JI.5. Ouinka o0JiacTi NPUTATaHHA HEJiHiHHOT ABTOHOMHOI IMHAMIYHOL
CHCTEMH

PaccmoTpuM OCUMILIATOP ¢ HEJTMHEMHOW BOCCTAHABIIUBAIOIIECH CAJION
a—zx(t) +2 Qx(t) +o?x(t)-Q%x(t)*=0
ot? i ot B

Cucrema MeeT TpH TMOJIOKEHUSI paBHOBECHS; HA pucyHke 1.3 mpeacTaBieH
(ha3oBbIi OPTpET.

Puc.5.1 OOnacte mUpUTSHKEHUS Hayajga KOOpPAMHAT OrPAHUYMBAIOT
YCTOMYMBBIE CEMapaTpUChl Mapbl CEAIOBBIX OCOOBIX TOUEK.

B navane xoopmunat (puc.5.1l), kak u B TpenbIAylIeM cllydyae, UMeeM
dhokyc (WLTIOCTpaUs CTPYKTYPHOM YCTOWYMBOCTH — HEIWHEWHBIC YJICHBI HE
MOTYT MU3MEHHUTHh Ka4eCTBEHHYIO CTPYKTYpy (Da30BOT0O MOpTpeTa B OKPECTHOCTH
Hayaia KoopauHat). OnHako 005acTh TPUTSHKCHUS Hayajga KOOpJIUHAT
CYIIECTBEHHO BHJIOM3MEHUJIaCh, €€ OTPAaHUYMBAIOT YCTOMYMBBIE CENapaTPHUCHI
Mapbl CEAJIOBBIX OCOOBIX TOYEK.

HuddepennnanbHoe CaecTBUEC YPaBHEHUS

2
((;2 x(t)j +2y (gt x(t)J + o2 x(t) - Q2 x(t)3J (Oat x(t)) =0



MPUBOJNT K CIIeAyromiei ¢pyHkiuu JIsmyHoBa:

2
1(0 1 5 > 1 ., 4
= | = +> -0
V1 2( tx(t)] 5 ® x(t) 4 X(t),
ee IIPOU3BOIHAS HEIMOJIOXXUTEIbHA, CIIEI0BATEIILHO, 00J1acTh
MTOJIOKUTENBHON oOmpeeneHHocTn  GyHKuunu JIssmyHOBa — ompenenser o01acTh

MPUTSHKEHUS HYJIEBOTO PEIIeHUs (TOJI0KEHNS PABHOBECHS)

2
DG (8t x(t)) +;m2x(t)2—i§22 x(t)4]: —2 7 D(x(t)).

3aMKHYTBIC JUHUM YpOoBHS (GYyHKIWMK JISIyHOBa IEIMKOM IPUHAJJICKAT
00JIaCTH MPUTSHKEHUS HYJIEBOTO PEUICHUS, ONMPEeisisi MaKCUMAallbHO BO3MOYKHOE
3HAUYE€HHUE COOTBETCTBYIOIIEH KOHCTAHTHI, MTOJIy4aeM OIEHKY 00JIACTH MPUTSKEHUS
HEJIMHEHHOTO ocimiuiaTopa (puc.5.2)
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Puc.5.2 Mexny 3aMKHYTOM M pPa3OMKHYTBIMH JIMHHUSIMU YpPOBHS

dbynkiuu JlsnmyHoBa (Ha ocu aOCIMCC) HAXOJSATCS CEIJIOBbIE OCOOBIE TOYKH,
OTPaHUYMBAIOIINE 00JIACTh MPUTSHKEHUS HYJIEBOTO PEIICHUS.

b. PaccmoTrpum cucremy

Dx(t) = —y(t)—x(t)*;
Dy(t) =x(t) = y(t)*



Cucrema wWMeeT €AMHCTBEHHBIM CTAIlMOHAPHBIA pPEXHM B  Hadaie
KOOPJIMHAT, KOTOPOMY COOTBETCTBYET TOUYKAa IEPECEYCHHUS NIBYX KyOMUECKHX
napaboin. 13 cucremsl nomyuum nuddepeHuanbHble CaeACTBHS, MO3BOJSIONINE
cAenaTh BBIBOJ OO0 ACHMITOTHYECKOW YCTOMYMBOCTH HYJICBOTO PEIICHUS
(CTarMoHapHOTO COCTOSTHUS )

x(t) ((; x(t)j +y(t) + x(t)3j =0
y() ([ 590 | -x(0) +y(w* | =o.

N3 cymmbl guddepeHnnanbHbIX CAEACTBUN BBIACIUM TMPOU3BOJHYIO OT
KkBajgpaTudHOu Gopmel (pyHkiMM JIamyHoBa)

Df 3 X(° + 300 | = ~x()" =y

VY cn0BHUsS aCUMOTOTUYECKON YCTOMYMBOCTH BBITIOJIHAIOTCS BO BCel (ha30Boi
IJIOCKOCTH, 3TO CBUAETENIBCTBYET O TOM, UTO JIF0OAasi BO3MYIIEHHAs! TPACKTOPHUS C
TEYEHUEM BPEMEHHU CTPEMHUTCS K Hadajdy KOOPAMHAT (CTAMOHAPHOMY PEXKUMY),
T.€. 00JIaCTBIO IPUTSLKEHUS SIBISIETCS BCs (Pa30Bast MIOCKOCTb.

[Ipn OTCYTCTBMM HETWHEHHBIX YIECHOB MpOu3BoJHAasA (yHKUMU JIsSmyHOBa
paBHsJIach Obl HYJIO, CIEAOBATENbHO, CUCTEMA JIMHEMHOTO MNPUOIMKEHUS JIMILb
ycTounBa (Ciayyall 4YHMCTO MHHUMBIX KOpHeil). Kak yxe oTMeyanoch 3TO
KPUTUYECKUU CJIydyall IMapbl YKWCTO MHHUMBIX KOpHEHM. B 1maHHOM ciydae
HEJIMHEMHBIC YIEHbl NPUBEJIM K ACHUMITOTUYECKOM YCTOMYMBOCTH HYJIEBOIO
pemeHust (o6nacTh mpuUTsDKeHUsT Bcsi (a3oBasi 1uiockocTh).  Ha pucynke 5.3
IpeacTaBieH (a30Bblii MOPTPET CUCTEMBI, BCE TPACKTOPUM C TEUEHHEM BPEMEHU
CTATMBAIOTCS K Hadany KoopAauHaT. COOTBETCTBYIOIIAsl CTALlHOHAPHOMY PEKHUMY
ocobasi To4yka SBISETCS YCTOMYMBBIM (DOKycOM (3aMETHM, YTO COOCTBEHHBIC
3HAYEHHUS CUTCTEMBI JIMHEHHOTrO NpUOJIMKEHUSI YHUCTO MHHUMBIE, YTO
COOTBETCTBOBAJIO ObI 0CO00 TOUKE IIEHTP).
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Puc.5.3 Henunelinbie wieHbl BIAUSIOT Ha CTPYKTYpPY (pa30BOro MOpPTpETa B
OKPECTHOCTH Hayaja KOOpAWHaT.

[lycts nuddepeHnmanbHOEe HEPABEHCTBO

V(X)<XV(X)+Z ‘ ‘V (),

KOTOpOE crpaBeyinBo B cpepe R, mpuHaiexaiieit o01acTu JOMyCTUMBIX
3HaYeHuM nepeMeHHbIX x. CooTBeTCTBYIOIIEE MU dhepeHIIMaTLHOMY HEPABEHCTBY
ypaBHEHUE CPaBHECHUS

U=yu+pu?,rme x<0, p>0,

1
umeert pemieane U(t) = [— B + Cle_xtj .
X

U3 ycnosus U(t) >0npu t >0 nmoxygaem €, > d > 0. /I HavyanbHBIX 3HAYCHUH 13

obmactu 0<u(0) < —% pemrenne U(t) - 0 opu t — +oo.

st KOJI V(X) Ha chepe paguyca R ©MEIOT MECTO OIICHKH

/lminﬁz < /ImaxRZ

RZ

TOrJa rapaHTUPOBAHHAA o0acTh INPUTAKCHUA 3a1aCTCA COOTHOIICHUEM
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£, Estimate the region of atiraction by using Lyapunov function.

Mote that a classical problem of Lyapunov theory 1s the determunation of a domain of athrachon [5].
The funchon Fix) =x' Pr can be used to estimate the region of attraction. Suppose Fix) <0,
0« "1-" <r. Letting e=mmx’ Pr= Em[P:Ir':we obtain {rIPﬁr c c‘}c <jl.\'" o r} Thiz means that all

frajectones begmnming in the set {ITPI -: .:} approach the onpin as 7 — ©. Heance, the set {.\'TRI.' i .:}

15 a subset of the region of attraction.

Example 4 Consider the autonomous pendulum with fncton
X} = —X3

(21)

j.': = I] +'|:.'I.'1: - ].:|I:

where a, & > 0. The Jacobian matnx A at the equilibrium pomnt x =0 15 given by:

_a| _[o -1
-J_E{r-l} |:]' _1:| {21}

Then the eigenvalues of A are (-11 Jq.lr?_u} /2. Hence, the origin 15 asymptotcally stable. Taking
2 = I the Lyvapunov equation becomes

PA+ ATP=-T (23)
Solving (23} we obtain
15 —05
P=los 1 } @

and A (F)=0.691. Thus, the system (17} has a candidate Lyapunov function
Fix)=x"Px

; . (25
=1.5x] —xyxy +x3
We obtain the denvabve of F(x) as
F(x)= (32 —xy W—x9 )+ (—xy + 2y }[(x; + I::r[E —Dixq )]
=—-I:.1'f + xé}— {.1'131': - Exf_ré}
(26)

.
< —"xl +|.1'1|.1.']1'3 X - 2.1:':|

2 o NS
< L
1y,
'_EIII ,|I1_11':

P{xj <0, 0< ".1'": “

ot -.I"E_”.rl Thus, we obiain
2

Js

where |xg| <[} froxs




3 2
Obviously, taking e = A (Fir™ = 0619 x == 0618, {Fi(x)<¢c} 15 an estimate of the region of

J5

attrachon.

Comments 3 If A(x) has one eigenvalue in the mght hand side of the complex plane, thereby
mplyving that the equilibrium point 1= unstable. Furthermore, 1if A4(x) bas all of its eigenvalues m the
left hand side of the complex plane with one or more slgenvalues on the ji -ams, we cannot use
Lvapunov imdirect method to sav anything about stability. Therefore, this tool has some limitation
when applied to inear systems.



