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This paper is concerned with the positive observer design for a class of discrete-time positive systems
with missing data in output. Such a process of missing data is described by a discrete-time Markov chain
with two modes. Firstly, a necessary and sufficient condition is proposed to check the positivity of the
modeled system. Then, necessary and sufficient conditions depending on some probabilities are
developed such that the error system is asymptotically mean stable. Based on the given results,
sufficient conditions for the existence of the desired positive observer are provided. Moreover, the
obtained results are extended to more general cases that the transition probabilities are uncertain and
totally unknown. Finally, numerical examples are used to demonstrate the effectiveness and superiority
of the proposed methods.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

There exist many practical examples found in population models,
economics, ecology and communication [1-4], whose variables with
negative values have no physical meaning. Such systems are com-
monly modeled as positive systems whose state and output are
nonnegative values for any given nonnegative initial states and inputs.
Over the past decades, positive systems have been a hot topic in
system theory and application. A great many of results on various
topics such as positive realization [5], reachability [6,7], positivity
analysis [8-11], positive stabilization [12-15], and positive filter [16]
have emerged.

As we know, because of technical or economical constraints, it is
not easy or expensive to get all the state variables in many practical
applications. Then, it is necessary and important to design observers
to estimate state variables. Up to now, the observer design problems
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for various kinds of systems were considered in [17-26]. From these
references, it is said that the observer design techniques developed for
generally dynamical systems may not be suitable for positive systems.
That is because there is often a positive constraint on the observer
design of positive systems [27-32]. Moreover, by investigating the
above references about the positive observer design, it is claimed that
there is no reference to report the problem that the output occupies
missing data. However, this phenomenon may be very common in
many practically dynamical systems such as [33-38]. A typical
application of such systems is networked control systems (NCSs).
When the underlying system is closed by the real time networks,
because of the effects of networks such as induced delay and packet
dropout, it makes the transmitted signal obtained with some prob-
ability instead of being totally available or inaccessible, for instance
[39-43]. Based on these facts, it is very significative to design
observers for systems with data missing. To our best knowledge, very
few results are available to design positive observers for positive
systems with missing data in output. All the observations motivate the
current research.

In this paper, the positive observer design problem of discrete-time
positive systems with missing data in output is firstly studied. The
main contributions of this paper are summarized as follows: (1) the
missing data in output is modeled to be a discrete-time Markov chain
having two modes and is considered in the positive observer design of
positive systems; (2) necessary and sufficient condition for the
positivity of discrete-time system with a stochastic variable is
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presented; (3) necessary and sufficient conditions for checking its
asymptotically mean stability are developed to depend on some
probabilities, which are essential to design positive observers; (4) sev-
eral sufficient conditions for designing observers are established,
which are convenient to be computed; (5) the given results are
further extended to some general cases that such probabilities are
uncertain and totally unknown.

An outline of the content of this paper is as follows: In Section 2,
we propose a kind of model for positive observer with missing output,
where the process of data missing is described by a discrete-time
Markov chain. Some essential definitions and a theorem on positivity
are also provided in this section. In Section 3, some equivalent stat-
ements about the obtained model are given, and several kinds of LMI
conditions for the existence of positive observer are established to
depend on such probabilities. Moreover, when these probabilities are
uncertain and totally unknown respectively, some different existence
conditions for the desired observer are developed with their para-
meters constructed. In Section 4, the effectiveness and superiority of
the proposed methods are shown by several examples. Section 5
concludes this paper.

Notation 1. R" denotes the n dimensional Euclidean space, R™"
is the set of all m x n real matrices. R is the set of all m x n real
matrices with nonnegative entries. Z* is the set of positive
integer. Set Z*[a,b) with aeZ* and bez" is defined as
{kla<k<b,Vkez"}. A real matrix or vector M is called positive
(respectively, strictly positive) and denoted by M3>0 (respectively,
M3x0), if all its components are nonnegative (respectively, strictly
positive). p(A) is denoted as the spectral radius of matrix A. &[]
means the mathematical expectation of [-]. vec[-] is operation and
consists of taking the columns of a given matrix from left to right
and stack them one above the other. In symmetric block matrices,
we use "%” as an ellipsis for the terms induced by symmetry,
diag{---} for a block-diagonal matrix.

2. Problem formulation

Consider a class of discrete-time positive systems described as
x(k+1) = Ax(k)

Y(k) = Cx(k) (D
where x(t) e R" is the system state, y(t) € R? is the output. A e R""
and C(n,) e RP*" are known matrices.

In this paper, a new kind of positive observer with missing
output is proposed as
X(k+1) = AR(k)+a()LG (k) —y(k))

Y(k) = Cx(k) 2
where X(t) is the estimate of x(t), y(t) is the output, and L e R® is
the gain of the designed observer. The parameter a(k) represents
the possible missing data process in output. It is assumed to be a
discrete-time homogeneous Markov chain taking values in a finite
set S ={0, 1} with the following transition probability matrix:

- [1 —a «a ]
B 1-p
Here, parameters a and /3 are probabilities and defined as follows:
O<a=Priatk+1)=1]a(k)=0} <1
and
0<pf=Pr{atk+1)=0lak) =1} <1

which are named as the recovery rate and failure rate respectively.
If o+ =1, a(k) will be reduced to the Bernoulli type missing data
process, whose probability distributions are

Pria(k)=1}=a,Pria(k) =0} =1—«a

Let e(t) = X(t) — x(t), if e(t) e R" , we will have X(t) e R" , because of
x(t) € R".. Then, one gets

e(k+1)=[A+a(k)LCle(k) 3)

Remark 1. It is said that positive observer (2) is actually a
stochastic system, whose output experiences missing data and is
described by a Markov chain. Compared with some existing
references [17-20,28,29,31,32], the observer designed here is more
general that the output is not necessary available online. More-
over, the probabilities describing such a missing data phenomenon
will also be considered in the positive observer design. Though,
a(k) is described by a Markov chain, it is said that system (2) or (3)
is not a traditional Markovian jump system. In references [21-
24,44-47], the system parameters switch synchronously according
to a Markov process. Here, all the system parameters are determi-
nistic, in which only the missing data in output is modeled into a
Markov process.

In order to process our main results, some definitions for
system (3) are introduced here.

Definition 1. System (3) is said to be positive, if and only if
e(t) e R",, for any e(0) e R". and Va(0)€S.

Definition 2. The positive system in (3) is said to be asymptoti-
cally mean stable, if and only if the solution to system (3) satisfies

klim Ele(k)] =0
with any initial condition e(0) € R", and Va(0) € S.

Theorem 1. System (3) is positive if and only if AeRT",
A+LC e RV,

Proof. Define stopping time instants O_k{)U <k"11 <k"20 ‘- < e
belonging to Z* and satisfying (x(k ) =1, a(k])_l], (x(k ) =Ip,
-, we have a(k) =a(ky)=io, VikeZ kS K, atk)=ak]) =1,
vke Z*t[k},k?), . Here, iy € S can be any value, but i; € S should
be another different value. That means ip € S, iy € S, but ip # ;.
Without loss of generality, it is assumed that iy = 0. Then, based on
the definition of stopping time instants and let e(0) e R" , we have

e(k+1)=Ae(k), Vke 7+ ko, k') 4)
It is very known that for system (4), e(k) e R, , if and only if A e R", .
As for Vk e Z [k, k9), by the similar method, one gets
e(k+1)=(A+LO)e(k), Vk e Z* [k}, ko) (5)

where e(ki )= e(ki1 —1). By system (4), it is seen that e(k' -DeRY.
Then, it is obtained that system (5) is positive with e(l< )e R if
and only if A+LC e R",. By the step method, one has e(k) e R", on
the intervals Z*| kz", k ), Z*[k kﬁ‘f) -. Finally, we have e(k) e R",
on Z*. This completes the proof.c

3. Main results

Theorem 2. The following statements are equivalent.

(i) The positive system in (3) is asymptotically mean stable.
(ii) There exist strictly positive vectors (SPVs) p;e R , i€ S, such

that

Alpi—p; <0 (6)
where

Ag=A f’ = (1-a)py+ap,

Ay =A+LC.p, ﬂ)po+(1 Py
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(iii) The following matrix A e R2™<2n

N 1-a)A A
A ( ) 0 ﬂ 1 (7)
ahg (A=A
is Schur.
(iv) The following positive system
x(k+1) = Ax(k) 8)
is asymptotically stable. Equivalently, there is a positive define
matrix P e R2™" satisfying
ATPA—P<0 9)
Proof. (i) < (iii) Define an indicator function
1 ifatky=ieS
| P =
tatky =1 (@) { 0 otherwise
Let q(k) = vec[q; , (k)] with g;, 1(k) = Ele(k) 14, - j(@)], it is con-

cluded that
Ele(k)] = Ele(k) T gk =
=q1(k)+qa(k)

where g, (k) and q,(k) are given as

q1(k+1) = E[Ave(’) (a4 1) = 0y Liat = 0]+ A1) (k1) = 0y Lty = 1]
= (1-mAoq; (k) +PA1q(k)

Gz (k+1) = E[Aoe() 1 gk + 1) = 13 Lk = 03]+ EMA1€0) T (gt 1) = 13 Ly = 1]
= aAoq1(K)+(1—PA1G(k)

oy (@)]+Ee() g = 1y(@)]
(10

Then, (10) is rewritten to be

qk+1) = Aq(k) (11)

Because of both systems (3) and (11) positive, it is claimed that the
asymptotically mean stability of system (3) is equivalent to the
asymptotic stability of system (11). As we know, system (11) being
asymptotically stable is equivalent to p(A)_ pPA )<1 which is
also referred to A being Schur stable.

(ii) <> (iii) By reference [28], it is got that p(A) p(A )< 1,ifand
only if there exists an SPV p e sz satisfying

(A-Iy)'p<0 (12)

By letting p= [p] pI] T and substituting A and p into (12), one will
have (6).
(iii) = (iv) Based on the above analysis, it is obtained that the

asymptotically mean stability of system (3) is equivalent to the
asymptotic stability of system (11). Actually, systems (11) and
(8) are same. As we know, deterministic system (11) is asympto-
tically stabile if and only if there exists a positive define matrix
satisfying (9).

This completes the proof.o

Remark 2. It is seen that several equivalent conditions are
presented with different forms. Here, the probabilities of missing
data in output are considered in such stability conditions, which
are also taken into account in the observer design. Though each of
them can be used to check the stability conveniently, which
one to be selected should depend on the concrete situations.
Firstly, strict LMI condition (9) is very suitable to compute the
observer parameter directly. Secondly, condition (6) is very
convenient to be extended to some general cases that probabilities
a and f are uncertain and unknown respectively. They
will also make the design of the positive observer easily. Thirdly,
because of considering the positivity of the studied systems,
condition (6) is seemed to be obtained by exploiting a linear co-
positive stochastic Lyapunov function. Thus, its computational

complexity will be smaller that ones without considering the
positivity constraint.

Theorem 3. Consider positive system (1), there exists positive
observer (2) such that error system (3) is asymptotically mean stable
lf there exist Py € R™M with P11 >0, P e R™™ with P1s _P12'
Py € R™™ with Py >0, Ge R™" with G=(gy)>0 and Y e RV*P,

satisfying
g2:<0, Vs#te{l,2,...,n} (13)
P Q
[* ZC—P}>O (14)
where
Py P . G O Q1 2
b= { % P22:|,G= Lk G}’Q: {921 2y
Q11 =1-a)ATG, 21, =aATG, Q1 = PATG+pCTYT
Qp=1-PHA'G+(1-pCTY"
Then, the gain of the designed observer is computed by
L=GlY (15)

Proof. Based on the result in [48], it is obtained that condition (9)
is equivalent to

~T AT
[P A'G 6

where G is any nonsingular matrix. By letting G = diag{G, G} > 0,
(16) will be rewritten to be

AT AT
P /}G -0
x* 2G-P

where G>0, and A'G' can be computed as

1-a)A’G aA’G
BATG+pCTL'G 1-pATG+1-pCTL'G

17)

By the representation of (15), ATCT is equivalent to £2. From (14), it
is known that G> 0. By condition (13), it is known that —G is
Hurwitz and — G € M. Then, based on the result in [49], one has
—G~'<0 which is equivalent to G~' € R™". Since Y e RY?, it is
obtained L=YG 'eR"?. Thus, A+LCeR™". By Theorem 1,
it is known that error system (3) is positive. This completes the
proof.o

Theorem 4. Consider positive system (1), there exists positive
observer (2) such that error system (3) is asymptotically mean stable
if there exist P e R™" with P = () > 0 and Y e R™?, satisfying

Py <0, Vs#te(l,2,...n) (18)
[—P @ } <0 (19)
¥ =P
where
P O 511 ﬁ12
P= Q=" =
{* P:l [921 O

51] = (1 —(X)A 13,512 = (XATf)
521 ZﬂATI3 +ﬁCTYT

Qn=0-PAP+1-pCYT
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Then, the gain of the designed observer is computed by

L=p 'y (20)

Proof. By the Schur complement lemma, it is concluded that
condition (9) is equivalent to

~T
{;i’ ';‘)1} <0 1)

which is also equal to

~T
{‘P AP}<0 22)
¥ —P

Let P= diig{f’,f’} > 0 and consider (20), it is known that ATP is the
same to £2 in (19). The next proof is similar to the process of
Theorem 3, which is omitted. This completes the proof.c

Remark 3. Here, LMI conditions for computing observer para-
meter L are given in Theorems 3 and 4, where the coupling
between L and P has been decoupled in the former one. However,
at the present forms, it is difficult to conclude which one is less
conservative. So, it is said that both of them can be used to design
positive observer and could be solved by using the Matlab toolbox
directly.

Remark 4. Based on the developed model considering the probabil-
ities of data missing, the relationship between such probabilities and
existence conditions of positive observer are established successfully.
On the one hand, by investigating references [27-32], it is seen that
the output of the desired observer should be available online.
However, this may be an ideal assumption in many practical applica-
tions. Different from these references, the proposed results have
removed this assumption and could bear its data missing with some
probabilities. Because of having less constrictions on the output, it is
said that they will have wider application scope. On the other hand,
instead of ignoring these probabilities totally, the presented results are
less conservative since such probabilities are included. It is claimed
that the larger the probability of the output is transmitted successfully,
the less the conservatism of the obtained result is. Numerical
examples will also demonstrate this phenomenon.

In Theorems 3 and 4, it is seen that the observer parameters are
computed directly. When there are some general conditions acted
on probabilities a and S, these forms will make the design of
positive observer here very complicated. In order to deal with such
general probabilities, another theorem will be proposed, where
the observer parameter will be constructed.

Theorem 5. Consider positive system (1), there exists positive
observer (2) such that the resulting error system is asymptotically
mean stable, if there are SPVs p;e R",, Yie S, and £ e R",, such that

ATPo—po <0 23)
ATp1+CTE—p; <0 24)
Then, the corresponding gain of observer (2) is constructed as
T
vé
=T (25)

where v eR", is any given nonzero vector.
Proof. From condition (6), it is known that conditions (23) and
(A+LO)'Py—py <0 (26)

are necessary and sufficient conditions for the resulting error system
asymptotically mean stable. By Theorem 1, it is known that L e R";?
should be an SPV such that A+ LC e R"*". By the representation of L, it

is seen that this assumption is obvious. Applying (26) to the original
system, we have

ATp S o 27)
P VTf)l D1

which is equivalent to (26). This completes the proof.o

Remark 5. It is worth to point out that though probabilities & and
p are included here, only /3 is used to construct observer parameter
L. It means the current state estimate can be got from the designed
observer if and only if the former output is available. Then, it is
said that the representation (25) of parameter L is in accord with

the facts coming from the problems and definitions related to
observer (2).

From Theorem 5, it is seen that probabilities @ and £ play an
important role in the positive observer design and should be given
exactly. But in some applications, it is very hard or high cost to obtain
them exactly, even they are totally unknown. Thus, it is natural and
important to study such general cases. If there exist uncertainties in
and S, we will use their estimations which are described as

a=a+Aa, ae0,1] 28)

B=P+AB, Bel0,1] (29)

where & and /3 are their estimates, and admissible uncertainties are
Ad e[—e€,€] with €e[0,1] and Ap e[—9, ] with 6 [0, 1] respec-
tively. Then, based on Theorem 5, we will have the following theorem.

Theorem 6. Consider positive system (1), there exists positive
observer (2) with conditions (28) and (29) such that the resulting
error system is robustly asymptotically mean stable, if there are SPVs
pieR", VieS, weR", ze R and £ e RP,, such that

ATpy —po+ (@& —€)AT(py —po)+2ew < 0 (30)
A" (py—po)—w=0 31
ATp, —py+CTE+(B—)AT (po—p1)+CTEK—1)]+262< 0 (32)
AT(po—p1)+(xk—1)CTE—2=0 33)

Kp1=Po (34

where Kk is a given nonnegative scalar. Then, the corresponding gain of
observer (2) is constructed as

T
\

L= Ti (35)
ViD1

where veR', is any given nonzero vector.

Proof. Based on Theorem 2, it is obtained that system (3) is
robustly asymptotically mean stable on all the admissible uncer-
tainties, if the following conditions are satisfied.

AT[(1-)py+apy]—Po < 0 (36)
A+LO)Bpo+(1—p)ps1—p1 <0 37
Substituting (28) and (29) into (36) and (37) respectively, we have

ATpo—po+aA’(p, —po)+AaAT (p; —py) < 0
(A+LO)'py —p1 +BA+LO (pg—p1)+ ABA+LO) (pg—p1) < 0

which are equivalent to

ATPo —Po+ (& — €)AT(P1 —po)+(Aa +€)[AT(P1 —DPo)—W]
+(Aa+ew=<0 (38)

(A+LO)p; —py + (B —A+LO) (pg—p1)
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+AB+A+LO (py—p1)—2)+(AB+8)z <0 (39)

where w e R, , ze R, . From definition (28), it is claimed that (38)
is implied by (30) and (31). As for (39), based on definition (29),
we have it ensured by

(A+LO)py —py +(B—8)A+LO) (pg—p1)+282 < 0 (40)
(A+LO)(pg—p1)—2<0 (41
Substituting (35) into (40), one gets

T r vl Fe T, &V
A'pr—pi+C pr(ﬂ—é)(f\ +Crp Po—P1)+202<0  (42)
Taking into account (34), we have (42) guaranteed by

~ VT
ATy —p1 +CTE+(B-5)AT(po —p1)+cTV5T_p1(Kp1 —p1)+28z2<0

which is equivalent to (32). Similarly, (41) can be obtained by

VT
AT(po fp1>+cfv%lo<p1 —p1)-z<0 (43)

which is actual (33). This completes the proof.o

When probabilities o and f satisfy another general case that
both of them are unknown, how to design the proper observer
gain is also an interesting question. Similar to Theorem 6, we have
the following result.

Theorem 7. Consider positive system (1), there exists positive
observer (2) with unknown a and f3 such that the resulting error
system is asymptotically mean stable, if there are SPVs p;eR",,
VieS, weR", zeR" and £ e R”,, satisfying condition (34) and

ATpg—po+w =<0 (44)
AT(p; —po)—w=0 (45)
Alp,—p+CTéE+z<0 (46)
AT(po—py)+(k—1)CTE-2=0 (47)

Then, the corresponding gain of observer (2) with unknown « and f3
can also be constructed by (35).

Proof. Based on Theorem 2, it is obtained that system (3) is
asymptotically mean stable, if the following conditions

A'po—po+aA’(p; —pg) < 0
(A+LO)'py —py +BA+LO) (pg—p1) < 0

hold. Similar to the methods dealing with (36) and (37), we have
both of them equal to

ATpo—po+alAT (D1 —po)—Wl+aw < 0 (48)

(A+LO)"py —py +PIA+LO (pg—p1) — 21+ Pz < 0 (49)
where we R"

", zeR'",. Considering a<[0,1] and fe]0,1], it is
known that (48) is guaranteed by (48) and (45), while (49) is
implied by

(A+LC)'p, —p;+2<0 (50)

(A+LO) (pg—pq)—2=<0 (51)
Substituting (35) into (50) and (51) respectively, we have

T r&vi
A D1 *p1+c Wp] +z<0 (52)

evr

T T
A (Po—p1+C VTp,

(Po—p1)—2<0 (53)

It is obvious that (52) is actual (46), while (53) can be obtained
by (47) if condition (34) is applied on (53). This completes the
proof.o

Remark 6. It is worth mentioning that there are some possible
approaches to further reduce the conservatism. Firstly, since the
process of data missing is modeled by a Markov chain and the
linear co-positive stochastic Lyapunov function is mode-
dependent in terms of depending on the Markov process, it will
be less conservatism if the desired observer is also mode-
dependent. In this case, the common parameter L in (2) will be
replaced by mode-dependent parameter L(a(k)). But, how to
achieve this aim should be considered carefully. For example,
some additional problems will emerge, since the positivity should
also be taken into account simultaneously. Secondly, it is thought
that the more accurate the probabilities are, the less conservatism
the obtained results will be. Thirdly, as for the cases of the
probabilities satisfying the above general conditions, it is seen
that some positive parameter and nonzero vector are given
beforehand, and different values will lead to differences. But,
what is the relationship between the conservatism of the results
and the given constants should be revisited and will be our
further work.

4. Numerical examples

Example 1. Consider a discrete-time positive system described by

0.1595 0.1890 0.2713
05091 0 0 |xk
0 06740 ¢

x(k+1)=

y(ky=[1 0 0Jx(k)

where { >0 is a given scalar. For this example, the transition
probability matrix of parameter a(k) is first assumed to be

0.6 0.4]

= [0.6 0.4

where a=04, f=0.6. Without loss of generality, { is first
assumed to be {= 0. By Theorem 3, we have matrices G and Y
computed by solving LMIs (13) and (14) and given as

27.2876 —-7.2312 -7.0515 11.2202
G=|—-72312 263090 -6.3669 |,Y=| 9.3918
—7.0515 —-6.3669 25.1749 12.0719

which are positive-definitive matrix and strictly positive vector
respectively. Then, the parameter of the desired observer can be
computed by (15) and is given as

0.8693
L=0.8211
0.9307

Under the initial condition e; =[2 5 8]", we have the response of
error e(k) shown in Fig. 1. Moreover, the simulation of a(k) taking
values in S={0,1} is demonstrated in Fig. 2, where a(k)=0
denotes the data of output missing. By Theorem 4, one can get
the gain of L as

0.4135
L= |0.4458
0.4877
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where the needed parameters of matrix P and SPV Y are got by
solving LMIs (18) and (19) and given as

161.0184 —35.7056 —36.4605 32.8858
P=| —357056 143.4002 —357465|,Y=|31.7229
—36.4605 —35.7465 124.9898 29.9460

It is obvious that P is a positive-definitive matrix and Y is an SPV.
Based on the proposed results in this paper, it is known that the
parameter L can also be constructed by Theorem 5. Without loss of
generality, if the corresponding nonzero vector v used in (25) is
given as

[0.2
v=| 1
10.5

we could have the corresponding gain of observer (2) constructed
as

[0.0291
L=|0.1454
0.0727
8
e (k)
7§ — — —e) [
| - - &K
6 1
|
5H 4
= |
3
5 i
I
0 10 20 30 40 50
Time in samples
Fig. 1. The response of error e(k).
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Fig. 2. The simulation of operation mode a(k).
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Fig. 3. The simulation of error e(k).

Here, the corresponding SPVs pg and p; obtained by solving
conditions (23) and (24) are given as

29.7937 34.9264
Po= | 30.1105 | ,p, = | 31.7510
22.4569 24.4722

and £=7.0918. Under the same initial condition, we have the
simulation of the resulting error system shown in Fig. 3. When
probabilities & and f are uncertain and described as & = 0.4 with
€=04a and f=0.6 with §=04f, under the same nonzero
vector v and by solving conditions (30)-(34) with x = 1.4, we get
SPVs p; and & as follows:

71.4437
61.8469 |, & =3.6928
34.8618

b1 =

Then, by (35), we have L computed as

0.0079
L=0.0395
0.0197

If such probabilities are unknown, under the same conditions, by
solving such conditions in Theorem 7, all the corresponding SPVs
could be got and given as follows:

47.6262 0.0031
py= | 44.0927 | ,£=1.0298,L = | 0.0156
25.0128 0.0078

Based on such simulations, it is seen that the proposed results are
useful to deal with the proposed problems in this paper. Finally,
when parameter { is taken as { =1 and such probabilities are
known exactly, it is concluded that there is no solution to L by
Theorems 4 Theorems 5, while by Theorem 3 we have

0.6618
L= |0.5658
0.8589

For example, it is claimed that Theorem 3 is less conservative.

Example 2. Consider a discrete-time positive system described by

e(k+1) = (A+LC)e(k) (54)
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Table 1
Admissibly maximum ¢ for different pair (a, ).

(a,p) a=0 a=0.1 a=0.2 a=0.3 a=04 a=05
=0 3.505 3.505 3.505 3.505 3.505 3.505
p=0.1 4.209 4.51 513 6.492 11.15 00
p=02 5.772 6.506 8.139 14.09 00 00
p=03 21.75 0 9] =S 00 =)
p=04 00 00 00 00 00 0
p=05 [ [ 00 [ 00 0o

Fig. 4. The simulation of maximum ¢ varying with (a, g).

where
2 3
A= [0 C} ,C=[1 0],L=[0.0876 0.0406]

where >0 is a given scalar. For this example, by the existing
results on stability, it is known that positive (54) will be asympto-
tically stable if and only if 0 < { < 3.505. By the methods proposed
in this paper, the probability of missing data in output is con-
sidered, and the corresponding model is described by

e(k+1) = (A+a(k)LC)e(k) (55)

where the transition probability matrix of parameter a(k) is
assumed to be

I l-a «

RE]

Without loss of generality, for this example, probabilities & and f
take values in [0, 0.5]. By Theorem 2, we have the maximum value
of £ listed in Table 1. Here, “co” means the admissibly maximum
value of ¢ under some pairs («, ), which is very large compared
with other finite values. From this example, it is claimed that
because of such probabilities considered, our results are less
conservative than ones obtained by the traditional methods. In
addition, the correlation between maximum ¢ and pair (@, /) is
also demonstrated in Fig. 4. Based on such simulations, it is said
that our results are effective and have some superiorities in terms
of less conservatism.

5. Conclusions

In this paper, we have studied the positive observer design for a
kind of discrete-time positive system with missing data in output. A
necessary and sufficient condition for the positivity has been
addressed. Several kinds of equivalent conditions for checking the
asymptotically mean stability have been proposed to be related to

some probabilities, which can be solved easily. Based on the presented
results, several sufficient conditions for the existence of the designed
observer are given with solvable forms. Finally, some general cases
that such probabilities are uncertain and unknown have been
considered too. Future research could be the extensions of the
proposed results to other systems such as time delay systems, singular
systems, and the output control or filtering problems of discrete-time
positive systems with missing data in output.
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