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[Micna 3anycky nporpamu Ha gucrnei 3'aBNAETLCA 3acTaBka 3 HA3BOK 3ajadi, Lo
po3rnagaceTbCs, i MeToay il po3B'A3yBaHHSA, MICMAs YOro ekpaH MNOAINSETbCA Ha Kinbka
30H. B ogHin 3 HMX po3MilleHe 20s108He MeHK. KoXxHe CroBO MEHK € KOMaHAOoH
BULLOrO piBHA. Bunbip KomMaHOM B MEHIO 30OIMCHIOETBCA 3a [OOMOMOroK Knasill
ynpaBniHHA KypcopoMm, abo HaTUCKyBaHHSAM KnaBilli 3 BUAINEHO NiTepoto (YKpaiHCbKU
andasit). B MeHIo Ui niTepu BUAINATLCA PO3MIPOM i NiABULLEHOK ACKPABICTHO.

B pobouili o6s1acmi ekpaHy po3MmillyeTbcs Tabnuua 3 gaHuMum 3agadi (cumnnekc-
Tabnuus, TpaHcnopTHa Tabnuusa i T.i.) abo KpecrneHHs, wo onucye 3agadvy (rpadik,
mMepexa i T. i.).

B psidkax cmaHy HapjaeTbcs iHpopmauiss Npo HOMep 3ajadi, WO pO3B'A3YETbCH,
KPOK anroputmy, HasiBHICTb LUTYYHUX 3MIHHUX i T. i.

Buxid 3 npozpamu 30iNCHIOETLCS 3a AOMNOMOro komaHaun «Buxig» ronoBHoOro
MEHIO.

o Buxogy Ha KoOMN'lOTEp CTYOEHT TMOBMHEH BUBYUATU  (POPMYIHOBAHHS
onTMMI3auUinHOI 3adadvi Ta mMeTod 1 po3B'a3yBaHHA (AumB., Hanpuknag, [1]). [Mig yac
pob0oTK Ha koMM'toTepi HeobXigHY AOBIAKOBY iHGOPMaLio BCi NporpamMmn HagawTb, SKLWO
BUKOHaATW kOMaHAy «JloBigka» ronoBHOro MeHwo (abo HatucHytn knasiwy F1). [Jo Toro
X, MporpamMu MNOBHICTIO KOHTPOMIOKTL Aii KopucTyBada, AatTb HeobxigHi nigkasku,
HapaxoBYOTb WTpadHi 6anu Npu BiOXUNEHHSAX Big, anroputmy.

KoxxHa nporpama MicTUTb A0 9 pPi3HMX KOHKPETHUX Npuknagie, ski MOXXHa BBECTU
AN po3B'A3yBaHHSA 3a A4OMOMOrok KomaHau «[aHi» ronoBHOro meHo. Moxnumee Takox
BBEAEHHSA JaHMX 3 KnasiaTypu.

Y 6inbwocTi nporpam nepenbayeHa AeMOHCTpauis poboTn B aBTOMaTUYHOMY
pexuMmi y BIiANOBIOHOCTI 3 anropuTMOM pPO3B'A3yBaHHA OMNTMMI3auUiMHOI 3agadi. [Ans
LbOro HeobxigHO BUKOHATK KOMaHAy «J[deMOHCcTpauisi» rofloBHOro MeHH.

JlabopamopHa poboma 1.

EnemeHTapHi nepeTBopeHHsA maTpuub. MeToa Maycca
[locmaHoeka 3adavyi.

PoaB'azatn cuctemy niHinHMx anrebpaivyHmx piBHAHb

...................... , (1.1)

LLIO O3Ha4YaE:
1. BU3HAUMTK, 4 cymicHa gaHa cuctema (To6TO, UM mMae BOHa xo4ya © oauH
PO3B'A30K);
2. KO cucTema CyMmicHa, To, Y4 Mae BOHa €QMHUIN PO3B'A30K, YN TaKNX PO3B'A3KIB
Geaniy;

3. 3HanTX PO3B'A30K, AKLWO BiH EAVHWN, | 3HANUTK 3ararbHUN PO3B'A30K Y BMNAOKy
iCHyBaHHSA 6e3nivi po3B'A3kiB.

MutaHHa cymicHocTi cuctemmn (1.1) poss'sasye Teopema KpoHekepa-Kanenni,
bopMyItoBaHHS SKOI Take:

Cucmema niHitiHUX anzebpaiyHux pieHsHb (1.1) cymicHa 8 momy i mifibku 8 momy
sunadky, Kosiu crigradaroms paHau OCHO8HOI | pO3WUpPEeHOI Mampuupb



atq ... @aip X atq ... a@ip Aaiqo
A=1|... ... ... |, A=l... ... ... ...
ami1 ... amn ami1 ... @mn amo
lMpu ubomy po3e'a3ok e€OuHul modi i minbku modi, konu rang(A)=n. SKwo X
rang(A)=r<n, mo 0608'93k080 3HalUOymbCs makKi r 3MiHHUX Xig oo Xj,, WO 8uUxiOHa

cucmema (1.1) 6yde eksigarieHmMHor cucmemi auessdy:
X,'1 +Zb1ij=b10,
....................... , (1.2)
Xij, +> b,—j X =bro,

Oe nidcymosysaHHs1 eedembcs 10 j=1,...,n, 8IOMIHHUX 8i0 i1, ...,iy.

Mpo cuctemy (1.2) roBopsTh, WO BOHA PO3B'A3aHa BiAHOCHO 3MiHHUX Xig s--es X, i

Mae KaHOHIYHMW BUINAA,.
3aranbHun po3B'sa3ok cuctemu (1.2) BU3Ha4aeTbCA TpUBiarnbHO :

Xig=b10— 2, b1jx;,
(1.3)

X, :bro—Zbrij.
B piBHOCTSIX (1.3) 3MiHHI X; (j BiAMiHHE BIf i1,...,ir) — BiNlbHi 3MiHHi, BOHM MOXYTb
HabyBaTh OOBINbHMX 3HA4yeHb. KOXHa CYKYMHICTb IX 3Ha4YeHb OOHO3HAYHO BU3HA4Yae
3Ha4YeHHS 3MIHHUX Xigsees Xj, — 0a3nCHUX 3MIHHUX.

Memod Naycca € OCHOBHMM CKiHYEHUM METOOOM PO3B'A3yBaHHA CUCTEM MiHINHUX
anrebpaiyHmnx piBHsaHb (1.1) i nonsgrae y BWKOHAHHI OAHOTUMHWUX [1ePEemMeoPEHb
BUKITHOYEHHS.

Ha 1-y kpoui meToay 3HaxoasaTb 3MiHHY Xjsy 1-y piBHSIHHI, KoedilieHT Binsg sKoi

He OOPIBHIOE HYIHO, | BUKITHOYMAKOTL L0 3MiHHY i3 BCiX IHLWMX PiBHAHb. AKLO, Hanpuknag,
a 11 He OOPIBHIOE HYJIO, TO NEPEeTBOPEHHS 1-ro KPOKY Taki: 40 i-ro piBHAHHSA goaatu 1-e
PIBHSHHA, MOMHOXEHE Ha YMcno —ajr/a11, I=2,...,m.

B pesynbTtati nepetBopeHb 1-ro Kpoky cuctema (1.1) HabyBae Burnsay':

atiXq1+aq2xz2+...+ain Xn=4ai1o,

a’22x2+...+a’2n Xp=a'z0,
............................. , (1.4)

Ha HacTynHOMy Kpoui UfA >X MOCMIQOBHICTb i 3aCTOCOBYETbLCS [0 YaCTUHMU
CUCTEMW, LLO cKnagaeTbcs 3 cuctemun (1.4) 6e3 1-ro piBHAHHSA | T. 4. 3ragaHui npouec
NPOOOBXYETLCA A0TU, NOKWM He Oyae oTpMmaHa cuctema TpaneuieBMaHOro (3okpema,
TPUKYTHOrO) BUrnsagy, abo He byae nigTBepakeHa 03HaKa HECYMICHOCTI CUCTEMM.

OnucaHi nepeTBOpeHHA cknagawTb npaMmui xig metoay [aycca. Mpu npsmomy
Xo4i NepeTBOPEHHS BUKOHYKOTLCS «3BEepXy BHU3» — Bi MEPLIOro pPIiBHAHHA [0
OCTaHHbOro. 3BOPOTHUM Xig MeTody [aycca cknagalTb NepeTBOPEHHSA BUKIHOYEHHS
BIJOKpPEMIIEHMX MNpU NPAMOMY XoAi 6asuCHUX 3MIHHUX, NPU LbOMY MNEepPEeTBOPEHHSA
BMKOHYIOTbCS B 3BOPOTHOMY MOPSIAKY: Bid OCTAHHLOIO PIBHSAHHSA A0 MEpLIOro — «3HU3Y
BBEPXY.



Mpsamun Ta 3BOpOTHUW Xig MeTtody [aycca pgictaB HasBy mMemoody Mo8HO20
8uUKrYeHHs XKopdaHa-Iaycca.
Kpim OCHOBHOro npu3HayeHHs1 (K MeTody pPO3B'A3yBAHHA CUCTEM MiHIMHMX
anrebpaidyHux piBHSAHb) MeTo ["aycca Mae i iHLWi BaXMBi 3aCTOCYyBaHHS.
3a ponomorolo npsMoro xody metogy [aycca moxHa obuucnioBaTtu yucesibHi
B8U3HaYHUKU (LLUNSIXOM 3BEAEHHA BU3HAYHMKA A0 TPUKYTHOro BUrnsaay).
MeTtopg XKopaaHa-lraycca go3sonse 3Haxogutn o6epHeHi Mampuu.
Hexan maemo gesky HEBMPOMXKEHY KBaZpaTHY MaTpULIo
aqq ... @a1n
A=|... ... ...
an1 ... dann
NobyayemMo posmpeHy MaTpuLIo BUrMSAY :

aqq e a1n 1 e 0

dnpn1 ... @ann o ... 1
i 3acTocyemo Ao Hel meTtop XXopaaHa-laycca. AKWo B pe3ynbTaTi OTpUMaeMo MaTpuLio
BUNAQY :

1 0 b4 b1n

0 1 bpy bnn
TO

b 14 b 1n

bn1 P bnn

€ o6epHeHOo MaTpuueo 4O BMXIiAHOT maTpuui A.

[TpoepamHe 3abe3rneyeHHs.

Mogaynb, sk BUKOHYE erieMeHTapHi NepeTBOPEHHs MaTpulp, WO nexartb B
OCHOBi MeToay [aycca, 3aBaHTaxyeTbcs 3 po3giny «JIIHIMHE MNMPOIMPAMYBAHHA»
ronoBHOro MeHto naketa N13—MO.

3as0aHHs.

PosB'azatn metogom faycca cuctemu niHinHMX anrebpaivyHmx piBHsAHb, PO3LLMPEHI
MaTpuLi SKMX 3agarTbCa MogyfleM 3a AOMOMOrok KoMaHau «[aHi» ronoBHOro MeHwo
(3apgadi Ne1—Ne9), a Takox HacTynHi 3agaui.

Poss'azatn metogom Maycca cuctemu niHiMHUX anrebpaiyHnX piBHSAHb, WO 3adaHi
PO3LLMPEHUMM MATPULIAMWA

]2 -2 o 1 3|27 1 6 4 6|32 -1 3 4 5
2 3 1 -3 -6 3 -1 -6 -4 2 4 2 5 6 7
3 4 -1 2 0 2 3 9 2 6 6 -3 7 8 9
17 3 1 -1 2 3 2 3 8 -7 8 -4 9 10 11

OBYMCNNTN TaKi BUSHAYHUKU



40 1 1 1 511 1 6 4 6) (3 6 5 6 4
7 0 1 1 3 1 6 4 5 9 7 8 6

7 1 0 1 2 3 9 2 6 12 13 9 7

17 1 1 0 3 2 3 8 2 5 4 5 3

4 6 6 5 4

3HanTn oBepHEHI 4O TaknX MaTpulb :

7)1 1 1 1 8|7 2 3 4 9) |3 6 &5 6
1 17 -1 -1 2 3 1 2 5 9 7 8

17 -1 17 -1 1 1 1 1 6 12 13 9

17 -1 -1 1 17 0 2 6 2 5 4 5

JlabopamopHa poboma 2.

3apava niHinHoro nporpamyBaHHA. Cumnnekc-merton

[TocmaHo8Kka 3adadi fiHitiIHO20 npo2pamMysaHHS 8 cmaHdoapmHit cbopmi (C3JI).

3HaNTN BEKTOP X =(X7,...,Xp), WO MiHIMI3y€e LiNbOBY yHKLIO
L(x)=cqyxq+..+CpXp (2.1)
i 3a00BOSbLHAE CUCTEMY OBMEXEHD

afi1xq +...+ain Xn=a10,

....................... , (2.2)
amiX1+...+a@amnXn=amo,
Xjz0, j=1,...,n. (2.3)
B 3apauvi (2.1)—(2.3) 6yaemo Ha3uBatv mMaTpuLto A=||a,-j||, i=1,....,m, j=1,...,n,
Mampuuero yMo8; BEKTOP-CTOBMELb Aj=(a1j,...,amj)T, Jj=1,...,n, — j-M 8€KMOpPOM

ymoes; Bektop Ap=(a1g,---,8mo)" — 86KMOPOM OOMEXEHb.

OCHOBHIi 03Ha4YeHHS.

Bektop x=(x14,...,Xp) Ha3mBaeTbca Oornycmumum po3s’'a3kom 3JIl1, aKwo moro
KOMMOHEHTMN 3a40BOSNbHATL 0OMEXEHHS (2.2)—(2.3).

HeHynboBun gonyctMmun po3s'sa3ok x — 6asucHul (LBP), 9KWwo horo aogatHMMm
KOMMOHEeHTaM  X; BiANOBIAAlOTb NIHIMHO He3anexHi BeKTopn YMOB Aj. (HynboBwui
A0NYyCTUMUI PO3B'A30K ByAeMo 3aBxan BBaXKaTn 6asncHUM).

Cuctema m niHINHO He3aneXHWX BEKTOPIB YMOB, LLO BKMOYAE BKa3aHi BEKTOPU Aj,
Ha3nBaeTbCcs 6a3ucom.

BekTopu 6asucy yTBOptoHOTbL 6a3UCHy Mampuufo.

Buknad cumnnexkc-memody.

Cumnnekc-metoq (CM) 6e3nocepedHbO 3aCTOCOBYETbLCA [O PO3B'A3yBaHHS
KaHOHI4YHOI 3adauyi niHiliHo20 rpoepamysaHHsa (K3JI1) i 3pgincHioe uinecnpsMmoBaHe
nepebvpaHHa ponyctummx 6GasucHux po3e'askis  (JBP) (BepwuH dornycmumoz2o
MHOo202paHHuUKa po3B'askiB 3/, wo BU3HaAYaeTbCsA oOMexeHHsMmun (2.2)—(2.3)), go
MHOXMHUN SKMX HANEXWUTb ONTUMAaIbHUA PO3B'A30K, SKLWLO BiH iCHY€E; abo BU3HaA4ae, Lo
3JIl He mae onNTManbHOro PO3B'A3KY.

3/ — kaHOHI4YHa, AKWO 1T OBMeXeHHS (2.2) MalTb KaHOHIYHY hOpMY :



Xjtajm+1Xm+1+ ...t a@jnXn=ajo, ajo=0, i=1,....m,

TO6TO, MaTpuua ymoB A= ||a,-j||, i=1,...,m, j=1,...,n, mictTutb B c0bi OANHNYHY

nigmaTpuuio po3Mipy mxm i Bektop obmexeHb Ap=(a1¢,..-,@mo)’ — HEBIA'EMHUN.
K3JII1 enemeHTapHO BW3HA4Yae Taki OCHOBHI B MiHINHOMY MpoOrpamyBaHHi

KOHCTPYKLUIT

peskui JbP — x(0)=(a19,---»@mo,0,...,0)T;

noro 6asnc — m-BMMIpHi oanHnyHi Bektopm (1,0,...,0)T, (0,1,...,0)T,..., (O,...,0,1)T;

noro 6asncHy maTpuu B — OOUHUYHY MaTPULIKO PO3MIpy mxm;

6asuncHi 3MiHHI — X 1,...,X .

CrangaptHa 3/1 (2.1)—(2.3) 3BoAUTLCA B 3arafibHOMY BUMagKy A0 KaHOHIYHOI
3/II1 pogaBaHHAM LWITYYHUX HEBIO'€MHUX 3MiHHUX OO0 NiBUX 4acTUH obMmexeHb (2.2) i
BBEAEHHAM LINX e 3MIHHUX 3 JOCUTb BENUKNUM KoediuieHToM M> 0 0O UinboBOT OYHKLUT
(2.1) (M-memo?d).

M-3ad0aya mae Burnag:

L(X) =C1Xqt+..*+tCphXp +M(y1 + ... +ym)_) min,

xj20, j=1,...,n, yj20, i=1,...,m,
aij0>0,i=1,...,m.

OsHaka _onmumarsbHocmi: Akwo Ha gesikomy kpoui CM cumnnekc-pisHuui (aus.
anroputm) [BP x * HeBiA'€MHI, TO X * — onTuMarnbHUM po3B'a3ok K3JI/1.

Ymosu 8i0cymHOCMi pO38'a3KY:

1.  3JI[1 He mae onTMMarnbHOro Po3B'A3Ky, SKLLO Ha SKOMY-Hebyab Kpoui xoda 6 oauH
BEKTOpP yMOB Aj 3 Bil'€MHOIO OLLiIHKOIO Aj He Mae A0JaTHUX KOMMOHEHT ;

2.  3JIl1 He mae poO3B'A3KiB, AKLWO Xo4a 6 ogHa WTy4YHa 3MiHHA gofaTtHa y BUNagky,
KON BUKOHYETLCSA O3HaKa ONTUMarbHOCTI.

Aneopumm cumrniekc-memooy.

Ha koxxHoMy Kpoui CM BMKOHYIOTBCA Taki Aii (po3paxyHKoBi hopMynm HaBOAATLCSA
nuwe Ans nepLioro Kpoky).
1. Posrnapgaetscs 6P x=(a19,---,a8mp,0,...,0)T.
O6uuncniooTbCa 8IOHOCHI OUIHKU (CUMeKc-pisHUYi) A j Heba3nCHMX 3MiHHUX Xj,
Jj=m+1,...,n, 32 OPMYIOI0:
Aj=cj—(cq, Aj),
pe cg=(cq,....cm)T, Aj — BEKTOp YMOB, LUO BignoBiga€e 3MiHHIN Xj (BigHOCHI
OLIHKM 6a3NCHNX 3MiHHUX OOPIBHIOOTL HYIHO).
Axkwo onsa Beix j=1,...,n, BUKOHYETbLCH YMOBa Ajzo, T0 [IBP X € onTumManbHUM
po3B'a3kom K3JI1. AKWOo A0 TOro X yCi LWTYYHI 3MiHHI OOpPIBHIOKTL HYM0, TO,

BigKMpa4um 1x, OTPUMAEMO ONTUMarnbHUA pPO3B'A30K BuxigHo! 3/I1; iHakwe
BuxigHa 3/1I1 He mae po3B'sa3kiB (Il gonycTMma obnacTb NOPOXKHS).



Ao icHye Take j, Wo Aj< 0, a BeKkTOp YyMOB Aj He Mae AoJaTHUX KOMIMOHEHT,
TO 3JI1 He mae onTumanbHOro po3e'saAsky (il LinboBa yHKUia L(x) He obmexeHa
3HM3Y Ha SOMYCTMMOMY MHOFOrpaHHMKY po3B'a3kiB). KiHeub o64ncreHsb.
2.  AKWo iCHYIOTb iHOEKCHU j, Ans AKUX Aj<0, a BiANOBIAHI BEKTOPU YMOB Aj MaloTb
AofaTtHi KOMMOHEHTU, TO 3HaxXoAATb k 3a opMyIior

k = argmin Aj,
J: Aj< 0
i, obumucrnirotoum ana  ajk>0 BigHOWeHHs 6j=ajp/Ajk, BW3Ha4vawTb [, WO
3a10BOJIbHAE CMNiBBiAHOLIEHHS

I=argmin ;.
iajk>0
3. [llepexogatb Ao Hosoro 6P, wnsxoM BBeAeHHN B 6a3nc Bektopa A i i BUBEAEHHS
3 6asncy Bektopa A;. Takun nepexig 3AOINCHIOETLCA 3a [OMOMOrOK CUMIMIEKC-
nepeTBopeHb (enemeHTapHux nepeTBopeHb XopaaHa-laycca) 3 Begyqim
erNeMeHTOM ajk Hag enemeHTamyn posmpeHol maTpuui ymoB (2.2). MNepexig oo
nNyHKTY 1.

[1poepamHe 3abe3rneyeHHs.

Hasuatounn moaynb, 3a gonomorot skoro 3/I[1 po3B'A3yeTbca B Aianosi 3
KOpPUCTyBa4YeM 3a BUKMAAEHWM anrOpuTMOM, 3aBaHTaxyeTbcs 3 poaainy «JIIHIMHE
NMPOIrPAMYBAHHA» ronoBHoro meHto naketa 13—MO.

[eomeTpuyHa iHTepnpeTauia 3agadi NiHIMHOrO nporpaMmyBaHHS  34IMCHIOETLCS
MOAYMEM, KU 3aBaHTaXyeTbCA 3 TOMO XX CaMOro po3giny.

3as0aHHs.

PosB'asatn cumnnekc-metogoM 3agadi NiHiMHOro nporpamMyBaHHSA, YMOBWU SIKUX
3agalTbCa MoaynemM 3a AONOMOrow KomaHau «[aHi» ronoBHoro MeHw (3agadi Nel-—
Ne9), a Takox HacTyrnHi 3agaui.

B ycix 3agayax, Lo NponoHYTLCA HUXYE, YCi 3MiHHI HEBIA'EMHI.

1) x4+ X2+ x3— min, 2) 2x4+Xo— X3—X4—> Min,
X1 - X4 —2X6=5, X1+X2+2X3—X4=2,
X2 +2x4—-3X5+ Xg=3, 2X1+X2—3Xx3+Xx4=6,
X3+2x4—5Xx5+6x5=05 X1+Xo+ X3tX4=7;

3) X1—2Xp+ 3x3—>min, 4) 2x;-3x, > max, 5) 6x4+4x,—> min,

2X1+3X2+4X3=1, 5X1+2X2210, 2X1+ X223,
—2X1+ X2+3X3=2,' X1+3X2S12,' X1— X2S1,'
6) 2x;—4 x5 — min, 7) 7 x4+ 5 x5 —> max, 8) 3x4+2x,—> max,
8X1—5X2£16, 7X1+5X22 7, 4X1+2X2272,
X1+3X22 2, 7X1—5X2235, X1+2X2S10,
2Xx1+7x2< 9 X1— X2= 0; 2Xx1+2x0= 6



9) 4x,+5x,+ 9x3+ 11 x4 > max, 10)  + x4 —xp -2 x3 + X4 > max,

X1+ Xo+ X3+ x4< 15, 2X1+t X0+ X3 —X4=2,
7X1+5X2+ 3X3+ 2X4S80, —3X1+X2+2X3 +X4=6,
3x1+5xo+10x3+ 15x4<60; X1+Xo+ X3 tX4=7;

11) 4x4+ xo—2x3— Xx4— X5— min, 12) x4+ 2 x5+ 3 x3— x4 > max,
X3— X4t X5=1, X1+2X2+3X3 =15,
X2 +2x4— X5=1, 2x1+ Xp—3X3 = 20,
X1+ 2X%o + 2x5 =4, X1 +2Xo +xy=10.
Bioriosioi:

1) x*=(7.1;0;0;1.3;0; 0.4), L(x*)=7.1.
2) x*=(0; 4.13; 0.25; 2.63), L(x*)=1.25.
3) PosB’sisky Hemae (D = ).

4) x* = (12; 0), L(x*) = 24.

5) x* = (1.33; 0.33), L(x*)=9.33.

6) x* = (0; 1.29), L(x*) =-5.14.

7) Po3B’sa3ky Hemae (LinboBa yHKLiS HeoOMexxeHa 3BepXy Ha AOMNyCTUMIN

MHOXMWHI).

8) x* =(3;0), L(x*)=09.

9) x* = (10.16; 0; 2.95; 0), L(x*)=67.21.
10) x* = (0.25; 4.13; 0; 2.63), L(x*)=-1.25.
11) x* = (0; 0; 0.5; 1.5; 2), L(x*)=-4.5.

12) Po3B’a3ky Hemae (D = ).

JlabopamopHa poboma 3.

3apava niHinHoro nporpamyBaHHA. MoaudgikoBaHUN cUMNIIEKC-MeTo

Buknad mooughikosaHoO20 CUMIIIEKC-Memooy.

MoaudikoBaHun cumnnekc-metoq (MCM) 6GeanocepeHbO 3aCTOCOBYETbCA A0
po3B'adyBaHHA K3JII1 i 3piicHioe uinecnpamoBaHe nepebupanHa 6P, Ao MHOXWHK
AKX HanNeXuTb ONTUManbHUN PO3B'A30K, SKWO BiH iCHye; abo Bu3Havae, wo 3JI1 He
Ma€ ONMTMMarnbHOro PO3B'A3KY.

Y MCM Ha BigmiHy Big CM cumnnekc-nepeTBOPEHHA 3aCTOCOBYIOTLCA TiflbKM [0
6a3ncHoi YacTHU MaTpuui ymoB A.

O3Haka onTMManbHOCTI Ta YMOBW BiACYTHOCTI onTUMarnbHOro po3s'asky 3J/171 ona
MCM i CM ogHakosi.

Aneopumm mModughikogaHO20 CUMIMIEKC-Memooy.

Ha s-y kpoui MCM BUKOHYOTbCSA TakKi Aii :
1.  O6BuncnoTLCSA BiAHOCHI OLHKM (CUMMNEKC-PI3HNLL)

Ajls]=cj-(uls], Aj),

Ae u[s]T=cg[s] TByg[S] — BeKTOp cvMnNeKc-MHOXHUKIB, B 5[ S] — maTpuus,
obepHeHa Ao 6asncHol, cg[s] — basucHa YacTuHa BekTopa ¢. AKwo A;[s]=0
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ana BCiX j=1,...,n, TO KiHeUub OOYMCNEHb: MNOTOYHUMN 6Ga3ncHUN pPO3B'A30K
onTUManbHUA. AKLLO iCHYE j Take, Wo A j[s] < 0, To nepenTn A0 NYHKTY 2.
2. Bwubupaetbcsa k 3a opmyrnoro
k= argminAj[s] .
J:Ajls]<0
O6uuncniotoTbcs BekTopn Ak [S] = BpglS] Ak Ta Ap[s]=BogslslAp.
Axwo Ak[s]<0, To KiHeub: LinboBa (PYHKUIA HeOOMexeHa 3HU3Y Ha A0NYyCTUMIN
MHOXMHI. AKLLO iCHYIOTb / TaKi, Wo aj,[s]> 0, To nepenTtn A0 NyHKTY 3.
3. Ob6uncniorotbes BiAHOWEHHS Gi[s]=ajgls]/ajk[s] ona Bcix ajk[s]>0 Ta
BUbupaeTbea  Tak, Wwo

I=argmin g;[s] .
irajk[s]>0
Bektop A, Hanexutb BBecTM [0 Oasucy, a BekTop, WO € BasncHuMm y [-my
HeNnpPAMOMY OBMEXEHHI, NOBUHEH OyTn BUBEAeHM 3 6asucy.

4. Matpuua Bg[s+71] obuucnioetbca 3a matpuueto Byg[S] 3a ponomororo
3BMYAMHMX CUMMIIEKC-NEPETBOPEHb 3 BUKOPUCTAHHAM BeOyyoro enemeHTa
ajkls]. MNoaibHUm 4ymHoM moxe ByTwn Bu3HayeHun i Bektop Ap[s+1]. Ana K3/
B 5[ 0] — oavHn4Ha matpuusa po3MipHOCTIi mxm.

[1poepamHe 3abe3rneyYeHHs.

Hasuatounn moaynb, 3a gonomorow skoro 3JI[1 po3B'A3yeTbCs B uianogi 3
KOpUCTyBayeM 3a BUKIadeHMM anropuTtMoM, 3aBaHTaxyeTbcs 3 po3aginy «JIIHIMHE
NMPOIMrPAMYBAHHA» ronosHoro mexto naketa 13—-MO.

3as0aHHs.

Po3B'a3aTtun MoaundikoBaHUM CUMMNEKC-MeToaoM 3agavi niHinHoro
nporpamMyBaHHA, YMOBU SKMX 3adatoTbCA MoAynem 3a JONOMOrow KomaHam «[aHi»
rofIoBHOro MeHt (3agadi Ne1-Ne9), a TakoX HacTynHi 3agadi.

B ycix 3agayvax, Wo nponoHyTLCH HUXKYE, BCi 3MiHHI HEBIA'E€MHI.

1) x1— x +3x4 + X5— min, 2) 3x4+Xxo +X4+X5—> min,
X1+ 2%+ 3x3+3xy4+ x5=15, 2 X1 — X2 +X4—X5=09,
2X1— Xp—3X3+ X4— X5= 4, 4x1—Xo—X3 —X5=4,
2X1—2X2— X3 +2X5= 8; X1—Xo2— X3 —X5=6,'

3) Xxq1—2xp+2x3+ x4+2x5z—>max, 4) x4+ 2xo+X3— X4—> min,

—Xq1 * X2—2X3+3X4+ X5=2, —X1+5X2+X3+ Xgq t X5=70,
—X1+2X2— X3+2X4 =3, 2X1— X2+X3—3X4 = 6,
2x4 + 3Xp + X4— X5=6; 10x5 + X3 + 2X4 + 3X5 = 25;
5) Xx4— X0t x3txy— Xx5—omin, 6) xy— xp+ X3+ 2x4—> max,
X4 +Xx4+6x5=09, X1+ Xo+ X3+2x4+3x5= 7,
3x1+ Xo—4Xx3 +2 X5 =2, X1+ 2Xo+ 2x3+ 3X4 + 2X5=12,
X1+2X2 +2X5=6,' 2X1+3X2+4X3+4X4— X5=22,'
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7) Xxq4+2Xo— X3—X4—> min, 8) xy—Xxo+ X3+tXx4+X5— Xg— min,

X1t X2+2X3—X4=2, 4X1+X2—4X3+X4 + 8X6=15,
X1+2X2—3X3+X4=6, 4X1+X2—2X3 + X5+ 4X6= 8,
X1+ Xot X3tXxX4=7; 5xq4 + Xo—2x3+ X4+ X5+ 10xg = 21;

9) Xx4+2x0+3x3+x4+x5>max, 10) xy— xo+ x3—3x4+ 2x5—> min,

xqt X2+4X3—X4+X5=1, X1+2X2— X3+2X4+ X5 2 8,

X1+ Xo—2x3+X4+X5=1, —X1— Xp+ X3—3x4—2x5=10,

—Xq1 + X2—6X3+X4+X5=7,' 2X1— X2+3X3— X4+2X5§ 4.
Bionosidi:

1) x* = (5.11; 3.67; 0; 0; 2.56), L(x*)=4.
2) Po3B’sa3ky Hemae (D = ).
3) Po3B’s3ky Hemae (LinboBa goyHKLiS HeoOMexeHa 3BepXxy Ha A0NyCTUMIN
MHOXMWHI).
4) x*=(1;0;4;0;7), L(x*)=5.
5) x* = (0; 1.5; 0.63; 0; 1.5), L(x*)=-2.38.
6) x*=(1;0;4;1;0), L(x*)=7.
7) x* = (4.13; 0; 1.25; 2.62), L(x*)=1.25.
8) x*=(0; 1;0.83; 0; 0; 2.17), L(x*)=-2.33.
9) x*=(0; 1; 0; 0; 0), L(x*) = 2.
10) Po3B’a3ky Hemae (D = ).

JlabopamopHa poboma 4.

3apava niHinHoro nporpamyBaHHSA. [1BOICTMM CMMNNEKC-MeToA

Buknad dsoicmoao cummnniekc-memody.

Osoictun  cumnnekc-metog (LCM) ©GesnocepeqHbO  3aCTOCOBYETbCA A0
PO3B'A3yBaHHA Malke KaHOHIYHOI 3adayi niHitiHo2o npoepamysaHHss (MK3JIIT), aka
hopMynIoETLCA TaKUM YMHOM:

3HanTu BEKTOP X = (X4,...,Xp), LLO MIHIMI3Y€E NiHINHY dYHKLIO

L(x)=cqyxq4+..+ChXp 4.1)
i 3210BOSBHAE CUCTEMY MiHIMHNX ODMeEXeHb

Xi+ajm+1Xm+1* ... *a@inxp=ajo, i=1,...,m, (4.2)

xj20, Jj=1,...,n, (4.3)

(KOMMOHEHTN ajp BekTopa obmexeHb A MOXyTb ByTW BiA'€MHVMMMK) MpU OOAATKOBIN
YMOBI : 8iI0HOCHI OUIHKU (CUMIIeKc-pI3HUYi) A j 3MIHHUX X j HegIQ'eMHI.

Bektop x=(x4,...,X) Ha3nBaeTbca matixe Oorycmumum 6a3ucHUM pPO38'SA3KOM
(MOABP) MKS3/I1, aKwo WnNOoro KOMMOHEHTU 33a40BOSMbHAKTL OOMeXeHHa (4.2), i
HEeHyNbOBUM KOMMOHEHTaM X; BiANOBIAAlOTb NiHINHO He3aneXHi BEKTOpU yMOB Aj.

basuc i 6asmcHa maTtpuus MABP Bu3Ha4vaoTbCa NodibHO ToMy, siK Le pobutbes
ans C3/Ir.

MKS3JIIM € yactnHHUM Bunagkom C3JIM1. IcHyTb MeToamM 3BeAeHHSA JoBinbHOI 3/171
A0 MamXe KaHOHIYHOro BuUrnagy.
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*

OsHaka onmumasibHocmi: AKwo Ha gesikomy kpoui JCM komnoHeHtn MBP x
HeBi4'€EMHI, TO X * — onTumanbHUn po3B'a3ok MK3/IM.

O3sHaka sidcymHocmi po3g'sasky : OntumansHoro po3s'a3ky MK3/I1 He icHye, SKLWo
Ha dkomy-Hebyab kpoui [JCM B psgky 3 ajo< 0 BCi KOMMOHEHTU ajjz 0, j=1,...,n. B
LbOMY BUMAAKy AOMNYyCTUMA MHOXMHA po3B'sa3kiB MK3/IT nopoXxHs.

Aneopumm 08oicmoao cuMmnieKkc-mMemooy.

Ha koxHomy kpoui JCM BUKOHYKOTbCA Taki Ail (po3paxyHKoBi dopmynu
HaBOAATLCA NMLIE AN1S NEPLLOro KPOKY).
1. Posmsapaetbea MABP x=(a¢,.--,@mo,0,-..,0).
O64ncnoTbCA BIAHOCHI OLHKM (CUMMNEKC-Pi3HWULL) Aj Heba3nCcHMX 3MiHHUX X,
Jj=m+1,...,n, 32 PopmMynoto:
Aj= Cj—(C5, Aj),
ne cg=(cq1,...,Cm), Aj — BEKTOp YMOB, WO BignNoBigae 3MiHHIn Xj (BigHOCHI
OLiHKM B6a3NCHNX 3MiHHUX OOPIBHIOOTE HYIHO).
Akwo ans Beix i=1,...,m BUKOHYeTbCsA ymoBa ajp>0, 1to MAOGEP x 6yne
onTumMmansHuMm po3B'sa3koMm MK3J/I. KiHeub o64ncrneHsb.
AKuio icHye Take i, Wo ajp <0, a koediuieHTn a;j>0, j=1,...,n, T0 MK3/I[1 He mae
AonyctTumMmx po3B'askiB. KiHeub o64ncneHs.
2. Skwo icHyoTb iHOeKen i, ons akux ajo <0, a cepen BiAMOBIAHUX KOMMOHEHT ajj,
Jj=1,...,n, € BiA'eMHIi, TO 3HaxoaATb /:

I=argmin ajp,
irajo<0
00YNCIIIOITb BiAHOLLEHHS Yj =—Aj/a/j Ans BCiX alj< 0 Ta Bu3HavarTb K:
k= argmin y; .
iralj<0
3. [lepexopgsatb go Hosoro MABP, sukniovaroum 3 6asucy Bektop A; i BBOAAYM [0
6asncy Bektop Ay. 3ragaHvi nepexif 30IMCHIOETLCA 3a [OMNOMOroK CUMMIEKC-
nepeTBopeHb (ernemeHTapHux nepetBopeHb KopgaHa-faycca 3 Begyydum
ereMeHTOM a ;i ) Hag eneMmeHTamm posLmpeHol maTpuui ymos. Nepexig oo n. 1.

[lpoepamHe 3abe3ne4yeHHs.

HaBuatounn mogynb, 3a gonomoroto skoro 3J/I[1 po3B'A3yeTbCs B nianossi 3
KOpUCTyBa4YeM 3a BUKNA4EHUM anropuTtMoM, 3aBaHTaxyeTbca 3 po3giny «J1IHIMHE
NMPOIrPAMYBAHHA» ronosHoro meHio naketa 13—MO.

3as0aHHs.

PosB'azatn ABOICTUM CUMMNMEKC-METOAOM 3ajadi NiHINHOrO nporpamyBaHHS,
YMOBU SIKMX 3a4alTbCs MOAynemM 3a AOMOMOrow KomaHau «[aHi» ronoBHOro MeHt
(3agadi Ne1—Ne9), a TakoX HaCTynHi 3agavi.

B ycix 3agayvax, Lo NponoHyTLCA Aani, BCi 3MiHHI HEBIO'€MHI.
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1) 6 x4 +4 x,—> min, 2) 2 x4+ 3x5— min, 3) —6 x4 — 4 x> — max,

2X1+ X223, X1+5X2216, 2X1+ X223,
Xq1— X2S1, 3X1+2X2212, X1—2X2S2,
—X1+2X221,' 2X1+4X2216,' 3X1+2X2Z7,'
4) 6 x4+ 4 x> min, 5 7x4+ Xxp—>min, 6) 7x4+ 10 x5 — min,
2X1+ X223, X1t X223, 2X1+28X2Z77,
3X1+2X221, 5X1+ X2Z5, X1t 2X22 3;
- X1— X226,' X1+5X225,' X1+17X2279,'
7) x4+ Xp+2Xx3— min, 8) —15x4— 33 x» > max,
2X1— Xp—3X3+ Xy =-3 3x1+ 2x526,
X1 —3Xo—4 X3 +XxX5=—1, 6x1+ X226

9) x1+2x2—>min, 10) 78x1+52x2—>min, 1) 5x1+4x2—>min,

2X1+ X2S18, 6X1+ 2X22 9, Xyt Xo< 6,
X1+2X2214, —10X1+14X2213, 2X1+ X9 2 9,
X1—2X2S10,' 71X1— Xo 2 6; 3X1+ X2Z71.

Bidnosioi:

1) x*=(1;1), L(x*)=10.

2) x*=(2;3), L(x*)=13.

3) x* =(1.5;0), L(x*)=-9.

4) Po3B’a3ky Hemae (D = O ).
5) x* = (0; ) L(x*)=5

6) x* = (0; 1.5), L(x) = 15.

7) x* = (0; 0 1;0;3), L(x*)=2
8) x* =(2;0), L(x*)=-30.

9) x -(733 3.33), L(x*)=14.
10) x* = (0.96; 1.62), L(x*)=159.12.
11) x* = (4.5; 0), L(x*)=22.5.

JlabopamopHa poboma 5.

TpaHcnopTHa 3agada. Metoa noTeHuianis
[TocmaHoeka mpaHcriopmHoi 3adadyi.

B koxHOMy 3 nyHkTiB Pj, i=1,...,m, BWpOBNSETbCA a; OAWHWULL [EeAKOoro
OAHOPIAHOro NPOAYKTY, @ B KOXXHOMY 3 I'IyHKTIB Q ,j=1,...,n, CNOXNBAETLCA bj OAVHULb
TOro > npoaykty. Moxnuse TpaHCI'IOpTyBaHHFI npop,yKTy i3 KOXHOrO MyHKTY
BUPOBHULUTBA P; B KOXHWUWA MYHKT CMOXWUBaHHA Q BapTicTb nepeBe3eHHs OoauHMLI
NpoayKkTy 3 MYHKTY P; B MyHKT QJ Bigoma i cxna,u,ae c,'j oAvHuUb. BBaxatoun, wo
cymapHuin o6'em BVIp06HI/ILI,TBa OOPIBHIOE CymMapHOMYy O6'‘eMy CMOXMBaHHSA, MOTPIOHO
CKNacTu NnaH nepeBe3eHb NPOAYKTY, WO MiHiMi3ye CyMapHi TpaHCNOPTHI BUTPaTMW.

MaTemaTnyHa moaenb TpaHCNOPTHOI 3a4adi Mae BUrNA4A
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L(X)=CqqXq1+..¥ CqpX1p +oo¥ Cmq1 Xm1 +...% Cmp Xmp —> Min,
Xjq1 +..*Xjp =aj, i=1,...,m,

Xq1j*.+tXmj=bjj=1,....n,

X,'jZO, i=1,...,m, j=1,...,n,

aqt.+ am=b1+___+ bn_

OcTtaHHsa ymoBa Bu3Havae 36asiaHcosaHy mpaHCcropmHy 3adady.

Y 3anponoHoBaHii Mogeni HasBeMO BEKTOP X=(X11,...,X1p,----Xm1s---xXmn) "
BEKTOPOM riepege3eHb, Bektop b=(ay,...,am,b1,...,bp)T — BekTOpOoM 3anacis-nompeb,
BEKTOP A,-j=(0,...,0,1,0...,0,0,...,0,1,0,...,0)T — BEKTOpPOM KoMyHikauil P;Q; (BekTop
Ajj Mae pO3MIpHICTb m+n, NPpUYOMy NepLa OAUHNLIS CTOITb Ha /-y Micli, a Apyra — Ha
m+j-y) i, HapewrTi, BEKTOp ¢=(C14,.--,C1ps---,Cm1s---Cmn)’T — BEKTOPOM MPaHCrIopmMHUX
sumpam.

OCHOBHI 03HAYEHHS.

Ockinbkn TpaHcnopTHa 3agaYa € YacTUHHMM BUMNAgKkoM 3agadi  NiHiHOro
nporpaMmyBaHHs, ONS HEl MalTb CUIy BCi 3aranbHi O3HA4YeHHS OCTaHHbLOI. 30KpeMma,
3ayBaXkeHe BIOAHOCUTLCS TakoX i OO gonyctumoro ©asmcHoro po3s'asky (LJBP), Sk
HEBUPOIKEHOr0, TaK i BUPOXKEHOTO.

[MocnigoBHICTL KOMYHIKaUin, cepel AKMX HEMae OQHaKOBUX, BUrNaay:

Piy Qjy+Piy Qjy s Piy Qjy oo Pig Qjig
Ha3NBAETLCS MapWpymom, WO 3B'A3Y€E MYHKTU P,'1 i Q Jis -

MapLpyT, OO 4€KOro aofaHa KOMYHiKaLlis P,-1st, Ha3MBAaETbCA 3aMKHEHUM

Mapuwpymom (UUKITOM).
. K.OMyH.i.IfaLl,iFl PiQ j Ha3MBAETLCS OCHOBHOKO KOMYyHiKaujero po3B'A3Ky X, SKLO
BiANOBIAHA 1M KOMNOHEHTA PO3B'A3KY x;j>0.
MoaibHi 03HauYeHHs MatoTb Micue | AN KNITMHOK TpaHCNOPTHOT Tabnuui.

Brniacmusocmi mpaHcriopmHoi 3adadi.

1. 36anaHcoBaHa TpaHCMOpPTHA 3agaya 3aBXau JonycTuMa i Mae onTUManbHWUi
PO3B'sA30K.

2. PaHr matpuui A obmexeHb TpaHCMOPTHOI 3agadi AopiBHOE m+n—1, BHACNigokK
4yoro Jgonyctummn 6asuMcHUn Po3B'A30K 3adadvi MICTUTb He 6inbwe m+n-—1
HEeHyNbOBUX NEepeBe3eHb X ;.

3. AKwo B TpaHCNopTHiA 3apadvi BCi yucna aj, i=1,...,m, bj, Jj=1,...,n, — uini, 10
xo4ya 6 ogMH onTMMarnbHUI PO3B'A30K 3a4ayi — LinovncenbHUN.

OcHoBHI meopemu.

1.  Po3eg'ss30k mpaHcropmHoi 3adayi 6a3ucHul, SKWOo 3 U020 OCHOBHUX KOMYHiKauil
HEeMOXX/UBO cKriacmu 3aMKHeHUU mMapuwpym (YUKi).

2. [IBP x=(x,-j, i=1,...,m, j=1,...,n) onmumasnibHUt modi i mifibku modi, Komu
iCHytomb romeHujanu uj, v maki, wo

Vji—Uuj=Cjj, AKWO Xjj — 6a3ncHe nepese3eHHs,
Vji—uj < C,'j, AKWO Xijj — Heba3ncHe nepeBe3eHHs.
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Memoodu nowyky suxioHozo [BbP.
Memod nigHiYHO-3axi0OHO20 Kyma.

MeTopa cknagaeTbcsa 3 OOHOTUMHUX KPOKIB, TOMY MOro dpopmarnbHUN BUKa 4amMo
niwe anga 1-ro Kpoky. 3anoBHIOEMO MiBHIYHO-3axigHy KMNiTUHKY Tabnuvui, noknagarouu
X171 =min{a4, b1}. MOXnu1BI Tpn BUNAOKN :

1. a4s<by, TOAOI X411 =a ¢ i BUKpPECNOETLCA 1-1 pAOK Tabnuui;

2. aq>by4, T00i X11=b ¢ i BUKPECNIOETLCSA 1-11 CTOBNELL Tabnuuj;

3. aq=bq, TOOI X71=a¢1=b 4 | BUKPECNIOETLCA AK 1-1 pAAOK, Tak i 1- cToBneupb. B
OCTaHHbOMY BMWMagKy B OAHY 3 BUKPECHeHUX KIITUHOK 3aHOCUTbCS HyIiboBe
6a3ncHe nepeBe3eHHs (BigNOBIAHWM BUXiAHWM AonycTMMUA 6asMCHUMIN PO3B'A30K
Oyae BUPOAXKEHUM).

B ycix Bunagkax nicns 3anoBHeHHs1 6a3ncHoi KNiTMHKK o6'emn 3anacie a ¢ i notpeb
b 4 3MEHLLYI0Tb Ha BEMUYMHY, L0 AOPIBHIOE X14. KiHELIb KPOKY.

Ha KOXHOMY 3 HaCTynHWX KPOKIB pO3rnagatTbCHa NULIE HEeBUKPECHEHI KITITUHM
TpaHCNOPTHOT Tabnuui, TO6TO BUKPECHEHI PAAKM | CTOBNL,i irHOPYOTHCS.

MemoOd miHiManbHO20 efieMeHma.

MeToa BIigpi3HAETbCA Big nonepegHboro TUM, WO 3aMiCTb MiBHIYHO-3aXigHOI
KNITUHKM Ha KOXHOMY Kpoui BMOMPAETbCS KNiTMHKA 3 HaWMEHLUMM 3HaYeHHSM
TPaHCMOPTHUX BUTPAT Cijj.

MemoO sukpecito8aHHS.

MeTon 3actocoByeTbCs nNpu nobyaoBi uukny. Ha KoxHOMYy Kpoui metody B
TPaHCNOPTHIN Tabnuui BUKpecntoeTbCca abo paaok, abo cTtoBneub, SKi B noganbioMy
irHopytoTbCs. BukpecnioBatn HanexuTtb pagkm (CTOBMUi), siki MaoTb He Binblie ogHiel
6a3nCcHOI KNITUHKN. HeBMKpeCcneHi KNiTUHKN TpaHCNOPTHOT Tabnumui yTBOPIOOTh LK.

Aneopumm memody nomeHuiarsnis.

1. 3HaxoauTbCcsa noyaTkoBUM AonycTumui 6asmcHun poss'sasok (LBP), Hanpuknag,
3a JONOMOroK OAHOTO i3 PO3IMAHYTUX BULLE METOAIB.
2. Hapani metog noTeHuUianiB cKNagaeTbCA 3 OOHOTUIMHMX KPOKIB, HA KOXHOMY 3

SAKNX:

i) O6uucnioloTbCa noTeHuianu psagkis uj, i=1,...,m, i cToBnUIB vj, Jj=1,...,n,
TpaHCMOPTHOI Tabnuui sIKk pO3B'A30K CUCTEMU vj—uj=cjj, e i Ta j npyunmaloTb
TakKi 3Ha4YeHHS, WO KNITUHKK (/,j) — 6a3uncCHi.

i) OB64YNCnOTLCA OUHKM 3MIHHUX Xjj Ans BCIX HeBa3nCHUX KNiTMHOK (/,j) 3a
OpMYIoIo A jj = Cjj—Vjt Uj (OuiHKM BA3NCHUX 3MIHHUX — HYNbOBI).

iii) 3HamaeHi OuiHKn A,-j nepeBipaAlTbCA Ha HEeBIO'€MHICTb. AKLWO BCi A,-jZO,
i=1,...,m, j=1,...,n, TO noTouHnn [B6P onTumanbHWNi. |HaKWe nepexoaatb 40
noninweHHsa 6P (NyHKT iv)).

iv) BusHauyaioTb KNiTUHKY (K, ) 3 MiHiManbHO Big'€MHOO OLIHKO, i NPUEOHYIOTb
il po cykynHocTi 6asucHux. 3HaxoasaTb Uuukn  (Hanpuknag, MeToOoM
BUKpecrnioBaHHs). [loginaioTe UMK Ha [OAaTHUA | Big'€MHMIA  NiBUMKAN,
NnocnigoOBHO MO3HA4YaK4M KNITUHKA — BEPLUMHU LMKIY 3HaKaMU «+» i «—«,
NoYMHaKuM 3 KNiTUHKN (K, 1), SIKy NepLloro BiAHOCATbL 4O AOAATHOrO MNiBUUMKIY,
HaCTyMnHy 3a Hew — [0 Big'eMHOro, TpeTio — Ago gogartHoro i 7. A. Cepen
KNITUHOK BIA'€EMHOr0 MNIBLUMKITY BU3HA4alOTb KNITUHKY (S,r) 3 MiHIManbHO
BEMMYMHOIO MEepeBe3eHHs Xjj (KWO TaKkux KNITMHOK Kinbka, TO BMOUpalTb
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TiNbKM OAHY 3 Hux). loknapjawTb 6=Xg,. 36iNbWYOTb Ha 3HA4YeHHA 6
nepeBe3eHHs Xjj B KNITUHKax OoA4aTHOro MiBUMKIY i 3MEHLWYTh IX Ha Te X
3Ha4YeHHA B KMiTMHKax Big'emMHoro niBuukny. B pesynbTaTti 34iIMCHEHHS
BKasaHUX npouenyp KnituHka (k,/) BBOAMUTLCA OO CYKynHoOCTi 6asucHux, a
KnitnHka (s, r) nepecrae 6yt 6asncHol (Ha Hin po3pmBatoTb UmMK). KiHeub
KPOKY.
[1poepamHe 3abe3rneqYeHHs.
Hasuarounn mogysnb, 3a AONOMOrOK SKOro TpaHCMOpPTHa 3ajaya po3B'A3yeTbCs B
Aianosi 3 kopucTyBadeM 3a BUKMALEHUM arrOpuTMOM, 3aBaHTaXYETbCA 3 po3ainy
«MHINMHE MPOrPAMYBAHHSA» ronosHoro meHto naketa 13—-MO.

3ag0aHHs.

PosB'azatn meTogomM noTeHuianiB TpaHCMNOPTHI 3adadi, yMOBM SKUX 3a4at0TbCA
MOAynem 3a A0NoMOrow komaHaun «[aHi» ronoBHoro MeHto (3agadi Ne1—Ne9), a Takox
HaCTynHi 3agavi:

1) |ab |25 40 50 35 45 2) [ab |36 30 5650 25 65
20 7 3 4 8 6 50 8 6 7 3 4
60 5 7 2 3 5 50 7 4 9 3 4
45 1 4 5 2 6 55 6 1 4 5 2
70 3 4 2 7 8 50 7 8 3 4 2
3) [ab |10 40 20 60 20 4) |ab |70 40 30 60 50
30 5 1 5 2 4 20 6 1 7 3 3
70 5 7 6 3 2 90 7 4 4 8 4
25 1 5 4 2 6 80 8 2 3 5 7
25 1 6 3 3 5 60 3 4 2 8 5
5) [ab [30 90 80 20 30 6) [ab |10 30 25 15 20
95 2 8 4 6 3 20 9 1 5 7 1
55 3 2 5 2 6 15 2 8 4 8 1
40 6 5 8 7 4 45 2 3 2 8 5
60 3 4 4 2 1 20 6 1 3 4 7
7 |ab |13 13 13 13 28 8 |ab |11 13 26 10 10
28 8 4 6 3 1 24 9 1 3 2 7
13 9 3 8 5 7 12 6 9 4 1 5
19 7 3 5 9 8 18 9 1 2 8 5
20 2 1 4 5 7 16 3 3 9 6 8
9) (ab |10 35 15 25 35 [10) |alb |30 80 65 35 40
30 7 3 1 5 4 60 8 2 4 9 1
25 7 5 8 3 2 55 7 5 5 3 6
45 6 4 8 3 2 85 9 4 6 2 7
20 3 1 7 6 2 50 5 3 2 6 4
Bidnosidi:

1) L(x*) = 575. 2) L(x*) = 710. 3) L(x*) = 360. 4) L(x*) =910. 5) L(x*) = 750.
6) L(x*) = 200. 7) L(x*) = 209. 8) L(x*) = 184. 9) L(x*) = 285. 10) L(x*) = 785.
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JlabopamopHa poboma 6.

TpaHcnopTHa 3aga4ya 3 o6MeXXeHUMU NPONYCKHUMU
cnpomoxHocTaMu. Metoa noteHuianis

[TocmaHoska mpaHcrnopmHyoi  3adadi 3 obmexeHuMu ponycKHUMU
cripomoxxHocmsamu (T30).

B nyHkTi Pj (i=1,...,m) BApOBNSETLCA a; OOUHWLL OEAKOro nNpoaykTy, a B MyHKTI Q-
(=1,...,n) CI'IO)Kl/IBaCTbCFI bj opvHWup TOro X MPOAYKTY. TpaHCMOPTHI BUTPaTH Ha
nepeBe3eHHss OOUHUL npop,yKTy 3 NyHKTYy Pj B NMyHKT Q; CTaHOBNSTb Cjj OAUHWLIb.
KomyHikauist P; Qj Mae nponyckHy CrpOMOXHICTb fjj. BBamaroqm WO cymapHun ob'em
BUPOOHMLTBA ,u,opleroe cymapHomy o6'eMy crnoXmBaHHs, MOTPIGHO cKknacTu nnaH
nepeBe3eHb NPOAYKTY, WO MiHIMI3ye CyMapHi TpaHCMNOPTHI BUTpaTH.

MatemaTtnyna mogenb T30 mae Burnag:
L(x)=cq1Xq1+...¥ CipX1n *+...¥ Cm1 Xm1 +...¥ Cmpn Xmn — Min,
Xjq *+.. ¥ Xjp =aj, i=1,...,m,
Xqj*.+Xmj= bj,j=1,...,n
OSX,'jSI’,'j, i=1,...,m, j=1,...,n
aqt.+ am=b1+...+ bn.

OcrtaHHsa ymoBa Bu3Ha4vae 3banaHcosaHy T3O0.

Okpim BeEKTOpPiB nepeBe3eHb X, BUPOOHMLTBA-CNOXUBAHHS b, KOMYHiKauin A,-j Ta
TPaHCMNOPTHUX BUTPAT €, O3HAYEHHA AKUX HaBedeHi npu (opMynioBaHHI 3BUYaMHOI
3banaHcoBaHOI TpaHCNOPTHOT 3agavi (gme. nab. pob. 5), yBegemo BeKTOp obMeXeHb
MPOMYCKHUX CNPOMOXHOCTEN KOMYHiKaLin

r=(rq4,--s;rins--srm1s----mn)-

Mopsag 3 BekTopamu X, ¢, r OygemMo TakoX po3rnagaTty i maTpuui X=||x,-j||,
C=llcjjll, R=Ilrjjll, i=1,....m, j=1,...,n

OCHOBHI 03Ha4YeHHS.

fonyctumuii poss'sasok T30 x=||xjj|, i=1,...,m, j=1,...,n, 6asnCHUN, AKLIO NOrO
nepeBeseHHAM X, SKi 3a40BOSMBHATL yMoBY 0 < Xjj<rij, BignoBigae cucrema niHinHO
He3anexXHUX BEKTOPIB KOMYHiKaLin A,-j.

[MocnigoBHICTb Pi3HUX KOMYHIKaLin
Piy Qjy 2 Piy Qjy s Piy Qjy s Pig Qjig
Ha3MBAaETLCA Mapwpymom, Wo 3B'A3ye NYHKTA P,'1 i Q Jis-
MapwpyT, A0 £KOro gofaHa KOMYyHikauis P,-1 Q jg» Ha3MBAETLCH 3aMKHEHUM
Mapuwpymom (UUKITOM).

KomyHikauia P;Q j Ha3NBaAETbCH OCHOBHOK KOMYyHiKaujero po3B'A3Ky X, SKWO AN
LibOro po3B'A3Ky 0 < X;;<rj;.

AHanoriyHi o3Ha4YeHHs cnpaBennuBi i ANs KNITMHOK TPaHCMOPTHOI Tabnumui.
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Brnacmuesocmi T30 ma 0CHO8HI meopemul.

1. PaHr cknageHoi 3 BeKTOpiB A,-j mMaTpuui A obmexeHb TpaHCMOPTHOI 3ajaui
AOpiBHIOE M+n—1, 3BigKM BUNMMBAE, WO JONYCTUMNIA Ba3nCHMN pO3B'A30K 3aaadi
(AKwo BiH icHye) mae He bBinbwe m+n—1 nepeseseHb Xjj, SiKi 3a00BONMbHAOTL
ymoBy 0<X;;i<rj;.

2. Poseg'asok T30 e b6a3ucHUM, SKWO 3 (020 OCHOBHUX KOMYHIKauili HEMOXXIIUBO
cKrnacmu 3aMmKHeHut mapwpym (YUK).

3. [BP x=(x,-j, i=1,...,m, j=1,...,n) onmumasnibHuUl modi i mifbku modi, Komu
iCHytomb momeHuyjanu uj, v maki, wo

Vi—uj= C,'j, AKWO Xjj — 6asncHe nepeBe3eHHs,
Vj —Uuj < C,'j, AKWO X,'j = 0, Heba3ucHe nepeBe3eHHA,
Vj —Uuj > C,'j, AKWO X,'j = I’,'j, Heba3ucHe nepeBe3eHHA.

Memoo nowyky suxioHozo JB6P.

Buxighmn [B6P T30 (Ha BigmiHy Big T3 6e3 oOMexeHb), SKWO BiH ICHYE,
3HaxoOMTbLCS CYTTEBO BinMbLU cknagHo. Moro noLyk NpoBoaMTLEA B ABa eTanw.

MNMepwun etan (nonepefgHin) Haragye MeToO4 MiHiManbHOro enemeHta B T3 6e3
obmexeHb i B 3aranbHOMY BUNAaaKy He Aae AoNyCTUMOro po3B's3KY.

Apyruin etan MicTUTb pag iTepauin meTody NoTeHuianis, KM 3aCTOCOBYETLCA A0
aeskol poswupeHoi T30, nobyaoBaHoi 3a pe3ynbTaTaMu NepLioro eTany.

Buxiorut EP T30. | emar.

Ha MHOXWHi HEBUKpEeCNeHUX KNiTMHOK TPaHCMOPTHOI Tabnuui 3HaxogaTb KIiTUHKY
(i1,/1) 3 MiHIMaAnNbHUMKM TPAHCMOPTHUMW BUTPATaMu Ciyj,-

MoknapatoTe Xj i, =min{a; , bj .1 }.

Akwo Xj,j; =aj,» TO BUKDECTIOKOTh i1~ PAOOK TPAHCMOPTHOI Tabnuui.

Axwo Xjgjq = bj1, TO BUKPECIIOIOTb j1-1 CTOBMELb TPAaHCNOPTHOI Tabnuui.

Axwo Xijs = tigjq (r,-1j1 <aj,, lij, <bj1 ), TO BUKPECNOKTb TiflbKMU KMITUHKY

(i4,j1) TPaAHCNoOpTHOT TAabNUL.
Axwo Xj, j, = @i, :bj1, TO Yy [AOBIiNbHY, HEBUKPECNeHy Ha nonepeaHix Kpokax

KNiITUHKY, SIKa NexuTb abo B is-y psaaKy abo B js-y CTOBILi, 3aHOCATb HynboBe 6asncHe
nepeBe3eHHs.
Micna 3anoBHEHHS KMITUHKKX Y BCIX BUNaAKax BeNUYUHN aj, Ta bj, 3MeHLlyTLCS

Ha Xj j, .

1J1

YKkasaHi [Aii BMKOHYWOTb [OOTW, MOKM He OyayTb BUKPECHEHi BCi KIITUHKK
TpaHCNopTHOT Tabnuui.

Buxionuu ABP T30. Il emarn.

Hexait X=||xjjll, i=1,...,m, j=1,...,n, — maTpuua nepeseseHb, nobyaosaHa Ha
nepwomy etani. lNoknagemo

Xin+1 =aj—(Xj1*+..* Xjpn ), i=1,....,m,
Xm+1,j=bj—(x1j+---+ij),j=1,...,n.

No3Haummo
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O=X{n+1t -t Xm n+1=Xm+1,1 Yt Xm+1,n-

Akwo o=0, To X — BuxiaHun [bP.
Akwo >0, TO BuxigHa T3 pO3WUPHETLCA 3a pPaxyHOK MIKTUBHUX MYHKTIB
BMPOOHULTBA Py 41 Ta CNOXUBAHHA Q413 8m+1=bp+1 = o, A€

Ci n+1 =M, i n+1 =, i=1,....m,
Cm+1,j= M, rm+1,j = %, Jj=1,...,n,
Cm+1,n+1=0, Im+1,n+1 = %,

M — pocuTb Benuke goaaTHe YUCo, o0 — HECKIHYeHHICTb.

HeposnogineHi Ha nepwomy eTani 3anuwku nNpoaykty (Ak no ob'emax
BUPOBHMLTBA, Tak i N0 ob'emMax CNOXMBaHHS) PO3NO4INATLCA MO (IKTUBHUX MYHKTax
Pm+1 Ta Qp+¢. BignosigHi 3anoBHeHi KMiTUHKM BBaXaloTbCA GasMCHMMM (OCKINbKM
NPOMNYCKHI CNPOMOXHOCTI BiANOBIOHUX TM KOMYHiKaLin HEOBMeXeHi) i NnpuegHyTbCa 00
CYKYNHOCTi 6a3MCHUX KMITUHOK 3anOBHEHUX Ha neplioMy eTtani. AKwo nicns uboro
3aranbHa KinbKiCTb 6a3ncHMX KNiTMHOK He piBHa (m+71)+(n+71)—1, TO MHOXWUHY
6a3nCHMX KNITUHOK AOMOBHIOTb O LbOro YMcna 3a paxyHoOK He3amnoBHEHUX KNiTUHOK
abo 3anoBHEHWX OO0 MPOMYCKHOI CMPOMOXHOCTI, ane Tak, Wob po3lmpeHa MHOXMHa
0a3nCHMX KNITUHOK HE MiCTUNa LUMKIIB.

PoswwnpeHa T3 po3B'a3yeTbCst METOLOM NOTEHLianis.

Akwo B OI'ITVIMaJ'.IbHOIYIy po3.B';|3Ky x*m+1,n+1 =@ TO, lBiﬂ,KVI,EI,alO‘—II/I GIKTUBHI
NYyHKTW, oTpuMmaemo BuxigHun 6P, inakwe T30 He Mae po3B'a3kiB.

[omeHujanu.

MoTeHuiann pagkie uj, i=1,...,m, Ta CTOBMLUIB Vi, Jj=1,...,n, BU3HA4YaKTbCA $K
PO3B'A30K CUCTEMU Vi—uj=cjj, fe i Ta j NnpurMMatoTb TaKi 3HAYEHHS, WO KNiTUHKK (i, )
— 6asuncHi.

Bkaszana cuctema MictTutb m+n—1 piBHsHb (3@ 4Mcriom 6asmCHMX KMITUHOK) Ta
m+n 3MiHHMX. TOMy ofHa i3 3MiHHUX 3a4aeTbCca AOBINbHO (Hanpuknaad, u4=0).

OUiHKU.
OuiHkn Ajj 3MIHHUX X;; Ansi BCIX HEDBa3UCHWX KNiTWHOK oBuncniooTbCs 3a
POPMYOK0 A jj = Cjj—Vj+ U (OLIHKM BA3UCHNX 3MIHHUX — HYIbOBI).
MoTounnn 6P X = || xjjl|, i=1,...,m, j=1,...,n, oNTUMaAnNbHUNA, KOMW
Ajj=0, AKWo xjj — 6asncHe nepeBeseHHs,
Ajjz 0, akwo Xjj = 0, HebGa3ncHe nepeBe3eHHs,
Aji<0, AKWo X jj = rjj, HebasncHe nepesBe3seHHs.

Lukn. Memo0d 8uKkpecito8aHHS.

Mpn noBynoBi UMKy 3aCTOCOBYETLCA METOA BMKPECIOBAHHA. Ha KOXXHOMY Kpoui
MeTOoA4y B TpaHCMNOPTHIN Tabnuui BMKpecnoeTbca abo psaok, abo croBneub, SKi B
noganbLIoMy irTHOPYOTBCA. 3aKpeCcrneHH niansaranTe pagku (CToBMui), SKi MICTATbL He
Oinbwe opaHiei 6a3nCHOI KNiTUHKN. HeBUKpecneHi KNiTUHKM TpaHCMNOpTHOI Tabnuui
YTBOPHOKOTb LINK.
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Hosut E6P.

Cepepn BCiX KMTUHOK (/,j), ANA SKUX HE BUKOHYETBCHA KPUTEPIA ONTUMAanbHOCTI,
obupatoTb KNiTUHKY 3 HanbinblMM MOAYNEM OLIHKK A jj. TlosHa4nMmo Taky KIiTUHKY
wepes (ig.jo)- ._

Hexan «knitnHka (ig,fjg), ANA AKoi Xig jo =0, A,-Ojo< 0, npuvegHyeTbca [0
CYKYNHOCTi 6a3MCHUX KNiTUHOK.

3HaxoauTbCAa UMK, WO YTBOPKETLCA UMMKU KNiTUHKaMn. Linkn po3buBaetbca Ha
popatHuid (C*) Ta Big'eMHuid (C—) NiBUMKNM, KNITUHKM KX YEPryloTbCA O4Ha 3 OOHOM,
npuvomy KnitmHka (ip,jp) BiAHOCUTLCA OO0 AoaaTtHoro nisumkny. OB4YMcnoTLCA
BENNYMHM

¢ = min{x;;} no C—,
62 = min{rjj — x;} no C¥,
6 = min{64, 05}.

36inbWyloTb Ha 3Ha4YeHHs O nepeBe3eHHS Xjj B KNiTUHKax MniBLMKIY Ct i
3MEHLLYIOTb IX Ha T€ X 3HA4YEHHS B KNiTUHKax C—.

Ans knituHkA (ig,jp) TaKol, WO X, j, =fjyj,, Ajyj, >0, BiAMiHa nonsrae B
TOMY, LLIO BOHA BiAHOCUTLCS A0 Bi4'€MHOrO MiBLMKITY.

B pesynbTtaTi BUKOHaHHA Bka3aHux npoueayp KnituHka (ip,jp) BBOAUTLCA A0
MHOXWHM ©a3nCcHMX, a KIiTUHKa, NoB'A3aHa 3 6, ctae Heba3ncHow. AKWo @ gocAaraeTbes
Ha KniTnHui  (ip,jp), TO MHOXMHA ©0a3nCHUX KITITUHOK HEe 3MIHIETLCA MiChns
nepeposnoniny nepeseseHb B3LOBX LUKy Ha cTtany @i HoBuu [JbP maTtume Ty X camy
CUCTEeMY MoTeHLianiB i Ti X caMi OLiHKK, WO i nonepeaHin. Tomy y LboMy BUNAAKy nicns
obuncneHHs Hosoro [BP 0©e3nocepegHbO NepexoasaTb OO0 MNEepeBipkM MOro Ha
ONTUMArsbHICTb.

Aneopumm memody nomeHuiarsnis.

-—

byayetbca suxigHun [JbP.

2. [Hani meToa noTeHuianiB cknagaeTbCs 3 OAHOTUMHUX KpOKIB Ha KOXXHOMY 3 SIKUX :

i) O6uucnioloTbCa NoTeHuianu uj, i=1,...,m, Ta Vj , J=1,.

i)  OBUMCnIOTLCS OLIHKM A ;i 3MIHHKX x,j,/ 1,...m, j= 1

iii) AHaniaytoTbCa 3HANOEHI OLiHKKN A ; ij- Axwo A ij2 >0 ansa x, =0 Ta A <0 ansa
Xjj =Trjj, TO notouHun 6P ontumanbHui. B IHWoOMyY BI/II'Ia,EI,Ky nepexo,u,ﬂTb ao
nokpatlaHHa notoyHoro 6P (n. n. iv) Ta v)).

iv) bByayetbcsa uukn.

v) 3Haxogutbcs HoBumn [b6P.

Kpok 3akiHyeHun. lNepexig Ao NyHKTY i).

[1poepamHe 3abe3rneyeHHs.

HaB4arounn moaynb, 3a JONOMOroK AKOro TpaHCrnopTHa 3ajada 3 obMexeHnMu
NPOMNYCKHUMU CNPOMOXHOCTSIMW KOMYHIiKaLi po3B'A3yeTbCA B Aianosi 3 KopuctyBavyem
3a BUKNaAeHum anropuTMom, 3aBaHTaXyeTbCA 3 po3aainy «NIHINHE
NMPOIrPAMYBAHHA» ronoBHoro meHto naketa 13—MO.
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3a80aHHs.

PosB'asatn metonom noTeHuianis TpaHCNOPTHI 3agadi, YMOBM SKUX 3a4at0TbCs
MoAynem 3a AonomMoror koMaHau «[aHi» ronoBHoro meHto (3agadvi Ne1—Ne9), a Takox
HaCTYyMHi 3agadi:

1) 6 2 5 3 16 34 15 19
c=13 6 9 7 |, R= (13 17 12 4 |,
7 1 6 5 17 19 2 4
a= (74,33, 19), b= (28, 70, 15, 13);
2) 2 1 5 5 13 10 31 15
c=|2 3 7 4 |, R= |20 28 7 22 |,
9 5 7 1 19 6 15 8
a= (63,72 17), b= (33, 40, 43, 36);
3) 3 6 6 4 5 8 6 4
c=|3 2 2 6 |, R= |29 24 15 17 |,
1 4 10 7 20 5 10 6
a= (13,79, 34), b= (49, 30, 22, 25);
4) 5 1 2 7 4 12 5 5
c=|6 1 8 7 1, R= |20 10 37 10 |,
2 9 4 10 25 10 10 15
a=(20, 76, 54), b = (40, 30, 52, 28);
5) 9 6 6 1 15 10 34 7
c=|8 10 9 2 |, R= |31 23 20 11 |,
5 9 2 6 11 15 4 10
a=(64, 75 21), b= (57, 33, 44, 26);
6) 6 4 8 5 20 5 15 12
c=|2 8 3 2 |, R= |45 20 21 19 |,
1 7 2 8 8 20 12 4
a= (42,99, 27), b= (68, 40, 30, 30);
7) 5 6 10 3 37 20 7 21
c=|6 4 7 2 |, R=|5 26 7 11 |,
8 8 3 7 5 20 25 10
a=(78, 37, 53), b= (38, 60, 30, 40);
8) 6 1 9 3 16 30 21 30
c=19 2 9 7 |, R=[18 4 5 11 |,
3 2 10 6 30 4 29 15
a= (77,24, 70), b= (56, 30, 40, 45);
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9) 8 4 6 8 12 20 30 20
c=| 8 9 9 6 , R= || 25 4 3 2 ,
9 10 4 7 33 10 30 10
a= (72, 29, 68), b= (65, 24, 50, 30);
10) 1 3 8 7 10 26 23 8
c=1]9 4 5 10 , R= 6 18 30 5 ,
9 7 2 8 9 2 25 3
a= (53, 45, 38), b= (21, 30, 75, 10).
Bionosioi:

1) L(x*) = 444. 2) L(x*) = 538. 3) L(x*) = 413. 4) L(x*)=837. 5)L(x*) = 1091.
6) L(x*) = 700. 7) L(x*) = 800. 8) L(x*) = 885. 9) L(x*) = 1134. 10) L(x*) = 649.

JlabopamopHa poboma 7.

3agaya nNpo HaAMKOPOTLWUM WNAX Ha mepexi. Metoa MiHTi

[TlocmaHo8Ka 3adayi npo Haukopomuwul Wiisgx Ha MepexXxi.

Ha mepexi, wo 3apaetbca rpacdom (I,U), ne | — mMHOXuHa BepwuH, U —
MHOXWHA [yr, 3 BU3HAYEHO Ha Hil (PYHKLiE BapTOCTi Cjj ((i,j) — pyra 3 U), ona
(hikcoBaHuUX iy Ta ig 3HAUTK LLNAX

L = ((I1:I2):(I2:I3):1(’8-1:’3))
i3 BEPLUNHM i1 Y BEPLUMHY ig, JOBXUHA AKOrO

C(L)=C,'1 in +C,'2 i3 +...+C,'S_1,'S
HanmeHLa.

Aneopumm memooy MiHmi.

MeTtogom MiHTi po3B'a3yeTbCcsa 3agada nobyaoBu aepeBa HaMKOPOTLLMX LUAAXIB Ha
Mepexi 3 KopeHeM Yy PiKCoBaHi BEPLUNHI /1.

AnNroputMm CKnagaeTbCs i3 CKIHYEHHOro 4YmMcra KpOKiB, Ha KOXHOMY 3 HAKUX
Nno3HayalTbCA BEpPLIMHM Mepexi | BUAINAITbLCA Oyrv, WO HanexaTtb AepeBy
HaNKOPOTLUMX LUSIAXIB.

Hexan P, — MHOXMWHa BEPLUWH, MO3HAYeHNX Ha Kpoui r, a I, — MHOXWHa BEPLUVH,
No3HaYeHuX 3a r KPOKiB.

KPOK 0. KopiHb pepesBa (BepwuvHa i4) no3HavyaeTbcsa cranow hy=0;
i1(h4)=i4(0). NMicna HynboBoro kpoky Pp={i1(0)}, 1o={i1(0)}.
Hexan BUKOHaHO r KpOKIB, 3a Ski nobyaoBaHa MHOXWHA
1,={i{(0),....ix(hg),...}

MO3HaYeHUX BepLUnH ik (hg), KOXHIM 3 SKMX nocTaeneHe Yy BIiANOBIAHICTL Yncno hy
(4ncenbHO piBHE AOBXWHI HAMKOPOTLUOrO LUMAXY i3 BEPLUNHU i1 Y BEPLUMHY i) ).

KPOK r+1. bygyetbca  po3pi3 Mepexi, SKUW  MNOPOSXKYETbCA  MHOXMUHOK
no3HayeHnx sepwwuH I, i BU3HaA4aeTbCcA MHOXWMHA J,={...,ifp,...} HENo3HayYeHnx
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BEPLUVH iy Mepexi, B SAKi 3axodsaTb Ayrn pospidy. Ons koxHoi ayrvn (ik,im) po3pidy
obuncnoTb cymy hy+ Cipim i Nno3Ha4yarTb Ti 3 Oyr, ANA AKMX U cyma MiHiManbHa.

[MoTiM BMAINAIOTL NO3HaYeHi oyrn Tak, Wob B KOXHY Heno3HayeHy BepLUMHY MHOXWHMU
Jr, B AIKy 3axodsTb No3HadeHi ayrm pospidy, 3axoauna 6 Tinbku ogHa BuAineHa ayra.
Micna BuaineHHs Oyr nosHadalTb BEpPLUMHWM — KiHUi BuaineHnx ayr. BenuuuHa
MO3HaYKW piBHA MiHIManbHiA i3 cym hy+cj, j_, 0OBYMCNEHUX ANs BCIX Ayr po3pisy.

O6'eaHytouN MHOXWHY I, 3 MHOXWHOW Ppys BEPLUMH, NO3HAYeHUX Ha (r+7)-y kpodui,
OTPUMYIOTb MHOXMWHY [, BepluH, nodHayeHux 3a (r+71) kpokiB. [lepexogsaTtb Ao
HaCTYMHOrO KPOKY, SKLLO iCHYE pO3pi3, O NOPOIKYETHCA MHOXUHOW /4 4.

YKkasaHuM npouec npoAoBXyKTb LOTU, MOKM MOXIIMBE PO3LUMPEHHA MHOXUHU
NO3HaYEeHNX BEPLUWH.

Ao aesika BepluMHa i, Mepexi 3anuiumnacb Herno3HayeHol nicra 3aKiH4eHHs
npouenypu MiHTi, TO WNAXY, WO NOYUHAETHCA Y BEPLUUHI i1 | 3aKIHYYETLCH Y BEPLUMHI
ipn, He iCHye.

[1pozpamHe 3abe3rneqyeHHs.

HaBuyarounn moaynb, 3a AOMNOMOroK SIKOro 3agadva npo HaMKOPOTLUMW LWNAX Ha
Mepexi po3B'A3yeTbCA B [fiano3i 3 KOpUCTyBavyeM 3a BUKMAAEHUM anropuTtMoMm,
3aBaHTaxyeTbest 3 poaainy «IHIMHE MPOrPAMYBAHHSA» ronoBHOro meHio nakerta
[3—-MoO.

3as0aHHs.

Poss'azatn metogom MiHTi 3agadi Npo HaMKOPOTLUMK LWIAX Ha Mepexi, YMOBMU
AKMX 3a0alTbCA MOAySNieM 3a OO0MOMOrow KomanHau «[aHi» ronoBHOro MeHw (3agadi
Ne1—Ne9), a TakoX HaACTyrnHi 3agadi, B KOXHIN 3 AKX Mepexa 3adacTbCH YMCIIOM
BepwuH N i matpuueto L, W0 onucye MHOXWHY Oyr Mepexi (KOXHWA CToBMeub Uuiel
MaTpuui BignoBsigae iCHyYIN Oy3i Mepexi, nNpyu LUbOMYy, MepLInin enemMeHT CTOBMUA €
novaTok Ayru, Apyrum — KiHeub Oyrn, TpeTih — OOBXUHA AYru):

1)N=10, L=

1 1 17 2 2 2 3 3 4 4 5 5 5 6 6 7 7 8 9
2 3 4 3 5 6 4 6 6 7 8 9 10 5 9 6 9 10 10
5 10 20 5 20 17 12 17 5 4 10 6 20 7 5 1 5 11 15
2)N=10, L=
1 17 2 2 3 3 3 4 4 5 5 6 6 7 7 7 8 8 9 9
2 3 4 5 2 7 8 3 7 9 10 5 10 6 8 9 4 9 6 10
20 12 9 20 12 20 7 20 2 10 18 10 18 1 7 16 18 17 20 8
3)N=10, L=
1 1 17 2 2 2 3 4 4 4 4 5 5 6 7 7 7 8 8 9
2 3 4 3 5 6 5 3 5 7 9 6 7 8 6 8 9 9 10 10
18 20 19 8 2 11 2 7 1 6 12 9 5 12 6 15 6 16 2 4
4 N=10, L=
17 1 17 2 2 2 3 3 4 4 4 5 5 5 6 6 7 8 9
2 3 4 4 5 6 2 4 5 7 8 7 9 10 5 9 8 10 10
15 2 20 9 20 17 13 12 15 8 5 4 3 7 7 11 5 6 4
5)N=10, L=
17 1 2 2 2 3 3 3 3 4 4 5 5 6 6 7 7 8 9 10
2 3 4 5 6 2 6 7 8 5 9 6 9 7 9 9 10 7 10 8
13 2 8 18 2 11 13 20 20 10 20 4 20 20 20 11 20 11 14 5
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6) N=10, L=
1 1 1 17 2
2 3 4 5 3

10 18 20 20 8

3 3 3 3 4 4 5 5 6 7 7 8 8 9
4 6 7 10 7 8 4 8§ 10 9 10 7 9 10
9 7 17 12 8 10 7 16 &6 10 19 20 10 2

aoN

1

JlabopamopHa poboma 8.

3apaya npo MakcMManbHUM NOTIK Ha Mepexi. Metoa Popaa-
dankepcoHa

[TocmaHo8Ka 3a0ayi npo MakcumMasabHUU rnomik Ha Mepexi.

Ha mepexi, wo 3agaetbca rpacdom (I,U), ne I — mMHOXuHa BepwuH, U —
MHOXWHa Ayr, 3 BU3HAYEHOI Ha Hill PyHKUiE0 NpomnyckHUX cnpomoxHocTew rjj ((1,/) —
ayra 3 U), 3adpikcosaHi ABi BepwuHWn — s Ta ip. BepwuHa iy (Oxeperio) mae
IHTEHCMBHICTb d, BepwuHa i, (cmik) — IHTEHCUMBHICTb —d, BCi iHWI BepLINHM
HeumparsbHi. ToTpiBHO 3HaAWTM MaKcMMmarnbHY IHTEHCUBHICTE mxepena d, npu sikin
Mepexa pgonyckae notik. lMoTik, Wwo BignNoBiAae TakoOMy MaKCMMasibHOMY 3HaY€HHIO
IHTEHCUBHOCTI d*, Ha3MBaAETbCA MaKcuMaslbHUM [OMOKOM, a camMe 3HayeHHs d* —
8€JIUHUHOK Ub020 MOMOKY.

Anzopumm @opda-DankepcoHa 3aCTOCOBYETbLCA AN NOOYJ0BU MaKCUManbHOro
NOTOKY Ha Mepexi i3 3agaHOl Mno4YaTKOBOI BEpLUMHU-Kepena B 3afaHy KiHLeBY
BEPLUNHY-CTIK.

Byoemo BBaxatu, WO BEPLUMHOK-AKepesioM € 71-a BepLlunHa, BEPLUMHOK-CTOKOM
— BEpLUMHA 3 HOMEPOM N.

BxiOHi OaHi.

Ana pobotn anropntmy HeobXxigHO 3a4aTu HACTYMHY iHpOpMaUito :

Yuncno BepLlnH Mepexi.

Mampuuto  cymixHocmed €,  enemeHTM  sKOi  Cjj  BM3HAYalOTbCS
CMiBBIAHOLEHHAMN :

N =

Cjj= 1, aKwo icHye ayra (/,J);
cjj= 0, sikwo ayra (i,j) BiocyTHS.
3. Bennuuuum rij MPOIMYCKHUX cripomoxxkHocmedu ayr (i,f).
4. [loyamkosuu nomik Ha mepexi, TO0TO BENMYMHN Xjj, WO 3a/J0BONIbHSIOTL YMOBU :
a) OSXUSUﬁ
b) [Ons ooBiNbHOI BEPLWMHN (KPiM NEPLLIOT i OCTaHHBOI) NOTIK, WO BXOAUTb Y
BEPLUNHY, JOPIBHIOE MOTOKY, LLO BUXOOMUTb 3 Hel.

Buknad anzopummy Popda-PasnkepcoHa.

Anropnt™Mm cknagaetbcs 3 NOCILOBHUX iTepauin, siki NpoBOAATLCA A0TU, MOKU He
Oyae BMKOHYBaTUCb O3HAKa ONTUMANbHOCTI.
B koXHin iTepauii MoXXHa BUAINUTX ABa eTanw.

Eman 1 (eman sucmaesieHHs1 M03Ha4yoK).
1. B KOXHMIA MOMEHT Yacy KOXHa BepLUMHa MOXe 3HaxXoOUTUCb B OAHOMY 3 TPbOX
NMONOXEHb :
a) He No3Ha4veHa;
6) nosHayeHa, ane He NPOrNsAHYTa;
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B) MO3Ha4yeHa i npornsHyTa.
3aranbHUn BUMMSA MO3HAYKU j-T BEPLUMHMU: [i+,6}], abo [i—,ej], ne i — Homep
AesKol MO3HAYEeHOI BEPLUMHMK, NPY NpOornagaHHi akoi 6yna no3HavyeHa BepLunHa j.
BepwwuHa 71 3aexan nosHayeHa T1a mae nosHayky [1+,604], Ae 64 piBHEe + o
(HecKiHYeHHoCTI).

2. T[pornsgaHHsa OOBINbHOI NO3HAYEHO! BEPLUNHN j NONArae B HaCTynHOMY :
a) [oBifnbHa HernosHayeHa BepluMHa k, ONda sKoi icHye ayra (j,k) i mae micue
HepIBHICTb Xk < Ijk, OTPUMYE Nno3Hauky Burnsay [j+, 6], Ae

& =min {4, rix — xjk};
6) [oBiNbHa Heno3HayeHa BepwwHa k, Ana Akoi icHye gyra (k,j) i mae micue
ymoBa x> 0, oTpumye nosHauky surnsay [j—, ], ae

G = min {91, ij}.
3. [lpouec BuCTaBnNeHHs NO3HAYOK 3aKiHYYETLCA B OQHOMY 3 [BOX BUNAaAKIB:
a) BepLUMHA 3 HOMEPOM N NO3HaYeHa;
0) ymoBa a) He BUKOHYETbCS, ane XOOHOI BepLUMHM Binblue NO3HaAYUTU He
MOXHa.
B nepwomy Bunagky nepexogumo o etany 3MiHM NOTOKY Ha Mepexi. B gpyromy
— [0 BU3HAYEHHS MiHIManbHOro po3pidy Mepexi i MakCMmMarnbHOro rnoTOoKY.

Eman 2 (eman 3MiHU Momocky).

MoTiK B Mepexi 3MiHIOETbCA Ha BEINTUYUHY 6, 32 TaKUM NPaBuIioM.

Akwo BepwnHa n mMae nosHauky [k+,6,], Ae kK — HOMep AesKol BepLUMHU, TO
Xkn=Xkn *6h- AKWO no3Hayvka mae BurmaAg [k—,6,], T0 Xpk = Xpnk—6,- Nepexognmo ao
BEPLUMHN 3 HOMEPOM K. AKLLO No3Hayka BepLUMHU k Mae Burnag [+, 6], 1o Xjk=Xjk+0
ns SKWO BOHa AOpiBHIOE [j—, 6], TO Xkj= xkj—en. MoaibHi gii npogoBXyeEMO OOTU, NOKK
He Oyaoe pocarHyta noyaTkoBa BeplwunHa. B ubomy BuMnagky BCi CTapi MO3HaYKu
BUTUPAEMO i MOBEPTAEMOCH 0 NEPLLOro etany.

B pesynbtati poboTu 3rigHO anroputMy BU3HAYalOTbLCA MiHiMarbHUU pPO3pi3
Mepexi i, K HacnigoK, MakcumarbHUl rnomik.

MiHiManbHUM PO3pi3 BU3HAYAETLCA CYKYMHICTIO Ayr, WO BUXOOATb 3 MHOXWHU
NO3HAYEeHNX BEPLUUH i 3aX04ATb Y MHOXMHY HENO3HAYEHUX.

Benu4yuHa makcumarsibHO20 MOMOKY pieHa CyMapHit rporyCKHIU CrpoMOXHOCMI
MIHiIMaIlbHO20 pOo3pi3y.

[poepamHe 3abe3nevyeHHs.

HaBuatounn mogynb, 3a AONOMOrOK SIKOro 3agadva rnpo MakcumMmarbHUKW MOTIiK Ha
Mepexi po3B'A3YETbCA B [iano3i 3 KOPUCTyBayeM 3a BUKIIAAEHUM anropuTtMom,
3aBaHTaxyeTbcst 3 poaainy «IHIVMHE MPOMPAMYBAHHSA» ronosBHOro MeHio naketa
[13—-MoO.

3ag0aHHs.

PosB'azatn metogom doppa-dankepcoHa 3agadvi Npo MakCMManbHWUA MOTIK Ha
MepeXxi, YMOBU AKMX 3a4aloTbCA MOAYNEM 3a AOMOMOrow Komanau «[aHi» rofioBHOro
MeHio (3agadi Ne1—-Ne9), a TakoX HacTynHi 3afadi, B KOXHIN 3 AKMX Mepexa 3a4aeTbCH
MaTpuuamMum cymikHoctem € | MpOMycKHUX CNpoMOXHocTer R. Y Bcix 3agadvax
>Keperiom BBaXaeTbCs BepLlumMHa 1, a CTOKOM — BepLunHa 6.
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Bidnosidi:
1) d*=28.2) d*=44.3) d*=55.4) d*=51. 5) d*=68. 6) d* = 61.
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JlabopamopHa poboma 9.

3apava uinoymcenbHOro fiHinHoro nporpamyBaHHA. Meton M'omopi-1
[locmaHoeka uino4ucesibHoI 3adaui fiHIUHO20 rnpo2pamMye8aHHs.

3HaNTM BEKTOP X =(X1,...,Xp), WO MIHIMI3y€e LiNbOBY OyHKLO
L(x)=cqyxq+..+CpXp (9.1)

i 3200BONbHSIE CUCTEMY OOMEXEHD

....................... , (9.2)
amiX1+...+tamnXn=amo,

ijO, Jj=1,...,n, (9.3)
xj—u,ini,j=1,...,n. (9.4)

Buknad memody rlomopi-1.

MeToa 'omopi-1 € ogHMM 3 MeTOAIB BiATMHAHHS, iAes AKMX Taka.

Po3B'asyetbca gonomixHa 3/ (9.1)—(9.3), sky oTpumytoTb 3 BuxigHoi L3JIf1
(9.1)—(9.4) BigkKMOAHHAM YMOBW LISTOMUCENBHOCTI 3MiHHUX (9.4). AKLWO onTUManbHWU
pO3B'A30K gonomixHoi 3/I[T — uinoyncenbHW, TO BiH Oyae i poO3B'A3KOM BUXiAHOI
LI3JII. AKWwo X oTpMMaHUn pO3B'A30K JOMOMIKHOI 3adadi He € UinovncenbHUMm, To Big
posB'asaHol 3/I[1 nepexoasTe OO0 HOBOI gonomikHol 3/IIT npuegHaHHAM NiHIMHOMo
obMmexeHHs, sike 3a40BOSbHAITL LinovncensHi po3s'askn BuxigHoi L3/ i ake He
3a[10BOSIbHAE OTPMMaHUM HeuinoymceribHUM po3B'A30K gonomikHoi 3/If1. 3rapaHe
AonaTtkoBe JiHINHE OOMEXeHHs1 BU3Havae OesiKy BiATUHaK4Yy NAOLMHY i HAa3MBaETbCA
npasusibHUM gidomuHom. [lpnegHaHHs HOBWUX MPaBWUITbHUX BIATUHIB A0 MNOYaTKOBOI
aonomixkHol 311 3QincHI0ETbCA OOTU, MOKM Ha AesikoMy Kpoui He 6yae oTpumaHumn
yinoyncenbHUN po3B'A30K AOMOMDKHOI 3ajadi, Sk, odeBuaHo, Gyae onTumanbHUM
po3B'a3kom BuxigHoi LI3/11. B meTtoai Nomopi-1 npaBunbHUA BIATUH ByOyETLCA Takum
YMHOM.

Hexan Ha oOCTaHHIN iTepauil cumnnekc-metody npu po3B'si3yBaHHI AOMOMIKHOI
3JII HenpsiMi oBMexeHHs uiei 3agadi Habynu Burnagy :

XI +a/i,m+1Xm+1 +...+a/ian=a/i0, i=1,...,m,
i, TaKUM YMHOM, PO3B'A3KoM gonoMixxHoi 3/11 6yae BekTop
x=(a’10,..., a’mO,O,...,O).

Hexan iCH.yG HOMep I‘UTa.KI/II\/'I, wo a’yp — ,qpi6, i, 9K 3aBXam, {g} — ppobosa
YacTuHa z. Toai npaBunbHUI BiATUH MeToay FoMopi-1 3agaeTbcs HEPIBHICTIO !

{a metXmer +-.t{ @t xp={a’o}-

Aneopumm memoody [fomopi-1.

1. Poss'asyemo pgonomikHy 3/I[1 (9.1)—(9.3). Hexan x(0) — 1 onTumanbHuin
PO3B'A30K. AKWO onTUManbHUA PO3B'A30K He iCHye, TO BuxigHa L3JI[1 Takox He
Ma€e oNnTUMarnbHOro Po3B'A3KY.

2. Hexam Ha s-n iTepadii po3B'a3aHa gonomixHa 3/I1, wo mae M obmexeHb i N
3MiHHMX, X (S) — i ONTMMarnbHUN PO3B'A30K.
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Bynemo BBaxaT, WO x(S) BU3HAYAETLCA KAHOHIYHUMU OBMEXEHHSAMN OCTaHHbLOI
iTepadii, To6TO:

Xj +bi,M+1 XM+1 T tbiNXN=bjg, i=1,...,M,
3BigKkn

X(S) = (b10,...,bM0,0,...,0).

Akwo bjg (i=1,...,M) — uini, To — KiHeub, X(S) € oNTUManbHUM PO3B'A3KOM
BuxigHoi LY3/IM. Axwo icHye xo4ya 6 ofHe i Take, wo bjo — Api6, To nepexia Ao
NYyHKTY 4.

3Haxoammo r=min{i} no BCiX /i Takux, wWo b;jp — Apid Ta Bbyayemo gogatkose
0OMEXEHHS

XN+1={br, M+1} XpM+1 == {brN} XN = —{br0},

Ae X N+1= 0 — popaTkoBa 3MiHHA.

Poswwnptoemo cumnnekc-tabnuuto 3a paxyHok (M+171)-ro psagka (gopaTtkoBe
obmexeHHs1) Ta (N+17)-ro cToBnus, LLO BiANOBIAAE AOAATKOBIN 3MIHHIA X 41 -
PosB'aszyemo poswmpeHy Takmm 4YuHOM 3JI[1 OBOICTUM CUMMEKC-METoa0M |
nepexoanMo A0 NYHKTY 2 3 3aMiHOK S Ha s+71. AKWo npu UbOMy Ha siKin-Hebyab
iTepadil OBOICTOrO CcUMMMeKc-MetTody Of4Ha 3 [A00aTKOBUX 3MiHHMX 3ajadi
NOBTOPHO CTae 0asnCHOK, TO BUKIOYAOTLCA 3 NOAANbLUOro po3rnagy BifgnoBigHI
" pagokK i ctoBneub.

[lpoepamHe 3abe3neyeHHs.

Has4aiounn mopynb, 3a [JOMOMOro SKOro MOBHICTIO LUirnoyncernbHa 3ajada

NiHINHOTO MporpaMyBaHHsi PO3B'A3YETLCA B Aianosi 3 KOpUCTyBa4YeM 3a BUKNAAEHUM
anroputMoM, 3aBaHTaxyetbca 3 poaainy «JIIHIMHE MNMPOIrPAMYBAHHA» ronosHoro
MeHto naketa 13-MO.

3as0aHHs.

Poss'azatn metogom Momopi-1 3agadi LinovmcesnibHOro niHinHOro NporpamMyBaHHS,

YMOBW SKUX 3a4al0TbCs MOAyneMm 3a OOMOMOrow KomaHnau «f[adi» rorioBHOro MeHo
(3apavi Ne1—-Ne9), a Takox HacTynHi 3agadi.

1)

3)

5)

B ycix 3agayvax, Wwo nponoHyTbLCA HUXKYeE, BCi 3MiHHI HEBIA'EMHI Ta Uini.

5 x4+ 6 X0+ 6 x3—> min, 2) 6x4+4x,—> min,

2X1+4X2 > 10, 2X1+ X223,
3x1+2xp+2x3210; X1 — X< T,

6 x4 + 4 xo > min, 4) X1+  Xp—> min,

2Xx4+t X923, —X1— X2 + x5 = -1,
X1—2 X< 2, —2 X1+ 2 X+ X3 =-2,
3x1+2x521; —4 x4+ 2 X5 + Xy =-1;
6x7+4x2—>min, 6) 2x7+3x2—>min,

2X1+ X223, X1+2X2216,

X1— Xo21; 2x4+ Xxp216;

29



7)  5x4 —3x9— max, 8) 5 x5 + 7 x4 — min,

3X1 +2X22 6, —10X2+X3+ X4 =—-16,
2Xx1 —3x%x22-6, X1— 3Xxp -3 x4 =-12,
X1 — Xo<4, - 6xo —2 X4+ x5=-17,

9) — 5 x4— 7 X5 —> max, 10) 8 x4 + 2 x», > max,

X4 - X4—2X5=-17, X1—4 X2+ X3 = 4,
—X3+3X4—6X5=—3, —4X1+ X2 + Xy =4,
X2 - X4 —4x5=-11; X1+ Xo +X5=6

Bidnosioi:

1) x* = (3;1;0), L(x*)=21.

2) x*=(1;1), L(x*)=10.

3) x*=(1;1), L(x*)=10.

5) x* = ( L(x*)=12

6) x* = (6; 5), L(x*)=27.

7) x* = (18; 14), L(x*) = 48.

8) x* =(0; 4; 24; 0; 7), L(x*) = 20.
9) x*=(0;0;0; 3; 2), L(x*)= 29
10) x* = (5; 1; 0; 0; 0), L(x*) =

JlabopamopHa poboma 10.

3apaya 4acTKOBO LiniouncenibHOro fiHinHoro nporpamyBaHHA. MeTton,
Momopi-2

[locmaHo8Ka 4acmkogo uinoyucesisHoI 3adayi niHilHo20 rnpoa2pamyeaHHs

YL3JIT).

3HaNTM BEKTOP X =(X1,...,Xp), WO MIHIMI3y€e LiNbOBY OyHKLIO

L(x)=cqyxq+..+cCpXxp (10.1)

i 3200BOSIbHSIE CUCTEMY OOMEXEHD

....................... , (10.2)
amiX1+...*a@mnXn=amo,

Xj20, j=1,...,n, (10.3)
Xj—uini, j=1,...,p, (p<n). (10.4)

Buknad memody rlomopi-2.

MeTtoga "'omopi-2, sk i meTog F'omopi-1, € ogHMM 3 MeTOAIB BiATUHAHHA | Nonsirae B
HaCTYyMHOMY.

PosB'asyetbca gonomikHa 3JI1 (10.1)—(10.3), sky oTpumytoTs 3 BuxigHoi 3J11
(10.1)—(10.4) BigkMaaHHAM yMOBM LinovncenbHOCTi 3MiHHMX (10.4). AKWwo 1 po3B'a30kK
3apoBonbHsAe ymoBy (10.4), To BiH xe € i poss'askoMm BuxigHoi YLJ3/I]. IHakwe Big
po3B'asaHoi 3J1I1 nepexogate A0 HoBOI gonomikHol 3/ npuegHaHHAM MiHIMHOIO
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OOMEeXeHHs, AKke 3a[40BOfMbHATL UinoyncenbHi (y po3ymiHHi ymoB (10.4)) po3s'sasku
BuxigHol YLJ3/I1, ane He 3ad0BOSIbHAE OTPUMAHUMA HELNOYNCENbHUIA PO3B'A30K
BuxigHoi 3/11. 3rapaHe gogaTkoBe OOMEXEHHSA BU3HAYaeE AesKY BiATUHAKOYY MIOLWMHY i
Ha3MBAaETbLCA rpasusibHUM 8iIOMmuHOM. [lpuegHaHHA HOBUX MPaBUMbHUX BIOTUHIB
30INCHIOETBCA [OTK, NOKM Ha AesKoMy Kpoui He Oyae oTpumaHo uinoyucenbHun (y
po3yMiHHi ymoB (10.4)) po3B'A30K [OMOMDKHOI 3agadi, 9kMA | € OonTUManbHUM
po3B'a3kom BuxigHoi YLI3JIM. B meToai Momopi-2 npaBunbHUN BigTUH OyayeTbCS Tak.

Hexan Ha ocCTaHHIN iTepauil cumnnekc-metTody npwu po3B's3yBaHHI AOMOMIKHOI
/11T Henpsami 06MexXeHHs Habynu Burnsaay :

XI +Qi,m+1Xm+1 +...+Qin Xn=Qi0, i=1,...,m,
i, 3Ha4nTb, Po3B'A3KOM gonomixHoi 3/11 € BeKTOp
x=(Q10,...,Qm0,O,...,0 )

Hexaw icHye Homep r (r<p) Takui, wo Qo — Heuine, i {z} — apobosa 4YacTuHa
z. Topai npaBusibHUM BIATUH MeToay ['omMopi-2 mae BUMmMsA:

Xp+1=Dr m+1Xm+1—-..=Drp Xn=={Qro}, (10.5)
Ae X +1> 0 — popaTtkoBa 3MiHHa, Ta

Q). npu j<p.{Q}<{Qs0},
Qa1 {Q )1 (1-{Qrod). npn j<p.{Q}> {Qrol,
D,j= o, npn Jop. Q0. (10.6)

{Qro}=Qr)/(1-{Qr0}),  npn j>p, Qi <O0.

Aneopumm memody [omopi-2.

1. Poss'asyemo ponomixHy 3J1M (10.1)—(10.3). Hexan x(0) — 1 onTMManbHUN
PO3B'A30K. AKWO Us 3agada He Mae po3B's3Ky, TO BuxigHa YLI3/I[1 Takox He mae
PO3B'A3KY.

2. Hexam Ha s-n iTepauili po3B'asaHa gonomixkHa 3/I1, wo mae M obmexeHb i N
3MiHHUMX, X(S) — T onTMManbHUN po3B'A30K. MpunycTMo, WO X (S) BU3HAYAETLCA

KaHOHIYHUMM 0BMEXEHHAMM OCTaHHbLOI iTepadii, a came:
Xj +Qj M+1XM+1+...+ QinXN=Qjg, i=T1,....M,
3BigKu BUNAmMBae, LWo
x(s)=(Qq10,---»QM0.0,...,0).

3. HAxwo Qjp (i=1,...,p) — uini, TO KiHeub: X(S) € ONTUMaNbHUM pPO3B'A3KOM
BuxigHoi YL3J1M. Axwo icHye xo4a 6 oaHe i Take, Wwo Qo — Heuine (i=1,...,p),
TO nepexig 0o NyHKTY 4.

4. 3Haxogumo r=min{i} no Bcix i (i=1,...,p) Takux, Wo Q;p — Heuine Ta dyayemo
ponartkoBe obmexeHHs 3a oopmynamum (10.5)—(10.6) npuy m=MTan=N.

5. Poswwuproemo cumnnekc-tabnuuio 3a paxyHok (M+17)-ro psigka (oogartkose
obmexeHHs) Ta (N+17)-ro ctoBnuga, LLO BiANOBIAAE AOAATKOBIN 3MIHHINA X +1.

6. PosB'aszyemo poswmnpeny 3/17 3a gonomMororo ABoictoro cumnnekc-metoqy (LHCM)
i nepexoaumo A0 NyHKTY 2 3 3aMiHo S Ha s+71, M Ha M+1, N Ha N+1. Akwo Ha
aeskin itepauil JCM ogHa 3 gogaTkoBMX 3MiHHMX 3agadi 3HOBY cTae 6a3ncHOLo, TO
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3 NoAanbLIOro po3rnagy BUKKOYAKTLCA BIAMOBIAHI 1M pALOK Ta CToBMeub i npu
nepexoai 40 NyHKTY 2 3aMIHIOETLCS NULLE S Ha S+1.

[TpoepamHe 3abe3rneyYeHHs.

HaByatounn mopgynb, 3a [[OMOMOro $IKOro 4acTKOBO LinoducernbHa 3ajada
NIHINHOrO NporpamyBaHHA PO3B'A3YETbCA B Aianosi 3 KOpuUcTyBayem 3a BUKNALEHUM
anropuTMoM, 3aBaHTaxyeTbca 3 posginy «JIIHIVMHE MPOrPAMYBAHHA» ronosHoro
MeHto naketa 13-MO.

3as0aHHs.

Pos3B'aszatn metogom [omopi-2 3agadvi 4acTKoBO UiNIOYUCENBbHOro MniHINHOIO
nporpaMyBaHHA, YMOBU SKUX 3a4al0TbCA MoAynem 3a JONoMOrow KomaHan «[aHi»
rofIOBHOro MeHto (3agadi Ne1—Ne9), a TakoX HacTynHi 3agadi.

1) Xq *+ 8 Xo > max, 2) —6x1— Xo— min,
3X1+ X2S9, —2.9X1+6X2S17.4,
0.16X1+ X2S7.9, 3X1— Xo < 1,
Xj = 0, Xj— uine, j=1,2; Xj = 0, Xj— uine, j=1,2;
3) 0.25x4+ X9 — max, 4) -2x,—4x5— min,
0.5 X1+ Xo < 1.75, 2X1 + Xo< 19.33,
X1+0.3X2S 1.5, X1+3X2S 10,
>0, Xj — uine, j=1,2; Xj > 0, Xj — uine, j=1,2;
5) x4+  Xp— max, 6) x4+ Xxo—> max,
2X1+11X2S38, 2X1+11X2S38,
X1t Xo < 7, X1t Xo < 7,
4X1— 5X2S 5, 4X1— 5X2S 5,
>0,j=1,2, xo— uine; Xj 2 0,j=1,2, x;y— uine;
7) x4 —> max, 8) —8xy—6xy— min,
X1+ 3x9< 12, 3 x4+ 565X+ X3 =11,
3x1—8x,< 24, 4x1+ Xo +Xx4= 8,
Xj = 0,j=1,2, x;y— uine; Xj = 0,j=1,2, x; — uine.
Bidnosidi:
1) x*=(2; 1), L(x*)=10.
2) x*=(1;3), L(x*)=-9.
3)x*=(1;1), L(x*)=1.25.
4) x* =(7;1), L(x*)=-18.
5) x* = (3.75; 2), L(x*)=5.75.
6) x* = (4;2.73), L(x*)=6.73.
7)x*—(9 0.38), L(x*)=9.

8) x* = (1; 1.6; 0; 2.41), L(x*) = —17.6.
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JlabopamopHa poboma 11.

3apava uinoymcenbHOro fiHinHOro nporpamyBaHHA. Metop Momopi-3

[TocmaHo8Ka uino4ucesibHoi 3adayi fiHitiHo20 npozpamysaHHs (LI3JI).

3HaNTM BEKTOP X =(X1,...,Xp), WO MIHIMI3y€e LiNbOBY OyHKLO
L(x)=cqyxq+..+CpXp (11.1)
i 3a00BOSbLHAE CUCTEMY OBMEXEHDb

afi1xq +...+a@in Xn=a190,
....................... , (11.2)

szo,j=1,...,n, (11.3)
xj—u,ini,j=1,...,n. (11.4)
Buknad memody romopi-3.

Hexan obmexeHnsa (11.2) 3JIM (11.1)—(11.3) npuBeneHi A0 Mamxe KaHOHIYHOro
BUMMAQY :

XI +q’m+1Xm+1 +"+an” =q0, i=1,...,m, (115)
ne g, i=1,...,m, j=0,m+1,...,n, — uini Ta cmmnneKc-pisHmuiAjZO,j=1,...,n.
Akwo =0, i=1,....,m, 10 obMmexeHHa (11.5) Bu3Ha4alOTb ONTUMAarbHUK

po3s'asok L3/ (11.1)—(11.4), iHaKwe BU3HAYaAETLCA AEAKUN LiNOYUCENbHUN Manxe
aonyctummn 6asucHnin poss'asok (MOBP) suxigHoi 3/1M. MoxHa ©yno 6, 3su4yanHo,
BMOpatn oaWH 3 iHAEeKCiB i, AN AKoro ¢p<0, Ta BUKOHaTW iTepauilo [BOICTOro
cumnnekc-meTogy. NpoTe B ubOMy BUNAAKY LiNnoYncenbHICTb HOBUX napameTpis Oyna
6, B3arani Kaxy4u, nopyleHa 4epe3 HeoOXigHICTb AiNeHHs Ha BeayyYnun enemeHT
nepeTBOPEHHS. LIbOro MoXXHa YHUKHYTU nuwle TOAi, KOnn Begy4vn eflieMeHT OOPIiBHIOE —
1. BusaBngerbca, WO MoOxHa nobyayBaTu gopaTtkoBe  OOMEXEHHs,  siKoMmy
3a[0BOSbHATL BCi UinoyncenbHi po3s'asku L3JI[T i ske pasom 3 TUM BU3HaYae
Bey4Ynn psaaoK NepeTBOPEHHS, WO Mae Beayymn enemMeHT —71. byayetbca BoOHO 3a /-m
obmexeHHssM cuctemu (11.5), ons sKoro gp MiHiManbHe cepef BiA'€MHUX ojp, | Mae
BUrMSA:

Xn+1Y0m+1, m+1Xm+1 - F0m+1,n Xnp =0m+1,0
Ae Xp+1 = 0 — gogaTtkoBa 3MiHHA,

dm+1,j = [qj/d, j=0,m+1,....n,

a= max{—oqj},j=m+1,...,n.

Omxe, HasiBHa cuMnnekc-Tabnuusa pos3WnpoeTbCa 3a paxyHok (m+1)-ro psgka 3
enemMeHTaMu om+1,j (gm+1,j=0 Npu j=1,...,m) Ta OANHWYHOrO CTOBMNUS Ap4q, LUO
BIiONOBiJA€ [OAATKOBIN 3MIHHIN  Xp44. [lOTIM  BUKOHYETbCA iTepauis [OBOICTOro
cumMmnnekc-metoay 3 (m+17)-m Beay4vmm psakom.
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Anzopumm memody [r'oMopi-3.

1. 3Bogumo BuxigHy 3JIMT (11.1)—(11.3) po mamxke kaHoHiyHoi 3/I1 (MKS3JIIT) 3
uinovncenbHMMKN KoedildieHTamu, Wwo Bu3Hadvae uinouncensHun MABP x(0), ans
AKOro Ajz 0,j=1,...,n.

2. Hexau Ha s-# iTepauii oTpMMaHa NoBHICTHO uinodncensHa MK3/Il

Xi *aj M+1XM+1 - FaiN XN =g, 1=1,...,M,
Lo BM3Ha4ae uinovncensHu N-sumipHnn MBP

X(S) = (a10,..,04\,10,0,..,0).

3. HAkwo ¢p=0, i=1,...,M, TO KiHeub: x(S) — onTumanbHun po3s'as3ok LI3/II1.
IHakwe

4. Axwo ana gesikoro j Takoro, Wo «jp<0, ajjz 0, j=1,...,N, TO KiHeub: BuxigHa
L3Il He mae oonyCTMMMX po3B'A3KiB. AKLLO TakuX i HeMae, To

5. 3Haxogumo [=argmin{ajp}, Ae i @jp<0. BusHayaemo a=max{-qy},
J=M+1,...,N, i byayemo ngogatkoBe 0OMeXEHHS

XN+1 YaM+1 M+1 XM+1 +--Fap+1 N XN =aM+1,0;
Ae xn+12=0 — popatkoBa 3MiHHA, aOM+1,j — Lina YacTuHa BiOHOLLEHHSA a,j/a,
j=0,M+1,...N.

6. Poswwuproemo cumnnekc-tabnuuio 3a paxyHok (M+17)-ro psigka (gogatkose
obmexeHHs1) Ta (N+17)-ro cToBnus, LLO BiANOBIAAE OAATKOBIN 3MIHHIN X pj+1 .

7. 3Haxogumo k=argmin{A;}, ne j: ay+1;<0. [lepexogumo [o HOBOrO
gyinouncensHoro MABP x(s+1), BUKOHYKOUM CUMMMEKC-NEPETBOPEHHA 3
Begyummn pagkom M+1 Tta ctoBnuemMm K. Akwo k — iHOEKC OfHIEl 3 Ao4aTKOBUX
3MiHHUX, TO NepexoaMmo Ao n. 8, iHakwe — Ao n. 3, 3amiHaun M Ha M+1, N Ha
N+1, sHa s+1.

8. Bwuknouyaemo 3 noganbworo po3rnagy (BUKpecrntoemo) k-n ctoBneub Ta (M+1)-1
(ocTaHHin) pagoK cuMnnekc-tTabnuui, nepeHymMepoBYEMO pewTy [A0AaTKOBUX
3MiHHMX Ons 30epeXeHHA HenepepBHOI Hymepauil BCiX 3MiHHMX 3agadi i
nepexoammo Ao n. 3, 3aMiHs4Yn S Ha S+1.

[TpoepamHe 3abe3rneyeHHs.

Has4aioumn moaynb, 3a [OMOMOroK SKOro LinovvcensHa 3agada MiHInHOro
nporpamyBaHHsA PO3B'A3YETLCA B Aianosi 3 KOpUCTyBayYeM 3a BUKIaAEHUM anropuTMom,
3aBaHTaxyeTbcst 3 poaainy «IHIVMHE MPOMPAMYBAHHSA» ronosBHOro MeHio naketa
[13—-Mo.

3as0aHHs.

Poss'azatn metogom Nomopi-3 3agadi LifIoMMCENBHOro MiHIMHOMO NporpamyBaHHS,
YMOBM SKMX 3a0al0TbCs MOAYNEeM 3a [OMOMOrol KomaHau «[aHi» rofiloBHOro MeHH
(3apavi Ne1—Ne9), a Takox HacTynHi 3agadi.

B ycix 3agayvax, Wwo nponoHyTbLCA HUXKYE, BCi 3MiHHI HEBIA'EMHI Ta Uini.

1) -x1—5x, > max, 2) 3 x4+ 2 x5 — min, 3) X1+ 3xp —> min,
12X1—3X228, —3X2S2, X1t 6X22 5,
—3X1+9X228, —2X1+2X2S2, —5X1+19X2213,

— X4 +3X223,' 2X1— Xo 2 1; —3X1 + 6X22 2;
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4) 7x1+12xp > min, 5) -3x4— 8xp > max, 6) 10x4+ 7xo— min,
4X1—23X2S—14, —2X1 + 10X22 4, 2X1— 72X2S—9,
—12X1 + 2X2S -9, —3X1 — 5X2 <-10, X1t 4X2 > 10,
-13x1—  Xx5<-10; 2X1— X222 2 Ix4— 2xp2 14,
7) —-3Xx4— 2X5—> max, 8) 3 x5 +  X5— min,
X1 —5X4+ X5=—75, —2X2+X3 —18X5=—20,
X3+ X4— 8x5= -9, X1+ X - 15 x5= -7,
Xo — X4—10x5=-19; —-8Xp tXxy4t x5= —09.
Bidnosioi:
1) x* =(2; 2), L(x*)=-12.
2) x*=(1;0), L(x*)=3.
3) x*=(0;1), L(x*)=3.
4) x* = (1; 1), L(x*)=19.
5) x*=(2; 1), L(x*)=-14.
6) x* = (5; 2), L(x*) = 64.
7) x*=(3;5; 3;4,; 2), L(x*)=-16.
8) x*=(6;2;2;0;1), L(x*)=7.

JlabopamopHa poboma 12.

3agayva 4acTKOBO OUCKPEeTHOro niHinHoro nporpamyBaHHsA. Metoa

HNanbToHa-JIneBeniHa

[TocmaHoeka Yacmkoeo QUCKpemHoI 3adayi niHitiIHo20 npozpamyeaHHs (YAO3JIM).

3HanTu BEKTOP X=(X1,...,Xp), LLO MiHIMI3y€e LiNboBY PyHKL0

L(x)=cqyxq4+..+CnhXp

i 32[10BOSbHSIE CUCTEMY OOMEXKEHD

a11Xxq1 +...+a1n Xn=4a1o0,
amiX1+...+a@mnXn=a8mo,
XjZO,j‘1, ..,n,

XjE{Xj1’---’Xj,nj}s Jj=1,...,p, (p<n),
)J,60=Xj1 <---<Xj,nj-

Buknad memody HanbmoHa-J/lneserniHa.

Metog [anbToHa-JlneseniHa, (K i

8i0MmuHaHHS i nonsrae B HaCTyMnHOMy.

MeToau

(12.1)

(12.2)

(12.3)
(12.4)

[omopi, € ogHum 3 memodis

PosB'asyetbca gonomikHa 3/1M1 (12.1)—(12.3), 9Ky oTpuMyOTb 3 BUXiAHOI 3agadi
(12.1)—(12.4) BigKMOAHHAM YMOBW OUCKPETHOCTI 3MiHHMX (12.4). AKwo 1 po3B'aA30K
3ap0BOfbHAE yMoBYy (12.4), To BiH Xe € i po3B'askom BuxigHoi Y/3/I]. IHakwe Big
po3B'a3aHol 3/I[1 nepexoasatb A0 HOBOI gonomixHoi 3/1IT npuegHaHHAM NiHIMHOrO
OOMEeXeHHs, dKke 3a[0BOfMbHATb AUCKPETHIi (B PpO3yMiHHI ymoB (12.4)) po3B'asku
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BuxigHol Y/]3/I[1, ane He 3ad0BOSIbHAE OTpUMaHUK po3B'A30K BuxigHol 3JIM1. Lle
aonatkoBe 0OMeXeHHSA BU3HAYae OesiKy BiATUHAKOYY MNOLWMHY i 3BETbCA r1pasusibHUM
8I0MuHOM.

MpuegHaHHA HOBMX nNpPaBUNbHUX BIATUHIB OO0 No4vaTkoBol gonomikHol 3111
30iINCHIOETLCS OOTU, MOKM Ha OESKOMY KpoLi He Byae OTpMMaHUn ANCKPETHUIA PO3B'A30K
ponomixHol 3711, skun, oveBngHo, byae i onTumanbHUM po3B'a3koM BuxigHot Y3/IM1.

B metopi [JanbtoHa-llneBeniHa npaBunbHUM BIiATUH OyayeTbCA TakMM YMHOM.
Hexan Ha ocTaHHIN iTepauil cumnnekc-meTony nNpu po3B'adyBaHHi gonomixkHoi 3/17 Ti
HenpsaMi 0bMexXeHHA Habynu BUrnNsay :

Xj + Qi,m+1 Xm+1t...t Q/n Xp = Qi07 i=1,...,m,
i, OTXXe, po3B'A3KOM aonomixHoi 3/17 € BekTop
x=(Q10,--,Qmo,0,...,0).

Hexaiw icHye Homep r (r < p) Takun, Wwo Qo He 3apoBonbHse (12.4), 0o Toro X Xt
<Qr0<).(r,t+1,qn;|u?ﬂK_orot=1,...,nr—1. .
Togi npaBunbHUM BIATUH MeToay [danbToHa-JIneseniHa mae BUrNsAa:

Xn+1=Dr m+1 Xm+1—--.=DrnXn==(Qro—Xrt), (12.5)
Ae X +1 2 0 — gopaTtkosa 3MiHHa,

0, AKWwo X — 0asncHa 3MmiHHa, iHaKLwe
Dyj=1Qy, AKWO Q> 0, (12.6)
(~Qyj Qro = Xrt)(Xrt+1 —Qro), WO Qi< 0.

Anzopumm memooy HanbmoHa-JlneeseriHa.

1. Poss'asyemo pgonomixkny 3JIMT (12.1)—(12.3). Hexan x(0) — 1i onTumanbHui
PO3B'A30K. AKWO U 3adava He Mae po3B'a3ky, To BuxigHa Y/3/I1 Takox He mae
pO3B'AA3KY.

2. Hexan Ha s-#1 iTepauii po3s'aszaHa gonomixkHa 3JI/1, wo mae M obmexeHb Ta N
3MiHHMX, X(S) — 1i oNTUManbHUN PO3B'A30K.

Mpunyctnmo, wo x(S) BU3HAYAETLCA 3@ KAHOHIYHMMWU OOMEXEHHSAMWU OCTaHHbLOI
iTepauii, a came:

Xji +Qj M+1 XM+1+--.+ QiNXN=Qjg, i=1,....M,
3BiZIKM BUNNUBAE, WO
x(s)=(Q10,---,Qp0,0,0,...,0).

3. HAxwo Qjp (i=1,...,p) 3anoBonbHsAe ymoBYy (12.4), TO kiHeub: X(S) € PO3B'A3KOM
BuxigHoi Y/3/I1. IHakwe

4. 3Haxogumo r=min{i} no BCix i (i=1,...,p) Takux, WO npu pgesakomy t
(t=1,...,nj=1) Xjt<Qjo<Xj t+7, i 0Oyayemo popatkoBe OOMEXEHHs 3a
dopmynamm (12.5)—(12.6) npp m=MTan=N.

5. Poswwuproemo cumnnekc-tabnuuto 3a paxyHok (M+171)-ro psgka (gopartkose
obmexeHHs1) Ta (N+17)-ro ctoBnus, WO BiANOBIAAE AOAATKOBIA 3MIHHIN X pj41.

6. PosB'aszyemo poswmpeny 3/I1 3a gonomorot ABoicToro cumnnekc-metoay (LJCM)
i nepexogMmo O0 MyHKTY 2 3 3aMmiHo S Ha s+71, M Ha M+1, N Ha N+1. Axkwo Ha
aeskin itepauii JJCM ogHa 3 [ogaTkoBmx 3MiHHMX 3adadvi 3HOBY cTae 6a3ncHo, TO

36



3 NoAanbLIOro po3rnagy BUKKOYAKTLCA BIAMOBIAHI 1M pALOK Ta CToBMeub i npu
nepexoai 40 NyHKTY 2 3aMIHIOETLCS NULLE S Ha S+1.

[TpoepamHe 3abe3rneyYeHHs.

HaByarounn mogynb, 3a [JONOMOrow SKOro 3ajada  4acTKkoBO AUCKPETHOro
NIHINHOrO NporpamyBaHHA PO3B'A3YETLCA B Aianosi 3 KopucTyBayem 3a BUKNaLEHUM
anropuTMOM, 3aBaHTaxyeTbca 3 posginy «JIIHIMHE MPOrPAMYBAHHSA» ronosHoro
MeHto naketa 13-MO.

3as0aHHs.

Pos3g'azatn metogom [HanbToHa-JlneBeniHa 3agadi 4acTKOBO [OUCKPETHOro
NiHINHOTO MporpamyBaHHs, YMOBU AKUX 3aJal0TbCs MoAyrnem 3a JOMOMOrol KoMaHau
«[aHni» ronoBHoro meHto (3agadi Ne1—Ne9), a Takox HacTynHi 3agadvi.

B ycix 3agayvax, L0 NPOMNOHYITLCA HUXYeE, BCi 3MiHHI HEBIO'EMHI.

1) 2x4+3xo—>min, 2) 5x4+3x,—>max, 3) x4+ Xo— max,

—3X1—2X2S—6, 3X1+5X2S75, X1+2X2S70,
X1+4X22 4, 5X1+2X2S70, 2X1+ X2S70,
x; € {0,1.3.4, X7 € {0,1,2), x; € (0,34},
xo € {0,2,3,5}; x5 € {0,2,3}; xo € {0,1,2,4};

4) —2x1+3x2—>max, 5) —x1—3x2—>min, 6) x1—2x2—>min,
4X1+5X2S20, X1+ Xo< 5, X1— X2S2,
2X1+ X9 2 6, —X1+2X22—4, X1+ X2£3,

x¢1 € {0,2,4},

xo € {0,1,2,5};

7) Xx4— xp—>max, 8) —xy— Xxp— min,

x4 € {0,2,4},

xo € {0,1,3,6};

x1 €{0,1,2,4},
X2 € {0,2,4};

3 x4 + 4 xo > max,

2X1—2X22—5, —X1+4X2S12, —X1+2X2S4,

2X1+2X2S 7, 4X1— X2S12, 3X1— X2S7,
x4 € {0,2,3}, x4 € {0,1,4}, x4 € {0,1,3,5},
xo € {0,1,3}; xo € {0,1,3,5}; X2 € {0,2,3,5}.

Bidnosioi:

1) x*=(1; 2), L(x*)=8.

2) x*=(1;2), L(x*)=11.

3) x*=(4;2), L(x*)=6.

4) x* = (2; 2), L(x*)=2.

5) x* =(2; 3), L(x*)=-11.

6) x* =(0; 2), L(x*)=-4.

7) x*=(2;0), L(x*)=2.

8) x*=(1; 3), L(x*)=-4.

9) x* =(3; 3), L(x*)=21.
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JlabopamopHa poboma 13.

3apava uinoymcenbHOro fiHinHOro nporpamyBaHHA. MeToa BiTOK i
rpaHuub

[TocmaHoeka uino4ucesnibHol 3adayi niHitiHo2o rnpospamysaHHsa (LI3JIM).

3HanTn BEKTOP X =(X1,...,Xp), LLO MiHIMI3y€e LiNboBY (PyHKL0
L(x)=cqyxq4+..+CnhXp (13.1)
i 3a00BONbHSAE CUCTEMY OBMEXEHD

at1xy +...+ain xn Ry a0,

....................... , (13.2)
amiX1+...+a@mnXn Rm amo,

x20, j=1,...,n, (13.3)
Xj— uini, j=1,...,n. (13.4)

Ae cumeon R (i=1,...,m) 3aMiHIO€ OOMH i3 3HakiB: <, =, >.

BBaxaeTbCa  TakoX, WO MHOrorpaHHa MHOXWHa, $Ka  BU3HAYaeTbCA
cnisBiAHoOLEHHsMN (13.2)—(13.3), obmexeHa, a koedillieHTn ¢ LinboBoi cyHKUIT (13.1)
— uini yncna.

Hani HaBogntbca aszopumm memody JleHO-[olz, aknin aBnsie coboro peanisauito
mMemody 8imoK ma epaHuub Ansi CopMyibOBaHOI BULLIE 3a4aui.

Buknad memody JleHd-[Jode.

PoaB'asyetbca gonomixkHa 3/1M (13.1)—(13.3), sika oTpumaHa 3 BuxigHoi L3/
(13.1)—(13.4) BigknagaHHAM YMOBW LiNOYNCENBHOCTI 3MiHHKUX (13.4) (BiTka 0; 7). AKwo ii
po3B'A30K x(0; 1) — uino4ncenbHWUA, TO BiH Xe € i po3B'sa3koM BuxigHoi LI3/II1. IHakwe
BenuuuHa £(0;1)=L(x(0;1)) nae HWKHIO OLIHKY (rpaHuuio) uinbosol dyHKUil L3JITT Ha
MHOXWHI D(0;1) =D, wo BM3Ha4aeTbCA cniBigHoweHHAMM (13.2), (13.3).

Hexait pesika koopawHata Xx;(0;1) (j=7,...,n) poss'sasky x(0;1) He ¢
yinoynceneHow. B uboMy BUNagky 3AiINCHIOETBCA pO3rany>XeHHAa MHOXuHW D(0; 1) Ha
ABi nigmHoxuHn D(1;1) i D(1;2) pogaBaHHAM 0O obmexeHb, Wwo 3agatTts D(0;1),
obmexeHb X;<[x;(0;7)] Ta Xj> [x;(0;1)]+1 BignosigHoO, Ae [z] — uina YacTuHa vucna
z. [ani po3B'asyoTbCca HOBI gonoMixHi 3/1[1T 3 0OMeXeHHAMW, $Ki BM3HA4YaKTbCA
nigMHoxvnHamun D(1;1) ta D(1;2), 3Haxogatecs rpaHuui E(1;1) Ta §(1;2) i 1. 4.

[na noganbworo poaranyXeHHs obupaeTbca rnepcriekmusHa MHoxuHa D(k;r) 3
HanMeHLot rpaHuueto E(k;r). Npouec NpoaoBXyeETLCA AOTU, MOKN He Byae OTpMMaHo
PO3B'A30K, KU 3a40BOSIbHAE YMOBY LIiNIOYNCENBHOCTI | ANS AKOro BUKOHYETbCA O3HakKa
onTumMarnbHOCTI (amB. nN. 4 anroputMy). BHacnigok obmexeHocCTi AoMyCTUMOI MHOXWUHN
3JII (ckiH4EeHHOCTI gonycTUMOi MHOXUHK L{3J1IT) meTopg JleHa-[onr CKiHYeHHWIA.

Aneopumm memooy JleHd-Loue.

1. BusHavawoTtbca MHOXMHW D(k;r) ymoBamu (13.2), (13.3) i pogaTkoBUMM
oBbMeXeHHsMU, SKi BUHMKaKTb B MpoUeCi posranyxeHHs (aue. NyHKT 5). Ha 0-y
Kpoui noknagaemo D(0;1) =D, ne D 3agaetbcs ymoBamu (13.2), (13.3).

2. PosB'asyiotbca  gonomixkHi 3/ Ha w™MHoxuHax D(k;r). Hexan x(k;r) —
onTUMarnbHi po3B'a3ku BkazaHux 3JI71.
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3. O6uucniooTbCca rpaHuuli Ha MHoxuHax D(k;r) 3a dopmynowo E(k;r)=
1L(x(k;r))[, oe ]z[ — HanMeHLLE Line Yncrno, HE MeHLE Z.

4. Akwo icHytoTb Kk, | Taki, wo x(k; 1) — uinoyncenbHMin po3B'A30K Ta ANSA BCiX BITOK r
Ha K-y KpoLi BUKOHYIOTbCS CMiBBIgHOLLIEHHSA

L(x(k;1)) = &(k;1) < E(k;r),
TO X * = x(k;I) — onTmansHWin po3s'asok L3/II1.

5. PosranyxeHHs 30INCHIOETLCSA MO HEUNTOMUCENbHIM  KOMMOHEHTI xj(k;r) (3
MiHiManbHUM j) po3B'asky x(k;r), Wo Bignosigae nepcnekTnsBHIN BiTUi k;r (SKWo
Takux BITOK AekKifnbka, TO BUOMPAETLCA BiTKA 3 MiHiManbHUM r), ogaBaHHAM A0
D(k;r) opHiei 3 niaMHOXWH X;<[X;(k;r)] abo X;= [x;(k;r)]+1.

[TpoepamHe 3abe3rneqeHHs.

HaByarounn moaynb, 3a AOMNOMOro SKOro 3agada UifloMMCENbHOro MiHINHOIro
nporpamMyBaHHA PO3B'A3YETLCA B Aiano3di 3 KOPUCTyBayYeM 3a BUKNA4EHMM anropuTtMom,
3aBaHTaxyeTbest 3 posainy «JIHIMHE NMPOMPAMYBAHHSA» ronoBHOro meHio nakerta
r3—-Mo.

3ag0aHHs.

PosB'sssatm MeTogoOM BITOK Ta rpaHuub 3agadvi  UifovmcenbHOro miHinHoro
nporpamMyBaHHA, YMOBU SKUX 3adatoTbCA MoAynemM 3a JONOMOrow KomaHan «[aHi»
ronoBHoro MeHio (3agadi Ne1-Ne9), a Takox HacTynHi 3agadi (6e3 BUKOPUCTaHHS
nporpamMHoro 3abeanevyeHHs).

B ycix 3agayax BUKOHYOTbLCS YMOBW : Xj> 0, Xj— uine, j=1,2.

1) x4+ Xo—>max, 2) -2x;— Xxp—min, 3) 6x4+ 4xo— min,

2X1+11X2S38, 6X1+4X2§24, 2X1+ X2Z3,
X4+ Xo < 7, X1— Xo< 3, X1—2X2S2,
4x1— 5xp< 5 —-X1+3x2< 3 x4+ 2xo21,

4) X1+ Xo—min, 9) 5x4+7Xxp—>min, 6) 2x4y—Xxo— max,
- Xq - X2S—7, —10X1+ X2S—76, 2X1+ X2S8,
—2X1+ 2X2S—2, —3X1—3X2S—12, X1+3X226,
—4 x4+ 2x0<—-1, —-6x1— 2x90<-17, 3x4+ X223

7) Xqs+ 4xo—>min, 8) -5x4-7x,—>max, 9) X1+ 2 Xo — min,

X1 - 3X2S—1, 2X1+ Xo 2 3, 2X1+2X22 5,
8X1— X2 6, 20X1— X2215, X1—3X2S—1,
3x1—11x<-7, X1— Xp<-2 X1— Xo2= 2.
Bidonosidi:

1) x* = (3; 2) abo x* = (2; 3), L(x*)=5
2) x*=(3;1), L(x*)=-7.
3)x*=(1;1), L(x*)=10.

4) x* =(1;0), L(x*)=1.

5) x* = (4; 0), L(x*)=20.

6) x*=(3;1), L(x*)=5.
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7)x*=(1;1), L(x¥)
8) x*=(1;3), L(x%)
9) x* = (4; 2), L(x%)

JlabopamopHa poboma 14.

3agayva npo npu3HayYeHHs. Yropcbkui metoa

[TocmaHo8Ka 3adayi rnpo NpU3Ha4YeHHS.

3HanTun BekTop (MaTpuui) X = (x,-j, i,j=1,...,n), WO MiHIMIi3y€e UiNboBY (OYHKLiO

i 3a00BONbHSAE CUCTEMY OBMEXEHD
Xji1+ ...+ xjp=1, i=1,...,n, (14.2)
x1j+...+xnj=1, Jj=1,...,n, (14.3)
x,-j=0a6o 1, i,j=1,...,n, (14.4)
Ae cjj — BUTpaTK, noB'sa3aHi 3 BUKOPUCTAHHSM i-r0 BMKOHAaBUS AN BUKOHAHHA j-i

pobotu (i,j=1,...,n). EnemeHTn Cjj YTBOPIOIOTb MaTpuLito BuTpaT C.

3apava (14.1)—(14.4) po3B'A3yeTbCA y20PCbKUM MEmOOOM, WO TFPYHTYETbCA Ha

TOMy dpakTi, WO BiAHIMaHHA Yucna aj, i=1,...,n, Bif KOXHOro enemeHTa /i-ro psaaka ta
yucna bj, Jj=1,...,n, BiA KOXXHOrO efieMeHTa j-ro cToBnusa Matpuui Butpat C He 3MiHIE
MHOXMHWN ONTUMarbHUX NpU3HaveHb. B LbOMY pO3yMiHHI MOXHa roBOpuUTH, WO BKa3aHi
Ail nepeTBoplOOTE MaTpuuto ButpaT C B ekBiBaneHTHy . B anroputmi, Wo gaetbca
HWX4Ye, MaTpuui, eKBiBaneHTHi BuxigHin matpuui ButpaT C, Ha3MBakTbCA MNPOCTO
MaTpuusmMu BUTpar.

1.

2.

ok

Anzopumm y20pcbko20 Memooy.

BigHimaemo B matpuui C Big KOXXHOro efnieMeHTa i-ro pagka MiHiManbHUN enemMeHT

uboro psagka (i=1,...,n).

BigHiMaemo Bi KOXHOro enemMeHTa j-ro CTOBMUsS NepeTBOpeHOl MaTpuui Butpar

Noro MiHiMmanbHun enemeHT (j=17,...,n). B pesynbtaTti BUKOHAaHHA OBOX MYHKTIB

KOXHUM PSAOK Ta KOXXHUIW CTOBMELb MaTpuLi BUTpaT MaroTb NpUHaNMHI oauH 0.

Mpornagaemo NocnigoBHO pPAOKM MaTpuui BUTpAT, NOYMHAKOYM 3 Neplioro. AKWwo

pPAooOK Mae nuue OoAuH HenosHadeHun 0, No3Ha4yaeMO MOro Mno3Hadkow * Ta

3aKpecrioemMo (3a AOMOMOrol MosHadku A) pewwTy Hynis B LbOMY X cTOBMUi. 0

BBa)XXAETbCH MO3HAYEHUM, SIKLWO BiH Mae Mno3Hayvky *. [loBToproeMO Ui Ail, NOKK

KOXHUIN PsiAOK He Byae maTu HenosHayeHux Hynie, abo Gyae matu iX NPUHANMHI

Aaga.

[ii n. 3 noBTOPHOEMO AN15 BCiX CTOBMLUIB MaTpuLi BUTPAT.

il n.n. 3 Ta 4 NOBTOPHOEMO MOCAIAOBHO (SIKLWO HEOobXigHO) NMOKM He TpanuTbCs

OOMH 3 TPbOX MOXIMBUX BUNALKIB

i)  KOXHWI pAOoK Mae Npu3HayeHHs (Mae 0 3 NO3HaYKOo *);

ii) € npuMHaMHI OBa Heno3HadYeHWX Hyni B OesKUX psakax i Aedkux CToBMusaxX
MaTpuui BuTpar;

iii) Hemae HenosHa4eHWX HyriB i NMOBHE MPWU3HAYEHHA LWe He OTpuMaHe (4ncro
HYIiB 3 NO3HAYKOK * MeHLUe n).

Y Bunagky i) 3agada npo onTuManbHi NPU3HAYEeHHA po3B'A3aHa: Xjj, Wo

BignosigaTbe 0% popiBHoOTL 1, pewta — 0, KiHeub. Y BMNagky ii) AOBINbHO
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BUOMPAEMO OOWH 3 HEMO3HAYEHWUX HymMiB, MNO3HA4YaeMO WMOro MO3HAYKOK *,

3aKpECITIOEMO PELUTY HYNIB B TOMY X PSAKY i B TOMY X CTOBMLUi i NOBEpTaEmMocs 40
n. 3. Y Bunagky iii) nepexogmmo go n. 7.

7. [losHavyaemo MO3HauYKOW # PAOKW, AN AKX He OTpUMaHe NpU3HaYeHHs (B AKMX
Hemae 0%*). Taki pagkm BBaXaemMo [MO3HA4YEHUMU, PELUTY — Herno3Ha4yeHuUMU.
AHanoriyHoO Ha3MBaloTbCA | CTOBMLI MaTpULi BUTPaAT.

8. [lo3Havaemo nosHaukow # LWe Heno3HadeHi CTOBMUi, SKi MalTb 3akpecrneHun 0
(mo3Ha4eHM No3Ha4vKkow ") y Nno3HavYeHUX paaKax.

9. [lo3Ha4Yaemo no3HayKkow # LWWe Heno3HayeHi pagku, ki MawTb NPU3HAYEHHS
(To6T0 0*) y NO3HAYEHUX CTOBMLSAX.

10. [losToptoemo Aii n.n. 8 Ta 9 AoTW, nNoku Binble He MoxHa Byge MO3HaAYMTU
XXOAHOro psfka Ta CToBMNUA MaTpuui BUTpar.

11. Bukpecnoemo (3a AOMNOMOrod no3HadkM &) HemnosHadeHi psiakM | Mo3Ha4eHi
CTOBIUi MaTpuui BUTpar.

12. 3HaxoguMO MiHiIManbHUA HEBUKPECNEHUN eneMeHT MaTpuui BUTpaT, BigHIMaemo
MNOro Bil €NEeMEHTIB KOXHOro 3 HEBUKPECIIEHUX PAOKIB, 4OOAEMO OO €NEMEHTIB
BCIX BUKpecneHux cToBnuiB i nepexogumo o n. 3. [lpy UbOMY MO3HAYKM
erieMeHTiB MaTpuui BuTpar (* Ta A ) BTpayaloTb CBOKO CUny.

3aysaxeHHs.
1. HAxkwo B 3apgadi npo ontuMmanbHi npusHadeHHs (14.1)—(14.4) uinboBy

dyHkuito (14.1) Tpeba makcumisyBaTu, TO ANd 1 pO3B'A3yBaHHS MOXHa 3acTOCyBaTu
YropCbknin MeTog, 3amiHmsLn matpuuto C Ha —C.

2. 3a o3HayeHHAM B 3agadi Npo onTMMarnbHi NPU3HAYEHHS MaTpuusa BUTpaT
kBagpatHa. Akwo matpuus C He € KBagpaTHOK, TO BOHA NEPETBOPHETLCA OO Takol
AoOaBaHHAM HeobXxigHOro 4vmMcna gogaTtkoBux psiakiB abo CToBMUiB 3 BigMOBiAHUMMMK
enemeHTamu c; = 0. B 1-y Bunagky po6otu, o oTpuManu onTumanbHi NPU3HaYeHHs B
A0OAaTKOBUX psgkax, 3anuwarTbes 6e3 BMKoHaBLUiB. B 2-y — BUKOHaBLI, Ski oTpymanu
onTMMarsbHi NpM3HaYeHHs B 4OAATKOBUX CTOBMUSX, 3anvwatotbea 6e3 poboTu.

[lpoepamHe 3abe3ne4yeHHs.

Hasyatounn mogynb, 3a JONOMOrO SIKOro 3agada npo onTUMarnbHi NPU3HaYeHHs
pO3B'A3yeTbCA B Aianodi 3 KopucTyBadeM 3a  BUKMNALEHUM  anrOpuTMom,
3aBaHTaxyeTbecsa 3 posginy «JIIHIMHE NMPOIrPAMYBAHHA» ronoBHoro meHw naketa
[13—-MO.

3as0aHHs.

PosB'azatn yropcbkmm MeTonoM 3agadi npo onTuMarnbHi NPU3HAYeHHs, YMOBU
AKUX 3a4alTbCs MOAYNEeM 3a A0MNOMOrow KomaHaum «[aHi» rorioBHOro MeHw (3agadi
Ne1—Ne9), a TakoXX HacTynHi 3agadi 3 matpuyamu sutpar C:

| 3 4 2 8 1 7 3|26 215 2 4 9 5
2 313 9 1 6 2 12 11 1 13 8 11 13
12 4 12 5 3 1 4 3 2 12 9 10 14 1
5 6 1 7 11 8 6 7 1 3 4 5 6 8
11 4 10 10 5 13 7 8 9 14 3 11 18 12
9 6 11 12 7 1 2 1 7 5 6 15 16 2
2 4 8 5 9 3 10 13 10 4 7 10 16 17
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)| 5 7 5 12 11 6 4| 4|21 7 2 12 15 2 17
10 9 6 10 12 16 4 23 15 24 20 12 5 11
9 3 2 8 13 14 8 17 24 4 17 2 22 15
13 1 7 11 7 18 19 19 7 8 1 13 14 4
17 712 8 3 1 5 15 6 14 19 3 16
3 11 13 9 14 20 21 23 6 5 19 15 11 19
10 2 6 6 15 15 22 16 18 22 22 1 1 7
55| 2 4 5 10 4 6 8|67 9 4 6 4 12 3
3 6 413 6 7 9 2 4 4 7 8 8 5
4 7 10 5 10 4 5 4 5 6 5 12 7 3
6 5 12 4 7 5 4 3 6 8 4 6 6 7
7 413 6 6 7 5 5 10 9 3 8 5 4
10 8 5 2 8 9 10 6 9 510 9 6 7
1 9 4 8 4 5 4 7 4 3 6 2 5 4

PosB'asatn yropcbknm mMeTtogoM 3ajadi Npo onTuMarnbHi NMPU3HAYEeHHs, Ona AKUX
3agaHi maTpuLi epeKTUBHOCTEN :

76 7 8 9 10 12 5| 8) |12 4 8 9 12 4 5
2 3 4 8 9 16 8 6 5 10 7 3 6 8
9 6 3 6 8 9 3 3 10 4 12 &5 6 10
5 7 6 7 10 7 8 11 12 16 &6 7 8 12
4 8 18 8 6 2 3 6 7 4 6 7 2 1
2 9 2 10 8 4 b 12 & 7 12 9 4 &
3 10 3 65 4 3 8 4 6 8 4 3 6 7

9| 6 3 &5 4 6 7 8100 4 3 &5 4 8 9 10
5 2 4 3 8 9 10 7 6 2 &6 12 13 4
4 3 3 & 4 6 7 6 5 1 6 7 8 9
7 5 3 2 1 4 5 7 4 6 10 4 7 3
8 6 6 10 12 &5 4 4 3 10 8 &5 3 2
12 7 8 7 4 8 9 3 8 12 6 3 6 12
4 8 9 6 7 4 3 5 9 4 7 8 9 1
Bidnosioi:

1) L(x*) = 16. 2) L(x*) = 24. 3) L(x*) = 25. 4) L(x*) = 38. 5) L(x*) = 24.
6) L(x*) = 25. 7) L(x*) = 81. 8) L(x*) =73. 9) L(x*) = 60. 10) L(x*) = 68.

JlabopamopHa poboma 15.

3agayda npo npusHadvyeHHA. Metoa Maka

[locmaHoeka 3adaydi maka X cama, 5K | 8 nonepedHbomMy po30ini (14.1—14.4).

Anzopumm memody Maka.

1. lo3HayaemMo MiHIManbHUN enemMeHT psagka Mo3Haykow *. AKWOo MiHIManbHMX
erneMeHTIB AeKinbka, No3Ha4YaeMo 0yab-siKUi 3 HUX.
2. [lii n. 1 NOBTOPIOEMO ANA BCiX pALKIB MaTpuui BUTparT.
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3. Akwo psigok Mae we oavH MiHIManbHUW eneMeHT, Npornggaemo CToBrneub, A0
SAKOro Luen eneMmeHT HanexuTb. MoxXnuei BUNagku
i) CroBneub He Mae NO3HAYEHNX ENEMEHTIB;

i) CroBneub Mae NPUHaMMHI OANH NO3HAYEHN efTEMEHT.

4. Y Bunagky i) no3Ha4yaemMo MiHIManNbHUN enemMeHT psaka No3Haykow *. Bei iHwi
No3Ha4ykM B LIbOMY PSOKY 3HIMalTbCA. Y BMMAAKy ii) NoO3HaA4YaeMo MiHiManbHUN
eNeMeHT psiika MO3HAYKoK A, AKLIO eneMeHT UbOoro psiaka 3 MO3Ha4YKow * He €
€QWHUM NO3HAYEHNM eNleMEHTOM Y CBOEMY CTOBIMIL,.

5. [ii n.n. 3 Ta 4 NOBTOPOEMO MOCNIAOBHO ANS BCiX psAAKiB, WO MakTb Ginblie
OOHOro MiHiManbHOro efieMeHTa.

6. SAKWO KOXHMK CTOBMEUb MaTpuui BMATPAT Mae €nemMeHT 3 MO3HA4yKow *, ToAi
3ajada npo onTumarbHi Npu3HadYeHHa po3B'aA3aHa. |Hakwe nepexogMmo A0
HaCTYMHOrO MYHKTY.

7. [Mo3Havyaemo (nosHauykow &) cToBMui, WO MatTb binblle O4HOro NO3Ha4YeHoro
eneMeHTa. BOHM yTBOPKOWTbL MHOXWHY B, iHWI cToBnui MaTtpuui BuTpaT
YTBOPKOKTb MHOXUHY A.

8. [lpornsgaemo nocnigoBHO pSAOKM MaTpuui BATPAT, MNOYMHAKYM 3 MEPLIOro, |
3HaxogMMo pAOOoK, B AKOMY €fIEMEHT 3 NO3HAYKO * HaNeXuTb MHOXWHI B.

9. 3Haxogumo Ana psgka MiHIManbHy PISHALKO MK enieMeHTaMy MHOXWUHW A i
€NeMEHTOM 3 MO3HA4YKOo *.

10. [ii n. n. 8 Ta 9 NOBTOPHOEMO NOCAIAOBHO AN BCIX PSAKIB, WO MaloTb BNAacTMBOCTI,
AKi BKa3aHi B . 8.

11. BubBupaemo HanmeHLy 3 MiHIManbHUX Pi3HULb.

12. [lopaemo ue 4nMcno o KOXXHOro enemMeHTa MHOXUHU B.

13. T[llosepTaemocsk Jo n. 3.

3aysaxxeHHs mi X cami, K 8 rnornepeOHbLOMY Po30isi.

[poepamHe 3abe3neqyeHHs.

HaBuatounn mogynb, 3a JONOMOro SIKOro 3agada npo onTUMarnbHi NPU3HaYeHHSs
pO3B'A3yeTbCA B [Aiano3i 3 KopucTyBadeM 3a BUKNALEHUM  anropuTMom,
3aBaHTaxyetbca 3 posginy «JIIHIMHE NMPOIPAMYBAHHA» ronosHoro meHo nakeTta
3-Mo.

3a80aHHs.

Poss'azatn metogom Maka 3agadi Npo OnTMMarbHi MPU3HAYEHHS, YMOBU SAKUX
3agarTbCa MOAyreM 3a AOMOMOro koMaHau «[aHi» ronoBHoro MeHwo (3agadvi Nel—
Ne9), a Takox 3agadi, matpuui BuTpaTt C sikMx 3agaHi B nonepeaHboMy po3aini.

JlabopamopHa poboma 16.

MaTtpuuHi irpu. 3B’s130K 3 3agayelo niHintHoro nporpamyBaHHs. MeTtopn
BpayHa-Pob6iHCOH

[locmaHosKka Mampu4HOi 2pu 080X 0Cib 3 HY/IbOBOK CYMOK.

3HaNTU UiHY rpyM Ta onTMMarbHi 3MilwaHi cTpaTterii rpaBuiB ANs MaTPUYHOI rpu
ABOX OCIO 3 HyNbOBOK CyMOIO i 3aAaHo0 nnatikHolo matpuueto C=|[cjill, i=1,...,m,
Jj=1,...,n (rpaBuga I rpasuo /).
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OCHOBHI 03Ha4YeHHS i meopeMul.

MiluaHi ji rpaBUiB T — ue Bektopyn XxX=(X4,...,X [
3miwaHi cmpamea a Iy Ta I, e BEeKTO 1 m
Y=(¥1,---,¥n), KOMNOHEHTN AKUX 3aJ0BOJSIbHAOTb YMOBMU:

xi20, i=1,....m, xq4+..+xm=1,
yjz 0, j=1,...,n, yqs+.+yp=1.

MoxHa BBaxaTtu, Wwo 4ucna x; (i=1,...,m) Ta Y (j=1,...,n) € He WO iHwWe, §K
nmosipHocTi BUbopy i-i Ta j-I cTpaTerii, BignosigHo, rpasuamn I, 1a I, (i-ro psgka
mMaTtpuui C nepwunm rpaBLeM Ta j-ro CTOBNUSA LiET XX MaTpuLi Apyrum rpaBueM).

dyHKUia F(x,y)=xCy' HasMBaeTbCa MamemMamu4yHUM CroOi8aHHSIM [1/1amexy
rpasug I 4 rpasuto I, (cepedHim suspawem epasus I 5).

Touka (x5 ¥ *) (x*e X, y *e Y) HasumBaeTbCA €i0r1080t0 MoyKoro yHKUii f(X,y), X
e X, yeY, aKkwo ansa goBinbHux x € X, y € Y Mae Micue HepiBHICTb

f(x5y)<f(x5y*)<f(x,y¥).
Teopema. Hexali 3aldaHa OdilicHa ayHKuia f(x,y), xeX, yeY, 0na sKkoi
iCHytomb
min max f(x,y), max min f(x,y).
xeXyeY yeY xeX
Lns moeo, w06 8UKOHy8arsoch Criie8iOHOUWEHHS

min max f(x,y) = max min f(x,y).
xeXyeY yeY xeX

HeobxiOHo i 0ocmamHbo, wob ¢yHKuis f(X,y) Mana cidrogy mouykKy.
Teopema. @yHkuisa F(x,y) (cepedHit suepaw epasuys I ,) 3aexou mae cionogy
MOYKY.

*

KomnoHeHT x*, y* cignoBoi Touykn (x*y*) dyHKuii F(x,y) BW3Ha4aloTb
onmumarbHi 3miwaHi cmpameeii rpasuis Iy Ta [I,, BignoBigHO, a uyiHa 2pu Vv
BM3HAYaETbCS CNiBBIOHOLLUEHHAM :

v=min max F(x,y)=max min F(x,y)=F(x*y™),
xeXyeY yeY xeX

X={x=(x1,....Xm) 1 X;j20, i=1,....m, X4 +..+xm=1},

Y:{y:(y1,,._,yn)' Z}/jZ 0, j=1,...,n, y1t.+tyn= 1}.

Teopema. 3adaya susHa4YeHHS onmumarsibHUX 3MiluaHux cmpameeit x* ma y*
epasujis 1 1 ma I, ekgisarieHmHa napi 0goicmux 3aday JiHIUHO20 rpoepamy8aHHS

vV — min,

C1jXq1+...v Cmj Xm <V, j=1,...,n,
X +...+xm =1, x;20,i=1,...,m,
vV — max,

Cj1 Y1 +...* Cinyn2v,i=1,...,m,
y1+...typ =1, yj = 0, j=1,...,n.
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Memod BpayHa-PobiHCOH.

Meton bpayHa-PobiHCOH sBnsie cobokw iTepaTUBHUW MeTo4 pPO3B'A3yBaHHSA
MaTPUYHOI TpU, 3 KOXHMM KPOKOM SIKOro 3B'A3yeTbCA [fesika IiKTUBHA rpa, Lo
PO3irpyeTbCsl B YNCTUX CTPaTErisX.

Hexan Ha s-y KpoLi OTpUMaHi BEKTOpU

M(s) = (m4(s),....mm(s)), N(s) = (n4(s),....nn(s)),

KOMMOHEHTU siknx m;(s) Ta nj(s) BIANOBIAHO PiBHI KiNbKOCTSIM BUOOPY i-i Ta j-T YNCTUX
cTpaTerin nepwuiM Ta OPYrMM rpaBuUdAMW Ha MnornepefHiX Kpokax. YKasaHi BeKTopu
BU3HA4YalTb O4YEBMAHO YacToTM BMOOPY BIONOBIAHUX YUCTUX CTpaTerii rpasuiB.
PosrnagaoTbCsa TakoXX BEKTOPU BIAHOCHUX YacToT

x(s) = (x1(8),....xm(s)) Ta y(s) = (y1(s),....yn(s))",

pe xj(s)=mj(s)s, i=1,...m, yi(s) =nj(s)s, j=1,...,n.
Ha s-y kpoui BennumHa

Ci1 Y1(S) ...+ cjn yn(s), i=1,...,m,

BU3HAYae cepeHii NnaTiX NepLoro rpaBus ApyromMmy npu ymosi, WO NepLunin rpasBelb
BMbupace i-n pagok, BennynHa

C1j xq¢(8) +...+ Cmj xXm(s), j=1,...,n, —

cepefHin Burpaw Apyroro rpasusi Npu yMOBi, WO APYrMA rpaeeub Bubupae j-u
CTOBMELb.

Ha «koxHOMYy Kpoui nepwun rpaBeub Bubupae pagok, SKOMy  Bignosigae
MiHiManbHe 3Ha4YyeHHs BKa3aHOro cepefHbOro nnaTexy; APYrMin rpaBeub BuOMpae
cToBrneub, SKAW BIAMNOBIJAaE MaKCMMaribHOMY 3HA4YeHHK BKa3aHOro cepenHboro
BUrpaLLy.

AKwo BKasaHi ONTMMyMM AocsAralTbCs Oinbll HXK ANa ogHoro psgka (ang
nepLioro rpaeud) abo 6GinbWw HK AnNa ogHoro cTtoBnuda (4Ana gpyroro rpasus), To
BUObUpaeTbca psgok abo croBneub 3 MiHiManbHUM HomepoM. [licna BUKOHaHHSA
rpaBUsSMM BKasaHUX Oil nepeobuncniooTbCs BCi 3ragaHi BENUYMHN.

Teopema bpayHa-PobiHCOH.

lMpu HeobmexeHoMmy 3pocmaHHi S eenudyuHu x(S) ma y(s) npsmyromb 00
onmumaribHUX 3MiwaHux cmpameeiti X* ma y* nepwoao ma 0pya2o20 epasuis
8i0MogioHo.

[lpoepamHe 3abe3neqyeHHs.

HaBuatounn moaynb, 3a 4ONOMOIroK AKOro MaTpuyHa rpa po3sB'a3yeTbCs B Aianosi
3 KopwucTyBayem 3a anroputMom bpayHa-PobiHCOH, 3aBaHTaxyeTbcs 3 po3gdiny
«JIIHIMHE NMPOIrPAMYBAHHA» ronosHoro meHto naketa 13-MO.

3as0aHHs.

Poss'azatn metogom bpayHa-PoGiHCOH MaTpuuHi irpu, ymMOBM SKMX 3a4atoTbCs
MOAyrnem 3a 40NoMOoro komaHau «[aHi» ronoBHoro MeHio (3agadi Ne1—Ne9).

LUnaxom 3BedeHHA [0 napu [ABOICTUX 3ajad NiHIMHOMO nporpamyBaHHS Ta
metogoMm bpayHa-Po6iHCOH 3HanWTKM onTuMarnbHi 3MmiwaHi cTparterii Ta UuiHy rpu
MaTPUYHKX irop 3 TaKUMKU NAATPKHUMW MaTPULSIMK
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JlabopamopHa poboma 17.

MeToau oaHOBUMIPHOI onTUMi3auii

Memo0 30510mo20o riepepisy.

Meton 3onotoro nepepidy (M3/1) 3actocoByeTbCs ONS  MOLWYKY MiHIMyMy
YHiMOganbHOI QYHKUil ogHiei 3MiHHOI y=F(x), WO 3agaHa Ha npomixkky [A,B].
AnropntM meTony peanisyetbCs y BUrMNAA4I NOCIQOBHOCTI KPOKIB, HA KOXXHOMY 3 SIKMX
30IMCHIOETLCA 3BYXXEHHS IHTepBany, WO MICTUTb TOYKY MIHIMYyMY.

Ha noyatky obumcneHb noknagatots A{0} = A, B{0} = B.

Ha s-y kpoui Bu3Ha4yaoTb BESIMYMHN

L{s} = B{s} — G(B{s} — A{s}),
R{s} = A{s} + G(B{s} - A{s}),

ne ctana G = (V5 —1)/2 ~ 0.618. MoknagatoTb
A{s+1} =A{s}, B{s+1}=R{s}, akwo F(L{s})<F(R{s}),
A{s+1} =L{s}, B{s+1}=B{s}, sakwo F(L{s})>F(R{s}).
ITepauii npoaoBXyTb A0TH, NOKN He Byae BUKOHYBaATUCb HEPIBHICTb
B{s}-A{s}< ¢,

ae £> 0 — 3agaHe 4ncro, ke Bu3Havae noxmbky po3B'a3ky 3agaui.

Ha koxxHomy kpoui M3/1, noumHaoum 3 1-ro, oG4MCNIOETHCA NULLIE OAHE 3HAYEHHS
dyHKuUii F(Xx), TOMy WO OAHA 3 TOYOK 30S5I0TOr0 nepepidy Ha nonepeaHbOMY KpOL
30INCHIOE 30/10TUIN Nepepi3 NPOMIKKY Ha HAaCTYMHOMY KpOLi.

3a HabnXxeHun po3B'A30K 3agadi NpunMaroTb

x* = (A{s} + B{s})2, y*=F(x*).

Mpn po3B'da3yBaHHi 3agadvi Makcumizauil pyHkuil F(x) HeobxigHO 3aMiHUTK 1T Ha
dyHKuito —F(x).
Memod sunadkoso20 MowyKy.

MeTog BMNAOKOBOro TMOLWYKY 3aCTOCOBYETbCA [AONS  3HAXOLXKEHHA MiHIMyMy
(Makcumymy) OOBINbHOT YHKUIT y=F(X), WwWo 3agaHa B Byab-aKi gonyctumin obnacri
D.

B nporpami posrnagaeTtbca peanisauia gaHoro metody Ans  (PyHkuil ogHier
3MiHHOI.

HoBinbHa dyHKUia F(x) 3agaHa Ha npomixkky [A,B]. 3a gonomorow fasava
BUMNAOKOBUX 4MCESl, PIBHOMIPHO po3nogineHnx Ha npomikky [0,71], 6yayeTbcs
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nocnigosHicTb Bunagkosux uucen x{k}, k=1,...,N, pIBHOMIpHO po3nogineHnx Ha
npomixkky [A, B]. O64ncnooTbCa Ta NOPIBHIOKTLCA MiDK CODOK 3HaYeHHs pyHKUiT F(X)
B Toukax x{k}. MiHiManbHe 3 HUX NPUAMAETLCA 3a OUIHKY MiHIMyMy yHKUiT F(Xx) Ha
npomixky [A, B].

Axkwo N npsiMye A0 HECKIHYEHHOCTI, OTpUMaHa ouiHKa 3a MMOBIPHICTIO 36iraeTbca
A0 rnobanbHOro MiHiMyMy GYHKLIT, WO po3rnagaeTbCs.

Mpu posB'a3yBaHHi 3agadi Makcumisauil QyHkuii F(x) HeobxigHO 3aMiHWUTK 1T Ha
dyHKUito —F(X).

Memod @iboHauyi.

MeTon ®iboHaudi (M@®) 3acTOCOBYETLCA AMs MOLIYKY MiHIMYMY YHIiMOAarnbHOI
dyHKUIT ogHiel 3MiHHOI y=F(X), WO 3agaHa Ha npoMmixky [A, B].
AnroputMm mMeTody peanisyeTbCs y BUrnAi NocnigoBHOCTI KPOKIB, HA KOXHOMY 3
AKNX 3OINCHIOETLCA 3BYXXEHHS iHTepBarny, WO MICTUTb TOYKY MiHIMYMY.
Ha nouatky obuncneHb noknagatts A{0} = A, B{0} = B.
Ha s-y kpoui BU3Ha4atoTb BENNYNHU
L{s} = B{s}—- G{s} (B{s}-A{s}),
R{s} = A{s} + G{s} (B{s} - A{s}),
ne G{s}=Fi(N-s-1)Fi(N-s), s=0,...,N-3, G{N-2}=(1+¢£)2 abo (1-&)2, N —
3agaHe 4ncrno itepadin, € >0, Fi(j) — ynucna ®iboHauyi, WO 3a4al0TbCA PEKYPEHTHUM
CNiBBiAHOLLEHHAM

Fi(j)y=Fi(j—1) + Fi(j—2), j>2, Fi(0)=Fi(1)=1.
MNoknagakTb

A{s+1} =A{s}, B{s+1}=R{s}, akwo F(L{s})<F(R{s}),

A{s+1}=L{s}, B{s+1}=B{s}, sakwo F(L{s})>F(R{s}).
3a HabnwxeHnn po3B'A30K 3agadi NpUNMalTb

x*=(A{N} + B{N})2, y*=F(x%).

Ona M® y Bunagky 3asganerigb ¢oiKCoBaHOro 4Ymcna itepauin JOBXUHA KiHLEBOro
iHTepBany NoLUyKy MiHiMarbHa.

Mpn po3B'a3yBaHHi 3agadvi Makcumiszauii yHkKuii F(x) HeobxigHO 3aMiHUTK 1T Ha
dyHKuito —F(X).

Memod duxomomi.

MeTton amxotomil (M/[) 3acTocoByeTbCA ANA MOLWYKY MiHIMyMy YHIMOAanbHOI
dyHKUIT ogHiel 3mMiHHOT y=F(x), WO 3agaHa Ha npoMmixky [A, B].

Anropntm metoay peanidyeTtbCsl 'y BUMsAi NOCNiAOBHOCTI KPOKIB, HA KOXHOMY 3
SAKUX 3OINCHIOETLCS 3BYXXEHHSA iHTepBarny, WO MICTUTb TOYKY MiHIMyMY.

Ha noyatky o6umcneHb noknagatots A{0} = A, B{0} = B.

Ha s-y Kpoui BU3Ha4yaoTb BESIMYMHN

L{s} =(A{s}+B{s}-A)2,
R{s} = (A{s} + B{s} +A)2,

ae A > 0 — gocTtaTHbO Mare yucno. lNoknagatoTb
A{s+1} = A{s}, B{s+7}=R{s}, akwo F(L{s})<F(R{s}),
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A{s+1}=L{s}, B{s+1}=B{s}, sakwo F(L{s})>F(R{s}).
ITepauii npoaoBXyTb A0TH, NOKN HE Byae BUKOHYBATUCb HEPIBHICTb
B{s}-A{s}<¢,

ae & >0 — 3apaHe 4ncno, sike BU3Ha4vae Noxmbky po3B'sa3Kky 3agadi.

3a HabnwxeHnn po3B'A30K 3agadi NpUNMalTb

x*=(A{s} +B{s})2, y*=F(x%).

Mpn po3B'A3yBaHHi 3agadvi Makcumisauii yHKuii F(x) HeobxigHO 3aMiHUTK 1T Ha
dyHKuito —F(X).

[1poecpamHe 3abe3rne4yeHHs.

HaByatrounn moaynb, 3a AOMOMOrOK SKOro 3agadvi OAHOBUMIPHOT OnTUMiI3auil
pPO3B'A3yIOTbCA B  Aianosi 3 KOpUCTyBadeM 3a BUKIageHMMM  anropuTtMamu,

3aBaHTaxyeTbcst 3 posainy «HENIHIMHE TMPOMPAMYBAHHS» ronoBHOrO MeEHI0
naketa 13-MO.

3asdaHHs.
PosB'azatn meTtogamu 30Mn0TOro NEPETUHY, BMMAAKoBOro noyky, ®iboHaudi Ta
ANXOTOMII 3adadvi O4HOBMMIPHOI OMTMMI3aLil, YMOBU SKUX 3adalTbCsa Moaynem 3a

JOMOMOrod KomMaHau «[laHi» romnoBHOrO MEHK, a TaKoX 3HanuTW Hanbinbwe Ta
HaNMeHLLE 3HaYeHHS HaCTYyNHUX (PYHKUIA Ha BKa3aHUX NPOMDKKaX :

1) F(x)=lIx2=1|-1|-1], xe[-2, 2];

2) F(x)= 2x3—3x2—12x+1+J(4-x2)(1+2x2), xe[-2, 2];

3) F(x)=(x+1)2In(x+1)+x exp(—x), x e [0, el;

4) F(x)=sin(x)sin(2x) + arccos(x2), x € [-0.75, 0.75];
5) F(x)=arctg(x)—In(x)/2, X € [0.65, 1.75];
6) F(x)=x+ -/x +exp(x)x2 x e [0, 4];

7) F(x)=4x(x2+ 4)-[x? (x - 2)](2/9), xe[-2, 2].

JlabopamopHa poboma 18.

3apaya onykrnoro KBagpaTU4Horo nporpamyBaHHs. KBagpatuiuHum
cMMMNeKc-meToA.

[locmaHo8Kka 3adayi HeniHitiHo20 rnpoapamy8aHHs.

3HanTu BEKTOP X = (X1,...,Xp), WO MiHIMi3ye (MakCUMI3ye) dyHKLIO

F(x)=F(x4,...,Xp) (18.1)
i 3210BOSIbHSIE CMCTEMY OOMEXEHDb
Gi(x4,...,xp) Rj 0, i=1,...,m, (18.2)

Ae cuMBOI R 3aMiHIOE OAVH i3 3HaKIB <, =, >.

Akwo xova 6 ogHa 3 dyHkuin F, G; (i=1,...,m) € HeniHinHOW, TO BKa3aHa
nocTaHoBKa BU3Havae 3adayy HesiHitiHo20 rpoepamysaHHsi (3HJII).

CyKynHiCcTb TOYOK (BEKTOPIB) X, LIO 3a40BONbHAOTL (18.2), 3BeTbca dornycmumoro
obniacmio (MHOXUHO) | No3HavYaeTbea vepes D.
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HoBinbHa Toyka D 3BeTbCA OOMycmMuMuM pPO38'A3KOM  (MOYKOK, [1/1aHOM,
8EKMOPOM).

®yHKuUis F(x) cniBeigHOWeEHHS (18.1) 3BeTbCA YifIb080I0 PYHKUIEO.

[TocmaHo8Ka 3adayi ornyK/1020 rnpozpamMye8aHHs.

3HanTu BEKTOP X = (X1,...,Xp), WO MiHIMi3ye LiNboBY yHKLI0

F(x)=F(x4,...,Xp) (18.3)
i 32J0BOSIbHSIE CMCTEMY OOMEXEHD

Gi(x1,...,xp)<0, i=1,...,m, (18.4)

Xjz0, j=1,...,n, (18.5)

ae dyHkuit F, Gj (i=1,...,m) — onykni.
Takum udmHoMm, Onsa 3agadi onyknoro nporpamyBaHHa (30[1) uinboBa yHKUiA
(18.3) — onykna, obmexeHHsA (18.4)—(18.5) Bu3Ha4aoTb ONyKny A0MyCTUMY MHOXUHY.

[NocmaHoeka 3adadyi 0ryk1020 K8adpamu4yHo20 Mpoepamy8aHHs.

3HaNTN BEKTOP X, LLO MiHIMI3yE LinboBY YHKLiO

F(x)=xDxT+ c xT (18.6)
i 3a00BONbHSAE CUCTEMY OBMEXEHD
AXxT<bT x>0, (18.7)

pe ¢=(Cq¢,....Cp), X=(x1,....xp), D=|[dgll, kI=1,...n, A=[lajll, i=1,...m,
j=1,...,n,b=(by,...,bm), MaTpuusa D cumeTpu4yHa Ta HeBif'EMHO BU3HaYeHa.

Takum 4ymMHOM, ANSA 3agadi ONyknoro KeagpaTudHoro nporpamyBaHHsA (30KIT)
yinboBa dyHKUia (18.6) — onykna kBagpaTudHa, obmexeHHa (18.7) — niHiAHI i
BM3HaYaloTb ONYKMY MHOIOrpaHHy AOMYCTUMY MHOXWHY.

3ayBaxumo, Wwo ansa sunagky n=2, m=1 30Kl mae surnsg:

d11X12+ d22X22+ 2d12X1 Xo+t CyXq1+CoXo—> min,
aqyXgtaqopxo<aq, XjZ 0, j=1,2,

po toro x D=||dgll, k,1=1,2, d12= d 4.

OCHOBHI MBEPOKEHHS.

O3Ha4yeHHA. MHOXuHa W 3BeTbCA OMyKNow, AKWO ANs OOBIfIbHUX TOYOK X,y €
W, Tate[O0, 1] BukoHyeTbCa tx+(1—t)ye W.

O3HauveHHA. OyHkuia H(x), xe WcEN, pe W — onykna MHOXWHa, 3BETbCA
OMyKmo, SAKWO Ans A0BiNbHUX TOYoK X,ye W Ta te[0, 1] BUKOHYETLCA HEPIBHICTb
H(tx+(1-t)y)<tH(x)+(1-t)H(y).

Teopema. MHoxuHa {x: H(x)<0}, Oe ¢byHkuiss H(x) — onykna, € onyKrsior.

Teopema. [NepemuH onyKnux MHOXUH € OryK/10t0 MHOXUHOI.

Teopema. KeadpamuuHa pyHkuyis F(x)=xDxT+cxT onykna, SKWo mampuusi
D — Hesi0'eMHO 8u3Hay4eHa.

Teopema. Mampuusi D — Hegid'eMHO 8u3Ha4dyeHa, SKWO 8Ci ii OiaczoHarlbHI

MIHOpU HegI0'€MHI '
det(D(k))=0, D(k)=||djll, i.j=1,...k.
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Teopema KyHa-Takkepa-1.

Hexat donycmuma obnacms D={xecEN: Gj(x)<0,i=1,...,m, x>0} 3adauyi
ornykroao rnpoepamysaHHs (18.3)—(18.5) 3adoeosnbHse ymogy Crietimepa: icHye x e D
make, wo ond ecix i=1,....m Gj(x)<0, mobmo MHoxuHa D mae 8HympilHi MouyKu.

Todi 0nsi moeo, wob eekmop x* bys ornmumaribHUM PO38'A3KOM 3adadi OryKo20
rnpoepamyesaHHsi, HeobxiOHo i docmamHbo, wob icHyeae seekmop u*>0 makul, Wo
napa (x *, u™) € cidrnosoto moy4ykoro yHkuii JlacpaHxa:

L(x,u)= F(x)+(ugs G¢(x) +...+ upm Gp(x)),
X=(X1,...,Xp)20, u=(uq,...,um)=0.

KaxyTb, WO Touka (X *, u ™) € cidrnogoro moykoro pyHKuii L (x,u), SKWo Ansa BCiX X

>0, u>0 maTb MicLe HEepPIBHOCTI
Lix*u)<L(x*u*)<L(x,u”).

Teopema KyHa-Takkepa-2.

Ans HenepepBHO AudepeHuinoBHUX dyHKUin F(x), Gj(x), i=1,...,m, Teopema
KyHa-Takkepa moxe 6yt nepedopmynsoBaHa Tak.

Bexkmop x* € onmumarnbHUM po38'a3KoM 3adayi orlykio2o ripoepamysaHHs (18.3)
—(18.5) modi i nuwe modi, konu icHye eekmop u*>0 makudl, wo 055 napu (x*,u™*)
BUKOHYHOMbCS YMOBU :

VyL(x*,u*)>20, VyL(x*,u*)(x*)™=0, j=1,...,n,
VyL(x*,u*)<0, VyL(x*,u*)(u*)™=0, i=1,...,m.

Ona 3apavi (18.6)—(18.7) onyknoro kBagpaTU4YHOro MpOrpamMyBaHHS OCTaHHI

cniBBigHOLWWEHHA HabyBaTb BUrNsay

c+2xD+uA >0, (18. 8)
(c+2xD+uA)x™=0, (18.9)
xAT™-b <0, (18.10)
(xAT™-b)uT =0, (18.11)

x>0, u>0.
HonomixxHa 3J11 ong S3OKT1.

Akwo BeBectn  Bektopn Y =(y1¢,...,¥p)20 T@ v=(vy4,...,vipp)20, TO
cniBBigHoweHHsA (18.8)—(18.11) matnmyTb BUrNag:

c+2xD+uA-y=0, (18.12)
xAT-b+v=0, (18.13)
yxT=0, vuT=0, (18.14)

x>0, u>0, y>0, v>0.

3ayBaxumo, Wo ansa sunagky n=2, m=1 matumemo

2dy1xg+2dpxagtagu—yq =-cq,
2dipxqs+2dopxotanpu —y, =-cp,
aq1Xq1t aqxo tVv=aq,

X1Y1=0, Xpy2=Yyo uv=0,
X1, X2, U, Y1, Y2, v20.

Cuctema (18.12)—(18.13) cknagaetbca 3 n+m NiHINHUX PiBHAHb BIQHOCHO 2(m+n)
HeBi/J,OMVIXXj, Yj U=1,....,n), uj, v;j (i=1,...,m).
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Kpim Toro, sik Bunnusae 3 ymos (18.14), nOBUHHO ByTK:

sKwo x;> 0,10 y;i=0, (18.15)
AKWO yj > 0, To Xj= 0, (18.16)
akwo u;j> 0,70 v;=0, (18.17)
akwo v;> 0,710 u;=0. (18.18)

Omxe, wykaHum poss'askom cuctemn (18.12)—(18.13) moxe 6yTn [OBINbHWIA
HeBig'eMHUN 6a3ncHUI T pO3B'A30K, ane Takun, WO 3MiHHI XjTay; (a Takox ujTa vj) 3
O[HaKoOBMMW iHOEKCaMM He MOXYyTb OyTm BogHo4dac 6GasucHumun. [Ons BigwykaHHA
Takoro po3B'A3KY MOXHa 3acTtocyBaTu Oyab-akui i3 Bigommnx metogis JIl1, 3okpema,
mMemod wmy4yHo2o b6asucy. 3 uieto meTor 3anuwemo cuctemy (18.12)—(18.13) vy
BUrNAAi

2xD+uA-y =-c, (18.19)
XxAT+v =b. (18.20)

He obmexytoun 3aranbHocTi, Byaemo BBaxkaTu, LLO Mpasi YacTUHW UiEl cuctemm
HeBig'eMHi: —¢>0, b>0 (OcCKinbku, B iHLWOMY BMNAAKy BiONOBIAHI PIBHAHHSA, X NpaB.y i
niBy 4acTuHy, AOCUTb NOMHOXWUTKM Ha —7). 3ridHO MeTody LWTYy4YHOro Gasncy B KOXHe
piBHAHHA cuctemm (18.19)—(18.20), sske He MiCTUTb 6a3NCHOI 3MiIHHOT, BBOAMMO LUTYYHY
3MiHHY. Ockinbkun 3MmiHHI v} (i=1,...,m) MOXHa BBaxatu Ga3NCHUMK, TO LUTYYHi 3MiHHI

z=(z4,...,Z)20 BBOAMMO TiNbKN B PiBHAHHA (18.19) i posrnsgaemo gonomikHy K3/1I1
ZiT— min, (18.21)
2xD+uA-y+z=-c, (18.22)
xAT+v =b, (18.23)
x>0,u>0,y>0,v>0,z>0, (18.24)

pei=(1,1,...,1) — n-BUMipHUIA OOANHUYHNI BEKTOP.

KeadpamuyHutl cummnniekc-memaoo.

3apava (18.21)—(18.24) po3B'A3yeTbCA CUMMNIEKC-METOLAOM.

Akwo 3Havpenun [BP uiel 3apadi  3a40BOSIbHAE  yMO8U  OOMOBHHIYOI
Hexxopcmkocmi (18.15)—(18.18), TO BiH BM3Ha4yae ONTUMAanbHWA PO3B'A30K BUXIQHOI
3OKT1. IHakwe Tpeba nepentn go Hosoro J6P. MNMpu ubomy Ao 6a3nCHUX BKIOYAETLCS
HOBa 3MiHHA 3 HYJTbOBOK OLLIHKOHO.

Cumnnekc-metoq 3 ymoBamn (18.15)—(18.18) ons pose'A3yBaHHA [OMNOMIXKHOI
K3JII (18.21)—(18.24), nobymoBaHOI Ha OCHOBI 3agadi ONyKNOro KeagpaTUYHOro
nporpamyBaHHa (18.6)—(18.7), i Ha3uBawTb K8adpamuyHUM CUMITIEKC-MemoOOM
(anropuT™M 3BMYaMHOrO CUMMMEKC-METOAY, a TaKOX BCi 3B'A3aHI 3 HMUM O3HAYEHHS i
TBEPOKEHHA HaBedEHi B METOAMYHUX BKa3diBKax OO BMKOHAHHS nlabopaTopHol poboTu
Ne2).

Akwo B onTumManbHOMY po3B'A3Ky gonoMikHol K3JII (18.21)—(18.24) BCi WTyYHi
3MiHHi zj (j=1,...,n) NnpurMaloTb HYNbOBI 3HAYEHHS, TO, BiAKMOAKYM X, OTPUMAEMO
HABP cuctemn (18.19)—(18.20). Ta noro 4actnHa, Aka Bignosigae 3MiHHUM MOYaTKOBOI
3agadi onyknoro KkBagpaTuyHoro nporpamyBaHHs (18.6)—(18.7), i 6yge 1T onTumanbHUM
PO3B'SA3KOM.

AKwo X B onTMMmanbHOMY po3B'a3ky gonomikHoi K3J1IT (18.21)—(18.24) 3Ha4eHHs
xoya 6 opfHiel i3 WTYy4YHUX 3MIHHMX BigMiHHe Big Hyns, To cuctema (18.19)—(18.20)
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PO3B'A3KIB HE Ma€, a, OTXKe, MHOXWHA CignoBMX TOYOK PyHKUil JlarpaHXa no4aTkoBol
3aiavi OnNykroro KBaapaTUYHOro NporpaMmyBaHHs NOPOXKHS.

[TpoepamHe 3abe3rneyYeHHs.

HaByatrounn moaynb, 3a JONOMOrOK SIKOro 3ajada Onykroro KeagpaTUYHOro
nporpamMyBaHHA PO3B'A3YETLCA B Aiano3di 3 KOPUCTyBayYeM 3a BUKNA4EHMM anropuTtMom,
3aBHTaxyeTbea 3 poaainy «HENIHIMHE NMPOrPAMYBAHHS» ronoBHOro MeHio nakeTa
3-Mo.

feomeTpuyHa iHTepnpeTauis 3agadi HeniHIMHOro nporpamMyBaHHA 34iIMCHIOETLCSA
MOJYINEM, SIKUA 3aBaHTaXXYETbCS 3 TOrO X CaMOro po3giny.

3as0aHHs.

PosB'asatn kBagpaTtuyHUM CUMMNEKC-MeTOAO0M 3ajadi OMnyknoro KeagpaTU4HOro
nporpaMyBaHHA, YMOBU SAKUX 3a4al0TbCA MoAaynemM 3a OONoMOrow kKomaHan «[aHi»
rofIoBHOro MeHto (3agadi Ne1—-Ne9), a TakoXX HacTynHi 3agadi.

Y BCiX 3aga4ax BUKOHYIOTbCA YMOBU: X1 > 0, X2 > 0.

1) X2+ x,2-2x1—4xy—>min,  2) —2x12—=3x92+ 4 x4xp+ 12 x5 — max,
2X1+3X2S6,' 3X1+4X2S12,'

3) 2X12+X22—X1 Xo— X4 —> min, 4) X12+ 3X22—X1—2X2—) min,
X1+2X2S1,’ X1+4X2S7,’

5) —2x,2-3x92+ 16 x4+ 24 xo — max, 6) Xx;2+ x52— 3 x7— 8 x9—> min,
2X1+ X954, X1 +2 X9 < 4;

7) —x12—x02+x;+2Xxy—>max, 8) —xq2—x52+ XX+ 5Xx4+ 2x9—> max,
X1+2X2S16,’ 2X1 +3X2S75.
Bidnosioi:

1) x*=(0.69; 1.54). 2) x*
5) x* = (0.57; 2.86). 6) x*

(1.23; 2.07). 3) x*=(0.29; 0.14). 4) x*=(0.5; 0.33).
(0.4;1.8).  7)x*=(0.5; 1). 8) x * = (3.63; 2.58).

JlabopamopHa poboma 19.

3apa4va 6e3ymoBHOI onTuMmisauii. MeToa HaUWBUALLOIO CMYCKY

[TocmaHogKka 3adaydi be3ymoeHOoI onmumizauil.

3HanTV BEKTOP X=(X1,...,Xp), WO MiHIMi3ye (MaKkCcMMmi3ye) yHKLIit0
F(x)=F(x4,...,Xpn).
[padieHmHi Mmemoodu 6e3yMo8HOI orimumisauii.

[na 3agadi 6e3yMOBHOI MiHiMi3aUil meToq nondrae B 064McCrieHHi NOCnigoBHOCTI
HabnmxeHb X[ S] 3a NpaBunom

x[s+1] =x[s] - pls] VF(x[s]),

ae V F(.) — rpagieHT dyHKuii F(.), SiKM 3aa4aeTbCs CNiBBIAHOLLEHHSIM
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VF(.)=( 0 F(),..., 4 F(-)J,

0 Xq 0 Xp

P[S]1> 0 — KpOK, BenuumHa SKOro BM3HAYaETbCHA KOHKPETHUM rpagieHTHUM MeTOOOM.
MoyaTkoBuN po3B'A30k x[0] oBMpaeTbCs AOBINbHO. ITepauii NPUNUHATL, AKWO Ha
AEeAKOMY Kpoui S BUKOHYETbCA HepiBHICTb ||V F(x[S])|| < & Qe Hopma rpagieHTa
BU3HaAYaeTbCA PopMynor

2 2
_ o o
| VF()|I= [RF(.)J bt {a - F(.)J ,

n

a &> 0 — pesika Hanepeq 3afaHa BenuyvHa, Lo BM3HAYae TOYHICTb pO3B's3KY.

MemoO Haliweudwo20 CriycKy.

MeTog HaMWBMALIOrO CNYycKy $Bnsie cobol rpagieHTHUA MeTon, B SKOMY

BENUYMHa KPOKy p[s] BnbupaeTbca 3a npaBunom
F(x[s]-p[s]VF(x[s]))=min(F(x[s]-pV F(x[s]))),
Ae MiHimym 6epeTtbes no Beix p> 0.

Mpn gesknx ymoBax x[S] nNpsMye OO0 cTauioHapHOI TOYKM (PYHKUii F(X), SKWO S
npsAMye 4O HECKIHYEHHOCTI.

[lpoecpamHe 3abe3neqyeHHs.

HaByarounn moaynb, 3a OOMOMOrok $KOro 3agjada 6e3ymMoBHOI onTumisauil
pO3B'A3ye€TbCA B [fianosi 3 KopucTyBadYemM MeToOOM  HaWLWBUALIOIO  CryCKY,
3aBaHTaxyeTbcss 3 poaainy «HEJIHIMHE TMPOrPAMYBAHHSA» ronoBHOro MeHio
naketa 13—-MO.

3ag0aHHs.

Po3B'azaTn MeToAOM HaWWBMALIONO CAycKy 3agadi 6e3yMOBHOI onTumisadii,
YMOBUM SKUX 3a0al0TbCs MOAynemM 3a [OMOMOrol KomaHau «[aHi» rofiloBHOro MeHHo
(3apgayi Ne1-Ne9).
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