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OT U3JATEJLCTBA

ABTop oroii MoHorpapmu Humkomait Iypbesmu Yeraes (1902—
1959) — BHgaomEiica pyccKHHl ydYeHHi, KpynHeAmEH coenmaamert
B 06J1aCTH AHAJATAYECKON MEXaHAKH, TEOPAHA YCTOHIABOCTH JBHKEeHAS
H KaYecTBeHHOH Teopmm AnddepeHnMadbHNX YypaBHeHmii. OH BHec
OTPOMHHA BRI/ B PA3BUTHE TEOPMH YCTOHTHBOCTH XBHKEHHA, CO3TaH-
uoit renmanbHEM A. M. Jlanynosuym (1857—1918) B KoHue npourtoro
CTOJICTHA.

Hccnenopanna JianyHoBa o Teopum yCTORIMBOCTH OIEPEHIIH cBOE
speMsa. IIpu :KH3HA y Hero He OWJ0 YYEHHKOB B INOCJELOBATENCH B
aTOl obnacTH HayKH, H TeOpHA yCTOMIABOCTH JIAnyHoBa AnmTenbHOE
BpeMsa mocJe ee CO3AAHUA He TOJbKO He Pa3BHBAJNAch, HO M HE HpAMe-
HANack CKOJbKO-HEGYAL cepbesHo. U Toabko B KoHue 20-x romos
BO3HHK B Hallei cTpaHe mHTepec K JALNYHOBCKON TEODHH yCTOHIHBO-
ctu. [lo-sagmmomy, H. I'. Yeraer ogHEM H3 nepBHX moHAN ¢mamue-
CKYI0 CYMHOCTb TeopHm JlamyHoBa, yBHJeJ ee OrPOMHOE IPAHI{ANA-
aJbHOEe 3HA4YeHHEe H BO3MOKHOCTH TeXHHYeCKHX NpHJIokeHHi. B mHa-
uase 30-X rofoB OH YCTaHOBHJ CBOKI O0LIYI0 TEOpeMy 0 HeycToHdm-
BOCTH IBH:KeHHsA M HOJYYHJ NmePBHe mocie JlAnyHoBa peayabTaTh mO
o6pameHuio 3HaMeHNTOH Teopembt Jlarpans;ka 06 ycroiiumpocTn paBHO-
BecHA, OPTraHH30BAJ IHPOKHE HCCJ]ENOBAHAA IO DA3BATHIO TEOPHH
VCTOHYABOCTH H HPHJO:KEHAAM €e K PeMICHAAM BAKHHX TeXHATECKHX
3ajma¥, CTaB, HO CYINECTBY, HAYYHHM IIDeeMHHKOM M IIPOJoJKaTeseM
Jlanynosa. Boapmyio poab B paspaGoTke MeTONOB HCCJeX0BaHAA
yCTORIHBOCTH, B 0cO0eHHOCTH MeToa pyHKumi JlanyHoBa, n pemenan
MHOTHX BKHHX HPOGJeM YCTOHIMBOCTH CHIpPaja CO3NAHHAA M BO3-
rnapaasmasaca H. I'. YeraesnM KasaH¢Kasa mMKoJa MeXaHAKOB.

B 1946 r. 6una omy6amxosana moHorpagma H. I'. Yeraera «Ve-
TOHTHBOCTE JABHKEHAA», ABMBIIAACA HEPBOH B MHDOBOH JMTepatype
mocine JlanyHoBa KHHTOH HO TEOPHE yCTOHYEBOCTH Jsmxenusa. He-
Gospmaa mo o6beMy, JAKOHEYHO HAECAHHAA, 3Ta KHETA COEPIKHT
CHCTEMATHIECKOE H CTPOTOe H3JI0KeHAe TEOPHH YCTOMYHBOCTE M ee
MeTooB, B ocoGeHHocTE Meroga ¢ynknmii Jlanynosa. OcmosHoe ee
cofiep;KaHEe COCTABIAKT ACCACJOBAHEA IO YCTOWIMBOCTH JBHKEHHA,
HavaThe JlAnyHOBHM B IPONOMKEHHHE aBTOPOM IPHMEHEHEEM B Paa-
BHTHEM MeTOAa pyHKum# JlAnyHOBa, IpAYEM aBTOp OTrPAHAYREACA NHIE



4 OT A3AATEJIBCTBA

TeMH HCCJIeIOBAHHAMH, KOTODHE HMEIOT HamGojipliee 3HAYCHHE I
npusiokenuii. BayxHy0 poas MrpalT B KHHTe MHOTOYHCJeHHHE IPH-
MEpH, PAX H3 KOTOPHX He TOJbKO HJIJIICTPUPYET TEOPHIO, HO H COAEP-
JKHT ee Pa3BUTHE.

Monorpadgua Yeraepa sABHIaCh HeHHKM HAYYHHM DPYKOBOJCTBOM,
HOJIyIHBIIAM MHUpPoKoe mpu3nanme. [locie ee onyﬁnnxona}mn 3HAYH-
TEJIBHO BO3POC HMHTepec K Tipob6ieMaM YCTOMYHMBOCTH H IOABHJIOCH
Gonpmioe 9nc0 PaGOT MHOTHX aBTOPOB IO TEOPMH YCTOHIHBOCTH HBH-
JKeHHs U ee NPHUJIO)KEHHAM K TexHHKe. Bcien 3a coseTcKuMu yue-
HHIMH OP06JeMaMi TeOPUH YCTOMIMBOCTH HHTEHCHBHO 33HAIACH MHO-
rae 3apy0e;KHMe Y4YeHLe.

MupoBasa HayYHas JIHTEPATYPA IO YyCTONYMBOCTH ABH;KEHHSA COAEP-
JKHT B HAcTOAINEe BpeMsA THCAYA NyOJMKamuii, B TOM 4Hcje COTHH
MoHorpadmit m yyeGHEHKOB MHOrEX aBTopoB. OHa Bechma GoraTa pe-
3yJbTaTaMH KaK OO Pa3BHTHIO TEOPHH, TaK M 10 Pa3HOOOPa3HWM mpH-
JIOEHA AM,

PaspaGoTka TeopHH yCTOMYHBOCTH JABH:KEHHA BEIETCA II0 MHOTHM
HalpaBJeHUs M. 3lech HaJ0 HA3BaTh PA3BHTHE H IPHMeHEHHe IIePBOTO
H 0coGeHHO BTOPOTO MeTofoB JIANyHOBA, B TOM UHCJe METO/a BEKTOD-
dysxnmit JIanywosa, ycraHOBieHMe HOBHX TeopeM, PaCHIHPAIOINAX
H YrayGadomux 3TH MeTOAN; aHAIA3 CYIeCTBOBAHUA. d)ymuum JIn-
OyHOBA H HX 3(}EeKTHBHOTO HOCTPOCHH; UCCIEIOBAHUA YCTOUIUBOCTH
0 mepBOMY UPHOJMKEHHI0 H B KPHTHYECKHX CJIydadX, a TaKie IpH
HOCTOAHHO [eHCTBYIOINMX BO3MYIEHUAX; HMCCJIEJOBAHHA YCTONIHBO-
CTH NePHOJAMYECKHX M HEYCTAHOBHBINHXCsA] ABIKEHHH M yCTOHIHBO-
CTH Ha KOHeYHOM HHTEPBajle BPEMEHH; PA3BHTHE TEOPHH HPHBOJMMEIX
¥ OPaBHIABHHEX CHCTEM, a TaKyKe KadecTBeHHOH Teopu: aumddepeHiu-
QIBHEX YPaBHEHUH; HCCIEAOBAHUA YCTOHYHBOCTH [ABHKEHHA IO OT-
HOIIEHHIO K JaCTH NePeMEeHHKX, YCTONIHBOCTH FaMHAbLTOHOBRX CHCTEM
H yCTOHIHBOCTH B CJIydae BHYTPEHHHX DEe30HAHCOB; pa3paboTka Me-
TOJOB HCCJEJ0BAHHA ycToiumpocTd Ha IBM; pacupocrpanenme Me-
TofloB JIANMyHOBAa HA CHCTeMH, ONHCHBAEMHE ANIaPaTOM, OTIHIHEIM
0T oOWKHOBeHHHX [upepeHnuanbHHX ypapHeHHmH (ypaBHEHHA
¢ mociiefeficTBHEM), Ha CHCTEMH ¢ Pacupeje]eHHHMH IapaMeTPaMH,
Ha CIVIOIIHHE cpeAn u MHOTHe Apyrme. Merox ¢pymknmit JiamyHosa
¢ ycumexoM IDPHMeHAETCA TaK:Ke BO MHOrmx oGiacTAX amaiamsa, Ha-
OpUMep, B NOJYIYeHHH ONEHOK NPHOIYKEHHWX HHTeIPHPOBAHUM,
B TEODHH ONTHMAJHHOTO yHOPaBJIeHUSA M ONTHMAJIbHOH cTabuiusamum,
B Teopuu guddepeHNAANBHNX TP, B TEOPHH HEeJMHEHHKX KoJjebaHUR
H BO MHOTHX JIpYTAX 001acTAX HAYKH.

HecMoTpa Ha cymecTBeHHOe Pa3BATHE TEOPHH YCTONYMBOCTH 3a
HocjiefiHAe COPOK ¢ JMIIHHM JeT, OPONmeJNne cO BPEMEHH IePBOTO
usnanua, KEura H. I'. Yetaesa He yTpaTHia cBOEro Ba)KHOTO 3HAYe-
HHAA I[eHHOTO0 HAYYHOTO PYKOBOACTBA, COJAEPKAIMEro KOMIAKTHOe
H ACHOe H3JI0)KeHHe OCHOB TeOPHH ycToudmBocTH ABW:xeHHA. Hapany
¢ «O6meir 3anaueit 06 ycroirunpoctu guxenua» A. M. Jlanynosa ona
HaBCeTAA BONLIA B COKPOBHINHANY HAYKH H CIYKHT U GyleT eay:xuTh



TIPEXHCJIOBHE ABTOPA b

GoraTHM HCTOYHHKOM HJeil 1A HOBHX HOKOJeHHiH yyennx. Kmmra
MOkeT OHTH MCIOJB30BaHA B KadeCcTBe mOCOOHA MO OCHOBAM TeOPHH
YyCTOUIHBOCTH [BMKEHHA JJIA acCOAPAHTOB M CTY[ACHTOB CTapIIAX
KYPCOB YHHBEPCHTETOB.

Tperve maganme kuurn, sumenmee B 1965 r., Bocmponssommio Gea
yaMeHeHHM# BTOpoe, McupapjieHHOe mafnamgme 1955 r.

B macroamem, 9eTBepTOM, H3AaHMHM HCHPABJIEeHH 3aMeYeHHHE He-
:HOTOYHCJIeHANe onmedaTku. KypcuBoM BhiftesieHN ¢OPMYIAPOBKHA OC-
HOBHHIX Pe3yJbTaTOB H ONpefesifieMEe TEePMHHEL. v

CymecTBeHHyl0 IOMOINb M3JATEJLCTBY NPH HONTOTOBKE HOBOTO
n3NaHEA oKasan wieH-koppecmommear AH CCCP B. B. Pymanmnes.
¢IM TOATOTOBJIEHS! NOMEMIeHHNe B KOHIe KHHTH NpAMEJaHHA, COMep-
sralqme HEeKOTODHe NOACHeHHA W CBeleHMA 00 o0pameHMH OCHOBHEIX
reopeM MeTofa ¢ynknmii JiAnyHoBa, a TaKiKe MONOJHEHHA HEKOTOPHX
U3JI0KeHANX Pe3ayJbTaToB, onyOIAKOBaHHEE aBTOPOM MOCJe BERIXOAA
nepsoro m3gaAmA KmarE (1946 r.). Ceniikm Ha 3TH npEMeYaHHA
B TEKCTe .MaHbl 3Be3OIKAMH. '

NNPENNACJIOBAE ABTOPA
KO BTOPOMY M3TAHMIO 1955 r.

Bonpocu ycToifumBOCTH HMET NPHANMNHAJLHOE W NPHKJIAXHOE
cnadenme. Ilepen Texankoil m ¢mamkoi Bce game BCTAIOT 3aKa9H 00 yc-
TOHYHBOCTH, IPH PeNIEHAH KOTOPHX NPHXOAHTCA NPHMEHATH TOYHHE
MeTonu JiAanmymoBa, Tak kak Gosee rpy6nie mOAXOAH K HHM He ABJIA-
I0TCA yAOBJIeTBODHTeNbHEIMH. Jayuemme Meromos Jlanymosa m mpm-
MeHeHHEe 3THX METOM0B CTAHOBATCA Bce Gosiee m Gosee HEOGXOMAMEIMHA
51A MOBCEeHeBHOH TeXHMUECKOH NPaKTHKH.

YxasanEHe coo0paskeHHA 00YCJIOBHJIH OfHY H3 OCHOBHHX HeJe,
upeciefyeMEX cofep:kaHHeM KHATH. B Heil maiaraioTca Te mcCJeno-
BaHEA JiAnynoBa, KOTOpHe MHE IpeACTaBJIAIOTCA HamboJee BaKHKIMH
AJA NPAKJIAfHHX 3afad 06 ycroitumsocTm npmsenmii. Onmako A He
CTPeMHJICA HPH 3TOM K HOJIHOMY H3JIOKEHHI0 BCEX NOJyYeHHHX pe-
3YJIBTATOB.

A cTpemmica W310kHTH peayiabraTh JIAnyHOBa mpocTo, Ge3 JOK-
LO# MONepHH3AINA; NPHBeJ HYKHHE CBe[eHHA M3 TEOPHH - CHCTEM
JaHeHANX RuddepeANHATLANX ypPaBHeHHH ¢ HOCTOAHHKEME Koaddm-
11IeHTAMHE; M3JI0KHJI HEKOTOPHE CBOH pe3yibTaTl. HexoTopue n3 npm-
MepoB (0 MPOMOJIBbHOM YCTOWYHBOCTH CAMOJIETOB H T. I.)  HCXONAT H3
H3BECTHOTO MOMEJHPOBAHHA CHCTEM ¢ OGECKOHEYHHIM YHCJIOM CTemeHeil
¢306oAK M mpEBeleHH (e3 AMCKYCCHH O CHpaBefJIABOCTH HJH HeécHpa-
LEVIABOCTH MOJEJHPOBAHHA. '



6 NPEQUCITOBHE ABTOPA

Y106H yOpoCTHTH HUTHPOBAHHE MCHOOJb30BAHHKIX MECT H3 COUMHE-
mus Jlaoynrosa «O6man 3anaga 06 yCTOHYMBOCTH NBUKEHHA», MOC]e
Aomepa maparpada mocraBjieH B KBaJpaTHHE CKOOKH HOMEp COOTBETCT-
Bylomero naparpaga yKasaHHOTO Tpy/a.

Bropoe u3namue KHATM NOBTOPAET NePBOE; MCIODABJIEHH 3aMeYeH-
Able ONEYATKM M HEKOTOpHIe 3afauyd 3aMeHeHH APYTHMH.

Ycnexu, QOCTHTHYTHE B TEOPMHM YCTOMYHMBOCTH JBHKEHHA IOCJ]e
NepBOro M3JaHMA KHHI'H, He HAULIH OTPa:KkeHMA B HACTOAIMEM H3Mia-
Hon. {1 MX DOJHOTO OmMHCaHMA TpefyeTcs MHOTO KHHT M OHH HE HC-
yepneBalOTCA npekpacHsiMu kHHramMu B. B. Hemeikoro n B. B. Cre-
manosa '), M. T. Maakuna %), A. M. JIypse 3), I'. H. [ly6omuna %),
M. A. Aiizepmana °), @. P. T'anTmaxepa ¢), A. M. Jleroa 7). Hccae-
mosanua H. H. Boromo6osa, K. II. Ilepcunckoro, H. II. Epyruna,
M. I'. Kpeiina, E. A. Bap6amunma, H. H. Kpacosckoro u ap. 3acay-
’RHBAIOT OTAEJBHEIX KHHT, HAHCAHHLIX B CBOWCTBEHHOM aBTOPAM CTH-
ae U3J0:KeHHS.

YHexuunrxni B.B.,Crenanos B. B. Kauecrsennan teopun gud-
depeHnuaNLHEIX ypaBHeHuil.— M.: Tocrexusmar, 1949.

) Mankung U T. Meronu Ilyankape u JlanyHoBa B TEOPHH HeJUHeHHBIX
ronedannit. — M.: Tocrexusmar, 1949; Manx k mu U. T. Teopusa ycroitunmsoc-
T JaBM:KeHuAa.— M.: Tocrexusmar, 1952.

) lypoe A. U. Hekotopele HeTHHEHHHE 3aaud TEOPHHM ABTOMATHYE-
CKOro peryiaupoBaHuA.— M.: Tocrexmamar, 1951.

) Ay6omun I'. H. OcHOBH TEOPDHA YCTOMYMBOCTH JBHKeHUA.— M.:
Usp-s0 MTV, 1952,

5  Aiizepman M. A. Teopua aBTOMATHYECKOTO peryJIHPOBAHHA [BH-
rarejeir.— M.: Tocrexusmar, 1952.

®YTaurmaxep @.P. Teopua Marpum.— M.: Hayka, 1988.

)Jletros A. M. VYcTOHYMBOCTE HENUHEHHHIX DETYTHPYEMBIX CHCTEM. -~
M.: Tocrexmsmar, 1955.



TJTABA 1
3AJAYH YCTONYUBOCTU

[lBa 3amevaHHA

1. JlamaMEKa ABAAETCA HAYKOH O MEHCTBHTENHHHX PABHOBECHAX
1 IBIJKEHHUAX MaTepHaabHHX cHcTeM. ['anmneit m HyioToH OTKpHAM €€
Hada/Ja A HOKA3aJH HX AOCTOBEPHOCTH ONHTAMHA HAJ| HAJleHHEM TAKe-
JAbiX TeJ H 00bACHeHmeM ABI:KeHHIl miaser. Ho He Kakmoe cocTogHHAE
MeXaHAYeCKOM CHCTEMH, OTBEYAKOIee MATEMATHUECKA CTPOrOMY pemie-
HUK) KaK ypaBHEHHil paBHOBecHsA, TaK B AmfpepeHNHANbLHEX ypaBHe-
HU IBHKeHHA, HaOnwAaeTcH B fAelicTBATEeAbHOCTH. HAKTO, HampaMep,
He BUeJ, 9TO0H TAMKeNH KapaHJam CTOAN BePTAKAJBHO HA TJAJKOM,
ropH30HTAJBHOM CTOJ€, OMAPAACh HA CBOM OCTPO OTTOYCHHHIA KOHEII.
HenabaonaeMocTh cocToAaHMI, OTBEYAIIMMAX HOJOOGHHIM CTPOTHM pe-
WeHYAM, O00BACHACTCA HEYYATHBAGMHIMH MAJLIMA CHJIAMH H He3Ha-
YUTeIbHEIMA OTKJIOHeHHAMH B HA4aJbHOM COCTOAHAM MaTepPHAJbHOH
CHCTeMBl, KAKH€ B AEHCTBATEALHOCTH HeH3GEKHO CYMECTBYIOT H BO3-
MYIIA0T PAaBHOBECHsA M ABH:KEHHAA B OJHHX cily4asax ciaGo, a B Apy-
rux cmabHO. PaBHOBecmA H [BHKeHHs, ¢j1aG0 M3MeHAKINHECA IPH
BO3MYIMEHAAX, OHJIHM Haa3BaHH YCTOWYABHIMA, a IIPoYAe HEYCTOHYH-
BbLIMH.

Ofmero mpmHIENA AAA BHOOpPA pemeHHi, OTBEYAIAX YCTOM-
YUBHM COCTOAHAAM, B MeXaHMKe He OHJIO JaHO; OHA HPMHANA XapaK-
Tep HayKA 00 MAealMm3APOBAHHHX CHCTEMAX M A CBOEro CTPOroro
npuMeHeHHA K Hamell mpEpofe NPHHOAOAAILHO KaKAK#A pas Tpebyer
pelieHHs 3aja4 ycroiiumpocTa. Jimmb Toppmyennnm B cTaTAKE paccMar-
pHBAaeMEHIX B €r0o BpeMsd Ts)KENHX TeJ IpeAjaraj HPHHIHAN, KOPHH
KOTOPOTO TEePAIOICA B TIYOOKOH APEBHOCTH M KOTOPHIA AaBaj JAMb
VCTOHYHMBHE HOJ0KeHAsA PABHOBECHS.

IIpaanuny Toppmyennm 06s3aH CBOMM HPOHCXOKACHHEM APYTroi
UPpHHIAH, KOTOPHM BOCHOJb3OBANNACH AJA pemeHHs ¢ Gonbmoil Jer-
KOCTBI0O PA3JAYHHX BOIPOCOB CTATHKH. JTOT NPMHIHAN 3aKJII0YaeTcsd
B C/eXYIOMEM: B CACTEME TAMKEeNHX TeJ, HaXOAAmuXcAd B PABHOBECHH,
IIeATD TAKECTH 3aHAMAeT OTHOCHTENbHO Hambonee HA3KOE nonomelme,
KaKoe TOJBKO BO3MOKHO 1).

) arpanmx . Asarurayeckana Mexammra. T.1: Ilep. ¢ ¢p.— 2-e
ws3.-— M.: Tocrexmamar, 1950.— (CM. 4.1, otmesnr 1, m. 16).



8 TJL {. 3BAJAYH YCTOXYHBOCTH

B nEHaMEKe NOq0GHOr0 NPHHOHMNA JJIA 0TGOPA CTPOTHX pelleHHIl,
OTBEUAIOMEX YCTOWYABHM ABIKEHAAM, NAHO He OBLIO, XO0TA 3ajavei
yCTOHUMBOCTH 3aHAMAJIHCh MHOTHE BhalOmEecd MexaHmk: — Jlar-
pamxk, aopn Heassmr, Payc, HyxoBckami, ITyamkape. Jlarpamx
0606mua npeEnEn Tophuesnnm, NOKa3aB TeopeMy ol ycToiiumBocTH
A30JHEPOBAHHOr0 PABHOBECHA MEXAHHUECKOH CHCTEMBI, KOT/la CHIOBAA
$yHKOAS NEeACTBYIOMMAX HA CACTEMY CHJ HMEeT MAKCAMYM B 3TOM IO-
J0KeHHHE paBHOBecHA. Payc, pa3BHBaA MeToJ, HTHODHDOBAHAA IHK-
JIAYeCKAX KOOPAMHAT, OyTeM IIPOCTOTO IEPEH0CAa YKAa3aHHOH TeODEeMEI
Jlarpam:;xa Hamea KPHTepH# YCTOAYABOCTH JUIA HEKOTOPHIX IHK/IHYe-
CKHAX JBH;KCHHMH. .

O6myo 3amauyy o0 yCTOHUABOCTH [BH;KEHAA B €€ KJIACCHYEC-
KOH IIOCTAaHOBKe paspemns JlAnyHoB B cBOeM 3HAMEHHTOM COYH-
peann «O0maa 3agaua 06 ycroiiuABocTH [ABMKeHHS» (XapBKOB,
1892) 1). v

2. CojepsxaHde HHKCHEDHOTO HCKYCCTBA TAK)Ke CTABHT BOIPOCH
0 NeHCTBHTEIBPHOCTH HAMEUEHHOI'0 K DPeaIA3anmud NPOeKTa, KOTODHIH
OIEpaeTcH IO CymecTBY Ha HEKOTOpoe pemeHme 0o ypaBHeHHH paB-
HOBecHA, aHG0 nEPPepeHHAANBHNX YPAaBHEHAN ABMKEHHA 3ajyMaH-
HO#i MexaHHuecKoM chcreMbl. HeoGXoqEMOCTh pemeHHsA 3THX BOIPO-
coB Hern30e;XHO IPHBOMAT H TEXHMKY K 33a/JauaM yCTOMYABOCTH, HO-
CKOJBKY peajH3andd OPOEKTa CONPOBOKAAETCA HEKOTODHIMH JOIyC-
KaMH B H3TOTOBJEHHH, & CaMO HH;KCHEPHOE COOPY;KEHHE BRIHYKICHO
paGoraTh moOx BoO3AeHicTBHEM CHJ, He YYATHBAEMHX HOJHOCTHIO
B IPOEKTE.

HanpmMep, €CiE KOHCTPYHPYeTCA IACCaKEPCKHE CaMOJIET, TO €ro
OPOEKTHHM MABH;KeHAAM HY;KHO 00eCIeYHTh HA3BECTHOTO POJa YCTOM-
YABOCTH, YTOOK TEM CAMBIM IOJYYHTh MAMHHY, COOKOHHYI0O B HOJETE
g GesaBapmifHylo Ha B3jeTe H mocanake. HoseHuaTnid Baj Hy;KHO pac-
CUHTATH TAK, 4TOOB OH HE IOJOMAJICA OT BEOpanmil, KaKAe MOT'YyT BO3-
HAKHYTH B peajbHHX ycaoBHAX pabGoTnl asuratensa. Urobun obecme-
YHTh APTHJUIEPHACKOMY OPYOHI0 HaHOOJBIYI0 METKOCTH H KYYHOCTH
6051, HAaI0 CTPOATEL OPYMHA, CHAPANK A MHHBI TAK, YTOOH ORIJIA H3BECT-
HOTO POAa YCTOMYABOCTh TPAEKTOPHH H NPaBAJIBHOCTH IOJeTa CHADA-
bi (0):

MosxHO DpHBECTH MHOrO IPEMEPOB, HO OHA HHYEero He OpAGABAT
K TOMY, YTO IIDH PENIEHAA BOIPOCA O ACHCTBATEABHHIX JIBHKeHAAX He-
00X0AMO M3 BO3MOKHHIX peIIeHHA yPABHCHHH MeXaHHKH OCTAHAB-
AEBATHCA HA PEMEHAAX, OTBEUAIOM[AX YCTOHYABHM COCTOAHHAM, B UTO
B TeX CAyYafAX, KOTJa >KeJaTeJbHO H36eKaTh B JCHCTBATENBHOCTH Ka-
KOro-iufo pemeHdAs, pasyMHO IyTeM HEKOTOPOr'o H3MeHeHHA B KOHCT-
PYKOHH MeXaHHYeCKOH CHCTEMBI eJaTh OTBeualollee 3TOMY PeMIeHHIO
COCTOAHHE [BHKCHHAA HEYCTOWYHBBHIM,

Y JIaoynmons A. M. O6mans 3agasa o6 ycToHvHBOCTH JABH:KeHAA.— M.:
Tocrexmanar, 1950.
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I{ocranoBRa Bompeca

3 [11%). PaccmoTpEM Kakyio-im6O TOJOHOMHYI0 MeXaHHIECKYIO
cucremy. HyeTs gy, . . ., gy 0603HATAIOT ¢ HE3AaBHCHMEE JaTPAHKEBH
KOODXHHATH, & ¢1, - . ., ¢y — 0606menHEMe ckopocTH. B mmEammge-
CKOHl 3afiave, KOIJla CHJIK ompefeJeHHWNM 06pasoM 3afaHL, mepeMeH-
HbIE ¢; YROBJIETBOPAIOT HEKOTOPHM k& O0OHMKHOBeHHHM Auddepennmann-
HbHIM ypaBHeHHAM BTOPOro mopAAka. UacTHOMY pemIeHHIO 3THX ypaB-

HeNLit
G5 =f@ (G=1,...,k

COOTBETCTBYeT HEKOTOPOe ompefleleHHOE [BIKeHAe Hamiefl CHCTEMH.
CpasumBas ero B H3BECTHOM OTHONIEHHMH C APYIMMH ABHKCHHAMHA, BO3-
MO;KHBIMH [JIA Hee NPH TeX ’Ke CHiaX, [ABHKeHHE 3T0 GyneM Ha3HBaTh
HEBU3MYUeHH LM, A BCE OCTalbHEE, ¢ KOTOPHMH OHO CPaBHHBAETCH,
B03MYUEHHEMU.

ITycrs ¢, ecTh MOMEHT BpeMeHH, YCJIOBHO IPAHEMAEMHIl 32 HaYaJIb-
HBIH, & ¢jo H @j, 0603HaTal0T HavYaibHHE 3HAYCHHS NEPEMEHHOH ¢;
u ee Npom3BofAHO#l mo BpeMenn ¢;. IlycTs AnA HeBOBMyNIeHHOro [BR-
HeHu A

250 =[5 (t)y  Gio = fi (%),
a Ans BO3MYNICHHOIO
Q50 = f3 (t,) + &5 gjo = fi (to) + &,

rAe €;, € CyTh HEKOTOPHeE BeleCTBeHHHE MOCTOAHHLE, KOTOPHE YC-
JOBMMCHA HAa3HBATh 603MYUjeHUAMU. 3afaHAEM 3THX NOCTOAHHKX BO3-
MyImeHHOE JBH}KEHHE HOJHOCTHIO OHmpefle/IAeTCHA, TaK KaK JAeHCTBYIO-
mue Ha CHCTeMY CHJIN IPeAnoJaraloTci HemaMeHHKIMH.

I'oBopa 0 Bo3aMymeHHHX ABHKEHHAX, GIH3KAX K HEBO3MYN[eHHO-
My, OyieM pa3yMeTh ABH)KEHHA, JJIA KOTODHX BO3MYNICHHS THCICHHO
JOCTAaTOYHO MAJIH.

ITpm 3ToM 1A BO3BMYMEHHOTO [BHEHAA, GIABKOr0 K HEBOBMYMICH-
HOMY, PasdHOCTh MeXJy 3HaUeHHAMA KOODAHHAT ¢; M CKopocTeil ¢
B OTHEX ABYX ABMKEHHAX, GyAyudm Majoil mo oumpefeneHHI0 B HaTalab-
HEiil MOMEHT H N0 HeNPEPHBHOCTH [JA 3HAYEHHi f, MaJO0 OTIMIHHX
OT 1,, MOeT He GHTb MaJoOfl NI MOMEHTOB BpeMEHH, KOCTaTOIHO YAa-
JeHNHX OT ‘HaYaJbHOIO.

OrkaoHEHHA BOBMYMEHHWX ABHIKCHHH OT HEBO3MYNIEHHOI'O MOTYT
OmTh 3aMedaeMH B [efiCTBATENLHOCTH 49epe3 PasHOCTH B 3HAYCHHAX
HeKOTOPHX H3MepAeMHX B HaGJIONeHAM HIM OOKTe BeJATAH, 3aBHCH-
mux oT gemxeHnit. imen B BAAY He omycTHTh cayuam, Korga ma6io-
AaTCH BEJWIAHH, OTIHIHLEE OT KOODXHHAT ¢; H CKOpPoOCTedl ¢j, pac-
CMOTIAM HEKOTOpPHE RaHHHE HeNPEPHBHHE BEeMECTBeHHHE (yHKIHH
Qs . . ., Q, BexmunH d;, q; W BpeMeHH ¢.

!) Kak yme yKasHBadoch B IpeAHCIOBEH, IEPPH B KBaJPATHHX CKOGKAX
03HaYa0T CCHUIKH HA COOTBETCTBYIOIEG naparpadu coummennn A. M. JIganyHoBa.
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Jlnn HeBO3MYHmIEHHOTO JBU:eHHA GQYHKIMH (Q, mocie 3aMeHB
g; = f; (¢t) ® gj = f; (t) oGpaTaTcA B HeKOTOpHle M3BecTHHE QYHKIAH
¢, KoTophie 0G603HAYAM COOTBETCTBeHHO 4epe3 Fy, . . ., F,, a qias Bo3-
MYOIEHHOT'0 ABU;KEHHA (COXPAHUM 3a HEMHE IpeskHee o6osHavenme Q)
onm GyAyT HeKOTOpPHMH (YHKOUAMH BPeMeHH ( W BO3MYNIEHMI
€y 8;'. ,

Korpsa Bce BO3MYmeHHA €;, €; PABHH HYJIO, PasHOCTH

xszos'—’Fs

GyayT Tak:ke paBHH HyJI0 Jiia Bcakoro t. Ho ecan Boamymenus e,
e;, He Oyayunm HyJAMM, OPEANOJIAaraloTCHA Bce HPOMU3BOJHHO MAJbIMH,
TO BO3HMKAET BONPOC, MOKHO JM HA3HAYATh TAKHMe MPOU3BOJBLHO Ma-
JIple TOCTOAHHBIE, KOTOPHIX abCcoJIOTHEE BeJIWYHUHHl pasHOCTed z, HH-
Korfla He TPeBOCXOAUIH OH.

Mu 6ygeM 3aHHMATBCA HCKJINIUTEIBHO TeMHM CJIYYaAMM, KOrja
peliieHHe paccMaTpPHMBaeMOTo BONIpoca He 3aBHCHT OT BeIbopa MOMeHTA
ty» B KOTOpHIH c000mMATCA BO3MYMEHHA.

ITpumeM caenmyromee ompeaeneHue JIanmyHoBa.

Ilyets Ly, . . ., L, CyTh IPON3BOJLHO 33laBAeMble IOJOJKUTENb-
Hee 9uciaa. Ecau opu Beaxux L, Kak Obl MaJe OHH HH OBLIM, MOIyT
6uTh BHOMpaeMbl TOJORUTeNbHEIe uncaa E,, ..., E,, Ei, e Ex
TaK, 9TOGH NPH BCAKMX BOSMYMEHHAX €;, €;, YAOBIETBOPAOMHX yC-
JOBUAM

le; | <<Ej 1&g << Ei
M TIPM BCAKOM !, mpeBocxoaameM ¢,, BHOOJHAJIUCH HEPAaBEHCTBA
1 Qs — Fs | < Ls,

0 HeBO3MYIIeHHOe IBU;KeHHEe M0 OTHOIMeHHI K BeauauuaMm Qy, . . . @,
ycmoiiiueo, B MPOTHBHOM CJIydae — Heycmouuueo *.
MoikeT cJOYIUTBCA, UTO YAOBJETBOPAIIHX ITOMY OIpefesieHHIO

npefenos E;, E; nenb3sa HAliTH, eclM paccMaTpUBaTh BCAKHE BO3MY-
OeHMA, M YTO TaKue IpefieJbl BO3MOKHO HANTH AJMA BO3MYMIEHUH, IO~
9UHEHHBIX HEKOTOPHIM YCJIOBMAM BHAA

f=0mwumm f >0,

rae f ecTh HekoTopaa GYHKIMA BO3MYIIeHHil ¢€;, £j, obpamalonjanaca
B HyJdb, KOT/a BCe BO3MYIEHUA OJAraloTcA PAaBHEIMH HYJ0. B Taxux
caydasax OymeM roBOPHTH, 9TO HEBO3MYIIeHHOE JBU:KEHHE YCmoiiuugo
01 803MyujeHuli, TOAIUHEHHBIX TAKUM-TO YCIOBHAM.

B onpenenenun ycroitamBocTH JIANYHOB MCIOJB30BAJ IOHATHE
yncaa, a He 6eCKOHEIHO MaJio# BeauaunHbl. IJoaToMy cymiecTBo moHATHHA
yCcTONYMBOCTH 1O JIANYHOBY JI€KHT He CTOJNBKO B XapaKTeDe H3MeHe-
nua exuann | Qs — F | npu cTpemnenun Bo3MymeHHH €;, €; K HY-
70, CKOJIBKO B OYeHKQAT HYUCACHHBI 6eAudui BO3MYIIeHHH IOpPA 3aiaH-
HEIX 9HCJEHHHIX OLeHKax pasuocreit | Q; — F, | naa ycroitamsoro
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mo OTHOMEHAI K ¢yHKHAAM @, HeBoaMymeHHOro asmuenmsa. Ciaeno-
paTesibHO, HeJb3A YTBEP/KNATh, YTO YCTOWIHBOCTH B cMHCJIe JlanyHo-
8a MMeeT OpefleJbHHA CMEC] NHGEBATe3AMAJLEON yCTOHYMBOCTH IIPH
6ecmu'ermo MaJILX BO3MYINEHHAX, KOTJa 4ACAA €j, €; CTPEeMATCH K
ayamo *.

VY paBHeHHMA BO3MYIIEHHBIX ABHKEHMIH

4. Pemenne Bompoca o6 yCTOMYABOCTA 3aBHCAT OT HCCJeAOBAHAA
middepeHNEAJbHHX YPaBHEHMH, KOTOPHIM YIOBJIETBOPAIOT Pa3HOCTH
z; == Q3 — F;. YpaBHEHHAA 3TH YCJIOBHEMCA HAa3HBATh IPAGHEHUAMU
803MYyUeHHO020 OBuNceHUA, & AX OUeBHIHOe pemenne xy; — 0, . . ., x,, =
= 0 — Heso3MYyWeHHEM OBuNCEHUEM.

Ecnm Bompoc 06 ycToYmBOCTH HM3yyaeTCsa IO OTHOHMICHHIO K He3a-
BMCHMBIM NepeMeHHEIM MeXaHAYeCKod CHCTeMHl, To NuddepeHnaIbHEE
ypPaBHEHHA BO3MYINEHHOTO JBAKeHHMA JAalOT 3aKOH A3MeHEHHM OTKJIO-
HeHU}. A Bapualdi, 9TAX NepeMeHHHX.

HpencraBEM Jas OpAMepa HEKOTOPYI0 TOJOHOMHYI0O MeXaHHYe-
CKYI0 CHCTeMYy, HaXOJAIMYICA NOJ NeACTBHEM CHJ, AONYCKAKIMAX CH-
nosyio pyEkumio. Ilycts ¢y, . . ., ¢ — ee KoopmEHATH, Py, . - ., Py —
uMny.Jbcsl, a H (¢, qy, - . -y Qs Py - - «» Px) — OyERnAA aMmaasTORA.
YpaBHeHAsI ABAKEHAA MOKHO B3ATH B HN3BECTHOH KAHOHHYECKOH
dopme:

dg; oH  dp; oH

=92
a = op; & 7q,
Hpenno.vlo;mm, 9YTO Mhl HAMEPEHH H3YYHATH OO0 OTHOINEHHIO K HOepe-

MEHHHIM ¢;, p; YCTOHUABOCTH JBH/KEHHA, OTBEYAIET0 HEKOTOPOMY
9aCTHOMY peleHNI0 KAHOHAYECKAX yPaBHEHMIA

g; =4q; (), p;=p;(@®.

3HaueHHA KOOPAHWHAT ¢; B MMIYJIbCOB D; 1A BO3MYMEHHOTO JBHRe-
HUA NycTh GyayT

g =q; @)+ &, p;j=p; @)+ 0

rae &, 7); CYTh OTK/OHEHHs, HJIHM BapHAIEH, COOTBETCTBEHHO ¢j, Pj.
O6oanavas aas mpocrotu ¢pymkumm g; (t), p; (t) sepes g;, p; m 3aMe-
qas, UTO BO3MYINeHHOEe JABH)KeHHEe NpPEeJCTAaBIfeT OJHO H3 [BH;KeHmi
Hammeii CHCTeME IPH TeX jKe CHJAX, AMeeM Cle[ylomne yPaBHeHUA:

d(qj+§j) _ aH(t’ q(’i"E(’ P.+7],)

dt - op; !
d(p; ;) 0H (t,q, 4+, p,+ M)
LA .
dt 6qj

Tle 1A COKpPAmeHHA NOJIOKEHO
H(t, qs + &, pi + m) =
=H (g + Eiv e o v @ + &y Py + Ny .. -1Pk+nk)'
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pPazsaras mpaBhle IacTH 9THX ypaBHeHHA B pafnn Teiinopa mo Maamm
oTkJoHeHHAAM Ej, 7; H HCHOJAb3YA YDABHEHAS MJA HeBO3MYM[EHHOTO
ABHKEHHA, HMeeM

dg; NH a*H
T:‘=2( £ T]:) + X, -

p;0q;°' " op,ap,
dn; aH *H
—_ = R _ ,
dt Z( 94,04, € - 94;9p, nl) s
1

rae X;, Y ; o603HavaioT WieHk, 3aBACANAE OT OTKJIOHeHMH §, N B cTe
OEeHH BHIE epBoii. JT0 — yPaBHeHHS BO3MYIIEHHOTO RABHKEHHSA.

Ecau B nmocienHnx ypaBHeHHAX oT6pocATh 4ieHH Xj, Y;, To oc-
Talomeecs OPH 3TOM NepBoe HNpHOiIM;KeHHe HOCHT TaK:Ke HAa3BaHAe
ypasHenuti 6 sapuayuax Ilyanxape.

Korna croutr Bonpoc 06 yCcTOWYMBOCTH OTMEYE€HHOTO HEBO3MYI[EH-
HOTO ABH;KREHHA MeXAHHIECKOH CHCTeMH [0 OTHOIIEHHIO K HEKOTODHM
¢yaxouaM Q, . . ., Q,, 3aBACAIUM OT £, ¢, p A TOJOMOPPHLIM OTHO-
CHTEJbHO ¢, p, TO H3 SABHOTO BHIDAa:KeHHA Da3HOCTeM

' a0, a0,
T =Qs(t q; + & P+ M) — Qs (b gis pi) = 2(—67: & - TR Tli>+- .-

caefyer

dzr, /60; 60;
o (e )

rae Qs o6o3HavaeT HONHYH0 HPOU3BOAHYIO 0 BpeMeHH OT QyHKOAH Q,,
B3ATYI0 COTJACHO YPABHEHHMAM ABH;KEHMA:

Q'_E&J_ § (_‘2_0_3 ?ﬂ_io_s‘ﬂ>
E t .
at - 6qj 6pj 6pj 6qj

Ecnm pynxmun Q, He3aBECHMBI MeKAY €000I0 H HX YHCJIO PaBHA-
erca n = 2k, 1o, BEIpaxkas §;, 1; COTIACHO IPeAHAYIIEM COOTHOIIEe-
HHEAM 9Yepe3 x;, MoskeM gaddepeHnnaibHbNe yDaBHEHAA BO3MYIEHHO-
ro ABH€HUA OPUBECTH K HOPDMAaJbHOMY BHAY

dz,

o — X

rie ¢ymkomm X,, YHHUTO:AKOMUECH, KOTAA NepeMeHHHE I, CYTh

BCe Hyiad, OyAyT roJoMOpGHHMH (YHKIHAMH BEJAYAH Iy, ..., X,

¢ KO3(pAIAeHTAMH, ABJIAKIUMHUCA U3BEeCTHHIMA QYHKHAAMHA BPpeMeHH.
Mosxer caydAThCsA, 9TO K HOPMAJbHOMY BHAY BO3MOKHO NPHBEC-

TH ypaBHeHHA BO3MYIIEHHOTO ABHKEHHHA, €CJIH UHCJIO N HCCIeRyeMbIX

¢yEknmii Q, MeHbIIe YABOGHHOrO UACJA CTeleHed cBoGOAN MexaHHTe-

cKoii cacTeMbr. Mu GyneM npefmojarars 4acio n o ¢ysxomm Q, Ta-
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KAME, YTOOW ypaBHeHHA BO3MYHM[eHHOTO JABHKCHHS NPHBORHIACH
K YKa3aHHOMY HOPMAaJbHOMY BHRY.

3. [2]. B nanpHeiimem Mu Gynem 3aHmMarhcs AndepeHmHATLHE-
MH YDABHEHHAMH BO3MYIEHHOTO [BH;KeHHS

. d‘ts

W::Xs (s.—=1,'...,n),, (1)
OTBJIEKAACH OT HCXOAHHX YPaBHEHHN RBH;KEHHS MeXaHHIECKOH cHc-
TeMH H OT BHAA QYHKIHA (J,, B MPEANONOKEHAN, YTO BCAKOH CHCTEMe
BEIIeCTBeHHHX 3HaUeHHil BO3MymeHHmH g;, €j, YHCAEHHO NOCTATOYHO
MaJbX, OGy/er COOTBeTCTBOBATH HEKOTOPAS CHCTEMA BEHIeCTBeHHEIX
HaYaabHHX 3HAYeHHH mepeMeHHHX I;, M, KaK OH HA GHI0 Maxo AaH-

Hoe NOJOKHTeAbHOe 9ACA0 A, 3TH mociefHAe BCErAa MOKHO Gyfer
clleJarTh yROBAETBOPAKIHEMA HEPABEHCTBY

2 I:O < ‘47
K]

HONYHHAA BO3MYIIEHHA £;, &; YCJAOBHIO, 9TOGH OHH 1m0 aGCcomOTHOM
BeTHYAHEe HE OPEBOCXOAUJIH AOCTATOYHO MaAHX, HO OTAHIHHX OT
gyasa Ej, E;.

Mol mpexmonosKEM Tak:ke, 9T0, KaK OW MadW HA OHNE JaHHHE
10/10;kKATeNbHEE Yacha Ej, E;-, BCErAa BO3MOKHO HAiTH TaKoe ImONO-

;iuTenbHOe A, 9T00H BeNWIHHE I3y + . .. -- Z», He IpeBHIMAKMEdH
A, orBeYand OAHA HMAH HECKOABKO CHCTEM BeH[eCTBeHHHX 3HaYeHHH
€5, €;, abCOMOTHHE BeIMINHH KOTOPHX |¢&; |, | &; | 6uam 6u coor-

seTcTBeHHO MeHbme E;, E;. Ilpm sToM ycnoBuE HavanbHHe 3HAYEHHA
TMePeMeHHRIX Zs MOTYT MIPATh TAKYIO jke POJIb IPH PeleHHH BOIPOCa
06 VCTOHYMBOCTH, KaK H BeJMIHHH &;, &j, €CAH TONLKO 3aJaHHEM Ty
nepeMeHHHE I,, YAOBlIeTBOpAlkIHe ypasHeHHAM (1), ompeneasmiorcs
BROJIHE. JTO mOCAeRHEeEe ycAOBHe MH GyJeM Opefmoaarath BCeria
BLUIOJTHEHHHM; MOITOMY Jlajilee BMECTO BeJIMINH &;, £; GyAeM Bcerna
paccMaTpHBATH Ty, HepeHOCA HA HOCHefHHE N HA3BAHHE BO3IMYMICHHIL.

Mur mpeamono;xmM, 9To mpaBhe gacTH AuddepeHIHANLHEX ypas-
Henuii Bo3MyHIeHHOro AsmxeHHA (1) mna Bcaxoro ¢, mpeBocxopmsme-
ro t,, pa3naralTcAa B CXOAANAECH CTENCHHHE PARAK IO MEeXHM CTeme-
HSM NepeMeHHHX Iy, ..., T,, KOTla HOCAeRHHE YAOBJIETBOPHIOT yC-

JOBHKD
2

2 T3 < A,

s
¢ Koappummenramm p,,, P{™ ™0, mpagomEMECA ompexeneHHHME
BEIIeCTBEHHKHMH HENpPePHBHHMH (QyHKOHAMH ¢

my...m_) _m, m
X, =Dy + -+« + Ponn + 2 P g gl

I'le CyMMEPOBaHHE PacOpPOCTPaHEHO Ha BCe IEeJhe HeoOTPAIaTeNbHEE
YACIa My, . . ., My, YROBJACTBOPAKMHE YCIOBRIO

me+ ...+ om, >
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Onpepenenne ycroitamsoctH JianyHosa nepedpasupyerca B Te-
pPeMeHHBIX I CJeAYIImHM o6pa3oM.

Ecnnm npm BcAKoM mpOM3BONLHO 3ajaBaeMoM udceiae A, Kagk 6n
Majo OHO HH 60, MOKeT GHTH BHOHPAEMO IOJOIKUTEILHOE TUCTAO A
TaK, 9T06b OPH BCAKMX BO3MYINEHMAX Tyy, . . ., X,,, YAOBIETBOPHIO-
UAX YCIOBHIO

2 $§0<7‘w

U TIpU BCAKOM [, IPeBOCXOAANIEM {,, BHIOJHAIOCH HEPABEHCTBO
2
> 22 < A,
$

TO HEBO3MYIIEHHOe NABH;KeHHe — YCTOMYMBO, B HPOTHBHOM Clydae —
HEYCTOHIHBO.

B ompeneneHuMn ycToituMBOCTH mIpeamonaraercs, UTO BO3MYIAIO-
MUX CHJI HeT B TOM CMhIC/J€, 9TO BO3MYI(EHHbiE¢ NABH;KEHHA HPOMCXO-
OAT OOJ IeiicTBHeM TeX jKe BHEIIHHX CHJI, KOTODhEe YIHTHBAJIHCH IPK
onpeieieHMM HeBO3MYMIeHHOTO ABHKeHHA, a YHCIA0 A HPOM3BOJLHO
H MOKeT GHITH CKOJb YTOMHO MAJIhIM.

Ecnm HeBoaMymeHHOEe ABH}KEHHE YCTOHYHBO, TO YCJIOBHH, KOTO-
pHie HMelTCA B OHOpPeleJeHHH YCTOMIMBOCTH, OyAyT BHIOOJHATLCH,
HaYMHAA, OBITH MOKET, ¢ MAJKX, HO BCe ;Ke KOHeUHHX A u A.

JIAnyHOB He WHTEpeCOBAJCA BOOPOCOM, CKOJIL BEJIHKO MOKeT
OHTL 3HAYeHHe A, XOTA B J0KasaTelbCTBe CBOell TeopeMH 06 yCTOM-
9HBOCTH OH JaJ HPAKTHYECKH HOJe3HB# cmocobd mocTpoeHHA A Iin
onpeeleHHOr0, OTPAHHIEHHOTO CBEPXY 4mciaa A*.

3agaza 06 yCTOHYMBOCTH HPH BO3MYIMAIIMX CHJIAX HE HMeeT
CMBICJIA, eCJIH HOCJeJHHe HHYEM He CTecHeHH. Kcau BosMymaiomue
CHJIL MEHAITCA OT CAydas K CJydJalo TAK Majo, 9TO HX H3MeHeHHe
He BJIHACT Ha JHHEHAHHe 41eHH B QyHKIuAX X, T0O BO3HHKAeT HPAKTH-
9eCKM BajKHAf 3afada 00 YCTOHYMBOCTH IO HmePBOMY HPHOIMKEHHIO
He3aBHCHMO 0T WIEHOB BLINle HEePBOro mopsafxka B OyEkmmax X,.
3danaqy aty paspemun JianyHOB, npHueM B ee PelleHAH OH BHJIEN CBOE
TJaBHOE JOCTH;KEHHE.



T TABA 2
OBIME TEOPEMBI IIPAMOIr0 METOJIA JIANIYHOBA

HekoTopble ompeneneHHsa

ti. Pasputhii JIAnyHoBHIM mpAMOil METON M3y4YeHHA YCTOMINMBOCTH
COCTOUT He B MHTerPHPOBAHMHM JH@PepeHLHANbHHX YpPaBHEHHHA BO3-
MyIOIeHHOTO ABH/KeHHS, a B OTHICKAHHH HEKOTOPHX GYHKIMI NepeMeH-
umx f, &y, ..., I, NOJHBE IPOU3BOAHEE KOTOPDHX II0 BpeMeHH
» ciay ypasHeHHil (1) o6aagamwT HEKOTOPHIMH CBOWCTBAMH.

(1o npusnanuo JisnyHoBa Ha 3TO MeTON ero HaTOJKHYJ0 M3yde-
nie saxHoro Memyapa [lyamkape «O kpuBbix, onpemensieMux mudg-
depeHUHANBHBIMH ypPABHEHHAMHY '),

-7 (153]. Mmn GymeM paccMaTpuBaTh BellleCTBeHHHIe (GYHKUMH Be-
HICCTBEHHHX IepeMeHHbWX !, Zy, ..., I, NOJYMHEHHHIX YCJIOBHAM

t>=tym i< H, (2)

rae {, u H cytb nmocroannse, npuyem H Bcerna Gyjer nmpegnoaararbes
ot1ngnoii ot myaa. [Ipu sTom Mef Bcerga GymeM mpepmoaarate, 4YTO
VHKUHH 3TH HeNpepHBHbI, OJHO3HAYHH W YHHUYTORAKTCA, KOrAA
nepeyeHHBe I; CYTh BCE HYJH. o

Korma npu ycnosusax (2), ecim B HUX f, clleJaTh JAOCTATOUHO
doanmaM, a H pocratogHo .MajkM, paccMaTpuBaeMasa QyHKuua V
MpHHIMaeT, KpoMe HyJeBHX, 3HAYeHHA TOJHKO OJHOrO 3HAKA, TO
Takyio QyHKUHIO OymeM HasbBaTh snakonocmoinkoi. Horpa sxe mo-
/RE14CM OTMETHTh ee 3HaK, TO OyJeM FOBOPUTH, 9TO OHA II0JOYKHTENb-
148 HJIH OTPHUATEJSbHAA.

Feau 3Hakonmoctoannan ¢gyukuua V He 3aBUCHT OT f, a-IOCTOSH~
nasn fl Mosker OHTH BHOpaHa MOCTaTOYHO Masoil MaAfA TOro, 4ToOH NIpH
verosnax (2) ¢yakuua V yuMuTO:RaJNach JMIIB TOTAA, KOTJAa BCe
nepeMeHHBe I, CYTh HYJH, TO TaKyl QGyHKudw V GymeM HasmBaTh
ARAKoONIpe/lesIeHHOH, a jkeqasd oOpaTHTh BHHMAaHHE HA e€e 3HAK,—
(1 e NEHHO-NOAONCUMEAbROT UITH OnpedeeHHO-0MmPUYameAbHol.

Pyakuuo V, saBacamyo ABHO OT , GyAeM Ha3HWBaTh 3HAKOOIpe-
Ae16HHOH TOABKO IPH YCJAOBHH, €CJH IS Hee BO3MO;KHO HAHTH TAKYIO

“iilyanmkape A. O Kpusux, onpegensemux (u@depeHnAAILAHME Ypas-
senunym IMep. ¢ §p.— M.: Tocrexmagar, 1947. '
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HE 3aBHCAIYI0O OT ! ompefeNeHHO-NMOJO:KATeNbHYI0O ¢yHKImIO W,
9Tr00H OZHO M3 JOBYX BHIpa;KeHHH

V—W wm —V-—-W

npenctasifano QYHKINHIO mono:kuTeabHylo. Tak, Kakmaa u3 QyHK-
i
x; + 23 — 2xx,c08 t, t(af + ) — 2x4a, cos t

nonos;kutenbHa. Ho mepsas ecTh TONBKO 3HAKONOCTOAHHAMA, a BTOpas
6ymer Kk ToMy ke 3HaKoompeJeJeHHOH, ecqH B 3ajaue HeT APYIUX,

: : 2
KpoMe , U z,, mepeMeHHHX; 3a pyHKuuio W Moixem npuEATh 27 +

+ 2%, Tak kak mpm ¢, >> 2 ¥ IPOM3BOJHHOM NOJOKATeAbHOM H. pas-
HOCTB V — W npu ycaopuax (2) aukorga He GydeT OoTpHIATEdbLHOR®.

B mpoctpaBcTBE mepeMeHHBIX Zy, . . ., Z, B 06JaCTH, OrpAaHHYEH-
HOH BTOpHIM W3 HepaBeHcTs (2), ypasmenmua V = ¢ = const mpen-
CTaBAAIOT HEKOTOPhie HeNpepHBHHIE MOBEPXHOCTH, MOJABH;KHLIC, eCJId
V 3aBHCHT ABHO OT {; HIPHTOM Uepe3 HaYajo, B KOTOPOM BCe NMepeMeH-
Hble I, NPEAOJAraloTCsA DPAaBHBIMH HYJIO, OPOXOQAT NOBEPXHOCTH

Ecam ¢yaruua V — sndkoonpemeneHHas ¥ He 3aBHCAIAA OT i,
TO OOBEPXHOCTH V = ¢ 061alaloT TeM CBOMCTBOM, 9TO He CYIECTBYeT
HAKAKOr0 HEeNpPePHBHOTr0 IYyTH M3 Havaja B IPOU3BOJLHYIO TOYKY
chepnr (A)

2
dai=A (A<H),
E

He IfepeCeKallero NoBepXHOCTH V = ¢, eciH YHCJI0BOE 3HAYeHHe ¢
He IPeBOCXONAT HAaUMeHbINero 3HadeHmsa Monyasa | V | ma atoit cdepe.
TI'eoMeTpuueckoe MecTo mepBEIX TOYEK NOBePXHOCTH V = ¢ Ha BCex
BO3MOKHBIX HeNPepPHBHHIX NYTAX W3 Hagana (r, =0, ..., 2, =0)
K ToukaM cdepH (A4) mpeacTaBisieT IPH 3TOM HEKOTOPYIO 3aMKHYTYIO
NQBEPXHOCTh, KOTOPYIO YCJOBHMCA HasbBath (n — 1)-Meprum yux-
aox V = c. Ilpn HempephiBHOM H3MeHEHWH ¢ K HYJIO HHKJIH V = ¢
OpefCTaBAT 3aMKHYThie IOBePXHOCTH, BJO;KeHHBe NAPYT B Apyra o
CTATMBAIOMHUECA K Havajgy B 006JaCTHM 4YUCIAEHHO JOCTATOYHO MAJIBIX
3HAUeHHH NmepeMeHHHIX Zj. '

Ecnin ¢ymkuusa V onpeneneHHO-IOI0KATENBHA M 3aBHCHAT ABHO
OT {, TO IO ONPeNeJeHUI0 CYIECTBYeT He 3aBUCAMAA OT ¢ OIpeeeH-
HO-monokuTeabHasg ¢yakuua W takasa, wro V — W mpenpcrasiser
nonokuTeabHy0 ¢ymknmio. Ecam ¢ He mpeBOCXOOHT IPH ITOM Ham-
MeHbmero 3gavenus gynkuumm W Ha cdepe (A4), To moboii Henmpepsis-
HHH OYyTh, OPOBefeHHKLIH M3 Havalja [0 IPOH3BOJIHOH TOYKH IMKJa
W = ¢, obasatenprro nmu6o mo MeHbmeH Mepe ONMH pa3 mepeceder
HOBEePXHOCTh V = ¢, im6o oH Ha Heii oxomamrcA. Haswsas yuxaon
V = ¢ reomerpHueckoe MeCTO NepBEIX TOYeK INOBepXHoCTH V = ¢
ISl HEKOTOPOTO [ > f, HA HeNPEPHIBHHIX NYTAX H3 HA4Yaja OO TOYEK
nukaa W = ¢, sameuaeM, 49TO mpH 3TOM LHEJX V = ¢ cofepmutca
BHYTPH HJM OXBaThiBaeTcA IukioM W = c.
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Ecam opm yciaosaax (2) smavenua | V | He DpeBOCXOAAT HEKOTO-
poro XOHEYHOTO 9YACJa, TO PyEKmmio V GymeM HA3HWBATh 02PaAHUYEH-
noti. 1lpm gocraTouno MasoM 3Havennmn A Takoid Gyaer B cmiy Hempe-
PHEBHOCTH BCAKAA He 3apHcAman oT ¢ ¢pymkmma V.

Ecam orpammuenHada QyHKnEA V TaxkoBa, 9TO JJA BCAKOTO I0JIO-
;KATeABHOTO [, KAk O MaJjio OHO HE ObUI0 BHIOpaHO, HaljgercAa Takoe
OTJIHYHOEe OT HYJA 9HCIO0 A, 9TO NPH

t>t, 1 D<A
8

Oy/leT BHOOJHATHCA HEDABEHCTBO
Vi<l

To Gy/ieM TOBOPHTH, 9T0 V donyckaem Geckoneurno maawil svicuiuli npe-
dea. JTOMY TPeGOBAHHMIO YIOBJIETBOPAET B CHIIYy HENPEPHBHOCTH BCH-
kana He sapucAman or [ ¢ynxkuma V. Ho ¢pyrknounm, sasmcamue ot {,
xora G H OTpAaHMYCHHBIC, MOTYT eMy He yJIoBieTBopATs. Hanpmmep,
H3 YHKOAA

sin?[(z3 4 ... + 28)¢], (22 4 ... 4 2%)sin?t

JHIIb BTOPaA JONyCKaeT GeCKOHeYHO MAJHi BHCIIMI Ipefe; KCTaTH,
HHM OJHA W3 3THX IOJOKATEJHbHHX (YHKIHA He ABJIAECTCA 3HAKOONpE-
e TeHHOM. »

Ecim ¢pyuxnma V ponyckaer GeckOHeYHO MaJIbii BHCIIMI mpefe,
TO B OpPOCTPAHCTBe NePeMEHHHX & HA OJHA TOYKA HOBEPXHOCTH
| V| =1, ckonnb 66 Mano ! Hm GhI0, HAKOTAA AAA i > i, He BoiJeT
B 0DaacTh

RELA G

rIe A ecTb HeKoTopad 3aBHCAINAA OT [ HOJIOKATEJbHAA HNOCTOSHHAA.

Ycaoeme sHAKOOLpexejeHHOCTH PYyHKOHA V COOEP/KHT HM3BECTHOE
orpanmueHAe [JA HM3MeHEHHS C TedeHHeM BpeMeHH mukia V =¢
Hapy:Ky B TOM CMBICJe, 9TO OHKJI W == ¢ mnpefacTapifeT HaPYKHYIO
rparuny obaacrm W < ¢ mpocrpanctea (zy, . . ., I,), BHYTPA KOTO-
poit uexknT mEKJI V = ¢ B n060ii MOMEHT BpeMeHH i > i,.

YcaoBue CyIECTBOBAaHHMA OECKOHEYHO MAaJIOTO BHICIIETO Ipefesa
y dynknma V comep;kHT orpaHMYeHHe A H3IMeHEHHH NOBEPXHOCTH
| V| = |l BOBHYTPH B TOM CMEiCJe, 9TO JJif BCAKOTO IOJIOKHTEJIBHO-
ro /, ckoab 6H Maj0 OHO HH OBLJIO, CYI[ECTBYET OTJIIHYHOE OT HYJHA .
I0AG;KATEJIFHOE THCJIO A, ompegeasomee 06JacTh

> 22 LA,

BHYTPH KOTODOH HH AJA Kakoro ! >-1, HeT TOYEK, NPHHAJJIEHKAIMX
nosepxrocr |V | = L
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OnmoppeMenHo ¢ ¢yHKnueidt V OyneM paccMaTpuBarth ee MOJHYIO
NPOM3BOAHYI0 MO !, B3ATYI0 B NPEANOJIOKEHHH, YTO MepeMEeHHEIe I,
yRoBaeTBOPAIT AudPePEeHIMaTbHHIM yPaBHCHNAM BO3MYIEHHOTO ABH-
JKeHU A

av . oV v
o Oz, T T r

Teopema JIanynosa 06 ycroitumBocTh

B [16]. Teopema. Eciu dufpepenyuarvivie ypasHenus 603-
MYUEHRN020 O6UNCEHUA MAKOBbL, LMO 603MONCHO HALMU 3HAKOONDede-
aewnylo gyuryuio V, npouseodnas xomopoit V' e cuay smux ypasue-
ruli 6vlaa 6b ual 3HAKOROCMOAMKOU GYHKYUel nRPOMUBONOAOHCHO20
anaxa ¢ 'V uau moxcdecmeenno pasnoil HYyaw, mo Hesoamywentoe 08u-
JHCeHUEe YCmouHueo.

Horkasareabcrso. Ilyets V — onpegesenno-nono:xu-
tTeabHasA ¢yHKIuA, a V' — orpuuarenbHas wam nyab. [lo onpepene-
HUI0O 3HaKoonpefeieHHOH (yHKIMuM, HAHAETCA He 3aBUCANIAA OT |
onpejeJieHHO-No0kuTeabHaA GyHKmua W rakasa, 4to npu Jocrartod-
HO OoabimoM I, ¥ JocTaTouHO MajoM H B o6iacTH, ompenejeHHON
ycaosuamu (2), GYAYT UMETh MeCTO HepaBeHCTBA

V<0, V> W. 3)

Hapo nokasarb, 4To [JA HPOM3BOJBHOrO MOJOUTENBHOTO udcia A
HalileTcA TaKoe MOJO:RUTEJIbHOE YHMCJIO A, YTO HPHM HAYAJIBHHX BO3-
MYIEHHAX I, YAOBJIETBOPAIHX HEPABEHCTBY D) Ti)<C A, 3Haue-

5

HUA [epeMeHHhIX I,, HavYaBIIMe CBOE€ M3MEHEHHEe COrJacHO ypaBHe-
HHAM BO3MYIIEHHOTO JBU/KEHMA B MOMEHT [ = tO ¢ HAYAJbBHHX 3Ha-

YeHHH Iy, ANA T1060r0 MOMEHTa [ >> {, OYAYT yHAOBJETBOPATHL He-
PaBeHCTBY

St < 4.

IIycts A ecTh HeKoTOpoOE OTJIMYHOE OT HYJA, NPOHM3BOJBHO Majoe
NOJORUTEIbHOE YHCJI0 (KOTOPOe BO BCAKOM cilyuae GyaeM Hpeamona-
rathb MeHblmuM H); Oyerh [ ecth TouHasA Hu3aA rpanuna ¢yakouu W
Ha cdepe (A4):

ZIE:A.

Uuncao [ HeoOGXOMUMO OTIMYHO OT HYJA M NOJO:KUTENBHO, TAK Kak W
npeacTasiader oNnpefeleHHO-NON0KUTeabHYI0 dynknuio. Paccmorpnm
¢dynkmuo V (f,, x, ..., T,); OHa, KaK He 3aBHCAIAA HBHO OT {,
JonycKaerT OeCKOHEYHO MaJblid BBHICHIMM mpejgeld; M CJeJoBaTelb-
HO, JaA [ HaMjgercAa Takoe A, YTO AJA 3HAYCHHH NEPeMEHHBIX I,,
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yIOBICTBOPAKIMHUX  YCJIOBHIO dx: <A 3Hauenmsa ~ PyHKOHH
g

V (ty- Zyse « .+ Z,) OYAYT YAOBAETBOPATL HePAaBEHCTBY
vV (to, Tyy o o oy In) < l.

Ecan HagajbHLIe 3HAYEeHHS I, IIepPeMeHHHX Z, BHOpPAaTh COIJ4aCHO
HepaBeHCTBY

2 1'520< }"9
8

TO 13 COOTHOINIEHNA

t
Vv—v,={vada,
i

rie
VO =V (t07 Tygy + » o ‘7"110)v< l,

corjacHo (3) BMBOAHM, YTO HepeMeHHHE I, IPH CBOMX H3MEHEHHAX.
B cHJay AHPPepeHNHMATLHHX yPABHEHHH BO3MYIIEHHOTO JBH;KeHHA
6yayT YHOBJAETBOPATH YCIOBHAM

WSV <V, <L
a TeM CaMBIM H YCIOBHIO

i< 4,

TaKk Kak ! ecTh TOuHasn HM3mas rpasnna ¢yaxkumm W Ha cdepe (4).
TeopeMa fmoKasaHa.

Oyuknuo V, yA0BAeTBOPAKINYI0 YCIOBHAM 3TOH TEOpeMH, yCJo-
BUMCA HA3WBaTh @ynryueli Jlanynosa ').

B noxasarenbcTBe TeopeMH, BHIOOJHeHHOM B JyXe €-IOKasa-
TEJNBCTB, CJAEXyeT OTMEeTHTh HpeXiokeH N JIAnyHOBHM NpPAKTHYIECKH
TOJe3HBH cHoco0 HAXO:KACHAA NS 3aJaHHOTO IOJIOKHTEIbHOTO YHC-
na A. mespmero H, ¢ momomplo ¢yaknmii V u W noxokureabnoro
9pcia A, o0Jafalomero CBONWCTBOM: eCaW HavajdbHBE 3HAYEHHA I,
CTeCHeHH HepPaBEHCTBOM

2 1'30 < As,

TO BO BC€ HOCJHeAyloIMee BpeMs 3HAYEHHA HepeMeHHHX ¥, OyAyT yAOB-
JeTBOPATH HEPABEHCTBY

Zx§< A.

15 Bompoc o cymecrsopanul $pyHKumu JIAnyHoBa A BCAKOrO YCTOHYHMBOrO
HeBo3MymeHHOTo [BH;keHma paspemma npodeccop K. II. Ilepcupckuit (II e p-
cupckui K. II. O6 ogHoii Tteopeme Jlamymosa // JAH CCCP.— 1937.—
T. 14, N 9.— C. 541—544). ’
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JIanynoB HcOOAB3YyeT JIHMINb HY;KHOE eMy OOCTOATeIbCTBO, 9YTO
IAA MPOM3BOJBHOTO IOJOKATEABHOro A, CKOIb G Malo 0HO HH OHI-
110, COOTBETCTBYION[EEe A CYN[eCTBYeT, H He OCTAaHABJIHUBAeTCH HA BO-
mpoce o HamOoabmeM 3HAYEHHH A [AJA 3afaHHOTO A*,

II pumep. PaccMoTpuM ypaBHeHHA BO3MYNIEHHOrO [BHKEHHA
B BHIE

d
Z = — (@ —Py) (1 — az® — by?),
%zf«(y + azx) (1 — ax® — by?)

€ NOJIORMTENbHBIMH TMOCTOAHHBIMEH ¢, [}, @, b; mycTh Qua ompeneneH-

HoctH a < b, a < f.

Onpene;1eHAO-ION0KUTENbHAA (YHKIAA
V = ax® + Py®

YI0BAETBOPAET YCIAOBHAM TeOpeMHl; ee NOJHAA IPOH3BOJHAA IO Bpe-
MeHH, COrJAcHO 3aNMaHHHIM yYPaBHEHHAM, ABAAETCA OTPHIATedbHOMH
B 00JacTH [OCTATOYHO MAJBIX 3Ha4eHHH I, y:

V' = —2(ax®* + Py®)(1 — ax® — by?).

3HauuT, HeBOo3MymeHHOe ABmkeRue r = 0, y = 0 ycroiiguno.

Nanocrpupyem nokasateanctso. O6nacts z° + y* < H, rue pynk-
uua V onpeneneHHO-ION0KATENbHA, & NPOM3BOgHAA V' mMeeT oTpH-
LHareJbHHe W HyJdeBLle 3HaYeHHA, ONPENEHAETCA COOTHOINECHHEM

1

b

PaccMOTpHM HEKOTOPYI0 OKPY:KHOCTh 22 + y? = A; ee KacaeTcs H3-
HYTPH 3JIIRIC

ar® + Py = Aa.

KBagpar panmyca HamGoabmeill OKPYKHOCTH, BIMCAHHOH B 3TOT 3J]-
aunc, ects A = Aa/f. Ecam A < H, To 1nBHKeHHe, HauaBIIeeca M3
NPOH3BOJABLHON TOYKH I,, Yo, JAe€Kameldl BHYTPH IOCIENHEH OKDY:i-
HOCTH

13+y3<;\',’

He BELIBeleT ABIKYIMYIOCH TOYKY Z, J 3a OKDPYIKHOCTb x2 + y? = 4,
TAK KaK B paccMaTpuBaeMoit o6iacTH 3HAYEHHA IPOU3BORHON V'
OTpHIATEeJBLHE H, CleJ0BaTe]bHO, NIPH NBH;KEHUH COTJACHO 3aIaHHHM
ypasHeHHAM Touka P (z, y) B 1OJe MOAOGHHX H mMOR0GHO pacmono-
JREHHBIX 3AJHNCOB V = const MOJIKHA MEPEXONUTh HA BHYTDeHHHE
3JAHNOCH. A 3TO M JOKa3sBaeT, 9T0, HCXOAA M3 YKA3aHHOI0 HA4ajb-
HOTO HOJOKeHHA (X4, Yo), nnnmyﬂlaﬂgﬂ TOYKA HHKOIJa He nomajer Ha
aamane ar® + Py = Aa, aeKamUd BHYTPH Kpyra z? -+ y2 < A.
Tak Kaxk npHBeJeHHoe ompe/eleHHE A BO3MOKHO maA BCAKOro 4,
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ckosib O Mamxo mociaegHee HH OBLIO, 3akjwuaeM 06 ycTofiamsocTm
geBG3MYIMEHAOTO ABMIKEHHA.

9 [16]. CaepgcTtBHe. Ecau das dufpepenyuarsvhnz ypasne-
nutl 605MYUeHH020 dauscenus cyuecmsyiom uwmeepaan Uy, . .., U,
YHUNMONCAIOWUECR, KO020a 6Ce nepeMeHHwe I, CYymb O00HO08PEMEHHO
nyat, w ecau Hailidena pynkyus V, ydosaemsopaowyas ycaosusr (3)
npu npe:»me.u anavenuu W moavko 0as nepemennwz, 0as kKomopwr
U, =0,...,Uyn=0,mo uu zaxsovuiu 6w, Wmo Heso3MyuweHHoe
63u9re;4ue YCcmoliuueo npu 603MYWEHUST, CMECHEHKWT YPASHEHUAMU

Uy =6,..., Up=0.
YacTHHM CaydaeM 3TOTO CJENCTBHA ABJACTCA OfHA Teopema Pay-

cal). B camoMm pexe, mycTh ¢y, ..., §; — HE3ABHCHMEE JarpPaHKe-
BH KOOPAMHATH HEKOTOPO#l TOJOHOMHOH MeXaHMYeCKOH CHCTeMHI, I
koronod T — sxuBasg cmiaa,-a U — cuiaoBan ¢ymknua. Ilpeanoso-
SKAM, YTO IEPEeMEHHEIE Ggiqy - . .y G (§ < k) ABIAIOTCA HUKIHICCKH-
MHE B TOM CMBICJI€, UTO I HAX

arL

a—q—:O (a=s~}— 19,”’9.")1.

a

rpe £ := T 4- U oGod’HauaeT Tak HasnBaeMyko diynsyuio Jdazpanxa.

YpanueHHA ABMKEHHS TaKol CHCTEMH

d (oL ar
m(—) =0 (i=1,-.k)

ag; 9,
nMenT k — § mepBHX HHTErpajoB
aL
— = Pasy
6qa

rac £, CyTh IMOCTOAHHHIE.
Ecun sBecTn ¢ynxkmuo R, onpefeleHAYI0 paBeHCTBOM

R = L— Y qufas
o

u B Hell 3aMEHHTD ¢, depe3 HX BHPA;KeHHA, HOJYYEHHHE M3 BHIIIMCAH-
HbIX HCPBHX MHTeTPAJioB, TO Mif R monyumM BHpaKeHHEe B BHJE

(bvrmmm OT &, gy« « oy Qay Qiy + » +y Goy Posys - - -, Pi- BapHanua mo-
cnensell ecth, ecanm j=1,...,5,a=s5+1,...,

L o L7 PR L PWANE o).
P IALPITLEDN S

Bapranad Toll ke pyrkmuu R coraacHo dopMyie, ee ompemensomei,

GCTh
SR — 2 8q; -+ 2 6= Y 4ubBu-
a

Y Pouth E. P, The advanced gart of a treatise on the dynamics of
a system of rigid bodies; 4th ed.— 1884
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CpasHenue K03PPUIINEHTOB IPH OXHHAKOBHX BapHanMAX B 3THX JBYX
BHIpAKEHUSAX IOPHUBOOUT K COOTHOWIEHHAM

oL R 9L _ OR /@R

. . T T 7 ——q = a3t

99;  99;" ag;  og; * 0By
COTJAcHO KOTOPDHM ypaBHeHuMs Jlarpam:ka [Iif HENMKJIHYECKHX KO-
OpPOMHAT NPUHMMAKT BHJ
d (0R) oR .
A (BN B _0 (j=1,...,9)
dt aq; og;

(MOyarmua R He 3aBHCHT OT IUKJINYeCKUX KOODAMHAT ¢, M HX CKO-
pocreit q,. Ilocnennne ypaBHeHHA KaK GH WIHOPUPYIOT HUKJIHYECKHE
KOODJAMHATH M CBONAT AMHAMHYECKYIO 3afauy K 3ajaue o JBHKeHHH
MeXaHHYecKoil cucTeMul ¢ HOBol pynkuueit Jlarpamuxa R u ¢ MeHBIINM
YUCJIOM cTeleHell C¢BOGONH. 3HAYCHHA IUKJINYECKHX KOOPAUHAT (o

mocJje TOro, Kak IPOMATErPHPOBAHE! HOCJIeJHUEe YPaBHEHHA, olpele-
NAITCA KBaJpaTypaMu

oR
o = — S =— dt.
2 aﬁa
IIpencraBum cefe, uTO OPM HEKOTOPHX 3HAUeHHAX P, YpPaBHEHHH
IBHKeHHA NONYCKAalT 4acTHoe pewenue ¢; = 0 (j =1, .. ., s). Iro-

My pellleHMI0 OTBeYaeT CTAaIMOHAPHOE JBH/KEHHE, B KoTopoM OymyT
H3MEHATHCHA OJHN NUKJINYECKHE KOOPIHHATH ¢,. ¥ PABHEHUAMH BO3MY-
IeHHOT0 JBM;KeHHs (Ipn QMKCHPOBAHALX 3HAYEHHAX IHOCTOAHHHX f )
GyoyT ypaBHeHHMA [JfA HENUKJIHYECKAX KOOPOMHAT ¢; ¢ PpyHEKumei
Jlarpanska R.

Ecau R He 3aBHCHT ABHO OT £, TO 3TM YPaBHEHHMHA MMEIOT NePBHIA
HHTErpaJj, COOTBETCTBYIOUIMH HMHTEIpajly KHUBBIX CHI:

H= gi,q;_R — b
et

Teopema Payca cocrour B ToM, uto ecan ¢ynkmua V = H — H,
Gyner 3sHaKooIIpeJeJeHHOH OT NepeMEHHHX ¢;, ¢, TO (COrTacHO Teope-
me JlanyHoBa, Tak Kak V' = 0) cranuoHapHOe ABHU:KeHHe OGyner yc-
TONYMBHIM IPH YCJIOBHM, €CJIH 3HAUYEHMS HOCTOAHHHX P He Bo3Myia-
1orea; H, oGosnavaer pynkuuio H, Korna B mocjaefHell Bce HENMKIMYe-
CKMe KOODAMHATH ¢; U MX CKOPOCTH ¢j NOJIOKEeHH DPaBHHMH HYJIO.
HaTepecHo 3aMeTHTh, YTO CTALMOHAPHOE NBH/KEHHE MOMeT OHTh yC-
ToHYMBHIM, Korga ¢yakuusa H — H, He sABJIseTcH 3HaKOoONpe/eeHHOM.

10. I p u M e p. PaccmorpuM Tikesoe TBepaoe TeJo ¢ ORHON He-
nogBmxkHOH Toukod O. Ilycrs moABm:kHBE ocH Koopaumat Oxyz co-
BIANAIOT ¢ FJIABHHMH OCAMH 3JJIMICOMIA HHEPIUH TeJla, MOCTPOCHHOT O
A HeIOOBMKHOM TouKn. MOMEHTH MHEPIMH TeJa OTHOCHTeJIbHO oceil
Z, y, z o6o3EaunM cooTseTcTBeHHO 4yepes A, B, C.
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Cayqait Jlarpamska mpemcraBurcs, Korja A = B, a KoopAMHATH
jienTpa TARecTH Teda cyth T =0, y =0, z >0,

Ilycrs p, ¢, r — DpoeKOMM MIHOBEHHOM Yri0BOH CKOPOCTH Ha riaB-
Hble OCH Z, ¥, 2z dIIMOCOMAA MHepuum; ¥, v, ¥° — Hampasagomue
KOCHHYCH BEDPTHKA/M Z; ¢ MOABHKHLEIMH OCAMH I, Y, 2.

ITpakTuIecKkmit MATEpeC MMeeT 3afava 00 YCTOMYIMBOCTH BepTH-
KaJbHOTO BpalleHHA:

p:0!q=0vr2r01?201 ?’:01 ?”:1.

Jroil 3ajlade MOCBANMEHO MHOTO HccaAefoBaHUM. Mu HM3yamum BOIpOC
06 yCTOMYMBOCTH IO OTHOIIEHHMIO K IepeMeHHHIM p, ¢, 7, ¥, V', ¥".
O6osHavuM BapManMu NepeMeHHEIX JJA BOBMYIIEHHOTO [BHKEHHMS

Tak: . .
[':gv q::'n:r:ro—i_gv?:av ?’:ﬁv ?,,:1+6'

Yrobbl pelnuTh mOCTaBIEHHBIH BOOPOC 006 YCTOMIMBOCTH, GymeM mHC-

kKath QYHKINHIO JIAnyHOBa cpeau MHTErpalioB ypaBHEHHMH BO3MYIUIEH-
HLIN TBHReHHH.

B caywae Jlarpan:ka u3BeCTHH clefylOliHe MHTErpasHl:
A (p* + ¢ + Cr® 4 2mgzy” = h,
A(py + qv') + Cry” =k,
?2 + ?12 + ?”2 — 1’
ro=r,.

Otcioa ypaBHeHHA BO3MYIIEHHKIX ABHKeHUH HMEIOT TAKHEe HHTer Pajnl:
Vi =4 (E 40 + C (& + 2red) + 2mgz8,
Ve = A (k& + nB) + € (8T + rob 4 D),
Vi = a?® + B2 4+ 8 4 26,
V, = (.

®Dynrino Jianyaosa 6yneM uckath B KBaApPaTHYHONH CBA3Ke MHTerpa-
Jd0R

V.oV, + 20V, — (mgz + Creh) Vy + uVi — 2 (Cry +CA) V,=
= AE? + 20 Ea — (mgz + Croh) a® +
- An? 1 20AmB — (mgz + Creh) B2 + (C + p) §* -+
+ 2MCL — (mgz + Cry)) 82.
“Y106m nepsrie nBe ofHOTHIHEE GOPMEL GBI NONOKHTENbHLIMA,

*. gecHXOoBMMO W ROCTATOYHO BHOpAaTL TaK, YTOOH MX XUCKPMMMHAHT
6LUI NGIOKATEIBHBIM:

A A
A\ — (mgz 4 Crgd) >0,
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HIn
AN + Crogh + mgz << 0.

Hocnennee HEePaBeHCTBO BO3MO/KHO, €CJAH NOJHHOM HMeeT JBa pas3iand-
HHX BemeCTBeHHHWX KOPHA

Cr,
4 =
Cr <O'
3 mez

HIIK
2 .
C%ry — 4Amgz > 0.
Ilocnenmaa ¢opMa Oyamer MONOKHUTENLHONR, €CIAH IOJIOKHTENEH ee
AUCKPHMHHAHT

C - Ch
‘ — (mgz 4- Cryh) >0,

HJIA

(CJ )x 4 Croh -+ mgz < 0.

YToGn 3TOT BOIPOC CBECTH K ViK€ PacCMOTPEeHHOMY, BhGepeM u
TaK, 4TOOH

Cﬂ
CFp =4,
HIK
C (C — A)
A
IIpu arom
C2

HUrak, ecan
Cry — 4Amgz > 0,

TO A MOKHO BHOpaTh TakK, 9To0K KBajapaTHuHbli wHTErpan V Gux on-
PeneIeHHO-IIOJOKUTEAbHKM OTHOCHTEJNbHO BCEeX IepeMeHHHX p, ¢,
r, e, B, 8. A aro corracro  Teopeme Jlanynosa 06 ycToHYHBOCTH 3acTaB-
€T 3aKJI0YATH 00 YCTONYMBOCTH BePTHKAJILHOIO Bpameuna BOJIYKA
Jlarpamxa *.

11 [16). Hononnmenne 00 AaCHMOTOTHYECKOH
vcroiauBocTu. Eciu 3uaxoonpedesennas Pynxyus V do-
nyckaem Geckoneuno Maawil ewcwuii npedea, a ee npousgodnas V'
npedcmasasem sHaxoonpedeieniylo GYHEYUIO NPOMUCONOAONKHO20 3HA-
Ka, mo eécaxoe 603MyweHHOe O6UdceHUe, DOCMAMOUHO GAu3KOe K Hesos:
Mywgennomy, 6ydem NPUGAUNCAMBC K HEMY ACUMRINOMUNECKU.
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NNorkasareabcTtso. Ecim ¢pyakomun V u V' cyrs 3mako-
onpejelieHHble, TO IO ONPeREJCHNI0 CYMECTBYET TaKOe f, H TAKOe Io-
nosxureapHoe unciao H, aro ana ¢ > ¢, m ANA 3mavYenmil mepeMeHHHX
z,, YAOBJIETBOPAIIMUX YCIOBHIO

Zx§\<__H,

CYIecTBYIOT He 3aBHCAIME 0T BPEMECHH ONpeAeeHHO-IO0I0KHTEIbHHE
pynkuum W, W' taxme, uro, ecim V moioxmrTensha,

V—W=>0m —V — W >0. (4)

OupemellmM 06JaCThb HAYAJBHEX BO3MYIEHHE ) Top< A, MiIA
KOTOPHIX 3HAYEHHs IepPeMeHHHX I, He HOKURAOT obiacTH ) T < A,
KaK YKa3aHO B J0Ka3aTeJIbCTBe OCHOBHOH Teopemn Jlamymona o6 yc-
roifansoct (m. 8). IIycre ! ecTs Tounasa HusmIAA TPAHHOA PYHKOEH
W na cdepe (A4). Torma 3a A Mu BuGHpaeM umclo, ompeaenAiomee

obmacth Dyrs < A, B KOTOPYIO He HPOHHKAET HE OJHA TOUKA IOBEPX-
HOCTH

V(to, xh e 00y xﬂ) =

Jlerko ybeamTneca, uTo ANA JMIOGHX BO3MYMEHHMH Is,, Jeamux
B obxactm (M),
P
Zxao<7~’
8

0pn yKasaHHHX cpoiicrBax ¢ymxmmit V m V' mennaa maiiTm Takoro
[00JIC;KUTEJBHOTO YNCJA €, KOTopoe Ghiio OH MeHbIIe BCEeX 3HAvEHHH,
noliyvaeMnx GyHKOUeH V B COOTBETCTBYOINEM BOSMYINEHHOM J(BH:Ke-
Bum upn t 2> t,. B camom fedte, eciim 6 ANA HEKOTOPHX HAYAJBLHEX
3HavYeHHi Tso CYyMecTBOBAJIO TAKOe YHCJIO €, TO IO CBOHCTBY QyHKIHRA
V kax ¢ymrmmm, pomyckaomeil GeckoHeYHO MaJjHii BHCUIMiE mpeme,
cymecrsoBajio O Takoe WHMCJIO €, ompefendiomee oGaacTh (g)

Z xs 81

Ban A0HX ToYeK KoTopoi smauenda V 6niu 651 Menbime e. CienoBa-
TeAbHO, eclH OH TaKoe e CYImECTBOBANO, TO 3HAYCHHA MEPEMEHHLIX
s acxkanm OH rpe-im6o B obnactm

<A< A4

OGosnammm gepes I’ Tounylo HM3my0 TpaBMny ¢yEkumm W B srom
saMkuyTodl obmactm. I'pammna sra memsbexxmo Gymer HeKOTOpHM
DOJIO;KETEIbHHM unciioM, 0o W' mpexcramiager Qymkmmo ompene-
NeHHO0~-0JOKATEILHYIO. O'rclona COTJIACHO BTOPOMY H3 ycaosuit (4),
Raa nwboro &> ¢, smavenna ¢ymkuum V' B 3roii obaactm GymyT
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YAOBJIETBOPATL YCJOBHIO
“V'Z2WwW=r>0
U3 yPaBHEHUA .
V—v,={va
BBIBOAHUM
VSV — Ut —t).

A 310 HeBO3MO;KHO, NGO JeBasA YAaCTh HEPABEHCTBA €CTh onpeaeaeHHo-
NOJIO;KUTENIbHAA QYHKIHA ¢, a IpaBasA OpH JOCTATOYHO GOJBINOM !
JelaeTcA OTPHIATEJIBHOM.

Hrak, kak Obi Majo HH OGHJIO YMCIO e, BCeria HACTYNMT MOMEHT,
xoraa gyHknua V caenaercA MeHblle e. A Oyayuum yOmBaromeii ¢QyH-
KuMeil 2, ona 3aTeM Bcerga 6yaer ocraBaTbhes Mensine e, CiaefopaTelbHO,
€clM 3a ¢ MBIl IpAMEM TOYHYIO HM3IYK rpaHuuy Gyakuuu W s obna-
cTH

p< Dl < 4,

TO BCerfla HACTYIIMT MOMEHT, Korga ¢ynkuua V caenaercs u Gyser 3a-
TEM 0CTaBaThCA MEHbIIle ¢; HAUMHAA H0 KpaiiHeil Mepe ¢ 3TOro MOMEHTa,
3HaYeHUA IepeMeHHHBIX I; OYAYT Bcerja ocraBaThcsd B 006aacTn

§x§<u-

Orcioma 3aMeuaeM, 4TO IPU BCAKMX HAYAJBHHX BO3MYLMEHUAX Tgq, J€-
mamux B obGiaactu (A), 3HaYeHMA HEpPEeMEHHHX I, ¢ OecnpefelbHBIM
BO3pacTaHUeM ! CTPEMATCA K HYJIIO *.

12. Ecau duppepernyuasvhvie YypagHenus 603MYUWEHHO20 OGUNCEHUA
maxoesi, ¥mo cywecmayem Pyuryus V (¢, x,, . . ., ) maxas, umo pynr-
yuas V—0@Q) W (0 () = 1) ssiaemca noCmoAHHO-NOAOHKUMEAL-
HOU Nnpu onpedeieHHO-NOAONIUMEALHOU U He 3a6UCAUET. Om 8DeMeHUu
dynryuu W u npu monomonno eoapacmaiueti 0o GeckonedHoCMU 6Me-
cme ¢ pocmox t gynxyuu 0 (1), a ee noanas npouseodnas no spemenu V'
ABAREMCA NOCMOAKHO-OMPUYAMEALHOL UAU HYAeM, MO HEB03MYUeHHOe
dsuncenUe ACUMNMOMUYECKU YCmoUiiueo, a 064aCMb 603MONCHHT 3HA-

YCHUT NEPEMEHHBME Xy, . . ., &, ONPeOesieMCL HEPAGEHCMEOM
Vo
W < —m .
6 komopom 'V, o6osnavaem snavenue Pynryuu V 6 Hauasbhulii momenm
ty NPU HAYAALHBEY 3HAMEHUAT NEPEMEHHBE Lyigy . . «y Lpo.
HauGonee npocthe ompefeleHUs 006J1acTH BO3MOKHHX 3HaYCHHH
Z, ..., x, momysaorcsa, ecau 3a QyEKuumio W npumara ¢ymrums

u(2f 4- ... + z2), rae p — DOJOKUTENBHAA NOCTOAHHASA.
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TeopeMa o HeycToHuYHMBOCTH

13. Uro6H 06GHAPY;KHUTH HEYCTOMINBOCTH HEBOIMYIEHHOrO ABHKe-
AuA. JOCTATOTHO 3aMETHTh BCEro OJHY TPAEGKTOPHMIO, BHXOAAMYIO 3a
3allaHHYI0 06aacTh (2), IpU CKOJb YroAHO MAJKX YHCAOBHIX 3HATE-
HUAX BOMYIIEHHH Zg,.

CoBOKYIHOCTH 3HAYEHHMH NEePEeMEHHHX Is, YAOBJETBOPAIMHAX NpPH
ppennonokenun (2) HepapeEcTBY V > 0, ycaoBMMCA HA3HBATH
obaacmuio V> 0, a mosepxaocth V =0 — zpanuyeii nocnenneir. Ecan
¢yuxuma V 3aBHCAT ABHO OT I, TO OpH H3MeHeHHH ¢ oGiactb V > 0
OyleT Tak)Xe H3MEHATHCH.

Ecam orpammvennas B obaactu V > 0 ¢ymknua W rtaxosa, uro
IIA BCAKOTO HOJIOKATENBHOrO [, Kak OH Majio oHO HE GHI0 BHGpaHO,
HANJeTCA TaKOe OTAMYHOE OT HYJA IHUCIO A, ITO WpH

t>tponeeA V=0
8

Gyner BHIOJNHATHCHA HEPABEHCTBO
W<l

10 HyIeM roBOPHTb, 910 W NONYCKAeT GeCKOHENHO MaAbiil eviclulil npe-~
dea 6 obaaemu V > 0. ItoMy TpeGoBaHMIO YAOBJIETBOPHAET BCAKAM
gonyckalomana GecKOHEYHO MAaJbl BeHcuA mpegea Pyaxkumsa W.

QOyaxmuio W (¢, x,, . .., x,) GyAeM HA3HBATh 3HAKOONpedeaeHHOLL
B o6aactu V> 0, ecim oHa MOKeT o6pamaThea B HYJb B 3T0# o6macTa
guums HA rpagune V = 0 u ecaHM JJAA OPOH3BOJBHOIO HOJOMKHTENb-
HOI'0 &, KaK On Majo oHO HH 6nao BHOGpaHO, HAMAETCA TaKOe OTIAMI-
HOe OT HYAA d9HCJAO [, 9TO UTpH Z;, YAOBAETBOPAKIIUX YCJIOBHIO
| V | > e, m aaa BcAKoro ¢ > t, HMeeT MeCTO HEPABEHCTBO

W=

OueBnnHO, YT0 3HaKoompepeaeHHol B obaactu V>0 Gyaer ¢ynk-
nua

AV + W,

eciu W mpeficTaBafeT QYHKIMIO IHOJOKHTEABHYIO HJIH TOMECTBEHHO
PaBHYIO HYJIO, & A €CTh OTJIHMYHAA OT HYJA MOJOKHTEAbHAH MOCTOAH-
Had. Ecau V me 3aBuCHT OT ¢, To 3HaKoompenenenHoi B o6aactu V > 0
Gyner BcAKaA He 3apucAmAn ot ¢ Pyaxnua W, ecanm mocaegaaa murae
He yamiIToMkaercA B o6aacru V > 0, a Ha rpaEune o6iactu, T. e. mpm
V = 0, Mmoxer yEmuToxkathca. Beakan ¢ynkuma V onpeaeneHHO-TO-
Jo:RuTeqbHA B cBoeil obGmactm V > 0.

Beakaa apaxoompefieennan ¢yaxuua U Gymer amaxoompenesneH-
Hoit B o6aacta V > 0, ecan dynxuun V gonyckaer GecKoHedHO MaJIBIH
Bricunit mpefies B o6aactu V > 0. JleiicTBurensno, ecim V momyckaer
GecxoHeIHO MaJWil BHCIHMII mpeaen B obaactm V> 0, to coraacuo
OIpe 1eJCHHIO JJIA 3aJJAHHOTO €, CKOJIb OB MaJ0 OHO BN GHUIO, HAalifeTCH
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TaKkoe 4YHMCIO A, 49T0 obmacth V > e Gyner nexaTh BHe cPephl 2 k=
=M. Ecan U ectb 3HaKoonpefeleHHas, NIYCTh NOJOKHUTeIbHAA,
$yHKIHA, TO OO ompefieeHu0 GyNeT CyImecTBOBATh He 3aBHCAIAA OT
t ompeneneHHo-noNokuTeNbHAA PynKuua W, Tarad, 9ro QyHKumMA

Uu—w

Gyner meorpuunateapHoil. [losToMy TouHag HM3MAA rpaHuna (Hems-
OexHo moaoykuTenabHaA) yakuun W B obxactu

AR H

6yner Huauel rpanuuei nua sHavenuii pyukuuu U B obnactu V > e.

TeopeMma. Eciu dupdepenyuarvrile ypasHeHUs 603MYUeHHO20
deuoicenus markogwl, Wmo 603MmoxcHo natimu @yukyuo V, ospanuven-
nylo ¢ obaacmu V > 0, cywyecmeyroweii npu 6cakom t = 1y u 041 cKoAb
Y200Ho Maanlz no abcoaomuoll GeauduHe 3HAYEHULL NEPEMEHHBT T,
npouseodnas komopoii V' e cuay smux ypasnenuil bviaa 6w onpedeaek-
HO-noaoxcumeabnoti ¢ obaacmu V > 0, mo nesoamywennoe deuscerue
Heycmouuso.

JoxasaTteabcTso. Jag orpanudennoil ¢yakuun V Haii-
AyTCA TaKHe DOCTOAHHEE {, U J{, 4To IpHu BceX 3HAYEHUAX MEePeMEeHHBIX
zs B obaactu V > 0, ynoBIeTBOPAIUX KPoMe TOTo ycaoBuaM (2),
OyleT BHIOJHATHCA HEPABEHCTBO

V<L (5)

Hano nokasars, yto naa takoro H He Haiinercd cToJb MAaJOTo IO-
JMORUTENABHOrO A, YTOGH npH MOOHX HAYATBHHX BOSMYIIEHMAX Zs,
CTeCHEHHHIX PaBEHCTBOM

2 I?O = ;".)

M QA Kakoro ¢ > !, BTOpoe 3 HepaBeHCTB (2) He GBLIO HapyNIEHO.

JlokasaTeabcTBO OyjleM BeCTH OT IPOTHBHOTO, Ipejmoiaras, 4ro
TaKoe A cymecTByeT. BrifepeM mauaanubie BOSMYMEHHA I3, Ha cdepe
(M) Tak, uTo6H HayadbpHOe 3HaYeHHe QYHKIUH V, OBLIO OTJIHYHO OT
HyJIA u TodoxutensHo. Kak 66 Mano V, uu 65110, nua V', onpenenen-
HO-IOJIOKUTENbHOH B obmactu V > 0, HalieTrca Takoe OTIMYHOE OT
HYJA 9MciIo ', 9470 1A mepeMeHHHX s, YAOBJIETBOPAIONHUX YCIOBUAM

V=V

3HaveHuA ¢yHKuumm V' OyayT y[noBIeTBOPATH HepaBeHCTBY V' > I,
IToaToMmy, moka He 6HI0 HapylneHo HepaBeHCTBO V > V, 114 Bcex
3Ha4yeHuit {, GoabIIUX f,, COTJAACHO yPABHEHHIO

t

V—V,=\va

t,



TEOPEMA O HEYCTORYHBOCTH 29

BHBOXHM
VZ=Ve+ 1T (t—t,).
HepaBeHCTBO 3TO MOKET CYIIECTBOBATH COBMECTHO C HEPaBeHCT-
BoM (D) TOJBKO NpH 3HAYEHHAX !, MEHbOIMX BEJIHYHHB

LV
ty + =52 .

Hapymenne ;xe HepaBeHCTBA (5) roBOPHT B 3TOM CJIy4ae 0 HApyHIe-
HHH BTOporo M3 ycjoBu# (2). A TEM o6HApPY;KHBaeTCA HeyCTONIH-
BOCTh HEBO3MYIIEHHOTO NBH;KEHHA *.

14 [16]. JlanysoB npemiokmx ABe TeopeMH o0 HEyCTOHYABOCTH,
KOTOpPHIe BeChMa HPOCTO HOJYYAKOTCA H3 NIpeRHAyInei.

IlepBaa TeopeMma: ecau dugddepenyuatvune ypasHeHUs 603MyujeH-
HO020 QBUNCEHUR MAKOGH, MO 603MONCHO Halimu gynxyuw V, xomopas
obaadasa 6w 6 cusy amur ypasnewuli sHaxoonpedesenHoli npousgodHoL
V', npumom donyckasa 6w Geckoneurno Maawili ewcwuli npedes u 6Gvra
6u. maxoga, wmobu npu 6caxom t, 6oabuLeM HeKOMOPOU NOCMOAHHOLU,
Hadaedcauyum 6u6OPOM BEAUNUH Ts, AGCOAIOMHO CKOAb Y200HO MAAWT,
ee MONCHO 6bla0 cdeaamb eAUNUKOL 0OUHAK08020 3HAKA C ee NPOU360d-
HOl, MO Heeo3MYlWeHHoe JeUNCeHUe HeYcmoluugo.

Jlna mokasaTedbcTBa MOCTATOYHO 3aMerdTh, 9to Pymkuma V atoro
OPEAJIOKeHAA YIOBJETBOPAET YCJHOBHAM, cOpMYJIHPOBAHHKIM B TEO-
peMe n. 13, n6o 3HaKoonpefeieHHAA, LOYCTh NOJOMKATEIHHAA, MPO-
u3sofHaa V' Gynmer onpeneinenHo-monokuTeabHoH B obxacta V > 0,
TaK Kak V ponyckaer GecKoHedno MaJHil BHCIOTHHE mpenen.

Bropan Teopema: ecau dugdepenyuasvine ypasnenus eosmyujer-
HO20 GSUMNCEHUR MAKOGH, YMO 603MONHO HAUMU 02PAHUYEHHYIO PYHK-
yuw V, npouseodnas komopou ¢ cuay amuxr ypasHerull npueoduaace
6w % eudy

av
= =MW +W,

2de . — noaodcumesvhas nocmosnnas, a W uiu moxcdecmeenno pasna
HYa10, UAU npedcmasisem HEKOMODPYIO 3HAKONROCMOAHHYW GYyHKYWIO,
U ecau 6 nocaednem cayuae Haiidennas Pynwxyus V maxoea, umo npu
6CAKOM L, GoabUEM HEKOMOPO20 HUCAQ, HadseHcauyux 6w60pOM Geal-
HYUH s, CKOAb Y200HO HUCACHHO MAAWEL, ee MONCHO cOesamb Geaudu-
Holo odurnakosozo snaxa ¢ W, mo He6osmywennoe deuncerue neycmoii-
4ug0.

B camom nene, npomasosran V' ecTh 3HaKoONpeNeeHHAA GYHKIHEA
B o6iacth, rxe V mMeeT sHaueHHA 3HAKa, COBIANAKIIEr0o CO 3HAKOM
W, ecim W He ects TosknecTsenno Hyab. Ecim W PaBHA TOKAECTBEH-
HO Hy 10, To V' Gyner smakoompejeneHHo# Kak B oGaacta V > 0,
Tak m B obumacrm V << 0%,
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Bo Bcex caygaax, KOrja 3To 0yAeT BO3MOHO, AJA JOKAa3aTeNbCTBA
HeyCcTOMYMBOCTH MH OyleM IOJb30BaThcA TeopeMamm JlamyHosa !).

15 [16). I p u m e p. IIycTs ypaBHemms Bo3MyIieHHOTO JBHLE-
HHA CYTh

7 T =1...m,
8

rae V ectp He 3aBucCAmAA OT [ rodomopdHana PYHKIMA mepPEeMEHHBIX
Zs, PA3IO;ReHHEe KOTOPOH HAYMHAETCA YJEeHAMHM He HH;Ke BTOPOTO
nopAaKa.

Hmeenm

S\ 2 Fay 2
[.7! — (‘i) -i_ e e A _‘ZL) .
dx; " \dx
n

ITosToMy BeAKHE pa3, Koraa V ectp dyHKUMA onpeqeeHHO-OTPHIIA-
TelbHadA, HEBO3MYUIEHHOe [BU;KeHHe Gymer ycroitgupuM. Hamporus,
oHO OyneT HeyCTOHUUBHIM, eciad V MokeT NPUHHMATHL MOJO/KATEJNbHEE
3HAYEHHA B CKOJb YroAHO MaJOi OKPeCTHOCTH TOYKM I, = 0, ...
. &, = () B ecAH TOJBKO MH He HmMeeM [eJ0 cO cJaydaeM, KOrja
CHCTEMe YypaBHEHHH '

BO3MO;KHO YJOBJIETBOPDUTH HE PABHHMH OJHOBPEMEHHO HYJIK Bellect-
BEHHBIMH 3HAa9YCHUAMH NEPeMEeHHHX s, CKOJb YrogoHo MaJIBIMH IIO

abcomoTHoit BenmunmHe. Caydall 3ToT, HaBepHoe, He NpeJCTABHTCA,
2]:‘

a
€eC.IH onpeaelInTb Wll He 06pamae'rca B HY1b, KOrja BC€ NOepeMeH-
s or

HHe s CyTh HYIH.
Il pumep. PaccmoTpum cucremy aumpdepeHIHaTbHEX YpaBHe-
HU#i

d:cs

dar = Pat o4 PsaTns

rAe HenpePHBHHE OrDaHAYeHHHEe QYHKAHM p,, ({) OpH r, He PABHOM
s, 061a8a0T CBOMCTBOM D5, = —p,s.

. Ecan npu 3ToM Ko3pdHUUHEHTH ps; a1u60 cCyTh HYJIM, AAGO MOCYT
o6paTaThbCcA B HYJIb JJIA HEKOTOPHX 3HaUeHHil ! > t,, ocTaBasAch AJIA
APYTHX 3HaYeHHA OTPHIATENbHHIMH, Jubo AJIA ¢ > f, BCE OHA CYTH
OTPHIlaTeNbHbIe, TO YCTORIMBOCTh HEBO3MYICHHOTO ABUKEHHSA CIEAYeT

) 1
M3 TOTO, 9TO ONpefeJeHHO-IONORATeabHAA PyHKIHA V = E z:

nMeeT, COrJacHO 3aJaHHHM YPaBHEHHUAM, OTPHIATEJIbHYH HIN

1) MoskHO OTMeTHMTHL ellle OfHY TeopeMy O HeyCTOHIHBOCTH, Ile BBOIATCH
nee pyEkumn (Y etaes H. I'. O HeycroiigupocTn paBEOBECHA, KOTHA CHIOBAR
$yaKuuA He ecTh MaKCHMYM // YueH. 3an. Kazan. yu-ra.— 1938.— T. 98, N: 9)*,
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f0;KACCTBEHHO PABHYI0O HYJAI0 IOJHYI0 NPOM3BOAHYIO IO ¢
’ 2
V' = z’. Psyo Ty =zp3318'
8 K 8

Ecan gns mo6oro ¢ > t, HMEIOT MECTO HEPABEHCTBA Pss << — h<< (),
raé /i — DOJNOKMTeAbHAS INOCTOAHHAA, TO HpOM3BOXHAsA V'
GyaeT NpH STOM ONpefleIeHHO-OTPHIATEIbHOH; B BTOM cJydae HEBO3-
MYEEHHOE [(BH;KEHHMe YCTOHYMBO, a 6AHM3Koe BO3MYIIEHHOE JBH/KEHHE
OyAeT CTPEeMATHCA K HeMYy aCHMMITOTHYECKH.

Ecnn ps; ynosnersopsaior ycaoBuaMm pss > k > 0, rge k — He-
KOTOPO€ NOJO/KHTeAbHOE HHCJ0, TO B DTOM CJydYae HEBO3MYIIEHHOE
ABMKEHHE HeycTOH4UBO.

Hpumep. Vcemouuusocmv nocmosnnwix epawyenus. Cayuaii
Jiizepa B IBM;KeHHH PBEPAOTO TeJa ¢ ONHONH HENOXBM;KHOH TOUKOM
OPEACTABHTCA, KOT/Ia LIEHTP TAKECTH Tela COBHAJAeT ¢ 3aKpeljeHHoM
TouKoi. M3yunM ycTOHYMBOCTL YACTHOTO pemICHHA

Po=10,g,=0, r=ry> 0.
Bapnaulm nepememmx 0603Ha‘IHM anda BOE!MYII(GHHOI’O OBH;KEHHUA:
p=8qg=mn1r=r,-+ L

YpaBHeHHA BO3MYIIEHHHX NBH;KeHHHE OyayT

AZ =B n(r+ 1),
BIl=(C— )+ D

d
& —(A—Bm.

Bonpoc 06. ycToiYMBOCTH NMOCTOAHAOrO BPAIMEHHA BOKPYT HambOab-
mei#t (4 > B > C) n paumensmeit (A < B << C) noayoceit anamn-
COHJa HHCPLHH Pa3pemaeTca U3 CYMEeCTBOBAHUA 3HAKOONPeIeeHHOTO
HHTerpaJia ypannennﬁ BO3MYIMEHHOTO NOBMKECHHA

S8+ TS wE (A8 + Bu? + 207+ CU.

HeycroitaupocTs Bpamenns BOKPYT cpefiHeit 0CH 3IIHICONAA HHEPLHUH
(A << C < B) nokasmBaercs paccMOTpeRHeM (QYHKIHH

V=Etn
Ee mpomssonmasn

V=D [T S5

Ecim § + r, yEmutoxaeTcs, TO HeycTOiumBOCTH ouesMmHa. Ecam
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32 T

£ 4 ro >0, T0 V' OyIeT OIpeNeNeHHO-NON0KETILHOH B 06aaCTH
v > 0. V, rax He B3aBHCAMAA ABHO OT I, AOmycKaer 6egxone‘mo
majnlii BEICHAHE TpefeN; Ha OCHOBAHHH TEOPEMH 0 HeyCTOMUHBOCTH
(u. 13) BEIBOAHM, 9TO BpAameHHMe BOKPYT CPefHEl mouyocH HEYCTOH-
9HBO.

IMpramep. O6aacts V > 0 MosxeT pacmajgathes Ha OTHEABHELE
noxoctu. J{as npamenerus Teopemu m. 13 Hac Moer mHTepecoBaTh
BCero Kakas-num6o onHa cBasmas modocts C ofmactm V > 0. Ias
onpenexerus C oxauM HepaBeHEcTBoM W > 0 mocrarouso paccMOTpeTh

HenpepuBEYI0 ¢yrkumio W, pasEylo V B momocru C ® PpaBEYIO
—!|V | sBe C.



CdABA 3

YCTONYUBOCTH PABHOBECUH
TP NOTEHIIMAJIBHBIX CHJIAX

Teopema Jlarpan:ka

Toppnqemm B (bopuy.vmponxa\ CBOEH SIIOXH YCTAHOBMJ TeopeMmy
06 VCTOMYABOCTH MOJOKEHHH PABHOBECHA THAKENBX Te€Jd, KOTOPYIO
JIarpamh 0606nm.u hig ¥ nponanomﬂmx norenunanmmx can. [aa

aanbosee 21EMEHTAPHHX caydaes .Hﬂnynon Rax oﬁpamenne TeopeMu

Jlarpamxa. PaccmaTpuBaa ciaydad, KOrja moTeHUHANBHAA QyHKUHEA
3aBUCHT OT nexoroporo napaMerpa, Myarkape TOJO0;KAA HAYaN0 Teo-
pHH Da3peTBIeHAA PaBHOBECHH.

16. Boo OPasEM MEXAHAIECKYI0 CHCTEMY, CTECHEHHYI0 HEKOTOPHMHE
roJ0HOMHHMH H He 3aBHCALAMA 0T BPEMOHH CBA3AMH H HAXOAAMYIOCH
B IOJ0KeHHH PaBBOBECHA LOJ NeHCTBAEM NOTeHMAaJBHBIX cai,
~ OGospaunm 9epes ¢y, . . ., g; ee He3aBHCEMBE JarpankeBH . KOop-
aupare. He ymempman oﬁnmocm BCET/Ia MOKHO MPEeAIOJI0KHTS,
YTO0 JJA PACCMATPABAEMOro HOJO’KeHHA PaBHOBECHA MAaTePHAIbHOM
CHCTEMH 3HAYGHAA BCeX HEPEMEHHHX ¢s PaBHH HYJIO. l'chrb T 0603~
HAYaCT ;KABYKO cHay, a U — caioByio (bymm;mo ACHCTBYOINMX Ha
cacremy cui. [Ipm He 3aBHCAIAX OT BPEMERH CBA3AX ;KHBAaA cmia I
openicTaBAAeT onpene.uenno—no.uo,t'\'menbnyxo KBa/[PaTAIHYI0 (opMy
oT cxopocren q1, - « -, gx. CanoBaa ¢ynxkuma U npeamojaraeTca 3a-
BHCAIEH TOABKO OT KOOPHHHAT ¢, . . ., g, OPAIEM ee MH yCIOBHM-
CA CYHATATH pannon HYJHO AJNA IIOJIO?!\OHEH pannonecuﬂ.

[Ipm atAX npemmoaoykeHmaAX nﬂ(b(bepenunanbnunu yPaBHEHHAMH
BO3MYIEHHOT0 ABMKeHAA GyAyT yPaBHEHHA IBH;KEHUA PacCMaTPHBae-
MOHl MeXaHMYeCKOH CHCTeMbl, €CJH BOIPOCH 06 YCTOHYABOCTH HCCJIe-
AYIOTCA L0 .OTHOMEHHIO K KOOPJHHATAM (y, ..., §x H K CKOPOCTAM
g1y . .o k-

Teopema Jlarpamska. Eciu 6 notoxenuu pasnosecusn
cuaoean giynwyus U umeem usoiupoeannuii maxcuium. mo maxoe
nosoXNcEHUE PABGHOGECUA YCMOLMLEO.

Hoxasarteancrso. Ecau canosan ¢ymxuua U wumeer
B IOJOKeHHH pannoneclm U30IAPOBAHHEHI MAaKCHMYM H PaBHAETCA
Hymo, TO 10 KpaiiHed Mepe B NOCTATOYHO MajOi 06JacTH [JIA MaIRX
0 aGCoNOTHOH BeMYMHEe 3HATCHHH IePEeMeHHHX ¢, 3HAYCHAA QyHK-

2 H. I Yeraes



34 TJL 3 YCTOAYHBOCTH IIPA NMOTEHIIHAJBHBEIX CHJIAX

A U OyAYT OTPALATE]bHH. JTO 3HAYHT, YTO B 00,1aCTH MAJHX 3Ha-
geHHH IepeMeHHHX ¢s QyHKuma U npexcrasiager OIIpefieIeHHO-0T-
PHIATeJbHYI0 QYHKLHIO JarpaH;KeBHX KOODIHHAT ¢, . . ., gy. Ilo-
3TOMY IOJHAA DJHEPrAA MeXaHmuecKoit cmcreMu H = T — U Gyner
IPEeICTABIATH ONPE/IeIeHHO-TI0JI0KATENbHYI0 YHKIIAO [0 OTHONICHHAIO
K KOOPIHHATAM (¢, . . ., §x B CKOPOCTAM -qi, . .., gi. Ee mnommas
OPOH3BOJIHAA IO BpeMeHH paBHa Hymo, H' = 0, tak Kak 414 ypas-
HeHHH [BW;KeHHA IPH He 3aBHCANAX OT BPEMEHH CBA3AX cymecTByer
HHTErpaa ;xmeux cmia. CiaemosarennpHo, H YAOBJIETBOPAET BCEM YCIO-
BEAM TeopeMH Jlamynosa 06 ycroiumBoCTH, UTO B MOKa3HBaeT Teo-
peMmy.

17. PaccMoTpmM Temepn cayuai, Korja B o0jacTH MAJHX IO
abcomoTHOl BeAYAHE 3HAYCHHH NePeMeHHKX ¢; CyImecTByeT 06JacCTh,
rae cmiaosasd gynxkuma U (o6pamasck B HyJ b, KoTa Bce qs — HYIH)
B MeeT N0JI0KATe b He 3HaYeHHA. CanoBasa pynkunsa U momxHa ompe-
AeNATH NEHCTBYIONAE HA MATEPHAJBHYIO CHCTEMY CHJB, NOJTOMY
OHA I0JKHA HMeTh BCIOAY B paccMaTpHEBaeMoit o6iaacTe (IycTh Hempe-
PHBHHE) JacTHHE IPOA3BOIHHE.

Hagdepennmanpuse ypaBHeHAA BO3MYIIEHHOTO IBHKEHHS BO3b-
MéM 1A HPOCTOTH B (JOPMe KAaHOHAYECKHX ypaBHeHmi IaMmiabToHA

d¢; _9H dp;  BH
at — Gp;’ at T By’
rjie AML YIbCH p; ONPefeJATCA (opMyIaMa
_oT
Pj aq.

2
YpaBHeHHA 5TH HMET HHTerpas KEBHX cua H = T — U = h.
OrpaHmumMcs caydaeM, KOTfa CHAJIOBas ¢ynkuna U npexgcrasager

HEKOTOPYI0 OJHOPOAHYI (GYHKIHIO CTENeHH /M OTHOCHTEJbHO IIepe-
MEHHHX ¢,

U=Um

B KOT/1a IIPH 3TOM JJIA CKOJAb YTOJHO MaJIHX IO aGCoNI0THOH BejIHamHe
3JaYeHHH NEPEeMEHHHX ¢; OHA MOKET IPHHEMATD IIOJOKHTEJbHHE
3HaYeHAA.
Hoaoxenue pasnosecus seasemcs npu smom HeycmouuueHM ).
JleiicTBATEIbHO, pPAcCMOTPEM (YHKIHIO

W= — HZ Piq;-
j
B o6nactm Maimx mo aGCONIOTHOM BeJMYEHEe 3HAYGHHE KOODHH-
HAT ¢y, . . ., §y H AMOYJIBCOB Dy, . . ., Py BHJCJHEM CYIECTBYIOIIYIO

IIPH HaMAX IPEANOJIOKEeHHAX IJA CKOJb YrogHo MaJHX IIO a6,c0:1;0'r-

) Yertaes H.T. Sur la réciproque du théorém de Lagrange // Comptes
Rendus.— 1930.— V. 190.

Yeraes H.T. O HeycToliudBOCTE paBHOBeCHA, KOIfla CHIOBAA PyHKLHA
HO eCTb MaKcHMYM // VueH. aan. HKazam. ys-ra.— 1938.— T. 98, N 9.
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HOil BejMYAHe 3HAYeHWH IePeMEeHHHX ¢;, p; obmacte C, ompepejeH-
HYI0 TAKAMH COBMECTHHMH HePaBEHCTBAMH:

HLO = 'Zp;q;> 0.

Honmaa npoussonmas mo.t or ¢ymknun W mmeer B cHny nuddepen-
IEAIBHHX yPaBHEHHH BO3MYMEHHOrO JABKKEHHSA BHJ

w ——H[Z.Pf 717+2 e d.::’

HOI[CT&BJIHH CHJa ABHHE BHPaKeHHA

H=T—-U, u p,‘r—-i,

Oqj
COTJIACHO YPaBHEHHAM NBH;KCHHA H TeopeMe Jiinepa o6 omHOpOmHHX
$YHRIEAX HMeeM

W= -——H[ZT‘-{- mUm—Z%q,].
j

B paccmarpuBaemoit o6nacTn C 3HaYeHHA HOJNHOM sHeprun H momm-
HH OHTb OTPHIATeNbHK o onpexeneBnio o6xactu C; a Tak xak H —
= T — Unm, 70 _B 370 00nacTH C fomkHO OHTE U, > 0. Bcaencrsue
TOT0 9TO CBA3H, HAJNO)KEHHHE Ha MATEPHANbHYIO cHCTEMY, Ipeuona-
rajoTcA He 3aBHCAIIMMH OT BPEMeBH f, )KHBas CHJa cuCTeMH I mpen-
craBifeT ONpe/eJeHHO-TON0KATEIBHYIO d)ynxumo OTHOCHTEJIBLHO
HMIT'YJIBCOB Pj

T = 2 guPop:
8r

¢ KospdunHeHTAME g;., ABIAIOIHEMHUCA HEKOTOPHMH QYHKIHAMHE
KOOPAMHAT ¢, . . ., §x. JLIA BCeX BO3MOKHHX 3HAYEHHH KOODAHHAT
¢; Bce riaBHHE JHATOHAJIbHHEe MUHOPH GHCKPHMHHAHTA >KHBOH CHIH
| gvs |- MOIKHH GHTBH HONOKUTENBHHMH; B HOJNOKeHHH PAaBHOBECHS,
Iie Bce KOOPAHHATH ¢, PaBHH HYII0, 3TH I'JaBHHE MHHODH PABHH He-
KOTODHM  DOJOKHTeJIbHHM BeIHIAHAM, OIPAaHHIEHHHM CHH3Y.
TlosroMy riaBEHE NuaroHaJbHHE MHHOPH AMCKPHMHHAHTA KBajpa-
THYHO# OTHOCHTENBHO p; POPMH

E: E:ag
b {2 ,— _’.’:.q) r
3,;-( £s : aq’ ;] DaD

IJA JOCTATOYHO MAJHX @00 a0CONIOTHOH BelHMYMHEe 3HAYEHMIt
KOoopauHAT q,, raKxe OyAyT Bce mOJOKHTENbHHMH, a caMa ¢opMa

2T — 2: Erl Gymer ompeneleHHO-IONOKUTENBHOH OTHOCHTENb-

HO p,. I/I'rax croamee B W' B KBapaTHHX CKOOKax BHpajKeHHe
B oGiacTd C OyZleT DOJIOKUTEIbHO, HMHHLIMH CNOBaMH, B oGixactm C

2.
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NJIA YACJeHHEO AOCTATOYHO MAJHX 3HaYeHHH KOOPAMHAT ¢ 3HAYeEHA
nponasonBoit W’ 6yAyT HOIOKHTENBHH, T. €. OXHOro 3Haka ¢ W.

B obunacte C ¢pyrKuua W yroBJIETBOPAET BCeM YCJIOBHAM TeopPeMul
0 HeyCTOHYMBOCTH O. 13, 9TO H OKa3HBaeT HEYCTOHYHBOCTL PaccMa-
TPHBAeMOTO IOJIOKEHHS MarTepHaibHOH cHcremm. Tak ;ke mpocro,
HCXO0/A H3 OmpekHero ounpefenennda PyHxuuu W B o6gactu C, MOKHO
JIOKA3aTh HEYCmouLUGOCMb NOAONCEHUR PABHOGECUR, K02Da NOMEHYUALb-
nas QPyHryus umeem 6eud '

U= Um + UnH—1 "%‘ e ey

npunem daft cKoab yeodno maswr q, gynxyus U moxcem npurumams
noaoKumeavhie 3navenus, u 8 obaacmu C 3nax ewpagcenuii Uy -+
+Upy + .. .c8mUp + (m 4-1) Upyy + . .. onpedeasemes gop-
Mot U,y,.

Cirywait, Korga m = 2 H KoOTa 3HAK CHJIOBOI ¢yaxuun U ompe-
AelAeTcA 4ieHAMH BTOPOTO IopAxKa, 6e3 HeoGXONMMOCTH paccMaTpH-

BaTh 9JeHH BHCIIHX IOPAAKOB, OHJ HcciefoBaH Buepsme JIamyso-
BHIM 1)*,

Kordpduunentn ycroitumsoctn Ilyanxape

18. [l KOHKPeTHHX IPHJIOKEHHH TeopeMH Jlarpam:ka moJsesno
3HaTh KDHTePHH MHHHMYMa NIOTeHUHaJbHOH ¢yHRumE V = — U,

B ofnacth, 61makoit K HOJIOEHHI0 PaBHOBECHS MATePHAJIBHOMN
CHCTeMH, I'ieé IIePeMeHHHe ¢; BCe HMEIOT HYJephe 3HaYCHHA, Paso-
'KeHue ¢ymxumm V B pax Makiopena maummaercs B ofmeM caydae
C KBafiIPATHYHHX YJIEHOB

1
vV :‘—Z'Z‘atiQt‘Ii + .-

i, ]
Tak Kak cpoGopumit wien V (0, . . ., 0) o6pamaercsa B HyJb COTIACHO

ycaosuio m. 16, a JHHeHHWe WIeHHW pa3JoKeHHA YHHUTOKAIOTCH
B CHIIy ypaBHeHHH paBHOBeCHHA

av
(&), =0
qs 1]
CyMMHpoBaHMe pacopocTpaHAETCA IO BCeM BO3MOKHHIM 3HAUeHHAM
HHJEKCOB i, = 1, .. ., k; depes a;; 37eCh JINIA COKPam(eHHA IMHCbMAa

0003Ha9eHH BTOPHe YACTHHE HPOH3BOJHBE OT V B IOJOKEHHH paB-
HOBECHA

—(2) =4,
%= Faaz;), = %

HJdTanyunos A. M. O HeycTOHYHBOCTH DPaBHOBECHA B HEKOTOPHX cny-
9anax, Koraa ¢yHxkumua cua He ecTb MakcEmyM //Jianynos A M. Obman
sanasa ob ycroimmeocTH apHyKeHHa.— M.: Tocrexmspgar, 1950.
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JlapelinHM npeoGpa3oBaHHeM NePEMEHHHX ¢s KBajpaTHIHAA (opMa
2f= ;2;. ;9,95

Mo:xeT GHTh IPHBeJeHa K cyMMe KBajparos. JleiictsaTenbHo, B k-Mep-
HOM BCHOOMOTATeJIbHOM eBKJIHI0BOM HPOCTPAHCTBE IPOBEIeM B3aHMHO
OpTOTOHAJABHHE OCH ¢y, . . ., §y H PACCMOTPHM ypaBHEHHe KBaJDHKH

2f = zai}q‘Qi =1.

Ero neBaa wacTh 6yjer B BUAe CyMMH KBAJPaTOB, €CJH OCH KOODJH-
Hat OyayT coBmajgarh ¢ coGcTBeHHHMHA ocaMiM KBaapuku. Ocklo xBaj-
PHKH, IO OHpefie/IeHHIO, ABJIAETCA IPAMasdA, OIPOXOIANAA dePe3 NeHTp
H BePIIHHY, HJIH WHAYE Yepe3 TY TOYKY KBaJAPHKH, I'le PagAyC-BEeKTOp
COBIIAJlaeT ¢ HOPMAJBI.

YcaoBHEe KOANHHEAPHOCTH HOPMAJAH K KBaJAPHKe H PajHycCa-BeK-
TOpa HMeeT BHJ

af .

6_qi:’“h (‘:1""! k),
T/le ¥ — HEKOTOPHIil OKa Heompe/ie/eHHH MHOKHTENh; HIH B ABHOM
BHJE: :

;au‘b = %4, (" =1,...,k). ' (6)

Jdra cucreMa Gyger HMeTh OTJIHYHOE OT HYJEBOTO PemeHne, eCJIH Om-
peneanTeNh, COCTABJICHHHH M3 KoapPHnUeHTOB, PaBeH HYJIIO:

lau—x% ... ay

A(%):—_ :.........,.:0_

ah cae akk—x

YpasHeHHe 3TO HOCHT Ha3BaHHE 8eK06020; OHO ONpefieasAeT k Bemlect-
BEHEHHX KOPHeH %,, . .., ®;, TeCHeHmEM 00pasoM CBA3AHHHX C BeJH-
YAHAMH LOJYoceil paccMaTrpHBaeMoil KBajpHKH.

Teopema CuassecTtpa. Kopru eexos020 ypasnenus ace
8eULECTNOCHMEL. .

Hoxasareabcrno. Ecim % aABiasercas XKopHeM BEKOBOTO
YPaBHeHHA, TO cHcTeMa (6) Hmeer 1aA ¢s pemenne, OTAHIHOE OT HyJe-
Boro. Ecin 3TOT KOpPeHb % KOMIJIEKCHHIA, TO KOMIIJIEKCHHMA GYAYTH g5,
Hycte §s o6o3HawaeT BeAMYHHY, CONPAKEHHYIO C (s.

YMHO;KEM ypaBHeHHA CHCTeMH (6) COOTBETCTBEHHO Ha §; H CIOKAM:

Z ayq,49;="% 2 4.9
% i .
ConpAKeHHOe BHPpaKeHHe OyxeT MMeTh BHJ

2 a;qd; =% E‘?ﬂr
:3 ] 1]
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Orciona, ecam y4ecTb CHMMETPHYHOCTh KoaddumueHTOB a;; = aj;
paccMaTpHBaeMO#l KBaJ[paTHYHOA (GOPMH f, HemoCpeaCTBeHHO mOMy-
JaeTcsd COOTHOMIEHHEe

Z“:ﬁﬂ; _ Zajiqiqf_—-
=Gt =L =%
Zqiqi E‘Ix‘la
KOTOpOe J0KA3HWBAeT BEM[eCTBEHHOCTh KOPHA %, H0O TOJBKO Bemect-
B€HHHNE KOJHYeCTBA PABHAKTCA CBOHM CONPAKECHHRM.

Yro6H ompe/ieHTh reOMeTPHIECKHHA CMHCI KOPHA BEKOBOFO ypas-
HeHHA %, YMHO;KHM ypapHeHHA (6) COOTBETCTBEHHO Ha ¢; H CJIOKHM

2f=x gl

Ecan xopeHb % HOJOKHTeNeH, TO (H3-3a TOTO, YTO PEMIEHHA
cucteMH (6), ymoBiaeTBopAlIMe yPaBHEEHI0O KBaApuKH 2f — 1,

IPEACTABIAT KOOPAMHATH BePIIAHK) BHPaykeHHe ) g7 mPeCTaBaser
KBaJ[paT COOTBETCTBYMMeldl HOJYyoCH KBajpuUKu. Eci:m KopeHb X 01-
punaTesaeH, KOOPAMHATH BePIIMHH, OTBEYAOMEHd HOOJAYOCH, B CHIY

IOCJe/Hero0 COOTHONEHNA, GYAyT YHCTO MEMMHMHE, a ) ¢f Gyner mpea-
CTaBAATh c0Goil KBaApaT MHEMOH mOJOYCH KBajpurm 2f = 1.

B obonx cixy4aAx corjacHO HOCHE[HEMY COOTHOIEHHIO HHCJIOBOE
3Ha4YeHHe X paBHAETCA oOpaTHOH BeJHYHHE KBAajpaTa COOTBETCTBYIO-
mei#l moJyocH KBajipHKH.

Ilyers %, ..., % — KODHEH BEeKOBOrO ypaBHEHHA, a @, ...
...y @ — OTBEYAIOIHE UM HOJYOCH KBAJIPHKH, BeI[eCTBCRHKE 151 MO0
KHTEJbHHX KODHeii W MHHUMHeE JIJA oTPHrareabHmx. M3 masecTHOTO
KaHOHHYECKOTO BH/A YypaBHeHHA KBajIpMKH B €e 0CAX

S

1

BHTEKaeT, 470 3afjaHHYI0 dopMy f myTeM JuHeliHOro mpeobpasoBanus
K HOBHEIM HEPeMEeHRHHM I; BO3MOKHO NPHBECTH K BHJY

2f = 2 mxf.

Hopnu BekoBoro ypaBHeHHsA X, ..., X; ONpENeAANT XapaKrtep
dopmu f. Ecau oHE Bce moaoskuTeAbEH, TO gopMa f, a BMeCTe ¢ Helt
noreHnuadbHaA sHeprusa V = f - . .. GyayT onpeaeneHHO-IMOJOMKH~
TeJbHHMH B OyNyT HMeTh MHHMUMYM B IOJOKEHHH paBHOBecHA. Eciam
cpein KopHEe# % HalfifiercA XoTd OH OMH OTPHOATEIbHHI, TO MOTEH-
nuajabHag 9Heprua V = f - ... npm coorBercTByomeMm BHOOpe
9ACJHEHHO CKOJb YroJHO MAaJHX 3HAUYCHAH HePeMEHHHX ¢; MOKET OHTh
clienana oTpunatenbHoil. IlyaHkape npeasio:Kuia HasHBATh KOPHH X
xoapPuyuenmany ycmotiyugocmu, a HGUCAO OTPHNATENbHHX s —
cmenendblo Heycmouuueocmiu.
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B aTmx repmMmBax Teopemu Jlarpamxa m JIanymopa MoxkHO BHCKa-
3aTh CJHOBAMH: €CJH B HOJOKEHMH DaBpHOBecHA BCe Ko3pPmumeHTH
YCTOHIABOCTA MOJO)KHATENbHH, TO PABHOBECHE YCTOHYMBO; €CIH HME-
erca xorsa OH ogEH oTpHIaTredbHHE Koa{panmenT ycToHUEBOCTH, TO
paBHOBeCHEe HEYCTOMYHBO.

19. i pa M e p. Onmopomanit TAKeNHWH TPeXOCHHH 3JTAICOMR
JIeKAT HA TOpPM3OHTANbHOH miockocrd. Ompenmennrs Koaddmmmenth
ycrodumsoctn Ilyamkape a7A ero moiokeHdmi paBHoBeCcHA. '

Hycrb ypaBHeHHe 3JIANCOMAA OTHOCHTEILHO ero oceit Gymer cie-
ayiomee:

Az + By® + Cz2 — 1 = 0.

IlonoskemmAMA paBHOBECHA TPEXOCHOIrO ILIHMICOMAA OYAYT Te mo-
J0’KeHHsA, B KOTOPHX HOPMAaJb K 3JJIAOCOHAY .B TOYKe KacaHHs 0y-
AeT KOoJJWHEeapHA ¢ PagAycoM H3 IeHTPA B TOYKY KacaHHA; APYrAMH
cloBaMd, HOJOKeHHAMH PaBHOBeCHHA OYAYT MOJNOKEHHMA, B KOTOPHX
TOYKA KacaHHA ¢ HEHNOABHKHOH IJIOCKOCTHIO COBHARAET C BepmEHOH
Kakoii-mubo m3 moxyoceii.

HacareabHas IIOCKOCTH

AxX + ByY +C2Z —1 =0

B TOUKe KacaHmA (Z, J, z2) OTCTOHMT OT IeHTPA (TAKecTH) HA paccrof-
HUA

1
VAﬁzz_l_ Bzy2+ C3;2

Orcioma, ecam aTa KacaTedbHAA IJIOCKOCTb €CTh Ta FOPH3OHTAJBHAA
IJIOCKOCTH, HA KOTOPOH J€KAT 3JIHICOHA, TO HOTeHIHANbHAA PyHK-
naa B obnacrm moixoxkeAna pasHopecma (r = 0, y = 0) mmeer BHE

= ——— = = mg =
i LV 1V ey - B Ty

g1 (U0 2820 )],

¥ cJefoBaTeAbHO, KO3QPHIAEATH YCTOMIHBOCTA NHOJOKeHHS PaBHO-
Becmr x = 0, y = 0 cyrp
mg A(A—C) mg B(B—C)

TIye € T T3y ¢

Orciona, ecnm aanmmcomp JeKHET Ha BepmuHe MajJod moayocm (A <<
< B < (), 10 310 mONOKEHAE PaBHOBECHA yCToiampo (%, > 0, %, >
> 0); ecam >17MICOMA J€KAT Ha BepmaHe cpefHel moayocm (4 <
<< C < B), 10 TaKkoe paBHOBeCHe HEYCTOMUHBO C ONHOH CTEHEHLIO He-
YCTORIABOCTH; €CJIH JIJIHOCOMJ JEKHT Ha BepimHe Goabmol mony-

ocu (A > B > (), To paBHOBECHE HEYCTOMUHBO C ABYMA CTEMEHAME
HeyCTOHIHBOCTH.

“1'::
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KputepHil 3HAKOONPEeNeHHOCTH KBAaApaTHIHMX dopm

20. J{as 3ana¥ yCcTOHYMBOCTH HMEOT 3Ha4eHHE HE CTOJNBLKO BeJH-
qgHH Ko3(dunumentos ycroidduBocTd IlyaHKape, CKOJIBKO HX 3HAKH.
Jlna ompejeseHns ke 3HAKAa KopHed HerT HeoOXOIHMOCTH pa3pelaThb
BEKOBOE YDABHEHHE; JOCTATOYHO 3HATHL HeOOXOAMMBIE H AOCTATOYHHIE
VCIOBHA, IPH BHIIOJHEHAH KOTOPHX HOTEHIMAJTbHAA GyHKIuA Gyner
oIlpele;TeHHO-I010/KUTETbHOMR.

Jlnsa pemeHEA mOcJefHEH 3ajavYd MOMKHO HCIOJb30BaTh H3BeECT-
HHi#l KpaTepuit ['ypBuIia OTPHIIATEJNHHOCTA BeMECTBEHHLIX YacTel Kop-
Hell aare6papvIecKoro mOJHHOMA, B JAHHOM CJydae modamHoMa A (—A).
Hamr6oaee npocTsiM u yaqoOHBIM XA BHYACIAEHUH ABAAETCA MeTop Jlar-
paH;Ka, 3aKJMOYAIMUACA B HOCTENEHHOM BhIIeJeHHMH MOJHBLIX KBaj-
paroB u3 KBagparauHoit popmu. HuTepecen meron Hponexepa mpuse-
JeHUS KBaJApaTHUYHOH PopMBI K CyMMe KBaJpaToB, TAK KaK OH HPHUBO-
QAT K HepaBeHCTBAM, KOTOPHIE BeChbMAa IPOCTO CBA3AHBI C Kpumepuem
Cuabgecmpa.

Bewjecmeennas keadpamunnas goprua

@ =D cixx; (Cij=cj)
]
mozda u moabko mozda Oydem onpedeseHHO-NOAOHCUMEALHOL, Ko20a
ace 2aa6Hble UAZOHAAbHIE MUHODBL ¢ QUCKPUMUNARIMA TOAONCUMEAbH B :

Cly » oo Cln

>0,..0] .. ... . 1>0.

1 C12
Cay C22

¢y >0,

Cnl Can |

HoxkasareabcTsno. A cokpamenna nmuchbMa 0003HATUM
rJaBHbIE (HATOHAJbHbIE MHHODH MHCKPHMHHAHTA Yepes

Cog v Cpp

a uepes C,; 06o3HaYuM MuHOD (€O 3HaKoM) jucKpumunanta C,. oT-

BEYANOIMUNA DIEMEHTY C;s.
IIpeoGpaszoBanmeM nepeMEHHHIX

+

; in .
Li == Ui v F— Uy (i< n), Lp == Uy

nn

$opMy @ TpHUBOAMM K BHIY

n-—1 v
— ) ; (’n 2
= Cyjbildj = Un.
i =1 n1

B 9eM MOKHO yOeQUThCA HemOCpeACTBEHHOW NORCTAHOBKOH. Orcopa



KPUTEPH AR 3HAKOOIIPEAEJIEHHOCTH KBAAPATHNYHBIX ®OPM 41

C

OTHOLICHHE —= ~_ paBHAercA OAHOMY B3 KO3()PHIAEHTOB YCTOAYABOCTH

n-1
¢GopME @ B HEPEMEHHEIX Uy, . . ., U;,.
IIpoxox:kasa aToT mpouecc Aajbme HaR gopMoi
n—1

2 Cijlljs,
1

y0e:xmgaeMcd B JOCTATOYHOCTH YCJIOBHH TEOPEMH.
Heo6xonmMocTh yc/ioBHE TeopeMn HoKaseBaercd mpocro. Eciam

dopMa
ki
2= 2 5}‘1"‘

ABIAETCH OHPeNeIeHHO-NOJOKHATEIbHOH, TO yPaBHEHHA

dg .
5;: ¢z =0 (i=1,...,n)

i

HEOOXOXEMO JOJI;KHE COBMECTHO YAOBJETBOPATHCA JAIIL HPH HYJe-
BHIX 3HAUYEHAAX BCeXx mepeMeHHHX z; = 0 (s =1, ..., n); orcoga
HeoOXxoAnMo, 4TOGH oHmpefeNHTE]b H3 KO3(PAIHEHTOB C;; HmocjeqHeR
cacTeMH GHA 6u oraaged ot ayadA: C, = 0. Ecam ¢ (zy, . . ., Ty, Z,)
ABJIAETCA OHPEeAeJIeHHO-IOJOKATEIBHOH, TO oHpefeJeHHO-HOI0RH-
TeJbHOH N0 OTHOMEHHW K I, ..., T,-; OyReT Tak:Ke H (Qopma
@ (xy, - . ., Ty—y, 0), a orcroma caenyer C,., 7%= 0. Ilpomomxas a1m
PacCY'KAGHHA, BHIBOJAMM, UYTO €CJH ¢ ONPEREJeHHO-HOJIOKHATeTbHASN
$opMa, To BCe rIaBHHE RHATOHAJbHEC MAHODH ee NHECKPEMEHAHTA
Heo6xoqaMo OoTAMYEN oT HYAA: C, 7%= 0 (r =1, .. ., i), H TeM CaMEM
YKasaHHOe mpeoGpa3oBanme GopMhl ¢ K CyMMe KBAJPaTOB BO3MO;KHO
Ha Ka:KJAOM INare; a M3 NPHBEACHHOH K CyMMe KBajpaToB OmpexejeH-
HO-TIOJIO;KHTebHOR (opME ¢ ciegyer HeOGXOQEMOCTH YCJIOBHI Teo-
peMuL. ’ v

3daMeuanmnme. B pansHeitmem M GyaeM paccMaTpHBATH HHOT-
na Gosnee obime KBafparEYHHE POPMH OT KOMIUIEKCHHX MEPEMEHHHE
I; ¢ KOMILICKCHRIMH KO3pPHIEeHTAMEA

(p=ZCUf‘Ij,
1) .
AJIS KOTOPHX C;; = Cj;. TaKkme $OpPMH HOCAT HA3BAaHHEe IPMHTOBHIX.

¥YcnoBRA 3HAKOOHPENEIeHHOCTH H MMEHHO NOJO/KHTENIbHOCTE (POPMH
 AMEIT TOT ke BHJ, 9To A B Kparepan CmasBecTpa’l)..

1) JloKa3aTeAbCTBO 3TOr0 INpPEJIOMECHHA YHTATEAh MOMKET HAHTH B KHHTe
N.A. Il B poxoBsa «Temsoproe ucymciaenmmes, 1. 1, § 25 (M.: I'TTH, 1934),
rpe B § 20 MoskHO TaK:ke HaWMTH B (oJee Pa3BePHYTOE OKA3ATENLCTBO KPHTEPHA
CHiabBecTpa.
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2. I pumMmep. Marepuansnad cucTeMa ¢ TpeMS CTemeHAMH
cBoGOdE HaXOMHTCA MON [AeHCTBMEM CHJI, HOTeHIHaJbHAA QYHKIHA
KOTOpPHIX MMeeT BHUJ .

1 2 ] ]
V== [a® (g5 + ¢2) + 2945 (91 +92) + 623,

rae ¢s CyTh He3aBHCHMbIE KOODAMHATH MaTepHaJbHOH cucTeMBI, 4, b,
@ — HEKOTOphIe BelleCTBEHHHE MMOCTOAHHEIE,

ITycry mososkenue, OO KOTOPOTO BCE ¢s CYTh HYyAH, ABJIAercHd
30 TMPOBAHHEIM II0JO:ieHHMeM paBHoBecuda. Tpefyerca onpemeants
YCAOBHA YCTOHIMBOCTH ITOTO INOJO/KEHUA PABHOBECHA.

Corinacuo reopeMe Jlarpam:xa sTo Iososendne paBHoBecHA Gymer
YCTOMIHUBEIM, €CIHM B HeM NOTCHIMANhHAA QYHKIMA V MMeeT MHHAMYM.

s roro 9robsl V Gblila ompenesleHAo-IIOTORUTEIBHON, ee TUCK-
PUMHHAHT

a* 0 «
0 o «
o a b

JOJ;1eH HMeTh BCe TJiaBHble IUATOHAJBHEE MHHOPH M0J0:KHTEIbHBIMM.
Orciofa BBITEKAKT YCJIOBHS

a® >0, a*? — 2a%27>0.

IT pumep. Cpobomuan marepuaybHasf TOYKA MACCHL /M ABHMKETCSH
B IIPOCTPAHCTBe NOJ NeHCTBHEM CHJI, TOTEHIMAJbHAA PYHKIHA KOTO-
pHIX B UMJIMHAPHYECKHX KoopauHarax r, 0, 3 uMeer sug V = ¢ (r, z).
dnBag cuiaa

T = % (r'* 4 r2e'2 4- z'?)

u moreHuuaabHad QyHKuuA He 3asucaArt ApHo ot (: mosromy O Apas-
eTca IMKJIndecKoi RoopmuHatoit (m. 9), KoTopo#l orTsedaer MHTErpaJ
mr2@’ == f. Orcioma ¢ynruua Payca uMeer Bup

52

2mr2”

R=2 (59—

JIJIH CTAallHOHAPHOTO ABH:KEeHHUA NOJKHBI BHINOJHATHCA YCJIOBUA

R IR
T = O, - = O;

ar dz

OYCTh 9THM YCJIOBHAM YIOOBJETBOPAKT I = g, 2 = 2. Iro CTanno~
HapHOE JABHCHHE 6YI[8T yCTOﬁ‘IKBbIM COTJIaCHO TeopeMe Payca, ec~
JIA H3IMEHCHHAA NOTCHIIHAJIBHAA d)YHKHHH

ﬂl
W=0+qm
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mMeeT faa Hero MuEEMYM. Ilyers r =ry + &, 2 =2z, + n; Torma
- 1 3
W (r2) =W (ron20) = 5 [ @rrE? + 20,80 -+ 0t + - 08 [+,

rae @,, ¢, — 3HAUEHAA YACTHHX NPOH3BOJHHIX OT (¢ IO YKA3AHHKIM
nepeMeHHKM JUIA PacCMATPHBAEMOro CTAIIMOHAPHOro ABm:KeHmA. llo-
3TOMY B CJydae ero YCTOMYHBOCTH BCE TJIABHHE JAATOHAJBLHEE MAHO-
PH IACKPHMHHAHTA

3
Prr + T(Pr Prz

@1‘5 (Pzz
MO/KHBL OHITH TOJOKATEJABHHIMH. JTO faeT ABA HepPaBeHCTBa

3 3
Ot 2 % >0, (@ + = @) 90— 9> 0.

Il pamep. Ilycrs moremumanbHaa ¢yExmmsa V HeKoTopoil Ma-
TePHAJBHOH CHCTEMHI 3aBHCHT OT KOODAWHAT Z, Y, OIpefeJAIONHEX
OJ0KEeHHe CHCTeMbl, H AMeeT MHHAMYM B IOJIO;KEHHH PAaBHOBECHA
Zos Yo-

av av

Beegem o6o3mauenma X = (—) , Y = (——

oz Jy dy

0003HaYeHH BEJHYHHH, HPH NOCTOAHCTBE KOTOPHX GEPYTCA YacTHHE
npom3Bofake. M3 yciaoBHA yCcToAYHBOCTH pPacCMATPHBAEMOro MOJO-

7ReHAA paBHOBeCHA B cmiay Kpurepua CmibBecTpa mMeeM B 3TOM HoO-
JI0KEeHAN:

EL>0 (@@L -G (F)>0

BooGpa3uM, uro ycioBume pasHoBecua X = ( mapymaercsa 3a cder
HEKOTODOro M3MEHEHHA BEJWYMHH I; €CJH IPH 3TOM BeJHMYHHA Y OC-
TaeTCAd NOCTOAHHOM, TO HM3MeHeHHe X onpefeliAeTcsd OPOH3BOAHOH
7.4
(5=
YPaBHenme paBHoBecHsa ¥ = 0, To m3MeHeHHe X mpm 3TOM ompeneif-

) y, TA€ HHACKCAMH
x

)y' Ecam :xe BeamudHa Y H3MEHAETCA, BOCCTAHABJHBAA Apyroe

€TCA NPOH3BOXHOM (‘E)Y :
=0

dz
a(X,Y) X \2
2.3 _ 9 (X, Y) 9 (z, y) — 2.9 (W)x
(T??)y:o T Ti@Y) T 3(X.Y) “”<3?)u - (aY ’
9 (z, y) T)x
G X
JIeNOBATEJbHO, €CJIn (W): HEe paBHa HYJII0, TO

0 < <%)Y=0< (t%)y'

Hepanencrsa atm BHpamaloT HeKOTOpHIl 9aCTHEIR cJaydail mpHHIHANA
Jle-Illarense — Bpayna.
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Badypxaunaa pasuoBecHii

22, Bo MHOTHX 3a7a9aX MEXaHAKH NOTCHIHAJBHASA 3HEPTHAA MaTe-
DHAJBHOH CHCTEME 3aBHCAT He TOJbKO OT IePEeMEHHKIX, Ompeedio-
EX [OJ0KeHHAe CHCTEMH, HO ellle H OT HeKOTOPHX mapamerpos. Ha-
mpaMep, B 3ajade O CKATOM CTep)KHe HOTeHHma bHAA Qymxkmms V
3aBACHT HE TOJbKO OT HePeMEHHK X, ompefeasomuax ¢opMy crep:kEs
B BO3MYIIEHHOM COCTOAHAH, HO A OT IPONOJLHOH HArpysxa P.

O6myi0 TEOPHI0 HOJIOKEHHAN PABHOBECHA TAKAX MAaTePHAJBHKIX
CHCTeM IPH Pa3jAYHKX 3HAYEHHAX napamerpos npemo:xun Ilyankape.

IlycTs moTeHOMABHAA HEPTAA V HEKOTOPOH MaTepHAJBHOH CH-
CTeMbl 3aBHCAT OT KOODAHMHAT Z;, . . ., T, ONPEREHAIIHUX NOJOMke-
HHe CACTeMH, A OT OJXHOTO MepPeMeHHOIo mapaMerpa a.

JIlna puKCAPOBAHHOTO 3HAYCHHA NAPAMETPa G MOJIOKEHHA PABHO-
Becdd ONpeAeadAloTCA yPAaBHEHHAMH

w _
:;Ijg (s:l,...,n).

ITycrs
) = o’ (@), .. 2 = en (@)

NpefCcTaBAAIOT JIHHEHHBE I0CAeI0BATENHOCTH BeNleCTBEHHBIX KOp-
Heil ypaBHeHAd PABHOBECHSM; MH IpefmoJiaraeM, 4To QyHEKIHA o (a)
ABIAIOTCA HeNpephBHHIMA GYHKIOHAMHA mapamerpa o.

B (r - 1)-MepHOM NpPOCTPAaHCTBe HepeMeHHBIX (&, Z, . .., T,)
HocaefHEe YPAaBHEHAA ompefeafaoT JuHuH C;, COCTABAANIAE B COBO-
KYOHOCTH HEKOTOPYIO BEIIeCTBEHHYI0 KPHBYI0 B, pasjHYHBIE TOYKH
KOTOPOH OTBEYAIOT BO3MOKHEIM Da3JIMYHHIM COCTOAHHAAM DPABHOBECHA.

OtnenpEpie BeTBE (; NepeceKaloTca MeXAy cobod B Toukax, rje
MeeTcA coBlajieHAe IO MEHBIMEeH Mepe ABYX BEDIeCTBEHHBIX KODHEH
yPABHEHHH paBHOBECHA. B OKDECTHOCTH TaKOH TOYKH ypaBHEHHA

av
(9_13-;0 (3711,...,n)

He HMEIOT OJHO3HAYHOTO pEIIeHHMA; B TAKAX TOUYKAX JOJKeH YHHY-
TokaTheA (QYHKIHOHANBHHINA ONpeReaATeNb 1)

( av av )
A— dzy’ """ oz, BV
G (T1y 0+ s In) 6.ri61'.].

JIpyrAMA clloBaMH, €CIA B HeKoTOpoi# Touke M kpHBoil B reccman mo-
TeHIHaJIbHOH sHepram A obpamaercda B HyJAb, TO TaKaA TOYKA MOMKeET

1) Pypca 3. Kypc maremarmyeckoro ananmaa. T. 1, u.1: Mep. ¢ ¢p.—
M.: I'TTH, 1933.— (Cm. § 38).
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GHTb TOUKOil mepecedeHnA Berseil C;; ToIKH M HA3HBAKWTCHA Kpumuye-
cKUMU, HIH Mmouxamu 6ugpyprayuu (eemescrus).

Hekoropsie 109kl KpEBoil B 0TBEYAIOT YCTOMYHBHIM COCTOAHH AM
PaBHOBECHA, & HEKOTOPHIE -— HEYCTOHIHBLIM. CMeHa ycmotuvusocmu
na eemsaxr C; moxem npoucrodumes Auwb 6 MoYKar OGugdypxayuu,
‘B camom nexe, nua onpenenennoll Bersn C; KOOPAMHATH Z, ABIAAITCA
HeKOTOpHMA QYHKIHAMA NapaMeTpa o, T, = @5 (&) H, CXeX0BATEND-
Ho, &uA BeTBH C; oUpeleNHTeNb TaKke ABIACTCA QYHKuHeH a, ecim
B A 3amennts z, = ¢\ (2). IIpn mepexome mo Bersm C; oT 109KH
K TOYKe OYAYT M3MEHATHCA 3HaYeHHA A.

HJa onpenesleHHOr0 COCTOAHHSA PaBHOBECHA, OTBEYAlON(ero HEKO-
TOpOil TouKe BeTBH C;, YCTOHIHBOCTH onpefiesnAerca KoddPaumentamn
Ilyankape, mam, mHaYe, KOPDHAMH OTBEJAIOI(Er0 BEKOBOTO YypaBHe-
HEA
v

6::'.6:: j

A(x) = — &%) = 0.

3neck m Bo BceM JanbHeitmeM §;; ecTh camMBoa Kpomekepa; §;; pasua-
€TCA HYJNIO, eCJIH i H j pa3aAIHEl, H paBHAETCA 1, €CIM i H j paBHH.
Paanoxenne moamaoMa A (x) Ha JuHeHHHEe MHOKHTENH: A ()=
= (% — %) . .. (%, — %) HENOCPENCTBEHHO [aeTr

A=A0)=%...%,.

Tak xak B TouKke 6mpypranmm A == 0, To B.Hell Mo Kpaiimeil mepe
ofud m3 KoappmumenroB ycroiumpoctm IIyamkape x; oGpamaerca
B Hyab B HaoGopor. Ho Kopam BeKoBoro ypasaemnsa A (x) = 0 Bcerma
BemecTBeHHH. [T03TOMy Ha Bersm C; yCTOHYHBOCTH JMHEHHOH mocie-
HOBATEJBPHOCTH PAaBHOBeCHH MOkeT HpoHajgaTh (HJIH HORBAATHCA)
JHWb B TOYKaX OudpypKanmm, TaK KaK NPH Hotepe (AIH nprobperennn)
YCTOHYHBOCTH 1O MeHbINEeld Mepe ONHMH H3 KodPPHUHEHTOB ycToHIm-
BOCTH, MEHAA CBOHl 3HAK, GyNeT NPOXONHTH 9epe3 HYJb.

Ilycrs M ecTh Hekoropad TOYKa OGmypKanmm; orBevYaiomiee eif
3HaYeHAe NapPaMEeTPa o NPHMEM PaBHLIM HYJIO.

B pasamBEEX 3a/la7aX MEeXaHHKH HHTEPeCYIOTCHA HpeAMYIIecTBeH-
HO pealbHHMH BeTBAMH KpHBOil pasHoBecmsa. OTMermMm Ges -JoKasa-
TeABCTBA ABa HPEJIOKEeHAA, OTHOCAMHECH ciofa !).

[IpencraBaM ceGe, 910 KaK-1u60 BHACHEHH peaJbHbie BetsH C, . .
. . ., C; KpmBoil B, mpoxoaAmue Yepes pacCMaTpABaeMyio TOUKY GH-
¢ypranmm M. [IposeneM nBe miockoctd @ — &€ = 0 @1 o + & = 0,
IpHYEM € NpPeANoJiaTaeTCcA CTOAb MaJIOH nonomn&-eumpﬁ NOCTOAHHOM,

9To6H KasknaA u3 sersed C,, . .., C, nepecexasa ILIOCKOCTH o} —
2
—&? = 0.

YPoincaré A, Sur 'equilibre d’une masse fluide animée d’un meu-
vement de rotation // Acta mathematica.— 1885.— V. 7.

Yeraes H.T'. Ueber die von den Ellipsoiden abgeleiteten Gleichge-
wichtsfiguren // Uas. Kasan. ¢us.-mar. o-pa.— 1929—1930.— T. 4.— C. i——gg.
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ITycrs maBectHHe BeTBH C,, . . ., C;; IepeceKamwT MIOCKOCTh o0 —
— ¢ = 0 B Toukax P;, a maockocrs @ + &£ = 0 B Toukax Q;. [daa To-
gek P; m ; MoKkHO onpeJeNnTh 3HAKHA reccmaHa A.

OxasnBaercdA, 910 uepes mousy M GonoAHumMesbHO K 6HLACHEHHbHIM
eemeam C,, . . ., C, npolidym no menvwel Mepe ewe r peasbHuT éem-
eeli kpueoii paenosecus B

r=g| Yar]— Y iag)|,

%0e cymmuposarue DAcnNPOCMPAHAEMCR NO 6CeM YKAIAHHMM MOYKLM,
a [f] o6osnavaem -1, ecau f > 0, u —1, ecau f << 0.

Pacnpenenenne ycToHYEBHX H HEYCTOHYHBHIX IOJOMEHHH pPaBHO-
BeCHA [JIA (QUKCHPOBAHHOTO 3HAUCHHA O NOTIAHACTCA 3aKOHY CMe-
HH YCTOHYHBOCTH, COCTOAINEMY B CJERYIOIeM. ¥ pABHCHHA paBHOBE-
CHA JnA QEHKCHPOBAHHOTO 3HAUYEHHA IapaMeTpa o = § OIpexeasioT

B maockocTe @ — § = 0 mpocrpascra (a, z4, ..., Z,) oTBedalo-
ImAe COCTOAHAAM PaBHOBEeCHA TOYKH P. YpaBHeHHA
oV v
o =23, e 0,...,(?_

ompefenAlT HEKOTOPYI JHHHI L,, jJe:Kamyld B IVIOCKOCTA O —
— 8 = 0 m mpoxomamylo wepe3 Bce TOYKH paBHOBecHi. Bubmpas
KaKue-1u60 HampaBieHHA 06Xofa CBA3SHHX H §e3 ABOMHKIX TOYEK dac-
Telt MuERE L, MK MO3KeM 3aHyMepPOBaTh TOYKHA P;'B nOpAJKe BX BCTPe-
an. Ilyers P; m Pyyy npmxazmema'r HEKOTOPO#l cBA3HOM, Ges NBOHHKX
ToueK, dactd gusmE L,. Oxaswsaercsa, 4To

[Ap,] + [Ap, ) = 0,

a Tak Kak A = %; ... %,, BAOHM, 9TO npU nepexode Om DAGHOGECUS
P, x pasnosecuro P;., cmenens Heycmotivueocmu MeHAEMCS Ha Hewemuoe
Yucao.

23. 9tm o6mue TeopeMb 0 IHC]E PeaNbHHX BeTBel, IPOXOAAIAX
4epe3 TOUKY GEPypKammdm, A 0 CMeHe YCTOWIHBOCTH HMEIOT -BechbMa
TPHBHAJBHKA CMHCJI A TOr0 HPAKTHIECKH HHTEPECHOF0 CJydas,
Korfa B o6aacTm ToYKA GHpypKANEE OTIHYEH OT HYJA ONPEeIHTEIb

(6V v ‘\
A 0 dxy’ """ oz, /
17 9 (zs..0z,)

B stoM cayuae B6am3E TOYKH GHPYpKAOHH BO3MOKHO Pa3peuIATh oOf-

HO3HAYHO OTHOCHTE/JbHO IE€PEeMEeHHHNX I, ..., I, CHCTEeMY YypaBHEe-
HAR
av Vv
a-:(),..., gZO,
2 n
OOJYIATH

xi:xi(xha) (i:27"'1n)
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H, DOJB3YACH ITHM PpeHIeHHeM, HCKJIIOYHTH HePeMEHHBIE Z,, . . ., T,.
Ilocae Takoii 3aMeHbl MBI GyJeM HMEeTh BCEro OXHO YPaBHEHHE PAaBHO-
Becus

oV -
yra = f(zy, ) =0.

H3ao6pamaomee BCOOMOTaTEIbHOE IPOCTPAHCTBO OYAET HPH 3TOM IJIOC-
KocTblo (@, r;). Ha kpusoit pasroBecmii B, ompepmensemoit B aToit
mWIocKoCTH ypasHeHHeM f — (0, Oupypranudm ompemenfTCcA TOYKAMH,
rie YHHYTOKAeTcH

8

af __
5;;_0.

Ilycre npamaa a = const ceder JuEAI paBHOBecHd f = ( B TOU-
Kax P;, KaKkne MH 3aHyMepyeM HOCJeJ0BATeJbHO OPH 00X0de ONpAMOH
a = const caesa HampaBo. Bripakenmme §, oueBHEHO, MEHAET CBOW
3HAK OpH Oepexone OT TOYKH P; K Touke P;.,, ec’Iu HH OTHA H3 ITHUX
TOYEK He ecTh ToYKa Omdypkaimmu. CMBICT § HeTpYAHO ONpERETHTH.
Horpa MexaHHMYeCKasa CHCTEMa HMEET. BCEro OJHY CTeleHb CBOGOMH,
To § HemoCpeXCTBEHHO ABJAETCA €XMHCTBEHHHM Ko3PPHIHEeHTOM YyC-
toiiunocTn Ilyamkape. B o0mem cayuae mMeeM

n
5%V Z o 9z
922 ! i dz10z 9y’

Ecau pemenua z; = z; (r;, @) BCTABHTH OGPATHO B HMCXOTHEIE
VpaBHEHHA, TO HOJYYHM TOKEECTBA, KOTOPHE BO3MO:KHO gufpepen-
HHPOBATh N0 MNepPeMeHHOH Z;:

n
i’ W oz
0=—— E - 5 ({i=2,...,n).
dzy 0z, + dz,0z, 3z, ( ? » 1)

=2

ITpemmecTByiomee COOTHOIIEHHE H 3TA CHCTEMa ypaBHEHHME GyXyT
HMEeTh HETPHUBHAJbHOE pelleHHe IJIA

1 dzy oz,
7.011‘!"" aIIY

KOTJa oIpeNeJHTe]b, COCTABJEHHHHA M3 HX Kod3QPHIHEHTOB, pPaBeH
HYJII0

- ()If 23T
P T - 07
9V v
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OTKYIa
8= .
]

CoraacHO IpHBeJeHHIO KBaJPATHIHHX OPM K KAaHOHHIECKOMY BH-
Ry no Merony Kpounekepa samewaeM, 4to § B cooTBeTcTByMOMHX HEpe-
MEHHBIX paBHAETCA OJHOMY H3 Ko3dpdmuumeHTtoB ycroidumsoctn. M3
OpPefnoao/KeHHOro cooTHommeHAA A, == () caegyer, 9To KaKmoil Touke
6npypranmm A = 0 B DOAHOH cHCTeMe mepeMeHHBIX (&, Zp, . . .
..., I,) orBedaer To9Ka OGudypxanum 8§ = 0 npmeefeHHOH CcHCTEMBb
u HaoGopor. llpm 3T0M B Touke Gmbypraumu Gyaer yHHUTOHATHCH
ONMH H TOJbKO ofMH Ko3dpdmumenr ycroitumsocru 8. B camom mexe,
eC/IH YHHYTO;KAITCA OBa Ko3dduumenta ycTod9uBoCTH, TO KaHOHAYE-
CKHl BHJ KBagpaTHIHoH (OPMB B pas3ioKeHHA V NoJsKeH CBOJHTLCH
K cyMMe n — 2 KBaJparToB, H HO3TOMY BCe MHEOPHI IEPBOTO HOPAAKA
oupefennTead A go/KHH Guiau 6p1 o6pamaThCcHd B HYJAb, 9TO HIPOTHBO-
pelHT npennoJoKeHuio A, %= 0.

PaccMOTpEM HHTepecHBIE A8 NPHJIOKEHHHE ciaydaid, Korga npu
OpHBENCHAN KBAaApaTHIHOH ¢opMbl ¥V K ee KaHOHHYECKOMY BHAY IO
smeronly Hporexepa Bce xKosdduimeHTH npupefeHHOH GOPMBI, KPoMe
6, Bcerma mosoxatensns. Torga ycroRYMBOCTh HIAH HEYCTOHYHBOCTD
paBHOBecHA GyaeT 3aBHCETh JHIHb OT 3HAKa §; mpu § moao:KHTEABHOM
paBHOBECHE yCTOHYHBO, IPH OTPHIATEJIbHOM 8—HeycToiiyuso. B mmoc-
KocTH (x4, @), Ile 0Ch I, HAET TOPH30HTAJLHO CJIeBAa HAmpPaBo, a OChb
@ CHH3y BBepX, ycTOHUMBHMH OYyAyT Te BeTBH paBHOBecmi f == 0,
CHpaBa OT KOTOPHIX 3HaYeHus [ moao:xkaTeabusi (6 > 0).



TITIABA 4

O JIMHENHBIX THOOGEPEHIIMAJBHBIX YPABHEHHAX
C INOCTOAHHBIMH KO3POPUIIUEHTAMH

Yacranie pemtennn

Ecim B ypaBHeHHMAX BO3MYHIEHHWX [BHKeHHH NpaBble 4YacTH
3aBHCAT ABHO OT BPEMEHH, TO COOTBETCTBYIOHIee HEBO3MYI[eHHOE
nsmkxende Payc npennoskmn HasWBaTh HeycmanosUSWUMCR; KOTAA
e OHH He 3aBHCAT ABHO OT {, HEBOSMYIIEHHOE ABH)KeHAe HA3WBAETCH
ycmanosuswumcs. B nmociemHeM ciyvae ypaBHeHHs B BapmammaX
6ynyT MONyYaThCA C NOCTOAHHWME KodPGHHIHEHTAMH.

24, PaccMOTpHEM cHCTeMy AHHelnuix RAPPepeHmHATBHLIX ypaB-
HeHUHl C NOCTOAHHWMA Kodddmumenrtamu p;;
d:ri .
7{'=pi1x1+"'+pinxn.(L”:is"'vn)'

ByneM mckarp wacTHOe pemendme BEAA
m -l
x; = (A.ll' T + Azi m—Ti 4 ...+ Am+1. i) e“,

rae A;; B A CyThb HEKOTOpHE NOCTOAHHHE; CPeH NOCTOAHHKX A,;
HEKOTOPHE [OKHE OHTH OTIMYHHIMH OT HYJA; HOJO;KATEABHYI0
neayl cTeneHb m TpebyeTcsa ompemedHTh NI KaKAOTO A BO3MOKHO
Hamboabmei.

Ecam aro Bmpa:keHHWe HOACTaBHTHL B 3ajaHHYI0 CHCTeMYy nupde-
PeHIAANBHKNX YpaBHEeHHH, TO IOCJe COKpameHHMA Ha of0mmin MHo-
HHETENb €M nomyumM

2t gy

tm—.l m tm—-l
(Au' Py v i ----!-Ami)‘i“/\ (Au 'm—!-l—A —“‘1—!-'r-‘--'i'x4m+1,i)=
) gl

tm
= ZPu(Au;,T + Ayt -t Am+1,i) .
§

CooTHOmMEHAs 9TH [OKHH HEMETh MECTO HpPH IPOH3BOJHHHX
JHAYCHHAX {; MOITOMY KOIPPHIHEHTH HIPE OJHHAKOBHX CTemeHAX i
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ROJKHK GHTbH DAaBHE MEKRY coboix:
;(Pu—ﬁiﬂv) 4,; =0,

A (pig—8iA) Ag; = Ay
i)
)
21 (piy—61M) Amsr, j = Ay
J
i=1,....n)
Ilepsaa m3 armx cucrem ypapHeHmi#l (7) Oyger Torga mMeTh He-
TpHBHAJbHOE pemeHdme Aasa A,;, KOrja paBeH HYJIO OUPefelHTedh
H3 ee KoapdpmuuenTOB

pn—A P12 fe Pin )
AQ)= 1231 p2—A ... Dyy = 0.
Pay Pra pnn—‘;"

KopHHE 3TOro xapaxkTepHCTHYeCKOI0 YpaBHEHHA ONPEReNA0T 3Ha-
YeHHA NOKasaTeasa A.

ITyetrs A = A, ecThb HEKOTODHH KOpeHb XapaKTePHCTHYECKOIO
ypasuennsa. Ilepsaa m3 cmcreM (7) ompepeiiAeT OgHO HETPHBHAJBLHOE
pemieHHe AJA NOCTOAHHHX A,; eclH OTIHYEH OT HYJs N0 KpaliHed
Mepe OJWH H3 MHHOPOB NEPBOro mnOpAAKa onpefeadtexs A (A,).
Ona onpefeaser &k AWHEHHO HE3aBHCHMHX pemeHHH Aaa A,;, eca:
KopeHb A, ofpamaer B Hyab BCe MHHODH oupemeantTens A (A,) Ao
mopagKka k — 1 BraoumTenbHO, He ofpamas B HYJb IO KpaitHed
Mepe OZHOIO W3 MHHOPOB Kk-TO NOPAAKA.

25. CHavyasa OCTAaHOBHMCHA Ha CJydae, KOTLa KOpeHb A = A,
He ofpamaer B HyJb II0 KpaliHeH Mepe OAHH H3 MAHOPOB IIePBOrO II0-
panka. He yMennmas o6IqHOCTH, AONYCTHM, 9TO IOCIERHAHA ecTh Ayy.
Torpa pemenne nepsoii m3 cucTeM (7) MoskerT GHTh 3ammcaHo (ecam
ydecTh, YTO Hac HWHTEpecyeT 4acTHOe pelleHHe ¢ TOYHOCTHIO A0 006-
mero BceM A,; MHOKHATeJA) H3BeCTHHMH (OPMYyIaMi

A”' = Al] (] = 1.,‘. .oy n), (8)

rae A;; o6ozmawaer MuHOp (co 3HaKoM) ompepmeamrens A (), orse-
qamAA 3JeMEeHTy i-# CTPOKH H j-H KOJIOHKH; IIPH 9TOM II0Jaraercs
A = Ay. Cpeam mocToAHHHX A,; Halilercd NpPH CHeJAaHHKX IPeamo-
JI0}KEeHAAX XOTA G OgHA OTIAYHAA OT HyJd, a HMeHHO A,;.

Ecam A ocraerca mepeMeHHHM mapaMeTpoM H He NPHHAJNO 3HAYe-
HES OTMEYeHHOro KOPHA A = A, HAH KaKoro-im6o Aapyroro ¢mkcn-
POBAHHOrO 3HA4YeHAA, TO cooTHomeHHA (8) ompegensanT A;; B BEAE
HEKOTOPHX monmHOMOB OT A. Ecam atm moamEoME A,; IOACTaBATH
B ypaBHennsa (i =2, ..., n) nepsod a3 cucteM (7), TO MOJAYIAM COOT-

HOIMECHHAA
;(Pij —&8;;A) 4,; =0,
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KOTOpHIe OYAYT YAOBJIETBODEHH TOMKIECTBEHHO OTHOCHTEILHO A, TaK
KaK JieBhle 9aCTH OPe[CTABJAIOT OOPeJe dTe ] d Nn-T0 HOPALKA € JBYMSA
OJMHAKOBHIMA CTpoYKamMu. TokmecTsa 3Td BO3MOkHO OuddepeHIH-
poBaTh O A CKOJBKO YIONHO pas.

Hlnddepenmnpya mx mociemosateabHo k pas (kK =1,2,...),
3aKa09aeM, 9T0 HOJHHOME
1 k
Apn, ;= o AR, 9

!

rae A{Y oBosmawaer k-0 npomsBomHEy0 OT A,; mo A, yaOBIETBOPAIOT
ypaBHeHAaM (i = 2, ..., n) moGoir cmctemu (7) HeszaBHCHMO OT
3HageHAil A.

IToncraHoBKa ke moamHOMOB A,;, ompefeieHHNX ¢opmyaamu (8)
OpA HPOH3BOJLHOM A, B HepBoe ypaBHeHAe OepBOA m3 cucTeM (7)

IaeT COOTHOHIEHHE
;(Pli —81;8) Aj;=A ().

Coriacuo 3TOMY -COOTHOHICHHI0 mepBoil cucreMe (7) Gyayr ymos-
JeTBODATH 3HAUEHAA MNOJAHOMOB A,; OpDH A, DaBHOM KODHIO XapakK-
TepacTAYecKoro ypasHenma A (A) = 0.

IIyers A = A, ABJAETCA HPOCTHIM KODHEM XAaPaKTEePHCTHIECKOTO
ypasaeHAA. Torga moamHoMur Ay;, ompefeneHHhe ¢opMynamm (8)
u (9), opu 3HaYeHAH A, COBOAJAIIEM ¢ KODHEM A,, He MOTYT Y/IOB-
JeTBOPATH BTOpO# cucteMe (7), W, CjefOBaTeJLHO, HAHBHICHIAA CTe-
OeHb M pacCMaTpHBaeMHX HaMH pelleHHH paBHa Hymo. [leficTBm-
TeJbHO, ecad A = A, ABIAETCA HPOCTHM KopHeM ompegennrtens A (M),
TO 3HaYeHHe mepBoil mpom3BogHOX mo A or A (A) momkHO GHITH mpM
A = A, oramgHo ot Hyad. Iloaromy, ecam ogma pa3 mpoxuddepennn-
poOBaTH HOCJIeJHee COOTHOIIEHAMe M MCHOJb30BATH ompefeneHHe A,;
mo ¢opmyaaM (9), moayumM mpm A = A,

A (ho) = gl (P1j — B1jho) Agj — A 03

TakaM 0o0pa3oM, mepBoe ypaBHeHHe BTOpDodl cucremul (7) He YAOBIe-
TBopsaerca. Ilycte Temepp A = A, aABAsAeTCA KODHEM KpPaTHOCTH M.
Ilpm TakoM HpeAmoJO:KeHHA 3HAYEHAA BCeX HPOH3BOJHKIX oOmpefe-
anreaa A (A) po mopaaka p — 1 BKawgATenbHO GYAYT HYJAAMHA OpH
A = )A,, a OpoH3BOAHAA N-T0 HOPAAKA mpH A = A, Oyger oTamuHa
or Hyada. addepennmpya mnpemmocienHee COOTHOHMIEHHE HOCIENO-
BaTenbHo k pas (k =1,2,...) m mcmoassaya ompemenemms (9)

1
HA® ) = 2 (P1j — O15A) Aksa, j— Aiy

b

3aKi109aeM, 49TO 3HAYeHAA HojmHOMOB A,; (r=1,..., n) mpm
A = A, OyayT ynOBJIeTBOPATH U HePBHM cHcTeMaM (7) H He yJOBIe-
TBOPATH (U - 1)-i1. CaenoBarensHo, HamGoabmaa cTemeHbL m OymeT
B 3TOM ciydae Ha eWHANY MeHbIle KDATHOCTHA KOPHA m == p — 1{.
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Haiienrne apaveREA DOCTOAHHKYX Ay ; YI0BIETBOPHIOT He TOJIBKO
monnoii cacteMme (7), HO m xI060H ee YACTH, MONYYAOMEACH HCKJIIO-
YeRHEeM HEKOTOpOro 4ydcia cucreM cHA3Y. O6CTOATenbCTBO 3TO NOKAa-
3BIBaET CYIECTBOBAHHE YACTHHIX PeIEeHHH HCCAeIyeMOro BHIA, B KO-
TOPHX CTelleHb BEKOBHIX YJIEHOB HAYMHAETCH ¢ NPOM3BOJHHOTO YHC-
na, MeHbInero 4eM m. JpyrHMH cnoBaMH, OJHOBPEMEHHO ¢ HMCKOMEIM
YaCTHHM pelieHHeM HAHBHCIIEH CTeleHH m JJsA OTMeYEHHOrO KOPHH ),

T; = f; (t)eM,
rane

t"n
fi®) = Ay o -+ - - -+ Amarir
CYImECTBYIOT NPOH3BOJHBE OT Hero, YacTHHE pemeHHA BHAA
. )
;= fi (t)e,

rae f{) (t) o6oamauaer k-0 HPOH3BOAHYIO MO ¢ OT MONMHOMA i ()
(k=1,...,m). Takum o6pa3oM, I1A paccMaTpPUBaeMOro Xxapak-
TePHCTHYECKOr0 KOPHA A == A, KPaTHOCTH p = m -+ 1 Mbl onpenenum
NOJNHYI0 TPYNNy M3 [ YacTHHX peIneHHH, 0YeBHHO, JHHeHHO He3a-
BHCHMBIX MeKAY c060il, MTOTOMY YTO HaMBHCIOME CTeeHH ¢ B BEKOBHIX
YieHAX ITHX peleHHH Bce Ppa3JHYHKL

26. OcramopuMcsa Temeph Ha o6IpeM ciydae, KOTAa KOPeHb A = A,
obpamaeT B Hy1b Bce MHHOPH onpefexutens A (A) g0 mopsagka k — 1
BKJIOYHTEIbHO, He ofpaimjas B HYIb IO Kpaiimeii Mepe omgHoro m3
MHHODOB k-TO mopsajka.

B stoM cayuyae nepsas ua cuctem (7) ompenensier k auHeiiHO He-
3aBHCHMBIX pelleHMH 1aA A ;. OTH k NUHeHAHO He3aBUCHMBIX pemeHHH
MH ompefenHmM ciaexylomuM o6pasoM. Ilyers (A — A, )r aBagerca
MHOKHTe/leM HAMBHCIIeH cTemeHm W, Aas ofmero Hamboaplmero me-
autens D), . MAHODOB r-ro mopsajgka ompeneauteas A (A) (r =1, ...
. . ., k). PaccMaTpuBas mpou3BofHHE OT 3THX MHHODOB IO A M 3aMe-
4afd, YTO OHH BHIPAKATCH JHHEHHO YePe3 MHHOPH HA EAHHALY BHIC-
mero mopAjaka, ybe;klaeMcHd B CYINECTBOBAHHH HEPAaBEHCTB

B> D ey >y =0,

riae p 0603HAYAeT KPATHOCTb KOPHA A == A, AN XapPaAKTePHCTHYECKOTO
ompenenntens A (A).
Cpenn MHHOpPOB r-ro0 HOPAAKA BHIXeAMM MHHOP (co 3HaxoM) 1)

Aipiy g

HONYyYAIQUACA NocJe BHYEDKUBAHHH M3 ompefenuTteis A crpouek
i4 « + «y iy H KOJOHOK Jy, . . ., j,, KOTOPH# Ob mMen A = A, KopHeM

1 Mnro A, MOJIY4YCHHOM BHYEDKHBAHHAECM H3 OOpefeJIHTe-
[ y P

cedpy Joadnt
T r
JA CTPOK C YKa3aTeJAMH iy, . . ., iy H KOJOHOK C yKa3aTedAMH jy, ..., jp, yC-

i,+...+ir+;,+...+jr+q
JIOBHMCA NDHOHCHBAThL 3HaK (—1{) , TAe ¢ 0003Hadaer cyMMy

HApyHIERHN HOPARKA B PARAX i, . . ., ir H jiy . . ., jr
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TOYHO KPAaTHOCTH W, & MHHOP A ; . j.j_, HMed Om A = A,

KODHeM KpaTHOCTH W, . [Ipenmonaraa A oraumusmbM oT A,, cocTaBuM
BHIPaKeHH A

igennty Gy dpoy I

(A — ag)'r

L= (s=r,r+1,...,n). (10)
Omm ompeneasior Ay; (s =r,..., n) B BUle HOJMHOMOB OT A, H3
KOTODHIX IO KpaiiHedl Mepe ONMH H HMeHHO A; He yHHYTO;Kaerca
npu A = A,. He Bomemmme B 3To ompeneremme A, . . Ay,
0JI0;KMM DAaBHBIMH HyI0. Buipaskemma A,; (k = 2,3,...) onpe-
AeJHMM IDH 3TOM corjJacHO ¢opmyae (9).

Tak ompeneneHHNe NOJIHHOMH A,; IOJCTaBHM B IEPBYI0 CHCTeMy
a3 cucreM (7)

1
Z‘ (pij —8:ih) Ay; = P ; (Pijy— 8 M) Ai i iy,

Croamasn 30eck B mpaBoit YacTH cyMMa GYIeT TOKIECTBEHHO HYJIeM,
KOIb CKOpO I = iy, a k> r, moroMy 4ro Torja oHa Gyjaer mpomop-
IHOHAJbHA ONPe/leTHTENI0, Y KOTOPOTo GyAyT ABe ONHHAKOBHIE CTPOY-

kd. Ecam i = iy, a k<{r, t0o, ocraBiaa 6e3 BHACHeAHA 3HAK,
HMeeM

2(191' =85, 3h) Ay = iy p gy o
x 1 1l — -
~ (A — AT

Coraacro BHGOpY! A,;‘,.,,l.r, iy B IIpaBoOifl YacTH 3TOT0 COOTHOIIEHHS
CTOHMT HOJHHOM OT A, HMeImu# A = A, KOPHEM KDaTHOCTH, II0 Kpaii-
Hell Mepe, He MeHBIUed W, , — W, ecad k < r, H TOYHO paBHOI
Prey — Wyy eCaB k=T

Hrax, npuEATHIMH BHpasKeHHAMH A,; B mepBod u3 cucreM (7)
6ynyT TO;K[IeCTBEHHO YNOBJETBODEHHl BCe YPaBHEHMA i == i), He3a-
BHCHMO OT 3Ha4YeHMH A, ecaiu k¥ > r, a ypapuemma opu k =1, .. ., r
6yAyT yHOBJETBOPEHH COIJIACHO NOCJIEAHEMY COOTHONIEHHIO, €CJH
OOJIOKHM A = A,.

Anddepennupys mo A TOKAECTBEHHO YNOBJIETBOPEeHHBIE ypaBHe-
auda (i = iy, k> r) mepsoii u3 cucrem (7), saMeuaeM, 4To IPH HAIIAX
ompefefeHEUAX BeJHYHH Ay; GyayT YNoBIeTBOpeHW BCe NOf0GHHE
ypasHeHHsA (i = iy, £ > r) BcAKOH u3 cHcreM (7) He3aBHCHMO OT
3HaYeHHA A. A Tak KaK IpaBbie YaCTH NOCJENHHX COOTHOINEHHH (i =
= ik, k< r) EMe0T A = A; KOPHEM BO BCAKOM CJy%ae KPaTHOCTH
He HEKe M., — W, TO 3HaUYeHHA BCeX NPOM3BONHEIX OT STHX BHIpa-
JKeHHH 10 mopAfka W,y — M, — 1 BraouHTenbHO 6YAYT PaBHH HYJIIO
npE A = Ay, a 310 coraacHo (9) o6o3mauaer, 4To ocTaBIIAECA ypab-
Henns (i = iy, k < r) mepBoii, BTOpOH, . . ., (B,—y — U )-H CHCTEMK
(7) 6ynayT ynoBieTBOpAThCA 3HAUCHHAMH IOJMHOMOB A ; NpE A = A,



54 TJI. 4, 0 JAHEAHBIX JTHOPEPEHIMAJIBHBIX YPABHEHUAX

B cmcreme ke (B4 — B, - 1)-# Be Oyner ymoBJeTBOPATBCA NO
Kpaiine#i Mepe ee i = i,-e ypaBHeHHe, TaK Kak (K-t — M,)-2 mpo-
H3BOQHAA OT

Biripogs et

(A — AT

OTJIHIHA OT HYJA OpH A = A,.

Hrak, npm B3arux onpenenesmax (10) m (9) smagenma moamvo-
MOB Ay; mpEm A = A, YHOBJIETBOPAT W,y — W, cECTeMaM (7),
H, CJe0BATeJbHO, HAMBHCIIAA CTENEHb /. NPH TAKAX ONpeneeHAAX
6ymer m = p,y — p, — 1.

IIpamenss sror mpmeM K MmHOpaM mopsaaka r =1, ..., k, MH
MONyYEM &k 9aCTHHX PelleHHWH ¢ HAMBHICIIAME CTeNEHAMH I = .4 —
— u, — 1. Kaknoe m3 aTEx pemenmil, kak GwJi0 3aMedeHO paree,
Jaer TPpynmy H3 W,y — W, pemleHmH nyreM aEd@epeHIEPOBAHAA
0o ¢ NOJMHOMOB, CTOANEX B HPOH3BOAANIEM PEIIEHAH MHOKHTEAMH

npE eM,
Hraxk, qaa paccMaTpEBaeMOro XapaKTePHCTHIECKOTO KOPHA A = A,
KPAaTHOCTE W HaiifleHo &k rpynn pememmii (r =1, ..., k), kakpas

H3 KOTOPHX COCTOHT H3 [, — [, pemenmi. Obmee wHci0 Halifen-
HHX peleHH# paBHO, OYEBHIHO, KPATHOCTH KODHA

k
21 (Wpg — Wy) = J

IlonygenHne pemeHHsa JAHEHAHO He3aBHCHMEI Me;kAy coloi. B camom
nejie, MH BHJeJH, 9TO PEMEeHHA KAKOH-JHGO OTHeJBbHOH TIpyHmsl
MeKIY co001 JMHEHHO HEe3aBHCHMBI, TAK KAK HMEIOT pasjHYHLE Ha-
HBHICHIHE CTeNEeHH { B CBOMX BEKOBHX wieHax. IlycTh nemogka mcxon-
HHX MHHODOB

A,

TRERL IS RRRY A

onpeneaseTcA KAKEMA-IEG0 OMAHAKOBHMHE HMHACKCAMA npHE 7 = 1, . . .
. .+, k. IlepemenHoOe ;, BXONA BO BCe PEIEHHA TPYNIK, OTBeYaONIeR
MEHODPY r = 1, GymeT HyJeM no onpeeJeHHIo AJiA BceX APYTAX IPynm
gacTHHX pemenmi. IloaToMy ecam eymecTByeT Kakag-i1EGO JmHEH-
Hasfg 3aBACHMOCTHb MEXIY HaAJeHHHIMH peIIeHAAMH, TO CPeIH HOCJel-
HHAX He MO;KeT HAXONHThCA N0 KpaiHEeH Mepe HH ONHOTO pelleHMA
H3 Tpynns r = 1, Tak Kak Ge3 3TOr0 yc/joBma He §ydeT CyHIeCTBOBATD
AAHEeHHOH 3aBHCHMOCTH YaCTHHX pelleHHH [JiA HEPeMeBHOH I;,.
Ilogo6HKIME COOGpakeHHAME MOKHO NOKa3aTh, YTG B JHHEHHYIO 3a-
BHCHMOCTh 9ACTHHIX PeIIeHHH He MO;KeT BXOJATHh TaK:ke HH OJHOTO
pelleHHA TPynnH r == 2, TaK KaK I;,, BXOAA B 3Ty TPYNNy peUIeHHH,
He BXOJHT NO onpelejeHAI0 HA B ofHy ®3 rpynn r > 2. IIpomoimskan
3TO paccMOTpeHHe Jajbllle H HCKJI9asd Imar 3a MIAaroM H3 IPeanoJio-
JKeHHOH JMHEeHHO# 3aBECEMOCTH Tpynnhl pememmit r = 1,2, ... k,
TeM CAMHIM [OKa3hBaeM JHHEHHYI0 HE3aBHCHMOCTh MEKIY cobow
BCeH CHCTeMH H3 |\ HaHAEHHHX JJId KOPHA A = A, JaCTHHX pelleHHIi.
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PaccmMarpuBas Temeph BCe pa3iHYHEE H HEOAWHAKOBHE KOPHH
XapaKTePHCTAYECKOr0 yPABHEHAs, MH HOJYYAM YKAa3aHHHM IPAEMOM
CHCTEMY H3 n YaCTHHX peleHHH, JEHeHHAsA HE3aBACHMOCTh KOTOPHIX
OYeBHJHA, €CJH LOCJIE JOKA3aHHOro oGparATh BHAMAHHE HA Pa3JH-
que MHOKATeNell e B pemeHMAX, COOTBETCTBYIOIHX HEOXHHAKOBHIM
KOpHAM A.

3aMeqanne MokHO HpEBecTH MHOrO [pPyrux cuocoGoB om-
penesneHEs vacTHHX pemenmii. He Bapymas npmeegeHHHX paccysk-
MeHAl, ME MOKeM OUpefieluTh HOIAHOMH A,; Bmecto (10) ciemyro.

muMa  popMyJIaMu:

iy Joenadpoy Iy

D 3

n-r

Ay, =
rae D, ects o6mumil HamGoabIOAH JAeqnTe]b MEHODPOB r-ro HOPAAKA.

JdAeMeHTApHBIE [[EHTEH

271). lna onpeneseHAs oOmux HamGoAbIAX AeiHTeNedi MAHOPOB
XapaKTepHCTHYeCKOro onpenxennteasa A (A) Bmupaboramn 3ieMeHTap-
HHE HOPHEMbI, HA OJXHOM M3 KOTOPHX MH OCTAHOBHMCH.

JaeMeHMADHUMUL NPeo6PA306aHUAML A-MATPHLH ?) HAa3HBAKOTCA
CJeAyIOIMue Onepanun:

1°. IlepecraHOBKAa JBYX CTPOYEK HJH JABYX KOJIOHOK.

2°. YMHOKeHHe BCeX 3JeMeHTOB KAaKo#-amb6o CTpOuKH (KOJIOHKH)
HA OQAH H TOT ke OTJMYHHH OT HYJA NOCTOAHHWIA MHOKHTEIb.

3°. CnokeHHme 3JeMEHTOB HEKOTOPOH CTPOYKH (KOJOHKH), YMHO-
JKeHHLIX HA OJMH H TOT Ke HOJMHOM OT A, C COOTBETCTBYIOIIAMH 3Je-
MEHTAMH JpPYyTroif crpouk: (KOJOHKH).

91m anemeHTapHHe HpeoGpasoBaEna 00JANAT CIEXYIOIAM, BAK-
HHM [JIA Hameil 3ajadtd CBOMCTBOM: €CJH BCe ONpPeNeJHTEe]n {-T0
OOpAAKA A-MaTpPHOE, B YacTHOCTA MHHOPH oupefexareas A (A),
HMEKT MHOKHTEJeM HOJIHHOM @ (A), TO 3THM MHOKHTeJeM OyayT
o6JagaTs Bce ONPENEJHTENH i-FO HOPARKA Ka;KA0H m3 A-marpum,
moJiyuaeMoii W3 HAYaJbHOH LyTEeM 3JeMeHTAPHHX mnpeobpasoBaHmii.
HeiicreaTenbHo, Aiasa npeobpasosammii 1° m 2° 310 06CTOATENBCTBO
ovyeBufHO. UTOGH HmOKa3aTh; 4TO OHO CHpABENJIMBO H NJaA upeobpazo-
BaHHHA 3°, HPACOEAHAM K 3JEMEHTAM p-H KOJOHKH A-MATpHIH COOT-
BETCTBYKOINAE JJIEMEHTH ¢-H KOJOHKH, YMHO;KEHHLICE Ha NOJHHOM
Y (A). BceArmil ompenenaATendb i-ro HOPARKA A-MATPHLbI, B KOTOP.Iil
He BXOAHT p- KOJOHKA, PAaBHO KaK M BCAKMAH ONOpefesHTeNb i-TO
OOPAAKA, 3aKJI0YAMAN KPOMe p-il KOJOHKH TaK:Ke H ¢-10 KOJOHKY,
ocraerca Oe3 mamemeHmA. Ounpefenmresns i-ro HOPAXKA, 3aKJIIYAN-

1) Boxep M. Bpegenue B Bricuryo arrebpy.— M.: I'TTH, 1934.— (Cm.
. 12).

3) To ecth MaTpHUM, 3JeMEHTAMH KOTOPOHX ABIAKNTCA NOXHHOMH OT A.
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DM p-30 KOJOHKY, HO B KOTOPHIl He BXOJIHT ¢-A KOJIOHKA, IOC.]e Ipe-
ofpa3oBaHHil NpPHHAMAET BHJ

A + ¥B,

e A 1 B aABaATCA’ ONpeReJHTENAMM (-T0 NOPAAKA HAYaJIbHON
A-matpuisl. OTCI0a HeOCPEACTBEHHO CJIe/[yeT CIIpaBeluIHBOCTh BHICKA-
3aHHOTO IPeJIOKEeHHA.

dneMeHTapHbe npeofpa3oBaHHA He MOI'YT HM3MeHHTh o0Imero Ha-
ubonpmero paenmtensa D; onpefenuTeneit i-ro mOpPAAKa HAYaJbHOR
A-Matpunsl. CorjacHO HpefsAyINeMy, OHH MOTJH OBl JIMIIE yBeJIHYHTH
Ha HEKOTOPHH MHOKHTEIb o0mA#l HamGoJabmmil AeanTesb OnpeAei-
TejJell i-TO mOpPAAKa B mpeoGpazoBaHHOH A-MaTpHIle; HO YBEJIHYATL
3TOT OOIHil e IMTeNh OHH He MOTYT, TaK KaK dJeMeHTapHbLIe olepanny
o6paTtumel, a o6paTtHoe mpeofpa3oBaHue IpeoGpa3oBaHHOR A-MaTpPHIIH
K HavaJbHOH Torja Aajo On HHOe BHpaskemume Niaa D;. ’

JdiieMeHTapHEE NPeo6pa3oBaHuA EHHK TeM, 9TO, COXPaHAA olimue
HaunGoJbIINe [ieJHTeJH ONpefeIuTeNell i-T0 MOPAAKA A-MaTpDHIBI,
OHHM MOI'YT OPHBECTH IOCJHETHIOI K TAaK HA3HIBAEMOMY KAHOHUHECKOMY
eudy, AAA KOTOPOro He HpEeACTaBJsAeT HAUKAKHX 3aTPy/NHEHHH ompefe-
nHTh o6mue HamGoJbIIAe AEIHTEIH OmpefeuTeNedl JI060ro mopAaKa.

Ecam nepsniii snement A-marpuusi f (A) He obpamjaeTcsa TOKAECT-
BEHHO B HYJb M He SBJIAETCH MHOKHTEJEM BCEX OCTAJbHBIX JJEMEH-
TOB, TO MOKHO IOJYYHTH DJEMEHTAPHHIMH NpPeo0pa3oBAaHHAMH TaKYlO
MAaTpHIy, HePBHH 3JeMEHT KOTOpPOH He paBeH TOKAECTBEHHO HYJIO
u Gyner Menbmeit cremenm, Heskend f (A). JleiicTBHTENBHO, IMPEANOJIO-
JKHM, 9TO B HEpPBOH jKe CTPOKe HAXOMHUTCA HA j-il KOJIOHKEe 3JeMEeHT
f1 (A), me menammizca ma f (7). Ecan f; () iMeeT cTemens MEHBIIYIO,
Heskend f (A), TO ;KelaeMoro MO;KHO JIOCTHYb IPOCTOH IepecTaHOBKOM
nepBod u j-il KoJOHOK. Bo Bcex apyrmx caydaax

fr (W) = qM)f ) -1 (),

e r () mpemcTaBiseT NOJIMHOM CTeNeHH HH3med, He;kedH f (A).
Torna, mpHcoenMHAA K dJIeMeHTaM j-H KOJOHKH JJIeMEHTH IepBOM
KOJIOHKH, YMHOKeHHHe Ha — ¢ (A), mosydaeM B mnpeo0pa3oBaHHOM
A-MaTpune saeMenT r (A) B nepBod CTPOKe M j-H KOJIOHKe, ecJ]H I3TOT
dJeMeHT IepeMecTHTh Ha MEeCTO HepBOTO, TO MOJyYdM TpeGyeMbii
peayiabTart. ‘

PaccysxneHnA 9TH NePEHOCATCA U Ka TOT cjaydafl, Korna He Aels-
muiicA ma f (A) s1eMeHT HaXOXMTCA B IePBOH KOJIOHKE.

Ilycts Tenmeps He menamumitca Ha f (A) JeMEHT CTOMT B i-H CTPOKe
H j-# Koaomke. Ilycth 3seMeHT nmepBoit ¢cTPOKH H j-H KOJAOHKH eCTh
P (M) f (A). Ilpucoequann Torpa anemMenTH 1-it KOJOHKHR, YMHOMKEHHEE
Ha — % (M), K dieMmeHTaM j-ii KOJOHKM, B 1-H cTpoke m j-ii KOJOHKE
nonyunm (. Ilpmcoenmmsas j-i0 KoOJOHKY K nepsoii, moayuuM f (A)
P KayecTBe MepBOro dJ1eMeHTa, a B IePBOil KOJOHKe H i-il cTpoke Oyaer
CTOATH dJIeMEeHT, He Aeasmuica Ha [ (A), mONb3yACHh KOTODHM, MH YKe
yMeeM YMeHbIIATh CTeNeHb HEePBOTO JJIEeMEHTa.
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TaxkmM OyTeM MH BCeria MOKeM CHeJaTh IEPBHM 3JIE€MEHTOM
A-MaTpPHIH DJEeMEHT ¢ HAWHH3IIEH cTemeHBI0 A B OPHTOM He ofpamaro-
IEACA TOKAECTBEHHO B HYJb, €CJH HCXOAHAA A-MAaTPHIIA He COCTOANA
cmyomb B3 HyJdeil. Ecam 3ToT 371eMeHT He ABIACTCA OOMEM MHOKHATe-
JeM OCTAJBHHX, TO HOBTOPSAEM CHOBA YKAa3aHHHHA LPOLECC, KayKAbi
Pa3 DOHMKAA CTEHEHb IEPBOTO JJIEMEHTA, TAK UTO HOCIAe KOHEYHOTO
9HECJIa oNepamdi BO3MOKHOCTS IPAMEHEHAA YKa3aHHOTO NPHAEMA [0JK-
Ha IPeKPaTAThCA (4 AMEHHO, KOTZ{a HepPBHI 3JeMeHT cTaHeT obmmMm
MHOKHTEJIeM BCEeX OCTAJBHBIX).

IIpeoGpasopanmamu 3° Bce dIeMEHTH HEPBOH CTPOKH H HePBOii Ko-
JOHKH MOTYT OHTH TOIla HPHBEeHH K HYJIO, 32 HCKJIIYCHHEM Iep-
soro auementa E,, m mHTepecylomas Hac KBajgpaTHas Matpama A (A)
paHra n OpPHMET BHA

E; 0 ... 0
0 bm ... b,
. s . - . . . !
0 b, ... b,

npu 3toM E,; (A) == 0 ABagerca fAeamteneM Bcex b,
Ilpomomxana 3ToT mpomecc Aaiablle IO OTHONEHAI) K MATPHIE
| b;; | m K nanpHeHmuM, MH IpEBeAeM HCXOTHYI0 A (A)-MATPHIY K BAAY

Es, 0 ... 0 I
0 kK, 0

. . - ¥
0 0 E

160 paHT HCXOAHOH MAaTPHUH B HHTEPECYION[EM HAC cJydae XapaKre-
pucTHYecKoro ompepeaareaa A (L) pasen n. B kampom moammome
E; (A) KoapdunumenT mpm BHCHIIEH cTemeHHE A CHENaeM PABHBIM eJIH-
gune. Ilomnnom £, (A) cormacHo mpoueccy cBoero o6pa3oBaHHA
Asadgerca neamreneM E; (M), ecam j > i.

28. O6muit HamGonbpmAil AeaATENb ONpPEReJHTeNeH i-ro mMOPALKA
mocJefHed MATPHIOH PpaBeH

Di (M) = E; (M. ..E; (A

Ecam oxoHuaTelpHasA MAaTPHOA HOJYYHIACH OT 3JIEMEHTAPHHX
opeo6pasosanmii A (A)-MaTpHEOH, TO KopPHAMEH HoamHOMOB E; (M)
ABIAITCA KOPHH XapaKTepPHCTHYeCKOro ypasHemmsa A (A) = 0, mbo
3HaueHHe ompefexuTeasa A (A), OUeBHAAHO, MPOUOPIHOHAILHO IIPOH3-
BeACHHIO

Ei(M\)...E, (M.
O6Go3naumm uepes
As oo Ay

pasNHYHHEe H HEOXHHAKOBHE KODHH XAPAaKTEPHCTHUCCKOTO OIpene-
aarena A (A), a pasuaoenume moamHoma E; (A) Ha 3JaeMeHTapHHE
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MHOKHTEJH 3anmmeM $opMyoin

E,(\)=M— A,)'}. . .(A—As)'f' (i=1,...,n).

Bxopsamue B dynknmm E; (A) MHOKHETE!NH
el
(*—3y)

C OTIHYHHMH OT HYJA NOKa3aTedAMH e% HA3HBAKTCA 3AEMEHMADHbL-

Mu Beaumessmu. A KaxIoro KopHa A; oTsedamolide MOKa3aTead e
YIOBIETBOPAIOT HEePaBEHCTBY

ea>=e, ((=2,...,n),

TaK Kak npa npupefeHad A (A) K KaHOHAYECKOMY BHAY IOJAHOM
E; nonywancsa nemmteneM BcAKoro Ej;, ecam j > i.

daemenTtapubie xeamreadn A (A) ompeNeaAOT CTPYKTYPY YaCTHHIX
pemeHail nas amHeAHHX HAPPepeHnEaIbHHEX ypapHEHAN ¢ IOCTOAH-
HHMHE Kodpdmnmenramu. JleiicTBETENbHO, OYCTh HAaC HHTEPECYIOT pe-
eHAs, OTBeYAlomHe KOPHIO A == A,, IJIA KOTOPOro 3JEeMeHTApHHE
HEIHTeIA HMEIT BHJ

(A — Ao)e.

Munop mopsuKa r ABIAAETCA ONpeNeNHTeNeM HOPANKA { = n — T.
Orciona KPaTHOCTH U, KOPHA A = A, Ius obutero HamGoabmero Jen-
reasa D, . MAHOPOB mopsAxKa r Gymer

W =€+ ...+ epyy

H, CJIeJ0BaTeJbHO, PA3HOCTH W, , — W,, ONpeleamBmasa B m. 26
9HCJI0 YACTHHX peeHAH B COOTBETCTBYION[EH rpymnme KOPHA A =
= Ay, ecTb Br-1 — By = €pry3- .

ITEM YCTaHABIHBAETCA, UTO NOKA3AMEAU € IAEMEHMADHWT Oeau-
meaell pagGHAIOMCR HUCAAM pewieHull 8 coomeemcemaywowell zpynne,
npunadaexcawyell KOpHIO A;.

29. 1 pumMep. 3agamumca cacreMoit auddepeHnmalbHLIX ypas-
HeHui

dI__ y dz'__ ’

T T e

dy » ey

a=Y, S =—y—%+pl+2)

Ecam yromHo, mpEMep 3TOT BO3MOKHO MOJEAHPOBATH [BYMA Mexa-
HEYeCKAMH CHCTEMaMH ¢ YKa3aHHHMH CHJIAaMH, B3 KOTOPHX IepBad
gepe3 MOCPENCTBO HEKOTOPHX CHAeNAIHX CHCTEM CO3[aeT CHJIH
p (x -+ z’), neiicTByonEe Ha BTOPYI0 CHCTEMY.

ByneM caegosars mpapmay n. 25, 26.

1°. CHavala HY/XHO BHACHHTb SJCMEGHTADHHE [eJATE]H XapaKTe-
puctaueckoir marpume A (A).
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2°. lna HEKOTOPOro KOPHA A = A, HAYAHAA C OTIHYHOLO OT
EYJaA OpA A = A, MAHOPA TOYHO HAWBHICIIEr0 HOPANKA k, ONpeXe AT
MeNOYKY MHHOPOB (CO 3HAKOM)

Ail..., ir, Jre-odp

¢ KakmMHA-IA60 OJMBAKOBHIMH HEAeKcamME npm r = 1, ..., k Tax,
4To0H npH mepexoxe oT r K r — 1 KpaTHOCTh KOPHA A = A, DOBHmA-
Jach IJIA STHX MAHOPOB TOYHO HA BEJIHYHRY

Cn—ri1r i
B flajee JUIA KaKAOro W3 3mavenmit 1 = 1, ..., k onpenennts ne, .,
IHOJHHOMOB
Ay = A i, 5,...;';_1 iy L Ap s — A_‘IJ?')_
(h—ho) T ”-
p=1,..., enpn—1; s=r,...,n); Bece Ay; upm s < r moio-

KHUTh PaBEEME HyJaw. [lo ataM monmEOMaM, moM0KEB B HAX A = A,,
ONpeNeJATh YHCAA A H COCTABHTH HOPOKIAIEe PemIeEAe ¢ HAHBHC-
meil CTeNeHbI0 BEKOBHX WIEHOB m = e,_,,, — 1 rpynnm (r)

m ;
T = (Ali :71—' RIS o Am+1, i) eM (}\. = }\.0).

Jna onpefesieBAA dJIeMEHTAPHHX JeJATE]eH MaTPHI(H

A 1 0 0
4 —2-% 0 0
AM=| o o _an 1

B i —1 =2

npu6aBAM K OepBOH KOJOHKE BTOPYIO, YMHOKEHHYK Ha A, B Iepe-
MEeCTAM BTOPYI0 KOJIOHKY Ha MeCTO HepBoi

1 0 0 0
—2-A —(A-12 0 0
0 0 —x 1 |-

Boop(E) —1 —2-

Bce ameMemTH mepBoil KOJOHKH, KpoMe HEepBOro, 3JeMeHTAapPHHMH
OmePaHAMEA CO CTPOYKAMH MOKHO CeJaTh PaBEMME Hyao. IIpemmo-
Jarafg TO BHIOJHEHEHM, YMHOKEHHYK Ha A -+ 2 TPeThIO CTPOUKY
npubaBAM K 4eTBePTOil CTPOYKEe, HmOCJE dYero HepeMeEHM MeCcTaM:
BTOPYIO H TPeThI0 CTPOMKH, a YeTBEPTYI KOJOHKY HepefBHHEM Ha
MECTO BTOPOH, OTTECHHB TPETHI0 KOJOHKY HA MECTO YeTBePTOH, a BTO-
PYI0O BEa MeCTO TpeThei: '

0 0 0

1 0 —A

0 —(A+ip o |-
0 p@R+1) —(-+1p

OO e
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Bce 2/eMeHTH BTODOH CTPOYKH, KPOME€ BTODOTO, JeJgaeM HYJIAMH.
B HexaHOEH3APOBaHHOH 1acTH MATPHNH A -- 1 saBaseTcs o6mEM MHO-
KATEIEM BcexX ee 3dneMeHToB. [Ipenmonaras p OTAHYHWM OT HYJIA,
4eTBePTYI0 CTPOUKY, YMHOKEHHYI0 Ha A - 1/p, npmGapuM K TpeTheit
H IDOMEHseM HX MEeCTaMH:

10 0 0
01 0 0

0 0 Ad1 0o |-
00 0 (A1)

CaenosateapHo, dmeMeHTapHHME peauteasMa A (A) 6ynyT
A+ 1), A+ 1)

XapakrepacTaueckoe ypasHeHEe A (A) = (0 mMeeT OIHE KOPeHb
A== —1 +derBeproi KPATHOCTH; KOTOPOMY, COTIAaCHO CTPYKType
9JIeMEeHTADHHX [eJIHTe/]eH, B CHJIY paHee H3JI0;KeHHOro, Gynyr ore-
4arh JIBe TPYNIH YacTHHX DelleHAd: OJHA ¢ OXHAM, a APYTafA C TPEMA
YaCTHHMH pelleHHAMH.

PasymeeTcs, B IPAKTHYECKAX BWYHCIEHHAX, KAK TOJBKO BHACHER
MHOKHATeNb E,, MaTpHANY Halo cpa3y COKpamaTh [0 e€e HeKAHOHA3H~
PoBAaHHOH uYacTH.

OnpenenaM Temeph YacTHHE PENEHHA. B cOOTBETCTBEHA ¢ BHACHEH-
HOH KaHOHHYecKoH $opMmoi Matpmom A (A) 3akawuaeM, 9TO Bce ee

MAHODH OepPBOro HOPARKa OyAyT VYHHYTOKATHCA IpE A = —1,
a4 cpegd MHHODOB BTOPOr0 NODAAKA HAHNETCA OTIHYHHH OT HY:ISA
npa A = —1. Cpexa MaHOPOB A (A) BHIETHEM IeNOUKY oOm{AX Ham-

GonbmEX feamrenedr (mpapmao 2°), HampEMep
Aisa=1, Ay s=—p (A +1).
I'pynny dacTHHX pemeHHR r = 2, 0TBEYaOM(yI0 3JeMEHTAPHOMY
nearremio A -+ 1, swumcaseM cormacEo 2°. Ymcma A,; cyts
Ay, =—1, 4,,=1,4,,=0, A4,,=0;

OTCIOfla IPyHHNa r = 2 COCTOAT H3 9aCTHOTO PemeHHs

z=—€' '=¢', y=0,y =0.

Yro6H ompenesuTh rpynnmy UacTHHX pemeHEd r = {, oTpewain”
myo agemeHTapHOMY jemdtemio (A -+ 1)%, caenyem mpasmay 2°; mo-
JAHOMH A; ; JJIA 3TOH TPYyNIH HMEIT BHJ

Au=—(l.—l—2)(l.+i), Ay = A+ 1,
Ay = —p, Ay = —ph.

l

Orciona nuddepennmposanmeM momyuaeMm
Ay = =20 — 3, Aypy=1, A33 =0, Ay = —p,
A5 = —1, A3 =10, A3 =0, A3 =0.

Hoxcrasasa B 3t monmEoMm A = — 1, HaxomEM mocTosAHEHE A,
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H cocTaBjasAeM HPOH3BOAsAINEEe PpPemeHHe TPYIIH:

r=(—t—1)et, ' =te,
]

@ " t
y=—p—eh yi= (P7—ut>e“‘-

Ocranbusie nBa NPOMBBOAHMX YACTHHX pemeHHsaA FPymmM r = 1
MOJMYYHM OyTeM nnd)(bepe}nmpona}mﬂ NOMHMHOMHAJIBHKEX MHOKHTEICH
B8 IIPOM3BOAAMEM peleHuH

t 4 ~ ’

T=—e,  =¢e, y= —!»Lte—’! y = (}Lt - P) e_l’

;

r =0, ' =0, y=—pet, y = peth).

I

Kanonngecknit Buj neproro npuéamxenns

30 [18]. Jlan msywaemoil cumctemm audPepeHumanbHHX ypaBHe-
HHil ¢ DOCTOAHHWMH Ko3dduinenramu

drs ) r

@ Pa1Ty + -+ - Psndn
6y}IeM HCKAaThb 2 HE3aBHCHMHEIX HHTErpaJoB BHJa

U=yz; + ... Yoty

rje y; cyTh HeKoTopHe QyHKiuN ¢. YpaBHEHHA, KAKAM YAOBJIETBOPAIOT
¢yHKINN y;, moxydaiotca AuddepeHnnpoBaHAEM

au dy'! i ! ;
o T LT e T LY P2y - - oo 4 piny) =
K3

dy, '

Tak Kak 3T0 TOMAECTBO AONKHO HMETh MECTO HPH HOPOH3BONBHMX
HaYaJAbHHX 3HAYEHHAX HePEeMEHHHWX I;, a4 33 HAYaJbHHH MOMEHT MH
BOJIbHH OPHHATH BCAKHH, B TOM YHCJe H pPaccMATPHBaeMHil, TO

dyi ]
=5 Piiva -0 Paiya = 0.

Jdra cucrema auddepeHnHATLHNX VPABHEHHH Ha3nBaeTcs npucoe-

Ounennoli X mcxopHol cucreMe. Ee xapakTepucTHuecKoe vpapHeHHe
HMeeT BHJ

D (W) =l pji + 8;pll = 0.

1) HeoGxonamo 3aMetHTs, YTO €CIH NpeVIOKEHHHH NpuUMep pa3pelath
HEPeAKo NPEMEHAEMBIM METOJOM OTYALHOPO HCKIIOYEHHA IepeMeHHRX, IPHBORN
d

d
CHCTEMY K YpaBHOeHEW A (7> v = 0, B xoTOpOM cTenmenn oneparopa 3¢ 00603-

HAYAT HOPAAOK HPOH3BOAHHX, TO HeH30e;Kr0 HOpEREeM K 01[[1160‘1!!0)()’ pe3yib~
TaTy 0 CYmeCcTBOBAHHH YaCTHOrO pemeHHA C BCKOBHM YJICHOM 13, KOTOpOro B 3a-
Ravye Ha CAMOM Jelie HerT.
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CJ10BOM, XaPaKTEPHCTHIECKHH oNpejeHTelb npucoenunennon cucre-
MH I0Jydaerca ®H3 HcxomHoro A (A) 3aMeHO# A Ha — @ H 3aMeHOR
cTPOYeK Ha KOJIOHKH, a KOJIOHOK Ha cTpoukH. IloaToMy xapakrepmcTa-
gecKHe KOPHA NPACOSHHEHHOH CHCTEMH |1; OTIHYAIOTCA JHIIL 3HAKOM
OT XapaKTepHCTHUYECKHX KOPHeH A; MCXOMHOH CHCTEMH.

ITyers

B+ A)" (s=1,..., k)

IpenCcTaBAANT Bce 3JeMeHTapHHe nemme:m XapaKTepuCcTHIECKOM
smatpunH D () mia npEcoeNMHeHHOH CHCTeMH B IPeN0JIO3KeHHH,
9T0 KOKAKHH KOpPeHb MOBTOPAETCA CTOJBKO Pa3, CKOJIBKO COOTBETCT-
BYeT eMy rpynn pemennii. CreneHs n; COOTBETCTBYIONEr0 3JeMeHTap-
HOTO feinTensa 0003HagaeT, KAK MH 3HaeM, YMCJIO PEHMIeHAH B rpymime,
0TBEYAKINeH# KOPHI W = —A,; 9Hcia ns nepeCEpPalOT Bce MOKA3aTead
ajieMeHTapHHX penmrenedr Matpunmu A (A). Ilycrs rpynma wactHHX
pelleHH NPHCOeTMHEHHOH CHCTEMH JJA Keadrteldsa (S) ecTb

s st s -
yi = (A",,,,+ A Asnln) Hom=0.1,. . n—1),

rre AY) cyrs mocroammme, ompenesneHme KoTOPHX BHAcHeHo. Ilox-
CTaBJAA 9TH YacTHHE PelleHHdA Y; B BHDPaKeHHe HCKOMOT'O WHTErpaJa
U, HaitneM n; cleqyioMHEX HHTErPaJIOB CHCTEMH YDABHEHHH B BapHa-
MEAX:
£ 5) | At
U® = (z{s)m 4ot zf,,.u)e v (m=0,1,.. .,n,—1),

rne 2 cyTp AmHeiiHHe (OPMH OTHOCHTEJHHO NMEPEMEHHHX I, . . .
.+ . I, C NOCTOAHHHME KO3pPHnueHTaAMH:

PA ZA,‘?I, (r=1,... ny). (11)

Bece n = n; + ... -+ n, AATErpajoB, KOTOPHE MOJYIAM, NaBaA $
sce 3Ha49eHHA OT 1 N0 k BRI0UATENRHO, GyNyT THHEHHO He3aBHCHMEMHA
no mnocrpoennio. Orciona He3aBECHMHMHE OyAyT n JAHeHHNX dQopm
P r=1,...,n;s=1,..., k), Koropue, CJlel0BATeJILHO, MOKHO
OPEHATH 33 HOBHE NepeMeHHHe BMECTO I, . . ., Zp. Juddepermupyn
gHTerpan U® ¢ HamBhclled cremeHsi0 m = n, — 1, EMeeM

dz ) t"s_l ( dz(s) ) t"s—2
-2, t 1 (9) (s) (s)
€ — — + JRSONS,. S + PR +

’ [( M2 n, — 11 g M n,— 2~

(5 )
e (S )] =,

OTKYyJa
dzis)
at

df” L9 0 .
-—d-T-—-;»s] — 25 (S:i,....,k;]zzy...,n‘).

(12)
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Hrax, npm moMomm HeocoGoro !) mmHeiiHOTo HpeoGpa3oBaHUA ¢ IO-
CTOAHHHME Koadpmmuentamu (11) cucrema nudpdepennumanbHEX ypas-
HeHHH B BapHAmAAX unpeobpasyeTca K Kawonuueckomy eudy (12).

KRanoumueckue nepemMenuue zﬁ-‘” pa3bEBalOT NPOCTPAHCTBO (4, . . .
e..s Z,) Ha k wommpocrpamcrse (z, ..., z.(,f:), rne s=1,..,k
B TOM CMHICJe, YTO Ha4YaJbpHOE BO3MYIIeHHE KAKoi-1HGO OgHOH uepe-
MeHHoii z{¥ He 3aTparmeaer mepeMemHHX z’ mnpm B, oramunoM or s,
muapn B =s, a<<j. ’

B caywae cymecTBoBaHMA KOMILIEKCHHX XapaKTePHCTHYECKHX
KOpHeli A; oTBevaloride HM KaHOHHYECKHE IepeMCHHEE z?) 6ynyT
TaK)Ke KOMIJIEKCHHIMH.  EcIH jKellaeM HMeTh [eJ0 ¢ BeI(eCTBEHHHMH
nepeMeHHHMH, TO CJIEAYeT IIPOH3BECTH JOUOJHHTEJILHYKI) 3aMeHY
nepeMeHHHX.

HouycTuM, 9TO CONpAKEHHHM KODHAM

M=A+pV—1, d=h—py—1

COOTBETCTBYIOT CchAeAyllniae BEJIHYHHH 2.

a Ry
3 =u; v Y,

2 Y e .
zg ) =U; —VUj '/—1 (j=1,...4n;, =n,).

3a HOBHE IepeMeHHHe BMeCTO z57, z§~2) MO;KHO TPHHATHh BEJIAYAHH

4y, UVj, KoTopHe 6yayT THHeHHHMHA POPMAMH BEJHAYHH Is C HOCTOMH-
HHIMH  BemecTBeHHHMHE  Kosddmnmmentamu. uddepenmuannusne
YPaBHEHHA, KaKHM YAOBJIETBODAIOT Uj, U;, MOJydal0Tca B3 (12) myreM
OTAEeJNeHHA BEIIECTBEHHHX M MHHMBIX dJacTei:

du;

= Mej —poj,
dv
“d—: == My + pug,
du

; .
a5 = M —p; —ujy,

dv.
_# — }«Uj + pu; —vjg j= 2,004, n,).

Taxme rpynnsr ypaBHeHHA IOJYYHM JJIA KayKAOH Maphl KOMILTEKC-
HHX CONPAKEHHHX KopHed. (1A BemecTBeHHHX KOPHel GyaeMm mMeTs
rpynou sEaa (12).

3. IpuMep. PaccMorpaM ypaBHeHHA

dz; LEN
7 77 Sl VR relt e ol P

1) Hon meoco6uM nmHeiiHEM mpeoGpasoBaBHEM NOBHMAeTCH Takoe, onpene-
JNHTENAL 3 KOOPPHMIHEHTOB KOTOPOrO OTIHYEH OT HYJA.
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64
dIg dIg
_d_t':‘—'IZT"’xav, “a‘:xl"!‘xa"}“zev
dzg dzg
Gt ry g Entr—z+ 2z,.

YTo6H ompeNeIUTh KAHOHHYECKHE NepeMeHHHe 25), BHIHIIEM

MATPHIIY UPHCOEAMHEHHOH CHCTEMH

[0 0 t 1 1
0 tip —1 0 0 0
I S TR T 0 0
Dw=)_y o 0 1+tp 0 T
0 0 0 1 1tp —
1 0 0 0 1 24p

JueMeHTADHBE [eJUTENH ITOR MATPHOH CYTh
B2 20 5 2, (® - 20 4 2)%

CaefoBaTeabHO, XapaKTEPUCTHYECKOE YPABHEHHE WPHCOEXHHEHHOH
cucteMH D (n) = (0 EMeeT XBa KOMIVICKCHHX CONPA’KEHHHX KOPHSA
p=—1-+iuw p=—1— i, Rakgoe TpeTheH KPaTHOCTH; XapakKTe-
pucTHYeCKoe #ie ypasHeHHe 3agaHHoOil cucteMmmt A (A) = 0 Oyner
no3TOMY HMeTh KOpPHH A = 1 — i ®m A = 1 4 { ToHl ;Ke KpPaTHOCTH.

Jlaa ompeRe’deHHA UOCTOAHHMX AL}, BXOZAMEX B BHpPAKEHHA
KAHOHMYECKHX IEPEMENHHX 2y H B BHPAKEHHsA DPemeHHH MPHCOeRH-
HEeHHOH CHCTEMB, PACCMOTPHM TAKYH IEHOYKY MHHODOB

Dy, 50 = —n (2 +n)y Dyg=mp -4 p @+ 2p+2),

YHOBJMETBOPAKIEX upasuay u. 29 mgaa adwboro KOpHA XapakTe-
PHCTHYECKOTO YRABHeHHA HpHcoefuHeHHO# cmereM D (p) = 0.
CHagana ompegeauM HOCTOAHHBE Ay;, CBA3AHHHE |B H3BECTHOM
CMBICIE ¢ NPOCTHM MMeMeHTapHhM jermresaeMm (p -+ 1 - i), Coraac-
g0 dopmyre
Ay; = Dy sj

oupexeN UM NOJAHOMH

A =0, 4 =p A +p) @2+ p)h A= —p 2 - p)

A, =0, 4,5 = 0, A, =0,

OTKyXa NiA BHGpaHHOTO KOPHA W = —1 — i mMeeM
Ap = 20, Ay3 = 2,

M caexoBaTebHO, coraacHo ¢gopmyae (11)
2 = 2 (xy + izy).

OnpefenEM Temeph KaHOHHYECKHe IePeMEHHHE JPYrod rpymnH
Tor0 ke KOpHA. IlocKOoaBbKY BCe MHHOPH HepBOro MOPAJKa ompe-
pemmteas D (u) umeor o6muit MHOmHATeas B + 2p + 2, MH MOxeM



KAHOHUYECKHAA BH] IIEPBOI'O TIPUBJMKEHUA 65

onpemeJAT: OOJHHOMH A, ; caexya 3aMedanumio B 1. 26, mo gopmyaam

D,.
— 4
i = wrmTT
Hmeem
Ay = — @2 + ) Ay =0, A3 =0,
Ay =1+ p)-(u® 4 2p - 2), 4y, = (2-+p), 4,4 =
= —2 (1 -+ p)
Orciona oo dopmyne (9)
Ay = —2(2 -+ p), 4y, =0, Aq5 = 0,
Age = (W + 20 +2) -2 +p)’ Ay =21+ p), 4y = —2.
TlogcTaBiad B 3STH MOJMHOMBLl 3HAUEHHE KOPHA W == —1 — i, nMeeMm
/4!1 = 2iq A12 — 0, .’113 = Og
Al-’l = Og 1415 == ""2. ‘416 == 2’:‘
Ay = —2 -+ 2, 4., =0, 4,5 =0,
Ay = —2, Ay = — 21, Ay = —2,

OTKYla KaHOHHYECKWe NepeMeHAbe 3TOH FPpynOs Onpeneasiorcs 1o
dopmyaam (11)

2 . o {2 o . .
2P = 2i (x, - x5 + ixs), B = —2(x; + & - izy) F 20 (z, - iz,).

Kamorngeckae mnepeMeHHME [Jis CONPAKEHHOIC KOPHA NOJYISIOTCH
mepexoloM k compsxeHanyM Gopmam 737, 732, 72,

32 [17). YacTEne pemeHEs ypaBHeHAH 1. 24 HJIHA Jerko monay-
qalGMAecA Moc/je WX HOACTAROBKHE B ypapHenmda (11) pememms kamo-
auIecKEX ypapuemn# (12)

2 = iV (9} (t) — nonmmOMDBI)
OPEBONAT K HEOOCPEACTBeHHHIM BHIBOJaM 06 YCTOHYABOCTH B HEepPBOM
OpHG/IHAHCHAR .

Ecnm cpemu kopHe# A; = &, 4 if; XapaKTePHCTHYCCKOr0 ypas-
seEasa A () = (0 mMeercs XxoTsi Ol OOHH KOPEHb ¢ MOJOKHETE/bLHOM
BeMeCTBeHHOH YACTBIO, TO HEeBO3MYINeHHoe ase:keHme (r; = 0, . . .
.+« &, =0) meycroiiunso B nepsoM upubiam:xenmn. Ecam Bce 3tm
KODHH HMEIOT OTPHIATeJbHble BeIMeCTBEHHbIE 9aCTH, TO HEBO3MYINeH-
HOC JBH;KeHHEe yCTOHYABO B mepBom npmubimkenmr. Ecam wactb Kop-
Hell mMeeT BenleCTEeHHHE YACTH PABHBIMHA HY.I0 IPA OPOYHEX KOPHHX
C OTpPHIATEJHHHMH BeNIECTBeHHHMH YacTAMH, TO HEBO3MYI[eHHO®
nsm;keAne GyxeT yCTOHYHBEIM HJIH HEYCTOHYMBHIM B HEePBOM mpmbiam-
JKeHAH, CMOTPA WO TOMY, GYAyT M BCe dJIEMEHTAPHLIE JIeAHTe]H, OT-
BedaoMue HYJIEBHIM H YACTO MHHEMBIM KOPHAM ompepenmtens A (1),
OpocTHMA (C OKasaTeNfAMH e, He IpeBOCXONAmMAMH 1) BMIE cpenm
HAX HafijlercA XoTA 6wl OXHH He OPOCTOMH (C mOKasaTeneM ei, GoabmmaM,
geskena 1),

3 H. T. Yeraes
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Jasa yopasKHeHHA BCe 3TO MOKHO JA0OKA3aTh TAKKe NMPAMEIM MeTo-
noM, paccMaTpEBad QYHKOHIO
(s)5(3) (8)7(s) 2(n,~1) _(s)=(3)
V= (a,— &) [277" + (@, —e)2257) + . . . + (2, — )P V3§ Zn ]
8
rjae &€ — HeKOTopasa OTJHYHAA OT ¢, BemecTBeHHasa nocTogmHas. [loi-

Haf NPOM3BOJHAA WO ¢ OT JTOH $ynxmma V B cmay KaHOHHYECKHAX
ypasaenmi (12) ects

== 26V + D (ots— )2 [2297) + 2 (o0, — )220 ...+
8
+ 2 (e, — &)X 05 — (, — &) GOR + 7020 — ... —
- (a 6)2" —~3 (z(s) _(S) i ZS)_ zsf))]

JIacKpAMHEHAHT KBaJpaTHYHOH (QOpMH IpMHTa, c’ronmeﬁ B KBaj-
PATHRIX CKOOKax OO 3HAKOM HOCIeIHEH CYMMbI, €CTh

2 —1 ... 0
—1 2 ... 0
0 0 ... 2!

eCJH 3a HepeMeHHHE A OPOCTOTH HPHEATH (a; — €)* zoh.

Taasanie gmaroHaJbHHE MHHOPH A, 3TOr0 AACKPAMHHAHTA BCE
HOJIOKHTEJNbHN 1), H03TOMY CTOAIMMEe B KBAAPATHHX CKOGKax (opMHI
6ynyT ompeneleHHO-MOJOKATEIBHHMA KajKAaA OTHOCHTENBHO CBOHX
mHepeMeHHHX 2", . .., z%), a BcA cyMma GymeT TeM caMbiM ompefie-
JIeHHO-NOJO0KATENbHOH OTHOCHTEJbHO HEPEMEHHHIX Iy, . . ., Zp.

Ecam cpemm kopmeit A, = o, + iff; XapakrepECTHYeCKOTO ypaB-
merEa A () = 0 mMeerca xora Gn OAMH, IOJNOKAM KOPEeHB Ay, C HO-
JO/KATEIHLHON BeIMecTReHHOH 9acThio (a; > 0), To, Bubupasa & paB-
HHM HEKOTOPOMY IHOJIOKHTEJAbHOMY YACAY, HE HpeBHINanmeMy Had-
MeHbIIeH HOJO;KHTEJbHOH BeIIeCTBEHHOM YacTHM KOpHeH, 3aMedaeM,
ur0 $yEKDEA V mpm TakoM BrGope € YHNOBIETBOPAET BCEM YCJIOBHAM
BTOPOH Teopemu JIAnyHoBa o HeyCTOHYAMBOCTH, TaK Kak mpH Bhbope

HepeMeHHNX Z;, . . ., I, COrJacHO ycaosaaM 230 = 0 (s > 1) sma-
gepdsa ¢yEknmm V 6yayT noaokuaTenbEHMHA. HeBoamymeHHoe ABH-
skepdme OymeT HmOITOMY HEYCTOHYHBRIM.

Ecam Bce xopmm A, = a; 4+ if; mMeT oTpuUnaTeJbHLE BemecT-
BeHHBe acTA o, < 0, To, BHOApasA g COTJACHO HEPaBeHCTBY O, <
< & < 0, zamewaeM, dT0 ¢yEkmEa V Gyder ompeneseHHO-OTPHNA-
TeJIbHOH, a ee OPOH3BONHANA ONpeNleJeHHo-noa0kATeabHOHE. CoryacHo
teopeMe JlanymoBa HeBO3MYINeHHOE JBH)KeHHe OylneT YCTOHYHBEIM,
a 6am3KMe Bo3MyIieHHHIE ABH;KeHAA OYIYT CTPEMHAThCA K HEMYy aCHM-
UTOTHYECKH.

1) Paanoskenne A, eCId r 2> 3, 1o dJeMeHTaM TOCAeRHeH KOJOHKH IPHBO-
AHT K COOTHOMICHHI0O A, — Ar_y = Ar_y — Ar_,, OTKyAa @0OCIe BHYHCICHHA
Ay = 2, A, = 3 monysaerca A, = r + 1.
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WssecTrnit npon3son B BEIGOpPe € yKa3KBaeT, 9T0 NPH HOCTPOCHHEH
¢yaxnum V, paspemaiomeii Bompoch 06 yCTOHYHBOCTH HJIHM HeyCTOM-
9YHBOCTH B IEePBOM NPHOIHKEHAH, TOYHOE 3HAHHE KOPDHEH A, H KaHO-
HEYeCKHX MePeMEeHHHX 2z, He ABIAETCA He0GXOMEMEIM. IIpakTuye-
CKoe HCIOJb30BaHHE 3TOro obcToATenbcTBA GymeT HOKa3aHO HAKe.

Teopema 'ypBuna

33. Bo mmormx 3amauax, Korma TpeGyerca HaliTH JRmML ycJaoBHA,
KOTOPEIM JIOJI;KHEl yNOBJIETBOPATH Ko3(PuUIUEeATH D, , YTO6H obecme-
9ATh YCTOHYABOCTh MJM HEYCTOMIMBOCTb HEBO3MYI[EHHOTO IBHKCHHS
B IePBOM NPHOAM;KeHAHM, HET CMBICIA BHIYHCJATH KOPHH XapaKTepHC-
THIecKoro ypasHeHusa A (A) = 0; mocTaTouHO 3HATL JHINB 3HAKH
HX BemeCTBEHHHX dacTel.

HeoGxonuMbie B NOCTATOYHBE YCJIOBHA OTPHIATEIbHOETH BEECT-
BEHHBIX 9YacTedl BCeX KOPHeH MOJHMHOMA € BEMeCTBEHHHIMH Ko3(dm-
nuenTaMu Onnm HaffneHn Bmepsne PaycoM. Boaee mapectEm yciao-
BHA, OpeAJo;KeHHHe ['ypBHIlEeM.

Ionmmom

f@=2"+a;3z" 4+ ...+ a,

€ BeNEeCTBeHHEIMH KOo3(pHIHeHTaMA ¢ HA30BEM 2YDEUYEEBIM, €CIH BCE
€ro KODHH HMeIT OTPHOaTeJbHEC BemecTBeHHbe JacTu. B maockoctm
KOMOJIEKCHOI'0 HePEeMeHHOT0 2 = I -}- i} Bce KODHH I'yPBHI[€BA HOJHHOMA
aAe;kaT BHYTpE obaactm @, orpaEAYeHHOE MHHUMOH OCBIO ¥ M JeBoil
OOJYOKDPY;KHOCTBIO focTaTodHo Goawnmoro pagayca R ¢ meaTpom
B Hagajie KOOpPIMHAT.

Ilyers

F)=2"—az"' + ...+ (—1)"e, = (—1)"j(—2).
PaccMorpaM mosnmmOM cTepmennm n - 1
Fo =(z+¢)f(2),

rge ¢ ecTh HEKOTOpPasa MOJIOKATENbHAA NOCTOAHHANA, €CJH HOJIHHOM
f(z) ABAAETCA rypBHIEBRIM, TO TAKHM ke GyneT, OYeBMAHO, M IOJIH-
HOM F.

IlonmmoM (n + 1)-i cremenmnm

Fy = (z 4 ¢) f (2) + pzf* (2)

OpH HenpepHBHOM m3MeHeHHMH napamerpa p ot 0 no 1 usmemserca
or Fy, nmo moammoma Fy; = (z + ¢) f (z) -+ zf* (3).

Ecam nonmmom f (z) ecTs rypemnes, 1o moammom F, npm Hempe-
PHBHOM H3MeHeHmm mapamerpa [ oT O mo 1 Mosker mepecraTh GHTH
TYPBANEBHIM, €CJIH [JIA KaKoro-imGo 3HadeHHs mapaMeTpa L HAa HH-
Tepsaie (0, 1) no kpaiineii Mepe onmH B3 KopHeit monmHOMa F, mepeii-
mer 4epe3 rpammny obaacrm @ mapyTpm Hapy;Ky. Ho mpm ykasaHHBIX
3HAUEHHAX MapaMeTpa | moJuHOM F, He HMeeT KOpHeill Ha JeBoil mo-

3s



68 TJ1. 4. O JIMHEAHBIX JUOOEPEHIHU AJIBHBIX YPABHEHHUAX

JYOKDPY/KHOCTH AOCTaTOYHO Goabmoro pagmyca R, Tak Kak, moiaraws
Ha Heil z = Re'®, mMeem:

Fu = (1 + p) R™60000 4

[loatomy, ecam Hekoropsie kopHH F, mokmpaloT obmacts @, To aTo
MOKeT OPOH30UTH AL OPH Hepexoje KOPHA depe3 MHAMYIO OCh.
Ho m sroro me mosmer 6uth npa 0 < p < 1. [leficTBHTeNBHO, pasna-
rag OOJHHOM [ (z) HA JMHeHHEEe MHOKATEJNH, OTBeYaloNlme ero Kop-
HAM ¢, a HNOJWHOM f* (z) — HA JIMEeHHHE MHOKATENH, OTBeYalmMHue

KODHAM oy == —@,, HENOoCPeACTBEHHO YO0eKmaeMcA. YTO HA OCH Y
(ecim moamHOM f (Z) €CTh TypPBHIEB)

flz) | PPz -y 1

1*(z) P10g- - - O

rae
pr=1z—al|, pt=lz—al|= |2+ &l
ubo Ha ocm ¥ (z = iy) mMeeM p;, = pk.

Ilpm mammx yeaosmax ¢ > 0 v 0 < p < 1 noxmHoM F\, He MO:KeT
6RITH HyJjeM Ha OcH ¥y (z = iy), TAK KaK B TaKOM cjaydae Guao Gu

1_\(z.—,Lc)f(z) :‘z—f—c
| paf*(g) Bz

HIA
&+ —p)yt =0,
9T0 HEBO3MO;KHO.
Urak, ecam f (z) mpeacTaBiasier rypBANEB HOJAHOM, TO TypBHIe-
BRIM Oy[eT W TOJHHOM

Fy=(z+0¢)f@) +2* (2 (c>0).

O6parHnii Dpomecc NOKa3nBaeT, KaK A TIypBHIEBa HOJIHHO-
Ma F, crenemm n -+~ 1 cTpomTca TypBHOEE HOJAHHOM [ (Z) cCTemeHH r.
B caMoM pene, paccMOTpEM HOJHHOM

Dy = (2 — 2a) f (2) — paf* (2) (s > 0).

rie napamerp u mamensercA ot HyaA go 1. Ecawm f (z) mpeacrasaser
rypsanes noimaoM, 1o noamaoM O, = (z — 2a,) f (2} Gyner mmeTh
n KODHeH B JIeBOM HOJYIJGCKOCTA NE€PEeMeHHOT0 Z W OJHH KOpeHb
2z = 2a, >> 0 B npaBo#t. Ilpn orosopeEHOM MHTepBaJie M3MEHEHHA [+
HA ofuH ¥3 moimEOMOB (D, We MO:KeT WMeTh YWCTO MHHMHIX KODHe#
(MOKa3HKIBAETCA TOYHO TAK K€, KAK 3TO JOKA3HIBAJOCH [JJA IOJHHOMA
Fy). Ilpr p — 1 moamaOM

Oy, =1 —p)z™ — (1 —p)ag" +la, (1 — p) — 241 2"+ . ..
6yneT mMeTh ABa BelECTBEHHHX M YAANAIMAXCA B GeCKOHEYHOCTH

KOpHA BAAAa -+ a, 1/

1i m (1+...), TAe HeBHOHCAaHHHE YJeHH IpH
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P, CTPEMAMEMCA K €IHHHNE, CTPEMATCA K HYJNI0. 3TH KOPHH PasHEIX
3HAKOB; MO3TOMY HoamHOM (R — 1)-it cTemenm

Oy = (z — 2a)) 1 (2) — 2f* (2)

BCE CBOM KODHH HMeeT B JIEBOH IOJYIJOCKOCTH; H CTAJ0 OHITH, ecid
f (z) mpencraBafer TYPBEOEB NOJIMHOM, TO TYPBHIOEBHM 6yjneT W mo-
auaoM Q.
Tenepp BO3MOKHO DepeiiTH K H3a0keHAN Teopemu I'ypsmna. U3
Kospdunuentos mosmHOMA f (2) coctaBEM TabaMUKy
e 1 0 0 0 O
as as az 1 0 0 e
as ag az az a; 1 ...

S

B Kotopo#l Bce a,, = 0, ecam m > n. Ha ee rnasmoft nmaromanm

CTOAT OOCJA€0BATEJBHO a4, Ay, A3, . . . I'naBnkie JHATOHAJ bHEIE MH-
HOPH aToi Tab;imakE o0o3HAYHM qepes
a; 1
= A = 1 PR = q .
Al axs 2 as ap ’ ). An nAn—l

Teopema I'ypsuna. Heobrodumurm u docmamounum yc-
A08UeM 048 M020, 4mobb noauroM f (z) uMes ece Kopru ¢ ompuyameas-
HWMU 6EUECEEHHBMU HACTMAMU, SEALIOMCS HeDABEHCMEA

Ay >0, A, >0,..., A, >0.
HoxasareabctBo. Ilyets ¢ = 2a >0. Torna

Fl =2 Z A,.Z"J'l'r',.
rae
24, =1 4~ (—1)'] a, + 2aa,_,.

O6osnaunm wepes A, ompeneamtenn I'ypsana nns moammoma f (z),
a uepe3 D, ompeneamrean I'ypsmma pnad OmoamHOMA %Fl. Nmeem

a 1 0 0 e
D, =| 9 aay+a; a 1
aay aag - ag aag aay--az '
BrineceM n3 HEYEeTHLIX KOJJOHOK MHOKHATEJb a, IOCJ€e 9erc KaKIYyI0 aTy
KOJIOHKY BEIITeM M3 9eTHOH Ha eNWHHANY G0JbIIero HoMepa; BEIHOCH
MHOKHTEJIb @ B A3 YeTHHIX KOJIOHOK, 6yneM HMETH

1 0 0

Dv —gvi% @ 1 ... — avAv—l-
ay az ap
HeoOxonuMuM B I0CTATOYHEIM ycjaosHeM Toro, 41o0H mosmHOM F,
6bi1 6B IypBHIEBHIM, ABIAETCA YCIOBHE, YTO HOJIHHOM f (z) aBagercs
rypeunesnM. [lomyctum temepns, urto kputepnii I'ypsuna cupasenins
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AnA nmoamHOMOB cremen: < n. Ecam Ay, >0 (v=1, ..., n), To
noNMEHEOM | (2Z) — TypBHIOEB H, CJ€OBATEJNbHO, HmoamHOM F, Oyner
TyPBHIEBHIM, H JUIA Hero Heo6rodunmo GYAYT CYMECTBOBATH YCJOBHA

D,>0 (r=1, ... n+1).

Ecnm D, >0(r=1,..., n+ 1), 7o orciona A; >0 (s =1, ...
..., N) H, 3HAYAT, NOJHHOM [ (z) GyHer TYPBHIEBHM COTJACHO CHIO-
Tede 0 CHPABeJIABOCTH KpuTepua ['ypBAOA NAA HOJHHOMOB CTelle-
ma n. Ho ycnosme, uro f (z) — rypBunes monmHOM, ABAAETCH docma-
M oYHbLM IJ1A TOTO, YTOOH rypBEOeBHM Obha W moamaoM F (z). Crano
O6nTh, ecam KpmTepumil ['ypsEma cupaseqads QA HOJHHOMOB CTele-
HA n, To OH Gymer cunpaBegams (D, = a > () # DOJHHOMOB CTeneHH
n + 1, 160 KaKAKA rypBANEB NOJHHOM CTemeHH 7 - 1 Mo;kHO mocT-
POHTH H3 HEKOTOPOr0 TYPBHI[EBA NOJHHOMA CTENeHH 7, KAK MOJH-
HoM F ctpomnca u3 f (z). lna noamHOMOB mepBoif, BTOPO# cTemeHH
Kpmrepuit ['ypsama, o4eBHIHO, CHpaBeNJAB; METOX MAaTeMaTHYECKOH
HHAYKIAHE JaeT, YTO OH OyHeT cOopaBeldB BCErAa.

Ilpaxep?l). Bompoc 06 ycToHYHBOCTM BepPTHKAIBHOTO Bpa-
IMEeHAA THAMKEJIO0r0 TBEPAOro TeJa ¢ OXHOA HEeMOABHKHOH TOUKOH B Ciay-
gae Jlarpamka mo OTHOmMEHAK? K Yriay HyTanud O npaBOAETCA K
H3yueHR0 AAPPepeHNHAAIBLHEOr0 YPaBHEHHA IAA U = cos 6

[du\? __ 1 2 b 2

() =@—an)(t —ut)— B —brou)* =f (),
B KOTOpOoM &, f, @, b cyTh HeKOTOphle NOCTOAHHKEE, NPHYEM a2 H b mo-
JIOKATENBHHN; I'y — NPOEKIHA HA OChb 2 HAYaJBHOM YIJ0BOH CKOPOCTH
BpameHAA TBepaoro Texa. [laA MexaHAYeCKOX 3ajaulm BCce KOPHH
gonuEOMa f (¢) BemeCcTBeHHH, a 3HAUCHHS NEPEeMEHHOH U JIe:KAT Ha
3aMKHYTOM - HHTepBaJie MeAY HAHMeHBNIHMH KODPHAMH IOJHHOMA
f (u),

HaitneM ycaosms, mpH KOTOpuX kopsH mnoamEoMa f (1) Gymyr
6oapme 1 — §, rme § — mPOH3BOALHO 3aMAHHAHA MAJAA MOJOKATEIE-
HasA BeIHYWHA.

PaccMorpEM mosmHOM

F(z)=—f(1—06—32)=az —{—.aiz2 + a,z + aj.

Ero xopEE 6yayT BCe OTPHIOATENLHBIMH, €CJIH KOPHHE HoJmHOMA f (1)
Gonpme 1 — §; m Haobopor, ecnm Bce KOpHE moamHOMa F (z) orpmma-
TeAbHH, TO BCe KopHE moamEoMa f (u) 6Gymyr Goawme {1 — §.

Yenosra oTpENATENBHOCTH BCeX KopHed monmeoMa F (z) momy-
q9al0TCA coraacHo Teopeme ['ypBHIAa B BHAEe HepaBeHCTB

a >0, aa, — aag >0, a;g >0.
Jlan npakrtauyeckm HamGoiee mHETepecHOro caydas 6, = 0, 6, > 0;
Yo =0, mma B — bry, =0, 6 = @ — a HepaseH:TBA TH OyAyT

Y)Yeraen H.I'. O fgocraTouHERX YCIOBAAX YCTOHYABOCTH BpamaTesih~
HOro ABmxenHsa cHapajxa // [Ipmxx. mar. m mMexam.— 1943.— T. 7.— C. 81—-96.
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AMeTh CjAeAYIOIMHUA ABHLIH BH], €CJH BOCHOJb30BATHCA HEBHINHCAH-
HHMH BHPaKeHHAMH JUiA K0d(pPHUIHeHTOB a4y, a,, aj:

bri — 2a + ;' -+ 3ad > 0,
—2 (b%f — 2a + 63)) 65 -+ 8 (2 (bPr; — 2a + 65)2 — 4abf’) -
-+ 8%8a (b%r; — 2a - 651 -+ 8428° > 0,
—20;% -+ & (b — 2a -+ 0% - ad® > 0.
Hac mETepecyeT HamMeHbinee 3HaueHHWe §, JUIA KOTOPOTO MMEIOT Mec-
TO TH TPH HEpPaBEHCTBA; Takoe 0 GyjeT HaWHA3mIed BepXHeR IPaHA-
neit naa ¢ymknmm 4 — u. Ecam sanac ycroiumpoctu s = b2ry —
— 2a > 0 npuHATH YNOBIETBOPAIOIIAM HEePABEHCTBY
(s + 80°)* — 4aby’ >0,
TO OpA
20
= s —}—9(;2

BCE TPE HEPaBeHCTBA GYAYT YAOBJETBOPeHH. A cieNoBaTe]bHO, mpH
TaKOM 3amace YCTOMYABOCTH OHH IO HeNPEPHBHOCTA OCTAHYTCA Y/OB-
JICTBOPDEHHHIMH H I HeCKOJBbKO MeHbmEX 3HaueHAA §. ITosTomy upm
YKa3saHHOM 3HAQYeHHH 3a0aca YCTOXYHBOCTH §

20,2

’2.
5+ 8,

1—uL

Il puMep. PaccMoTpuM caydail, KOrjla 8 ypPaBHEHMAX BO3MY-
MEHAOTO JBHKEeHHA

'l
G.Is

=t = Paty +oeiiF Ponn (s=1,..., 1)

K09 PAEEHTH p,, ABIAIOTCA HeNPEePHBHHIMH, OTPAaHAYEHHHMH PYHK-
OHUAMH BeNIECTBEHHOTO NapaMeTpa o. PasjMYHHM 3HAUCHHNM O MOTYT
OTBeUATh pa3jATHBIE HeBO3MYyHleHHBle ABMeHHmA. [lociemoBaTedabHO-

CTH H3yJaeMbIX HEBO3MYIECHHHX apmwxeEmd (xy = 0, ..., x, = 0)
0TBeJaeT B IPOCTPAHCTBE NePeMeHHHX (&, Iy, . . ., I,) 0¢b . Te T0U-
KA DnocjefHed, Iie XapaKTepHACTHYECKOe ypapBHEHHe
, n - .
AQ)={ps — 02 = {(—1Y*"(A" + a A" 4 ... 4 a,) =0

HMeeT Bce KODHH ¢ OTPHIOATEeJbHHMH BENIECTBEHHLIMM JacTAMH, OT-
BEYal0T AaCHMOTOTHYECKH YCTOWIABHIM HEBOSMYMIEHHMWM IBHKEHHAM;
npH 9TOM BCe ONPEeNHTEIH I yPBANA O/KHH OHTH I0JOMKATENb-
HHMH:

a 1

Onpepenatean A; 6ynyT HekoTopuiMu yHKnuAMA o. Ecam meBo3-
MyIeHHOe [BHJKeHHe, OTBedalol[ee Q = f,, ACAMOTOTHYECKH YCTOH-

Ay =a,>0, A=
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9HBO, TO OPH JajbHelimeM H3MeHEHHH LOApaMeTpa « B KaKoM-ambo
HAUDABJEHAH, HAYAHASA CO 3HAYeHAA (,, YCTOHIHBOCTH MOJKET Te-
pATbcA aa60 KOrna, Mo MeHbMIeH Mepe, OAHH A3 KOPHEH XapaKTepHC-
THIECKOTO YpPaBHeHAA CTAHOBATCA PABHHM HYJII0, JEGO KOrja JBa
KODHA CTAHOBATCHA YHACTO MHAMBIMH; B HE€PBOM Caydae YHHITOMKAETCH
Koa¢puraenT a,, BO BTOpoM yHAYTO:KaercA A, _,. IlepBoe yTsep:ne-
gre He TpefyeT AokasareabcTB. a1 [OKa3aTeabCTBA BTOPOrO pa-
300beM XapPAKTePHCTHIECKHA LOJHHOM HA CyMMY 4IEHOB ¢ JeTHHIMH
H HeJeTHHIMH CTeneHAMH

(—1)"A () = (A" + @A™ £ . . .) + (@A™ F g A" 3 . . ).

CyMMa 9HCJa WJIEHOB HePBOr0 M3 B3ATHX B KPYIJible CKOGKH BHIpaKe-
HU# (oyceth p -+ 1) m 9ncaa caaraeMbix BO BTODOH CKOOKe (mycTh
v -} 1) paBHserca wucay n +— {1 Bcex wieHoB moamaoMa (—1)™ A (A).
Orcwna

pt+v=n—1.
PaccMOTpHEM mOJIHHOMEL
P(2) =2¢ + agzht + .., P (2) = a2’ + agv + ...

Ecam moammoM A (A) AMeer 9HCTO MHEMHIM KopeHb A = if§, To moam-
HOMK @ (z) ® ¥ (z) 6yAyT AMeTh DO HOCTPOEHHI0, IO MeHbmeH Mepe,
ONMH COBMECTHHH KOpeE®» H EHMeHHO z = —f3%. Ho mosmHOMBI ¢ H
aMeloT ofmue KOPHA TOrla H TOJBKO TOI[AA, KOIA YHHYTOMAETCHA
HX Pe3yJbTAHT

R — iA'n—i'

IIycte HA ocH & Touke P, rie @ = a,, OTBeYaeT ACHMIOTOTHYECKH
YCTOHYHBOE HEBO3MYIeHHOe ABIKeHAe H, CJel0BaTeabHO, BCe A,
00J0KATeabHb. [IpE RajbHedmeM yBeJA9YeHEH @ ONDPeAeJHTENH A,
6yAyT KaK-TO H3MeHATHCA; IOPH 3TOM HePBHIME Hem30e:kHO OymyT
YHAYTO}KATbCA @, HmaIA A, ;. Ecam opm nmepsoM HapymeHum Hepa-
pepcTB I'ypsmEna ynmuroskaerca a,, TO AJA oTBedaiomeid TOIKE M
YPaBHEHAS BO3MYMEHHOTO JBM:KeHHAA OYyAyT UMeTh B CHJIY KAHOHH-
qeckoro safa ypasHeHmi (12), mo MeHEbmIedt Mepe, OAAH JHHEHHKE HH-
TerpaJ HJH HOBYI0 IOCJIeJOBATEJIbHOCTh «DABHOBECHI», IPOXOAAMYIO
gepe3 M, tak Kak A (A) mmeer mpm 3TOM, mO MeHbIIEH Mepe, ONHE
PaBHHA HY.1I0 KOpeHb. Eciam ke mpE mepBoM HapymeHHH YCJOBHE
l'ypsana ymmaro:kaerca A,.,, T0 B o6Jacta orsegaiomei Toukm C
6yneM EMeTh OHONAPAMETPHYECKYIO (0 MEHbINEH Mepe) IOC/Ieq0Ba-
TEeAbHOCTh NEPHOAHIECKAX ABH;KEHHA, OTBEYAIMYI0 KBAJAPATHIHOMY
HATErpaJy ypaBHEHAH BO3MYIIEHHOrO ABH:KeHAA, HeM30e:KHOMY B CH-
Ay KaHOHAYECKOro BHAA ypapmHeHmil (12) opm mape MEEMHX KOpHeR

A (M) D).

1) Korga ypaBHeHHS BO3MYI[eHHOTO JBHKeHHA He OTPaHAYABAIOTCA JHHEH-
HHMHA WieHaMH, BOIIPOCOM O CYIIECTBOBAHAH II€PHOJAHYECKHX [BH/KeHEH 3aHH-
sanca II. A, Kyssmur (KyasmMum II. A, 3aMedamme 0 cMEHE YCTOHIHBOCTH
yeraHoBRBIIHXCA ABm:kenmil // C6. tp. Kasam. aBman. mm-ra.— 1939.—
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W3 cKa3aHHOTO MH JIOJGKHE TaK:ke 3aKJII09ATh, 9TO €CJIH unpm ma-
MeHeHHH @ OT &, A0 HEKOTOPOTO 3HAYeHHA &; He YHHMUTO:KAITCA
HM a,, HU A,_{, TO HeBO3MYIIeHHOE [BH)KEHHe, OTBedamee o = g,
GyAeT OpH ITOM ACHMITOTHYECKH YCTOMIMBEIM.

34 [19, 20]. Coraacmo mpeanoskennio m. 32, HepaBeHcTBa I'yp-
puga (A, >0, s =1, ..., n), BHINHCAaHHHE AJA XapaKTepucTHIe-
ckoro monmEoMa f (z) = A (z), AalOT HeoOXOAMMBIe M JOCTATOYHHI®
yCI0BHA aCHMOTOTHYECKOH YCTOHIMBOCTH.

CymecTBYIOT MHOTOUHCJIeHHble aireGpamiecKHe BHJOM3MEHEHHA
teopeMn I'ypBuma. MmMm Mu 3ammMathca He OyaeM; 3aMeTuM, Kak
aHAJOTHYHEE TPEJJOKEHNA MOKHO IOJYYHTh IyTeM HenocpejiCTBeH-
HOFO PAacCMOTPeHHA 3ajad ycToiiumpocTH. [ln1s 3TOTO paccMoTpmM
ONHY 3a/ady, BeChMa IOJE3HYI0 B JaJbHeHHIeM. ,

TlycTh KOpHHM XapaKTepHCTHUECKOTO YpaBHEHHA Ay, ..., A,
HMeI0T IpOCTHe dieMenTapHue Aenutenn. HaskmoMy KopHio As oTBe-
qaeT TOrja BCeTo OfHO pelleHne W OfHO KaHOHHYECKoe NepeMeHHOoe

2z, (s =1, .. .,n). Ilpn oToM nonHas NPOM3BOAHAA NO ! OT BHPpaikKe-
HHA
(@y...o..)) __ _¢d @
U n o= gt L2,
e &, . - ., @&, CYTh IeJLle HEOTPHUATEJbHLE YHCIA, UMEET B CHIAY

KaHOHMIeCKHX ypaBHeHmil mepsoro npubamkenna (12) caenyrommi
BHA:

(oy-..2,)
dUu n \ o)
— (tghy + - oo+ aph) U n,

W3ayanM ypaBHeHHe B JaCTHHIX TPOM3BOJAHBIX NEPBOro NOPAMAKA

av

2 = 13

=W, (13)
B KOTOPOM HeIpepHBHAA, OTrpaHHYeHHAad, YHHYTO;KAlONIafACA, KOTJa
Bce T; cyTh myan, Gynkuua W B paccMaTpuBaeMmoii o61acTn m3MeHe-
HHH DOepeMeHHHX Z,, ..., I, pPaslaraercd B PAaBHOMEPHO CXOAfA-
muiicA PAA 1O TOJHHOMAM U,

1)

(a
W = 2{ A(a,...an) U .
ByneM uckatph pewmenne B BHAE
0.0 )
V = Zc(a,...an) U ™.
Ioncrasasaa 310 BepaxieHme B ypasHenne (13) m cpaBHmBas Kodg-
$ummentst npn U™ %, momygaem
(al}"l 4+ aghy) C(a,...an) == A(a,...an)-
M 10), a BOIIpOCH 0 IIOBefleEHHE TPACKTOPHI KaK B oflacTu ToueK Grpypraunn M,
TaK H B TOYKAaX OTBeTBIeHHs TepHOmMYecKHX op6ur C paccmarpusan H. H. bay-

i (Bayrus H. H. Ilosegerue gumaMuveckux cucreM BOAH3H TpaHHI[ 00
Jactd ycrodumsoctd.— M.: Tocrexmapar, 1950).
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3naveHnd C(a1~..an) OLIPeedATCA ORHO3IHAYHO, eCIH
A .0+ ah, 2= 0.

CrnegoBaTesibHO, €CIH KOPHH XapaKTepHCTHUeCKOro ypaBHeHHA A (A)
RONYCKAOT 7 TIpPYNN peHIeHMA H BhIpamKeHHe oA, + . .. - oA,
HHKOIJ{a He HYAb IPH IeJHX HeOTPALATeIbHKX O, TO ypasHeHue (13)
Bcerxa MMeeT ofHo3HATHOe (OpMajbHOE pelleHae. ‘

Ecau KopHH A; B IIIOCKOCTH KOMILIEKCHOTO IePEeMEeHHOI'0 OTMETHTh
H300paskaioMEMH HX TOYKAMH H HATPY3HTh NOCIEeXHHe HeoTpUia-
TeJbHLIMH MacCaMH O, TO BbIpakeHHe O,A, | ... - a,A, Oyger
pasaATbea M (§ + in), tme M = o; + .. . -+ @, — ofman Macca,
a &, 1 — KoopAMHATH IEHTpPa MacC HArpyXeHHHX To4eK. Llearp
MacC HHUKOT/a He BHIXORMT 3a HPefetbi BHIOYKJIOH o6xacTH, cogep:ka-
el HarpyeHHbie TOYKH; TO3TOMY, €CIH BCe KOPHH A, JeKaT N0 OZHY
CTOPOHY OT HEKOTOpoii mpAMoil, Hmpoxojdileidl depes HadajJo, TO HH
OpH KaKHX HEOTPHIATeNBbHBIX Qs BhipaseHHe oAy - . .. + oA, He
MOKeT OBITH HYJIEM.

HanopuMep, ecin BellecTBeHHBE JacTH BceX -KopHed A,, ..., A,
OTPHIATENbHE, TO PAaBEHCTBO oAy, 4 ... + a,A, = 0 He MoKer
CyecTBOBATh NPH HEOTPHLATEJNBHHX O; ypasHeHme (13) umeer
B 9TOM ClIy4ae OJHO3HAYHOE pellIeHHe.

Ecan ke CyHIeCTBYIOT Leibie HEOTPUIATENbHBIe Iucaa Py, . . ., Bn,
IS KOTOPHIX

61A1 + ...+ 611A'n, = 01

To ypasmemme (13) wuMeeT pellleHHe ¢ TOYHOCTHIO [0 WieHA
C(ﬁ,...ﬁn)U(ﬁ""ﬁ“) c. mnpousBoabHEIM  Koadpdmumenrom Ce, .5 ),
ecmm Ag,..p, = 0. Ecan e Ag,..p,)=0, To orpammiennoro
pemieHMs HCKOMOTo BHAA Hias V He cymecTsyeT, B dyHKuum V uneny
A(ﬁl.“ﬁn)U(ﬁ‘“.ﬁn) OyfeT oTBeYaTh

[A,...p )t + Cep,...p ] Ui Bn)
¢ npousBoabHOH mocrosmrHOH C,...5 ).
PaccmoTpum Temeph ofGuuit caydait. ITycrs
Y R
CyTh KOPHHM XapaKTePHCTHIECKOI0 YPaBHEHHA B NPeANOJIOKEeHHH,

9T0 KaKRXHH KOPEHb HOBTOPHAETCH CTOJBKO Pa3, CKOJIBKO COOTBETCT-
pyer emy rpynn pemrenuii. HaHoHMYecKne mepeMeHHbIe 27 ynommer-
popaloT ypasHeHuam (12).

PaccmorpuM dopmbl m-it cTeneHH

(s) .
U, =TGN (B’ =m).
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Takux dopM Gyner KoHedHoe Uncyi0. MOPMH TH 3aHYMEpPYyeM JeKcH-
Korpadmueckn TaK, 4UTo0H OpOM3BEJleHME CTeNeHed IePeMeHHBIX
pearoi rpymus (s) (s = 1, ..., k) ¢ mokasaTenamm

(s) (s) () (s)
01 "y « o oy Gej-1, O ,...,a,,s
OTHOCHJIOCH K HOMepy I 00ilblIeMy, He;KeJl HOMepP, OTBeYaIIIuil mo-
KazaTejafaM
s (3) B )
&, L, oy + 1, a() 1, ..., aﬁl
9T0 MOKHO [OCTHIHYTH pa3imdHEME cnocobamm. llpegmonaras
Takyl HyMepanmio U, BHIOJHEHHOH, pacCMOTPHM yPaBHeHHE
av
= = AU,
r
rae A, cyTh HeKoTopsie WOCTOAHHHE. Pa3HiCKMBag pemleHme 3TOro
ypaBHEHHA IO BHIAOM

Vv =C,U,
T

H INOJCTAaBIfAA HTO BHpa;keHme V B mHTepecyoounlee HAC ypaBHeHHe,
HOJyYMM, COIJACHO Npom3aBefeHHO# Fymepammm U,

Sl + - + kU, + B0 = 24,0,

rae o, . . ., O CYThb HEKOTODHIe HeOTpUIAaTeJbHHE UHCIA; O - . . ,

.oy =m; B cyrh HekoTOpHe HENONOKMTENBHNE UYHCIA,
Korga p << r, m Hyad, Koraa | > r. Cpasuenne koadduuumentos mpu
omqnEaKoBHX U, maer ciaeqywouime ajre6pamdecKue ypaBHEHHA I
ompenenenna KoapduumenTon

C,(Oghy -« oo+ ohy) + 25“” = A,.

ITa cucTeMa ypaBHeHH#l OyAeT mMeTh OTJIMYHOE OT HYJEBOrQ PenieHHe
naa C,, ecan oupeaennrens D, cocTaBieHHHH H3 ee KoaPPunueHToB,
6yaer ornmuern ot Hyiasa. Ho onpefgennrens D mMmeeT BHJ TPeyroJbHH-
Ka, TAK KaK B €ro i-il cTpoKe BCce DJIEeMEHTH A0 i-ro GyAyT HynsaMmu;
oo AuaroHaam oupepenarens D GynyT cTOATh BeTHIMHH

ok . o

IlosTroMy ompemenmrens D Oyjler OTAMYHKM OT HY]IdA, €CId He YHHA-
4To;KaercA HH ONHO BHpaxeHme A + ... - axh' mpr neasx
HeOTPUTATENBbHEIX O, JAIOMAX B cymMMe m. B sToM caydae mHTEpe-
cylomee HAC ypapHeHHe (yaeT mMeTb AJ4.V eIMHCTBeHHOE pelIeHHe.

Ilepe¢pasupysa »TOoT pesyiabTaT B HAYAIBHHX IepPeMEHHBIX Zs,
HMeeM TeopeMy JlamymHoBa: xozda kopru A, ..., A, Tapaxmepuc-
muxeckozo0 ypasrenus A (L) maxosw, wmo npu OGaHHOM YeAOM
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NOAOHCUMEALHOM M 0A8 HUT HEB03MONCHB HUKAKUE COOMMHOULEHUS
euda

ah + oo agh, =0,

8 Komopux ece Os Gbolau 66 YeiMU HeOMPUUAMEALHHUMU HUCAIAMU,
darwuMm 6 cyMMme m, mo écezia MONHO HAUMU U NPUMOM MOALKO
00ny yeayw odnopodnylo dynryuio V cmenenu m eeaunun T, yoosrem-
80DAIOULYI0 Y DABHEHUIO

, 1%
§ . (pslxl + e+ psnxn) 3z U
s
s

npu npou3eoibho 3adaHHolu yeaol o0nopodnoi gynryuu U eeaunun
I, moil e cmenenu m.

35. MomxHO 3aMeTHTB, UTO HeO6XOOUMBM U OOCMAMOUHHLM YCAO-
suem 0an mozo, wmobuw zxapaxmepucmuiecKul noaiunod A (A) umea
éce KODHU € OMPUYAMEIbHUMU 6eUJeCMEEHHEMI LACMAMU, A6A%eMCA
onpedesennas noAoIumerbHocmy Kéadpamuunoii gopmw V, paspe-
warnwyeli ypasnenue :

, av
Z. (psl‘rl + see T psn‘rn) 6_1‘. = Uy
8
s

20e U npedcmagisem Kakylo Y200HO onpedeienio-ompuyameibrymo
Keadpamuinylo Popmy nepemenHblr X.

IeiicTBUTEeBHO, AOCTATOYHOCTh ITOTO YCJIOBUA CJI€AyeT Hemo-
CpelcCTBeHHO M3 TeopeMbl JIAmyHOBa 06 YCTOMYMBOCTH M JAOMOJHEHHS
K Hell 00 aCHMITOTHYECKOH YCTOHYHMBOCTH.

Heob6xomquMocTh ycMaTpuBaercs He (oxee cioxHo. Ecam Bce Kop-
HE A; EMEIOT OTPHIaTeJbHEE BelecTBeHHLIe TACTH, TO HH JJIA KaKAX
TieJHX HeOTPHIATEIbHBIX IUCeJ O, TAMHUX B cymMMe 2, He CYUecTByeT
COOTHOMEHUA BHJA

alkl+...+ankq.":0;

a 910 mO mpegHAymed TeopeMe I. 34 o3Hadaer, 4TO UHTEepecyollee
Hac ypaBHeHHe OyleT EMeTh eMHCTBeHHOe DpemeHHe B BH/(€ HEKOTO-
poit KpajgparmuHod Qopmbl V mepeMeHHHX s. IIpm sToMm dopma |4
OymeT Takopa, 9TO BHIOOPOM 3HAUeHMH NMEPEMEHHHIX s ee Helb3d Clie-
JaTh OTPHLATENBHON, TAK KaKk HHAadYe OHA YNOBIeTBopsaia O BCeM
YCIOBHAM TeopeMu JIAmyHOBa O HEeyCTOMYHBOCTH; HO JBM;KeHHe He
MO:KeT OHITH HeyCTOMYMBHIM, €CJIH BCe KODHH XapPaKTePHCTHIECKOI'O
ypaBHeHHA HMEIOT OTpHIlaTeJbHHE BelleCTBeHHbIe YacTH. Hrak, V
geobxonmmo Gymer mo Kpaiimeit Mepe mojo;kureabHod. Ecam mpenmo-
JOKHTh €€ TpUBeNeHHOM K CyMMe KBaJpaToB V=uvi+...+ V2
rie v; 0603HAYAIOT HE3aBHCHMbBIE MEKIY coboit ammeiinbie $OpPMBI
nepeMeHHHX Ts, 3aMed4aeM, 9TO /M He MO;KeT OHTb MeHbIIe 1, TaAK Kak
torna mpomasonnas V', obpamiasck B HyJIb OPH U, =0, ..., V=
— 0, ge Moraa On coBmazaTh co anakoonpenerennoi dynkunmei U.
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Iokaszannoe mpeastokeHHe MO3BOJNAECT YCTAHOBUTH, B 3aBUCHMOCTH
OT BHIa OIpeJeNeHHO-OTpHLaTenbHOH ¢opmbr U, panx Kpurepues,
paBHOCHABHKX KpuTepuo ['ypsuna. Kputepuu st coctoAT ma He-
paBeHCTB, KaKHe BHIPA:KAaIOT MOJOKHUTENBHOCTh BCEX FJIABHEIX AHATO-
HAaIbAHX MHMHOPOB XMCKPMMHHAHTa KsafapaTudnoil dopmer V. Xora
OHH HHYIYTh He Hpomie HepaBeHcTB ['ypBHIIa, OHAKO HMEIOT TO yH06-
¢TBO, 9TO MO3BOJAKT MOCJTe MPOAeTaHHHX BHIIMCACHMIl mpH olpene-
JeHMH HEepaBEeHCTB HENOCPeACTBEHHO NHMCATh HYKAYI ¢yakpmio V
NpAMOro MeTona.

36. Il puMme p. PaccMoTpuM TBepaoe Tesno MacChl m ¢ MOMEH-
taMa uHepuun A, A, C OTHOCHTEIBHO oOCeil Z, J, z LEHTPAaJbHOrO
aanunconfa waepuun. Ecau u, v, w u p, ¢, r ¢cyTh NPOGKLMM HA 3TH
0CH COOTBETCTBEHHO CKODOCTH LIEHTPAa MHEPLHH H YIJIOBOH CKODOCTH
BpalEHMA Texa, TO ;KuBaA cuiaa Oyger:

2T = m (u® + v* + w?) + (Ap* -+ Aq¢® + Cr?).

BooGpasuM, 4YTO0 Ha Tteso fgeiicrsyior: cura (—ou, —ov, —ow
npuio;ReHnas B HmocToAHHOM Toure Tema (0, 0, 1), cuxa (0, 0, Z),
npusoskeHHas B LeHTpe TAecTH, U Mmapa cua ¢ momentoM (0, 0, V).
{IycTs 714 OpoCcTOTH MOJMOKHTENbHbe QYHKHHM 0 M Z 3aBUCAT OT
w, v, w, p, q, a pyakuua N s3aBuCHT OT U, U, W, p, ¢, I; myctb A > C,

Huddepennuaibnnie ypaBHeHUA ABIGKEHMA TAKOro TeJa BO3bMeM
aaa ymo6erBa B uaBectHodt dopme Hupxroda

),
)

du d ~

m—- = (rv — quw) — ou, A —dz = (A —C)qr -+ alv,
d d ,

m = = m(pw — ru) — ov. A= (C— A)rp —olu,
d d
_;; =m(qu -— pv) —ow - Z, C —st = N.

Jlonyctum, 9TO0 ypaBHeHHA 9TH HMEIOT YacTHOE pelleHue
=0 v=0w=w,>0 p=0,q¢=0,r.ry>0
OHO CYHIECTBYeT, eCcJHu

Zy — ageg = 0 u Ny == 0.

dagamuMmca sBompocoM 06 YCHOBHAX, IPH KOTOPHIX HTO YaCTHOE
peirenne GyfeT acHMIOTOTHYECKH YCTOHYHBHIM B OEPBOM MNPHGIMe-
HHH 0 OTHOINEHHIO K NepeMeHHBIM u, v, W, p, q, I.

Nupdeperunanbasie ypapHeHHA NepBOro NPUGAMKEAHA IIA
BO3MYINEHHOI'0 ABUKEHHMA MO OTHOIIEHHI0O K HHTepecyIIUM HaG Be-
AAYHHAM U, U, W, D, g, I AMEIOT CJIe[yomuil BUI, ecid BapHALMH 3THX
HepeMeHALIX COOTBeTCTBeHHO o6oamayuth dYepea «, f,y; &, m, C:

da d
m = m(rof — wen) — ggx. m -% = m (Wef — ry) — G,f,
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dy 9 (Z—ow) L 0(Z—ow) 4 |
Mgy = T %t B+
, 0(Z—ow) |, 9(Z—ow) 4 (Z — ow)
n w Y ap §+ aq m
d
AL A—O)yrgn+ op,
4D (C— Drg— g,
dt _oN 9N OGN N,  ON _  oN
Cxr=wmot bt igiigntgh

T7le Bce 9YacTHble MPOM3BOMHEIE B3ATH NPH 3HAYEHAAX
u=v=p=q=0, w=w,r=r,

Jaa 3THEX ypapHeHMH B BapmManuAX XapaKTePHCTAYECKOe YPpaB-
HeHMe WMeeT BHJ

A ()= (Ch ——)(mx—a(z—a;‘ﬂ) X
—0y — mA mrg 0 —mw,
—mry —0p — mA mw, 0
X 0 ol —Ah (A—C)ry 0.
—agl 0 (C — 4)r, —Ah

OTCIOIIa HEIIOCPEeACTBEHHO BBHITEKAXT ABa YCIOBHA
oN 8 (Z — ow)
w<0m ——<0

IaA OTPHLATeNbHOCTH [BYX OYEBHJHHX KOpPHedl ypaBHEHHA
A (M) = 0. ¥YcnoBua OTPHIaTeIBHOCTH BeLIECTBEHHHX dacreid py-
rax d9eThipeX KOPHEH ypaBHEHHS MOrYT GHITh IOJNYYeHH II0 TeopeMe
T'ypBuna nmyreM pasBepTHBAHHA B HOJHHOM BEINCAHHOTO OIIpejesn-
TeJA 9eTBEPTOro NOPAAKA M BHYACIEHHA AMArOHAJIBHEIX MAHOPOB A;
orpedaomeil Marpuisl I'ypsmna. Ilocie HeKOTODHIX BHYACIEHHHA IIpH
3TOM MOKHO YCTAHOBHTH, 9T0 A; B A, BCerja IOJIOKHTEIbHH, yCIO-
pae Ay > 0 skBmBadeHTHO HepaBeHcTBY [ << 0, mpm KoTopoMm A,
IIOJIOKATENBHO. JIpyrmm CJI0BAMH, BCE BelNeCTBEHHHE TACTH OCTaB-
AXCA IeTHPEX KopHed 6yayT orpmmarenprsimu, ecan ! << 0.
PeayabraT 3TOT MOHO IONYIHTh MHOTO mpome. OmnpeneanTenb
9eTBEPTOr0 MOPAJAKA, KOPHE KOTOPOr0 HAac HHTEPeCcYIT, MABJIAETCH
XapaKTepHCTHYeCKHM [JIA IEePBHIX YeTHpeX YpapHeHHHl B BapmanuAx.
Ecam 1 <0, 1o B paccMaTpuBaeMom ciaydae (w, >0, g, > 0) pynkuna

2V =m (o + f%) — 22 7A@+

fymer omnpeneJeHHO-IOIOKATEIbHOM o'rﬂocmenbﬂo a, B, & 1. Ee
IPOM3BOAHAA IO ! HBIAAETCH OTPHANATEIbHOIM:

V' = —a, (a® + B2).
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CregoBaTelbHo, €CIH & HIAA [ OTAAYHH OT HYJAA, TO 3HAYCHAA
¢yakomn V Oprm H3MEHeHHH NepDeMeHHBIX COTJACHO YPaBHEHHAM
B BapHanmAX OyAyT YMEHBIIATHCA; €CIH B HEKOTODHIH MOMEHT a =
=0, p = 0, To B cHIy HepBHX ypaBHeHHWH Io Kpaineil Mepe B cie-
AYOIMHA# T0CTATOYHO MAJBI IPOMEKYTOK BpeMeRH o W B OyAyT or-
JAMYHH OT HYJAA, eclu HyaAmu He Geian &, 1); caoBoMm, V Gyler yMmenn-
matsea opu [ << 0, ckoap 6Bl Majible 3Ha9eHHA OHA HU HMMejda. A 3T0
H [OKa3nBaeT HHTepPecyIMWH Hac pe3yabTar.

Il pm M e p. Bompoc o BHOOpe mapaMeTpoB yCTOHYMBOH MeXaHH-
9ecKod CHCTeMB HMeeT NPHKJIaJHOe 3HAYEHHE.

Yro6sl mMETH CpaBHHMEIE Me;RAy CO000H JaHHBIE, OrPAHHIAMCH
paccMoTpeRHeM PasIMYHBIX COCTOAHMA ONHOH M TOH jKe MeXaHMYeCKoH
CHCTEMBI, ONHCHBAEMOH ONpeJeleHHBIMH IIepeMEeHHbIMH.

ITyeTs B ypaBHeHMAX BO3MYIIEHHBIX [BH/KEHHH

d:c\‘j
ar Ps1%y -« - 7+ PsnZn (s=1....n) (14)

K03 PUIMEHTH P, MOCTOAHHE U 3aBHCAT OT HEKOTOPHIX HapaMeTpoB.
ByneM mnpegmoaararh, 9T0 IPH paccMaTpPHBAaeMLIX 3HaUYeHHAX Mapa-
MEeTpPOB HEBO3MYINEHHOE [BM;KeHHe ACHMITOTHYECKH YCTOHIHBO.

Onpeneaenno-nono:xuTeabayio Gyakuuio Jlanysosa V ompeneanm
npu 3TOM yDaBHEHHEM

av ) 2 2
Z;ﬁ;(pslzl e e psn‘rn) = - (11 e I'n)' (15)
ITycro
2V = Easr'tsxr (a,5= as,)-

Ikcrpemym ¢ymkmun V BHa cdepe ai + ... -+ azh = ¢ (¢ — moao-
JRATeJbHAA IOCTOAHHAA) OUpefesaserci mo MeroAy Jlarpamka pac-
CMOTPEeHHeM
2 i 2
V—->A@i4...-+x5—c)
Orciona
M(ag, —20,,) z,=0 (s=1,..., n); (16)
clefoBareabHo, MAOHUTENb Jlarpamka A MoyskeH OBTH KOPHEM BEKO-
BOTO ypaBHEHMA
, Il as, — 2A8s, 1| = 0.
Tak rark V npefcrasiser omnpeleleHHO-IOJ0HHATEABAYI0 KBAJPATHI-
HYI0 opMy, TO BCEe KODHH A; 3TOr0 ypaBHEHHS OYAYT NOJIOKHTEIB-
BuME; noyerh O << A, <C...< A,
Yumnuoskan pasencrsa (16) cooTsercTBemHO Ha zs WM CKIafwWBaf,
6yeM mMeTh, 9To SKCTpeMalibHBe 3HadenmA V* ma chepe 23 —+ . . .
...+ 2% = ¢ yHAOBIETBOPAKT paBeHCTBAM

V*=\c
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u, CJef0BaTeNbHO.
M4 KV A, @) (D)

Orciona B cuay ypasHennii (15) n ypasuenuii Bo3sMyIleHHBIX JBUKeHHI
(14) nmeem

av .. dy
—h— KV <=4, ar
AU
_r _t
Vee MV Ve M. (18)

Mur AOMKHEL OTCIO[A 3aKIIOUUTh, UTO 6EPIHAA 2PAHUYA 603MOMNC-
HBX 3nauenull 'V 6ydem menvuie 04 moii cucmemwi, din Komopoli A,
ecmb MUHUMYM, ecAu HavasbHble 3nadvenus odunaxosw. Ecam :xe Ha-
"anbHbHe 3HAYEHHA 7, JekaT Ha cdepe 13 - ... 4 22 = A, 10 U3
HepanencTBa (17) maiinem
' ALV h,A.

Beaencrsue HepaseHncTsa (18) orciona suiTexaert:
_ t t
. 2 R
Ahe M <V < Ahe M
Touku (£, ..., x,), B Kotopsix ¢yHxkuusa JlanyHopa mMeeT 3Hade-
une V, cormacuo (17) maxoasaTca BEYTPM uam Ha chepe 27 - . . .

1 2 Py '3
e e - ITn = E, €

4
v 1
€=T1<_V0T]€ Lo

¥, clefoBaTeabHO, OJlHO 3HaueHHe V, B PUKCHMpPOBaHHON TOuYKe 1po-

cTpaHetBa (Zy, ..., T,) He XapaKTepuayeT BpeMeHH NepPeXOAHOro
npoigecca.
Ilpn HavaabHLIX BOIMYIIEHHMAX, JAe;KamMX Ha cdepe
2 2
4. rn=A,
6yner

4
A — ——
€<AT1:€ ;\'“.

Orciona BpeMaA BXO:KAEHMA TOYKM (I, . . ., ¥,) co cdepur A B cdepy
€ He Golblile
Al
n
;\v" ln e_}'l' .

Jror upefedt GyjaeT MMHAMAJBHHM NPH 3aJlaHHBX A U €, ecan mapa-
METpPH CACTeMEI BbIGpaHBI COTJIACcHO YCJIOBHIO, UTO

k 1 Ax’ﬂ
n il €A1

eCTh MHUHEAMYM ¥,



rqiTABA S
JENCTBUE BO3MYHIAIOMINX CUJ1 HA PABHOBECME

HopManbHEle KOOPRHHATBI

37. PaccMOTpMM TOJOHOMHYI MATePHAJBHYW CHCTEMY B I0JO-
KeHHH PaBHOBECHSA, NJAA KOTOPOTo 3HATYEHHs BCEX ee narpand\enmx
KOOPAMHAT ¢y, . - ., §, TNPEATOJATAIOTCA PABHLIMM HYJIIO.

YpaBHeHHS B BapHAIUAX AJAA BO3MYIEHHOI0 ABH;KE€HHA MOTYT
6HTH MOJYYEHBI, €CAH B BHIPAKEHHMAX SKUBOH cuiAn 7' M MOTeHIHMAb-
Hoil ymKumn V M orpaBHYEMCA TIeHAMM HaHMHU3IIET0o M3MepeHHsd
H npuMeM BOJM3M PAacCMATPHUBAEMOrO IOJNOKEHHA PABHOBECHA JTH
BHPAKEHHUA B BHAE BEUICCTBEHHBIX (CHMMETPHYHBIX) KBajpaTHIHBIX
dopMm ¢ mocroAHHBIMH KoadduimenTamMu

2T = Na;;qu0; u 2V = X b;qq;.
1] K

Tae a;; = aj; u by = by;.

Ecau MaTepnaibHy0 CHCTEMY BBHIBECTH H3 IIOJIO/KeHHMA PAaBHOBECHS
H IpegocTaBuTh camoil cebe, To audpdepeHImaTbHRe YPABHEHUS BO3-
MYIOEHHOTO0 ABM;KEHHS B NepBOM NpPUOIMKeHHH OYAYT HMMeTh BHA
ypaBHenuit Jlarpan;ka

d <0T) av
dq; "’

dt =
Hau

2 auqJ 2 bijq; = 0.

YpaBHeRHUA 3TH BO3MOKHO YNPOCTHTH. IIyCTh MBI MePeXOIHM OT KOOp-
AMHAT ¢, ..., §, K HOBHIM HE3aBHCHMBIM II€PEeMEHHHM I,, ¢%, . ..

-+ ., Qh4 OyTeM JMAeHHHX NpeoGpa3oBanuil ¢ MOCTOAHRAMMA Kod3d-
dunmenramu

g =mzx + ... (i=1,... n).

Jlarpas:;xmaH no IlepeMeHHOI"‘I I B HOBbBIX TNIEPEMEHHBIX €CThb

d(@T),aV_Zm[d<aT),aV:|
dt \oz') " 9z tlode ag; TN
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O1ciona, 4T00H IONYYHTHh ypaBHeHHe JlarpaH:ka A DepeMeHHOR T,
VMHO;KMM YpaBHEHHA [BP}KeHHA HAa IOCTOAHHBIE MHOKHTEIH M; M
CIORNM:

(Zmiaijqj)" + Zmlbuq] = 0;
ij 7

3ajadluMCAa [HaJjJee LHeJbld ONpedeJHTb MHOEKHTENAH Mm; Tak, 9TO0BE
HMeJ0 MeCTO COOTHOIUCHHE

_ 1
I = Z m.a;iq; = T Zlﬂlibi}'q]‘,
i)

ij
CIpaBed,JJHBO€ IIDU BCAKHX 3HAYeHHAX HNEPEMEHHbIX ¢;, OTCIOAA

2 (haz;—by;)m; = 0. (19)

Ipu atom ypasmenme Jlarpam:ka Haa r 6yHeT BecbMa IIPOCTHIM:
" + hr = 0. (20)

Ypasuenua (19) 6yayr uMeTh HeTPpHBHAJBHOE DeHIeHHe HJIA MHO-
AHTeAeH m; TOJABKO TOIKA, KOrHa A OyOeT KopHeM ypaBHEHHA

AK) = | hag; — by | = 0.

ITo Teopeme CumJabBecTpa, HOKa3biBaeMOi M B 3TOM Ciaydae IOHOOHO
n. 18, Bce Kopum ypapHenms A (A) = 0 GynyT BellecTBeHHHI.

Mampuya A (A) umeem npocmyie aseMmenmaphse Oesumels.

JloxazaTeabCTBO 3TOTO NPENJIOKEHHA, BIePBHe IOAMEYeHHOTO
BeitepmtpaccoM, Bo3MOHO H3J10:KuTH TakK '). Ilycth A — HeKoTOpHit
Kopeub ypasHenusa A (A) = 0. HeszaBncuMo oT IPOCTOTH CBA3aHHBIX
¢ A siIeMeHTapHHX JeanTeneit cucrema ypasHeHmit (19) Gynmer mmers
o KpailiHell Mepe OIHO peHleHne, ecJu MOCIeqHee CIUTATh C TOTHOCTBIO
KO NPOM3BOJILHOTO M 0o0mero BceM m, MHO:kUTeaA. M 3HauuT, BO BCA-
KOM ciaydae, 6y/eT cylulecTBOBATh IO KpaiiHell Mepe ofHAa IepeMeHHAaA
Z, THHelHo CBA3aHHAA ¢ NepeMeHHHMH JlarpaHxa ¢y, . . ., g, H YROB-
aeTsoparman ypasHenno (20). 3aMeHMM DNepeMeHHHE ¢, HOBHIMH
nepeMeHHbIMH T, qY, . . ., §n-1 — H JJIA IPOCTOTH NHCHMAa HOBHE Ile-
peMeHHHe ¢ s3arumeM 6e3 3Be3foueK: ¢,. [locae Takoil 3aMeHH BHpa-
:ReHHA :xmBoHl cmam T u moTeHnuanbHoll ¢yHkmum V Hem3GerHO
HOJKHH NPHHATH BHI

n—1 L, n—13
2T = 2’2~ 3 aigiq;, 2V = ha? Z biaia)s
i, j=1 i, j=1

TaK KaK ypaBHeHHe Jlarpam;ka, B3ATOe N0 NEPEMEHHOH Z, HOMKHO
cosnafath ¢ ypasuenueM (20). Husasa cuna T mo csoeMy ompenene-
HHEIO IIPENCTABIsET BCeIa OIpeleJeHHO-NOJOKUTeAbHY0 (yHAKRIHIO

Y Jordan C.// Comptes Rendus.— 1872.— V. 74.— P. 1395.
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OTHOCHTEJIBHO CKOPOC Tell; mO3TOMY KBajpardiHaa ¢opma
n—1

D adigg;

i, j=1
ABIACTCA Ollpelle.’leHHO-lIOJIO}KKTeJIbHOﬁ OTHOCHTEIAbHO
q1, - - -y @n-1-

CnenoBaTelbHO, YypaBHeHHA Jlarpam:ka, B3ATHe 0O IepeMEHHBIM
Gir » - +» Qn—y» OYAYT 33BHCETH TOJbLKO OT CTOANIHX B HOCJHEXHAX BH-
paxerrax I m V cyMm m GyAayT momyckaTh mo KpaiiHeH Mepe OfHO
npeoGpasosaHne NLepeMeHHHX, mofo6HO paccmorpenHoMy. IIpopoa-
sKad 3TOT IPONecC NAJbIIe W 3aMedas, UYT0-B Ipeo6pa3oBaHHHX BH-
paKeHHAX )KHBOH CHJH BCerja H3-3a HX 3HAKOONpeAeJdeHHOCTH Oy-
AYT OCTABATHCA CYMMH, cOflep;Kamque He3aMeHEHHHE ¢, IPHBENeM
TeM caMuM T m V B mTore K BHAIY

2T = - ... + 2%, 2V = Al - ... + AR

A 3TO H A0Ka3KBaeT, 4To ypapHeHAA (19) HAMEIOT 72 HETPHBHANBHKEIX pe-
meHw# ang my, . . ., M,, T. €. Bce IEMEHTAPHHE [EJHTEJIHA MATPHIH
A (A) mmeror ctemenn, paBHne 1. OnpepeneHme MHoKHTeded m; mo-
noGHO m3doKeHHOMY B I. 24 ompepeneHdio A,;.

IlepeMenHENe 2, HA3HBAITCA HOPMAALHHMU KOOpIUHAMAMU.
Ypasmerna Jlarpamxa B HOPMAJABHKHX KOOPAHHATAX HMEIOT BHJ

Ty + MAzy =0 (v=1,..., n)
YpaBHEHHA 3TH J€rKO HHTEIDHPYIOTCH:
z, = A, cos (]/m 4 By) mpu Ay >0,
zy = Ayt - B, mpE A, =0,

VoAt -V Rgt
xy = Aye' ™ 1 Byt mpu A< 0,

rae Ay, By 00603HA9A0T TOCTOAHHHE WHTerpmpoBaHmA. OTclofa 3a-
KIT09aeM, YTO eCJOH Bce KOPHH Ay naa ypasHeHHa A (A) = | Aa,; —
— by || = 0 moxokuTeabHH, TO B NepBOM NPHOIH)KEHHH PaBHOBECHE
YCTOHYABO B BO3MYMIEHHHMH ABM)KCHHAMH ABJAIOTCA TapMOHHYECKHE
KoJe6aHHA HOPMAJABHHX KOOPAHHAT Iy COOTBETCTBEHHO ¢ 9aCTOTAMH

V Ay Jag mpodyax ciydaes paBHOBECHE B HepBOM NpmOam:KeHEE 6y-
TeT HeYCTOMYMBHM, H HOPMaJbHAd KOODAHMHATA T,, OTBeYalmiad He-
HOIOKHTeILHOMY KODHIO A,, GYNET H3MEHATHLCA ¢ TeYeHHEM BPEeMeHH
6o mo mmHeiHOMY, AE6G0 IO BKCIOHEHNHAJILHOMY - 3AKOHY.
Crexyer mofgYepKHYTh, YTO NPH IPHBEJCHHH K HOPMAIbLHHM KO-
OPRHHATAM CYMIECTBEHHYIO POJIb HI'PAJa 3HAKOONPENEeJIeHHOCTD »KABOM
caau T'. 310 o3HA4aeT, YTO IPH CYMECTBOBAHAH B MeXaHHYECKOH CH-
CTeMe HEeKOTOPHX LHKIAYECKAX KOODAMHAT, KOIfla YDABHEHHA JBH-
KeHHR XOTA W OPHBONATCA HIHOPHPOBAHHEM IHKJIHYECKHEX KOOPIH-
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gaT K BUAY ypasHemmii Jlarpamra (m. 9), ogHako pmms atux mocien-
HHX ypasHeHHMH QyHKmuA R He Bcerga 6ymer ompeneJeHHO-IOJOKH-
TeJIbHOH OTHOCHTEJNBHO CKOPOCTeHl HENHKIMIECKAX KOOPAMHAT M,
clefoBatebHO, B 3aadaX YCTOHYMBOCTH CTALHOHAPHHX JBHKeHHH
MO/eT CAYYATBCA, UTO HOPMaJbHHE KOODJAMHATH HE CYIIECTBYIOT.

Binanne HoBO# cBA3M

38. domyctuM, 4To Ha MaTepHMAJbHYI0 CHCTEMY HAJOKeHa HOBas
CBA3b, COBMECTHMAs C PAcCMAaTPHBAEMHM IOJOKeHHEM paBHOBECHS.
B nepsoM npubanskeHEn DPH MAJIHX a0COMIOTHHX 3HAYCHAAX HOP-
MaJIPHHX KOOPAHMHAT Zy HOBYIO CBS3b MOKHO 3aIUCATh YpPaBHEHHWEM

N Ayry =0 nan 2 A8z, = 0,
v v

rae DoctoAHHEe A, He BCe HYAH, a Oxy 0603HAYAOT BO3MOKHHE Ba-
PrAiHA HOPMAJIPHHIX KOOPAMHAT. YPAaBHEHHMSA ABMKCHHA MOTYT GHTB
moJydeHsl mpu aroM u3 mpmHimna JlamamGepa, BHpakamomerocs
B HOPMAJbHHX KOODAHMHATAX YPaBHEHHEM '

2 (I; + Avzy) 82y = 0.

YMHOKAA ypaBHeHHe CBA3M HA HEONDeJeJeHHHH MHOKHTENb b
H CKJAJHBasA ero ¢ NPeARAYOIAM BHpaKeHHeM, HMeeM

2(1:’ + kv, + pAy) bz, = 0,

hY
OTKYJa

I:+lvzv+}'«4v:0 (V=1,...,n).

Hna Tex w3 HOPMAJBHEIX KOODAHHAT, KOTODHIM OTBEYAIOT paBHHE
Aya0 DocrosiHule Ay, auddepeHIHaJbHNE ypaBHEHHA [BH:KeHHA
6yRyT coXpaHATH cBOH DPE;KHUH BHA M, CJIEJOBATEJIbHO, HOBAA CBA3b
He OKAa3HBaeT BJIMAHHMA HA 3aKOHH H3MEHeHHMA TAaKHX IepeMeHHHX.
3aTPOHYTHMH HAJIO;KeHHAEM HOBOH CBA3M OKa3HBAWTCA JHIIb mHepe-
MeHHHe, KOTOPDHE OTBeYalT OTJIHYHHM OT HYJA HOCTOAHHHM A,.

UYro6n HafiTh XapaKTEPHCTHYECKHE HOKA3ATEJH JJIA NepeMeHHHX
Zy, CTECHEHHEIX CBASBIO, HOJOKHM

Ty = Bvel/-ht." n= MeV-rt
W HOOJACTABHM 3TH 3HAYEHHA KAK B NOCJEJHHE ypPaBHEHHA
By (hy — A) + ALM = 0,

TaK H B YpPaBHEHHE CBA3H
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Hckaouan By, B3 mocjaenHero COOTHOIIEHAA, AMeeM

A2
f(x)EZA_VM:o.

B aro BHpaxeHne BodnyT AMmb Te Ay, . . ., Ay, H3 Ay, KOTOPHM OT-
BEYalOT OTJHYHEE OT HYJA HOOCTOAHHHE A,. PaccMarpmBaa 3Hakm
¢yaxuuu f (A) Ha wunrepsane (Ay,, Ay, ) IPH 3HaYeHHAX A, GiM3KEX
K KOHUAM MHTepBasa (KOPHH Ay, 3aHYMePOBaHH B IOPANKe BO3pac-

TAOMUX 3HAYeHHH), 3aMedaeM, 4ro f (A) IPH HM3MeHeHHMH A Ha MHTEp-
BaJie (Mi, }Wi“) 6ymer nHepexoauTh OT HOJIOKHTENbHHX 3HAYCHUH
K OTDHIIaTeJbHHM H, CJEROBATEJbHO, OHA OyIeT AMEeTh Ha 3TOM HH-
TepBaJie N0 KpaiiHeid Mepe omuH KopeHb. (Tclofa BHBORHM, 9TO Za-
PAKmepucmuyeckue noka3ameau h 0as cucmemb, CmecHeHHOlU HO801
843610, Gydym nepemexcamvcs ¢ KOPHAMU Ay, . . ., Ay, Jas nepe-
MEHHBE Iy, He CMECHEHHBLT c83bl0, uucaa h Gydym cosnadamb c omee-
YAOUPUMU  SHALEHUAMU Ay,

Ecam s = 1, 4ro cayudmrcda, Korga B ypaBHEHHH CBA3H OTJMYHA
OT HyJA Bcero ONHA NOCTOAHHAA Ay, TO 1A A GYAYT BO3MOJKHH Bce
3HaueHHA Ay, KpoMe A, . 3HaueHne A, Gymer Kak OH BHIOaaTh OPH
3TOM.

CnenosatesibHO, €cJim Hada/JbHOE HOJOKeHHEe paBHOBeCcHA OBLIO
ycroitausuM (Bce Ay > 0), TO mepeMe;Kawmiuecs ¢ A, 3HAYEHMA A
6YAYT TaK:Ke BCe MOJIOKATENBHBI, TEM CAMKIM OPH HAJIOMKeHMH HOBOM
cBfA3u OGyXeT COXPAHATBCA YCTOHIMBOCTh DOJIOMKEHHMA PABHOBECHA.

Ecam paBHOBecHe mMeno cTeneHb HeyctoidmBocTh Gosbime 1 (dme-
JI0 HEDOJIOFKATETBHHX Ay), TO HEYCTOMIABOCTh PABHOBECHA COXPaHAT-
cfl M OPH HAJIO;KEeHHH ONHOH HOBO# CBA3H. EcCJH e YHCI0 HEOoJOoHA-
TeABHHX Ay OBLJIO pPaBHO 1, TO HajOKeHAEM OXHOM HOAXOAAIMEH HOBOM
CBAI3M PABHOBECHME CHCTEMBl BO3MO;KHO YHOPOYHHTD.

Banauune JHCCHIATHBHBIX CHJI

39. IlycTs f mpencTaBAfAeT ONpeENeTeHHO-NONOKATEIbHYI0 BEmecT-
BeHHYK) (CHMMETPHYHYK0) KBaJApPaTHIHYK ¢OPMY OT CKOpOCTel Iy
¢ HOCTOAHHHIMH KOXPOHIHEHTAMH Cop = Cpel

2f = ZI Cuplalp-
af

O606uieHane cuiasl X, COCTABAAKINAE KOTOPHX ONPEeNAnTCA COOT-
HOIIEHAAMH

aopa KeabsuH mpepniosxkun HaswmBaTh duccunamuenblmu. K takmm cm-
AaM HPHHAMIEKAT OOHLYHLE CHJIW TPEeHHA, AeHCTBYWMHEE Ha TOUYKH
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MaTepHaJbHOM CHCTEMH B HampaBJeHHH, NPOTHBONOJOKHOM HX CKO-
pocTH, W NPONOPIHOHAIBHHE Bequumbe mociaequeil. Oyuxnumio f Ha-
3HBAOT Pynryuel paccearus UIA Juccunamusnoil Gynxyueli Peaes.
Ecin sta ¢pyaxuus Peses f comep:KuT npon3BogHKe BceX HOPMaJAbHHX
KOOPIHHAT, TO FACCHNALMIO HA3KBAIOT N04HOL; B IPOTHBHOM ciaydae —
wacmuunoil.

HonycTuM, 9T0 Ha MaTepHAJbHYI0 CHCTEMY, KPOMe paccMaTpHBae-
MBIX HOTEHIHAJbHHX CHJ, AeHCTBYIOT ANCCHOATHBHHE CHIM ¢ QyHK-
nueii Penesn f. YpaBueHusa MaiHWX JBM:KeHHH Tako#l MaTepuaabHOH
cHACTeMHl BOJHM3M ee MOJOKeHHA paBHOBecHA GyayT

dzx B
Ttgzxvv "—vz'—xvl'v““ézé' (21)
Bausanue aMCCHIATHBHHX CHJI Ha YCTOMYMBOCTH ‘PABHOBECHA H3Y-
" qun gopa KennBuH; oH foka3an cleyoue TeopeM:l.
Huccunamususle cuibl He Hapyuaiom ycmoiiuusocmu.
B caMoM fene, ecad IoJI0/KeHHe paBHOBECHA YCTOMYMBO mof AeHcT-
BHEM OJHHX MNOTEeHIHAJbHHX CHJ, TO Bce Ay HoaokuTeabHH. Iloanas

3Hepl‘nﬂ CHCTEeMHE
1 ’ 1
H=— Y i+ 5 Y nad
hY hY

6yzer ompeleneHHO-IOJOKUTEJbHON KBajpaTmuHO# (opmoil ckopoc-
Teil T, W KoopAMHAT zy. Ee monnas mpowsBogHan mo BpeMeHH B CHIY
ypapueHmii (21)

H' = —2f,

npeficTaBiAeT NOCTOAHHO-OTpHIaTeabHyl0 ¢yHKHuio. CoraacHo Teo-
peme JlanyHoBa 06 ycrof9mBOCTH, OTCIOa BHBOAMM, YTO OPH HONOJ-
HATEJbHOM NPHCOEAWHEHWH NMCCHOATHBHHX CHJ HOJ0:KeHHe paBHO-
BeCHA OCTaeTcsd YCTOHIHBHIM,

Ecau pasnosecue ycmoiinugo npu nomeHyuasbHur cutar, mo OHO
CMAHOBUMCA ACUMNMOMUNECKU Ycmoliuueum npu dJdobasaenuu JQuccu-
namueHRIT cut ¢ noanoii duccunayueii.

JefcTBETEIBHO, PacCMOTPHUM (YHKIHIO

W =H B zyzy.
v

Ilocroannyio P Bcerma Bo3mo;kHO BHOGpPaTh Tak, 9T06m QyHKmEA W
Onsa ompepenenno-nmoaokuTenbuoit. Huckpumunanr W mmeer BHp
650 118850
B85 1 1A,
Ecam Bce A; cyTh moJMOKMTeNbHHE 9HCJIA, TO BCErTA BO3MOMKHO BH-

O6pate P cTonp MammM, 4TOGM Bce rIaBHHEE AWATOHAJBHEE MHHOPH
3TOr0 AUCKPUMHHAHTA OHJM TMOJOKHUTEIbHH.
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[lonras nponssognan mo spemenu or pyEkuum W B cmay ypas-
nennit (21) ectb

W = — [Z (ci;— 6;;B) ziz; + ﬁgxiz% + ﬁ;jcijz;zj] )

>

JuackpuMuEaHT cTosmIeil B KBaAPATHHX CKOOKax GOPME
p
ey — 8,81 | “'2' ¢

B
|5 ei || 183,08,

OPH JOCTATOYHO MaJIOM HOJIORHUTEJIBHOM f}, KOTJA IpH OIpefeseHHn
3HaKa TIJaBHHX QHAaTOHAJBHHX MHHODOB BO3MO)KHO IpeHe6perartsh
IeHaMHA ¢ BHCIIUMHE CTEHEHAMH [} 10 CpaBHEHMIO ¢ YJIeHAMH ¢ HH3mei
cTenenslo f§, GymeT UMETh MOJIOKHUTEIbHHMH BCE CBOH TJAaBHHE pgHa-
roHaJbHHE MHHODH, u6o AuccumaruBHasg Gymkuusa Penes f asaserca
onpeneeHH0-I0JI0KHATEIbHOM.

Nrak, mpu pocratouno MaaoM mosokutenbHoM [ dymxmma W
6yneT oIpeeNeHHO-IIOJIOKATEIbHA; KAK He 3aBHCAN[AR ABHO oOT i,
OHA JomyckKaerT (eCKOHEYHO MaJHil BHCIIMA Ipefes; ee NpoM3BOAHAA
‘W’ mpu ykaszaHHoM BHGope f§ 6ymer GyHKUEEH ompereseHHO-0TPHIIA-
TeqbHO. BHIoJHEeHWe dTHX yeaoBHEl corjgacHo Teopeme JlamyHoma
00 acHMIOTOTHYECKO# YyCTOHYMBOCTH AOKA3HBaeT HAIlEe YTBEP;KACHHE.

PasymMeercs, ecaum muccumanua HENOJNHAA, TO YCTOMYMBOCTH PaB-
HOBECHsA, CYIIECTBYIOMasA NPH OAHHX NOTEHOHMAJbHHX CHJIAX, He §y-
HeT YOPOYHATHCA OT A06ABJICHHA TAKUX AUCCHIATHBHHX CHJI [0 aCHMII-
TOTHYECKON YCTOMIMBOCTH.

Hsoauposannoe u neycmotiwusoe npu noOMeHYUAALHHT CUAAT DPA6-
-Hosecue ne moxcem Gbulmb cmMabUAU3UPOEAO OUCCUNRAMUSHBMU CUAAML
¢ noanoli uccunayueii.

Hoxaszareanscrtso. Ilycts cpemu Ay cymecTByeT mo MeHb-
mieif Mepe OfMH OTPULATEIbHHHE KO3QPUIEERT W HET HE OJHOTO, paB-
Horo mymo. PaccmorpuM QyHEKImIO

W=H-+ ﬂZMz\.x;.

Ee monnas npoussonuas mo Bpemenn B cuny ypasHermit (21) ects
W = [2 (cuv — BuvBhy) zu-Tv + ﬂz Ay +B 2 kvcuvz;‘zv] .
uv

Heckpumunant kBagpaTHuHOll GopMH, cTosmel B KBaJPaTHHX CK0G-
Kax, ecThb

|7 s
Pt |

I €y — BByl
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IIpm ZOCTATOIHO MAJOM IOJIOKHTETbHOM f3, KOrga HPH ONIpPEeNeTeHHH
3HaKa TJIABHHX [HATOHAJbHHX MHHODOB 3TOr0 NHCKPHMHHAHTA BO3-
MO:KHO npeHeGperaTh WIeHaMH ¢ BRHICHIHMH CTEHeHAMH [ 0O cPaBHe-
HHIO ¢ YJIeHAMH ¢ HHU3MHUMH cTedeHAMH [}, Bce TiaBHHEe MHHOPH OYy-
AyT HOJOKHTEJbHH, €CAH AUCCHIANHNA HOJHAS M HA OXHO H3 A, HE
ectb HyJb. IIpu TakoM BuGope f npoussonnas W’ Gymer ompeneixen-
HO-OTPHI[aTeIbHOH (QYyHKIMedl mepeMeHHHWX zy, zy. Pyuxuma W no-
nyckaeT GecKOHEYHO MaJsnil BHcumMil mpefesn, Kak (yHKOuA, He 3a-
BHCAIaA ABHO OT i, mpu atoM dyuxumio W Hamaexammm BHGOpOM
3HAYEHHH Ty, Ty B CKOJIb YTOXHO MAaJIOH OKPECTHOCTH TOUKH Zy = 0,
zy = 0 MoKHO clenaTh oTpuuareabHoit, ItaM Pynrumsa W, ynosier-
BODAA BCEM YCJOBHAM TeopeMul JIAmyHoBa o HeycTOMYHBOCTH, TOKa-
3HBAaET YTBED;KIAEHHE.

Cirydam HeH30MPOBAHHOTO IOJIOKEHHA PAaBHOBECHA BO3MOSKHEI,
KOTJ1a HEKOTOPHe U3 Ay CyTh HyJH. KcaH HeHy/JeBHe KOpHH Bce 1O-
JOKATEJIbHB, TO HEYCTOHIMBOCTh NPH NOTEHIHAJLHHX CHIAX CY-
mecTBYeT 3a c4eT BEKOBHX WJICHOB, HOABJIAKIMAXCA B BRPAKEHHAX
IJIA NepeMeHHHX Iy, 0TBeTAIOIUX HY/JIEBHM KOPHAM; TAKYH) HEyCTO#-
9UBOCTh [HCCHIATHBHHE CHJIBI MOTYT CTA0MIM3MPOBATH; HAIPHMED,
cmra X; = —kx; (k> 0) crabuiamsupyer paBHoBecme B cJaydae,
Korga A; = 0, a ocTagbHble Ay HOJOMKHTETbHH.

Jloka3aTe bCTBO HEYCTOWYMBOCTH HPH R00aBJICHHH JHCCHIATHB-
HHIX CHJ B ¢JIydae, KOTHa CPeiH A, HMeeTCA IO KpaiiHell Mepe oxuH
OTPHLIATEJbHNA KOPDEHb W HECKOJbKO PaBHWX HYJI0, HPHBORAUTCH
K DPacCMOTPeHHOMY IepexoloM K HOBHM IepeMeHHHM

Ty = y\leEta

TAe € ecTh HOAXORAIUM 00pa3oM BHOpaHHas IMOCTOAHHAA.

BindAHEe THPOCKONMHYECKHX CHA

40. Cnam
Xy = gl gvu‘F;L (8w = — guv)

paboTa KOTOPHX Ha MEHCTBHTEIbHOM IEPEMENIeHAH BCETRA paBHA HY-
Mo, Jopx HeabBUH IPeRIOMKHJ HA3KBATH 2UPOCKONUYECKUMLL,
Pagnosecue, ycmoiiuusoe npu 00HUT NOMEHYUALLHUT cUAAT, COTPA-
Haem ycmotuusocmy npu 0obasieHUU 2UPOCKONUYECKUT U Juccunamue-
HBI cua.
B camom pgene, npu goGaBieHuE Takux cHa auddepeHnHaTIbLHES

YPaBHEHHA BO3MYUEHHOI'0 XBH)KEHHA BOJIM3N LOJIOKEeHUSA PaBHOBeCHA
HMEIT BH]
dzx y dz, af
v v
Tt-:zv’ -Tz_kvrv__jv._;_xv,
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Ecnm paBHoBecHe ycToilYMBO HpPH OJHHX HOTeHOMAJBHHX CHJIAX, TO
BCe Ay HOJIOKHUTEAbHH. IIpH 9TOM mONHAA dHEPrHA CHCTEMH

= (4 Fa
v v

OpefcTaBisAeT ONPeeTeHHO-NONORUTeNAbHYI0 ¢yHknmio. Ee momnas
npou3sodHaA H' B cua1y ypaBHEHHA BO3MYIIEHHOTO [BH:ECHHA

H = —2f

He 6yJeT NOJOKATeNbHOR, HE3ABHCHMO OT TOTO, GYAYT JIH JHCCHOATHAB-
HHE cHJIH 007aJaTh HOJHOH HMJIM 9acTHYHOM [HCCHAOANMER HJIM HX
copepmeHHo He 6yaer (f = 0). Orcioga, cornacuo teopeme JIanyrosa
06 YCTOHYHBOCTH, HENMOCPEICTBEHHO BHITEKAeT YTBEp:KAeHHe HeabBH-
HA O COXPAaHEHHH YCTOMYHABOCTH PaBHOBeCHA OpPH X0GaBJEHHH THPO-
CKOOHHYECKAX M JACCAOATHBHHX BO3MYIAIOMHAX CHJ.

Hasoauposannoe pasrosecue, neycmoiiuusoe nod deiicmsuem nomer~
YUBABHBLT CUL, OCTAEMEA Heycmolvueim npu 0o06asieHuu 2upockonu-
HECKUT CUA U CUA Ouccunamushblr, ecau nocaednue 064adarwem notHoll
duccunayuell.

HokasaTenbcTBO JerKO HPOBOXATCA PacCMOTPeHHeM (YHKIHH

W = H -+ B D hTozy,
hY

KOTOpPaA UPH OTJIMYHHX OT HyJA A ¥ OPH HOJHOH AuMccHmanmm Gymer
HMETh OHpeleeHHO-OTPHIATeAbHYI0 OpoH3BoguyI0 W', ecaim moxosku-
TeJbHasA NOcToAHHAaA P GydAer BHOpaHa JoctaroaHo Manod. DyHKuEA
W, kak He 3aBHCAMAA ABHO OT {, JONYCKaeT 6eCKOHEIHO MAJLIH BHIC-
mrmif mpefes; M cKoJab OB MaJH 00 aOCOJIOTHOM BEJHYHHE Iy, I, HH
6uTH, EX MO/KHO moZo6paTh Tak, 9To6m W Gmna orpumatesnbHoi, uGo
cpenn A, GymeT cymecTBOBAaTh HO MEHbIIEH Mepe OJHO OTPHIATENbHOE.
HeycroitauBocts caemyer no teopeme Jlanyuosa m. 14.

Ecau neycmotivusocms usoauposarnioz0 noioxeHus pasnogecus nod
delicmeuem 00HUT NOMEHYULALHWT CUL UMEET HEYemHYI0 CMeneHsb, mo
2upockonuieckas cmaduaudayus pPAasHOBECUA HEBO3MONCHA.

HeiicTBATe/IbHO, OPH OTCYTCTBHA AHCCHOATHBHHEIX cHJ (4TO Hecy-
MECTBEHHO ¥ HPHHATO JAMb JJAA YHpOIleHHsA (POopMYJ) YpPaBHEHHA
ABH:KEHHA CYTh

o

Ty = — My + ;gvuz;t (8uv = — gw)-

lIycts umeno orpunatenbHux Ay HedeTHo. JlA H30IMPOBAHHOTO mO-
JI0KeHHA PABHOBECHA Bce Ay OTIHIHH OT HYJA. XapaKTepHCTHIECKOE
YPaBHEHHE [JIA 3TO# CHCTEeMH YPaBHEHHH BO3MYIIEHHOr0 NBU:KEHMA
€cThb
A S-AT ... —gmk
AR)=|.-+. . ... =0
—gy b ee A L2

n
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Nmeem
AOy=24A ... A 8 A(Mroe > 0.

Ilpr neuerHOM dumcae oTpupaTeJbHHX A, BHpaenasa A (0) m A (o)
6ynyr pasumx 3HakoB. CiefosareabHo, ypasHenue A (A) = O mmeer
OpHE 3TOM IO MeHbINed Mepe OJUH IOJO)KMTEJIBHHH KOPeHb 1A A.
ITEM HeyCcTOHYHBOCTH JOKa3aHa.

I pu useecmmubiz ycaosusxr pasrosecue, Heycmoliiusoe nod deiicmeuerm
O00HUZT NOMEHYUAALHBT CUL, MONCHO YRPOLHUMb UL CMAbuAu3uposams
dobasaenuem noGrodAWUL 2UPOCKONUHECKUT CUA, €CAU CIMENEHb Heyc-
motinugocmu He Gvia HetemHol U npu Imom we dobasasiomces duccuna-
musgnyie cuaw, obaadawupue noawol duccunayuei.

Yr1o6m AoKa3aTh BO3MOKHOCTE THPOCKONHMYECKON cTabmim3annn
B TAKHX cJAYy4YaAX, BH/EJMM IAaPH HOPMAJbHHX KOODAHHAT, OTBEYalO-
mme oTpUNaTeabHKM Ay. IIycTh omHa TakadA mapa mMePEeMEHHHIX HMMeeT
cjefyiomue ypasHeHnsA ¢ Ao6aBlieHHeM T'HPOCKONAYECKAX CHJ:

”

" = —ax + gy, y = —Py — g7,

rae ¢ 4 f§ orpunareabHH. XapaKTrepHCTAYECKOe YpaBHEHHe TaKo# cm-
CTEMH

Ay =M+ 22 (g +a+p)+ ap =0

6yner WMeTh YHCTO MHAMEE KODHH, €CJH [aA A? oHO mMeeT OTpHIa-
TeanHEEe KopHH. IlocienHee mpom3oiifieT, ecian

g2 +a+p>0 (g8 + a+ ) — 4af > 0.

Ecam mocrosiHHaA g yMOBJIETBOPAET IOCJEIHEM HEpPaBEeHCTBAM, paB-
HoBecue Oyner crabuimamposaHo. IIpemno;xenme mokasamo.

Ho ecnim Ha MaTepmalbHYIO CHACTeMY ACHCTBYIOT CHJIH C pacceH-
BAHNEM 5SHEPTrHH OpM JIOOKHX [eACTBATEJbHHX NepeMellleHHAX, TO
TAPOCKONIAYECKaA cTabmiIm3anna mo OKa3aHHOMY BHINE HEBO3MOKHA.
A Tar Kak B QeACTBATEIHHOCTH MaJike MACCANATABHEE CHJIH ¢ MOJHOH
AMccHIanMedl Bcerja CymecTBYIOT, TO TAPOCKONHYecKad crabmiamsa-
NHUA AMeeT AJA Halllell MeACTBHTEILHOCTA BpeMeHHOE 3HAaUeHHe M Ha-
pymaeTrcs, KoJb CKOPO Ha CHCTEMY NOAeACTBYIOT AMCCHAIATHBHEE
cunu ¢ moanoi mmccumanmeii. Ilosromy aopa Heassmr mpenno;xma
Ha3HBATh 8peMEHHOU YCTOHYMBOCTL PaBHOBECHA, IOJYJAaKOIYICA OT
TAPOCKONMYeCKOH crafmauMsanud, a YCTOHYMBOCTH DaBHOBECHA, CY-
WECTBYIOI(YI0 IPH MEHCTBHA OHAX HOTEeHNIMAJBLHEIX CHJ, OH Ipel-
JIOKHJI Ha3HBATh 6€K060IL.

Ilpumep. Ilenrp tamecTd apTHIepHACKOr0o CHapAla [BH-
JKETCA B BEPTHKAJBHOIN MIOCKOCTH CTPean0H Ef BMOJAb ocH §, KOTOPYIO
mpHMeM [UIA TOPOCTOTH ropu3onTaiabHoil. Ilycts z — ock cmapafma;
v — NOCTOAHHAA CKOPOCThL €ro NeHTpa Ta:kecTH; /] — IPOEKnHA OCH
CHapAfla Ha IJIOCKOCTh CTPeanlH; o — yroa Me:xay I m z; p — yroa
Me;kny & m I; £ — ropusonranpHas ochk, { — BepTHKaJBHAAg, a 1) —
TpeThA och Jemoit cuctemH (Enl). 3amawa 5Ta ABAAETCA HIBECTHHIM
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opuGaMKeHAeM [JA [IBH;KEHAA CHapAfa OO BeCbMa HACTHJILHOM
TPaeKTOPHH. :

Iopsmxkaylo cHcTeMy oceil (ryz), HMeIONyI0 HAYaJl0 B NeHTpe
TAKECTH CHAPALA, ONpele]dM KAHEMATAYECKH, 4TOGH TeM CAMBIM
IOKa3aTh TOJOHOMHOCTb IEPEMEHHHX, KOTophie GYAYT ompefeasaTh
mOJIoKeHHe CHAPANA OTHOCHTEJIbHO ero mnentpa Ta:kectd. CHauama
moBepreM cuctemy (En{) BoKpyr ocm v ma yroa i Tak, uto6m ocs §
mepemaa B ock I, HOBOe IOJIOKeHHE OCH [ Ha3oBeM uepe3 z, MOJy-
gyaM cucteMmy (/1z); mocaegHIo moBepHeM BOKPYT OCH Z HA YyIroa o
TaK, 9T00H och | mepemuia B OCh I, OOJYYEHHYI0 CHCTEMY Ha3oBeM
(zyz). Hycts ® o6o3HavaeT yroJ moBOpOTa CHAPAXA BOKPYT €ro OCH I
B cacteMe (zyz). I3 KAHEMATAYECKOro ompefieleHds HENOCPeACTBEHHO
clefyeT FOJOHOMHOCTh NIEpPeMEHHHIX ®, &,

MrHroBeHHas CKOPOCTh BpAIIEHAd CHApANA MABIAACTCA Pe3yIAbTH-
pyomei YIrIoBHX cKopocTedl o'; o', ', COOTBETCTBEHHO HaIPaBJIEH-
HHX 0 HOJOKHTEJIbHHM OCAM I, Z, 1); OTCIOA ee HPOEKOHA P, ¢, I
HA oCcH Z, Y, z OYAYT PaBHH

’

p=0o + p sina, g=p cosa. r=a'.

HRuapaa cmna BpamaTeJbHOI0 OBH;KEeHHA CHapANa HMeeT H3BecCT-

HHH BHJ
2T = Ap* + B¢* + Cr?,

rie A, B, C 06038a9a0T MOMEHTH HWHEDPIAA CHAPAAA OTHOCHTEJILHO
oceit z, y, z. lna OGKHYHEKX OPOJOJArOBATHX CHAPANOB, NPEACTABIAI-
MHEX TeJ0 BPAIEHHA BOKPYT CBOeHl OCH, BCe 3TH MOMEHTH HHepIHH
OpefcTaBAAKNT OOCTOAHHEE Beamumenl C = B > 4.

MoMeRT pelicTByOmeid Ha CHapAj ONPOKHAAKBAaNMEed mapH Ha-
npaBied OpPTOTOHAJbHO ILUIOCKOCTH, HPOXOAANEeH dYepe3 CKOPOCThb
OeATpa TAKECTA U M OCh CHAPAQRAa I B CTOPOHY, OTKYAAa BpamieHHe
OT UV K T Ka’skeTCd MOJOKATenbHHM. [{pyrHe mapu cmia, gefcTBylo-
mMEX HAa CHAPAN, He OPHHEMAIOTCA BO BHAMAaHHe. BejmumHa ompOKH-
amBapomei naps K = a sin y 3aBHCAT OT DOJOKUTEJIbHOH BeIMUYAHE!
a = a (V) 4 0T yria y Me;KAY CKOPOCTHIO MOJIeTa U H OCBIO I; €OS ¥ =
= cos ¢ cos . Beamummsi 0606meHHHX JarpalKeBHX cAx ¢ moxy-
9aJ0TCA HEHNOCPEe/ICTBeHHO H3 BEHIPAa’KeHHS BO3MO)KHOH paGoTH ompo-
KHABBalOOe# mapsl

a sin Y8y = —ab cos y = a sina cos f a + a cosasin f 8.

NupdepernmaapEEIMA yPaBHEHAAMHE BPamATeJbHOr0 [BH;KeHHA
CHapafa ABIAKTCA ypaBHeHHEA JlarpamKa OJA IHepeMeHHHIX ®, &, f.
.Onno 13 ypaBHEHHI HemOCPeACTBeHHO IPABOART K OePBOMY HHTerpay

Ap = const, oTBeaOmeMy NHKJIHYECKOX KOODAHHATE ®; ABA APYTAX
uMeloT BHJ, yctaHoBieHHH# A. H. KpoutoBemM:

Ba” + Bp'? sin a cos & — App’ cos & = a sin & cos f,

Bp” cos o — 2Ba/f’ sina + Ape’ = a sin f.
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YMHO;Kas 3TH yPaBHEHHA OJHH Pa3 COOTBETCTBEHHO Ha a’, B’ cosa,
a mpyrot — Ha sin P,— sin & cos f ®W cKiIagHBaA IO OTAEIHLHOCTH
KOKIHH pa3, HOCJHe HEKOTOPHX IPOCTHX NpeoGpa3oBaHHN M HHTET-
PHUPOBAHMA HOJYyYaeM JBA HEePBBIX WHTETpaja:

-E-(a"‘ + P'?cos’a) + a cosacosP =k,

B (o sin fp — P’ sin a cosa cos f) + 4p cos a cos f =

3a HeBO3MyIIeHHOe IBH:;KeHHE CHAPAMA MK IPHMEM 9acTHOE pe-
merne ¢ =0, p =0, '’ =0, p’' = 0 muddepenyuaabHHX ypas-
HeHHH nBueHdA. [[JIA TAKOTO HEeBO3MYHIEHHOTO NBH;KEHHA ypaBHe-
HHUAMM  BO3MYIIEHHOTO JBM:KeHHA OyayT muddepeHIHaTbHbiE
ypasHenus A. H. Kpurosa. llepsuii M3 HMHTErpaJoB ABISgeTCH MH-
trerpasoM H = h, nonyvapmumesa mo Merony (m. 9) mrmopupoBaHusn
OHKIUIECKOH KOOPAMHATH ®; Ipu 3ToM ¢yukuma V = H — H, He
ABIAETCA 3HAKOONpeNeIeHHOH.

Jna pemteHuA 3ajavYd YCTOHYHMBOCTH II0 OTHOIIEHHIO K IepeMeH-
HHM @, P, a’, p’ yMHOXMM nepBHii H3 MHTerpajoB Ha Ap, BTOpOH
Ha — 2¢ H CHAOKHM:

W = BAP —— (a4 p2cos?a) —
— 2Ba (o' sinp — P’ sinacosa cos ) — Apa cosacosf.
IlepBoe npuGarvxenue wuterpaxa W + Apa = W, + . . . ectb
w,—=282 o 2Baap -+ 2 gy BAE gy

Ksanpataunaa ¢opma W, cocronTt m3 ABYX OJHOTHIHHX KBaJgpaTHY-
HHX (GOPM; JOCTATOYHO PacCMOTPEeTh ONHY M3 HHX

= ﬁﬂ — 2Baa’P + Aga p2.

Popma f Gymer Torma 3HAKOONpPedeJIeHHOH OTHOCHTeILHO BXOXAMIMX
B Hee IEepEeMEHHHX, KOIJa NOJOKHTeJILHHM 6ydeT ee MUCKDHMHHAHT

BA
= b
A R
—Ba 127‘1
T. €.
2 — 4Ba > 0.

910 — HcKoMoe yciaosme. Ecam oHo ymosiersopeHo, To ¢opma f
6yneT 3HaKoompeleJeHHOH OTHOCHTeIbHO o', B; BMecTe c dopmoi f
6yneT npu 3TOM 3HAKOOIPeIeJeHHOH OTHOCHTENbHO &, B, a’, B’ ¢opma
W,, a TeM camuym u unTerpax W -+ Apa. Takum o6pasom, W - Apa
YHOBIeTBOPSAET BCEM YCJIOBHAM CJIEACTBHA H3 TeopeMH JlanmyHosa
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00 yCTOHYMBOCTH; OTCIONA 3aKJI0YaeM, 4TO eCIH COGJI0EeHO IoCIeHee
HEPaBeHCTB0, TO pPacCMaTPUBaeMOe HEBO3MYIEHHOe NBH;KeHHe CHa-
pata (2 =P = a’ = f = 0) Gyner ycroiuusrIM.

PaccMoTpeHHas cTafuin3amMsa CHAPAJA HMeeT THPOCKONHYECKYIO
NpUPOAY M B COTJACHM ¢ Opejio;xeHdeM HeiapBuHa JOJN:KHA Tpona-
AT NPH CYDecTBOBAaHAW NOJHOH pauccunamuu. JleficTBHTeaBHO,
no6aBuM K IepBHIM npubiam;keHaaM NuPdepeHIHANBHRX YpaBHEHHH
ABH;KEHMA MaJjhnle JMCCUNATABHBIE CHIBI, IPOM3BOJHEIE OT HEKOTOPOM
¢dynknun Peaesa

2f = ba'® + 2ea'p’ + cp’t.
rie MaJjile NOCTOAHHKE KoadpumueHnTH b, €, ¢ YAOBIETBOPAOT YCJIO-

BHIO OUpefeleHHOl noxoskuTedabHOCTH b > 0, be — € > 0. Bypmem
AMeTh

Ba"” = ao + App — ba’ — ef’,
Bp" = ap — Apa’ — ea’ — cf’.

Yro6H HOKa3aTh BHOJIHE CTPOro, UTO AHUCCHIATHBHEE CHJAH pas-
PYIIAIOT THPOCKONHMYECKYI0 CTaOHIM3AaI[HI0, PACCMOTPHM KBajpaTHu-
HyK ¢opMy

W= 5 B(o/*+B%) — (o + B?) — 268 (2o + PP)-
IlosokuTenpHYI0 NMOCTOAHHYIO & onpeneauM mocie. [Ipou3somHas or
W B cuay ypaBHeHHH NepBOro npHGIMKeHHA Oyner
W =—[(b + 2¢B)a"* + 2ea’p’ — 2eba’a —

+2(Ap —e)ea'Pp + (c + 2eB)p* — 2 (Ap + e)ep'a —
— 2cep’p + 2eaa® + 2eap?l.

JuckpuMuHaHT KBajgpatuuHoit dopmet — W' ectn

b 4~ 2¢B e —be (4p— e)e
e ¢+ 2eB —(4p-ele —CE
—be —(Ap + e) ¢ 2ag 0 :
(Ap — e)e —cE 0 2ae

Bunoca u3 Tpetheii 1 4eTBEPTOM KOJIOHOK HTOrO ONpeNeIHTeNA OOMuit
HOJIO;KHUTENbHBIE MHOKUTENh &, 3aKI9aeM, 4YTO IPH KOCTATOTHO
MaJIOM €, KOrjla NpH OnpefleJIeHHH 3HAKa BCeX IJIABHEX JUArOHAJb-
HHIX MHHOPOE AHCKPHMHHAHTA BO3MOKHO IpeHe6pedh 4JeHAMHU C BEIC-
MHUMH CTENEHAMH € IO CPABHEHHIO ¢ WIeHAMH C HUBNIMMH CTeIeHAMH
€, 9TH MHHOPH OYAyT IOJOKHTEJBHHMHE; CIeI0BATEABHO, IPH TAKOM £
PaccmarpuBaeMas dopma W’ Oymer ompeseleHHO-oTpHIATEAbHOI.
®opma W ponmyckaer GecKOHeYHO MaJjkii BHICHIMA Npefie] Kak
dyHKOUA, He 3aBMCAmMAs OT BPEMEHH; BHIGOPOM YHCJIEHHO CKOJb
yronno Maimx o, f, a’, p° dopmy W Beerna Bo3MoskHO cenaTh oTpH-
maTeiabHOH, T. €. ofHoro 3Haka ¢ W', Orciona B cuny reopeMu Jlamy-
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HOBa O HEYCTOHYMBOCTH 3aKJKYaeM, 9TO0 JUCCHOATHBHEE CHJK pa3-
PYIIal0OT THPOCKONHYECKYI0 CTaGHIM3aMUI0 CHAPAAA M HYTO TFHPOCKO-
nuYecKas CTabHAM3anuA CHApPANA ABJIAAETCA BPEMEHHOI.

Hekoropnle BBIHY:KACHHBIE JBHKEHHA

41. BoapmUACTBO BHHY;KAGHHKWX JABH;REHHH KaKoi-im6o Mmexa-
HHYECKON cucTeMbl OepeT cBoe Ha4aJ0 B KOHEYHOM CYeTe B ABHKEHHH
HEKOTOPO#l APYroil CHCTEME!, KOTOpas BO3AEHCTBYeT Ha HEPBYIO M
B CBOI0O oO4epeds caMa HaXOAHTCA HOX ee BoafxeiicreueM. Hepenako
NBH;KEHHEe BTOPOH CHCTEMBI PACCMATPHBAETCA IHPH 3TOM NPHOIHKEHHO,
Kak 3aflaHHOe ¢ HTHOPHPOBAHHEeM BO3eHCTBHA CO CTOPOHHE mepBoif 1).

OcraHoBHMCH Ha cjydae, Korga ofe CHCTeMH HaXOHATCA B BO3-
MYIIEHHOM JBH;KCHHH BOJIH3H HX INOJOKEHHA pPaBHOBECHA, M BH-
gucaenue GygeM BECTH B HOPMAJBHHX KOODAMHATAX AJASA BO3MOKHO
G6onee mpocroro caydas. Ilycrs asmskenms ayx cucreM (z) m (y)
3a7aI0TCA YDPaBHEHHSMH

v

= —qx — xz' + wy',

y" = —By.

Cayuait aTOT MOsKeT NPelCTABUTHCA, eCaH B cucreMe (y) mpemeGpe-
raeTcA COCTABJAAIMEH THPOCKOOHYECKOH CHAK —Wuz'; AUCCHOANHA
aBasgercs gactuyHOH. IlocToOAHHNE % H N HYCTh HOMOKHTENbHHI.
PaccmoTpuM cayuait, korga o 4 5 0AHOBPEMEHHO MOMOKATENbHEL, —
MHKIMH CJOBaMH, Ciay4ait, Korja Ge3 mnpeHe6pe;KeHHA FHPOCKONIH-
9eCKOM cHioif —puz’ MMena OBl MECTO BEKOBAS YCTOMYMBOCTH B CMEICIE
Heansuna. Ilyets pas mpocroth a = n?, f§ = p* Ttor;a

(22)

——isin t
V=1 pt:

Vpaprenue oasa cucteMsl (r) HpH 2TOM OPHHUMAET BHJ
" + uz’ -+ n*z = A cos pt.
[Ipumem
z = acos (pt — &)

¥ IOACTABHM B ypaBHEHHe
a (n* — p®) cos (pt — €) — npa sin (pt — €) =

= A cos € cos (pt — &) — A sin € sin (pt — &)
OTKY[a, IPHPABHUBAA KodpPumuenTh npu cos (pt — €) wsin (pt — &),

HMeeM
a (n®* — p?) = A cos &, apx = A sine,

 Crpert Hm. B. (nopn Paneit). Teopusa asyka. T. 1: Ilep. ¢ amrn.—
2-e m3g.— M.: Tocrexmagar, 1955.— (CM. m. 51). -
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TaK 4TO (JaCTHOe) pemieHHe MOKeT OHTh 3AMHCAHO CIERYIOMHUM 00-
pas3oM:
Asine
= 250F t—
z o cos(p E),
e
— 2l
tg € = n2 — p2
Takoe koneGanue Ha3HBAETCA GMHYHOCHHWM, OHO ABIAETCH OT-
- BETOM Ha BO3flefiCTBHe CHJH My', OKAa3aHHOe Ha CHCTeMy (Z) H3BHe.
AMIIETYRA BHHYKIEHHOTO Ko0Ne0aHHA UPONOPUMOHAJNbHA AMILIH-
TyfAe CHAH A, a mepHox TOT ke, 9TO H HEPHON CHJH.
PaGora Bo3Mymalomell CHJH HA BHHYKIEHHOM [BH/KEHHH CHC-
TeMH (T) 3a HePHOA CHIK BCEIfa HOJOKHTENbHA
2%

p Sy’x’ dt - Asinte gcos2ptdpt——
0

D%
2n ‘
A?singcose ( . " mA?sin?e
— ————— \ sin ptcos ptdpt = ——0»
DX . %
0
B00
27
S cosu du == m,
0
2
S sinu cosudu = 0.
0
Pabora ara umeer HauGoJbmyl0 BeAMUYHHY NpH sin*e = 1, 1. e.

Korfia gasa BHHYKAEHHOTO KoJeGaHHA OTCTaeT Ha YeTBePTh IepHOAA
OT (a3 CHJH, 9TO HMEET MECTO, €CIH NIEPHOJ BO3MYMAIMeH CHJIb
coBmajgaer ¢ co0CTBeHHEIM IepHoOAOM KoueGaHuil cuctems (r), HHade
n = p.

B cayuae pasnwwzx nepuodos mpenue Goimcno Gwmb npunamo 6o
BHUMAHUE, KAk Obl MAA0 OHO HU GBA0 U Kak 68 HU 6ba Heanauumeden
€20 pesyabmam npu n U p, He paenux Opys dpyey.

Jr1o coolpaienue BHCKazaHo PeieeM.

Ecau tpense orcyTcTByeT M mepHOAH DaBHH 7 = p, TO OTBeUalo-
IMaA XapaKTePHCTHUECKAA A-MaTpHIA

PENEPLINY
173" ]

HMEET HEempOCTOH 3JeMEHTAPHHI AeNHTedb

(12 + n2)2,
M, 3HAYMT, CKOJb OH Mana HE GHJa aMIMTYRa KoideGaHuii y, HeoG-
X0AMMO NOABATCA BEKOBHE WieHH. PapHoBecHme cucremu (r) Gyner
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HeyCTORYHBHIM. Y PDABHEHAA B BAPDHANMAX A BHHY;KIeHHOIO IBH-
JReHH

! =—=‘icos t z:itsin t

Y np pt, 5 b
GynyT TOro ke THOA, JHAMB BMeCTO r, ¥ GymyT CTOATH UX BApHALMH,
3JeMeHTapHbIEe e IATENH GyIyT TeMH ke, ¥, 3HAYAT, BHHYKICHHOE
ABH:ReHAne OyneT HeyCTOMIMBEIM.

Horga ke mepmoas! paBHH n = p H cymecTByeT TpeHHe x > 0,
3JeMeHTAPHble MeJATeNd IJIA XaPAKTePHCTAYECKOH A-MATPHIE CHC-
TeMBl (22)

AR LxA Rt —pd
0 23 n?

OynyT HpOCTHIMH
(A* + n?), A2 4 uA + n?

Crano 6wmTh, Kak OBl MaJ0 TpeHHe HH OHLJIO, B PelICHHM CHCTeMH (22)
y:ke He (GyAeT BEKOBHX WICHOB: PAaBHOBEeCHe CHCTeMH OyjfeT ycToi-
YHBEIM B TOM CMEICJEe, UYTO BCerfia BO3MOKHO HAMTH CTOJb MaJjoe A,
9T00H a0CcOTTHHE 3HAYCHHA I He HPEBOCXOAHMJH 3aKA3aHHYK Ha-
nepen TpPaHb.

42. B pacrosamei raaBe yCTaHOB.ICHH upento:xends jgopxa Kenn-
BHHA, HMeiqHe (oJipmoe 3HadeHHe. Bo3MymmeHHbIe IBH;KeHHA Mexa-
HAYECKOH cHCTeMH BOJM3H YCTOHYHBOIO NOJO)KeHHS paBHOBECHA,
rle NOTeHIHAJbHAA (QYHKIHA AeHCTBYIOIMHX CHJ HMeeT MHHHMYM,
AMelT KojgeGaTeldbHHIH Xapakrep, m HaoGopor. [JoGasienume mumccu-
DATABHHIX CHJI He HAPYMIaeT YCTOHYABOCTH M HEYCTOMYHBOCTH PABHO-
BeCHS MATEepPHAJbHOH CHCTEMBl, CYMECTBYIOIMEro NpH NOTeHI(HaTbHEIX
caiax. /{obGaBieHne ke IHPOCKONAYECKAX CHJ, He Hapymasa YCTOH-
YHBOCTH TAKHX IMOJO:KeHHH PABHOBECHS, B HEKOTOPHIX CJAyYafax,
KOrga paBHOBeCHE HMeeT HeyCTOMYHBOCTH YETHOM CTENeHH, a JHCCH-
OATHBHEIE CHJIBI He HMEHT HOJTHOH TACCHNAIMH, MO;KeT ¢TabHIH3upo-
BaTh HEYCTOUYABOE PaBHOBECHE.

IlepBoe m3 3THX NpejJioMKeHMiA HMeET CBOE CTPOrce BHIpa;KeHHE
B Teopeme JlarpaH:ka 00 yCTOMYMBOCTH H30JHPOBAHHOIO HOJIO:KEHHS
PAaBHOBECHA NpPH MaKCHMyMe CHJIOBOH ¢ymkumm. UYTo ke Kacaercs
OPYrHX Opemio;kKeHHidl, TO B CBA3H C HAUMHA BO3HHKaeT sompoc, OyayT
gan He OyAyT COXPAHATHCA B JeHCTBHTEILHOCTA ABJICHHA, HOXMEUEH-
HHe JopxoM HeJbBHHOM W3 pacCMOTpEeHHA OepBOTC HPHGJIH;KEeHHA
YPaBHeHHA BO3MYIREHHOTO [BH;KEHHS.

K pociaexmemMy sompocy mpaBOAfT MHOTHe BAa;KHbEIE HHKeHepPHBbIe
3amavd.



TATABA 6
YCTONYUBOCTDH 110 MEPBOMY IIPUBJIVGKEHUIO

OcHoBHBIE TeopeMbl

Lo pabor JlanmyHoBa B HCCIeOBAHHAX YCTOHYABOCTH OTPaHHYH-
BAJIKCH PACCMOTPEHHEM ONHOr0 IepBOro mpubiamwxeHusa. B momoGubix
HCCIENOBAaHHAX MOKHO NPHATH K omu6GOYHBIM BeBOjaM. JlamyHos
OOCTABHJ M Pa3pellWJ BOIPOC, KOIa YPAaBHEHHA HEPBOTO IpHOIH-
JKeHAs IOJHOCTBHIO paspemarnT 3agady o6 ycTOHYHBOCTH M HeyCTOii-
YHBOCTH.

43 [24]. Ilycrs nuddepennmanpHbie ypaBHEHHA BO3MYNIEHHOTO
ABI;REHHS HMET BHUJ

dx
d—: =P Xy -+ Pan¥n + X, (s=1,..., n), (23)
rie X, cyth roloMopdHEE QYHKUHMH Z,, ..., I,, HAaYAHAIOOIHECH

B CBOHX PAa3JIO;KeHHAX C YJIEHOB He HIJKE BTOPOTO HOPAAKAa, a p,,
CYTh IOCTOAHHEIE.

Teopema JlanyHoBa. Ecau eewecmeennvie uacmu écex
KOpHell A rapakmepucmuueckozo YpasHeHUS NeP8oe0 NPUBAUNCEHUR
OMpuUYAMesbHY, MO Hes03MyujerHoe G8ulcerlue aACUMNIMOMUYECKY Yc-
moiiuugo, He3a8uUCUMO OMm UAEHO8 8hlie nepaozo nopadka masocmu X,.

Hoxrxaszarteascrso. Ecin BemecTBeHHEe JacTH BCex Kop-
Heif A OTpHIaTeIbHBI, TO HA JJIA KAKHX HEOTPHIATEIBHEIX My, . . ., M,,
HMEIOMHAX B cyMMe 2, He MOKET YHHUTOKHTHCA BHIPaykeHHe

mi + ..+ mph,.

CrenmopaTenpHo, CymecTBYeT OIpeXeNeHHO-OTPHIATENbHAA KBajpa-
THYHAA GopMa ¢ MOCTOAHHHIMH Koaddurnuenramu W, ynosieropsio-
mas ypPaBHEHHI)

ow 2
Za—h(pslxl e psnxn,) = + ... + -75121
Torga

aw 2 2 akli4
W:II+....+1n+.LB—aXS

4 H. L. Ueraes
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GyneT onmpefeleHHO-NO/I0;KHTE.IPHOA He3aBHCHMO oT X,, UYTO H [0-
Ka3HBaeT TeopeMy.

44 124]. Teopewma. Ecau cpedu xopreii A, zapakmepucmuwue-
CK020 YPABHEHUA HAlidemces No Menblueli Mepe 00UH ¢ NOAONCUMEALHOT:
6eUpecmEeHOll Hacmvio, MO HeGO3MYULeHHOe OBUNCEHUE HEYCmOoiiuueo,
HE3a6UCUMO O NAEHO8 6Blie TNepaozo nopadka Masocmu.

JNoxasaTensbcTsno. [Ilycth Kopers A, mMeer HARGONBLOLYIO
HOJI0KHTEIPHYI0 BEINEeCTBEHHYI0 YacTh M OYCTh ¥ — IOJOKATEILHOE
9mcia0, MeAbmee o, = Re A,. YpapHenme

Y oV
Zb?‘psixi T+t psnxn): 2%V -+ Ii + ..o 4 I?;
3

Mo;keT OHITH coracHo TeopeMe Jinepa 06 OXHOPONHHX (QYRKIHAX

14
2V = Fyo Ty
3
3aIIHCAHO CJeayrImuM 06pa30M:
AAE S - 2 3
Za?[pslxl 4o (Pss — R Tyt oo o F panZa] = 21 4 4o n o+ Ta
]

VYpasmenEe 3T0 — H3YYEHHOI0 THOA; XAaPAKTEPHCTHYECKOE YpaBHe-
HEe, CBASAHHOE C HHM,

A =1 psy —b; x4+ p) =0
6y11e1' TMeThb KOpHﬂMH BEJIHYHHLI
By = A'sy — %,

H3 KOTOPHX IO MeHBHOIeH Mepe W, Oy/leT HMeTh IOJOKHTEJIHHYIO Be-
mecTBennylo acth. KaxmMu OH KopHH A, Hu OHJIH, BCerga MOKHO
HalTA Takoe x < Re A;, UTO HA [JIA KAKHEX HEOTPHOATENBHHX My, . . .
.« M,, HMEmMAX B cyMMe 2, He GyAeT YHHUTOKATHCA BHpaKeHHE

mMh + ...+ mh, — 2x.

A 5710 3Hag®T, 9T0 QYHKOEA V CYmECTBYeT H ee COOTBETCTBYIOIHM
BHOOPOM NEepeMeHHBIX I, ..., £ MOKHO CHEJAaTh HOJO;KATENLHOI,
Orciona

%:2xV—}—<x§+...+xﬁ—i—Z%Xs).

B cko6Kax CTOHT ONpeNeJeHHO-IOJIOKATeNbHAA (YHKIHA He3aBHCH-
Mo oT X,. ITo Teopeme JIanyHoBa HemocpeacTBEHHO CJegyeT HEYCTO i
YHBOCTb-

3damevanme. Ilpenuaymme Teopemn JIAnyHoBa NpHIOKH-
Mbl, KOHEYHO, HE K OJJHOMY TOJbKO caydalo, Korga X, He 3aBHCAT AB-
Ho ot i, mb6o mocienHee oGCTOATEILCTBO He HIrpaso ocoboit poam
B mokasarennctse. Koopdummentn P™ ™ B $ymkmmax X, Moram
6HTH HeNpepHBHLIMA, OTPAHAYEHHLIMH, BeINeCTBeHAHME QYHKOAAME £,
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YAOBIETBOPAIOLUIMMHE HePaBeHCTBAM

(my...m_ ) M
{ P n l< W v

rge A — HEKOTOpaA NOJO:KHTEJbHAA NOCTOAHHAA.

45. ipumep. B mepsoM mpubamkenunm nuddepennuansrne
YPaBHEHHA BO3MYIIEHHOTO [BHKEHHA DPETyAATOPa ¢ CEePBOMOTOPOM
HMET BHJ

T, —n— =0,
To™ + T’ +6n + & =0,
I, —n =0,

rae Bce KodPUIUEHTH HPM BapHAIlMAX NEPEeMEeHHHX MAalMHHK §, pe.
ryJATopa 1 W cepBOMOTOPa { ABJIAKNTCA IOJOKHTEIbHHMH MOCTOAH-
HHMH, A3BECTHHM 00pa30M 3aBHCAIUMH OT KOHCTDYKTHBHHX J/IeMEH-
TOB CHCTEMH.

CopammBaercA, KakHM YCAOBHAM MONKHH yOBIETBOPATH 3TH
K03PHIHEeHTH, YTOOH OHJa YCTOHYHBOCTD IPH BO3MYIMEHMH HAaYaib-
HHX 3Ha4YeHHH# mepeMeHHHX §, 1, 1, § HesaBmcumo or AadbHeHmux
9JeHOB BTOPOr0 M BHCIIHX IOPAAKOB B TOYHHWX YPaBHEHHAX BO3MY-
IHEHHOT0 ABH;REHHA. AHajJOru9HHe BOOPOCH BO3HHKAKT BCAKHI pas,
KOIla OPHHATAA Hamepel TOYHOCTh HE IO3BOJAET CTPOFO KOBEPATD
9JIeHaM BHIIEe OepBOT0 HOPAMAKA.

CorzacHo JNOKa3aHHHM TeopeMaM, 4TOOH CymecTBOBAajJa yCTOM-
YHBOCTH N[O HEPBOMY NPHOIMIKEHHIO, XaPAaKTePHCTHIECKOE yPaBHEHHE

T T, TiA + T, T T3 + 8T, T A + Th 4+ 1 = 0

MO/HKHO HMETh BCe KOPHH ¢ OTPHMIATEJbHHMH BEIIECTBEHHBIMH 9YacTS-
MH, 1aA Jero TeopeMa ['ypBuna naer mepasencraa 1)

8T.To > Tr u T, (8T4To — T) > T,T}.

llpumep. TImpockommieckas crabuaM3amuA HeyCTOHIHBOrO
OPH OAHHX KOHCEPBATHBHHX CHJIAX IIOJO’KEHHA PABHOBECHH HMeeT
~ BPEeMEHHHH XapakTep, a paspymeHHe THPOCKONMYECKOTO YIPOTYHEHHA
OT fefiCTBHA JHCCHOATHBHHX CHJ ¢ IOJHOH JHCCHIAIMENH He MOMKer
OuTe M3MEeHEHO YneHaMH (oiee YeM HEPBOTO MOPAJKA B yPaBHEHHAX
BO3MYIEHHOI'0 JBH:KEHHA, TAK KAK IePBOe HPUG/IM;KeHHe AOIyCKaer
¢ynxnuo Jlanynosa co 3makoompenenenHot m mMelomedl Bun KBaj-
patmanoit opMm mpoumssonmoit (m. 40). IoaToMy rmpockommgeckasm
-craluau3anuA BPamaTelbHHX [BHKEHHH CHApAfa ABJIAETCA BPEeMeH-

HOH, MOKa HA CHCTEMY He JEeHCTBYIOT AMCCHIATHBHHE CHJIH ¢ HOJHONR
RUCCHIAIHEH.

YBosumecenckuii H. H. O mpuHuEDax M cXeMax ABTOMATHIECKOro
perynmpopanss // llpuka. Mar. m mexam.— 1942.— T. 6.— (Cm. c. 109),

‘.
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Kpurnueckue cayuam

46 ). lokasaHHHE TEeOPEeMB OCTABIAT HEBHACHEHHHMH CJY-
49ad, KOTAa HEKOTOPHEe H3 KOPHeH XapaKTePHCTHYECKOro ypaBHEHHA
HMEIOT OTPHIaTeJIbHHE BelleCTBeHHHE JYacTH, B TO BPeMA KaK JApyrme
KOPHH HMEIOT TaKHMe YacTH paBHHMH Hymo. CiyJam 3TH ABIAITCA
KPHTHYCCKAMH B TOM CMHCJE, 9YTO AJA HHX YCTOHIABOCTh H HEYCTOH-
YHBOCTD HE MOKeT ONTh BHACHEHA PAacCMOTPEHHEM ONXHOI'0 IEPBOro
OpHGIHKEHHA.

B TakEx XpHTHYECKMX caydaax AaapbHeilimue npuGiamxenma X,
MOTYT JaBaTh KaK yCTOHYHBOCTH, TaK H HeycroiumBocThb. Jpyrmmm
cloBaMH, yHKnAR X Bcerna BO3MOKHO OHBaeT OPH dTOM moAoGpaTh
TaK, 9TOGH HMeJa MeCTO YCTOHYHBOCTH JHGO0 HEYCTOHIABOCTH, IO KE-
NaHAIO |

He yMemnmasa oGmHOCTH, MO/KHO OrPAHHYATHCSA PACCMOTPEHHEM
OJHOH rpynnH ypaBHEHHI, 0OTBeYalOMEHd HENPOCTOMY DJIEMEHTaPHOMY
[eANTE/I0 KOPHA, BellecTBeHHAaA 9acTh KOTOPOro PaBHAETCA HYJIO.

ITycts pia Havala paccMATPHBAeTCA HYJIEBOH KOPEHb:

dz1
T = v
dz, , .
T:——Zi-l—[— Zi (l =2, .o .,m).
PaccmorpaM $yHRUHH @, . . ., @, OIPEAEIAEMEE HOCJIENROBA~
TeabHO H3 ypaBHEHHH
2
¢p=Z+ 1 (=mm—1,...,1)

OPH YCIOBHHA Qpyy = 0. Ecam mpumaTs!
Za = zza+1(Pa+1 - zsfs»

TO ONIPpe/leIeHHO-NI0JI0KHTeIbHAA 10 HOoCTPoeHnI0 PyHKuHA @, Gyner
MMeTh CBOEH HOJHOH mpoM3BOAHOH IO BpeMeHH (YHKIHIO

‘P; = —zzzljl - 22(Pz7'§fz - 23(p2(p3z§f3 — .= 2", . .. PmZmfm,
ONpeNeNeHHO-OTPHIATEJHYI0 HJIA  OIpeJe]eHHO-IOJIOKATeIbHYI0
B 3aBHCHMOCTH OT TOT'0, BHGPaHK JH Bce f, ONpeNeIeHHO-TI0JI0KATEb-
HHMH HJH OHH BHGDaHH Bce OIpeNeeHHO-OTPHOaTe bHHMH. B mep-
BOM CJIyJae HEBO3MYIIeHHOe ABH:KeHHe GyNeT aCHMITOTHYECKH YCTOM-
YHBHM, & BO BTOPOM — HEYCTOHIHBRIM.

Jlna mape YACTO MHAMHX KopHe# A = -+if paccMorpmM rpymmy

dz1 .
- = Bz + Zys

dz,;

dtl =iﬁZj'——Zj_l+Zj (j=2,...,m).

Hllanyrmon A.M. K pounpocy o6 ycroiiumpoctn nsmxenua // Coobm.
Xapnk. Mar. o-a.— 1893.— T.3//Jlanymos A. M. O6man 3amava o6
ycroituaBoctn ppmkenma.— M.: Tocrexmagar, 1950.
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Iycrs ¢yHKUEE @y, ..., @ OIPENENAIOTCA TOCHENOBATEIHHO H3
ypaBHEHHH

@, = Zs'f_, -+ q’?%l
PR YCJOBHHA
Pm+y = O.

Ecnn npunate Z, = 22,,,Q., — Z.fs, TOe f, AMEIOT 3HaAKOONpe-
fleJleHANE BeN[eCTBEHHEE YacTH, TO OIPeleJeHHO-IOJ0KHATE]IbAAA
$yExuEA @, Gyqer EMeTh HOJHYI HPOH3BONHYIO IO BPEMEHH

o= —22 (h +F) — 20257, (f, +F3) — ... — 2™ g, . ..
e PmZmIm (fm +fm)

onpeneIeHHo-N0J0KATEeAbHOH WA Onpee/eHHO-OTPHIATeIBHOH B 3a-
BACHMOCTH OT TOTO, Oyayr am ¢ymkumm Re f, Bce ompenmenenno-orTpm-
mareJbHNMA MR OHE GYAYT ompefe]eHHO-HOJOKATeIbHNMHA. Hepos-
MymeHHOe ABH;KeHHe GyleT B mepPBOM clydYae HEYCTOHWYHABHIM, a BO
BTOPOM cCJydYae acHMNTOTHYeCKH ycTodumBmM. TakmM obOpasoMm, dixe-
HH 0oJiee BHCOKHX NOPAJKOB MOTYT YOPOYHATH HEYCTOHYHBOCTH HEp-
BOTO NPR0JIMKeHHA, CYMECTBYIOMYIO 3a CIeT BEKOBHX YJEHOB B peme-
HAA YPaBHeHHA B BapmalEax,

Ecan dynxumm X, crecHeHN HEKOTOPHMH CTPYKTYPHHMH OTpPaHH-

9YeHHAMH, TO BOIPOC 06 YCTOMYABOCTE B HEKOTOPHX C/Yy4asAX paspema-
ercA NepBHM NpuEbAM;KeHEeM, HeCMOTPA Ha HaJHYAe KPATHYECKOTO
cayuas. Hanpmamep, ecam ypapHeHHAA BO3MYHEHHOTO IBH;KEHAA HMe-
T $opMy KaHOHHYECKHAX ypaBHeHm#l ['aMAABTOHA, TO YCTOHYABOCTH
paBHOBecHA OGyner mMeTh Mecro, ecim B pyHKian ['aMANBTOHA HAMHHA3-
‘ImAe KBAaAPaTHYHHE YWICHH NIPeACTaBJAI0T 3HAKOONpelejeHHYI0 PYHK-
I(HIO.
- 47. [loxazannme TeopeMH 006 YCTOHYHBOCTH O mepBoMy npmbGam-
MKEHAI0 MO3BOJIAIOT HENOCPENCTBEHHO pa3pemaTh TaK:ke BOIPOCH 00
YCTOHYHBOCTH HPH BO3MYHIAION[HX CHJAX, €CJAH WOCJeJHHE galOT
B puddepeHIEANbENX YPaBHEHHAX BO3MYNIEHHOTO ABH:KeHHA (23)
WNeHH He HEKe BTOPOTO mopAnKa Majoctd. O6CTOATENBCTBO 3TO MPaK-
THYeCKH BeChMa BayKHO, TaK KaK mambojee YacTo BCTpedaiommecs
B TexHEKe 3aJayA 00 YCTOHYHBOCTH HPERIOJATAOT CYN[eCTBOBAaHHE
He TOJBKO OTKJOHEHHH OT HaYaJBHHX 3HAYeHAH NepeMeHHRIX, HO H Cy-
IMecTBOBAHAE HEKOTOPHX BO3MYNIAIONIAX CHJ, HeOIpeJeeHHnX
B MaJHX YJ€HaX.

3agagmMcA 1[eJbl0 OTOBOPHTh B [0OKA3aTeJbCTBE, HPeNJO:KEeHHOM
AAA TeopeMH 006 yCTOMYHBOCTE O mepBOMY mpHbamxenmio (um. 43), Te
cBoiicTBa ynkumi X,, KaKHe TOJBKO H GHJIH B HeM HCIOJbH30BaHLI.

BregeMm Ty e dymrumio. Ecam Bce KOpHA XapaKTepHCTHYLCKOTO

noamaoMa A (M) BMEIOT OTPHIaTe/IbHEE BeneCTBeHALIE YaCTH, TO YpaB-
HeHpe

éﬁ av
(p31x1+“‘+psnxn)a‘=xi+ oo+ x:
s
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fiMeeT pelleHHe B BHJe ONpede eHHO-OTPHINATENbHOH KBaApaTHYHOMN
dopmu V (u. 34, 35). Mmeem:

. P v
V=g dah ok Z{FX,

O6paTnyca Temepb K JOKa3aTeJLCTBY TeopeMbl I. 8 00 ycToHIMBOCTH
A cofcTBERHO K cmocofy JlamyHoBa, mpegsoKeHHOMY A LOCTpoe-
HAA 9MCIa A Mo 3agaHHOMY dncay A. OupeaesnM Tak:e Te CTECHEHHA,
KOTOPbie J0CTATOYHO HAJXOKHATH HA GyHKoAE X, 9T00H 3TO mocTpoe-
HAE YACJAa A IO 3aJaHHOMY AOCTATOYHO MAJOMY 4HcaAy A OBLIO He 3a-
BHCAMHAM OT YHCJIEHHHX 3HavYeHHmH X,.

Hama ¢yuknasa V He 3aBHCHT OT { H ABJAETCH ONpeReJIeHHO-OTPH-
gareabHoi. Ilyers ! ecTh TOURAA HU3MIag TPAaHHIA ee a0COMIOTHBHIX
spadenuii Ha cdepe (A4)

3 22 = A.

Jlna nonosruTeabHOro ! HafifeTcA, IO CBOMCTBY FONyCKalomed Gecko-
HeUHO MaJbiil BpicIuA nmpefea ¢ynrumm V (o. 7), Takoe oTaHYHOE OT
HYJIA 4YKCJO A, 94TO OPH

DIERS
$
GyAeT BHOONHATHCA HEPaBeHCTBO
Vi<l
Brifepem magaibHEE BO3MYIIEHHA Zgq COrMACHO HEPABEHCTBY
NEL S
U3 cooTHOmEHHESA
t
V—Vy=\V"at (24)
1
BHIBOAMM, YTO €CIH B 00JacTH Ez‘f <L A dyrruun X, 6yAyT CTeCHEHH
HepaBeHCTBaMHA
[ X, [<<A, (25)
TO
Vi<iv i<t (26)

B caMoM fmene, mpH A CTONb MaJoM, uToGH mpE yciaosum s <l A
6HI0 YHROBJETBOPEHO HEPABEHCTBO

-3

8

>0,

av
az.
8

OpA CHeJaHHLX OpeAnoioskeHHAX (25) o pymrumax X,, Aas 3Hade-
HEH NEepPEeMEeHHHIX I,, YROBJETBOPAIOIEX YCIOBHAM

< a <A,
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OyneM HMeTh
oV

g 2 7 lei
Vi=dtodt YK Y (,\1——-—’;——) >0

61‘3

;

He3aBHCHMO OT 4YHCJAOBHX 3HavYemMd X,. M3 mocaegmero ke mepa-
BeHCTBA H cooTHOmeHHA (19) HemocpeRcTBEHHO CieflyeT HepaBeHCTBO
(21), a TeM caMEIM H ciaeqylomee:

D<A,
TaK KakK ! ecTh TOYHAA HA3MIAA TpPaHHNa aGCOMIOTHHX 3HAYeHHit V Ha
cepe (4).

Ecau 048 npoussoavhozo nosoxcumesbhozo wucaa A, ckoav 6u maro
0HO HU 60, Pynkyuu X, mozym 6ums cimecrens nepasencmeamu (25),
2de M o6o3nauaem wucao, nocmMpoentoe no onucanromy cnocoby Janyno-
8a, MO HeBOIMYUFeHHOE Osudcenue Gydem YCcmoiiuusum He3asucumo om
yucAeHnbr anavenul X,.

B npuBenennoM aHanIH3e CHedyeT OTMETHTh CIoCcO6 HAXOMHTH A

3alaHHOTO IOJIOKHTEIBHOTO YHcaa A, Menbmero H u ynoBiersopsaio-
av

mero yciaosuw 1 — E - | > 0 opu E x2 << A, ¢ noMompbio yHKIAK
8

V mono;xutenpHOro yncaa A, 06;1a7aiomero CBOHCTBOM: €CiIH Hadalb-
Hble 3HAUYeHHA Ty, ¥ GyHKOHUH X, CTeCHEeHH! HEPABEHCTBAMH

23 <Ay | X | <A (5=1,...,0),

TO BO BCe MOCJefylomee BpeMsA 3HAUYEHUA NepeMeHHbIX I, OYAYT YHAOB-
~JIeTBOPATH HEPABEHCTBY

2z < A

PassaTHeM npuBeXeHHOTO aHAIHM3a Mb 3aHAMATHCA He Gymem 1),

1) BonpocaMu 06 YCTOWYHBOCTH IPH IOCTOAHHO [eHCTBYIOIAX BO3MYIeHHAX
sapmmainch . H. ly6ommn, H. A. Apremben 1 M. I'. Maaxun. Cm.: [ y 6 o-
muan [. H K Bompocy 06 ycToif9MBOCTH [BM;KEHHA OTHOCHTEIHLHO MOCTOAHHO
RedcTByomux BoaMyuenuit // Tpyss TAMIE. — 1940.— T. 14, Ne 1; ApTe M b-
eB H. A. Ocymecrsumue asmienns // Mas. AH CCCP. Cep. Mar.— 1939.—
N 3; Manknum U.T. O6 ycrofamBOCTE NPH MOCTOAHHO NEHCTBYIOL(AX BO3-
mymennax // IIpuxa. mar. m mexaw,— 1944.— T. 8, Ne 3.
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CJAYYAN C OAHUM HYJEBBIM KOPHEM

BenomoraTeanHoe npeolpasoBaHue

48 [28]. Ilycth xapaKTepHCTHYIECKOE YyDaBHEHHE HMeeT OfHH KO-
peHb, PaBHHI HYI0, IPH HPOYAX C OTPHHATENHHBHIMH BEIECTBEHHH-
MU JacTAMH. B 3ToM ciiydae ypaBHEHHA IepPBOr0o MPUOIHKEHHA MMe-
10T OfMH JMHeHHH MATErpaj, O4eBHAHBIA H3 UX KAHOHHYECKOTO BHA
m. 30. IlpuruMan 3TOT MHTErpaj T 3a HePEeMEHHYIO, MBI IpHUBeeM
yPaBHEHHS BO3MYMEHHOIO ABMKeHHA K BHLY

dx
z =%
d;t.s ‘
'at—:pslxl'r"'“!_ psnxrl+psx+Xs (S:L...,n),
rge X, X, cyTh TonoMOpPHEE (YHKIHHM IePeMeHHHIX I, Iy, . . ., Ty,

HaYMHAOMAECH ¢ 9JI6HOB He HH;KEe BTOPOro MOPAAKA; MOCTOAHHHIE D,
TAKOBHI, 9YTO ypaBHeHHe!

AQ) = ps — 80| = 0

HMeeT BCe KOPDHHM ¢ OTPHHATEILHHIMH BEN[ECTBEHHHIMH JaCTAMH.

O6osnaanm zepes X°, X, smauenna ¢ymxnmit X, X,, Koraa B mo-
CIeHHX BCe mepeMeHHEe I, . . ., &, MOJOKeHH PaBHHIMHA Hyx0. IIy-
TeM MPOCTOTO Impeolpa3oBaHHA BCETAa MOKHO AOOHMTHCA, 4TOOH Ham-
HO3mAad cTelens r B QyAknun X GEIa He BBNIE TAKOBHIX AJIA GYHK-
mmit X9, ecim XO, X} He paBHH TOWIECTBEHHO HYIIO, H 4TOGH BCe
MOCTOAHHbBIE P, OBLIM HYJAMH.

JleficTBUTEIbHO, PACCMOTPHM CJEAYKMYyI0 CHCTEMY YyDaBHeHHH:

PaXy + . .. F Py +psx + X, =0 s=1,..., n.

ATa cucTeMa ypaBHEHMIl y[OBIETBOPAETCA Hy/JeBHMH 3HAYeHHAMM me-
PEMEHHHIX X, Xy, . . ., T,. e QYAKIHORAJbLHLIA ONPENeTUTe]Tb OTHOCH-
TeTLHO MePEMEHHBIX Iy, . . ., X, AJMA HYJeBHX 3HAYEHHHA Z, 21, . . ., T,
oramuen ot nyiasa m pasen A (0). Iloatomy cymecTsyeT pemeHne

e =1us () (s=1,...n)
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Ie Us; CYTh HEKOTOPHE ToloMopdHEe QYHKINN x, YHHITOKAIOMHECH,
KoTJla IepeMeHHadg I paBHa HYJIO.

Ecau B HcXoHO#M cucTeme p, u X! CyTh HyJIH, TO pemeHdAs u, Gy-
AYT TaKk:ke HyaaMu. Ho B aToM caydae cHCTeMa, YAOBICTBOPAA ;KeJae-
MEIM cBoiicTBaM, He Tpe0yeT JONOMHHMTENBHOTO Hpeolpa3oBaHHA.

Ecnm atoro Het, T0 BBefieM HOBHE IEePEMEHHEE Z,, . . ., 2, COTJIACHO
PAaBEHCTBAM

T, = 24 + ug.

{IpeoGpasoBannan cucrema GygeT HMeTh BMJ

dz

T =%

i 27)
T;:pslzl+"‘+ps1lz11+zs (821""’ n)’

rae Z obosHagaer GpyHKnuio X mocie MOACTAHOBKH I, = Z; - U, a Z,
00o3Ha"gaeT BHIPAYKEHUE

du
Dsilty + ces - Dsnlln + psx+ Xs__d;sX

nocie Toit sxe moxcranosku. OGosnauan gepes.Z®, Z) spavenns PyHk-
unuit Z, Z,, KOTRA IepeMeHHEe Z, BCE IOJOKEHE HYJIAMH, U IPHHEMAH
BO BHHMAHHE YDPABHEHHs, OIPEREIAIOMUE Uy, BHBOXUM COOTHOMIEHUA

du
70
Zs :_d_,.‘:;ZO’

U3 KOTODHX CJefyeT, UT0 B Pa3joxeHuAX Z) mo CTemeHAM r He Gyner
9JI€HOB, CTeIeHb KOTODHX Ohla OH HHe HaMHU3MIeN CTemeHH B Pa3-
noskennn Z° no cremenaM z. Ecam Z° TosmecTBeHHO paBHO HYIIO, TO
takumu ke 6yayt u Z5. Ilpm ykasanHoM mpeoGpa3oBaHHH 3ajada yc-
TOHYHBOCTM 1O OTHOIIEHUIO K I, Xy, . . ., L, PABHOCHJIbHA 33Jade yc-
TOUYABOCTH IO OTHOMIEHUIO K Xy, Z;, . . ., Z,. ll09TOMY HpH aHaamM3e
YCTOHYMBOCTH BO3MOKHO HCXORMTH M3 ypaBHeHmi (27).

AHanM3 PazIAUHBIX CIY4aeB

49 [29]. Buagane paccmMoTpuMm ciaydail, KOTa HAHHH3HIAfA CTe-
HOeHb B pasiaoskenum Z° ectb uetHoe amciao. Ilycrs mias magama ato
9HCIO0 ecTh 2:

Z =gz*+ Px+ Q@+ R,

rhe P — nuueiiHan, 'a § — KBagpaTHIHAA QOPMH HEPEMEHHEX Z,, . . «

o0y Zp, R He MMeeT 4JIeHOB HU/KE TPpeTherdo M3MEepeHnd, g — HOCTOAH-
HaA. :

Pacemorpum pyurnumio

V=ug+ Ux -+ W,
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rhe U — nmmeiinaa, a W — ksagpaTmuHas ¢opMbl nepeMeHHEIX
Zyy + + oy 2,. B cHNy ypaBHeHmH (27) mMeeM

%‘;—'—:gx‘-”d,—Px—{—Q—%—R—{—UZ—}—

aU ,
T+ E i (pslzl SRR S Ny S Zs) -+
s
5
2 : oW ,
+ ?(pslzl + « - DgnBn -+ Za)'
s

Heonpegeneunsie noka ¢dymknmu U, W onpepmeamm Tak, 9ToGnr

§ ol
dz (Ps12y + -+ Penza) + P =0,
s

L]

21 oW , . 2 L2
_a:_'(pslzl e e T psnzn) -+ Q = g(zl T ..+ zn)'

S 8
M3 n. 34 aakaouaeM, 9T0 Takoe onpenenenne U, W Bcerna Bo3Mo:kHO,
TaK Kak Bce KopHH noamaoMa A (A) = || p,. — 6,.A | mMeroT oTpHna-
TeabHbIe BemecTBeRHble yacTH. [Ipa rakmx U m W mMeem:

av 2 4 8 2

_(F:;:g(zz’+zl+"' -+ zn)_{_Sv

rie S EMeeT IOPANOK HAMHH3UIAX WIEHOB, 10 MeHbmei Mepe 3. [Ipoms-
BOJHAA — PENICTAB/IACT 3HAKOONPeNeIeHAYI0 ¢YHKOHAIO 3HAKa, COB-

najallero Co0 3HaKOM HOCTOAHHOH g; V He 3aBHCHT ABHO OT ¢, & MOTO-
MYy KonyckaeT GeckOHeYHO MaJbli Beicmail npenen. @yakumio V MmoskHO
clieJlaTh OXHOro 3HAKA C g, a 3T0 B CHJY TeopeMbl Jlamymosa o He-
ycroiiumpocta (n. 14) KoOKa3mBaeT, YTO B 3TOM CJydYae HeBO3MYINEH-
HOe [XBH;KeHHE ABJAETCH HEYCTOMYHBHIM,

PaccyoTrpay Teneps o6mmit caygaii:

Z =ga" 4 POz + ... 4 POUZ™L 4 Q 4 R,
Z, = PPz 4 ...+ P" Vg 7

rne P, P — jmmeitame, a Q — xkBagpatmynas ¢QOpMH INepeMeH-

HBIX Z4, « v ., 2,

R =pa" + Zvijzizj, Z, = o™ | ng)ziz,’,
1] 1}
tae v, v, Ui vf-j) o6o3HauanT roaoMopdHsie PYHKOAA MepeMeHHBIX
Zy 2y, + « oy Zy, TPHYEM D, ¥y; VHHUTOKAIOTCH, KOTHA INOCIEXHHE BCE
geaawTca Hyaama. Ecam m npexcrapaser yeTnoe 9@cao, paccMOTPEM
dyEKOAIO
V=2z4 Ubz 4, .. 4 Um-D "+ W,
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rme U®) — nmmpeiinne, a W — kBafgpaTauHas popMbl mEPEMEHHHX 2.
HMeenm cornacHO ypasHenmsaM (27):

m -1
— gz 4 PV POVt L 0 Ry Y Uz

r=1

dV

m—1 m—1

S b S )

re=1 8 =1
m--1

oW Sy
- _52— e nn (-r"‘r st
) .[p.qzmt + Pon? +Z P2+ 2,

i=1

QOyaxnar U, W onpegensM mocienosatedarro (r = 1, ..., m — 1)
COTJIACHO YPaBHEHHAM

o o (@ )
ZaU (Puazi+ oo Puza) + T 3 T U p® 4 p =y,
* ot+p=r s
ow ) ‘ ‘
Zm—(pslzl 4 e + panzn) + Q = g(zf 4 ook zf.)_
s

Ilpm TakoM, B pacCMAaTpPHBaeMOM cjydae BCEera BO3MOKHOM, BHIGOpe
¢yaxkoaa U, W mMeeMm

dav 2 2
& —8E" +at .+ 2)+ S,
e
S = wa™ + Dwijziz;,
i}
w, W,; 0003Ha9a10T roT0MOPQHLIE PYHKIIEN IEPEMEHHEIX X, 2, . . ., 3y,

YHAYTOKAIOMHAECH, KOIJA MOCIeSHHE BCe MEeNAITCA HYJIAMH.
@ysxknua V, Kak He 3aBHECAman OT f, AoNycKaeT G€CKOHEIHO Ma-

JAulil BLICIOEA mpefes] W NPH NMOAXOAAMEM BHIGOpPE CKOJb YIOXHO Ma-

ALX M0 aGCcoMWTHOH BENHYHHE I, Z;, . . ., 3, MO)KET NIDAHAMATH 3HA-

av
geHAA 1000r0 3HaKa, Ee nmpom3soguas ~;~ ABJIAETCA NIPH 3TOM 3Ha-

KoompeNieJIeHHOH 3HaKa, COBHAJAIOMeEro CO 3IHAKOM MOCTOAHHOH g.
CnenoBatenrHo, mo TeopeMe Jlsmymosa (m. 13) meBoaMymenHOe nBR-
JKeHAE ABJIAETCA B BTOM clydae (m — 9eTHOe) HeYCTOMYABRIM.
Teneps RomycTAM, WTO M eCTh HeYETHOE THCIIO.
@ynknmio V 6yaeM BCKaTh BHJA

V= %-xz + U224 . U LW,

rae U®) — nmpeiianie, a W — kBampatAumas GopMhl NmepeMeHHRIX Z,.
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Hmeem

_‘Z. = gaml | pPWg2 L pmbgm zQ + zR +

m-—1

+2 r+ 1)U ’Z+2 PN (bt Pt

2 PO+ Z° )+ 2 7, (Parzr+ + + oA Pon 2n+ Z)-

i=1

BriGepem ksagpatauayie W m nmmeinne U() ¢opmu mocrenopatexn-

g0 (r=1,...,m —1) cornracHo ypaBHeHmAM
oy U™ .
2 (Porzr 4 + -+ + Pon2y) + 2 Zg—ngﬂ’ 4+ P o,
3 atf=r s 8

ZZ—Z(P3121+ ---+p,,,z,,)=g(zi+...+z$1).

8

JT0 Bcerga BO3MOKHO, TAK KAK BCe KODHH moIHHOMA A (A) = | p,, —
-~ 84,4 | EMEIOT OTPANATENbHLIE BemecTBeHAbe JacTH (n. 34). Ilpn Ta-
KoM BhiGope U, W
dV
——=g@l bt )+ S,
rae
S = vzm+ Nz,
i3

v, v;; 0003HAYAI0T HEKOTOpPHE TroxoMopdHble GYHKIHA mepeMeHHHX
Ty 244 « + «y 3, YHHITOKAIOIHAECH, KOIJA IOCISAHHEE AENATCHA BCE HY-

) av - "
aamu. IIpomsBofiHan —- ABAACTCA 3HAKOONpe/eIeHHOMH $dyaxmei;

ee 3HAK COBIAAeT CO 3HAKOM MOCTOAHHOH g.

Ecam npm 3T0M g MOJOKHTENBHO, TO H3-3a2 TOTO, ITO HORAXOAALIAM
BHGOpPOM 3HAYEHHH NepeMeHHHX Z, %), . .., 3, QyHKmmo V MoHO
cHeNaTh HOJOKHTENbHOH HIA, APYTHMH CJAOBaMH, OGHOr0 3HAKa CO

. dVv
3HAKOM NPOH3BOAHOH PR BHIBOAHM, 4YTO HEBO3IMYUICEHHOE IABH}KECHHE

HEYyCTOHYABO.

Ecim g oTpEOaTeNbHO, TO H3-3a TOro, 4T0 KBaJpaTHYHAA (opMa
W 6ymer (1. 35) mpm 2TOM omIpeleAeHHO-HOJO’KATEALHOH OTHOCH-
TeJABHO Zy, . . -, Z,, BHBORXHEM, 9T0 QyHKmAA V Gyder ompefereHHO-
MOJIO)KUTeNHHOH OTHOCHTEAbHO BCEX MEDeMeHHBIX Z, 2y, . .., Z, H,
KaK He 3aBHCAMAA ABHO OT £, 6ymer momyckaTh GeCKOHETHO MAJIBIH
pucmnmii npenea. Ha ocHoBammE Teopemm Jlamymosa o6 acmMOTOTH-
gecKoll yetoitumpoctd (m. 12) 3akiiodaeM, ITo B 3TOM ClAyTae HEBO3-
MYI[eRHOE JBHKCHHE ABJIAETCA YCTOHIABHIM, a BCHAKOE J0CTATOYHO
61m3Koe BO3MYMEHHOE ABMKEHHE CTPEMHTCA K HeMY aCHMITOTHYECKH.
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Hrax, Hesosmywennoe odsuxcenue 6ydem HEYCmMOUNUSHM, eCAlu m
£CMmb YEMHOE YUCAO U ECAU M HEUemHOe, a g NOAONCUMEALHO, eCAu m
ecmb HewemHoe HUucao, a NOCTMOAHHAA g OMPUYAMEAbHA, MO Hes03MYy-
WeHHOe O6UNCEHUE ACUMNMOMUNECKU YCMmOTNUEO.

50. II paMep. PaccMoTpuM 3amady, KOTOpPad B H3BECTHOM
CMHECJI€ MO3KeT ABJAATHCA NpHbIH:KeHAEeM AAA 3afgadA o6 ycroigm-
BOCTH OPAMOJHAHEHAHOro mojera HeHTPAaJBHOTO CaMoJera OO OTHOme-
HAK K OPOHOJBHEIM [BH;KEHHAM.

Camouner, neTAmEH B BO3{yXe, HPEACTaBJAET COBMECTHO C BO3-
AYXOM MEXaHHYECKYI0 CHCTeMY, COCTOANIYI0 H3 TBEPHOTO Tela H
CIVIOIHOH cpefbl. B mpPaKTHYECKEX HCCIEHOBAHHAX TAKYI0 CHCTEMY
00HYHO YHOpPOmAIOT H PAacCMATPHBAIOT OJHH CAMOJIET, HAXOHZAIHHCA
moj HAeHfcTBHEM 3afaHHHIX ycKopAlomuX cumia. Mu GyxeM opegmona-
raTh, 9T0 3TH YCKOPAIOMHAE CAJIH ABHO HE 3dBHCAT OT BPEMEHH H OT KO-
OpAHHAT ILeHTPAa THKECTH caMoJiera, OO0 KpaiiHed Mepe [aaA Bcex
BO3MYIIEHHHIX [BHKEHHH, J0CTAaTOYHO GAH3KMX K paccMaTpHBaeMOMY
OpAMOJAHEHHOMY HOJIETYy CaMoJieTa B OXHOPOJHOH, CHOKOHHOH ar-
‘Mocdepe.

IIycts m — Macca caMoJieTa; U — CKOPOCTh €T0 I[EHTpa THKec-
td &; J — NeHTpajsbHHA MOMEHT MHEPIHH; ¢ — yroa, obpasyeMuit
CROPOCTHIO U C TOPH30HTAJNBHOH IJIOCKOCTBIO; 0 — yroa XOpAm Kph-
Ja ¢ TOPH3OHTAJBHOH NJIOCKOCTBIO; o == 6 — ¢ — yroa artakd.
ITycrs TaAra suarta @ (v, ©®) IPOXOAHT uepe3 LeATp TAxiectd G, HMeeT
HOCTOAHHOE HAIPaBJICHHE OTHOCHTEJIBHO CAMOJIETa M COCTABJAET YroJ
B co ckopocrrio v. IlogpeMAYIO cHIY, CHIY COOPOTHBICHHEA A PE3yih-
THPyIOmMEH# MOMEHT (OTHOCHTEJIBHO IEHTPAa THKeCTH) 0603HAIAM ge-
pe3 c, U3, ¢yt m 0. ByneM camraTh, 9TO ¢, He 3aBACHT OT U H OT
yriaa 0, Korjga mepeMeHHHMH 3afadm seiGpamH v, @, 0, 0’ = @. daa
OPOCTOTH HOJOKHAM, 9TO C;, €, 3ABACAT TOJBKO OT O.

EcrecTBenHAHe ypaBHeHAA NPOJOJBHBIX ABH;KEHHH caMoJieTa B €ro
ILIOCKOCTH CHMMETPHH CYTh

d .

m—%— = Mcos P — mg sin @ — ¢, V%,
d . '
mv—a%- = Dsinf —mgcos ¢ + cv?,

da¥
J -F = Cmvz.

Bygem paccMaTpaBark yCTAHOBHBIIHACA NPAMOJMHEAHHH NoJeT,
B KOTOPOM HepeMeHHHE U, ¢, § MMEIOT HOCTOAHHHE 3HAYCHHA, YHAOB-
_NeTBOPAIOMEE YPaBHEHHAM
® cos p — mg sin ¢ — 1 = 0,
O sin B — mg cos ¢ + cvt = 0,
cm = 0.
OGo3anagaa coorBeTcTBeHHO 9epe3 §, m, {, {' Bapmanmm mepemen-
HuX v, o, 0, 0°, AMeeM cieaylomyio cacreMy aupdepeHIEAIBEHX
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ypaBHeHn# b papmammax (n = da = 6B):

dg ., oD dc,
m—go = 8= 2eur + GoosB)— (-G —co)ur —

, 00
——Cmgcos([)—{—g —mcosﬁ.
o0 . ' de, 9
g =~ 20(1”*?5‘“5)““(%“’”)”“”

—¢mgsing + ¢ (mv—« %sinﬁ) .

at .,

at =&
]dg'_] ‘m ,6cm2
a9 VT G0 U

Mu Oynem 3aEEMaThCs 3afaueldl YCTOHYHBOCTH YCTAHOBHBIIEIOCH
IPAMOJAHEHBOro moJeTa JJA HEHATPANIbHOrO CaMoJera, T. e. TaKoro,

KOTOPDHH B paccMaTpHBaeMOM HEBO3MYIIEHHOM [BH;KEHMH o0aagaer
CBOHCTBOM

= =0.

da

XapaKkTepucTHdecKoe ypaBHEHHE IPH 3TOM Oyler

A (acm 2
AR =—hl55 v — *)*
0D oc,, )
cos B — 2c, v — mi — Yo—c Jv?
s go © =0
D’ dc, o
— 25 sinp—2cv —\Fa cw) v: — movdk

Orciofja MH [OJ:KHH 3aKAI0YATH, 9T0 XaPAKTEPHCTHIECKOE yPaBHEHHE
3aaYd® 0 NPOJOJBHOH YCTOMYMBOCTH HeHTPAJBHOTO caMoJeTa Ha IpA-
MOJEEEHAHOM IYyTH HPH cAeJaBBHX JONYIIeBHAX BCeraa HMeer OJHH
HyJeBo# kKopesb. IlycTh npyrme KopEm mMeOT OTpHMUATENbHHE Be-
I{ECTBEHHHIE JACTH, & IOCEMY YAOBJIETBOPATCH HepaBeHCTBa I ypBHNa

) o
D ac, 2
v (6_v cosf — 2cwv> — (W + cu,) v? <0,
[ a¢ oD

(5o )+ (22 5 200) 5 =) <0

Bonpoc 06 ycToit9ABOCTH NOJKEeH pa3pemiatbcs IO Merody Jiamy-
HOBA C yYeToM WienoB (GoJiee BHICOKOro mopsaxa Maxoctm. Ilpemsa-
PHTENbHO CIEAyeT 3aMeTHTh, 49TO IS NPAKTAYECKOTO BHYHCIECHHAR
NOCTOAHHOH g, BBEJCHHOl B m. 48, 49, HeT HE0OXONAMOCTE HempeMen-
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HO IOJIHOCTBI0O BHIYHCIATH PYHKIHM U, AOCTATOYHO B ITHX MHOCJTEHd-
HUX OUpeNeuTh 4ieHb He BHme (m — 1)-# cremenu z.

B paccmarpuBaemoii 3amaue quHEHHEBIH HETErpas T 1JA ypaBHEeHHIH
B BapHAUMAX ecTh

f ocm <@
X = ]C — _OT U"C.

Urobs NOMYyYHTh NPOCTHIE BHIYUCJICHHA, HCKIOYHM HepeMeH-
Hylo { u OyneM paccMaTpuBaTh HOJHYK cHCTeMy AupdepeRnnmanb-
HBIX YPABHEHHH BO3MYIICHHOTO IBHKEHAA B MEePeMeHHBIX I, T; = §
x, =1, 3 = {'. Umeem

dx Jc

4 T X =@t T o) (v J,—.'zl)z—.a(;" viz,.

Hac uHTepecyer BhIpa:keHue
ZO) = X (x, v - Uy, a + Uy, 0 -+ uy).

llpupaBHuBaA Hyd0 WpaBylo YacTh AudPepeHUHaNbHOTO YPAaBHEHHA
A T4, HMEEM

Cm (¢ + Uy, ® 4 ug) = 0.

MMycTh NIA HeHTPANBHOTO CAMOJETA YHHYTOMRAITCA BCE IPOH3-
M a%c

= 10 mopAAKa p — 1 BKAIOYHTEIbHO, a MpOM3BOAHAA —2
daM daP

OT/TMYHA OT HYJA.
|E! ocJjenHero ypaBHeHHA HMeeM

BOTHBIE

avc
m
1 i)ap P
Uy 5 o e uy 4+ ...
3 ! e, .
([0}

CaenosaTtesibHo,

dc 3 aPc
©) __ ; a “m @, U m_ P
2% = cp (o gy @ F Ug) (U -+ uy)? — P Vs = —p PR e + e
Ecau u, = Az? + ..., To cremenp m Hammmamero wiema g™
B pasio;keHHHd QyHkumu Z(® B pAx mo BO3PACTAOIIMM CTEHEHAM I
eCcThb M = pq, a KoapPuuuenT
¥l
g;:-if..f_im_‘4p.
o oa?
LA ycTolYMBOCTH HERO3MYIIEHHOrO NBHACHHMA CTENeHb M H0JKHA
OHTh HEYeTHOH, a NOCTOAHHAA g — OTPHIATEJNbHOH; IOATOMY dYHCIIA
P M ¢ N0GKEH GHTh ONHOBPEMEHHO HEYeTHHMH H T0JHKHO HMETh MeCTo
HepaBeHCTBO £ << 0.
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Hanmnsmue yiens QyHKIHH u, ONPeNeNATCA U3 CHCTEMBl ypaB-
HeHN i

Ay e, cos
(o cost— 26,0y — (2 — a2, 4 TEESE 4,

a
—_m p?
0}
om . de, 2 mg sin @
—_— g o —= 4 e =
( o= 51nﬁ—f~2cav)u1 ( ot —;—cw)v Uy + —o= x=0,
m_ 2
Jw
OTKYJa
a0 o mg
0 0056—20 v]sing - a—smﬂ»Zc v)costp I
m. U‘
A= 0

o ac oD ac,, |
(W cosﬂ——Zcmv) (0—: - Cw) -+ ( F> sin f§ -+ 20av) \ 0; ——ca)

Horma A mono)kurenbHO, YTO MMeeT MeCTO AJA CaMoleros '), ecam

YIOBIETBODEHH IpPefbyline HePaBeHCTBA, TO MHOCHERHee YCJIOBHE
. aPc

yorofiTMBOCTR NPHEUMACT BUX —-3 <0, p — HedwerHO.

o

51 [30, 31]. Ham ocraioch paccMoTpeTh caydait, Korga Z(®), zo
YHHYTOKAKTCA TOKAecTBeHHOo. Torjaa ypasHeHud (27) JomycKawT odge-
BHUHOE pelleHHe

r=c¢2=0,... 2, =0,

3aBHCAIIEE OT NPOM3BOILHON IOCTOAHHOM C.
CnenaeM mOACTAaHOBKY

r=rc + z,

PasyMes IO ¢ NPOM3BOJLHYI0 BENIECTBEHHY NOCTOAHHYI, abco-
AIOTHAA BelNYHHA KOTOPOH He NO/KHA TOJBKO HPEBOCXORHUTH HEKO-
TOPOT0 RKOCTATOYHO Majxoro gucia. Ilomyanm

Zy=cCy2 + ..t Cptn -2, (s=1,..., n),

rae ¢, OyayTr roxoMopdHEMM (GYHKOIHAMH IOCTOAHHON c, YHHMYTO-
maomumuca npu ¢ = 0, a Z, GynyT ronoMopPHEIME GYHKIMAMH Ire-
PeMeHHHIX Z, Z;, . . ., 2,, PA3J0/KeHNA KOTOPHX HAYHHAIOTCA UIeHaMH
He HHKe BTOPOTO MOPAZKA M 061aJalT roJoMOPOHEMA OTHOCHTEIbHO
¢ koapdpuimentamu. Takoit e momyuurca m GyHKFUHA

Z=cz;+ ...+ cuz, + 2.

1) 370 KOUMONHeHHe K MITO:KeHHOMY M3 MOHMX JEeKOHH IO yCTOHIHBOCTH CAaMO-
JIeTOB, cAenaBniee GecHpeAMeTHHM paccMoTpeRHe ciaydada A <0, BHIOIHHI
E.I. I'poccarn (Tpoccman E.II. TipogonbHan AEHAMHYecKas YCTOHImM-
BOCTH HeliTpanpHux camomeros // Tp. IJATH.— 1935.— Ne 217).
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PaccMoTpuM ypaBHEHME B 9ACTHBHIX NPOM3BONHBIX

] 1 ’ 0
2 ((Dsi+ €s) 21+ -+ - + (Psn + €sn) 20 + Zs) _0_:-_ -

s
a3 1 ’
=CyZy T 65, 2

m OyaeM MCKaTh JJIs Hero roioMopdHoe pelieHHe BMAA

oc
]
zZ = 2, Vi,
i=1
The V; oGo3snader ¢opmy cTemeHM i OTHOCUTENbHO HepeMeHHHIX. s
oumpefienerua ¢opm V; cpaBHemMe OJHODOAHBIX WIEHOB HACT CJie-
AYIOHIYI0 CUCTEMY YyPpaBHEHMIi: )
Z ' vy
[(psl na csl) % + e + (psn + csn) zn] d_z- :Liv
S

ne U; 6ynyT mpeacraBiaTh M3BECTHHE OXHODPOAHEE (GOPMH IepeMeH-
BIX 23, ..., Z, CTeoeHM i, 3aBucaAmue oT gopm V; ¢ ykasarteaem j,
e npesnimaomuM { — 1. Beaeacrsue mamero aonymieHHs, 9To Bee
opuu ypasaerEMa A (A) = || p;; — 0;;A | = 0 obaaparor orpunaTens-
HMM BeHIeCTBEHHHMHU JaCTAMHU, NIPU ¢, N0 aBCONOTHON BeIUUIMHE AO-
TaTOYHO MaJoM, BCe KOpHM ypaBHeEmMA D (A) = | p;; + ¢;5 —
— 8;;A || = 0 rtaxke OyayT MMeTh OTpUIIaTeJbHHE BENIECTBEHHEIE
gactu. [Ipu TakoM ¢ ycaoBra TeopeMu 1. 34 6yayT yHOBIETBOPEHH, U,
ClIe0BATeNbHO, MOCHE[HUEe YPABHEHUA OJHO3HAYHO ONpENedAT Bee V;
B NOPANKe BO3pacTanuA upaekca {. Bce KoadgPuuuentn B Popmax V;
6ynyT rosoMopPHEIMU QYHKIMAMM HOCTOAHHOM ¢ IPH NOCTATOYHO Ma-
AHX a0COMIOTHHX 3HAYCHMAX NOCJIeRHENl.

OTciona 3aknogaeM, 9T0

rT=c¢+2(2, ..., 2, ¢)

|- W)

W o N

OpeACTaBIACT HEKOTOPHI Hepa3pellieHHb OTHOCUTENBbHO IOCTOAH-
HOM ¢ MATerpaJ cucreMsl (27), u, CIeI0BATEJLHO, UM MOKHO 3aMEHUTH
nepsoe u3 AuddepeHLMATBHHX ypaBHeHUH 3rToit cucremsl. Torma
HpoYHe YypaBHEHUS CUCTEMBI NIPUBEAYTCA K BHUAY

dz .
= = (Pt )T+ - A (Pon + Con) 20 + Zay (28)
e Z, OyayT rosoMoppHBIMM PYHKUMAMM Zj, . . ., Z, ¢ KoaPduunen-

TaMH, ABIAIHUMUCA TIOJOMOPPHHMU QYHKIMAMU DOCTOAHHOH C;
npnyeM pasio:xenus Z, GyAYT HaMMHATHCA C IA€HOB He HUKE BTOPOTO
“HOPANKA OTHOCUTENBHO Zq, . . ., Zp. :

Hama 3agaga 06 ycTOHY#BOCTM IO OTHONIEHMIO K BEIMYMHAM Z,
%3 - - ., Z, PABHOCHJIBHA 3a71aYe 00 YyCTOMIMBOCTH HO OTHOLICHUIO K Be-
:}Jlmmnam €, %, . .., Z,. JeficTBUTEAbHO, BCAKUM YMCJIEHHO HOCTATOY-
‘M0 MaNNM 3HAYCHMAM ONBMX BEIAYMH OTBEYAOT CKOJb YIOMHO THMC-
‘JICHHO MajHe 3HaYeHUA APYTHUX.
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Ipr BeAKOM ¢, HOCTAaTOYHO MaJioM N0 aGCOMIOTHOM BeJHYHHE,
Bompoc 06 yCTOWYMBOCTH 10 OTHONIEHHIO K BEJIMYHHAM Z,, . .., 3,
NPUBOAMTCA K MCCAEROBAHMIO ypapHeHHH (28), xapakrepmcrmueckoe
ypaBHeHHE KOTOPHX

D}) =} pij + cy; — Bijh | =0

HMeeT IIPH TAKOM ¢ BCe KOPHH C OTPHUATEJIbHBIMH BelFeCTBEeHHHEMH
JaCTAMH. BC.’IeIlCTBHe 3TOro NpH BCHKOM ¢, ROCTATOYHO MAaJoM mo al-
CONIOTHOH BeIHYUHE, JJIA BCHAKOI0 JAHHOI'O MOJOXHUTEJBHOITO @ HaM-
[eTCHA TaKOoe HMOJOKRHUTeTbHOE YHCIO €, 9T00RI IPH BHIIIOJHEHHMH B Ha-
JaJdbHBIH MOMEHT BpeMeHH YCJIOBHHA

2
2, Zip < €
1
BO BCe HoOCJeayioliee RpeMHd HBMKEHHA BHIOJHAIOCH CJIERyioIlee:
Z z < a
i

H YTOOH OpH TeX ;Ke YCJIOBHAX (QYHKIMH 2z, ¢ GecnpenesbHEIM BO3-
pacTaHueM ! CTPEeMHIHCH K HYJIO.

OnHaKo OTCIORA MEL eife He HMeeM IPaBa 3aKJA0YaTh, 9YTO HEBO3-
MyIOeHHOe RBUKeHHe ycToiduBo. [ Toro urofH Takoe 3akai0YeHHe
66110 3aKOHHO, HeoGXoxuMo, YTOGH HpH | ¢ |, HE mpeBOCXOAAIIEM He-
KOTOPOI0 YHCJA, MOKHO OHIJIO BHOGHPATh &€ He 3aBHCAIUM OT C.

PaccMoTpuM ompefeeHHO-OTPHLATENBHYI0 KBaAPaTHUHYIO op-
sy V, ompenereHHy0 ypaBHEHHeM

' , av 2 2
2 (pslzl T et psnzn,) Fr 2+ -+ 2
s
8

llonnas nponasorHad mo ¢ or Takoit Yynkuuu V, B3ATad B CHIY ypaB-
nenui (28), ecthb

av 2

. %
_dt_.:zl—{—...—-}—Zi-[—Z(Cﬂzl“{_"'”{_Csnzrl+zs)
5

t)z8
llocTonnube c¢;; ABAAIOTCA rodoMOPPHHIME QYHKUHMAMH ¢, YHHYTO-
AalOMmUMACH NPH ¢, PABHOM HYJIO, 3HAYHT, AJA 3HAYCHHAH ¢, KOCTa-
TOYHO MAJHX 0 aGCOTNTHOR BeJnuuHe, NpaBafd 4acTh MOCJIEIHEro pa-
BeHCTBA OyJeT NPEeNCTABAATh ONPEXeICHHO-HOJNOKATEIbHYI0 GYyHK-
nui0 B 00JACTH HOCTATOYHO MAJHX aGCOTIOTHHX 3HAYCHHH NEpeMeH-
HBIX 23, ..., 3,, HE3ABHCHMO OT 3HAYeHHA ¢, MEHLIEro HEKOTOPOro
AOCTATOYHO MAJIOTO YUCIA. ITO OGCTOATENBCTBO M JOKA3HBAET BO3-
MO/KHOCTh BHIOpPATh 9HCJIO £ He 3aBHCAIGAM oT ¢ (m. 8).

Takuam oGpa3oM, IPUXOXAM K 3aKJIIOYCHHAN0, UTO 6 cayyae, kKozda Z°,
Zs obpawalomes 6 HyAb, HEGOIMYUWEHHOE JeuxceHue Ycmolixueo, & 603-
MYywennoe deuxcenue, Jocmamoxno 6aU3K0e K HeBOIMYWeHHOMY, Oydem
ACUMIMOMUNECKL NPUOAUNCAMBCE K HEKOMOPOMY  YCMAHOSUSULEMYCA
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peuUNCeH LI
r=c¢12 =0,...2, =0,
52 [32]. Il p w m e p. Jlanma cacrema

dzx o o dy O
i bry -i- cy?, s = —V+ kr 4+ lx® + mzxy -+ ny?

¢ MOCTOAHHBIME a, b. ¢, k, I, m, n. U3 ypasHenns
—y + kx4 lr* 4+ mxy + ny* =0

HaXOAM
y = u (x) = kx 4+ Bya® 4 Byx® 4- .. .,
rne
By, = I 4 mk + nk?,
B, = (m 4 2nk)B,, ...
Orciona
2" = ax? - bau - cu? = Apa? 4 Age® - Adat - ..,

e
~ A, = a 4 bk + ck?,

A, = (b -+ 2ck) B,,
Ay = (b - 2¢k) By - ¢B3, . . .

Ecain A, ornauHo oT myas, TO HeBO3MYINEHHOE [BW/KeHAEe HeyCTOM-
‘9HBO.

HOyecrs Ay, = a + bk 4- ck* = 0. Ecan opm srom B, = 0 (4o BIE-
ger 3a co00H paBeHCTBO HYJI0 B BCeX OCTaJAbHHKX Kod$pPmnmeH-
ToB B m A), T0 HeBo3aMyineHHoe NBM:KeHHe OyJeT yCTOMIMBEHIM.

HMonycram, aro B, He HYAb. YcrodunBoCTH GyNeT OnpeledAThHCHA
3HakoM A 3, Korga b + 2ck oramuno ot Hyas. A ecanm b + 2ck = 0, To
npu ¢, OTIAYHOM OT HYJAA, Kodpdmnment A; Gyner oTIAYeH OT HYIAA
H, CJIe[0BaTeJbHO, GyJeT AMeTh MeCT0 HeycTOoHuYmBOCTh; npm ¢ = O u3
‘ypasHenmid b + 2ck = 0, 4, = 0 caenyer a = 0, b = 0, a Tem ca-
MM Z(® = (; HepoaMymeHHOe NBHKeHHe OyIeT yCTOHYMEBO.



TIdIABA 8
ITAPA YACTO MHMMBIX KOPHEN

IIpeoGpasoBanne ypaBHennii

53 [33]. Hyrem ompenenenmAa BemeCTBeHHHX KaHOHHYECKHX IIe-
pemeEHEX (o. 30), oTBeYalOIIEX mape YACTO MHEMBIX KOpHe# ---iA,
cactemy AnPdepeHIHANBHEX YPaBHEHHH BO3MYIICHHOIO [BHKeHHH
Mo’KeM NpeoGpasoBaTh B TAKOM Ciydae K CAedyIOIeMy BHAY:

dz d

s =—M+X, G=k+7,

; 29)

x
'# = Poy®y + - - - + Pon®pn + &7 + ﬁsy + X,
s=1, ..., n).

3necn X, Y, X; cyrh romoMoppurie QyHKUAH BeleCTBEHHHX mepe-
MeHHHIX Z, Y, &y, . . ., T,, PA3IOKEHAA KOTODPHX HAYAHAITCHA YJeHAa-

MH He HH}KE BTOPOrO HOPANKA M 00J1aJal0T HOCTOAHHLIMA BelleCTBEH-
HHMHA Ko3ppmmmenTaMn; p,,, &, s CyThb HEKOTODHE BelleCTBEHHEE
OOCTOAHHEIE, MPAYEM BCe KOPHA YPaBHEHHH

” Psy — 687‘“ ” =0

HMEIOT OTPHIaTeJbHEE BelieCTBEHHHE YacTH; LA OHpeNeJeHHOCTH
6ymeM CUYHTATh A HOJOKATEALHOR MOCTOAHHOM.

Moskmo mpeamonoskurs, uto Pyrkumn X m Y o6pamaorca B HYIb,
KOIJa T M ¥ AenalwTCA HyaAAMH. [ledCTBETEABHO, JONYCTHM, 9T0 3TOrO
mer. OmpegesmM r B y Kak ronomopdusle PYHKIHE mITepeMEHHBRIX
Ty, -+ ., T,, YAOBIETBODPAIIIHE YPaBHCHHAM

. a
Dlpuzit o Pt 2 L By + X 2 = —hy + X,
) 3
t ! a
E(Psxfx—r v oot PanT, 4 ax + By + Xs)a—:’- =A+Y
8 a
H Collep;Kalide B CBOHX PAa3JOKCHEAX YJIEHH He HH3e BTOpOro oo~

pAaKa
z:ua"f‘ua"f‘ -")y:U2"!’—US+ o e ey
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rAe Upy, Uy CYTh OXHOPOXHLIE QYHKIMH CTENEHH /M OT NepeMeHHHIX
Ty, + + +y oo JIA DOCHENOBATENBHOrO OOPENENEHHSA Up,, Uy, DONYIHM
ypaBHeHHuA

ou
. n - .
E (pslxl e T psnxn) 01:’ = Ay Pmm
s

dv
Z (pslxl "f_ e + psuxn) _0;@' = Ay, "\L Oma.
s

rae Py, Om — oxHOpORHHE $YHKUMM Z,, ..., I, CTENEHH M, 3aBH-
camue ot Uy, vy (k<< m).

HNonoycrum, 9to Bee QyHKUNM Uy, v, (K << m) onpejeaenst, Torna,
coxpanAa o6o3navennd o. 34, GyxeM UCKarthb U,,. U,, B BHJE

Uy, = 2 A?'Drrl U = E B.U,,

¢yarunn P, QO npu aToM GyRyT M3BECTHEIMH QYHKUMAMH I, . . .
vaey Tpl

Pm = EprUﬂ Qm = quUr'

IoncraBaAs oTH 3HAYeHHA B HPeJLAYN(HE YDABHSHHUA, MOTYIHM 1A
ompeneneHnsa NOCTOAHHAMX A,, B, cucreMy anre6pamueckux Jawmeii-
HHIX HEOMHOPOXHHIX ypaBHeHHH

Ar(myxy + .« mpny,) Zﬁf'S)As = —AB, + p,,

®p
B, (myty + - -« = myx,) + DBVB, = A, + ¢,
3
e m;, ..., m, — KaKHe-TO HEOTPHUNATEJNbHEIE I[eJhle WHCaa, NaK-
H(HE B CYMME MM; #y, . . ., %X, CYTb KODHH ypaBHeHHA || p;; — &;;x | =

= 0; B cyTh HeKOTOpHE HEMOMOKHTEIbHEE OOCTOAHHEE, KOrja
r <s, H HyJH, Korga r 2> s. Onpexenurenab a10# CHCTEMB ypaBHEHHIl
 €CTh

D=l lmsy + o+ man, 2+ 22).

-Tak Ka® COrIACHO UDEUNOJIOMKEHHIO BCe KODHE X; HMEIOT OTPHIATEb-
HE€ BeleCTBEeHHEIe 9acTH, TO HH JJIA KAKMX HEOTPHUATEAbHHX 4HCen
My, ..., m,, TAOIHEX B CYyMMe M, BhPasKeHHE MX; -+ ... -+ M X,
HE MOKET DABHATSEH —-Al; ciaejoBaTenbHO, ompenenutenb I He 06-
pPamaercs B HyJNb H M3 NOCAeXHMX ypaBHeHMH nocrofmeme A,, B,
Oynyr cnpedenfTLCA OJHOSHEATHO.
IIycto
T=u=Uu,+ug+ .., YyY=v=uv,+uvy4 ...

CYTh HaHIeHALIS YKA3aHEHAKM IyTeM peuteHHA. BBoJA BMECTO mepeMen-
HHX z, y nepeMeHHHE Z, Jj

z=u-+2 y=v+y,
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npeofpasyeM 3aJaHHEE ypaBHEHAA K BHAY, B KOTODOM WieHH X, Y
OyAYT YHHYTOKATBCA, KOTAA £, § OeJaloTcA HYJIAMH.

IloaToMy MH mpeqmos0KAM, YTO HPH COCTaBJeHAH ypasHeHmi (29)
BHIIOJHEHO yKalamHoe npeofpasosanme (ecim B HeM GHIA HAZOGHOCTD)
H 910, caefoBaTeabHo, PyEkuma X m Y YHMITO:KAOTCA, KOTAa I, Y
HeJalTCA HYJIAMH.

54 [33]. Bmecro mepeMeHHHX Z, Yy BBeleM LOJAPHbE KOOPIAHA-
T™H I, O:

z=rcosB, y =rsinb.
Bynem mmers
ar

o
dt -

XcosB + Ysin8, r—r M -+ Y cos 8 — X sin 0.

U3 ponymernna, aro X, Y yHRYTO;Ka10TCA, KOTAAa I, § HEJAIOTCA
HYJAMHA, BHIBOJHM, YTO IPAaBHE YAaCTH IOCJAENHAX YPDABHEHAHA YHHI-
TOKaTCA, Korga yEmYro:kaerca r. [loaToMy mocae coxkpamennsa Ha I
BTOPOE YPABHEHHE NaeT

d6

rae © obosnagaer rosoMopdHYI0 GYHKIAIO HepeMeHHEIX Ty Ty, . . . Iy,
YHAYTOKAIOMYIOCA TpPH OXHOBPEMEHHOM paBeHCTBe MOCIACJHAS
HYJ1I0 H HMEOU{yl0 B CBOeM Ppa3sjio)KeHHH Ko3dpPuumeHTaMm IeJIHe
pangoHaJbHHe $yHKIAM oT sin 0 m cos 8. Y3 aroro ypasHerna BmgHO,
YTO IOKA BEJIMYHMHH |T |, | Z, | He IPEBOCXOAAT HEKOTOPHX IOCTOAH-
HHX, 0 Oyner mempepniBHOH Bo3pactalomeit ¢yaknmei ¢. Orciona sc-
HO, 9TO OPA peHIeHAH 3aga4 o6 ycToiumeocTm mepemenHasa 0 Moxker
HTPaTh TAKYIO jKe poJb, 910 ® . [IpaMeM ee 3a He3aBHCHMYIO mepe-
MeHHYI0 BMecto . Torma

L:rﬂ‘
(30)
__d_éi = (T + "'+qsnzn+(ascose+b35ine)r+os’

rie R, Q; obosmagalor PyHKUHM TAKOTO ’Ke XapaKrepa, Kak m O;
npn 3ToM QyEKUAA Qs B CBOAX pa3jIoKeHMAX He OYIyT colep:KaThb
YJeHOB HHAKEe BTOPOT0 H3MepPeHHA OTHOCHTEJIbHO BEeIHYMH I, Is;

P o B
qer =~ ir, as:_lia, bs:'f"

Ilepsoe m3 ypasmennii (30) moka3kBaeT, 9T0 eC/JA HAYaJIbHOE 3HATCHHE
r eCTh HyJb, TO I GyleT paBHEIM HYIO 14 BeAaroro 0. Crenosarensno,
r Gymer coXpaHATH 3HAK CBOero HAYaJbHOTO 3HAYCHAA IO KpaiHed
Mepe N0 TeX HOp, HOKA BEJIHIAHH I, Iy OCTAlOTCA BCE JOCTATOIHO
MaJILIMA o abcoiiotHOH BeamamHe. M OyneM mpeamoJararh, 9TO
r He HOJydYaeT OTPHLATEJBHHX 3HATCHHH. -
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55 {34, 35]. lna pemeHus 3ajauyu ypaBHeHuSH (30) unpunerca
MOJBEPTHYTh HEKOTOPOMY LIpeoGpa3oBaHUI0, KaKoe HAXONHTCA B CBA-
3M C BOLIIPOCOM O BO3MOKHOCTH I/l HHX NEPHOJMIECKOro pemenns

ro=c+u®? 4+ u®c |-,

z, = ule - uPe? 4 uPed - . . .,

(31)

. k

rae ¢ — IPOU3BOJBHAA HoCTOAHHaA, a uh), u" — me 3aBHCANlHE OT
Hee nepuofuieckue pyEkmuu 0 ¢ o6mum nepuogom 2n. Takoe nmepuo-
JAuYecKoe pemleHHe He Bcerga OyleT BO3MOKHO.

Jlnn onpenenenus ¢ymrumin u®, ul® cpenaem nmopcramosky (31)
8 cucreMy aupdepenunanbubix ypasBHeHu# (30) u cpaBHHM Koag-
¢UUHEHTH MPH OJHAAKOBHIX cremenfx c. Ilomyuum
du'®) (x)
—a = U
- auf? () . (k) . K ()
—g— = Tati 4 oo gty + (@080 + b, sin @) ut) L U,

e U®, UF cyrs uspecTHme neame panuoHaXbHbE OYHRLUH oT
Tex u, u_f,“’, aas Koropeix p << k, ¢ Koapdpuuuentamm, npepxcras-

JNAKMHKMH Lejlbie paldoHadbHble QYAKLUU 0T sin O u cos 0; upu kb = 1
pce Ppyuruumu U cyty Hymm; k = 1,2, ...

O VHKUHH u" Bcernma OynyT nepHOOMYECKHMH BHAA
3 P

ugn = A, 008 0 + B;sin 0,

rae A;, B — Hekoropsie nocroannne. Hauboxee mpocTo 310 MoskHO
OKa3aTh Yepe3 MpUBeleHHe ypasHeRuil mam ul’ K KaHOHHYECKOMY
pugy (m. 30)

dog®) (k) (k) ‘ = )

g5 = %eVs — Osoy + (a;c0s0 + bsinO)u” 4 Vi,

Y k
rme v, ..., v — kamoHmueckue nepeMeHHbIE, a OCTOAHHbE a;, b;
CyTh nuHEHHbe KoMOGHHAUHH KoadduuueHToB ay, b,; HoBhe V¥ oy-
AYT TaK/Ke H3BeCTHLIMH LEJIRMH DPALHOHAABHHIMH (YHKIHAMH OT Tex
uw), o™ s KoTOprX U << k, ¢ KoapduumenTaMnm, IpeICTaBIAAIO-
IEMH LeJble paluOHaAbHRE QYHKLHH OT sin 0 u cos O; mpu 3atom

Bce VY pasus Hymo: %Kiy + + «y X, ABIAAITCA KOPHAMH ypaBHEHHSH
Il gij — 8 || =0,

GeCTOAHABE O; CyTh aubo Hyam, aubo 1; g, =0, s =1, ..., n;

k=1,2,...

Us atux ypaBuenuii mmeem|

8
V{F) — g™e® S e 0 [(a; cos 8 4 b, sin 8) u®) olf + viPyde,
—00
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H, CJe0oBaTeJbHO, BCAKAH pas, Korjga cTosAuue 3xech B KBaApPaTHHIX
CKOBOKax BHPaKEHHA LPEACTABJIAIT LieJble PAaNUOHAIbHHE QYHKIHHA
. K

sin ©® u cos 6, rakuMu ke OyAyT moaydarbed UM QPYHKIHH v a Tem

S
k "
CaMbhiM H ug ), JUHENHO 3aBUCAIIHE OT NOCJEeTHHX 1).

(1)

Huna k=1 $yuxuum u;’ 1odydaloTCHd YKasaHHOTO BHAa, u6O
u® = 1, a Bce ve® CyTh HYJH.

Bo3MOKHOCTD MM HEBO3MOKHOCTh A-To mara B Ipomecce MoCie-
noBaTenbHOro ompeneidenusa Qynxumii u®, ") saBucur or Bo3MOIK-
HOCTH MJAM HEBO3MORHOCTH HePHORMIeCKOTo pelneHus piaa ulk)

]
ut = {T¥age.

0

Ionycrum, ato Bce pynkmum u®, v™ | 1ia KoTOpHX p Memblre He-
KOTOPOTO 9HMCJA M, HAWJCGHH M IPENCTABIAIT NepuognyecKne PyHK-
unu 0. Torma ¢ymkuuo U™ MokHO OGymerT mpelcTaBUTh IOJ BHAOM
KOHEYHOTO PANa CHHYCOB M KOCHHYCOB L€JHX KpaTHHX AYT 0, u ecam
B 9TOM PANY HE OKAaKeTCA MOCTOAHHOro WieHa, 1o QyHKOoua ul™),
a caenoBarenbHo, n Bee ul™ GymyT mepmofmiecKuMu. B mpormBHOM
caydae pymknua u(™ Gymer Buga u(™ = gb 4 v, rae g ecTb HeKo-
TOpas OTJIMYHAH OT HYJA HOCTOSAHHAS, & U — KOHEYHLIH psJ CHHYCOB
¥ KOCHHYCOB KpaTHHX Ayr 0. IIpm srom B dyaxmum vi™ moiiayr Be-
KOBble YJEHH.

JomyctuM, 4To mMeeT MeCTO 3TOT IOCJHeXHHUil ciaydaii.

IIpenmosaras, 9To BHYHcJeHHe OBIIO BHIIOJHEHO TaKuM 00pa3oM,

aro6m Bce Qynxnuu u®, ul, v (p < m) GbIM BeuecTBEHHBIMH AJA

BelecTReHHoro 0, mpeofipaayem yparaHewus (30) mocpefcTeoM Iof-
CTAaHOBKH

r=z-u®z2 - .4 ™D L opg™
2o = uVz + w22 £ 4w g,
rae z, Z,, . . ., 2, CYTh HOBHE IIepEMEHHbE BMECTO OPEKHUX I’y Ty, . . .
... x,. IllpeoGpasopannsie ypaBHeHHA OyAyT HMeTb BHJ
dz
o =%
dz (32)

rie
rR—U®2_ gyl (gm) _ gy

2Z =
14 2u@z . .4 m— 1) w2 L ™

) Typca 9. Kypc maremaruueckoro amaamsa. T.1, . 1: Ilep. ¢ ¢p.—
M.: TTTH, 1933.— (Cm. § 103).
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a on-1) -y .
Z,= Q,— U, Vg — . — U, zm-1 - (g, cos 0O - bsin 0) vz™ —
— [uﬁl) - 2u§2)z el (m—1) ug’”‘“l)z1n~2j zZ.

@®ysxuun Z, Z; ABAAOTCA TOJAOMOPPHBIMU QYHKIHAMH IepeMeHHbX
Z, %, - - -+ 2y € KOIPUIMEATaMN, 3aBUCAIMUMH OT BEIlECTBEHHBIX
3padeHui 0 o BUIOM KOHEUHBIX DANOB CHHYCOB H KOCUHYCOB I(EJIBIX
kparHocTed 0. (DYHKNHH 3TH YHHYTOKAIOTCA NPH DPABEHCTBE HYIO
BCeX Z; H Z; OpuueM Z, He COMeP/KAT B CBOMX PAa3J0/KEHHAX YJICHOB
gepBOro MOPAIKA.

Ecau gepes Z“’), Z§°) obdo3naunTh Gyuriun Z, Z;, Korga B mocies-
HHEX IIOJIOKEHO

2, =0,...,2, =0,
To pasdio:keHue Z(» o BOCXOMANIMM LEJARM CTEHeHAM z Oyder Hadd-
gatbea (m — 1)-f cTemeHB ¢ MOCTOAHHBIM Ko3apPurueHtoM g,

a pasnoskeHud QyHKHUH A 6yayT colepsRaTh 2 B CTENEHAX HE HUMKe
m-i.

Takum obpasom, ypasHenus (32) ofaagaior BCeMM ¢BOUMCTBAMA,
K KaKHUM MBI CTPEMUJINCh [IPH HCCJIEI0BAHUM YCTOHYMBOCTH B CJaAy4ae
O[HOTO KOpHS, PaBHOI'0 HYJIO.

Kpntepnii yctoliumBocTH M HeycTOHYHBOCTH

56 (37]. ITycrs

2Z == g2 + PNz - L o Pon-LgMTL R
, —1) m-1
Z, = PVz - P LR
rae PV P cyre nmmeiinne $opMBl NepPeMEeHHBIX Zy, . . ., 2, C Iie-

PHOINYECKUMU OTHOCHTeNbHO 0 Koddpdunuentamu; R — roaomopdnasn
byHKIMA nepeMeHHBIX z, Z,, PadJo;KEHIEe KOTOPOH mMeer Takue ke
KoappuumenTs, npudeMm RO cOOep;kUT Z B CTENeHAX He HmiKe (m
+ 1)-#, a auneHHbI? OTHOCHTEABHO 2, . . ., 2, WICHH COREDIRAT 2
B cTeneHu He HIwe m-it; R, — roxomopdHse $yurumu z, z;, pas-
JO/KEHUSI KOTOPHIX B UYJI€HAX, JHHEHHBIX OTHOCHTENBHO Zy, . . ., 2y,
MOTYT cofeprkaTh 2 TOJLKO B creneHax Buine (m — 1)-i; mpm 3z, =
=...=12z, = 0 pyuruuu R comep:kar z B CTeHEHAX He HUKe m-ii.

HAna pemenun zagaunm o6 ycToHYMBOCTH paccMOTpuM (GYHKIHIO

Vo= W Wz L el

rme W4 cyrs auueitnse ¢opmer, a W — ksagpatudnas ¢opMa oT
UepeMeHHHX 2., . . ., 2,. Roadpdunuentsr B W Gynem npeamosararh
DOCTOAHEBIMA, a B W) — HeKOTODHIMH TNEepHOONTECKUMH (YHKIHA-
m 0,

Ilocrapaemcs kosdduunentamu B opmax W) W pacnopanarbes
TAK, 49To6H MoaHasA npoudBodHasd or yHKnum V mo O OGmaa 3HAKO-
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onpexesennoit opu z > 0

av .
<5 =8G54 w4 S,
npudeMm
S =vz" + 2 VarZsZys
LI

rie v, Uy, — KaKue-To roxoMopdane ¢ynKknuu 2, z,, . .., 3,, YHHY-

TO;Kalomuecs, KOTKa BCe HEpPEMEeHHEIE 2, 2 AeNaloTcA HYJIAMH.
CornacHo ypasmeHusaMm (32) umeeM

av Z "{“ (W(l) __:_ 2“7(2)2 _1: . __{»_‘(m____ 1)W(ﬂl—l)z.m_2) ZZ _{.

—

d0
, ow . , ,
- Z 0z (qslzl 3= e oo GonZy - Zs) iy
s L]
m-x m-1
, oW , . , we
a z 9z (‘Jslzl e 1 Qenn + Zq) s ——0-9_ z.
s r=1 § r=1

Ecau copa mopgcraButh 3HadeHusa ¢QyERuuil Z, Z;, TO DOJYIHUM

VWO L 2Dz L (m— ) W] x

do
X (g™ - PWz ..o PO Pgme1 L Ry

ow . ,
-+ 2'5'2_ (Qslzl e T only + Zs) +
- s
m—-1
. ow®” ;
-+ Z Z z T (QSlzl oo o Qe +
s == 8
m-1 0W(r)
4 POy o PO Vgmor L R Zz" "
r=1

CpaBHMBAfA 3TO BHIPA;KEHHE C KeJaeMhIM BHJIOM 3Toll HOJHOH mpo-
H3BOJHOM, HoXyuMM pJA ompefeienusa ¢Qyukmuii W, WO) rtakue

ypaBHeHUSA

el 4 ‘
} -a'z_(qslzl t oo GenZa) = & (Z% 4 e+ Z?l)!
S
L3
aw ) awe) ‘ )
Tt Y e @z e Gz PO

3
oy awED -1y OWW
_'[“Z(Pg)T'“Il“"~--+Ps _'z':_- -—-0
8 F
8

(r =1,...,m—1).



KPHTEPHH VCTONYHBOCTH M HEVCTOMUYHUBOCTH 123

®ysxnua W onpenensercd 0fHO3HAYHO, TAK KAK BCe KODHH ypas-
geRnd _
g — 8k | =0
@MeIOT OTPHLATeJBbHEe BemlecTBeHHbIe dacTd (. 34). Mymkuun
wa, L, WD

QUpEACTAITCA HOCIEeA0BATeNBHO B IOPAAKE BO3PACTAHHA YKA3ATeNd I,
[Ipepmonarad, 4ro Bce npepmecTByiomue PyExkuma WO gaa me-
koropoit W) onpenenens, umeem piaa ompepenenus W) ypasrnenme

aW(') aw'" ,
+ 2 q':lzl e qsnzn) = Alzl et Anzn!

$ KoTopoM A GyHyT M3BeCTHHIMH KOHEUHHIMH PANAMH CHHYCOB ¥ KO-
cuHycoB ueianix KpatHocreit 6. Orcopa masa onpepnenenns Koddhdu-
nneHTOB a dopMu

W == a;z, + ... + a,z,

UUAYIEM CIERYIOMYI0 CHCTEMY ypaBHEHHI:

da_
-—d—e—s— ey g8, =A4, (s=1,....n).

Tak Kak XapaKTepHCTHUEeCKOe yYPaBHEHHE 3TOH CHCTeMH HE HMeer
9UCTO MEMMHX KOpHe#l, T0O CYmeCTBYeT ¥ IPHTOM TOJBKO ONHO TaKoe
pemiende, B KOTOPOM Bce a OyAyT KOHEUHHMH PAAAMH CHHYCOB H KO-
CHHYCOB IleJHIX KpaTHocreit 0.

- Ilpm takom ompemenenmm W, W) penuuuEa maiineHHO# mnpoms-

: o d
BONHOM —m IpPH yCTOBHH Z > 0 mpexcraBdaT $yEHKUHMIO, 3HAKOOHpe-

nenennylo o0 OTHOWEHWIO K Z, Z,, ..., %2, OPA JOCTATOYHO MAJHIX
9HCJIOBHX 3HAYEHAAX Z, 2, . . ., 2, H HMEIOMYIO 3HaK HOCTOAHHOM g.
Ecau g orpuuarenasso, o upu z 2> 0 pyakuua V Gyaer oupenenenso-
NOJOKHUTENBHOX 0 OTHOMEHHMIO K 2, Z, . . ., Z,, TAK KaK COTJACHO
n. 35 pyEkuma W Gyner olIpefe eHHO-NOJOKATENBHONA OTHOCHTENB-
HO HepeMeHHHX Z,, . . ., Z,. Hamporue, ecim g >0, o W Gyner
OIpefieIeHHO-OTPHLATEIBHOH OTHOCHTEABHO NEPeMeHHHX Zy, . . ., Z,;
dyakuuio ke V suibopom z >0, 2z, = 0, . . ., z, = 0 MOHO cleaTh
IOJIO;KHATEAbHOH, T. €. OAHOTO 3BaKa ¢ g; fyakuua V gomyckaer Gec-
KOHEeYHO MAaJHIH BHICIUMH Ipefe.

Orciofa B cuay teopem JlanyroBa 06 ycTOHYMBOCTH H HEyCTO-
YHBOCTH MBI JOJGKHH SaKJTOUHTH, 9TO B CAYNde OMPUYAMEALHO20 g
HegoamyuweHoe JBUNEHUE YCMOUNUEO NO OMHOWLEHUI K Z, 2y, . . ., Zg,
a mem cCamMuM U KT, Xy, ..., T,, U 6CAKOe docmamoiHo 6au3Koe 603-
MY eHHoe JeUNCEHUEe CMPEMUMCR K HEMY ACUMRMOMUYECKU, a4 6 CAY-
Rge NOAOHUMEALHO20 & HECO3MYWeHHOe O8UNCEHUE HeyCcmolurueo.

, 57 [36]. ina peificTBATENLHOro BHYHCJICHHAA IOCTOAHHOH g HET
Heo0XOHMMOCTH HENPEMEHHO MATH yKasaHHWMM nyteMm. Jam aroit
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eI OpeAnovYTHTe/]bHee pacCMAaTPHBATh HeMoCPe[CTBEHHO ypaBHe-
A (29).

BBenEM HOBYI0 HE3aBHCHMYK IepeMeHHYKd T BMeCTO t:
T
4 -—-to = T(1 -+ h'2C2 - hac3 .. .);

KoadpdanmenTH b 0CTATCA HOKa HeolpeleIeHHEHIMH; ¢ €CTh HEKOTO-
pafg mocToAHHAA. JHAYeHHAMHA INOCTOAHHHX £ pacmopAJAMCA TaK,
yTo6sl mpeoGpasoBavHHIM YypaBHeHmAM (29)

=y T e,
=z et ),

A
) T ! XS N 2
dt gs1Ty + - - - F GonTu - a.r+ bsy -+ % (1 i h2C + .- ’)'
rae ¢,., s, b; HMeIOT Ope;kHHAE 3HAYeHAA I. 54, YAOBJIETBOPAIR
z=zaWl¢c 4 a®c® 4 . ..,
y = yWe 4 y®c® 4, .,
zs = sV + ¥ . . .,

B KoTopHx Bce Qymxmma zMW, y® o™ Guim 6 mepmoamuecKAME
¢yaKumAMA T ¢ 00mAM nepmofoM 27 | He 3aBHCEJIH 0T MOCTOAHHOIM C.

Jlna mociemomaTensHOro omnpefedeHms ¢ ymkomi z®), yk), P
OpA 3TOM NOJYYAOTCH YpaBHEHHS
dzt" )
— =y — Ry ® + X,
ay" ’
LSRN WEORS (33)
dz{"

d‘i = q,slxg'r) + .- q,snxsr) + X,gr)
(s=1,...,n5r=1,2,...),

rxe X, Y 6yayT HeKOTOPHMH H3BeCTHHIMH I[eJILIMH PanAOHAJb-

HEME QyHKImAMA oT Beex M), yW, ¥ mMeomux pepxHmil 3Ha-

90K | MeHbHIe I', W OYAyT 3aBHCETb OT BCeX NOCTOAHHHX hj AJIA

KoTopHX j<<r — 1. Oyaxnmn X! nononmmrensHO GynyT 3aBHCETH
or M, y @ h,,. IIpm atom caeayer moaokats: hy = 0, by = 0,
X0 =0, Y =0.

Ecam pomycraTs, 4Yro m3 ypapHemmid mia r=1,....m—1

BHYACJEHH NOCJIeXoBaTe]bHO Bee QymKmmm W), yk), 2 poa xo-

TOPHX W <M, A BCe HOCTOAHHHE h;, AJAA KOTOPHX j<lm — 1,
To WiA onpefenenmsa ¢ymrummi z(™, y(™, ™ u nocrosmmod h,_,
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6yneM HMeTh H3 ypaBHeHRHE (33) cucremy, oTBedalmy r = m.,
M3 nocienHedt BAAHO, 9TO €CAH MOKHO GyldeT HalTH NepHOgHYeCKHe
™, Y™, 1o dyaKnER z(s'"’ BCerja BO3MOKHO Oyfer HaATH HepHOAR-
9YeCKHMH, TaK KaK BCce KODHH ypaBHeHHA || g;; — 8;% | = O mmeior
OTPHOATEJBHLE BEIECTBEHHHE YAaCTH H, CleA0BATENbHO, yPaBHEHHA
(¢s=1,...,n r = m) OpE TAKAX OpPeNNOJO:KEHHAAX He GYAYT mpH-
'HANJeKATh K CJAy4al0 pe3oHAHCA.

YpaBHeHRAM, KOTOPHE NOJYYalOTCA AAA ompememenua r(), y
‘BCeraa MOKHO YROBJIETBOPHTH HPEANOJIOKEHHEM

V) = cos 1, YV = sin 1.

Hanneefimue Bu9mcaenns z(®), y() moxpEo 6ymXeT BecTE TaK, 9TOGH
OHE Aenainch HynAAME npE T = (0.  OcraHaBIMBAACH Ha TAKOM IpeX-
TONOKeHHH, 3ameruM, dro X, Y™ npencrasArca Torga B BHE
XOHEUYHHX DANOB CHHYCOB H KOCHHYCOB LEAHX KpaTHOCTeH T:

(m) __ :
X" = A,cost+ A4,sint+ ...,
Y™ — B coss + B,sint + ...,
rae A,,4,, By, B,, ... cyTh HeKOTOpHE H3BeCTHHE IOCTOAHHLIE.
IIpepgmonarana
™ =g, cosT 4 azsint 4 ...,
ym™ = b, cost + bysint + ...,
43 ypasHeHRE (33), orBevalOmEX r = m, AJdA ONpPeJeleHUA IOCTOAH
HEIX @, @y, by, by, hy,_, HOAYYUM COOTHOMICHMA
a, + b = A4,, —a; + by + hn, = 4,,
—a; — by =B,, —a +b —hy, =B,
CooTHOmeERHA 3TM 6YAYT COBMECTHH TOJNBKO IPH YCIOBHH
A, + B, =0.

Korpa mocaenmee Bnimonnmemo, dpymxumm (™, y(™ mosxHO Gymer om-
PefledTh, TAK Kak mpu ompefeieHrH Koafduumenros a, b B pagax
™, y™ MH BcTperEM 0coGeHHOCTE (B BH/IE BO3MOKHOCTH IOABIE-
HAA BEKOBHIX WIEHOB) TOJBKO AJA WIEHOB, CONEP/KAIAX CHHYC HIH
KOCHHYC NepBoii KpaTHOCTE T. Jl18 moaHOTO onpeNeNeHRA BeeX Koad-
dunmentos pasiaomenns ™, y™ Hy;kHO (yleT HCIOAB3OBATH YCIO-
saa 2™ (0) = 0, y™ (0) = 0. '

Ecam paa mekoroporo 3mauka m ycaosme A, + B, — 0 me BH-
HONHACTCA, TO MCKOMHC DeIIeHHA HEBO3MMKHK. MomHO mOKaszarh,
MT0 B TAKOM clyuae UHCIO /N H NOCTOAHHAA

A+ B
- 2
Bum Gn Te caMie, ¢ KOTODHMM MH HMEIH [el0 B IPEeILAYIIeM Ia-

parpade.
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Ha apyrux Bo3MOHBIX cnocofax ompejesieHMA 3HAKA MOCTOAH-
HOH g OCTaHaBJIHMBATLCA He OyneM.

58. I pumep. Ilyects nuddepernnizaabvHbie ypaBHEHHS BO3MY-
(HEHHOT0 [BH;KEHHA MPABOAATCA K OXHOMY YPaBHEHHIO CJedYiOIlero
BHAA!

L R
I Ci

d*r i dx )

rae F ecrr roaoMopdHas QYHKIHA YKa3aHHBIX apryMeHTOB, He coO-
gep:Rallad B CBOEM pas3jdo/KeHHH 4WIEHOB HH/Ke BTOPOro HOPAAKa

dx
OTHOCHTEJIBHO BE/IHYHH 7T H @' = —d—[-, 00 OTHOUIEHHIO K KOTOPBLIM (Ta

BHTCA BOHPOC 00 YCTOHIMBOCTH HEBOSMYINEHHOIO ABH:KeHHA (T = 0
= 0).

B ¢ynkunx F BogeamM UYleHb ¢ HEYETHHIMH W YeTHLIMH CTeleH:-
MH CKopocTH '

F o= ax'f (x, @'% + g (x, 2'%).

rae {, g — rogomopdubie QyHKIAH CBOUX apryMeHTGB; [ He COXePHAHT
qJIEHOB HUsie IepBOrc NOPAAKA, a § — HHKe BTOPOro NOPAXKA OTHOCH-
TeabHo I. ByaeM mpexmoiararb, 910 ¢yHKUEM { W g He 3aBHCAT OT
NOCTOAHHON a, a Hammmamasa $opma [, (zr, x'*) 8 pasnoxenuun [ =
= fy b fray o - . . ABIAETCA MOJOYKATEJNBHOH. J3ajgada 3Ta upej-
CTaBJISieT M3BECTHHH MHTEpec; K Hell NPHBOXATCA HEKOTODbIe OPAKTH-
YeCKHe BOIPOCH M, B 9ACTHOCTH, BONPOC 00 yCTOHIMBOCTH IOJOKEHHA
paBHoBecHA {2 = () MexaHHWIecKod cHcTeMbl, HaXOAAIeHcA Mo
AeficTBHEM IIOHATHOX W3 ypaBHeHHMA 00OGIeHHOH CHJIBL.
Jenan

x=rsin®, ¥’ = rcos0,
BHIBOAKM M3 Hallere ypaBHeHHA

S = Ry Ry,
rge Bce R osmavaior ¢pynkumm oxHoro 0. [Ipm sTOoM Bece (yHKLHH
R, R, ..., Ry, R,y — acos?Of, (sin 6, cos? 0)
He OyayTr 3aBucerh oT mocroannod a. IJodToMy DmpH OTHICKAHHMH pe-
IeHHA @OocJe[Hero ypasHeHHA NOA BHIOM pAJa
Poe= e o4 Ule? 4 uge® - L.,
PacHoio:KeHHOIe MO0 BOCXONAN[HM CTENeHAM IPOM3BOJbHOH MOCTOAR

HOH ¢, BCe (QYHKIINH
]

Ugy gy « v v yUpy Upsy — @ S cos® 0f, (sin 0, cos® 0) dO
0

OOJYJaTCA He 3aBHCAIHMH OT a.
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Ho ecan 6m a Gni1o HyzeM, To NpPeNIoAeHHOe ypaBHEHHE J[o-
gycKalio Ol He 3aBMCAUIMI OT ¢ roJoMOPQHEIA HATErpaa, B KOTOPOM
COBOKYNHOCTh YJ1€HOB HAWHM3LIETro uamepenun Gymer z* ~+ z'%, Jleficr-
BHT@/IbHO, M3 NOJyJaloUlerocs NPH 3TOM MOCJIe MCKIKUeHHA ! ypas-
HeHusd

E o ,

A g

B KOTOPOM mpamas dacte 2g (zr, %) = ¢ (z, 2% -~ z'*) npeacrasager

ronoMopPHy0 GYHKUHIO BeaumduH z ® z'* + 2°, B CHaOy H3BeCTHONH

treopeMbl HaiimeM 2? + 2% = ¢ + Y (z, ¢), rae ¢y Gymer romomMopd-

goit PyHKuMed r u -, yHHITO:Ralomedcsa npu « = 0; ¢ npeacrapif-

eT 3Havyenme r'*, Korga z ects Hyxb. Ilociemmee :xe ypapHenne

HeNoCPeJCTBeHHO O0HApY/KHBAeT CyMecTBOBAHHE MHATETpaJa YKAa3aH-
HOTO XapaKrepa.

Hocratouso Maxsle mo abCconWTHOH BeIMUNHEe 3HAYEHHH ITOFG
3HAKOONpe/leIeHHOro WATerpana GyAyT OTBCYATH HEKOTOPHMM 3aMKHY-
THIM OpOHTAM B NJIOCKOCTH I, ', WM HEKOTOPHIM HepHOTHYECKHM pe-
DIeHHAM 3aJlaHHoro ypasHeans upu a = 0. B cvimecrsoBammm arux
JepUOJHIeCKHX pelleHHH BO3MOKHO YOENMTHCA TaKiKe HemoCpeicT-
BEeHHO, TAK KaK ypaBHeHMA JJA T U &' He HIMEHATCH NPH 3aMeHe
t Ha —t! u 2’ Ba —2z'.

Iloaromy wmHTepecylolime HAC He 3asucamue or ¢ (YHKUHAH

8
gy tae o+ vy Upy Uppq — a}cos2 0f, (sin 0, cos® 0) dO
0

Bce OydyT NepHOOMYeCKHMH, ¥, CJIENOBATEIbHO, €CiAHM ¢ He HYHdb.
IOoCTOAHHAA g Hadgerca mo dopmy.e
I
g = % \ cos? 0f,. (sin 0, cos? 8) df.
2
Ecan f; nomo:xmurensno (k — verHo), To npu a > 0 HenosMymeHHO®
ABH;KeHHe HeycToWdumpo, a npH e << 0 — ycroiuuso,

Mo:kHO 3aMeruTh, 94TO YCTOMYMBOCTL HEBO3MYIIEHHOTO ABHKEHHS
opu ¢ = 0 oYeBHHA, TAK KaK yKasaUuHHH BHIE 3HAKOONpefe/]eHHH i
HHTErpaJi YAOBJAETBOpPAET YCIOBMAM TeopeMn Jlanymosa 06 ycrTom-
9@BOCTH.

ITpamep. Paccmorpum cucremy puddepeniuaibnpx ypasHeHHR
dz

a 5
@ T T VT T E e
dy a
@ T @)y
de

4 T + (2 + ¥?)-
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Hccneqosanne GymeM Bectm coriacHo n. 57. [enas
t—tg=(1 F hye®+hy®+..)7,

6yAeM HCKaTh MePHOAWYECKOE PeIleHHe B BHAE DAAOB, PACHOIOKEH-
HHX I0 BOCXONANMM CTeleHAM IMPOM3BOJIBLHON IMOCTOAHHOM c,

= z2Wc + z®c? + ...,
y=yYe +y®c + ...,
z, = #Ve + 2{Pe +

OnucagHBIM B m. 957 nocjaeaoBaTeJIbHBIM' NPOHECCOM onmpeaeanM

) =cost, y» =sint, a2’ =0,
2® = 0, y®» =0, @ =1,
a gasa z®, y® monyaum caegyiomue ypaBHEHHs:
dz®3 .
-%——:—y@)—hzsmr ———%—cosr,
dy® .
yT =z® 4 hycosT — —%— sin T,

73 KOTOPHIX, KpOMe HEeBO3MOKHOCTH MCKOMOT0 IePHOAMIECKOro perme-
HMA IPH OTIHYHOM OT HYJAA @, NS NOCTOAHHON g mMOJydaeTcs PaBeH-

— a
CTBO g == ——. CiemoBaTe;IbHO, HEBOBMYIIEHHOE NBHkeHHE Oyner

YCTOHYMBHIM IPH MOJOAKHTEILHOM ¢ M HEeYCTOHYMBHM IIPH OTPHIIA-
TEABHOM d.

Crenyer mpusecTH oHO 3aMedanue Jisnynona. Bompoc o6 ycroii-
9HBOCTH IO OTHOIIEHHIO K HepPeMeHHBIM &, Y paspellaeTca Hemocpem-
CTBeHHO TeopeMamm Jianymosa n. 8, 13 m paccMoTpenseM (QyHKIUE
V = z* 1+ y2 Onpnako Gerio 68l ommGOYHO IOJAraTh, 9TO ITHM 3a7a-
ga ycToifuuBocTH Gymer yike IOTOMY pa3pelieHa, 4TO BCErJa MOKHO
HaNTH efMHCTBEHHHe PAXH Z, = [, (z, Y), Pacmoio;ReHHbe MO TeJhM
HOJOKHUTENbHEM CTENeHAM £, §J U He COAep;KallHe MOCTOSHHBIX Tie-
HOB TaK, 4To0H (OpMAIbHO YAOBJIETBOPATHUCH YPaBHEHHA IJIH g
cuctemM (29). B mameM caydae ypaBHeHHe

[y L]

0.‘[] 6.’[]

e —gy@ | S
:__I1+x2_|_12

onpefenseT GOPMaIbHO YAOBJIETBOPAIOIHUI eMy DA
(@ +y) +a (@ + P+ 120 @+ )+

+1.2.3-a (@ +y2r 4 ..,
pacxomAmuiica NpH BCAKUX OTAMYHBIX OT HYyJAd Z M Y.

59 [38]. B samumaiomeM Hac cIyYae NAaPH THCTO MHHMEIX KopHeit,
KaKk MH BHAelIH, pelleHHe Bompoca 00 YCTOMYHBOCTH CBA3aHO C BOI-
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pPOCOM 0 BO3MOKHOCTH HEKOTOPOIO NEPHORMYECKOTO peHmeHHA IA
cucremu (30). Ho, k coxasenno, Bce cnocofs, KakHEe MOKHO IpeR-
JIO’KHTH AJIA PelleHHA MOCHEJHEro BOMPOCA OPHBOXAT K IENH TOJBKO
B clyd9ae, €CIH HA HEro A0J:KeH MOJNYIHTHCA OTPHHATENLHHIE OTBET.

Ecaa 310 ﬂGpEO}lH‘lGCKOG pelieHHe CymecTByeT, TO - HeBO3MYII[eHHOe
ABH}KEeHHE yc'rommno.

JomycTaM, 9ro Kak-1A60 HAM yAAJNOCh YCTAHOBHTH CYIMECTBOBAHHE
HHTEpeCcyero NepHOXHIECKOT0 DPEemeHHA M TeM CAMBIM CYM[eCTBO-
BaHHe H cxogmmocTs paxos (31). Torpa mpeoGpasopamme

r=gz-4 u(®z(2) + u®z® + ...
1 2
zy =z, + uz + uP22 + ...

OPHBEET K ypaBHEHHAM BHAA (32), B KOTOpHX OYyAYT YHHYTOMKATHCH

$ynxmun Z©, Z. Mu npaxogum K caydam, nogobHOMY paccMOTpen-
HOMY B m. 51.

B aToM caywae chcrema (32) mmeeT HOJIHOE HHTErpajbHOE COOT-
HOIIeHHe ¢ ORHON NPOM3BONBLHOH NMOCTOAHHOH c:

z———c.LZZP(” K (m,vk=1, 21--')3. (34)

e P4 cyTs opmopomHbie GOPME m-il CTEmEHH mepeMEHHEIX A A

a KoadppammenTs Gopm P& CYTb KOHEYHHI¢ DPAJXH CHHYCOB M KOCH-
HYCOB I{eJILIX KpaTHOCTeif 0.

JeficTBATeIbHO, B ypaBHEHHH, ONpEXeIAIOMEM Z,
9z 9z
E(qslzl+---+qsnzn)7+w= EZ\ ol
ry 8

B OPaBOd 9aCTH He OyAeT WIEHOB, He 3aBHCAMMX OT Z,, TAK Kak Z(O

Z® cyrs myna. Ilycts pesynbTaT IOACTAHOBKH Z B I aByl 9aCTh
y p p
NpPeCTABUTCA B BUAE
— B30

Q%) obosmauaer GopmMy m-ii cremeHHm nepeMeHHHX Z,, 3aBHCAMYIO
OT Tex P( ), RMA KOTODHX i + j< m + k.

Jinn ompemenenna ¢opm P monyamm YPABHEHHSA

ap(®) ap) -
E(qsizl‘f'""*'QSnzn) Gz +_aé_=_' m e
s

Ilpeanonaras, 4to HalifeHH Bce (HOPMH P}‘), AJNA KOTOPHIX i + j <<
< m + k, 7 910 OHH 06]aJA10T ONHCAHHHIMH BHINE HEPHOTAYSCKHMH
OTHOCHTEJNbHO O KodpPpHmHEHTaMH, 3aMedaeM, UTQ Q(,,'? npefCcTaBIAeT
Popmy ¢ TakmMm ke kKodPpdummentamu. OTclofa ANA oHpefeNeHAA

koapdunuenton dopmu P Mm momyumm HEORHOPOAHYI0 CHCTEMY

§ H.T. Yeraes
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OOLIKHOBEHHHX JHHEHHHX NHQPepeRnuajJIbHEX ypaBHeHHH, ¥ KOTO-
poii COrJIAcHO H3JI0KeHHOMY B I, 34 XapaKTepHCTHYeCKoe ypaBHeHHe

GydeT HMeTb KODHAMH BHPa;KeHHA BHRA — (Mm%, + . . . -+ my%,),
rie m, — HEeKOTOphie HEOTPHNATeJbHLE IieJbie YHUCIa, HMelmue CyM-
Mot m, a %;, ..., X, CYThb KODHH ypaBHeHHA | q; — & x| = 0;

H3BeCTHHE UYIeHH OyAyT mnepHoamdecKumu ortHocuteabHo 0. Takas
cacTeMa (K3-3a TOrO, 9TO BCe KOPHH %, MMEIOT OTPHIaTeJbHEE BemecT-
BEeHHLE 9YAaCTH) BCEerja AONYCKaeT (M TOJHKO ONHO) IEepHOAMYECKOe
peleHHe.

VY Ka3aHEHHIM OOCAe[0BATENHHBM NPOLECCOM ONMpPENeTATCA BCe Kodd-
$AIAEHTH P g pax mas z. JloKaskeM CXOXMMOCTH TOCJERHEro ad
AOCTATOYHO MAJELIX IO a0COJIOTHOH BeJIHYHHE C, 2y, . . ., Zp.

Cucremy nuddepennuaibabX ypasHeRHid aaa Kosdpdunnentos dop-
st P mpmeegem x mamommueckomy Bmay (u. 30). Koapdumuents:
$opMH p¥ GyAyT CBA3AHH C HOBHMH KaHOHMYECKAMH BeJHMIAHAMH A
HeKoTOpHME (opMyamu nuBefinoro mpeoGpasoBaHns, BOOGME C KOM-
OJeKCHHIMH ¥ OTPAaHMYEHHHIME 10 MORYJIK0 Kodpdunuenramm. B mpo-
Hecce IOCJIEAOBATEILHOTO omnpenelenus Ko3ddunmentos A Oymem
HMeTh [IeJI0 ¢ yPaBHeHHeM

dA
7-9—'+(m1x1+...+mnxn)A:—B,_

rae B no ¢opmynam ykasaHHOro JHHeHHOro npeo6pa3oBaHHA 3aBHCHT
oT K03pPurimeRTOB HOPMEE Q(,,'f) H eme, OHTH MOKeT, 0T NPeAHAYIero
A B BHIe MONOJHHTEJIBLHOTO cjaaraemoro. B Oyger mepHogmuecKoi
¢yHEKIued O ¢ OrpaHMYEHHEIM MORYJEM..
Orcroma
0
A — (ot —|—‘mﬂun)BS it cetmox 8 p a0
8.

M3 sroro Bhipa:kemus i A ciefgyer, 9TO MH IOJYTHM nenowopme
BECIINE TPAHANH 1A MORyJeid Ko3pPHrEeRTOB (bopM P®. ropmme
B PaBHOH CTemeHH AJA Bcex BemectBeHHHX 3Hauenmit 0. Cieposa-
TeJNbHO, Zz GyfaeT ronomopdroil PyHKNHeH BEJUIHH Z;, . . ., Z,, € OPH
DOCTATOYHO MAJEHX 3HAYEHAAX NOCHCNHHX H JJA BCEX BEMECTBEHHEIX
sHavendi 0.

O6patuMca K Hameii 3agave. 3aMennM nmepBoe u3 ypaBRemmit (32)
HOJHHM HMHTErPadbHHM cooTHomenumeM (34). OcranbEEHe ypaBHEHHA
(32) mocse 3amens z coraacHo (34) mpEMyT BHR

dz. ’
"‘de; = (Q.u + csl) % + e + (an ’+‘ csn) Zn + ZS’.

rje ¢,, CyTh rojoMopdure GyHKIHA NOCTOAHHOH ¢, YHHYTOKAIOMMUe-
cd, KOrjja ¢ paBHO HYJIK0, Ko3()PHIHeHTH KOTOPHX NPENCTABIAIT

BemecTBeHHNe mnepHogmiecKkHe ¢ymxnum 0; Z, cyTh roaoMopHHE
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(YHKIHA BeJMYHH 2, ..., 3,, C, PA3JIOKEHEA KOTOPHX HAYEHAITCA
C YJIEHOB HE HHKe BTOPOr0 H3MEPEHHs OTHOCHTENLHO HEPEMEeHRHX z,
H HMeIOT NePHOJMYEeCKHEe OTHOCHTeNbHO O BemecTBeHHNE KOdpPHIAEH-
Th. Bce Ha3BaHHHeE (QYHKIHH roJoMopdHH [iA BCeX BeMmIeCTBEHHHIX
spagenmit 0.

Ilomo6r0 m. 51 paccMOTpEM omnpefeJeHHO-OTPHUATENLHYIO KBaj(-
parmyryio dopmy W, ompeneneHmyo ypaBHeHHEM

ow
@121+ -+ + Gen2p) ——— =21+ ... + 22
0zs
8

Baaraa B cmay mociegHEX ypaBHeHHA NOJHASA OPOM3BOTHAA OO O
ot aroil popmMu W Gyner

aw
d—e'—“zf—i--'--%—zf--%—

oW il
+§S_“(cslz1+ ot csnzn)—(,—z,—+§s_“zs T

Tak Kak ¢, cyTb rosoMopdase GYHKIHA ¢ JJA BCeX BEeIMECTBeHHHX
3gaveHmit O, ymmgrtokaromumecs npu ¢ = (0, To MoKHO HA3HAYATH
HEKOTOPYIO HOJIOKHTEJBHYI0 MOCTOAHHYIO h, WToGH mpH ¢, YACIEHHO
He mpesocxofAmeM h, KpajpaTmyHas ¢opmal

( . aw
...+ 22+ E (Csazr+ - -+ ConZn) —5—
8
8§

6n1a ompeliesIeHHO-TIONOSKKTCABHCH OTHOCHTEABHO 2, JJIA BCEX Be-
mecTBeHHENX 3Hauenmi 0. IIpm aroM mua nocraTouno mManmx mo abco-

" " aw
JIOTHON BeJMYHHe 3HAYeHHH z, (DycTh 3) 2> < R) npomssogHan 7o Oy~

JleT ompeNieIeHHO-NOJIOKATEIBHOR. A 3T0 B CHJYy TeopeMH JlanyHosa
(o. 11) nmoxaswBaer, 9TO HeBO3MYINEHHOE JBH)KeHHe OyneT ycTOHUH-
BHM [0 OTHOIIEHAI0 K NepeMeHHHM 2,, . . ., Z,, HE3ABACHMO OT 3HA-
YeHHil ¢, AuImb 6K afCcoaM0THHE 3HAYeHAA mocienHed GHam MeHnmre h,
TpAYEeM HOCTATOYHO (JIA3KOe BO3MYINEHHOE [BH)KeHHe GyHeT acHMITO-
TAYECKH CTPEMATECA K JBHKEHAKW 2 =¢, 2, =0, ..., 2z, = O.
Onpenenenno-nonoxarensiag yaruua V = —W mmeer He 3a-
BHCAINAE OT ¢ DOCTOAHHKE Koapduumentr. IIycTs ! ecTh TouHHIt BEpX-
HEil npenen ¢ymkumm V mHa cdepe z + ... + 25 = A. Oynkuua
V, Kak He saBHCAmMAA ZBHO OT 0, MomyckaeT GeCKOHEYHO MAJIHIA BHIC-
mui npener #, crajdo GHTE, AAd ! HalileTrcd 9UCI0 € Takoe, 4TO OPH

Dzl e

6ymer mMeTh MecTo HepaBeHcTBO V << [. Tak onpejeJieHHOe THCJIO €
He 3aBHcAT oT ¢. OTcloma mpm BCAKOM 3HaYeHHH | ¢ |, aEmb OH OHO
6ri10 Menbme k, 1A BCAKOro moJosxETEaBHOTO0 uHcaa A < R ompe-
.JleleHHOE BHIIE He 3aBHCAINEE OT ¢ YHCI0 £ 006ajjaeT TeM CBOMCTBOM,

5‘
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49TO NpA HAYAJHHHX BO3MYIIEHHAX, MOAYHHEHHHX YCIOBHIO
2
2 Zs0 < €,
E
Aasa a060ro BemecTBeHHOTO O Gyner BHOOMHATHCA HEPABEHCTBO

Nk < 4.

Imuxn Gokasvieaemcs Ycmoiuusocmb HeeOIMYUFEHHO020 OBUNCEHUR NO
OMHOWEHUIO K BCAUNUNAM Zy, . . ., Ty, C, WMO DPAGHOZHANHO €20 YCcmol-
YUEOCMU NO OMHOULEHUIO K Zy Zyy . . ., Z,, G MEM CAMBM U K HAYAAb-
HBLM NEPEMEHHBM L, Y, Ty, « « .5 Tp.

60 [39, 41]. Tl p mm e p. Paccmorpum amdpdepeEnuaIbHEE ypaB-
HeHHA BO3MYIEHHOTO JABH)KeHHS

at
rae X, Y cyrs ronomMmoppane GyHKnmnm r, y, HaUHHAIOIAECA B CBOMX

pa3NoKEeHAAX ¢ TIEeHOB MO MeHbIIeil Mepe BTOPOro MOPAfIKa H YAOB-
JeTBOPAIHAEe YPABHEHAIO

X aYy
5t =0

CornacHo mnocnefHeMYy COOTHOIIEHHI CymecTBYeT HEKOTOpaA TroJo-
yMoppHan ¢ynrmua P (2, y), HAYAHAKIAACA B PAINOKEHAA C YJIEHOB
TPeThero mopsAAKa, TaKaA, 4TO

9 9
A B
dy oz
ITpennosxeHHNe YpaBHeHHS ABIAITCA KAHOHAYECKAMHA H OyAYT HMETh
clefylomuii HHTErpan:

24yt @y =

rae ¢ — HEKOTOpasaA HOCTOSAHHAA, Hem30eHO MOJOKHTENbHAA MIA
AOCTATOYHO MAJHX IO a6COMOTHON BenmumHe 3HAUeHmi z, y. [eman
HONCTAHOBKY & = r cos 0, y = r sin 0 m paspemas moJxyveHHH HH-
Terpaj OTHOCHTENBHO 7', MOJYYHM BHpa;KeHHe r B BHJe HepHopHve-
ckoil ¢yHxmmm 0.

CrnenoBaTenbHO, HEBOIMYINEHHOE [BH)KEHHE OyAeT YCTOHYABHM
(m. 59), 9T0 MOKHO 3aMeTHTH TaK:e B cHAy obmeil Teopemu Jlamy-
HoBa 00 ycroiiumeoctm, ecadm 33 Qynxnmio V OpHHATE JIeBYIO YacTh
YKa33aHHOTO OIpefeNeHHO-TOI0KATEILHOr0 MHTErpaJa.

IMMlpamep. Jaamw ypaBHenHs

dx dy d
o+ y =gz, - —=Paz, - + kz = yay,

B KOTOPHX k 060o3HavaeT MOJMOKATENARHYIO, & o, P, Y — KakKme yrof-
HO BemecTBeHHHE NOCTOAHHEE.
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[leproguueckoe pemenne GyjaeM ACKATH IO cHOCOGY, H3IOKEHHOMY -
B m. 57. 3aMedas, 9T0 mpeAsoKeHHHe YPaBHeHHA He MEHAIOTCHA HpH
3aMeHe £ HA —I W y Ha —y, HoJydaeM

x=1ccosT | x®)c3 + 2G5 ...,
y =csint+ y®c® 4+ y®)cb 4 ...,
z == 2% {2t L ..,
HOnsa ompenenenna ¢ymkumm z(?) moiydaeM ypaBHeHHE

dz»
dv

+ kz® = —z— sin 2T,

KOTOpOoe HMeeT mepHOAHIECKOe PelmenHne

@ = —2Y_  Yksi — )
2 Yy (% sin 2t — 2 cos 21)
HOaa ompepenenna x(®, y®) uMeeM ypaBHeHHA
a3 . .
;T + y® = — h,sinT + az@sin,
d 3)
gt — 23 = h,cos T + Pz cos T.

Ioncrasnsaa B mpaBbie 9acTd »THX ypaBHeHHil Haii/leHHOe BHIPasKeHHE
naa z(?), dMeeM OmpH PasjiO;KeHHH N0 CAHYCAM H KOCHHYCAM KPATHHIX

Ayr Bupaxkenmin X®) = qz® sint m Y©® = f2(» cos T caenyromme
HHTEepecyouae HAC YJeHH:
@ _ ayk 3)__ Byk ; ..
X —-mCOST—F.-., Y _“-—————_4(162—}—4) 51nT+ ).
OTKYa
(@ + B) vk

A T
[oatomy (m. 56) ecnm (a -- B) y << 0, To HeBO3MYymeHHOE ABH;KEHHE
ycroitumBo, a ecad (o + f) v 0, TO HeBO3MYIICHHOE JBH;KEHHE

HeycroiiyuBo. Ecam (o + B) y = 0, To mpepsioxeHHasa cuCTeMa ypas-
HEHHH JomycKaeT HHTErpaj

% -+ y? = const,

H, CJEf0BATEJHHO, €CIH J[eJaeTca HOACTaHOBKa T = rcos 9, y =
= r sin 0, 10 r 6yner nepmoamaeckonn Pyuxumeir 6 (r = ¢). B m. 55
MH YCTAHOBHJIM, 9TO ecJaH u(¥) GyAyT HOJYYaThCA NePHOAWIECKAMH
(8 paccmaTpmBaemom ciaydae Bce u™) =0 mpm v =2,3, ...), 10
HCKOMoe mepuofmueckoe pemenme (31) Gymer gopMansHO BCcerma cy-
H[eCTBOBATH (MOKHO [OKa3aTh, 910 mpH 3ToM pagu (31) Gyayr cxona-
mamAca). Mu JoJKHE 3aka09daTh (0. 39), 9TO HeBO3MYI[eHHOE ABH-
sxkenme Oymer npm (o + P) vy = 0 ycroiiamBhM,
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3aMeuanne. HKparmueckmit cayuait, Korga ypaBHeHMA mep-
BOro mpEGAMKEHAA HMEIOT HOCTOAHHHE KodpPummeHTH, a XapaKTe-
PACTHYECKOE yDaBHeHHe WMeeT HYJeBOHl KODeHb BTOPOH KDPaTHOCTH
¢ HempOCTHM 2JeMEHTapDHHM [eamTeNeM, Gui paccmotper Jlamymo-
BuM ') mam n = 2. J[pyrme KpHATHYeCKHe CJAYY9am HCCIEROBAIH
U.T.Maaknn 2) n T. B. Kamenxos 3). Cayuam atm, Kax mpeicraB-
JAAODIAe CHeNHMAJbHEI MHTEepec, MH pacCMATpPHBATh He OGynmeM.

HJAanynos A. M. Hccaenosaune omHoro m3 ocobeHHHX caydaeB 3a-
naum 06 ycroidHBOCTH ABMieHms // Mar. ¢6.— 1883.— T.1, Ne 2// d any-
HoB A.M. O6masn 3anada o6 yeroiiamsocta apmxenua.— M.: I'ocrexmanar, 1950.

)y MaaxrH U I'. HekoTopHe BOHpOCH TEOPHE YCTOHIHBOCTH ABH)KEHHSA
B cMHcae Jlanynosa // C6. Tp. Kasan. aBman. mE-Ta.— 1937.— Ne 7.

Manxurr H.T. Hexoropue OCHOBHHE TEOPeMH TECOPHHE YCTOHIHBOCTH
NBIKeHAsA B KPATHYeCKEX cay4anx // Ilpmkx. mar. m mexan.— 1942.— T. 6, Ne 6.

3) Kamenxkos I'' B. 06 ycroitumsocrr apmxenns // C6. Tp. HKaaam.
apdan. mH-Ta.— 1939.— N2 9.



TIABA 9
HEYCTAHOBUBIHIMECA IBUXEHUA

Xapaxrepncruunsie 9nciaa Qyuxigmi

. MeTtoan mccienoBaEAf YCTOUYABOCTH HEYCTAHOBHBHIAXCH J{BH:Ke-
HAA pa3paGoTaHH ¢ MeHbITed MOJHOTOH, YeM METONH, NPeNI0KeHHLIE
AJA yCTAaHOBHBIIAXCA ABMKeHW#A. MMeiommecs 3aech TeopeMsr Cy-
IMEeCTBOBAaHAA, He peman Bompoca 3ddexTHBHO, NAIOT B H3BECTHOM
CMEHICJIe ACHOE HPEACTABICHAE O TOM, YTO MOKET HJIHA JAOJKHO HMeTh
MEeCTO, a 3TOT0 B OTHEJBHEIX 3afadax MOCTATOUYHO AJA HX HOJHOTO
pemennasn.

61 [6]. Bynem paccMaTpmBaTh QyHKUHE Z BemEeCTBEHHOro mHepe-
MEHHOTO £, ompefeJeHHHe JJA BCAKOTO f, GOJNBIMIEr0 WIM PaBHOTO f,.
Ilpayem GyneM paccMaTpHBATH TOABKO TaKkme QYHMKIHHA, XJIA MOXyJen
KOTOPHIX IPH A3MeHEHHH ¢ OT £, 0 KAKOr0 YroJHO AaHHOro umcia 7T,
Goasmiero t,, CymecTBoBaid OH BHCHIME TPaHHIH.

(DyHRKUAI HA3HBAIT 02PAHUNEHKOI, €CIH ee MOAYIb OpH ¢ > i,
OCTAeTCA BCErfa MeHbIIe HEKOTOPOoH mocToaHHOH. DyRKUAK, MOXYIhL
KOTOPOH MOjKeT AeJaThCA OOMBHIAM BCAKOH JAHHOH HOJOKHTEIBHOR
BeJIMYHHH, KaK OB OHa BeJHKa HA GHJa, HA3HBAIOT HE0ZPANULEHHON.
Orpannvennyio ¢ynxumio, Koropan ¢ GecnpeaeabHHM BO3pacTaRHeM ¢
CTPEeMHTCH K HYJI0, Ha3HBAIOT uciedaouyeli.

HenocpeacTseRHO A3 3TEX ompefeeRAHil BHITEKAIOT NPENIOKEHAA:

Ecam z ects orpammdyenHas ¢QyEKuas £, T0 ze ' mpE BCHKOM
HOJIO;KATEIBHOM A eCTh QYHKIHA HcYe3aioman.

Ecam z He ectp mcuedaiomas ¢yrxuusa £, 10 ret' npE BCAKOM
HOJIOKHTEABHOM A ecTh QyHKIHA Heorpammennaﬂ.

JJemma. Ecau

z = zeM

npedcmasasem GYHKYWIO, Uckeaaupylo npu A = A, U HeozPAHULEHHYIO
npu h =M, npunex A, u A' cymv neKomopwe eelpecmeer e NOCMOIH-
HKe, Mo 6ce20a 603MOHCHO Halimu maKoe eelfecmeeHHOe HUCAO Ay, ¥MO
Pynryus z npu b == Ay -+ € 6ydem neozpanunenroii A 6CAK020 NOAO-
HUMEALHOZ0 NOCMOKKHO20 € U uctesawougeil 0aa 8caKoz0 ompuyameadb-
HO020 NOCMORAHH020 €.
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HoxasarennbcTso. Mexkay umcaamm A, m A Bcerna Mox-
HO BCTaBHTh [Ba GECKOHEYHHX pAAa IACEN:

HeyOHBalom\R: Ay, Ay, Ag, . . .
B HeBo3pactalommii: A', A/, A", .. .,

TAKHX, 9TOOH Kajk[0e YACJI0 mepBOro paAja OHJIO MeHBbIIE Ka;KIOro
9ACJa BTOPOro; IT06H QyHKIEA

zern'
I8 BCAKOro n Onia mcuesalomeil, a pynxoma

.‘te"(")t

OJIA BCAKOI'O n Onia neorpanmennoﬁ H, HaKOHen, 9100H Pa3HOCTD
YOR

JIA KOCTATOYHO GOJIBIIOro n GhJIA CKOJbL YrOMHO MAajoH. ITOTO MOK-
HO NOCTHYH HOCJHe0BaTeJbHHIMH BCTaBKAMH HIapH YHCE] HA HMHTEp-
Banax (A, A®).

ITH aBa pAja OmpeleNAlT CedeHHe A, He MeHbIIee HH OJHOrO M3
qmEce;1 MEPBOr0 psAja W He GoJbHmiee HH OJHOTO H3 9HCE] BTOPOTO.
"Ygpeao Ay, B 6yAeT ACKOMEM. JTO YHCI0 JIANYHOB NpeNI0;KHJ Ha3H-
BAaTh TAPAKMEPUCUYHBLM YUCAOM QYHKOAH Z.

Ecam zeM ecth mcuesaomas HAW HeorpaHAYeHHAA QYHKOAA mpm
BCAKOM BENECTBEHHOM A, TO YCJIOBHMCA B IEPBOM CJIy4ae XapakTte-
PHCTAYHOMY 9YACJIY HNPHOACHBATH 3HaYeHHe 00, BO BTOPOM —oc.

IMIpaMepn.

Jaa BcAKOM OTAMYHOH OT HYJA NOCTOAHHOH XapaKTepPHACTHYHOE
9HCJI0 eCThb HYIb.

Jna BcAKOH orpaHMYeHHOH (YHKOMA XaPaKTePHCTAIHOE YHCIO
ecTh HYJb.

Jina moJmHOMa KOHEYHON CTENEHHM XapaKTePHCTHIHOE THCJIO eCTh
HYTb.

Jlna ¢pynknma et!sint xapaxrepmcTAYHOe YHCIO paBHO —1.

N3 ompeneneHna xapaKTepHCTHIHOrO 9HCIA cleAyeT, IT0 ecjn
HaJJe;KallEM BHGopoM ¢, 0oJbpluie mpPOM3BOJBLHO 3aJaHHOTO dIHACIA,
penmuaaAy | A — f ()] MOoskHO cmeJaTh CKOJB YTOXHO MAajioi M ecim
IpA 3TOM AJA BCAKOTO IOJOKHTEJILHOTO IOCTOAHHOTO &, KaK GH MaJo
oHO HA 6HJIO, MOKHO HaiiTm Takoe wmciao T, aro A — f (t) << & aasa
Beex t > T, To A ecTh XapaKTepHCTHYHOe IHCIO PyHKmEE e-*(t),

62 [6]. B cayuae, korma XxapakTepECTAYHBEE YACIA JAHHHX QyHK-
.mEH KOHEYHH, MO;KHO J0Ka3aTh CJeAylolue IPenJIOKeHHA:

Xapaxmepucmuunoe wucao cymmu 0syx Pynryuii pasno HauMeHb-
WeMy U3 TAPAKMEPUCTMUNKBE Yuces Imux Pynryuil, Kozda smu vucia
PA3AUNHBL, U He MeHbWe UT, Ko2da OHU PasHu.

B camoM nmesne, mycTh A; B A, CYTh XapaKTepHCTAYHEIC YACJIA QYHK-
oai T, B I, B 0ycTh Ay < A,. Torpa pynxnma

(z; + z,) etate)t = g ehte)t L g etstnit,
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rae 1= A — A, + &, 6yner mcdesaomell I8 BCAKOTO OTPHIATENL"
HOro IOCTOAHHOTO €. IlosTOMYy XapaKTepHCTHYHOE UHCJIO CYMMHE &, -
+ z, Bo BCAKOM ciaywae me Memsme A,. Ecam xapaxrtepumcTHdmbie
9HCJA A, H A, He PaBHH MeKAY coboil, To qeJad € NoN0KATEIbHNM |
YOOBJIETBOPAKIHEM HEPaBEHCTBY

0<8<7~2-—7~1,

HMeeM, UTO IPH 5TOM 1) ByJeT OTPHIATEJBHO H, CJENOBATEIBLHO, TEp-
Boe cjarTaeMoe B IPABOM 9aCTH WOCJeJHEro paBeHCTBA Gymer Heorpa-
HHYEHHHIM, a BTOPOE MCYe3a0IHEM; IIPM TAKOM YCJIOBHHA XapaKTepHuc-
TAYHOE UHCJIO0 CYMMBI I, -+ Z, PABHO A,.

Xaparmepucmunnoe wucao npoussedenus deyx GYHEYUI He Menblie
CYMMBL UT ZAPAKMEPUCIMUMHBLT HUCeA.

B camoMm gese, nycTs cHOBA Ay B A, ABIAAKTCA xapamepncmqnmnn
9ucaaME QYHKOHi x, u x,. OyEknmua

xlxze(7~1+k.+8)t — xle(’"—{— %) 'xze(kﬁ- %) t

eCTh HMCUe3alomana AJA BCAKOr0 OTPHIATEIBHOTO €. 3TO H JOKA3HBAET
TpeIo)KeH e,

UTo xapaKTePHCTHYHOE YHCJIO NPOM3BENCHUA MOKeT GhTh Goabuie
CYMMHBl XaPAKTeDHCTHUHBIX 9YHCeJ MHOKHTeJeil, MOKA3RBaeTCA NPH-
MepoM

T = etsint’ Ty = ~tsint,

Haxpnas m3 sTux ¢yHKUMA HMeeT XAaPAKTEPHCTHYHOE dgHCa0 —1,
a XapPaKTePHCTHYHOE YHCJIO HX HNPOU3BENEHHA PABHO HYJIO.
CnenmcrBue Cymma raparkmepucmudhur wuced GyHEYul z

1
U — He Goabwe Hyas.

Ecau
T = e“(f+‘i(P)¢'

20e i = V—i, a [ u ¢ cymb Hekomopye 6eujecneenibie Pynryuu t,
mo 048 mozo, Wmobs cYMMa TaApPAKMEePUCTMUNHWE uYucer GYHKRYUi x

1 .
u— 6vaa pasroii. nyar, Heobrodumo u docmamouno, umobs PyHKyUA

f ¢ Gecnpedeavm soapacmarnuem t nPUOAUNCALACL K HeKOMODOMY npe-
deay.

HJocraTouHocTs ouesunna, 6o ecaH QYHKUHUA f CTPEMHTCA C HEOI-
PaHHIEHHHM BO3PACTAHMEM ! K HEKOTOPOMY mIpefieay A, TO mOCJeHAM
CIYKHT XapAKTePHCTHYHKIM YHCJIOM QYHKUMH Z.

Heo6xonaMocTs cienyer m3 Toro, 4ro ecadm A B —A CyTh XapaKTe-
PHCTHYHEIe YUCJIA QyHKUHA B 1/2, TO IPH BCAKOM [aHHOM IOJOMKH-
TEeJbHOM €, KaK OBl MaJo OHO HHA Obij0, QYHKUHH

e—t(e=A+f) g e-t(e+r—])
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6y11y'r AcCYe3alMAMHU, H HOocCJejHee BO3MOKHO TOJBKO OPH YCJOBHH
A —Fl<e

IJA BCex 3HadeHmid ¢, GOonbmIAX HEKOTOPOro IHCJA.

Ecau cymma zapaxmepucmuunsz wucer gyuxyuli x u 1/x pasuna
HYA10, MO TAPAKMEePUCTUNHKOE HUCA0 NpoussedeHUs PYHKYUU T HA Ka-
Kylo-au6o PyHKYUI0o Y pAsHAEMCS cYMMe TAPAKMEPUCIMUMHBLE “Ucea
amux nocaedHuZx.

IIyers A, p, S cyTh xapakTepHCcTAYHbBIe 9AcIa ¢GyHKHEHA I, Y,
z = zy. Torpna, npnaarad mpejiosKeHAe 0 XapaKTePHCTHIHOM dHACJe
nponssefieHAA K QYHKIHAM

i

Z=ZY Y =2 —

HaueM

S=A+p

ITycte z ecTh mATErpEpyeMas QyHKUAA f. ¥YCIOBHMCA paccMaTpH-
BaTh HHTErpaj

OTKYAA

t
u = Sxdt,
ty

eC/id XapaKTepHCTAYHOe IACIO0 GYHKOHH X OTPHIATEJbHO HJH HYIb,
¥ HHTETpaJ

u = §xdt,,
t

eclid 3TO 9ACJIO IOJIOKHTeJHHO.
Xapaxmepucmuuroe wucio uKmMezpasIa He MeHbUWe TAPAKMePUCTAUN-
HO020 uUCAQ NOGWHMEZPAAbHOL PYHKYUL.
IIycte A eCTh XapaKTepHCTHYHOE YACJIO HO/LINTerpanbHOl QyHK-
pan z. Ecam A ~> 0, paccMorpEM HHTerpai

oo

u = [zet-mr] -0t
t

rre 0 < n < A. @yaknar ze®~" gpa BCAKOH HOJNOKHTENbHOH HOC-
TOAHHOH 1 OyAer mcYe3almed H, CJeA0BATeJBLHO, orpaHAYeHHOM.
O6o3navan uepes M BHCmAA IpeRea ee MOAYJIA TOpH ¢t > t,, HMeeM

R M
lu I < M S e~ (h-nitdt == _k_——*_'fl_

¢

e"‘(l—'ﬂ)t.

Crenopatensno, ¢GyHynma
ue-ex
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Gymer mcuesaomedl npa BcakoM &, GoapmeM 7. Ho n MoxHO BHGpaTh
ckoap yrogHo MaanM. Hoatomy mocienHAA QyHKIAA ecTh HcYe3an-
masa OpA BCAKOM IOJIOKHTEJHHOM €. A 3TO W JOKa3HBaeT yTBep:Kie-
HAE [IA MOJO/KATEJIBHOTO A.

Ecam A <{ 0, To 014 npoH3BOJBLHOTO MOJOKHTENIBHOTO 1)

t
lu|< M S Ot g — =Mt | const,

t

M
— A

OTKY/a
ueh-e)t

ecTh HcUe3daiomasd QYHKOAA ONpH BCAKOM &, OosbmeM I, & CJaefoBa-
TeJbHO, W IPHA BCAKOM IOJOMUTEIHHOM E.

XapakTepHCTHIHbLIE YHCIA pemieHHi

63 [7]. Mu GymeM paccMaTpHBATH YaCTHHE DelieHHA JAHEHHOH cH-
creMil 1a¢depeHNAATBHEX YpaBHEHHAMH

dz
'd_tszpslzl‘*_"'_*_psnzn (3217-"‘1‘7!) (35)

¢ Ko3$pAnueHTaMA P, — BeN[eCTBeHHHMH, OrpaHAYCHHKWMH, Hempe-
PHBHHME (QYHKIAAMA [.
PaccMorpuM kakoe-iufo pemeHHe

Tgy o o o9 Ty

auHeAnNX AAPPepennnansnnx ypasaenai (35). llox xapakTepmcrmy-
HHIM 9HCJIOM 3TOT0 PEHICHAA YCJIOBAMCA IMOHAMATH HaHMeHBbIIECe U3 Xa-
PAKTePHCTAYHHX dAcea YHKIHA, BXONAMMMX B 3TO DelIeHHe.

Bcerma maierca cucreMa n JHHEHHO He3aBHCHMLIX pemICHHI.

T eopema. Beakoe nempueuasbhoe peuterue cucmemvl dugge-
peryuaabhtir ypasuenull (3D) umeem Koweunoe zapaxmepucmusHoe
Yucao.

HdoxkasarteabcTsno. CHavana pacCMOTPAM BemieCTBEeHHOE
penieHne, B KOTOPOM BC® I, CYyTh BemeCTBeHHHe QyHKImHA I.

BeeneM HoBHe mepeMeHHHE

2, = xM,

rae A oGo3HauaeT HEKOTOPYIO BEMECTBEHHYIO mocToanHyl. Torma aa-
RampHne ypasEeHHEA (35) mpeolpasyorca B caegyomae:

dz
dts = Ps1%y +...+ (pss + A’)zs +..-+ PsnZns.

M3 XKOTOPHIX BHBEAEM

1 d
2 dt § z = 2 (Psr + O4:M) 242,
$ s r
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Bropasa wacTh 3TOrO0 paBeHCTBa Hpe[CTAaBAAET HEKOTOPYIO BemECTBEH-
HYIO KBaJIDaTHYHYI0 GOPMY BeJaMYdH 2z ¢ KodPdrmmeATaMn, 3aBHCAMA-
MH oT A m 1. B cany mpenmono;kenHo# orpanmueHHOCTE QYHKOHiA p,,,
BCerjia MO'KHO HAafiTH TaKHe 3HavYeHHA A == A’, IpH KOTOPHX BCe raas-
HhEIe XHAroHAJbHEE MEHHOPH AHCKPEMHHAHTA

H psr+prs -{—63,.1

6ynyT OONOKATENbHHMHA JA BCeX PACCMATPHBACGMHX 3HadYeHAHd ('
Jlna Takoro 3nauenna A’ aTa KBagpaTeuHasA ¢opma GyaeT onpeaenenHo”
HOJOKATEJIbHOM.

HaiinyTca Tak:ke Takme 3HaYeHAA A = A,, IpA KOTOPHX TJaBHHE
JHEaroHaJbHHE MHEHODH OyQyT 3HAKONePEeMEHHH, HAUYMHAA ¢ OTPHOA-
T8XbLHOTO Dyy + Ay; AJIA TAKOTO A, CTOAMAA B IPaBOi 4aCTH mOCJaENHETo
PaBeHCTBAa KBajjpaTmuHag (opMa GyaeT ompemeneHHO-OTPHLATeAbHOM.

e

Orciofa, mpm BCAKOM A = A’ - 5+ Tle & — OPOH3BOJIbHAA WO-

JOKATENbHAA NMOCTOAHHAA, HMEeM HEPaBeHCTBO

d 2 2
= E,zs>s E Zs5
8 S
H3 KOTOPOro HHTErPHPOBaHHEM BHBOJHM
ANz > Cet!
S

INA BCAKOTO paccMaTpuBaeMoro 3mavenmsa f; C o06o3HayaeT HEKOTO-

2
PYI0 TOJOKHTENBHYI0 NOCTOAHHYI0, HE NPEBOCXONAMYIO J)zxe-th,
Ifie 2z, — HavYaJdbHhe 3HaUeHHA IepPeMeHHHX 2, OTBedaloM[He Ha-
YaJbHOMY MOMEHTY 1,.

Ilpm A = A, — % EMeeM
d
4 A< N
8 L

DL Cet

A BCAKOro paccMaTpuBaeMoro 3mavenms I; C’ oGo3HauaeT moJIOKH-
TEAbHYI0 TOCTOAHAYI0, He MEHBIIYIO €t D) 25-

OTKyJa

, e
CnemoBatensno, maa A=A’ 5 » TPH HPOH3BOJILHOM IOJOXKH-
TeJIbHOM &, cpefil PyHKOHEl 2z, HalifIeTCA OO0 MeHbIIEH Mepe ofHa He-

e
OTpaHMvYeHHaA, a ANA A = A; — =5 Bece $yHknma z, GYAYT HCcYe3arOnE-
mu. TakuM 06pa3oM, HaEMeHbITEe A3 XapPaKTePHCTHYHKIX YHCea QyHK-
OHE Z, PACCMATPHBAEMOT0 BEeH[ECTBEHHOTO0 HETPHBHAJIBHOIO pemenns

cucTeMu (35) He MeHbme A, H He Goapuie A’'.
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Yro6n 06HApPYKHTh CHPAaBENJIHBOCTH TEOPEeMH B0OOGINE, AOCTATOY-
HO 3aMeTHATh, YTO BCAKOE KOMILUIEKCHOE JacTHOe pellleHme

z, = us_|.-]/--—-_iva (s=1,....n)

COCTaBJAECTCA M3 ABYX Bel{eCTBEHHHX YACTHHX peleHud U, H U,.
IllpamMeuanne Teopema merko pacmpocTpaHAerca Ha CIy-
9afl KOMIUIEKCHHX Dg,, JAIb GH OHA ObUJIM HEOPEPHBHKMH H OrpaHH-
9YeHHBEIMH IO MOAYJI0 QYHKIHAMH {.
Cnencreume. Ecau xospuyuenmun p,, Ouggepenyuasbiur
ypasrenuii (35) makosw, umo eaasnve GUAZOHAALHBE MUHODYH onpedeil-
meas

| psr + Prs |l

HAKONEDEMEHHB, NDUNEM D,y OMPUYAMerbHo 044 écex 3HaveHull t,
npesuULANWUT HEeKOMmOpYIe NOCMOSHHYI L,, MO0 TapaxmepucmuiHbie
YUCAQ YACMHBE PelieHUll maKoli CUCmeMbl e NOAONCUMEAbHB *.

64 [8]. Ilycrp pna ypapmenmii (35) maiinena Kakaa-aE60 cHCTeMa
JIHHEHHO HEe3aBACHMHX pemeHHi

Tygs » » =y Tpg (k:i,..., n).

Cocrapiasa m3 3THX peleHHMil HajJe;Kal(de JHHeHHNe KoMOmma-
IHH, MH MOjKeM BHBECTH BCAKYI [PYTYI0 IHOJHYI0 CHCTEMY He3aBH-
CHMHBIX pelmeHHiH.

Hasknmaa cacreMa He3aBHCHMHX PEHIeHHil HMeeT 72 XapaKTepPACTHI-
HHIX YHACEJ, OTBEYAIOIHX BXONAIIAM B Hee N HE3ABACHMBIM YaCTHHIM
pemenaaM. Ecan Bce 3TH XapaKTepPHCTHYHLE THCJIA PA3JAYHH, TO Xa-
PaKTepPHCTHYHOE YHCJO JI06OT0 NPYyroro 4acTHOro pemieHHs, BHpa-
JKaomerocs JHMHe#HO 4Yepe3 3TH He3aBHCHMEHE pelIeHAA, COIJIACHO
OPeJIOKEeHNnI0 0 XaPAKTePHCTHIHOM 4mcije cyMMH (n. 62), 6yner paB-
HATHCA KAKOMY-ImG0 M3 XapaKTePHCTHYHHX YHCEN TAKOM CHCTEMBI
He3aBACEMHX pemennil, lloaroMy cucrema ypasHenmii (35) me Moxer
HMeTh Goxblme n HETPHBHAJLHHX PeNIeHHH, XaPAKTePHCTHTHHE TAC-
J1a KOTOPHX OHAHM 6K Bce Pa3JMYHHL.

Ecam cucrema He3aBHCHMBIX pemieHmil HMeeT OXHHAKOBHIE XapaK-
TEPACTHYHKE YHCIA, TO MOKET CIYIHTHCA, 9YTO MOKHO HAWTH HOBYIO
CHCTeMY He3aBHCHMHX YaCTHHX pemeHH#l, CyMMa XapaKTepPACTHIHEIX
qAces KOTopoii Gyner GoJiblie aHAJOTHIHOH CYMMH JJIA HadaJbHOM.
Tak Kak 9YACJIO0 XapaKTEePHCTHYHKLX 9YHCEN OTPAHAYEHO (HE MOKeT
6HTH GosbIie n), TO CYImIECTBYET NOJHAA CACTEMA YACTHHX HE3aBHCH-
MBIX pelmeHHi, AJSA KOTOPOH CYMMAa XapaKTePHCTHYHHX 9HCEJ BcexX
COCTABJAIOMIAX PemeHHii JOCTHraeT CBOEro HAMGOJLHIEr0 3HAYCHHSA,
TAaKyI0 CHACTeMY He3aBHCHMBIX pememm Ha30BeM HOPMAALHOL.

CHcTeMa He3aBHCHMHX pelleHMil, XapaKTePACTHIHHE THCIA KOTO-
POl BCe Pa3jaMYHH, €CTh, OYEBHNHO, HOPMAJbHAfA.

65 [8]. PaccMorpmM ompenenmTean, cocTaBJeHHHH B3 (yHKIHI
Zs, CHCTEME HE3aBHCHMHX JaCTHHX peHIeHmii,

A = ||z |
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ITonnasa npomaBojgHas Do ! oT Hero B cCHAy ypasHeHmil (35) ecTs

n
A=A D p

§=1

Harerpupoeanne naer gopmyny Jlmysmans
A = CeSZprd'l

rie C — HeKoTopada MOCTOAHHAA.
OGosnagnm gepes

Ay o v s Ay
XapaKTePACTHIHLE 9HCIA CHCTEMH HEe3aBHCHMHX PemeHHid T, . . .
couwzng (=1, ..., n). Ilpeqnoxenna o0 XapakTepEHCTHIHOM IHC-

1e cyMMH H npom3Befenmsa (no. 62), npmMeHeHHHe K gopmynae A =
= || z; |, DPABOJAT K 3aKINIEHAID, 9TO XaPaKTePHCTHIHOE IHCIO A
HE MEHBIIE CYMMH

M. A

JIPYyraMHA CcJ0BaME, CyMMa IapAKMEDUCIMUMHBLL YUCEA CUCTEMB He-
sagucumwnx pewenull ypasnenuti (35) He npesocxodum rapaxmepucmuy-
Ho20 uucaa PyHryuu

es pX pssdt,

Cnepcrsue. Eciu zapaxkmepucmuunoe wucao nocaednet @ynk-
Yuu ompuyamesvho, mo cpedu rapaxmepucmuirur wuces A, 6ydem cy-
upeCME08amb no Menvulell Mepe 00HO OMPUYAMEsbHOE.

Crnepmcrrue. Beskas cucmema n He3aUCUMBEL DEUERULl, 0as
KOMOPOU CYMMa TapakmepUucmuLHh Yuces 6cex PEUleRull pasHa rapak-
mepucmuunory wucsy @Gynryuu

of T oyt

ecmv  HOpMaabHas.
Cnenyer mMerh B BHJY, YTO He Bcerja HOPMajbHAfA cHCTeMa obma-
Haer TakmM cBoiictBoM. HanpmMep, nusa cucreMH ypaBHeHHH

‘Z’ = (sinln? 4 cosIn?) z,,
‘f;z = (sinln¢ 4 coslnt)z,

dyEKIHA
gs b pssdt"

Oynyum nocToAMHOH, EMEeT XapPaKTePHCTHIHOE YHCJIO, PaBHOE HYIIO,
a CHCTéMa He3aBACHMHIX peleHnit

— etsinln t’.

— ptsinInt
Zqy = = € Y

L1
— g~tsin In '1 Zgy = — e-tsin In tl

T1a
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ABIAACH, OYCBUHO, HOPMAIbHOHA (TAK KaK BCAKAA HX JAHEHHAS KOM-
OmHAnEsA HE MOMET YBeJIHYATh OOImMEero mM BceM XapPaKTePHCTHIHOTO
9@CcyIa), HMEET CYMMY XApaKTEePHCTHYHHX Yncel (AMEHHO -—2) MeHb-
me Hyas. XapaKTepHCTHYHHE YHCJA pemeHuil ompefensIoTcs 3[ech
nofgo6Ho mocaeREeMy m3 npmMepos u. 61; moctm:kuMmme upm ¢, 60an-
meM n1000ro 3afaHHOrO Hamepex 9Y@CIAa, BHcIIAEe Ipefeln (YHKImi
+ sinln ¢ pasEm +1.

X apaKTepHCTAYHHE 9YHCI& CHCTEMH HE3aBHCHMHX pellleHHR, om-
pefiesiAs B H3BECTHOM CMHCJe PocT OYHKIHiHE x,. OIPH HeOorpaHHICHHO
BO3pacTalomeM [, HeNOCPEACTBEHHO HAIOT YCJIOBHS YCTOMYHBOCTH HMJIH
HEYCTOWYHBOCTH TPHBHAJIBHOTO pemeHdAs &, = ... = I, = 0 cB-
cremu (35).

Ecau sce rapakmepucmunnbie wucaa cucmemb HE3A8UCUMBLT peuie-
HULL NOAOHCUMEALHB, MO éce PYHKYUL I, 6ydym HCIE3AIMAME, a He-
BO3MYINEHHOE [BHkeHme (z; = ... = Z, == () ycTOHYHBHM.

Ecam cpefm XxapaKTePpHCTHYHRX YHCEJ] CHCTEMH HE3aBHECHMHX
pemednii HaifgeTca XoTA OH OAHO OTPHIATEJBbHOE, TO cpefl QYHKUMR
I, HaligeTcA mo MeHbIeHd Mepe ogHA HeorpPaHHMYeHHAsd, H, ClIel0Ba-
TeJIbHO, HEBO3MYIEHHOe [BHKeHHe OyHeT HeycTOHYHBO.

TaxkaMm oGpazoM, 3agaga 00 YCTOMYABGCTH WM HEYCTORIHBOCTH
ANA NHHeAHHX yPABHeHHH ¢ INePeMeHHHMH K03PpQHIHEHTAMHA CBOMMT-
¢ K BOIPOCY O BHYHCICHAH 110 MeHbIIed Mepe 3HAKA HAHMEHbLINEro
XapaKTePHCTATHOrO YHCIa KAKOH-IHGO M3 MONHHX CACTEM ee¢ He3aBH-
CAMEX JacTHHX pemenmii. 3ajjada 3Ta He ABJIsAETCSA Pa3peleHHOI.

Teopewma. Ecau ¢ cucmeme aunelinnz ypasnenuii (35) xoagdu-
Yyuenmo, cmpemMsmes K onpedeseHHbuM npedesam cy. NpU HeOzpaAHUMEH-
HOM YeeauueHuu t, mo ee HauHuauiee TAPAKMEPUCTIULHOE HUCAO COBNA-~
daem ¢ HAUHUSWUM TAPAKMEPUCTIUNHBM YUCIOM NPedeabHOll cucmemsl
Yypasnenuii

dx
d: =CyZy + .-+ Csn¥y (s=1,...,0).

HdorxaszaTteasnctnc. CperaeM moacTaHOBKY
z, = a6,
THE 1) 0603HaYaeT HEKOTOPOe MOCTOAHHOE YUCi0. 3aAaHHHE yPaBHEHHAR
(35) npeoGpasyioTcsn OPH ITOM B CHCTEMY

dz
.—a-:— = PaZ oo+ (pss + M) 2Zs 4 -+ - + PsnZns (36)

a mpefeJsHAs CACTEMa TEOPEMH IPH TOiH 3Ke NOACTAHOBKe mpeobpasy-
ercsi B UpefeibHYyI0 chcreMy Aasa (36):

d
dzts = cslzl + AR + (688 + n) zs _}— M + csnzn‘ (37)

OGo3naunM KOpHE XapaKTepHCTHYECKOro ypaBHeHEsA cucremnl (37)

“csr_asr(”—n)nzo
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qTepes
Kl, o v vy “ﬂ-

Ecuan He cymecTByeT HAKaKHX I€JIHX HEOTPHIATENbHBX THCEN M, . . .
.+ .y My, HMEIOMAX B CyMMe 2, I KOTOPHX YHMYTOMKAJOCH OH BH-
paKeHHE

mx, + ...+ m,x,,

TO coryacHo O. 34 Gyzer cymecTBoBaTh KBagparainas gopma W ¢ moc-
TOAHHKIMA ~Ko3(PANHeATaMA, YRXOBJETBOPAIOMAN YPAaBHEHHIO

_g:—V—[-cslzl_""'+(Css+n)zs+'°°+csnzn]:zf"'---—f—zf..

§

®opma W Gymer ompeReieHHO-OTPHLIATENBHON, €CJIH BemECTBEHHHE
9aCTH BCEX KODHeHl %; oTpHIaTeJqbHH (O. 35); oma Gynmer A HeKoTo-
PHX 3HaYeHHH OEpPeMEeHHHX Z,, . . ., Z, OPHAEMATH HOJIQKHTEIBHHE
3HAYeHHA, eCJH CPeAn KopHe# %,, ..., %, Oy@eT mMeTbCA XoTA OH
OXHH KOPEHb ¢ IOJIOKATEJBHOH BEMECTBEHHOH 9acThio.

Iloanan npomapoamas mo ¢ or raxkoit dyaxumm W B cany ypasHe-
Hait (36) Gyamer

aw oW
T:z‘f"' cee 212|+2(psr’_csr) Zr g7
' ST 8

Tak xax W mpexcrasiser xpagpaTaiayi0 $opMy ¢ HDOCTOAHHHMHE
Ko3QPuImeATaMu, TO HAHAETCA TaKOE OTIMIHOE OT HYJIA IOJIOKATENb-
HO€ 9HCJIO €, YTO OPH BHIOOJIHCHHH HEPAaBEHCTB

[ Psr —Cor | <€
opaBasg 9aCTh HOOoCJeqHEro COOTHODICHH S 6y11eT OpEeRCTABIATHh onpene-
JeHHO-II0JIOKATENBAYI0 KBAAPATAIHYI0 GOPMY IEpPEeMERHHX Zy, . . ., Z,.

Ilo ycaosmio Teopemn koaddmumenTH p;, cTpeMaATcA ¢ HeorpaHH-
YeHAKM POCTOM ! K YHCJIAM C;,.. [loaToMy maa mososkmresnbHOrO IMC-
aa &, CKoab OH MaJo oHO HH GHUIO, HalifleTcA TaKoe f,, 9To NpH 3Ha-
9eHuAX ! > I, aGCONIOTHHE 3HAYEHHA BCeX BEJAMIHH D, — C;, OY-
AYT MeHBIIE € W, CJEKOBAaTeNbHO, IJIA BCEX TAKAX 3HAYCHHH ! MpOM3-

BOJHAA a3

dynknmo. -

A 310 B criy o6mumx TeopeM Jlanymosa o6 ycToHImBOCTH M He-
YCTOHIABOCIH 3aCTABJIACT 3AKJIOYHTD, ITO €CAU RPU COCAQHHOM nped-
ROAONCEHUW O KODHAT %y, . . ., %, HAUOOABULAL U3 UT GeUpeCMEEHHNT
Yacmeli ompuyamesvHa, mo HegoIMyUeHHRE DSUNCCHUR KAk 8 cucmeMe
(37), max u 6 cucmeme (36) ycmodinuswn; ecau xe naubosvwasn eeupecm-
6EHHAR HACMb KODHER %y, . . ., %, NOAONUMEALHA, MO HEBOIMYUEHHbE
Osuxcenusn xkax e cucmexe (37), max u ¢ cucmexe (36) neycmovivuew.

Cnenannoe npeamosioskeHHe 0 KOPHAX X, - . ., X, He GyJeT BH-
OOJHATHCA JIHIIEL A KOHETHOTO Incia 3Havenmil 1). U3 smaa mpmme-

Gyner mpexCTaBAATH OHOpPENENCHHO-IOJNOKHATENbHYIO
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HEHEHON HaM¥W MOJCTAHOBKH MBI JOJOKHBI 3aKII0YATH, 9T0 HaWMEHBINHE
XapaKTepACTHYHbIe 9uciaa QyHKU@A 2z, ..., 3,, KOTAA Iy, ..., &,
NPpUEAMAIOTCH 3a JacTHHIE pPelleHds KaK 3afaHHLIX ypaBHeHHH, Tak
M OpefeIbHOR CHCTeMbl, MOTYT PaBHATHCA HYJIIO OJHOBPEMEHHO IpH
ONHOM OINpeJeJeHHOM 3HA4YeHWH IOCTOAHHOM 1. A 3TO [JOKaahiBaer
Teopemy *.

66. Ecam kospdaumentsl p,, MMEOT BHJ

Psr = €5 + Efs,.,

rjie € eCThb HEKOTOPHH mapaMeTp, NOCTOAHHLIE C;, HE 3aBHCAT OT &,
a f;, — orpaHW9eHHl, TO K ypasHeHHAM (35) MO)KHO OTHECTH ypaBHe-

HES C NOCTOAHHEIME Koddduumenramu ¢,.. Jlenada o KopuaXx A, ypas-
HeHu A

“ Csp — 6sr}‘ “ =0
npe;KkEee JONyNMEHne, 9TO OHA YAOBIAETBOPHAIOT YCIOBHIO
mh, .k maha £ 0

npE a00hLIX IfeJbIX HEOTPEUATENBHBIX 9ACAAX My, . .., M,, HME-
MHEX B CyMMe 2, W CTPOA KBagpaTHYHYI dopmy

1
V= TZ Ops X Lo (ars - asr)!-

YAOBJIETBOPAWILYI0 yPaBHEHHIO
14 5
Z:(c“:::1 +ooteat)5—=ai+ ...+ on,
2 8

3aMeJaeM, ITO NPH JOCTATOTHO MA&JOM | € | H IOTOKHTEJIBHOM M,
menbmreM 1, dopma V' — p (23 -- ... -- ) MokeT GTH chenaHa
IO0JI0KUTEABHON /1A NPOH3BOJILHEIX 3HaUeHAH nepeMeHHbix. Ilpm
ITOM- ACUMNMOMUUECKAR YCMOUUUBOCMb UAU HEYCMOUHUEOCMb Hes03-
Mywyenno2o deuxcenun (z, =0, ..., z, = 0) ypasnenuii ¢ nocmoan-
Hulnu Kopuyuenmamu c,, omeewaiom maxogwim cucmembvl (35); ee-
AUMUHG €, 048 KOMODPOU makoe coomgemcmeue Ge3yca0eno cyupecmeyem,
onpedeasemcsa n Hepasencmeamu *

D.=1. . - |>0 r=1,....n),
20e

h,.s = CS,.S + '3—2 (arifis + asifir)'

JloNOMHATEILHO MOKHO 3aMETHTH, UTO OTPAaHHYEHHHIE QYHKIMA
fs» MOTyT OHTH QYHKOUAMH He TOJABKO f, HO HW MNePeMEeHHBIX

6 H. T. Yeraen
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Zy ...y T,. CTECHEHHBIX BCerja IpeANoJaraloMHMACH YCIOBHAMH:
npn t >t, Nt < A.

B arom caysae ypaBmemma (35) 6yayT HOpeicTaBIATH «JINHEAapH3a-
OUIO» HEKOTODHIX HeJHWHeHHHX ypaBHeHM#i, a HepaseHctBa D, >
>0(r =1, ..., n)6yayr onpegeasaTs ¢ U A, IJA KOTOPHX YKa3aH-
Hoe cooTBeTcTBHe 0e3ycioBHO cymecTByeT. Bo MHOrmx 3amagax Om-
BaeT JOCTAaTOYHO 334 IIOCTOAHHKE C;, NPHHATH 3HAYCHAA KCIPPUIMEEH-
TOB D, AJS HEKOTOPOT0 PMKCHPOBAHHOTO MOMEHTA BPEMEHH M [JJIA HY-
JeBHX 3HAYCHUH MEepeMEHHHX &, *.

MoskHO yKa3aTh eme OJMH HpPHEM A PEIICHHA 3a4a9M YCTOHIH-
BOCTH I JAHHeHOTo ypaBHeHHA (3D5) ¢ mepeMeHHHMH KO3(PHIHEH-
TaMH p,, (). JIa Kamporo 3HaYeHHS He3aBHCHMOH mepeMeHHOH
YpaBHeHHE

A (t) = ll DPsr 63,.7» H =0

omnpefeaseT n KopHed A,, ..., A,, H3MEHAIOMMXCA C HM3IMEHEHHEM
speMeHH .

Ecam mm gns Kakoro ¢ 2> t, He CYIECTBYeT HeJHX HEOTPHIATE] k-
HHIX 9HCeN My, . .., M,, PABHBIX B cyMMe 2, IJIA KOTOPHIX YHHYTO-
KaeTcA BHpasKeHHe mah, 4 ... -+ muA,, TO NJIA TAKKX 3HAYeHHI !
OymeT cylmecTsoBaTH KBaApPATHYHAA ¢opMa

V= 2 AorZsT, (B, = Org)

¢ OTDAHHYCHHBIMH KOI(PHIMEHTAMH d,,, 3aBHCAINEMH OT {, yHOBJIe-
TBOPAIOIAaA YPABHEHHI0) B YACTHHIX IPOM3BOJHHIX IEPBOTO MOPAIKA

§‘ v -v x x 2
Pz (psl",tl d oo T Pen®y) = .’l?% e e Tae
S

B KOTOPOM { MTPaeT poJb MapaMeTpa.

Mopma V OGyger oTpHIATEeNBHA, €CHHM BEIIECTBEHHbIE YACTH BCEX
KODHeH Ay OTPHIATEJBHH JJIA HEKOTOPHX 3HAYCHHH NEPEeMEHHMIX I,
oHa OyJgeT IPUHMMATH NOJO;KUTEJbHEE 3HAYCHAA, €CJIHM CPeAu KOopHei
Ay « + .y Ay cymecTByeT XOTA Obl OJHH KOPEHDb ¢ MOJOMATEABLHOH Be-
mecTBeHHOH 9acThio. Ee moamas mpomsBogHas No BpPeMEHHM B CHIY
ypaereHHit (35) ecth

av - 2 av
T~«x17—...—}—xn—}—-5t—.
I'naBHbie quaroHaJbHBE MEHODH JHCKPDHMMHAHTA 3TOH KBAJPATHIHOM
$opMH CYTH

a,+1 ... ay,

DT: o s« P « e s (r:i,v...,n),’
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rje

- dars
Qs =

dt

.

IIycts ona Bcex paccMaTpupaeMHX ! > !, IPDOM3BOJHBIE d,; OTPAHM-
4eHHl, a Bce D, He MeHBIIEe HEKOTOPOTO MOJOKHTeNBHOr0 YHCJA; Npo-
uapogHaa V, no m3sectHoMy KpuTepumio CmanBecTpa O6yaer Torpg
olpejeeHHO-TI0JOKUTEJNbHOH KBaJpaTHIHOX (OpMON I[epeMeHHHx
Zyy --- -y Zp. Hpu atHX yeaosmAx ecau V npedcmasasem onpedesenno-
ompuyameabryio Kéadpamuyrylo Gopmy, mo Heeo3MYyueHHOe dsuNcerye
ycmotiuueo; ecau V ewe u donyckaem 6eckoHeuHO Maablii 6bvicWUil npe-
dea, mo ycmouuueocmbs HEGO3MYWeHHO20 deudrcenus 6ydem acumnmomy.-
ueckoti. Ecau xe gopma V donyckaem GeckonewHo maaviii eucuwuti npe-
dea U MOJNCEM NPURUMAMb NOAOHCUMEALHOE 3HAUEHUE, MO He603MYuer .-
Hoe Osuixcenue Heycmoiinugo *.

He jaumEpe 3aMeTHTh, 9TO YCJAOBHA YCTOHYHBOCTH MOrYT OHTH
B OTHEJBHBIX CAYYaAX YJAYydmeHbl OyTeM BapbUPOBAHHA QyHKHH V.

IIpaBuabHbie cHCTEMBI

67. CornacHO NpeNIOKEHHI0 O XAPAKTEPHCTHIHOM 9IHCJIE NPOH3-
semeHHA (m. 62) cymMMa XapaKTepHCTHYHHX 9YHCEJa (yHKUMI

e.\. p Pt H e .Y z Doyt

He Goabme HyaA. [loaToMy ecam p 0603HAYaET XaPAKTEPUCTHIHOE THC-
JI0 BTOPOH M3 3THX (PyHKOUHA, TO cyMMa S XapaKTePHCTHIHBIX 9HCEJ
pemieHMii HOPMAJIBHON CHCTEMBl HE MOMKET NPEBOCXOJHUTH YHCJAA —.
IlpntoM paBeHCTBO § = -\ BO3MOKHO TOJBKO [PH YCIOBHH, 9To
CYMMa XapaKTepHCTHYHHX 9HCeJ pacCMAaTPABAEMBIX [ABYX (PYHKIHI
paBHA HYJIO.

Cucremy guddepeHUHANIBHNX ypaBHeHAH (35) ycaoBMMCA Ha3H-
BaTh NPAGUALHOLL, €CJHH JJIA Hee CYUIECTBYeT PaBeHCTBO

S+ un =0

B T[POTHBHOM CJydae — Henpasu.ibHOli.

YpaBHeHAA ¢ NOCTOAHHHMHA KO3(YPUIMEATaMHA HABIAIOTCA, OYe-
BHJHO, NpaBHJAbHBIMH. B nanpHeiimemM 6yjer MoKasaHO mpemome-
une JlanyHoBa, 4To BCAKAA CHcTeMa ypasHeHHH (35), B KOTOPOR Bce
K03QPHNUEHTH CYTh MepHOAHYeCKHe QYHKOUH [ ¢ OJHAM H TeM Ke
Bel[eCTBEHHKM [ePHOJOM, €CTh MpPABUIbHAA.

IIycTs- mpepaosxena npasuapHas cucteMa (35). Uepea A, o6o3Ha-
9AM XaPAKTePUCTHYHOE THUCJIO pemeHHsA

Tyky « oy Tyg

HOPMaJIPHOH CHCTEMbl €€ He3aBHCHMBIX pemernmit (k =1, ..., n).
CornacHo onpepneneHnio NPaBUIABHONR CHCTEeMH cyMMa S = A; + . . .
..« + A, paBHAeTCA B3ATOMY ¢ OGPATHHM 3HAKOM XapaKTePHCTHI-
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HOMY 9HCIy GyHKOUH

e S z pssdt,

O6oanagum wepes A OTpeJIeInTeNb, COCTaBJCHHLIA H3 d)ymcmm
z,, HOPMAJABHOH CHCTeMH pemeHHil ypasHeHHH (35)

A=zgl|;

ero  MHHOP (CO 3HAKOM), COOTBeTCTBYIOIIMA 3JieMeHTY Z;;, 0003HaunM
uepes A
PaccmorpuMm pyHKOAH
A
8r
Ysr = —% (s=1,...,n).

HenocpencrseERnM guddepeEnupopaHEeM yOexmaeMcsa, 49TO IpH
BCAKOM (QHKCHpDOBaHHOM 7 (GYHKOUH Yy, = Y, VIOBJIETBOPAIOT IpH-
COeMHEHHOH CHCTeMe JHMHEHHHX JudepeHNHANBHBHIX yPaBHEHHH

e it Pk =0 (s=1,...,7),

Pemenus y, DpHCcOefHHEHHON U Z,, 3aJaHHOH CHCTEMB! YJOBJIETBO-
PAIOT OYeBHHHIM COOTHOIICHH AM

32 TopYsr = Opy-

O603HaunM uepe3 [, XapaKTeDHCTHUHO® YHCJIO PeIieHHA Y., . . -
.+ +y Ynr OpHCOENHHEHHOH cHcTEeMb ypaBHeHuWi. W3 mpemsipymmux co-
OTHOIIEHH# HpH Kk == r mMeeM

e+ A< O

Ecam 3amammas cHcTeMa YypaBHEHHH ecTh NpaBHJbHAfA, TO H3
dopmyani

T:Ce—Szpssthsr (321,---,‘71)

Ysr =

COTJIaCHO TeOPeMaM 0 XapaKTePUCTHIHKX TUCIAX NPOH3BEJeHHE H CYMM
HAMeeM:
xap. 9HCHO Y, > —A, (s =1,..., n).

HepasencTtso sTo cupaseiinso npu doboMm HHIEKce S, a CleJ0BaTeNb-
HO, H TNPH €r0 3HaYeHHH, OTBEYAIONIeM CPefH Y., . . ., Ynr PYHKIHH
¢ HAMMeHbIIEM XapPaKTePHCTAIHKIM THCJIAOM W,., KOTOpPOe IO oIpejele-
HHI0 NPHHAMAETCA 33 XAapPAKTEePHCTHYHOE UYHCJIO pelneHHdA Y.,
R T

W />/ _‘A’r'

Ito HepaBeHCTBO COBMECTHO C YCTAHOBJIEHHHIM paHee IPHBOJHT K CO-
OTHOIIIeHHUIO

p, + A =0 (r=1,..., 1)
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Orciona cyMMa XapakTepHCTHYHHIX 9ACEX W, + . .. - W, NPHCOENH-
HEeHHOH CHCTeMH paBHSETCHA B3ATOMY C 06paTHHM 3HAKOM XAapak-
§ZPgqdt

TePHECTHIHOMY 4YHCAY (YHKOAA € A 3To JoKasmBaeT, uTO
CHCTeMa, IPHCOEJMHEeHHas K HPaBHJBHOM CHCTeMe ypaBHEHHi, ecTh
TaK;Ke NPABHILHASA, A Y,, MPEACTABIAIOT HOPMAIBHYIO CACTEMY peme-
HHi NPACOCAWHEHHOH CHCTEMHI.

3amMeuganue., Ecam cacrema (35) ecTs mpaBmabsHas, To cyMMa
XapaKTePHCTHYHHX 9YAcen GyHKumit

eszpssd' Szpssdt

He
paBHsAeTca Hymo. Ho 3To ycioBEe sBAAETCH TOABKO HEOOXOIMMHIM
JJIs IPaBHJABHHX cHCTeM, B 1eM y0esk/aeT mpaMep HeIpaBHJILHOH CH-
ctemu 1, 65,

68. Il p m M e p. PaccMoTpuM cBoOficTBAa ypaBHEHHH B BapHamusax
A KaHOHHYeCKHX ypapHenmit ['ammianToHa (m. 4)

dt; H 2H

J .

@ 2 (017,-04, &+ ap9p; "1)’
1

dv; *H
3

rie Koa(ppUIEEeHTH CYTh HeNPEepPHBHLEE OTPAHHYCHHEE BeleCTBeHHEIe
$yHKIAA {. YpaBHeHAA 9TH HMEIOT CYNIECTBEHHOEe 3HAYEHHE B HCCIe-
NOBAHHAX YCTOHYMBOCTH [BH;KEHAH KOHCEDBATHBHHX MeXaHHIECKHX
CHECTeM.

Ilyamkape ycramosmi, ato ecam &, m, m &5, m5 cyTh Kakme-1a6o
ABa JACTHHIX pemmeHAs ypaBHeHW# B Bapmamuax (38), To

231 (gs"ls, - ns§;) =C

(38)

rie C — Hexoropad NocTogHHasA. J[OKa3aTeJLCTBO JJIEMEHTApHO H
ocymecTBisercs auddeperEqapoBaHUEeM N0 L.

Ansa kaxporo &, n, Bcerna Haiiercs mo MeHbIIEd Mepe OLHO-
Apyroe pemenme &g, 1, AJA KOTOporo mocrosHHas C B MHBapHAHTe
Ilyamkape 6yjer oramuma ot myas. B camoMm nene, 1is HeTpHBHAIb-
HOro pemenus §,, 1, Kakaa-160 a3 Beanunn &, 1), HA9AIbHKX 3HA-
9eHHH B MOMEHT {, GyJeT OTAMYHA OT HYJAS; TOr[a BTOPOe YaCTHOE pe-
Hiende BCerjia MOKHO ONpefeNNTh HAYaJbLHKMHE SHAYeHHAMH Eg, Teo
TaK, YTo6H HHTepecywmas Hac IIOCTOAHHAH OHJIA OTIHYHA OT HYIA.

Hycrs nns apyx pemenmit ypasmeHmit B Bapmanuax &, s B Eoy Ms
3HaYeHHe NOCTOAHHOH ( OTIAMYHO OT HYJAA, a A M A’ CyTh oTBevaomme
9THM DeIeHHAM XapaKTepHCTHIHbe ddciaa. Ilonb3ydAch HHBapHAHTOM
Ilyamkape, BuBoIAM HepaBeHCTBO

A+ A <O.
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CrnenoBaTenbHO, eCIH ypaBHeHHsA B BapHmauusax (38) mmeror xorsa G
OJHO 9YaCTHOE peleHHe C OTAHYHHM OT HYJA XapaKTepHCTHIHBIM
9HCJIOM, TO [IJIA HAX Oy/eT cyImecTBOBATh TOT/A 110 MeHbIIed Mepe o HO
pelmeHHe ¢ OTPHIATEJbHBIM XaPAKTEePHCTHYHLIM 9HCJIOM — HEBO3MY-
ImeHHoe [BM:KeHHe OyJaeT IPH 3TOM HEYCTOMYHBHIM (B IepBOM NpHOIH-
JKeHHH ).

Hesosmywernrnoe dsuxcenue moxcem 6ulmb YCMOUHUSHM AUUEL 8 CAY-
wae, Koeda xapakmepucmuuivle uucaa 6cexr pewenuti cucmems (38)
cymo HYyau.

Crex, To ecThb ) P,y NAA ypaBHeHHit (38) Bcerga paBeH HYJIIO;
M03TOMY, €CJIH HeBO3MYIIeHHOe NBMKEHHH yCTOHYHBO, TO CyMMa Xa-
PAKTePHCTHIHBIX THceJ Ji000# cHcTeMbl HE3aBHCHMH X pelleHH#l ypas-
Hemmii (38) paBHAeTCA B3ATOMY ¢ OODATHHM 3HAKOM XapaKTePHUCTHY-

HOMY YHCJY BHPpaKeHHA
e .s )X Pgs df,

CreoBaTenbHO, 044 YCMOUNUGO20 HECOIMYUEHHO0 DBUNEHUN CUCMEMA
ypasnenuii 6 sapuayusx (38) ecezda 6ydem npasuavroii (n. 67), a Bea-
Kas MOJHAA CHCTeMa He3aBHCHMHX pemeHHH ypasHendid (38) -- Hop-

maabHOH (. 67 u 65).
O6o3naauM depes

gsrv MNsr (I' =1,..., 2”)

cHCTeMY HE3aBHCHMHX pellleHmil ypasHenui (38), ompepgeneHHuX Xjas
= {, 3HaYeHHAMH

0 0
st = 6sr’ Nsr = 63, r-n-

Eciu HeBo3MylieHHOe NBM)KeHHe ycToiidmBO, To pemeHuMs ., 1,
HMEIOT He TOJbKO PaBHHE HYJK XaPaKTePHCTHIHHE 9ACJIA, HO ABIA-
IOTCA TaK:Ke M orpaHMiYeHHNMH. [loaToMy HOBas cHcTeMa mepeMeHHHX

= g (gsnsr —_ nsgsr) (I' =1, .. .y 2”),.

ompefieJieHHasA JHHEHHHM Ipeofpa3oBaHMeM ¢ OTDAHMIEHHHMH KOIP-
dunuenrtamn, ¢ paBENM 1 onpenenmrteneM npeo6pa3oBaHMA U C Or-
paHMYeHHHMHM MHHODAMH IOCJHeJHero, HMeeT TakKoe jke obpaTHoe
npeoGpa3oBanue. [lepeMeHHHeE z; yI0BJIETBOPAIOT YPaBHEHHAM ¢ IOC-
TOAHEHMHU KodpPHumeaTaMu

dzr
- = 0 (r=1,...2n).

CrenoBaTenbHO, ecAl HEBOIMYupeHHOE OBUINCERUE YCMOLNLE0, MO OMm-
seuaioypue ypasnenus 6 sapuayusxr ITyankape (38) agasiomesa npusodu-
MuMU (RpU nOMOWU AUHEUHWX RPeo6pPa308aniLli ¢ 02DAHUNEHHBLUL KO-
appuyuenmamu, aonycxamwux maxkoe e ob6pamHoe npeo6pasoeanue)
K cucmeMe YpasHeruli ¢ NOCMOAHHBMU KoIPPHuYLenmanL.
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3apaguMcs BompocoM o rpynme npeo6pa3oBaHHIl, ONHMCHBAOIEH
BO3MYINEHHBIE [BA;KEHHS KOHCEPBATHBHHIX CHCTEM.
Pemenus &, n, ypapnenuit B Bapuanuax Ilyankape (38), ompepe-

JeHHble HAaYaAbLHHIMH JaHHWMH o, 10, CyTh
n
0 0
g = ‘21 (&:8 + Miks, nas)s
=1

Ny == ;21 (Mo + MM nes) (=1, . n).

Onpenenurenp 5THX JuHeHHHX npeoGpa3oBaHmii ecth A = 1. 3HaumT,

COOTHOMEHUA MEKAY L, M, U £2, 7)) IPeACTAaBAAIOT IPyNNy YHHMORY-
JAPHEIX JUHEHHHX NpeoOpa3oBaHMil.

Ho ecau nesosmywennoe dsuxienue ycmotuinueo, mo ypasnenus é éa-
puayuazx (38), 6ydywu npusodumvimu, 004xHB uMemb 3naxoonpede-
AeHNHYI0 Kéadpamuunylo fopmy, NOAHAR NPOU3BOOHAR NO épeMEHU Om
KOmopou é cuay YPasHeHUl 8 8apuayuir ecmv Hysb *.

06 ycroiluuBocTH N0 nepBoMy HPHOIMKEHHIO

69 [12, 13]. XapakrepucTuuHue 9YHCJIA yPaBHEHHH NepPBOTO NpH-
0aH;KeHHsA MO3BOJAIT BO MHOTMX CJIYyJasX CYAUTb 06 ycTOHYHMBOCTH
H HeyCTOHYMBOCTH HEBO3MYIHEHHOTO ABIKEHHsA B CHJIY NOJHOH cu-
cteMu  AudPepeHIHATbHEX YPaBHeHUHHl BO3MYIIEHHOT0 MBHKEHUS

d.zs

a3t Ps1%y -+« + 1 Psnn + X, (S =1,... n),‘
rae KodPPHIMEeHTH NepBoro NPubIMKeHHA p;, H KOdPOHIHEHTH ro-
JI0MOPOHLIX OTHOCHTENBHO Xy, . .., Z, QYHKIHHE X, NpemcTaBIAT
BeIECTBeHHLe HenpepHBHHE OTPAHUYEHHHIE QYHKUHH f.

Teopema Jianymnosa. Eciu cucmena dudgepenyuarvhnz
YpaereHUuli nepeoz0 nPpubAUNCEHUA eCMb NPASUAbHAR U eCAU 8ce ee Ta-
PAKMEPUCIUNHblE YUCAA NOAONHCUMEALHBL, MO HEB03MYupEHHOe JeuNcerle
ycmounuso.

JIAanyHOB oOCymeCTBHI NOKA3aTeqbCTBO ITOM Ba;KHOM TEOpPeMH NpU
OOMOINM HEKOTOPHIX PAO0B, YAOBIETBOPAIIGUX YPABHEHMAM BO3MY-
meHHoro asmwkeHus. Ho ee MojKHO J0Ka3aTh TakKe M IPSAMEIM Me-
TOAOM.

PaccMOTpMM  HOPMANBHYI0 CHCTEMY HE3aBHCHMHX pemeHHil
Zipy o« oy Tnp (=1, . . ., n) Qa5 ypaBHeHH# NEePBOTO NMPHUGIM;KEHHA.
CocTaBuM jajee HOPMAJBHYIO CHCTEMY HE3aBHCHMHLIX DeIIeHHH IpH-
COelMHEeHHOH CHCTeMH 0 JopMyJaaM

. Asr
Ysr = —x
rae A = |z, ||, a A;, o603Ha9aeT MMHOD ompeAexuTeass A, 0OTBEJAIO-

Ei 7eMenTy z,, (1. 67). Ilycts Ay, . . ., A, cyTh XapakTepHCTHIHEIE
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gucJa pelleHHi 33aJaHHHX YPAaBHEHHM B BaPDHAIMAX; TaK KAaK 3aJaH-

HAfl CHCTEMa [pelnoJaraercAd NOpPaBHJIBHOH, XapaKTepHCTHIHRIMMA

9uCJIAMH peleHuidl TpucoeAHHeHHOM CHCTeMH OYAYT —Aq, . .., —A,.
BsegeM HOBHE mepeMeHHEIE

—(A,—E)t
Z, = Exsysre o) (l‘ - 1;. L) n),
s

rae £ 0603Ha9aeT HEKOTOPOe MOJOKHTEILHOE IMCJI0, MEeHbIIee J11000ro
M3 XapaKTePHCTHYHHX ducea A,. [loas3yach BuuucaHHEM upeofpaso-
BaHHEM, B CHJY UPeJII0J0’KeHHOW HOPABMJIBLHOCTH YpaBHEHHH B Ba-
pHALMAX, HAXOXHMM l): '

xap. uuciao {z,} > xap. adcao {zr;} — &;
obpaTHOoe mpeobpa3oBaHUe
h—e)
ere( e Lo = Exs (2 ysrxdr) = g
r r

38

IPUBOJAT K HEPaBEHCTBY

xap. agcxo {r.} > xap. gucio {z,} + e.
CieoBatennsHoO, ‘

xap. gucxo {z,} = xap. waciao {z,} — e.

PaccMoTpuM 3HaKoompe[eneHHYI0 OTHOCHTENLHO Z,, . . ., Z, KBaj-
parugnryio $dopmy
2V = )2
"

Ee mosnas nmpou3BofgHas uo { ecTh

—';It—/-:——Z(?»,—e)ﬁ + R,

-
rae
_(h—e)t
R = Elersysre ) ;
v, s

Kak ¢yHKIUA HOBHX mepemeHHmx R (f, z;, ..., z,} uMeer Kosgn-
I{HEHTAMH B CBOEM PAa3JI0KEeHHH IO I[€JHM HOJO;KHTEJbHREM CTemeHAM
IepeMeHHNIX 2, . . ., 2, HcYe3almue QYHKIHA { OPH BCAKOM MOJO-
KUTEJIBHOM &; Pa3jokeHne R HauyMHaercdA ¢ WJIEHOB II0 MEHbINeH mepe
TPeTheil CTelneHH.

'1%
Tdt
6yner ompeaeneHHO-OTPHIATENbHOH QYHKuUHWeHd BeJMIHH Z;, . .., Zy.
B cuny teopemn JlamyHoBa 06 YCTOMYMBOCTH 3aKIIOYaeM OTCIOAA,
4T0 HEBO3MYI[eHHOe [BH;KeHHEe YCTOMIMBO IO OTHOMIEHHIO K Uepe-

J1A uscIeHHO MaJIHNX 3HAYEHHH HeDeMeHHH X 2z, UPOH3BOAHASA

1} CumBonom {z;}] oGosmavaerca cmcreMa QyHKuHE z,, . . ., Iy.
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MEHHBIM Z;, . . ., Z,; IPAYEM BCAKOE BO3MYIIEHHOE NBHIKEHHE, [0CTa-
TOYHO GJAHM3KOEe K HEBO3MYIIEHHOMY, CTPEMHTCA K IOCJeJHeMY IO 3Ha-
9eHHAM Z, aCHMITOTHIECKH,

JliA BCAKOTO IOJIOKHTEJBHOTO ), CKOJb OH Maj0 OHO HH OHLIO, U
A BeAKoro , Goxbliero HeKOTOPOd mocrosHHo# 7', B cHay cBolicT
oyrkuun R (¢, 24, ..., 2,), KaKk QYHKIHHA ¢ ucue3armuMu Koadhdn-
IHeHTAaMH U HAYHHAIOMeHCSA B cBOeM PAa3J0;KeHHM C 9JIEHOB II0 Kpai-
Hell Mepe TPeThero m3MepeHnss OTHOCHTENbHO Z,, MOKHO HaliTH 061acTh
JAOCTATOYHO MAJNHX YUCJIEHHHX 3HAYeHHHA 2z, ..., z,, BHYTPH Ko-
TOpO#t

l Rt zg - 20) | <7 Zrzf

Hpu stux ycaosuAx Bo Bce BpeMsa t > 7', moKa 3HaYeHHA mepe-
MEHHHX Z,, . . ., Z, He DOKAHYJIH YKasaHHYI oGaacts (ecam A; ecTh
HagMeHbIIee M3 XAPAKTePUCTHIHHX THCENX Ay, . . ., A,), HMEEM

d 1
R E < — (R —e—m) E Zr
r r

H claef0BaTeabHO, €CIH HadadbHHE 3HAYEHUA Z,, BHOPAaHH TaK, ITOOH
opu u3MeHeHHH t oT t, fo 7' 3HaYeHHA MepeMEeHHHX HAXOJUJIHCH B YKa-
3aHHOH 0o6JacTH, a IOCTOAHHAA 1] Y/[OBJIETBOPAIA HEPABEHCTBY A, >
> & - 1, upu ganpHeiimeM uaMeHeHHH [ Gygem mie'rbj

2 zf < Ce—2(hi—e-n)t,
r
OTcroga
xap. uucao {z,} > A — & — 1
H, CJe0BATEIBHO,
xap. aucao {z,} > A — 1 > 0.

JTHM JOKAa3HBAETCA YCTOMIABOCTH HEBO3MYMIEHHOTO JBHKEHHA IO
OTHOIIEHHIO K MePeMeHHHNM I;, . . ., £ U TO, ITO BCAKOE JOCTATOTHO
6au3K0e BO3MYMIEHHOE ABMKEHHE CTPEMHMTCHA K HEMY acHMITOTHIECKH.

70. Teopema. Ecau cucmema ougdgepenyuasbhlx ypasHerui
nepeoz0 npubAUNCEHUS ecb NPASUALHAR L Cpedu ee TapaKmepucmuy-
HYT uuces umeemcs xoma 6u 00HO ompuyamesvhoe, MO HeB03MYuseH-
Hoe dsudicenue Heycmoriuuso.

JHlokasaTteabcTso. BeefeM HoBHE mepeMeHHHIE

—ht
Zr= zxsysre T
s

Otciona xapakTepHCTHYHOe uHCA0 QYHKIHE Z, He MeHbIIe HaH-

. At
MEHbIIEr0o H3 XaPaKTEePHCTHYHHX 4YHcex QPYyHKIHAR Z.y,.€ Mt a mo-

CcllefHee He MEHbIIEe XaPaKTePHCTHYHOIO0 HYHMCJIa CHCTeMH (PyHKuui

.t
Zis + + +y Tp, KOO XaPAKTEPHCTHIHOE UHCIO Y€ ' we membme myas,
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€CIM yPaBHeHHA IEePBOr0 HPHUGAMKEHHA IPaBHABHH. JTO COOTHOMIe-
HHE HMeeT MEeCTO IPH BCAKOM T, HOITOMY

xap. sucao {z,} > xap. wucro {z,).

Han nDepeMeHHHWX 2z, HMeeM clenyiomue AudPepeHnHaNbHIE
YPaBHEHHA:

dz
ro__ =3
- = — M2+ 2 Xoyse (r=1,....n).
&
HonycTaM, 9TO CpefH XapaKTePHCTHYHHX YHCEN A, . . ., A, mO
MeHbIIeil Mepe OJHO, MYCTh A,, oTpHuarensno. HeycroiuuBocTh He-
BO3MYMEHHOTO ABH;KEHUA (N0 OTHOIEHHIO K MePEMEeHHBIM Iy, . . ., T,)

6yaeM MOKa3HBATH OT IPOTHBHOTG.

Ecar HeBo3MymmeHHOe gBHKEHHe YCTOMIHMBO, TO AJA 3aZaHHOIO
MaJIOT0 IOJIOKHTENBbHOTO 4uciaa A GyneT cymecTBOBATH TaKoe II0JO-
JKATeJABHOE YHCJHO R, 9T0 OHPH HPOH3BOJABHHX HAYaJABHHX BO3MYIIe-
HAAX Zyg. « « -y Tno: YAOBJETBOPAIIIHX HEPABEHCTBY

1
D ay <R, (39)
bl |
AJA BCAKOTO t. O0abmere t;, Gymer BHIOOJHATHCA HEPABEHCTBO
2
Mt < A (40)
8
Uz ypaBHeHHA r = 1 nociaegHei cucTeMH ypaBHEHHH ciaepxyer

2, = ce™Mt - et 3 2 Xsysi dt,
5

rae ¢ — HeKoTopas mocTtogHHasA. Paznosxenns GyHROuE X, mo nensnm
HOJMOKUTEABHHM CTEHeHAM Iy, . . ., £, HAYHHAKTCA ¢ LIEHOB BTOPOTO
H3MepeHHA; pyukumn X OpenunosaralTcs OrpaHMYEHHHMH JJIA BCHA-
Koro t, foanmero f,, H IS BCAKHX Zyy « « oy Tpy YAOBJCTBOPAKIMHUX
yeaosmio (40); mosToMy mpH BHGOpe HavaJbHHRX 3HAYeHHAH Z,, . . .
. « .y T,¢ COTAacHO HepaBeHcTBY (39) upm mocrarouHo ManaoM R BH-
BOOMM, YTO €CJM HEeBO3MYIEHHOE NBM;KeHHE YCTOHYHBO, XapaKTepH-
CTHYHOE YHCJIO BTOPOTO CJIaraeMoro IpaBoil 4acTH IOCJHENHEro pa-
BEHCTBA B CHUJY HPENJIOKEHHSA 0 XaPaKTeDHUCTHIHOM THCJIe HHTerpaja
(u. 62) He MeHbme HyXA. Ciae0BaTeJbHO, XapaKTEPHCTHIHOE UHCIO
¢yukuun z; 6ymer paBHO Ay, nG0 UPH CHENTAHHHX HPENUONOKEHHAX
MOCTOAHHAA ¢ OTIMYHA OT HYJA.
Ho xap. wmcao {z,} < xap. wncao {z,}, noatomy

xap. wmcao {z,} < A, < 0.

dTo HepaBeHCTBO HecoBMecTHMO ¢ yciaosueM (40). Mu pomxHBI HO-
3TOMY 3aKJIOYATh, 9TO KaKoBo 6H HH OHI0 3HadeHHe R, cTecHAKmEee

BHGODP HAYaJIBHHX BO3MYINEHHH Zyg, . . ., Tn9, CPENH IOCACNHAX HaH-
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AYTCA TaKHe, IPH KOTOPHX HepaBeHcTBO (40) mepecTaer BHIOJIHATHCA
IJA HEKOTOpPHX 3HadeHWi £, OGoasmux I,.

Takum o6pazoM, TeopeMy MOKHO CYATATH JOKA3aHHOH.

IIpumeganue. Ecin cucrema puddepeHUUaTLHEX ypaBHe-
HU# nepporo npubin;KeHnsA He eCTh NPaBUILHAA, TO, 0003HAYad depes
S cyMMy Bcex XapaKTepPHCTHYHHIX YHCEJ HODMAJLHOH CHCTEMH ee pe-
meHH#, a uepe3 |\ XapakTepUCTHIHOe ducio PyHKuuu 1/A. Gymem
HMeTh ,

S 4+ u = —a,

rge ¢ — HEeKOTOopoe IOJOKHUTEeJbHOe YUCJO. B srom cj1yJae Xapak-

A
TePUCTUIHOE TUCJIO PYHKIMU _ALJ_ He MeHbIIe — A; — G. A Ha OCHO-

BaHHH DTOT0 HETPYAHO JOKA3aTh (PACCY;KACHUAMH, MONOGHHIMH M3-
N0)KeHHEIM 3Jiech ¥ B 1. 69) caexywomue npegaoskesus ¥,

ITyemo cucmema Jugpepenyuarvnnz ypasnenuii nepsozo npubau-
HCEHUR He eCMb NDABUALHAR €CAll OHA UMeem 8Ce TAPAKMEPUCMUYLHbLE
uucaa 6boabuie G, MO HeBOIMYWeHHOe OBUNCEHUE YCMOUMUBO, @ ecAl
cpedu ee TaAparmepucmuiHby wucea Haiidemcsa no Kpaiineil mepe 00no
ompuuyamenabroe, HUCIEHHO (0abuiee G, MO He803MYWeHHOe D8UNCEHUe
Heycmoiinueo 1),

1) Jipyrae KpHTepHH YCTOHYHBOCTH IO NepBOMY NPHGAHMERHIO GHIH mnpesi-
JNokeRH B pabBorax:

Perron O. Die Stabilititsfrage bei Differentialgleichungen // Math.
Zeitschrift.— 1930.— Bd 32.

Mepcupcxuilt K.I. K Teopud ycTOHYMBOCTM HHTETPAJIOB CHCTEMH
nadpdepeRunanbANX ypapHennii // Uap. ¢ua.-mar. o-a npu Kaszan. ym-re.—
1939.— T. 11.— C. 29—45.

Maawwmu I [I. Die Stabilitatsfrage bei Differentialgleichungen // C6.
™. Kazan. asman. um-ta.— 1934.— N 2.— C. 21—28.



rJABA 16
- IEPHO\MYECKHE JIBH;KEHUA

N eBapuanTHas IOJCTAHOBKA M CTPYKTYpa
JacTHBIX peleHHi

71 [46]. PaccMorpmM cmcTeMy nmHedHHX AE@PEpeHnEATBLHEIX
ypaBHEHHI

dzx
—= = Pafit o P (s=1,..n) (41)

B NIPEANOJ0;KeHAH, YTO Bce KOIPPHIHAEHTH p; ABIAITCA BEmecT-
BEHHHIMH, NEPHOJHYECKHMH, OTPAHAYCHHHIMA, HEOPEPHBHHMH (YHK-
IHAME BeNEeCTBeHHOT0 MePeMEeHHOro [ ¢ ONHAM M TeM Ke BelecTBeH-
HHM mepmojoM o (@ > 0). YpaBHeHHA B BapHAUdAX AJA Begyllero
OEepHOJAYECKOT0 IBHKEHHSA BO MHOTHX HNPAKTAYeCKH HHTEPEeCHHX
caydaax mpencTaBaAilnT auddepeHnmaIbHEe YPABHEHHA TAKOIO BHAA.

3agauE ycTOAYABOCTH HEBO3MYMEHHOTO ABEKeHHA (r; = 0,. ..
<+ .y T, = 0) IpEBOOAT K ompENENEHHI0 XAPAKTEPHCTHYHBIX YHCEJ
AT paccMaTpEBaeMHX ypasHeHHE. H coskamemmio, 3ToT mocaegHAR
BOIIPOC He ABJIAETCA BIOJHE Pa3peImieHHHM, XOTA pemeHde ero u o6-
JerqyaeTca CYMEeCTBOBAHMEM HHBAPHAHTHON NOACTAHOBKH

S:( t, iy ey In)
t+w, 1y ..., I *
He H3MEHAWMEeHd BHAA pacCMATPHBAeMHX YypaBHeHHH (41).
HNapapraaTHaa nofcTaHOBKa, GYAYYH NPpAMEHEHHOHX HEOrpaHHMYECH-
HOE YACA0 pPa3 K 3HadeHHAM [ Ha orpe3ke (0, ®), Bocco3gaeT Bcio
9ACIOBYI0 IPAMYI0 BemecTBEHHOTO mepeMenHoro f. /pyramm croma-
MH, IO IOBEAEHHI0 O0MUX PemeHAd rI; HPH H3MEHEHHH [ Ha OTpPe3Ke
(0, ©®) BO3MO3KHO OUpeAeInTh NMOBEACHAE BCAKOTO JACTHOrO pemeHHsd
Irs OPH HEOTPAHHYEHHO H3MeHAmeMcAa t.
HdonycreM, uro nasa ypasmeHEH (41) HailigeHo n HesaBHCHMEIX
pemenui
Tipy o v &y, (r=1,....0).
OyaKIEHR
Zy (L @), ..y Ty (- @)
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0 CBOHCTBY HePHOAHYECKAX YypaBHeHHH, JONYCKAalOIAX HHBADHAHT-
HYI0 HOACTAHOBKY S, mpexcTaBAAIOT TaK;Ke HX pemeHne. [loaroMy oHE
6ynyT nEHeHHO BHP&)KAThCA epe3 He3aBHCHMEIE pememm Lgpt

T, L+ @) =apz, (B) + .. 0+ apzan (1) (s=1,...,n)

Ie @y, ABJIAITCA HEKOTOPHMH MOCTOSHHHMH JJS BCAKOTO r, B3ATO-
ro 3 paga 1, ..., n.

OT BHOpAHHHX HAMH He3aBACHMbLIX PEIIEHHHl MB MO;KeM IepeATH
K Ipyroi# moxoGHOH cHcTeMe myTeM JHHEAHHX mpeo0pa3oBaHH# ¢ mO-
CTOAHHHME Ko3pPHOmeHTaMH, W, B YaCTHOCTH, MH MOKe€M IepeHTH
K HEKOTOPOMY pemeHHI0

T = Py + - . . + Prtsns
obaanaiomeMy QyHEaMeHTAIBHHM CHOMCTBOM
z, (t + ) = xaxs (1) s=1,...n).
[Ina onpepeseHAss HOCTOAHHKX f, OTCIOXA MOJIYYAlOTCH COOTHONIEHHS

prlapzs, )+ ... +anzr, ]+ ... 4 Bplagz, () + ...
. + AnnTsn (t)] = % [ﬁlxsl (t) + e + ﬁnxsn (t)]-

Taxkme coorHomenma (s = 1, ..., n) HOIKHH YAOBIETBOPATHCA He-
3aBHCHMO OT 3HAYeHHWH {; IO3ITOMY, B CHJY CBOHUCTB JHHEHHO HE3aBH-
CHMHX CHCTeM pelreHAH, NOJKHH OHTH NPAPaBHEHH KO3GPHuueHTH
opa ozmuaxonux Lot

ayp, + ... + a.pn = %Py,

IR R TR P P PR PR TN

anlﬁl + L + annﬁn = uﬁn‘
[Tonywennasa cmcTeMa THHEHHHX OXHOPOXHHX ajrefpamyecKHX ypas-
HeHAH ¢ OOCTOAHHHMHE Ko3dmumeHTaMm Oynaer RomycKaTh HETpH-
BHAJbHOE DEemeHHe [JA MOCTOAHHHX f,., €CIH cOCTaBJACHHHH H3 ee
Ko3pPuuEeHTOB OmMpEXETATEND

% (%) = fa;; — 8; || = 0. (42)

Hopum %,, ..., %, 93roro ompepexmrens ¥ (%) cBasaHH ¢ ¢yHpga-
MEHTaJbHHMHE YaCTHHMHA DeImeHHAMH HAIIAX ypaBHEHHH.

72 [46]. omycTEM, YTO KOpDHH %, Bce Pa3aHYHH MEKLY CoGOH.
Onn XapaKTepH3YIOT BHDPaKeHHA 7 d)yuzxamemanbuux He3aBHCHMEIX
pemenmii. .B camom pexe, mycTh % — Kakoii-a1mbo H3 3THX xopuen.
EMy oTBewaer pemeHme, ofiajaoliee o ONpefeJeHHI0 CBOWCTBOM

z, (t + o) = nx, (t) s=1,...,n).

O6mu#i BAX HeNPEPHBHHX OXHOZHAYHEIX orpanmvenHnx Ha (0, o)

$yuknmi r, (t), YAOBIETBOPAMHAX INOCIEXHEMY COOTHOIIEHHAIO, 3a-
mucuBaerca Gopmyson

t
—Inx
T (t) =e®  @s(t)
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TAe ¢y CYyTh HeNPepHBHHE OTrDaHMYEHHHE ONHO3HAYHHE QYHKIHH
¢ mepuonoM . Ecam KopHM %, Bce pa3iMuHH, To MOJYYAIOUINECA R
dyHmaMeHTaJIBHBIX pemeHAN OyayT o0pa3oBHBATH CACTEMY 1 He3aBH-
CHMHX pemeHHuii, o06n1aganinyio, 0o9eBHAHO, CBOHCTBAMHM HOPMAaJbHOM
CHCTEMH.

Korpa cymecTByOT KDaTHHe KODHHM X,., He Bcerja OHBaeT BO3-
MO;KHO HAWTH n He3aBHCHMMHX peleHMH YKa3aHHOTO (YHIaMEeHTalb-
HoTo BuJa. B 3ToM ciydae Bo3MO:KHO HaliTH PyHIaMEeHTAJBHYIO CHCTE-
MY He3aBUCHMMHX DPelleHHil, onpeJeleHHYIO JUIA Ka)KA0T0 M3 Pa3aud-
HHX KOpHe# Y (%) COOTHOIIEHHAMH

V(1 + o) = =z (1),
¥ (t + (o) = g (t) 2V (1), (43)

s . > . B

(m+1) (t + (1)) %Igm+1) (t) v.(\‘m) (t)
s=1,..., n),
rae :cg", ..., 2 06o3HAUAIOT HCKOMHIE dyHIaMeHTaNbHBIE pelleHus,
CBA3AHHHE ¢ KPAaTHHM KOpHEM X.
Ilycrs
P = = Pz, + ...+ BV,

Jlas onpeneneHus MOCTOAHHHX Y’ M HaMBHCIIETo 3HAUEHHA NAA m

gocjie MOACTAHOBKH JTHX BHpPa)KeHMiAl B IpeARAylNHe COOTHOIUEHHSA
H mocae cpaBHeHHA Kod(JUIMeHTOB NPH ONMHAKOBHX (QYHKIHAX
z,, (1) monyunM crenyiomue cucTeMH ypaBHenmd (i =1,..., n):

Dl(as; — 6i%) B = 0,
7
; (ai; — Oij) B = B{V,

Dai; — ,n) 6‘"‘*“ B
2

9Tn cucTeMH ypaBHEHMi cOBHmafaloT ¢ cucreMamu (7), mogpoGHO H3y-
yeHHHMH B 1. 24—28. IIpusegeM HonydeHHHH pe3yiabTaT.
IIycTs Bce aneMeHTapHHE JelUTeNH ONpemeTHTens ¥ (x) cyTeb

Ty,
(ot — %)™, . .oy (6 — ) E,
TAE %y, . . ., %; 0003HAYAIOT KOPHM ompefexuTens y (%), cpeaum HUX
MOTYT OWTh M oguHAKOBHE. [[J1f BCAKOTO TAKOTO KODHA X = X, (r =
=1, ..., k) uncro m orpevaromenn rpynnu (43) d)ynnaMeHTanb}mx

pemenui :c” e 2y oyner

m=n, — 1.

CymMma
n+ ...+ n=n
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DopMyas aaa ompenenends mocroaHaHX B Hac He mWHTepecyior,
TaK KaK DOCTOAHHHE @;; B YaCTHHE DelleHHs I,, HAM H3BeCTHH IOKa

JHME A3 TEOPEeMH CYI{eCTBOBAHHA. CprKTypa GdyHKIM r(”. BXOAA-

myux B QyHAAMEHTAIBHYIO CHCTEMY DEIIeHAN K OTBEYAIOMMX KOPHIO X,
onpegejaserc cooTHomeHuaMu (43). B camom pgene, cumcrema (43)
HONYCKAeT MNOCJHEeROBATEAbHEE ONpeAeNeHNA CTPYRTYPH OyHKumii

&L, rff)' H HMEHHO

A0 ) = ¢ 0 o),
l

=7 (1) = el (0]

t ,
Iém‘u) (t) = e inx [(Pgl) (t) (t—®)...(— mo) +

._.[ w[ —
T g L

mooom
% © m!

t—@)...{({—(m—1)a . . e

Mm—](om—l (m — l)'

rae Bee PyHKuEu ¢F) CyTh OrpaHHUCHHHE U TEPHOAHYECKHE ¢ NepHO-
AOM ©. B 3TOM BO3MO’HO yOGeAMTbCA HEmOCPEJCTBEHHO MOXCTAHOB-
KO#i ¢ -~ @ BMecTO {, a TAKe I10CHeTOBATENbHEM HHTEI'PHPOBAHMEM
VPaBHEHHH B KOHeYHHX pasnocTax (43).

Hcxona K3 CTPYKTYPH (VHEAAMEHTATBHBIX DeEHIeHHI, 3aMedgaeM,

1
9T0 BEUICTBEHHHE YACTH BEJIWYHH — — Inx, (r =1, ..., k) cocra-

BAT COBOKYHHOCTH Ny - ...+ R, = N XapaKTePHCTHYHHX YHCEN

cucteMn ypapuennit (41). [oaxnan cacrema dyBRaMEHTaJbLHEIX pemie-

AU r(l”. eo., 29 cocTaBHT  HOpMaNBHYIO cHCTeMY n, - ...

... n; = n He3aBHCHMBIX PelleHHi, IOTOMY YTO BCAKAA JIHHEeHHan
KOMOHHALIAA ¢ NOCTOAHHHMHM KOIYPHIMEHTAMH H3 ITHX pelIeHHH
HMEeeT XapaKTePMCTHYHHIM UHCJIO0M, OYeBHJHO, HAMMEeHbIIEe H3 XapakK-
TEePHECTAYHHX YHCeJ, BXOAAMMAX B KoMOMHAUMIO (yAJaMeHTaJbHBIX
pemenunii.

Yro nalifleHHAA cHCTEeMAa HE3aBHCHMBX pemeHHHE ecTh HOpPMAaJbHaHA,
BO3MOMKHO [JOKAa3aThk TAaKKe CACAYIOMHMM CIOCOOOM.

Onpegenutens A = || z,,. 1, cocTapleHHBIH ©3 cHCTeMB (yHIa-
MEHTANbHHX pemeHH#, B CHJAY CcOoOTHOWeHHHE (43) vnosiersopser
paBeHCTBY

A+ )= %" ... %A (L),
B deM y0exAaeMci HEMOCPEACTBEHHO MYTEM Omepaiuid ¢ KOJOHKaMM.
Ho coranacuo gopmyiae Jlaysuiasa (. 65) umeeM

§ S
At + o) =A(t)e®
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CpasHenne ¢ npeanaymeii ¢opMyoii gaeT paBeHCTBO

[0
S z Pgy dt

n ni.
X1'---Xk" =0

JlorapudmMupya 3TO PaBEHCTBO, HOJYYHAM MOOCJEe AeJeHAA Ha O,
970 CyMMa XapPaKTePHCTAYHHX 9nces] QyHIAMEHTAJIbHOH CHCTEMH He-
3aBACHMHX pemeHHi PpaBHACTCA

1 ¢ )
ER S

0

3TA BEJIMYHHA ABJISAETCH, ¢ PYTOH CTOPOHH, XapaKTePHCTHYHEM JHC-
a0M QYHKIHH

t
S Z pss dt
e? ,
TaK KakK Bupamenne

§ st~ § St

0 0

OpefCcTaBJIACT OIPAHAYCHHYI0 NEPHOLAYECKYIO (C mepHofoM ) PyHK-
maio. OTciofla 3akauaeM, 4T0 QYHIAMEHTAJIbHAA CHCTEMa He3aBUCH-
MHX pemeHA# 6ygeT HOPMaJbHOH H 4YTO PACCMATPHBaeMasa CHCTEMa
auppepeHNmaNbEEX YPaBHEHAH ¢ NePHOANYECKAMHA Koddpdmnuen-
taMu ABasercda npasmiabHO# (m. 64, 65, 67).
73 [47]. PaccmoTpuM cHCTeMY YpaBHEHAN
dys
e + Prsyr - Prsln = 0,

npucoefAHEHAY K 3agaHHOoi. OHa TakKe HMeeT NEPHOXHYECKHE
K03(PPHIHAEHTH ¢ BeN{eCTBeHHHM MEPHOAOM ©; IJA Hee BO3MOKHO
TaK;Ke ompefeJuTs PYyHIaMEHTAJIBHYI0O CHCTeMY HE3aBHCHMHX pelie-
HA#, pa3fABalmEXcA Ha TPYOOH, OTBeYaloIqAe DJIEMEHTAPHHM Je-
JATEIAM

m—p)'r  (r=1,...k

onpefeanTeas Y (W) OPHCOEAAHEHHOH CHCTEMSI.
Ilycts mpomsBojsmmee pemieHAe TPYNNH OTMEYEHHOTO DJIEMEHTap-
HOT'O0 JEJHTEeJA €eCTh

ys:e—:)- lnp.r[ §‘) t—o)...¢—(r,—1)0)

p,(_n"_l)(on"—l (. — 1)

+-.-+\p§"=’] ,.

rae P cyTs GyHKIWE OrpaRMICHENE A NEPHOAAIECKHEE ¢ IIEPHOLOM ©.
Ilogcrasasaa aro pemieHAe B Ko3pPHIHEHTH JIHHEHHOr0 HHTErpaJa
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3aaEHKX YypaBHeHHA (41)
Bty + oo T Yata =6,

DOJYYEM OOC/Ie OYeBHAHOTO IpeoGpa3oBaHWA BHPAKEHHE

) tnT_l ) ~[£0- In Ky
21 WT""+zn e =c,

e Bce z§~") 0603HaYAI0T HEKOTOPHE JIHHEAKEHEe (OPMH BEIHYHH Iy
¢ mepHoAMYecKMMH Ko»PdunmenrtaMmm; ¢ — mocroaHHag. Mamemsas r
ot 1 no k, monydaM n nIuHEAHHX, He3aBHCHMHX QopM zg-r), KaKHe
MOKHO NPHHATH 3a HOBHE IEPEMEHHHE BMECTO Iy, . - .y Lp.

Nupdepernupysa mnociegHee BHPpaykeHHe o [ W IPHPABHUBAA
HYJI0 K03¢pPHAIHEATH OIPH CAMHAKOBHX CTENEHAX {, AMeeM

()
._dl = A z(r) .
dt r%1 ]:2,_,_, nT>
() =1,... ’
de - ;" z(.r)—‘_z(.r) \r 11 ] k
dr - P2l j-1
rae
1
7»,.: —~——m-ln 1

CaegosaTenbHo, cucreMa (41) mpeoOpa3cBaHa B CHCTEMY € IOCTOSH-
HHMHA K03(pPuuueHTaM#u; OpH 3TOM npeo6pasoBaHHME BHIOJHEHO IO-
cpeacTBoM HeocoOeHHO#l JHHEAHOM NOJACTAHOBKH ¢ HEePHOANYECKHUMH
OrpaEAIeHHKHMA K03pPuueRTaMun, He MeHAMMUMA XapaKTePACTAYHRX
quce] HOPMAJBHOH CHCTEMH He3aBHCHMHX pemenmi. Otcioa BH-
BOAHM, 4TO

In %, 4+ In p, = 0,

T. €. XapaKTePHUCTHYHHE YACIA YPABHEHMHl NPHCOCAMHEHHOH CHCTEMH
PaBHM B3ATHM ¢ OGDATHHMH 3HAKAMH XaPaKTEPACTHYHHM dACIAM
AAaHHOH, a CTeIeHA 3JEMEHTAPHHX [eJHuTes]ell KOpHEH X, W W, PaBHH
Mexay coboit 1). '

W3 3aMeveHHO 3aBHCHMOCTH XaPaKTEPHCTHYHHX YACE] OT KOPHE
XapaKTepUCTAYHOTO ypaBHeHHA ¥y (%) = 0 (42) m TeopeMm 06 ycroid-
9HBOCTH M HEYCTOMYABOCTH [JIA UPABHABLHHX cmcteM (m. 69, 70) Bm-
BOJHM TEOpeMY:

Koeda zapaxmepucmunnoe ypasnenue y (x) = 0 o6aadaem moavko
KODHAMU, MOJYyau Komopwxr menbuwe 1, Hedosmyuwennoe 0dsuicerue
YCmotinueo, He3asUCUMO OM UAEHO8 8uluie nepeozo nopajgka X,, u npu-
mom maxk, wmno 8cAKoe 803MYUjeHHOe deuicerue, GocmamouHo Gauskoe

1) Ofmue HCCIeJOBAHHA O NPHBOZHMOCTH JIHHEHHHX ypaBHEeHHH K ypaBHe-
HEAM C TOCTOAHHWME KodPdHUEeHTaMH, HadaTele A. M. JIanyHoBHM, pasBmi
H. M. Epyrss (Epyrux H. II. lpupogumee cucremm // Tp. Mar. ma-Ta
nM. B. A, Crexsosa.— 1946.— N¢ 13).
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K HeMY, npubausxcaemca k Hemy acumnmomuuecku. Kozda xe 6 wucae
KopHell HA36aHH020 YDABHEHUR HATOOAMCA marue, Mo0yiu KOmopur
Goavwe 1, Odsuxmcenue smo neycmoiivugo nesagucumo om Xs.

COMHHTGJIBHHMH 00 OTHONIEHHIO K YCTOMYMBOCTH, HPH CYIMIECTBO-
paguM wieHoB X, B nuddepeHnHaNbHHX ypaBHEeHHAX BO3MYMIEHHOI'O
ABIKEHHA, OCTAIOTCA MO3ITOMY TOJBKO CJIYyYaH, KOTAA XapaKTePHCTAU-
HMil mosuHOM ¥ (%), He HMeA KOpHeH ¢ moxyiaamH, Goabmumu 1,
MMeeT KOPHHM ¢ MONYJAME, paBHuME 1.

IIpuéankeHHble METONLI ONpeNe/leHHsA
XapaKTePHCTHIHOTO YpABHEHHSA

74. Onpenenende XapaKTePHCTHYHOTC ypPaBHEHHMA JUIA JHHEHHBX
nuddepernualbHEHNX YPaBHEHHH ¢ HOePHORMICCKHMH KodpduumeHTa-
MH COCTABJACT TPYAHYIO 3afavy. Ecan nasa ypapHeHRH ¢ TOCTOAHHNMHA
KroappHIHEHTaMH COCTABIEHHE XapaKTePHCTAYHOTO onpeReanTens A (A)
He TpefyeT 3HAHUA TACTHHX PelleHA#, To B cJIydae yPaBHeHHA ¢ NEPHO-
anIecKnMH KodpPHuHeATaMH IPH COBPEMEHHOM COCTOAHHMH BOIpPOCA
TaKoe 3HaHWEe HEOoGX0AuMO IJIA TOTrO, YTOOH MOKHO OLlJI0 MOCTPOUTH
vpaerenue ¥ (x) = (. JIamb cBoGOXHKI WIEH 3TOr0 ypaBHEHHA MOKET
OHTL HalleH HEmoCPeICTBEHHO H3 (GOpPMYyJIH

o
.s Sp,ldt
LIRS Ky = 60

Jlaa onpepmeeHHA XapaKTePHCTHYHOrO ypapHeHHA Y (x) = ()
OOHYHO NPHMEHAETCA TOT MJU MHOH HpHOIM;KeHHHHA MeTOX HHTerpu-
posapuna qudpdepernmanvanXx ypapHeHHmi. Ilpm srom mHamboaee
yIOGHHMH ABJIAKTCA T€é HE3ABUCHMHE YaCTHHE PEemeHUA YpaBHeHHM
(41), rarue oumpeneideHn paaA { = ( ciexyomuMu HaYaJbHHMH 3Ha-
JeHH AMH:

x5, (0) = 8,

JJIeMEeHTH @,, XapaKTePHUCTAIHOTO OUPENEIHTEJaA ¥ (%) BRITACIAIOTCH
TOorga mo TakuM pasemctBaM (m. 71):

a,, = Iy (0),
H, 3HAYHT,

X (X) = i‘ Lsr ((1)) - Ger .

3agauu ycTofiUMBOCTH OO CymEecTBY npome 3afad HHTEIPHpOBa-
HHA; OHH He TPeGYT TOYHOI0 3HAHHA XaPaKTePHCTHIHHX UHCEN;
Hafo0 3HATH TOJBHKO 3HAKH MOCJHERHHX. A JUIA pelleHHA TaKoi 3amagm
MOTYT XOpOIIO CJIYKHTh CIOCOGH, KOTOpHE B 3ajayax MHTerPHPOBa-
HEA OPUBOAAT K PACXONAMMMCH HPOLECCaM. JTy HXel0 BOepBHe
npuMerna JIANYHOB B HCCeNOBAHAH YCTOHYHBOCTH YCTAHOBHBHIAXCH
ABM:KEHH# B KpUTHUYecKHX caydaax. Ho, pasymeercsA, Ka:KIWH KOH-
KpeTHHH pe3yabTaT, ROOHTHH HOROGHHME DPHEMAaMH, NOJHKeH OHTE
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NOIOJHUTENHHO HCIHTAH CTPOTMMHA TeopeMaMH 06 yCTOWYMBOCTH HMIH
HEYCTORIHBOCTH.

75. PaccMoTpMM mpueM, KOTOPHI COCTOMT B 3aMeHe Ko3ddumueH-
TOB Py, B 3aJIaHHBIX YPaBHEHHAX MX CPEJHHMM 3HAYCHHAMH 3a MEPHON

1 o

)

Cs(: = ey S psrdt'
[}

YceroiunBoCcTh (HEYCTOHIMBOCTH) B CHIY YCPeIHEHHOH CHCTEeMB

dx

(1)
T =G

z, +...+c§}3x,,, (s=1,...,n)

HHOTJa CONPOBOIAeT YCTOHYIHBOCTH (HEYCTOHINBOCTH) HEBO3MYIIEH-
HOTO IBHKEHHA COTJIacHO 3aJJaHHHM ypaBHeHHaAM (41). Ho a0 He Bcer-
na 6mBaer Tak. IloaTOMY BasKHO 3HaTh, KOIJIa TAaKaA NOJMEeHA ypaBHe-
HHi paspelmaeT NOCTaBJIEHHYIO 3ajady 00 yCTOHIHBOCTH.

ByneM BHUYHCIATh He3aBHCHMHE peIleHHs I, cHcTeMH (41), om-
-peleeHHNE HAa4aJIbHRIMH [aHHHIMM 2= z,, (0) = §,,, mo uaBect-
HOMY METOAY MOcJeoBaTedbHHX npubmuxennit Ilukapa:

-~

2 =8, + \D pudiPdt (k=1,2,...).

o

IIpu 3TOM XapaKTepHCTHYHOE ypaBHeHHe cucTeMbl (41)
4 () = || 25, (0)) — 8, | = 0
onpenenseTca B k-M NPHOIMKEHHH Kak
()= || i’ (0) — 8 | = 0.

B k-M npu6aM;keHMH MH MoOjKeM OTHecTH cucreMe (41) ypaBHeHus
¢ NMOCTOAHHHMH KO03PPHUIMEHTAMH

dx
k . k
'a-tf = c(sl)x1+ R + c§n)‘tn'l (44)
rae
1 (0]
3 k-1
i) = - S Z psixss ¥ dt.
o 1
Kopuu AP, .. ., A xapakTepucTHUHOTO ypaBHeHHA cHcTeMH (44)
k \
Ay M) = | e — 8,h || = 0O
CBA3AHH C KOPHAMH ®P, L wP ypaBHeHus Y () = 0 cootHO-
IHeHH AMH

®O — 1 = oA,
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Ecan HM 0aA KaKHX IeJHX HeOTPHUATEJbHHX 3HAYeHHE M, . ..
.., M,, HMEMHEX B cyMMe 2, He YVHHYITO}KAETCA BHPaKeHHe

mh + ...+ myh,,

rae As CyTh KOpHE Ay (A), TO COraacHoO M3N0KEeHHOMY B II. 34 A cH-
cremnl (44) BO3MOJKHO HAHTH BeIIECTEEHHYI0O KBAaApaTHIHYI $opMy
¢ CHMMETPDHYHHMH Kodgdunuentamu b, = b

2Vk = 2‘ bsr‘zszr
s

sr

TaKyi0, 9TO0H

av
k K k2
E (zy + - +C()n)7r—=ﬂf1+---+$§-
L

IMoanasa npoussomHad ot V; 1o {, B3ATAaA B CUJAY 3aJaHHHX ypaBHe-
Hui (41), ects
Vi = 2‘ beiDirTs,
¥, 8,1
9rta mpoussoqHaa V, Oyner onpeneieHHO-NOJOKETENLHOH, ecqd Hal-
AeTcA MOJOKHTeIbHOE YUCJI0 | TaKoe, 9TO0H BeIECTBEHHAaA KBajapa-
TugHaA $opMa ¢ mepumoawdecKMMH Ko3pPHUumeHTaAMMU

V;\—[L(Ii—}—.+ ‘Ei) zzbsi(pir Pclr))zz
irs

HMeJa NUCKPHMHHAHT
s 1

riaBHbHe JUaroHAJbHHE MHHODH KoToporo Owau OH Bce HOJOMKH-
TeAbHH, IpAYEM

i B
h(r’.;) 2 L [bri (pis I"C:k)) + bs‘l (plr p’c"k))] - (k)

i

Ho ecam V; ompeleleHHO-IONOKHTENbHA, TO ACHMITOTHYECKAA YC-
TOHYHBOCTH (HEYCTOHYMBOCTH) HEBO3MYIIEHHOTO JBHKEHHA B ypaBHe-
gEAX (44) comyTcTBYeT TaKOBOH B 3aJaHHHX ypaBHeHHAX (41).

B IepBoM npn6mm<emm (k = 1) cuctema (44) cormapmaer ¢ ycpen-
HeHHO# cHcTeMO#l, a TOABKO YTO CHEJAHHHH BHBOJ JaeT JOCTATOYHHE

ycinosua (B BHE OIpPEIedeHHO-I0J0KATeNBHOCTH V1) IIA TOro, 4TOGH
ACHMITOTHYECKAA YCTOHYHBOCTh (HEYCTOHYHBOCTH) HEBO3MYIIEHHOTO
ABH;KEHHA B ycpeqHeHHHX ypaBHeHHAX (k=1) comyrcTBoBana acHMI-
TOTEYECKOH YCTOHYMBOCTH (HEYCTOHYMBOCTH) HEBO3MYIMEHHOI'O [BH-
JKeHHA B 3aJaHHHX ypaBHeHuHAx (41)*.

IMMpuMmevanune Ecim BkakoM-THGO H3 PACCMOTPEHHHX CIY-
9aeB KOPHH A; TAKOBHI, 4TO CYIECTBYIOT lieJIle HeOTPHUATEeIbHHE TAC-
na m;, HMemue B cymMMe 2, IIXA KOTOPHX YHHYTOKaeTCA BHPaKe-
Hge mA; + ... + m A, H cymecTByeT mo KpaiHedl Mepe OoqHO OT-
pHI[ATENbHOE XapPAKTePHCTHYHOE UHMCJIO Ag, TO BBeJeHHEM HOBHX
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nepeMeHHHIX
U, = e

OpH JOCTATOYHO MAJOM IOJOKHTEIBHOM 1) MH CBEJeM BOIPOC K pac-
CMOTPEHHOMY C/1y4al0, TAK KaK H3MEHEHHA NEPEMEHHNX I ¢ TeUeHHeM
BpeMeHH He GyIyT BCe OrPAaHAYEHHEIMH, €CJIH HEKOTOPHE H3 mepeMeH-
HHIX i; GynyT ReorpaRmueHENMA. Onpee/ieHAe HE3ABACHMEIX PelIeHH i
z,, mo Metony Ilmkapa mpm HyneBOM HpEGAM:KeHHH

0)
xgr = §,,

OPHBOJHT BOOOIIE K HEJOCTATOUYHO OGHCTPOH CXOMHMOCTH HOC/IeN0Ba-
TeIbHHX NPAGIHKeHH, TAK KaK NPAXOJATCA IPOA3BECTH JOCTATOTHOE
9Eca0 NpAGAEKeHAH, YTOGK B HApacTARMIOX CTENeHAX ! HAKOOHTH
MOCTATOYHOE YHCJIO 1JICHOB IKCIOHEHTA €%, KOTOPHIl B 3TOM mpomecce
He MOKeT NOABHTBLCA, KPOMe KaK Pa3/j0KEeHHHM B PAA.

IIpamep. Paccmorpmm cmcremy

:—f:(-—-—;——i—sacOSZt)x—}—(1-—sasin2t)y,

Z—f ={(—1—easin2t) z-} (-—-% — €4 COS 2t)y,

rge a — HEeKOTOpoe .OJO;KHTeNbHOEe YACHO, a & — mapamerp. Hx
OCpefHeHHKe YPaBHEHHS CYTh:

dz 1
rAE A AN
dy 1
A e

Hnsa nocneqaux ¢ymkmua V, o Kakoid Guiia peub, mpecTaBafeT oOm-
Pee/IeHHO-OTPHIIATeIBHYI0 KBAAPATHYHYIO (opMy

V = —(2* + y?).

HApyraMm cioBaMu, Hepo3MymeHHoe apmxenae (r = 0, y = 0) acaM-
OTOTAYECKA YCTOHYHBO B CHCTEMEe YPABHEHHH ¢ OCPeXHEHHHMH K0ad-
¢unmentamu. [lonraa npomssoaras no ¢ ot 310l PyEkmEA V B cmay
3aJaHHHIX YPaBHEHHH eCTh:

V' = 2% 4 y* — 2eal(z? — y?) cos 2t — 2xy sin 2¢];

RECKPEMHAHAHT V' HMeeT bBce riaBHHE JHArOHAJIbHHE MHHODH IOJO-

. 1
JKATEJBHBIMHA, €CJ/JH YHACJCHHAA BEJHYAHA £ MCHBbIIE Bz Crano 6HTL,

ecan !si<—2171, TO HEBO3MYIIEHHOE JABH;KEHHEe B CHJAY 3aJaHHEX ypaB-
HeHE#} GymeT acAMOTOTHYECKA YCTOHYABHM. MOKHO 3aMeTHTS, aT0
opd & = -;—d-;aanaunne YPaBHEHHA [EJAI0T HEBO3IMYHICHHOE IBH:KEHHE
'HeyCTOHYHBHM.
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Cnoco6 Jlanynosa

76 [48]. Jlanynop pasBuBaja ApPYroit ¢noco6 BHUYMCJICHUS He3aBH-

CUMHX pelneHUil z,,, OmpejeeHHKX HAYaIbHKEMH JaHHEMH @ = §,,.

PaccmMoTpum cayuait, kKorma B cucTeme (41) xoad)d)nunen'ru Dy
3aBHCAT OT HEKOTOPOTO BelecTBeHHOro mapamerpa p. JomycruM, 9to0
K03pPUIMEnTH. p,, MOTYT OHTH NPEACTABJIEHH pPAJAMHM IO LEJWM I10-
JIOKUTEJBHHM CTEeNeHAM |1, CXONAMUMHUCA A6CONIOTHO M pPaBHOMEPHO
AJA BceX BelleCTBEHHHX 3HavueHuit L mo kpaineit mepe npu p, abcoaoT-
Haf BeJMIHHA KOTOPOTro | p | He IPeBOCXOJHUT HEKOTOpoe ducio M.
Jonyctum Takke, 4T0 moka | p | He mpesocxoauT M, KoadhduIHenTH
Psr ABJIAIOTCA HENPEPDHBHHMHU OTPaHMYCHHMMH QYHKIMAMH IR
BcAKOTo ¢ > 0, M ycTh NEPHOA « He 3aBUCHT OT [i.

IIycte p ecTh pAO, PACHO/IOKEHHHH IO LEJHM HOIOKHTEIbHEM
cTeleHAM WU, KO3PPUIUEHTH KOTOPOro HPEACTABIAIOT NEePUOAMIECKHE
QyHKIUHM {; 3HAUeHHA BTHX Ko3PpPuuHMeHRTOB npH A1060il cTemeHH
M OaA BcAkoro ¢ > ( paBHm HauGoJjbmeMy u3 Mopyieid Koaddunu-
€HTOB Da3JIoKeHHH p,., OTBEYAIOIHUX TOM Ke CTeIeHH U M TOMY ke
3HadYeHMIO t.

Ecau npu

tpl=
DPAO D DAGHOMEDHO cTodumcs 0af 6cer SelyeCMBeHHMT 3HANeHULL L, MO
DAOB, KOMOPWMU NPeICmAasARIOMCs 3ZHANEHUR

Z,, (@) (s, r=1,...,n)
PYnKYul x,, CUCMEMB HE3ABUCUMNT DEuweHUll, ONPedeseHHRT HAYAAb-
nomu ycaosuamu z,, (0) = z = 8,,, 6ydym npu cdesannnz nped-

ROAONCEHUAT abcortomuo cxodsuwumucs das | p | = M.
Horkasateasbctso. Paccmorpum cuctemy
dz,

dt =€ (pslxl —}' . + psnxn)

C HOBHM BCOOMOTraTeJbHHM IIapaMeTpPOM E. Pemenuna T, AJIA nochaen-
HHUX ypannennﬁ 6y11eM HCKAaTh B BH]AE

=8, + ezl + ey + ..
$ynrnuu xﬁ,’ onpeneynfAlOTCA NOCJIeJ0BaTeJbHO O (GopMysaM
t
K -1
Igr): SZ pSJIJ!‘ ) dt k=1,2,...)
0 j
OTKYZA
t
| 2R 1< n Spdt,

lxgﬁ.) n2§< Spdt)d
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HHTEI‘pHpYﬂ o0 YacTAM BHpayKeHHe, CToAllee B upaBoﬁ qacTH OO~
cJeJHero HepaBeHCTBa, MOMKEM upeoﬁpaaonaTb ero 4 ImOJYYHTh
t
(2) nl
lxsr <_2_(S Pdt> *
0

H AaHAJOTHYHO
i

" K k
ixg’r\’)lg 1.2’.’1“}‘ (Spdt> °
0
JxemosatedbHo, Opa € >0 u ¢ > 0 mMmeeM
£
Ie[nj‘pdf
fertd |+ ledP+...<e © —1.

I ¢ =1 B t = © U3 mOocaeqHEr0 HEPABEHCTBA NIPH CACNAHHRIX.
OpefnoJio;KeHHAX MH JO/KHH 3aKJAYHTH, 9T0 I, (®) pasiarawrcs
B a0COTI0THO CXOAAIHECA PAAK IO cTemeHAM | opu | p | = M. Tlpen-
JOKeHHe JOKAa3aHo.

JlomycTEM Temeph, 4TO MK yMeeM HHTErPHPOBATH cHcTeMy (41)
B npennonoxenan p = 0. Torma ecnm pyskuum z, npr p = 0 Gynem
MCKaTh B BHJE PANAOB, PacHOJIOKeHHHX IO CTemeHfM IapaMeTpa |,
TO JAA onpefeleHEHA KOIGPHIUEEHTOB B ITAX PAJAX MOJYIHM CHCTEMH
nupdepeHNAANLAKNX ypaBHEeHHAH, KOTOpHEe OGyAyT HHTeTPHAPOBATHCA
B H3BECTHOH HOCJIEJOBATEJHHOCTH IOCPEACTBOM KBagpaTyp.

77 [49]. PaccMoTpEM ypaBHeHHe

i fpz—0, (45)

re p ecTh OTPAaHHYeHHAA HempepPHBHAX NepHoAWYecKada ¢yHKHHEA
[ ¢ BemecTBeHHHM (OYCTh IOJIO}KATEJBHKWM) HIEePHOAOM . B cooTser-
CTBHH C H3JI0/KeHHNM MEeTOJOM MaJIoTo MapaMeTpa |\ 3aMeHHM 3TO ypaB- .
HeHAe TAKHM:

d*z

b7 Sl o

4 HleM He3apHCHMEE pemeHHA HOCJeJHEr0 YPaBHEHHA k BHJE
— f = 2f Lt
z=f=1+pfi +p¥f+ ...
O — 2 .
R e R L Rl Ul P S
rae f., @, cyTh QYHKUHE {, YHHUTOKAKIEECA BMECTe C EPBRIMH Ipo-
HIBOAHKIMH, Korjga f{ passo Hyaw. Oyaxkyan f,, ¢, BHYHCAAIOTCA HO-
cietopatejibHO Mo ¢opMyaaM
t

¢ t
fo=Sat
0

opa ycaosHHE fo = {, ¢, = L.

{ t
Pfn-1dt, @p = Sdt Spcp,,_i dt
0

0

>



168 TJ1. 10. HEPHOJJUYECKHNE JABHKEHMAA

Ecam Mu 3aMeHHM ypaBHEeHHE CHCTeMOil JMHeHHHX ypaBHeHHH
dx , dz’
@ =% @ Tk

1o moayanM (u. 71), 9T0 XapaKTepucTHYHOe ypaBHeHHe Gyzer
wo_|[@—* 1@
* P ¢ (©—x
rae 24 = f (0) + ¢’ (o).
Ecam A% > 1, To KOPHH XapaKTePHCTHIHOTO yPaBHEHHA OyayT
BeI[ECTBEHHHIMH H OJIHH M3 HHX 9YACJIEHHO (oJbnie, XPYTod YHCIEHHO
menbnie 1; ecam A% <1, To xapakTepucTH4YHHE KOPHH OyayT MHH-

MHMH B OyQyT HMeTb MOAYJH, paBHHe 1.
U3 dopmyan

=x2—24Ax 4+ 1 =0,

A=145 Y [fa (@ + @]

A u3 Toro obcToATenbeTBa, uTo mpH p < 0 dyHKumna f, (0), ¢n ()
HOAYYAl0OTCA HOJ0KATEIbHHMHA JJIA YeTHOTO 7t A OTPANATEAbHEMHA IS
HEYeTHOTO 1, 3AKJII0UAEM: ecal PYHKYUSL D MONCEM NPUHUMAMD MOALKO
ompuyamesvible UL Hyaeevle 3uadenus (ne Gydyuu Hysem moicdecm-
6eHH0), MO KODHU IADPAKMEPUCTIUNHOZ0 YDAGHEHUSR, OMEEHaue20
sadannomy ypasnenuio (b — —1), ecezda 6ydym sewgecmeennsimu u 00un
u3 Huz, no modyaw, 6ydem Goavwe, a Opyzoii menvbuwe 1.

OcTagoBAMcA Temepb Ha cjaydae, Koraa QYHKIHA P MOKeT HMETh
TOJBKO HEOTPHIATe]bHHE 3HAYeHHA, He OOpam(aAch TOMAECTBEHHO
B HYJb.

WaTerpupys mo 4actaM u mcnoabaysa cooTHoneHus fo = 1, ¢y = ¢,

ooJy4aeM paBeHCTBO
o

h@) + 6 @ =0 pa.
[1]
JIna nonomunTeasnoro ¢ v upn n > 1 dyukunm f, (), ¢n (t) ynos-

JAeTBOPAIOT HEPaBEHCTBY

1

S = (fa-rt @n-0)t § p AL — 20 (fut- 92)>0.

[1]

HeictBuTeabno, n3 GopMyan

L ds,
S, = S 1 gy
(1]

HemoCpeJACTBEHHO HMeeM
4

Sn=§(Fat p®o) dt,

0
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rae
t t
Fo=tfas\p dt + (fai + @n-r) \ p dt — 201,

0 0
t

D, = tg, S P dt + (faoyt @n1) t — 2n@, g

0

Coepmas max F,, ®, mpeoGpasoBaHme, IMOZOGHOE COBEPMICHHOMY
Hag ¢ymkumer S,, mOTyIEM
t t t
F,— S(Zf,._, (pat+ pu,,) dt, @, = @pte, .+ v,)dt,
0 0 0
rae
t
Uy, = (Pn-z + tfu-s) Sp dt + @n-y -+ tha-1—(n —1) foys
0
t
Un = (Pn-z + tonos) Y P At + fury + thaa— @0 — 1) Gur.
0
Ilpr cpenaHHEX IPEAIOJIOKEHHAX 0 HEOTPHIATEJIBHOCTA p QYHKIHEH
fas frns @ny @ AAA BCAKOTO n GYRAYT HOJAYYATHCA IOJOKHTENLHHMHE
gasa t > 0. U, cienosarensno, pyakimun F,, O, 6yayr moaoxarenn-
HEIMH, €CJH IOJOKATEJIBHRMA OYRYT U,, U,. A ecadn Hag GyHKIAAME
U,, U, TPOA3BecTH mpeoGpasoBamme, mpuMeHenHoe K S ,, ., F,, 10
MOKHO IIOJYYHTH

(2P (Pn-z + tfa-g) + Fyy) dt,

Uy
Un

t
0
t t

S(zf,._, + 2¢ns\pdt + pmn_,)dt.

0 0

N3 stax dopMya 3akiaogaeM, 9T0, €CIH AiA MOJORATEIBHHX 3HA-
JeHHHA ¢ AMEIOT MecTO HepaseHcTBa F,_; > 0, ®,_, > 0, 10 gua Takmx
/e 3HaYeHHd ! Gyayr mMeTh MecTo Hepasenctsa F, >0, @, > 0,

a TeM caMmM m HepaBeHcTBO S, > 0.
Hasa n = 2 a1 nonoxateasHoro ¢ aMeeM

F,—2 §{(§pdt)’ + 2p<p;} dt>0, @,=2 §(pt2 + 2f,)dt > 0.

JtaM HepasemctBo S, > 0 MoKHO cYHTaTh AOKasaHHWM. Iloxaras
B HeM ¢ = @, GyaeM mMeTh

fa (@) + 0 ©) < [fa-s (@) + s @] { p a.
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Bupaskenue A niaa ypasHeHHa (45) npuHHMaeT BHJ
1 v n .
A=145 3 (" [/a (@ + 9u @)
n=1

B CHJIY IIOCJeJHEer0 HE€PpaBEHCTBA HAXOOHM

1—%§pdt —;——;—i(i—_,‘,,—“;—jpdt)[n,,(mw an ()] < 4.
1] n=1 0

A<'i—"é‘ (1—%§Pdt) [fan-1 (@) +(P;n-1((°)]'

e

n=1

CiaegoBaTeabHO, €CIIH
o

© S pdt <4,
0
To HeoOxoamMmo OyneT

—1< A<

3THM [0Ka3HBaeTcd ciefylomas Teopema Jlanyrosa.

Ecau gynryus p maxosa, wmo Moxcem noayuamv moabko nOAOHCU-
MmeAbHbe UAL DASHHLE HYAI0 3HaueHUA (He GYIYUU HYAeM IMOoHCOeCEeHHO),
% ecau npumom PYHKYuA sma Ydosiemeopaem YcA06UI0

[0}
o{pdt<4,

0

mo KODHU Zapakmepucmuihozo YpagHeHus, coomeemcmasyowezo ypas-
Henuto (45), scezda 6ydym muumvmu, 06aadas modysanu, pasnuiru 11).
TeopeMa qaeT Jumpb AocTaToOYHHE yciaoBud. Eciau p ecTh I0JIOMkKH-
TeJIbHAAd INOCTOAHHAA, TO KOPDHH XapaKTEPHCTHYHOTO YDaBHEHHA
¥ (x) = 0, oTBevaomero BemecTBEHHOMY HepHOAYy ®, OyayT mmerb
MoayaH, pasHHe enumuine. Ho ecam p ecTh HoJIOKHTeNbHAA IepHO-
naudeckas QYHKIHAA, MOKHO IPDHBECTH IPHMEpPH, B KOTODHX Xapak-
TEePHCTHYHOE yPaBHEHHE 00/aflaeT BEMECTBeHHHMHM KODHAMH, M3 KO-
TOPHX OJMH IO MoayJaw Gyaer Goavme, Apyroii Menpme 1.
Hccnenopanne ycTOMYMBOCTH B KPHTHUECKHX CJIydasX, KOrja xa-
PaKTepHCTHYHOE ypaBHeHHe ¥ (%) = ( mMeeT oJuH paBHH#l eguHHIE
KOpeHb MJH [Ba MHHMHX KODHA C MOAYJAMH, PAaBHBIMH eJUHHIE,
noao6HO HCCAEOBAHHI TeX ’Ke BOIPOCOB [JA yPaBHEHHH C IOCTOAH-
HHME Kod(pPuumentamu. Ciydam 3TH paccMOTpeHHW JlAnyHOBHM B
B . 96—64 ero Tpyna «O0mana 3anaga 06 ycTOHINBOCTH JBH;KEHHH).

1y Nanseelimue uccaenoBaBda A. M. JIanyHoBa, cBsi3aEEHe C ypaBHEHHeM
(45), onyb6amkoparm B 3ammcKax Axkampemmu Hayk (8-a cepus.— 1902.— T. 13,
Ne 2) .



IIPUMEYAHHA *)

K ¢. 10. «OctpoyMHe JANMYHOBCKOTO OMpe/efieHHA YCTONIHBICTH COCTOHT
B TOM, 4TO oupefe/ieHHe 3T0 He Gecnpefe/bHO IIHPOKO, HHa4Ye OHO GHIO GH
GeaHHETEPECHHM, H CY/KEHO OHO POBHO HACTOJIBKO, 9TOGH OXBATHTH BCE KOPEHHOE BO
BCEBO3MOKHMX 3aja4ax ycroidmsocTE.» (Yetraen H.TI. O mekoropux saja-
1ax 06 ycrod9EBOCTH j(BH;eHHA B MeXaHHKe. // [IMM.—1956. — T. 20, Bum. 3.—
C. 309—-314.)

K ¢. 11. 910 0GCTOATENLCTBO MO3BOJIAET C YCHEXOM NPHMEHATH JANMYHOL=
CKYI0 TEOPHIO YCTOHYHMBOCTH [JIA PeHMIEHHA BAayKHHX MPHKIAJHHX 3aKad, BO3MOIK-
HOCTh dero BmepsHe Guia orMedena H. I'. UeraesuM eme B nagame 30-x romos
B €ro JeKUHAX N0 YCTOHYHBOCTH CaMOJIETOB.

K ¢ 14. «B GonsmuBcTBe HHKeHepPHHX 3ajas Tpefyercs yAOBIETBOPHTDH
BLIIHCAHHKHM B ONpeJe/leHAH YCTOHYHBOCTH HEpDABEHCTBAM MpH 3aJaHHKX 3HAYE-
HEAX A, A 32 OrpaHHYEHENWI MPOMEKYTOK BpeMeHH OT HAYAJIbLHOLO MOMEHTA f,
10 HeKoroporo MomeHra T. IIpu ¢EKCHpOBAaHHHX 3HAYeHHAX BENHYNH A, 4, ¢,
T B ompeneileHMHH YCTOHYHBOCTH BO3HHKaer ompepeiemme (A, A, t,, T)-ycroidm-
HOCTH B KOHEYHOM 3a OrpaHHYEHHHI NpPOMEKYTOK BpeMeHH.

Hamenas, ecnm rtpeGyercs, npasbe wacTH AEPepeHNBANLHENX ypaBHeHH
BO3MYIEHHOr0 JBH)KEHHA B 3afade o (A, 4, ¢y, T)-yCTOUIHBOCTH COOTBETCTBEH-
M o6pa3oM B obmactaAx

Zzi<k, A<Z:2<H

AJIA BCAKOro ! > ¢t,, a B obmactH
g -
IR A
8

MIA 3HAYeHHI ¢, mpeBOCXOAAEX I', MBH MOKeM IPHBECTH MOCTABIEHHYIO 3a/jaqy
o (A, A, ty, T)-ycTOHYEBOCTH K HEKOTOPOil HaKpHBawmeil ee 3anave Jlamysosa
06 ycTOHYHBOCTH C TeM JOMOJHHTENLHHM OrpaHHYeHHeM, 4ToGH i mpeobpaso-
BaHHHX ypasHeHHH ¢ymkuEH JlanyHoBa 0GjiafalE oropopeHHNMH Y JlanmyHoBa
CBOICTBAME, HATHHAA C 3aJAHHOTO fo, H YTOOH JUIA 3a/ARHOrO TECAA A mOMydae-
soe o Meropy JIAMyHOBA WHCJIO A MpeBRMAZ0 HIH PAaBHANOCH 3/ AHHON AJAA A
BeJIMYHHE.

OGCTOATENLCTBO 3TO AelaeT OpAMON Merop JIANyHoBa BechMa UEHHHM NI
TeX H3 NPHKJIAJHHX 3a/aq 06 yCTOHYHBOCTH B KOHEYHOM 3a OrpaHHYEHHHIl Ipo-
MEKYTOK BPeMeHH, [JIA KOTOPHX CYIIecTByeT HAKpHTHe 3ajadeil Jlamymosa.y
(Uetaen H.T. O meKorophx Bompocax, OTHOCAIIEXCA K 3agade o6 ycToHgH-

*) Cocrapnensl B. B. PymannessiM
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BOCTH HeycTamoBuBmmxca pgpmkenmd [/ IMM.—1960.— T. 24, Bum. 1.—
C. 6—19.)

K c. 16. «Bpenennoe JIANyHOBH MNOHATHe 3HAKOOIpenejeHHON ¢yHKNHEH,
ecJid OHA 3aBHCHAT ABHO OT f, OTJIHYaeTcA OT OOHYHOr0 NOHEMAHAA 3HAKOONpe-
nenenHod ¢ymkuumr. Hampumep, npE n = 2 dyRKumsa

et (22 + D)
BJIA BCeX pacCMaTpHBAGMHX 3HAUeHEM ¢ ecTh OIpejie/leHHO-NON0KUTe/IbHAS
KBafparnuHasa GopMa B OGHYHOM CMHICJIE CJIOBA M He ABJIAETCA 3HAKOONpeJelleH-
HOH B cMHche JlanyHoBa» (mpmmevaHme [6] H. I'. Yeraera Kk KHmre JlamyHoBa,
yKazaHHO# B mpEMevaHnmd !) Ha c. 8).

K e. 20. Jlna npEKIagHHX 3aAad EMeeT 3HaUeHAe He TOABbKO (aKT cymect-
BOBAHHA MHCJAA A IO 3aJAHHOMY YACAY A, HO B OLlGHKA 3THX 4HceJ H IPOBEpKa
NPUrOJHOCTHE ONEHOK B KOHKPeTHHX YCJAOBHAX 3aKavd, A 4ero ocobeHHo 3d-
JeKTEBHNM oOKa3mBaeTcs Merof ¢yHKnmit JIamyHopa.

K e. 24, Ha srom npmmepe H. I'. UeraeB HpemioKui MeTOX IOCTPOCHHA
¢yaxkune JlallyHOBA B BHIe CBASKH HHTErpajioB YpaBHeHAHd BO3MYINEHHHX
ABE;KEHRil, OKasaBmedicA BecbMa 3PPEKTHBHHM H MHPOKO WPHMEHAEMHM A
pemeHHEsA 3afad yCTOHIMBOCTA B paboTax MHOTHX Hcciefopareneil. Boo6me aror
MeToJ[ COCTOHMT, KOPOTKO, B cuenyiomeM. IlycTs M3BecTHH HEKOTOPHE ronoMopd-
HHe HHTErpail YpaBHeHMil BO3MYMEHHHX JBMKeHHil

Vi{zy, . - -, Zn) = const (i=1,...,m), 1-__.0

Oyrkuua JIANyROBa CTPOMTCA B BH[E CBA3KH HHTErpajloB
m k
V(I"""In):_zl}"ivi+_2 pJJ’% 0 <<k m),
i= j=1

rae A; — HEKOTOpHe NOCTOAHHHE, MOROEpaeMuHe TaK, YTOOH CyMMa JHHeHHHX
4IeHOB B pasio:keHEE QYHKuEA V (z,, . . ., Zp) B CTeNleRHOH DA IO IepeMeHHHM
Z; B OKPECTHOCTH HEBO3MYIIEHHOTO JBHKeHHA z; = ( TOMIeCTBeHHO paBHAJACH
HY/NI0, TAK YTO pasiiokeHHe 3TOH (QYHKNEA HaduHaeTCA ¢ KBajfpaTA4HO# ¢op-
M VO
V= 3 v
T§2

OcraBmnecA He ONpee/leHHHMH KO3(pPUUEeHTH A; B M; BHOHDAITCA TAKAMH,
uTo6H KBagpaTAYHAA dopMa V¢ guaa 3HAKOOIpe/e/eRHoil, Torga B obaacTa fo-
CTATOYHO MQJHX IO aGCONIOTHOH BeJMYAHe 3HAYeHHH NepeMeHHHX zy; Oypmer
3HaKoompeneneHHod u ¢yHkmEa V, mpmuem V' =0.

Tak nosy4eHHHE JOCTATOMHHE YCJAOBHA YCTOHYHBOCTH B psAfe cAydaeB, KaK
H B PAacCMaTpEBAEMOM IpHEMepe, OKa3HBAIOTCA COBHAAIMEAMHA (C TOYHOCTHIO JIO
3HAKa PaBeHCTBA) ¢ HEOGXOMEMHMH YCIOBUAMEA ycToiMmBocTH. HHTepecHO OTMe-
THTb, MTO [JIA MOJYYeHUA TAKHUX YCJAOBHH YCTOHYHBOCTH MHOINA JKOCTATOYHO HC-
MOJb30BATh JHMb YACTh H3BECTHHX NEepPBHX MHTEerpajiioB (cM., Hampumep: P y -
MaHEneB B. B. 06 ycTroilYaBOCTE BpameHAA TAKEIOT0 TBEPAOIO Tejla ¢ OXHOM
HemopBHEKAO TouKoit B cayuzae C. B. Kosanesckoi. [/ IMM — 1954.—
T. 18, sun. 4.— C. 457—458).
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K e. 26. Bonpocu| cymecrsoamusa ¢gynruuu JIanyHoBa, YIOBAETBOpAIOMme
YCIOBHAM TeopeMH 00 AaCHMITOTEYECKOH yCTOHYHBOCTH, HCCIAEJOBAIHChH DPAJOM
aBTOpoB. B peaynbrate gokaszaHa o6paTmmocTb TeopeMmn JlamyHoBa 06 acHMITO-
TH9ecKoH ycroflumBoctH (cM.: Kpacosckumit H. H. Hekxoropue 3agayn
TEOPHH YCTONYEBOCTH JiBH:KeHEA.— M.: ®dumamarrms, 1959, c. 211).

K c. 29*. Bonpoc o cymecrsosanmn ¢pyEkuum V (¢, z), yRoBiIeTBOpsaomei
ycinopuaM TeopemMu H. I'. YeTaeBa mia BCAKOro HeyCTOWIHMBOIO HEBO3MYNIEHHOTO
Asmkenns, paspenmmam Y. Bprou (O6pamenme teopemsr Yeraepa // Uexociaos.
Mart. xypHE. —1955.— T. 5 (80)) u H. H. Kpacosckmit (cM. MoBOTpadmo, yka-
3aHHYI0 B OpuMedaHUH K c. 26).

K e. 29**, W3 nsyx TeopeM JlsmyHoBa 0 HeyCTOHYHABOCTH BTOpasA obGparmMa,
a mepsasa oGparmma me pcerfa (Kpacomckuii H. H. Hekoropue sagasu
TEOPHR YCTOWYMBOCTH JABmkenua.— M.: ®mamarrma, 1959.)

" K e. 30. 9ra teopema cpopMyiaEpoBaHA CleAyOmEM 06pasoM:

Ecanm pupdepenuuanbarie ypaBHEHNA BO3MYHICHHOTO MABHMKEHAA TAKOBH,
49T0: 1) ANA HeROoTOpoll jomycKamoome#l GeCKOHedHO BHCIIHE mpemel ¢yHRUHH
V (¢, ) cymectByer o6nacts, tne VV’ >0, u 2) njiA HeKOTOPHX 3HaYeHHH Be-
NHY4H T4 YHCAEHHO CKOJb YTOHO MANHX, B o6nactm VV’ > ( BO3MOKHO BHje-
auTh o6nacTh, B KOTOpoi HekoTopas ¢yEkuma W > 0 m Ha rpaEmne KoTopoi
W = 0 3paveRHaA NOJHON NpoH3sofHO# W’ cyTh OMHOTO Kakoro-1mGo ompepenen-
HOTO 3HAKa, TO HEBO3MYMEHHOe ABHKeHHMe HeYCTOHYHRBO.

CirenyeT OTMETHTH, UTO NPH pelieHHH BOIPOCOB O HEYCTOHYMBOCTH Iies1eco0G-
PasHO pacCMATPHBATh MHTEPBAJ M3MEHCHHA BPeMeHH (ty, 0o] 3AKPHTHM H CYyIECT-
poBaHHe o6Gnacta V > 0 nonumaTh KaK ee HENyCTOTY HH [JIA KaKoro ¢ Ha 3TOM
HHTepBaje.

Ecam paccMaTrpupaeMaa B rteopeme obiaacts VV’ > 0 orpammsena V = 0
n npm 3ToM V’ > 0, 10 3a QyEKnmO W TeopeMH BO3MOKHO B3ATh dyEKunmio V.

B kagecrse ¢pymkuum W MomHO Takxke BHGpaTh V', Torfa monydaercsa mep-
BOHaualpHAA (GOPMYJAHPOBKA TeopeMH O HeycTOiYMBOCTH, AaHHasg B paGore:
Yeraen H.T. Sur la réciproque du théoréme de Lagrange // C. R. Acad.
Sci.— Paris, 1930.— V. 190.— P. 360—362.

K e. 36. DnemenrapHne (T. €. IyTeM ABHOT0 mNoCTpoeHdsa ¢yarumm V)
ROKasaTenbCcTBa ANA pAAa APYTHX Gosee CJIOKHHX M TOHKHX Cilydaes oGpameHns
teopemut Jlarpamka Guuim gaRm B crathe: Yeraen H.TI. O meycroiiamsocru
PABHOBECHA B HEKOTOPHX CJlyd4afX, Korja (QYHKIHA CAJA HE ecTh MAKCHMYM //
IIMM.—1952.— T. 16, pwn. 1.— C. 89—93.

N3 srax cayvaes mpuseneM ABa HauGodee oOuIHX:

1°, Nycrp cunopaa Pymruma umeer BER U = Uy, +~ Uppyy 4 -+« F Ugg +
-+ Uk + Ugyy 4 . .., TRe BCe opropopmie $opmut Up, . . ., Uy HmOCTOAMHO
oTpEuATeNbHN, ‘GOPMH Ukyy, « - ., Uk4g, « - - HOCTOAHMHO IONOXKHTENHHH, a dop-
Ma Uy sHakonmepeMenma, mpudem ¢yEruma U, 4 Upog + ..o 4 Uk + Uy
ANA YHCAEHHO AOCTATOYHO MAJIKX 3HaueHmHM mepeMeHHNX ¢s; MOKeT GHTb cheiaHa
nojo;kuTenproi. Torpa monoendme pasHOBECHA ¢s = O HeycTOHYHBO.

JloKasaTeibCTBO NPOBOAHMTCA PpaccMOTpeHHeM QYHRIMH

V:—‘ngsqs'
s
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n
2°. MMycrh 1) AJIA YHUCACHHO CKOJb YrOJHO MAJIHX gs, TAKHX 4TO 2 qu 1,

8=1
cymecTByeT Herotopas' obmacte C, B KoTopoi QyHkuua cmn U > 0; 2) cymecr-
BYIOT HeKOTOpDHe HellpephBHEE B C BMeCcTe CO CBOMMH YaCTHRMH HPOH3BOXEHIMH

nepBoro nopaAnka ¢yexumH f; (¢, . . ., gn), obmagaomme cpoicrBaMu: f, (0) =
= (), BCe rJIaBHHe JHATOHAJhLHHE MHHOPH OIpeJeJHTeNA
of ‘ of,
bl bys = Ja, T g, (ris=1,..., n)

OrpaHHYeHH CHH3Y TIIOJOKHTEJhRHHRMH YHCJIaMH B obmacT C; d)yKKI.(Hﬂ
n

oU
E R f, ompepeNeHHO NOJOMKHATENLEA B obmacte C. Torpa nojoKeEHe paBHO-
s .
a=1

BeCHA HeyCTOHYHBO.
JIOKa3aTeJaLCTBO IIPOBOAHTCA paccMOTpenHeM QyBRKumn V = —*HZPafs~
8

9t TeopeMul YeTaeBa CHIrpajH Ba)KHYIO pOJL B ofpameHHAX TeopeMu Jlar-
paHska, MAaHHWX BIOCJHefCTBHE B paboTax papma aBTOpOB.

K e¢. 80. 3tor, npamep cofepskarcAa B crathe: Y etaen H. I'. O subope
mapaMeTpoB, ycToH4HBOH  MexaHMYeckod cuctemu // [IMM.— 1951.— T. 15,
Bun. 3.— C. 371—372. llennio ee GBI MOKA3 HECOCTOATENHHOCTH MATErpATHhHHX
OLleHOK [UIA OTAEJIHHHW X TPAEKTOPHH, COOTBETCTBYIOIIAX H30GpaHHKRM HAYAJILERM
VCIOBHAM, MJIA TOJHOH XapaKTePHCTHKY ONTHMAJTbHHX CBOHCTB JHHEHHWX CHC-
TeM H TNOJydYeHHe HACTOAMIMX OLEHOK MeromoM ¢yRKnmii Jlanymrosa.

3Hadenne 3T0H paGOTH BHIXOJHT 3a PaAMKH pPacCMOTPEHHOH KOHKpeTHOH aa-
Aaum: o6mpe coobpaykeHHs, JeKallHe B OCHOBE HpeNIOKeHHOro YeTtaeBHM MeTo-
Aa TMOJYYeHHA OLEHOK KadecTBa IepexogHOro Ipolecca B CHCTEMe, NPHMEHRHMEI
K 3HauHTeNbHO GoJlee OGMIMM ciIydagM, Korga MosKeT GHITH noctpoera ¢pyRKuus
JlanyHoBa H NOAMEYEHA CBA3h MEMAY OLEHKaMH CBOMCTB 3TOH QYHKUHH H eo
MOJHO# TIPOH3BORHOH M MapaMeTPaMHA CHCTEMH. ITOT MeTOX HOJYYHI INHPOKOe
pacmpocTpaEeRHe H DASOM HCeJefoBaTeldedl MailleHH MOJe3HKe AJIA NPAKTHKE
adPeKTHBHENE OLEHKH CKOpPOCTH 3aTyXaHHA MepeXOJHOro mponecca B HeCTal{HO-
HADHHWX JIHHGHHHX M HeJHHEeHHHX CHCTeMaXx.

K c¢. 87. Ono ocTaeTcs cupaBeATHBHIM H IPH OXHOBPeMeHHOM N06aBieHHH
FEPOCKONHYECKHX CHII.

K e. 141. Onpepeneanne JIANYHOBEIM IIpefesiHl XapaKTePHCTHYHHWX YHCEJN
BO3MOXKHO YTOMHHTE (cM. crathio H. I'. YeraeBa, ynoMHRaeMyio B IpHMeYaHHH
kK c. 14), a HMeHHO:

xap. gucio exp $a dt > xap. wmcno {x,} > Xxap. Tucio exp $B d,

rie @ # B 0603HagaOT, COOTBETCTBeHHO, HAHMEHBLINME M HaHGOJBLIIHHA KOPHE
YpaBHEHHA

Pgr T+ Pry
" — 8, x| =0.

CnengcrtsHe. HauMerbIlee XapaKTepHCTHYHOe THCJIO pellieHHMH ypaBHe-
HEH (35) GyaeTr HOJOMKHTEIBHO, €CIH HOJOMKETETbHHM GyleT XapaKTepHCTHIHOE
ancio GymkuEm exp § P de.
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K c. 145*. «Bonpoc 06 yCTOHYRBOCTE HEBOBMYIEHHOTO ABHMKEHMA I, = 0
naa ypasmenmii (35) paspemaercs] 3HaKOM HaHMeHBINEr0 XAapaKTepPHECTHIBOTO
9RBCIa; 3T0 COXpaHAeTcA, eCIH 3alaHHHE YPaBHEHHA NPAaBWILHH H B HEX JONOJ-
HHTeJbHO CYMECTBYIOT YieHh X,, HAYAHAIOIHEECH B CBOHX DAa3qOKEeHHAX IO Iie-
JHM TO0JIOKATEJbHHM CTelleHAM C WIeHOB He HHKe BTOPOTO H3MEpEHHA. JTH
obcToATeNbCTBA [e1AI0T TIPEBEIEHHYI0 TeOpeMy NPAaKTHUECKH NoJde3Hoil, TaK Kak
3ajava o0 yCTOHYHBOCTH CBOXHTCA NPH NOMOIME Hee K airefpamYeckoMy ypas-
HEHWIO

I Csr — bsrl fi= (_1)71 (An -+ alln-l et an) =0.

Cornacno teopeme I'ypsmna «¢...He0GXOAEMOE H A0CTATOYHOE YCIAOBHE UIAl TOJO-
KETeIbHOCTH HAHMEeHbIIer0 XapaKTepHCTHYHOTO YHCIa ypaBmeHmi (35) ¢ xoad-
¢EnEeHTaMB pgr, CTPEMALIHMHECA K ONpeNeNCHHKM Ipefe/iaM cyy IPH HEoTpaHu-
4YeHHOM pOCTe !, COCTOMT M3 HepaseHcTB A, >0 (j =1, ..., n), Tie A, cyTs
IJIaBHHE NHATOHAILHHE MHHODH MaTpHIK

ay 1 0 0 ...

ay as ay 1 ... |»

(Uetaer H: I'. O mBanMembmeM XapaxkTepECTHYHOM 4mcie // [IMM.—
1945.— T. 9, Bun. 3.— C. 193—196).

K c. 145*. Jlna cayuasm YCTOHYMBOCTH MOMKHO YTOYHHTL JAHHYIO OIEHKY
(cM. cratblo YetaeBa, {UTHEpyeMyl0 B NpHMedaHuu K c¢. 14).

K c. 146**. B cratbe H.T. Yeraesa «OG ycroiiuMBOoCTH IPYGHX CHCTEM?
(IIMM.— 1960.— T. 24, sun. 1.— C. 20—22) aaa cayvasa ycTOAYHBOCTH BHBE-
JeHH OIleHKH HAHGOJbINEX H HAMMEHHIIAX OTKJIOHEHHI BO3MYIEHHHX IlepeMeH-
HHX, TOJYYHBIIEEe B AajbHeimeM (oiblloe NPWIOKEHHEe B NPAKTHYECKHX pac-
yeTax.

K e. 147. Cu. npumeyanne** k c. 145,

K c. 151. B nn. 68 H. I'. UetaeB naer 10oKasaTelancTBO cBoell dyHZaMeHTANh-
HO#l TeopeMHl, KoTopaa obobmaeT Teopemy Jlarpamka AJia paBHOBeCHH U TeopeMy
Ilyankape — JlanyAosa auA mepHoAmdecKEX apmkenEid (Uertaep H. T.
06 onnoit 3amave Komm // IMM.— 1945.— T. 9, sun. 2.— C. 139—142).

Ke. 155.Cm.: Ueraes H. T, O mexoTopex Bonpocax o6 yCcTOHYHBOCTH
H HEYCTOWYHBOCTH JUIA HeNmpaBWIBLHHX  cmcreM // JIMM.— 1948.— T. 12,
Bum. 5.— C. 639—642.

K c. 164. Ilpemnosxennnii H. I'. YeraesuM MeTon mMpRGIAKEHHOTO OIpene-
JIeHHA XBpaKTePHCTHYHOTO YDABHEHAS H OICHOK XapAKTEDUCTHYHHX YHCEJ Y-
TeM ycpenHeHHsa Ko3{drnEenToB HMeeT osbnioe 3HAaYeHHe [IA IMPAKTHUYECKHX
PacyeTos.
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