JI.1. Meton ckansapHux GyHKIiH JIsSmyHOBa, OCHOBHI MOJIOXKCHHS

Analysis of stability for dynamic systems

The study of the stability properties is of fundamental importance for the
analysis of dynamic systems and the design of control laws.

In the following, we discuss two methods applicable to both linear and non
linear systems expressed in state form

e(t) = f(x,u.t), x(ty) =20

1) First Lyapunov method (local linearization)

2) Second Lyapunov method (direct method)

Aleksandr Mikhailovich Lyapunov (1857 — 1918) was a
Russian mathematician, mechanician and physicist.
Lyapunav is known for his development of the stability theory
of a dynamical system_ as well as for his many contributions
to mathematical physics and probability theory.
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Stability of the equilibrium
Stability of an equilibrium state

Let consider an autonomous system

i) = fe@), ()

| Note: A system is autonomous if it is without input and does not depend explicitly on time.

Def. 2: The zero state of system (1) is stable in the sense of Lyapunov at
time instant 7, if for all ¢ = 0 there exists a parameter 1 > 0 such that

[x(t0)| <M= |x()]| <& Vr>1

Def. 3: The zero state of system (1) is asymptotically stable in the sense of
Lyapunov at time instant 7, if it is stable and if

lim [[x(1)|| = 0

Note: These definitions apply to the equilibrium state, not to “the system.” A dynamic system can
have several equilibnium points.
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Stability of the equilibrium

Def. 4: The zero state of system (1) is said to be globally asymptotically stable

or asymptotically stable at large in the sense of Lyapunov at time instant 7, if it
is stable and if

lim |x(¢)|| =0, WVx(rp) €X

I—oa

where X is the whole state space.

In this case, since no other equilibrium state exists, the system (1) is said to be
globally asymptotically stable.
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Stability of the equilibrium

1. Stable

1
ot . 2. Asymptotically stable
/’< ' 3. Unstable

&

x, + 3 In summary:

™

If the previous definitions hold for all initial time instants 7, € [, *°], the
stability property is said to be uniform in /7, =/.
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First Lyapunov method (local linearization)

Let us consider the autonoumous system

X() = f(x(2)) , 0=f(0) (2)

where x = () is an equilibrium point. If it is possible to compute the derivative of the

functions f{-), then in a proper neighbourhood of the origin it is possible to write, by using
the Taylor series expansion:
: of .
i(t) = f(2() = FO) + 5| 2() + fo(w(t))
=0

where f,(x(1)) are the residuals of the Taylor series expansion, assumed negligible.
Since f{0) = 0, by defining
df

ox

A

x'=0
then the homogeneous linear system
(t) = A x(t) (3)

represents the local linearization or local approximation of the non linear system (2).



First Lyapunov method (local linearization) — Example 1

Ji(x)

H6) = Fle) = [ﬁ(x) B [—xlsin(xz) —x —an(vﬂ)] o= [U]

N x7 — 2sin(xa) |0

. ofi(z) 8Ni(z) :
df(x) De: B2 | —slnrg — 21y —COSTy  —Tq COSTY
or | of@ of(x) | 21 —2cos xo
5’:1‘1 3$2

o

A=

—1 0 }'l = -1 Asimptotycally stable
= o m—- system
x=x 0 -2 A = =2



Lyapunov method

Lyapunov theorems

1. (simple stability): The zero state is stable in the sense of
Lyapunov if there exists a Lyapunov function ¥V in a
neighbourhood of the origin %(0,p).

2. (asymptotic stability): The zero state is asymptotically stable
(AS) in the sense of Lyapunov if there exists a Lyapunov

function 7 in a neighbourhood of the origin 19%(0,p) such that
dVix)/dt < 0 forallx € 9(0,p), x =0.

3. (global asymptotic stability): System (2) is globally
asymptotically stable (GAS) in x = 0 if there exists a Lyapunov
function 7 defined in all the state space such that:

Vi) <0 Yx#£0, lim V(x) =

x[| oo

(radially unlimited Lyapunov function).



Applications of the Lyapunov method

First order systems

Let consider the following first order system:

i+ flxr)=0 (1)

with f{x) continuous, and the condition:

r f(r) >0, x#0 (2)

J1x)
Let consider the Lyapunov function 7 = x?, then )
r"’dl//

: /
V=2xx=-2xf(x) <0 for x7#0 P

The origin x = 0 is a global asymptotically S

stable (GAS) point.

In fact Iis unlimited for x — =

I'eomeTpuyHa iHTepnpeTanisa Teopem Apyroro meroay Jissmynosa

e f>y e
/L

Figure 10.6 Phase path P crossing topographic curves T. (a) ¥ = 0 ar P. (b) ¥V = D at P. (c) V = 0 at P: the paths
are tangential and the directions undetermined.
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Example 10.4 By using the Liapunov test function Vix,y) = x* + xy + y2. show that the zero solution of
the linear system & = y, v = —x — y is uniformly and asymprtotically stable.
The proposed test function Vix, y) does define a topographic system, since

2 2

Vix,y) = x? +xy+y =(x+ %—_1'} + %_1‘2 =0

for (x, v) £ (0, 0). Also
Vix,y) = y(2x + ¥) + (—x — y)(x +2y)
= —(x? +xy+yH) = —V(x,y) < 0.

tor (x,¥) # (0, 0). Therefore, by Theorem 10.7, the zero solution is uniformly and asymprotically stable. (Also,
by Theorem 8.1, all the solutions have the same property since the system equations are linear.) [ ]
Example 10.5 Investigate the stability of the system i = —x — 2y%, ¥ = xy — y°.
The family of curves defined by

Vix,y) = .1'2 +.';'_1'2 —w, w=0, b=10
constitutes a topographic system (of ellipses) everywhere. We obtain
'I:"I{.r,_r] = —2{.1'2 + (2 — .";Clx_r2 + J'J_r4]-.

It is difficult to reach any conclusion about the sign of V by inspection, but if we choose the value b = 2 we
obtain the simple form

'I.}{.x,}'}l = —2(.\'2 - 2_1'4)

which is negative everywhere (excluding the origin). Therefore Vx, y) is a strong Liapunov function for the
svstem when

Vix,y) = x2 +2_1.'2.

By Theorem 10.7 the zero solution is uniformly and asymprortically stable. ]

[TpousBogHas BcroMoratenbHOW (YHKIMU B CHIIy CHCTEMBbl ypaBHEHHU
BO3MYIIIEHHOTO JBHKCHUS:

f; (x) = (gradV(x), f (x)).
! (1.1)

V,_Z”:av dx, oV
iz ox. dt  oOx

Camu BcrioMarartenibHble (DYHKIIMU Harepes He U3BECTHBI, IOATOMY METO]
elle Ha3bIBaIOT METOIOM (DyHKIUI JIsmyHoBa.

JdonaTHb0 BU3HAYEeHA PYyHKILis:



1) V(r,y) =2 +y°
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3) V(z,y) = a®4y*—2°

Bu3Ha4uTH CTIKICTh HYJILOBOI0 POB’AI3KY HEJIHIMHOI JUHAMIYHOI CHCTEMH
MeToaoM QyHKuii JIssmyHoBa

i = —T}+ x 1 = 7} 4+ 2 T = I
T9 = —lf—:r% Io = —;r-?+:zr§ Iy = —;r?
SIko01aHu cucreMm:
Al — —3z3 1 Ao — 3z 1 Aa— 0 1
P2 =322 —342 | 27 | —322 323 |” ST =322 0

Marpuiri JiHIHHOTO HaOIMKEHHS — HE JJAI0Th MOXKJIMBOCTI IPOBECTH aHAIII3
CTIMKOCTI (KpUTUYHUI BUIIAZOK HYJILOBOTO KOPEHSI):
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BiamoBine moxe natu HactynHa @.JI. (1ogaTHRO BU3HAaYEHA (QYHKITIS):

V(x) = zf + 223

[i moximHa B CHTy BUX1THUX HEMHIHHUX CUCTEM:

V =425 — 423 <0, V = 4a% 4 428 > 0, V=0

Teop. Hynvosuii po3e’sa30k cucmemu
& = f(x)
2N100aNbHO ACUMNMOMuUYHO cmiukuil, sikuo icnye @.J1., V(X):
e V(0)=0and V(z) >0, Yz#0
e ||z|| = 0= V(z) = 0

. 1:"'[;1"} <0, Vx#0.

Tomy HyJTBOBHI pO3B’SI30K MEPIIO CUCTEMU I100aTbHO ACUMITOTUYHO CTIMKUNA —
JPYroi CUCTEMH HECTIMKUH, a TPEThO1 CTINKUH, ajie HEAaCUMITTOTUYHO.
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[ToHsITHE TIOIOKUTEILHO ONPEACICHHON (DYHKITHH.

®dynkmus V(x1,...,xn) > 0 mpu X # 0y V(0)=0 Ha3pIBaeTCs MOJOKUTEITHHO
onpeneneHHon. B Hauane koopauHaT V(X) uMeeT rio0anbHbIii MUHUMYM.



Ecnu paznoxenune Hexotopor ¢pyHkuuu Z(x): Z(0)=0 B psan Teitnopa B
OKpecTHOCTH Hyds (x=(0) HauMHAeTCs C KBAJAPATUYHBIX YJIEHOB, TO YCJIOBHS
MOJIOKUTENBHONW ONPENEIEHHOCTH (JOKAaIbHOTO MUHUMYMA B HYJIE) OIPEIEIAIOTCS
n3 kpurepuss CuibBecTpa (HaaM4Me JMHEHHBIX YJIEHOB TapaHTHPOBAJIO Obl
3HAKOIEPEMEHHOCTh (DYHKITUH).

Tax, Hanpumep, QyKIuUs OT ABYX NMEPEMEHHBIX B MAJIOM OKPECTHOCTH HYJIS
IpECTaBISIETCA KBaJApaTUUIHON Gopmoit

A 5 A 0°Z )
Z(x,x,)~—— X +2— XX, +—— X, =
(x),x,) 8)612 ‘(0,0) 1 axlaxz‘(o,o) 1% 8x22 ‘(0,0) 2
q., 4 X
ZQ11X12+2Q12X1X2+6122X§ =(x, X,) e 1 :(X)TQ(X)-
q>1 92 )\ X (1.2)

[10I0XKUTENBHOCTh BCEX TJIABHBIX  JUATOHAJIBHBIX MHHOPOB MATPHUIIBI
kBajgpaTuyHoOil dopmbl Q (kputepuit CuibBecTpa) rapaHTUPYET MOJOKUTEIBHYIO
OTpeNeeHHOCTh (PYHKIUHU Z(X) B TOCTATOYHO MO OKPECTHOCTH HYJISI

‘qll‘ > 0, qll q12 > 0,

21 q22

dy, > 0;
0,,0,, — q122 >0. (1.3)

Ecnu 5TH ycroBus BBITIOJIHEHBI, TO JIMHUK YpoBHS GyHKIMU Z(X) = C 1pu
JIOCTaTOYHO MAaJIbIX 3HAYEHUAX KOHCTaHThl C MpeacTaBisiOT cO00i 3aMKHYTHIC
KpUBbBIE, OXBAaTHIBAIOIIME HA4yajlo KOOPJMHAT, JUHUS YPOBHA C OOJBIIUM
3HAYeHUEM ASTOM KOHCTaHThl (C OXBaThIBAE€T BCE JIMHUM YPOBHA C MEHBLIUM
3HAYEHUEM OTOM KOHCTaHThL. JIMHMHM ypOBHS 3HAKONEPEMEHHOW GYHKIUUA B
OKPECTHOCTH Hayajia KOOPAHHAT MO0 runepOobl, TUOO0 NpsiMbIE.

Jluauu ypoBHA (ITOBEPXHOCTHU YPOBHSI) TMOJOKUTEIBHO OIpPEACIEHHON
bynkiuu  V(x) (byskauu JlamyHOBa) MPENCTABISIOT 3aMKHYTHIE JIMHUU
(MOBEpXHOCTH). YCIOBUE HEIMOJOXKUTEIBHOCTH MPOU3BOJHON V’ B cuiy
ypaBHEHUN BO3MYIIEHHOTO JBW)XEHHUS O3HA4yaeT, 4YTO (pa30BbIE TPACKTOPUU
CUCTEMbI TMPOIIMBAIOT JMHUM YPOBHS (TIOBEPXHOCTH YPOBHS), «BIUBASICHY
BOBHYTPb (TPAaeKTOpPHUSI HE MOXKET «3acTpsTh» Ha JIMHUU YPOBHS, TaK Kak
MHOXECTBO {X: V’= (0} He COHEpXKUT IMEIbIX TPACKTOPUNA CHUCTEMBI).
CrnenoBaTenbHO, 32 KOHEUHOE BpeMsi Bce (Pa3oBble TPACKTOPHH, HAYMHAIOIIUECS
BHYTPU HEKOTOPOW JTMHUU YPOBHS (IIOBEPXHOCTH YPOBHS) BOUAYT B MPOU3BOJILHO
MaJyl €-OKPECTHOCTh Hayajaa KOOpAUHAT.



Teopema Yeraena.

Ecnmu cucrema ypaBHEeHWH BO3MYIIIEHHOTO IBIOKeHHs X =f(X) TakoBa, 4TO
BO3MOXXHO HaWTu QyHKIMIO V(X), U151 KOTOpoi cymiecTByeT obnacty V(x) >0, u
€CJIi TIOJIHasg MpOM3BOAHAass V’ B CHIY CHCTEMBI SBISIETCS OINpPEAESIEHHO-
MOJIOKUTENBPHOW B oOmactt V>0, TO HEBO3MYIIIEHHOE JBW)KCHHE x=0
HEYCTOMNYUBO.

3ameuanue. Ecam ycnmoBue V>0 BpimonHseTcss BO BceM  (pa3oBoM
IPOCTPAHCTBE, TO IMOJYyYyUM, KaK 4YacTHBIM ciydail, Teopemy JlsmyHoBa o
HEYCTOMUMBOCTH (J1t00asi BO3MYIIEHHAsI TPAEKTOPHUsL, BBIXOALIAs U3 d-
OKPECTHOCTH MOKUAAET £-OKPECTHOCTh Hauajia KOOPANHAT).

[Ipy aHanu3e BAMSAHUSA MAPAMETPOB KOHCTPYKTHMBHOM CXEMBbI DKHIIAKa HA
YCTOWYUBOCTh NPSIMOJIMHEWHOIO JBHKEHUS MOXKET IPUMEHATHCS NMPSIMONH METOJ
JIsmyHOBa, B YaCTHOCTH, YCHEIIHO pa3pabdaTbiBa€MbIe B MOCIEAHEE BPEMS IPUEMBI
KOHCTPYMpPOBaHUSA  KBaJpaTU4HbIX  (PyHKIuA  JlsamyHOBa,  y4YMTBHIBAKOIIHE
MaTE€MaTUYECKYIO CTPYKTYpPY pa30MEHUs CUIJI UCXOJAHON CUCTEMBI.

JUist  cucteMbl  OOBIKHOBEHHBIX — AU((EepeHUUaIbHbIX YpaBHEHUH C

MOCTOSHHBIMU KoddduuuenTamn X = AX pynkumio JIAmyHOBa cliefyeT HCKaTh B
BU/JIC KBaIPATUIHOU (DOPMBI

V (x) = X" Bx (1.4)

rae matpuiia B sBnsiercs uckomoit. IlpousBomnas V(X) B CHUITy CHUCTEMBI
X = AX TagoKe MPECTABIACTCS B BHAE KBAAPATHIHON QOPMBI

V =x"Bx+x"Bx= X" (A"B+ BA)x. (1.5)
[ToTpeOyem, uToObI KBagpaTuyHas opma V(X) yI0OBICTBOPSIA YPABHEHHIO

V=W, (1.6)

T
rae W(x)=-x CX—OHpeI[eJ'IeHHO-OTpI/IHaTeHBHaH kBajgpatuyHas ¢opma (C
- TIOJIOKMUTENIbHO ompeneneHHas marpuua). Torna marpuna B onpenensiercs us
MaTpUYHOTO ypaBHeHUs JIssmyHOBa

A'B+ BA=-C. (1.7)



PaspemmMocTs MaTpUIHOTO YpaBHEHHS CJICAYET M3 CICAYIOIMEH TEOpPEMBI
JIamyHoBa.

EcilM KOPHH XapaKTePHCTHYECKOTO YpaBHEHHsI cHCTeMbl X = AX TakoBBl,
gro AJtAk#0 HM mpum kakux j, k=1,..., n, To, KakoBa Obl HH ObLIa Harepen

T
3a/laHHas KBajJpaTudHas Qpopma W(x) = —X CX, CYLIECTBYET €IUHCTBEHHAsI

T
KBajlpaTu4Has Gpopma V(x)=xBx , yZloBIeTBOpsifomast ypasHeruo /| =W
3ameuanune. Ecmum Bce ReAj<0, j=I1,...n, 10 ycimoBue AJ+Ak#0 Oymer
3aBEIOMO BBITIOJTHEHO.



