOCTH ITUX Nap. U3 mociefHero cpaBHeHMS
cnenyet, yro ' — 2" = s(y’ — y”) (mod p). TlosTomy, nonaras

T = Iz/__z/ll, y:= Iyl_ylll,

MBI [IOJIy9HM APy

(z,y) €{0,1,...,|/P|}?, rme z = sy (modp).

OnHOBpeMEHHO T M Yy He MOTYT OBITh HyJNAMH, TaK Kak mapsl (z',y') m
(z",y") paznuynsbl.

IlycTe Temepb $ — pemneHWe CpaBHEHHS S$2 =
cymectsyer B cumy aemmsl 1. Torma z2 = s%y?
CJI€J0BATENBHO, MBI IIOCTPOMIIA [1apy

2 —1 (mod p), xoropoe

—y? (modp), wu,

(z,y) € Z*, nnaxoroport 0<z’+4+y2<2p m %24 y%=0 (modp).

Ho p — emunCcTBeHHOE YHCIIO, 3aK/II09eHHOE MexXay 0 1 2p, KOTOpoe JenuTces
ma p. [lostomy z2 + y? = p. Jokasamo! a

Bropoe [0Ka3aTeNbCTBO MPEAJIOKEHHS — TaK¥Ke HECOMHEHHOe
HokasatenscTBo u3 Kuuru — 6vimo orkpweito Pomxepom Xwut-Bpoynom
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B 1971 romy m onybiukoBaHo B 1984 romy [2]. (Cxkaras Bepcus
[OKa3aTelbCTBa B BHIE <«ONHOIO NpeJIOXKEeHWs» OblIa NpenjioXKeHa
Honom 3arupom, cm. [8].) OHO HaCTONBKO 3/IEMEHTAPHO, YTO HAM JaXKe He
IpUJETCs HUCIIONB30BaTh JleMMy 1.

Baxknyio ponp B moka3aTenbcTBe XuT-BpoyHa WrpaioT TpU JMHEHHbIE
HMHBOJIIOLMM: OJHA COBEPIIEHHO OYeBHIAHAs, OLHA CKPbITas HHBOJIIOLHS
U OJHa TpHUBHAJbHAA, KOTOpad CTaBUT (DUHAJIBHYIO TO4YKy. Bropas,
HEOXWJAHHAsl, HHBOJIIOLMS COOTBETCTBYEeT CKDBITOM CTPYKType Ha
MHOXeCTBe S IeJIOYHC/IeHHbIX PeleHuil ypaBHenus 4zy + 22 = p.

B TokazaTtenbcTBO. PaccMOTpUM MHOXECTBO pelIeHMH
S = {(z,9,2) €Z®: 4zy+2>=p, >0, y>0}.

Ono koneuHo. [eiicTBUTENbHO, U3 ycaoBuit £ > 1 u y > 1 cnenyer, 9To
y < g unz < E. IlosToMy cyiiecTByeT JMIIb KOHEYHOE YHCJIO BO3MOXKHBIX
3HAYEHUH T U Y, a IPU 33JaHHBIX T U Yy — He OoJiee AByX 3HAYEHHUH 2.

1. HepBa.a — JIMHEeMHad — UHBOJIIONUS €CTh
f 08— Sa (-’L', Y, Z) — (ya z, _Z);

OHAa IlepecTaBideT T U Y U MEHsIeT 3HaK z. flcHO, 4To f oTobpazkaeT S B cebs
U ABJIAETCH UH80A0Yuel: TPUMEHEeHHAs IBAXKbl, OHA JAeT TOXKIECTBEHHOE
otobpaxkernue. [lajee, f He MMeeT HEMOABUKHBIX TOYEK, TaK KAK PABEHCTBO
z = 0 umeno Obl cnencTBueM p = 4xy, 9YTO HEBO3MOXKHO. Bosee Toro, f
oTObpaXkaeT pelieHUs, IPUHAJIEXKAIHAE MHOXKECTBY

T = {(z,y,2) €S :2>0},

B pemtenns u3 S\T, ansa koroprix z < 0. Hasnee, f obpamaer 3HaKKH T — Y U
Z W, CJIeIOBATEe/IbHO, OTOOPaXKaeT pelleHUs, IPUHAI/IEXKAIIHE MHOXKECTBY

U = {(z,9,2) €S:(z—y)+2z>0},

B pemenusd u3 S\U. YroGel ybenuTbcss B 9TOM, ZOCTATOYHO IPOBEPUTH,
9T0 OTCYTCTBYIOT pemerus ¢ (z — y) + z = 0. Ho mociennee paBeHCTBO
HEBO3MOXKHO, TaK KaK U3 HEro CJIeJoBajo Obl, uTo p = 4zy + 2° =
dzy+(z - y)* = (z +y)*

Yo MBI HOIyYMId, u3ydas HHBoIOIHMIO f7 3aMeTuM, 94To f oToGpaskaeT
muOXecTBa T v U B MX [ONOJIHEHHMs]; IO3TOMY OHA IEPEBOIUT JIEMEHThI
w3 T\U B U\T. 3nauut, uucno pemenuit B U, He mpuHamnexammx 7,
paBHO 4mciy pemenwit B T, He mpuHagiexamux U. Caedosameavno, T u
U umerom odunaxosyro MowHocms.

2. Bropasa unBOMIONMS, KOTOPYIO MBI PACCMOTPHM, €CTh HUHBOJIONUS Ha
MHOXKecTBe U':

g:U—U, (2,94,2)— (z—y+2y,2y—2).

Bragasne nposepum, uto g orobpaxkaer U B U. Eciu (z,y,2) € U, To © —
y+2z>0,y>0ud(z—y+2)y+(2y—2)? = dzy+ 22, Tak uro g(z,y,2) € S.
Tak kak (z —y+2) —y+(2y— 2z) = z > 0, To meiicTBUTENBHO ¢(ZT,Y, 2) € U.

Hanee, ¢ — naBomIOIMs: Touka ¢(z,y,2) = (£ — y + 2,y,2y — 2) mOZ,
JeiicTBreM g nepexomut B ((z—y+2)—y+(2y—=2),y, 2y—(2y—=2)) = (z,y, 2).
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TI'nasa 4

NHBONMIOUMS Ha KOHEYHOM MHOXKe-
CTBE HEYETHON MOIIHOCTH MMeeT He
MEHEE OJHOU HENOABUXKHON TOYKH.

Y, HakoHell, g UMeeT POBHO OJHY HENOIBHKHYIO TOYKY: €CJIU

(z,y,z) g(x,y,z) = (x—y+3,y,2y—z),

To y = z, u Torga p = 4zy + y? = (4z + Y)Y, 9TO MOXKeET BHINOJHATHLCH
Toanonpny=1=zn:1:=P—Z—1.

Ho ecim g — wumBomonuss Ha U, KOTOpas MMEET POBHO OJHY
HEMOJABMKHYIO TOUKY, TO MouHocmd U Hewemha.

3. Tperbs uHBOMIONUS JeUCTBYeT Ha 1 TPUBHANBHO, IEPECTABIAS T U -
h:T—T, (z,9,2)— (y,z,2).

$cHo, 4TO 3TO Olpelie/ieH!e KOPPEKTHO U YTO A SIBJISETCS WHBOJIIOIMEH.

O6beHUM HOJyYeHHbIE Pe3ybTaThl. MoHOCTL MHOXKecTBa 1 paBHA
MOIIHOCTH MHOXKecTBa, U, KoTopas HedeTrHa. Ho sobas maBOMmoumst h Ha
KOHEYHOM MHOKECTBE HEYEeTHOM MOIIHOCTH, UMEET HENO0JBUNCHYIO MOUKY:
CylIecTByeT TodKa (Z,Yy,2) € T ¢ £ = y, a el COOTBETCTBYET NEJOYNCIIEHHOE
pellleHne ypaBHEHUsI

p =4z + 22 = (2)% + 22 O

3ameTuM, YTO M3 NPUBEJEHHOTO JOKA3ATENbCTBA CJELYyeT Gosbluee:
9HICIIO TIpeJCTABNEHUH P B Buge p = z2 + (2y)? neuemmo mns Bcex MpOCTBIX
yucen suza p = 4m+1. (Ha camoM zeiie Takoe peCTaBIEHNE €AUHCTBEHHO,
cM. [3].) Bamerum Takke, 4TO 00a JOKa3aTENbCTBA He 3(DPEKTUBHBL:
nonpobyiiTe HAUTU T U Y IJIsl JeCATUPA3PARHOro mpocroro guncia!l Dddek-
THBHBIE CIIOCOOBI [IOUCKA TAKMX IPEACTABIEHUH (B 4aCTHOCTH, B BUJE CyMMBI
IBYX KBaJApaToB) obcyxparores B [1] u [7].

Crnemyiomasi TeopeMa IIOJHOCTBIO OTBEYaeT Ha BOIPOC, C KOTOPOTO
HavaJIach 9Ta IJIaBa.

Teopema. Hamypaavroe ~ucao n moocho npedcmasumv 6 eude
cymmvl 068YT K6a0pamo8 mozda U Moabko moz20a, K020a 8 KAHOHUMECKOM
DABAONHCEHUY TN HA NPOCBIE  COMHONCUMEAU  KaHCObY  npocmod
MHO2CUMENDd suda p = 4m + 3 umeem uemmHy0 cmeners.

B JokasarenbcTBo. Ha3oBeMm 4ucio n npedcmasumvim, €CIA OHO €CTh
CyMMa. IByX KBaJpPaTOB, T. €. €CIK N = T2 + Y2 11 HEKOTOPHIX T,y € Ny =
{0,1,2,...}. TeopeMa BHITEKAET U3 CJEIYIOMMUX IIATH IIPEAJIOXKEHUIH.

(1) Yucna 1 = 12402 u 2 = 12 + 12 npeacrasumsr. Kaxoe mpocToe uco
BUaa p = 4m + 1 npezxcTaBuMO.

(2) TIpomsseneHue MBYX JTIOGBIX MPEJCTABEMBIX YHCENI N1 = T3 + Y2 U ng =
z3 + y2 npencrasumo: ning = (2122 + Y1y2)? + (T1y2 — T291)2.

(3) Eciz n mpeacraBumo: n = z2 + y?, TO NPEICTABEMO TAKXKe M HHCIO
nz? = (z2)% + (y2)%.

Us (1), (2) u (3) cnenyer JOCTATOYHOCTH YCIIOBHUIA TEOPEMBEI.

(4) Ecom p = 4m + 3 — mpocToe, KOTOPOe JEJUT IPeACTABHMOE HHCIIO
n = 22 4+ y?, TO p JEIUT M T, U Y, U TOSTOMY T JIEJUTCA Ha p°.
HeiicrButensio, ecmu £ # 0(modp), To cymecTByer Takoe T, 4TO
zZ = 1 (mod p). YMHOXHUB cpaBHeHHe z? + y2 =0 Ha 52, MBI IIOJIY YUJIA
661 143?72 = 14 (Zy)? = 0 (mod p), 9To Ans NpocThIX BUIA p = 4m+3
B CHJIy JIEeMMBI 1 HEBO3MOXKHO.
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(5) Ecim n npeacraBumo u p = 4m + 3 IeauT n, TO p2 IEJUT 1L U ;Z‘f
NPECTaBIAMO. DTO ciexyeT u3 (4) U 3aBepIIaeT JOKa3aTeIbLCTBO. O

B kauecTBe cileACcTBHSL MBI IOJIydYaeM, 4YTO CyINECTBYET GECKOHEYHO
MHOTO NpoCcThIX Buga p = 4m + 1. JeficTBuTENbHO, HOMYCTUM IPOTHUBHOE;
IIYCTb Dx — MaKCHMaJIbHOe IIPOoCcToe 9ucio Buma 4m + 1. Yucno

My =(3-5-7---pp)? +22

cpaBHuMO ¢ 1 mo mozymo 4. Bece ero mpocteie nenurenu Gosblue pg, H,

COIIACHO NpeIJIOXKeHuUIO (4) U3 pUBeIeHHOrO JOKA3aTelbCTBa, M), He uMeeT

IOPOCTBIX AenuTesiell Buga 4m + 3. 3Hauut, M) MMeeT HPOCTO# IenuTelsb

Buza 4m + 1, 6oabmIMit Py, YTO IPOTUBOPEYHUT IPEAIOIOKEHHIO.
3aBepuinM Haie 06CyXKIeHUE ABYMS 3aME€IaHUIMM.

e Ecan a u b — 1Ba HATYpANBHBIX B3AUMHO MPOCTHIX YHCIIA, TO CYIHECTBYET
6eCKOHEYHO MHOTO IPOCTHIX BAja am + b (m € N) — aro ussectnas (u
TpyzHas) TeopeMa Jdupuxie. Tounee, MOXKHO MOKa3aTh, YTO KOJIMIECTBO
mpocThix p < z BUAAa p = am + b npu GOJbIIMX I IOBOILHO TOYHO
onuckiBaeTcs QpyHKIHeH W%&’ rae ¢(a) — xosumgecTBo wmcen b, 1 <
b < a, B3aMMHO HPOCTHIX € G. (DTO CyIMECTBEHHO yTOYHSET TEOPeMYy O
pacIpele/ieHUH MPOCTBIX YHCeNI, KOTOPYIO MbI 06CyKaamm Ha c. 18.)

o Takum obpa3oM, Iy (PUKCHPOBAHHOIO @ M Pa3HBIX b HPOCTBIE HYHCIA
BCTpeYaroTca onmHakoBo dacro. Onmako, Hanpumep, mpu a = 4
JoNs TNPOCTBIX umcesl BUAa 4m + 3 HE3HAYUTENBHO, HO 3aMETHO M
YCTOMYHBO NPEBBIIIAET JOJIIO IPOCTBIX UMCeN BUAA 4m + 1: mis ciydaiiso
BEIOPAHHOrO GOJIBIIOrO T KOJIMYECTBO HPOCTHIX p <  BHZa p = 4m + 3,
CKOpee Bcero, OymeT 6oJibIlle KOJMYECTBA NPOCTHIX BHAa p = 4m + 1.
AtoT 3 deKT u3BecTeH Kak «cMemeHne JeGbiméBa» — cM. Paiizen [4],
Py6unmreiin u Capnak [5].
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Apucr Burr

Ka>kpoe koHe4HoOe KOJbLLo
C AeneHnem — none

Kosbua sIBASIOTCS Ba’XKHBIMU CTPYKTYpPaMH B COBDEMEHHOM ajrebpe.
Ecmu xonbuo R uMeer MyJIbTUNUIMKATUBHBIA €OUHUYHBIA 3/ieMeHT 1 u
KaXXIblii HEHYJIEBOM 3JIEMEHT HMMeEeT MYJIbTHILUIMKATUBHBIA OOPaTHBIM, TO
R Ha3bIBaeTCA K0ABUOM C deaeruem!. EnuncTBeHHOE, YeM TaKoe KOJIBIO
R MoxeT OT/IMYATBCS OT MOJs, — 3TO KOMMYTATHUBHOCTh YMHOXEHHUS.
W3BecTHBI mpUMep HEKOMMYTATHBHOIO KOJIbIIA C JEJIEHUEM — KOJIBIIO
KBATEPHUOHOB, OTKpbIToe [amumisroHoM. Ho, kKak BuIHO M3 Ha3BaHUA
[JIaBbl, KaJKJi0e HEKOMMYTATHBHOE KOJIBIO C JejieHueM bOeckoHeuno. Eciu
R KOHe4YHO, TO U3 aKCHOM CJIEAYET, YTO YMHOXeHHe B R KOMMYTaTHUBHO.

DTOT pe3y/bTaT, KOTODBI Temepb SBJSAETCA KJIACCHYECKHM, MOPa3HII
BooOparkeHre MHOIMX MAaTEMATHUKOB; HAIpUMep, XepIITEHH Ha3BaJl €ro
«COBEPIIEHHO HEOXHUJAHHOH B3aMMOCBA3BIO JABYX KaXKYIIUXCA JAJIEKUMU
Opyr OT Jpyra Benieil: YHCja 3JEMEHTOB B HEKOTODOHN ayirebpaumdecKoit
CHCTEME U CBOMCTB YMHOXKEHUA B 3TON CHUCTEME».

Teopema. Kaotcdoe koneuHoe Koapuo ¢ deseHUuem KOMMYMAMUEHO.

DTy NpeKpPacHyI0 TeopeMy, KOTOPYIO 00bI4HO npumuckiBaoT MaxkJlarany
Bennep6ypHy, JOKa3bIBad MHOIHME MaTEMAaTHUKHU C [IOMOLIBIO Da3JIMYHBIX
uneit. Cam Bexnep6ypn B 1905 roxy [2] naun eft Tpu mokasarenncrBa. B
TOM 2Ke Tofly ellie OJHO JOKa3aTeJIbCTBO Ipensoxkui Jleonapn Jdukcon [1].
ITosnuee dmunem Aprunom, Xancom [accenxaysoMm, Hukonaem Bypbakm
¥ MHOIMMU JPYyTMMH OBLIM IOJIy49eHbI Pa3Hble HOKa3aTeabcTBa. OmHO u3
HUX BBIAEJISIeTCS CBOEM MPOCTOTOM U 3jeraHTHOCTHIO. OHO OBLIO HaiAEHO
Opucrom Burrom B 1931 roxy [3] u coderaer mBe sseMeHTapHBIE HIEH,
NPUBOLSIIUE K BEJMKOJENHOMY OKOHYAHHIO.

B JdokazaresbcTBO. IlepBast yacTh NOKa3aTeIbCTBA CBA3AHA C JIMHENHON
anrebpoit. Ilycte R — KOHeYHOe KOJIBLIO C JeseHueM. JInsi KaxkIoro
snemenTa s € R onpenemm MHOXecTBO Cs := {z € R : s = sz} s71eMeHTOB
u3 R, KOMMYTUDPYIOIHX C S; MHOXKeCTBO Cs Ha3bIBAECTCS UEeHMPAAUZATTLOPOM
sneMmeHTa S. fcHo, yTto C; comepkuT O u 1 ¥ sABAAETCA NOTKOJBLIOM C
neneHueM Kosblia R. Ilenmpom Z Ha3bIBA€TCS MHOXKECTBO 3JIEMEHTOB U3
R, xoMMyTHpyIOIEX CO BCeMu dineMenTamu u3 R, T.e. Z =[),cpCs. B
YaCTHOCTH, BCE€ SJIEMEHTHI U3 Z KOMMYTHUDYIOT APYr ¢ apyroM, 0 u 1 npu-
HaJJIeXKaT Z U, CJIeJ0BATENbHO, Z eCTh KoHewHoe nose. Ilonoxum |Z| = q.

Mzt Mmoxkem paccMaTpuBaTh R u C; KaK BEKTODHBIE IIPOCTPAHCTBA HAT
nosieM Z ¥ OTCIOAa BBEIBECTH, 9T0 |R| = ¢", rie n — pa3MepHOCTb BEKTOPHOIO
mpoctpadcTsa R Hax Z, u asamoruddo |Cs| = ¢™* A/ HEKOTODPBIX NEJIBIX
gpces ng > 1.

1 B oreuecTsenHOlt MuTepaType OOGLIYHO UCHONB3YETCS TEPMHH Meno. 3aMETHM, YTO
aBTOPBI HESIBHO NPEATNOJIAraloT TAKXKe aCCOUMATUBHOCTb YMHOXXeHUs. — [Ipum. nepes.



Kaotcdoe xoneunoe xoavyo ¢ deaenuem — noae

IIycts Teneps R — He mosie. DTO O3HAYAET, 4TO JJI Hekomopozo s € R
nenrpamu3arop Cs He coBmamaer ¢ R mim, 9T0 TO XKe, ng < 7.
Paccmorpum Ha MHOXecTBe R* := R\ {0} orHOmenue

r'~r <<= ' =z lrz pnasekoroporo z € R*.

Jlerko IpoBEpPHUTH, YTO ~ €CTh OTHOIIEHHE SKBUBAJIEHTHOCTH. I1ycTh
{z7'sz:z € R*}

— KJIACC IKBUBAJIEHTHOCTH, coepxKammii s. 3ameTuM, uto |As] = 1
TOJIBKO TOIZIA, KOTJa S MPUHALJIEXKUT HeHTPY Z. IlosToMy B cuily Hamiero
[PeIIIONIOKEHUs CYMECTBYIOT Kiacchl As ¢ |As| > 2. Paccmorpum Tenepb
s s € R* orobpaxkenue fs : x — z” sz u3 R* B A,. Torna qna z, y € R*
1. _.-1 “1y, _ -1
zTsr=y sy <= (yr M)s=s(yz7) =
<« yrlelC: < yecClz,

roe C; = C,\{0}, npudem mommpocTs MHOXecTBa Ciz = {22 : z € C}}
paeHa |C}|. CnenoBaTensHo, npu 0TOGpaXKeHUH f, KaXKAbIA 31eMeHT T~ 15z
siBiAeTcs 06pa3oM poBHO |C| = ¢™* — 1 ss1eMeHTOB 3 R*, 1 MBI 3aKI1098eM,
uro |R*| = |A4,| |Cy|. Takum o6pasom,

|R*] ¢ -1
ICs| g —1

|As| ecTb yeaoe umcno muA Beex s.

Kiaccel skBuBajieHTHOCTH 06pa3yior pasbuenme R*. O6o3HauuM Temepnb
yepes Z* = 7'\ {O} 00 beIMHEHNE OTHO3JIEMEHTHBIX KJIACCOB SKBHBAJIEHT-
HOCTH ¥ 4epe3 Aj,..., A; — KJIacChl SKBUBAJIEHTHOCTH, cojepxkamue 6oJiee
OJHOTO 3IJIEMEHTA. Ho HalleMy npezmosoxenuio ¢ > 1. Pasenctso |R*| =
|Z*| + Zk 1 |Ak| mOKa3bIBaET Tak Ha3BIBAEMYIO HOPMYAY KAGCCOE

qn_l = _1+Z nk._]_ (1)

roe 1 < 7 € N 1na seex k.

Tenepb M.BI OCTaBHM abCTPaKTHYIO ajiredpy M BEPHEMCS K HATYDPaJIbHBIM
anciaM. ITpexk e Bcero mokaxkeM, 4to eciu g™+ —1 | g™ —1, o ng | n. B camom
Iene, oycTb n = ang + 7, e 0 < r < ng. U3 ycnoBus g™t — 1| gom++7 — 1
BBITEKAET, YTO

F— 1] (@ = 1) = (g7 — 1) = g (g - 1,

H, CIef0BaTeNbHO, g™ — 1| q@=Dnetr _ 1 1ax kak ¢™* u q™* — 1 B3auMHO
npoctsl. IIpomomkas TakuM o6pa30oM, MBI HAXOIUM, 9TO ¢™* —1|¢" — 1, roe
0 < r < ng, 9TO BO3MOXKHO TOJBKO Ipu 7 = 0, T. €. Opu ng | n. Utak

ng|n  mas seex k. (2)
Bo BTOpO#t YacTH IOKA3aTENbCTBA UCIOIb3YIOTCS KOMIUIEKCHBIE YHCIIA.

Paccmorpum MHorounen z™ — 1. Ero (KOMILIEKCHBIE) KODHM HA3BIBAIOTCS
KOpHAMU N-U cmenenu u3 eduruydt. Tak Kak A™ = 1 17151 KaXK10ro KOPHS A,
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z = ret?
y=rsingp
A
Az M=
-1 1

Kopsn 6-#t crenenn u3 equHULbL.

TO |A| = 1, T.e. BCe OHM JIe>KaT Ha €IMHMYIHON OKPY’KHOCTH KOMILIEKCHOM
mnockoctu. PakTrdecku (CM. BCTABKY) OHE MMEIOT BUJL

i 2 2
Ak=e%=cos($)+isin<—knl), 0<k<n-1.

HekoTophble KOpDHHM M- CTeNEeHH A\ YAOBJIETBOPSIOT TAKXKe COOTHOIICHUSIM
A = 1 npu d < n; HanpuMep, OPH YETHOM T /s KOPHA A = —1 HMeeM
A2 = 1. JIna xopHs A 0603Ha4uMM Hepe3 d HaUMeHbIee HATYPaJbHOe YHCIIO,
npu kotopom A4 = 1, T.e. d — MOPAMOK \ B IDyINIe KOPHEH U3 €IUHULIEL.
Torna d|n cormacHo Teopeme Jlarpam:ka («IOPSNOK JIOBOrO 3JEMEHTa
CPYNOBl JeJUT NOPSJOK CPYNOBI» — CM. BCTABKY B [VI. 1). 3aMeTuM, 4TO

27

CyIIEeCTBYIOT KOPDHHU U3 €OMHHUIIbI no6oro IIopsAaKa 7T, HallpuUMeED, )\1 =€n .

KopHu u3 eguHULbI
JI1060€e KOMILJIEKCHOE YHCIIO Z = & + 1Y MOXHO 3AIUCATh B MOJSPHBIX
KOODAMHATAX: .

z = re* = r(cosy + isinyp),

rone r = |z| = /2?4 y? — paccrosiHMe OT TOYKH 2z OO Hadyaia
KOODJIMHAT 1 ¢ — YIoJl, H3MEPEHHbIIt OT IOJIOKUTEIBHOTO J1y9a OCH Z.
KopHu n-ii cTeneHy U3 eIUHUIbL, CJIEJ0BATENbHO, IMEIOT BAL

i 2k 2k
)\k=e2kn =cos(—7r>+isin(———7r>, 0<k<n-1,
n n
TaK KaK OpH JioboM k

A = e = cos(2km) + isin(2k7) = 1.

MOKHO HOJYYUTh STH KOPHHU MEOMETPUYECKH, BIIUCHIBAS IIPABUJIBHbIMA
N-YrOJNbHUK B €AWHUYHBIA Kpyr. 3aMeTHM, 4TO JJsa Beex K
BBITIOJIHSIIOTCSL COOTHOINEHUSA A = (k, roe ( = el = A1. Takum
06pa3oM, KODHA M- CTENEHH U3 €IUHUIBI 06Pa3yIoT LUKIAIECKYIO
rpymny {¢,¢2,...,¢""1,¢™ = 1} nopsiaxa n.

CrpynnupyeM Tenepb BCe KODHH ITOPSAAKA d BMECTE U IIOJIOXKHUM

da(z) = H (z —N).

A uMmeer nopsinok d

ITo onpenenenuio ¢4(x) He 3aBUCHT OT M. Tak Kak KaKIbllk KODEHb N-i
CTENeH! U3 €IUHUIBI UMEeT HEKOTOPBIN NOPANOK d, Mbl 3aKJII0OYaEM, YTO

" -1 = [] da(z). (3)

dln

Teneps cuenaeM pematomee 3amedanue. Kosfuyuenmo. MHOTOUIICHOB
¢n(z) ABASIOTCSA HENBIMA YHCHAMH (T.e. ¢n(Z) € Z[z] mnst Bcex n); Kpome
TOro, CBOGOAHBIN YjleH MHOrOwIeHa ¢, () ecTh aubo 1, mubo —1.

V6emuMcss B COPaBEIJIMBOCTH 3TOrO yTBepxkiaeHus. Ilpy n = 1
eIMHCTBEHHBIM KODHeM siBjsiercss 1, u mostomy ¢i(z) = z — 1. Haunee,
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JefiCTBYS 110 MHAYKIUH, [IPEIIIOJIOKIM, 4TO @4(z) € Z[z] anst Bcex d < n u
4TO cBOOOMHBLA 4ieH ¢q(x) ecTs 1 wimm —1. B cuy (3)

2" 1 = p(z)¢n(a), (4)

-
rae p(z) = Z p;ix?, pn(z) = Z axz®, mpuuem 6o py = 1, aubo pg = —1.

k=0
Tak KaK poao = -1, o ag € {1,-1}. Hanee paccyximaeM MO
ueAyKouy. JlomycTum, 9TO yXKe U3BECTHHI ag, a1, . ..,0k—1 € Z. Boraucnas

ko3 dunuent npu ¢ B obenx wactax (4), Haxomum:

k

ijak_j = ijak_j+p0ak € Z.
; o

CornacHo mpeamonoKeHuio, Bce KO3(PPUIMEHTH ag,...,ak—1 (K Bce pj)
npuHagiexar Z. Tak kak pp ects 1 mim -1, TO pgax H, CJI€IOBATENBHO,
Qp TaKXKe JIO/DKHBI OBITH LEJIBIMUA YHUCJIaAMU.

Mz roToBel K 3aBepmatomemy mary. Ilycrs ng |n — omHo u3 unmcen,
durypupyromux B (1). Torma

[[4a) = @™ -Deux) [  al@).

d|n d|n,dtng,d#n
3Ha4nT, B Z BHINOJHAIOTCA OTHOIIEHUS IeJTHNMOCTH

n_1
$u(@) 1¢" =1 m dm(@lfm- (5)

Tak kak oTHomenus (5) cupaBeIIuBBL 1J1st BeeX k, To u3 dbopmyist (1) Mb
oIy d9aeM

#n(q) g -1,

HO 3TOro ObITh He MoxkeT. [Touemy? MeI 3HaeM, 4To ¢, (z) = [[(z — N), rme
A mpoberaeT Bce MHOXKECTBO KODHell ABY4JeHa " — 1, MMEIOmuX HOPSIOK
n. Ilyere A = a + ib — omun u3 srux KopHeit. Tak kax n > 1 (mockombKy
R # Z), 10 KopeHb A # 1, 3Haqn'r, a (BEIECTBEHHAs 9YaCTh \) MEHbIIe
exuaunsl. Janee, Tak Kak |/\]2 =a?+b=1ua<l,To0

lg=A? = lg—a—ib® = (g—a)?+b*=
= ¢*—2aq+a®+b® = ¢>—2aq+1>
> ¢ —2+1=(q-1)%

TaK 4To |q — Xl > q—12> 1 nna ecex KOpHeH U3 €IUHUIBI HOPSIKA 7.
CrnenosaTenbHo,

6n(@) =[[la— N >q-1.
A

ITO 03HAYAET, UTO ¢Pn(g) He MOKeT OBITH menureneM q — 1. Ilomydennoe
IIPOTHBOPEYHE 3aBEePILIAET JOKA3aTEIbCTBO. ]

lg —ul > lg—1]
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T UPPLYUOHAALHO »

Eme Apucrorens npeamonaral, YTO JUaMeTp M OKDY>KHOCTb KpyTa
Hecou3MepuMbl. [lepBoe OKa3aTenbCTBO 3TOro yHAAMEHTAIBHOrO (pakTa
nonyunn Woxan Xeinpux JlamGepr B 1766 ronmy. IIpusemenHoe Hike
nokazarenbcTBo M3 Kuuru Hamen Vsan Husen B 1947 roay [5]. Dto B
BBICIIIE} CTENeHM 3JIeraHTHOe KOPOTKOe IOKa3aTeNIbCTBO UCIIONb3YeT JIMIIb
J/IeMeHTapHble BBIYUCIEHUA. Ero mies sBseTcs OYeHb MOINHON: C ee
nomMonpio, HanpumMep, Usamorto |2] u Kokema [3] mokazanu, gro:

e 72 wuppamuoHaIBbHO (3TO Goslee CHIbHOE yTBepXKaeHue!),

e ¢ WpPAIMOHAJIBHO IJIf PAMOHAIBHBIX T # 0.

Meton Husena, KoHeYHO, MOSIBUJICA HE HA, IIyCTOM MECTE: €ro UCTOKHM MOXHO
IpOCIeIUTh BILUIOTH IO Kiaccudeckoit crarbu Illapna Dpmuta 1873 roga apas Spmur
[1], B xoTopoit BnepBble GBIIO YCTAHOBIEHO, YTO € — TPAHCUEHIEHTHOe

49KCIIO, T.€. YTO € He MOXeT ObITb KOPHEM MHOrOYJIEHA C PalMOHaIbHBIMU

ko3 durmeHTaMHu.

Ilepen TeM, KakK H3y4aTb 7, MBI DAacCMOTPHM € U €ro CTeNeHM H o .= 14 R NI N

ybeauMCcsi B TOM, YTO OHM UPPAIMOHAJIBHBI. DTO 3HAYUTENHHO [IPOIIE, U MBI 2718281828
,

[I03TOMY OYZEM CjIeXOBATh UCTOPUYECKOM IOCJIeX0BATEIHLHOCTH MOJYYeHUs
PE3YJIbTaTOB.

I[pexxze Bcero, 1erko noka3ath (Kax ycranosusa @yprwe B 1815 roay), uto
e=)Y k>0 % uppauuoHaynbHo. B camoM nene, ecou 6v1 nns menwix a,b > 0
BBINOJIHAJIOCH PABEHCTBO € = § , TO Mbl IOy 9uyH 651, 9TO npu awbomn > 0

nlbe = nla.

Ho sTo He MOxkeT OBITH NPaBUNBHBIM, IIOCKOJBKY B IIPaBOM YaCTU CTOUT
eJioe 91ucijio, Torga Kak JieBas BBUAY PaBEHCTBA

e—(1+-l-+—1-+ +i)+( LIRS S )
N o2t ol m+1)! " (m+2)! (n+3)!

pa3buBaeTCH Ha LIEJI0e YUCIIO

1
bn!(1+l+—

1
1 2!*"‘+E)

U OCTATOK

b LI . + - + ),
n+l (n+1)(n+2) n+1)(n+2)(n+3)
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TeomeTpuuecknii psg

Jns GeCKOHEYHOro TreoMeTpH-
YEeCKOro psiaa

—_ 1, 1 1
Q= qtaztgaEt
npu q > 1, oyeBuAHO, UMeeM

@Q=1+c+5+...=14Q,
3HAYHUT,
Q= 1
= _q—l'
192 JOURNAL DE MATHEMATIQUES

SUR L'IRRATIONNALITE DU NOMBRE
e=12,718...;

Pax J. LIOUVILLE.

On prouve dans les éléments que le nombre ¢, base des logarithmes
népériens, n’a pas une valeur rationnelle. On devrait, ce me semble,
ajouter que la méme méthode prouve aussi que ¢ ne peut pas étre ra-
cine d’une équation du second degré 4 coefBicients rationnels, en sorte

que I'on ne peut pas avoir ae+ ; =c¢, a étant un entier positifet b, c,
des entiers positifs ou négatifs. En effet, si I'on remplace dans cette
équation ¢ et £ ou e~ par leurs développements déduits de celui de ¢,

puis qu'on multiplie les deux membres par 1.2.3 ..
aisément

- ' ) «
e (l+'—+’+-..)1;—+l(l ey +..4)=,4,
& étant un eatier. On peut toujours faire en sorte que le facteur

]
By

n, on trouvera

soit positif; il suffira e supposer n pair si b est <o et # impair si b est
>o0; en prenant de plus n trés grand, I'équation que nous venons
d’écrire conduira dés lors & une absurdité; car son premier membre
étant essentiellement positif et trés pent, sera compris entre o et 1,
et ne pourra pas étre égal & un entier x. Donc, etc.

Crartba Jluysunns

KOTODBIH TLPU6./I/U01‘C€HHO paBeH b " [IO3TOMY IIpHU OOJIBIINX T HE MOXKET OBITh

LIEJTBIM YHCJIOM. ,IleﬁCTBnTeJIbHo, OCTaTOK OOJIbIIIE _bH U MeHbIIIe 9 , B ueM
JIETKO y6eIUThCs, MPOBOJS CPABHEHHME C F€OMETPHYECKHUM PSiIOM:

1 1 1 1
<

ntl S ntl D)W1) G DmLmTs)
LN S SR
n+l (n+1)2 @®+1)3 7 n’

Moxer moka3aTbCs, YTO ITOT IIPOCTONH MPUEM yMHOXeHHs Ha n! He
JIOCTATOYeH JJIs JOKa3aTebCTBA NPPALMOHAILHOCTH €2. DT0 yTBep:K IcHIe
Gostee CHTBHOE: /2 — OpHMep HPPALMOHAIBHOTO YHCIIA, KBaJIDAT KOTOPOTO
TAKOBBIM He SIBJISETCS.

Ot xona KocrpeiiBa MBI y3HANW, 9TO C MOMOIILIO JBYX TOHKHX
IIpHEMOB MOXKHO TeM He MeHee CIe/aTh elle nBa mara. KasKIplil M3 HUX
JIOCTATOY€eH JJIsl JOKA3aTebCTBA UPPAIMOHAIBLHOCTH €2, a X KOMOUHALMS
I03BOJISIET JOKA3aTh UPPAIMOHATbHOCTD . [IepBhiit mpueM MOXKHO HAHTH
B opHocTpanu4Hoi#t craTbe 2K.JImyemmna 1840 roma, a BTOpOM — B
ABYXCTDaHMYHOM «JIOIOJHEHUN», KOTOpoe JInyBmiaib omyGauMKoBal Ha
CIIeAYIONIMX ABYX CTpaHHIAX *KypHaJa [4].

[ouemy e? uppamuonambao? YTO MBI MOXKEM BBIBECTH H3 PaBEHCTBA

e? = % ? Cornacuo JIMyBUIIO MBI JOJKHBI [IEPEIUCATb €O B BHIE

be = ael,

IIOACTaBUTL B 3TO PABEHCTBO DAABI

1 1 1 1 1
e=ld +o+c+ o+t

2 6 120
%4
—1—1_l+l_l+i_i+
- 1 2 6 24 120 "7

M 3aTeM YMHOXHUTbH Ha n! ¢ gocraTtoyHo GosbmmM 4YeTHHIM 7. Toraa Ms
yBHIUM, uTO yucio n!be npubnusurenasHo nenoe. B camom merne,

n'b(1+1+l+l+ +i)
Ui Tt e T
— JeJiIoe 4YuCJI0, & OCTAaTOK

b((n—ll-l)!+(n—|1-2)!+”')

b _b_ b
+1 1 MEHBbIlle pog

qncno nlae TOXKe NPUOIU3UTENIBHO — IIeJIoe:
pa3jiaraeTcs Ha GOJIBIIOE LIeJI0€ U OCTATOK

(—1)"+1n!a( (

OJIM30K K - : KaK IIOKa3aHO BhILIE, OH 6ObIIe

-1 OHO AaHAJIOTUYHO

1 1 1
n+1) (n+2)!+(n+3)!:F”')

KOTODBIii IPUGINKEHHO paBeH (— )"+1 a

6oIb1Ie —% U MeHblIIe

TOque, AJIA 9YE€THBIX Tt OCTATOK

_a(n—li—l—(n—il)z_(nil):‘_“') n+1(1__) <0
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Ho oTcrozma ciemyert, 9To mpy 60IbIIOM YeTHOM N 9ucio n!ae™! 9yTh-uyTh
MeHbIIIE [EeIoro, a n!be 4yTh-4yTh OOJBIIE LENOro, ¥ MO3TOMY PaBEHCTBO
n'ae~! = n! be He MOXKET BBIIOJIHITHCS. O

O6oapennbie yCrexoM, Mbl TeNepb IJIsl JOKA3aTesbCTBA MPPAUUOHAIIb-

soctu e? momycTum, urto et = % PalMOHAJIbHO, U 3aIlMIIeM 3TO B BUJIE
be? = ae 2
MoXXHO IONBITATHCS YMHOXKHUTBL 00e YacTu Ha n! O Kakoro-HuGyIb
6obIIOro N, U cobpaTh Heleble CjaraeMble, HO 3TO HE JACT HHUYEro
[IOJIE3HOT'O: CYyMMa OCTABLIUXCS YJIEHOB B JIEBOM YacCTM OKAaXXeTCs
n41 -

NpubIMKEHHO PABHOM b2T, B NPaBOM YacTu — NPUOJIMKEHHO DPaBHOMN

(—1)"+1g 2';: , 1 0be OyIyT OdYeHb OONBIIUMH IPU OOJIBIINX T.

IlosToMy npumeTcs WU3YYUThb CUTYALMI0 BHUMATEJNbHEE M BHECTH B
CTpaTeruio ABa HebGONbIINX YTOYHEHHs. Bo-mepBbiX, OyaeM BbIOMpAThL He
npousdsosvHuie OONbIIME N, 8 GOJIBIINE CTENeHW OBOWKH, T.e. n = 2™; Bo-
BTODbIX, OyeM yMHOXATh He Ha n!, a Ha :?—,’}—lr Ham norpebyercss Takxke
MaJleHbKasl JIeMMa — JacTHBIA cirydait TeopeMsl Jlexxannpa (cm. ¢. 17): s
aoboro n > 1 9ucio n! comepKUT MPOCTOIl MHOXKUTENb 2 He 6osee n — 1
pa3, ¥ PABEHCTBO MMeeT MECTO TOra U TOJBKO TOrMa, KOTJa 1 €CTh CTEIeHb
mByx: n = 2™,

HoxazaTs 3Ty JIeMMy HecoXHO: | § | coMmHOoXUTe el B n! yeTHbIe, | § | u3
HUX JenaTcs Ha 4, u T. 1. IosTomy ecomu 25 — nan6osbmras cTenessb NBOAKH,
1u1st KoTopo#t 2% < n, To n! comep:KUT IPOCTON MHOXKHATENb 2 POBHO

n n n n o n n 1
— — — < =4—-4... += = 1——) < n-1
[2J*’[4J+' '+{2kJ - "( k) =T

pa3, mpuieM o0a HepaBeHCTBa 0ODPAIIAIOTCS B PABEHCTBO TOJBKO B CJIyYasX,
korma n = 2k,
Bepuemcs k pasenctsy be? = ae~2. [IpuseneM ero K BULY

n! nl 5

bﬁﬁe = agye (1)
H IO0ACTAaBUM B HEr'0 PAIBI
e =1+24245 4T
= Tttt ot
B 2 4 8 or
-2 _ q_42,=2_° 1\
e 1 Tt+5 6+...+( 1) TS

Hpn r < 1 MBI noJiydJaeM IIEJIOYUCIJICHHbIE CJlaracMbI€ B obenx 4acTsx:

n! 27 n! 27
iy & (Dagm o,

v npu r > 0 3HaMeHaTeNb 7! CONEPIKUT IIPOCTON MHOXKUTEND 2 He boaee T— 1
pa3, a n! conepkuT ero poeno n — 1 pa3s. (3uauut, npu r > 0 ciaraemsle
YeTHbIE. )

[Tockonbky n 4eTHOe (MBI cuMTaeM, 4To n = 2™), psAbI, COOTBET-
CTBYIOIIUE 3HAYEHUAM T > n + 1, uMeloT BUI
%(2 + 4 + 8 + )
n+l (n+1)(n+2) n+1)n+2)(n+3)
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Hepagsencrso n! > e(2)" nossonser
NOJIy4HUTb SBHBIE OLEHKH AJIsl STHX
«I0CTATOYHO GOJILITUX> M.

2 4 8
2“(‘n+1 + m+1)(n+2) “+Dn+2)(n+3) * )

CpaBHeHNe C reOMeTpHUYECKHMH DPSJaMM IOKa3bIBAET, YTO IPH 6GOIBIIHEX
N 3TH CYMMBI NOPUOJIMKEHHO DaBHBI COOTBETCTBEHHO 4;" u -47;3. 10
3HAYUT, 9TO Npu Gospmux n = 2™ geBasd dacTh (1) “ymob-wymov Gombire
LIEJIOTO YHCJIa, 8 IpaBad YacTb “YMb-4YMmb MeHbIIEe, ¥ MBI IPUXOIUM K

MIPOTUBOPEYHIO! a

TakuM o06pa3oM, MBI JoKa3ajd, uYTo e? wuppammonamsno. Jlist
JIOKa3aTeIbCTBA HPPAIMOHATLHOCTH €3, €5 U T. 1. HaM noTpebyiorcs Gosee
ClIOXKHAs TexHUKa (KOe-4TO W3 aHAlW3a) U HoBas HJes, MO CYIIEeCTBY
npuHagiexamas lapao DpMuUTy; KIIOIOM K Hell SBIAETCH CIELyIOIas
[POCTasi JIEMMa.

Jlemma. Ilycmo
z"(1—z)™
@) = =
2de n > 1 — nexomopoe gurcuposarnoe yeaoe wucao. Tozda

2n
1 )
(1) Qyuxyua f(x) — wmnozowsen euda f(z)= JE Gx' ¢ yeavtmu
Ci=n

rKospPuyuenmamu c;.

(ii) Mpu 0 < z < 1 ewnoanaromes nepasencmea 0 < f(z) < 2

n!’

(iii) Jan ecex k > 0 npouseodnvie f*)(0) u f*) (1) — yervie wucaa.

B [JoxkasarenbcTBO. YTBepxKzaenus (i) u (i) memmbr oueBmmmnl. [na
nokasaTenncra (iii) samermm, uro cormacro (i) k- mpomssommas f(F) B
Touyke T = 0 paBHA HYJNIO 33 HCKJIOYEHWEM 3HAYEHUN k W3 HHTEPBAJA
n < k < 2n, gns koropsix ) (0) = —f;'; cr, ecTh mesoe ducio. I3 pasencTsa
f(z) = f(1 — z) M1 momy4aem, uto f¥)(z) = (=1)kf*)(1 — ) mna Beex z,
u, caegosatensro, f*) (1) = (—1)kf*)(0) — Toxe memoe gncio. O

Teopema 1. Yucao €" uppayuonasvro das xaxcdozo v € Q\{0}.

B Joka3aTeabCcTBO. Jl0CTATOYHO [TOKA3aTh, YTO YUCIIO €° HEe MOXKET OBITh
s
DAIMOHAIBHBIM IS IEeJIbIX MOJIOXKUTENBHBIX § (€CAM €t PalMOHAIBHO, TO

sh\t
pammonaibHo Takxke 1 (ef) = e°). [Ipeanonoxum, 9o €° = & ;s nemsx
a,b > 0, u BeIGepeM N TaKUM GOJBITHM, YTOGH! BBIIOJIHSIOCH HEPABEHCTBO
n! > as??t!, Tomoxum

F(z) = s*"f(z) = "1 f' (@) + " 2f"(2) — ... + f@(a),

rae f(z) — dynkuus us nemmbr. ynknmo F(r) MOXKHO IpeICTABATH TakxKe
6GECKOHEYHOM CyMMOit

F(z) = s> f(z) — s™ 7 1f(z) + s 2f"(2) — ...,

nockonsKy mpoussonusie f(¥)(z) mpu k > 2n pasusr 0. OTcioma crexyert,
uyto F(x) ymoBIeTBOpPSET TOXIECTBY

F'(z) = —sF(z)+ s> f(x).
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[ostomy nuddepennupoBanue HaeT

_c% [GSIF(.’E)] — Sest(I) + esxF'(.’B) — 32n+lesa:f(x)

H, CJIeOOBATEJIbHO,
1
N :=b / s tles f()dr = b[e**F(z)]y = aF(1) - bF(0).
0

3nauenune N sABJIseTCS LeIbIM, TAK KaK COIVIACHO yTBepxKAeHHIO (iii) JeMMBbI
gucna F(0) u F(1) — nensie. Janee, yreep:kaenue (ii) 1eMMBI IO3BOJSET
oneHuTb N CHH3Y U CBEDXY:
1 1 as2n+l
0 < N = b/ $2n+1€sxf(l')dl' < b32n+1€s—" = — < 1.
0 n: n:

3uauur, N He MOXeT ObITb IesbM 4unciaoM. [losydeHHOe MpOTHUBOpedMe
JOKa3bIBaeT, YTO €° MPPaUOHAJIBHO. O

Y6enuBIINCH B [TOJIE3HOCTH 3TOrO IIPHEMa, BOCIOJIb3yeMCS UM ellle pas.
Teopema 2. 72 uppayuonaivHo.

B Joka3aTeJbCcTBO. llpemmonoxum, 4T0 T2 = %, rme a,b > 0 — penbie
yucna. Ha 3ToT pa3 BoCob3yeMcsi MHOTOYJIEHOM

F(z) = b (7r2"f(m) — 22 Q) (g) 4 g2t B () — . ),
rae f(z) — dbyukuus us semmbl. OH yIOBIETBOPSIET COOTHOIIEHUIO
F'(z) = —%F(z) + "2 2 f(z).

Us yrBepxaenus (iii) memMMbl u npeamonoxkernns 72 = § cieayer, uTo
F(0) u F(1) — uensle yucia. JaeMeHTapHbIe IpaBuia AuddepeHIMpoBaHUs

IOpUBOIAT K PABEHCTBY

4 [F'(z)sinmz — nF(z) cosmz] = (F"(z)+n°F(z))sinnz

dz
b2 t2 f(z) sinmx

n2a" f(z) sin 7z,

a U3 HEero MbI IIoJy4aeM, 9TO

N = 7r/01 a"f(z)sinmrzdr = [%F'(x) sinz — F(z) cosmr]:
F(0) + F(1),

ecTb mesioe 9ucio. Bonee Toro, N MOJIOXKUTEIBHO, TAK KAK 9Ta BEJIMYUHA
ecTb HMHTerpaJ OT (DYHKIUH, [IOJIOXKHUTENHHOM BCIOAY, KPOME KOHIIEBBIX
ToueK. OJHAKO €CIM T CTOJb BEJIMKO, YTO BHINOJIHSETCS HEPABEHCTBO
fﬁ; < 1, To u3 yTBepxaeHus (il) TeMMBI ClleLyIOT HEpaBEHCTBA
! . ma”
0 < N = 7r/ a"f(z)sinmrdr < o < 1,
o !

KOTOpbIE [IPOTUBOPEYAT TOMY, 4T0 N — [eoe 4uciio. O

B zakmiouenne opuBeaeM €Ie OAWH pe3YJbTaT, CBA3AHHBIN C
HUPPaAOHAJILHOCTBIO.

Yucno 7 He pauMOHAIIbHOE, HO
XOpOIIO  NPHUOJMKAETCS  Palfo-
HaJIbHBIMH YHCJIaMH; HEKOTOPbIe
M3 3TUX NPHOIMKEHUH M3BECTHBI C
AHTHYHBIX BPEMEH:

2 = 3.142857142857...
3% = 3.141592920353...
10958 = 3.141592653921...
™ = 3.141592653589...
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S

Teopema 3. aa xasc0020 HeHEMHO20 UEA020 T > 3 YUCAO

A(n) = %arccos (—-\/%)

UPPAYUOHANADHO.

9T0 mnpelUIOXKeHHe HaM IOHAINOOUTCS 0OPH DPACCMOTPEHMH TpeTbel
npobaems! 'misbepra (cM. r1. 8) Beaydasx n =3 un =9. Juan = 2
mn = 4 mo uveem A(2) = 1 um A(4) = 3, Tak 4TO Orpanmdenue,
CBSI3aHHO€ C HEYETHOCTBIO 7, CYIIECTBEHHO. YKA3aHHbIE 3HAYEHMS JIETKO
HAXOAATCS C MOMOLIBIO DHCYHKA Ha IOJISX, [OOCKONBKY yTBEp:KICHHEe
« arccos (ﬁ) MPPALMOHAIbHO» SKBHBAJIEHTHO TOMY, YTO BIMCAHHAA B

€IUHUYIHYIO OKPYXXHOCTb IIOCTDOEHHad IIO < JIOMaHas, BCe 3B€HbA KOTO-
vn ’

POl — XOpIbl OTHOM U TOHU Ke JJIMHBI, HEe MOXKET ObIThb 3aMKHYTO.

MBI mpeJiaraeM YUTATENIO B KA9eCTBE YIPaskKHEeHUs TOKa3aTh, 94To A(n)
pauMoHaNIbHO moavko mpa . € {1,2,4} (Hy>KHO OTHEJBHO PACCMOTPETH
clydan, Korjia n = 27 ¥ KOTJa n He €CTh CTENeHb YHuCIa 2).

B Joka3saTeancTBo. Bocrnonb3yeMcs TeOpeMOil CIOXKeHUs

cosa + cos 8 =2cos£"-}ﬁ-cos°‘—;—q

U3 3JIeMEHTAPHO TPUTOHOMETDHHM, COTJIaCHO KoTopo# mpu o = (k+ 1)p n

B=(k—1)p

cos(k+1)p = 2cosy cos kp — cos(k—1)p. (2)
Has yrma ¢, = arccos (ﬁ), KOTODHIll ONpPENENSAeTCs YCIOBUSIME

COS Py = ﬁ u 0 < ¢, < 7, 9TO NIPUBOAUT K IPEACTABICHUIM BUIA

A
cos ki, = =k

Noa

roe A — Lejoe Yucio, He Jellsmeecsa Ha n npu jgwobom k > 0. Ina k= 0,1
Takue NpeICTaBIeHus UMeT MecTo ¢ Ag = A; = 1; ¢ IOMOMIbIO MHIYKITN
no k, ucnons3ys (2), ans k > 1 nomyvaem
1 A Ar_1 2Ar — nAk_1
cos(k+1)pn = 2——F ——— = k+1

Cnenosarenbho, Axy1 = 2Ax — nAg—1. Ecoim n > 3 mederno u A He
JEJIUTCS Ha N, TO U Agy1 He MOXET HEJUThCS Ha N.
Teneps NPeNNOIOXKHUM, YTO

1 k
AR = ~p, = -
(n) = —¢n = 3
— panponaibHoe uucno (k,f > 0 — wuenwie). I3 pasencrBa fp, = kT
CJIeyeT, 9To
Ag

N

+1 = coskm =

TTosTomy (\/ﬁ)‘3 = + A, — nenoe uucino, u £ > 2. 3ua4ut, n | \/ﬁl. Tax Kak
ﬁe | Ag, To n menuT Ap, YTO NIPOTUBOPEYHT AOKA3AHHOMY DAHee. O
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1

1+%

1+5+3

1+%+%+%
1+¥+§+§+%
I+i+s+s+asta
w2 /6

1.000000
1.250000
1.361111
1.423611
1.463611
1.491388

1.644934.

Tpwn pasa o 72/6

Mg 3HaeM, 4TO GeCKOHEUHBIA PAX Y .5 ;11- pacxoaurcsi. Bosee Toro, B
rnaBe 1 Mbl yOeIUIHUCH B TOM, YTO JlaXKe P EpElP 5 DacxomuTes.

OnxHako psn u3 4ucel, o6paTHBIX KBaJAPaTaM, CXOAUTCH (XOTs, KAK MBI
YBHINM, OY€Hb MEJJIEHHO) K BECbMa IPUMEYATETbHOMY 3HAYEHHUIO.

Psap Diinepa.

1 2
P

n>1

DTOT KJIACCHYECKHIt, 3HAMEHHUTHIH M BaXKHBIH PE3yJbTAT GbLI MOIyYeH
Jleonapmom DitsepoM B 1734 roxy. OnHa U3 ero BayKHERIINX HHTEPIPETALIIA
COCTOHT B TOM, YTO OH JaeT NepBoe HeTPUBMAJIbHOe 3HaueHue ((2) asera-
dysxiun Pumana (cM. npunoxenue Ha c. 50). Kak Mbt Bugenu B rinase 6,
9TO 3HaYEHUE UPPAIHOHAIBHO.

Ho He TomBKO caMO 3TO yTBep)KJEHHe 3aHMMAeT BasKHOE MECTO B
HMCTOPUM MATEMAaTHKHU; IJI HEro HalJeHO MHOIO 4YpPEe3BBIYANHO H3SALIHBIX
1 IIyOOKHX JOKa3aTeNbCTB, HMEIOIINX CBOM COOCTBEHHBIE HCTODHUH U
JOCTaBUBIINE PAaJOCTb OTKPBITUS U NEPEOTKPBHITUS MHOIMM MATEMATHKAM.
B sToit rmaBe MBI IPUBOAKMM TPH TaKUX JOKA3aTENIbCTBA.

B JokasarenbctBo. Halre nepBoe I0Ka3aTeNbCTBO CONEPXKUTCS B BUIE
yopaxkHeHusi B y4ebuuke Bunbsma JleBekbio mo Teopun 4mces, u3naHHOM
B 1956 roxy. OHako OH mUIIET: «Y MeHs HeT HU MaJIeIlero IpeaCcTaBIe s
O TOM, IJie BO3HUKJIA 3Ta 33aJada, HO S COBEPIIEHHO YBEpeH B TOM, YTO He
HMeIO K Hell OTHOLLIEHUS ».

JloKa3aTe bCTBO COCTOMT B CONOCTABJIEHUH IBYX DPa3JIMYHBIX CIOCOBOB
BBIYUCJEHUS JBONHOIO MHTErpaJia

11 1

— dzdy.
//l—wyxy
00

IlepBblIit cr1oco6 COCTOUT B Pa3JIOXKEHHUH l—l:zy B reOMeTPUYeCKU Pl U
[IpEeCTaBJIEHUH CJIAraeMbIX B BHJE JIETKO HHTETDUPYEMBIX [IPOU3BEIeHu;il:

1
/Z Vdrxdy = //z"y dz dy
o n=0 n>0y

~
[
o&~__\H

1
) nzo(o/zndz)(/ ndg) N nZZOn-ll-l nJlr1
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STo BHIYUCIEHWE IOKAa3bIBAET TakXke, 4TO JBodHoi wumTerpan I (ot
MIOJIOXKUTENbHON (DYHKIMM C TOJIOCOM B TO4YKe T = Yy = 1) KOHEueH.
3aMernM, 4TO IPeoOpPa30BaHUS JIEFKO IPOBECTH M B 0OpPATHOM HampaBJie-
HuY, cBoAs BhruucieHue ((2) K mpofiHoMy unTerpaiuy I.
Bropoit ciocobd Beramcienus I 0CHOBaH Ha 3aMeHE NepeMEHHBIX
y+zx Yy—x

U = 7 u v o= 7

repeBodANIel 00JACTh MHTETDUPOBAHUS B KBaJAPAT CO CTOPOHOM JJIMHBI
% 2 ¢ mOMOUIBIO MOBOPOTa CTapoit obsacTu Ha 45° U cxxaTUsa B V2 pas.
C nOMOIIBIO MOACTAHOBKA £ = U — U U Y = U + v HOJIydaeM

1 1
1—u? 402

1—-zy
[TockonbKy Hallla JMHEHHas 3aMeHa MePEeMEHHBIX YMEHBIIaeT IJIOIALb B
IBa pa3a (YTO PABHO 3HAYEHUIO onpeleiuTens kobu mnpeobpasoBaHwus,
CM. BCTaBKYy), IPU NPeoOpPa30BaHUM MHTErpajla Mbl JOJDKHBI 3aMEHHUTH
drdy na 2dudv. HoBas oGsacTh MHTErpPHUPOBAHUS M NOIBIHTErpaJIbHAs
yHKIWS CUMMETPUYHBI OTHOCUTEIBHO OCH U, TAK YTO OCTAETCHA BHIYNCIUTD
JIMIIb yABOCHHBIA (3/1eCh NOSBJISAETCS ellle OAMH MHOXuTenb 2!) mHTerpas
o BepxHed nosioBuHe obsiacTh. Mbl pa3buBaeM ee Ha JBe YaCTU CAMBIM
€CTECTBEHHEIM 00pa30oM:

/2 wu 11—

u
dv dv
I =14 —_— 4 —_— .
/(/1—u2+v2)du+ /(/ 1—u2+v2)du
0 0 /2 0
Ucnonssys dbopmyn / = _ arct z + C, otrciona nosry4aem
ya bopmyny [ ———s = —arctg — +C, 18 10Ty
1/2

4/ ! arct (L)du
J v1—u? & V1—u2

1

+ 4/;arct (:—q—)du
y V1—u2 & V1—u2 ’
1/2

OTH HMHTerpajbl MOXHO YNPOCTATh M BHIYMCIUTHL B SBHOM BHIE C
MOMOIIBIO 3aMeH u = sinf u u = cos # coorBeTcTBeHHO. HO MBI mocTynum

npole: 3aMeTHM, YTO Hpou3BofHas pyHKmuu g(u) := arctg (ﬁ,) €CTb

g () = ﬁ, a mpousBonHas Gyukmum h(u) := arctg ( \/II‘T"“;,) =

arctg (, / i;—z) pasHa h'(u) = —% ﬁ ITosToMy, UCIIOB3Ysl PABEHCTBO
b b

[, f'(@)f(z)dz = [} f(2)?], = 3£ (b)* — 5 f(a)?, Haxomam:

I

1/2 1
4 /0 J(wgw)du + 4 /1/2—2h (w)h(u) du

1

2[g(w?] :/2 ~ 4[], /2
= 29(3)® - 29(0)* - 4h(1)% + 4h(})?

= 2(5) —0—0+4(g) = %- U

.

s

NI

L i I

o= 1

Y=

Popmyiia 3aMEHBI

Has

WHTErpaja

MEHHBIX

Torna I pasen

d(z,y)
rae d(u,v)

Axobn (axobuan):
dz,y) _ Fr
d(u,v) det( dy

BBIYUCJIEHHS  JBOMHOTO
1= [f@ydzdy
5
MOXXHO IPAMEHATDH 3aMEHY II€pe-
z = 2z(u,v) y=y(y,v),
ecin orobpakenne (u,v) € T

B (z,y) € S OGuexTUBHO M He-
npepuiBHO  AudHEPEHIMPYEMO.

/f(a:('u,, v), y(u, v)) l % Idu dv,
T

ompeAeNnuTeNns
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B mpuBemeHHOM IOKa3aTeNbCTBE 3HadeHHe psifia Ditjiepa IOJIy4HIOChH
U3 HHTerpajia IOCDPEICTBOM JOBOJLHO IIPOCTOM 3aMEHBbI IePEMEHHBIX.
Tlozauee Betikepc, Kanabu u Kosk [2] Hamnu ocTpoyMHBIM BapUaHT 3TOro
J0Ka3aTebCTBa C COBEPLIEHHO HETPUBHUAJIBLHOM 3aMeHOM nepeMeHHbiX. OHU
HAYUHAIOT C pa3bUeHUst CyMMBI » .-, ;1; = ((2) Ha OBe CyMMBI IO
YeTHBIM M HEYETHBIM 3HAYEHHUSM M. $ICHO, YTO CyMMa MO YETHBIM YHCJIaM

1,1, 1 _ 1 1
wtmtgt =2 k) PaBHA 7¢(2), Tak 4TO CymMMa IO HEYeTHBIM

qucnaM 15 + & + o ... = 2 k>0 (2k_}_1) pasHa 3 ((2). CrenosareunsHo,

TeopeMa o psifie Dilyiepa SKBUBAJIEHTHA CJIEAYIOLIEMY YTBEDXKICHUIO.

(&)

Z 1 . is
- 2 T g
£k +1) 8

B JoxkazarenbcTBo. Kak U BbIllle, MBI MOXEM IIPEJICTABUTH PacCMaT-
pHBaeMyIo CYMMY B BHIle JBOMHOIO MHTerpaJja, a UMEeHHO,

11
1 1
7= [ty = Saww
00

k>0

IlosTomMy HamM Hy»KHO BblYucauTb uHTerpail J. WM nmna sroro Beiikepc,
Kanabu u Koak npennoXxuim HOBYIO 3aMeHY IepeMeHHBIX:

vV = arccos

IIpu BBIYMC/IEHHMH IBOWHOrO WMHTErpajla MOXHO IpeHebpeyb rpaHuneit
0b61acTi U pacCMaTpUBaTh T,y U3MeHsomuMucd B mpegenax 0 < z < 1w
0 < y < 1. Torna Touku (u,v) OyoyT NPUHAAJIEXKATH TPEYTONBHUKY U > 0,
v >0, u+v < 7/2. 3aMeHy IepeMeHHbIX MOXHO 06DATHUTB:

sinu sinv

= n Yy = .
CcCosv cosu

Jlerko mpoBepuTb, uYTO 3TH (HOPMYJBl ONpENENAT OUEKTUBHOE
npeobpa3oBaHie KOOPIMHAT MeXKAy BHYTPEHHOCTbIO €IHHUYHOTO KBaJApaTa
S = {(z,y) : 0 < z,y < 1} u BHyTpeHHOCTHIO TpeyroabHuka I = {(u,v) :
u,v>0, ut+v<7/2}

Teneps BLIMUCINM AKOGHAH 3aMEHBI IEPEMEHHBIX; I 3TOM BOJIIIEGHBIM
06pa3oM OKa3BIBAETCS, YTO OH PaBeH

cosu sin u sin v .2 ]
det cos v cos? v = 1-— sin-usiny = 1 —-.'122 2
sinusinv cosv cos2 u COS2 v vy
cos? u cosu

Ho Torna uHTErpaJs, KOTOPBI# Mbl XOTHM BBIYHCINTH, Ipeobpa3yercs B

w/27/2—u
J = / / 1 dudv,
0 0

2
YTO €CTh KaK Pa3 ILIOIIaIb %(%)2 = g TpeyronbHuka T a
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SDTOT MeTOI [OKa3aTeJbCTBA HE TOJbBKO KpacWB, HO M IPUMEHMM K
BBIYHCJICHUIO 2Kk-MEpHBIX HHTErpajioB Jist Bcex k > 1. Mel oTchliaeM
9quTaTeNsl K OPUTMHAIBHOR cTaThe Beiikepa, Kanabu u Konka [2] u x ri1. 20,
B KOTOpOi# TOT K€ Pe3yJbTAT MOJydaeTcs APYTUM CIOCOOOM C TIOMOIIBIO
npueMa [eprioTia ¥ nepBoOHAYAIBHOIO IOAXOAa Diliepa.

Ilocne nByx IOKa3aTesJbCTB C 3aMEHAaMU II€DEMEHHBIX MBI HE MOXeM
YCTOSTH NTepeJ] UCKYIIIEHNEM PaCcCKa3aThb O COBepmeHHo JPYTOM 1 abCOTIOTHO
3JIEMEHTAPHOM JI0KAa3aTEeNbCTBE (HOPMYJIbI Zn>1 = "2 . OHo mosBHIOCH
B BUZE LENOYKM yIpa’kKHeHU! B cOODHUKe 3aJad [7] 6nn3Heu03 Axusel u
Ucaaka fArmomoB, uzganaoM B 1954 roxy. BapuanTe! 3TOr0 3aMedaTesibHOIO
JI0Ka3aTeIbCTBA IepeoTKphiBaan XouM, [lanamumurpuy u Psncdopz,
KOTOpHIA mpumuckiBaeT ero Jxxony Ckoyicy.

B JokazartenbcTBo. CHadala yCTAHOBUM 3aMedaTeJIbHOE COOTHOIIEHUE
JJISl CyMMBI KBaJIPDATOB 3HAYEHU KOTaHIeHca: Ipu JroboM neinom m > 1

2 _ 2m(2m-1)
ctg” (gmg7) +ote” (z57) +--- + otg® (zm37) = s — - (1)
Yrobbl JOKA3aTh €r0, BOCIOJIb3yeMCsl PABEHCTBOM
cosnz +isinnz = (cosz+isinz)”

U IIpUpaBHAEM B HEM MHHMBbIE€ 9aCTU:

sinnz = (7;) sinzcos™ 'z — (g) sindzcos" 3z ... (2)

Teneps nonoxum n = 2m+1, a 11 £ pacCMOTPUM M PA3NUYHBIX 3HAYEHUN
T = 2—;1% ,7=1,2,...,m. Ilna KaXKI0ro u3 HUX NT = T'T U, CIeIOBATE/b-
Ho, sinnr = 0, B To BpeMs Kak u3 HepaBeHCTB 0 < T < 7 BBITEKAeT, ITO
Sin T IPUHUMAET M PA3INYHBIX [TOJOXUTEIbHBIX 3HAYEHUN.

[losToMmy, pasmenus obe wactu (2) Iy KaXKIOrO U3 BBHIODAHHBIX
3HaYeHMH T Ha Sin™ I, Mbl IOJIyYUM PaBEHCTBA

_ (" n—-1, _ n n—3
0—(1)ctg T <3>ctg k...,

2 2 1
0= ( m1+ 1) ctg?™z — ( m3+ )ctgzm“zx:t...

TaxkuMm 06pa3oM, OJjIs MHOTOWJIEHA CTEIeHU 1

p(t) == (2m1+ 1) tm — (2m3+ l)tm‘l £ (=) (;Z I i)

HaM M3BECTHBI M PA3JINYHBIX KOpHeﬁ

500758

a, = ctg? (3225), r=12,...,m.

CiienoBaTenbHO, MHOrOWIEH p(t) COBIAAET C MPOU3BeJeHIHEM

o) = () (e ) - (- ot (5350))

Ons m = 1,2,3 u3 dopmynsr (1)
nonydaem: ctg? 3=

ctg® T +ctg? & =2,
ctg® T + ctg? &= 2 +ctg? 32 = 5.

1
3
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Cpasuenne k03bduImeHTos:
ecmn p(t) = c(t —a1) - (¢t — am),
T0 Ko3dunment npu ™1

paBed —c(a1 + ...+ am).

NM30<a<b<ec
clenyer, 4To

1 1 1
0<E<3<;

Cpasrenne kosbdunuentos npu ™! B 06eMX 4aCTAX ITOrO PABEHCTBA

[IOKa3BbIBAET, YTO CyMMa KOpHeif MHorowieHa p(t) ectsb

2m+1)
3 _ 2m(2m-1)

(2m+l) - 3 P
1

a+...+a,

uT0 coBmazaer ¢ (1).
Ham mnorpebyercss TakxKe IOpyroe TOXIECTBO TOLO »Ke THUNA s

- _1 .
KOCEKaHCa COSeCT = g

2 T 2 2m(2m+2)
cosec? (527) + cosec” (5257) + ... + cosec? (2% ) = 22X (3)
Ho 2 2
1 cos“z +sin“zx
cosec’z = —— = — =ctg2:z:+1,
sin® z sin® z

Tak 4ro (3) MoxkHO BhiBecTH u3 (1), mpubaBuB M K O6EMM YACTAM ITOTO
PaBeHCTBa.

Teneps moAroTOBKa MOJHOCTBIO 3aKOHYEHA. Bocmonb3yemcs: TeM, 4TO B
unTepBasie 0 < y < 7 BBINOJHAIOTCA HEPABEHCTBA

0 < siny < y< tgy,

", CJIEHOBATEJIbHO,

0 < ctgy < % < cosecy,

OTKYZa BBITEKaEeT, 9TO

ctgzy < ;1,- < cosec? Y.

Sanumrem 3TO ABOMHOE HEPABEHCTBO IJIA KAXKAOLO M3 ™M BHIOPAHHBIX
3HAYCHUH T U CJIOXKHUM pe3yabTaThl. Mcnonb3ys (1) Ans BoIpaXkeHus B JIEBOM
4acTH ¥ (3) Asig CyMMBI B IIPABOX YaCTH, [OJIYIaEM

- 2 2
2m(2m—1 < (2mil) +(2mi1) +. +( ) < 2m!2én+2)

6 T )

2

72 _2m 2m-—1 1 1 1 n2 _2m 2m42
6 Im4l2mtl < rteEt...tor < § 2m+12m+1 °

2

[Ipy m — 0O BbIpaXKkeHWs B JIEBOH M NPaBOHM YaCTAX CXONATCA K - .

J0Ka3aTeabCTBO 3aKOHYIEHO. ]
Kax 6bicTpO pag Y ;17 cxomutest K w2 /6?7 Jlns oTBeTa Ha STOT BOIIPOC
MBI JOJI?KHBI OIIEHUTDb PA3HOCTh
2 foasd 1

”_osll il
6 n2 n?’

n=1 n=m+1
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ODTO OuYeHb MPOCTO CHEJNATh METOIOM <«CDABHEHHS C HHTErPaJIOM»,
KOTOPBIA MBI y2Ke KCIIOJb30BalM B mpuioxkenud K 1. 2 (c. 19). On maer
HEPaBEHCTBA

x 1 ] 1 f) =&
Y. = < / adt = —

n=m+1 n m m

JIJ1s1 BepXHeEN OLleHKU U
oo 0o 1 1
Z 1 > / ldt — L (m+1)2
nema1 n2 m+1 t2 m + 1
m+1

U1 HYDKHEN OLEHKH «XBOCTA Plia» — WM JaXKe

= 1 © 1 1
Z - > t—2dt = —7,
n=m+1 n m+3 m+ 2

€C/Ii BBl XOTHUTE€ HEMHOIO YTOYHHUTH OIIEHKY C IIOMOINBIO BBIIYKJIOCTH
bynxuun f(t) = ?12- .

9To mMOKa3bIBaeT, YTO HAIl DA CXOOUTCS HE OYeHb OBICTPO: €Ciu
CJIOXKUTh IIEPBYIO THICAYY CJAraeMbIX, TO IOrPEIIHOCTb OyJeT B TpeTbeM
JECATUYHOM 3HAKe IIOCJIe 3aIlsTOM, eCJW CJOXWTh TEPBBI MUJIIHOH
ciaaraeMbrx, m = 1000000, To mOrpelIHOCTH OYIET B INECTOM AECATHYHOM
3Hake, U T. 1. OIHaKO 31eCh HAC OXKUIAeT OOJBIION CIOPIPHU3: C TOYHOCTHIO
o 45 3HAKOB

7r2/6 = 1.644934066848226436472415166646025189218949901,
108

1
>

n=1

1.644933066848726436305748499979391855885616544.

Takum oOpa3oM, IIECTOH 3HAK IIOCJEe 3alATOM HeBepeH (MeHbIUE
Ha 1), HO caedyrowue wecmdv 3Haxos npasuavhwve! anee omuH 3HAK
HeBepen (Gonbmre Ha 5), a CleAyOI@e NSATh 3HAKOB ONATh NPABHIIb-
Hble. DTO yAUBUTENbHOe OTKpbiTHe caenan Poii Hopr uz Komopamo
Copuarc B 1988 roxy. (B 1982 rony Mapruny Ilosemny, mxoanHOMY
y4uTenio B IMepisme, BakuHreminup, AHrius, He yIOajoch 06HAPYXKUTh
ONHUCAHHBIA 3(EeKT B MOJHON Mepe H3-3a TOr0, YTO KOMIILIOTEPHI TOLIA
6butn MasioMouabiMu.) CoOBIaJeHUs] CIMIIKOM CTpPaHHble, 4YTOOBI ObITH
cay4daiHbIMY. . . [lorpemHocTh, BHIIUCAHHAS ONATL ¢ 45 3HAKaMM IOCje
3andToil:

(o]

1
Z — = 0.000000999999500000166666666666633333333333357,

n=105+1

IIOKa3bIBAET, YTO 3/1€Ch NEeHCTBUTEJILHO UMEET MECTO 3aKOHOMEPHOCTbD. Bt
MOXKeTe IIepENnnuCcaTh 3TO IIoCjeHee YUCJIO B BUOE

-6 1 —-12 11n—18 1 —-30 1 —42
+10°6 — 110712 4 110718 — L1030 4 Lljo-42 4

rae ko3pdunmentsr (1, ——%, %, 0, —516’ 0, 741—2) npu 108 obpasyror magano
[IOCJIENOBATENBHOCTH Yucea Bepryaiu , KoTophle ene nosBsiTcs B ri1. 20. Msr
OTChLJIaeM HaIMX YuTaTeseldl K craTthe Bopsetina, Bopseiina u Junuepa (3],
conepKaIei Jpyrue yOABUTEIbHbIE «COBIAIEHUSI» — U JNOKA3aTEIbCTBA.
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IIpnnoxenne: /I3era-dbynkuna Pumana

Jzema-dpynwyus Pumana ((s) Rias neficTBUTENbHBIX § > 1 ompenensercs

PaBEHCTBOM
1
¢(s) = Z =
n>1

W3 ouenok gucen Hy, (cm. c. 19) cnexnyer, uto psan mis (1) pacxoaures, HO
Ojsi J1I060ro mecTBUTENBHOTO S > 1 oH cxomurcs. [3era-pyHKImsa uMeer
KaHOHHYECKOe MPOJOJKEHHE Ha BCIO KOMILIEKCHYIO IJIOCKOCTh (C OXHUM
[IPOCTHIM TOJIOCOM B TOYKeE § = 1), KOTOPOE MOXKHO HOCTPOHUTD C TIOMOUILIO
Pa3JIoXKeHu# B CTeleHHble PAnbl. Ilosydalomascs QYHKIMS KOMILIEKCHOM
HepeMeHHOll UMeeT KpaiiHe BaXKHOe 3HAYEHMe IS TEOPUH IPOCTHIX YHCell.
VYnoMsanem Tpu pa3Hbix cBa3u ((S) ¢ 9TOH Teopueit.

(1) 3ameuaTenbHOE TOXKIECTBO

1
C(S) = H T s
, 17P7°
OpUHaIIeXKalee Ditiepy, SKBUBAJIEHTHO TOMY, 4TO KayKJOe HATypaJbHOe
gucio exuHcTBeHHbIM (!) 06pa3oM passaraeTcs Ha MIPOCTHIE MHOXHTEJH.
TMocnenuuit bakT IO3BOJNAET BLIBECTH TOXKIECTBO Dillepa KaK IIPOCTOe
CJIEOCTBHUE DA3JIO2KEHUA B FeOMe’TqueCKHﬁ pan

1 -1 1 1 1
W =14 1-7; + ;2'; + 1_75; +...
(2) Jloxkanuzanus (ommcaHMe PACIOIOXKEHUs) KOMILIEKCHBIX HyJIell I3eTa-
¢)yHKHHI/I COCTaBJIdAeT COIEP2KaHUE <«THUIIOTE3bI Pumana» — OOHOI u3

Hanbojlee M3BECTHBIX M BAXKHBIX HEDEIUEHHBIX 3aJad MareMatuku. OHa
yTBEp:KIaeT, 4YTO Bce HerpuBHajbHble Hymn s € C mzera-pyHkuum
yIOBJIETBOPSIOT ycioBuio Re(s) = % (Ozera-dbyukuus obpamaercsa B
HyJIb TaKXe BO BCEX OTPHIATEJIbHBIX YeTHBIX IEJBIX YHCIaX, KOTODbIe
HA3bIBAIOTCH «TPUBHAJBHBIMH HYJISIMH>. )

Coscem HemaBHO [Ixxed Jlarapmac Ioka3ayl HEOXKHUIAHHYIO TEOpEMY O
TOM, 4TO TMIIOTE33 PuMaHa SKBUBAJICHTHA CIENYIOLIEMY 3JIEMEHTAPHOMY
YTBEPXKAEHUIO: 1A Bcex n > 1

3 d < Hy + exp(H)log(Hn),
din

rme, KaKk 4 paHblie, H, eCTb n-e rapMOHMYECKOE YHCJIO, U DABEHCTBO
BBLINOMHAETCS TOJIBKO Jyist . = 1.

(3) OueHb JaBHO M3BECTHO, YTO €CJIH S — HYETHOE LEJI0e YUCTIO, § > 2, TO
¢(s) — paimoHaJIbHOE KPATHOE T° H, CJIeIZOBATE/bHO, HPPALHOHAIBHO (CM.
r1.20). Ouako uppanuoHanbHOCTh ((3) Oblna gokasana Pomxkepom Anepn
quis B 1979 roxy.

HecMoTpst Ha 3HAYUTENbHBIE YCUINS, KAPTHHA OTHOCHTENLHO ((S) s
IPYTHUX HEYEeTHBIX LEJbIX S, s = 2t + 1, £ > 5, ocTaercst BecbMa HENOJHOM.
Henmasno Keitt Bosnn m Tanryi#t Puson [1] nokasanum, 9to GecKOHEYHO
MHOro 3HadeHmit ((2t + 1) sABIAIOTCA HppalMOHANBHBIMA. Bojee Toro,
XOTsl MPPAlMOHANBHOCTL ((S) He JOKa3aHa HH JJIs OJHOTO HEYETHOTO
3HadeHus s > 5, Bagum Symumun [8] nokasan, 94To mo MeHbIuedl Mepe
oo u3 4Yerhipex 3uadenuit ((5),¢(7),¢(9) nmu ((11) uppanmonansao. Mbl
OTCBLIaeM 4YuTaTelNs K 3aMedaTelbHOMY 0630py Punuiepa [4].
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(1]
2
B8l
(4]
(5]
(6]
(7]
(8
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haBa 8 TpeTtbs npodonema NunbbepTa:
pa3bneHns MHOrorpaHHNKOB

B 1900 roxy Jdasua ['insbept B cBoeM 3HaMEeHUTOM JOKJa e Ha Mexay-
HapoHOM KOoHrpecce aatematukoB B [Tapmke ([5],[7*]) npexnoxun — kak
TPETHIO U3 €ro JBaJLATH TPeX NpobjieM — IOCTPOUTH

«d6a mempasdpa ¢ PABHBIMU OCHOBAHUAMU U DABHHLIMU 6bICOMAMU,
KOTMOpble HUKAKUM CNOCOBOM HEAD3A Pa3bumb Ha KOHZPYIHTILHDLE
mempasdpy. U KOMOPHLE HEAB3A OJONOAHUMD KOHZPYIHMHLLMU
mempasdpamyu 00 08YT  MHO202DAHHUKOS, DA3OUBAEMOIT  HQ
KOH2PYIHIMHDBLE TNEMPAI0PLLY.

S1a npobsema BosHuKajga B AByX mucbMax Kapaa Ppuapunxa Taycca
B 1844 roay (omy6GimkoBanubix B 1900 roxy B cOOpaHUM €ro COUMHEHHIA).
CymecrBoBaHue pa3bieHus: TETPa3IpPOB PABHOIO oObeMa Ha KOHIDYSHTHBIE
YaCTH CTajJo OBl «djeMEHTapHbIM» JOKa3aTeJIbCTBOM TeopeMbl EBKnna
XIL.5 [8*] o ToM, 4TO mUpaMUAbl C PAaBHBIMH OCHOBAHHUSMU M BBICOTAMH
HMEIOT ONMHAKOBblE OObeMBI. DTO JAJIO OBl IJEMEHTAPHOE OIpeleseHue
obbema MHOrOrpaHHHMKA, He 3aBHCsANIee OT MATEeMAaTHUeCKOro aHalH3a U
OT pacCyXJeHu#, CBA3aHHBIX C HENpEePBIBHOCTbIO. B miaHmMeTpun Takoe
olIpeJiesIeHHe CymecTByeT: TeopeMa Boitsiu — [epeuna (1, §2.7] yTBep:xaaer,
9TO IJIOCKHE MHOIOYTOJIbHIKH OTHOBPEMEHHO PAGHOCOCMABAeHbl (X MOXKHO
pa3bUTh Ha KOHTPYIHTHBIE TPEYTOJIbHUKK) U pagrodonoansemot (KX MOKHO
JIOTIOJIHUTD JIO KOHTPYSHTHBIX JOGABIICHUEM KOHIDYSHTHLIX TPEYTOIBHUKOB)
TOrZa U TOJBKO TOTJA, KOTJa X IUIOMAIN PaBHBI.

Hasug ['unbbepr

Kpect u kBaapaT oguHaKOBOH

[JIOIIAN PABHONOMOSIHSIEMBI.

Kpoxte Toro, onn

PaBHOCOCTABJICHBI.
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I'unsbept, KaK BUAHO M3 ero (POPMYIMPOBKH MPOOJIEMBI, CIUTAJ, YTO
aHaJjora 3TOH TeOpeMBI IJIsi Pa3MEePHOCTH 3 HeT, ¥ OH Obul npaB. Tperbs
npobieMa ['mibbepra OB HOJMHOCTHIO peEllleHa ero y4YeHHKOM MakcoM
JleHoM B ByX paboTax: mepBasi paboTa ¢ JOKa3aTeJIbCTBOM CyIIeCTBOBAHUS
He DaBHOIOIOJIHAEMBIX TETPasIPOB C ONUHAKOBBIMM OCHOBAHUSMHU U BbI-
cotamu nossuiack yxke B 1900 romy, a BTopas paboTa, TaK»XKe OTHOCS-
IasfcAd K PaBHOJOIOJHAEMOCTH, nosisuwiaack B 1902 romy. OxHako cTaTbm
JleHa TpyAHBI IS TOHUMAHWs, U JOBOJBLHO CJIOXKHO yGeauThCcs B TOM,
YTO ero PacCyKJeHUsI 00XOIAT JIOTUYECKUE JIOBYIIKH, B KOTOPBIE TIOMA,TaJIH
JpyTHe: OYeHb 3JIETAHTHOE, HO, K COXKAJIEHUIO, OIIMO0YHOE JOKA3ATENbCTBO
npeznaranocsk Bpukapom (B 1896 rony!), Memxkosckum (1960) u, BeposiTHO,
keM-HUOyb eme. I[Tosmmee mokasarenncrBo [lena OnLio mepepaboTaHo u
ymupoieHo; 6imaronapst paboram B. @. Karana (1903-1933), Xyro Xazasurepa
(1949-1954) u B.T.BonTanckoro! y mac ecTp Temepb JIoKa3aTeabCTBO
m3 Knuru, xotopoe npusozurcsi Hike. (B mpusokeHum K 3Tol TiiaBe
IIepedHCIIeHbl HEKOTOPbIE OCHOBHBIE IOHSATHS TEODUM MHOTOIDAHHUKOB. )

(1) HemHoro nuHeiiHO#N anre6pbl

st KaXKI0ro KOHEYHOI'0 MHOXKECTBA JeHCTBUTENbHBIX uucen M =
{mi,...,mg} C R ompemenum V(M) kak MHOXECTBO BCEX JMHEHHBIX
KoMOuMHanui yncen u3 M ¢ panyoHaabHbIMUA KO3 dUITHEHTaMH, T. €.

V(M) = {i‘hmi g GQ} CR.

=1

ITepBoe (TpUBHAIbHOE, HO BaXKHOE) HABIIONEHWE 3aKJIIOYaeTCs B TOM,
yro V(M) ecTb KOHEYHOMEDHOE BEKTODHOE MNPOCTDAHCTBO HAJ IOJIeM
Q panuonanbHBIX uHceld. B camoM nene, V(M), odeBumHO, 3aMKHYTO
OTHOCHTEJIBHO CJIOKEHUs 3jieMeHTOB u3 V(M) ® uX yMHOXeHHMS Ha
paIliOHAJIbHBIE 4HCA, M B CHIy AaKCHOM mojs nans R MHOXKecTBO
V(M) sBnsieTcsi BeKTOPHBIM IpocTpaHCTBOM. Pasmeprocts V(M) paBma
9HCITy 3JI€MEHTOB MHHMMAJBHOIO OOPa3yIOEro MHOXKECTBA. Tak KakK Mo
onpenenenuio M mopoxznaer V (M), TO OHO COZEPXKHT MHHHMAJbHOE
obpa3yrolee MHOXKECTBO, ¥ IO3TOMY

dimg V(M) < k= |M|.
B pmanbreitimeM HaM notpebyrorces Q-aunetinbie Gyrryuu
f:V(M)-Q,

KOTOpble MBI HHTEPIIPETHDYEM KakK JIMHEHHBbIE OTOODAXKEeHWS BEKTODHBIX
npoctpancTB Han Q. KiroueBoe cBOHCTBO 3THX (DYHKIME COCTOUT B
TOM, 4TO KaXKJasl JIMHeHHas CBA3b z;;l gm; = 0 ¢ palMOHAILHBIMU
ko3 durmentamu ¢; € Q nopoxkIaeT PaBeHCTBO Zf=1 g f(m;) = f(0) = 0.
IIpuBeneM mpocTyio 1leMMy, KOTOpas OyIeT HCHIONL30BaHa Jallee.

Jlemma. Jas arobwuz xonewnnxr nodmmoorcecrns M C M’ C R eexmoproe
npocmpancmeo V(M) nad Q ecmv nodnpocmparcmeo eexmopHozo
npocmparcmea V(M') nad Q. Caedosameavro, ecau f : V(M) — Q
ecmv Q-aunetinas gynxyua, mo f moorcno npodoascums 0o Q-aunetinot
pynxyuu f': V(M') - Q max, wmo f'(m) = f(m) das ecexm € M.

! CooTBercTByomniue 6ubauorpacuYecKne CChIIKM MOXKHO HAHTH B [1]- — ITpum. nepes.
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B [JoxasarensctBo. Jliobasa Q-numeitnas dysakuua V(M) — Q
ompenesseTcss ee 3HadeHHsMH Ha (QQ-6asmce mpocrpanctBa V(M).
VYuuTeiBas, 4TO Kaxkipi#t Gasuc V(M) MoxHO pacmuputh no 6asuca
npoctpancTBa V (M'), nonydaem yTBEDKIEHUS JIEMMBI. O

(2) NuBapunantsl Jdena

IIycts P — TpexmepHbI# MHOrOrpaHHUK U Mp 0603Ha4aeT MHOXKECTBO BCEX
YTJIOB MeXKIy CMeXHBIMU rpaHsaMu P (08yzpaHHui y2406) IONOIHEHHOe
guciaom 7. Tak, niasa kyba C umeem Mg = {%,w}, a IJIs IPAMOI IIPU3MBI
@ ¢ PAaBHOCTOPOHHUM TPEYTOJILHUKOM B OCHOBaHMM Mg = {%, 3 7r}.

s npousBosbHOro Koneunoro MHoxkectBa M C R, comepxxkamero Mp,
U Ipou3BONIbHON Q-uHeitHON byHKIMK

f:V(M) - Q,

KOTopas yaoBjerBopsieT yciosuio f(7) = 0, onpenenuMm unsapuarm /ena
MHororpauauka P (oTHocuTenbHO yHKIMHU f) Kak JedCTBUTENLHOE YUCIIO

D(P) == Y £e)- f(a(e)),

ecP

rle CyMMHUDOBaHHMe MPOBOJUTCS [0 BCceM peGpaM e MHOrorpaHHuKa, £(e)
obo3Hauaer JyuHy pebpa € um a(e) — yroa MexJy HABYMs TIDaHsIMH,
colepKaluMu pebpo e.

Hanee Mbl GymeM BBHIYUCIATH pa3iudHble uHBapuaHThl Jena. Iloka
3aMeTHM TOJIbKO, Y4TO aJis 41060t Takoi Q-nuneiinolt dyHkuuu f NOMKHO
BBINOJHATBCS paBeHcTBO f (5) = % f(m) =0 u nosTomy

Ds(C) = 0,

T. e. uEBapuaHT JeHa Ay Ky6a paBeH HYJIIO OTHOCUTENIBHO 410604 f.

(3) Teopema dena — Xaasurepa
Kak u BbIIle, Ha30BeM JBa MHOrorpaHauka P u @ pasnococmasaeHHuLMU,
eclI UX MOXHO pa3buTh Ha KOHEYHbIE MHOXECTBA MHOTOIDAHHUKOB

P,...,P, u Qq,...,Q, Tak, uro P, u ); KOHrDYySHTHBHI IIpHU JIIO0OM 1,
1 < i < n. JBa MHOTOrPaHHUKA SIBJISIIOTCS DABHOJONOAHAEMBIMU, E€CIIH

CYIIECTBYIOT TaKWe MHOTOTPAaHHUKY Py, ..., Py u Q1,...,Qm, 9TO:
1) BHyTpeHHOCTH MHOrorpaHHukoB P, P, ..., P, He mepecekaiorcs,
2) aHAJIOrHYHBIM CBOHCTBOM 06JIaJal0T MHOTOIPAHHUKH @, @1, ..., Qm,

3) muororpanHuk P; KOHrpysHTeH (; mpu J060M 1,

4)13:=PUP1U UPan:QUQlU ... U @Qm PaBHOCOCTaBJIEHHI.

Wz teopembr Iepsunra (1844 r.) crienyer, 4To OpH DPAacCMOTPEHUM
KOHPDYSHIMI HE BaXXHO, JOIYCKAIOTCA OTPaKeHHUs OTHOCHUTEJIBHO
IJIOCKOCTM WM HET. %ICHO, 4YTO paBHOCOCTaBJIEHHBIE MHOIOIDaHHUKU
PaBHOIONOJIHAEMBI, HO obpaTHOoe coBceM He oueBugHo. Crenymomas
Teopema Xanpurepa (B unsnoxkenunu B.[.Bonrssckoro) maer cmocob
NOUCKa yKa3aHHbIX ['mib6epToM TeTpasapoB paBHOrO 0b0beMa, KOTOphIE He
PaBHOJOIIOJIHSIEMEL ¥, CJIEXOBATENbHO, HE PABHOCOCTABJIEHBI.
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Teopema. IIycmv P u Q — MH0202DAHHUKU C 08Y2DAHHBIMU Y2AQMU
1,-..,0p U Pr,...,0q coomeemcmsenro, u nycmv M — wxonewnoe
MHOHCECTNE0 0eliCMBUMEADHBLL “HUCer, 0AA KOMOPO20

{a1,...,0p,B1,...,Bg, 7} T M.
Ecau f : V(M) — Q — npouseoavraa Q-aunetinas gynwyua, f(r) =0 u

D;(P) # Ds(Q),

mo P u Q) He pagrodonoaraemol.

B JokazaTeqbCTBO. PaccyKIeHne COCTOUT U3 ABYX YacTei.

(1) Ecmm cymecTByer Takoe pa3bueHMe MHOrOrpaHHmMKa P Ha
KOHEYHOe YHCJIO0 MHOTOTPaHHUKOB Py, ..., P,, 4TO Bce ABYIDaHHbIE YIJIbI
MHOTOTPaHHUKOB Py, ..., P, comepxaTrcs B MHOXxecTBe M, TO Jjid KaxXJIoi
Q-nuueitnot dbyuxuuu f : V(M) — Q, naBapuants! JleHa agiuTUBHBI:

Df(P) = Df(Pl) +...+ Df(Pn).

YTobbl 10Ka3aTh 3Ty (OpMYILy, pacupemesinM Macch, BIOJIb pebep MHO-
rorpaHHuKOB P, Py, ..., P,: ecnu e — pebpo MHororpanHuka R, To J0060i
untepBan € C e uMeer Maccy my,q(e’), PaBHYIO POM3BENEHHUIO JUIMHBL €
u 3HayeHus: yHKIMK f OT AByrpaHHOro yria cg(e’) mexxay rpansmu R,
coZlepKamuMu €'

mf,R(e') = Z(e') f(aR(el))~

ITycTs Temeph MHOrOrpaHHUK P pa30buT Ha MHOTOTPaHHUKHA Pi,..., Pp. ‘

PaccmorpuMm obbenuuenne Bcex pebep ITHX MHOTOIPAHHHKOB. Kaxkmoe

pebpo e MmHororpaHHukKa P pa3buBaeTcd BepIIMHAMU MHOTOI'DAaHHUKOB

Py, ..., P, Ha unreppainl. JIjia KaxkI0oro Takoro uuTepsaja e C e cymma
JIBYTPAHHBIX YIJIOB ap,(e’) MHOrorpaHHukoB P;, comepxkammx €', paBHa
nsyrpansomy yriy ap(e). Ilostomy cymma Mace my, p,(e') (mo Bcem Takum
unrepBanaM ¢ C e U BCeM MHororpaHHukaM P; ¢ pefpoM, JexaimpM Ha
pebpe €) paBHa Macce my p(e) pebpa e MHOrorpaHsuka P.

Baons moboro apyroro pebpa e’ mo6oro MHororpanHuka P;, KoTopoe

"

COZIepKUTCsl BHYTPH I'PaHU MHOrorpanHuka P wimy BHyTpu P, nByrpaHHbIe
yrabi ap, (€'') B cyMMe paBHBI T uiM 27, TaK YTO CyMMa 3Ha4eHuH f oT aTux
YIJIOB paBHA, cooTBeTcTBeHHO, f(7) = 0 mnmm f(27w) = 0. TakuMm o6pa3om,
JJIsS CyMMBI Macc Bcex pebep e’ MHororpaHHukoB P;, He MMeromux obmux
MHTEpPBaJIOB ¢ pebpamu P, Mbl nosy4aeMm 3HadeHue 0.

(2) Ecnm MuororpanHuku P u () pPaBHOIOMONHSEMBI, TO MOXHO
pacmupuTe M 10 MHOXecTBa M’, BKIIIOYAIOIIEr0 TaK»Ke BCe ABYTDAHHBIE
YTJIBL JOTOJIHSIIOINX MHOTOTPAHHUKOB P, . . ., Pp,. MHOXecTBO M KOHEUHO,
TaK KaK PacCMaTPUBAIOTCH JIUIIbL KOHEYHBIE JOIOJIHEHNUS. TOra, corjacHo
JleMMe, MOXKHO mpoxo/ukuth f mo f': V(M') — Q, u nosToMy mepBasi 4acTb
JIOKa3aTe/IbCTBA IPUBOAUT K PABEHCTBAM BUIA

Ds(P)+Dg(P)+ ... + D/(Pn) = Dp(Q) + Ds(Q1) + - .. + Ds/(Qm),

rue Dy (P;) = Dy (Q;) BBuny KourpysurHoctat P; u Q;. Snauut, D¢(P) =
D¢(Q), HO 9TO IPOTHUBOPEYUT YCIIOBUIO TEOPEMBI.
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IIpumep 1. C noMoIIBIO YepTeka Ha MOJAX BHIYUCIAM JBYTPAHHbIE YIJIbI
mpaBUIbHOrO Terpasapa Tp ¢ pebpamu nuubt £. llentp M TpeyrompHUKa B
ocHoBanuu Ty menut ero Boicory AE B oTHOmeHun 1:2, 0TKyJa, YIUTHIBAS,
aro |AE| = |DE|, naxomum cos o = 3 . CrenosatennHo,

G = arccos % .

Ionaras M := {«, v}, 3amMeTuM, 4TO IpObH

a 1 1

— = —arccosj
™ ™

cornacHo Teopeme 3 riaBbl 6 (mosaraeM B He#l n = 9) UpPpaUOHAJILHA.

IMostromy BekTOpHOE npocTpatcTBo V(M) Haxy Q asymepHo c 6a3ucom M u

cymectByer Q-nunettnas dbyukuus f: V(M) — Q, aasa xotopoit

fl@)=1, f(m)=0.
st sToit byHKUMKN UMeeM
Dy(To) = 6¢f(a) = 6€ # 0,

B CHIYy 4YeEro nNpasuAbHble Mempaddpb, HE PABHOCOCTRABAEHb. U He
PasHOOONOAHAEMYL C KYOOM, TaK KaK IIpHU Joboit Q-nuueitHoit f uHBapuaHT
Hena ans kyba paBeH HYJIIO.

IIpumep 2. Ilycrs 77 — TeTpasnp, HATAHYTHIA Ha TPHU IIONAPHO
oproroHasubHbx pebpa AB, AC u AD niusb! u. DTOT TETPA3Ap UMEET TPU
IPSIMBIX ABYTPAHHBIX YIUIA U €lle TPH PABHBIX ABYTPAHHLIX YIJIa, BETHIUHY
(0 KOTOPBIX MbI BHIYHC/IMM C IIOMOIIBIO YepTexXa Ha mojax. Mmeen:

|[AE|  3V2u 1
IDE] — 3V3V2u V3

OTcrona ciaemyer, 94To

1
@ = arccos —.
V3
— i 1
Hnst muoxecrsa M := {% , BICCOS 7= ,M} BEKTOPHOe MPOCTPAHCTBO
V(M) man Q ummeer pasmepHocTh 2. B camom meme, m u § numeitso
_ 1 1
saBucmmbl, Tak wro V(M) = V({ arccos 7=, 7}). Ho arccos = u

1 1
7 arccos —= OblTa JOKa3aHA B

ri1. 6 (ZocTaTouHO MOJIOXKUTH N = 3 B TeopeMe 7 L. 6). ITosToMy MoxKHO
noctpouth Q-nmHeliHOe 0TOOpakeHue f, MOJIOXKHUB

HEeCOM3MEPHUMBI: HUPPAIUOHAJIPHOCTD YHUCJIa

f(m):=0 u f(arccos %) = 1.
Torna f(%) = 0 u, crnenosarensHo,

Ds(Th) = 3uf(%) + 3(V2u) f(arccos %) = 3v2u # 0.
DT0 HOKa3bLIBAaeT, YTO TeTPadAp 1) He SABJAETCS PAaBHOCOCTABJEHHBIM HIIH
paBHOmoNONHAeMbIM ¢ Ky6om C Toro e obbema, TakK Kak Juis w060l f
crpaseuso pasercrso D¢(C) = 0.
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ITpumep 3. Ilycts, Hakowen, T» — TeTpasAp, UMEIOMIMHA NENOYKY U3
TpexX B3aUMHO ODPTOrOHAJBHBIX IOcJenoBaTebHbix pebep AB, BC u CD
(«opTOCXeMas») OLMHAKOBON JJIMHBI U.

Mpr #e HyeM BLIYHCIATE B 9TOM TeTpadzpe yribl (pasubie 3, S u 1), a
3areTnM (HCIIONB3Ysl CepeanHBI pebep, rpaHell U NEHTP), 9T0 Ky6 ¢ pebpaMu
JJIMHBI U MOXHO pa3buTh Ha 6 TeTpasapoB Takoro tuma (3 KOHIPYSHTHBIE
KOIHUHU U 3 UX 3ePKaJbHbIX 06pa3a)?.

Bce 9T KOHMpY9HTHBIE KOIINY M 3ePKAIbHbIE 06PA3bl UMEIOT OJUHAKOBbIE
uuBapuaHThl JleHa ©, CJIeZOBATEBHO, Ui KaXXJOrOo TMOIXONSIIEro
dbyuknuonana f Mbl I0JIy9UM

D;(Ty) = £ D4(C) =0,

TaK 4YTO BCe MHBapHUAaHTH JleHa TAKoro TeTpasapa OOpallaroTcs B HYJb!
D10 pemaer Tpersio npobieMy ['mnbbepTa, Tak Kak paHee Mbl IOCTPOMIIN
Apyroit Trerpasap 1] ¢ KOHTPYIHTHLIM OCHOBAHMEM M TOM K€ BBICOTOH, IJIs
kortoporo Df(Ty) # 0. Cornacuo teopeme [ena — Xansurepa 17 u Ty He
PABHOCOCTABJIEHBI U HE PABHOJOIOJIHAEMBI.

Hpnnox(enne: IIOJINTOIIbBI 1 MHOTOTPpDaAHHUKN

Buinykawti nosumon B upocTpaHctse R? ecTh BbIIyKIas 060J0YKa

KOHEYHOro MHOXKecTBa S = {81,...,8n}, T. €. MHOXKECTBO BHAA
n n
P = conv(S) := { E Ais; t N >0, E A= 1}.
i=1 i=1
[Tonuromel — 3TO XOPOLIO HM3BECTHBbIE OOBEKTBL: MPOCTHIMH IIPUMEPAMHU

SIBJISIOTCS BBIIYKJIBIE MHO020Y20AbHUKY (JBYMEPHBIE BBINYKJIbIE IOJATOLIBI)
¥ BBIIIYKJIBIE MH0202PAHHUKY (TPEXMEPHBIE BBIIYKJIbIE [IOJUTONbI).

Cy1ecTByeT HECKOJBKO THUIOB MHOIOIDAHHHUKOB, KOTODBIE €CTEeCT-
BeHHBIM 06pa3oM obobiaroTcs Ha 6oJiee BhICOKHE pa3mepHocTr. Hampumep,
ecmn S — addunno HesaBucumoe MHOKecTBO® u3 d + 1 Towek, To conv(S)
ecTb d-mephvill cumnaexc (man d-cumnaexc). B caygae d = 2 sro
TPeyroibHUK, Jnsi d = 3 — Terpasap. AHAOMMYHO, KBAIPAaThl U KyObl
ABJISAIOTCA YACTHBIMU CJIydassMd d-KybOOB, IPUMEDPOM KOTOPBIX SIBJISI€TCS
edununnnti d-xy6 Cy = [0,1]¢ C Re.

OB61uit TOJMTON ONpEAENISIeTC KaK KOHEYHOe O6beUHEHNE BBy KJIbIX
IIOJIMTONIOB. B 3Toit KHNIe HEBHINYKJ/Ible MHOTOTPDAHHUKH IIOSIBATCS B IJI. 12
B CBs3M ¢ TeopeMoit Kolm o »KeCTKOCTH, a HEBBINYKJIbIE MHOIOYTOJIbHUKU
— B 1. 11 B cBsa3u ¢ TeopeMoit [Tuka u ewe pa3 B m1. 31, Korma Mol OyaeM
00CYKIIATh TEOPEMY O XYIOXKECTBEHHOM raJjiepee.

BoInykiele MOMUTONB MOXKHO ONPENEUTh APYTUM CHOCOOGOM Kak
OrpaHH4YEHHble MHOXKECTBA pELIEHUN KOHEYHBIX CHCTEM JIMHEWHBIX
HepaBEHCTB. JHAYMT, KaKIbl BbIMykaelt momuron P C RY umeer
[IpeJICTaBJIEHUE BUIA

P = {zcR?: Az < b}

23T 6 TeTPasAPOB MOPOXKAAIOTCS JUATOHANBIO KyGa M LIECTBIO €ro pebpanu, He
HMMEIOLIMMH OBGIIMX TOYEK C 3TOH guaroHanbio. — IIpum. ped.

SHu onHa ero TOYKa He JIOKHUT B JIMHEAHOM IIOZIPOCTPAHCTBE, CONEPXKAlUeM
OCTaJIbHbIE TOYKU. — [Ipum. nepes.

£
V

/S
&

Hekoropsie usBecTHBIE NOTHTOIBI:
TETPasap, KyO, yCEYeHHbI! OKTasaAp
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<
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KoMOHHATOPHO KBHBAJIEHTHBIE
TOJIMTOIIBI

¢ HekoTopbhiMi MaTpuneit A € R™*¢ y mextopom b € R™. JIpyrumu
citoBamu, P ecThb MHOXKECTBO DEIIEHU CUCTEMBI M JINHEHHBIX HEPABEHCTB
ag‘a: < b, rme az" ecTb i-1 cTpoka Mmarpumbl A. O6paTHo, KaxKaoe
OTpaHUYEHHOE MHOXKECTBO DEIIeHUi SBIISETCS BBINYKJBIM IOJUTOIOM, U
[IOSTOMY €r0 MOXKHO IPEACTABUTh B BUJE BBINYKJOH ODOJIOUYKH KOHEYHOI'O
MHOK€eCTBa TOY€K.

Jlnsi MHOrOYrOJIbHUKOB M MHOTOTDAHHHKOB MBI HCIOJBb3YeM OOBIYHBIE
HOHATHUS 6epuiunbl, pebpa U 2-zpanu. Jna Bemykmoro nomurona P € RY
ero epanv ecth nogMuoxkecTso FF C P suna PN {x € R?: aTx = b}, rae
aTx < b — numeitHOe HepaBeHCTBO, CIPABETHBOE /I BCeX TOYeK T € P.

Bce rpanm mosuTona SIBAAKOTCA nosuronaMu. MHoxecTtBo V' BepuinH
(0-MepHBIX rpaHeil) BHIIYKJIOTO IOJUTONA SABISAETCH TAKXKe MUHUMAJbHBIM
110 BKJIIOYEHUIO MHOXeCTBOM, 1y kortoporo conv(V) = P. Ecmu P C R4
ecTb d-MepHBIt nHoauTON, TO ero aunepepanu ((d—1)-MepHble rpaHu)
OnpeeNaioT MUHUMAJIbHOE MHOXKECTBO THIIEPIIJIOCKOCTEH U, CJIeI0BATEbHO,
[OJIyIIPOCTPAHCTB, KOTOPbIe cozepKaT P u mepecedenune KOTOpPHIX ecThb P.
Orcioma, B YacTHOCTH, BBITEKaeT cienyiomuit (axkT, KOTOPHIA HaM
notpebyerca nosgHee. Ilycts F' — runeprpans nonwrona P; o0o3HaunM
yepe3 Hp onpeneneHHYIO €0 THIEPIJIOCKOCTDb, a depe3 H}t u Hp — nBa
3aMKHYyTBIX [OJIynpocTpaHcTBa ¢ rpanuneit Hp. Torna onHo u3 sTux ABYX
[OJIyTPOCTPAHCTB conepxkutT P (a apyroe He comepkuT).

I'pag G(P) Beimykioro nonutona P 3amaeTcs MHOXKeCTBOM BepiiuH V u
MmuoxxecTBoM E pebep (onHoMepHbIX rpaHeii). Eciu P uMeeT pa3sMepHOCTb
3, TO 3TOT rpad — IJIOCKMIA U IPUBOIUT K 3HAMEHUTOMN «dopmyne Ditsepa
JIJIsi MHOTOTPAHHUKOB» (cM. rur. 11).

JIlsa momuroma P,P’ C R?% Ha3bIBAIOTCA KOH2PYIHMHLLMU, €CIH
CyLIeCTBYeT coOXpaHsiollee uHbl adduuHoe oTOOparKeHue, KOTOpoe
npeobpasyer P B P’. Takoe orobparkeHre MOXKeT OGDATUTL OPUEHTALIUIO
OpPOCTPAHCTBa, KaK OTpakeHWe P OTHOCHTENBbHO TIHIIEPILIOCKOCTH,
nepeBofgAmee nonauron P B ero 3epkajpHbii obpa3. [lonwuronw P, P’
KOMOUHATNOPHO IKEUSANEHMHBL, €CJIA CYIUECTBYET OMEKIMs MHOXKECTBA
rpaneit mosuTona P B MHOXKECTBO rpaHeil mojwroma P’, coxpaHsiomas
pPasMepHOCTb U  IepecedeHus rpaHeir. [loHATue KOMOMHATOPHOI
SKBUBAJIGHTHOCTH  cjabee  MOHATHUS  KOHIPYSHTHOocTH. Hampumep,
HU300pakeHHbIe Ha [OJISAX €UHAYHBIA 1 «CKOIIEHHBIN» KyObl KOMOMHATOPHO
KBHUBAJEHTHBI (U, CeI0BATEJIbHO, UX MOXKHO Ha3bIBATH KybaMmu), HO OHH,
KOHEYHO, He KOHIDYSHTHBI.

Honuron (mmu Gonee obmee mnonmHOXecTBo B RY) HasbiBaeTcs
UYEHMPAADHO CUMMEMPULHDIM, €CITH CYLIECTBYeT TaKasa TOUKa g € RY, uro

ro+x€P < xp—x€P

B stom CJIy4ae MbI Ha3bIBa€M I YEHMPOM NIOJIATONIA P.
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Hx. Cunbsectp

[NMpsimble Ha nnockocTu n
pa3no>xeHua rpados

BosnoxxHo, Hanbosee u3BecTHast 33Jada O KOH(MULYpPAIMAX MOPAMBIX
Gerta nocraBneHa CuabBectpom B 1893 romy [5] B KonoHke s
MaTeMaTHUYeCKHX 3aJad.

QUESTIONS FOR SOLUTION. )

11851, (Professor Svrvester.)—Prove that it is not possible to
arrange any finite number of rcal points so that a right line through
every two of them shall pass through a third, unless they all lie in the
same right line.

He sicuo, 3nas nu cam CunbBecTp pellleHHE 3TOH 3aJa4M; KOPPEKTHOE
JI0Ka3aTeJIbCTBO IIPUMEPHO 4Yepe3 COpPOK JieT Hamen Tubop Tlamnaun
(I'pronBanba) [3]. [MosTomy cremyrounlyio TeopeMy Ha3BIBAIOT TEODEMOLt
CuinbBecrpa-Tamnan. Ilocne gokazarenbcrBa [asutam mosiBWiIOCH elne
HECKOJIBKO JPYTHX, HO IPUBENEHHOE HUXKE PACCyKJeHHe, IpIHaiieKalee
JI. M. Kesumu (eMm. [2]), BOBMOXKHO, «IIPOCTO HAMIydYILees.

Teopema 1. Jlas ar06020 mHozcecmea u3 n > 2 movex Ha NAOCKOCTU, HE
AEHCAWUT HG 0OHOT NPAMOY, HATUOEMCA NPAMAA, CO0EPHCAUWAA DOSHO O8E
MOYKY.

B [oxazarenbcTBo. [Ilycth P — 33JaHHOE MHOXKECTBO TOYEK.
PaccmorpuM MHOXecTBO £ BCEX NPSMBIX, KOTOPBIE MPOXOMST, [0 Kpaiinei
Mepe, yepe3 nse Touku u3 P. U3 Bcex nmap (P,¢), tne £ € L, P € P, P ne
JnexxutT Ha [, BoiGepeM Takyio mnapy (Po,fo), 9To paccrosnue oT Py 1o £
MuHuAMasbHOe. [IycTs () — Touka Ha {p, Omkaiimas Kk Py (T. e. OCHOBaHHUe
nepreH UK YyJIspa, onyueHHoro us Py Ha £p).

Ymaeepotcdenue. Ilpaman by — uckomas.

HomycTun, 94T0 3TO He Tak. Torga fy COIEPXKUT IO KpaiiHell Mepe Tpu
Toyku U3 P, u Torga nse u3 Hux (oGo3HaumM ux P; m P,) pacrnosoxeHbl
mo omHy cropoHy oT Q. Ilpeamonoxum, uro P; Haxomurca mexiay Q u
P,, npuuem P;, Bo3MOXHO, coBnagaer ¢ Q. (Yeprex Ha mosiax noscHser
PAaCIIOJIOXKEHHE TOYeK. )

Orcrona cnenyer, 4To paccrosHue or P} mo npsamoit 1, npoxoxsamieit
yepe3 Py u P, Menbuie paccrosinust ot Py 1o fp, a 3TO IMpOTHBOpEYUT
HaleMmy BbIOODPY {o u Pp. a

B 1OokasaTesbCTBe MBI KCHOJb30BAJM  AKCHUOMBI  I[LJIAHUMETDHM:
MeTpHYecKHe aKCHOMBI (KpaTdaiilliee pacCTOsSIHYE) U aKCHOMBI nopsaka (P
aexur Mexnay Q u Pp). JleficTBuTesnbHO JM HeoOXOAMMBI STH CBOHCTBA,
KpoMe OOBIYHBIX AKCHOM HHIIMAEHTHOCTH TOYeK U npsaMbix? [la, HeKoTopble
JIOTIOJIHATEIbHbIE  YCJIOBUSL TPEOYIOTCS, KaK IOKa3LIBAeT U3BeCTHas
naockocms Pano, n3obpazkeHHas Ha moisax. 3mecs P = {1,2,...,7} u L
COCTOUT U3 CEMH TPEXTOYEYHBIX NpPSMBIX, BKIIOYas U «mpsimyoo» {4,5,6}.
JIobble ABEe TOUKH OMPEAENAIOT eIUHCTBEHHYIO NPAMYIO, TAK YTO AKCHOMBI
HMHIMJEHTHOCTH BBINOJHAIOTCA, HO IBYXTOYEYHbIE IPAMbIE OTCYTCTBYIOT.
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ITostomy cornacuo Teopeme CunbBecrpa—lannanm koudurypamuio Pano
HeJb3sl BJIOXKUTb B €BKJHUZIOBY ILJIOCKOCTh TaK, YTOOBI KaXXIas U3 CEMU
KOJIIMHeapHbIX B KOHburypannn PaHo TpPoeK Jerxkasa Ha CBOeH MPSIMO:
OJlHA U3 <IIPSAMBIX» JOJIKHA OBITH «CKPY4EHHOM!».

Kokcrep [2] mokasan, OZHAKO, 4YTO JNOKA3aTENbCTBO TEOPEMBI
CunbBectpa-Tamman MoxxHO mpoBecTH, H0OABHB K aKCHOMaM WMHIIMEHT-
HOCTM aKCHOMBI HOPsiAKa. TakuM 06pa3oM, CyIECTBYET IOKa3aTesbCTBO,
KOTOpO€ He HCIIOJIb3YeT METPUYIECKUE CBOMCTBA; CM. TAKXKe 0KA3aTEIbCTBO
B 1. 11, ocHOBaHHOe Ha opmyne Ditnepa.

U3 Teopembr CuinbBecTpa—Tajiian HenmocpeACTBEHHO BBITEKAET U IPYTroi
U3BECTHBIN PE3YJIbTAT O TOYKAX M IPSMbBIX HA IJIOCKOCTH, IPUHAJJIEXKAIIUN
IMaymo Dpméury u Hukonacy I. ne Bpéiiny [1]. Ho, kak 3aMerunn erue
Opaéumi u Oe DpéiiH, 9TOT pe3yabTraT CHOpaBemJMB JJIsi Oojiee OOIIHX
[IPOM3BOJIBHBIX CUCTEM TOYEK M NPSIMBIX. UyTh [M032Ke MBI 0OCYIUM 3TOT
6osee oMt pE3YABLTAT.

Teopema 2. ITycmvs P — mHooicecmeo u3d n > 3 modex Ha NAOCKOCTIU, He
aexcauux Ha 00not npamoti. Tozda muoosicecmso L NpAMYLT, NPOTOOAULUT
no xpatinet mepe uepes dse mouwku u3 P, codepaicum He meHee N NPAMDBIL.

B [lokazsatenbcTBo. B ciygyae n = 3 nokazarenbcTBO He TpebyeTcs.
Hanee mpumenmM uaaykmuio mo n. Iyete |P| = n + 1. CoruacHo
NpeApIayIeii TeopeMe CyImecTByeT npsimasi £g € L, comepkalnasi pOBHO IBe
toukd P u @ u3 P. Paccmorpum MuoxectBo P’ = P\{Q} u MHOXecTBO
L' npampix, onpenensemoe Todkamu P’. Ecau me Bce Touku P’ nexaT Ha
OINHOH U TOH >Xe NPAMOH, TO B CWIYy UHIYKIUNA |£’ | > n n, cnexoBarenbHo,
|£] > n+1, Tak Kax mononHUTeNbHas npsiMas o He npuHagexut L. Ecnn,
¢ Ipyro# CTOPOHBI, BCe TOYKM P’ jiexkaT Ha OIHOM mpsaMoit £, To depe3
IIPOXOIUT «IIy49OK» U3 T MPSIMBIX, KOTOPBIA BMecTe ¢ £ 06pa3yeT B TOYHOCTH
n + 1 OpsMBIX. O

Tenepb, kak u obemany, [IOKaXKeM YyTBepXKJIeHHe, NPUMEHHMOe K
3HAYUTENBHO Oosiee OOIKUM «TeOMETPHUSIM HHIIMIEHTHOCTH .

Teopema 3. Ilycmv mnoorcecmeo X cocmoum u3 n > 3 saemenmos, a
Aq,..., A, — maxue cobcmeennvle NodMHOHCECMBA MHO2HCECMEa X, 4MO
xaorcdan napa sremenmos X codepocumcs moavko 8 00HOM U3 NOOMHO-
orcecme A;. Tozda m > n.

B dokazarenbctBo. Cremymollee JOKa3aTeNbCTBO, NPUIINCHIBAEMOE KaK
Monxkuny, Tax u KoHBeO, 09eHb KODOTKOE M B IIOJIHOM CMBICJIE CJIOBa
BHoxHOBawOMmee. Ilycts £ € X u ry, — 9uCI0 MHOXKECTB A;, COIepKalmx
z. (3amernM, urto 2 < r, < m B cuiIy ycaosuit Teopembi'.) anee, eciu
T & A;, To r; > |A;|, Tak Kak |A;| MHOXKeCTB, COEpPKaIUX T ¥ ONUH U3
3JIEMEHTOB A;, HOJKHBI ObITh PA3HBIMU. IIPEITOIOKUM, YTO M < T, TOLAA
m|A;| < nry, Tak 9ro m(n — |A4;]) > n(m —r;) npu z ¢ A;, u

1= 2=2 ¥ s> X & map =2 m =1

zeX z€X t:x€A; i=lz:xgA; i=1

YTO HEBO3MOXKHO. O

lEcmu rg = m, oz € A;mpui=1,...,m. Iyctb y € A1,z € X\ A1 u Aj —
MHOKECTBO, cofiepxKalriee napy ¥, z. Toraa j # 1, ¢ € Aj, T e. mapa z,y BXOOUT KaK B
Ay, Tak u B Aj. — IIpum. ped.

Py

Py

Pn+l
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Tnasa 9

Paznoxenune Ks Ha 4eThIpe MOJTHBIX
IBYIOJBHBIX Tpada.

CyrmecTByer ele OZHO O4YeHb KOPOTKOE JOKa3aTelbCTBO 3TONH TEOpPEeMEI,
HCHOb3YIolIee MuHeNHY0 anrebpy. Ilycts B — mampuuya unyudenmmocmu
Habopa (X; A1, ..., Am), T.€. CTPOKM MaTpUIBI B HyMepyIOTCs 3/1eMEeHTaMH
MHOXKecTBa X, a CTONOUBI — MHOXKecTBaMH Aj, ..., Am, 1

B . 1, ecmtu xz € A,
&4 = 10, et z¢A.

Paccmorpum mpoussenenume? BBT. Ecmn z,2' € X uw z # 2/, 1O

(BBT),,» =1, Tax Kak mapa T,2’ COAEPXHUTCH JHUIIb B OJHOM U3 MHO-
xecTB A;. [ToaTomy

re—1 0 0 11 1
BBT — 0 rzz_]- + 1 1 :
: . 0 : -
0 cee 0 g1 1 ... 1

rme r, — Te e, 4TO W Bblme. TaK KakK IepBas MATPUIER ITOJOXKHUTEILHO
onpefiesieHa (OHa HMMeeT JIAIIb IIOJIOXKUTEJIbHble COOCTBEHHbIE 4YHCIA), a
BTOpas MATPHI@ HEOTPUIATENIbHO ompeneneHa (ee COBCTBEHHBIE 4YHCIIA
npusnMaior 3Havenns n u 0), To BBT monoxurensHo onpeneneHa u
[I03TOMY, B YaCTHOCTH, OOpaTHMa, B CHJy Uero rank(BBT) = n. Orcroma
cnenyet, 4To panr (n X m)-mMarpunsl B He Menpme n. 3HauuT, n < m,
IIOCKOJIBKY PAHT MATPHIIBI HE MOXKET MPEBHIIATH YHUCJIO €€ CTOJIOLOB.

BruiizeM HeMHOro 3a Hpenesibl PacCMOTDEHHBIX 33Ja4 U obparumcs
k Teopun rpacdos. (CBomka OCHOBHBIX IOHSITHH, CBA3aHHBIX ¢ rpadamu,
OPUBOAMTCA B IPWIOXKEHMM K 3Toi rnase.) HecioxHo moKasaTh
PaBHOCHUJIBHOCTD CJIEAYIOMEro yTBEPXKICHUA U TEOPEMBI 3.

Ecau noanwiii 2 K, A0oceH® Ha M KAUK, omauHur om K,
Pl )

npuvem xaxcooe pebpo NpuHadiexHcum eduHcmeerHold Kauke, Mo
m > n.

JeicTBUTENBHO, JOCTATOYHO OTOXKIECTBUTH MHOXECTBO X M3 TEOpEMBI 3
C MHOXKeCTBOM BepumuH rpada K,, a MHOXKecTBa A; — C MHOXECTBAMH
BEPIUIUH KJIVK.

Hama cnemyromas 3amada — HalTH Takoe pa3joxkeHue K, Ha IOJHbIE
ABYAOJbHBIE rpadbl, YTO KaxI0oe ero pebpo MPUHAIIEKUT POBHO OZHOMY
u3 3tux rpados. [IpocToit crmocob caenaTh 3TO COCTOMT B CIEAYIOIIEM.
3anyMepyeM BepmmHbl K, uncaamu ot 1 no n. Brayane Bo3bMeM MOIHBIA
ABYAOJbHBINA rpad, COeIUHUB BepmKHY 1 CO BCeMU ADYTHMH BEPIIMHAMU.
TakuMm 06pa3oM MbI nosryduM rpad K n,—1 , KOTODBIil Ha3bBaeTCH 38e3001.
Ianee, coeqWHUB BepUIMHY 2 C BepUIMHAMHU 3,...,M, OOJYYUM 3BE3LY
Ki n—2. llpomomxkas momobHBIM 06pa3oM, MbI pa3noxuM K, Ha 3Be3sl
Kipn-1,Kipn-2,...,K1,1. OT0 pa3ioxkeHue HCNONL3yeT N — 1 IOJHBIX
IBymonbHbIX rpadoB. Moxno mm pasnoxkuth K, Ha MeHblee YHCIIO

B’l — TPAHCIIOHHPOBAHHAA MaTPHULA B, BB + — 3JIEMEHT BBq B CTPOKE T M
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