JI.2. KoncrpykrusHi nigxoau ao nooyaosu C.®.JI.
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To start with, let us note that a scalar function
WUX) is related to its gradient V Vby the integral
relation

Vi(x)= L:V Vdx

Where VI = {0V /08X, yeueeeenes @V /0x,} . In

nt
order to recover a unique scalar function V
from the gradient V V, the gradient function
has to satisfy the so-called curl conditions
VvV, oVV,
ST, ki (Li=L12....n)
ox ; Ox,

I



Note that the ;%" component V)’ 1s simply the
directional derivative 9} /dx,. For instance, in
the case 7 =2, the above imply means that
ovl, oV,
ox, ox,
The principle of variable gradient method is to
assume a specific form for the gradient V'V,
instead of assuming a specific form for the
Lyapunov function Vitself. A simple way is to
assume that the gradient function is of the form

il
VI = Zaﬁ,x;
=1

where the a; ‘s are coefficients to be determined.

Since satisfaction of the curl conditions implies
that the above integration result is independent
of the integration path, it is usually convenient

to obtain Vby integrating along a path which 1s
parallel to each axis in turn, 1. e.,

Vi(x)= _L;J VV,(x,.0.......0)dx, + L: VIV, (x;,%5.0,.....0)dx, + ...
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Example 3.20 : Let us use the variable gradient
method to find a Lyapunov function for the
nonlinear system

X, =—2X;

X, ==2x, +2x,x;
We assume that the gradient of the

undetermined Lyapunov function has the
following form

i =a, ), ax,

Yl =a,,x,+a,x,

The curl equation is
ovV, oV,

Oox, Ox,
5017 aa?[
Ox, OX,

If the coeftficients are chosen to be
a,=ap=1La,=a, =90

which leads to

M=%, YV,=x,



then /" can be computed as
V=VVk=-2x; —2x;(I-x,x,)

Thus, 7 is locally negative definite in the
region(/ — x,x,) > (). The function Vcan be
computed as

b by

y X, X5 x'} + X
V(x)= [ xdy, + [P xodn, =505 (3.0

This 1s indeed positive definite, and therefore
the asymptotic stability is guaranteed.

Note that (3.22) is not the only Lyapunov
function obtainable by the variable gradient
method. For example, by taking
a; =1a;=x;
@ =3% .a,,=3
we obtain the positive definite function
7 x[- 3 2 3
= e e
2 2 - -

whose derivative is

y 2 2 2 2.2
B 0 0 - Jx, (X, —3%,%;5)

Krasovskii's Method

Let us now come bock o the problem of finding Lyapunov funclions for general
notlinear systems. Krasovekii™s method sugeesrs a simple fonm of Lyapungy funcion



candidate for autonomeans nonlinesr systems of the form (3.2, namely, V=T The
basic idea of the methed 15 simply w0 check whether thiz particular choiee indeed leads
1 a Lyapindy funcrion,

Theorem 3.7 (Krasovskil) Consider e @aromoniaus systent defined by (3.2}, with
e eguilibriue polanr of imrerest being the origin. Lef A(X) denote the Jacobian miairi
af the sysiant, 1.2.,

(=N
q

Alxl=

d

-

i the matrix F=A+ AT s negarive definite in g neighborhood €U, then the
equilibrivm poine ai the origin iz avemprotically stable. A Lyapunov funceion for this
System iy

Vixd = i fix)

ff €1 i3 the enrire stare space and, in addition, Vix) = o2 ay |kl = ==, then the
eqreifibrivm poied Iy plodally asyempieiically siolde.

Proaf: Ficse, let us prove that the negative definifenss: of Fimpliss thal Kx) 2 8 forx = 0.

Since the sguare msrix Fix) is aegative definits for non-fers X, fae cin ghow that the
Jnrodvian malrx Adx] iz inverhble, h_'!.- vanlradiction, indeed, nssome thu A 5 '-;irlj_:-uln'r. Then nne
can Find a non-zero vecor ¥, such tiar AGGy, = 0 Since

F‘nTF ¥Fa ™ E-'j'r.'II "'-7.-:-

the sinpularity of A& implics tha yf.ﬁ. ¥, = 0, which comradicts the assemed nepative definiiznzss
of F

The imwenebility and continuity of A guaramtes that the funchom fixd can be wiiguely
imveniad, This implice that the dynamic system $3.2) has only one equilibriom poie in L
tother«+ise diflerent equiibwion prants would correspond 19 the same valae of 1), e, that B} < b
lar % =M.

We can naw show' the asympocke stability of the oripgine Given the atove result, the scalor
Menction ¥ix = Mex fa) i positive defioie. Uzing ol fact that = AT, the derivative of V can e

wrilnen
Vixh = TT+1F = TAC=T ATF = (TFi

The negative defmitensss of F mnpliez the negative definiteness of V. Thersfore, avisonling 4o
Lyagunos s Citect method, the equilibrivm stae at the origin is asympesically stable, The ghobal



asyrTRRIOOe stability of the sysiem 35 guaganized by the global version of Lyapunov's direct
e hgel. -D

Lar us illusirate the pee of Krasgvski s theprem on 8 simple example.
Example L19: Conadder the momlingar sy sem

I ==hr v,

We hinve

] 2 12 4
A= ﬂ = : F=is# ﬁ:r - 4
: 2 —6-0r, 4 12— 12xs"
The rarrix F s caaly shown e be negative definiiz over the whole siate space. Therefose, the
origan is asympeocally stable, and 2 Lyapunoy funcelon candidace |5

Vi) = FTixIAX) = (—6xy + 20007 + {2y - Bay — 27 ¥

Since Fix)— o2 a5 [|xll — =2 the equilibrium siste st de ongin is glolally assinptotically
stable. O

While the use of the above theorem s very siraightforward, (s applicability is
limited in practice, because the Jacobians of many systemns do not satisfy the nerative
detiniteness requirement. o sddation, for systems of hagh order, it 1= difificabt o check
the nepative definireness of the matrix F for aff x.

An rmimnediate generalization of Krasovikin's theorem is as follews:

Thiorem 3.5 (Generalized Krasovskin Theorem )y Consider the amronoenious sysiems
defined by (3.2], with the equilibrivn poind of interernt beiny the origin, and lee Arx)
derte the Jacabiar mairix of the system. Then, o sufficienr condifion for the origin io
tre asymprotically stable iv thar there exist nvo symmentc positve definite mosrices P
and O, suck that W 2 0, the pnaotrix

Fixh=ATP+P A+ 10}

B negatve semi-definite in rome meighbivhood { of the origin, The funciion
Vix) = iTPF is then o Lyapunov funciion for the systent. If the region £2 iy the whole
stare sperce. ol o o addiiion, VX)) — 22 ar ||X|]| = ©2, dhen the system is plobally
asymiplotically stable.



OmHMM U3 TPAKTUYECKUX MPUEMOB MOCTPOCHHUSA KBAIpaTHUUYHOW (YHKIIUU
JIAmyHOBa  MOXET  CIOYXUTh IIOCTPOCHHE  3HAKOIIOCTOSHHOM  JIMHEWHOU
KoMOMHamu auddepeHranoB KBaIpaTHUHbIX (HYHKIUN (a30BbIX MEPEMEHHBIX
cuctembl. JluddepeHnnansl KBagpaTUYHBIX (QYHKIUN (PA30BBIX MEPEMEHHBIX
onpeaensoTes u3 aud@epeHanbHbIX YpaBHEHUN BO3MYILIEHHOTO JBUKEHUS IPU
YMHOXEHHUH MOCJIEIHUX Ha oaxoasmue Gpa3osble nepeMennble. Ecnm 3To ynaercs
(mpou3BO/HAs BCIIOMOTAaTENIbHOM (DYHKLIMH — 3HAKOINOCTOSIHHA), TO YCIIOBUE €€
IOJIOKUTENBHON ~ ONPEJNENICHHOCTH  SIBJSIETCSI OJHOBPEMEHHO U YCIOBHUEM
ACUMITOTHYECKON YCTOMUMBOCTH HYJIEBOTO PELLIEHUS, HAPYIIEHUE ITOrO yCIOBUS
(OJOXKUTENBHOM ONPEIETIEHHOCTH) BJI€UYET HEYCTOMUNBOCTD HYJIEBOT'O PEIICHUS.

A. OmnpenenuMm ycIoBUS ACUMOTOTHYECKOW YCTOWYMBOCTH HYJIEBOTO
penieHus JTMHEeHHOTro NUu(epeHIInanbHOr0 ypaBHEHUsSI BTOPOTO Mmopsaka (Jrodas
CUCTEeMa JIBYX JIMHEWHBIX Tu(depeHINaTbHBIX YPaBHEHUN MOXKET ObITh CBEJCHA K
TaKOMY YPaBHEHHIO):

62
{8t2 x(t)J +o?x(t)=0 .

(1.10)

YUCTO MHUMBIE cOOCTBEHHBbIE 3HayeHus: 1 @ ; -1 @ ;

BUJI OOIIIETO pelIeHus

X(t)=_Clsin(wt)+_C2cos(wt)

N3 ypaBHenus (1.1.11), xax auddepeHmaibHoe CIEACTBUE, MOJIYyYUM
muddepeHuran KBaipaTUIHON (HOPMBI:

2
u;z x(t)] + o’ x(t)] [gt x(t)] =0.

[Tomyyennass kBampatuyHasi ¢opma sBisercs ¢yHkuuend JlsmyHoBa
(TI0JIOKUTENTLHO OMPEICIICHHOMN )

(1.11)

2

V= ;(gt x(t)) +%m2 X(t)?

ee mpousBoHas B cuiry ypaBHeHus (1.10) paBna Hymro.



B nannom ciyuae ¢yskius JlsimyHOBa UMET MEXaHUYECKUI CMBICI MOJTHOU
MEXaHMYECKOM IHEPTHH CHCTEMBbI (JIMHEHHOTro ocImuisiTopa 6e3 auccumanun). B
KOHCEPBAaTUBHBIX CHCTEMAax IIOJHAs MeEXaHW4ecKas JHeprus coxpansercs. Ha
pucynke 1.1.10 mnpeacraBieH ¢a30Bblii MOPTPET CUCTEMBI — MOJIOKEHUIO
paBHOBECHsSI B Hayajle KOOPJIMHAT COOTBETCTBYET LIEHTP (XapaKTEepUCTUYECKOE
YPaBHEHHE UMEET YUCTO MHUMBIE KOPHH).

e

]

Puc.1.1 IToBenenue $ha3oBbIX TPACKTOPUN B OKPECTHOCTH LIEHTPA.

OcoOyro Touky Ttuma 1eHTp (puc.l.l.) OkpyXarT 3aMKHYTbIe (Pa3oBbIe
TPAEKTOPHUM; LEHTP  SIBJISIETCS CTPYKTYPHO HEYCTOMYMBOM OCOOON TOUKOM —
Majble CTPYKTYpHbIE M3MEHEHHS B CHUCTEME MOTY NPHUBECTH K CYIIECTBEHHOMU
nepecTpoiike pazoBOro NoprTpeTa.

BBeneM, HanpuMep, B CUCTEMY MY JUCCUIIALNIO

2
(;Z x(t)] +2y [gt x(t))+ o’ x(t)=0 .
(1.12) |

BHJT OOIIIETO PEIICHUS
x(1) = (_CLcos(/ % + o? t) +_C2sin(/ 4+ w2 1)) "

KOMIIJICKCHO-COIIPSAKCHHBIC COOCTBEHHBIE 3HAYEHUS HMEIOT HCHYJICBYIO

. . (2, 2 . 2,2
NEHCTBUTENBHYIO YaCTh . | +i V7V +o° - =1 -+ o? .



®a30BbIi MOPTPET CUCTEMBI MpecTaBieH Ha puc.1l.2: ga3oBbie TpaekTopun
ABJISIFOTCS CKPYYHMBAIOIIUMUCA K HA4ally KOOPAUHAT CIIHPAJISIMHU.
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Puc.1.2 TloBenenue ¢a3oBBIX TPAaeKTOPHUA B OKPECTHOCTH YCTOWYHMBOTO
doxkyca.

N3 ypaBuenus (1.12) nonyuum auddepeniman KkBaapaTHIHOH HOPMBI:

[[65_; x(t)] ~21(5 x(t)]mzx(t)j (§xv)=o

Oyukius JlsmyHOBa B ATOM cCilyd4ae MPEJCTaBIseT COOOW MPUBEICHHYIO
MOJIHY0 MEXaHUYECKYH0 SHEPTUI0 OCHWILIATOPA

2
_1(@o 1 o2y
V= 2( tx(t)j +2co x(t);
ee Mpou3BoIHasA B cuity ypaBHeHus (1.1.12) HenmonoxxuTenbHa
106 .\ 1
D[z(gtx(t)j +§m2x(t)2]: -2y D(x(t))?

U3 teopemsr bap6ammna-KpacoBckoro cienyeT, 4To MOJI0KEHNE PABHOBECHST aCHUMITTOTHYECKU
yCTOMYMBO (00JIACTHIO ACHMITOTHYECKONW YCTOMUMBOCTH SIBIIIETCS BCS (ha30Basi TUIOCKOCTB ).



