J1.8. Metoa backstepping cradiaizanii HeTiHIHHUX TMHAMIYHHX CHCTEM

A.2.4 Backstepping Technigue

The backstepping is a recursive procedure for the construction of nonlinear control
laws and Lyapunov functions that guarantee the stability of the latter. This technigue
i5 only applicable to a certain class of system which is said to be in strict feedback
form (lower triangular). A quick review of this control design approach is given
below, see [4]1] [or more details.,

Consider the problem of the stabihization of nonlinear systems in the following
triangular form:

1 =x2+ filxg)

&2 = &+ falxy, x2)
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X = Xiq1 + filxr.x2, ..., x5)

'i-.l'! — fﬂ{111 I-I::I.1"""Ilt] I u

The 1dea behind the backstepping technigue is to consider the state x7 as a “vir-
Llual control ™ for xy. Therelore, if it 15 possible (o realize x3 = —x; — [1(x)). then
the state x; will be stabhzed. This can be venfied by considenng the Lyapunov
function V; = éxi? However, since x+ is not the real control for x{, we make the
following change of variahles:

&] = X1

72 = X3 — a1 (xy)

with @) (x1) = —x1 — fi(x1). By introducing the Lyapunov [unction ¥ji(z;) = %3%.
we oblain

Zi=—z1+22
) . dhx | .
Z2 J?-+J’z'[£|-ﬂj|'—E—“{12+J|'[JJ}}: x3+ falz1.22)
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Vi=—zi+z122



By proceeding recursively, we define the following variables:
z3 =x3 —oz(z1, 22)
1
Vo=V =23
2
In order o determine the expression of a2z, z2), one can observie that

Z2 =z +aalz, 1) + falzr, 22)
Vy = —zf +z:1{z| + z3 +aalzy,z2) + _fz{n.zz}}

By choosing ea(zy, 22) = —z) — 22 — falz1, 22) , We obtain

Ii=-z1+ 22
Da=—I1—22+12
'I'?1=—E§—E§+E‘]E]

Proceeding recursively, al slep ¢, and defining

Tipl = Xig1 — (21, .-, Ti)

1&-=%Ezf

k=1
we obtain
Zi = zigt Failzis ..., zi) + filzr...., zi)
i1
Vi=—3 g +zau+ultia +aiz,.... z)+ fizi.. -, @)

k=1
Ry using the expression a;(z1, ..., %) = —zi—1 — 2 — filz1.--., 2i), We obtain
Zi = —Zi-1 — Zi + iy

il
Vi=—3 zp +zizio
k—1

AL step ., we Ooblain
in= falzie ... za) Hu
Choosing

M= (21, ---220) = —Za—1 — Zn — falZls---2Zn)



Al slep i, we oblain

tn= falz1.....20) +u
Choosing

u=0alZ1,-. . Zn) = —Za—1 — Zn — falZ1, . -1 Za)
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Example 1 (backstepping)

Step2: X, =X, —X,q =X, +X; +X,

X, ==X, +X, /‘1’
X, =u+(2x, +1)=x,+%,)
Step1:  X,,=—X] —X, s
' , Vo =3X7 +3X%;
: V2=X1(—K1+){2)+)(2(U+¢)
V,=xX% =-x: <0 -~
oo ‘ = =X+ %, (X, +Uu+0)

- X _%2<0

fu=-x-0-%|




Example 1 (feedback linearization)

Y=%=2
Z, =X +X,=2,
z2,=222,+U Same control law with

1 | k,=k, =2

Example 1 (backstepping)

Step2: X, =X, X, =X, + X +X,

{x —X, +X, K,,¢'

X, =u+(2x, +1)=x,+%,)

iy2 152
2 +2x2

V,
V, =X, %, +%, )+ X, (u+0)

— X3+ X, (X, +u+0)

- X -% <0

=T




Example 2 (adaptive backstepping)

Step2: X, =X, X4 =X, +X{ +X,

+1(0-6f

X, ==X, +X,

L: :u+(2x 1) =%, + X, )+ 6x2
X; +

X7+ i’z(x +u+¢+9x2) (e-ap




